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Abstract 
 

In recent decades, developments in the areas of manufacturing and computational designing have enabled 

structural engineers to design structures more material efficient. Because of the lack of formwork, the 

manufacturing technique of 3D printing offers designers more design freedom and it reduces material waste.  

Since the last few years, 3D printing has entered the built environment and the Technical University Eindhoven 

where research is performed into the material properties and design possibil ities of this new 3D concrete 

printing technique. Besides that, new computational form finding techniques in combination with parametric 

modelling enable designers to design in an material efficient way by adjusting the shape to the flow of forces. 

With these techniques it is possible to optimize arch structures for multiple load combinations.  

 

This research combines these two state-of-the-art developments in a parametric model which optimizes arch 

structures in shape and cross-section. The parametric model is created in Grasshopper, a graphical algorithm 

editor, which is a plugin for Rhinoceros. The parametric model is divided into four parts within this plugin. The 

first part contains the initial settings covering the preferred span, height, amount of nodes and support height 

of the arch, all  adjustable by the user.  

 

The second part contains the form finding of the arch. The form finding is done with a plugin component in 

Grasshopper, called Kangaroo. This form finding component is based on the particle spring system and 

transfers a grid of nodes and lines into a grid of springs and nodes loaded with nodal forces. These form finding 

forces combined with the stiffness of the springs forms a ratio which is used to shape the geometry and seek 

for static equilibrium, as stated in the particle spring theory. After that the geometry is transferred back into a 

grid of l ines and nodes.  

 

This geometry used for the third part: the structural analysis. The lines of the geometry are replaced by beam 

elements and the connection of the beams is specified in the nodes. Furthermore realistic load combinations 

are implemented and material properties are added.  

 

The final part takes care of the cross-section optimization and shape optimization. An algorithm is l inked to the 

normative stresses out of all  load combinations for each arch element. It constantly checks if the acting stress 

exceeds the design stress of the specified material. If so, it will  increase the thickness of the arch. if not, it will  

decrease the thickness. The change of cross -section thickness causes logically a change in self-weight of the 

structure and thus change in the load combinations. Therefore, this optimization is an iterative process which 

stops until  every element fulfi l ls the specified requirements. The objective for the shape optimization is to find 

a geometry in which the bending moments on the s tructure are as low as possible for every load combina tion. 

In this way, the element thickness and total weight of the arch can be reduced. The shape optimization is 

performed with an evolutionary algorithm. This solver has two connections . It has a fitness value and it has 

variables which it changes to minimize or maximize the selected fitness value. The fitness value of the model is 

the minimization of stress in the arch elements and the variables are the horizontal form finding forces in the 

form finding part of the model.  

 

This model can be used for three types of optimization of arch structures loaded with mul tiple load 

combinations. The most efficient method is the combination of cross -section optimization and shape 

optimization, however both optimization methods can be used separately.  
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Analyses are performed to determine which optimization objective is  most effective. Furthermore, the 

influences of material properties, difference in load combinations and the influence of span and height are 

analyzed. Also the possibil ity of l inking arches to each other is shown.  

 

Because this research is also part of a desi gn studio with the common goal of optimizing arch structures for 3D 

concrete printing, an arch element is taken out of the arch and further optimized on a local scale according to 

the tessellation method.  

 

Finally, a proof of concept is presented to show the possibil ities of the parametric model.  
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1 Introduction 

1.1 Introduction of the topic 
 

For centuries, arch structures are well -known for spanning large distances in a material efficient way. An arch is 

generally a symmetric structure acting in compression. The ancient arches were robust and had a relative high 

self-weight. This robustness, due to the large amount of material , made the ancient arches insensitive for 

bending moments caused by for example wind or an asymmetric load. A concept to explain this theory is the 

line of thrust. Any loads applied to a structure, l ike an arch in  Figure 1.1 will  create a l ine of thrust. This l ine is 

the locus of the points through which forces flow in a structure. If the arch is made the same with respect to 

the line of thrust, no bending moments occur. If the s hape differs from the line of thrust, local bending 

moments are introduced.  Applying this principle to unreinforced concrete arches, an arch is stable and acting 

only in compression if the line of thrust goes through the middle third of the cross-section of the arch. If the 

line or thrust goes beyond the middle third of the cross -section, tension forces caused by bending moments are 

introduced which are unwanted in unreinforced concrete structures. To prevent this problem, arches were 

given a robust thickness. 

 

Nowadays, design- and manufacturing methods are much more developed. Looking at design methods, the 

principle of form finding;  design a structure in such a way that the flow of forces is transferred through the 

structure in the most efficient way, is used for many centuries  and further developed by structural engineers as 

Gaudi in the 20
th

 century, as discussed in Annex A. Where these structural engineers used physical form finding 

to find the optimal shape, in the last decades new form finding methods are developed and categorized under 

the name: computational form finding. Using computational form finding methods, structures can be designed 

in a parametric environment which simplify the adjustability of the model . Besides this, due to the short 

computation time of these  new methods, designers get directly visual response on the changes they made in 

the model. These methods enable  designers to design the structures in such a way that material is only placed 

where needed resulting in more material efficient, slender and thinner structures.  

 

A manufacturing method which is able to execute this principle is 3D concrete printing. This manufacturing 

method is also being investigated and executed at the Built Environment faculty of the Eindhoven University of 

Technology since the summer of 2015. The 3D concrete printer used at the Eindhoven University of Technology 

is a computer controlled 4-axis gantry robot with a design space of 9.0x4.5x3.0 m³ coupled with a concrete 

mixing pump, shown in Figure 1.2. Compared to the traditional method of casting concrete, printed concrete 

has the advantage of no need for formwork, which makes it more economical compared to the traditional 

manufacturing method. If these elements differ from each other, the formwork has to be constantly adjusted 

or replaced, which makes it more time consuming, more labor intensive and thus less economically efficient. 

Besides that, the lack of formwork also has a positive effect on the environment, due to less use of material. 

This form freedom makes it possible to place material only where it is needed, and thus makes it a suitable 

manufacturing method in combination with computational form finding designs.  

Former research into this topic was performed by Houben, T.F.L. and Bartels, N.A.J. (2016), where first steps 

were set in the combination of structural optimization by form finding and 3D concrete printing in a parametric 

environment.  
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Figure 1.1. Principle of the line of thrust. Left: Load cases on the arch. Right: the corresponding line of thrust for the load 

cases on the left. 

 

  

 

Figure 1.2. The 3D concrete printer at the Eindhoven University of Technology. 
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1.2 Research Goal and Methodology 
 

Form finding methods are used to find the optimal shape for a defined load case. However  in reality, a shape 

optimized for one load case will  not have the most optimal shape where the arch structure is not only loaded 

with self-weight, but also loaded with asymmetrical loads as snow or wind. These loads will  cause bending 

moments on an arch which is form found for self-weight only. The approach of only adding material to increase 

the cross-section of an arch structure, as solution to resist these  bending moments, is in contradiction with 3D 

concrete printing and form finding methods discussed in paragraph 1.1. 

Because of the issue as stated above,  this research will  focus on creating a method and parametric model 

which optimizes the shape of arch structures to minimize bending moments caused by multiple loads. After this 

global shape optimization, the arch will  be split into elements which are individually optimized in cros s-section 

thickness and geometry taking into account the requirements of the 3D concrete printer used a the Eindhoven 

University of Technology. 

This can be stated in the following research goal:  

Creating a parametric model for shape and cross-section optimization of arch structures for multiple load 

combinations considering the requirements of the 3D concrete printing technique. 

 

1.3 Thesis Outline 
 

This thesis covers the realization of a method and parametric model for shape and cross -section optimization 

of arch structures for multiple load combinations considering the requirements of the 3D concrete printer at 

the Eindhoven University of Technology. This thesis starts off with a introduction of the problem and global 

description of the used methods. 

This is followed by an introduction into form finding methods in chapter 2. This is part of a more elaborated 

analysis of form finding methods, which can be found in Annex A. The second chapter also discusses the theory 

behind the parametric model and the setup of the model itself. More specific, the theory of the evolutionary 

algorithm, used for the shape optimization, and the method used for the cross -section optimization. 

Chapter 3 focusses on the influences of the shape and cross -section optimization. These influences are caused 

by several parameters which are all  analyzed and discussed. More specific: the choice of optimization 

objective; the effectiveness of the different optimization methods ; the influence of loads individually and 

combined; the density of the material  and finally the influence of the support height and span. 

Chapter 4 discusses the local optimization of an element out of an arch which is optimized in shape and cross -

section. Furthermore, the printability of the element is discussed.  

In the fifth chapter the design and manufacturing of a showcase is discussed. This showcase combines all  the 

knowledge obtained in the graduation process.  

Chapter six covers the recommendations for further research and the conclusions of this research.  

Furthermore, the Annex covers several analyses performed to investigate the influence of the parameters and 

an description by screen shots of the parametric model made in Grasshopper. 
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1.4 Design Studio 
 

This research is part of a design studio with the common objective: design and optimize an arch structure 

which can be printed by the 3D concrete printer at the Eindhoven University of Technology , as shown in Figure 

1.3. The overall  objective is split into three sub objectives which are executed in individual graduation theses. 

Where this research focusses on the shape optimization of the arch and the globa l optimization of the 

elements, the research of Stappers, A.H.M.  (2017) focusses on the tessellation and local optimization of 

elements printable by the 3D concrete printer. To couple these elements Bulck van den, L.  (2017) has 

performed a research into assembling of 3D concrete printed elements.  

 

Figure 1.3. Division of the design studio. Shape and cross-section optimization (1) Tessellation and local optimization of 

elements (2) and assembling of the elements (3).  
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2 Parametric model 

2.1 Introduction 
 

3D concrete printing is a relatively new technique of building concrete structures. Designing structures with this 

technique, which is digitally controlled, is based on many parameters. These parameters can change often due 

to the fast development of the printing process and material. Building the optimization model within a  

parametric environment has the advantage that it can easily be updated according to the latest developments 

in the 3D concrete printing area. 

The optimization model is built within a plug-in of RhinoCeros, called Grasshopper. Grasshopper is a feasible 

program for the design of models in RhinoCeros. With different components all  kind of structures can be made 

which will  be visualized immediately in RhinoCeros. 

In paragraph 2.2 each part of the model setup is discussed briefly to obtain a general overview of the 

parametric model. The paragraphs after paragraph 2.2 describe various parts of the model more detailed. 

Background information and an extended version of the theory used for the model can be found in Annex C. An 

overview of the Grasshopper model can be found in Annex D.  

 

2.2 Model setup 
 

Figure 2.1 shows the schematization of the optimization model build in Grassshopper. The model c an be split in 

four parts: Initial design settings, a form finding part, a structural analysis part and the optimization part. The 

optimization part can be split into two parts: Cross -section optimization and shape optimization. In the 

following paragraphs, the different parts of the model are described more detailed.  

 

Figure 2.1 Schematization of the parametric model in Grasshopper. 

 

2.2.1 (Initial) Design Settings 

The first part of the model is used to set the i nitial settings of the model. This part of the model is made for the 

designer to adjust all  the settings for the design in feasible and clear way.  In this part it is possible to set the 

span of the arch, as well  as the amount of nodes and preferred height of the arch. This part has an overlap with 

the ‘form finding’ part, because the ratio of the spring stiffness and the vertical form finding forces are used to 

change the height of the structure. This ratio is discussed more detailed in the next part.  
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2.2.2 Form Finding 

The second part of the optimization model is the form finding part. In this part, the initial design of the 

structure is made. The design is made using a computational form finding technique: the particle spring 

method (PSM). This  method always seeks to find static equilibrium by adapting its shape and is based on a ratio 

between the spring stiffness and nodal forces. The nodal forces can be divided into two parts: vertical and 

horizontal form finding forces. The vertical form finding forces together with the spring stiffness are used to 

obtain the preferred height of the structure. Therefore, the magnitude of the vertical form finding forces is 

fixed. The horizontal form finding forces are used for the shape optimization, which will  be explained later on.  

Beside the initial design settings, the spring stiffness and form finding forces,  several simulation properties can 

be adjusted. These properties are discussed in Annex B. 

 

 

Figure 2.2. Schematization of the ‘form finding part’ where kn  represents the spring stiffness, Fh the horizontal form 

finding forces and Fv the vertical form finding forces. 

2.2.3 Structural analysis 

This part executes the structural analysis on the shape obtained by the form finding part. The springs between 

the nodes in the previous part are replaced by beam elements. These beam elements are specified by several 

material properties and node connections. Furthermore, supports and an element width are added as well  as 

load cases and load combinations. These load cases are not related to the horizontal and vertical form finding 

forces discussed in the previous parts. The form finding forces are only used in combination with the spring 

stiffness in the earlier described ratio to obta in the shape. These forces do not represent realistic loads. The 

realistic loads l ike gravitational loads, wind loads and point loads are implemented in this part and are based on 

the requirements and guidelines of the Eurocode. The structural analysis is done by means of the finite 

element plug-in named Karamba.  

 

Figure 2.3 Schematization of the 'structural analysis part'. 
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2.2.4 Cross-section and Shape Optimization 

The last part can be divided into two optimiza tion processes: Cross-section optimization  and Shape 

optimization. The cross-section optimization is based on the normal- and bending stresses, which are output of 

the previous part. An algorithm constantly checks if the design stress of each element is larger or smaller than 

the acting stress on the element. In this way, the algorithm increases or decreases the thickness until  an unity 

check of less than 1.0 is fulfi l led. For this research the unity check is set to 0.99, which is sufficient according to 

the Eurocode. However, the designer is  able to change this parameter if needed. This change in thickness of the 

elements causes an increase or decrease of the self-weight of the elements and thus of the total gravitational 

load. The new cross-sections are again checked by the structural analysis using a loop. This iterative process 

continues until  all  the elements are sufficient according to the unity check.  

 

Figure 2.4. Schematization of the cross-section optimization. The gravitational load is updated with the change in cross-

section of the elements. This link is marked red. 

The shape optimization is performed with an evolutionary algorithm. The algorithm constantly checks the 

largest stress of all  elements and has the objective to minimize this maximum stress by changing the geometry. 

The algorithm can adapt the geometry by adapting the horizontal form finding forces in the ‘form finding part’. 

When the horizontal form finding forces are changed, the geometry also changes and new structural analysis 

and thickness optimization are performed. Again, a new maximum stress in the elements can be analyzed and 

the algorithm again changes the horizontal form finding forces and the geometry. A more detailed description 

of the evolutionary algorithm is given in paragraph 2.5.2. 

Figure 2.5. Schematization of the shape optimization. The parameters (horizontal form finding forces) and the objective 

(the maximum stress in the elements) are marked and encircled red. 
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2.3 Form Finding 
 

Form finding can be divided into two main branches: Physical form finding and computational form finding. The 

first branch, physical form finding, is a des ign method which was often used by designers l ike Antoni Gaudi, 

Heinz Isler, Frei Otto and others. In the branch of physical form finding, a distinction can be made in scale 

independent and scale dependent models which is discussed in Annex B. For this research computational form 

finding is used, mainly because of its ability to implementable into a parametrical environment such as 

Grasshopper. Computational form findi ng methods can be divided into three categories, which are discussed in 

Annex B; Stiffness matrix methods, geometric stiffness methods and dynamic relaxation methods. The most 

used methods of these categories are; Force density method, thrust network analysis, dynamic relaxation and 

the particle-spring method. A description of these methods can be found in Annex B as well . The particle-spring 

method is used in this research as computational form finding method. In this chapter, the method will  be 

discussed as well  as the reason why the method is used and implementation into the software.  

2.3.1 Particle-spring method 

The main objective of the particle-spring method is to find static equilibrium within all  parts of a certain 

structure. The method can be seen as a chain of axial springs in which no bending is allowed. The structure acts 

in pure tension. However, when turned around the geometry acts l ike a rigid arch acting in pure compression. 

The method makes use of masses, called particles , which are connected by means of l inear elastic springs as 

shown in Figure 2.6. Figure 2.6 shows the setup of the springs which connects the nodes to each other. The 

nodal forces are marked with red vectors and the movement of the system by black arrows. The elastic springs 

have a constant axial stiffness, an initial length and a damping coefficient.   

Each particle has a position, a velocity and a mass  as well as a resulting force which acts on it. Forces can be 

applied on particles by a given direction and magnitude. The springs can be seen as mass-less l ines between the 

particles which introduce a force on these particles based on a change in length of the springs. The particles 

can also be restrained in any direction which is necessary for the implementation of supports in the structu re. 

In the initial state,  the structures is almost never in equilibrium. The system will  move by changing the length 

of the springs to seek for an equilibrium position in an iterative process as described by Kil ian, A. & Ochsendorf, 

J. (2005). To prevent oscil lations of the structures’ particles the application of dampers is needed and therefore 

a damping coefficient is introduced.  

Annex B includes an extended description of the particle-spring method including the mathematical foundation 

of the theorem and the influence of damping.  

 

 

Figure 2.6. Principle of the particle-spring method. 

 

2.3.2 Implementation of the particle-spring method into the model 

The particle-spring method is used as form finding method for the model using a Grasshopper plug-in called 

Kangaroo. The plug-in Kangaroo is discussed in this paragraph and an example is presented. 



10 
 

 
Setup of kangaroo 

The plug-in has four important inputs; the initial geometry, loads, damping and spring stiffness. Th e initial 

geometry is based on the position and amount of supports and the grid of the structure, defined by the user. 

The grid, existing of l ines and nodes, is determinative for the solution since the load is placed on the nodes and 

the lines are presented by springs.  The loads on the structure can be specified in terms of magnitude, direction 

and position, which basically means every node could have a different magnitude and/or direction of force 

when preferred. Beside the loads, the magnitude of spring stiffness can be adjusted as well  as the damping of 

the system. The Kangaroo solver finds a new equilibrium state and gives a new geometry for the structure 

which is the basis for the structural analysis. This is described in paragraph 2.4. Below a schematic overview of 

the component is i l lustrated including input (the initial design) and output (the structural analysis). An example 

of the way Kangaroo executes is given in Annex B.  

 

 
Figure 2.7. Schematic view of Kangaroo. 

2.3.3 Why use the particle-spring method? 

The use of the particle-spring method has several advantages. First of all, it is used in many implementations of 

plug-ins for parametric environments. An example of a plugin is Kangaroo, which is a solver based on the 

particle-spring method, developed by Piker, D. (2013). This solver will  be explained in the next paragraph. 

Another advantage is the real -time changes of the system when the user varies the forces , spring stiffness, 

form and so on.  With respect to existing finite element methods, the particle-spring system is fully dynamic, 

which allows the accurate computation of large displacements, velocities, and accelerations for the design of 

structures (Kil ian, A. & Ochsendorf, J. - 2005). Beside the direct update, this method converges relatively fast to 

an end solution which is important for the model .  

The use of Kangaroo as PS solver in the model has several advantages. The use of the ‘KangarooZombie Solver‘ 

ensures a new solution of the system almost immediately, which is essential when working with evolutionary 

solvers such as Octopus. Furthermore, Kangaroo has an good interaction with Karamba, used for the structural 

analysis of the structure discussed in 2.4.  

2.4 Structural Analysis 
 

After the form finding, the shape is further specified and analyzed by the finite element plugin Karamba. 

Karamba, developed for the parametric environment of Grasshopper. It is therefore suitable to use together 

with the optimization algorithm Octopus. The principle of this part is discussed in subparagraph 2.2.3. The 

geometry, which consists  of nodes and lines, is transferred in beam elements. These beam elements are 

coupled with joints which can be defined by the user in terms of stiffness. Load combination are implemented 

according to the Eurocode 1-1 with NEN-EN 1991-1-4. The user can define the material properties and cross-

section dimensions. This part is further discussed in Annex D: Grasshopper model . 

 

The structural analysis by Karamba is also validated. This can be found in Annex E. The geometry of the arch is 

exported to SCIA Engineer  and MatrixFrame, defined with the same material properties, connection properties 

and load combination. The results are almost similar with a margin of less than 5%.  
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2.5 Cross-section and Shape Optimization 
 

This chapter includes a more detailed description of the optimization part of the model. First the cross -section 

optimization is discussed followed by the shape optimization. 

2.5.1 Cross-section Optimization 
As discussed briefly in paragraph 2.2.4  the cross-section optimization is based on the maximum stress in the 

elements. The maximum stress is known by calculating the sum of the compression stress and bending stress 

shown in equation (2-1). 

 

2
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 stress [N/mm²] 

N Normal Force [N] 

M Bending Moment [Nmm] 

A Area [mm²] 

W Moment of Resistance [mm³] 

b Width [mm] 

h Height [mm] 

 

(2-1) 

Because concrete does not have the same resistance in compression and tension, the acting stress has to be 

checked for both tensile strength (fct) and compression strength (fc), which are given for each concrete strength 

class. The algorithm constantly checks which of the two design stress has to be used. It is possible that a 

positive bending stress overrules the compression stress a nd the element has to be checked for its tensile 

capacity. The maximum stress per element is calculated for all  the load combinations acting on the structure. 

The algorithm constantly uses the governing load combination per element to calculate the normative stress on 

each element. For every element unity checks are given as shown in (2-2).   

 
0.10.1 

ctd

total

cd

total or







 

 

(2-2) 

If the unity check is larger than 1.0, a new thickness is calculated with the stresses acting on the concerned 

element. This is done with the equation as shown in (2-3). 

  

ℎ =
𝑁 + √𝑁² − 4𝜎𝑏 ∙ (−6𝑀)

2𝜎𝑏
 

 

 stress [N/mm²] 

N Normal Force [N] 

M Bending Moment [Nmm] 

b Width [mm] 

h Height [mm] 

 

(2-3) 

Because the calculated stress is based on the previous dimensions of the element and the new thicknesses of 

the elements cause a deviation in self-weight, this process is iterative. The amount of iterations depends on the 

amount of elements in the arch.  
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2.5.2 Shape Optimization  

Beside the cross-section optimization also a shape optimization is performed. The shape optimization is done 

by grasshopper plug-in called Octopus, which is based on an evolutionary algorithm. It searches for the optimal 

solution between multiple criteria by adapting its parameters. This subparagraph will  explain the principle of 

the Evolutionary Solver. The extended version of the theory can be found in Annex C.  

Evolutionary Algorithm 

The algorithm can be explained more easily with a visualization of the theory. The solver searches for an 

optimal solution in an area of unknown possible solutions. This area can be visualized as an fitness landscape 

with different heights representing the value of the possible solutions (fitness). To make this example viewable 

the model contains two variables, meaning two parameters can change to find the optimal solution. In 

evolutionary computing, this variables are called genes. The example in Figure 2.8 has two variables: Gene A 

and Gene B. If Gene A or Gene B are changed, the fitness of the entire model changes. Besides Gene A, also 

Gene B may vary resulting in better or worse combinations of A and B. Every combination of A and B results in 

an fitness value and is expressed as the earlier stated height of the fitness landscape. It can be stated that the 

highest peak in the landscape represents the best solution of the problem. The Evolutionary Solver searches for 

that peak in the fitness landscape.  

Before the simulation starts, the solver has no idea about division of peaks in the landscape. Figure 2.8b shows 

the first iteration, or so-called generation in evolutionary computing,  of the Evolutionary Solver. It spread out a 

population of genomes (visualized as red dots in the figure) to find the solutions. A genome can be seen as a 

specific location in the fitness landscape representing a combination between gene A and gene B  with a 

certain fitness value (for example, A:0.4 ; B 0.3). The solver evaluates all  the fitness values and classifies the 

genomes (red dots) from best to worst. The best fitness values, the highest red dots in the landscape, are 

assumed to be near the optimal solution. The solver saves the best fitness values of generation 0, shown in 

Figure 2.8c. The best fitness values of generation 0 are used to breed new genomes in generation 1. Those new 

genomes can be seen as the offspring between two genomes of generation 0 and will  be placed in the 

intermediate model space between these two genomes, as shown in Figure 2.8d. This way, new areas are 

explored and new fitness values can be found. Before the start of the simulation, the user determines what 

percentage of the genomes will  be saved and what percentage will  be removed. The user also determines  how 

near the genomes of the next generation will  be placed by the saved genomes of the previous generation. 

Generation 0  can be seen as a l ist of fitness values, which are picked randomly. However from generation 1 on, 

the fitness values are not random anymore and the solver starts to cluster the fitness values in areas around 

the peaks which become smaller every generation, shown in Figure 2.8e. The solver converges to a certain 

fitness value and automatically stops when no improvement of the fitness value can be found for a certain 

amount of generations. This is also adjustable by the user. The convergence to a solution is shown in Figure 

2.8f. This figure is a screenshot of the Octopus solver. The solutions of every generation are marked with red 

dots. As mentioned, the solver stops the simulation when no further improvement of the solution can be 

found. However, the user can also stop the simulation when a desired fitnes s is found. Then, the quality of the 

solution has to be checked by the user. Figure 2.8f shows a curve which converges to the final solution. The 

final solutions can be found very close to each other. The solutions of this simulation therefore can be trusted. 

However, if there is no convergence, but a fluctuation in the solutions , the quality of the solutions should be 

checked by the user. Therefore, it is recommended to only use the solutions of a simulation with a converging 

curve. The theory is discussed more detailed in Annex C, divided in four interlocking parts: 

1. Selection  

2. Coupling  

3. Coalescence  

4. Mutation  
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(a)            (b) 

 

 
(c)            (d) 

 

      
(e)            (f) 

 

Figure 2.8. Principle of the evolutionary algorithm. (a) shows the field of solutions. (b) shows the first generation (c) after 

removing the genomes with bad fitness values (d) second generations which is more focused on the peaks (e) result a fter 

n generations (f) a screenshot of a simulation graph where the solutions (red cubes) converge to an optimum.  
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Implementation of the solver into the parametric model 

The subparagraph above gave a brief introduction into the evolutionary algorithm which is used for the shape 

optimization. This subparagraph will  explain how the solver is implemented into the parametric model. The 

genes, discussed in the previous part, represent the horizontal form finding forces in the model. The fitness 

values are the maximum stresses in the structure. In the subparagraph 2.5.1 about the Cross-section 

Optimization, is stated that per element the maximum stress for every load combination is calculated and 

checked. The highest stress of all  these elements, so de maximum stress which occurs in a panel of the 

structure, is used as objective. The evolutionary solver will  seek to minimize its objective and performs this by 

finding the highest peak in the fitness lands cape by adapting the horizontal form finding forces in the ‘form 

finding part’ as discussed in 0. The change of the horizontal form finding forces, which were set at zero for the 

initial shape, will  influence the ratio of the form finding forces with the spring stiffness and will  therefore 

change the geometry of the structure. This phenomena is shown in Figure 2.9 and Figure 2.10, where Figure 2.9 

shows the initial shape of the structure before the shape optimization. The shape is therefore defined by the 

ratio of the vertical form finding force Fv and surrounding spring stiffness k around the node. The nodes only 

move up and down until  a state is found where the shape is in static equilibrium.  

During the simulation, the evolutionary algorithm constantly changes the horizontal form finding forces of all  

nodes. The varying magnitude of the horizontal form fi nding forces Fh  in combination with the vertical form 

finding forces  Fv gives a resultant form finding force Fr which acts on the node. Together with the spring 

stiffness a new static equilibrium will  be found resulting in a node which for this case will  not only move up, but 

also to the right. This results in a new shape which leans to the right as shown in the right part of Figure 

2.10.Figure 2.10 

The algorithm will  now check the maximum occurring stress in the structure for the new geometry and will  

analyze if the structure performs better or worse than the previous geometry. As explained, the solver 

randomly picks a geometry during the first iteration. After that, it wil l  constantly be fine tuning the geometry 

by slightly adapting the location of the nodes ti l l  no better performance of the geometry is found. The 

computational time of the simulation depends on several parameters which can be split into two parts: the 

general parameters and the parameters which control the simulation. The simulation parameters are also 

discussed in Annex C. 

General parameters: 

1. Number of nodes and elements  

2. Number of load combinations  

3. The range in which the algorithm for the cross -section optimization can pick the thickness  

4. The range in which the horizontal form finding forces can be varied.  

 

All  these parameters can be adjusted by the user.  
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Figure 2.9. Form finding of the initial shape before the shape optimization. The horizontal form finding force Fh is set to 
zero (left), resulting in a ratio used for form finding based on only vertical forces and the spring stiffness.  This gives the 

initial shape of the structure (right).  

 

 

 

 

 

 

 

 

Figure 2.10. Form finding of the new shape during the shape optimization by the evolutionary solver. The horizontal form 

finding forces Fh are now varying during the simulation resulting together with the vertical force in a resultant force on 
the node. This resultant force is used together with the spring stiffness to find static equilibrium resulting in a shifting of 

the geometry to the right.  
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3 Optimization of arch structures 

3.1 Introduction 
As stated in the main introduction, the shape of arch structures is usually defined based on the self-weight of 

the structure. However, because of innovative manufacturing techniques, innovation of building materials and 

new computational techniques, arch structures can be made more material efficient. These innovations lead to 

a phenomena where the original shape is not always the most efficient shape for the arch anymore, since the 

self-weight itself is not always the governing load combination. However, a shape based on a multiple load 

combinations might be.  

The previous chapter briefly explained the parametric model which is used for the shape- and cross-section 

optimization of the arch structures. This chapter incl udes analyses of the  influences  different parameters have 

on the optimization process. First, the influences of the shape- and cross-section optimization are presented. 

Furthermore, several parameters are discussed: 

3.3.1. Optimization objectives  

3.3.2. Influence of load cases  

3.3.3. Influence of material properties 

3.3.4 Influence of span and support height 

Finally, the option of l inking arch structures is shown in 3.4.  

3.2 Parameters of the optimization process 
This paragraph discusses the influence of the following parameters of the model :  

1. Optimization objective 

2. Influence of load cases  

3. Influence of the material density 

4. Influence of the support height 

3.3 Influence of optimization methods 
The theory and model process of cross -section- and shape optimization are discuss ed in the previous chapter. 

This paragraph presents the effect of each optimization method compared to the initial shape in terms of 

bending moment reduction and weight reduction. The methods are compared individually and combined. This 

analysis is performed to obtain more insight into the effect of the methods and to validate the positive effect of 

shape optimization in combination with the cross -section optimization on arch structures. The analysis is 

performed on the arch visualized in Figure 3.1. 

 

Figure 3.1. Initial shape of the arch which is used for the different analyses in this chapter. 
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For the analysis, four situations are composed divided in manners of optimization: 

1. No shape optimization 
(1)

 – No cross-section optimization
(3)

 

2. No shape optimization  –  Cross-section optimization 
(4)

 

3. Shape optimization 
(2)

  –  No cross-section optimization 

4. Shape optimization  –  Cross-section optimization* 

(1) No shape optimization: Initial shape based on self-weight only. 

(2) Shape optimization: Shape is based on the minimization of the stresses in the elements. 

(3) No cross-section optimization: Uniform thickness of the elements based on the highest element str ess 

in the structure. 

(4) Cross-section optimization: The thickness of each element is optimized to the highest occurring stress     

 in that element. 

For the analysis, the following load combinations are used: 

 

LC 0: Self-weight 

LC 1: Self-weight + 2 Point loads* 

LC 2: Self-weight + 2 Point loads + Wind from left side 

LC 3: Self-weight + 2 Point loads + Wind from right side 

 

*(placed on the right side of the arch to simulate asymmetric loading, shown in Figure 3.4) 

 

Furthermore, a material concrete with strength class C25/35 is selected with a dead load of 25 kN/m². The 

weight reduction per method is presented in Figure 3.2. The weight of the initial arch was 11,697 kg and is 

improved with 31% using the combined method with shape optimization and cross -section optimization. The 

reduction of the bending moments can be found in Figure 3.3. It can be seen that for the first two methods, 

without shape optimization, the bending moments of LC 0 and LC 1 are larger compared to the second two 

methods with shape optimization for those load combinations. Because the first two methods are executed 

without shape optimization, the acting stresses can only be reduced be means of the resistance of  the cross-

section. This causes an increase in weight and also an increase in bending moments. 

 

This phenomena shows the influence of shape optimization. Because of the shape optimization, the shape itself 

takes care of most of the bending stresses in the elements. In this way, the cross-section can be reduced 

including the total weight of the structure, which can be seen for optimization method 4. Furthermore, the 

governing load combination LC3 shows also the positive effect of the combined optimization method.  

 

 
Figure 3.2. Total weight of structure for each optimization method. 
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Figure 3.4 presents the visualization of the four optimization methods. The location of the point loads  is also 

shown. Figure 3.4b shows the cross-optimization of the arch where the thickness of the elements near the 
supports and in the top are decreased due to less bending stress. The elements at these locations act mainly in 
compression. The elements in the middle are increased in thickness, because the largest bending stresses act at 

these locations. Figure 3.4c-d again show the influence of the shape optimization. The arch bends to the 
outside to minimize the governing bending moments. Because of the asymmetric point loads, the arch tends to 
bend more to the right. 
 

 
Figure 3.3. Total bending moment per load combination for each optimization method. 

 

 

 

 
 

    (a)     (b) 
 

    
(c)     (d)  

Figure 3.4. Visualization of the four optimization methods. (a) No optimization (b) Cross-section optimization (c) 
Shape optimization (d) Shape optimization & Cross-section optimization. 
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3.3.1 Optimization objective 

Paragraph 2.5.2  gives an overview of the shape optimization performed by the evolutionary s olver: Octopus. 

Octopus can be used to minimize or maximize a certain objective by adapting the geometry of the structure. In 
other words, the new geometry depends on which type of value is chosen as objective for the optimization. 
The main purpose of this research is to optimize arch structures for multiple load combinations in a way that 
the total weight and material use of the structure can be reduced.  

The arch structure of Figure 3.1 is loaded with three load combinations, shown in Figure 3.5a as well . The load 
combinations are as follows: 

LC 0: Self-weight 
LC 1: Self-weight +  Point loads 

LC 2: Self-weight +  Point loads  + Wind (right side) 
 

The arch structure is loaded with a gravity load, representing the self-weight of the structure, an asymmetric 

load of two point loads (marked red) and a wind load at the right side according to the Eurocode. Wind at the 
left side of the arch is neglected because of the symmetric shape of the arch.  Figure 3.5b shows the same arch 
structure with the corresponding bending moments per panel. The bending moments at the right side are 
obviously the largest. The bending- and normal stresses of each element can be obtained for every element 

using the structural analysis  part. It can be concluded that the thickness of the elements is mainly based on the 
bending stresses in the elements, since these stresses are governing.  The link between the bending stresses 
and thickness of the elements can be explained by equation (3-1). The thickness of the elements is symbolized in 
the equation with the letter ‘h’. From the equation can be concluded that the bending stresses can be reduced 

by increasing the moment of resistance ‘W´ of the elements. Because these have a fixed width, only the 
thickness can be increased to obtain a larger moment of resistance. This increase of thickness logically leads to 
an increase in weight.  

 

 

 

Figure 3.5. a) Arch structure loaded with gravity load, wind loading (green)  and asymmetrical point loads (red). b) same 
arch structure with corresponding bending moments. 
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 stress [N/mm²] 

N Normal Force [N] 

M Bending Moment [Nmm] 

A Area [mm²] 
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b Width [mm] 

h Height [mm] 

(3-1) 
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The assumption, explained above, is confirmed after the cross-section optimization of the initial shape. Figure 

3.8 shows the increase in thickness at the locations where the bending moments are the largest, shown in 

Figure 3.5 as well . In other words, the main reason of the increase in thickness and thus increase in weight in 

the arch structure are the bending moments. The four  objectives below can directly or indirectly be obtained 

from the structural analysi s. These objectives will  be l isted and connected to Octopus. The results will  be 

discussed briefly below, followed by the conclusion. The more detailed results can be found in  Annex F.  

The next four parameters can be used as objective: 

 

1. Total weight of structure: The first method seeks to minimize the total weight of the structure.  

2. Maximum stress of all elements in the structure. Minimizing the total stress includes the bending 

stress and compression stress of each element. This approach takes both stresses into account. 

3. Maximum bending moment of all elements in the structure. The model locates the element with the 

largest bending moment for minimization. Because this is the most important factor for the increase 

of element thickness, this approach is the purest approach to the heart of the problem. 

4. Total bending moment in the structure. This is a more global approach as  variation on the third 

approach. However,  these objective cause less computational time because of the fact that the 

element with the largest bending moment does not have to be located first.  

  

Results & Conclusion 

Per optimization objective several simulations are performed with a standard deviation in total weight of 

maximum 3%. The influence of each optimization objective on the sum of bending moments per load case is 

shown in Figure 3.6. The influence of each optimization objective on the weight is shown in Figure 3.7. The 

optimized shape per optimization objective is shown in Figure 3.8. More results such as bending moments and 

normal forces per element and the division of element thickness over the structure can be found in Annex F.  It 

can be seen that the optimization with objective 1. ‘Total weight of structure’ results in no improvement of the 

total weight. Besides that, the original shape of the arch has significantly changed as a result of the 

optimization. Because the objective is set to ‘weight’, the shape optimizer looks for the easiest way to reduce 

the weight. The easiest way to reduce weight is to shorten the elements as much as possible resulting in the 

triangular shape of the arch. However, this results in an arch with two almost straight legs causing large 

bending moments, shown in Figure 3.6 as well. This phenomena causes again an increase in weight of the 

structure shown in Figure 3.7. This is remarkable because the objective is to minimize the weight. During the 

simulation it seems that the shape optimizer constantly changed between these two problems. It wants to 

shorten the elements as  much as possible, which leads  to an increase in bending moments and an increase in 

thickness and weight of the structure. Subsequently,  it changes the geometry again, which causes an increase 

in the length of the elements which also causes an increase in weight. Therefore, i t can be concluded that the 

objective ‘weight’ is not suited as shape optimizer to come up with reliable and consistent results.  

The remaining three objectives gave similar shapes and similar reductions in bending moments and  total 

weight. Objective 2 ‘Max. stress per element’ gives the best result: a weight reduction of 30%. The model 

constantly checks which shape has the smallest total stress, consisting of the bending stress and normal stress 

in the elements. The large reduction in bending moments, mainly caused by Load combination 2 (LC2), is 

shown in  Figure 3.6 as well. Because the bending stress has a large influence on the shape objective 3 ‘Max. 

moment in elements’ and objective 4 ‘Total moment in structure’ are analyzed. These objectives were 

considered to be the purest forms of objectives for the shape optimizer because these are results directly 

obtained from the structural analysis and has less computation time than objective 2. Besides th is, the 

influence of the normal stresses was expected to be less .  

 

Conclusion 
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Because of the largest reduction in bending moments in the structure and total weight of the structure 

Objective 2 ‘Maximum stress of all elements in the structure’ is used as objective for the shape optimization for 

further elaborated cases. However, when using the shape optimization only, objective 3 is also suitable for use. 

 
 

 
Figure 3.6. Sum of bending moments per load case for all optimization objectives.  

 

 
Figure 3.7. Total weight of the structure after the simulations with the four optimization objectives discussed above. 
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(a)          (b)         (c) 

  
 (d)        (e)  

Figure 3.8. (a) Initial shape (b) Total weight of structure (c) Max.  stress in elements (d) Max. bending moment in 

elements (e) Max. bending moment in structure. 

 

3.3.2 Influence of load cases 

In the previous paragraph, the type of objective was discussed and visualized with a multiple-loaded arch 

structure. To analyze the influence of each load case, several analyses are performed with three different load 

cases as shown below: 

 

LC 0: Gravity load 

LC 1: Point loads 

LC 2: Wind (right side) 

 

Simulations with only shape optimization executed for each load case to analyze the influence of the different 

load cases on the shape. Each simulation per load case resulted in the same shape, which confirms that the 

model does not optimize randomly, but finds reliable results. Figure 3.9 shows the initial shape of the arch with 

the load cases. Figure 3.10 represents the optimized shape for each load case with the initial shape of Figure 

3.9. It can be seen that the shape of the arch, purely loaded in self-weight, remains the same, which validates 

the form finding theory, also discussed in annex B. The shapes based on asymmetric point loads and wind from 

the right are optimized in such a way that the maximum stresses in the panels  are reduced. The arch loaded 

with point loads tends to bend to the right to ensure the loads are placed above the right support, which 

results in a bending moment reduction to zero. The arch at the right is optimized for wind at the right side 

according to the guide lines of the Eurocode. It can be seen that the shape bends more to the right than the 

arch loaded with asymmetric point loads. The structure tends to bend against the wind load to minimize in this 

way the bending moments. The visualization of the bending moment reduction of the initial shapes is shown in 

Figure 3.11 and the visualization of the optimized shape is shown in Figure 3.12. Table 3-1 shows the bending 

moment reduction in values  as well . 

 

Note: A disadvantage of Karamba is the visualization of results. The bending moments can also be shown 

directly on the elements. However, this will cause values overlapping each other. Therefore, only the curve of 

the bending moment is shown together with the maximum values in Table 3-1. 
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Figure 3.9. Initial shape for every load case. Left to right: Self-weight; Point loads; Wind from the right. 

 

 
Figure 3.10. Optimized shape for corresponding load case. Left to right: Self-weight; Point loads; Wind from the right.  

 
Figure 3.11. Moment distribution for each initial arch. Left to right: Self-weight; Point loads; Wind from the right. 

 

   
Figure 3.12. Moment distribution for each optimized arch. Left to right: Self-weight; Point loads; Wind from the right. 

 

Table 3-1. Bending moment reduction for each load case. 

Initial Arch Gravity load Point load Wind load 

Max. Positive bending moment (green) 0 kNm 3 kNm 10 kNm 

Max.  Negative bending moment (orange) 0 kNm 1 kNm 13 kNm 

 

Optimized Arch Gravity load Point load Wind load 

Max. Positive bending moment (green) 0 kNm 0 kNm 3 kNm 

Max. Negative bending moment (orange) 0 kNm  0 kNm 4 kNm 
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3.3.3 Influence of Material Properties 

The structural analysis in the parametric model is also influenced by the material properties selected by the 

user. Several material properties can be adjusted, as shown and discussed in Annex D and shown in Figure 3.13 

as well. In this research, the material properties of concrete strength class C25/30 are used. One of the 

parameters is self-weight or specific weight of the material, expressed in kN/m³. Because lightweight concrete 

is also a printable material, in this paragraph the influence of the self-weight of the arch structure is analyzed. It 

can be expected that less self-weight causes less bending moments in the arch structure, because when 

asymmetric loads are implemented, the cross-section optimization will  increase the thickness of the elements 

to take care of these bending moments. By using a l ightweight material, the self-weight will  increase less due to 

increase of element thickness compared to standard concrete. This will  reduce the bending moments and 

influence the shape optimization. 

 

 

 
Figure 3.13. Material properties in parametric model. 

The other material properties mainly have influence on the displacements of the structure. However, 

connection properties are also an important factor for the displacements. Since, the connections are currently 

only globally and simplified implemented, in terms of rotational stiffness, variation in Young’s - and shear 

modulus are not analyzed in this research. For specific  conclusions in this area, more research has to be 

performed. The tensile and compression strength are discussed in 2.5.1. Furthermore, the thermal expansion 

coefficient is included, however does not influence the current model. 

Test case for specific weight 

Six  arches with same geometry properties and load combinations  are considered, only differing in specific 

weight. The first arch has a specific weight of 25 kN/m³, the second arch has a specific weight of 12.5 kN/m³, 

resembling a l ight material  such as l ightweight concrete. The analyzed arches consist out of 33 elements , 

numbered from 0 to 32. The used load combinations are stated below: 

Load combinations: 

LC 0: Gravity Load  

LC 1: Gravity Load + Point loads 

LC 2: Gravity Load + Point loads + Wind from the left 

LC 3: Gravity Load + Point loads + Wind from the right 

 

Figure 3.14. Arch structure used in the test case with a span of 15 meters and a height of 7.4 meters. 
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Results 

The optimized arches are compared in terms of weight- and bending moment reduction. At first, it can be seen 

that the weight reduction at the lightweight arch is absolute and relatively less than the weight reduction of 

the arch structure with standard concrete, shown in Figure 3.15. Figure 3.17 and Figure 3.18 show the bending 

moment reduction per element for load combination 2 and 3. It can be concluded that the magnitude of the 

bending moments in the lightweight arch is less compared to the standard arch. Furthermore, the bending 

moment reduction of the standard arch is relatively larger. Therefore, the shape optimization has a larger 

impact on the standard arch. Where load combination 2 was normative for the initial shapes of both arches, 

load combination 3 becomes normative after the optimization. For the standard concrete arch, the bending 

moments in the optimized arch become larger in this load combination compared to the initial shape. 

However, the bending moments are stil l  smaller than the initial bending moments of load combination 2 stil l  

resulting in weight reduction. 

The optimized shape of the lightweight arch shows more curvature compared to the sta ndard arch. This can be 

declared due to less self-weight. The arch becomes more sensitive to the asymmetric point loads and the wind 

loads. Therefore, it needs to create more curvature to minimize the bending moments, mainly caused by the 

combination of the asymmetric point loads and wind load. Therefore, the optimized lightweight arch has more 

curvature. 

 

 

Figure 3.15. Weight reduction of the arches with standard concrete and lightweight concrete. 

 

 

Figure 3.16. Shape optimization and cross-section optimization of arches. Left: standard arch. Right: Lightweight arch. 
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Figure 3.17. Bending moment reduction for load combination 2 for the standard arch and lightweight arch per element. 

 

Figure 3.18.Bending moment reduction for load combination 3 for the standard arch and lightweight arch per element.  

 

3.3.4 Influence of Span and Supports 
Besides the parameters discussed above, the span and supports of the arch can also be adapted in the model.  

This subparagraph will  discuss the influences of  these parameters and will  discuss the results of several 

analyses on this topic. 

Test cases 

To analyze the influence of the supports  and span several  analyses are executed as shown in Figure 3.19. Six 

cases are set up with three different spans combined with supports equal in height as well as with difference in 

height. The different spans are set from respectively 15 to 10 and 5  meters. Considering the arches A15, A10 

and A5, the difference in height of the right support is set to 5 meters. All  arches have a l imited height of 7.4 

meters. The arches are loaded with the same load combinations  as  shown below. For the analyzed cases the 

wind loads are implemented as shown in Figure 3.5a. The point loads are placed at the positions as shown in 

Figure 3.19 to simulate a situation with asymmetric loading.  
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Load combinations: 

LC 0: Gravity Load  

LC 1: Gravity Load + Point loads 

LC 2: Gravity Load + Point loads + Wind from the left 

LC 3: Gravity Load + Point loads + Wind from the right 

 

Figure 3.19 shows the initial shapes of the arches  with optimized cross-sections. The shape is based on self-

weight only. The goal of this analysis is to investigate the influence of the shape optimization  for multiple load 

combinations  in combination with cross-section optimization on different spans and support heights. It is 

expected that the shape optimization has a relatively larger impact on arches with larger spans and with 

difference in support heights, because the amount of bending moments will  also be larger at this structures 

compared to the slender and less spanning structures. . 

 
      (S15)          (S10)    (S5) 

 

(A15)         (A10)    (A5) 

Figure 3.19. Visualization of the initial shape of the cases. 

Results 

The six cases are compared in terms of reduction of the sum of bending moments and normal forces across the 

structure for the global impact, and on reduction of local peak bending stresses. Besides this, the reduction in 

total weight of the structure is compared. An detailed version of the results can be found in Annex F. Figure 

3.20 shows the bending moments per arch element for the normative load combination: LC 2. The results are 

divided over three graphs which represent each one of the analyzed spans. The bending moments are absolute 

to show the moment reduction development over the arch per element. It can be seen that the optimized 

arches have less large bending moments compared to the initial arches. The bending moments are the largest 

at the left side of the arch due to the point loads placed around element 7 and because of the shape 

optimization the reduction of the moments is at its largest around that area . The total weight reduction per 

arch is given in Figure 3.21. Considering arch S5, it can be seen that the weight reduction decreases as the span 

decreases. 

Considering the asymmetric arches; A15, A10 and A5, it can also be concluded that the shape opti mization in 

combination with cross-section optimization has more impact on the arch structures with a larger span. 
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Figure 3.20. Bending moments per arch element for normative load combination: LC 2. 

 

Figure 3.21. Graph of the total weight reduction of the six arches.  
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Figure 3.22 shows the visualizations of the optimized arches. It can be seen that the model significantly changes  

the geometry when the span becomes smaller than the height. At this point, the bending moments are 

significantly less compared to the bending moments of the S10 and S15 and therefore it is beneficial to let the 

point loads go straight to the supports in the shortest way. An similar phenomena occurred at arch A5 where 

the geometry significantly changes to transfer the point loads efficiently to the supports. 

Finally, the deviation in element thickness is shown in Figure 3.23. The location of the larges bending moments 

can be found at the larges cross -sections. 

 

                   (S15)                     (S10)                    (S5) 

 

(A15)                 (A10)   (A5) 

Figure 3.22. Optimized results of the arch structures. 

 

                   (S15)                     (S10)                    (S5) 

 

(A15)                 (A10)   (A5) 

Figure 3.23. Visualization of the optimized arches. 
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3.4 Linking arch structures 
 

Besides the optimization of a single arch, the possibil ity of l inking arch structures is analyzed. This paragraph 

shows the process of multiple structure optimization using the obtained knowledge of the previous paragraphs. 

Figure 3.24 shows the combination of an arch shaped structure (A)  which is attached to arch (B) which is seen 

as the main arch. The figure shows the initial shape and initial cross -section of the arches as well  as the 

connection at point (X).  The set-up as shown in Figure 3.24 cannot be optimized directly. The shapes should be 

split before starting the shape and cross -section optimization, since the shape optimization requires two fixed 

supports for both arches. The attachment of arch A on arch B at point X would therefore be problematic. 

Furthermore, the shape optimization of the left part of arch B would also give problems if point X would be 

fixed. Therefore, the arches are spl it and optimized separately.  

 

Figure 3.24. Impression of the attached arch (A) and main arch (B). The dimensions are in meters. 

Both structures are optimized with the same load combinations as shown in Figure 3.25 and formulated below:  

LC 0: Gravity Load (including the reaction forces of Arch A on Arch B)  

LC 1: Gravity Load + Point loads  
LC 2: Gravity Load + Point loads + Wind (left) 
LC 3: Gravity Load + Point loads  + Wind (right) 
 

 

 
(LC 0)      (LC 1) 

 
(LC 2)      (LC 3) 

Figure 3.25. Used load combinations for the analysis. 
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Approach 

The arches are separated and optimized apart of each other. The optimization proc ess is schematized in Figure 

3.26 where the letters A  (arch A) and B (arch B) refer to the geometry of the representing arch followed by a 

number which refers to the order of optimization. Both arches start with a n initial shape: A0 and B0. These 

shapes are only optimized for its cross -section, shown in Figure 3.24. This  means that the cross-sections of the 

elements of arch A are optimized for the discussed load combinations. The elements of arch B are optimized 

for the discussed load combinations plus the additional reaction forces for each load combination of arch A0 at 

point X, as shown in Figure 3.25a. The shape and cross-section optimization starts with arch A0 resulting in 

geometry A1. The reaction forces of this new geometry are implemented in the load combinations of B0, which 

results in a new geometry B1. The change in geometry of arch B1 result in a translation of point X. Therefore, 

A1 has to be optimized resulting in A2. The new reaction forces of A2 are placed on arch B again which results 

in B2. This process of movement of point X and the change in reaction forces proceeds for several simulations 

and is manually simulated til l  B4.  

 

 

Figure 3.26. Schematization of the optimization process of both arches. 

Results 

After analyzing the results, it can be concluded that the movement of point X decreases as well as the variation 

in reaction forces leading to a convergence of the solutions. The convergence of the process is shown in Figure 

3.27. The red lines represent the initial shapes of the arch. The other l ines represent the change in geometry 

during the optimizations. It can be seen that point X moved a relatively large distance to the left in the first 

optimization loop. After that, it sl ightly converges to a point which results in the end geometry represented by 

the white l ine. Figure 3.28 shows de weight fluctuation of the shape and cross -section optimization for each 

step. The first five optimizations are simulated manually, the dark dots and lines representing B5 til l  B8, are 

estimated values based on previous results to show the convergence of the optimization method. The weight 

of arch A does not fluctuate much compared to arch B, which fluctuates relatively much in the first steps. This 

is mainly caused by the reaction forces coming out of arch A. These reaction forces cause large bending 

moments due to the eccentricity of the forces compared to the left support of arch B. After the optimization of 

B1, the structure bends more to the left, resulting in less eccentricity of the reaction forces at point X. This 

results in less bending stresses compared to the first two optimizations of arch B and thus thinner cross-

sections on element scale and less weight of the total structure.  

 

 

Figure 3.27. Geometry of optimized arches. The Initial arches are marked red. The end solution is marked white. 
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Below, the deviation in total bending moments of both arches is given over the optimization steps.  

 

 

Figure 3.28. Weight fluctuation after each optimization. Points B5 to B8 (dark colored dots and lines) are estimated 
values which show the convergence of the optimization process. 

 

 

Figure 3.29. Minimization of bending moment per optimization step for each load combination for arch A. 

 

 

Figure 3.30. Minimization of bending moment per optimization step for each load combination for arch B. 
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4 Local optimization 
 

4.1 Introduction 
 

As mentioned in the  introduction and shown in Figure 4.1, this research can be seen as the first step towards 

the objective of the design studio: creating an arch structure consisting of 3D printed concrete elements. With 

the model discussed in this research, an arch structure is optimized in overall  shape and element thickness (1). 

The next step, optimizing the internal flow of forces, is based on the research of Stappers, A.H.M.  (2017) into 

tessellation of 3D concrete structures (2). In this research, a parametric model is  created which optimizes a 

large element by dividing it in small  panels based on the stringer-panel method. This method converts shear 

forces into normal forces. The optimization objective of this tessellation procedure is minimizing the energy in 

these diagonals and therefore the shear forces in the elements . This adaption of geometry simplifies  the 

assembling of the elements at the connection points  (3). The principle of global tessellation is shown in Figure 

4.2 . The assemblage of the 3D concrete printed elements  is discussed in the research of Bulck van den, L.  

(2017) and is schematized in Figure 4.1 (3).  

Besides this tessellation on global scale, each element can be optimized on a local  scale. Where the global 

tessellation was used to optimize the shape of each element, the local tessellation is used to optimize the infi l l  

of each element. With this local tessel lation a more material efficient geometry of each element is obtained. 

The principle is the same compared to the global tessellation shown in Figure 4.2, only now the wall (a) 

resembles one element which will  be divided into small er panels. What remains is a grid of l ines (c) which can 

be printed by the 3D concrete printer. Furthermore, the panels can be fi l led up with insulation or other 

l ightweight materials with l imited stiffness which are able to deal with the limited remaining shear forces. 

 
 

Figure 4.1. Division of design studio: (1) Shape and cross-section optimization (2) Tessellation of 3D concrete printed 
elements [Stappers, 2017] (3) assemblage of 3D concrete printed elements [Bulck van den L. (2017)]. 

 
       (a)                       (b)                  (c)  

Figure 4.2. . Principle of tessellation. A wall (a) is divided into elements (b) which are optimized by minimizing the shear 
forces (c). 
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4.2 Showcase: Tessellation of an arch element 

4.2.1 Implementation of element and reaction forces into the model 

The tessellation model, discussed in the introduction, is used for tessellation of an arch element. For this 

showcase the arch of paragraph 3.4 is considered. Element X, pointed in Figure 4.3, is used for optimization 

with local tessellation. First, the reaction forces on the element in terms of normal forces, shear forces and 

bending moments are obtained from the structural analysis part of the parametric model. All  of the forces are 

obtained from the results of the four load combinations which are used for  the arch discussed in paragraph 3.4. 

This means that the tessellation model also checks  the result of every load combinations to find the most 

optimal solution of the geometry for every load combination. The dimensions of the element are implemented 

together with these reaction forces  in the tessellation model. This model, which is also created in the 

parametric environment Grasshopper, makes as well  as the shape and cross-section optimization model use of 

the finite element plugin Karamba. Because both models are created with the same parametric environment 

program, results and properties can easily be exchanged. 

The geometry of the element is divided into smaller elements by use of a mesh as shown in Figure 4.4, which is 

partly based on the minimum width of the print nozzle. The element is supported by a fixed support and a 

roller support, which resembles the two clamped connections designed and tested by Bulck van den, L.  (2017). 

As shown in Figure 4.4, a bending moment acts on the element. Bending moments cannot directly be 

implemented into the tessellation model and is therefore split in a couple of two forces Fm as shown in Figure 

4.4. Furthermore, shear forces (V) are introduced, as well  as the normal forces (N) out of the elements which 

are on top of the element which will  be optimized.  

 
 

Figure 4.3. Combination of arches discussed in paragraph 3.5.  

Element X, which is encircled is used for local optimization. 

 

 
 

Figure 4.4. Schematization of the element in Grasshopper. 
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4.2.2 Results  

Table 4-1 shows the results of the local tessellation of the element. The results for all  the criteria are given per 

load combination. These load combinations are the same as the ones used in  paragraph 3.4. It can be seen that 

the internal elastic energy in the diagonals , also shown in Figure 4.5 is significantly reduced for each load 

combination as well  as the sum of the normal forces in the diagonals , shown Figure 4.6, which means that the 

shear forces in the panels are reduced. Load combination 3 (LC 3) is the normative one which is reduced by 

around 40%. Besides that, the displacement is sl ightly reduced which indicates that the element became stiffer. 

Furthermore the total weight of the element is also reduced, though the material reduction is only 4%. This 

could also be explained by the extension of the stringers. The extension causes an increase in material and thus 

total weight of the element.  

The results are visually shown in Figure 4.7. The element at the left represents the geometry of the infi l l  before 

the optimization, where the element on the right resembles the element after the optimization. The blue lines 

are the stringers which will  actually be printed by the 3D concrete printer. The red lines represent the 

diagonals, schematizing the panels. In reality, these panels will  eventually be fi l led up with another material l ike 

l ight-weight concrete to take care of the remaining normal forces in the diagonals, which represent the shear 

forces in the actual structure. The supports are schematized as green triangles and the forces are pointed out 

with red arrows. 

 

 

Figure 4.5. Total internal energy [kNm] in the diagonals between the stringers.  

 

 

Figure 4.6. The sum of normal forces [kN] in all diagonals of the element, which represent the shear force in the panels of 

the element.  
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Table 4-1. Results of the geometry before and after the local tessellation. 

  Initial Optimized 

Total internal energy LC 0 7.1 6.7 

 [kNm]   LC 1 7.5 7.1 

 

  LC 2 6.1 5.8 

    LC 3 9.9 9.1 

Internal Energy in the LC 0 0.5 0.07 

Diagonals   LC 1 0.5 0.08 

 [kNm]   LC 2 0.4 0.06 

    LC 3 0.7 0.1 

Sum of Normal forces  LC 0 829 400.7 

Diagonals   LC 1 853 413.5 

 [kN]   LC 2 768 373.8 

    LC 3 984.5 470.6 

Sum of Normal forces LC 0 1841.6 1647.6 

Edges   LC 1 1889.6 1686.9 

 [kN]   LC 2 1708.5 1536.4 

    LC 3 2156.8 1893.3 

Total displacement LC 0 0.0072 0.0072 

[m]   LC 1 0.0075 0.0074 

    LC 2 0.0067 0.0066 

    LC 3 0.0087 0.0084 

Total Weight [kg]   340 326 

 

   

Figure 4.7. Initial geometry of the infill of the element (above) and optimized infill of the element(below). 
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5 Proof of concept 
 

5.1 Introduction 
 

In the previous chapters, the model process and the influences of the parameters are discussed. Also the 

efficiency of the shape- and cross-section optimization is shown. To present the possibilities of the optimization 

model in a realistic context, a show case is set up. Within this proof of concept, three arches are designed and 

optimized applying the combination of shape- and cross-section optimization. The set-up with its load 

combinations and dimensions is discussed below, as well  as the main conclusions of the results together with 

the end result. 

5.2 Showcase 
 

For this show case a structure is considered based on three arches with fixed  heights  of 8 meters. The span 

differs from 10 to 15 meters. The structure is loaded with wind load according to the Eurocode 1-1-4 with NEN-

EN 1991-1-4. Furthermore a floor slab is placed at a height of 3.5 meters. The three arches are optimized in 

shape and cross-section. The dimension of the arches are shown in Figure 5.2.  Arch (a) has symmetric 

supports, where arch (b) and arch (c) differ in support height. The used load combinations are shown below:   

LC0: Self-weight 

LC1: Self-weight + Point Loads 

LC2: Self-weight + Point Loads + Wind (left side)  

LC3: Self-weight + Point Loads + Wind (right side)  

The magnitudes of the point loads represent the resulting forces of the slab on the arch. Furthermore, an extra 

point load is attached at the left top of the arch representing an asymmetric load due to, for example,  

installations or art work in an exhibition hall. For all  the arches an optimization is executed which can be found 

in Annex F. Besides the dimensions, also the optimized s hape (blue) and initial shape (green) are shown in 

Figure 5.2.  Figure 5.1 shows the weight reduction of the optimized arches compared to the initial arches. 

Analyzing arch (c) it can be concluded that the weight reduction for arches with a low span/height ratio 

becomes less than for arches with a larger span/height ratio, as stated earlier in this research. 

 
Figure 5.1. Weight reduction of optimized arches.

  

              (a)                (b)              (c) 

Figure 5.2. The three arches optimized for the show case. The initial shape is shown in green. The optimized shape is 
marked blue. 
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The weight reduction and thickness deviation of the arch elements are shown in Figure 5.3. 3D impressions of 

the optimized arches are shown in Figure 5.54. To present the possibil ities  of the model, a potential  

implementation of the arches is shown in Figure 5.5. The arches, calculated with the model are marked blue. 

Slabs are added at the position of the point loads, even as walls below the right supports of arches B  and C for 

matters of stability.  

 

 

  

 (A)      (B)       (C) 
Figure 5.3. Visualization of the weight reduction. 

 

 

 
Figure 5.4. Impression of optimized arches. 

 

 

 

Figure 5.5. Impression of optimized arches A, B and C. 
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6 Conclusions & recommendations  
 

The research objective, which is defined and presented in the introduction is as follows : 

 

“Creating a parametric model for shape and cross-section optimization of arch structures for multiple load 

combinations considering the requirements of the 3D concrete printing technique.”  

In this chapter the conclusions of this research, regarding to the research objective, will  be discussed as well  as 

the recommendations for further research.  

6.1 Conclusions 
 
A parametric model is created to optimize arch structures in shape and cross -section for multiple load 

combinations. This way, arch structures can be optimized for realistic situations with different load 

combinations. With the parametric model, three optimization methods can be performed: 

1. Cross-section optimization 

2. Shape optimization 

3. Cross-section optimization in combination with shape optimization 

The designer can adjust the span, height and support height of the arch in the parametric model . Besides that, 

material properties can be changed as well  as the type, magnitude and amount of loads applied on the arch 

structure. With these loads, load combinations can be composed and weight factors can be impl emented. All  

these options make this model adjustable and thus parametric for the user. 

The optimization objective for shape optimization can be adjusted depending on the preferred optimization 

type. If the combination of shape- and cross-section optimization is used, the optimization objective can be set 

to ‘minimization of the maximum stress in the arch elements’. When only shape optimization is chosen, the 

optimization objective can be set to ‘minimization of the maximum bending moments in the elements’.  

It can be concluded that the method of cross-section optimization in combination with shape optimization is 

the most material efficient way of designing arch structures resulting in the largest reduction of total weight of 

the structure. Considering the case studies calculated in this research, this method has the largest impact on 

arch structures with a span-height ratio around 3:2 with weight reductions up to 15% compared to the initial 

shape optimized in element thickness  only. Furthermore, the geometry change of the initial arch is significantly 

larger after shape- and cross-section optimization for arches with a span smaller than the arch height, but not 

necessarily more material efficient.  

The parametric model can be applied for arch structures with equal support heights and unequal support 

heights. Therefore, it is possible to couple arch structures to each other by l inking one of the supports to 

another arch. The reaction forces at the support of arch A are placed as resulting forces on the preferred 

element of arch B.  

This research is part of a design studio with the common goal of designing and optimizing an arch structure 

which can be printed with the 3D concrete printing technique. The model can be applied in combination with 

the tessellation model of Stappers, A.H.M.  (2017). A part of that parametric model is adjusted to optimize the 

arch elements for multiple load combinations. Results have shown that the tessellation model can split arch 

element into printable elements at a large scale and into locally optimized elements at a local scale. The 

printability of the arch depends on its dimensions. If not, the elements itself can be optimized and locally 

tessellated. This way, the flow of forces is also optimized and weight is reduced. The stiffness properties of the 

connections between the elements, researched Bulck van den, L.  (2017) are schematically implemented into 

the model. These properties can be adjusted by the user. 
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6.2 Recommendations 
 

Improvement of current 2.5D model 

In this research, a model for shape and cross-section optimization of arch structures for multiple load 

combinations is obtained. In the current model, l inear elastic structural behavior is included. The shape is 

material dependent in terms of compression and tensile strength of the specified material. However, the 

structural behavior of the structure can be extended by properties  as local buckling and non-linear material 

behavior. Buckling failure can be split into in-plane buckling and out-of-plane buckling. Considering both types 

of buckling for the arch structures in this model, this could lead to  an increase in thickness of the elements . 

However, since the arch is split into elements, the buckling length will  be equal to the element length, which is 

too small to be critical. In that case, the connections are important and should be calculated more detailed. 

When only shape optimization is used for a monolithic arch with uniform thickness along the cross-section, in-

plane local buckling could become critical . Because of the division of the arch into elements, it can be expected 

that the connections between the elements will  fail  earlier than the elements itself will  fail  in out-of-plane 

buckling. Because it is a 2D calculation model it does not take out-of-plane buckling into account. However, 

out-of-plane buckling should be considered for arch structures with a small width. If not in the elements, than 

it should be considered in the connections.  

Besides buckling, more material properties can be implemented in the  model. In the current model the tensile- 

and compression strength of the selected concrete strength class are implemented as well  as the density of the 

material. This could be extended by implementing more materials for calculation of sandwich panels. This way, 

after the tessellation of the arch elements , the stringers of an element can be modeled with one material and 

the infi l l  of the panels with another material, for example lightweight concrete. Besides this, the structural 

analysis part of the model could also be extended with implementation of fiber reinforcement properties. 

Furthermore, research is performed into several evolutionary algorithms. The plugins Galapagos and Octopus 

are compared and tested after which Octopus is chosen as evolutionary solver for the parametric model. 

However, more types of algorithms are available, each with their advantages and disadvantages. More 

research in this area can be performed.  

Improvements can also be made in the collaboration between the shape optimization and the cross -section 

optimization. In the current model, the shape optimization is performed using the plugin called Octopus and 

the cross-section optimization is executed using a custom algorithm. As discussed in paragraph 2.5.2, Octopus 

is connected to the horizontal form finding forces, which are used to change the geometry. It is also connected 

to an objective, which is constantly checked by the plugin itself for improvements. As shown in Figure 6.1, the 

internal loop of the structural analysis and the cross -section optimization are situated between the 

optimization objective and variables of Octopus. The cross-section optimization is an iterative process which 

changes the self-weight in the structural analysis part after adapting the thickness of the cross-section. This will  

change in its turn again the cross-section and so on. This iterative process takes several seconds to find the 

optimum thickness for every element in the arch and gives a result for every iteration as output, which is used 

by Octopus. However, Octopus changes the variables faster than the cross -section optimizer is able to find the 

final optimal solution. This actually means that the shape optimization is not based on the most optimal result. 

However, in practice it is shown that the error remains below 5%. This is tested by stopping the shape 

optimization for each iteration manually, enabling the cross-section optimization seek for the optimum result. 

This program error could be solved by scripting a custom evolutionary solver for the shape optimization which 

is suited for collaboration with cross -section optimization.  
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Figure 6.1. Schematization of the model process. 

 
Extend 2.5D model to 3D 

The current model is l imited to an 2.5D environment where shapes can only be curved in one direction. To 

extend this model to a 3D environment, curvatures in at least two directions should be considered. The form 

finding grid has to be extended with a third direction as well  as the loadings in the structural analysis. Where 

the geometry of the form finding part for 2D arches was replaced by beam elements in the structural analysis, 

the geometry has to be replaced by shell elements in a 3D environment. Considering the approach of the cross -

section optimization, this leads to more different stresses in more directions that have to be validated to the 

design stresses of the specified material. Besides that, when the model is extended to an 3D environment, the 

shape of the structure will  be defined with significantly more nodes and lines than the 2D arch. This will  also 

result in more variables causing more computation time. Therefore, it is recommended to optimize the  shape 

optimization approach. This can be done by means of a custom evolutionary algorithm as discussed before, or 

by changing the approach itself.  

However, although the cross-section optimization and shape optimization of the parametric model can be 

adjusted to an 3D environment, the local optimization of the arch elements is not confirmed to be 3D 

implementable yet. Further research into this field should also be executed. 

Experimental research 

Finally, experimental research should be performed to validate the parametric results. This can be done by 

printing the initial - and optimized shape of an arch and test them with the same load combinations. If the 

optimization is done right, the optimized arch should resist the same load conditi ons using less material. 

Experimental research could also be performed on local scale by testing an initial arch element and a local ly 

tessellated arch element.  
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Annex A: Shell Structures 

Introduction 

Basically, a shell structure is a thin curved membrane or slab that functions both as structure and covering. A 

shell occurring to the nature is a structure which has strength and rigidity due to its thin natural and curved 

form. For example a shell of an egg, a human skull and shell of a tortoise. 

 

Figure A.0.1 Natural shell structures. 

A shell is a structure defined by a curved surface. Generally, a shell is thin perpendicular to the surface, 

however there is no absolute rule as how thin a shell has to be. A shell can be curved in two directions, l ike a 

dome, sphere or a hyperboloid, or it may be cylindrical and curve only in one direction like conoid shells or 

barrel vaults. 

 

Figure A.0.2. Single and double curvature shells. 

 

Single curved structures 

So singly curved structures l ike barrel vaults can be divided into two types of barrels: Short barrels and long 

barrels. For Short barrels arch action is prominent. These structures can behave in on or a combination o f the 

following ways shown in the figure below. Beam action is important for long barrels. These structures behave 

structurally as a large beam. 

 

Figure A.0.3. Several ways of structural behavior of short barrel shells (left) and long barrel shells (right). 
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Double curved structures 

Double curved surfaces such as spheres and hyperbolic paraboloids are mainly classified as sycnlastic or 

anticlastic shells. Synclastic shells are double curved, but have a simi lar curvature in each direction. Figure A.0.4 

shows a dome structure which can be split up into two directions, namely vertical sections separated by 

meridians (longitudinal arch lines), and horizontal sections separated by hoops or parallels. The structural 

behavior of a dome can be compared to the behavior of arches under uniform loading. The dome will  be under 

compression everywhere and the stresses act along the arch and hoop lines.  

In contrast to synclastic shells, the curves  of an anticlastic shells are different in both directions which can be 

seen in Figure A.0.4. The structural behavior of the shell will  depend on the curvature. The compression 

stresses will  follow the convex curvature while the tension stresses will  follow the concave curvature.   

 

Figure A.0.4. Synclastic shell (left) and an anticlastic shell (right). 

 

Structural behavior of shells 

Some aspects of the structural behavior of shells are already mentioned in the introduction the structural 

behavior of these shell structures will  be more explained in this part of the literature study. It is not needed to 

make difficult calculations by hand, however it is important for the interpretation of computer and model test 

results to get good understanding of the behavior of these shells. 

Before studying the behavior of shell structures, first the basic principles of an arch structure. An arch can carry 

an uniform vertical load us ing only axial compression. Other loads, horizontal loads for example, can cause 

bending moments in the arch. This arch-bending moment is the product of the thrust and its eccentricity from 

the axis. Arches, or structures based on arches, are structures which do not deform  (much) because of an 

applied loading. These structures are called ‘form-passive’. Structures l ike cable nets, which are loaded in 

tension, will  deform because of the applied loading. These structures are called ‘form-active’.  
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Flat plates and plane stress 

Before studying curved arches and shells, a flat plate is considered first. Flat plates can be loaded in -plane and 

out of plane. In-plan loading happens in all  sort of situation, for example bending of an beam where most of 

the stress in the web and flanges are in plane of the steel plates. The out of plane loading causes plate bending.  

 

Figure A.0.5. Loading in-plane (left) and out of plane (right). 

The left part of Figure A.0.5 shows the components of membrane stress. The normal stresses in x - and y-

direction are called respectively σx and σy. The shear forces are shown by the symbols τxy for shear stress 

perpendicular to the x-direction in the y-direction and τyx for the shear stress perpendicular to the y-direction in 

the x-direction. The shear stresses τxy and τyx are in the plane of the plate. The right part of Figure A.0.5 shows 

the shear stress perpendicular to the plate due to plate bending, but because of the confusing notation, these 

components are not labelled.  

There are two equilibrium equations for plane stress and there are three unknown stresses: σ x, σy and τxy = τyx. 

The two equations are: 
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The loads q x and q y are the loads per unit area applied to the plate in its own plane. If q x and q y are both 

zero, the stresses can be written in terms of the Airy stress function  , 
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so that they automatically satisfy the equilibrium equations. If the plate is elastic, the equations can be solved 

for  and hence the stresses by using the stress-strain relationships together with the compatibil ity equation 

below, 
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As usual, E is the Young’s modulus and  is Poisson’s ratio. The compatibil ity equation can be constructed out 

of the following equations: 
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Eventually, one final equation can be constructed, namely the biharmonic equation.  

∇4𝜙 =
𝜕4𝜙

𝜕𝑥4
+ 2

𝜕4𝜙

𝜕𝑥2𝜕𝑦2
+

𝜕4𝜙

𝜕𝑦4
= 0 (A-13) 

Membrane theory of shells 

The case of the plane stress has as already mentioned three components of membrane stress and two 

equilibrium equations. This is sti l l  the case for the membrane theory of shells, but now there is also a third 

equation, which is perpendicular to the tangent to the shell surface. The load is balanced by the membrane 

stresses multiplied by the curvature, which is also explained by  Andriaenssens, A. & Block, P. & Veenendaal D. 

& Will iams C. (2014). In case of the plane stress, the structure was statically indeterminate. In this case, with 

the third equation, the structure becomes statically determinate. However, the equations are based on partial 

differential equations in three unknown membrane stresses. Furthermore, the whether or not these equations 

have a solution depends on the boundary conditions and the shape of the shell. The most simple way to 

express these equation and check for a solution is using plane coordinates. The equations of (A-1) and (A-2) 

which show horizontal equilibrium can be used for the plane coordinates. The only difference is the change of 

the stress components into horizontal component of membrane stress per unit horizontal length. In this way, if 

only a vertical load is acting on the shell, the horizontal equilibrium equations are stil l  satisfied by the Airy 

stress function (A-3) to (A-5). This vertical equilibrium leads to equation (A-14). 
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Z  is the height of the shell and w  is the load per unit plane area. However this equation is almost impossible 

to solve for  because of the shape. If the shell has the wrong shape or boundary conditions it can become a 

mechanism and has the possibil ity to undergo in-extensional  deformation, which is basically the bending of a 
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shell without change of length of the elements. This phenomena only occurs for statically indeterminate 

systems like domes with holes or a so-called oculus.  

Bending theory of shells and buckling 

If in-extensional deformation is possible at a certain shell, a certain bending stiffness is needed as well as 

membrane action for this shell to carry different load cases l ike snow or wind. A shell always needs bending 

stiffness to prevent buckling even if the shell has an perfect shape and even if there are compressive 

membrane stresses. A shell can be optimized by use of the membrane theory, however based on experiments, 

these shells can never support the theoretical buckling load. The analysis of shell buckling is a difficult item 

even with use of computer programs. At this point, further theory of this subject is not part of this study. 

Conclusion 

Shell structures are very efficient considering load bearing capacity and thickness ratio, however the problem 

with this structures is the sudden collapse after hardly any deflection. Less efficient shell structures can handle 

this buckling problem better. This phenomena ca n be explained by the fact that bending action requires more 

deflection than membrane action, therefore irregularities  and other imperfections in the shell have less effect. 

So to get more bending stiffness, the shell has to be thicker than the thickness i t has primarily working by 

membrane action. 

So basically the following statements summarize the principle and definition of shell structures: 

- Shell structures can be curved in two directions or in one direction. 

- Shells are relatively stiff which differs them from tension structures such as balloons and sails 

(pneumatic and membrane structures). 

- As explained, shells have a combination of bending and membrane action. Of these two phenomena is 

membrane action more efficient, however bending action is needed to stop buckling.  

- Hand calculations for shell structures become quickly difficult, however understanding of the shell 

theory is needed for interpreting computer and model test results. 
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Annex B: Form finding methods. 

Physical Form-finding 

 
Physical form-finding is a designing method which already was used in the Ancient times for concrete vaults 
and domes built by the Romans or cathedrals , pointed arches and vaults in the late medieval age. An advantage 
of physical form-finding is the possibil ity to create relative small scale models of the desired geometry. After a 

suited form is found, the dimensions of the scale model can be enlarged to the right scale. Nowadays physical 
form-finding is often replaced because the production of scale models is time expensi ve and there are a lot of 
form-finding programs available which work faster and can be used for parametric modelling. Nowadays scale 
models are stil l  used when the geometry of the structure could not be defined using a mathematical equation 

or when normal structural analysis methods would not adequately model the structure. However physical 
form-finding stil l  has some advantages: 
 

There are two main categories of physical form-finding; scale-independent models and scale-dependent 
structures. For example, a masonry structure like an arch or a flying buttress that works in a model and also in 
reality, scaled up twenty times is called a scale-independent model. However there are many other types of 
structures that cannot be simply scaled up to give a similar structure that works at full  size. This paragraph will  

discuss several physical form-finding methods categorized in these two subcategories  

Scale-independent models 

 Some structural behavior is independent of scale and can be scaled up linearly and used to p redict full -size 
behavior. For example: 

 
- the static equilibrium of compression structures, including masonry arches, vaults and domes; 
- the shape of a hanging chain of weights or net; and, by Hooke’s law of inversion of funicular arches, 

vaults and domes. [Andriaenssens, A. & Block, P. & Veenendaal D. & Will iams C. (2014)] 

 
Hanging chain model 
A funicular shape or structure is one formed by a hanging chain or a string loaded with any number of weights. 

This system is loaded in pure tension and no portion of the structure is subjected to bending. A well -known 
user of this method is Antoni Gaudi (1852-1926). Gaudi  used hanging models to verify his calculations. The 
hanging models were photographed and turned around to create a model in loaded by compression.  
 

Fabric model 
Fabric models are based on the same principle as hanging chain models. The basic difference is the 
replacement of the chains by fabrics which are soaked in a l iquid plaster. Just as the hanging chain model, the 
fabric model is turned around to model loaded by compression. Figure B.1 shows a fabric hanged by some fixed 

points soaked in concrete. A well -known user and inventor of this method was Heinz Isler (1926-2009). 
 

 
 

 
 

Figure B.1. Hanging chain model and fabric model . 
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Soap film model 

The soap fi lm method is based on the principle of a soap bubble which will  form an optimal shape by 
minimizing the surface. Figure B. shows an example of this method. Frei Otto (1925-2015) was a well -known 
user of this method.  

 

 
 

Scale-dependent models 

Models used to study structural behavior that is scale-dependent were of two main types: those used to study 

the elastic behavior of shells loaded in ways which cause out-of-plane bending of the shell and those used to 
study the buckling failure of shells due to high in-plane stresses.  
 

3D cable net 
This method takes material effects into account. The surface tension in the 3D net follows from the elastic 
deformations of the elements and the shear deformation of the net. This type of model is suited for parametric 
modelling because of the possibil ity to implement different boundary conditions. This method is also l ike the 

soap fi lm model often used by Frei Otto.  
  

  

Figure B.2. Soap film method. 

Figure B.3. 3D cable net structure. 
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Computational Form-finding methods 

 

The form finding methods can be divided into three main categories. Namely; stiffness matrix methods, 

geometric stiffness methods and dynamic equilibrium methods.  

The stiffness matrix methods can be seen as one of the oldest form finding methods and are adapted from 

structural analysis. These methods use material properties and are thus material dependent. They are based on 

non-linear equations which means that only by trial and error by many incremental steps a general initial shape 

can be found. The disadvantage of these method are the large computational time and the fact that a complete 

recalculation has to be done after even some small changes. These methods can be seen as conservative 

methods and are therefore not further elaborated.  

Geometric stiffness methods are material independent and have only a geometric stiffness. Two main methods 

are the Force Density Methond and the Thrust Network Analysis. The force density method has been published 

for the first time in the article “Einige Bemerkungen von zur Berechtung vorgespannten Seilnetzkonstruktionen” 

by H.J. Schek and K. Linkwitz in 1971. This l inear method makes use of a force density, which is the ratio 

between the length of the element an its axial force. Another method is the Thrust Network Analysis is 

developed by Block and Ochsendorf in 2005. This method i s suitable for the form finding of compressive 

funicular shells, for example a shell made out of unreinforced concrete. TNA only takes the self -weight of the 

structure into account. 

The dynamic equilibrium methods solve the problem of dynamic  equilibrium to arrive at a steady-state 

solution, equivalent to the static solution of static equilibrium. The two most important methods of dynamic 

equilibrium are dynamic relaxation and the particle-spring method.  

Force density method 

Introduction 

The first geometric stiffness method which will  be analyzed is the force density method. The force density 

method  is a material independent form finding method, so no limitations with respect to material laws exist. It 

can be seen that the material properties will  be impl emented at the end of the process. Another important 

advantage of the method is the use of l inear equations which follows from the use of a parameter/variable 

called Force Density. The Force Density method will  be explained according to the following three steps: 

1. Topology of nodes and branches  

2. Definition of node positions and branch lengths  

3. Equilibrium by introduction of Force Density 

Theory 

Topology of nodes and branches 

The first step is the determination of the topology of the nodes and the branches. We start with the graph of a 

network and number of all  nodes from 1 to sn , all  branches from 1 to m  in any possible order. According to 

Schek, H.J. (1973),  it is advisable for practical reasons to take the nodes  which are declared afterwards to be 

fixed points at the end of the sequence. Furthermore fixed points are numbered with fn  and free points are 

numbered with n . So basically all  nodes are covered in the equation fs nnn  .  The usual branch-node 

matrix sC  is defined by  
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With the aid of the graph, for each branch j there are two matched node numbers i(j) and k(j). The matrix, 

shown in Figure B.4.,  with m  rows and 
sn  columns. Furthermore a distinction is made between free or 

unknown nodes and fixed nodes, respectively 
nC  and fC . 

 

Figure B.4. Grab and branch-node matrix Cs=[Cn Cf] 

 

Definition of node positions and branch lengths 

The coordinates of a node can be written into three vectors for its global coordinate system. Namely,  ix , iy  

and iz  which represent the three directions in the node. As also explained in the literature study Houben, 

T.F.L. & Bartels, N.A.J. (2016), a vector represent a direction and a length. Defining a node location into a vector 

format has the advantage that vectors in the same direction can be subtracted from each other. These branch 

length of for example edge 3 (Figure B.4.) can be defined by subtraction of the x-, y- and z direction of nodes 3 

and 8. These coordinate differences for each node vector ix , iy  and iz are defined as respectively u , v  and 

w . These coordinate differences can be obtained multiplication of the coordinate vectors with the branch -

node matrix sC : 

Cxu   (B-2) 

As explained before, the matrix sC  can be divided into the part fC  containing the fixed points and nC  

containing the new, unknown points.  

 FN CCC  (B-3) 

In a similar manner we subdivide the vector of coordinates x  into new, unknown points and fixed points, so  

 FN xxx   (B-4) 

Substituting this equations  into (B-2),(B-3) and (B-4) similarly for the y- and z-direction gives: 
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With this formulas of the coordinate differences, the corresponding bar lengths can be computed. Thi s can be 

executed by calculating the resultant of all  individual vectors with the Pythagoras theorem. Therefore the 

letters u , v  and w are written in capitals, which represents diagonal matrices  instead of orthogonal vectors 

matrices as shown in (B-6).  

222 WVUL   (B-6) 

Equilibrium by introduction of Force Density 

After composing the length L with its directional components u , v  and w  and the branch-node matrix C, the 

equilibrium equations of all  three directions can be defined. The nodes are each in equilibrium when the sum 

of all  forces acting on i t is equal to zero, which means: the internal forces in the branches are equalized to the 

external forces for the x-, y- and z-direction. The internal forces are composed with the net topology 
TC ,  the 

branch length L  and the branch forces s . The branch forces are deconstructed for the x-, y- and z- direction 

by the ration between the total branch lengths L  and its directional components VU , and W . The net 

topology is determined by matrix sC . The external load components are called xp , yp and 
zp . Combining all  

these components give the following equilibrium equa tions: 
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The equilibrium equations above are non-linear, which can be explained by the relation between the length L  

and branch force s . This is the point where a force density is introduced. With this ratio the non-linear 

equilibrium equation can be simplified into a l inear problem. The force density can be explained as a ratio 

between the axial force and the length of the element as shown in (B-8). Where q  is the force density in kN/m. 

s is the axial force in the branch in kN and L is the length of the branch.  

L

s
q   (B-8) 
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Thrust Network Analysis  

Introduction 

Thrust Network Analysis is a relative new form-finding methodology for designing structures, such as vaulted 

surfaces and networks, based on compression-only. This method, developed at the MIT University,  makes use 

of gravitational loading to find possible funicular solutions wi thin a defined envelope. Only one load can be 

applied within this method, furthermore the method makes, just as the force density method no use of 

material properties and is therefore material independent. The TNA is used on a regular basis by Block 

Research Group and presented by Block, P., Ochsendorf, J. (2007). The method will  be explained in several 

steps below.  

Theory 

The Thrust Network Approach is based on graphic statics to the third dimension for vertical loading. to get 

better understanding of the TNA, the theory behind graphic statics will  be explained first. 

Graphic Statics 

Graphic statics is a geometry-based method for design and analysis of structures. It uses a form diagram 

representing the geometry of the structure and a corresponding force diagram (also called a Cremona diagram)  

which represent the equilibrium of internal and external forces of the structure. An important advantage of this 

method is the link between both diagrams. The form diagram can be used to construct the force diagram o r, in 

an inverse process, the form diagram can be based on the force diagram. Both diagrams are shown in Figure B. 

The force diagram is constructed by combining all  force vectors which represent the equilibrium of the nodes 

(local), and structure as a whole (global) of the form diagram. The length of the force vectors are bases on the 

magnitude of the force. The relation between the form diagram and the force diagram is called reciprocal.  

 

Figure B.5. Form diagram (a) and force diagram (b). 

Thrust Network Analysis 

The Thrust Network Analysis is as been said, based on graphic statics. So the form diagram  defines the 

geometry and the force pattern and vice versa. Its corresponding reciprocal force diagram  * represents the 

distribution of the horizontal thrust. The thrust network G is defined by these two diagrams based on 

equilibrium with the given vertical loading. These diagrams can be found in Figure B.  The TNA method can 

roughly be decomposed into two main steps: 

1. Solving for horizontal equilibrium 

The vertical loads P vanish into the form diagram  , which can be defined as the horizontal projection of the 

thrust network G. The reciprocal force diagram  * represents also the horizontal equilibrium of G and is 

independent of the vertical loads since they vanished in the form diagram. The reciprocal force diagram can 

also be seen as the in-plane equilibrium of  . 
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2. Solving for vertical equilibrium 

For a given horizontal projection, Γ, and equilibrium of the horizontal force components, given by Γ* a unique 

thrust network G, in equilibrium with the given loading P, is then found for each set of boundary vertices, VF.  

 

Figure B.6. Overview of the diagrams used in TNA: Thrust network G, the form diagram Γ, and the force diagram Γ*. 

So back to the start. The method starts with a certain surface G which needs to be transformed into an initial 

form diagram which represents the possible load paths of the structure. The user can add supports and is 

free in the design of the form diagram. The form diagram can also be automatically generated from a given 

start surface. After the form diagram, the force diagram can be created. Furthermore, the user can also move 

or scale both diagrams before the next step, defining horizontal equilibrium, which will  be explained later on. 

This reciprocal force diagram is turned 90 degrees compared to the form diagram to create a good starting 

point for horizontal equilibrium. For horizontal equilibrium, the corresponding forces and form has to be 

orientated in the same direction. Basically, the edges has to be as much parallel as possible, this can thus be 

reached with the 90 degree turnover of the reciprocal force diagram. 

As already mentioned, the horizontal equilibrium can be reached when the corresponding edges in the form 

and (reciprocal) force diagrams are parallel. However, after turning the force diagram 90 degrees, the edges 

are generally not completely parallel. An iterative solving procedure is presented by Block, P. & Lachauer, L. & 

Rippmann, M. (2012) which finds a situation where the corresponding edges incline to be parallel. This 

procedure is also discussed in the literature review of Houben, T.F.L. & Bartels, N.A.J. (2016). Basically, an angle 

deviation is defined based on the discrepancy between the corresponding edges. A target vector, which is a 

vector for the corresponding edges in both diagrams, is used to vanish this angle deviation. It is possible for one 

single node to find this target factor in one step. However, the structure consist of several nodes which all  are 

connected. Therefore a iterative process is needed to solve for a horizontal equilibrium. Even then, it is not 

always possible to find a certain state where a ll  edges are in equilibrium. Therefore a maximum allowable 

deviation is allowed for practical reasons (reducing iterations).  
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Figure B.7. Relationship between the three diagrams: the Thrust Network (G), form diagram Γ and reciprocal force 
diagram Γ*. 

When a horizontal equilibrium is found, the vertical loads can be applied. The appliance of the loads give the 

form diagram its three-dimensional form. In this step, the x- and y-coordinate are fixed,  only the z-coordinate 

of the nodes changes. The TNA analysis makes use of a non-linear solving procedure. This can be explained by 

the fact that the applied load represents the self-weight of the shell, this self-weight is based on the assigned 

overall  thickness of the shell . During the process of finding vertical equilibrium, the height of the shell changes. 

With this change in height, the size of the meshed surface and thus the equally distributed load, representing 

the self-weight, will  change. This phenomena makes the sol ving process non-linear and a iterative process is 

needed to solve the problem.  

The process of finding vertical equilibrium will briefly be described. Consider a single node iV , with forces iF in 

the adjoining edges. Node iV  will be in equilibrium if the sum of all  forces acting on the node is equal to zero: 

  0ii PF  
(B-9) 

 

To find equilibrium for all  loads an iterative process is needed. The first step of this process is to find horizontal 

equilibrium. For each time step t, a residual force is calculated. This residual force is a vertical orientated 

component which keeps the node in equilibrium after a time step. The residual force is formulated as fol lows: 

  t

iv

t

i

t

i RPF ,  
(B-10) 

 

The residual forces acting on each node result in a change in node height. This process will  go on until  the 

residual force is close to zero.  
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Dynamic Relaxation 

Introduction 

The Dynamic Relaxation (DR) method is a numerical form finding method introduced by Day, A.S. (1965). This 

non-linear method makes use of motion in time to find static equilibrium for an certain applied load  [Day, A.S. 

(1965)]. The method makes use of standard material properties for the elements, which makes it more 

comparable with a normal static analysis, although the solving procedure is different as will  be explained. 

Basically a certain structure consisting of nodes and bars will  be loaded and then followed regarding its motion 

over several iterations, called t , ti l l  the motion becomes zero. Then static equilibrium is achieved.  

 

Figure B.8. Principle of dynamic relaxation. Nodes are vibrating after applying a certain stiffness and force. 

Theory 

So first, a grid of nodes and bars is needed to transform a continuum model into a discrete model. Before the 

dynamic relaxation process can start, several properties have to be adjusted: the modulus of elasticity E ¸ 

surface of the area A and a second moment of area I . With these properties the axial stiffness and bending 

stiffness are known. Bending stiffness is required because otherwise the structure will  be optimized, according 

to the membrane theory,  for axial forces only. If required, the user can adapt the stiffness of the model at each 

node, for example at the supports. After that, the gravity loads can be applied at all  nodes. These loads will  

cause a motion in the structure. The shape of the model is affected by the ratio between the load and the 

stiffness. The motion of the nodes has a certain acceleration. The velocity of each node can be calculated by 

multiplying the acceleration with the time of the time step. Equilibrium of a node is found when the velocity is 

at its highest level and thus the acceleration is equal to zero. In other words, the kinetic energy is at its highest 

level and the potential energy is zero which can be seen in Figure B.  

 

Figure B.9. The several energy modes of a node over time (simplified with the principle of a pendulum). 
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The motion of the structure will  come to an end with artificial damping. This artificial damping ensure static 

equilibrium is found by converting the acceleration to zero, without this damping it is possible that the 

structure will  never find an static equilibrium and the nodes will  remain in motion. There are two methods of 

artificial damping: Viscous damping and kinetic energy damping. Vi scous damping makes use of an extra force 

component in the opposite direction of the velocity. Kinetic energy damping however uses the kinetic energy in 

the nodes at every time step. In each step the kinetic energy at every node will  be set at the highest level, while 

the velocity is reset to zero. After that, the loads are applied again and the iterative process starts over.  

As for the process of TNA, residual forces are introduced in the DR process to converge the acceleration to 

zero. The residual force defines the coordinate update at each node for every time step. At the start, the 

residual force is equal to the applied load at the node. The process ends when the force is below a certain 

point/tolerance, thus the computation time can be shortened or extended with the variation of this tolerance.  

Calculation process 

The process starts with defining the residual force from the previous iteration step. The residual force is 

formulated as shown in equation (B-11) where R is the residual force, M the mass and A represents the 

acceleration from the previous iteration step. The subscripts ‘ ix ’ refer to the node and its direction, it have to 

be said that in this case x does not refer to the x-direction, but can refer to any direction. The superscript t

refers to the time.  

t

ixi

r

ix AMR   
(B-11) 

 

The acceleration A can calculated from dividing the velocity by time. To determine the acceleration at the 

transition to another time step, the velocity at this transition point should be known. This can be determined 

from the average velocity of the previous time step and the next time step around the transition point.. 

However physically seen, it is not possible to use a velocity of a time step which is not passed yet.  This problem 

is schematically shown in Figure B.  

 

Figure B.10 Two time steps around the transition point at Vt. 

The formula of the acceleration is shown in equation (B-12). At this point two parameter are unknown: 
t

ixA and 

2/tt

ixV 
. This problem can be solved by substituting equation (B-11) into (B-12), so A  can be taken out of the 

equation, which is shown in equation (B-13 
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(B-13) 

To update the geometry a distance x should be known, which represents the change in  position for the node 

for the next time step. This change in length will  be added to the initial location. The needed distance can be 
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defined by multiplying the velocity of the next time step 2/tt

ixV  with the time. Equation (B-14) can be used to 

calculate this distance. 

2/tt

ix

t

i

tt

i Vtxx    (B-14) 

The procedure, as explained so far takes only one node into account, so there is no coupling between nodes. In 

reality, these nodes are dependent on the motion of surrounding nodes. The absence of a coupling between 

the nodes can be solved by a certain l ink force, which is basically a tension force 
mT working in the axial 

direction of the elements. This tension force depends on the change of element length and the assigned 

element stiffness. The element length 
ml is the length between two nodes, say node i  and j . The element 

stiffness is represented by the factor 








l

T
 for element m , for a given time step. The applied load is defined 

as ixP . All  these variables are implemented into equation (B-15), which shows the horizontal equilibrium of the 

node. With tt

ixP   as external force component and 
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 )(  as internal force component.  
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As mentioned the element stiffness is defined as 








l

T
 for element m . The link force mT can be rewritten as 

force F , as also described for the Force Density method, where the element stiffness written as EA , the 

initial length as 0l and the deformed length for element m  as l .  
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(  (B-16) 

This formulation can also be found in the formulation or a force in the finite element method shown in 

equation (B-17): 

ukF   (B-17) 

The element stiffness in equation (B-17) is written as k and the displacement as u . 

Iterative process 

With the theoretical background explained in the previous part, the iterative process can be described in four 

steps, schematically shown in Figure B. The first stop of the process is setting the kinetic energy and velocity to 

zero for every node in the system. In the second step, a load iP is applied at t = 0, while the nodes are stil l  

frozen. After the force is applied, the structures starts to motion. Step 3 handles the determination of the 

forces that will  occur and will  result in a value for residual force 
t

ixR . The fourth and last step the system will  

be considered as frozen again and all  node velocities and coordinates are updated. With these update values, 

including the velocity, the kinetic energy can be calculated for the next time step as explained in the previous 

part. With this kinetic energy an equilibrium position can be found at the point where the kinetic energy is at 

its highest level. When the kinetic energy is lower than in the previous step, the process should be start again 

from step 2. When the kinetic energy is higher, the process will  start again from step 1. This process will  stop 

when the preferred tolerance or value is reached.  
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Figure B.11. The iteration process explained in four steps. 
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Particle-spring System 

Theory 

The main objective of the particle-spring method is to find static equilibrium for a given structure. This 

objective is achieved by adapting the geometry of a system which exist of particles and springs, where the 

particles are loaded with masses and the springs are defined by a spring stiffness and initial length.  The theory 

behind the particle-spring method is strongly related to the dynamic relaxation method, but differs in the 

discretization of the elements. Where for the dynamic relaxation method, the nodes were connected with bar 

elements with certain material properties , within the particle-spring method however, the nodes are, as 

already mentioned,  connected by axial springs.  Furthermore, the particle-spring method is more interactive, it 

shows changes in real time where for the dynamic relaxation method a new calculation has to be executed. 

Beside the difference in interaction,  also a difference in damping can be found, which is discussed in the next 

paragraph. 

 
The setup of the particle-spring method is shown in Figure B. where 5 nodes are connected with 4 springs. The 

nodes at the end of the system are pinned, the other nodes can move freely.  The nodes are loaded with 
gravity loads, which cause a displacement of the particles and an elongation of the springs. The elongation wi ll  
create a force in the springs and stretching continues until  the sum of the spring forces matches the gravity 
force on the node. The motion of the particles is based on Newton’s second law of motion and the force in the 

spring by Hooke’s law of elastici ty. During a simulation, the particles will  seek equilibrium based on the kinetic 
energy in the system, which is similar to the dynamic relaxation method. In theory, the simulation, or better 
said the movement of the springs, will  never stop, thus to prevent oscil lation damping is applied. The way of 

application of damping partly differs, since damping can additionally be applied as a coefficient to each spring.  
 

 

Figure B.12. setup of the particle-spring method. 

In the next paragraph, the mathematical background of the particle spring method is discussed.  

Mathematical explanation of the particle-spring method 

The mathematical explanation of the particle-spring method The simulation by the particle-spring method 

starts from Hooke’s law of elasticity in equation (B-18), where f  are the forces, k  is a stiffness constant and 

e  are the elongations Andriaenssens, A. & Block, P. & Veenendaal D. & Will iams C. (2014). l and 0l are 

respectively current length and initial, or rest length. 

)( 0llkekF   (B-18) 

For a system of m springs and n particles, the m spring forces in equation (B-18) can be expressed as internal 

force densities of each spring if it connects two particles, such that 

)( 0

1 llLkqe  
 (B-19) 

where k  is the spring sti ffness, L and l  the diagonal matrix and vector of the current lengths of the springs 

and 0l  representing the initial lengths and eq as internal force densities  [Andriaenssens, A. & Block, P. & 

Veenendaal D. & Will iams C. (2014)]. Similar to the dynamic relaxation method, the residual forces can be 
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calculated, which is sum of internal spring and damping forces and external forces. The function of the 

particle’s positions x  and velocities v  can be written as 

xd

T

Nr

T

N pUqCUqCvxr ),(  (B-20) 

where qd represents the damping force denisties, 
eq  the m x n branch-node matrix 

eq  the diagonal matrix 

of m coordinates differences in the x-direction, 
xp are the n external loads acting on the particles, and 

dq are 

the m force densities due to damping forces [Andriaenssens, A. & Block, P. & Veenendaal D. & Will iams C. 

(2014)]. 

To find the equilibrium state of the system, another law of Newton is introduced; Newton’s second law of 

motion. For the initial state of the system, the acceleration is zero, where for all  the other states  the 

acceleration can be seen as the residual force ),( vxr  in equation (B-20). Equation (B-21) shows the second 

law for an entire network where a is the unknown acceleration and M the diagonal mass matrix. 

),(1 vxrMa   (B-21) 

 

The equations are discussed above form the foundation which is needed to solve the system. The system can 

be solved according to an explicit integration or an implicit integration. Both approaches can be found in 

Andriaenssens, A. & Block, P. & Veenendaal D. & Will iams C. (2014). 

Damping 

Similar to the dynamic relaxation method, the particle-spring method makes use damping to prevent oscil lation 

of the system. As described, damping can be applied as viscous or kinetic damping. Beside these forms of 

damping, damping can also be applied as an coefficient on the spring stiffness, which is called ‘drag’ 

[Andriaenssens, A. & Block, P. & Veenendaal D. & Will iams C. (2014)]. The last one is used in the plug-in called 

Grasshopper. Damping of the structure does not affect the length of the spring, but the velocity of the 

deformation. In other words, damping of the system has no influence on the new geometry, it only shortens 

the computation time.  

Software 

For this research, Kangaroo is used as solver for the form finding process. Kangaroo is a plug-in of a parametric 
environment called Grasshopper, an extension of the 3D modelling program Rhinoceros. Paragraph 2.3.2 

discusses the principal of Kangaroo. As an extension of this brief description an example is modelled below in 
Grasshopper.  
 
Initial Design 

First the initial settings have to adjust to the preferences of the designer. The length and width of the grid can 
be adjusted, as well  as the mesh size.  
 

 
Figure B.13. Part I of the model: Settings for initial design (left) and design space (right).  
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Force magnitude, supports and Spring settings 

After the initial settings, the supports can be chosen. For this example, 4 MD sliders are used to place the 
supports in all  four corners. The MD sliders represent an rectangular space with the size of the grid, which 
makes it possible to place the supports wherever needed in the grid.  Beside the supports loads and springs can 

be adjusted. The particle-spring method is based on a ratio between the applied forces on the nodes and the 
spring stiffness . The assigned stiffness and forces do not represent respectively a real material or real force. 
The real material stiffness and real forces conform the Eurocode are implemented in the structural analysis 
part, as described in paragraph 2.4, which means that only the ratio of the spring stiffness and the form finding 

forces defines the final shape. The computation time of this simulation can be shortened by introducing an 
damping coefficient, which only influence the computation time, not the final shape. Whether the final shape is 
sufficient or not depends on the geometrical requirements imposed by the designer, such as hei ght, floorplan 

or changes in supports. In this example, only vertical loads are appli ed on the nodes. It is also possible to apply 
horizontal and vertical forces together on one node.  
 

 
Figure B.14. Part II of the model: Settings for supports, loads and springs. 

 
Kangaroo solver 

The component which is responsible for the simulation is shown in Figure B. The input of the component 
consist of the geometry (Part I) and the form finding forces, spring stiffness and supports (Part II). Figure B. 
shows the component on the left, with an on and off switch which contr ols the computation time of one 
iteration. Furthermore, the amount of total kinetic energy for the structure on the right is given in the yellow 

panel, namely 0.0, which is in agreement with the main objective of the method: finding static equilibrium by 
reducing the kinetic energy to 0.  
 

 
Figure B.15. Part III of the model: Kangaroo solver (left) and end solution for gravity loading only on every node (right).  

Conclusion  

The use of Kangaroo as PS solver in the model has several advantages. The use of the ‘KangarooZombie Solver‘ 

ensures an almost immediately new solution of the system which is essential when working with Evolutionary 

Solvers such as Octopus, discussed in 2.5.2 and discussed more detailed in Annex C. Furthermore, Kangaroo has 

an good interaction with Karamba, used for the structural analysis of the structure discussed in 2.4.  
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Annex C: Genetic Algorithm 
 

Introduction 

The basic theory of the evolutionary algorithm is explained in paragraph 2.5.2, however an extension of this 

theory can be found below. This extension contains several aspects of evolutionary algorithms. In essence 

genetic algorithms are search algorithms which are adaptive and based on selection principles which have its 

source in nature. They solve optimization problems by a so-called random search by an intell igent exploitation. 

Although, it sounds random, it saves information of previous iteration on which it base its new steps to 

converge to a solution. It constantly uses its best values of each iteration to compute new solutions. In contrast 

to traditional methods of search and optimizing Genetic Algorithms are relatively fast in finding a solution in 

complex search space with l ittle information. Genetic algorithms make use of a population of points instead of 

the single point focus of most search algorithms. This is one of the important reasons it is an useful and 

efficient in the tricky area of nonlinear problems  [Rutten D. (2010)].  

Selection  

Evolutionary solvers use a form of artificial selection. It selects genomes to mate, which will  bring a new 

genome in the next generation. As explained in paragraph 2.5.2, the genomes with the best fitness values are 

used to mate and the bad solutions are thrown away. In this way the new genomes are assumed to find better 

solutions than the previous generation. In this way, the solver will  converge to one best fitness.  There are three 

types of selection which can be used in Evolutionary solvers: 

Isotropic Selection 

Isotropic selection is the simplest form of artificial selection. There is no pecking order based on the fitness 

values of the genomes. Every genome is able to propagate with another genome. This is a relative random 
manner of selection. This manner of selection has the advantage that the change of converging to a local 
optimum is very small. Figure C.0.2 shows a situation with a local optimum (left) and the total optimum (right). 

Isotropic selections will  match genomes across the complete fitness landscape and has a large chance to find 
both optima, where the other selection types which will  be discussed focus on only the best performing 
genomes with a small risk to find only the local optimum. However this problem only counts for complex 
problems with a huge amount of parameters and an enormous amount of possible solutions.  

 

 

Figure C.0.1. Chance of propagate for Isotropic Selection. 

https://ieatbugsforbreakfast.files.wordpress.com/2011/03/coupling_isotropic.png
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Figure C.0.2. Left: local optimum. Right: the overall optimum. 

 

Exclusive selection 

Exclusive selection is an selection procedure which only picks the N% of the population to propagate. Figure 
C.0.3 shows the vertical border between propagate (orange box) and not propagate. 

 

 

Figure C.0.3. Chance to propagate for Exclusive selection. 

 

Biased Selection 

This type of selection is based on the fitness values. The chance of propagating increases as the fitness 

increases. This type of selection is a compromise of the two types of selection above. Biased selection stil l  has 
genomes across the complete fitness landscape to ensure that it not focuses on a local optimum, but has the 
majority of its population focusing on the peaks that are already found. In this way it would have a larger 

computation time than Exclusive selection, however it is faster than Isotropic s election and would have a 
higher reliability that the two above. This is also the type of selection that can be seen as used in the 
Evolutionary Solver Octopus for the simulations of this research. 

 

 

Figure C.0.4. Chance to propagate for Biased selection 

  

https://ieatbugsforbreakfast.files.wordpress.com/2011/03/1dgraph_04.png
https://ieatbugsforbreakfast.files.wordpress.com/2011/03/coupling_exclusive.png
https://ieatbugsforbreakfast.files.wordpress.com/2011/03/coupling_biased_weighted.png
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Coupling 

Coupling is the process of finding genomes to propagate. The genomes that are suited for propagation are 

selected by one of the selection procedures which are discussed in the previous subparagraph . These genomes 

now have to be coupled with each other to propagate and give genomes for the next generation. Just as for the 

earlier discussed types of selection it is important for the coupling procedure that not all  the genomes focuses 

on genomes that are in the nearest surrounding. In this way, optimization for local optima is again a  risk which 

is shown in Figure C.0.5a. Another extreme is exclude all  the genomes that are in the nearest surrounding, 

shown in Figure C.0.5b. A risk of this type of coupling would be the huge difference in fitness which will  result 

in an unsmooth way of converging to a solution. A third type of coupling is Zoophilic coupling where only 

groups are used to couple, but this a lso has a risk of overlooking the best solution by optimizing for local 

optima, as shown in Figure C.0.6a. Also for this parameter, a compromise can be found by the user.  

For many Evolutionary Solvers, including Octopus, the user can balance the in-breeding and out-breeding of the 

population by defining the space in which genomes are able to find other genomes to couple with. This 

principle is shown in Figure C.0.6b. 

 

(a)   (b)   

Figure C.0.5. incestuous coupling (a) and exclusion of nearest genomes (b) 

(a)    (b)   

Figure C.0.6. Zoophilic coupling (a) and the compromise of all coupling methods (b). 

    

https://ieatbugsforbreakfast.files.wordpress.com/2011/03/genomegraph_02.png
https://ieatbugsforbreakfast.files.wordpress.com/2011/03/genomegraph_03.png
https://ieatbugsforbreakfast.files.wordpress.com/2011/03/subpopulation_00.png
https://ieatbugsforbreakfast.files.wordpress.com/2011/03/genomegraph_04.png
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Coalescence 

Once genomes are coupled to propagate, genomes for the next generation has to be made. In what way the 

properties of the two coupled genomes will  be used for the new genome in the next generation can be divided 

in two types of coalescence: Crossover coalescence, Blend coalescence. and Preferenced-Blend coalescence.  

Crossover coalescence 

Crossover combines the two genomes  (genes of the previous generation) by exchanging parts of their strings, 

starting from a random crossover point. The left part of Figure C.0.7 shows the principle of Crossover 

coalescence. The genomes which are coupled has the properties ‘M’ and ‘D’. The new genome ‘J’ gets an equal 

part of both as can be seen in the figure. The fitness value of both genomes is maintained in this way and the 

therefore this principle of coalescence is most suited for genomes which are quite similar. 

Blend coalescence 

Blend coalescence is a manner of coalescence which blends the properties of both genomes. Simply said, it 

averages the values instead of duplicating parts of the properties l ike Crossover coalescence. This type of 

coalescence can be used when the solutions are quite diverse.  

Preferenced-Blend coalescence 

An update of the Blend coalescence is Preferenced-Blended coalescence, where the best genomes brings more 

properties to the next generation, so the averaging of Blende coalescence is replaced by for example not 50%M 

and 50% D,  but, when M has a better fitness value, it becomes 80% M and 20% D. Again, this specifi cation of 

this division can be adjusted by the user. 

 

 

Figure C.0.7. From left to right: Crossover coalescence, Blend coalescence and Preferenced-Blend coalescence, with 
genomes M and D making the next generation: J. 

 

Mutation 

Mutations are used to maintain the diversity in populations. This is also important for the reliability of the 

results. Mutations can be divided into four categories.  

1. Point Mutation 

2. Inversion Mutation 

3. Addition Mutation 

4. Deletion Mutation 

 

These categories are not further elaborated in this research, however the theory behind it can be found in 

Rutten D. (2010). 

  

https://ieatbugsforbreakfast.files.wordpress.com/2011/03/coalescence_algorithms.png
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Software 

On the next page the layout of the plug-in octopus is shown in Figure B.8. Each element of the interface is 
numbered, however only the most important ones are described below. The other descriptions can be found in 

the OctopusManual which is delivered together with the plug-in itself, when downloading the package at the 
site: food4rhino.com.  
 
The most important items which are used during the simulation and/or can be adjusted by the user: 

 
1. Simulation graph 
This is the graph of the solutions which are obtained during the simulation. The solid red cubes represent the 

best solutions of the generations. The transparent red cubes, actually the more pink cubes, are elite 
values/genomes (for example the 20% best solutions of a generation) of the current generation and the yellow 
transparent cubes are the elite values/genomes of previous generations. It can be seen  that during the 
simulation the red cubes converge to a certain point.  

 
2. Selection Tool 
This small menu pops when left-clicking on a solution.  
 

3. History slider 
With this slider, the values of each generation can be visualized. In this way, it is clea r to see in which 
generation the best solution is found.  

 
4 & 5. Control panel for simulation 
The small part at point 4 is the main control panel for the simulation, which let the user start, stop or reset the 
simulation. The control panel numbered with ‘5’ has the advanced options which can be adjusted before the 

start of the simulation.  
- Elitism: this slider represents the ratio between genomes that are considered as elite, ready for 

propagate, and genomes which are considered as ‘not good’ and are removed. 
- Mut. Probability: the probability of each parameter/gene to become mutated with the ‘Mutation 

Rate’. 
- Mutation rate: A low mutation rate means little changes to the parameters’ values, a high 

mutation rate means more diversity (but most l ikely also a longer computation time).  

- Crossover Rate: this slider can be seen as the parameter for the coalescence. The division of what 
amount of properties of each of the two genomes that are coupled is transferred to the next 
generation. 

- Population size: amount of solutions per generation. A large population has more chance to find 

the absolute best solution, however the larger the population size, the larger computation time. 
- Max. generations: an limit of the amount of generations can be set here. 

 

6. Display settings 
This menu displays the settings for the graph. The cubes, discussed at number 1, can be switched on and off 
here. 
 

7. Hypervolume graph 
This graph gives an indication of the development of the simulation. It can be seen that the solutions converge 
to a certain optimum. 
 

8. Statistics during the simulation 
these statistics give information about the speed of the simulation, the amount of genes that are currently 
evaluated and so on. 

 
.  
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Figure C.0.8. Interface of Octopus during an simulation. 
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Annex D: Grasshopper model 
This chapter shows the different parts of the parametric model which is built in Grasshopper. The main parts 

discussed as individual paragraphs  in the research are placed at the bottom of Figure D.0.1 and are defined as 

follows: 

From left to right: 

1. Initial Settings 

2. Form Finding  

3. Structural Analysis  

4. Cross-section Optimization 

5. Shape Optimization 

Besides these main parts, other parts are shown in the figure which support the main parts or show the results 

of the model. These parts will  also be discussed in this chapter. 

 

 

 

 

  

Figure D.0.1. Complete overview of the Grasshopper model. 
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Initial Settings 

The first part contains the initial settings of the model. The user can design an arch structure at will  by selecting 

a preferred span and support height. This can be done in the purple boxes on the left. The height of the arch 

can be defined by changing the spring stiffness. furthermore, the amount of nodes and width of the elements 

can be specified. The amount of elements should always be dividable by three because of the wind load 

extension in the ‘structural analysis’ part. This divides the arch elements in three categories according to the 

wind load requirements of the Eurocode 1-1-4 with NEN-EN 1991-1-4. 

 

 

Figure D.0.2. Initial settings of parametric model. 

 

Form Finding 

Figure C.0.3 shows the ‘Form Finding’ part of the parametric model. The form finding is done by the plugin 

Kangaroo, which is represented by the ‘Zombie’ component at the right side of the figure. To run a form finding 

simulation the spring stiffness and form finding forces have to be defined. This is done at the left side of this 

part in the purple boxes. The spring stiffness is already defined in the part of the initial settings. This value is 

connected to the ‘springs’ component and combined with a damping factor. This factor is needed to prevent 

infinite oscillation around the equilibrium position of the nodes. It also slightly reduces the computation time. 

The purple box below the spring component defines the vertical form finding forces by the magnitude and 

direction of the force and the nodes at which the forces can be applied.  The remaining purple boxes define the 

horizontal form finding forces . The pink box (GenePool) defines all  the horizontal movements of the arch 

nodes. These sliders are constantly changed by Octopus during a shape optimization. Furthermore, information 

as the amount of iterations or the magnitude of the kinetic energy and height of the arch is shown.  
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Figure D.0.3. ‘Form Finding’ part of the parametric model. 

 

Figure D.0.4 shows an extension of the ‘Form Finding’ part which makes it possible to save the geometry of the 

model. This tool was used to save the initial shape before an opti mization. In this way, a global comparison of 

the optimized and initial shape was performed. 

 

 

Figure D.0.4. Part of the model which is used to save the geometry. 
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Structural Analysis 
This part contains the structural analysis of the model, shown in Figure D.0.5. The analysis components can be 

found in the purple box at the right side of the figure. The components in this box enable the user to select 

which sort of forces are projected on the arch. Furthermore, the element IDs and visualization of forces, 

supports and joints can be turned on or off. Before the analysis can be executed the model has to specified. 

This is done by components in the middle of the figure:  

1. 1.The geometry for the beam elements 

2. The supports 

3. The loads 

4. Material properties  

5. Cross-section properties 

These parameters are further specified by the purple boxes at the left side of the figure. The user can select 

different material properties and is able to define the elements as preferred. Furthermore, the geometry of the 

cross-section is also adjustable by the user. The cross -section of the elements is l inked to the ‘Cross-section 

Optimization’ part which will  be discussed in the following paragraph.  

The model parts on the following page, shown in  define several of the discussed parameters more detailed. 

The top figure shows the properties of the beam joints. Rotational and translational can be specified for each 

element. In the figure, distinction is made between the nodes at the supports and the nodes in-between. The 

figure in the middle shows the specification of the loads. Distinction is made in self -weight, point loads and 

wind loads. The position, direction and magnitude for each load c ase can be adjusted by the user. More loads 

can be added and load combinations can be formed at will. Furthermore, safety factors can be included or 

excluded. The bottom figure is an extension for the middle figure to specify the different regions on the a rch 

for wind load according to the Eurocode 1-1-4 with NEN-EN 1991-1-4.  

Figure D.0.5. ‘Structural Analysis’ part of the parametric model. 
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Figure D.0.6. Extensions of the ‘Structural Analysis’ part. From top to bottom: Joint properties of the beam elements; 
Specification of the load combinations; Extra settings for the load combination specification. 
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Cross-Section Optimization 

The part of the cross-section optimization is shown in Figure D.0.7. The component at the top of the figure are 

the ‘loop components’ which makes the iterative process of the cross -section optimization possible. It starts 

with an initial thickness and then constantly uses the new thickness calculated in the purple boxes. The purple 

box in the middle left of the figure contains the results out of the structural analysis: Bending moments, normal 

forces, width and height of all  elements for every load combination. The remaining purple box in the middle is 

responsible for the calculation of the normative stresses for every element. This is partly done by a python 

script. This remains in a normative stress for every element and unity checks per element. The purple bo x at 

the bottom of the figure calculates the needed thickness  for all  elements based on the calculated stress. 

Because the calculated stress is based on the previous dimensions of the element and the new thicknesses of 

the elements cause a change in self-weight, this process is iterative and will  run for several iterations. The 

amount of iterations depends on the amount of elements in the arch.  

 

Figure D.0.7. ‘Cross-section Optimization’ part of the parametric model. 
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Shape Optimization 

The shape optimization is shown in Figure D.0.8.The shape optimization is done by the evolutionary solver 

octopus, represented by the pink component in the figure. It has two connections: one for the optimization 

objective and one for the variables which will be varied by the solver. The optimization objectives which can be 

used are shown below: 

1. Minimization of the total bending moments in the structure for all  load combinations. 

2. Minimization of the maximum bending moment of all  elements for all  load combinations.  

3. Minimization of the maximum stress in the elements. 

These are optimization objectives which are used for this research. However, the user can also specify 

optimization objectives at will. The variables which are varied by Octopus are discussed in paragraph 0 and the 

variables are shown in the pink box of sliders in Figure D.0.2. The principle of the evolutionary solver is 

discussed in Annex C: Genetic Algorithm. Finally, an important note has to be added for the user. Octopus 

changes the horizontal form finding forces by varying sliders in the GenePool shown in Figure D.0.3. The range 

of the slider determines how much the shape can shift in horizontal direction. The default settings are set on -

20 and 20. However, for arches with a span less than 10 meters range of the sliders has to be reduced to -10 

and 10. Otherwise elements will  swing relatively too much by the evolutionary solver and errors will  occur. 

 

Figure D.0.8. 'Shape Optimization' part of the parametric model 
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Results 
The results of the model are shown in the figures below. The results can be split into total and nodal 
displacements; forces in terms of bending moments, normal forces and shear forces; thickness of the elements; 
and weight of the structure. The results are shown in totality and specifically per element per load 
combination. All  results can be exported to excel.  

 
 

 

 
Figure D.0.9. Results of the parametric model. 



 

87 
 

  



88 
 

Annex E: Validation of Structural Analysis  

 

The structural analysis plugin Karamba is validated with MatrixFrame®. An arch structure is considered with a 

span of 10 meters and height of 7.4 meters. The used load combinations are as follows: 

LC1: Self-weight 
LC2: Self-weight + Point loads (asymmetric) 
LC3: Self-weight + Point loads (asymmetric) + wind (right side) 

 

 

Figure E.0.1. Load cases used for the load combinations. Left to right: Self-weight;  Point loads; Wind from right.  

The shape is first analyzed with Karamba in Grasshopper. The reaction forces, bending moments and normal 

forces through the elements are checked. The results are shown below for load combination 3. However, for all  

load combinations similar results are found between the two models. Figure E.0.2 shows the bending moments 

for load combination 3. It can be seen that the maximum bending moments are almost the same with 14.40 

kNm according to the Grasshopper model and 13.81 kNm according to the MatrixFrame® model. The 

difference remains below 4%.  

 
 

 
Figure E.0.2. Validation of the Grasshopper model for load combination 3 (LC3). Left: grasshopper model; Right: 

MatrixFrame® model. 

  



 

89 
 

 

Figure E.0.3 shows the reaction forces at both arches. It can be seen that the differences here also remain 

small. The small differences can be caused by round-off errors in the results itself or in the coordinates of the 

geometry. Below, the maximum bending moments per load combination are given as well  as the normal forces 

and reaction forces for both arches. It can be concluded that the differences are negligible and the grasshopper 

model is validated.  

 

Figure E.0.3. Validation of the Grasshopper model for load combination 3 (LC3). Left: grasshopper model; Right: 
MatrixFrame® model. 

 

Table E-1. Results of the Grasshopper validation with MatrixFrame®. 

Load 

Combination 

Normal forces  Element 6 [kN] Bending Moment Element 6 [kNm] 

Grasshopper MatrixFrame® Differene [%] Grasshopper MatrixFrame® Differene [%] 

LC0 -22.04 -22.05 0.05 2.75 2.88 4.73 

LC1 -22.62 -22.62 0.00 2.23 2.22 0.45 

LC2 -18.66 -18.64 0.11 10.42 10.86 4.22 

LC3 -23.40 -23.67 1.15 -3.61 -3.63 0.55 

 

Load 

Combination 

Horizontal reaction forces (left) [kN] Vertical reaction forces (left) [kN] 

Grasshopper MatrixFrame® Differene [%] Grasshopper MatrixFrame® Differene [%] 

LC0 9.96 9.96 0.00 35.10 35.09 0.03 

LC1 10.31 10.31 0.00 35.56 35.55 0.03 

LC2 5.55 5.55 0.00 33.23 33.21 0.06 

LC3 12.60 12.62 0.16 35.52 35.49 0.08 

 

Load 

Combination 

Horizontal reaction forces (right) [kN] Vertical reaction forces (right) [kN] 

Grasshopper MatrixFrame® Differene [%] Grasshopper MatrixFrame® Differene [%] 

LC0 -9.96 -9.96 0.00 35.10 35.09 0.03 

LC1 -10.31 -10.31 0.00 36.65 36.34 0.85 

LC2 -12.62 -12.62 0.00 36.61 36.58 0.08 

LC3 -5.55 -5.55 0.00 34.32 34.29 0.09 
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Annex F: Analyses 
 

 

 

Figure F.0.1. Overview of Results 

1. Initial shape. Sum of normal forces, bending moments and shear forces. 

2. Optimized shape. Sum of normal forces, bending moments and shear forces. 

3. Total weight in structure for initial shape and optimized shape. 

4. Visualization of optimized shape (blue) and initial shape (green). 

5. Results per element per load combinations: Bending moments, normal forces and thickness. 

6. Bending moment reduction per load combination. 

7. Normal force reduction per load combination. 

1. 8.Bending moment reduction per load combination. 

8. Total weight reduction. 

9. Thickness reduction per element. 

Used Load combinations: 

LC0: Self-weight 
LC1: Self-weight + Point loads (asymmetric) 
LC2: Self-weight + Point loads (asymmetric) + wind (left) 
LC3: Self-weight + Point loads (asymmetric) + wind (right) 
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Shape:  Initial Arch - No optimization

Thickness:  Uniform thickness of panels based on the highest stress in the structure.

Shape: Initial Arch - No optimization

Thickness: Thickness optimization based on the highest stress per panel.

Shape: Shape optimization based on minimizing the highest bending moment in the structure.

Thickness: Uniform thickness of panels based on the highest stress in the structure.

Shape: Shape optimization based on minimizing the highest bending moment in the structure.

Thickness: Thickness optimization based on the highest stress per panel.

1. Initial Arch - No optimization 2. Thickness Optimization

3. Shape Optimization 4. Shape + Thickness Optimization

11697 kg

9069 kg

8833 kg

1 2 8074 kg

LC 0 136.6 1048.4 93.9 LC 0 148.0 790.2 91.2

LC 1 149.8 1077.8 99.5 LC 1 164.5 818.7 98.2

LC 2 279.4 1010.7 138.1 LC 2 237.4 751.7 126.0

LC 3 335.0 1010.7 152.1 LC 3 349.4 746.2 152.9

3 4

LC 0 57.0 770.6 54.7 LC 0 46.6 688.1 45.9

LC 1 50.8 798.1 56.0 LC 1 31.1 714.1 42.0

LC 2 255.2 722.0 102.6 LC 2 288.7 617.3 110.8

LC 3 303.1 727.1 119.5 LC 3 299.7 620.7 101.9

Total weight of structure

3.2 Influence of optimization methods
1 kN point load at node 24 and 1 kN at node 27 (Self-weight 25 kN/m²)

Descripton:

Load 

Case

Thickness Optimization

Shape + Thickness Optimization

Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

1. Initial shape - No optimization   (11,697 kg)

2. Cross-section optimization   (9,069 kg - 24%)

3. Shape optimization   (8,833 kg - 26% )

4. Shape + Cross-section optimization   (8,074 kg - 31%)Initial Arch - No Optimization

Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]Load 

Case

Load 

Case

Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

Load 

Case

Shape Optimization

Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]
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1. Initial shape - No optimization
(11,697 kg)
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(9,069 kg - 24%)

3. Shape optimization   (8,833 kg
- 26% )

4. Shape + Cross-section
optimization   (8,074 kg - 31%)
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Element thickness for each optimization proces [mm] 

1 Initial Arch - No Optimization 2 2 Cross-section Optimization 3 Shape Optimization 4 4 Shape + Cross-section Optimization



9044 kg
9494 kg

LC 0 223.7 812.9 106.1

LC 1 256.2 839.7 117.7

LC 2 256.2 839.7 117.7

LC 3 513.1 753.2 195.1

LC 0 392.6 857.5 222.1

LC 1 423.5 887.0 234.8

LC 2 423.5 887.0 234.8

LC 3 586.0 834.7 285.4

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 0 0 0 2 -38 -39 -39 -40 100 0 0 0 0 2 -44 -45 -45 -47 100

1 0 1 1 4 -36 -37 -37 -38 105 1 0 0 0 3 -42 -43 -43 -45 105

2 1 1 1 5 -34 -35 -35 -36 120 2 1 1 1 5 -39 -41 -41 -43 130

3 1 1 1 6 -32 -32 -32 -33 130 3 1 1 1 6 -37 -38 -38 -41 135

4 1 2 2 7 -29 -30 -30 -31 135 4 1 1 1 6 -35 -36 -36 -38 135

5 2 2 2 7 -27 -28 -28 -29 140 5 0 0 0 5 -32 -34 -34 -36 140

6 2 3 3 7 -25 -26 -26 -27 145 6 1 1 1 5 -30 -31 -31 -34 150

7 2 3 3 7 -23 -24 -24 -25 150 7 3 3 3 6 -28 -29 -29 -32 160

8 3 3 3 7 -21 -22 -22 -23 155 8 5 5 5 7 -26 -27 -27 -30 170

9 3 4 4 7 -20 -21 -21 -21 155 9 7 7 7 8 -24 -26 -26 -28 185

10 3 4 4 6 -18 -19 -19 -20 155 10 8 9 9 9 -23 -24 -24 -26 190

11 3 4 4 6 -17 -18 -18 -18 155 11 10 10 10 10 -21 -23 -23 -25 195

12 3 4 4 5 -16 -17 -17 -17 155 12 11 11 11 10 -21 -22 -22 -24 200

13 3 3 3 3 -15 -16 -16 -15 155 13 11 12 12 10 -20 -21 -21 -22 200

14 3 3 3 2 -14 -15 -15 -14 150 14 11 12 12 9 -19 -20 -20 -20 200

15 2 2 2 3 -13 -14 -14 -12 145 15 11 11 11 8 -18 -19 -19 -19 195

16 1 1 1 6 -12 -13 -13 -10 135 16 10 10 10 6 -16 -17 -17 -15 190

17 2 3 3 9 -12 -12 -12 -9 150 17 9 9 9 4 -14 -14 -14 -11 185

18 4 5 5 13 -11 -11 -11 -7 180 18 7 7 7 3 -9 -9 -9 -4 175

19 6 8 8 17 -11 -11 -11 -6 205 19 4 4 4 7 -6 -6 -6 -1 160

20 9 10 10 21 -11 -11 -11 -6 225 20 3 4 4 12 -8 -7 -7 -2 175

21 11 13 13 25 -12 -12 -12 -7 250 21 8 10 10 19 -9 -9 -9 -3 210

22 13 15 15 30 -14 -14 -14 -8 265 22 14 16 16 26 -11 -10 -10 -5 250

23 15 17 17 33 -16 -16 -16 -10 285 23 19 22 22 34 -13 -13 -13 -8 285

24 17 19 19 36 -19 -19 -19 -13 295 24 24 27 27 41 -16 -16 -16 -11 305

25 17 20 20 37 -23 -24 -24 -18 300 25 29 32 32 46 -20 -21 -21 -15 305

26 18 20 20 38 -27 -28 -28 -22 305 26 32 35 35 49 -24 -25 -25 -19 305

27 18 20 20 37 -32 -34 -34 -27 305 27 32 35 35 50 -28 -30 -30 -25 305

28 17 19 19 36 -36 -39 -39 -32 300 28 32 35 35 50 -33 -35 -35 -30 305

29 15 17 17 32 -42 -44 -44 -38 285 29 31 33 33 46 -39 -41 -41 -35 305

30 13 14 14 27 -47 -49 -49 -43 265 30 25 27 27 39 -45 -47 -47 -42 305

31 9 10 10 20 -51 -54 -54 -48 230 31 20 21 21 30 -50 -52 -52 -47 275

32 5 5 5 11 -55 -58 -58 -52 175 32 10 10 10 16 -55 -58 -58 -53 205

Initial arch Optimized Arch

No. Panel
Bending moment [kNm] Normal Force [kN] Thickness 

[mm]
No. Panel

Total Shear force [kN]

Bending moment [kNm] Normal Force [kN]

Optimized arch

Load Case
Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

Thickness 

[mm]

3.3.1. Optimization objectives (case: 1/4)
1 kN point load at node 24 and 1 kN point load at node 27 (Self-weight 25.0 kN/m²; Span of10m) Initial Weight

Optimized for Total Weight in Structure Optimized Weight
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Total bending 
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Total  Weight of Structure [kg] 
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Optimized arch



9044 kg
6275 kg

LC 0 223.7 812.9 106.1

LC 1 256.2 839.7 117.7

LC 2 256.2 839.7 117.7

LC 3 513.1 753.2 195.1

LC 0 114.8 552.9 60.5

LC 1 95.3 578.5 60.7

LC 2 95.3 578.5 60.7

LC 3 195.8 496.7 93.8

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 0 0 0 2 -38 -39 -39 -40 100 0 1 1 1 1 -27 -28 -28 -29 100

1 0 1 1 4 -36 -37 -37 -38 105 1 2 1 1 3 -25 -26 -26 -27 100

2 1 1 1 5 -34 -35 -35 -36 120 2 2 2 2 4 -23 -24 -24 -25 110

3 1 1 1 6 -32 -32 -32 -33 130 3 3 2 2 5 -21 -21 -21 -23 115

4 1 2 2 7 -29 -30 -30 -31 135 4 3 2 2 5 -19 -19 -19 -20 115

5 2 2 2 7 -27 -28 -28 -29 140 5 3 3 3 5 -17 -17 -17 -19 120

6 2 3 3 7 -25 -26 -26 -27 145 6 4 4 4 5 -15 -16 -16 -17 125

7 2 3 3 7 -23 -24 -24 -25 150 7 5 4 4 4 -13 -14 -14 -15 130

8 3 3 3 7 -21 -22 -22 -23 155 8 5 4 4 3 -12 -12 -12 -13 130

9 3 4 4 7 -20 -21 -21 -21 155 9 4 4 4 2 -10 -11 -11 -12 130

10 3 4 4 6 -18 -19 -19 -20 155 10 4 3 3 2 -9 -10 -10 -11 120

11 3 4 4 6 -17 -18 -18 -18 155 11 3 2 2 2 -8 -9 -9 -10 110

12 3 4 4 5 -16 -17 -17 -17 155 12 2 1 1 2 -8 -8 -8 -9 105

13 3 3 3 3 -15 -16 -16 -15 155 13 1 1 1 1 -7 -8 -8 -8 100

14 3 3 3 2 -14 -15 -15 -14 150 14 3 3 3 1 -7 -8 -8 -8 100

15 2 2 2 3 -13 -14 -14 -12 145 15 4 4 4 1 -8 -8 -8 -7 100

16 1 1 1 6 -12 -13 -13 -10 135 16 5 4 4 1 -8 -8 -8 -7 110

17 2 3 3 9 -12 -12 -12 -9 150 17 5 5 5 2 -9 -9 -9 -6 115

18 4 5 5 13 -11 -11 -11 -7 180 18 5 5 5 3 -9 -9 -9 -5 115

19 6 8 8 17 -11 -11 -11 -6 205 19 5 4 4 4 -10 -10 -10 -4 115

20 9 10 10 21 -11 -11 -11 -6 225 20 5 4 4 6 -10 -10 -10 -5 125

21 11 13 13 25 -12 -12 -12 -7 250 21 4 3 3 8 -11 -11 -11 -5 145

22 13 15 15 30 -14 -14 -14 -8 265 22 4 3 3 11 -12 -12 -12 -6 160

23 15 17 17 33 -16 -16 -16 -10 285 23 3 2 2 13 -14 -14 -14 -8 175

24 17 19 19 36 -19 -19 -19 -13 295 24 3 2 2 14 -16 -16 -16 -9 185

25 17 20 20 37 -23 -24 -24 -18 300 25 3 2 2 15 -18 -19 -19 -13 190

26 18 20 20 38 -27 -28 -28 -22 305 26 3 2 2 15 -21 -22 -22 -15 190

27 18 20 20 37 -32 -34 -34 -27 305 27 3 2 2 15 -24 -26 -26 -20 190

28 17 19 19 36 -36 -39 -39 -32 300 28 4 3 3 14 -27 -29 -29 -23 190

29 15 17 17 32 -42 -44 -44 -38 285 29 4 4 4 12 -30 -32 -32 -26 170

30 13 14 14 27 -47 -49 -49 -43 265 30 4 4 4 9 -33 -35 -35 -29 150

31 9 10 10 20 -51 -54 -54 -48 230 31 4 3 3 6 -35 -38 -38 -32 130

32 5 5 5 11 -55 -58 -58 -52 175 32 2 2 2 3 -37 -40 -40 -34 100

Initial arch Optimized Arch

No. Panel
Bending moment [kNm] Normal Force [kN] Thickness 

[mm]
No. Panel

Total Shear force [kN]

Bending moment [kNm] Normal Force [kN]

Optimized arch

Load Case
Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

Thickness 

[mm]

3.3.1. Optimization objectives (case: 2/4)
1 kN point load at node 24 and 1 kN point load at node 27 (Self-weight 25.0 kN/m²; Span of10m) Initial Weight

Optimized for Max. Stress per element Max. stress per element
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9044 kg
6609 kg

LC 0 223.7 812.9 106.1

LC 1 256.2 839.7 117.7

LC 2 256.2 839.7 117.7

LC 3 513.1 753.2 195.1

LC 0 80.9 580.2 43.4

LC 1 60.4 605.4 40.8

LC 2 60.4 605.4 40.8

LC 3 241.1 507.2 92.7

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 0 0 0 2 -38 -39 -39 -40 100 0 0 0 0 2 -28 -28 -28 -29 100

1 0 1 1 4 -36 -37 -37 -38 105 1 1 1 1 3 -26 -26 -26 -27 100

2 1 1 1 5 -34 -35 -35 -36 120 2 2 1 1 4 -24 -24 -24 -25 110

3 1 1 1 6 -32 -32 -32 -33 130 3 2 1 1 5 -22 -22 -22 -23 115

4 1 2 2 7 -29 -30 -30 -31 135 4 3 2 2 5 -19 -20 -20 -20 115

5 2 2 2 7 -27 -28 -28 -29 140 5 3 3 3 5 -18 -18 -18 -19 125

6 2 3 3 7 -25 -26 -26 -27 145 6 3 3 3 4 -16 -16 -16 -17 125

7 2 3 3 7 -23 -24 -24 -25 150 7 3 3 3 4 -14 -14 -14 -15 125

8 3 3 3 7 -21 -22 -22 -23 155 8 3 2 2 4 -12 -13 -13 -13 125

9 3 4 4 7 -20 -21 -21 -21 155 9 3 2 2 4 -11 -12 -12 -12 120

10 3 4 4 6 -18 -19 -19 -20 155 10 2 2 2 4 -10 -11 -11 -11 115

11 3 4 4 6 -17 -18 -18 -18 155 11 2 1 1 4 -9 -10 -10 -10 115

12 3 4 4 5 -16 -17 -17 -17 155 12 1 1 1 3 -9 -9 -9 -9 115

13 3 3 3 3 -15 -16 -16 -15 155 13 0 0 0 3 -8 -9 -9 -8 115

14 3 3 3 2 -14 -15 -15 -14 150 14 1 1 1 2 -8 -8 -8 -7 110

15 2 2 2 3 -13 -14 -14 -12 145 15 2 1 1 1 -8 -8 -8 -7 100

16 1 1 1 6 -12 -13 -13 -10 135 16 2 2 2 2 -8 -8 -8 -6 100

17 2 3 3 9 -12 -12 -12 -9 150 17 3 2 2 4 -8 -8 -8 -6 100

18 4 5 5 13 -11 -11 -11 -7 180 18 3 2 2 5 -9 -9 -9 -5 115

19 6 8 8 17 -11 -11 -11 -6 205 19 3 2 2 7 -9 -9 -9 -5 130

20 9 10 10 21 -11 -11 -11 -6 225 20 3 2 2 9 -10 -10 -10 -5 150

21 11 13 13 25 -12 -12 -12 -7 250 21 3 2 2 11 -11 -11 -11 -5 165

22 13 15 15 30 -14 -14 -14 -8 265 22 3 2 2 13 -13 -13 -13 -6 180

23 15 17 17 33 -16 -16 -16 -10 285 23 3 2 2 15 -15 -14 -14 -7 190

24 17 19 19 36 -19 -19 -19 -13 295 24 3 1 1 16 -17 -17 -17 -10 200

25 17 20 20 37 -23 -24 -24 -18 300 25 3 2 2 16 -19 -20 -20 -13 200

26 18 20 20 38 -27 -28 -28 -22 305 26 4 2 2 16 -22 -23 -23 -16 200

27 18 20 20 37 -32 -34 -34 -27 305 27 4 2 2 16 -25 -28 -28 -20 200

28 17 19 19 36 -36 -39 -39 -32 300 28 4 2 2 15 -28 -31 -31 -24 195

29 15 17 17 32 -42 -44 -44 -38 285 29 3 2 2 13 -31 -34 -34 -27 185

30 13 14 14 27 -47 -49 -49 -43 265 30 3 2 2 11 -35 -37 -37 -31 170

31 9 10 10 20 -51 -54 -54 -48 230 31 2 2 2 8 -38 -40 -40 -34 145

32 5 5 5 11 -55 -58 -58 -52 175 32 2 1 1 4 -40 -43 -43 -36 110

3.3.1. Optimization objectives (case: 3/4)
1 kN point load at node 24 and 1 kN point load at node 27 (Self-weight 25.0 kN/m²; Span of10m)
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9044 kg
6860 kg

LC 0 223.7 812.9 106.1

LC 1 256.2 839.7 117.7

LC 2 256.2 839.7 117.7

LC 3 513.1 753.2 195.1

LC 0 78.0 598.4 58.5

LC 1 80.8 625.0 63.0

LC 2 80.8 625.0 63.0

LC 3 248.3 548.5 111.1

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 0 0 0 2 -38 -39 -39 -40 100 0 2 2 2 0 -29 -30 -30 -31 105

1 0 1 1 4 -36 -37 -37 -38 105 1 3 3 3 1 -27 -27 -27 -28 115

2 1 1 1 5 -34 -35 -35 -36 120 2 4 4 4 1 -24 -25 -25 -26 120

3 1 1 1 6 -32 -32 -32 -33 130 3 5 5 5 1 -22 -23 -23 -24 125

4 1 2 2 7 -29 -30 -30 -31 135 4 5 5 5 2 -20 -21 -21 -22 125

5 2 2 2 7 -27 -28 -28 -29 140 5 5 5 5 3 -18 -18 -18 -20 125

6 2 3 3 7 -25 -26 -26 -27 145 6 4 4 4 3 -16 -17 -17 -18 125

7 2 3 3 7 -23 -24 -24 -25 150 7 3 3 3 4 -14 -15 -15 -16 120

8 3 3 3 7 -21 -22 -22 -23 155 8 2 2 2 4 -13 -14 -14 -15 115

9 3 4 4 7 -20 -21 -21 -21 155 9 1 1 1 4 -12 -13 -13 -14 115

10 3 4 4 6 -18 -19 -19 -20 155 10 1 1 1 4 -11 -12 -12 -12 110

11 3 4 4 6 -17 -18 -18 -18 155 11 1 1 1 4 -10 -11 -11 -12 115

12 3 4 4 5 -16 -17 -17 -17 155 12 2 2 2 4 -10 -10 -10 -11 115

13 3 3 3 3 -15 -16 -16 -15 155 13 3 3 3 4 -9 -10 -10 -10 115

14 3 3 3 2 -14 -15 -15 -14 150 14 4 4 4 3 -9 -10 -10 -9 115

15 2 2 2 3 -13 -14 -14 -12 145 15 4 4 4 3 -9 -9 -9 -9 115

16 1 1 1 6 -12 -13 -13 -10 135 16 4 4 4 2 -9 -9 -9 -7 110

17 2 3 3 9 -12 -12 -12 -9 150 17 4 4 4 1 -9 -9 -9 -6 110

18 4 5 5 13 -11 -11 -11 -7 180 18 4 3 3 3 -9 -9 -9 -6 105

19 6 8 8 17 -11 -11 -11 -6 205 19 3 3 3 6 -9 -10 -10 -6 115

20 9 10 10 21 -11 -11 -11 -6 225 20 3 2 2 8 -10 -10 -10 -6 140

21 11 13 13 25 -12 -12 -12 -7 250 21 2 1 1 11 -11 -11 -11 -6 165

22 13 15 15 30 -14 -14 -14 -8 265 22 1 1 1 14 -12 -12 -12 -7 185

23 15 17 17 33 -16 -16 -16 -10 285 23 1 1 1 17 -14 -14 -14 -8 200

24 17 19 19 36 -19 -19 -19 -13 295 24 1 2 2 18 -16 -16 -16 -10 210

25 17 20 20 37 -23 -24 -24 -18 300 25 0 2 2 19 -19 -20 -20 -14 220

26 18 20 20 38 -27 -28 -28 -22 305 26 1 3 3 20 -22 -23 -23 -17 220

27 18 20 20 37 -32 -34 -34 -27 305 27 1 3 3 20 -25 -28 -28 -21 225

28 17 19 19 36 -36 -39 -39 -32 300 28 1 2 2 19 -29 -31 -31 -25 215

29 15 17 17 32 -42 -44 -44 -38 285 29 0 1 1 16 -32 -35 -35 -29 205

30 13 14 14 27 -47 -49 -49 -43 265 30 1 1 1 13 -36 -38 -38 -32 185

31 9 10 10 20 -51 -54 -54 -48 230 31 1 0 0 9 -39 -42 -42 -36 160

32 5 5 5 11 -55 -58 -58 -52 175 32 1 0 0 5 -42 -44 -44 -39 120

3.3.1. Optimization objectives (case: 4/4)
1 kN point load at node 24 and 1 kN point load at node 27 (Self-weight 25.0 kN/m²; Span of10m)

Initial arch Optimized Arch
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Thickness 

[mm]

Initial Weight
Optimized for Total Moment in Structure Max. moment in structure

Initial Arch

Load Case
Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

0

10

20

30

40

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33

[k
N

m
] 

No. elements 

Bending moment in elements per load case  
[kNm] 

LC 0 (Initial)

LC 1 (Initial)

LC 2 (Initial)

LC 3 (Initial)

LC 0 (Optimized)

LC 1 (Optimized)

LC 2 (Optimized)

00

100

200

300

400

500

600

1 2 3 4

[k
N

m
] 

Total Bending Moment per load case [kNm] 

Initial Arch

Optimized arch

00

100

200

300

400

500

600

700

800

900

1 2 3 4

[k
N

] 

Total Normal Force per load case [kNm] 

Initial Arch

Optimized arch

0

50

100

150

200

250

300

350

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

[m
m

] 

Thickness per element [mm] 

Initial arch

Optimized arch

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

[k
g]

 

Total Weight of Structure [kg] 

Initial Arch

Optimized arch



LC 0 41.0 314.5 28.2

LC 1 33.9 31.8 12.6

LC 2 256.1 99.1 93.4

LC 3 256.1 99.1 93.4

LC 0 7.5 313.7 18.7

LC 1 1.8 23.1 1.3

LC 2 147.7 86.3 65.3

LC 3 147.7 86.3 65.3

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 0 0 5 -18 -1 6 -1 - 0 0 0 2 -18 0 5 4 -

1 0 0 8 -17 -1 6 -1 - 1 0 0 3 -17 0 5 4 -

2 0 1 11 -15 -1 6 -1 - 2 0 0 4 -15 0 5 4 -

3 0 1 12 -14 -1 6 -1 - 3 0 0 4 -14 0 5 4 -

4 0 1 13 -12 -1 6 -1 - 4 0 0 4 -12 0 5 4 -

5 0 1 13 -11 -1 6 -1 - 5 0 0 4 -11 0 5 4 -

6 0 1 13 -10 -1 6 -1 - 6 0 0 4 -10 0 5 4 -

7 0 1 12 -9 -1 6 -1 - 7 0 0 4 -9 0 5 4 -

8 0 1 11 -8 -1 6 -1 - 8 0 0 4 -8 0 5 4 -

9 0 1 10 -7 -1 6 -1 - 9 0 0 5 -7 0 3 4 - LC 1: Self weight + Point Loads

10 0 1 8 -7 -1 5 -1 - 10 0 0 5 -7 0 5 4 -

11 0 1 6 -6 -1 5 -1 - 11 0 0 6 -6 0 5 5 -

12 0 1 4 -6 -1 4 -1 - 12 0 0 6 -6 0 5 5 -

13 0 1 3 -5 -1 4 -1 - 13 0 0 6 -5 0 5 5 -

14 0 1 1 -5 -1 3 0 - 14 0 0 6 -5 0 5 5 -

15 0 1 2 -5 -1 2 1 - 15 0 0 6 -5 0 4 6 -

16 0 1 3 -5 -1 1 1 - 16 0 0 6 -5 0 3 6 -

17 0 0 5 -5 0 1 2 - 17 0 0 5 -5 0 2 6 -

18 0 0 6 -5 0 0 3 - 18 0 0 4 -5 0 1 6 -

19 0 0 7 -5 0 -1 4 - 19 0 0 3 -5 0 1 6 -

20 0 1 8 -6 0 -1 4 - 20 0 0 2 -5 0 1 6 -LC 2: Self Weight + Point loads + Wind right

21 0 1 8 -6 0 -1 5 - 21 0 0 1 -6 0 1 6 -

22 0 1 9 -7 0 -1 5 - 22 0 0 2 -7 0 0 5 -

23 0 2 9 -7 0 -1 6 - 23 0 0 3 -7 0 0 4 -

24 0 2 9 -8 -1 -1 6 - 24 0 0 4 -8 -1 0 3 -

25 0 2 9 -9 -1 -1 6 - 25 0 0 5 -9 -1 0 4 -

26 0 2 9 -10 -1 -1 6 - 26 0 0 6 -10 -1 0 1 -

27 0 2 9 -11 -2 -1 6 - 27 0 0 6 -11 -3 0 4 -

28 0 1 9 -12 -2 -1 6 - 28 0 0 7 -12 -3 0 4 -

29 0 1 8 -14 -2 -1 6 - 29 0 0 7 -14 -3 0 4 -

30 0 1 7 -15 -2 -1 6 - 30 0 0 6 -15 -3 0 4 -

31 0 1 5 -17 -2 -1 6 - 31 0 0 5 -17 -3 0 4 -

32 0 0 3 -18 -2 -1 6 - 32 0 0 3 -18 -3 0 4 -

3.3.2. Influence of Load Caes 
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5589 kg
5100 kg

LC 0 115.1 602.0 60.8

LC 1 133.9 645.9 65.9

LC 2 411.1 519.3 133.8

LC 3 254.8 526.1 101.7

LC 0 91.1 535.1 47.2

LC 1 81.3 574.4 47.2

LC 2 327.1 409.8 91.7

LC 3 359.3 408.7 101.9

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 2 2 9 0 -31 -34 -27 -32 150 0 2 2 5 4 -27 -29 -22 -26 115

1 4 5 16 0 -30 -32 -25 -30 200 1 3 3 9 7 -26 -28 -21 -24 150

2 6 6 21 0 -27 -30 -23 -28 230 2 6 6 11 10 -24 -27 -19 -23 170

3 7 8 25 0 -25 -27 -21 -26 245 3 7 7 13 11 -23 -25 -18 -21 185

4 7 9 27 1 -23 -25 -19 -24 255 4 7 7 15 12 -21 -24 -16 -20 195

5 7 9 28 1 -21 -23 -16 -22 260 5 7 7 17 12 -19 -22 -14 -18 205

6 7 9 28 1 -19 -21 -14 -20 260 6 7 6 18 12 -18 -20 -12 -17 210

7 7 9 27 2 -17 -19 -13 -18 260 7 6 5 18 11 -16 -19 -11 -15 215

8 6 9 26 3 -16 -17 -10 -15 250 8 6 4 18 10 -15 -16 -8 -13 215

9 5 8 23 4 -14 -15 -9 -14 235 9 5 2 17 9 -14 -15 -7 -11 210

10 3 6 20 5 -13 -15 -9 -13 220 10 4 1 16 9 -12 -13 -7 -10 200

11 2 5 15 6 -13 -13 -7 -12 195 11 3 0 14 8 -11 -12 -6 -8 185

12 1 3 11 7 -12 -13 -8 -11 160 12 2 1 10 8 -11 -11 -6 -8 160

13 2 1 6 8 -12 -13 -8 -11 150 13 1 1 7 7 -10 -11 -6 -7 140

14 2 2 3 8 -12 -13 -9 -11 150 14 1 1 4 6 -10 -10 -6 -7 135

15 3 3 4 8 -12 -13 -9 -10 145 15 1 1 2 5 -9 -10 -6 -6 120

16 3 3 6 7 -12 -13 -10 -10 145 16 2 1 4 3 -9 -10 -6 -6 115

17 3 4 8 6 -12 -13 -10 -10 155 17 2 1 6 2 -9 -10 -6 -6 130

18 3 4 9 5 -12 -13 -11 -10 165 18 2 1 7 4 -9 -10 -7 -6 140

19 3 4 10 3 -13 -14 -12 -9 170 19 2 1 8 7 -10 -11 -7 -6 150

20 2 4 10 3 -13 -14 -12 -9 175 20 2 1 9 10 -10 -11 -8 -5 160

21 2 3 10 6 -13 -15 -13 -9 175 21 2 0 9 14 -11 -12 -9 -6 180

22 1 2 10 10 -14 -15 -14 -9 175 22 2 0 9 17 -12 -13 -9 -6 200

23 1 2 10 13 -15 -16 -14 -10 190 23 1 1 9 19 -13 -14 -10 -7 210

24 2 1 9 16 -16 -17 -15 -11 205 24 1 2 10 20 -14 -15 -12 -8 220

25 3 1 8 18 -17 -18 -17 -12 215 25 1 2 10 20 -16 -16 -13 -9 220

26 3 2 8 19 -18 -20 -18 -13 225 26 1 3 10 20 -17 -18 -15 -10 220

27 4 2 7 20 -20 -21 -20 -15 225 27 2 3 10 20 -19 -20 -16 -12 220

28 4 2 6 19 -22 -23 -22 -17 225 28 2 3 9 19 -21 -21 -18 -14 215

29 4 2 5 19 -24 -25 -24 -19 220 29 1 3 8 17 -22 -23 -20 -16 205

30 3 2 4 16 -26 -27 -25 -21 205 30 1 2 7 15 -24 -25 -22 -18 190

31 2 2 3 12 -28 -29 -27 -23 180 31 1 1 5 11 -26 -27 -23 -20 165

32 1 1 2 7 -29 -31 -29 -24 135 32 1 1 3 6 -27 -28 -24 -21 120
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 12.5 kN/m²)

3.3.3. Influence of Material Properties (Case: 1/2)
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 13437 kg
12021 kg

LC 0 311.9 1425.8 154.5

LC 1 335.2 1468.9 160.7

LC 2 565.4 1338.2 217.6

LC 3 380.5 1353.0 184.3

LC 0 313.6 1266.8 119.4

LC 1 268.1 1309.0 110.8

LC 2 136.8 1160.4 96.2

LC 3 589.4 1146.9 176.6

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 7 7 13 4 -77 -79 -73 -77 195 0 3 3 3 5 -59 -62 -55 -58 120

1 12 13 24 8 -72 -74 -68 -73 255 1 7 7 4 10 -57 -59 -52 -56 170

2 17 18 33 10 -67 -69 -62 -67 290 2 9 8 7 12 -53 -56 -49 -53 185

3 20 21 39 12 -61 -63 -57 -62 315 3 9 9 8 14 -50 -52 -45 -49 195

4 22 23 42 13 -55 -58 -51 -56 325 4 10 9 10 14 -46 -49 -41 -46 205

5 22 24 43 14 -50 -52 -45 -51 330 5 10 9 10 15 -43 -46 -38 -42 215

6 22 24 44 13 -45 -47 -40 -46 330 6 10 9 11 15 -40 -42 -35 -39 215

7 21 23 43 13 -40 -43 -36 -41 325 7 10 9 10 14 -37 -39 -32 -36 215

8 19 22 40 11 -37 -38 -31 -36 315 8 10 8 10 14 -34 -35 -28 -32 215

9 16 19 36 8 -34 -35 -28 -33 300 9 10 8 8 14 -32 -33 -26 -30 205

10 13 16 30 5 -31 -32 -26 -31 275 10 10 8 6 13 -30 -31 -24 -28 190

11 9 12 24 3 -29 -30 -24 -28 245 11 9 7 4 12 -28 -28 -23 -25 180

12 5 8 17 6 -28 -29 -24 -27 205 12 8 6 1 12 -26 -27 -22 -24 170

13 2 3 10 9 -28 -29 -24 -27 175 13 6 5 2 10 -25 -26 -21 -22 160

14 4 3 4 10 -28 -29 -24 -27 175 14 4 3 3 7 -24 -25 -21 -21 140

15 6 5 5 11 -28 -29 -25 -26 170 15 1 1 4 4 -23 -24 -20 -20 125

16 7 7 8 11 -28 -29 -26 -26 170 16 4 3 4 4 -23 -24 -20 -20 105

17 7 8 10 11 -29 -30 -27 -26 180 17 7 6 3 9 -23 -23 -20 -19 150

18 7 8 12 10 -29 -30 -28 -27 185 18 9 8 3 14 -23 -24 -21 -19 185

19 7 8 13 8 -30 -31 -29 -27 190 19 12 10 2 19 -23 -24 -21 -19 215

20 7 8 13 5 -31 -32 -30 -27 190 20 14 12 1 23 -24 -25 -23 -19 240

21 5 7 13 2 -32 -33 -31 -28 190 21 15 13 2 27 -26 -27 -24 -20 260

22 4 5 12 7 -33 -34 -33 -29 185 22 15 13 2 31 -28 -29 -26 -22 275

23 2 4 11 12 -35 -36 -34 -30 205 23 16 14 3 34 -30 -31 -29 -24 290

24 2 1 9 16 -37 -38 -37 -32 225 24 16 14 3 34 -34 -35 -32 -27 290

25 4 3 7 19 -40 -41 -39 -35 245 25 14 12 2 34 -37 -38 -36 -31 290

26 6 5 5 21 -43 -44 -43 -38 255 26 13 11 1 34 -42 -43 -40 -35 290

27 7 6 3 22 -47 -48 -47 -42 260 27 11 9 1 32 -46 -47 -44 -40 285

28 7 6 2 22 -51 -53 -51 -46 260 28 9 8 1 30 -51 -52 -49 -44 275

29 7 6 1 22 -56 -57 -55 -51 255 29 8 6 1 26 -55 -56 -54 -49 260

30 7 6 0 19 -61 -62 -60 -55 240 30 8 7 3 23 -60 -61 -58 -54 245

31 5 4 0 15 -65 -66 -64 -60 210 31 8 7 3 20 -65 -66 -63 -59 230

32 3 2 0 8 -69 -70 -68 -64 165 32 6 6 3 12 -69 -70 -67 -63 185

Thickness 

[mm]

3.3.3. Influence of Material Properties (Case: 2/2)
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 3608 kg
3206 kg

LC 0 52.5 323.3 35.4

LC 1 70.1 358.7 44.3

LC 2 216.8 338.1 113.0

LC 3 13.2 269.9 17.6

LC 0 102.3 295.6 63.9

LC 1 97.1 327.7 62.0

LC 2 56.5 299.1 37.6

LC 3 150.1 238.9 82.2

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 1 1 3 0 -27 -29 -27 -28 95 0 1 1 1 2 -22 -25 -23 -23 70

1 2 2 6 0 -25 -28 -25 -26 125 1 2 2 2 3 -21 -24 -22 -22 90

2 2 2 7 0 -23 -26 -23 -24 140 2 2 2 2 4 -20 -22 -20 -20 100

3 2 3 9 0 -21 -23 -21 -22 150 3 3 3 2 5 -18 -21 -19 -19 110

4 3 3 9 0 -18 -21 -19 -20 150 4 3 3 3 5 -16 -19 -17 -17 110

5 3 3 9 0 -16 -19 -17 -17 150 5 3 3 3 5 -15 -18 -16 -16 110

6 3 3 9 0 -14 -17 -15 -15 150 6 3 3 3 4 -14 -17 -14 -15 105

7 2 3 9 1 -13 -15 -13 -14 145 7 2 2 3 4 -13 -16 -14 -14 105

8 2 3 8 1 -11 -12 -10 -11 140 8 2 2 2 3 -12 -13 -11 -11 100

9 2 2 6 0 -9 -11 -9 -9 125 9 2 2 2 3 -11 -12 -10 -10 95

10 1 2 5 0 -8 -10 -7 -8 110 10 1 1 2 2 -10 -11 -9 -9 85

11 1 1 3 0 -7 -7 -5 -6 90 11 1 1 1 1 -9 -9 -7 -7 80

12 0 0 1 0 -7 -7 -5 -5 55 12 1 0 1 1 -9 -9 -7 -6 60

13 1 1 2 0 -6 -6 -5 -5 80 13 1 1 1 1 -8 -8 -6 -5 60

14 1 1 4 0 -6 -6 -5 -4 100 14 1 1 2 2 -7 -7 -6 -5 70

15 1 2 5 0 -6 -6 -4 -3 115 15 2 2 2 3 -7 -7 -6 -4 85

16 2 2 6 0 -5 -5 -4 -3 125 16 3 2 2 4 -6 -6 -5 -3 100

17 2 3 7 0 -5 -5 -5 -2 130 17 3 3 2 5 -5 -6 -5 -2 110

18 2 3 8 0 -5 -5 -5 -2 140 18 4 3 2 6 -5 -5 -5 -1 115

19 2 3 8 0 -4 -5 -5 -1 145 19 4 4 2 6 -4 -4 -4 0 170

20 2 3 9 0 -4 -5 -6 -1 145 20 5 4 2 7 -3 -3 -4 1 190

21 2 3 9 0 -4 -5 -6 -1 150 21 5 5 2 7 -2 -2 -3 2 195

22 2 3 9 0 -4 -5 -7 -1 150 22 6 5 2 8 -2 -2 -3 2 200

23 2 3 9 0 -5 -5 -7 -1 150 23 6 5 1 8 -2 -2 -3 2 200

24 2 3 9 0 -5 -6 -7 -2 150 24 6 6 1 8 -2 -3 -4 2 200

25 2 3 9 0 -5 -6 -8 -2 145 25 6 6 1 8 -3 -3 -5 1 200

26 2 2 8 1 -6 -7 -8 -3 145 26 6 6 1 8 -4 -4 -5 -1 190

27 1 2 8 1 -7 -7 -9 -4 140 27 6 5 1 7 -5 -5 -6 -1 140

28 1 2 7 1 -8 -8 -9 -4 130 28 5 5 1 7 -6 -6 -7 -2 125

29 1 2 6 1 -8 -9 -10 -5 125 29 4 4 1 6 -7 -7 -8 -3 120

30 1 1 5 1 -9 -10 -11 -6 110 30 3 3 1 5 -8 -8 -8 -4 110

31 0 1 3 1 -10 -11 -11 -7 95 31 2 2 1 4 -9 -9 -9 -5 95

32 0 0 2 1 -11 -11 -12 -8 70 32 1 1 0 2 -10 -10 -10 -6 70

3.3.4. Influence of Span and Supports (case: A5)
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3.3.4. Influence of Span and Supports (case: A10)
1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 6241 kg
Optimized for Max. stress in elements 4509 kg

LC 0 204.8 741.2 97.9

LC 1 236.6 785.1 110.6

LC 2 347.9 698.8 149.2

LC 3 111.6 680.2 74.3

LC 0 30.7 538.7 34.0

LC 1 56.8 584.3 45.2

LC 2 167.9 498.9 77.8

LC 3 115.3 448.0 65.9

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 3 4 7 2 -49 -52 -48 -50 140 0 1 1 2 2 -33 -36 -33 -33 80

1 6 7 12 4 -46 -49 -46 -47 180 1 2 2 4 4 -32 -35 -31 -31 105

2 9 10 17 5 -43 -46 -43 -44 210 2 2 2 5 4 -30 -33 -30 -30 120

3 11 12 20 6 -40 -43 -39 -41 225 3 2 2 7 4 -28 -31 -28 -28 135

4 12 13 22 7 -36 -39 -36 -38 235 4 1 1 9 4 -26 -29 -25 -26 150

5 13 14 23 8 -33 -36 -32 -34 240 5 1 0 9 4 -24 -27 -23 -24 155

6 13 14 23 8 -30 -33 -29 -31 240 6 0 1 9 3 -22 -25 -21 -22 155

7 13 15 23 8 -27 -30 -26 -28 240 7 0 2 10 3 -20 -23 -19 -20 155

8 12 14 22 8 -24 -26 -22 -24 235 8 1 2 9 2 -18 -20 -16 -17 155

9 11 13 20 7 -22 -23 -20 -22 225 9 1 2 8 2 -17 -18 -15 -15 145

10 10 12 18 5 -20 -21 -18 -20 210 10 1 2 7 2 -15 -17 -14 -14 135

11 9 11 14 4 -18 -19 -16 -17 190 11 1 2 5 1 -14 -15 -12 -12 115

12 7 8 11 2 -17 -17 -15 -16 165 12 1 2 3 1 -13 -14 -11 -11 90

13 5 6 7 1 -16 -16 -14 -15 135 13 1 1 1 1 -12 -13 -11 -10 70

14 3 4 4 2 -15 -16 -14 -14 105 14 1 1 2 1 -12 -13 -11 -10 85

15 1 2 2 3 -15 -16 -13 -14 120 15 0 0 3 1 -12 -12 -10 -9 100

16 1 1 3 3 -15 -16 -13 -13 130 16 0 1 4 1 -11 -12 -10 -8 105

17 2 3 4 3 -15 -16 -13 -13 135 17 0 1 5 1 -11 -12 -10 -8 110

18 3 4 6 3 -15 -16 -13 -12 140 18 1 2 5 2 -11 -11 -10 -7 115

19 4 5 7 3 -15 -16 -14 -12 145 19 1 2 5 3 -10 -11 -9 -7 120

20 5 5 7 3 -15 -16 -14 -12 145 20 1 3 6 4 -10 -11 -9 -6 120

21 5 6 8 2 -15 -16 -14 -12 145 21 1 3 6 4 -10 -11 -9 -6 120

22 5 6 8 2 -15 -16 -14 -11 145 22 1 3 6 5 -11 -12 -9 -6 125

23 5 6 8 1 -16 -17 -15 -12 145 23 1 3 5 6 -11 -12 -10 -6 130

24 5 6 8 0 -16 -17 -15 -12 145 24 1 2 5 7 -11 -12 -10 -6 135

25 5 6 8 1 -17 -18 -16 -12 140 25 1 2 5 7 -12 -13 -10 -6 140

26 5 6 8 1 -17 -18 -16 -13 140 26 1 2 4 7 -12 -13 -11 -7 140

27 5 6 7 2 -18 -19 -17 -13 135 27 1 2 4 7 -13 -14 -12 -8 140

28 4 5 6 2 -19 -20 -17 -14 130 28 1 2 4 7 -14 -15 -12 -9 135

29 4 4 6 2 -19 -20 -18 -15 120 29 1 2 3 6 -15 -16 -13 -10 125

30 3 4 5 2 -20 -21 -19 -16 110 30 1 2 3 5 -16 -17 -14 -11 115

31 2 3 3 1 -21 -22 -20 -17 95 31 1 2 2 3 -17 -17 -15 -12 95

32 1 1 2 1 -22 -22 -20 -18 70 32 1 1 1 1 -17 -18 -15 -13 70
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 11933 kg
7970 kg

LC 0 545.9 1822.4 204.3

LC 1 594.4 1876.3 219.3

LC 2 837.3 1631.2 286.7

LC 3 563.6 1515.3 204.5

LC 0 55.9 1204.4 72.4

LC 1 88.7 1254.7 80.8

LC 2 366.2 986.2 140.1

LC 3 129.4 882.1 76.3

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 9 9 14 8 -97 -99 -91 -89 200 0 0 0 6 1 -65 -68 -58 -56 130

1 16 17 26 16 -93 -96 -87 -85 270 1 2 2 12 3 -62 -65 -56 -54 180

2 23 24 37 23 -88 -91 -82 -80 310 2 3 3 16 5 -59 -62 -53 -51 210

3 28 30 45 29 -83 -86 -77 -75 340 3 3 3 18 5 -56 -59 -50 -47 220

4 32 34 50 33 -78 -81 -72 -70 360 4 1 2 20 5 -53 -56 -46 -44 225

5 35 37 54 36 -73 -75 -67 -65 370 5 1 2 21 6 -50 -53 -43 -41 235

6 36 38 55 37 -68 -70 -62 -60 375 6 1 3 23 7 -47 -49 -40 -38 240

7 36 39 56 38 -63 -66 -57 -55 375 7 2 5 24 8 -44 -46 -37 -35 245

8 35 39 55 38 -59 -60 -52 -50 370 8 3 5 24 9 -41 -42 -33 -31 245

9 34 37 52 36 -55 -57 -48 -46 360 9 4 7 23 9 -38 -40 -30 -28 240

10 31 34 47 33 -52 -53 -45 -42 345 10 4 7 22 9 -36 -37 -28 -26 235

11 28 31 42 30 -49 -50 -41 -39 325 11 3 6 19 8 -34 -34 -25 -23 220

12 23 26 34 25 -47 -47 -39 -37 295 12 3 5 16 7 -32 -33 -24 -21 200

13 19 21 27 19 -45 -46 -38 -35 260 13 3 5 13 5 -31 -31 -23 -20 180

14 14 15 20 14 -44 -45 -37 -34 225 14 2 4 9 4 -30 -30 -22 -19 155

15 9 10 13 9 -43 -44 -37 -33 185 15 2 2 6 2 -29 -30 -21 -18 125

16 5 5 7 4 -43 -44 -37 -33 155 16 0 1 3 1 -28 -29 -22 -18 110

17 3 3 3 3 -43 -44 -37 -33 165 17 2 2 2 2 -28 -29 -21 -17 120

18 5 6 7 6 -43 -44 -37 -33 175 18 2 2 4 2 -28 -29 -21 -18 125

19 7 8 11 8 -43 -44 -37 -33 180 19 2 2 5 3 -27 -28 -21 -17 130

20 9 10 13 10 -43 -44 -38 -33 190 20 2 3 7 3 -27 -28 -21 -17 135

21 10 11 15 11 -43 -45 -38 -34 200 21 2 3 7 3 -27 -29 -21 -17 135

22 11 12 16 11 -44 -45 -39 -34 205 22 2 3 8 3 -28 -29 -22 -18 145

23 11 13 17 12 -44 -46 -39 -35 210 23 2 3 8 3 -27 -28 -22 -17 145

24 11 13 18 12 -45 -46 -40 -35 215 24 1 2 8 3 -28 -29 -22 -18 145

25 11 13 18 12 -46 -47 -41 -36 215 25 1 2 8 3 -29 -30 -23 -19 145

26 11 12 17 11 -47 -48 -42 -37 210 26 0 1 8 2 -29 -30 -24 -19 140

27 10 12 16 11 -48 -49 -43 -38 210 27 0 1 7 2 -30 -31 -24 -20 140

28 9 11 15 10 -49 -50 -44 -39 200 28 0 1 6 1 -31 -32 -25 -21 130

29 8 9 13 8 -50 -52 -45 -40 190 29 1 1 6 1 -32 -33 -26 -22 125

30 7 8 11 6 -52 -53 -46 -42 170 30 1 0 4 1 -33 -34 -27 -22 110

31 5 6 8 4 -53 -54 -47 -43 145 31 1 1 3 1 -33 -35 -27 -23 100

32 3 3 4 2 -54 -55 -48 -44 110 32 1 0 1 1 -34 -36 -28 -24 100
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 6633 kg
6285 kg

LC 0 62.1 478.3 48.3

LC 1 67.6 509.8 51.8

LC 2 255.0 500.0 129.6

LC 3 208.7 483.8 99.7

LC 0 162.4 455.2 111.2

LC 1 167.6 487.7 115.4

LC 2 227.3 501.3 139.1

LC 3 235.3 493.7 144.9

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 1 1 5 2 -35 -37 -29 -43 120 0 2 2 5 0 -33 -35 -27 -42 120

1 2 2 10 3 -32 -34 -26 -40 160 1 3 3 9 0 -30 -32 -24 -39 155

2 3 3 13 4 -29 -31 -23 -37 180 2 4 5 11 0 -27 -29 -21 -36 170

3 3 3 15 5 -25 -27 -19 -33 190 3 4 5 12 1 -24 -26 -18 -33 180

4 3 4 15 5 -22 -24 -16 -30 195 4 4 5 12 1 -20 -22 -15 -29 180

5 3 4 16 6 -19 -21 -13 -27 195 5 4 5 12 2 -17 -19 -12 -26 175

6 3 4 16 6 -16 -18 -10 -24 195 6 3 4 11 3 -15 -17 -9 -24 165

7 3 4 15 6 -13 -15 -7 -21 190 7 2 3 9 4 -13 -14 -7 -21 150

8 2 3 14 7 -11 -12 -4 -18 185 8 1 1 6 6 -11 -11 -3 -18 130

9 2 3 12 7 -9 -10 -2 -16 175 9 3 3 4 7 -9 -10 -2 -17 145

10 1 2 11 7 -7 -8 2 -14 235 10 5 4 2 9 -8 -8 1 -15 150

11 0 1 8 7 -6 -5 4 -11 210 11 6 6 4 10 -7 -6 2 -13 155

12 1 0 6 7 -4 -4 4 -9 180 12 7 7 7 11 -6 -5 3 -12 185

13 2 1 4 7 -4 -3 3 -8 145 13 8 8 8 11 -5 -4 4 -11 205

14 2 2 2 7 -4 -4 2 -7 130 14 9 9 9 12 -4 -3 5 -10 220

15 2 2 1 7 -4 -4 -1 -6 125 15 9 9 10 12 -6 -5 0 -10 190

16 3 3 3 6 -4 -5 -4 -4 120 16 9 9 10 11 -6 -7 -6 -6 165

17 3 3 4 5 -5 -5 -7 -2 120 17 9 9 11 11 -4 -6 -11 0 235

18 3 3 5 4 -5 -6 -9 -1 130 18 8 9 11 10 -4 -5 -11 2 230

19 2 3 6 3 -5 -6 -11 0 135 19 8 8 10 9 -4 -5 -12 3 215

20 2 2 6 1 -6 -7 -12 1 140 20 7 7 10 8 -5 -6 -13 2 195

21 2 2 7 2 -7 -8 -13 1 145 21 6 6 9 6 -6 -7 -14 2 170

22 1 2 7 4 -8 -9 -15 -1 175 22 4 5 8 3 -7 -8 -15 -1 145

23 1 1 7 6 -9 -10 -16 -2 145 23 3 3 7 3 -8 -9 -16 -2 135

24 1 1 7 8 -11 -12 -18 -4 155 24 1 1 6 5 -9 -11 -18 -3 125

25 1 1 7 10 -13 -14 -20 -6 165 25 2 2 5 8 -11 -12 -19 -5 145

26 1 1 7 11 -15 -16 -22 -8 170 26 4 4 3 10 -13 -15 -22 -7 160

27 2 1 6 11 -18 -19 -25 -11 175 27 5 5 2 12 -16 -17 -24 -10 175

28 2 1 6 11 -21 -21 -27 -13 175 28 5 5 1 12 -19 -20 -27 -13 175

29 2 1 5 11 -24 -24 -30 -16 170 29 5 5 0 12 -22 -23 -30 -16 180

30 2 1 4 10 -27 -28 -33 -20 165 30 5 5 0 11 -25 -27 -34 -19 170

31 1 1 3 8 -30 -31 -36 -23 145 31 4 4 0 9 -29 -30 -37 -22 155

32 1 1 2 4 -32 -33 -39 -25 115 32 2 2 0 5 -31 -32 -39 -25 120
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 8936 kg
7781 kg

LC 0 145.3 779.4 90.0

LC 1 154.0 816.8 93.3

LC 2 337.1 744.7 147.5

LC 3 229.6 748.9 121.4

LC 0 49.2 675.9 45.0

LC 1 41.5 711.0 46.6

LC 2 282.6 621.5 106.5

LC 3 290.8 624.1 109.1

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 3 3 8 0 -48 -50 -44 -51 145 0 2 2 4 4 -40 -42 -37 -42 110

1 5 5 14 1 -44 -47 -41 -48 190 1 2 2 7 7 -38 -40 -34 -40 140

2 7 7 19 1 -40 -43 -37 -44 220 2 2 2 11 7 -35 -37 -31 -37 170

3 8 9 22 1 -36 -38 -32 -40 235 3 3 3 12 10 -32 -34 -28 -34 175

4 8 9 23 1 -32 -34 -28 -35 240 4 3 3 13 10 -29 -31 -25 -31 185

5 8 9 23 1 -28 -30 -24 -32 240 5 3 3 14 10 -26 -28 -21 -28 190

6 8 9 23 0 -25 -27 -21 -28 240 6 3 2 15 10 -23 -25 -18 -25 195

7 7 9 22 1 -21 -23 -17 -25 235 7 2 1 15 10 -20 -22 -16 -22 195

8 6 8 21 3 -19 -19 -14 -21 225 8 2 1 15 9 -17 -18 -12 -19 195

9 5 6 18 4 -16 -17 -12 -18 210 9 1 1 14 8 -15 -16 -10 -16 190

10 3 5 14 5 -15 -15 -10 -17 190 10 0 1 13 7 -13 -14 -9 -15 180

11 1 3 11 6 -13 -13 -8 -14 165 11 1 1 11 7 -12 -12 -7 -12 165

12 2 1 7 7 -13 -13 -8 -14 145 12 1 1 8 6 -11 -11 -7 -11 145

13 3 2 3 8 -12 -12 -9 -13 145 13 1 1 6 6 -10 -10 -6 -10 125

14 4 4 2 8 -12 -12 -9 -12 145 14 1 0 3 5 -10 -10 -6 -9 120

15 4 4 5 8 -12 -13 -10 -12 140 15 1 0 1 4 -9 -10 -7 -8 110

16 5 5 6 7 -12 -13 -11 -11 140 16 0 0 2 3 -9 -9 -8 -8 95

17 5 5 8 7 -12 -13 -12 -11 150 17 1 0 3 1 -9 -9 -8 -7 100

18 4 5 9 5 -13 -14 -13 -11 155 18 1 0 5 3 -9 -10 -9 -7 115

19 4 5 9 3 -13 -14 -14 -10 160 19 1 1 6 5 -9 -10 -10 -7 130

20 3 4 9 1 -14 -15 -15 -10 165 20 2 1 6 8 -10 -11 -11 -7 135

21 2 3 9 4 -15 -16 -16 -11 165 21 2 1 7 10 -11 -12 -12 -7 160

22 1 2 9 7 -16 -17 -18 -11 165 22 2 1 7 13 -12 -13 -14 -8 175

23 1 1 8 10 -17 -18 -19 -13 170 23 2 1 8 14 -14 -15 -15 -9 185

24 3 2 7 13 -19 -20 -21 -14 190 24 2 1 9 15 -16 -17 -18 -11 195

25 4 3 7 15 -21 -22 -23 -16 200 25 1 0 9 16 -19 -20 -20 -14 200

26 5 4 5 17 -24 -25 -26 -19 210 26 1 1 9 16 -22 -23 -23 -16 200

27 5 4 4 17 -27 -28 -29 -22 215 27 1 1 9 16 -25 -26 -26 -19 200

28 5 4 4 17 -31 -32 -33 -26 215 28 1 2 9 15 -28 -29 -29 -22 195

29 5 4 3 17 -34 -35 -37 -30 210 29 2 2 9 13 -31 -32 -32 -26 180

30 5 4 2 15 -38 -39 -40 -33 200 30 2 2 9 10 -34 -35 -35 -29 165

31 4 3 1 11 -42 -43 -44 -37 175 31 2 2 7 7 -37 -38 -38 -32 140

32 2 2 1 6 -45 -46 -47 -40 135 32 1 1 4 4 -40 -40 -40 -35 110

3.3.4. Influence of Span and Supports (case: S10)
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1 kN point load at node 8 and 1 kN point load at node 11 (Self-weight 25.0 kN/m²) 13437 kg
12021 kg

LC 0 311.9 1425.8 154.5

LC 1 335.2 1468.9 160.7

LC 2 565.4 1338.2 217.6

LC 3 380.5 1353.0 184.3

LC 0 313.6 1266.8 119.4

LC 1 268.1 1309.0 110.8

LC 2 136.8 1160.4 96.2

LC 3 589.4 1146.9 176.6

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 7 7 13 4 -77 -79 -73 -77 195 0 3 3 3 5 -59 -62 -55 -58 120

1 12 13 24 8 -72 -74 -68 -73 255 1 7 7 4 10 -57 -59 -52 -56 170

2 17 18 33 10 -67 -69 -62 -67 290 2 9 8 7 12 -53 -56 -49 -53 185

3 20 21 39 12 -61 -63 -57 -62 315 3 9 9 8 14 -50 -52 -45 -49 195

4 22 23 42 13 -55 -58 -51 -56 325 4 10 9 10 14 -46 -49 -41 -46 205

5 22 24 43 14 -50 -52 -45 -51 330 5 10 9 10 15 -43 -46 -38 -42 215

6 22 24 44 13 -45 -47 -40 -46 330 6 10 9 11 15 -40 -42 -35 -39 215

7 21 23 43 13 -40 -43 -36 -41 325 7 10 9 10 14 -37 -39 -32 -36 215

8 19 22 40 11 -37 -38 -31 -36 315 8 10 8 10 14 -34 -35 -28 -32 215

9 16 19 36 8 -34 -35 -28 -33 300 9 10 8 8 14 -32 -33 -26 -30 205

10 13 16 30 5 -31 -32 -26 -31 275 10 10 8 6 13 -30 -31 -24 -28 190

11 9 12 24 3 -29 -30 -24 -28 245 11 9 7 4 12 -28 -28 -23 -25 180

12 5 8 17 6 -28 -29 -24 -27 205 12 8 6 1 12 -26 -27 -22 -24 170

13 2 3 10 9 -28 -29 -24 -27 175 13 6 5 2 10 -25 -26 -21 -22 160

14 4 3 4 10 -28 -29 -24 -27 175 14 4 3 3 7 -24 -25 -21 -21 140

15 6 5 5 11 -28 -29 -25 -26 170 15 1 1 4 4 -23 -24 -20 -20 125

16 7 7 8 11 -28 -29 -26 -26 170 16 4 3 4 4 -23 -24 -20 -20 105

17 7 8 10 11 -29 -30 -27 -26 180 17 7 6 3 9 -23 -23 -20 -19 150

18 7 8 12 10 -29 -30 -28 -27 185 18 9 8 3 14 -23 -24 -21 -19 185

19 7 8 13 8 -30 -31 -29 -27 190 19 12 10 2 19 -23 -24 -21 -19 215

20 7 8 13 5 -31 -32 -30 -27 190 20 14 12 1 23 -24 -25 -23 -19 240

21 5 7 13 2 -32 -33 -31 -28 190 21 15 13 2 27 -26 -27 -24 -20 260

22 4 5 12 7 -33 -34 -33 -29 185 22 15 13 2 31 -28 -29 -26 -22 275

23 2 4 11 12 -35 -36 -34 -30 205 23 16 14 3 34 -30 -31 -29 -24 290

24 2 1 9 16 -37 -38 -37 -32 225 24 16 14 3 34 -34 -35 -32 -27 290

25 4 3 7 19 -40 -41 -39 -35 245 25 14 12 2 34 -37 -38 -36 -31 290

26 6 5 5 21 -43 -44 -43 -38 255 26 13 11 1 34 -42 -43 -40 -35 290

27 7 6 3 22 -47 -48 -47 -42 260 27 11 9 1 32 -46 -47 -44 -40 285

28 7 6 2 22 -51 -53 -51 -46 260 28 9 8 1 30 -51 -52 -49 -44 275

29 7 6 1 22 -56 -57 -55 -51 255 29 8 6 1 26 -55 -56 -54 -49 260

30 7 6 0 19 -61 -62 -60 -55 240 30 8 7 3 23 -60 -61 -58 -54 245

31 5 4 0 15 -65 -66 -64 -60 210 31 8 7 3 20 -65 -66 -63 -59 230

32 3 2 0 8 -69 -70 -68 -64 165 32 6 6 3 12 -69 -70 -67 -63 185

3.3.4. Influence of Span and Supports (case: S15)
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15 kN point loads at node 5 & 28 and 2 kN point load at node 11 (Self-weight 25.0 kN/m²) 17067 kg
14097 kg

LC 0 339.9 1754.5 177.6

LC 1 645.3 2171.9 312.4

LC 2 802.7 2053.7 355.1

LC 3 756.4 2055.7 347.8

LC 0 310.7 1424.6 140.3

LC 1 290.5 1795.7 151.4

LC 2 272.5 1662.1 166.6

LC 3 645.1 1647.8 227.9

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 6 10 16 6 -93 -118 -112 -117 220 0 7 7 0 9 -70 -95 -89 -92 165

1 12 19 30 13 -87 -113 -106 -112 290 1 11 9 4 12 -66 -92 -85 -89 190

2 15 27 42 19 -81 -106 -100 -105 335 2 13 9 8 13 -62 -88 -81 -85 195

3 18 34 51 24 -74 -99 -92 -98 370 3 14 8 14 13 -58 -83 -76 -81 230

4 18 39 58 29 -67 -92 -85 -91 390 4 14 5 23 11 -54 -78 -71 -76 270

5 18 39 58 29 -60 -66 -59 -65 385 5 12 3 23 6 -49 -54 -47 -52 265

6 17 34 53 23 -54 -60 -53 -59 365 6 11 2 22 9 -45 -50 -43 -48 265

7 15 27 46 16 -48 -55 -49 -54 340 7 11 4 18 12 -41 -46 -39 -44 250

8 11 20 38 9 -44 -51 -45 -51 310 8 11 5 15 13 -37 -43 -36 -41 230

9 7 13 29 4 -41 -49 -42 -48 270 9 11 6 11 13 -35 -41 -34 -38 215

10 3 7 20 10 -39 -47 -40 -46 225 10 10 6 8 13 -32 -38 -32 -36 195

11 4 5 11 15 -37 -44 -38 -43 230 11 8 6 5 12 -30 -35 -29 -33 185

12 6 10 6 19 -36 -43 -38 -42 245 12 6 6 3 12 -29 -34 -29 -31 185

13 8 14 12 22 -35 -43 -38 -41 255 13 4 6 5 12 -27 -33 -28 -30 185

14 10 17 17 23 -34 -42 -38 -40 255 14 2 5 7 10 -26 -32 -28 -29 180

15 10 19 21 23 -34 -42 -39 -40 255 15 2 4 8 7 -25 -31 -28 -28 175

16 11 19 23 23 -34 -42 -39 -39 260 16 5 2 8 4 -24 -30 -28 -27 160

17 11 19 24 22 -34 -42 -40 -39 265 17 7 2 8 5 -24 -30 -28 -26 170

18 10 19 24 20 -35 -43 -41 -39 265 18 10 5 8 10 -24 -30 -28 -26 175

19 9 17 24 16 -35 -44 -42 -39 265 19 12 9 6 16 -24 -30 -29 -25 205

20 7 15 23 11 -37 -44 -43 -40 260 20 15 12 4 23 -26 -31 -30 -26 240

21 5 11 20 4 -38 -46 -44 -40 250 21 16 15 1 30 -27 -33 -31 -27 270

22 3 6 16 12 -40 -47 -46 -41 235 22 17 18 4 36 -30 -35 -33 -28 300

23 4 6 11 21 -42 -49 -47 -42 235 23 17 19 6 40 -33 -38 -36 -31 315

24 7 13 5 30 -45 -51 -50 -45 280 24 17 19 7 43 -37 -42 -40 -35 325

25 11 20 9 38 -48 -55 -54 -48 315 25 14 19 7 44 -42 -46 -44 -39 330

26 13 27 16 46 -53 -59 -58 -52 345 26 11 19 8 44 -47 -51 -49 -44 335

27 14 33 23 52 -59 -65 -64 -58 365 27 8 20 10 44 -53 -57 -55 -49 335

28 15 33 23 52 -66 -90 -89 -83 370 28 6 20 10 44 -59 -82 -80 -75 340

29 14 28 19 46 -72 -97 -96 -90 350 29 3 12 3 34 -65 -88 -86 -81 300

30 13 23 15 38 -79 -104 -102 -97 320 30 1 6 2 25 -70 -94 -92 -88 260

31 10 16 10 27 -85 -110 -109 -104 280 31 1 4 3 18 -75 -99 -97 -92 225

32 5 8 5 15 -90 -115 -114 -109 210 32 1 0 3 7 -79 -103 -100 -97 155

Thickness 

[mm]

Initial arch Optimized Arch

No. Panel
Bending moment [kNm] Normal Force [kN] Thickness 

[mm]
No. Panel

Bending moment [kNm] Normal Force [kN]

Optimized arch

Load Case
Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]

5.2. Show Case - Symmetric Supports
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15 kN point load at node 5  and 2 kN point load at node 11 (Self-weight 25.0 kN/m²) 13708 kg
10617 kg

LC 0 535.2 1543.7 207.0

LC 1 857.9 1764.7 311.3

LC 2 1057.2 1650.3 368.0

LC 3 620.4 1661.4 256.1

LC 0 589.1 1129.7 208.1

LC 1 397.5 1343.9 161.9

LC 2 229.0 1233.9 133.5

LC 3 631.8 1191.1 225.2

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 10 15 20 12 -84 -112 -108 -110 210 0 7 6 1 7 -62 -87 -82 -83 145

1 19 29 38 24 -79 -107 -103 -106 280 1 10 7 1 10 -60 -84 -79 -81 170

2 26 42 53 34 -73 -102 -97 -100 325 2 14 9 2 12 -57 -81 -75 -77 195

3 31 53 67 44 -67 -95 -91 -94 355 3 16 9 5 12 -53 -77 -72 -74 205

4 35 62 77 52 -61 -89 -84 -88 380 4 17 8 8 11 -50 -73 -68 -70 215

5 37 62 77 52 -55 -64 -59 -62 375 5 19 8 8 12 -46 -49 -44 -46 220

6 37 61 76 50 -49 -58 -53 -57 365 6 19 10 6 13 -43 -46 -41 -43 220

7 37 59 73 47 -44 -53 -49 -52 345 7 18 10 4 13 -40 -43 -38 -40 220

8 35 55 69 43 -40 -49 -45 -48 320 8 17 10 2 13 -37 -40 -35 -37 210

9 33 50 63 38 -36 -46 -41 -45 295 9 15 9 2 12 -34 -38 -33 -34 195

10 29 45 55 33 -34 -44 -39 -42 260 10 12 7 1 11 -31 -35 -31 -32 180

11 25 39 47 27 -32 -40 -36 -38 220 11 9 5 2 8 -30 -31 -27 -28 155

12 21 31 38 20 -30 -39 -35 -37 185 12 7 4 3 7 -28 -30 -26 -27 140

13 16 24 28 13 -29 -38 -35 -37 195 13 4 3 4 6 -27 -29 -25 -26 125

14 11 17 20 7 -29 -38 -35 -36 205 14 2 2 4 4 -25 -28 -25 -24 120

15 6 10 12 3 -28 -38 -35 -35 220 15 6 3 4 4 -24 -27 -24 -23 125

16 3 4 5 6 -28 -37 -35 -35 230 16 11 6 3 9 -22 -25 -23 -21 170

17 4 5 6 9 -28 -37 -35 -34 235 17 16 10 2 14 -21 -24 -22 -20 195

18 6 9 10 11 -28 -37 -35 -34 235 18 19 13 4 18 -20 -23 -21 -19 220

19 8 12 14 12 -28 -37 -35 -33 235 19 23 16 7 23 -19 -23 -21 -18 240

20 9 14 16 12 -29 -38 -36 -33 235 20 26 18 9 28 -19 -23 -21 -17 265

21 10 15 18 12 -30 -38 -36 -33 230 21 29 21 12 32 -19 -23 -21 -17 280

22 11 16 19 12 -30 -39 -37 -33 215 22 30 22 13 36 -20 -24 -22 -18 295

23 11 17 20 10 -31 -39 -37 -33 200 23 31 23 15 38 -21 -25 -24 -19 305

24 11 17 20 9 -32 -40 -38 -33 180 24 32 24 16 40 -23 -27 -25 -20 310

25 10 17 20 8 -34 -40 -38 -34 215 25 32 24 16 40 -26 -30 -28 -23 315

26 10 16 19 6 -36 -42 -40 -35 240 26 31 23 15 40 -29 -32 -30 -26 310

27 9 15 18 5 -38 -44 -42 -37 265 27 28 21 14 38 -32 -36 -34 -29 305

28 8 14 17 4 -41 -63 -61 -57 270 28 26 19 13 35 -36 -39 -37 -33 295

29 7 12 15 2 -44 -66 -64 -60 250 29 22 17 11 31 -39 -43 -41 -36 280

30 6 10 12 1 -47 -69 -67 -63 225 30 19 14 10 26 -43 -46 -44 -40 260

31 4 7 9 1 -50 -72 -70 -66 190 31 13 10 7 19 -46 -50 -47 -44 225

32 2 4 5 0 -52 -75 -72 -69 140 32 8 6 4 11 -49 -53 -50 -46 175
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5.2. Show Case - Right support at 3.50m
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15 kN point loads at node 5 & 28 and 2 kN point load at node 11 (Self-weight 25.0 kN/m²) 4628 kg
4367 kg

LC 0 144.3 669.7 72.4

LC 1 282.1 898.0 136.3

LC 2 376.4 792.4 168.2

LC 3 139.7 732.4 81.2

LC 0 42.5 626.4 42.8

LC 1 82.9 828.6 64.8

LC 2 184.0 705.7 90.4

LC 3 53.5 644.7 43.7

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 2 3 6 2 -41 -56 -52 -51 130 0 1 0 0 1 -40 -55 -50 -49 100

1 4 6 11 4 -39 -54 -50 -50 175 1 1 0 4 2 -38 -53 -49 -48 120

2 6 9 16 6 -37 -52 -48 -48 205 2 1 1 8 2 -36 -51 -46 -46 145

3 7 12 19 8 -35 -49 -46 -45 225 3 2 1 14 2 -34 -49 -44 -44 155

4 8 14 22 9 -32 -47 -43 -43 240 4 2 1 23 2 -32 -46 -42 -41 165

5 8 16 24 11 -30 -45 -41 -41 250 5 2 1 23 2 -30 -44 -40 -39 170

6 8 18 26 13 -28 -42 -39 -38 255 6 3 3 22 1 -27 -42 -37 -37 180

7 8 18 26 13 -26 -31 -27 -27 255 7 3 3 18 1 -25 -29 -25 -24 175

8 8 16 23 11 -23 -29 -25 -25 240 8 2 2 15 2 -23 -27 -23 -22 165

9 7 14 20 9 -22 -27 -23 -23 225 9 2 2 11 2 -21 -26 -22 -21 150

10 6 12 16 7 -20 -25 -22 -21 205 10 1 2 8 2 -19 -24 -20 -19 140

11 5 10 13 5 -19 -24 -21 -20 180 11 1 2 5 2 -18 -23 -19 -18 120

12 4 7 9 3 -18 -23 -20 -19 150 12 0 2 3 2 -17 -22 -18 -17 100

13 3 6 6 1 -17 -23 -20 -19 120 13 1 2 5 1 -16 -21 -17 -16 100

14 2 4 3 1 -17 -22 -19 -18 100 14 1 3 7 1 -15 -20 -17 -15 100

15 1 2 2 2 -16 -20 -17 -16 100 15 1 3 8 0 -15 -18 -15 -13 100

16 1 2 4 3 -16 -20 -17 -15 105 16 1 2 8 0 -14 -17 -14 -12 100

17 2 4 6 3 -15 -19 -17 -15 125 17 1 1 8 0 -13 -17 -14 -11 100

18 3 5 8 4 -15 -19 -17 -14 140 18 1 1 8 1 -13 -16 -13 -11 100

19 3 7 9 4 -15 -19 -16 -14 150 19 1 2 6 1 -13 -16 -13 -11 110

20 4 8 10 4 -14 -19 -16 -14 160 20 1 2 4 2 -12 -16 -13 -10 115

21 4 9 10 4 -14 -19 -16 -13 160 21 0 3 1 2 -12 -15 -12 -10 120

22 4 9 11 4 -14 -19 -16 -13 165 22 1 4 4 2 -12 -16 -12 -9 120

23 5 9 11 3 -14 -19 -16 -13 165 23 1 4 6 2 -12 -16 -12 -9 120

24 5 9 11 3 -14 -19 -16 -12 165 24 1 5 7 3 -12 -16 -12 -9 120

25 5 9 10 2 -14 -19 -16 -12 160 25 1 5 7 3 -12 -16 -12 -9 120

26 4 9 10 2 -14 -19 -16 -13 155 26 2 5 8 3 -12 -16 -13 -9 120

27 4 9 9 1 -14 -19 -16 -13 150 27 2 5 10 2 -13 -16 -12 -10 115

28 4 8 8 1 -15 -19 -16 -13 145 28 1 4 10 2 -13 -17 -13 -10 110

29 3 7 7 1 -15 -19 -16 -13 135 29 1 4 3 2 -13 -17 -13 -10 105

30 3 5 6 0 -15 -20 -16 -14 120 30 1 4 2 2 -14 -17 -13 -11 100

31 2 4 4 0 -16 -20 -16 -14 105 31 1 3 3 1 -14 -17 -14 -12 100

32 1 2 2 0 -16 -20 -17 -15 100 32 1 2 3 0 -15 -18 -14 -12 100
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Total Normal force 

[kN]

Total Shear force [kN]

5.2. Show Case - Right Support at 7m
Initial Weight

Optimized for Max. stress in elements Optimized weight

Initial Arch

Load Case
Total bending 

moment [kNm]

Total Normal force 

[kN]

Total Shear force [kN]
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Total weight of structure [kg] 

Initial Arch

Optimized arch



9567 kg
7982 kg

LC 0 163.3 839.1 97.6

LC 1 217.9 912.9 122.9

LC 2 424.0 837.3 183.5

LC 3 252.4 849.7 141.3

LC 0 112.3 687.0 75.1

LC 1 79.8 753.9 62.9

LC 2 258.7 674.0 104.3

LC 3 320.7 674.7 126.8

LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 LC 0 LC 1 LC 2 LC 3 
0 4 5 10 2 -53 -60 -54 -61 129 0 1 1 5 3 -41 -48 -42 -48 116

1 7 9 18 3 -49 -56 -50 -57 169 1 3 2 7 7 -38 -45 -39 -45 141

2 9 12 24 5 -45 -51 -45 -53 194 2 4 3 10 9 -35 -42 -36 -42 164

3 11 15 28 6 -40 -47 -41 -48 209 3 6 4 11 11 -32 -39 -33 -39 172

4 11 16 31 7 -35 -42 -36 -43 218 4 7 4 12 12 -29 -36 -30 -36 182

5 11 18 32 7 -31 -37 -31 -39 222 5 7 4 13 12 -26 -33 -27 -33 192

6 11 18 32 7 -27 -26 -20 -28 221 6 7 3 13 11 -23 -23 -17 -23 190

7 10 16 30 5 -23 -23 -17 -24 209 7 6 3 13 11 -21 -20 -14 -21 188

8 9 14 27 3 -20 -20 -14 -21 194 8 5 2 13 11 -18 -18 -12 -18 185

9 7 11 23 2 -17 -17 -11 -18 175 9 4 1 12 10 -16 -16 -10 -16 178

10 5 8 19 4 -15 -15 -10 -17 152 10 2 1 10 9 -14 -14 -9 -14 166

11 3 5 14 6 -14 -14 -9 -15 147 11 2 1 8 8 -12 -13 -8 -13 148

12 1 3 10 8 -13 -13 -9 -14 148 12 1 1 6 7 -11 -12 -7 -12 131

13 2 2 6 9 -13 -13 -9 -14 148 13 1 0 3 6 -10 -11 -7 -10 123

14 3 3 2 9 -13 -14 -10 -14 147 14 0 0 1 5 -10 -10 -7 -10 113

15 4 5 3 9 -13 -14 -11 -13 144 15 0 0 2 4 -9 -10 -8 -9 100

16 5 5 6 9 -13 -14 -12 -13 141 16 1 0 3 2 -9 -10 -8 -8 84

17 5 6 7 9 -14 -15 -14 -13 152 17 2 1 3 1 -9 -9 -9 -7 86

18 5 6 9 8 -14 -15 -15 -13 160 18 3 2 4 4 -9 -9 -9 -6 95

19 5 6 9 6 -15 -16 -16 -13 166 19 4 3 4 7 -9 -10 -10 -6 117

20 4 6 10 5 -15 -17 -17 -13 169 20 5 4 4 10 -9 -10 -11 -6 145

21 4 5 10 2 -16 -18 -19 -13 170 21 5 4 4 13 -10 -11 -12 -7 169

22 3 4 10 4 -18 -19 -20 -14 170 22 5 4 5 16 -12 -13 -13 -8 188

23 2 3 9 7 -19 -21 -22 -15 168 23 5 4 6 17 -14 -15 -16 -10 198

24 1 2 9 10 -21 -22 -23 -17 165 24 4 3 8 18 -17 -18 -18 -12 203

25 2 1 8 12 -23 -25 -26 -19 170 25 3 2 9 18 -19 -20 -21 -15 204

26 3 2 7 14 -26 -27 -28 -21 180 26 1 1 11 17 -23 -23 -24 -18 203

27 3 3 5 15 -29 -32 -33 -26 182 27 2 3 12 16 -26 -28 -29 -22 198

28 3 3 5 15 -32 -35 -36 -29 183 28 3 4 12 14 -29 -31 -32 -26 186

29 3 3 4 14 -36 -39 -40 -33 180 29 3 4 12 12 -32 -34 -35 -29 172

30 3 3 3 13 -39 -42 -43 -37 170 30 3 4 11 9 -35 -38 -38 -32 162

31 3 2 2 10 -43 -46 -47 -40 151 31 3 3 8 7 -38 -41 -41 -35 142

32 1 1 1 6 -46 -49 -50 -43 117 32 2 2 5 4 -41 -43 -43 -38 111

Normal Force [kN]

Initial Weight
Optimized weight

Initial Arch

Load Case

No. Panel
Bending moment [kNm] Normal Force [kN]

Optimized for Max. stress in elements

Extra:  Influence of large asymmetric load 
5 kN point load at node 5 and 1 kN point load at node 27 (Self-weight 25.0 kN/m²)
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Thickness 
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