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Convex modeling and sizing of electrically
supercharged internal combustion engine powertrain

Sava Marinkov, Nikolce Murgovski and Bram de Jager

Abstract—This paper investigates a concept of an electrically
supercharged internal combustion engine powertrain. A super-
charger consists of an electric motor and a compressor. It draws
its power from an electric energy buffer (e.g., a battery) and helps
the engine during short-duration high-power demands. Both the
engine and the buffer are sized to reduce the sum of the vehicle
operational (fuel) and component (engine and buffer) costs. For
this purpose, a convex, driving cycle-based vehicle model is
derived, enabling the formulation of an underlying optimization
problem as a second order cone program. Such a program can
be efficiently solved using dedicated numerical tools (for a given
gear selection strategy), which provides not only the optimal
engine/buffer sizes but also the optimal vehicle control and state
trajectories (e.g., compressor power and buffer energy). Finally,
the results obtained from a representative, numerical case study
are discussed in detail.

NOMENCLATURE

BL Baseline.
DS Downsized.
NA Naturally-aspirated.
SC Supercharged.
A Area.
C Capacitance.
E Energy.
H Heating value.
J Cost function.
L Gear ratio set.
P Power.
Q Charge.
R Electrical resistance.
T Temperature.
V Volume.
a Linear acceleration.
c Constant coefficient.
m Mass.
ṁ Mass flow.
p Pressure.
r Radius.
s Scaling variable.
soc State-of-charge.
t Time.
u Voltage.
v Linear velocity.
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w Weighting coefficient.
γ Varying coefficient.
η Efficiency.
λ Ratio.
µ Price.
ω Rotational velocity.
ρ Density.
τ Torque.
ˆ(·) Approximate.
¯(·) Baseline/mean effective.
(·)c Chemical.
(·)e Electrical.
(·)m Mechanical.
(·)A Alternator.
(·)AM Ambient (air).
(·)AU Auxiliary.
(·)B Electric energy buffer.
(·)BR Brake.
(·)C Compressor.
(·)E Engine.
(·)EM Exhaust manifold.
(·)G Gearbox.
(·)IM Intake manifold.
(·)M Motor.
(·)ML Mechanical link.
(·)V Vehicle.
(·)W Wheel.
(·)end End.
(·)life Life-cycle.
(·)surge Compressor surge.
(·)vol Volumetric.
(·)year Year.
(·)R Specific gas constant of air.
(·)c Cell (electric).
(·)d Drag.
(·)ec Compression ratio.
(·) f Frontal.
(·)g Gravity.
(·)l Lower.
(·)min Minimum.
(·)max Maximum.
(·)p Specific heat constant of air (at const. pressure).
(·)r Rolling resistance.
(·)α Air.
(·)κ Specific heat ratio of air.
(·)φ Fuel.
(·)Π Pressure ratio.
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I. INTRODUCTION

Recent years have shown high interest in the reduction of
energy consumption and pollutant emissions of ground trans-
portation. With the goal of improving energy efficiency and
employing renewable energy sources, vehicle manufacturers
are currently introducing several types of electrified vehicles.
Nevertheless, internal combustion engines (ICE) are expected
to remain the dominant force in the automotive market for the
next decade [1].

To meet the ever-tightening expectations on the vehicle
fuel economy, the automotive industry has pursued the path
of engine downsizing [2]. The engine downsizing has been
typically followed by the ICE overpowering, e.g., by means
of torque boosting [3], [4], to improve the vehicle drivabil-
ity. In general, the application of the ICE downsizing and
overpowering results in lower carbon emissions and a better
fuel economy, w.r.t. the original, large engine situation – due
to the reductions in the engine weight, friction and pumping
losses [5]. The ICE overpowering can be also achieved using
intake air boosting, with the help of a turbocharger (driven by
hot exhaust gases) or a supercharger (driven mechanically by a
crankshaft via a chain or a belt). In both cases, a compressor is
utilized to increase (boost) the pressure/density of air supplied
to the engine and thus provide it with more oxygen. This
allows more fuel to be injected and burned, thereby rising
the ICE maximum torque and power limits.

However, the turbocharged ICEs exhibit a relatively poor
torque capability at low engine speeds, which compromises the
vehicle drivability and acceleration performance [6]. Namely,
at low speed, the downsized ICEs suffer from insufficient
exhaust gas-flow to adequately propel the turbocharger from
the moment the gas pedal is pressed, resulting in a well-
known turbo-lag [2]. The belt-driven supercharger, on the other
hand, does not experience this phenomenon but is less fuel
economic, as it increases the engine parasitic losses. One way
to efficiently provide the required low-end torque and at the
same time eliminate the turbo-lag is to electrify the super-
charger, i.e., to replace its mechanical power source (prime
mover) with an electric motor [7]–[9]. The resulting device,
an electric supercharger, i.e., a motor-compressor unit (MCU),
follows a popular automotive trend of vehicle electrification –
which has already proven capable of enhancing the efficiency
and performance of numerous systems such as steering, water
pump and air conditioning [10].

Historically, a lack of compact, high-power/energy-density
electric sources and of light-weight, high-speed, high-power-
density electric motors prohibited the proliferation of the
MCUs throughout the automotive sector. The widely used 12 V
battery system is at the limit of providing sufficient power for
the electrical boost [4]. Besides, the high power surges from
the MCU may incur high battery losses.

Today the situation regarding electric storage elements is
somewhat different as a plethora of high-power batteries and
high-energy capacitors has appeared on the market. However,
the choice of the electric buffer technology and optimal buffer
size, in terms of its power rating and energy density, is still
an open question.

This paper presents a method for computing the buffer size
that provides sufficient electric power and energy to run the su-
percharger. The supercharger is used to help the engine during
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Fig. 1. Illustration of the components considered in the proposed powertrain
sizing problem – arrows indicate a power flow direction. The source of air flow
feeding an internal combustion engine (ICE) intake (IM) and exhaust (EM)
manifolds is determined using a bypass (BV) and a throttle valve (TV). The
ICE is equipped with a stand-alone motor-compressor unit (MCU) consisting
of a compressor (C) and an electric motor (M). The motor, as well as other
electric auxiliary loads (AUe), draws its power from an electric buffer (B).
The buffer is charged by a conventional car-alternator (A) that is mechanically
coupled to the ICE crankshaft along with mechanical auxiliary loads (AUm). A
clutch and a gearbox (G) connect the ICE with wheels (W) and brakes (BR).

short-duration high-power demands, which could potentially
allow it to be downsized. Specifically, the sizing of both
the ICE and the buffer is performed by minimizing the sum
of the vehicle operational (fuel) and component (engine and
buffer) costs. This optimization problem constitutes a dynamic
program, where the ICE and buffer are optimally sized only
when the vehicle is also optimally controlled on a studied
driving cycle. In addition, this problem is also a non-convex,
nonlinear and a mixed-integer dynamic program, where both
plant design and control parameters act as optimization vari-
ables.

The plant design and control problem is typically handled
by decoupling the plant and the controller, and then optimizing
them sequentially or iteratively [11]–[16]. However, sequential
and iterative strategies generally fail to achieve global opti-
mality [17]. An alternative is a nested optimization strategy,
where an outer loop optimizes the system objectives over a set
of feasible plants, and an inner loop generates optimal controls
for plants chosen by the outer loop [14]. This approach
delivers a globally optimal solution, but may incur heavy
computational burden (when, e.g., dynamic programming is
used to optimize the energy management [18]), or may require
substantial modeling approximations [19]–[21].

This paper addresses the plant design and control problem
by first decoupling the integer decisions, i.e., the gear selection
strategy, and then by formulating the remaining problem as a
convex second order cone program (SOCP) [22]. The integer
signals are decided outside of the convex program, by means
of two simple heuristic strategies – one designed to promote
the ICE downsizing and one that aims to maximize the ICE
efficiency. Finally, a case study is provided where the optimal
engine and the electric buffer sizes are computed for a specific,
MCU-equipped vehicle.

This paper is organized as follows. Section II provides
background to the electrically supercharged ICE configuration
and states a verbal problem formulation. The mathematical
modeling is provided in Section III and the convex optimiza-
tion problem is formulated in Section IV. Section V presents
a use-case study. Conclusions are drawn in Section VI.

II. THE POWERTRAIN SIZING PROBLEM

The block diagram of the electrically supercharged ICE is
illustrated in Fig. 1. The MCU, which is placed in the ICE
air intake along with a bypass valve, enables more power
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TABLE I
OPTIMIZATION PROBLEM FOR POWERTRAIN COMPONENTS SIZING AND

ENERGY MANAGEMENT.

Minimize:
Operational + component cost,
Subject to:
Driving cycle constraints,
Energy conversion and balance constraints,
Buffer dynamics,
Physical limits of components,
...
(For all time instances along the driving cycle).

to be delivered by the ICE, e.g., while overtaking or when
starting-off at the traffic lights. The supercharging (SC) refers
to a situation when the excess power is needed, i.e., when the
bypass valve is closed. In contrast, during naturally-aspirated
(NA) operation the bypass valve is open.

The bursts of mechanical MCU power have to be matched
by the power ratings of the electric buffer that feeds the MCU.
However, deciding the optimal buffer energy requirement is
not trivial since it depends on the typical daily usage of the
vehicle. A common way of representing the vehicle daily
usage is by recording the vehicle speed and acceleration time
profiles, and then by constructing a driving cycle that contains
both the vehicle speed and road topography as functions of
time. An example of one such cycle is the Class 3 World
Harmonized Light Vehicle Test Procedure1 (WLTP3), which
is used here as a proof of concept for realization of the method
being proposed.

The vehicle is required to exactly follow the speed de-
manded by the driving cycle, thus ensuring that a possible
downsizing of the powertrain does not compromise the de-
manded performance. To have a fair comparison, the buffer is
required to sustain its initial charge at the end of the driving
cycle, meaning that any energy used for supercharging has to
be put back in the buffer at some point, through the use of a
conventional car alternator driven by the ICE. This may require
high utilization of the electric buffer, making it beneficial to
increase its size. However, a larger buffer increases the cost
of the vehicle. Then, to keep the cost down, the possibility of
downsizing the ICE is also considered, such that the optimal
trade-off is reached between the components cost and the
operational cost within the lifetime of the vehicle.

The resulting optimization problem is verbally stated in
Table I, whereas its mathematical description is deferred to
Section IV.

III. QUASISTATIC VEHICLE MODEL

In the remainder, a power-based [23], quasistatic model of a
4-stroke ICE is provided. The ICE is downsized by scaling its
displacement volume while keeping its bore-stroke and com-
pression ratios constant. Specifically, the ICE displacement
volume is defined as VE = sEV̄E, where V̄E denotes the baseline
volume and sE ∈ (0,1] the engine scaling coefficient. The ICE
is equipped with the MCU, which provides the possibility
to enhance its torque capacity by means of supercharging.
To match the MCU power requirements the vehicle electric
energy buffer is sized as well. For this purpose, the buffer is

1http://www.dieselnet.com/standards/cycles, March 2015.
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Fig. 2. Quasistatic model of an ICE equipped with a stand-alone MCU –
arrows indicate component inputs and outputs.

considered to be built out of nB = sBn̄B cells connected in
series, where sB > 0 represents the buffer scaling coefficient
and n̄B the baseline cell count. Both sE and sB are treated as
real optimization variables.

A. Vehicle

The vehicle is modeled as a system with a point mass

mV = m̄EsE + m̄BsB + m̄V, (1)

where m̄E denotes the baseline engine mass, m̄B the baseline
buffer mass and m̄V the baseline vehicle mass (excluding m̄E
and m̄B). The mass m̄B is further defined as m̄B = m̄cn̄B, with
m̄c being the baseline buffer cell mass.

If the driving cycle provides the demanded vehicle speed
vV≥ 0, the acceleration aV and the road slope α , and assuming
that the driving occurs in still air, the vehicle wheel speed ωW
and the power at the wheels Pm

W can be computed as

ωW =
vV

rW
, (2)

Pm
W = aVλVmVvV +ag sin(α)mVvV +agcr cos(α)mVvV (3)

+
1
2

ρAMcdA f v3
V.

The terms on the righthand side of (3) respectively represent
the inertial driving, driving on a slope, rolling resistance and
aerodynamic drag power components. Here, rW denotes the
wheel radius, λV the equivalent vehicle mass ratio, ag the
gravitational acceleration, cr the rolling resistance coefficient,
ρAM the ambient air density, cd the drag coefficient and A f
the vehicle’s frontal area. Due to (1) the power Pm

W is affine
in the optimization variables, i.e.,

Pm
W = γW0 + γW1sE + γW2sB, (4)

where

γW2 = (aVλV +ag sin(α)+agcr cos(α)) m̄BvV, (5)
γW1 = (aVλV +ag sin(α)+agcr cos(α)) m̄EvV,

γW0 =
1
2

ρAMcdA f v3
V +(aVλV +ag sin(α)+agcr cos(α)) m̄VvV.
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B. Wheels & brakes
The required mechanical power at the wheel side of the

gearbox is given by

Pm
G2 = Pm

W +Pm
BR, (6)

where Pm
BR ≥ 0 is an optimization variable representing the

power of the brakes.

C. Gearbox
The speed and power at the engine side of the gearbox are

given by the following expressions

ωG = λG(g)ωW, (7)
Pm

G1 = γG0 +Pm
G2, (8)

where
γG0 = cG0 + cG1ωG + cG2ω

2
G, (9)

with λG(g) denoting the gear ratio corresponding to the gear
g ∈ {1, . . . ,5} and γG0 ≥ 0 the gearbox drag losses. The gear
is treated as an optimization variable decided separately and
prior to the rest, see Section IV-B.

D. Mechanical power link
To be able to distinguish between regular and idling engine

operation, define

γML =

{
1, for ωG ≥ ωE,min,

0, otherwise.
(10)

Then the engine and the alternator speed exiting the mechan-
ical power link follow

ωE = ωGγML +ωE,min(1− γML), (11)
ωA = λAωE, (12)

while the corresponding engine mechanical power balance
reads

Pm
E = Pm

G1γML +Pm
A +Pm

AU. (13)

Here, λA denotes the alternator speed ratio, ωE and ωE,min the
ICE rotational and idle speed, ωA the alternator speed, and
Pm

E ,Pm
A ,Pm

AU ≥ 0 the mechanical power of the ICE, alternator
and the remaining mechanical auxiliary units (assumed con-
stant). The power Pm

A is one of the optimization variables.

E. ICE & air-fuel control
The ICE mechanical behavior can be described using the

following relationship [24], [25]:

p̄E = η̄E p̄φ − p̄Ef− p̄Eg, (14)

where η̄E denotes the effective ICE efficiency, p̄E and p̄φ the
engine brake and fuel mean effective pressures, and p̄Ef and
p̄Eg the brake mean effective pressure losses due to engine
friction and pumping work. Assuming that the ratio λec, the
ignition/injection timing angles, the burnt gas fraction and the
bore-stroke ratio are kept constant, the effective efficiency η̄E
can be treated as a function of the engine speed only [24], i.e.,

η̄E = cη̄0 + cη̄1ωE + cη̄2ω
2
E, (15)

where cη̄ i, i ∈ {0,1,2} denote constant parameters. The two
pressures, p̄E and p̄φ , further read

p̄E =
4πτE

V̄EsE
(16)

p̄φ =
4πPc

E
V̄EωEsE

, (17)

while the related loss components may be modeled2 [24] as

p̄Ef = c f 0 + c f 2ω
2
E, (18)

p̄Eg = cg0 + cg1
τE

τE,max
, (19)

with τE,max = τE,max(ωE,sE) denoting the maximum achievable
torque τE of a downsized ICE during its NA operation,
c f 0,c f 2,cg0 and cg1 some constant parameters. The ICE chem-
ical (fuel) power Pc

E is given by

Pc
E = ṁφ Hl , (20)

with Hl being the fuel lower heating value and ṁφ the ICE
fuel mass flow. Assuming that the fuel controller maintains
a constant, stoichiometric air-fuel ratio λαφ , the flow ṁφ is
related to the required engine air mass flow as

ṁφ =
ṁα

λαφ

. (21)

Since from the air system perspective the engine acts as a
volumetric pump, the air mass flow fulfills

ṁα = ηvol
pAMsEV̄EωEλΠ

4πcRTIM
, (22)

where λΠ represents the ratio between the intake manifold and
the ambient air pressures, pIM and pAM, satisfying 0≤ λΠ ≤
λΠ,max > 1, with λΠ,max being its stoichiometric combustion
knock limit value. Furthermore, cR is the specific gas constant
of air, TIM the intake manifold air temperature and ηvol =
ηvol(ωE,λΠ) the engine volumetric efficiency. The efficiency
ηvol is frequently modeled as a multilinear function [24] of
the pressure ratio λΠ and the speed ωE, i.e.,

ηvol = ηvol,ω ηvol,Π, (23)

where

ηvol,ω = cvol0 + cvol1ωE + cvol2ω
2
E, (24)

ηvol,Π = 1+
1

λec

(
1−
(

pEM

pAM

)1/λκ

λ
−1/λκ

Π

)
,

with pEM being the (constant) exhaust manifold pressure, λec
the engine compression ratio, λκ the specific heat ratio of air
and cvoli, i ∈ {0,1,2} some constant parameters.

Using (16) to (21) the expression (14) can be rewritten in
terms of torque, as follows

τE = η̄E
ṁα Hl

λαφ ωE
− V̄EsE

4π

(
p̄Ef + cg0 + cg1

τE

τE,max

)
. (25)

Since during the ICE NA operation at a wide-open throttle it
holds τE = τE,max(ωE,sE), λΠ ≈ 1 and TIM ≈ TAM, where TAM
denotes the ambient air temperature – by substituting these

2The adopted friction loss model is pessimistic as lower friction losses can
be expected in the case of downsized engines.
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values and the flow given by (22) in (25), the expression for
torque τE,max can be derived. This yields

τE,max =

(
η̄Eη̄vol

pAMV̄EHl

4πcRTAMλαφ

−
V̄E(p̄Ef + cg0 + cg1)

4π

)
sE,

(26)
= τ̄E,maxsE. (27)

where τ̄E,max = τ̄E,max(ωE) denotes the maximum achievable
torque of a baseline (non-downsized) NA ICE and η̄vol =
ηvol(ωE,1). By multiplying both sides of (25) with ωE and
using (27), one can further obtain the relationship between
the ICE mechanical Pm

E = τEωE and the fuel power Pc
E, i.e.,

Pc
E =

4πτ̄E,max + cg1V̄E

4πτ̄E,maxη̄E
Pm

E +
V̄EωE(p̄Ef + cg0)

4πη̄E
sE, (28)

Pc
E = γE1Pm

E + γE,minsE, (29)

where γE1 > 1 and γE,min > 0. The power Pc
E is treated as an

optimization variable.

F. Air system

During the ICE SC operation it holds τE > τE,max(ωE,sE),
when pIM ≈ pC > pAM and TIM ≈ TC > TAM, where pC,TC
denote the compressor outlet pressure and temperature. Thus
one may approximate the compressor pressure ratio pC/pAM
by the intake manifold pressure ratio λΠ and express the
temperature TC, as

TC = TAM +
TAM

ηC

(
λ

λκ−1
λκ

Π
−1
)
, (30)

where ηC is the isentropic compressor efficiency (assumed
constant). The equations (22) and (30) uniquely determine the
values of TC and λΠ for each given ṁα and ωE. Although the
underlying relations are nonlinear in λΠ, in its narrow range of
interest, i.e., for λΠ ∈ [1,λΠ,max], they can be approximated by
suitable affine functions. To achieve this, the expressions (22)
and (30) are first rewritten as

TC = λT TAM, (31)
ṁα = λṁγṁsE,

where λT = 1 + 1
ηC

(
λ

λκ−1
λκ

Π
−1
)

, λṁ =
ηvol,ΠλΠ

λT
and γṁ =

pAMV̄EωEηvol,ω
4πcRTAM

. Then, the best affine fits λ̂T ≈ λT and λ̂ṁ ≈ λṁ
(w.r.t. λΠ, in the least-squares sense) are constructed while
enforcing λ̂T (1) = λT (1) and λ̂ṁ(1) = λṁ(1), to preserve
continuity. This yields

λ̂T = cT 0 + cT 1λΠ, (32)

λ̂ṁ = cṁ0 + cṁ1λΠ, (33)

where cTi > 0 and cṁi > 0, i ∈ {0,1} are constant parameters,
see Fig. 3.

From (31), (33), (21) and (20) the pressure ratio limit λΠ ≤
λΠ,max can be expressed as an engine size-dependent limit on
the fuel power Pc

E. Specifically, it follows

Pc
E ≤

γṁHl(cṁ0 + cṁ1λΠ,max)

λαφ

sE = γE,maxsE. (34)

1 1.2 1.4 1.6
0

0.5

1

1.5

λΠ [-]

λ
[-
]

 

 

λT

λ̂T

λṁ

λ̂ṁ

λΠ,min,max

Fig. 3. Affine approximation of compressor temperature TC and engine air
mass flow ṁα dependence on the intake manifold pressure ratio λΠ.

Furthermore, the mechanical MCU power Pm
C ≤ cC,max, is

given by
Pm

C = max(ṁα cp(TC−TAM),0) , (35)

where cp denotes the specific heat of air at constant pressure
and cC,max the maximum compressor mechanical power (as-
sumed constant). Using (31), (32), (21) and (20), the power
Pm

C can be computed as

Pm
C = max

(
cC1Pc

E + γC2
Pc2

E
sE

,0
)
, (36)

with the coefficients

cC1 =
λαφ cpTAM(cT 0cṁ1− cT 1cṁ0− cṁ1)

Hlcṁ1
, (37)

γC2 =
λ 2

αφ
cpTAMcT 1

H2
l cṁ1γṁ

.

Since γC2 > 0, ∀ωE, the expression γC2Pc2
E + cC1Pc

E is convex
in Pc

E. Moreover, as sE > 0, a perspective function [22]
corresponding to this expression is given by the first argument
of the maximum function in (36), which implies that this
argument is convex in both Pc

E and sE. Because the maximum
of two convex functions is itself convex, the same also holds
for the compressor power Pm

C .
Furthermore, it is assumed that for the air mass

flow/pressure ratio range of interest the MCU can be always
chosen such that the compressor surge/choke phenomena do
not occur. The surge condition can be expressed as [24]:

ωC ≤ ωC,surge ≈ csurge0 + csurge1ṁα , (38)

where ωC denotes the compressor speed, ωC,surge(ṁα) the
compressor surge speed limit (for a given air mass flow) and
csurge0,csurge1 > 0 some constant fitting coefficients.

G. Alternator and MCU motor
The electric machine electric power can be modeled as

a second-order polynomial of its mechanical power, with a
constant term representing a speed-dependent drag loss [25].
In this context, the alternator electric power can be formulated
as

Pe
A = γA0 + cA1Pm

A + cA2Pm2
A , (39)

where
γA0 = cA00 + cA01ωA + cA02ω

2
A > 0, (40)
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Fig. 4. Top left: the constrained compressor power Pm
C needed to achieve

the maximum pressure ratio λΠ,max = 1.58. Top right: the maximum ICE
torque τE of the baseline NA, the downsized NA and the downsized SC ICE
(with sE = 0.8, λΠ,max = 1.58). Bottom left: the corresponding maximum ICE
chemical power Pc

E. Bottom right: the ICE chemical power Pc
E vs. the ICE

mechanical power Pm
E . The speed nE represents the ICE speed ωE expressed

in (thousands of) rotations per minute.

with cA0i, i ∈ {0,1,2}, cA02 ≥ 0, −1 < cA1 < 0 and cA2 ≥ 0
being constant coefficients, see Fig. 5. The signs of cA1
and cA2 ensure that the electric alternator power Pe

A is non-
positive for a non-negative mechanical alternator power Pm

A .
This is in accordance with a general convention (in the energy
management of electrified vehicles) which states that the
electric power should be positive when the electric machine
acts to discharge the electric buffer (i.e., during motoring)
and negative when it charges it (i.e., during generating).
Furthermore, the coefficient cA1 is bounded to reflect the
physical limitations of the alternator. Namely, if one would let
cA1 >= 0 this would imply that the alternator can sometimes
operate as a motor, which is not considered in this study. If,
however, cA1 <=−1, then it could happen that the alternator
electrical power output is absolutely larger than its mechanical
power input, which is not physically possible.

The mechanical power Pm
A is constrained both above and

below, i.e., 0≤ γA,min ≤ Pm
A ≤ cA,max, where

γA,min =
−cA1−

√
c2

A1−4γA0cA2

2cA2
(41)

and cA,max is a constant parameter.
Similarly to the alternator, the MCU electric power Pe

C can
be modeled as

Pe
C = Pm

C0 + cM1Pm
C + cM2Pm2

C , (42)

where the speed-dependent motor drag loss is given by

Pm
C0 = c̄M00 + c̄M01ωC + c̄M02ω

2
C > 0, (43)

with c̄M0i, i ∈ {0,1,2}, c̄M02 ≥ 0, cM1 > 1 and cM2 ≥ 0 being
constant coefficients [25]. The motor drag loss Pm

C0 can be
upper-bounded by setting ωC =ωC,surge, which from (20), (21)
and (38) yields

Pm
C0 = cM00 + cM01Pc

E + cM02Pc2
E , (44)

with the coefficients

cM00 = c̄M00 + c̄M01csurge0 + c̄M02c2
surge0, (45)

cM01 =
λαφ

Hl

(
c̄M01csurge1 +2c̄M02csurge0csurge1

)
,

cM02 =
λ 2

αφ

H2
l

c̄M02c2
surge1.

Note that since cM02 ≥ 0 the drag loss Pm
C0 is convex w.r.t.

the fuel power Pc
E. In the same way, the compressor electric

power Pe
C is convex w.r.t. both its mechanical power Pm

C and
fuel power Pc

E, and the alternator electric power Pe
A is convex

w.r.t. its mechanical power Pm
A .
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Fig. 5. Convex approximation of the alternator electric power Pe
A as a function

of its mechanical power Pm
A and speed ωA.

H. Electric power link
The electric buffer terminal power follows from the power

balance at the electric power link, given by

Pe
B2 = Pe

A +Pe
C +Pe

AU, (46)

where Pe
AU ≥ 0 is the power consumed by electric auxiliary

devices (assumed constant).

I. Electric buffer
The electric buffer cells are considered to be either lithium-

ion batteries, or supercapacitors. Each cell is modeled as a cell
open circuit voltage uc with a constant resistance Rc connected
in series. The voltage uc is modeled as an affine function of
state-of-charge soc ∈ [0,1], i.e.,

uc =
Qc

cc1
soc+ cc0, (47)

where Qc is the cell capacity, and cc1 and cc0 are the resulting
fitting coefficients. Such a model is suitable for lithium-ion
battery technology, see Fig. 6, where low/high soc operation
is avoided due to battery longevity reasons [26].

As nB cells are connected in series, the buffer terminal
voltage uB2 reads

uB2 = nBuc−nBRcic, (48)
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ûc
socmin,max

Fig. 6. Battery cell open circuit voltage.

where ic denotes the cell current, which determines the evo-
lution of the cell state-of-charge, i.e.,

dsoc
dt

=− ic
Qc

. (49)

In the following, convex modeling steps of [27] were em-
ployed, where instead of using uc and ic the electric buffer
is modeled in terms of its energy Ee

B, internal power Pe
B1,

dissipative power Pe
B0 and terminal power Pe

B2. In this context
Pe

B1 and Ee
B are treated as the additional (although constrained)

optimization variables. Specifically, the energy reads

dEe
B

dt
=−Pe

B1, (50)

meaning that Pe
B1 > 0 results in buffer discharge and vice versa.

The internal and dissipative buffer powers are defined as

Pe
B1 = nBucic, (51)

Pe
B0 = nBRci2c .

This implies
Pe

B1 = Pe
B2 +Pe

B0. (52)

Furthermore, from (49), (50) and (51), it follows

Ee
B = nBQc

soc∫
0

uc(s)ds =
nBcc1

2
(u2

c− c2
c0). (53)

Thus the pack losses may be expressed as

Pe
B0 =

Rccc1Pe2
B1

2Ee
B +nBcc1c2

c0
, (54)

which, as a quadratic-over-linear, with a strictly positive
denominator, is a convex function [22] of Pe

B1, Ee
B and nB

(and therefore also sB). Note that when cc0 = 0 the adopted
model, (53) and (54), describes a capacitor with a capacitance
cc1.

Constraints on the state soc and the current ic can be
translated into constraints on the energy Ee

B and the power
Pe

B1, i.e.,

Ee
B ∈

nBcc1

2
([

u2
c(socmin),u2

c(socmax)
]
− c2

c0
)

(55)

= [Ēe
B,min, Ē

e
B,max]sB,

Pe
B1 ∈ [ic,min, ic,max]

√
nB

(
2Ee

B
cc1

+nBc2
c0

)
, (56)

where socmin and socmax represent the minimum and the maxi-
mum state-of-charge, ic,min < 0 and ic,max > 0 the minimum and
the maximum cell current and Ēe

B,min and Ēe
B,max the baseline

minimum and the maximum buffer energy. Notice that the
geometric mean in (56) is a concave function [22] of Ee

B
and nB.

IV. OPTIMIZATION PROBLEM FORMULATION

The optimization problem formulated in Table I is revis-
ited here by providing mathematical meaning to constraints
and the objective function. In this context, the optimization
goal is defined as finding the minimum of a weighted sum
of operational and component costs. The former is simply
represented by the cost of consumed petroleum while the latter
consists of a sum of the ICE and the electric buffer cost.
Each specific cost component is weighted by its respective
weighting coefficient, wφ , wE or wB, so that its contribution
is expressed in currency per distance. Using the approach
outlined in [28] these coefficients can be computed as

wφ = µφ

1
Hlρφ d

, (57)

wE = µE
P̄m

E,max

dyear

tyear

tlife

(
1+ εE,year

tlife +1
2

)
,

wB = µB
Ēe

B,max

dyear

tyear

tlife

(
1+ εB,year

tlife +1
2

)
.

where µφ , µE and µB are fuel, engine and buffer price
expressed respectively in currency per volume, power and
energy. Furthermore, d =

∫ tend
0 vVdt is the total drive cycle

length, dyear the average distance a vehicle travels during
one year tyear, ρφ the fuel density, P̄m

E,max = maxωE τ̄E,maxωE
the maximum baseline NA ICE mechanical power, tlife the
duration of the expected vehicle life-cycle, and εE,year and
εB,year the yearly engine and buffer interest rates.

A. Convex optimization problem

Based on the equations derived in the previous section the
related optimization problem is summarized as follows

min J = wφ

tend∫
0

Pc
Edt +wEsE +wBsB, (58)

s.t. (55),(56),
0 < sB, 0 < sE ≤ 1, 0≤ Pm

BR, Pm
C ≤ cC,max,

γA,min ≤ Pm
A ≤ cA,max, γE,minsE ≤ Pc

E ≤ γE,maxsE,

Ėe
B =−Pe

B1,

Ee
B(0) = Ee

B(tend),

Pc
E = γE,minsE +(Pm

A +Pm
AU

+ (γG0 +Pm
BR + γW0 + γW1sE + γW2sB)γML)γE1,

Pm
C = max

(
γC2

Pc2
E

sE
+ cC1Pc

E,0
)
,

Pe
B1 =

Rccc1Pe2
B1

2Ee
B + sBn̄Bcc1c2

c0
+ γA0 + cA1Pm

A + cA2Pm2
A

+ cM00 + cM01Pc
E + cM02Pc2

E + cM1Pm
C + cM2Pm2

C +Pe
AU,
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with the constraints imposed ∀t ∈ [0, tend], where tend is the
time when the trip ends. Note that the values of all the varying
coefficients γ can be pre-computed for the entire range of the
driving cycle. This is because the variations originate from
the changes in vehicle speed vV, acceleration aV or slope α

that are given, or from one of the rotational speeds ωG, ωE
or ωA which can be computed using the knowledge of vV
and of the gear ratio trajectory λG(t). The trajectory λG(t) is
thus assumed fixed prior to solving the convex optimization
problem.

In (58) the last two equality constraints can be relaxed with
inequalities by replacing “=” with “≥” sign. The relaxation
changes the original formulation by creating a convex superset
of the non-convex set. However, it can be logically reasoned
that the resulting two constraints hold with equality at the
optimum – otherwise energy would be unnecessarily wasted.
Hence, the solutions of the relaxed and the non-relaxed prob-
lem are the same. For a detailed proof see [29]. This implies
that the compressor power Pm

C may be treated as an additional
optimization variable, yielding in total six time dependent,
Pc

E,P
m
BR,P

m
A ,Pm

C ,Pe
B1,E

e
B, and two scalar ones, sE and sB. Also

strict inequalities describing lower bounds of sizing parameters
can be relaxed by means of a small constant ε > 0. In other
words, (58) may be rewritten as

min J = wφ

tend∫
0

Pc
Edt +wEsE +wBsB, (59)

s.t. (55),(56),
ε ≤ sB, ε ≤ sE ≤ 1, 0≤ Pm

BR,

γA,min ≤ Pm
A ≤ cA,max, γE,minsE ≤ Pc

E ≤ γE,maxsE,

Ėe
B =−Pe

B1,

Ee
B(0) = Ee

B(tend),

Pc
E = γE,minsE +(Pm

A +Pm
AU

+ (γG0 +Pm
BR + γW0 + γW1sE + γW2sB)γML)γE1,

max
(

γC2
Pc2

E
sE

+ cC1Pc
E,0
)
≤ Pm

C ≤ cC,max

Pe
B1 ≥

Rccc1Pe2
B1

2Ee
B + sBn̄Bcc1c2

c0
+ γA0 + cA1Pm

A + cA2Pm2
A

+ cM00 + cM01Pc
E + cM02Pc2

E + cM1Pm
C + cM2Pm2

C +Pe
AU.

All the optimization variables in (59) are further scaled
with their expected maximal values, the resulting problem is
discretized using a zero-order hold with a sample time δt and
then casted into a standard convex second order cone program
(SOCP) form. The SOCP is given by

min J = f T x (60)

s.t. ||Aix+ ei||2 ≤ cT
i x+di, i = 1, .., .m,

Fx = g

where x∈ Rn are optimization variables, Ai ∈ Rni×n, F ∈ Rp×n,
and || · ||2 is Euclidean norm. Constraints of the type z≥ x2/y
are written as ∣∣∣∣∣∣∣∣( 2x

y− z

)∣∣∣∣∣∣∣∣
2
≤ y+ z. (61)

The SOCP (60) is specified and solved using the CVX
optimization modeling language [30], [31], in combination
with the SDPT3 solver [32].

B. Gear selection strategy
The discrete-time gear trajectory g(tk), with tk = kδt and

k≥ 0, is decided prior to and outside of the convex optimiza-
tion. In particular, two different gear selection strategies have
been implemented. The first searches for a gear that results
in the largest difference between the approximate and the
maximum operating torque of a baseline NA ICE, at every
time instant. This is expected to promote the ICE downsizing.
The second however, at every time instant finds a gear that
maximizes the estimated ICE efficiency, so that a lower vehicle
fuel consumption can be achieved.

These two gear selection strategies are implemented using
the functions

g(1)(tk) = arg max
g∈{1,...5}

(τ̄E,max(tk)− ˆ̄τE(tk)), (62)

g(2)(tk) = arg max
g∈{1,...5}

η̂E(tk),

where ˆ̄τE and η̂E denote the baseline NA ICE operating torque
and efficiency estimates, computed as

ˆ̄τE =
P̂m

E
ωE

, (63)

η̂E =
P̂m

E

γE1P̂m
E + γE,min

.

with P̂m
E being the estimated baseline NA ICE mechanical

power, given by

P̂m
E = max

(
P̂m

A +Pm
AU + γG0 + γW0 + γW1 + γW2,0

)
(64)

and P̂m
A the estimated alternator mechanical power, i.e.,

P̂m
A = Re

−cA1−
√

c2
A1−4

(
γA0 +Pe

AU

)
cA2

2cA2

 . (65)

The use of torque ˆ̄τE, efficiency η̂E, power P̂m
E and P̂m

A
estimates, instead of their optimal values, is required since
the computation of gear selection strategy precedes the convex
optimization – which renders the optimal values unavailable.
However, an alternative, more sophisticated gear selection
strategies, employing iterative solutions of a convex prob-
lem (59), could be applied here as well. For details, see [33]–
[35].

V. CASE STUDY

This section provides the case study results related to
the sizing of electrically supercharged ICE powertrain. The
purpose of the study is mainly to demonstrate the proposed
modeling and optimization methodology. For this reason, the
standard WLTP3 driving cycle has been used. Note that
cycles, such as the WLTP3, are more often employed for
evaluating the vehicle fuel consumption than for component
sizing. Thus, for purposes a specific, real-world powertrain
sizing application, one should consider replacing the WLTP3
with a different (more demanding) cycle, which would better
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suit the intended vehicle driving scenario. The values of the
relevant model parameters, used in this particular study, are
listed in Table II.

The duration of the chosen driving cycle, sampled at δt = 1s,
was tend = 30min. Thus, to find the solution of (58) it was
necessary to determine the values of 1800 unknowns per
each of the 6 time-dependent optimization variables, plus
the two unknown scaling coefficients. For this purpose, the
Microsoft Windows 7 Enterprise computer was employed,
equipped with the Intel(R) Core(TM) i7-2670QM 2.20GHz
CPU. Specifically, due to the optimization problem’s convex
formulation and despite its considerable size, it took less than
20s to find its unique global optimum, along with the values
of the related optimization variables. The optimization results
are presented in the following.

A. Optimal component sizes
Table III summarizes the results of 6 different optimization

runs. They correspond to 3 distinct engine scenarios: baseline
NA ICE, downsized NA ICE and downsized SC ICE, each
for 2 defined gear selection strategies: g(1) and g(2). From the
presented data it is apparent that the electric supercharging has
led to a substantial decrease in both the engine size (1− sE)
and the dominant fuel cost (Jφ ). As expected, the engine size
reduction is more prominent in the case of g(1) strategy, where
gears are chosen such that they maximize the distance between
the engine operating torque and its maximum torque line. In
this case, the use of the MCU has resulted in 41.57% of engine
volume decrease, when the downsized SC ICE is compared to
the baseline NA ICE. On the other hand, more fuel is saved
with g(2) strategy, which is reflected in the downsized SC ICE
fuel cost of 6.53 ¢/km vs. the baseline NA ICE fuel cost of
7.22 ¢/km. This is expected since g(2) strategy maximizes the
ICE efficiency, instead of the torque difference, thereby also
promoting a lower ICE fuel consumption.

Note that using (13), for a particular gear selection strategy,
engine and buffer size, the demanded engine mechanical power
Pm

E directly follows from the provided WLTP3 driving cycle
data. Specifically, for all 3 considered engine scenarios and
g(1) gear selection strategy, this yields a peak in the mechanical
power demand of Pm

E ≈ 38kW, after t = 26min and 7s from the
beginning of the cycle. By comparing the peak power demand
with the maximum baseline ICE mechanical power P̄m

E,max
presented in Table III, scaled by the appropriate downsizing
factor sE, it can be concluded that in the first scenario the
engine was clearly oversized (45.44kW vs. 38kW), in the
second tightly sized (38.54kW vs. 38kW), and in the third
clearly undersized (26.55kW vs. 38kW), w.r.t. the WLTP3
cycle requirements. This implies that in the last case the
power gap was filled by the operation of the MCU via its
temporary enhancement of the power production capability of
the downsized ICE.

B. Optimal state and control trajectories
Apart from the optimal component sizes, the solution of

the problem (59) provides also the optimal control and state
trajectories for the studied driving cycle. These are shown
in Fig. 7 for the case of the downsized SC ICE employing the
first gear selection strategy. Indeed, it can be observed that the

TABLE II
MODEL AND DESIGN PARAMETER VALUES

Type Parameter Value

Drive cycle

δt 1s
tend 30min
tyear 1year
tlife 15year
dyear 12000km

Ambient

ρAM 1.184kg/m3

pAM 98kPa
TAM 298K
ag 9.81m/s2

λκ 1.4
cp 1005J/kg/K
cR 287J/kg/K

Vehicle

m̄V 970kg
λV 1.3
rW 29.57cm
cd 0.32
cr 0.01
A f 2.07m2

Gearbox [cG0,cG1,cG2] [700,3,0]
λG [15.2,8.2,5.3,4.0,3.3]

Mec. power link λA 1.5
Pm

AU 500W

ICE

m̄E 62.67kg
V̄E 1000cm3

[cvol0,cvol1,cvol2] [0.36,3 ·10−3,−3.3 ·10−6]
[cη̄0,cη̄1,cη̄2] [0.4,1.1 ·10−4,−1.7 ·10−7]
[c f 0,c f 2] [3.1 ·104,0.6]
[cg0,cg1] [9 ·104,−7.6 ·104]
λec 10
pEM 108kPa
ωE,min 60rad/s
ωE,max 680rad/s
εE,year 5 %
µE 0.67 €/kW

Air-fuel control

Hl 42.7MJ/kg
ρφ 758.8kg/m3

λαφ 14.7
µφ 1.216 €/l

Air system

ηC 60%
λΠ,max 1.58
[cT 0,cT1] [0.59,0.41]
[cṁ0,cṁ1] [0.43,0.56]
[csurge0,csurge1] [1.55 ·105,3.72 ·103]

MCU
[cM00,cM01,cM02] [33.2,1.4 ·10−3,4.8 ·10−7]
[cM1,cM2] [1.09,5.01 ·10−6]
cC,max 2.6kW

Alternator
[cA00,cA01,cA02] [70.8,−0.2,5.5 ·10−4]
[cA1,cA2] [−0.8,6.8 ·10−5]
cA,max 2.4kW

El. power link Pe
AU 300W

Battery

n̄B 4
m̄c 80g
Qc 2.3Ah
cc0 3.27V
cc1 58kF
Rc 11.5mΩ

ic,min/max ∓35A
socmin/max {20,80}%
εB,year 5 %
µB 500 €/kWh

MCU is mostly activated during high power demands that are
mostly presented near the end of the cycle. As a consequence,
this reduces the load on the ICE and allows it to be downsized.
Furthermore, it can be seen that the energy stored in the buffer
at the end of the cycle is the same as the one stored in the
beginning. This implies that all the energy consumed by the
MCU is ultimately compensated by the work of the alternator.
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TABLE III
OPTIMIZATION RESULTS

Case Parameter g(1) g(2)

Baseline &
naturally-aspirated

J 8.98 ¢/km 7.25 ¢/km
Jφ 8.95 ¢/km 7.22 ¢/km
P̄m

E,max 45.44kW 45.44kW
Ēe

B,max 0.03kWh 0.03kWh
1− sE 0% 0%

Downsized &
naturally-aspirated

J 8.29 ¢/km 7.19 ¢/km
Jφ 8.25 ¢/km 7.14 ¢/km
P̄m

E,maxsE 38.54kW 44.89kW
Ēe

B,maxsB 0.07kWh 0.06kWh
1− sE 15.18% 1.21%

Downsized &
supercharged

J 7.36 ¢/km 6.63 ¢/km
Jφ 7.26 ¢/km 6.53 ¢/km
P̄m

E,maxsE 26.55kW 31.87kW
Ēe

B,maxsB 0.23kWh 0.21kWh
1− sE 41.57% 29.85%

VI. DISCUSSION AND CONCLUSIONS

This paper presented convex modeling steps for the problem
of optimal ICE and electric energy storage buffer sizing,
in the case of the electrically supercharged ICE powertrain
concept. In this context, the electric supercharging was used
to help the engine during short-duration, high-power demands.
The underlying optimization problem was formulated as the
minimization of the vehicle operational (fuel) and component
(the ICE and electric buffer) costs on a given driving cycle.
The optimization problem was solved for the WLTP3 cycle
which delivered not only the optimal component sizes but also
the optimal control (e.g., engine fuel power) and state (e.g.,
buffer energy) trajectories. In the analyzed scenario, the fuel
cost savings of up to 10% were obtained, showing that the
engine downsizing via electric supercharging could constitute
a promising fuel-saving mechanism.

This research could be extended in at least two different
directions. The first would be to consider also the sizing of
the vehicle alternator, compressor and gearbox, so that they
match the electrically supercharged downsized engine more
precisely. The second would be to evaluate the investigated
powertrain concept on a more-demanding driving cycle, or a
few of them, consisting of prolonged high-load intervals. To
this end, it could also be beneficial to adapt the developed
convex modeling and optimization method towards a pow-
ertrain topology utilizing an electrified turbocharger. In this
case, the inclusion of the electric motor could help improve
the compromised torque capability of downsized, turbocharged
ICEs, at low engine speeds – whereas long-duration, high-
power demands could be handled solely by the conventional
turbocharging.
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