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THE PROBLEM OF OPTIMUM ANTENNA CURRENT 
DISTRIBUTION 

by C. J. BOUWKAMP and N. G. DE BRUUN 621.396.671 

Summary 

According to La Paz and Miller the theoretical optimum current 
distribution on a vertical antenna of given length is defined as that 
current distribution giving the maximum possible field strength on 
the horizon for a given power output. It is shown that this problem 
of optimum current distribution has no "exact" solution. 
A method is developed to realize any given vertical radiation pattern 
by suitable choice of the current distribution. Theoretical current 
distributions far better than the "optimum current distributions" 
of La Paz and Miller are then easily constructed. 

1. Introduction 

As is well known, the sinusoidal current distribution plays an important 
role in antenna radiation, both in theory and in practice. Numerous investi
gations, however, deal with attempts to discover distributions more desirable 
than the sinusoidal. Although by trial-and-error methods one may some
times be able to concentrate the field at the surface of the earth, the problem 
should he solved in a general way, so that in the future we would surely not 
expect any improvements as a result of changes in the current distribution. 
This general problem was first put forward by La Paz and Miller 1) 

in their remarkable and'interesting paper "Optimum current distributions 
on vertical antennas". 

According to these authors the theoretical optimum current distri
bution on a vertical antenna upon a perfectly conducting earth is defined 
as t hat current distribution giving the maximum possible field strength 
on the horizon for a given power output. 

Obviously it would be of great importance to know explicitly the theore
tical optimum current distribution for an antenna with a given length, 
because then the corresponding apparent antenna performance would be 
equal to or better than that given by any practical distribution. 

The authors quoted above tried to solve this theoretical problem, however, 
without full success. Hence we thought it worth while to investigate the 
same problem once more. 

It may already be remarked here that our final conclusions are wholly 
in disagreement with the results of La Paz and Miller. 

2. Optimum current distributions in mathematical terms 

Let the electrical length of the given antenna be 2a radians, and let the 
current at distance ~ radians from the antenna centre he given by the 
function 

j( ~) eiwt, 

restricting ourselves to harmonic vibrations of frequency w/2n. We have 
to take into account both variations in amplitude and in phase, hence f(~) 
will he complex. 
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If c denotes the velocity of light, JI?" the amount of energy radiated into 
space per second by the antenna under consideration, then 2) 

a a 

cW = P(.f) = j j K(e-17) j(;) j*(17) d~ d1J, 
-a -a 

where the function K ( u) is as follows: 
+l 

K(u) ="' ~ , .• (1--t2) eiu1 dt ~"""' ..!_ ssin u - cos u(, 
4 . · u 2 ( u ) 

-1 

(1) 

(2) 

and the asterisk * in (1) denotes the complex conjugate. Formula (1) is 
valid for any antenna in free space consisting of a straight and thin per
fectly conducting wire. 
-~Ifl( n means the current distribution on an antenna of length a, erected 
vertically upon a perfectly conducting plane earth, e now being measured 
from the antenna base, then the energy W0 radiated in the remaining half 
space is given by 1) 2) 

a a 

cWo = j f )K(e-ri) + K(e + 11)( g(;) g*(11) M dtJ. (3) 
0 0 

Formula (3) may he easily derived from (1), by merely supposing j(;) 
to he even in e. 

La Paz and Miller based their investigations upon the power expres
sion (3). It may he more convenient, however, to choose the equivalent 
form (1). Moreover we need not restrict ourselves to symmetrical current 
distributions, as would he the case in the presence of the earth.We shall con
sider the general optimum problem for an antenna in free space. Any solution 
of the latter problem furnishes a solution of the former, if that solutionf( e) 
happens to he even in e. Conversely,-each solution of the problem in the 
presence of the earth means a solution of the antenna in free space. 

Referring to sect. 1 of a former paper 2) we easily ·find for the amplitude 
of the field in the equatorial plane, at a large distance 12 from the antenna 
centre, approximately 

IEI = __!:_ IH (f)I , ec 
where H(f) is defined by 

a 

H(f) = f f(e) M · (4) 
-a 

Now we can state the p1·oblem unde1· consideration in the following form: 

Optimum problem: to determine that current distribution functionf(e) on 
an antenna of electrical length 2a, ·which maximizes the absolute value 
of H(f) while satisfying the Eide condition P(f) = a given constant. · 

It is obvious that f ( ~) is not uniquely determined, if a solution exists at 
all, because j(;) may be multiplied by any complex constant with unit 
modulus without changing either IH(J)! or P(f). This, however, is not 
important, for multiplication off(~) by such a constant, 

eioot, 

say (t0 real), may be in_tnpreted as a time shift t0• 

. ' 
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According to La Paz and Miller the optimum problem can be stated 
in an equivalent, more tractable form as follows: 

Equivalent problem: to determine that current distribution function f ( ~) 
on an antenna in free space of given electrical length 2a, which minimizes 
the power integral P(f) while satisfying the side condition IH(f) I= C. 

We can get rid of the non-uniqueness as mentioned above, if we reduce 
the latter cond1twn to H(f) = constant. Every solution of H(f) = C, 
P(f) = minimum, furnishes a family of solutions <p = J.exp (j_wt0 ) of 
IH(cp)I = C, P(rp) = minimum. 

Definition: Hence-forward any function .f( ~) which is bounded, continuous 
by parts, single-valued on the closed interval (-a, a), and such that 
R(f) = 1, but otherwise arbitrary, will be called admissible*). 

Consequently we have finally to solve the following problem. 

Mathematical problem: to determine that admissible function j(~) which 
minimizes the power integral P(f). 

3 . . · Proof that P(f) is positive definite in a certain class of functions f. 

The power integral (1) represents the amount of energy radiated into 
space in the unit of time. Physically it is evident that this power output is 
positive for all "physically" possible current distributions. Hence we may 
expect that P(f) is positive definite**) in the class of functions which are 
bounded, continuous by parts and single-valued in -a ~ ~ ~ a. 

Mathematically this lemma can be proved as follows. Referring to (2), 
we have: 

· 1 +;l _a ~ _ . 

P(f) = - J (1-t2) dt j J j(~) J*(n) eJ1(H) d~ d17. 
4 -1 -a -a 

The functwn F, frequently used below, is defined by 

" F(t) = J f(~) eN cl;. (5) 
-a 

The vaiue of the function F in t = 0 is obviously equal to the numerical 
value of H(f). In terms of F we then obtain for the power integral 

. l +1 
P(f) = 4 .£ (1- t2) IF(t)l2 dt. (6) 

From (6) we deduce that P(f) is positive, unless the. (continuous) function 
F(t) vanishes identically on the interval -1 '( t '( l. In the latter case 
P(f) =" 0. · 

*)Our definition of admissible functions is slightly different from that of La Paz 
and Miller. 

"*)P(f) is called positive definite in the class of functions under consideration, if the follo
wing properties hold: 
P(f) = 0 if, and only if f(~) = 0 and P(f) > 0 for any other function of the 
class ; f(~) - 0 means f(~) = 0 everywhere, if necessary with the exception of a finite 
number of discontinuity points. 
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It remains to show that the relation F(t) = 0 in the interval (-1, 1) 
implies f(~) = 0 in the interval (-a, a). This can he done in the following 
way. From (5) we infer that F(t) is analytic in the whole domain of complex 
t, for ahy function f of the class under consideration. If F(t) = 0 for 
--1 ~ t ~ 1, then, according to the principle of analytic continuation, 
F(t) must be zero everywhere. Remembering Par c e v al 's theorem, well 
known in the theory of Fourier integrals, we have 

· 1 +co a 

o =, ? J IF(t)l2 dt = / lf(;)l2 d~. 
~n-.::o -a 

Hence f( ~) - 0 for - a ~ ~ ~ a. Consequently P(j) is positive definite. 

4. The mathematical problem can only have real solutions 

With the help of the lemma proved in the preceeding paragraph we can 
show that every solution of the mathematical problem stated in 2, is neces
sarily a real function. 

Be f(~) any complex admissible function with real and imaginary 
components Ji(~) and j2 (~) c;E. 0: 

J(~) = Jlm + 1 !2(~) . 
Then 

P(f) = P(.f1 ) + P(f2) , 

expressing the property that the two components in quadrature with each 
other are simply additive in the radiation of energy. This property is 
easily deduced from (1). Now P(f) is positive definite, f 2 not identically 
zero. Hence P(f2 ) > 0. Consequently 

P(fiJ" < P(.f) . 

The side condition still holds for the function f 1, because H(.f) is real for all 
admissihie functions. H(f2 ) = 0, H(f1) = 1. 

Thus f~ and consequently any complex function f( n, cannot represent a 
solution of the mathematical problem stated above. By merely omitting the 
variable-phase component we would obtain a lower power output without 
changing the side condition H(f) = 1. 

La Paz and Miller have also shown that one can restrict oneself 
to real functionsf, assuming, however, that the optimu:rll current distribution 
problem has one, and only one solution. This assumption is, as we saw 
above, not necessary. Furthermore we can prove that the solution must he 
unique, apart from the non-uniqueness factor exp (jw t0 ) as mentioned 
above, if a solution exists i:tt all. This will he seen below. Henceforth every 
admissible function wilihe supposed real, without explicit mentioning. 

5. A necessary and sufficient condition that the admissible function f( ~) 
furnish a· solution of the mathematical problem 

First we shall derive a necessary condition for the existence of an ah;;olute 
mm1mum. 

Suppose that the admissible function f0(~) minimizes the power integral 
P(f). Lei g(~) he a function which is hounded, continuous by parts; real ' ;' 
and single-valued in the interval (--a, a), satisfying the condition 
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a 

I g(n d~ = o, (7) 

hut otherwise arbitrary . Hence, if e is real, the function 

f(~) = Jo(~) + c:g(~) 
is admissible too, and it may immediately he verifie,d that the power inte
gral off ii:; given by 

P(f) = P(f0) + 2 c: P(f0, g) -+ c:2 P(g) , 

where* ) 
a a 

P(f, g) = I I K(~-17) j(~) g(17) d~ d17. 
-a-a 

For sufliciently small values of E, the sign of P(f)-P(j~) will be deter
mined by the term linear in c;. Hence a necessary condition for the existence 
of an extremum is that this linear term vanish: 

a a 

.f g(17) d17 .f K(~-17)f0 (~) d~ = 0, (8) 
-a -a 

Introducing the following function C0 (17): 
a 

Co(17) = I Ka-17)fo(~) d~, (9) 

then, if C0 ( 17) is independent of 17 in the interval - a ~ 17 ~ a, -the relation 
(8) holds. Conversely, the relation 

C0 (17) = constant= C0 (-- -a ~ 17 ~a) 

is also necessary if (8) has to be valid for every g-function as defined above. 
Otherwise there would be at least two points 171, 172 in the interval -a ~ 1J ~ 
a in which C0 (17) would have differing values. Whereas C0 (17) is certainly 
continuous, there wonld be at least two non-overlapping intervals i 1, i2 

of lengths Q1, e2 around 171, 172 with the property that the corresponding 
means values M 1, .i\f2 of C0 (17) over those intervals are unequal. Then we 
could define g ( 17) by 

- e1 in i2, 
0 otherwise, 

in agreement with (7). At the same time, however, we would find a non
vanishing integral (8). Its value would be e1e2 (M1-M2) ::j::- 0. 
Thus we have obtained the following result: 

A necessary condition that j(~) should make the power integral P(f) 
stationary, is that there exist a constant C such thatf(~) is an (admissible) 
solution of the integral equation: 

a 

J K(~-17)j(;) M = C (~a ~ 17 ~a). (10) 
-a 

On the other hand, it is readily proved that this condition is also 

*) Notice that P(.f,g) = P(g,f). 
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sufficient to ·guarantee not only that P be stationary, but even the existence 
of an absolute minimum of P: if f u ( n is one of the admissible solutions of 
any equation like (10), it minimizes P(f) absolutely. 

For, let j(;) he an admissible function, whether a solution of (10) or 
not, but not identical to.f0 (~). Define 

Then 
h(;) = f(;) - fo(;) · 

P(f) = P(f0 + h) = P(f0 ) + P(h) + 2 P(f0, h) 
a 

= P(.f0 ) + P(h) + 2 C0 f h(17) d17 

= P Uo) + P (h). 

P is positive definite and h(;) ~ 0, hence P(h) > 0. Consequently, for 
every admissible function, differing from f 0 , 

P(f) > P(fo) ' 
whence it follows that f0(~) minimizes absolutely P(f). 

Furthermore we infer that j 0(;) is uniquely determined, if it exists at 
all. To see this, we simply repeat the proof above with h(;) equal to the 
difference of two distinct solutions of (10), belonging, if necessary, to 
distinct constants C. 

Furthermore, because K(u) is an even function of u, bothf0(~) andfi(;) 
=f0 ( - ;) are solutions of (10) simultaneously. As they must be identical, 

(11) 

and hence any solution of the problem must he even, if existing at all. 
Consequently the solution for an antenna in free space coincides with that 
for the corresponding antenna in the presence of the earth. 

The constant C of the integral equation (10) has a physical meaning. Iti; 
equal to the very ~inimum value of P, if such a minim:iim exists: 

a a a 

P(f) = ff (17) dr1 f K(;-17)j(;) d; = C / f(i7) dr7 = C. 
-a 

So far we have reduced the theoretical optimum current distribution 
problem to the investig~tion of an integral equation. This procedure is 
frequently met with in the literature. 

We may remark that also La Paz and Miller have found the same 
necessary and sufficient condition in a rather different way. It is v~ry 
interesting to follow their construction of a sequence of admissible functions 
Ji, f 2, such that 

which construction finally results in obtaining the necessary condition 
mentioned. However, their proof th_at the condition is also sufficient to 
assure that an absolute minimum really occurs, does not hold. This pro
perty, as we saw above, is a consequence of P(f) being positive definjte. 

" re could have restricted ourselves to· the first part of the theorem, that 
of the necesoity of the condition; because in the next paragraph a proof is 
given, that the integral equation (10) has no solution at all in the class of 
admisi;;ihle functions. 
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6. The theoretical optimum current distribution problem has . no solution 

Although *) "from the electrical-engineering viewpoint it seems highly 
improbable that the weU-set theoretical optimum current distribution 
problem does not admit of an exact solution" we are able to show that such 
an "exact" solution does not exist. 

The proof is indeed very simple; nothing is required from the abundance 
of theorems in ordinary integral equation theory. This is due to the simpli
city of the kernel Kin (10). Obviously the function K(u) is analytic in 
any bounded domain of the complex u-plane. Hence the left-hand side of 
(10) is an analytic function of 17 for all finite 17. This analytic function, 
C(17) say, has to he constant in the interval (-a, a.), hence it must be con
stant everywhere, in consequence of the princ~ple of analytic continuation. 

Moreover K(u) tends to zero if u tends to infinity through real values. 
Thus, given s > 0, one can find a constant A(s) > 0, such that 

IK(~-11)1 < s (l ~I ,,::;; a, 17 > A), 

whence,,, for t7 > A(s) 
a a 

ICI =I f K(~--17).f(~) d~I <sf lf(~)I d~ · 
-a -a 

Consequently, by suitable s ~ 0, we can infer that C = 0 is the only possible 
value of the constant in the integral equation (10). Furthermore 

a a a 

P(f) = f f(17) d1J f K(g- -17)f(g) M = f f(17) d17 · C = C = 0. 
-a -a 

Remembering-that P is positive definite, vanishing P implies vanishing f, 
and hence H(f) = 0. This, however, is in contradiction with the side 
condition H(f) = 1. 

Thus we have proved that the integral equation (10) has no solution in the 
class of admissible functione. The theoretical optimum current distribution 
problem has thus no solution either. 

7. "Approximate" solutions 

Although unfortunately the optimum current distribution problem 
has no exact solution, from a technical viewpoint this might not be so 
serious. For, in any case, the power integral P(f) has a finite non-negative 
greatest lower bound B. We have seen that there is no admissible function 
such that P(f) = B, but we can approximate this greatest lower bound to 
any assigned degree of accuracy. It is possible to construct a sequence of 
admissible functions fn(~) such that, given a number s > 0, there exists 
a number N(e) such that for n > N the relation 

B < P(fn) < B +· s (12) 

is valid. 
In this sense La Paz and Miller tried to obtain approximate solu

tions of the optimum current distribution problem. In their way of attack, 
not knowing whether the integral equation (10) possessei:i exact solutions, 

•) 1) P. 216 and p. 225: "This 'suggests that the specific theoretical optjmum current 
distribution. problem under consideration actually possesses an exact. solution". 
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but presuming that it has, it is quite natural to solve an integral equation 
like (10) "approximately". 

First they define the order of approximation L11 to which the integral 
equation (10) is satisfied by the admissible function j(.;). 

Let f( .;) he any given admissible function. Evaluate the integral 

a 

C(17) = f K(.;- 11).f(n d$. (13) 

Let Che the mean value of C(17) in the interval (--a, a), thus 

a 

C = 2la .! C(17) dJ7. (14) 

Then by definition *) 
a 

(15) 

Now, La Paz and Miller have stated the following theorem: a neces
sary and sufficient condition that the admissible function f ( .;) furnish 
an approximate ahsolnte minimum for P(f), is thatj(.;) satisfy the relation 
C(17) = constant for -a ~ 1J ~a to an approximation of sufficiently 
small order L11. . 

Again, their proof of the second part of this theorem does not hold. This 
can he readily shown. If Ji and f 2 are two admissible functions, and 
"solutions" of an integral equation (10) with approximations of orders 
L'.1 1 and L1 2, then, according to them (page 222), the corresponding power 
integrals P(f1 ) and P(f2) are equal to an approximation of order 

~LJ 1 IJilmax-\- !.12 IJ1lmax + ,11 IJ2lmax + L12 IJ2lmax • 
And then they proceed: "Evidently, by suitable choice of L1 1 and L1 2, this 
approximation can he made as small as desired". Unfortunately, however, 
this ~rgument does not hold, because we do not know how lflmax depends 
on L11. 

Moreover we are able to show that the con<lition under consideration is 
not at all sufficient to assure that j~ and f~ have · approximately the same 
power integral. ·on the contrary, it is even possible to construct a sequenee 
of admissible functions such that simultaneously · 

L'.lj,. ~ 0, P (Jn) ~ °'-' • 

This will he done in 10. First we give a proof of the necessity of the con
dition. This is to .he found in the following paragraph. 

8. The condition of La Paz and Mi l le r is necessary 

Be f an admissible function with the property that its power integral 
P(f) is approximately equal to B ·with a degree of approximation e > 0: 

B < P (f) < B + e • 

*) It may be easily verified that this definition is wholly equivalent to that of 
La Paz and Miller. 

'· ~· 
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Be g($) a continuous function with vanishing mean value over ·the interval 
(-a, a). Then Ji = f + ~is admissible (a real); furthermore 

. P(f) < B + e ~ P(f1 ) + e = P(f) + 2a P(f,g) + a2 P(g) +e. 

Consequently, if g(~) and a are wholly arbitrary but for the properties (7), 
a real, then · · 

Q(a) -a2 P(.g) + 2a P(f,p,) + e > 0 . 

Now it is easily seen that the quadratic Q attains its minimum value if a 
is equal to 

P(f, g) 
a= - P(g) 

and for this value of a the minimum becomes 

p2(f,g) 
Qmin = e - P(g) . 

Hence a necessary condition is 

p2(f,p,) 
e > P(g) . 

Until now g ·was arbitrary. If especially 

g(~) = C(~) - c' 
one has 

a a 

P(f, g) = f / K(~-17).f(~) g(17) d~ d17 
-a -a 

a a 

= ! g(17) C(17) d17 = f g(17) jC(17) - q d17 
-a 

-a 

(16) 

(17) 

(18) 

(19) 

Furthermore IK(zi)I ~ 1/3 for all real values of u. This inequality can at 
once be derived from the integral representation (2). Consequently 

a a 

P(g) ~ 1/3 f f lg(~) g(17)1 d~ d17 

a 

== 1/3 l f lg(~)I d~ ~2 • 

Remembering the inequality of Schwarz 3), we find 

2a a 

P(g) ~ ~3- j~ g2(~) d~. (20) 

Substituting (19), (20) in (18), we have 
. ' 

a 2a l lC(11) - q 2 d17 <Te. (21) 

Using once mOI"e the inequality of Schwarz, we readily obtain 

. 2 a2 
L1t < 3 e. (22) 
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and this is just the required necessary condition that P(f) furnish an 
approximation of B to· the assigned degree of e. 

We may remark that by the method of La Paz and Miller W<' 

would have found the Jess stringent condition 

A,r2 < 8 a2 e. 

9. A mathematical approximation theorem 

Suppose a is a given positive number and G(t) is a given function, cont
inuous on the interval (-1 ~ x ~l). Then, given any e > 0, there e:xigts a 
continuous function g(;) in the interval (-a, a) such that uniformly in t 
(--1 ~ t ~ 1): 

a 

IG(t)- / £(;) eH•d;j < e. (23) 

Proof: by a well known theorem of W eierstrass 4) we can approxi
mate G(t) by a polynomial of sufficiently high degree. Hence there can 
he found a polynominal p(t) 

p(t) = Yo+ Y1 t + ··· YN tN, 

such that uniformly in t for -1 ~ t ~ 1 

jG(t) - p(t)I < e/2. (24) 

Furthermore, if H,. denotes the Hermitian polynomial 5 ) *) of the order n: 

d" 
Hn(u) = (--lr eu•;2 du" (e-u'/2)' 

we easily de.rive for eve1·y A >. 0 

(25) 

lt is not difficult to show that for any given n: 
00 

lim An+l J e-A'l;'/2 Hn (A;) eN d; = 0 
A..+co a 

and 
-a 

lim An+i ( e-A•1;•12 Hn (A;) ei'~ d; = 0 , 
A .+co -eo 

uniformly in t for .,.-l ~ t ~ 1. . 
Hence we can find a number A 0 such tliat for n = . 0, 1, ... , N and A > A0 

the following inequality is valid: 
a · 

I e-•'/2A' Yn t" - ~:~;:1 I e-A'i;'/2 Hn(A;) ei•i; d; I < 4~(-N_e_+_l_). 
-a 

*) It may be remarked that the definition of the Hermitian polynomials, as given by 
Courant-Hilhert0), is not adopted in the present paper. We have used that of 
Whittaker-Watson in "Modern Analysis'", 1935, page 350: 

Hn(z) = e•'/4 Dn(z) • 
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Furthermore a constant A 1 exists, such that for n = 0, 1, .. , N; 
-1 ~ t ~ l; A > A 1 

I -t2/2A' tn tnl - B 
e y,, . - Yn . <-.. 4 ( N + 1 r 

If then A> Max (A0 , Ai), we have 
a 

lp(t) -- J .i;(;) eN Ml< 13 _1'.!., 

in which g ( n is given by 
Ny An+l 

,g(;) = ~ : ·- e-A';'/2 H,,(A;) . 
o .1 y2n 

(26) 

(27) 

Obviously ,g(;) is continuous in the interval (-a, a) and combiniug (24) 
and (26) we obtain (23). · 

If G(t) is even in t and real, y 1, y3 , y5, ••••• may be taken zero and 
y0, y2, y 4, •••• real. In this special case g ( ;) will be real and even in ; too. 

With the help of this approximation theorem we shall show that the con
diticm of La ·Paz and Miller, mentioned in the paragraph about 
approximate solutions, is not sufficient. 

10. The condition of La Paz and Miller is not sufficient 

Referring to expressions (13), (2) and (5), we have 
+l a +l 

C(17) = ~ f (l-t2 ) dt f j(;) ei1(H) d; = ~ f e-N (1--t2) F(t) dt 

~ - ~ 

In view of Parceval's theorem, one has 
+oo +1 

( C2 (17) dri = ~ f (1-t2
)

2 jF(t)l2 dt 
,) 8 

-oo -1 

Furthermore we already found 
+1 

1 . 
P(f) = - I (1-t2

) jF(t)l2 dt 
4. 

-1 

(28) 

(6) 

Let G(t) be a continuous non-negative, even function oft in the interval 
-1 ~ t ~ 1, fulfilling the following conditions, (A> 4): 

G(t) = 1 t = 0, 
0 < G(t) < 1 0 < t < l/A, 

G(t) = 0 l/A ~ t ~ l-2/A3, 
0 < G(t) < 2A4 1 - 2/A3 < t < 1-1/Aa, 

A4 < G(t) < 2A4 1 -- l/A3 ~ t ~ 1. . 

It is easily seen that these conditions can be fulfilled by a continuous 
function. In fig. 1 a possible function G(t) is shown. 

We now construct an admissible fonctionf( ;) of which the corresponding 
F(t) (see formula 5) approximately equals our G(t). It will be seen below 
that the factor (l-t2) in (6) is not able to neutralize the large values of 
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of our rfunction G2(t) in the neighbourhood of t = ±1. Its square, 
however, occuring iu (28), is sufficient to annihilate completely these large 
values of G2. 

-----1 
I 
I 
I 
I 
I 

r2A
9 

I 
I 

I G(t) 

: t 

C,6010 

Fig. I. A typical G-function as used in the analysis of section 10. 

Let e be arbitrary hut for 0 < e < 1/ 2• Then we const1·uct a function 
g(~), real, even and continµous in the interval (-a, a) such that 

a 

IG(t) - f ,g(~) eHt d~I < e (-1 ~ t ~ 1)' (29) 
-a 

This is possible, as was shown in the preceding paragraph. The function 
g(~) is not yet admissible, because its integral over (-a, a) may he unequal 
to 1. Substituting t = 0 in the inequality (29), we obtain 

.. 
I f g ( ~) d~ - l I < 8. 
-a 

Hence, if .. 
1i.=-= f g(c;) M, 

we have 1-e < JL < 1 + e , and thus 1/2 < µ < ?/2. 

Now define 
f(c;) = fl.-1 g(c;) • 

Then the side condition H(f) = l is valirl, consequently j(~) is now an 
admissible function. 

From (29) we obtain, remembering the definition of F in (5), 

and hence 
lµF(t) - G(t)I <e . 

2 
3? G(t) - · 8 ( ~ IF(t)I ~ 2) G(t) + 8 ( . 

Now we can deduce the following inequalities 

+co a _L c 2 (n) d11 <} + ~ e2
, 

P(f) > a3 A, 

(30) 

(31) 

(32) 
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in which a1, .a2, a3, are positive numerical constants, neither depending 
on a nor A. For instance, (32) can he derived as follows: 

1 

P(f) ~ { I (1-t2
) I F(t)l2 dt 

1-'/A' 
I 

2 . 
~ 9 j (l-t2) IG(t) -- sj2 dt 

1-'/A' 
I 

1 . 
~ 9 A 8 j (l-t2

) dt 

- l 42[1 l] - 9 - -3A3 

1 
~-A 10 

Until now s was wholly arbitrary, hut for 0 < s < 1/ 2 ; take 

a= I/YA 
then from (31) 

(33) 

Be A1, A 2,; •• a sequence of values of A, tending to infinity. Construct 
the sequence of corresponding admissible functions f,,(~); then obviously 

P(f~) ~ oo, (34) 

Mpreover 
a a 

Cn2 = 4~2 ~I Cn(?J) d17 r ~ 2la f Cn2(17) d1], 

whence it follows that 

a a 

/ ICn{?J) - Cnl2 d1] = / jC,.2 (17) - Cn2~ d17 ~ 0, 
-a -a 

which means that 
(35) 

From (34) and (35), valid simultaneously, it is clear that the condition of 
La Paz and Miller concerning approximate solutions is not sufficient. 

11. Proof that the greatest lower bound of P(f) is zero in the class o.f 
admissible functions ' 

So far we do not know whether the greatest lower hound B of the power 
integral P(f) is really positive. 
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Actually B = O. for in this paragraph we shall show a construction of a 
real, even (admissible) function j(~), which makes the power integral 
smaller than a given positive number s. 

Be 0 < s < 1/ 2• Consider the function 

( A2 )''· G(t) = Az + tz (fl. > 0). 

Then, as indicated by the method of paragraph 9, we can find real constants 
y0, y1, ..• yN, A (Y2n+1 = 0), such that the real and even function 

Ny 4n+l 
g(~) ~ ~ , e-A·~·12 H,.(A~) 

o 1nf 2n 

fulfills the following inequality: 
a 

IG(t)- f g(~) eJt; d~I < s (- 1 :;:;; t :;:;; 1). 

In anaiogy to the reasoning in sect. 10, the following even and reai function: 

will be admissible; at the same time, concerning the corresponding 
F-function, we will have 

IG(t) - µF(t) I < e (-1 ~ t ~ 1) . 
Consequently 

. A2 )'' IF(t)I < µ-1 e + µ-1 C2 + t2 • (-1 ~ t ~ 1). 

Then we obtain 
+1 +l 

P(f) ~ ~ / jF(t)l2 
dt ~ (;µ) 2

/ (e2 + 2e + ).2 ~ tz) dt 
-1 -1 

~ 4~2 (2·e2 + 4e + nA), 

So far the pos1t1ve constant ). was arbitrary. If especially we choose 
). = e/n, we obtain 

6e · 
P(f) ~ 4 µ2 ~6e. 

Thus it is seen that, by a suitable choice of the current function, the antenna 
power output can· be made as small as desired, although the field in the · 
equator still has the prescribed value. 

12. Theoretical current distributions better than the optimum current 
distributions of La Paz and Mi l le r 

Although the mathematician may be convinred by the analysis of the 
preceeding paragraphs, the engineer may have need of some '\oisual 
examples. These will now be given. 
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The square of the electric field strength in the wave zone is determined 
by the relation 

c2 e.2 IE~ l2 = sin2 {} IF (cos {})12 = (1-t2
) IF(t)l2. 

If this function of{} is plotted in a polar diagram, one obtains the vertical 
radiation pattern. In case of a sinusoidal distribution (c.f. 2), sect. 5, 
example 5) the pattern is determined hy *) 

U,({}) = scos.(acos{})-cosa(
2

• (36) 
( sm {} (1-cos a) ~ 

In case of a constant current distribution, one has 

Uc({}) = ~sin (a cos {})(2 
( a cotg -0- ~ 

(37) 

Typical examples of (36) and (37) are given in fig. 2 in the case of a free 
A/2-dipole (a = n/2). 

46011 

Fig. 2. Various radiation patterns. Us sinusoidal, U0 constant current distribution. 
U2, U4, U10 examples of the type of pattern given by formula (38). 

The theorem (23) enahJes us to realize any given radiation pattern. In 
order to concentrate the energy radiation in a sharp beam in the equatorial 
direction, we shall construct current distr:hution functions fn(;) such that 
the corresponding patterns are approximately 

Un({}) = sin2n+ 2 {}. (38) 

Examples of this type of pattern can he found in fig. 2 for n = 2, 4, 10. 
Let us first assume that the antenna is infinitely long. If the current 

distrihutionj,.(;) happens to decrease sufficiently rapidly to zero for~-+± oo, 
we may expect practically no changes in the field of radiation, if the 
very ends of the antenna are cut off. 

In the case of a radiation pattern (38) the corresponding F(t) will he 

F(t) = (l-t2)n. 

This function is already a polynomial in t; hence we need not use here the 

*) Hence-forward any radiation pattern U(D) will be normalized such that U (n/2) = 1. 



150 C. J. BOUWKAMP AND N. G. DE BRUIJN 

approximation theorem of W eierstrass. With the help of (25) we easily 
deduce that · 

+co . 
ct'/2A' F(t) = J fn(~) eM d~ 

. -co 
if the function f,,( ~) is as follows: 

j;.(~) = A e-i.~·12 j; (1) A 21 H21 (A~) (A > 0). (39) 
f2:n: 1=0 n 

The function fn, defined by (39) represents a current distribution upon 
the infinitely long antenna with the following radiation pattern 

cos'tJ 

Un(11,A) = e-AT sin2n+2 1J. 
' ' 

(40) 

For large values of A these patterns become approximately equal to those 
of (38). Moreover the current function (39) fortunately decrea·ses very 
quickly to zero if ~ ~ ± OQ. We may therefore expect that the contri
bution of the antenna parts beyond a certain range ( l~I > a, say), is negli
gible in comparison with that of t:he remaining finite part -a ~ e ~ a. 

Suppose the antenna lerigth 2a is given. Let fn(~) as defined by (39), 
he the current distribution on this finite antenna under consideration. 
The power integral P(f) then will depend on a, n and A. Henceforth it will 
he written Pn(a, A). The same will he done with respect to the field inte
gral H(f) : Hn(a, A). The p0wer integral can he evaluated by means of the 
theory given in paper 2). This, however is far from easy. Fortunately, 
under certain circumstances, it can he better computed by comparison 
with the corresponding infinitely long antenna. This will he investigated 
now. 

First we remark that the constant A infn(e) can he chosen such that no 
zero point of fn(e) occurs in the interval l~I >a. It is easy to verify that 
f~ is positive if Ag exceeds the greatest zero of the Hermitian polynomial 
of order 2n. 

Be an the greatest zero of H2n ( u) . If then 

A 
an 

> 
a 

(41) 

.i.s fulfilled, f.,. (~) is posit]ve for l~I ~ a. Henceforth that inequality he 
valid. We then easily deduce an expression for the maximum possible dif. 
ference between 

Pn(a, A) and Pn(<Xl, A) 

as well as for the maximum possible difference between the field integrals 

Hn(a, A) and Hn {<Xl, A ) = 1. 

First we have 

a co 
Fa(t) = I fn(~) eN1 dg = F co (t) -2 I fn(~) coset M. 

-a a 

Remembering that fn is positive. for g > a, we find 

•, . ... 
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. co 

IFa(t) - F co (t)I :;( 2 J Jn(;) d; 
a 

i2 n (z)· (co 
= V ~ ,:::-: n A 21 

• e-•'12 H21 ('r) d-r 
aA 

co 

= V!-[f e-•'i2 dr + e-a'A'l21~ (!) A 21 H21-1 (aA).] = e, say. (42) 
aA 

Obviously, given a, e can he made as small as desired, , by simply chosing A 
sufficiently large. (Further details Jater on). We may suppose e < 1. Now 
we have · 

(-1 :;:;; t ~ 1) . 

Hence, for the difference of the corresponding power integrals: 

1 +l 
Pn(a, A) - Pn(oo, A) = 4' fr (1-t2) ?-&2 e2 + 2 e {} F <:tJ (t)! dt. 

By means of 

jF<:tJ (t)I = l(l- t2)n e-t'/2A'j :;( 1 

we then obtain 

(-1 :;:;; t :;:;; 1) 

jPn(a, A ) ___:_ Pn(oo, A) I:;( ~e J (1-t2) dt = e . 

0 

(43) 

Exactly the same inequality holds for the field integral Hn (a, A). If (42) 
is written for t = 0, one obtains 

(44) 

We have to study the expression fore, as given in (42), in greater detail. 
We shaU investigate especially the range of a, A where e appears to he very 
small. First we make a definite choice of the constant A. We take A 
inversely proportional to a, by way of 

A = f!. (45) 
a 

The constant /3 may if desired depend upon n, hut not upon a. In addition, 
fJ has to he chosen greater than the greatest root of H2n(u) = 0. 

The current distribution (39) is now transformed into 

. /3 - ~ r n 'l) 1321 ~ 
fn(a, ;, /3) =---;= e 2 a• I ( 2f H21 (/3-) . 

a l' 2n l=O n a . a 
(46) 

Furthermo~e the expression for e becomes 

2 ~ /2 n ( ) 1321 en(a, /3) = /- j e-r' d'l' + I - c/i'/2 I l 2i H21-1 (/3) . 
f :n; • ~ n l=l n a 

.:_/il'2 
2 

(47) 
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In addition, field and power integrals become 

H = 1 + #1 cn (a, /3 ) (l#1 j < 1), (48) 
I 

P = t J (1-t2) 2"+ 1 e-a't'ffl' dt + # 2 8n (a, /3) (1#2 1 < 1). (49) 
0 

Summing up, we have obtained the following result: In the case of an antenna 
of length 2a, ca!rying the S) mmetrical current distribution ( 46 ), the field and 
power integrals can be approximately calculated by means of ( 48), ( 49), if, 
and only if, the quantity en of ( 47) is negligibk. 

Let m first show how the .integral occurring in (49) can he evaluated. 
For small values of a/ {J, this integral, Pn say, can easily he computed by 
means of a power series: 

2. 3.5.7 .... (4n + 3) P,. 
2.4.6 .... (4n + 2) 

a 2 1 a4 1. 3 
= 

1 
- p2 1!(4n+5)+ fJ4 2! (4n + 5) (4n + 7) 

a6 1. 3. 5 ( ) 
- {16 3! (4n + 5) (4n + 7) (4n + 9) + ··· · 5o 

The convergence of this series, however, is too slow for numerical pur
poses if a/ {J is large. We can then better express P,. in terms of error 
functions. For instance, if n = 0, · 

a/{J 

P0 = £ e-a'/fl' + (£-£) ( e-<' d-r , 
4a2 2a 4a3 • 

0 

For very large values of a/ {J , Pn is nearly zero, whatever n may he, namely 

,;- {J Pn R::J .i. y n -
4 a (51) 

and for very small values of a/ {J, one has 

P,. R::f J_ 2.4.6 ... (4n + 2) 
2 3.5.7 ... (4n + 3) 

(52) 

Let us investigate the cases n = 0, 2, 4 in detail. For n = 0 the current 
function fa is the well known Gaus sian error-distribution function. In 
this case (41) is automatically fulfilled. Furthermore 

c:o 2 . 
co( a, 4) = y;t j e-'' d-r = 0.000 064. 

2Y2 

Hence, if {J = 4, the relations (48), (49) give correct values of H and P 
up to one unit in the fourth decimal place, whatever a may he. 

The cases n > 0 are not so simple, because .then c; depends upon a. 
For n = 2 we find 

:_.} .. 
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The largest zero of H 4(u) is {J2 = 2.33. Hence we take (J > 3. If a tends 
to zero values, (J being constant, then e2 tends to infinity. Consequently 
the approximate calculation does not hold for very small values of the 
antenna length. However, the larger the constant (J is . chosen, the shorter 
the antenna can he made. The following table may demonstrate this. in 
greater detail. 

VALUES OF e2 (a, /1) 

---;;---!!___I 4 I 5 6 I 7 I 8 10 

0·001 0·002 
0·01 0·000 OOO 2 
0·2 0·000 02 

n/4 94 ·o·54 · 0·008 2 0·000000 4 
n/2 0·60 0·034 0·000 5 0·000 OOO 2 -
3n/4 0·12 0·006 8 0·000 1 

1'f, 0·040 0.002 2 0·000 03 
Sn/4 0·017 0·000 9 0·000 01 
3n/2 0·008 8 0·000 4 0·000 007 
7n/4 0·005 0 0·000 2 0·000 004 
2n 0·003 2 0·000 1 0·000 002 
10 0·000 5 

For n = 2, the value {J = 6 is suitable. The approximation is then correct 
up to the fourth decimal for values of a exceeding· :n:. Even the correction 
for a ;?; :n:/4 is less than one percent. The same can he done with respect 
to higher values of n. For instance 

84 (0.8, 8) = 1.47, 84 (:n:, 8) = 0.00003, 

84 (:n:/4, 9) = 0.0022, 84 (a, 10) < 0.00004 if a ;?; 0.5. 

The following table shows some numerical values of the power and field 
integrals in three different cases. The corresponding current distribution 
functions are 

f~ (a, ~' 4 ), J~ (a, ~. 6) and f 4 (a, ~' 10). 

The antenna length varies from :n:/2 to 4:n:. 

4a 

I fo (a, ~, 4) I f 2 (a, ~' 6) I f 4 (a, ~ . 10) -
1'f, 

H 2.3.5_0_!p2 H ? 3.5 .. 19p II 
Po -- - - -~~ 

(fl5;; 2.4 .. 10 V3 P 2 
· ·2.4 .. 18 () l'fP0 

1 0·992 4 1·004 1·00 1·34 1·000 0 l ·532 7 
2 0·962 6 1-019 1·00 1·3,t 1·000 0 1·532 8 
3 0·935 5 1·034 0·988 1-351 0·999 8 1·532 9 
4 0·8912 1·059 0·979 5 1·357 0·999 5 l ·533 1 
5 0·839 9 1·091 0·968 4 1-365 0·998 9 1·5336 
6 0·787 7 1-127 0·955 3 1·374 0·997 7 1-534 5 
7 0·7343 1·167 0·940 4 1·385 0·995 8 1·5360 
8 0·682 8 1-210 0·9240 1·398 0·993 0 1·5381 
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For these current distributions the field strength in the equatorial direc
tion in the wave zone is plotted versus half the antenna length a. (Fig. 3). 
The energy output is always the same. The scale is normalized in such 
a way that for a mathematical dipole the field has unit value. 

2.5 

.JL (25) 
'fflJ / 

.. 
t 
2.0 

.,,~, ... 

1.5 ----,. 
,, ,, ,, 

" " , 
1.0 

--+a 46012 

Fig. 3. Field strength in the equatorial plane versus half length of antenna for various cur
rent distributions on the antenna in free space with constant power output. (s) sinusoidal, ( c) 
constant current distribution. (0) Gaussian disfribution. The dotted line corresponds 
to the ,,optimum" distribution of La Paz and Miller. 

Fig. 3 also shows the curves for sinusoidal (s) and constant current 
distribution ( c). Their analytical forms ( cf. 2)) are 

2 (1-cos a)/y3 
(s) = [C(2a) +sin 2a lt S(4a) - S(2a)! +cos 2a lC(2a)--t C(4a)ff'•' 

2a/y3 
(c) = r sin 2a ]'(,. 

L 2a S(2a) + --.za- + cos 2a - 2 

The functions C(a) and S(a) are given in terms of sine and cosine integrals 
hy means of 

S(a) = Si(a) ; C(a) = 0.5772 .. + ln(a) - Ci(a). 

In addition, the dotted curve in fig. 3 is that of "optimum" as given by 
La Paz and Miller. 

' ' . ··. ~ 
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As is obvious from fig. 3, the Gaussian current distribution is far 
from better than the "optimum" distribution. For a very long antenna, the 

·~ equatorial beam becomes rather sharp; even then, however, the constant 
current distribution will always he better than f 0, because for very large 
values of a the following approximations hold : 

a'/, ,-
(n = 0) R:! 3,1,n'f, = 0.4337 Va. 

2a'I• -
(c) R:J 3,1•n'f, = 0.6515 ya. 

In the range 0 :;:;:; a :;:;:; n/4, the approximate calculation does not admit 
of sufficient accuracy with respect to the distribution function f 2 (a, ;, 6). 
There the antenna is too short, resulting in values of e2 which are too !a:rge. 
The curve (n = 2) in fig. 3, however, must bend to unit value, if a becomes 
smaller and smaller, because then the antenna is approximately a mathe
matical dipole. The same can he said with respect to all curves (n). 

For large values of a, curve (n = 2) is approximately determined by 

2'1,a'f, -
(n = 2) R:! 3n'/, = 0.3541 Jla. 

Hence, f2 is not as good as Jo in case of a very long -antenna. On the other 
hand, fig. 3 shows that in the short antenna range the distribution f 2 is 
slightly better than the "optimum" of La Paz and Miller. The same 
properties hold for the distribution f 4• Up to a·= n this function is better 
than the "optimum". For large values of a, it is, however, worse than f 2, 

because 

( 
2 \ ''s,r= --

( n = 4) R:! -
1
-) ra = 0.0276ya. 

15 l n 

From the theory given above, it may he clear that still better distribu
tions can he obtained, by merely increasing the value of n, at the same time 
using larger values of (J. The general curve (n) starts at a = 0 with unit 
value; then it rapidly*) increases to approximately the value 

VI~ 3.5.7 ••• (4n + 3) ~ 1 0314 4/1--+- ( ) ' 
3 2.4.6 ... (4n + 2) "" · I n n ~ 00 

• 

Then, for a long range of values a, the curve (n) is very flat. The larger ·n, 
the larger this domain of flatness. Finally, for long antennas, the curve 
bends upwards as 

independent of n. 
-Curves for n = 10, 25 are _ also given in fig. 3. They are obviously much 

better than the "optimum" of La Paz and Miller~ Besides this we 
have given explicit analytical expressions for those current distribution 

*) The larger fJ is chosen, the larg~r the degree of increment. 
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- 5 a 

-1.00 460:3 

Fig. 4. Typical examples of . current distributions J0, f 2• 

functio:r;i.s. In fig. 4 two examples of this kind of distributions are shown for 
the quarter-wave antenna (a = n/4). Actually the curves in this figure 
correspond to 

fo (0.8, ;, 4) = 2.394 e-12•5-'', 

j~ (0.75, ;, 6) = 5.175 X 104 e-32-'' [1-128.663 ; 2 + 1379.59 ; 4] • 

f4(~Jff4(0) 

1.00 
t 

0.50 

-WO 
46 0 /L, 

Fig. 5. Example of a current distribution far "better" than the "optimum" of La Paz "'•.) 
and Mi 11 er for the same antenna length. 
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The simple function f 2 is already better than the "optimum" of La 
Paz and Miller for the same antenna length. The gain in field strength 
in the wave zone with regard to the Hertzian dipole is about 34 percent. 

Fig. 5 shows the curve for 

f 0 (n/4, ;, 9) = 
= 1.4208 X 1011 e-651:' [1-526 ; 2 + 34559 ;4 - 605706 ;s + 2843678 ; 8] 

The gain is now about 53 percent. This current is far better than the 
"optimum". 

13. Final remarks 

As we proved, there is no upper hound in the improvement of antenna 
performance with regard to changes in current distribution, theoreticaJly 
at least. We cannot indeed expect that the theoretical current distribution 
functions, constructed in 12, are easily realized in practice. For large values 
of n and small values of a, those functions oscillate many times in (-a, a) 
This is the very reas<m that, even with a short antenna, a sharp beam in the 
equatorial direction can be "realized". By interference of the contributions 
from different parts of the antenna, the field vanishes in every direction, 
except the equatorial one. Furthermore the maximum current amplitude 
has to be extremely large in comparison with that of the sinusoidal 
distribution, to guarantee the same field in the wave zone. · 

Consequently, our final results arc wholly in disagreement with those 
of La Paz and Miller. Obviously, their only mistake is the statement 
that Llr~ 0 is sufficient to assure that P(f} tends to an absolute minimum 
of P. They have thus not found optimum distributions. Their graphical 
method only suggests that one can con~truct a sequence of admissible 
functions fn such that L1Jn-?0, P(fn) simultaneously tending to an un
known positive nurriher. 

Nevertheless, their graphical construction may be of _some practical 
value. Starting with a givP.n admissible function j(;), they determine 
another admissible function f 1(;) with smaller power integral, by way of 

f 1(;) = f(;) - ag(;) = f(;) -·a) C(;) - C ! , (53) 

in which C(.;) and C have the same meaning as in sect. 8. Now, according 
to La Paz and Miller, the constant a in (53) should he chosen to make 

a 

Ci(1J) = f K(;-11)fi(.;) d; 
-a 

as flat as possible, in order to obtain the smallest possible value of L11. The 
amount of labour involved in doing this may however be diminished by 
merely determining that value of a which makes P(f1 ) as small as possible. 
We need not bother about the value of L11. because it is of no direct value. 

If one chooses for a the value 

(54) 

then the mID1mum value of the quadratic 

P(j1 ) = P(j) - 2a P(f, g) + a 2 P(g) 
becomes: 
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Consequently, starting with any admissible function f(~), the best 
possible value of a can be calculated uniquely by means of (54). Repeating 
this process, the (in respect to one step!) best possible functions jZ,,f3 .. • , can 
be uniquely determined. ~re know that this sequence cannot end, because 
that would furnish an admissible solution of the integral equation (10), 
which actually does not exist. The sequence of values P(fn) certainly 
converge to a limit value, B (f) my, which may or may not depend*) on 
the initial function f: · 

P(f) > P(f1 ) > P(J;) . .. ~ B(f) ~ B = 0. 

On the other hand, the functions fn have no limit function. If f,, should 
tend (uniformly) to an admissible function f0, then 

Lltn ~ Ll10 * 0 amin,> .. ~ ao > 0 . . 
Hence there would exist a number N, such 'that the improvement a2mfo,n P({J,n) 
in the n-th step ex~eeds the value 1/2 a0

2 P(.g 0 ) for n > N. This, however, 
is impossible, because for a certain value of n, P(j,,) would become 
ne11;ative. 

StiH, the current functions of 12 are in one respect more favourable. 
As was pointed out by La Paz and Miller, the radiation pattern due 
to their approximate optimum current distribution, may have side lobes. 
Hence a great deal ofthe energy is radiated into space in directions different 
from the equatorial one. The examples of sect. 12 have no such undesirable 
"irle lobes. 

Eindhoi,en, June 1945. 
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If not, then B(f) = B = 0. 


