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a b s t r a c t 

In complex supply chains, downstream buyers would often replenish individually from intermediaries 

instead of directly dealing with original manufacturers. Although collaborative replenishment from in- 

termediaries might generate benefits, significant cost reductions could be achieved when direct replen- 

ishments from manufacturers are considered. This paper constructs a general model to study collabo- 

rative replenishment in multi-product chains with alternative sources of supply—i.e., manufacturers and 

intermediaries. A collaborative organization determines the optimal choices of replenishment sources on 

behalf of its members to minimize collective costs. We introduce a class of cooperative games associ- 

ated with these situations and give sufficient conditions for their concavity. We investigate the choice 

of allocation rule and its effect on supply chain efficiency when buyers strategically participate in the 

collaborative organization. We prove that the Shapley value coordinates the supply chain, i.e., it makes 

complete participation the best strategy for buyers even under asymmetric information. This setting is 

compared with an alternative structure where buyers can only collaborate in source-specific replenish- 

ment organizations that purchase all requested products either from intermediaries or manufacturers. 

Although there are always participation strategies that result in minimum collective cost, it is impossible 

to find allocation rules for source-specific replenishment organizations that always motivate the buyers 

to choose such strategies. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

Intermediaries are economic entities who arbitrate transactions

n between upstream suppliers and downstream buyers ( Wu,

004 ). According to the intermediation theory of the firm ( Spulber,

996 ), a firm is created when the gains from intermediated ex-

hange exceed the gains from direct exchange. The gains created

y intermediaries in many supply chains stem from aggregating

emands of competing downstream buyers to achieve economy

f scale, and consolidating upstream supply to reduce order and

elivery costs. Traditionally, supply chain intermediaries generate

hese benefits via procuring products, holding inventories, and re-

elling them at a margin. Such activities add to the total cost of

upply chains. This paper investigates the possibilities of increas-

ng supply chain efficiency by reducing intermediation costs and

xcessive inventories—an objective that is attainable by collabora-

ion among downstream buyers. 

The enduring presence of intermediaries in certain supply

hains implies that individual downstream buyers find it worth-
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hile to replenish indirectly even though intermediaries charge

onsiderably higher prices than manufacturers. Despite price dis-

arity, replenishing from local intermediaries often provides the

pportunity to bundle orders for several products and receive them

n one delivery, instead of dealing with numerous manufactur-

rs whose minimum volume requirements, fixed ordering costs, or

arther geographical distance impose higher replenishment costs

nd/or longer lead-times. By creating a critical mass, a collabora-

ive organization of downstream buyers can take advantage of both

irect and indirect replenishment sources to reduce total costs by

hoosing among the feasible replenishment policies for the organi-

ation’s members. This paper constructs a general model to study

ollaborative replenishment in multi-product chains with alterna-

ive sources of supply—i.e., manufacturers and intermediaries. To

he best of our knowledge, this paper is the first to consider col-

aborative organizations that could take advantage of such mixed

olicies. 

The role of supply chain intermediaries are more significant in

ndustries with high degree of product variability, market fragmen-

ation, and sourcing globalization, e.g., in fashion, agro-food, and

ealthcare sectors as studied in Purvis, Naim, and Towill (2013) ,

ppel, Franz, and Hassler (2014) , and Moss (2012) , respectively.

his paper is particularly motivated by supply chain intermediation

https://doi.org/10.1016/j.ejor.2017.09.033
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2017.09.033&domain=pdf
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Fig. 1. Graphical representation of a replenishment policy in collaborative organi- 

zation. 
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1  
in the automotive after-sale market. The automotive after-market

deals with thousands of products, comprises many echelons—e.g.,

manufacturers, importers, wholesalers, garages, and car owners—

and is filled with excessive inventories and inefficiencies at var-

ious echelons ( AASA, 2012 ). Collaborative purchasing and replen-

ishment in this context is becoming an emerging trend to re-

duce costs and improve efficiency ( London Economics, 2006 ). To

materialize the joint replenishment initiatives and coordinate the

decisions of downstream buyers, however, collaborative organiza-

tions are needed. Such collaborative organizations would serve as

hubs for gathering relevant information from the members, taking

and executing purchasing decisions, managing payments, and shar-

ing costs. The latter can be managed by an independent firm. In

our motivating case in automotive after-market, the company IZI-

motive ( http://www.izimotive.nl/ ) coordinates the replenishments

of delegated products for downstream buyers. Supported by Dutch

Institute for Advanced Logistics (DINALOG), IZI-motive is created

as a platform to facilitate collaboration among buyers of automo-

tive parts in order to reduce the inefficiencies resulting from the

presence of intermediaries in the supply chain. Having negotiated

volume discounts and arranged logistics infra-structure, IZI-motive

enables buyers to jointly replenish directly from manufacturers in

volumes that make it less costly than individual purchases from

the intermediaries. Not only this practice reduces the purchasing

costs of the parts, but also it drastically limits the number of de-

livery trips of the parts to the buyers ( DINALOG, 2017 ). IZI-motive

only deals with purchases from the manufacturers since collabora-

tive replenishments from the local intermediaries does not gener-

ate substantial savings. 

In this paper, we formalize Collaborative Replenishment in the

presence of Intermediaries as a CRI situation. CRI situations present

a general modeling framework for joint replenishment of multiple

products by several buyers with the option of sourcing each prod-

uct directly or indirectly from manufacturers or intermediaries. The

downstream buyers sell to the market. The manufacturers produce

distinctive products. Meanwhile, intermediaries procure products

from the manufacturers and supply to the downstream buyers at

higher unit prices. Note that although intermediaries and manufac-

turers constitute alternative sources of supply, they exhibit some

contrasting features. 

The potential savings are also obtained from consolidating or-

ders (of different products or different buyers) from the same

source. This is because average replenishment costs of a product

could decrease if buyers (a) individually replenish more products

from intermediaries (and/or manufacturers), and (b) jointly replen-

ish from manufacturers (and/or intermediaries) in larger groups.

These conditions reflect the incentives for collaboration and the

possible conflict between the economies of scale in dealing with

direct and indirect replenishment sources. Fig. 1 depicts an exam-

ple of a CRI situation with three buyers requiring three different

products. The replenishment policy chosen by the collaborative or-

ganization in this example dictates that buyer 1 replenishes prod-

ucts c and b from the intermediary jointly with buyers 2 and 3

who also replenish product c from intermediary, and product a

from its manufacturer jointly with buyers 2 and 3 who also re-

plenish product a and b directly. 

The CRI situations in this paper combine source-specific replen-

ishment cost functions, i.e., cost components, that obtain minimum

costs of replenishing different sets of product-player pairs from

manufacturers or intermediaries. Depending on the conditions im-

posed on such cost components, the results in this paper are of

three types. The first type of results pertains to general CRI sit-

uations with non-decreasing and subadditive cost components—

the most basic conditions that justifies collaborative replenish-

ment. The second type of results is specific to the class of sub-

modular CRI situations , i.e., situations whose cost components are
ubmodular. The class of submodular CRI situations builds upon

mportant joint replenishment models in the literature including,

ut not limited to Meca, Timmer, Garcia-Jurado, and Borm (2004) ,

nily and Haviv (2007) , Zhang (2009) , Heuvel, Borm, and Hamers

2007) , Hartman, Dror, and Shaked (2000) , and Özen, Norde, and

likker (2011) among others. Therefore, the second type of results

resented in this paper holds for multi-product-multi-source ex-

ensions of aforementioned models. The third type of results ad-

resses submodular CRI situations with separable indirect replenish-

ent costs , that is, situations wherein collaborative replenishments

y groups of buyers from intermediaries do not provide additional

ost savings—although for individual buyers joint replenishments

f multiple products from the intermediaries can still be benefi-

ial. Such situations are motivated by our observation in automo-

ive after-market where collaborative purchases from local inter-

ediaries lack significant benefits. 

The starting point in our study is to elaborate on the underly-

ng optimization problem in CRI situations and to study optimal

eplenishment policies. Generally, obtaining the optimal replenish-

ent policies requires solving a combinatorial optimization prob-

em. For submodular CRI situations, however, we show that to-

al cost functions are submodular and consequently the optimal

eplenishment policies can be found using a strongly polynomial

lgorithm. Adding the separable indirect replenishment costs as-

umption, we show that the optimal replenishments from manu-

acturers exhibit a nested property meaning that if it is optimal

or a group of buyers to replenish a product directly from its man-

facturer, doing so by those buyers remains optimal in every group

ontaining the former buyers. Therefore, direct replenishers of a

roduct never grow smaller as more buyers join the collaborative

rganization. The objectives and contributions of this paper are

hree fold: 

1. To understand the nature of collaboration among the buy-

rs, we construct the class of cooperative CRI games and analyze

heir properties. Cooperative CRI games on the whole are subaddi-

ive which attests to the benefits of collaborative replenishments.

owever, it can be challenging to devise an allocation rule for shar-

ng the costs among the players in ways that support the sta-

ility of collaborative organizations. We examine conditions that

esult in concavity of cooperative CRI games. Concave games are

ppealing inasmuch as the Shapley value ( Shapley, 1953 ) always

onstitutes an allocation rule that (a) is within the core ( Gillies,

959 ) so that subgroup of players do not have the incentive to

http://www.izimotive.nl/
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reak apart, and (b) is population monotonic ( Sprumont, 1990 ) so

hat joining of new members would never have a negative effect

n the allocated gains of existing members. Somewhat counter-

ntuitively, games associated with submodular CRI situations can

e non-concave, even though their total cost functions are always

ubmodular. Nevertheless, we prove that under the separability as-

umption on indirect replenishment costs, games associated with

ubmodular CRI situations are concave. 

2. We allow downstream buyers to strategically decide about

he extent of their participation in collaborative organizations and

ntroduce the class of two-stage CRI games. In the first stage the

uyers choose the products they wish to replenish via the col-

aborative organization. In the second stage the withheld prod-

cts would be replenished individually while the cooperative CRI

ame induced by the participation strategies of the buyers in stage

ne is played and the joint costs will be divided according to a

nown allocation rule. In two-stage CRI games the grand coalition

enefits the most if all buyers participate with all of their prod-

cts so that the collaborative organization can take the centrally

ptimal replenishment policies. But individual buyers may choose

ther strategies if they perceive that partial participation would

e to their interest. For general CRI situations, we show that with

he Shapley value as the allocation rule for sharing the joint costs,

ndividual buyers can never make a better move than adopting the

omplete participation strategies irrespective of others’ strategies,

hat is, the complete participation strategy profile is always weakly

ominant . In this sense the Shapley value implements the centrally

ptimal replenishment policies in dominant strategies. Maskin and

jöström (2002) explain that this is the most demanding form

f implementation which is often impossible to achieve. More-

ver, with the Shapley value complete participation is the only

eakly dominant strategy profile when the buyers have asymmet-

ic information about the situation. We conclude that the Shap-

ey value has the ability to coordinate the supply chain in CRI

ituations. 

3. We investigate the possibility of achieving supply chain co-

rdination in an alternative setting with source-specific replenish-

ent organizations that instead of making decisions on the sources

f products, purchase every requested product either from the in-

ermediaries or the manufacturers. The rationale is that it can be

asier to set up and maintain collaborative organizations that do

ot make strategic sourcing decisions on behalf of their mem-

ers. We answer the following question: is it possible to choose

llocation rules that motive the buyers to participate in source-

pecific replenishment organizations in such a way that centrally

ptimal policies are always implemented? The answer to the latter

uestion shed light on shortcomings of the approach which com-

ines existing single-source joint replenishment models to deal

ith multi-source situations. We demonstrate that irrespective of

he choice of allocation rules, strategic participation of buyers in

ource-specific replenishment organizations can make optimal sup-

ly chain performance impossible to achieve—even if joint replen-

shments from intermediaries are not beneficial. The intuition de-

ived from this result for our motivating case is that the collab-

rative organization must take responsibility for making decisions

egarding the replenishment sources of requested products if sup-

ly chain coordination is sought after. 

The rest of this paper is organized as follows. In Section 2 ,

e briefly overview the relevant literature. Section 3 contains an

verview of main concepts used in this paper. In Section 4 we

ormally introduce the CRI situations and examine their proper-

ies. The cooperative cost games associated with CRI situations are

tudied in Section 5 where the corresponding cost-sharing prob-

em is also addressed. The two-stage CRI games are investigated in

ection 6 . Section 7 discusses the alternative structure with source-

pecific replenishment organizations where all the requested prod-
cts of the players are replenished via intermediaries or manufac-

urers. Section 8 concludes the paper. 

. Literature review 

Several papers in the literature elaborate on the opportuni-

ies for consolidating costs, obtaining lower purchase prices, car-

ying less stocks, and reducing risks of supply/demand uncertainty

s the result of collaboration in replenishment and procurement

ctivities. Dror and Hartman (2011) and Fiestras-Janeiro, García-

urado, Meca, and Mosquera (2011) provide surveys of coopera-

ive and non-cooperative games associated with replenishment and

rocurement situations. 

An important advantage in collaborative replenishment is the

ossibility of aggregating order and/or delivery costs. Drawing

pon basic EOQ model, Meca et al. (2004) introduce the class of in-

entory games where downstream players aggregate their logistics

osts by placing joint orders and show that the total cost is sub-

odular on the set of players. Dror and Hartman (2007) extend the

asic inventory game to the setting which takes into account the

layer-specific order costs in the joint replenishment process. They

how that collaborative replenishment may not necessarily be ben-

ficial if players could only place joint orders simultaneously. How-

ver, Anily and Haviv (2007) prove that if replenishment policies

ollow the powers-of-two ( Jackson, Maxwell, & Muckstadt, 1985 )

tructure, so that downstream players are not forced to synchro-

ize all of their orders, the collaborative replenishment is always

eneficial and the total cost is submodular on the set of players.

hang (2009) extends this result to situations where players are

llowed to have a joint inventory stocking point and obtains simi-

ar results. Heuvel et al. (2007) introduce and investigate the class

f economic lot-sizing games wherein players face periodic, yet de-

erministic, demand and have the option to place joint orders. They

ntroduce cases in which the joint cost function is submodular. In

ituations closely related to lot-sizing games, Guardiola, Meca, and

uerto (2008) and Guardiola, Meca, and Puerto (2009) introduce

nd investigate production-inventory games as another class of to-

ally balanced combinatorial optimization games and estate con-

itions for the concavity of these games that result in submodu-

arity of the joint cost functions. Timmer, Chessa, and Boucherie

2013) extend the model in Meca et al. (2004) to Poisson demand

nd conjecture the submodularity of the corresponding cost func-

ion. In a related study that generalizes some models of coopera-

ive inventory management and group purchasing, Meca and Soši ́c

2014) examine the role of different types of players in terms of

he benefits that they provide for or obtain from collaborative in-

eractions and their effect on the stability of the associated games.

eca and Soši ́c (2016) extend the latter games and introduce the

upremum-norm cost games as yet another class of totally bal-

nced cooperative games. 

The collaborative replenishment problem has also been inves-

igated in settings with strategic players. Meca, García-Jurado, and

orm (2003) study a single-item inventory game in strategic form

ith players announcing their desired replenishment cycles to an

ntermediary who places orders with the manufacturer. Alterna-

ive games with players announcing their contribution to order-

ng costs are investigated by Körpeo ̆glu, Ş en, and Güler (2012) and

örpeo ̆glu, Ş en, and Güler (2013) . The latter models allow players

o be privately informed about their types. Finally, Bylka (2011) an-

lyze an inventory batching game in strategic form and describe

he structure of Nash equilibria. 

In addition to consolidating fixed costs, collaborative replenish-

ent can also reduce the risks associated with stochastic demands.

he extensive line of research on risk pooling in inventory man-

gement and procurement starts with the work of Hartman et al.

20 0 0) and in the context of newsvendor problems. Slikker, Fran-
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1 For notational convenience we do not use braces for union and exclusion of 

single element sets. That is, we write A ∪ a instead of A ∪ { a } and A �a instead of 

A �{ a }. 
soo, and Wouters (2005) further study these situations while al-

lowing downstream players to transship unused products amongst

themselves and show that allocations in the core always exists.

Özen et al. (2011) particularly study situations where the cor-

responding collaborative replenishment models have submodular

cost functions. Montrucchio, Norde, Özen, Scarsini, and Slikker

(2012) provide a review of cooperative newsvendor games. Infinite-

horizon versions of inventory risk pooling games are studied in

Karsten, Slikker, and van Houtum (2012) and Karsten and Basten

(2014) in the context of expensive and low-demand spare parts. 

Another stream of research focuses on the cost-sharing prob-

lems in collaborative purchasing organizations that take advan-

tage of suppliers’ discount schedules. Nagarajan, Sošic, and Zhang

(2010) compare some of the well-known allocations for dividing

the joint costs in such situations. Schotanus, Telgen, and de Boer

(2008) discuss the unfairness of the equal price allocation method

in purchasing groups. Schaarsberg, Borm, Hamers, and Reijnierse

(2013) introduce and analyze the class of maximum collaborative

purchasing situations and their associated games where the pur-

chase price of a group of players is determined by the largest order

quantity of the players in the group. In the context of health-care

supply chains, the effect of group purchasing organizations on dis-

tribution of profit and providers’ total purchasing cost have been

investigated in Hu, Schwarz, and Uhan (2012) . 

A number of papers in the operations management literature

investigate multi-stage games that mixes non-cooperative and co-

operative games intertwined in sequential stages. Brandenburger

and Stuart (2007) provide an axiomatic approach to two-stage

games which they refer to as biform games. Stuart (2005) use the

biform game structure to investigate the pricing decisions follow-

ing the inventory decisions among a group of competing newsven-

dors. In the context of inventory pooling and transshipments,

Anupindi, Bassok, and Zemel (2001) study the choice of allocation

rules for the cooperative game in second stage and its effect on

the first stage strategies. They show that the use of dual allocations

( Owen, 1975 ) makes the centrally optimal order quantities a Nash

equilibrium ( Nash, 1950 ) in the first stage non-cooperative game.

However, Granot and Soši ́c (2003) show that if the players have the

option to choose the extent of their participation in the transship-

ment stage, in terms of the level of inventories they share, partial

participation may be more beneficial than complete participation.

As they prove, the use of Shapley value as the allocation rule pro-

vides sufficient incentives for the players to participate completely

but then it cannot guarantee that the grand coalition is formed

by the players. Nevertheless, Yan and Zhao (2015) show that com-

plete participation as well as the formation of grand coalition can

be achieved if collaboration is managed by an external entity who

subsidizes the system. Including the supplier into the model an-

alyzed by Anupindi et al. (2001) , Kemahlioglu-Ziya and Bartholdi

(2011) establish that with the Shapley value as the allocation rule,

the retailers have incentive to join the inventory pooling coali-

tion and the supplier carries the level of inventory that is optimal

for the coalition. Özen, Fransoo, Norde, and Slikker (2008) study a

two-stage inventory pooling game with warehouses and show that

the set of pay-off vectors resulting from strong Nash equilibria cor-

responds to the core of the cooperative game played in the second

stage. 

3. Preliminaries 

Set functions. Given a finite set �, and its power set ℘( �), f :

(�) → R is a set function that gives real values to subsets of �.

The following properties of set functions are of interest: 

• f is non-decreasing if for every A ⊂ B ⊆� we have f ( A ) ≤ f ( B ). 
• f is subadditive if for every A , B ⊂�, A ∩ B = ∅ , we have f (A ∪
B ) ≤ f (A ) + f (B ) . 

• f is submodular if for every A ⊆B ⊂� and every element a ∈ ��B

it holds that f (B ∪ a ) − f (B ) ≤ f (A ∪ a ) − f (A ) . 1 

The returned value of a non-decreasing set function never de-

reases as the result of including more elements. Subadditivity

imits the amount of increase due to including more elements so

hat the value of union of two disjoint sets does not exceed their

um. A submodular set function demonstrates a diminishing re-

urns property which makes it analogous to concave continuous

unctions. 

ooperative games. A Transferable Utility (TU) cooperative cost

ame is a pair ( N , c ) where N is a finite set of players and c :

(N) → R a set function with c(∅ ) = 0 that determines the cost

o be paid by each group of players. The game ( N , c ) is subaddi-

ive if c is subadditive on the set of players and it is concave if c

s submodular on the set of players. An allocation for players in N

s β = (βi ) i ∈ N such that βi ∈ R for every i ∈ N . An allocation β is

fficient for ( N , c ) if 
∑ 

i ∈ N βi = c(N) . An allocation β is individually

ational for ( N , c ) if β i ≤ c ({ i }) for all i ∈ N . An allocation rule is sta-

le for ( N , c ) if for any S ⊆N it holds that �i ∈ S β i ≤ c ( S ). The core of

 game contains all of its efficient and stable allocations. 

on-cooperative games. A cost game in strategic form is a triple ( N ,

 , z ) where N denotes the set of players, A = (A i ) i ∈ N is the vector

f strategy sets of players and z = (z i ) i ∈ N is the vector of player-

pecific cost functions which assign values to every strategy profile

 = (L i ) i ∈ N with L i ∈ A i for every i ∈ N . For S ⊆N , let L S be the reduc-

ion of L to players in S and let L −S be the reduction of L to players

n N �S . The following strategy profiles are of interest in this paper:

• L is a Nash equilibrium if for every i ∈ N and every L 
′ 
i 
∈ A i it holds

that z i (L ) ≤ z i (L 
′ 
i 
, L −i ) . 

• L is a weakly dominant strategy profile if for every i ∈ N and ev-

ery L 
′ ∈ 

∏ 

i ∈ N A i it holds that z i (L i , L 
′ 
−i 

) ≤ z i (L 
′ 
) . 

Unilateral deviations from a Nash equilibrium does not reduce

he cost of any players. A weakly dominant strategy for a player is

ts best choice of strategy irrespective of other players’ choices. The

ast concept is a refinement of Nash equilibrium meaning that if L

s a weakly dominant strategy profile, it is also a Nash equilibrium.

he reverse does not hold necessarily. 

. CRI situations 

Consider a supply chain with a set of downstream buyers, here-

fter the players , represented by the index set N = { 1 , . . . , n } , re-

lenishing a variety of different products to sell in their local mar-

ets. The set of products replenished by a player i ∈ N is denoted

y E i . The vector E = (E i ) i ∈ N denotes the player-specific product

ets. Products are produced and sold by a set of manufacturers.

n addition to the manufacturers, supply chain intermediaries, e.g.,

egional wholesalers or volume distributors, also sell some or all

roducts. The players have the option to obtain each product either

rom its corresponding manufacturer or from the intermediaries. A

RI situation is the tuple � = (N, E, r w 

, r m 

) with r w 

and r m 

being

he indirect and direct cost components which will be discussed

n detail below. The set of all CRI situations with player set N is

enoted by �. 

Replenishment polices, which represent the various choices re-

arding the replenishment sources of different products for differ-

nt players, are the main decision variables in CRI situations. We
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ssume that the choices of replenishment sources of all products

nd all players are binary, i.e., a product required by a player is

ourced either from the intermediaries or its corresponding man-

facturer. Thus, in order to completely describe the replenishment

ctions of all players with regard to all products, it is sufficient to

nderline the replenishments from one of the sources only. We de-

ne the replenishment choice set of a player i , i ∈ N , as the set of all

layer–product pairs specific to i and denote it by X 

�
i 

= { (i, l) | l ∈
 i } . The replenishment choice sets for groups of players are ob-

ained accordingly by taking the union of their individual choice

ets. For every S ⊆N , we denote the replenishment choice set of S

y X 

�
S 

= 

⋃ 

i ∈ S X 

�
i 

. We define a replenishment policy , X , as a collec-

ion of player–product pairs that are replenished directly from the

anufacturers . A replenishment policy X is feasible for players in

 ⊆N whenever X ⊆ X 

�
S . Note that with this definition a feasible re-

lenishment policy for a subset of players is also feasible for other

ubsets of players which contain the former players. However, the

everse does not hold necessarily. 

We differentiate between the two major cost components cor-

esponding to the two sources of supply for products: indirect and

irect replenishment costs. When a rational buyer, or a group of

ational buyers jointly, replenishes a subset of products from a spe-

ific source, i.e. the intermediaries or the manufacturers, corre-

ponding decision variables— such as batch sizes, ordering cycles,

rder bundles, etc.—would be chosen to attain the minimum pos-

ible per-period replenishment cost for that specific source. We re-

rain from the operational details at this level and instead intro-

uce the indirect replenishment cost function r w 

: ℘(X 

�
N ) → R and

irect replenishment cost function r m 

: ℘(X 

�
N 

) → R that give the min-

mum per-period replenishment cost of different sets of player–

roduct pairs from the intermediaries and the manufacturers re-

pectively. 

We assume that the indirect and direct replenishment cost

unctions are non-decreasing and subadditive on the replenishment

hoice sets. The first condition reflects the intuitive scenario where

eplenishing k + 1 player–product pairs from the intermediaries or

he manufacturers is never less costly that replenishing k player–

roduct pairs among the latter set from the same source. The

econd condition asserts that the sum of (in)direct replenishment

osts of mutually exclusive player–product sets is never less costly

han the (in)direct replenishment cost of their union. The last as-

umption follows immediately from the definition of r w 

and r m 

.

f the joint ordering of two disjoint player–product sets X and X 
′ 

rom intermediaries or manufacturers involves more costs than the

um of their separate orderings from the same source, r w 

(X ∪ X 
′ 
)

r r m 

(X ∪ X 
′ 
) by definition would give the sum of separate order-

ng costs instead of the cost of joint ordering. In the rest of the

aper we let r w 

(∅ ) = r m 

(∅ ) = 0 . 

An important special case in CRI situations, which is observed

n our motivating case in automotive after-market, is when the in-

irect replenishment costs from intermediaries are additive over

he set of players, that is, intermediaries cater to players on the in-

ividual bases and no additional savings can be obtained by com-

ining the indirect replenishments of different players. We refer to

his case with separable indirect replenishment cost . 

efinition 1. r w 

is separable over the set of players if for every

 ⊆N and an arbitrary X ⊆ X 

�
T 

we have r w 

(X ) = 

∑ 

i ∈ N r w 

(X 

�
i 

∩ X ) . 

Given S ⊆N , we define the replenishment cost function for S , r �
S 

:

(X 

�
S 

) → R , such that for every feasible replenishment policy for

 , X ⊆ X 

�
S , we have 

 

�
S (X ) = r m 

(X ) + r w 

(
X 

�
S \ X 

)
. (1)

he cost of a replenishment policy X for S is the sum of direct

eplenishment cost of player–product sets in X and the indirect re-

lenishment costs of the remainder of player–products sets in the
hoice set of S . An optimal replenishment policy for a subset of play-

rs has the lowest replenishment cost among all feasible replenish-

ent policies for those players. The cost of an optimal replenish-

ent policy for S ⊆N is denoted by: 

 

�(S) = min 

X⊆X �
S 

r �S (X ) (2)

.1. Submodular CRI situations 

We call a CRI situation submodular if its cost components are

ubmodular on the replenishment choice sets. The following defi-

ition formalizes this. 

efinition 2. A CRI situation � = (N, E, r w 

, r m 

) ∈ � is submodular

f r w 

and r m 

are submodular on X 

�
N 

. �sm ⊂� is the set of all sub-

odular CRI situations. 

The motivation for focusing on this class of CRI situations is

hat in the single-source joint replenishment literature, several cost

unctions are proven to have a submodular structure. These mod-

ls include, but are not limited to, deterministic joint replenish-

ent problems discussed in Meca et al. (2004) , Anily and Haviv

20 07) , Zhang (20 09) , special cases in Heuvel et al. (2007) , as well

s stochastic models considered in Hartman et al. (20 0 0) and Özen

t al. (2011) . Therefore, a CRI situation with cost components de-

ived from the aforementioned single-source replenishment mod-

ls is a specific instance of a submodular CRI situation. 

Submodularity of a CRI situation has important consequences.

he first result in this paper states that submodularity of the cost

omponents is a sufficient condition for submodularity of total cost

unctions in CRI situations. All proofs are given in the supplement.

emma 1. Let � ∈ �sm . For every S ⊆N , r �S is submodular on X 

�
S . 

The submodularity of total cost in submodular CRI situations

eans that as the set of player–product pairs replenished from the

anufacturers grows, the marginal cost of adding another player–

roduct pair is non-increasing. Thus, replenishing from manufac-

urers can become more beneficial if more player–product pairs

re included. This demonstrates the economy of scale in direct

eplenishments from the manufacturers. A similar argument can

e stated in terms of player–product sets that are replenished via

he intermediaries. As the result of submodularity of total cost,

t can be verified that expanding the set of player–products that

re replenished from the intermediaries has a non-increasing ef-

ect on the marginal costs of additional player–product sets that

re replenished from the intermediaries. Thus, one can observe

conomies of scale in opposite directions in submodular CRI sit-

ations. 

The submodularity of CRI situations also has important conse-

uences with regard to the tractability of the optimization prob-

em in (2) . Grötschel, Lovász, and Schrijver (1988) show that for

 submodular function, the Ellipsoid method can be used to con-

truct a strongly polynomial algorithm for its minimization. Hence,

ubmodularity of CRI situations implies that the optimal replenish-

ent policies can be found efficiently. In the remainder of this sec-

ion we elaborate on certain properties of optimal replenishment

olicies in submodular CRI situations. 

emma 2. Let � ∈ �sm . If alternative optimal replenishment policies

xist for S ⊆N , their union is also an optimal replenishment policy for

. 

Lemma 2 states that the union of two optimal replenishment

olicies for a group of players is in itself another optimal re-

lenishment policy. Thus, it can be inferred that for every group

f players, there exists an optimal replenishment policy with the

ost number of player–product pairs replenished from the man-

facturers. Similar line of reasoning can be used to show that in
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Table 1 

Situation in Example 1. 

X r w (X ) r m ( X ) 

{(1, a )} 20 15 

{(2, a )} 10 10 

{(3, a )} 10 10 

{(1, a ), (2, a )} 25 25 

{(1, a ), (3, a )} 25 25 

{(2, a ), (3, a )} 20 20 

{(1, a ), (2, a ), (3, a )} 30 35 

Table 2 

Optimal policies in Example 1. 

S X ∗S 

{1} {(1, a )} (unique) 

{2} {(2, a )} 

{3} {(3, a )} 

{1, 2} {(2, a )} 

{1, 3} {(3, a )} 

{2, 3} {(2, a ), (3, a )} 

{1, 2, 3} ∅ (unique) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3 

Situation in Example 2. 

X r w (X ) r m ( X ) 

{(1, a )} 6 8 

{(2, a )} 6 8 

{(3, a )} 5 7 

{(1, a ), (2, a )} 11 9 

{(1, a ), (3, a )} 10 13 

{(2, a ), (3, a )} 11 13 

{(1, a ), (2, a ), (3, a )} 15 14 
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these situations there also exists an optimal replenishment policy

with the least number of player–product pairs replenished from

the manufacturers. 

When the indirect replenishment cost function is separable

over the set of players, additional insights can be gained. In or-

der to do so, we use the following relationship between the costs

of a feasible replenishment policy for two subsets of players in sit-

uations with separable indirect replenishment costs. 

Lemma 3. Let � ∈ � such that r w 

is separable over players, and con-

sider S ⊂ T ⊆N. Let X be a feasible replenishment policy for S. We have

r �T (X ) = r �S (X ) + r w 

(X 

�
T \ S ) . 

Lemma 3 allows one to evaluate the cost of a replenishment

policy X that is feasible for S ⊂ N for its supersets. To do so, indi-

rect replenishment costs of the entire product sets of extra players

must be added to the replenishment cost of X for S . We are now

ready to show a nested property in growing subsets of players in

submodular situations with separable indirect replenishment costs.

Lemma 4. Let � ∈ �sm such that r w 

is separable over players. Let X ∗S 
be an optimal replenishment policy for S ⊂ N. For every T ⊆N , T ⊃S ,

there exists an optimal replenishment policy X ∗
T 

such that X ∗
T 

⊇ X ∗
S 

. 

According to the last Lemma, if it is optimal for a subset of

players to collectively replenish certain products from their man-

ufacturers, it would also be optimal that this subset of players

keep on doing the same in any other subset that contains the for-

mer players. The latter can be interpreted in an alternative way: in

submodular CRI situations with separable indirect replenishment

costs, the set of direct replenishers of a product never shrink as the

result of including more players to the collaborative organization.

A direct consequence of the nested property of optimal replenish-

ment policies in Lemma 4 is that in submodular CRI situations the

optimal policies for larger subsets of players can be built upon

those of the smaller subsets. It must be noted that without the

separability condition on indirect replenishment costs the nested

property cannot be guaranteed. The following example illustrates

this. 

Example 1. Table 1 demonstrates the cost components in a CRI sit-

uation with three players and a single product. It can be easily ver-

ified that this is a submodular but not separable over players situ-

ation. From Table 2 we can see that for player 1, it is uniquely op-

timal to replenish the product from the manufacturer. However, in

the grand coalition the unique optimal policy is to replenish jointly
rom the intermediaries. Thus, the nested property does not hold.

 

. Cooperative CRI games 

In this section we study the collaboration among players in CRI

ituations with the help of a class of cooperative cost games asso-

iated with these situations. The cooperative cost games associated

ith CRI situations, hereafter cooperative CRI games , can be con-

tructed by considering the set of players N and defining the char-

cteristic function to be the optimal replenishment cost function.

hus, for every CRI situation � ∈ �, one can define an associated

ooperative cost game by (N, c �) where for every S ⊆N , c �(S) is

efined as in Eq. (2) . Note that by definitions of direct and indirect

eplenishment cost functions we have c �(∅ ) = 0 . The first result in

his section exhibits the subadditivity of general CRI games. 

heorem 1. For every � ∈ �, the associated cooperative game ( N , c �)

s subadditive. 

Subadditivity of CRI games implies that the optimal replenish-

ent cost for the case where all players are participating in the

ollaborative organization is never higher than the sum of the costs

f any other partitionings of the players into independent collabo-

ative organizations. Thus, subadditivity of CRI games incentivizes

he formation of the grand coalition as the participation of all play-

rs in the game guarantees the minimum collective costs. How-

ver, incentives for individual players stemming from their allo-

ated costs still need to be addressed. In what follows we discuss

he possibilities for having appropriate cost allocations in the grand

oalition. 

.1. Concavity of CRI games 

In a concave game the contributions of players to the cost of

rowing subsets of players are non-increasing. The concavity of a

ooperative game has important implications with regard to ease

f finding appropriate allocation rules which will be discussed in

he next section. Remember that for a submodular CRI situation, its

ost components are submodular on the replenishment choice set

hile concavity of the associated game requires that the optimal

eplenishment cost function be submodular on the set of players.

t is essential to understand that submodular CRI situations are not

ecessarily associated with concave games. The following example

emonstrates this. 

xample 2. Consider a CRI situation with three players and a sin-

le product. The cost components are depicted in Table 3 . It can be

erified that both r w 

and r m 

are submodular on the replenishment

hoice set. The cooperative game associated with this situation is

escribed in Table 4 . We have: 

 

�( { 1 , 3 } ) − c �( { 1 } ) = 10 − 6 = 4 , and c �( { 1 , 2 , 3 } ) 
−c �( { 1 , 2 } ) = 14 − 9 = 5 . 
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Table 4 

Game in Example 2. 

S c �( S ) 

{1} 6 

{2} 6 

{3} 5 

{1, 2} 9 

{1, 3} 10 

{2, 3} 11 

{1, 2, 3} 14 
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he inclusion of player 3 to player 1 adds less cost than inclusion

f player 3 to coalition {1, 2}. Therefore the game is not concave,

ven though the situation is submodular. � 

Example 2 shows that submodularity of total replenishment

ost for all subsets of players on the set of replenishment choices

oes not automatically imply submodularity of the associated

ames on the set of players. However, when the indirect replen-

shment costs are separable, then the games associated with sub-

odular CRI situations are in fact concave. 

heorem 2. For every � ∈ �sm with separable indirect replenishment

osts, the associated cooperative game (N, c �) is concave. 

.2. Allocation rules 

An important question in every cooperative situation concerns

he division of joint costs among the participants. There are certain

roperties that a desirable allocation must satisfy. One of the most

asic desirable properties of an allocation is the efficiency property

hich requires that the total cost of the set of all players (grand

oalition) is entirely divided among the players. Another desirable

roperty is the stability property that ensures players do not break

part from the grand coalition. The allocations in the core satisfy

oth of these properties. In general the core of CRI games can be

mpty. Below we provide an example where the core of the game

ssociated with a CRI situation is empty. 

xample 3. Consider the situation � as follows. There are three

layers N = { 1 , 2 , 3 } , replenishing a single product E 1 = E 2 = E 3 =
 a } . The replenishment costs from the intermediaries are separa-

le and equal to 4 for all players, i.e., r w 

({ i, a } ) = 4 for all i ∈ N .

he cost of replenishment from the manufacturer is as follows:

 m 

({ i, a } ) = 5 for i ∈ N , r m 

({ i, a } , { j, a } ) = 5 for i , j ∈ N such that i � = j ,

nd r m 

({ 1 , a } , { 2 , a } , { 3 , a } ) = 9 . It is straightforward to check that

n this situation we have c �(S) = 4 if | S| = 1 , c �(S) = 5 if | S| = 2 ,

nd c �(N) = 9 . The game is symmetric so if the core is not empty,

hen the equal allocation of 9 / 3 = 3 for every player must be in

he core. However, every two player coalition can achieve the cost

f 5 which is smaller than 3 + 3 = 6 . Thus the core of the game

ssociated with � is empty. � 

To provide insights about the nature of allocations in the core

f CRI games we present an observation regarding the minimum

mount of payments in separable situations. 

heorem 3. Let � = (N, E, r w 

, r m 

) ∈ � be a situation with separa-

le indirect replenishment costs. Let X 

∗ be an optimal replenishment

olicy for the grand coalition. For every allocation β in the core

f the associated game (N, c �) and every player i ∈ N it holds that

i ≥ r w 

(X 

�
i 

\ X ∗) . 
Theorem 3 asserts that in every core allocation, each player has

o pay at least its indirect replenishment cost for the products it

btains from the intermediaries in the grand coalition. Therefore,

rrespective of the contribution of a player to the total cost sav-

ngs, the indirect replenishment cost of no player would be subsi-
ized in any core allocation. It is straightforward to observe that

f a player replenishes a product directly from its manufacturer in

n optimal replenishment policy, then in addition to its indirect

eplenishment cost, the player must pay a positive portion of its

irect replenishment cost as well. Note that Theorem 3 does not

equire submodular situations and holds whenever a CRI game has

 non-empty core. 

Although the core of a cooperative game can be empty, the core

f a concave game is always non-empty ( Shapley, 1971 ). Our re-

ults in the previous section regarding the concavity of CRI games

lso guarantees the existence of allocations in the core. 

orollary 1. For every � ∈ �sm with separable indirect replenishment

osts, the core of the associated cooperative CRI game (N, c �) is non-

mpty. 

For the collaborative organization to be able to repeatedly carry

ut joint replenishments without the need of renegotiating the ap-

ropriate allocations, a formal scheme for allocating the costs in

ifferent situations should be in place. This requirement is for-

alized with the notion of allocation rule. An allocation rule is a

unction σ which determines an allocation for every game in its

omain of definition. The desirability of an allocation rule can be

valuated by the desirable properties of the allocations it gener-

tes. For example, an allocation rule is called efficient if it always

enerates efficient allocations. The allocation to player i under al-

ocation rule σ is denoted with σ i . 

A well-known allocation rule in cooperative games literature is

he Shapley value ( Shapley, 1953 ). The Shapley value of a cost game

 N , c ), i.e., �( N , c ), for every i ∈ N is calculated by the following

ormula: 

i (N, c) = 

∑ 

S⊆N\ i 

| S| !(n − | S| − 1)! 

n ! 
[ c(S ∪ i ) − c(S) ] . (3) 

he Shapley value divides the total cost of grand coalition accord-

ng to the average contributions of players in all subsets that they

re a member of. Because the Shapley value determines the play-

rs allocations based on their average contributions, it is often

egarded as a fair allocation rule and hence it is deemed highly

ppropriate in many real-life situations—e.g. allocation of airport

anding fees ( Littlechild & Owen, 1973 ), transmission costs ( Tan &

ie, 2002 ), pollution reduction costs ( Petrosjan & Zaccour, 2003 ),

nd logistics costs ( Krajewska, Kopfer, Laporte, Ropke, & Zaccour,

007 ), among others. 

In general the Shapley value of a game might not belong to

ts core. However, the core of a concave game always includes the

hapley value ( Shapley, 1971 ). Therefore, in submodular CRI games

ith separable indirect replenishment costs players can always di-

ide the costs among themselves in a stable and efficient way by

mplementing the Shapley value. Also, the Shapley value is a pop-

lation monotonic allocation scheme ( Sprumont, 1990 ) in concave

ames, which makes sure that inclusion of additional players to

he group would never increase the cost allocated to any players.

n the next section we demonstrate another appealing property of

he Shapley value which holds in general CRI situations. 

. Strategic participation in two-stage CRI games 

An implicit assumption made in the cooperative CRI game stud-

ed in previous section was that once a player decides to join the

ollaborative organization, it puts forward its entire product set

o that their replenishment sources are decided by the collabora-

ive organization in order to optimize the replenishment cost of

he grand coalition. However, in reality the players’ decisions with

egard to their participation in collaborative replenishment activ-

ties is more nuanced. Most notably, the players can decide the
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Fig. 2. Strategic participation in collaborative organization. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5 

Situation � in Example 4 . 

X r w (X ) r m ( X ) 

{(1, a )} 10 10 

{(2, a )} 10 10 

{(2, b )} 10 10 

{(1, a ), (2, b )} 20 20 

{(1, a ), (2, a )} 20 18 

{(2, a ), (2, b )} 20 20 

{(1, a ), (2, a ), (2, b )} 30 25 

Table 6 

Original and modified games in Example 4 . 

S c �( S ) c �[ L ] ( S ) 

{1} 10 10 

{2} 20 10 

N 25 18 

E  

a  

C  

p  

T  

L  

2  

t

 

i  

w  

c  

z  

e  

w

z  

T  

s  

u  

d  

t

 

c  

f  

o  

p  

i  

u  

c  

t  

o  

p  

I  

i  

f  

f  

p

 

w  

e  

e  

t  

c  

a  

s  

a

extent of participation in the collaborative organization in terms

of the products whose replenishment policies are delegated to the

collaborative organization. In this section, the players are allowed

to partially collaborate. The participation decision with respect to

each product is binary, i.e., each product is entirely replenished ei-

ther within the collaborative organization or outside it. The ques-

tion we investigate is the conditions under which centrally opti-

mal outcomes would be achieved decentrally, i.e., strategic partic-

ipation of the players would not negatively affect the total replen-

ishment cost of the supply chain. Fig. 2 demonstrates an example

where players 1 and 2 do not replenish product c through the col-

laborative organization. In this case the collaborative organization

replenishes product c for player 3 from the intermediary and the

rest of player–product pairs from the corresponding manufacturer. 

A crucial input to the players’ strategic decision making pro-

cesses is the allocation rule that will be implemented in the col-

laborative organization to divide the joint costs. Hence, our analy-

sis in this section enables us to comment on appropriate allocation

rules in CRI situations. We construct a two-stage game compris-

ing a non-cooperative stage followed by a subsequent cooperative

stage. The sequence of events in our two-stage CRI game is as fol-

lows. First, the allocation rule for the collaborative organization is

set and announced to the players. With this knowledge the players

simultaneously make their decisions regarding the extent of their

participation in the collaborative organization. That is, each player

strategically chooses the products it would replenish via the col-

laborative organization. The cooperative CRI game played in the

second stage is associated with the modified version of the orig-

inal CRI situation which is induced by the players’ participation

strategies in the first stage. The total cost of the grand coalition

in the induced CRI situation in the second stage will be distributed

according to the pre-fixed allocation rule. Fig. 3 illustrates the se-

quence of events. We start by assuming that all information con-

tained in the situation is known by all players. 

Given a CRI situation � = (N, E, r w 

, r m 

) and a player i ∈ N , let

L i ⊆E i be the set of participating products of i . In this manner, L i 
is the participation strategy of player i . A vector of players’ strate-

gies L = (L i ) i ∈ N is referred to as a participation strategy profile . A

participation strategy profile induces a CRI situation wherein only

the participated products of the players are present. The modified

situation induced by the participation strategy profile L is denoted

by �[ L ] = (N, L, r w 

, r m 

) . Subsequently, the game associated with the

modified situation, to be played in the second stage, is ( N , c �[ L ] ). 
xample 4. Consider the CRI situation with N = { 1 , 2 } , E 1 = { a }
nd E 2 = { a, b} . The cost components are shown in Table 5 . The

RI game associated with this situation is shown in Table 6 . Sup-

ose that player 2 decides to participate only with his product a .

he modified CRI game associated with the participation strategy

 = { L 1 = E 1 , L 2 = { a }} is also shown in Table 6 . In this case, player

 will replenish product b individually and outside of the coopera-

ive organization. � 

Given an allocation rule σ for CRI games, the two-stage partic-

pation game under allocation rule σ is the triple ( N , ℘( E ), z �, σ )

here ℘(E) = (℘(E i )) i ∈ N is the vector of individual participation

hoice sets—i.e., power sets of player-specific product sets—and

 

�, σ is the vector of player-specific cost functions with its i ’th el-

ment, i ∈ N , defined such that for a participation strategy profile L

e have 

 

�,σ
i 

(L ) = c �[ E\ L ] (i ) + σi 

(
N, c �[ L ] 

)
. (4)

he player-specific cost function of player i is comprised of the

tand-alone replenishment cost of player i for its withheld prod-

cts and its allocation under σ in the cooperative CRI game in-

uced by L , i.e., the game associated with the modified CRI situa-

ion �[ L ]. 

In two-stage CRI games, the individual decision making pro-

esses of the players are intertwined as the player-specific cost

unctions of players will be affected by the other players’ choices

f strategies as well. The rational players choose their individual

articipation strategies in anticipation of the other players’ moves

n order to minimize their player-specific cost functions. A partic-

larly interesting outcome for the system is when the strategic

hoices of players coincide with the strategies that minimize the

otal replenishment costs of the entire system, i.e., when a centrally

ptimal participation strategy profile is selected individually by the

layers. In the latter case the supply chain would be coordinated.

n the two-stage CRI game associated with �, the complete partic-

pation strategy profile E minimizes the sum of player-specific cost

unctions so that the total equals c �(N) . This observation follows

rom a technical result (Lemma 5) which we present in the sup-

lement. 

With the choice of complete participation strategy profiles there

ould be no loss of efficiency in the two-stage CRI games. How-

ver, despite the central optimality of complete participation strat-

gy profiles in two-stage CRI games, players may choose other par-

icipation strategies if such strategies result in lower player-specific

osts for them. An example of such behavior is reported by Granot

nd Soši ́c (2003) and Yan and Zhao (2015) in the context of trans-

hipment games. A critical variable in this setting is the choice of

llocation rule. 
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Fig. 3. Sequence of events in a two-stage CRI game. 

Table 7 

Two-stage CRI game in Example 5 . 

L 2 

∅ { a } { b } { a , b } 

L 1 ∅ 10,20 10,20 10,20 10,20 

{ a } 10,20 9,19 10,20 5,20 
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s  
xample 5. Consider the CRI situation in Example 4 . Suppose

he chosen allocation rule assigns the costs proportional to the

quared stand-alone costs of participating products of the play-

rs, that is given the strategy L and for i ∈ N we have σi (N, c �[ L ] ) =
 c �[ L ] (i ) 2 / 

∑ 

j∈ N c �[ L ] ( j) 2 ] c �[ L ] (N) . Table 7 shows the two-stage CRI

ame associated with this situation. Each cell in the table gives

he player-specific costs of both players under the correspond-

ng participation strategy. Observe that the strategy profile L =
(L 1 = { a } , L 2 = { a } ) is a Nash equilibrium—as well as the weakly-

ominant strategy profile. However, this strategy profile does not

esult in centrally optimal total costs as the allocation rule chosen

oes not induce complete participation. � 

The following definition captures the formal relation between

he choice of allocation rules and the players’ participation strate-

ies in two-stage CRI games. 

efinition 3. Let � = (N, E, r w 

, r m 

) ∈ � and suppose allocation rule

is given. We say σ implements the participation strategy profile

 ∈ ℘( E ) in Nash equilibrium (respectively, weakly dominant strate-

ies) in the two-stage CRI game associated with � if L is a Nash

quilibrium (respectively, a weakly dominant strategy profile) in

hat game. 

Definition 3 introduces two types of implementations. From

ection 3 , Nash equilibrium implementation requires that for ev-

ry i ∈ N and every L 
′ 
i 
∈ ℘(E i ) it holds that z �,σ

i 
(L ) ≤ z �,σ

i 
(L 

′ 
i 
, L −i ) .

lso, the second type of implementation, i.e. weakly dominant

trategies, implies that for every i ∈ N and every L 
′ ∈ ℘(E) it holds

hat z �,σ
i 

(L i , L 
′ 
−i 

) ≤ z �,σ
i 

(L 
′ 
) . Remember from Section 3 that every

eakly dominant strategy profile is also a Nash equilibrium. Thus,

f an allocation rule could implement a participation strategy pro-

le in weakly dominant strategies it can also implement that strat-

gy in Nash equilibrium. The reverse, however, may not hold nec-

ssarily. It has been argued that implementation in (weakly) dom-

nant strategies is the most demanding form of implementation

 Maskin & Sjöström, 2002 ). In the next step we present the main

esult of this section regarding the ability of the Shapley value to

mplement centrally optimal participation strategy profiles in two-

tage CRI games. 

heorem 4. The Shapley value implements the complete participation

trategy profile in weakly dominant strategies in every two-stage CRI

ame. 
According to Theorem 4 , if the Shapley value is set as the allo-

ation rule, no player can obtain any benefit by withholding some

f its products from the collaborative organization. The power of

he Shapley value in enforcing the centrally optimal strategies in

RI situations becomes clearer once we realize that the complete

articipation strategy is a feasible choice for every player in every

RI situation. The next observation follows immediately. 

orollary 2. Let i ∈ N be a player. With the Shapley value as the allo-

ation rule, the complete participation strategy E i is the best strategy

or player i in every two-stage CRI game irrespective of the strategies

f all other players. 

Corollary 2 has important consequences in terms of the infor-

ation available to every player and its effect on the choice of cen-

rally optimal participation strategies. Since complete participation

trategies are always best choices of strategies at the individual

evel under the Shapley value, the players do not need to know the

pecific details of the situation in order to realize that announc-

ng their complete player-specific product sets to the collaborative

rganization is their best options. We conclude that the Shapley

alue can lead to the coordination of the decentralized system un-

er study even in settings with asymmetric information. 

. Source-specific replenishment organizations 

The collaborative organizations in previous sections make de-

isions on the replenishment sources of the products that are re-

uested by the players. We study an alternative structure for col-

aborative organizations in this section which might be easier to

anage. That is, we consider two types of source-specific replen-

shment organizations such that one purchases every requested

roduct from the intermediaries and the other purchases solely

rom the manufacturers. Thus, the collaborative organizations in

his section do not make strategic sourcing decisions. Drawing

pon the logic of two-stage games elaborated upon previously, the

urpose of this section is to answer the following question: can

uyers be motivated, through the choice of right allocation rules,

o participate in the two collaborative organizations such that cen-

rally optimal replenishment policies be attained? Thus, we ex-

mine if sourcing decisions can be efficiently decentralized. Fig. 4

hows an example of this structure. Player 1 replenishes product b

s well as product c together with players 2 and 3 from the collab-

rative organization that buys everything from the intermediary.

he players replenish the rest of their products via the collabo-

ative organization which buys everything from the corresponding

anufacturers. Comparing this figure with Fig. 1 reveals that any

eplenishment strategy prescribed by the former kind of collabora-

ive organization can be obtained via a corresponding participation

trategy for the players in source-specific replenishment organiza-

ions. 

To carry out the analysis, we construct two alternative

ource-specific cooperative games. Given the CRI situation � =
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Fig. 4. Participation in source-specific replenishment organizations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 8 

Situation � in Example 6 . 

X r w (X ) r m ( X ) 

{(1, a )} 9 10 

{(2, a )} 9 10 

{(1, b )} 9 10 

{(1, a ), (1, b )} 16 20 

{(1, a ), (2, a )} 18 15 

{(2, a ), (1, b )} 18 20 

{(1, a ), (2, a ), (1, b )} 25 25 

Table 9 

Situation ˆ � in Example 3. 

X r w (X ) r m ( X ) 

{(1, a )} 9 10 

{(2, a )} 9 10 

{(2, b )} 9 10 

{(2, a ), (2, b )} 16 20 

{(1, a ), (2, a )} 18 15 

{(1, a ), (2, b )} 18 20 

{(1, a ), (1, b ), (2, b )} 25 25 
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(N, E, r w 

, r m 

) , define the direct CRI game (N, c �m 

) and the indirect

CRI game (N, c �w 

) where for every S ⊆N : 

c �m 

(S) = r m 

(
X 

�
S 

)
, and c �w 

(S) = r w 

(
X 

�
S 

)
. (5)

The cost to every coalition in the direct (indirect) CRI game is the

direct (indirect) replenishment cost of all products of every player.

In this manner, source-specific CRI games disregard the alterna-

tive option for replenishments. Subsequently, we define alterna-

tive two-stage games associated with CRI situations in the same

spirit as in the previous section. In the first stage of this game,

each player decides the products it would replenish in either of

the source-specific replenishment organizations knowing the allo-

cation rules for the corresponding games. In the second stage, the

source-specific cooperative games induced by the chosen strategies

is played and the costs will be divided according to the pre-fixed

allocation rules. We refer to these two-stage games as the source-

specific two-stage CRI games . Fig. 5 depicts the sequence of events

in these games. 

The source-specific two-stage CRI game associated with situa-

tion � = (N, E, r w 

, r m 

) under allocation rules σ and ˜ σ , correspond-

ing to indirect and direct replenishment games respectively, is the

triple (N, ℘(E) , ̃  z �,σ, ̃ σ ) where ℘(E) = (℘(E i )) i ∈ N is the vector of in-

dividual participation choice sets, and ˜ z �,σ, ̃ σ is the vector of al-

ternative player-specific cost functions with its i ’th element, i ∈ N ,

defined such that for a strategy profile L ∈ 

∏ 

i ∈ N ℘( E i ), which repre-

sents the products that each player replenishes via direct collabo-

rative organization, we have 

w 

�,σ, ̃ σ
i 

(L ) = σi 

(
N, c �[ L ] 

m 

)
+ ˜ σi 

(
N, c 

�[ E\ L ] 
w 

)
. (6)

Thus the cost to a player in the above games is the sum of allo-

cations in corresponding direct and indirect replenishment games

associated with the participation strategy of the players. 

From the formulation in (6) it must be evident that there is a

bijection between the set of participation strategies for a source-

specific two-stage CRI game and the replenishment policies in the

original situation. Drawing upon the latter fact, the next observa-

tion, which we provide without proof, highlights a centrally op-

timal participation strategy profile for a source-specific two-stage

CRI game that minimizes the sum of player-specific cost functions

of the players so that the total boils down to the minimum to-

tal replenishment cost of the corresponding centralized system.

In the source-specific two-stage CRI game associated with �, the

participation strategy profile L ∗ = X ∗ minimizes the sum of player-

specific cost functions so that the total equals c �(N) . Thus, if play-
rs choose the right participation strategies, then there would be

o efficiency lost in the setting with source-specific replenishment

rganizations. In fact, minimum total replenishment cost of the

entralized system can be achieved if each player puts forward the

ame set of products to direct collaborative replenishment organi-

ation that it should have replenished from manufacturers in an

ptimal replenishment policy for the corresponding CRI situation.

odifying the notion of implementation in Definition 3 for source-

pecific two-stage CRI games, next we investigate the existence of

llocation rules that could implement centrally optimal participa-

ion strategy profiles in these games. As we show in the example

elow, such allocation rules do not exists even if we require im-

lementation in the weaker form, i.e., in Nash equilibrium. 

xample 6. Consider the CRI situation � with N = { 1 , 2 } , E 1 =
 a, b} and E 2 = { a } . The cost components for different policies are

iven in Table 8 . In the CRI game associated with this situation

e have c �({ 1 } ) = 16 , c �({ 2 } ) = 9 , and c �(N) = 9 + 15 = 24 . Ob-

erve that the only centrally optimal participation strategy pro-

le in the source-specific two-stage game associated with � is

 

∗ = (L ∗1 = { a } , L ∗2 = E 2 ) . That is, player 1 should replenish prod-

ct b indirectly. The modified situation in the direct replenish-

ent game associated with the latter participation strategy pro-

le is �[ L ∗] = (N, ({ a } , { a } ) , r w 

, r m 

) . The modified situation in the

ndirect replenishment game associated with the latter participa-

ion strategy profile is �[ E \ L ∗] = (N, ({ b} , {} ) , r w 

, r m 

) . Accordingly,

n the indirect CRI game associated with modified situation �[ E �L ∗]

e have c 
�[ E\ L ∗] 
w 

({ 1 } ) = 9 , c 
�[ E\ L ∗] 
w 

({ 2 } ) = 0 , and c 
�[ E\ L ∗] 
w 

(N) = 9 . In

he modified direct CRI game associated with situation �[ L ∗] we

ave c 
�[ L ∗] 
m 

({ 1 } ) = c 
�[ L ∗] 
m 

({ 2 } ) = 10 , and c 
�[ L ∗] 
m 

(N) = 15 . 

Next, consider the situation 

ˆ � with N = { 1 , 2 } , E 1 = { a } and

 2 = { a, b} and cost components that are given in Table 9 . It

an be seen that c 
ˆ �({ 1 } ) = 9 , c 

ˆ �({ 2 } ) = 16 , c 
ˆ �(N) = 9 + 15 = 24 .

he unique optimal participation strategy profile in the source-

pecific two-stage game associated with 

ˆ � is ˆ L ∗ = ( ̂ L ∗1 = E 1 , ̂  L ∗2 =
 a } ) . The modified situation in the direct replenishment game as-

ociated with the latter participation strategy profile is ˆ �[ ̂ L ∗] =
(N, ({ a } , { a } ) , r w 

, r m 

) . The modified situation in the indirect replen-

shment game associated with the latter participation strategy pro-

le is ˆ �[ E \ ̂  L ∗] = (N, ({} , { b} ) , r w 

, r m 

) . In the indirect CRI game as-

ociated with modified situation 

ˆ �[ E \ L ∗] we have c 
ˆ �[ E\ ̂ L ∗] 
w 

({ 1 } ) =
 , c 

ˆ �[ E\ ̂ L ∗] 
({ 2 } ) = 9 , and c 

ˆ �[ E\ ̂ L ∗] 
(N) = 9 . In the modified direct
w w 
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Fig. 5. Sequence of events in a source-specific two-stage CRI game. 
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RI game associated with situation 

ˆ �[ ̂ L ∗] we have c 
ˆ �[ ̂  L ∗] 
m 

({ 1 } ) =
 

ˆ �[ ̂  L ∗] 
m 

({ 2 } ) = 10 , and c 
ˆ �[ ̂ L ∗] 
m 

(N) = 15 . 

Any efficient and individually rational allocation rule σ for the

ndirect replenishment games obtains ˜ σ (N, c 
�[ E\ L ∗] 
w 

) = (9 , 0) and

˜ (N, c 
ˆ �[ E\ ̂ L ∗] 
w 

) = (0 , 9) . For the direct replenishment game, suppose

hat an efficient and individually rational allocation rule σ is cho-

en that divides the costs between the players in such a way that

1 (N, c 
�[ L ∗] 
m 

) ≥ σ2 (N, c 
�[ L ∗] 
m 

) . Consider the situation �. With any ef-

cient and individually rational allocation rule ˜ σ for the indirect

eplenishment game and the allocation rule σ described above, it

ould be the case that 

 

�,σ, ̃ σ
1 

(L ∗) = σ1 (N, c 
�[ E\ L ∗] 
w 

) + ˜ σ1 (N, c �[ L ∗] 
m 

) ≥ 7 . 5 + 9 = 16 . 5 . 

n this situation, if player 1 deviates from choosing L ∗
1 

and in-

tead chooses L 1 = {} , while player 2 chooses L ∗2 , allocation rule

˜ obligates player 1 to pay 16 and allocation rule σ assigns zero

ayments to player 1 (since its stand-alone cost in the corre-

ponding direct replenishment game is zero). Thus, player 1 would

et w 

�,σ, ̃ σ
1 

(L 1 , L 
∗
2 
) = 16 < w 

�,σ, ̃ σ
1 

(L ∗) . Therefore the choice of σ as

bove results in optimal participation strategy profile not being a

ash equilibrium in this situation. 

To remedy this, suppose a different allocation rule σ
′ 

is cho-

en such that σ
′ 
1 
(N, c 

�[ L ∗] 
m 

) < σ
′ 
2 
(N, c 

�[ L ∗] 
m 

) . However, once we ap-

ly these allocation rules to the original situation 

ˆ �, a similar

rgument as above shows that a direct allocation rule that gives

layer 2 a higher allocation than player 1 is unable to implement

he corresponding centrally optimal participation strategy profile

n Nash equilibrium. We conclude that there exists no allocation

ules that could implement the optimal participation strategy pro-

les in Nash equilibrium in source-specific two-stage CRI games

ssociated with situations � and 

ˆ � simultaneously. � 

Thus, we can state the following final result. 

heorem 5. There exists no efficient and individually rational allo-

ation rules for indirect and direct CRI games that could implement

he centrally optimal participation strategy profiles in every source-

pecific two-stage CRI game. 

The result of the last theorem is that the strategic participa-

ion of players in source-specific replenishment organizations can

amage optimal supply chain efficiency. Moreover, the fact that

ndirect replenishment costs in Example 6 are separable means

hat even when collaborative replenishment from intermediaries

re not beneficial, having a collaborative organization that solely

eals with purchases from manufacturers can attain sub-optimal

upply chain performance. Hence, to obtain the system wide op-

imal performance, it is crucial that a single collaborative replen-

shment organization considers the players’ replenishment options

oth from the intermediaries and the manufacturers. 
. Final remarks 

In this paper, we investigated potential opportunities for direct

nd indirect replenishments for collaborating downstream buyers

n supply chains with alternative sources of supply. In a typical

ituation with the intermediaries offering low order costs, possi-

ility to bundle multiple products in one order, yet higher unit

osts than manufacturers, the incentives for replenishing from dif-

erent sources are conflicting. The main insight obtained from our

tudy is that although collaboration is always fruitful, under cer-

ain conditions the buyers’ incentives can be aligned with a choice

f right allocation rules so that the corresponding collaborative or-

anization is both stable and welcoming to new members. How-

ver, collaborative organization should take control of both indirect

nd direct replenishment of the buyers to guarantee optimal sup-

ly chain performance. For example, the collaborative organization

ight require buyers to obtain low-demand products from the in-

ermediaries and high-demand products from the manufacturers.

n this regard, collaboration increases the supply chain efficiency

y eliminating double marginalization and excessive inventories. 

The conditions that guarantee the stability of collaborative or-

anizations in our setting are sub-modularity and separability of

ituations. As we prove, sub-modularity of both direct and indirect

ost components are a sufficient condition for sub-modularity of

he situation. Although there are many examples of sub-modular

ost components in the literature, it must be noted that non-sub-

odular cost components exist as well. The latter happens for ex-

mple when additional logistical constraints such as truck capac-

ties and product shortages are taken into consideration (see for

xample Engevall, Göthe-Lundgren, & Värbrand, 2004 ). 

We showed that the Shapley value possesses several desirable

roperties for being the allocation rule of choice in CRI situations.

part from its appealing properties in concave games, the Shap-

ey value implements complete participation strategy profiles in

ll CRI situations in such a way that for every player, delegat-

ng the replenishment decisions of all products to the collabora-

ive organization is the best strategy, even if no information about

he other players is available. As we work under the assumption

f complete information regarding the cost components, the in-

ut for calculating the Shapley value would be readily available as

oon as the players enter the collaborative organization by reveal-

ng their product sets. We further showed that even if collaborative

eplenishments from intermediaries do not provide additional ben-

fits, the collaborative organization that focuses on direct replen-

shments from manufacturers but allows buyers to partially partic-

pate may never achieve efficient outcomes. 

There are many other perspectives to consider when horizon-

al collaboration in supply chains are carried out in the presence

f intermediaries. Joint replenishment activities are likely to affect

he pricing schemes of manufacturers, intermediaries, and down-

tream buyers. So an important direction for future research is to

tudy the dynamics stemming from price competitions among sup-

ly chain entities. This would be in line with the work of James
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and Dana (2012) who study the impact of collaborative purchas-

ing organizations on price competition among the suppliers. It is

worth mentioning that although collaborative purchasing results

in lower purchasing prices for the downstream players, competi-

tion in price-setting may leave them worse off—an instance of this

situation discussed by Chen and Roma (2011) . Another possible ex-

tension of our work is to address the additional costs faced by the

organizations of collaborating buyers. It has been observed in the

literature, e.g., in Hezarkhani and Kubiak (2013) , that increasing

collaboration costs can be a threat to the stability in supply chains.

Hence, it is important to understand to what extent collaborative

organizations can afford the increasing costs of required commu-

nication, negotiations, and infrastructure. We leave these for future

research. 
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