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Summary

A plasma model is usually comprised of a set of coupled differential equations.
These equations represent space- and time-dependent balance equations for the
species’ mass, momentum and energy densities and must be solved in conjunc-
tion with equations for the flow field and the electromagnetic field. Many plas-
mas that are at the basis of contemporary applications are formed in mixtures
of molecular gases and contain large numbers of species and reactions. The
bewildering chemical complexity makes a complete numerical evaluation of the
plasma properties prohibitively computationally expensive. One example of such
a plasma model is that for the conversion of methane to higher hydrocarbons,
containing approximately 36 species and 367 reactions.

Plasma physics is not the only branch of science that deals with the problem
of chemical complexity. One of the other disciplines that encounter this problem
is combustion research. To overcome the difficulties associated with chemical
complexity, the combustion community has employed various Chemical Reduc-
tion Techniques (CRT’s). An example of such technique is the Intrinsic Low
Dimension Manifold (ILDM) method. In this work we have investigated and
implemented that technique, generalizing it as to be suitable for application to
the plasma state of matter.

A reaction system that contains a large number of species generally has widely
varying time scales for the evolution of the densities of the various species in
the system. After identifying slow and fast time scales, the processes that are
governed by the fast time scales can be assumed to have equilibrated and the
evolution of the system can be described by the processes with the slow time
scales, without any significant loss of accuracy of the description of the chemical
kinetics.

The ILDM method constructs a lower dimensional space (manifold) along
these lines. Points on that manifold describe the plasma composition after the
fast processes have reached equilibrium. The ILDM technique can be used to
reduce the number of composition variables that must be dealt with explicitly,
without sacrificing the validity of the results on time scale of interest. As a result
it reduces the computational load and time required for the numerical evaluation
of the model.

In this work the ILDM technique has been used to achieve the chemical
reduction of a model for an atomic argon plasma that contains 77 states. It has
also been applied to molecular argon plasma with 7 species. The ILDM method
was benchmarked against the Quasi-Steady State Assumption (QSSA) technique
that has traditionally been used in plasma science. Furthermore the technique
has been used to simplify a CO2 model with 71 species. A comparison has
also been made with the Principal Component Analysis (PCA) technique, which
has recently gained popularity in plasma science. The ILDM method has been
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vi Summary

proven to be of great value when the time scales of the species evolutions feature
a large dynamic range. In particular, the ILDM method should be preferred over
the QSSA technique, since it has the advantage of generating the optimal set of
species composition variables without additional effort or a priori assumptions.



List of Symbols

Notation Parameter

N The total number of particles
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1Introduction

Abstract

The understanding and usage of plasmas is entering a golden age. New
insights into astronomical phenomenons, astonishing advances in fusion research
and the extensive range of technological applications of plasmas will play an
important role in the 21st century. This chapter serves as a general introduction
to plasmas. In addition the plasma modeling challenges and how they can be
overcome is discussed in brief.
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2 Chapter 1. Introduction

1.1 Plasma: Fourth state of Matter

Matter is defined as anything that has mass and occupies space. The four most
common fundamental states of matter encountered by us on a daily basis are
solid, liquid, gas and plasma. In a solid the atoms are closely packed such that
they cannot move but only vibrate. When a solid is heated it converts to a liquid.
In a liquid the atoms are not closely packed but are free to move amongst each
other. Thus a liquid has a definite volume but no shape. It occupies the shape of
the container it is in. When the liquid is heated to a high temperature such that
the molecules gain enough kinetic energy so as to overcome the intermolecular
forces, liquid converts into a gas (or a vapor). The molecules in a gas are not
bound but free to move hence gas has neither a definite volume nor a definite
shape. Gas occupies the entire container in which it is filled.

The fourth state of matter, plasma, is like a gas but apart from containing
neutral particles it also contains ions and electrons. In order for the plasma to
be created, the conditions should be appropriate for the electrons to get knocked
off the neutral particles of a gas. There are several ways this can happen. When
a gas is heated to a very high temperature such that the fraction of atom posses
enough kinetic energy, by collision, to overcome the binding energy of the out-
ermost orbital electron, it results in an ionized gas or a plasma [1]. Other times
a powerful electric current ejects electron from neutral particles of a gas turning
the gas into a plasma. Although plasma, also known as ionized gas, is similar to
a gas it has so many special properties of its own that it is considered an entirely
different state of matter. For example a gas is an insulator but plasma contains
charged particles hence it is incredibly conductive and also very responsive to
electromagnetic fields.

Plasmas can be observed in natural phenomenons that occur on earth like
lightning. When a powerful electric current forms between two highly charged
areas in atmosphere it passes through a long thin column of air heating it upto
five times the temperature of sun. Hence, lightning is a trail of plasma. For
centuries sailors witnessed a glowing blue sphere atop the mast of their ship.
Sailors considered it as a good omen because they associated it with the end of
a storm and called it St. Elmo’s fire after St. Erasmus of Formia, the patron
saints of the sailors. We now know that St. Elmo’s fire is a natural weather phe-
nomenon in which the plasma is created by coronal discharge when a pointed
object such as a mast of the ship interacts with heavily charged air. Coronal
discharge is the process in which the current flows via electrode at high potential
(ship’s mast) into a fluid (Earth’s atmosphere) [2]. The blue (or violet) light
of St Elmo’s fire is due to the presence of nitrogen and oxygen in the Earth’s
atmosphere. This is similar to the phenomenon that causes neon lights to glow.
Auroras that are seen around the magnetic poles of northern and southern hemi-
sphere are natural phenomenons occuring because of the formation of plasmas.
So plasmas are in all kinds of places on earth but in space this stuff is everywhere.
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Stars are nothing but giant balls of plasma. The tremendous heat generated
by the fusion reactions on stars converts the neutral gas (mainly H2 and He)
into a plasma. Comet tails are dusty plasmas [3]. Plasmas are also present be-
tween stars and even between Galaxies. Cosmologists believe that plasmas exists
between galaxies and contains 30%− 40% of baryons(ordinary matter). This is
referred to as warm hot intergalactic medium [4]. Hence, almost 99% of visible
matter in the universe is in the form of plasma.

Although plasmas make upto 99% of the visible matter in the universe we
did not know about plasmas until late 19th century. In 1879 William Crooks,
a British chemist first discovered that one can make, what he called the radi-
ant matter by using two electrodes and a glass tube, which he used to ionize
the gas [5]. He stated it as a fourth state of matter at the time when atom was
thought to be a solid ball without motion. The term plasma, which means some-
thing molded, was coined by nobel laureate Irving Langmuir because he found
that the glowing discharge moulds itself to the shape of Crookes tube.

Due to their special properties plasmas have got a wide range of domestic
and industrial applications. We use plasmas in our everyday lives for example
in fluorescent lights [6]. When a fluorescent light is turned on the gas filled
inside (which is mainly Ar with a little amount of Hg) ionizes due to electric
current creating a plasma. The plasma thus formed reacts with a compound
called phospher to create light. Plasmas are used in manufactue of semicon-
ductor chips [7] and thin film solar cells [8] by the process of Chemical Vapor
Deposition. Plasma Display Panels [9] use small cells containing electrically
charged ionized gas which is essentially plasma. Welding [10], cutting [11] and
coating [12] are important industrial applications of plasma. In addition plasmas
are used in biomedical application like skin treatment, disinfection, sterelization
and wound healing [13,14]. Plasma medicine is an emerging field that combines
clinical medicine with plasma science.

In order to get a thorough understanding of the natural phenomenons as well
as to optimize and improve the performance of the above-mentioned applica-
tions, an accurate and precise understanding of the plasma sources is required.
Numerical modeling [15] has become a powerful tool to gain insight into the
plasma sources as well as to optimize the plasma devices, but plasma modeling
is a strenuous task with great deal of challenges as discussed in the next section.

1.2 Modeling Challenges

A fluid plasma models describes the evolution in time and space of the mass,
momentum and energy densities of the plasma species. These are governed by a
set of balance equations [16, 17]. The balance equations for plasma fluid model
in terms of densities can be found in [18] and in terms of mass fractions are given
in [19]. The balance equations for plasma fluid model are discussed in detail in
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the next chapter of this thesis.

The time evolution of each species’ density is obtained by solving these cou-
pled sets of differential equations simultaneously for all the species present in the
system. The presence of a large number of species and reactions yields a high
chemical complexity and makes the complete numerical description of plasma
models computationally expensive. A typical contemporary example of a plasma
model with a high chemical complexity is the one-dimensional fluid model for
the conversion of methane into higher hydrocarbons containing 36 species and
367 reactions that is described in [20]. Another example is the argon plasma
model for glow discharges by Bogaerts et. al. [21], which contain 65 effective
argon atomic levels. The processes that are taken into account in this glow dis-
charge model are radiative decay, collisional excitation and deexcitation between
all the levels and, electron-ion radiative recombination. Even if one is able to
do such numerical simulations despite of expensive computation, the amount of
data that is generated from such calculations is massive and the interpretation of
results becomes cumbersome. Other examples of recently used complex plasma
chemistry are CO2 conversion by plasma technology by [22,23] and the molecular
oxygen plasma used by [24]. Fluid plasma model is used for an argon dc plasma
to develop and analyze a 2D axisymmetric fluid model for the plasma enhanced
chemical vapour deposition [25].

To investigate the reactor design a 2D or a 3D models are suitable approach
but as pointed out by [22] these fluid models require a long computational time
and the models developed in the literature upto now have a limited chemistry
even for systems like argon, helium and air. Computationaly the memory re-
quirement is huge [26] and some clever technique has to be used to reduce the
computational demand and speed up the computation for plasma models con-
taining complex chemistry.

In the early 1960’s a technique was developed by Bates, Kingston, and
McWhirter [27, 28] for simulating plasmas with large and complex chemistry.
This method was named QSSA (Quasi Steady-State Assumption) by [29]. QSSA
is based on the fact that most of the elementary reactions do not contribute to
the overall chemical process, hence those reactions can be considered in a steady-
state. A typical kinetic mechanism of a complex chemical system contains species
that have high concentrations, for example reactants and products, in addition
to species that have vanishingly small concentrations commonly referred to as
reactive intermediate. The rate of consumption of reactive intermediate is very
high compared to rate of formation hence they have a very small concentration
compared to concentration of species of intrest. QSSA primarily involves re-
moval of highely reactive intermediate species so as to eliminate the large rate
constants difficult to be determined from concentration measurements of reac-
tant and product [30].

The QSSA [31] has been applied to chemical kinetics schemes since 1913,
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starting with Chapman and Underhill [32]. Chapman and Underhill studied the
interaction of chlorine and hydrogen, that is the influence of the concentration
of the hydrogen on the rate of formation of hydrogen chloride. They applied the
quasi-steady state assumption to actinic energy in a unit volume. QSSA is also
used for modelling of chemical processes in the atmosphere which are based on
a set of photochemical reactions [33].

A shortcoming of QSSA is that a modeler has to make an intuitive guess to
determine which species are in steady state as to seperate the slow from fast
reactions. Such guesses can be troublesome and unreliable. Hence, it will be
nice to have methods or techniques which do not rely on modeler’s guesswork
to distinguish the slow and fast reaction. Chemical reduction techniques, very
briefly explained in the next section, are such techniques.

1.3 Chemical Reduction Techniques

Numerous disciplines of science deal with the issue of expensive computation
due to complex chemistry. Combustion is one, amongst many such scientific
discipline. To overcome the problem of chemical complexity and expensive com-
putation, the combustion community has developed various chemical reduction
techniques over the years. Some of the CRTs used in combustion research are
ILDM (Intrinsic Low Dimensional Manifold), TGLDM [34] (Trajectory Gener-
ated Low Dimensional Manifold) and FGM [35] (Flamelet Generated Manifold).
Another method that does not stem from combustion engineering but is fre-
quently used for chemistry reduction throughout the combustion community is
PCA (Principle Component Analysis) [36, 37]. These reduction techniques have
to be modified for their application in plasma simulations. This is due to the
inherent nature of the plasma state of matter. A simple example is that a plasma
contains charged particles which induces an electromagnetic field in which elec-
tric and magnetic field vectors can vibrate in any possible direction. Since all
directions are possible, electric and magnetic field vectors can point in several
directions. Using more advanced and sophisticated Chemical Reduction Tech-
niques like FGM can be really problematic in these cases since application of
FGM requires all the gradients to be essentially collinear. The FGM method for
combustion sciences works on the premise that multi-dimensional flames are a
collection of one-dimensional laminar flamelets [35, 38]. In plasma simulations
electric and magnetic field vectors cannot be collected and confined in one di-
rection. Hence FGM cannot be used in plasma science. The PCA technique
has already been used by Peerenboom et. al. [39] for CO2 plasma chemistry
reduction. The results are encouraging and further investigation is required to
explore the possiblities of using more of the above-mentioned CRTs in plasma
physics community. PCA has also been used in plasma simulation by [40–42] but
the disadvantage of PCA is that it is a sort of a black-box. PCA does not give
a clear insight into the mechanism of reactions occuring in the system. Another
drawback of PCA is the need for generating training data sets which must to be
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generated before the method can be used.

The ILDM method [43] that is investigated and implemented in this thesis
is one of the Chemical Reduction Techniques based on a dynamical system ap-
proach. A dynamical system refers to the class of mathematical equations that
describe the long term evolution of the system with particular properties. The
mathematical equations are ordinary differential equation which can be both lin-
ear and non-linear [44]. Hence unlike PCA, ILDM gives a clear insight into the
reaction mechanisms occuring in the system. In the case of ILDM the training
data set is not required. Another advantage of the ILDM technique is that, un-
like QSSA, the modeler gets rid of the user defined assumptions. The only input
required is the set of all the reactions with rates and the smallest time scale that
is of interest for the problem at hand. The technique is reliable in the sense that
the technique itself determines the species that are in steady state and decouples
the slow reactions from the fast reactions [45]. The decoupling of slow and fast
reaction does not only allow a complexity reduction of the model, it also helps
in reducing its stiffness. Stiffness as explained in chapter 3 is one of the major
problems in solving coupled set of ODEs.

1.4 Outline of the thesis

The thesis is organized in the following way. Chapter 2 discusses the theoretical
aspects of fluid based plasmas. The construction of species basis is given for
non-LTE plasmas and compared with the LTE plasma basis. Chapter 3 dis-
cusses stiffness and the problems encountered when solving stiff equation sets
using straightforward methods. In addition to serving as a primer for people
who are new to the subject of numerically handling sets of coupled ordinary dif-
ferential equations, it introduces some nomenclature that is used in subsequent
chapters. Chapter 4 describes the ILDM method in detail. Some mathematical
background information that is relevant for this chapter is provided in appendix
B. The method is validated for a number of well-known test cases that avoid
the additional complexity in plasmas; the results of this validation are reported
on in chapter 5. Chapter 6 is a condensed version of chapter 4, combined with
an application of the method to atomic argon plasmas, that has been submitted
for publication in the Journal of Chemical Physics. The exposition of the ILDM
method lacks the tutorial elements and the details of the implementation of the
text in chapter 4, but is otherwise equivalent. The reader who does not feel the
need to get a full understanding of the ILDM details may decide to read this
chapter instead of chapter 4. In chapter 7 the ILDM method is applied to various
representative molecular plasmas. Chapter 8 compares the merits of the ILDM
method with those of the PCA technique. This chapter has been submitted to
the journal Plasma Sources Science and Technology. Finally, general conclusions
are given in chapter 9.

The study has been done in the framework of project 12CSER087 (10016903 ),
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titled A Plasma-enhanced CVD reactor for the Production of Thin-film Solar
Cells, of the Shell-NWO programme on Computational Sciences for Energy Re-
search.





2Reacting Multicomponent
Mixtures

Abstract

This chapter demonstrates the theoretical aspects of fluid based non-LTE
(Local Thermal Equilibrium) plasma models. Mixture properties such as parti-
cle density, mass fraction and mole fraction are discussed along with the basic
plasma properties and phenomenons such as quasineutrality, ionization degree
and ambipolar diffusion. Furthermore the space and time dependent continu-
ity equations derived from Boltzmann equation are summarized. The particle
balance is explained in detail and construction of the species basis for non-LTE
plasma models is described.

9
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2.1 Non LTE Plasma

The defining aspect of a non-LTE (LTE: local thermal equilibrium) plasma is
that the collision frequency among the particles is not high enough to establish
a local thermal equilibrium (LTE) [46]. A plasma is considered in LTE if all the
particles have a unique temperature. In contrast to that, in non-LTE plasmas
different particles are at different temperatures, or at least one of the particles
is at a higher temperature than the rest of the particles.

The non-LTE plasmas considered in this text are 2T (two-temperature) plas-
mas [47], in which the temperature Te of the electron gas is higher than the
temperature Th of the heavy plasma components. Electrons are light, resulting
in a high mobility in an applied electric field E compared to the heavy particles
like neutrals and ions. The electrons collide with the heavy particles thus trans-
ferring their energy to the heavy particles. Assuming that all the heavy species
are at same temperature we can thus say that in non-LTE plasmas Te ≥ Th. The
difference between the temperature of electron and heavy particles is determined
by the thermal coupling between the two species. It can be approximated as [48]

Te − Th
Te

=
πmh

24me

(leeE)2

(kBTe)2
. (2.1)

Since le ∼ 1/p one can approximate equation 2.1 as

Te − Th
Te

=
∆T

Te
∼
(
E

p

)2

. (2.2)

From the above equation one can interpret that the factor E
p plays a governing

role in determining kinetic equilibrium Te = Th. For small values of E
p the

electron temperature approaches the heavy particle temperature. This is the
basic requirement for kinetic equilibrium or LTE plasmas. For high E

p values the
plasma will depart from LTE.

2.2 Mixture Properties

2.2.1 Species Particle Density

The number density of a component i of a mixture is denoted as ni. The total
particle density of the mixture is denoted by n and is given by

n =
∑
i

ni. (2.3)

In this thesis the species density vector n is used extensively. For a system with
Ns this is defined as

n =


n1

n2

...
nNs

 . (2.4)



2.2. Mixture Properties 11

In terms of the density vector the total density can be expressed as

n = 1Tn, (2.5)

where 1 is the vector with all elements as 1 and having the same dimension as
density vector.

2.2.2 Mass Densities

Next we introduce the mass density ρ. Also the mass density is an additive
variable, so for a mixture

ρ =
∑
i

ρi, (2.6)

where ρi is the mass density of species i. In terms of the particle density, the
mass density can be written as

ρ = mn, (2.7)

where m is the mixture mass and n is the total particle density. The mixture
mass m can be calculated as

m =

∑
imini∑
i ni

, (2.8)

where mi is the mass of species i and ni its particle density. Species densities
can also be converted into mass fractions and mole fractions as explained in the
next sections.

2.2.3 Mass Fractions

The mass fraction yi is the relative contribution of a species i to the mixtures
mass density,

yi =
ρi
ρ

=
mini
ρ

. (2.9)

The mixture mass can be expressed in terms of the mass fractions. From the
previous equations we find

1

m
=
∑
i

ni
ρ

=
∑
i

ρi/mi

ρ
=
∑
i

yi
mi

. (2.10)

In this thesis the mass fraction vector is denoted as y. If there are total of
Ns species in the system then the vector y is written as

y =


y1

y2

...
yNs

 . (2.11)
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From the definition of yi it follows that∑
i

yi = 1, (2.12)

or, in vector notation,

1Ty = 1. (2.13)

Similarly equation 2.10 in vector notation is written as

1

m
= 1Tdiag−1(m)y, (2.14)

where diag(m) is the diagonal matrix with diagonal elements mi.

2.2.4 Molar Fractions

A molar fraction of species i is its contribution to the mixture’s particle density,

xi =
ni
n
. (2.15)

The averaged mixture mass written in terms of mole fractions. From equation
2.8 we find, by dividing the numerator and denominator by n, that

m =
∑
i

mixi. (2.16)

In this thesis the mole fraction vector is denoted as x. If there are in total of Ns
species in the system then the vector x is written as

x =


x1

x2

...
xNs

 . (2.17)

From the definition of mole fraction we can write∑
i

xi = 1, (2.18)

or, in vector notation,

1Tx = 1. (2.19)

In vector notation, equation 2.16 can be written as

m = 1Tdiag(m)x. (2.20)
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2.2.5 Conversion of x to y and vice-versa

From equation 2.9 we can write

yi =
ρi
ρ

=
mini
mn

= xi
mi

m
, (2.21)

where m is the averaged mass calculated from equation 2.10 or 2.16. In terms
of vectors the equation 2.21 can be written as

y =
1

m
diag(m)x, (2.22)

Equation 2.22 can also be written as

x = mdiag−1(m)y. (2.23)

Furthermore, since

x =
n

n
, (2.24)

we can write

y =
1

mn
diag(m)n. (2.25)

Finally, from equation 2.9 we can write

ni =
ρ

mi
yix, (2.26)

or, in vector notation,
n = ρ

(
diag−1(m)y

)
. (2.27)

In this thesis we will make use of these definitions and equations extensively.
The reason is that it is common to use the mass fractions as solution variables,
whereas the chemical source terms are primarily functions of the species’ densi-
ties. This is elaborated on in section 2.6.1.

2.3 Quasineutrality

A plasma contains charged species, yet it is quasi-neutral, which means that
the total charge density is nearly zero. The reason is that a significant charge
seperation would create an electric field that tends to restore (quasi-)neutrality.
The quasineutrality constraint can be written mathematically as

Ns∑
i=1

qini = 0, (2.28)

where Ns is the total number of species, ni is the particle density of the species i
and qi its charge. Equation 2.28 can be written in terms of mass fractions using
equation 2.26 as

ρ

Ns∑
i=1

qiyi
mi

= 0, (2.29)
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and in terms of mole fraction as

n

Ns∑
i=1

qixi = 0, (2.30)

The equation can be further written in vector-form as

QTn = 0, (2.31)

where Q is the charge vector that contains the charge of each species. In terms
of the molar fraction vector the quasineutrality equation becomes

QTx = 0, (2.32)

and in terms of mass fractions it is

QTdiag−1(m)y = 0. (2.33)

The advantages of the vector-based expressions will become clear in chapter 4,
where systems of constrained equations are set up for the species variables.

2.4 Degree of Ionization

The degree of ionization α is defined as the fraction the particles in the plasma
that are ionized. If n0 is the total density of all neutral particles and n+ is the
total density of all ionic species, it is given by

α =
n+

n0 + n+
. (2.34)

If the degree of ionization approaches 1, the plasma is said to be fully ionized
plasma. Examples include the solar wind and stellar interiors such as the core of
the sun. Plasmas with degree of ionization 10−1 > α > 10−6 are weakly ionized
plasmas [49]. In most plasma processing chambers α < 10−4. In the present
text we will deal mostly with weakly-ionized plasma.

2.5 Ambipolar Diffusion

The presence of a density gradient causes diffusion of particles inside the plasma.
The light and small electrons tend to diffuse faster than the heavy species, which
results in a charge separation. This generates an electric field that increases the
diffusion of ions and decreases the diffusion of electrons. For sufficiently high
electron densities the result is that the electron and ion fluxes become equal, a
state of affairs that is known as ambipolar diffusion. The resulting ambipolar
electric field is given by [50]

E =

∑
i qiDi∇ni∑
i q

2
i µini

, (2.35)
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where Di is the diffusion coefficient of species i. The diffusion of the charged
species is governed by an (effective) ambipolar diffusion coefficient Dai that can
be approximated as

Dai ≈ Di
(

1 +
Te
Th

)
(2.36)

More detailed description of the ambipolar diffusion can be found in [1, 50].

2.6 Governing Equations

The plasma description in this work is based on plasma fluid model. The con-
servation equations (balance equations) for the plasma fluid models are based
on the Boltzmann equation [51],

∂fi
∂t

+ ~v · ∇~rfi +
~F

mi
· ∇~vfi =

(
∂fi
∂t

)
C

, (2.37)

where fi(~r,~v, t) is the species distribution function in the phase space. The first
term on the left hand side denotes temporal evolution, the second term accounts
for the spatial gradients and the the third term describes the change in f due to
the forces ~F acting on the particle. The term on the right denotes the collision
term. The conservation equations described in the next sections are obtained by
taking the successive moments of the Boltzmann Transport equation, which is
to say that the equation is multiplied with the functions 1, mi~v and 1

2mi|~v|2 and
integrated over the velocity coordinates.

2.6.1 Particle balance Equation

The zeroth moment of Boltzmann equation defines the particle balance,

∂ni
∂t

+∇ · (ni ~ui) = Si, (2.38)

where ~ui is the averaged velocity of the particles of type i and Si is the pro-
duction/destruction rate of species i. The species particle balance is commonly

expressed in terms of the particle flux density vector ~Γi as

∂ni
∂t

+∇ · ~Γi = Si, (2.39)

with
~Γi = ni ~ui. (2.40)

Equation 2.39 shows how the particle density changes as a result of produc-
tion/destruction and transport. If the transport term is neglected the equation
2.39 for the species i simplifies to

∂ni
∂t

= Si. (2.41)

In the following sections we will discuss these equations in more detail and pro-
vide expressions for the source terms Si. We will continue the present section
with an exposition of the momentum and energy balance equations.
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2.6.2 Momentum Balance

The first moment of Boltzmann equation defines the momentum balance,

∂

∂t
(nimi ~ui) +∇ · (nimi ~ui ~ui) = −∇ · pi −∇ · ¯̄π + ~Ri

F
+ ~Fi, (2.42)

where RFi is the friction force, Fi is the volume force, pi is the pressure and ¯̄π
is the viscous tensor respectively. The momentum balance is not used in this
thesis.

2.6.3 Energy Balance

The second moment of Boltzmann equation defines the energy balance [52]. Due
to ineffective heat transfer between electron and heavy particles the seperate
energy balances are solved for heavy particles and electrons. The energy balance
for the heavy particles is written as

∂

∂t

∑
i 6=e

3

2
nikBTh + niEi

+∇ ·

∑
i6=e

5

2
nikBTh~u+ niEi~u


= −∇ · ~qh − ¯̄π : ∇~ui + ~u · ∇ph +Qi,

(2.43)

and for the electron is given by the equation

∂

∂t

(
3

2
nekBTe

)
+∇ ·

(
5

2
nekBTe

)
~u = ~u · ∇pe −∇ · ~qe +Qh. (2.44)

In these equations ~q is the heat flux density, Ei accounts for the energy difference
between state i and a reference energy. and the source terms Q are due to Ohmic
dissipation, eleastic heat transfer, reactions and radiation. In the work presented
here the energy balances are not solved, since all plasma models used in this thesis
have a fixed electron temperature (Te) and heavy particle temperature (Th). An
exception is chapter 8, where a simplified form of the electron energy balance is
used to calculate Te.

2.7 Reaction Source Terms

We now turn our attention back to equation 2.41. A reaction j involving the Ns
species [A]i in the mixture can be written in general as

Ns∑
i=1

νLij [A]i −→
Ns∑
i=1

νRij [A]i,

where νLij and νRij are the stoichiometric coefficients of the species that are con-
sumed and produced in reaction j, respectively. The source term for species i
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can be written by multiplying the net production of species i in one reaction
event with the rate Znj of that reaction and summing over the reactions,

Si =

Nr∑
j=1

(
νRij − νLij

)
Znj . (2.45)

The volumetric rate of reaction j is given by

Zj = kj

Ns∏
i=1

n
νL
ij

i , (2.46)

where kj is the rate coefficient of the reaction, which typically depends on the
temperatures and other local system properties. The results for all species and
reactions can be summarized in matrix-vector form as

S = νZ, (2.47)

where we have introduced the reaction stoichiometric matrix ν with elements
νij = νRij − νLij and the reaction rate vector Z with elements Zj .

Using the source vector S, the equations 2.41 can be summarized as

∂n

∂t
= S = νZ. (2.48)

Later on we will need these equations in terms of the mass fractions, rather than
the particle densities. From equation 2.27 we find that

dy

dt
=
d
(
ρ−1diag(m)n

)
dt

= diag(m)
d
(
ρ−1n

)
dt

. (2.49)

For a closed system, with a constant mass density, this can be rewritten as

dy

dt
= ρ−1diag(m)

∂n

∂t
= ρ−1diag(m)S, (2.50)

or as
dy

dt
= Sy, (2.51)

where we have defined
Sy = ρ−1diag(m)S. (2.52)

Note that we have used a superscript y to distinguish the source term of the
mass fraction equation from the particle sources S.

2.7.1 Properties of the Stoichiometric Matrix

Important information about the reaction system (2.48) is contained in the fun-
damental spaces of the stoichiometry matrix ν. In particular, its left nullspace
reveals the linear combinations of the densities that are constant in time [53,54].
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This can be demonstrated by calculating the singular value decomposition (SVD)
of that matrix1,

νns×nr
= Uns×ns

Σns×nr
V T
nr×nr

(2.53)

where U is an orthogonal matrix, Σ is a diagonal matrix that contains the singu-
lar values of ν and V T is the transpose of the eigenvector matrix. Substitution
in equation (2.48) results in

∂n

∂t
= UΣV TZ(n) (2.54)

Left-multiplication with the matrix UT and using its orthogonality (UT = U−1)
yields

∂
(
UTn

)
∂t

= ΣV TZ(n). (2.55)

Here is has been assumed that U does not vary significantly in the time frame
under consideration.

Let UT
red be the ‘reduced matrix’ which consists of the rows of UT that

correspond to zero-valued singular values. Then by definition

∂
(
UT
redn

)
∂t

= 0 =⇒ UT
redn = C, (2.56)

where C is a constant vector. Equation 2.56 describes the linear combinations
of densities that remain constant in reactions. The number of non-zero singular
values of the matrix is the rank Nrank of the matrix and the number of conserved
quantities can be written as

Nconserved = Ns −Nrank, (2.57)

where Nrows is the number of rows of the matrix, which is equal to the number
of species in the system. The linear-algebraic methods that have been presented
play a crucial role in the development of the ILDM reduction method (chapter 4).
In the next chapter we will first elaborate on the difficulties that are encountered
in the simulation of complex chemical systems, in particular in case the time
scales of the system display considerable variation.

1 See appendix A.
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Abstract

A large chunk of ODEs (Ordinary Differential Equations) that occur in prac-
tice are stiff. Stiffness emerges whenever the processes that are described by
the set ODEs evolve on vastly varying time-scales. A few prominent fields in
which stiff ODEs occur are reaction kinetics, weather prediction modeling, con-
trol theory, mathematical biology and electronics. All these fields are loaded
with phenomenons that display variations at significantly diverse time-scales. A
stiffness ratio of around 1017 is quite typical. The highest stiffness observed till
date is by the set of equations that describe the cosmological big-bang, with the
stiffness of the order of 1031 [55]. This chapter explains the stiffness issue and
the problems that arise when conventional numerical methods are used to solve
the stiff ODEs, particularly in the context of reaction systems. It provides a
basis for the discussion of the chemical reduction techniques that are discussed
in subsequent chapters.
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3.1 What is Stiffness?

The system of ODEs (Ordinary Differential Equations) with time as an inde-
pendent variable are characterized by the set of time scales. For example, in
the system of ODEs describing detailed reaction kinetics, it is seen that there is
a diverse range of time scales associated with the evolution of different species
involved [55] in the process.

A common example of a set of ODEs that describe a reaction system and
demonstrate the stiffness problem is due to Robertson(1966) [56]. It describes
the kinetics of an autocatalytic reaction and is defined by

A → B : k1

B +B → C +B : k2

B + C → A+ C : k3

(3.1)

Here A, B and C denote the three species in the reaction system. The value of
the rate coefficients k1, k2 and k3 are 0.04, 3 · 107 and 104 respectively. Such
variation in the rate coefficients of the reactions induces a wildly varying time-
scales for the production and destruction of each species.

In chapter 2 we have shown that the variations of the species’ mass fractions
y due to reactions can in general be written in the form

dy

dt
= S(y), (3.2)

The source term S can be a complicated function of the species mass fractions.
In general, all species sources can depend on all fractions and the set of equations
(3.2) is a coupled set of ordinary differential equations.

The ratio of the slowest to the fastest time scale present in the system is
referred to as the stiffness of that system. Mathematically the stiffness can be
expressed as

St =
τmax

τmin
, (3.3)

where St is the stiffness, τmax the slowest time scale and τmin the fastest time
scale in the system.

In the solutions of the set of ODEs, the total required simulation time is typi-
cally related to the largest time-scale, while the allowed time step is connected to
the smallest time scale. The number of time steps is then related to the ratio of
both, which is just the stiffness parameter St. For a highly stiff system it is then
obvious that the computational time can be exceedingly long [57]. In the next
section we will discuss some common numerical techniques for solving sets of
ODEs and make some observations about the time steps and other performance
metrics.
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3.2 Conventional Numerical Techniques

The conventional numerical technique to solve the differential equation are the
Euler methods, the Runge-Kutta method [58], the Adam-Bashforth method and
the Adam-Moulton method [59]. We will first discuss the explicit and implicit
Euler methods to solve the stiff differential equations. The Euler method is a
so-called one-step method, in which the calculated values depend only on one
other set of values. The equations for each method are written here in terms of
mass fraction of species yi but as noted before: a density or molar fraction based
method will have the same essential features.

3.2.1 Euler’s Explicit equation

For the system (3.2), Euler’s explicit equation [59] is given by

yn+1 = yn + δtS(yn). (3.4)

Here δt is the time step, while n and n+ 1 refer to the old and target moments
in time. Equation (3.4) is explicit because the new fractions can be calculated
directly in terms of the parameter values that are available at time t.

The steps taken to solve the equation (3.2) by Euler’s explicit method are:

1. Set t to the start time t0 and set initial values for the mass fractions y.

2. Calculate the source terms S.

3. Choose a timestep δt;

4. Calculate the values of y at the new timestep using equation (3.4).

5. Increment the time t with the time step δt

6. If the time is smaller then the chosen end time, go back to step 2.

7. End.

Euler’s explicit method can give realistic values only if the increment in the time
step is sufficiently small. This means that the method is not suitable for stiff
equation sets, even if one is interested only in the steady-state behaviour and
errors in the intermediate result are not an issue: the simulation time would be
too large. This can be explained by considering a simple system that consists of
only one variable and equation:

dy

dt
= −ay, (3.5)

where a is a positive constant value. From Euler’s explicit method the solution
is given as

yn+1 = yi − δtayn = yn (1− aδt) . (3.6)

From equation (3.6), it can be seen that if δt >
1
a , the mass fraction value will

start becoming negative.
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3.2.2 Euler’s Implicit equation

Euler’s implicit approximation of equation (3.2) is given by [59]:

yn+1 = yn + δtS(yn+1). (3.7)

Euler’s equation (3.7) is implicit since it involves the value at the target time
step. This value of the current iteration can be estimated itself from Euler ex-
plicit method or Newton’s method and the calculated value can be used in the
Euler implicit method to arrive at the final result. This is an example of the
predictor-corrector approach.

If Euler’s implcit form is applied to equation (3.5), we get

yn+1 = yn − δtayn+1, (3.8)

or

yn+1 =
yn

1 + aδt
. (3.9)

The method is unconditionally stable; no unrealistic negative values can be pro-
duced independent of the time step δt. This makes the method suitable if one is
interested only in the steady state result, which can be obtained using relatively
large time steps. However, if one is interested also in the intermediate values of
the solution variables, the time step will be restricted by accuracy considerations,
and for stiff systems the computational time can still be excessive.

In order to apply the implicit Euler technique to the system of equations (3.2)
we need to apply a first-order Taylor series expansion to the right-hand side of
equation (3.7), the result is

S(yn+1) = S(yn) + J(yn)(yn+1 − yn). (3.10)

where J is the Jacobian matrix, which is given by J = ∂S/∂y. Its element
values are given by

Jij =
∂Si
∂yj

. (3.11)

Substitution and re-ordering terms yields

yn+1 = yn + (I − Jδt)−1
S(yn)δt. (3.12)

In making the equation implicit through Taylor series expansion we neglect
the second and higher-order terms. This results in a truncation error. In addi-
tion, roundoff errors will result from the finite machine accuracy of the computer
platform.

3.2.3 Incrementing the time taking into account relative
change in densities

In the previous section we did not comment on the choice for the time increment
δt. In practice that can be adjusted for each iteration on the basis of a criterium,
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such as a maximum relative change in the densities. We discuss this possibility
for a single-variable system.
The relative change in density (or fraction) of a particular species is given by

δyi =
dyi
dt
δti (3.13)

and by dividing equation (3.13) by yi we get:

δyi
yi

=
1

yi

(
dyi
dt

)
δti . (3.14)

The maximum alllowed relative change in the fractional value is denoted as
M . The absolute value of fractional relative change of density (or fraction) in
equation (3.14) should be less than this maximum value, yielding∣∣∣∣δyiyi

∣∣∣∣ < M. (3.15)

Using equation 3.13 this can be written as∣∣∣∣ 1

yi

(
dyi
dt

)∣∣∣∣ δti < M (3.16)

and by re-arranging this equation we get

δti <

∣∣∣∣ yi
dyi/dt

∣∣∣∣M (3.17)

Since dyi/dt = Si, this can be written as

δti <

∣∣∣∣ yiSi
∣∣∣∣M (3.18)

or as

δti =

∣∣∣∣ yiSi
∣∣∣∣
min

M. (3.19)

The notation
∣∣∣ yiSi

∣∣∣
min

indicates that from the value of all the fractions the mini-

mum value should be taken.

3.2.4 Trajectories and Equilibrium

The solution of the system of equations by conventional numerical method, as
discussed in the previuos sections, will describe a curve y(t) in the solution space.
A sample trajectory is shown in the Figure 3.1 for a system of reactions that
will be presented in detail in section 3.3. The trajectory starts at a given initial
condition at t = 0, follows a unique path in the three dimensional space to finally
reach the equilibrium point (t→∞). The chemical reaction is movement along
the trajecory. Different initial conditions will span different trajectories, which
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Figure 3.1: The figure shows a trajecory in 3D space. The mass fraction for
the three densities are y1, y2 and y3. The initial point is labeled as I and the
equilibrium point is labeled as Eq.

are unique and do not cross each other. All the trajectories starting from dif-
ferent initial conditions will finally end at the same point known as equilibrium
point.

Equilibrium is a term that refers to balance. The mechanical equilibrium
occurs when forces acting on the body are balanced whereas thermal equilibrium
occurs when there is no flow of heat between the two body. Chemical equilibrium
occurs when the concentration of reactants and products remains unchanged as
long as the system is undisturbed. The chemical equilibrium for a reaction system
is defined by the thermodynamic state of the system (generally temperature and
pressure).

3.3 A Three-Level Atomic System

In this section we will demonstrate the time-evolution of some idealized atomic
systems. The examples do not attempt to demonstrate realistic plasmas, but
show how the stiffness of a reaction set manifests itself in the trajectories y(t).
Following Kemaneci [60], we consider a three-level hydrogen system for two as-
sumed sets of values for the rate coefficients.

3.3.1 Case 1

The system consists of the atomic ground state of the hydrogen atom, an excited
state and the ion state. The energies of these levels are 0.0 eV, 3.4 eV and 13.6
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H+

H

H*

f12 f21

f23 f32f13 f31

(1)

(2)

(3)

Figure 3.2: The figure shows the three level of hydrogen system taken into
account. Excitation and deexcitation frequencies from state p to state q are
are written as fpq. The value in the bracket is the value of the level.

Table 3.1: Frequencies of the system for forward reactions as taken from [60].

# Frequency fpq s−1

1 f12 2.7 · 1010

2 f13 9.0 · 108

3 f23 1.0 · 106

eV, respectively. The mass fraction of heavy particle in the states are written as
y1, y2 and y3 respectively. The following transitions are considered:

H + e 
 H∗ + e,
H∗ + e 
 H+ + e+ e,
H + e 
 H+ + e+ e.

The expressions for the excitation frequency fpq are taken from Table 7.3 of the
thesis of Kemaneci [60] (page 119) and summarized in table 3.1.

The frequencies for the backward reactions (deexcitation and recombination)
have been calculated from the principle of detailed balance. For deexcitation
from the excited state to the ground state the equation is derived from the
Boltzmann balance [61] as

fqp = fpq

(
gp
gq

)
exp

(
Epq
kBT

)
. (3.20)

p and q are the levels, g is the statistical weights kB is the Boltzmann constant
T is the temperature and Epq is the energy difference between the levels p and q.
For the recombination reactions the equation is derived from the Saha balance,
yielding

f+p = fp+

(
gp

2g+

)(
h3

2πmekBTe

)3/2

exp

(
Ep+
kBT

)
. (3.21)
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Table 3.2: Frequencies of the backward processes as calculated from Saha balance
equations (3.20) and (3.21).

# Frequency fpq s−1

1 f32 7.5 · 104

2 f21 3.8 · 101

3 f31 1.7 · 102

Here + is the ion state and p is the final state, h is Planck’s constant, me and
Te are the electron mass and temperature respectively. The frequencies for the
backward reactions are given in Table 3.2

Once the value of frequency of excitation and deexcitation is calculated the
equation for the source of the system can be written in terms of mass fraction as

dy1

dt
= −(f12 + f13)y1 + f21y2 + f31y3, (3.22)

dy2

dt
= f12y1 − (f23 + f21)y2 + f32y3, (3.23)

dy3

dt
= f13y1 + f23y2 − (f31 + f32)y3. (3.24)

The system of equation 3.22–3.24 can be written in the vector form as

dy

dt
= S(y) = Jy. (3.25)

where the matrix J is given by

J =

−(f12 + f13) f21 f31

f12 −(f23 + f2,1) f32

f13 f23 −(f31 + f32)

 (3.26)

Note that in this particular case the system is linear and the source can be
written as the product of the jacobian matrix and the mass fraction vector.

3.3.2 Result for Case 1

We can apply the Euler’s implicit method as given by equation (3.12) to solve
for the trajectories in a 3 D system. The Jacobian for the system is constant
and is given by equation (3.26). The trajectories for the system are shown in
Figure 3.3. The equilibrium point is Eq =

(
5 · 10−9, 0.069, 0.930

)
(using 3

significant figures).

The system is highly stiff as can be seen from the reaction rate coefficients
(frequencies), which differ by orders of magnitude. The reciprocal values of these
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Figure 3.3: The figure shows 3 dimensional phase space of the system for 1st
case. The trajectories T1 to T6 starting from different initial conditions move
towards the equilibrium point labeled as Eq.

frequencies give the time scales of the processes. The slow process tmax is of the
order of 10−1 sec and the fast process tmin is of the order of 10−10 sec. The
stiffness is very high of the order of 109. Already in this case, but especially
when the system is more complex and involves more species, Euler’s method will
become impractical.

From the figure it can be seen that the trajectories start from different initial
conditions denoted from T1 to T6 in a 3 dimensional state space. (There are
three species in the system hence the phase space is 3 dimensional.) All these
trajectories move towards equilibrium. One of the important point to be noted
from the figure is that all the trajectories have a sharp bend where they merge
together long before reaching the equilibrium point. Ultimately, all the trajec-
tories reach the equilibrium point.

This behaviour of the system is at the heart of the Intrinsic Low-Dimensional
Manifold (ILDM) technique. This will be further explained in the upcoming
chapter.

3.3.3 Case 2

In the second case the values of the frequencies are changed (artificially) to be
close to each other. This is expected to reduce the stiffness of the system. The
values are summarized in table Table 3.3. As before, the system is described by
equations (3.25) and (3.26).
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Table 3.3: Value of frequencies taken for the non-stiff system.

# Frequency fpq s−1

1 f12 9 · 101

2 f13 1 · 102

3 f23 5 · 101

4 f32 3 · 101

5 f21 1 · 101

6 f31 2 · 101

Figure 3.4: The figure shows 3 dimensional phase space of the system for 2nd
case. The trajectories labeled T1 to T7 start from different initial conditions.
The trajectories move towards equilibrium point Eq.

3.3.4 Result for Case 2

Euler’s implicit method, as given by equation (3.12), was used to calculate the
trajectories T1-T7. In this case the fastest and slowest time scales of the pro-
cesses are 0.01 seconds and 0.10 seconds. Hence, the stiffness is of the order of
101. The equilibrium point is Eq =

(
0.077 0.385 0.538

)
upto 3 significant

digits.

From the Figure 3.4, it is seen that the trajectories do not merge together
before reaching the equilibrium point. The sharp edge that was seen in the
previous case is not present and the trajectories are smooth curves. This is due
to the fact that there is no clear separation between the fast and slow system
dynamics.
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3.4 Conclusion

Stiff differential equations when solved by conventional numerical techniques can
reach only upto small times since there is a limitation involved in the time step,
which is governed by the smallest time-scale. If the modeler tries to increase
the time step to reach longer times, these techniques give inaccurate or unstable
results. In addition to this, due to small time steps the computational load
becomes enormous in reaching the longer times. The ILDM method, one of the
chemical reduction technique, analyzed and applied in the subsequent chapters
reduces the stiffness present in the system of ODEs. Reduction of stiffness by
eliminating the smallest time scales from the system allows the modeler to reach
longer simulation times by taking larger time steps. In the next chapter this
ILDM method is explored in full detail.





4Mathematical Description
of ILDM

Abstract

This chapter gives an elaborate mathematical description of the Intrinsic
Low-Dimensional Manifold (ILDM) reduction technique and compares that with
an older reduction technique that has been widely used in in plasma science, the
Quasi Steady State Assumption (QSSA) method. The similarities and differences
between the two methods are identified and the advantage of ILDM over QSSA is
discussed. The two methods are further explained via a 3-level model of atomic
argon.

31
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4.1 Particle Balance

The mass or particle balance for a species i can be written as [62] (see chapter
2):

∂ni
∂t

+ ~∇ · ~Γi = Si, (4.1)

where Si is the source of species i, ni its density, and ~Γi is the particle flux
density. The source can further be written in terms of a production term Pi and
a destruction frequency Di,

Si = Pi − niDi. (4.2)

Note that in general Pi and Di are not constant, they may be functions of all
ni and other local values of the parameters that describe the plasma. We can
define a transport frequency Fi as

Fi =
~∇ · ~Γi
ni

. (4.3)

Substitution of equations (4.2) and (4.3) in equation (4.1) results in

∂ni
∂t

+ Fini = Pi − niDi. (4.4)

The equilibrium density ni,eq for each species can be found by assuming steady
state and no transport, which gives

Si = Pi − ni,eqDi = 0. (4.5)

The value of ni,eq in terms of production term and destruction frequency is

ni,eq =
Pi
Di
. (4.6)

By dividing equation (4.4) by the destruction frequency, assuming Di 6= 0, the
equation becomes

1

Di

∂ni
∂t

+
Fi
Di
ni =

Pi
Di
− ni = ni,eq − ni. (4.7)

From equation (4.7) we can define a new variable,

Dai =
Di

Fi
, (4.8)

where Dai is known as the Damköhler number. This reflects the competition
between the rate at which a species density is affected by transport to the rate
at which it changes due to chemical reactions [63]. Based on Dai, a species can
be classified as follows:
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1. If for a species Dai � 1 (that is; Di � Fi, so the destruction frequency of
that species is much higher than the transport frequency), the species is a
Local Chemistry (LC) species. These species reach their quasi-steady-state
at a time scale that is smaller than the transport time scale (τ tri = 1

Fi
).

2. Otherwise, transport will play a major role and cannot be neglected. The
species is referred to as Transport Sensitive (TS).

Equation (4.7) has to be set up for each species present in the reaction system and
all the equations have to be solved simultaneously. Solving a large set of such
coupled differential equation is computationally expensive and a cumbersome
procedure. In addition, the risk of numerical inaccuracies is high. This is where
the reduction techniques come into play. The two reduction techniques that
are discussed in the next sections are the traditional QSSA (Quasi Steady State
Assumption) [29] and the ILDM (Intrinsic Low-Dimensional Manifold) methods.

4.2 The Quasi Steady State Assumption

The Quasi Steady State Assumption (QSSA) is one of the most commonly used
reduction techniques in plasma physics [29,64]. The QSSA is employed on a col-
lisional radiative model which takes into account the processes of collision and
radiation that changes the state of an atom. All the species in QSSA are classi-
fied into two earlier defined types, Transport Senstive (TS) and Local Chemistry
(LC) transitions [65].

For the simple case of atomic systems with radiations and electronic collisions
the source term, neglecting the transport, can written as

S = Mn, (4.9)

where S is the source vector and n is the density vector. M is the matrix that
depends on electron density and temperature but the electron density is not part
of the density vector n. The electron density ne is calculated separately from
the quasineutrality constraint as

ne =

∑
i qini
e

, (4.10)

where ni is the density of the ion and qi is its charge. Once we have distinguished
the TS species from the LC species, the source term S, the density vector n and
the matrix M are written in terms of TS and LC species as [66][

St
Sl

]
=

[
Mtt Mlt

Mtl Mll

] [
nt
nl

]
, (4.11)

where the subscript t represents the TS levels and l represents the LC levels.
In such traditional QSSA, the species for which Da is above a certain threshold,
the approximation Da → ∞ is made. This amounts to the assumption that for
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those states at each instant of time the densities have their chemical euilibrium
values, so Sl = 0. Based on this assumption equation (4.11) can be modified to[

St
0

]
=

[
Mtt Mlt

Mtl Mll

] [
nt
nl

]
. (4.12)

The densities of the local chemistry states can be retrieved from the second block
of equation and is given by

nl = −
(
Mll

−1Mtl

)
nt. (4.13)

From substitution of this result in first block of equation (4.12) we find the source
terms of the TS species. The result is

∂nt
∂t

= St =
(
Mtt −MltMll

−1Mtl

)
nt. (4.14)

The source term for the transport sensitive species contains two terms. The
first term denotes the direct transitions between the ground and ion states. The
second term denotes the stepwise transitions through the local chemistry states.
A more elaborate and detailed discussion on this topic can be found in [65]. In
many practical situations the transport senstive species are assumed to be the
ground and the ion states of the atom. The excited states are assumed to be the
local chemistry species.

The disadvantage of the QSSA technique is that it is not a rigorous tech-
nique. There is no way of knowing a priori which species are LC and which are
TS, instead the modeller/user has to make a conscious choice. It is therefore
interesting to consider a technique which can automatically extract the relevant
information from the reaction system and make a distinction between TS species
and LC species. The ILDM method discussed in the next section is one such
method.

4.3 The ILDM Method

The continuity equation (4.1) for the reaction system, neglecting the transport,
can be written in vector notation as (see section 2.7):

∂n

∂t
= S = νZ. (4.15)

The stoichiometry matrix ν has been defined below equation (2.47), the reaction
rate vector Z in equation (2.46).

Linearization

The source term given in equation (4.15) can be linearized with the help of a
Taylor series expansion as

S(n) = S(n0) +
∂S(n0)

∂n

(
n− n0

)
+O(δn)2. (4.16)
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Neglecting the higher order terms, equation (4.16) is written as

S(n) = S(n0) + J |n0

(
n− n0

)
, (4.17)

where J is the Jacobian matrix of the source vector,

J =
∂S

∂n
. (4.18)

The Jacobian of the source can be calculated numerically and/or analytically.

Numerical Jacobian

The individual terms for the Jacobian matrix are

Jij =
∂Si
∂nj

, (4.19)

and can be evaluated numerically using the finite difference method as in Ref.
[67],

Jij =
Si (n+ ∆njδj)− Si(n)

∆nj
, (4.20)

Here the vector δj has elements j equal to 1, the others equal to 0. The per-
turbation ∆nj , given to the jth density in the density vector n, can be written
as

∆nj = ψnj , (4.21)

where ψ is the relative perturbation. The numerical accuracy of the Jacobian
is highly dependent on the value of the relative perturbation ψ [68] and the op-
timal value of ψ is problem dependent. A reasonable default value of ψ is the
squareroot of the machine precision. This is also what is used by the Non Linear
Solver [69] of the MINPACK library [70].

An easier way to reduce the numerical error is to calculate the gradient matrix
(G) of the rate vector Z and then left-multiply that with the stoichiometric
matrix. Since the stoichiometric matrix is constant this results in

J =
∂S

∂n
= ν

∂Z

∂n
= νG. (4.22)

An approximate numerical evaluation of the elements of G can be done as

Gij =
Zi (n+ ∆njδj)− Zi(n)

∆nj
, (4.23)

where ∆nj is the perturbation defined by equation (4.21).
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Analytical Jacobian

Since Z is a known function of n, G can be calculated analytically. Using the
expression for Z we obtain

Grj =
∂Zr
∂nj

=


0 if νLj,r = 0,

νLj,rn
νL
j,r−1

j kr
∏Ns

i=1;i6=j n
νL
i,r

i .

(4.24)

The gradient matrix Gr, is calculated here in terms of particle densities but can
also be written in terms of mass fraction variables, as shown in a later chapter.
Two important assumptions underly the expressions above:

1. The rate coefficient does not depend on the densities;

2. If the reaction is reversible, the forward and backward processes must be
dealt with separately (no detailed balancing is employed).

There are two ways to proceed with the calculation after the Jacobian matrix
has been established. The first method is based on the diagonalization of J and
is discussed in section 4.3. The other method is based on the Standard Schur
decomposition and discussed in section 4.3. (There is also a Generalized Schur
decomposition, which is not used in the ILDM algorithm. See [71] for details.)

Diagonalization

The diagonalization of the Jacobian matrix (4.18) of the source term S(n) gives

J = V ΛV −1, (4.25)

where the columns of the matrix V are the right eigenvectors of J , while Λ is
the diagonal matrix Λ with the corresponding eigenvalues on the diagonal. The
eigenvalues at the diagonal matrix are ordered according to the decreasing value
of the real part of the eigenvalue [72],

Re(λ1) ≥ Re(λ2) ≥ .... ≥ Re(λn).

From the discussion thus far we can analyze the response of a chemical system
to disturbances. If the given density vector is n0 and the system is perterbed
slightly to a new set of density vectors nε, the perturbation is written using
equation (4.17) as

S(nε)− S(n0) = J |n0

(
nε − n0

)
. (4.26)

Substituting the value of the source from equation (4.15) this becomes

∂

∂t

(
nε − n0

)
= J |n0

(
nε − n0

)
. (4.27)
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If we define the perturbation vector as ζ = nε − n0, the above equation can be
written as

∂ζ

∂t
= Jζ (4.28)

Substituting the value of J from equation (4.25) we get

∂ζ

∂t
= V ΛV −1ζ, =⇒ V −1 ∂ζ

∂t
= ΛV −1ζ. (4.29)

If the time step is very small the eigenvector V and its inverse V −1 are constant
for the small interval of time, so that equation (4.29) can be written as

∂V −1ζ

∂t
= ΛV −1ζ. (4.30)

For convenience, we can define a new variable ϕ = V −1ζ. The equation for this
perturbation variable becomes

∂ϕ

∂t
= Λϕ. (4.31)

Equation (4.31) can be solved for each variable separately, the result is:

ϕi(t) = ϕi(0)eλit. (4.32)

For all i equation (4.32) describes the response of the system when subject to a
small perturbation [73]. If the ith density is perturbed slightly then there will
be response in the direction of the eigenvector corresponding to that density.
There are four possibilities of how a reaction system reacts to a small perturba-
tion depending on the eigenvalue:

1. If the eigenvalue is real and negative the system reaches the equilibrium.

2. A zero eigenvalue means that the perturbation does not change with time
(i.e. ϕi(t) = ϕi(0)). This implies that the density, or the combination of
densities remain conserved and has no effect of perturbation.

3. If the eigenvalue is real and positive the perturbation will continue to
increase and system never reaches equilibrium.

4. A complex eigenvalue means that the system oscillates. If the real part
of the eigenvalue is positive then the amplitude of oscillation continues
to increase and the system diverges away from equilibrium. If the real
part of the eigenvalue is negative the amplitude of oscillation continues to
decrease and the system converges to equilibrium. If the real part is zero
the amplitude of oscillation remains constant and the system continues to
oscillate around equilibrium point. The imaginary part of the eigenvalue
determines the amplitude with which the system oscillates.
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A detailed description of dynamic system solution is given in appendix B.

The eigenvalues of the Jacobian matrix of the source also helps in identifying
the characterstic time scales associated with each species in the reaction system.
From equation (4.32) it can be seen that the time scale is equal to the inverse of
the absolute value of the real part of the eigenvalue.

τi =
1

|Re(λi)|
. (4.33)

The right eigenvector matrix V in equation (4.25) is given by

V =


...

...
...

v1 v2 . . . vn
...

...
...

 , (4.34)

where vi is the modified eigenvector corresponding to the ith eigenvalue. The
eigenvectors define the characterstic directions associated with the corresponding
time scales given by the eigenvalues.
The inverse of the eigenvector matrix is given by

V −1 = W =


. . . w̃1 . . .
. . . w̃2 . . .
. . . w̃3 . . .
...

...
...

 , (4.35)

where each row w̃1 corresponds to the left eigenvectors of the Jacobian matrix
J . The LAPACK [74] function dgeev is used for computing the eigenvalues and
the left eigenvectors of the matrix.

The matrix W can be written in terms of fast and slow vectors as given by
the absolute values of the real parts of the eigenvalues. If the user decides that
all the processes that are faster than a predefined time τcutoff are instantaneous
and not important for the particular system, we can define a variable λcutoff as

λcutoff =
1

τcutoff
. (4.36)

The introduction of variable λcutoff determines the distinction between fast and
slow processes. If |Re(λ)| ≥ λcutoff, it is a fast process, otherwise it is a slow
process. The eigenvalues are arranged in descending order of magnitude so the
corresponding eigenvectors can be seperated in terms of slow vectors W s and
fast vectors W f as

W =

(
W s

W f

)
. (4.37)

The low dimensional manifold can be defined by neglecting the slow time scale
processes and taking into account only the fast processes. The fast processes are
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perpendicular to the manifold and slow processes are along the manifold. Hence
the manifold surface can be mathematically expressed as an inner product of
fast eigenvectors and the source vectors. The equation is expressed as

W fS(n) = 0. (4.38)

Equation (4.38) defines the low dimensional manifold. There are a few nu-
merical difficulties when the manifold is defined in terms of eigenvectors. One is
due to the occurance of degenerate (repeated) eigenvalues, whose corresponding
eigenvectors may be linearly dependent [75]. In that case dependent eigenvectors
the geometric multiplicity of the eiganvalue decomposition is not possible. Due
to this difficulty it is useful to work in a modified eigenvector basis, the Schur
basis, which will be discussed next. The second problem of using the eigenvector
basis arises when the eigenvalues become complex. The additional calculation
needed under such circumstances are given in appendix B.

Schur Decomposition

The (standard) Schur decomposition of the Jacobian of S(n) is given by

J = QNQT , (4.39)

where the Schur vector matrix Q is the unitary matrix such that QT = Q−1.
The matrixN is the upper triangular matrix that has eigenvalues at the diagonal
of the matrix.

N =


λ1 . . . . . . . . .
0 λ2 . . . . . .
...

...
. . .

...
0 . . . 0 λn

 (4.40)

The eigenvalues that appear on the diagonal of N are assumed to be arranged in
the decreasing order of magnitude [72]. Such a rearrangement of the matrix can
be acheived by Givens rotations [76, 77]. In our calculations the LAPACK [74]
function dgees is used to calculate the Standard Schur decomposition. The al-
gorithm used can be found in [76]. The function dtrexc is used to order the
eigenvalues on the diagonal of the triangular matrix of the Schur decomposition
and change the corresponding Schur vectors. The algorithm used in the function
can be found in [78]. The functions can be used in all the cases irrespective of
whether the eigenvalues are real or imaginary.

Q is the matrix comprising of qi as the column of the matrix where qi are
the Schur vectors.

Q =


...

...
...

q1 q2 . . . qn
...

...
...

 (4.41)



40 Chapter 4. Mathematical Description of ILDM

Since all the Schur vectors in the matrix are orthogonal, the difficulty associated
with linearly dependent eigenvectors is avoided. The Schur matrix can be divided
into slow and fast portions as

Q =
[
Qs Qf

]
, (4.42)

and the matrix N can be written as

N =

(
Ns Nsf
0 Nf

)
, (4.43)

where Ns are the eigenvalues in the diagonal corresponding to slow processs and
Nf are the eigenvalues in the diagonal corresponding to fast processs. The lower
triangular elements are all zero and the upper triangular elements are Nsf . The
reasoning is similar as the one given in the section 4.3. The transpose of the
matrix is given by

QT =

(
QT
s

QT
f

)
. (4.44)

The top portion of QT corresponds to the slow processes, and the bottom por-
tion corresponds to the fast processes. The low dimension manifold is obtained
by neglecting the slow processes and taking into account the fast processes. Ap-
plying the same reasoning as in the section of Diagonalization, in terms of Schur
basis, the manifold equation is given as the matrix product of the fast Schur
matrix and the source,

QT
f S(n) = 0. (4.45)

QT
f is the fast Schur vector matrix. The source vector and the fast Schur vectors

are perpendicular on the manifold curve, which is visualized in Figure 6.1.

The equation (4.45) is similar to equation (4.38), the only difference being the
basis used that is the skewed basis. Hence, if the eigenvalues are non-degenerate
but the eigenvectors are such that the angle between them is very small or close
to zero, numerical issues can arise while inverting the eigenvector matrix. On
the other hand the Schurvector basis used in equation (4.45) is the orthogonal
basis. Since all the Schur vectors are mutually perpendicular there is no numeri-
cal issue in inverting the Schur vector matrix. Another advantage of using Schur
vectors over eigenvectors is in the case where the eigenvalues become complex,
as explained in the next section. The complex eigenvalues will appear if the
system has an oscillatory nature. If the eigenvalues are complex the correspond-
ing eigenvectors become complex hence additional calculations are needed if an
eigenvector basis is used. The additional calculations can be found in [79]. In the
case of Schur vector basis the Schur vectors remain real irrespective of whether
the eigenvalues are real or complex.

The choice of basis completely depends on the user but due to inherent diffi-
culties discussed in section 4.3 and 4.3 with the skewed basis it is highly recom-
mended to use orthogonal basis in complicated systems.
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Figure 4.1: The figure shows the behaviour of source vectors (shown in red) and
the fastest Schur vectors (shown in black) in the immediate vicinity of the 1-D
manifold (shown in green) in a 2-D plane. The source vectors bend and follow
along the manifold while the fastest schur vectors remain perpendicular to the
manifold at all times. From the figure it is clear that the source and the fast
Schur vectors are perpendicular on the manifold. Similar interpretations can be
drawn for higher dimensional manifolds in higher dimensional state-space.

The full System of Equations

The continuity equations to be solved for numerical analysis of plasma, as ex-
plained in previous section 4.1, is written as

∂n

∂t
= S(n). (4.46)

ILDM method transforms these system of coupled differential equations (4.46)
into the system of linear/non-linear equations. Solving these linear/non-linear
equation is easier and computationally inexpensive compared to solving the cou-
pled set of differential equations for all species. The complete set of linear/non-
linear equations for ILDM is written as

1. Temperature

T = Tref, (4.47)
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with Tref the reference value of the temperature. If the temperature is kept
fixed Tref remains constant for the entire calculation otherwise the value of
Tref can be varied.

2. Pressure
p = pref, (4.48)

with pref is the reference value of the pressure. If the pressure is kept fixed
pref remains constant. In our calculations we assume that the pressure and
temperature are fixed hence Tref and pref are constant.

3. The element conservation equation.
The elements in the reaction system are conserved; they are neither created
nor destroyed. Elements are simply defined as the fundamental building
blocks in the system of chemical reactions. The choice of these building
blocks is not fixed but is user dependent. The common practice in a non-
nuclear reaction system is to take atoms as the elements. In rare cases a
molecule can also be considered as an element if it is not decomposed. As
a simple example, in the polymerization reaction [80] of the form

6HF 
 (HF)6,

there is no need to take H and F as seperate elements, HF can be considered
as one element (building block). In the case of charged reaction systems,
the electron is considered as one of the element.
If there are a total of Ne elements in the reaction system the Ne elemental
conservation equations can be written in terms of an element matrix as

Φn−$e = 0, (4.49)

where n is the density vector and $e is a vector containing the amount of
conserved elements in a closed system. The elemental matrix Φ is defined
as

Φ =


...

φTi
...

 , (4.50)

where φi is the element vector for the ith element. The element vector is
given by

φi =
(
. . . , φj , . . .

)T
(4.51)

where φj is the total number of elements in a particular j species.

4. The parameter equation
The choice of the parameter species and the number of parameters depends
on the user. The choice of parameter does not influence the construction
of the manifold curve. The number of parameters chosen (Nd) defines the
dimension of the manifold. The Nd parameter equations are formulated as

Pn−$p = 0 (4.52)
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Where n is the density vector and $p is a vector containing the constant
values of the parameters. P is the Nd × Ns parameter matrix formed by
substituting 1 at the index of a particular parameter species in the corre-
sponding row and 0 for the rest of the species in that row. For example, in
a 5 species system if the species with index 1 and 3 are taken as the two
parameters, the matrix P becomes

P =

(
1 0 0 0 0
0 0 1 0 0

)
. (4.53)

It is convenient for the user to write parameters in terms of a matrix P so
that it can be merged with the element matrix Φ and written together as(

Φ
P

)
n−

(
$e

$p

)
= 0. (4.54)

5. The manifold equation

The total number of algebraic equations given by elemental conservation
is Ne and by parameters is Nd. The total number of equation needed
to solve the system is Ns. So one needs an additional Ns − Ne − Nd
equations. The set of equations is completed by the manifold equations
written in terms of an eigenvector (skewed) basis given by (4.38) or the
Schur vector (orthogonal) basis given by (4.45). The manifold equation
takes the general form of

AS(n) = 0, (4.55)

where the matrix A is the reduced matrix that contains the fast time scale
processes. A can be written in terms of the eigenvector basis as W f by
neglecting the topmost Ne +Nd rows from the inverse eigenvector matrix
W , or in terms of the Schur vector basis as QT

f by neglecting the topmost

Ne +Nd rows from the transpose of the Schur vector matrix QT .

The equations (4.49) and (4.52) are linear (algebraic) equations, whereas
the equation (4.55) is a non-linear (algebraic) equation. The full system of
linear/non-linear equations after parameterization can be written as

0 = g(n) =

Φn−$e

Pn−$p

AS(n)
(4.56)

The value of the parameter(s) is varied in steps. For each value of the param-
eter a point is calculated. The procedure for calculation of the above linear/non-
linear equations is given in the next section. The manifold curve is defined by
the series of these points which are stored in the form of a look-up table.
Mathematically a lookup table is defined as

n = n (np) ; (4.57)
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where np is the densities of parameter species and ni are the densities of re-
maining species which are function of parameter(s). Once the manifold curve is
determined and the look-up generated, the continuity equations to describe the
plasma are solved only for the parameter(s),

∂np
∂t

= Sp (n(np)) , (4.58)

where np is the parameter density and Sp is the source that depends on density
vector n. The density vector n can be calculated from lookup table (4.57) for
that particular value of parameter density np. Once the equation is solved new
values of parameters are found and the remaining values corresponding to the
parameter(s) are read from lookup table.

Solution of the set of equation

The set of non linear equations given by (4.56) can be linearized from Taylor
expansion as

g(n) = g(n0) +

(
∂g(n)

∂n

)
n0

(n− n0) +O(∆ni)
2. (4.59)

Since the final solution of equation (4.56) is given by g(n) = 0, neglecting terms
of order 2 and higher, the equation (4.59) can be written as

0 = g(n0) +G(n0) (n− n0) , (4.60)

where G(n0) is the Jacobian matrix of g(n) at n = n0 which is

G(n0) =

(
∂g(n)

∂n

)
n0

. (4.61)

The equation (4.60) can be simplified to get the value of n, which is

n = n0 −G(n0)−1g(n0). (4.62)

In the above equation G(n0)−1 is the inverse of the Jacobian matrix of g(n)
at the density vector n0.

1. Newton’s Method
In a more generalized form the equation (4.62) is written as

nk+1 = nk −G(nk)
−1
g(nk), (4.63)

which is commonly known as Newton’s method [81].

Iterations are needed to solve equation (4.63). The vector nk+1 is the
density calculated by the kth iteration. The calculation begins with an
initial guess of the density n0 and subsequent density values are calculated
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till the absolute value of the error ε in density between the two consecutive
iteration becomes less than a certain value prescribed by the user εp. The
error is defined as

ε = max (| nk − nk+1 |) < εp (4.64)

More information about using Newton’s method for the solution of a mixed
set of non linear algebraic and differential equations can be found in [79,82].
The initial guess is a vital element of the Newton method, hence the ini-
tial guess should be such that the point lies inside the boundaries of the
manifold. The best initial guess is the equilibrium point. The trajectories
starting from anywhere finally settle at the equilibrium point in the phase-
space hence it is sure to be on the manifold. The above set of non linear
equations (4.56) can also be solved with the help of non-linear solvers avail-
able in the MINPACK [70] library which go by acronyms such as HYBR,
HYBRJ, LMDER and LMDIFF.

2. Damped Newtons Method
This is the strategy used by Eggels. If the function is of the form as given
in equation (4.56),

g(nk) = 0 (4.65)

The Jacobian of the function (4.65) is given by G which is explained by
equations (4.61) and (4.63). From equation (4.56), the differentiation of g
with respect to density will give

G =

 Φ
P

A∂S(n)/∂n

 . (4.66)

A will remain constant for a small change in the density value. Since
∂S(n)/∂n is the chemical source Jacobian J , we can write

G =

 Φ
P
AJ

 . (4.67)

Hence, we get rid of the caloculation of Jacobian in Newton’s method via
finite difference as it is time consuming and computationally expensive.
The equation of Newton’s method is modified as

nk+1 = nk − βG−1g(nk). (4.68)

The term β is the damping coefficient (0 ≤ β ≤ 1). The iteration is per-
formed till the value of error ε between densities given by two succesive
iterations becomes less than the predefined accuracy by the user as ex-
plained by equation (4.64).
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The convergence process can be further made faster by introducing a
pseudo- transient term in the equation (4.55). The manifold equation of
the system can be modified as

A
(
S(n)− n− n

0

∆t

)
= 0, (4.69)

where ∆t is the time step. The derivative of equation (4.69) with respect
to density will be

Gij =
∂gi
∂nj

= Aij
∂S(ni)

∂nj
−Aij

1

∆t

∂ni
∂nj

= Aij
∂S(ni)

∂nj
−Aij

δij
∆t

, (4.70)

where δij is the matrix with kroneker delta function. Each element of the
matrix is

δij =
∂ni
∂nj

. (4.71)

In vector notation the equation is written as

G = AJ − 1

∆t
Aδ. (4.72)

The differentiation of the other equations in (4.56) will remain the same.
Hence the Jacobian matrix G of equation (4.67) is modified as

G =

 Φ
P

AJ − 1
∆tAδ

 . (4.73)

Once the Jacobian of Newton’s method G is calculated we can proceed in
the same way. Using this strategy accelerates the convergence.

4.4 A Geometrical Description of ILDM

Geometrically, a reaction system can be depicted as a trajectory in a Ns dimen-
sional phase-space governed by the total number of species Ns. The reaction can
be regarded as the migration along the trajectory. The trajectories start from
different initial conditions (t = 0) and follow a unique path in the phase-space
to finally reach the equilibrium point(t → ∞) defined by the thermodynamical
properties of the system. When all the time-scales are equilibrated, the trajec-
tories converge to the 0-D manifold or the equilibrium point shown by the green
dot in the Figure 4.2. While on its way to equilibrium the trajectories travel
through the higher dimensional manifolds defined by the number of slow time
scale processes. When the system has reached to the slowest time-scale, the tra-
jectories bundle togather on a line which is represented by the the 1-D manifold
as shown by the red line in Figure 4.2. When the system has reached to the
next slowest time-scale but not the slowest time-scale the trajectories move to a
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Figure 4.2: The figure is taken from [83]. The figure illustrates how the tra-
jectories move to lower dimensional manifolds before reaching the equilibrium
point.

2-D manifold represented by a plane in the phase-space. The plane is sketched
in yellow in the Figure 4.2. The higher dimensional manifolds can be defined in
a similar way [84]. The identification of manifolds helps in decoupling the slow
from fast time-scales, as the manifolds depend on the time-scale of the system.
Thus if the modeler is not interested in the dynamics of the system at small
time-scales, the manifold provides a complete and accurate description of the
kinetics after the initial time period has elapsed since the trajectories take some
time to reach the lower dimensional manifold in the complete phase-space.

This situation is similar to the one depicted in the previous chapter for three
level hydrogen system in which the trajectories bundle together before reaching
the equilibrium. This bundling of trajectories occur because the system has
widely varying time scales making it stiff. The presence of manifold depends on
the stiffness of the system. Higher the stiffness of the system, more well defined
is the manifold because the trajectories will bunch in lower dimensional space
before reaching the equilibrium.

4.5 Application to a Three-Level Atomic Argon System

In this section we demonstrate the ILDM and QSSA methods for a hypothetical
three level argon system with only radiative transitions. Results for both meth-
ods are compared with those obtained from a solution of the full (unreduced)
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system of equations. The three level argon system contains ground state (Ar),
first excited state (Ar∗) corresponding to Ar[4s(3/2)] and the second excited
state (Ar∗∗) corresponding to Ar[4p(1/2)]. The energy of the ground state level
is 0.0 eV, that of the first excited state is 11.548 eV and that of the second
excited state is 13.273 eV.

The three radiative reactions can be written as

Ar + [hν] −→ Ar∗,
Ar∗ + [hν] −→ Ar∗∗,

Ar∗∗ −→ Ar∗ + [hν].

The transition frequencies of the three radiative processes are f1, f2 and f3. The
system is closed and kept at a constant temperature T and constant pressure p,
hence the total particle density n is constant and given by the ideal gas law as

n =
p

kBT
, (4.74)

where kB is the Boltzmann constant. In section 2.7 we have developed expres-
sions for the time-variation of the mass fractions, given by equations (2.51) and
(2.52),

dy

dt
= Sy,

Sy = ρ−1diag(m)S.

For the present system all masses are equal. Using equation (2.7) this allows a
simplification of the latter equation to

Sy =
1

n
S. (4.75)

Secondly, when the masses are equal the mass fractions are equal to the mo-
lar fractions, yi = xi = ni/n. Using the notation kx = fx for the radiative

Schematic Figure for 3 Level Argon System

Figure 4.3: The figure shows the three levels of argon system taken into account
with the corresponding transition frequencies. The frequency f1 is much lower
than the other two frequency f2 and f3
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‘rate coefficients’ for consistency with the nomenclature of chaper 2, it is readily
established that the expressions for the mass fraction source terms are given by

Sy (y1) = −k1y1, (4.76)

Sy (y2) = k1y1 − k2y2 + k3y3, (4.77)

Sy (y3) = k2y2 − k3y3. (4.78)

The system of equations (4.76)–(4.78) forms a coupled set of differential equa-
tions. The system is linear, has a constant Jacobian J , and can be written
as

Sy = Jy. (4.79)

In the next sections we will solve this system of three species and demonstrate
the method of QSSA and ILDM analytically.

4.5.1 Full system solution

The time evolution of the complete system is given by the solution of the three
differential equations (4.76) , (4.77) and (4.78). From any arbitrary initial con-
dition, the reaction will progress to reach the equilibrium point asymptotically.
Geometrically, the progress of the reaction can be visualized as a trajectory in
the three-dimensional space which starts at a given initial condition and ends at
the final equilibrium point. By definition the sum of the mass fractions will be
1,
∑
i yi = 1, and each mass fraction will lie between 0 and 1, 0 ≤ yi ≤ 1. Hence,

all the trajectories as well as the initial conditions will lie in the two-dimensional
triangular region bounded by y1 = (1, 0, 0), y2 = (0, 1, 0) and y3 = (0, 0, 1) as
shown in Figure 4.4. We can write the system of equation as

∂

∂t

y1

y2

y3

 =

−k1 0 0
k1 −k2 k3

0 k2 −k3

y1

y2

y3

 . (4.80)

The above system of equation can be solved using the eigenvalue/eigenvector
method [85]. The eigenvalues can be found from det(J − λI) = 0. The three
eigenvalues of the system are λ1 = 0, λ2 = −k1 and λ3 = −(k2 + k3). The
diagonal matrix is given by Λ = diag(λi) and the corresponding eigenvector
matrix is

V =

 0 (k1 − k2 − k3) 0
k3 (k3 − k1) −1
k2 k2 1

 . (4.81)

The full system solution isy1

y2

y3

 =

 c1(k1 − k2 − k3) exp(−k1t)
c0k3 + c1(k3 − k1) exp(−k1t)− c2 exp(−(k2 + k3)t)

c0k2 + c1k2 exp(−k1t) + c2 exp(−(k2 + k3)t)

 . (4.82)
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2D Triangular Plane

Figure 4.4: The figure shows the 2-D triangular structure inside the 3-D space.
The two trajectories shown start from initial condition I. The trajectory T1 lies
inside the region whereas trajectory T2 leaves the triangular plane which is a
violation of the law of conservation of mass.

Assuming that initially all the species are in the ground state; that is y = (1, 0, 0),
the constants c0, c1 and c2 are given byc0c1

c2

 =

 1
k2+k3

1
k1−k2−k3

k2
k2+k3

+ k3−k1
k1−k2−k3

 . (4.83)

From the above equations (4.82) and (4.83), one can get the full time evo-
lution for the three level system. The equilibrium point can be calculated by
setting t → ∞. The equilibrium point is yeq = (0, c0k3, c0k2), which can be

written as yeq =
(

0, k3
k2+k3

, k2
k2+k3

)
.

If we assume that the system is highly stiff, that is the difference in the rate
coefficient is high (k2 + k3 � k1), for t � 1

k2+k3
we can approximate that

exp (−(k2 + k3)t) → 0. Making this assumption and substituting the values
of the constants, the equation for y1 simply becomes

y1 = exp (−k1t) . (4.84)

Substituting the value of y1 from equation (4.84) in equation (4.82) for y2 and
y3 and eliminating the factor of time we get(

−k1k2

k1 − k2 − k3

)
y1 − k2y2 + k3y3 = 0, (4.85)

which is in fact the plane in the three dimensional composition space formed by
y1, y2 and y3.
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The intersection of the two planes, one given by
∑
i yi = 1 and another given

by equation (4.85), will give the equation of a line inside the three-dimensional
triangular plane. The equation of the 1D manifold represented by the line is

k2y2 + (k1 − k3) y3 =
k1k2

k2 + k3
. (4.86)

The system starting from any arbitrary point in the triangular region will quickly
move to the line and along the line to the equilibrium point as shown in Figure
4.5.

The three dimensional region is the full composition state space. The two
dimensional triangular reigon inside the full dimensional space is the 2-D mani-
fold is defined by the constraint

∑
i yi. The line given by equation (4.86) defines

the 1-D manifold inside the 2-D manifold. The equilibrium point is referred to
as the 0-D manifold [83].

4.5.2 Reduced solution, using QSSA

Let us now investigate the same three level argon system given by equations
(4.76), (4.77) and (4.78) using the traditional collisional radiative modelling ap-
proach. The common practice [27, 29, 64, 65] is to assume excited species as LC

1D Manifold For 3 Level Argon System

Figure 4.5: The figure shows the triangular structure bounded by mass conser-
vation (shown in blue). The 1-D manifold is shown in red. The trajectory starts
at initial pointy I and reaches the 1-D manifold at point P. The time taken to
reach the point P is very short because the fast time scale will dominate. Once
on the manifold the trajectory remains on the manifold and the slow time scale
dominates.
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species and ground and ion species as TS species, as explained in section 4.2 of
the paper. In this case Ar∗ is taken as LC and Ar and Ar∗∗ are taken as TS
species. Assuming that the LC species Ar∗ is in QSS we get

Sy (y2) = k1y1 − k2y2 + k3y3 = 0, (4.87)

which gives the density of LC species y2 in terms of the densities of TS species
y1 and y3.

k1y1 − k2y2 + k3y3 = 0, (4.88)

which defines the manifold given by QSSA. From the definition of mass fraction
we can write

y1 + y2 + y3 = 1. (4.89)

The equations of the TS species have to be solved. For Ar ground the equation
is

∂y1

∂t
= −k1y1, (4.90)

of which the solution is
y1 = y10 exp(−k1t), (4.91)

where y10 is a constant. From the initial conditions at y(0) = (1, 0, 0) the value
y10 = 1.
The complete solution is given by solving the three equations (4.88), (4.89) and
(4.91). If we compare this solution to the full system, we see that the equation
(4.88) can be obtained by approximation of (4.85). In equation (4.85), if we
assume k2 + k3 � k1 (i.e., the system is stiff) we get(

k1k2

k2 + k3

)
y1 − k2y2 + k3y3 = 0. (4.92)

Furthermore if we assume that k3
k2
� 1, the equation (4.92) simplifies to

k1y1 − k2y2 + k3y3 = 0, (4.93)

which is the manifold equation given by the QSSA. Hence, we can say that the
equation for the manifold given by the traditional QSSA is an approximation,
with two major assumptions. Just like in section 4.5.1 we will assume that
(k2 + k3) � k1, which is the first assumption. The second assumptions is that
the rate coefficient k2 � k3. Further explaination regarding these assumptions
is given in the next section 4.5.3.

The next step is to solve for the time evolution of the species. The final
solution for the time evolution of species for QSSA is given from equations (4.88),
(4.89) and (4.91). The analytical solution for the species as given by QSSA isy1

y2

y3

 =

 exp(−k1t)
k3

k2+k3
+ k1−k3

k2+k3
exp(−k1t)

k2
k2+k3

− k1+k2
k2+k3

exp(−k1t)

 . (4.94)
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Comparing equation (4.94) with the full solution as in equation (4.82) we can
calculate the error as εQSSAy = yFull − yQSSA,εQSSAy1

εQSSAy2

εQSSAy3

 =

 0
k1(k3−k1)

(k2+k3)(k1−k2−k3) exp(−k1t) + c2 exp(−(k2 + k3)t)
−k1(k3−k1)

(k2+k3)(k1−k2−k3) exp(−k1t)− c2 exp(−(k2 + k3)t)

 , (4.95)

where c2 = k2
k2+k3

+ k3−k1
k1−k2−k3 .

This is a simple example of a three level argon system with three rates hence
it is easy to interpret which reactions are in partial equilibrium and which species
are in QSS. If there are a large number of species and reactions the process will
become tedious and error prone. In the next section we reduce the three level
system via a more systematic ILDM method.

4.5.3 Reduced solution, using ILDM

In this section we will reduce the three level system explained in the previous
section via the ILDM method. The source term is written as

Sy = Jy. (4.96)

From equations (4.76) , (4.77) and (4.78) the Jacobian matrix is

J =

−k1 0 0
k1 −k2 k3

0 k2 −k3

 . (4.97)

Diagonalization of the Jacobian matrix (4.97) gives

Λ = diag(0,−k1,−(k2 + k3)). (4.98)

The eigenvalues in matrix Λ are arranged in descending order of magnitude. The
corresponding eigenvector matrix is

V =

 0 (k1 − k2 − k3) 0
k3 (k3 − k1) −1
k2 k2 1

 . (4.99)

The determinant of the eigenvector matrix can be calculated and is written
as det(V ) = (k1 − k2 − k3) (k2 + k3). If k1 = k2 + k3 then det(V ) = 0, hence
diagonalization is not possible. In this case we have to apply Schur decomposition
instead of diagonalization as explained in section 4.3. The solution when k1

becomes equal to k2 + k3 is given in appendix B.
Assuming k2 + k3 6= k1, the inverse of the eigenvector matrix V is given by

V −1 = W =
1

(k2 + k3)

 1 1 1
(k2+k3)

(k1−k2−k3) 0 0
−k1k2

(k1−k2−k3) −k2 k3

 . (4.100)
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The above equations can be verified from V ΛV −1 = J . The next step is to
identify the slow and fast processes and remove the corresponding rows from
matrix W as explained in sections 4.3 and 4.3.
From the Jacobian matrix (4.97) we get the eigenvalues of the system. The
three eigenvalues of the system as calculated before are λ1 = 0, λ2 = −k1 and
λ3 = −(k2 + k3). From the eigenvalue one gets the information of the time
scale of the system since the time scale is inversly proportional to the eigenvalue.
One of the eigenvalues is 0, which corresponds to the conserved quantity. The
corresponding elemental conservation equation (4.49) (or generally speaking the
mass conservation) is written as

Φy =
(
1 1 1

)y1

y2

y3

 = $e. (4.101)

$e is a vector with one element whose value is 1, since the fractions sum to 1.
There is only one element hence Ne = 1.
The remaining two time scales, calculated by equation (4.33) are

τ1 = 1
k1
,

τ2 = 1
(k2+k3) .

(4.102)

The system is stiff that is k2 + k3 � k1 so τ2 < τ1. One time scale is much
shorter than the other. Here the modeler/user has to decide the cutoff time-
scale τcutoff given by equation (4.36), by assuming the dimension of the manifold.
In this example if it is assumed that the dimension of manifold is one (Nd = 1),
we end up with one slow time scale τ1 and the remaining, one fast time scale
τ2. The cutoff time-scale then becomes τcutoff ≥ τ2. The dimension of the
manifold determines the slow time scale(s) of the system and the remaining time
scale(s) are considered to be fast. If the dimension of manifold is made larger
the time scales of the system that are lost are smaller, but the computational
costs increases. Hence, the choice of parameter should be appropriate taking
into consideration the time scales of interest and the computational cost of the
system. The total number of parameters or reaction control variables is equal
to the dimension of the manifold. The corresponding parameter species must be
decided by the user. Assuming y1 as the parameter, the parameter equation is
given by (4.52) which corresponds to the slow time scale (τ1).

Py =
(
1 0 0

)y1

y2

y3

 = $p. (4.103)

$p is a vector with one element since there is only one parameter ($p). Once
the distinction of slow and fast time scales is done, the matrix W can be split
into slow and fast component as

W =
1

(k2 + k3)

 1 1 1
(k2+k3)

(k1−k2−k3) 0 0
−k1k2

(k1−k2−k3) −k2 k3

 =

W s

W f

 . (4.104)
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The slow part of the matrixW in equation (4.104) written asW s correspond-
ing to the slow time scale (τ1). The fast portion of matrix W in equation (4.104)
is written as W f corresponding to the fast time scale (τ2). The eigenvalues are
arranged in descending order of magnitude hence W s is the matrix formed by
upper Ne + Nd = 2 rows of the matrix W whereas W f is the matrix formed
by lower N − Ne − Nd = 1 row of the matrix W . Since we have Ne + Nd = 2
equations corresponding to element conservation (4.101) and parameter (4.103),
additional N −Ne−Nd = 1 equation is needed to solve the system. The system
of equation is completed from the manifold equation given by (4.55), written in

terms of eigenvector basis
(
W fSy = 0

)
as

W fSy =
1

k2 + k3

(
−k1k2

(k1−k2−k3) −k2 k3

) −k1y1

k1y1 − k2y2 + k3y3

k2y2 − k3y3

 = 0. (4.105)

The manifold equation (4.105) in simplified form can be written as

−k1k2

k1 − k2 − k3
y1 − k2y2 + k3y3 = 0. (4.106)

The system of three equations can be summarized as

g(y, $) =


y1 + y2 + y3 = 1;

y1 = $p;
−k1k2

k1−k2−k3 y1 − k2y2 + k3y3 = 0.
(4.107)

Changing the value of parameter $p and solving the set of three equations will
give a 1-D manifold inside the complete composition space. The 1-D manifold is
shown in red in Figure 4.5. If the initial evolution of the system within the fast
time scale of order τ2 is of no importance the full system can be studied from the
lower dimensional manifold inside the full state space. This can be interpreted
from the schematic Figure 4.5. The trajectory starting from point I reaches
point P in time interval τ2 and then the slow time-scale processes dominate as
the trajectory finally reaches the equilibrium point Eq. Equation (4.106) is the
equation of a plane in three dimensional space as shown in Figure 4.5 by the
green plane.

Once we obtain the manifold next step is to calculate the time evolution
of the species. The only species that needs to be solved is the parameter and
rest of the species are read from look-up table which is funcion of parameter as
explained in section 4.3. Since the parameter is y1, we solve only for y1 as

y1 = y10 exp(−k1t), (4.108)

where y10 is a constant. From the initial conditions at y(0) = (1, 0, 0) the value
y10 = 1. The solution for other species are read from look-up table but here
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analytical ILDM solution can be calculated from equations (4.107) asy1

y2

y3

 =

 exp(−k1t)
k3

k2+k3
+ k3−k1

k1−k2−k3 exp(−k1t)
k2

k2+k3
+ k2

k1−k2−k3 exp(−k1t)

 . (4.109)

Comparing the equation (4.109) to the full solution as in equation (4.82) we can
calculate the error as εILDMy = yFull − yILDM . The error for the ILDM isεILDMy1

εILDMy2

εILDMy3

 =

 0
+c2 exp(−(k2 + k3)t)
−c2 exp(−(k2 + k3)t)

 , (4.110)

where c2 = k2
k2+k3

+ k3−k1
k1−k2−k3 .

4.5.4 Comparison of QSSA and ILDM

The equation of manifold for ILDM (4.106) derived in section 4.5.3 is exactly
the same equation as given by equation (4.85). Unlike the QSSA as explained in
section 4.5.2, in ILDM we do not have the additional approximation of k2 � k3.
The fast time scale τ2 as given by ILDM from equation (4.102) is τILDM = 1

k2+k3

and as given by QSSA by substituting k2 � k3 is τQSSA = 1
k2

. Since, τcutoff ≥ τ2
we can interpret that τcutoff-QSSA > τcutoff-ILDM. The fast time scale correspond-
ing to ILDM has a lower value than the fast time scale corresponding to QSSA.

Further we can analyze the error in QSSA given by equation (4.95) and ILDM
given by equation (4.110). The error for QSSA in the calculation of mass fraction
for species 2 and 3 is

εQSSA =
k1(k3 − k1)

(k2 + k3)(k1 − k2 − k3)
exp(−k1t) + c2 exp(−(k2 + k3)t), (4.111)

and the error for ILDM is

εILDM = c2 exp(−(k2 + k3)t). (4.112)

In the equations (4.111) and (4.112) the term c2 exp(−(k2 + k3)t) will decay
quickly as the time t progresses since (k2 + k3) is high. Hence we can interpret
that εQSSA > εILDM . This is due to the fact that the seperation between the
fast and slow time scale is accurate in the case of ILDM as it is a systematic
procedure for distinction of slow and fast time scale. In QSSA the density of LC
species are directly assumed to be 0 hence the distinction between the slow and
fast time scale is not exact but the influence of fast time sclaes are present. The
error in QSSA is higher than ILDM by an exponential decay factor corresponding
to the slow time scale. From the above discussion we can conclude that ILDM
gives a more accurate description of the manifold than QSSA.
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4.5.5 Singular Value Decomposition

The three level system given by equation (4.79) can also be written as (section
2.7):

Sy = νZ, (4.113)

where the stoichiometric matrix and rate vector are given by

ν =

−1 0 0
1 −1 1
0 1 −1

 , Z =

k1y1

k2y2

k3y3

 . (4.114)

In section 2.7.1 we gave demonstrated that essential properties of the reaction
system can be obtained from a Singular Value Decomposition (SVD) of the
stoichiometry matrix, ν = UΣV T . For this present case the SVD yields

Σ =


√

3 +
√

3 0 0

0
√

3−
√

3 0
0 0 0

 , (4.115)

and the corresponding unitary matrix is

U =


(√

3−1
2
√

3

) (√
3+1

2
√

3

)
1√
3

−
(√

3+1
2
√

3

)
−
(√

3−1
2
√

3

)
1√
3

1√
3

− 1√
3

1√
3

 . (4.116)

The transpose of eigenvector matrix is

V T =


−
√(

3−
√

3
6

) √(
3+
√

3
12

)
−
√(

3+
√

3
12

)
−
√(

3+
√

3
6

)
−
√(

3−
√

3
12

) √(
3−
√

3
12

)
0 − 1√

2
− 1√

2

 . (4.117)

The conserved quantities are given from the mass-fraction-based equivalent of
equation 2.56. The row of UT that corresponds to the zero singular value is
given by

UT
red =

(
1√
3

1√
3

1√
3

)
. (4.118)

which expresses the invariant

y1√
3

+
y2√

3
+

y3√
3

= C. (4.119)

This is immediately recognized as the constraint that follows from the definitions
of the mass fractions,

y1 + y2 + y3 = 1. (4.120)

This clearly demonstrates the fact that the SVD is able to recover the constraints
that are present in the system. That information can be used to set up the
ILDM-calculation that has been presented in section 4.5.3.
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4.6 Outlook

The reduction of any system is best accomplished via ILDM if the system is stiff.
In a stiff system the trajectories bunch together before reaching the equilibrium
point hence there is a well defined manifold for the system. In the following
chapter, the ILDM method is applied to three test cases: the three level hydrogen
system, the Zeldovich model and glucose model.



5ILDM Applied to Test
Cases

Abstract

In this chapter the method of ILDM is validated by benchmarking it against
three test cases. The first test case is a simple 3 level hydrogen model. It is
not a complete model but serves our purpose of explaining ILDM. Hydrogen is
a key component in the generation of fusion energy. The second test case is
the Zel’dovich model of air. Zel’dovich’ model is used to study the formation
of NO, one of the main pollutants in combustion systems. The third test case
is the model of glucose regulatory system. It is used to study the defects in
the regulatory system that give rise to diabetes. The glucose regulatory model
features of two stable equilibrium points instead of one.
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H+

H

H*

f12 f21

f23 f32f13 f31

(1)

(2)

(3)

Figure 5.1: The figure shows the three level of hydrogen system taken into
account. The frequency of transition from state p to state q is written as fpq.

5.1 Introduction

The aim of the present work is to apply the ILDM technique to the plasma
state of matter. ILDM algorithm developed by Maas and Pope is already well
established for neutral mixtures in combustion sciences. The aim of the present
chapter is to obtain a better insight into ILDM method with the help of simple
examples, that have few species and few reactions.

5.2 Hydrogen 3 level System

The hydrogen 3 level system is taken from the thesis of Efe Kemaneci [60] and
is exactly the same as studied in Chapter 2. In this section the ILDM reduction
is performed on the same system. The reactions are

H + e
 H∗ + e,

H∗ + e
 H+ + e+ e,

H + e
 H+ + e+ e,

where H is the ground level, H∗ is the intermediate level and H+ is the ion level.
The temperature is kept constant at 1 eV. The electrons are neglected for the
process. The aim is to show how the technique works. The system of equation
is formulated in terms of mass fraction y. The complete source term is written
as

∂y

∂t
= Sy(y), (5.1)

The rate coefficient for forward reactions are from the thesis of Efe Kemaneci
[60]. The backward rate coefficients are calculated from detailed balancing. The
frequencies for transition with the rate coefficients are given in Table 5.1.
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Table 5.1: Frequencies of transition fpq from state p to state q and the rate
coefficient ki in the hydrogen system

# ki = fpq s−1

1 k1 = f12 2.7 · 1010

2 k2 = f13 9.0 · 108

3 k3 = f23 1.0 · 106

4 k4 = f32 7.5 · 104

5 k5 = f21 3.8 · 101

6 k6 = f31 1.7 · 102

Figure 5.2: The triangular space bounded by the constraint of sum of mass
fraction contains all the trajectories. The figure shows the evolution of the
trajectories T1 to T6 starting from different initial conditions before merging
together on a 1D black line (manifold) at the side of the triangle. The trajectories
then reach towards the equilibrium point along the 1D manifold.

5.2.1 Manifold

The system of equation is formulated in terms of mass fraction. Hence, one of
the conservation equations will be

y1 + y2 + y2 = 1. (5.2)

This can be written in terms of element conservation as

Φn−$e =
(
1 1 1

)
y −

(
$H

)
= 0, (5.3)
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where $H is the sum of mass fractions of hydrogen at equilibrium, which is 1.
This is the mass conservation equation.

The intermediate density H∗ is taken as parameter. The parameter equation
thus becomes

Py −$p =
(
0 1 0

)
y −

(
$p
H

)
= 0, (5.4)

where $p
H is the value of parameter that is varied to generate a series of discrete

points of the manifold.

One more equation is needed for completing the system of equation. This
is the manifold equation, which is written in terms of the Schur matrix Q, as
explained in chapter 4:

QTS(y) = 0. (5.5)

This is a three species system with one conservation equation, hence there are
two process time scales. The time scales of the system, calculated as explained
in the previous chapter, are 3.5× 10−11 and 9.3× 10−7. Thus, the stiffness ratio
is 2.7× 104. The system is stiff, therefore it can be reduced with ILDM method
without excessive loss in accuracy.

The manifold is shown in Figure 5.2. All possible trajectories will lie inside
the triangular plane in the complete 3D space due to the constraint

∑
i yi = 1

and 0 ≤ yi ≤ 1. Consequently, that triangular plane is shown instead of the
complete three dimensional space. The trajectories T1 to T6 move towards the
lower-dimensional manifold that is shown in black and then along that manifold
towards the equilibrium point.

5.2.2 Reduced Calculation

Once the manifold is generated, only parameter value is solved and the remaining
mass fractions are read from a lookup table. The comparison between the full
and reduced system calculations is given in Figures 5.3, 5.4 and 5.5. As expected,
there is a significant error only in the initial period of time (of the order of nano-
seconds) during which the processes with fast time-scales dominate. Once these
have equilibrated the slow time-scale processes will dominate and the full and
reduced simulation are in agreement with each other

5.3 Zel’dovich system for air

Zel’dovich mechanism of NO production [86] contains five species (N , NO, N2,
O, O2) and two reversible reactions (that is: four elementary reaction). The reac-
tion system is isothermal, isochoric and isobaric. The four elementary reactions
can be written as

O +N2 → NO +N.

NO +N → O +N2.

N +O2 → NO +O.
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Figure 5.3: Time comparison between the full (red) and reduced (green) simu-
lation for hydrogen in the ground state.

Figure 5.4: Time comparison between the full (red) and reduced (green) simu-
lation for hydrogen in the excited state.
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Figure 5.5: Time comparison between the full (red) and reduced (green) simu-
lation for hydrogen ion.

NO +O → N +O2.

In terms of species concentrations, the evolution of the system is given by

d

dt


[N ]

[NO]
[N2]
[O]
[O2]

 =


1 −1 −1 1
1 −1 1 −1
−1 1 0 0
−1 1 1 −1
0 0 −1 1



k1[O][N2]
k2[NO][N ]
k3[N ][O2]
k4[NO][O]

 . (5.6)

The rate coefficients for the above set of four fundamental reactions are

k1 = 1.8 · 1014

(
cm3

mol.s

)
exp

(
−38370K

T

)
, (5.7)

k2 = 3.8 · 1013

(
cm3

mol.s

)
exp

(
−425K

T

)
, (5.8)

k3 = 1.8 · 1010

(
cm3

mol.s

)
T exp

(
−4680K

T

)
, (5.9)

k4 = 1.8 · 1014

(
cm3

mol.s

)
T exp

(
−20820K

T

)
, (5.10)

where T is the temperature in K. As discussed in chapter 4, a system such as
(5.6) can be summarized as

∂n

∂t
= S(n) = νZ(n), (5.11)

where n are the species concentration in mole/cm3. The source term S in the
above mechanism is quadratic in the species concentrations, hence the Jacobian
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of the source term is a linear function of the concentration. Furthermore, ν is
the stoichiometric matrix with integer elements and Z(n) is the rate vector that
depends on the rate coefficients and density values.

The pressure p of the system is given by

p =
∑
i

NAnikBT, (5.12)

where NA is the avogadro number and n is the molar concentration in mole/cm3

for this case. Since the pressure and temperature of the system are constant
and the reactions do not result in net particle production, the total particles
concentration is conserved and given by∑

i

ni =
p

NAkBT
. (5.13)

Zeldovich system is studied at two different temperature of 6000K and 1600K.
Since there is only one parameter, a one-dimensional manifold is generated.

5.3.1 Manifold (1600K)

In this case the temperature of the system is set to 1600K and the pressure of
the system is fixed at 73.16 MPa. The system is stiff as the rate coefficients
have a wide range of variation at 1600K. The values of the rate coefficients at
1600K are k1 = 6.9× 103, k2 = 2.9× 1013, k3 = 1.5× 1012 and k4 = 1.3× 107.
The time scales of the system are 9 × 10−6 and 1.17 × 10−11. From the time
scale analysis it can be seen that the system is highly stiff, the stiffness ratio is
approximatly 1× 106.

We have argued that the total particle concentration is conserved in this test
case. Consequently, one of the conservation equations is∑

i

ni =
∑
i

neqi = $eq
n , (5.14)

where the sum i runs for all the five species present in the system. The system
has two elements N and O, which will also be conserved in reactions. The
elemental conservation can be written in the form of equation as

nN + nNO + 2 · nN2 = neqN + neqNO + 2 · neqN2
= $eq

N , (5.15)

nNO + nO + 2 · nO2 = neqNO + neqO + 2 · neqO2
= $eq

O . (5.16)

These three constraints can be summarized as

Φn−$eq =

1 1 1 1 1
1 1 2 0 0
0 1 0 1 2

n−
$eq

n

$eq
N

$eq
O

 = 0. (5.17)

The concentration of N is adopted as parameter in the Zeldovich case, resulting
in the parameter equations

Pn−$p =
(
1 0 0 0 0

)
n−

(
$p
N

)
= 0. (5.18)
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Figure 5.6: Evolution of trajectories (T1 to T7) from different initial conditions
in the state space for the Zel’dovich system at the temperature of 1600 K. All
the trajectories quickly move towards a line (shown in black) and then along the
line to the equilibrium point (labelled as Eq. in the figure). The line on which
the trajectories bundle together is the 1D manifold. The system is described by
a 5D composition space (as there are five species). Shown here is the projection
of 5D space on a 2D plane of N and NO.

The value of parameter $p
N is changed to generate a series of points. The system

has 5 species hence an additional equation is needed to solve the system. This
equation is the manifold equation corresponding to the fastest Schur vector, we
recall that this can be written as

QTS(n) = 0. (5.19)

The above set of equations (5.17), (5.18) and (5.19) are solved using a non-
linear equation solver. The one-dimensional manifold thus generated is shown
in the Figure 5.6.

5.3.2 Reduced Calculation (1600K)

Once the manifold is generated the discrete points are stored in the form of
a table. The comparison of the reduced and the full simulation for the time
dependent behaviour for Zel’dovich system at 1600K is shown in Figure 5.7 for
the molar concentrations of N and NO. From the figure it can be seen that the
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Figure 5.7: Comparison of the concentration of N and NO as calculated from
the full simulation (shown in red) and the reduced simulation (shown in green)
for the Zel’dovich system at 1600 K.

full simulation and reduced simulation are in agreement with each other after
approximatly 7 nano-seconds, when the processes that are governed by the fast
time scales have settled.

5.3.3 Manifold (6000K)

In this case the temperature of the system is set to 6000K and the pressure of
the system is fixed at 2.5 bars. The system is not as stiff as at the temperature
of 1600K. The values of the rate coefficients are now given by k1 = 3 × 1011,
k2 = 3.5 × 1013, k3 = 4.95 × 1013 and k4 = 7.1 × 1011. The time scales of the
system are 2.69×10−1 and 1.64×10−2. The stiffness parameter is then 1.6×101.

The governing equations are again given by (5.17), (5.18) and (5.19). The
manifold that is generated by changing the value of the parameter (the N con-
centration) is shown in Figure 5.8.

5.3.4 Reduced Calculation (6000K)

The comparison of the reduced calculation and the full calculation is shown in
Figure 5.9. From the figure it can be seen that the reduced simulation is not in
agreement with the full simulation until t ≈ 1s, when the full system tends to
equilibrium. This clearly demonstrates that a reduction is not possible when the
system is non-stiff, so the time scales are all in the same range.
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Figure 5.8: Evolution of trajectories (T1 to T7) from different initial conditions
in the state space for the Zel’dovich system at the temperature of 6000 K. All
the trajectories quickly move towards a line (shown in black) and then along the
line to the equilibrium point (labelled as Eq. in the figure). The line on which
the trajectories bundle together is the 1D manifold. The system is described by
a 5D composition space (as there are five species). Shown here is the projection
of 5D space on a 2D plane of N and NO.

5.4 Glucose Regulatory System

A model by Rafael [87] explains the glucose regulatory system. It consists of
three ODE equations with three variables G, I and β, which are given by

dG

dt
= R0 − (EG0 + SII)G, (5.20)

dI

dt
=

βσ G2

α+G2
− kI, (5.21)

dβ

dt
=

(
−d0 + r1G− r2G

2
)
β, (5.22)

(5.23)

where G is the concentration of glucose in the blood measured in mg/dl, I is
blood insulin concentration measured in U/ml (24 U = 1 mg of pure insulin)
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Figure 5.9: Comparison of the concentration of N and NO as calculated from
the full simulation (shown in red) and the reduced simulation (shown in green)
for the Zel’dovich system at 6000 K.

Table 5.2: Values of constants taken from [87].

# Constant Value

1 SI 0.72

2 EG0 1.44

3 R0 864

4 σ 43.2

5 α 2× 104

6 k 432

7 d0 0.06

8 r1 0.84× 10−3

9 r2 0.24× 10−5

and β is the the mass of pancreatic beta cells measured in mg. The values of all
relevant constants are summarized in Table 5.2.

An equillubrium point is given by (G = 100, I = 10, β = 300), referred to as
the physiological point. The system has two more fixed points: a saddle point
at (G = 250, I = 2.8, β = 37) and the pathological point (G = 600, I = 0, β =
0). The value of β determines whether the solution trajectory will reach the
physiological point or the pathological point:
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1. If β < 37 the trajectory approaches pathological point (Eq 1).

2. If β > 37 the trajectory approaches physiological point (Eq 2).

The three time scales for the system are 7.03×101, 5.35×10−2 and 2.36×10−3.
One- and two-dimensional manifolds are generated for the system. As before we
compare results of full and reduced calculations.

5.4.1 Manifold

There are no conservation relations, so the equation to be solved are just the
parameter equation(s) and the manifold equation(s). For the generation of a 1
dimensional manifold, only 1 parameter is needed. First the equilibrium point
is calculated. The choice for a particular equilibrium point will not affect the
calculation, since both are part of the same manifold. The calculation is started
from equilibrium point. Because there are no constraints (conservation relations)
matrix Φ is absent from the system of equation. In this case G is taken as the
parameter and the parameter equation as in 6.44 will be

Pn−$p =
(
1 0 0

)
n−

(
$G
)

= 0. (5.24)

$G is the value of parameter G which is varied in steps to get the series of points.
There are three species in the system hence three equations are needed to solve
the equation. The remaining two equation are given from manifold equation
6.46. We choose to use the Schur vector basis and arrive again at

QTS(n) = 0. (5.25)

The full system of non linear equations, as given by 5.24 and 5.25 is solved by
using a non-linear equation solver from the MINPACK library. The 1D manifold
is shown in Figures 5.10, 5.11 and 5.12. Since there are 3 species, the manifold
and the trajectories will lie in a three dimensional space. The three figures are
the projections of the trajectories and manifold on two-dimensional planes. The
trajectories starting from a given point will reach one of the stable equilibrium
points, depending on the initial value of β.

For the generation of a two-dimensional manifold, the values of G and β are
taken as parameter. This results in the parameter matrix

Pn−$p =

(
1 0 0
0 0 1

)
n−

(
$G

$β

)
= 0. (5.26)

The remaining equation is again given by equation 5.25. The two-dimensional
manifold is shown in Figures 5.13 and 5.14 under two different angles. The
trajectories starting from an arbitrary point first approach the 2D manifold,
then move along the 2D manifold on to a 1D manifold. The trajectories finally
reach one of the equilibrium points, depending on the initial value of β.
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Figure 5.10: Evolution of trajectories (T1 to T5) from different initial conditions
in the state space for the glucose system. All the trajectories quickly move
towards a 1D line (shown in black) and then along the line (1D manifold) to one
of the equilibrium point (Eq.1 or Eq.2) depending on the value of β. Shown here
is the projection of 3D space on a 2D plane of G and I.

5.4.2 Reduced Calculation

The samples of the manifold are stored in the form of a lookup table. The
one-dimensinal manifold table is used for doing the reduced calculation. The
comparison of the reduced calculation and the full system calculation is shown
for all three species: Figure 5.15 is for the concentration of Insulin, Figure 5.16
is for the Glucose concentration and Figure 5.17 is for the mass of the beta cells.
The results show a good agreement after 1 sec has passed,

5.5 Conclusion

The three test cases analyzed here show that ILDM can be used for chemical
reduction if the system is stiff and the modeler is not intrested in the transient
behaviour that occurs on the fastest time scales. The hydrogen system and the
Zeldovich reaction system solved for two temperatures of 1600K and 6000K
show that the loss in the information about the transient behaviour of system in
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Figure 5.11: Evolution of trajectories (T1 to T5) from different initial conditions
in the state space for the glucose system. All the trajectories quickly move
towards a 1D line (shown in black) and then along the line (1D manifold) to one
of the equilibrium point (Eq.1 or Eq.2) depending on the value of β. Shown here
is the projection of 3D space on a 2D plane of G and β.

the initial period of time decreases as the stiffness is increased.
The reaction systems solved here have no charged species. Plasma contains

charged species in addition to neutral particles, hence the ILDM technique has
to be adjusted for its application to plasma-chemistry reduction. This will be
demonstrated in the next chapter 6.
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Figure 5.12: Evolution of trajectories (T1 to T5) from different initial conditions
in the state space for the glucose system. All the trajectories quickly move
towards a 1D line (shown in black) and then along the line (1D manifold) to one
of the equilibrium point (Eq.1 or Eq.2) depending on the value of β. Shown here
is the projection of 3D space on a 2D plane of I and β.



74 Chapter 5. ILDM Applied to Test Cases

2D Manifold (Glucose System)

Figure 5.13: Evolution of trajectories (T1 to T14) from different initial conditions
in the complete three dimensional state space for the glucose system. All the
trajectories quickly move towards a green mesh (2D manifold) and then along
the mesh to a line (1D manifold) which lies inside the mesh. the trajectories
move to one of the equilibrium point (Eq.1 or Eq.2) depending on the value of
β.
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2D Manifold (Glucose System)

Figure 5.14: A different view of the figure 5.13 shown previously.
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Figure 5.15: Comparison of the concentration of I as calculated from the full
simulation (shown in red) and the reduced simulation (shown in green) for the
glucose system.

Figure 5.16: Comparison of the concentration of G as calculated from the full
simulation (shown in red) and the reduced simulation (shown in green) for the
glucose system.
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Figure 5.17: Comparison of the concentration of β as calculated from the full
simulation (shown in red) and the reduced simulation (shown in green) for the
glucose system.





6Plasma Chemistry
Reduction from Intrinsic
Low-Dimensional Manifold
Method: Application to
Argon Atomic System

Abstract 1

Numerical simulation of plasmas that contain a large number of species and
reactions yields high computational load and therefore long computational times.
One of the methods to overcome this problem is to use chemical reduction tech-
niques which helps in reducing the number of species that have to be solved
explicitly, in a system without any loss in accuracy on time scales of interest
to the user. In this paper we investigate the ILDM (Intrinsic Low Dimensional
Manifold) reduction technique which originates from combustion engineering.
The ILDM method is used to simplify a plasma model of an argon atomic sys-
tem containing 78 levels and the result is compared to a conventional reduction
technique used in the plasma sciences, which is QSSA (Quasi Steady State As-
sumption). It is demonstrated that the usage of ILDM allows the modeler to get
rid of apriori assumptions about the reaction time scales.

1Submitted to the Journal of Chemical Physics. The article is presented in the complete
form. Various sections, elements and concepts also appear in previous chapters in a more
elaborate form.
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Chapter 6. Plasma Chemistry Reduction from Intrinsic Low-Dimensional

Manifold Method: Application to Argon Atomic System

6.1 Introduction

Plasma sources are extensively used in domestic and industrial applications. A
few examples of these applications are semiconductor manufacturing [7], plasma
coating [12], growth of thin film solar cell [8] and biomedical applications such as
skin treatment [13,14]. In order to optimize and improve the performance of the
above-mentioned applications, a thorough understanding of the plasma sources
is required. Numerical modeling has become a powerful tool to gain insight into
the plasma sources [15] as well as to optimize the plasma devices.

In fluid based models, the plasma is described by spatio-temporal balance
equations for the mass, momentum and energy densities [16, 17] and temper-
ature. The time evolution of the species is obtained by solving these coupled
sets of equations simultaneously. The presence of a large number of species and
reactions yields a high chemical complexity and makes the complete numerical
description of plasma models computationally expensive. Even if one were able
to do such complex numerical simulations the amount of data that is gener-
ated from such calculations is massive, and the interpretation of results becomes
cumbersome. Hence, a clever treatment of the plasmas with complex chemistry
is required. Two of the contemporary examples of a plasma models with high
chemical complexity are the one-dimensional fluid model for the conversion of
methane into higher hydrocarbons containing 36 species and 367 reactions that
is described in ref [20] and the plasma model for study of CO2 splitting con-
sisting 72 species and several thousand reactions [88]. Another example is the
argon plasma model for glow discharges by Bogaerts et. al. [21], which contain
65 effective argon atomic levels. The processes that are taken into account in this
glow discharge model are radiative decay, collisional excitation and deexcitation
between all the levels and, electron-ion radiative recombination.

In the early 1960’s a technique was developed by Bates, Kingston, and
McWhirter [27, 28] for simulating complex plasmas. This method was named
Quasi Steady State Assumption (QSSA) in [29]. The QSSA [31] has been ap-
plied to chemical kinetics schemes since 1913 [32] and is based on the fact that
most of the intermediate species are highely reactive and have small concentra-
tions. The time scale on which these intermediate species react is termed the
fast time scale. In the QSSA, the fast time scales are considered to be infinitly
fast such that their contribution to overall chemical process is negligible for the
time scale which is of importance to the user. A shortcoming of this technique
is that a modeler has to make an intuitive guess to determine which species are
in steady state and seperate the slow time scales from the fast time scales. Such
guesses can be troublesome and unreliable.

Plasma science is not the only branch of science that deals with the problems
of complex chemistry. Another branch that has a similar issue is combustion
science. To overcome the problem of chemical complexity and expensive com-
putation, the combustion community has developed various chemical reduction
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techniques (CRTs) over the years. Some of the CRTs used in combustion re-
search are ILDM (Intrinsic Low Dimensional Manifold), TGLDM [34] (Trajec-
tory Generated Low Dimensional Manifold) and FGM [35] (Flamelet Generated
Manifold). Another method that does not stem from combustion engineering but
is frequently used for chemistry reduction throughout the combustion commu-
nity is PCA (Principal Component Analysis) [36,37]. These reduction techniques
have to be modified for their application in plasma simulations. This is due to
the inherent nature of the plasma state of matter. A simple example is that a
plasma contains charged particles with multiple temperatures. This means that
in a plasma there are multiple temperature gradients. Using more advanced
and sophisticated CRT like FGM can be really problematic in these cases since
application of FGM requires all the gradients to be confined in one direction.
The FGM method for combustion sciences works on the premise that multi-
dimensional flames are a collection of one-dimensional laminar flamelets [35,38].
In plasma simulations the gradients of the key parameters like temperatures are
not collineaer. Hence FGM cannot be used in plasma science. PCA has been
used in plasma simulation by [40–42] but the disadvantage of PCA is that it does
not give a clear insight into the mechanism of reactions occuring in the system.
Another drawback of PCA is the need for generating training data sets which
must be generated before the method can be used. The PCA technique has
also been used by Peerenboom et. al. [39] for CO2 plasma chemistry reduction.
Despite the drawbacks the results are encouraging and further investigation is
required to explore the full potential of using more of the above-mentioned CRTs
in the plasma physics community.

In the present paper we analyze the ILDM method developed by Maas and
Pope [43]. The ILDM is one of the CRTs [44] similar to PCA, but unlike PCA,
ILDM gives a clear insight into the reaction mechanisms occuring in the system.
In the case of ILDM the training data set is not required. Another advantage
of ILDM technique is that, unlike QSSA, the modeler does not need to make
assumptions. The only input required is the set of all the reactions with rates,
the constraints present in the system and the threshhold time below which all
the processes occuring in the systen are not of any significant to the user. The
technique is reliable in the sense that the technique itself determines the species
that are in steady state and decouples the slow from the fast time scales [45].

The article is organized in the following way. Section 6.2 presents the par-
ticle balance in a form suitable for our present purpose. The description of the
QSSA and ILDM methods is given in Section 6.3 and 6.4. In section 6.5 the
techniques of QSSA and ILDM are demonstrated for a hypothetical three level
argon system. The similarities and differences between the methods are identi-
fied and discussed. The particular difficulties that are encountered in plasmas
are discussed in section 6.6. The application to a 78 species argon model is given
in section 6.7.1. Section 6.7 presents the results and discussions, conclusions are
drawn in section 6.8.
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6.2 Particle Balance

The mass or particle balance for a species i can be written as

∂ni
∂t

+ ~∇ · ~Γi = Si, (6.1)

where Si is the source of species i, ni its density, and ~Γi the particle flux density.
The source can be written in terms of a production term Pi and a destruction
frequency Di as

Si = Pi − niDi. (6.2)

Note that in general Pi and Di are not constant, they may be functions of all ni
and other parameters. We can define a transport frequency Fi as

Fi =
~∇ · ~Γi
ni

. (6.3)

Substitution of equation (6.2) and (6.3) in equation (6.1) results in

∂ni
∂t

+ Fini = Pi − niDi. (6.4)

The chemical equilibrium density ni,eq for each species can be defined by the
relation Si = 0 which results in

ni,eq =
Pi
Di
. (6.5)

By dividing equation (6.4) by the destruction frequency, assuming that Di 6= 0,
the equation becomes

1

Di

∂ni
∂t

+
ni

Dai
= ni,eq − ni, (6.6)

where Dai = Di

Fi
is Damköhler number which reflects the competition between

the chemical equilibration of the species versus the transport [63]. Based on Dai
the species can be classified into the following two categories

1. If for a species Dai � 1 (that is; Di � Fi) meaning the destruction
frequency of that species is much higher than the transport frequency, the
species is a Local Chemistry (LC) species. These species reach their quasi-
steady-state at a time scale much smaller than the transport time scale
(τ tri = 1

Fi
).

2. Otherwise, transport will play a major role and cannot be neglected. The
species is referred to as Transport Sensitive (TS).

Equation (6.6) has to be set up for each species present in the reaction system
and all the equations have to be solved simultaneously. Solving a large set of such
coupled differential equation is computationally expensive and a cumbersome
procedure. Additionally, the risk of numerical inaccuracies is high. This is
where the reduction techniques come into play. The two reduction techniques
that are discussed in the next sections are the traditional QSSA [29] and the
ILDM (Intrinsic Lower Dimensional Manifold).
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6.3 Traditional Reduction: The QSSA

The QSSA is one of the most commonly used reduction techniques in plasma
physics [29, 64]. The QSSA takes into account the processes of collision and
radiation that change the state of an atom. All the species in a QSSA are
classified into the two earlier defined types, Transport Senstive (TS) and Local
Chemistry (LC) levels [65].
For the simple case of atomic systems with radiation and electronic collisions the
source term can be written as

S = Mn, (6.7)

where S is the source vector and n is the density vector. M is a matrix that
depends on electron density and temperature. The electron density and the
electron source term are not part of the density vector n and the source vector
S. The electron density (ne) is calculated separately from quasineutrality as

ne =

∑
i qini
e

, (6.8)

where ni is the density of the ion and qi is its charge. Once we distinguish the
TS species from the LC species, the source term S, the density vector n and the
matrix M are written in terms of TS and LC species as [66][

St
Sl

]
=

[
Mtt Mlt

Mtl Mll

] [
nt
nl

]
, (6.9)

where the subscript t represents the TS levels and l represents the LC levels. By
applying QSSA as given in [64,65] we find that for the fast (LC) species

Sl = 0. (6.10)

From the second group of equations in (6.9), it then follows that

nl = −
(
Mll

−1Mtl

)
nt. (6.11)

From substitution of this result in the first part of equation (6.9) we find that
the source term for the TS species can be written as

St =
(
Mtt −MltMll

−1Mtl

)
nt. (6.12)

The source term for the transport sensitive species contains two terms. The first
term denotes the direct transitions between the TS states. The second term
denotes the stepwise transitions through the LC states. A more elaborate and
detailed discussion on this topic can be found in [65, 66]. In many practical
situations the transport senstive species are assumed to be the ground and the
ion states of the atom. The excited states are assumed to be the local chemistry
species.
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6.4 The Intrinsic Low-Dimensional Manifold Method

The ILDM method is based on the same basic fact as QSSA, that a chemical
reaction system has widely varying time-scales [89]. Based on this fact a system
of chemical reactions can be studied by taking into account only the slow time
scale processes and the fast time scale processes can be assumed to be in a sort of
quasi-steady-state. Hence, if the user is not interested in the initial disturbance
of the system occuring within the short time scales the full system description
can be given by slow time scale processes without any significant loss of chemical
kinetics description [90].

The advantage of the ILDM technique over the other conventional reduc-
tion techniques such as QSSA, is that the ILDM method automatically extracts
the relevent information about fast and slow time scales in a chemical reaction
system. ILDM is an accurate and refined mathematical procedure which is ex-
plained in section 6.4.1. Another advantage of ILDM is the construction of the
lower dimensional manifold which allows the complete phase-space to be defined
in terms of only a few parameters and the results are tabulated in terms of those
parameters. Once the data is stored in the form of a lookup table, the system is
solved only for a few parameters and the others are read from a lookup table.

In addition the ILDM method reduces the stiffness [91, 92] that may be
present in the system. The stiffness (St) is defined as the ratio of the slow-
est time-scale (τmin) to the fastest time-scale (τmax) in the system.

St =
τmax

τmin
. (6.13)

In a typical plasma simulation the time span is defined by the largest time-scale
and the time step is defined by the smallest time-scale. In a reaction system with
high stiffness, the computational time becomes long [57] since a large number
of steps are required to reach the final simulation time. The easiest way to
reduce the stiffness in a reaction system is to assume that the fast species are
in quasi-steady-state and the corresponding reactions are in partial equilibrium.
The ILDM method achieves such decoupling of the slow and the fast time scales,
thereby reducing the stiffness and accelerating the computational speed.

6.4.1 Mathematical Description of ILDM

The continuity equation (6.1) for the reaction system, neglecting the transport,
can be written in vector notation as

∂n

∂t
= S. (6.14)

In the above equation n = (n1, n2, . . . , nNs
)T is the density vector, where ni is

the density of species i. In equation (6.14) electrons are included in the density
vector. The S vector contains the source terms which depend on the density
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vector and other parameters. The mathematical description in this section is
based on the densities of the species, but a formulation in terms of mass fractions
or mole fractions is also possible.
The source term given in equation (6.14) can be linearized with the help of Taylor
series expansion as

S(n) = S(n0) +
∂S

∂n

∣∣∣∣
n0

(
n− n0

)
+O(n)2. (6.15)

Neglecting the higher order terms the equation (6.15) is written as

S(n) = S(n0) + J |n0

(
n− n0

)
, (6.16)

where J is the Jacobian matrix of the source,

J =
∂S

∂n

∣∣∣∣
n0

. (6.17)

Since S is a known function of n, J can be approximated numerically using the
finite difference method [67] or calculated analytically.

There are two methods to proceed with the calculation after the Jacobian
matrix has been evaluated. The first method is based on the diagonalization of
J and is discussed in section 6.4.1.1. The other method is based on the Schur
decomposition of J , discussed in section 6.4.1.2.

6.4.1.1 Diagonalization

If the Jacobian matrix (6.17) J is diagonalizable, it can be written as

J = V ΛV −1, (6.18)

where the columns of the matrix V are the right eigenvectors of J , while Λ is
a diagonal matrix Λ = diag(λi) that contains the corresponding eigenvalues on
the diagonal. The eigenvalues at the diagonal matrix can be ordered according
to the decreasing value of the real part of the eigenvalue [72].

From the discussion thus far we can analyze the response of a chemical system
to disturbances. If the given density vector is n0 and the system is purterbed
slightly to a new set of density vectors nε, the perturbation of the source is given
by

S(nε)− S(n0) = J |n0

(
nε − n0

)
. (6.19)

Substituting the value of the source in equation (6.14) this becomes

∂

∂t

(
nε − n0

)
= J |n0

(
nε − n0

)
. (6.20)

If we define the perturbation vector as ζ = nε − n0, the above equation can be
written in simplified terms as

∂ζ

∂t
= Jζ (6.21)
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Substituting the value of J from equation (6.18) we get

∂ζ

∂t
= V ΛV −1ζ, (6.22)

which can be written as

V −1 ∂ζ

∂t
= ΛV −1ζ. (6.23)

If the time step is so small that the eigenvector V and its inverse V −1 do not
change considerably, equation (6.23) can be written as

∂V −1ζ

∂t
= ΛV −1ζ. (6.24)

For convenience, we can define a new variable ϕ = V −1ζ. The equation for the
perturbation then becomes

∂ϕ

∂t
= Λϕ. (6.25)

The elements of ϕ are linear combination of densities. Equation (6.25) can be
solved for each individual component as

ϕi(t) = ϕi(0)eλit, (6.26)

where ϕi(0) is the value of ϕi at t = 0. For all i equation (6.26) describes the
response of the system when subject to a small perturbation [73].

There are four possibilities of how a reaction system reacts to a small per-
turbation depending on the eigenvalue:

1. If the eigenvalue is real and negative the system converges and reaches the
equilibrium.

2. A zero eigenvalue means that the perturbation does not change with time
(i.e. ϕi(t) = ϕi(0)). This implies that the density combination is con-
served.

3. If the eigenvalue is real and positive the perturbation will continue to
increase and system never reaches equilibrium.

4. A complex eigenvalue means that the system oscillates. The real part of the
eigenvalue determines whether the system converges, diverges or remains
constant. The imaginary part of the eigenvalue determines the frequency
of oscillation.

The eigenvalues of the Jacobian matrix of the source also helps to identify
the characterstic time scales associated with each species in the reaction system.
From equation (6.26) it can be seen that the time scale (τ) is equal to the inverse
of the absolute value of the real part of the eigenvalue.

τi =
1

|Re(λi)|
. (6.27)
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If the user assumes that all the processes that are faster than a predefined time
τcutoff are not important for the particular study, the user can define the eigen-
value λcutoff corresponding to the time τcutoff as

λcutoff =
1

τcutoff
. (6.28)

The introduction of variable λcutoff determines the distinction between fast and
slow processes. If |Re(λ)| ≥ λcutoff, it is a fast process, otherwise it is a slow
process.

The right eigenvector matrix V in equation (6.18) is

V =


...

...
...

v1 v2 . . . vn
...

...
...

 , (6.29)

where vi is the eigenvector corresponding to the ith eigenvalue. The eigenvectors
define the characterstic directions associated with the corresponding time scales
given by the eigenvalues.

The inverse of the eigenvector matrix can be partitioned as

V −1 = W =


. . . w̃1 . . .
. . . w̃2 . . .
. . . w̃3 . . .
...

...
...

 , (6.30)

where each row w̃1 corresponds to the left eigenvectors of the Jacobian matrix
J . The matrix W can be written in terms of fast and slow vectors as given
by the absolute values of the real parts of the eigenvalues. The eigenvalues are
arranged in descending order of magnitude so the corresponding eigenvectors can
be seperated in terms of slow vectors W s and fast vectors W f as

W =

(
W s

W f

)
. (6.31)

The LAPACK [74] function dgeev is used for computing the eigenvalues and the
left eigenvectors of the Jacobian matrix J .

The low dimensional manifold can be defined by neglecting the slow time scale
processes and taking into account only the fast processes. The fast processes are
perpendicular to the manifold and slow processes are along the manifold. Hence
the manifold surface can be mathematically expressed as an inner product of
fast eigenvectors and the source vectors. The equation is expressed as

W fS(n) = 0. (6.32)
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Equation (6.32) defines the low dimensional manifold. The mathematical
derivation for the equation can be found in the theses [87, 93], whereas the ge-
ometrical interpretation of the equation (6.32) can be found in [84]. There are
a few numerical difficulties associated when the manifold is defined in terms of
eigenvectors. One of it is the possiblity of degenerate (repeated) eigenvalues,
corresponding eigenvectors may or may not be linearly independent [75]. In case
of linearly dependent eigenvectors the determinant of the eigenvector matrix is
zero and its inverse does not exists. Due to this difficulty and the problem of near
collinear vectors it is useful to work in a modified eigenvector basis, the Schur
basis, which will be discussed next. The other problems of using eigenvector
basis are discussed in the next section.

6.4.1.2 Schur Decomposition

The (standard) Schur decomposition of the Jacobian of S(n) is given by

J = QNQT , (6.33)

where the Schur vector matrix Q is a unitary matrix
(
QT = Q−1

)
. The matrix

N is an upper triangular matrix that has eigenvalues at the diagonal of the
matrix.

N =


λ1 . . . . . . . . .
0 λ2 . . . . . .
...

...
. . .

...
0 . . . 0 λn

 (6.34)

The eigenvalues that appear on the diagonal of N are assumed to be arranged
in decreasing order [72]. Such a rearrangement of the matrix can be achieved by
Givens rotations [76, 77]. In our calculations the LAPACK [74] function dgees
is used to calculate the Standard Schur decomposition. The algorithm used can
be found in [76]. The function dtrexc is used to order the eigenvalues on the
diagonal of the triangular matrix of the Schur decomposition and change the
corresponding Schur vectors. The algorithm used in the function can be found
in [78]. The functions can be used in all the cases irrespective of whether the
eigenvalues are real or complex.

The columns of Q are the Schur vectors qi.

Q =


...

...
...

q1 q2 . . . qn
...

...
...

 (6.35)

Since all the Schur vectors in the Schur vector matrix (6.35) are orthogonal, the
difficulty associated with linearly dependent vectors is avoided. The Schur vector
matrix can be divided into slow and fast portions as

Q =
[
Qs Qf

]
. (6.36)
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The reasoning is similar to the one given in the section 6.4.1.1. The transpose
of the Schur vector matrix is given by

QT =

(
QT
s

QT
f

)
. (6.37)

The top portion ofQT corresponds to the slow processes, and the bottom portion
corresponds to the fast processes. The low dimension manifold is obtained by
neglecting the slow processes and taking into account the fast processes. Apply-
ing the same reasoning as in section 6.4.1.1, in terms of Schur basis, the manifold
equation is given as the product of the fast Schur matrix and the source.

QT
f S (n) = 0, (6.38)

where QT
f is the fast Schur vector matrix.

Equation (6.38) is similar to equation (6.32), the only difference is the basis
that is used. In equation (6.32) the basis is skewed, the basis in equation (6.38) is
orthonormal. Poor numerical behavior is observed due to near collinear vectors
when a skewed basis is used. A convenience of using orthonormal basis is that
the user gets rid of collinear or near collinear vectors as all the vectors are
perpendicular to each other (can be seen in Figure 6.1). Another advantage
of using Schur vectors over eigenvectors is in the case where the eigenvalues
become complex. In this case the corresponding eigenvectors become complex
hence additional calculations are needed if an eigenvector basis is used [79]. In
the case of the Schur basis the Schur vectors remain real irrespective of whether
the eigenvalues are real or complex. We therefore recommend the use of Schur
vectors for defining the manifold.

6.4.1.3 The full System of Equations

The continuity equations to be solved for numerical analysis of plasma, as ex-
plained in previous section 6.2, are written as given by equation (6.14). Using the
manifold equations (6.32) or (6.38) and the system constraints, the continuity
equations which are a set of coupled ordinary differential equations are replaced
by a set of algebraic equations as given in this section, without any significant
loss in the accuracy of the final result. Solving the set of algebraic equation is
easier and computationally inexpensive compared to solving the coupled set of
differential equations for all species. The complete set of algebraic equations for
ILDM is written as

1. Temperature
T = Tref, (6.39)

with Tref, the reference value of the temperature.

2. Pressure
p = pref, (6.40)



90
Chapter 6. Plasma Chemistry Reduction from Intrinsic Low-Dimensional

Manifold Method: Application to Argon Atomic System

Figure 6.1: The figure shows the behavior of source vectors (shown in red) and
the fastest Schur vectors (shown in black) in the immediate vicinity of the 1-D
manifold (shown in green) in a 2-D plane. The source vectors bend and follow
along the manifold while the fastest schur vectors remain perpendicular to the
manifold at all times. From the figure it is clear that the source and the fast
Schur vectors are perpendicular on the manifold. Similar interpretations can be
drawn for higher dimensional manifolds in higher dimensional state-space.
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with pref, the reference value of the pressure. In our calculations we assume
that the pressure and temperature are fixed hence Tref and pref are constant.

3. The element conservation equation.
Elements are defined as the fundamental building blocks in the system of
chemical reactions. The choice of these building blocks is user defined.The
elements in the reaction system are conserved; they are neither created nor
destroyed by the reactions occuring in the system. Commonly the atomic
species in a mixture can be taken as elements. In rare cases a molecule
can also be considered as an element if it is not decomposed. As a simple
example, in the polymerization reaction [80] of the form

6HF 
 (HF)6.

If the mixture contains only these two species there is no need to adopt H
and F as seperate elements. If this is the only reaction in the system, HF
can be considered as one element (building block). In the case of charged
reaction systems, the electron is considered as one of the element.
If there are a total of Ne distinct elements in the reaction system the Ne
elemental conservation equations can be written in terms of an element
matrix as

Φn−$e = 0, (6.41)

where n is the density vector and $e is a vector containing the amount of
conserved elements in a closed system. The elemental matrix Φ is defined
as

Φ =


...

φTi
...

 , (6.42)

where φi is the element vector for the ith element. The element vector is
given by

φi =
(
. . . , φij , . . .

)T
(6.43)

where φij is the total number of elements of type i in species j.

4. The parameter equation
Parameter species densities act as control variable. These are varied in
steps to generate a series of discreet points that parameterize the mani-
fold. The number of parameters chosen (Nd) defines the dimension of the
manifold. The Nd parameter equations are formulated as

Pn−$p = 0 (6.44)

Where n is the density vector and $p is a vector containing the constant
values of the parameters. P is the Nd × Ns parameter matrix formed
by substituting 1 at the index of a particular parameter species in the
corresponding row and 0 for the rest of the species in that row. The
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parameter and the element equations, as given by (6.44) and (6.41), can
be combined in the set as (

Φ
P

)
n−

(
$e

$p

)
= 0, (6.45)

5. The manifold equation
The total number of algebraic equations given by elemental conservation is
Ne and by parameters is Nd. The total number of equation needed to solve
the system is Ns. So one needs an additional Ns−Ne−Nd equations. The
set of equations is completed by the manifold equations written in terms of
the skewed basis given by (6.32) or the orthonormal basis given by (6.38).
The manifold equation takes the general form of

AS(n) = 0, (6.46)

where the matrix A is the reduced matrix that contains the fast time scale
processes. A can be written in terms of the eigenvector basis as W f by
neglecting the topmost Ne +Nd rows from the inverse eigenvector matrix
W , or in terms of the Schur vector basis as QT

f by neglecting the topmost

Ne +Nd rows from the transpose of the Schur vector matrix QT .

Equations (6.41) and (6.44) are linear algebraic equations, whereas the equa-
tion (6.46) is a non-linear algebraic equation. The full system of equations is
written as

0 = g(n) =

Φn−$e

Pn−$p

AS(n)
(6.47)

The value of the parameter(s) is varied in steps. For each value of the pa-
rameter the solution of equations (6.47) is calculated. Details of this procedure
are presented in section 6.4.1.4. The result is a sampled approximation of the
manifold which is stored in a look up table (ni (np)); where np represents the
densities of parameter species and ni are the densities of the remaining species
which are function of the parameter(s). Once the manifold is determined and
the look-up table generated, the continuity equations to describe the plasma needs
to be solved only for the parameter(s),

∂np
∂t

= Sp (n(np)) , (6.48)

where Sp is the source for parameter species that depends on density vector n.
The density vector n can be calculated from lookup table for that particular
value of parameter density np.

6.4.1.4 Solution of the set of equation

The complete set of algebraic equation (6.47) is solved using Newtons method
[81]. This is an iterative method in which an improved value nk+1 is obtained
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from nk using

nk+1 = nk −G−1g(nk). (6.49)

In the above equation (6.49) G is the Jacobian matrix of g which is defined by

G =

(
∂g(n)

∂n

)∣∣∣∣
nk

. (6.50)

The calculation begins with an initial guess of the density n0 and subsequent
density values are calculated till the absolute value of the error ε in density be-
tween the two consecutive iteration becomes less than a certain value prescribed
by the user εp. The error is defined as

ε = max
i

∣∣∣∣∣nki − nk+1
i

nki

∣∣∣∣∣ < εp, (6.51)

for all the densities i in the density vector. The value of tolerance εp is defined by
the user and is limited by the machine accuracy. More information about using
Newtons method for the solution of a mixed set of algebraic and differential
equations can be found in [79, 82]. The initial guess is a vital element of the
Newton method, hence the initial guess should be such that the point lies inside
the boundaries of the manifold. This can be achieved by starting with the
chemical equilibrium point. The trajectories starting from anywhere finally settle
at the equilibrium point in the phase-space hence it is sure to be on the manifold.

6.5 Demonstration: A three level model for Argon

In this section we demonstrate the ILDM and QSSA methods for a hypothetical
three level argon system with only radiative transitions. Results for both meth-
ods are compared with those obtained from a solution of the full (unreduced)
system of equations. The three level argon system contains ground state (Ar),
first excited state (Ar∗) corresponding to Ar[4s(3/2)] and the second excited
state (Ar∗∗) corresponding to Ar[4p(1/2)]. The energy of the ground state level
is 0.0 eV, that of the first excited state is 11.548 eV and that of the second
excited state is 13.273 eV. The three radiative reactions can be written as

Ar + [hν] −→ Ar∗,
Ar∗ + [hν] −→ Ar∗∗,

Ar∗∗ −→ Ar∗ + [hν].

The transition frequencies of the three radiative processes are f1, f2 and f3 (in
sec−1). The system is closed and kept at a constant temperature T and constant
pressure p, hence the total particle density n is constant and given by the ideal
gas law as

n =
p

kBT
, (6.52)
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where kB is the Boltzmann constant. We can calculate the mass fractions of
the particles in each of the three levels using the density values. The relation
between density vector n and the mass fraction vector y is [94]

y =
1

nm
diag(m)n =

1

m
diag(m)x, (6.53)

where diag(m) is the diagonal matrix with the masses of the species at the
diagonal and 0 elsewhere. The quantity m is the mixture mass,

m =
∑
i

mixi, (6.54)

where mi is the mass of species i and xi is the mole fraction of species i which
is defined as xi = ni/n.
For a purely atomic single element system the mixture mass m becomes equal
to the mass of the species hence we can write diag(m) = mI. Substitution of
the value in equation (6.53) gives

y = x =
n

n
. (6.55)

The source for a species p based on the density of species is denoted by Snp and
is written as

∂np
∂t

= Snp =

Nr∑
r=1

(νf (p, r)− νb(p, r))Znr , (6.56)

where νf is the forward rate coefficient, νb is the backward rate coefficient and
Znr is the rate based on density of species and is written as

Znr = fr

Ns∏
p=1

n
νf (p,r)
p . (6.57)

Schematic Figure for 3 Level Argon System

Figure 6.2: The figure shows the three levels of argon system taken into account
with the corresponding transition frequencies. The frequency f1 is much lower
than the other two frequency f2 and f3



6.5. Demonstration: A three level model for Argon 95

An expression in terms of the mass fractions is obtained by substitution of equa-
tion (6.55). The source in terms of the mass fraction vector for a species p, Syp
is written from equation (6.55) as

Syp =
∂yp
∂t

=
1

n

∂np
∂t

=
1

n
Sp. (6.58)

The same formulation as given in section 6.4.1 can also be used for the mass
fraction vector after the conversion is done. A more complicated conversion for
a multispecies system can be found in [95].
Once we have converted densities into mass fractions we can write the mass
fraction of the ground state as y1, the first excited state as y2 and the second
excited state as y3. Using the notation kx = fx for the radiative ‘rate coefficients’
for consistency with the more general chemical studies, it is readily established
that the expressions for the mass fraction source terms are given by

Sy (y1) = −k1y1, (6.59)

Sy (y2) = k1y1 − k2y2 + k3y3, (6.60)

Sy (y3) = k2y2 − k3y3. (6.61)

The system of equations (6.59), (6.60) and (6.61) forms a coupled set of differ-
ential equations. The system is linear, has a constant Jacobian J , and can be
written as

Sy = Jy. (6.62)

In the next sections we will solve this system of three species and demonstrate
the method of QSSA and ILDM analytically.

6.5.1 Full system solution of three level model

The time evolution of the complete system is given by the solution of the three
differential equations (6.59) , (6.60) and (6.61). From any arbitrary initial con-
dition, the reaction will progress to reach the equilibrium point asymptotically.
Geometrically, the progress of the reaction can be visualized as a trajectory in
the three-dimensional space which starts at a given initial condition and ends at
the final equilibrium point. By definition the sum of the mass fractions will be
1,
∑
i yi = 1, and each mass fraction will lie between 0 and 1, 0 ≤ yi ≤ 1. Hence,

all the trajectories as well as the initial conditions will lie in the two-dimensional
triangular region bounded by y1 = (1, 0, 0), y2 = (0, 1, 0) and y3 = (0, 0, 1) as
shown in Figure 6.3. We can write the system of equation as

∂

∂t

y1

y2

y3

 =

−k1 0 0
k1 −k2 k3

0 k2 −k3

y1

y2

y3

 (6.63)

The above system of equations can be solved using the eigenvalue/eigenvector
method [85]. The eigenvalues can be found from det(J − λI) = 0. The three
eigenvalues of the system are λ1 = 0, λ2 = −k1 and λ3 = −(k2 + k3). The
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2D Triangular Plane

Figure 6.3: The figure shows the 2-D triangular structure inside the 3-D space.
The two trajectories shown start from initial condition I. The trajectory T1 lies
inside the region whereas trajectory T2 leaves the triangular plane which is a
violation of the law of conservation of mass.

diagonal matrix is given by Λ = diag(λi) and the corresponding eigenvector
matrix is

V =

 0 (k1 − k2 − k3) 0
k3 (k3 − k1) −1
k2 k2 1

 (6.64)

The full system solution isy1

y2

y3

 =

 c1(k1 − k2 − k3) exp(−k1t)
c0k3 + c1(k3 − k1) exp(−k1t)− c2 exp(−(k2 + k3)t)

c0k2 + c1k2 exp(−k1t) + c2 exp(−(k2 + k3)t)

 (6.65)

Assuming that initially all the species are in the ground state; that is y = (1, 0, 0),
the constants c0, c1 and c2 are given byc0c1

c2

 =

 1
k2+k3

1
k1−k2−k3

k2
k2+k3

+ k3−k1
k1−k2−k3

 (6.66)

From the above equations (6.65) and (6.66), one can get the full time evo-
lution for the three level system. The equilibrium point can be calculated by
setting t → ∞. The equilibrium point is yeq = (0, c0k3, c0k2), which can be

written as yeq =
(

0, k3
k2+k3

, k2
k2+k3

)
.

If we assume that the system is highly stiff, that is the difference in the rate coeffi-
cient is high (k2 + k3 � k1), for t� 1

k2+k3
we can approximate exp (−(k2 + k3)t)→
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0. Making this assumption and substituting the values of the constants, the
equation for y1 simply becomes

y1 = exp (−k1t) . (6.67)

Substituting the value of y1 from equation (6.67) in equation (6.65) for y2 and
y3 and eliminating the factor of time we get(

−k1k2

k1 − k2 − k3

)
y1 − k2y2 + k3y3 = 0, (6.68)

which is in fact the plane in the three dimensional composition space formed by
y1, y2 and y3.

The intersection of the two planes, one given by
∑
i yi = 1 and another given

by equation (6.68), will give the equation of a line inside the three-dimensional
triangular plane. The equation of the 1D manifold represented by the line is

k2y2 + (k1 − k3) y3 =
k1k2

k2 + k3
. (6.69)

The system starting from any arbitrary point in the triangular region will quickly
move to the one dimensional line and along the one dimensional line to the equi-
librium point as shown in Figure 6.4.

The three dimensional region is the full composition state space. The two
dimensional triangular reigon inside the full dimensional space is the 2-D mani-
fold is defined by the constraint

∑
i yi. The line given by equation (6.69) defines

the 1-D manifold inside the 2-D manifold. The equilibrium point is referred to
as the 0-D manifold [83].

6.5.2 Reduced solution of three level model via QSSA

Let us now investigate the same three level argon system given by equations
(6.59), (6.60) and (6.61) using the traditional collisional radiative modelling ap-
proach. The common practice [27, 29, 64, 65] is to assume excited species as LC
species and ground and ion species as TS species, as explained in section 6.3 of
the paper. In this case Ar∗ is taken as LC and Ar and Ar∗∗ are taken as TS
species. Assuming that the LC species Ar∗ is in QSS we get

Sy (y2) = k1y1 − k2y2 + k3y3 = 0, (6.70)

which gives the density of LC species y2 in terms of the densities of TS species
y1 and y3.

k1y1 − k2y2 + k3y3 = 0, (6.71)

which defines the manifold given by QSSA. From the definition of mass fraction
we can write

y1 + y2 + y3 = 1. (6.72)
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The equations of the TS species have to be solved. For Ar ground the equation
is

∂y1

∂t
= −k1y1, (6.73)

of which the solution is
y1 = y10 exp(−k1t), (6.74)

where y10 is a constant. From the initial conditions at y(0) = (1, 0, 0) the value
y10 = 1.
The complete solution is given by solving the three equations (6.71), (6.72) and
(6.74). If we compare this solution to the full system, we see that the equation
(6.71) can be obtained by approximation of (6.68). In equation (6.68), if we
assume k2 + k3 � k1 (i.e., the system is stiff) we get(

k1k2

k2 + k3

)
y1 − k2y2 + k3y3 = 0. (6.75)

Furthermore if we assume that k3
k2
� 1, the equation (6.75) simplifies to

k1y1 − k2y2 + k3y3 = 0, (6.76)

which is the manifold equation given by the QSSA. Hence, we can say that the
equation for the manifold given by the traditional QSSA is an approximation,
with two major assumptions. Just like in section 6.5.1 we will assume that

1D Manifold For 3 Level Argon System

Figure 6.4: The figure shows the triangular structure bounded by mass conser-
vation (shown in blue). The 1-D manifold is shown in red. The trajectory starts
at initial pointy I and reaches the 1-D manifold at point P. The time taken to
reach the point P is very short because the fast time scale will dominate. Once
on the manifold the trajectory remains on the manifold and the slow time scale
dominates.
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(k2 + k3) � k1, which is the first assumption. The second assumptions is that
the rate coefficient k2 � k3. Further explaination regarding these assumptions
is given in the next section 6.5.3.

The next step is to solve for the time evolution of the species. The final
solution for the time evolution of species for QSSA is given from equations (6.71),
(6.72) and (6.74). The analytical solution for the species as given by QSSA isy1

y2

y3

 =

 exp(−k1t)
k3

k2+k3
+ k1−k3

k2+k3
exp(−k1t)

k2
k2+k3

− k1+k2
k2+k3

exp(−k1t)

 . (6.77)

Comparing equation (6.77) with the full solution as in equation (6.65) we can
calculate the error as εQSSAy = yFull − yQSSA,εQSSAy1

εQSSAy2

εQSSAy3

 =

 0
k1(k3−k1)

(k2+k3)(k1−k2−k3) exp(−k1t) + c2 exp(−(k2 + k3)t)
−k1(k3−k1)

(k2+k3)(k1−k2−k3) exp(−k1t)− c2 exp(−(k2 + k3)t)

 , (6.78)

where c2 = k2
k2+k3

+ k3−k1
k1−k2−k3 .

This is a simple example of a three level argon system with three rates hence
it is easy to interpret which reactions are in partial equilibrium and which species
are in QSS. If there are a large number of species and reactions the process will
become tedious and error prone. In the next section we reduce the three level
system via a more systematic ILDM method.

6.5.3 Reduced solution of three level model via ILDM

In this section we will reduce the three level system explained in the previous
section via the ILDM method. The source term is written as

Sy = Jy. (6.79)

From equations (6.59) , (6.60) and (6.61) the Jacobian matrix is

J =

−k1 0 0
k1 −k2 k3

0 k2 −k3

 (6.80)

Diagonalization of the Jacobian matrix (6.80) gives

Λ = diag(0,−k1,−(k2 + k3)) (6.81)

The eigenvalues in matrix Λ are arranged in descending order of magnitude. The
corresponding eigenvector matrix is

V =

 0 (k1 − k2 − k3) 0
k3 (k3 − k1) −1
k2 k2 1

 (6.82)
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The determinant of the eigenvector matrix can be calculated and is written
as det(V ) = (k1 − k2 − k3) (k2 + k3). If k1 = k2 + k3 then det(V ) = 0, hence
diagonalization is not possible. In this case we have to apply Schur decomposition
instead of diagonalization as explained in section 6.4.1.2.
Assuming k2 + k3 6= k1, the inverse of the eigenvector matrix V is given by

V −1 = W =
1

(k2 + k3)

 1 1 1
(k2+k3)

(k1−k2−k3) 0 0
−k1k2

(k1−k2−k3) −k2 k3

 . (6.83)

The above equations can be verified from V ΛV −1 = J . The next step is to
identify the slow and fast processes and remove the corresponding rows from
matrix W as explained in sections 6.4.1.1 and 6.4.1.3.
From the Jacobian matrix (6.80) we get the eigenvalues of the system. The
three eigenvalues of the system as calculated before are λ1 = 0, λ2 = −k1 and
λ3 = −(k2 + k3). From the eigenvalue one gets the information of the time
scale of the system since the time scale is inversly proportional to the eigenvalue.
One of the eigenvalues is 0, which corresponds to the conserved quantity. The
corresponding elemental conservation equation (6.41) (or generally speaking the
mass conservation) is written as

Φy =
(
1 1 1

)y1

y2

y3

 = $e. (6.84)

$e is a vector with one element whose value is 1, since the fractions sum to 1.
There is only one element hence Ne = 1.
The remaining two time scales, calculated by equation (6.27) are

τ1 = 1
k1
,

τ2 = 1
(k2+k3) .

(6.85)

The system is stiff that is k2 + k3 � k1 so τ2 < τ1. One time scale is much
shorter than the other. Here the modeler/user has to decide the cutoff time-
scale τcutoff given by equation (6.28), by assuming the dimension of the manifold.
In this example if it is assumed that the dimension of manifold is one (Nd = 1),
we end up with one slow time scale τ1 and the remaining, one fast time scale
τ2. The cutoff time-scale then becomes τcutoff ≥ τ2. The dimension of the
manifold determines the slow time scale(s) of the system and the remaining time
scale(s) are considered to be fast. If the dimension of manifold is made larger
the time scales of the system that are lost are smaller, but the computational
costs increases. Hence, the choice of parameter should be appropriate taking
into consideration the time scales of interest and the computational cost of the
system. The total number of parameters or reaction control variables is equal
to the dimension of the manifold. The corresponding parameter species must be
decided by the user. Assuming y1 as the parameter, the parameter equation is
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given by (6.44) which corresponds to the slow time scale (τ1).

Py =
(
1 0 0

)y1

y2

y3

 = $p. (6.86)

$p is a vector with one element since there is only one parameter ($p). Once
the distinction of slow and fast time scales is done, the matrix W can be split
into slow and fast component as

W =
1

(k2 + k3)

 1 1 1
(k2+k3)

(k1−k2−k3) 0 0
−k1k2

(k1−k2−k3) −k2 k3

 =

W s

W f

 . (6.87)

The slow part of the matrix W in equation (6.87) written as W s correspond-
ing to the slow time scale (τ1). The fast portion of matrix W in equation (6.87)
is written as W f corresponding to the fast time scale (τ2). The eigenvalues are
arranged in descending order of magnitude hence W s is the matrix formed by
upper Ne + Nd = 2 rows of the matrix W whereas W f is the matrix formed
by lower N − Ne − Nd = 1 row of the matrix W . Since we have Ne + Nd = 2
equations corresponding to element conservation (6.84) and parameter (6.86),
additional N −Ne−Nd = 1 equation is needed to solve the system. The system
of equation is completed from the manifold equation given by (6.46), written in

terms of eigenvector basis
(
W fSy = 0

)
as

W fSy =
1

k2 + k3

(
−k1k2

(k1−k2−k3) −k2 k3

) −k1y1

k1y1 − k2y2 + k3y3

k2y2 − k3y3

 = 0. (6.88)

The manifold equation (6.88) in simplified form can be written as

−k1k2

k1 − k2 − k3
y1 − k2y2 + k3y3 = 0. (6.89)

The system of three equations can be summarized as

g(y, $) =


y1 + y2 + y3 = 1;

y1 = $p;
−k1k2

k1−k2−k3 y1 − k2y2 + k3y3 = 0.
(6.90)

Changing the value of parameter $p and solving the set of three equations will
give a 1-D manifold inside the complete composition space. The 1-D manifold is
shown in red in Figure 6.4. If the initial evolution of the system within the fast
time scale of order τ2 is of no importance the full system can be studied from the
lower dimensional manifold inside the full state space. This can be interpreted
from the schematic Figure 6.4. The trajectory starting from point I reaches
point P in time interval τ2 and then the slow time-scale processes dominate as
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the trajectory finally reaches the equilibrium point Eq. Equation (6.89) is the
equation of a plane in three dimensional space as shown in Figure 6.4 by the
green plane.

Once we obtain the manifold next step is to calculate the time evolution
of the species. The only species that needs to be solved is the parameter and
rest of the species are read from look-up table which is funcion of parameter as
explained in section 6.4.1.3. Since the parameter is y1, we solve only for y1 as

y1 = y10 exp(−k1t), (6.91)

where y10 is a constant. From the initial conditions at y(0) = (1, 0, 0) the value
y10 = 1. The solution for other species are read from look-up table but here
analytical ILDM solution can be calculated from equations (6.90) asy1

y2

y3

 =

 exp(−k1t)
k3

k2+k3
+ k3−k1

k1−k2−k3 exp(−k1t)
k2

k2+k3
+ k2

k1−k2−k3 exp(−k1t)

 (6.92)

Comparing the equation (6.92) to the full solution as in equation (6.65) we can
calculate the error as εILDMy = yFull − yILDM . The error for the ILDM isεILDMy1

εILDMy2

εILDMy3

 =

 0
+c2 exp(−(k2 + k3)t)
−c2 exp(−(k2 + k3)t)

 , (6.93)

where c2 = k2
k2+k3

+ k3−k1
k1−k2−k3 .

6.5.4 Comparison of QSSA and ILDM

The equation of manifold for ILDM (6.89) derived in section 6.5.3 is exactly the
same equation as given by equation (6.68). Unlike the QSSA as explained in
section 6.5.2, in ILDM we do not have the additional approximation of k2 � k3.
The fast time scale τ2 as given by ILDM from equation (6.85) is τILDM = 1

k2+k3

and as given by QSSA by substituting k2 � k3 is τQSSA = 1
k2

. Since, τcutoff ≥ τ2
we can interpret that τcutoff-QSSA > τcutoff-ILDM. The fast time scale correspond-
ing to ILDM has a lower value than the fast time scale corresponding to QSSA.

Further we can analyze the error in QSSA given by equation (6.78) and ILDM
given by equation (6.93). The error for QSSA in the calculation of mass fraction
for species 2 and 3 is

εQSSA =
k1(k3 − k1)

(k2 + k3)(k1 − k2 − k3)
exp(−k1t) + c2 exp(−(k2 + k3)t), (6.94)

and the error for ILDM is

εILDM = c2 exp(−(k2 + k3)t). (6.95)
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In the equations (6.94) and (6.95) the term c2 exp(−(k2 +k3)t) will decay quickly
as the time t progresses since (k2 + k3) is high. Hence we can interpret that
εQSSA > εILDM . This is due to the fact that the seperation between the fast
and slow time scale is accurate in the case of ILDM as it is a systematic procedure
for distinction of slow and fast time scale. In QSSA the density of LC species are
directly assumed to be 0 hence the distinction between the slow and fast time
scale is not exact but the influence of fast time sclaes are present. The error in
QSSA is higher than ILDM by an exponential decay factor corresponding to the
slow time scale. From the above discussion we can conclude that ILDM gives a
more accurate description of the manifold than QSSA.

6.6 ILDM applied to a plasma

The plasma state of matter [96] is quite different from the multicomponent sys-
tems that are encountered in combustion science. Plasmas contain charged par-
ticles (ions and electrons), yet it is quasi-neutral [97]. In addition to quasi-
neutrality the plasma mixture can be in non local thermal equilibrium, that is
they may have more than one temperature [98]. The temperature of the elec-
trons (Te) is commonly much higher than the temperature of the heavy particles
(Th). Other features pertaining to the plasma state of matter are electromag-
netic fields [99], radiation, electronic and rovibrational excitation, ionization,
deionization, etc [100]. Our aim is to apply the ILDM technique to the plasma
state of matter, overcoming the difficulties mentioned above.

The additional constraint of quasi-neutrality is written as∑
j

qjnj = 0, (6.96)

where qj is the charge of species j and nj is its density. The sum runs over all
the species present in the system.
Equation (6.96) can also be written as

φTelectron · n = 0, (6.97)

where equation φTelectron = (. . . φj . . .)
T

is the vector to account for the charge
on each species. Equation (6.97) is another form of equation (6.43) using the
electron charge (e) as the fundamental building block. The vector φTelectron can
be added to the elemental conservation matrix as given by equation (6.42).

6.7 Results and Discussion

The results are presented for a 78 level argon atomic system described in the
next section 6.7.1. In our calculations in this section we use density variables
(ni) to describe the phase space of the system but it is also possible to use
the mass fractions (yi) or the mole fractions (xi). The system is closed hence
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mass remains conserved. In section 6.5, the ILDM method was explained by
taking into account the three levels of the argon system with only three radia-
tive processes. The Jacobian of the source was calculated and diagonalized to
get the manifold for three level argon system. The mass fractions were used to
describe the 3 dimensional phase space of the system. Here we apply the ILDM
algorithm on a more realistic argon system consisting of excited states as well
as charged particles. The more general approach of Schur decomposition is ap-
plied to the Jacobian of the source term for the argon system taken into account.

First, the manifold is constructed and the discrete points of the manifold are
stored in the form of a look up table. After the manifold construction the reduced
simulation is done. Reduced simulation means that the simulation is done by
solving the differential equations for fewer species and reading the values of the
remaining species from the look-up table generated from the manifold. The
reduced simulation is compared to the full simulation. The full simulation is
done by taking into account all the intermediate argon states along with ions
and electrons. Hence, a total of 79 differential equations are solved to evaluate
the evolution of the species densities. A manifold from the QSSA calculation is
also generated as explained in section 6.3. The relation between the density of
the transport sensitive level and the local chemistry level as given in equation
(6.11) is in fact the manifold for the QSSA. Finally, the density values calculated
from the ILDM are compared with the density values calculated from the QSSA.

6.7.1 Argon 78 level Model

This section gives the description of the argon atomic system used in the cal-
culation. The processes that are taken into account are electron collisions and
radiation. In the the argon model we consider here the argon system is divided
into two subsystems based on the two core quantum states that are 2P 1

2
(the

primed system with jc = 1
2 ) and 2P 3

2
(the un-primed system with jc = 3

2 ) [101].

6.7.1.1 Levels

The argon system consists of 78 levels which are shown in Figure 6.5. The energy
of the levels are taken from [102].

For the individual levels that are higher than 5p, levels are lumped togather
and taken in the form of level blocks as shown in Table 6.1. The energy of each
level block εblock is determined from the statistical weight g [104] as

εblock =

∑
l glεl∑
l gl

, (6.98)

where gl is the statistical weight of level l and εl is the energy of the individual
level l.
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Schematic figure showing 78 levels in argon system

Figure 6.5: The 78 levels in the Ar system taken from [103]. The system is split
into two parts according to the configuration of the core: jc = 3

2 (un-primed)
and jc = 1

2 (primed) [103]. The blocks that are split into individual levels are
4s, 5s, 4p, 5p, and 3d (all prime and un-primed). All other levels are in blocks.
The ion energy level in the un-primed configuration is 15.76 eV and in primed
configuration is 15.94 eV.
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The model has 1724 reactions. The source term for the species p given by

Sp =

Nr∑
r=1

(νb(p, r)− νf (p, r))Zr, (6.99)

where νb is the backward rate coefficient, νf is the forward rate coefficient, Nr
is the total number of reaction and Zr is the rate written as

Zr = Kr

Ns∏
p=1

(
n
νf (p,r)
p

)
, (6.100)

np is the density of the species and Kr is the rate coefficient. The total number
of species is given by Ns.

6.7.1.2 Radiative Transition Process

The three main radiative processes are spontaneous emission, absorption and
stimulated emission. The rate coefficient Kr in equation (6.100) for the radia-
tive process is equal to the Einstein coefficient or transition probablity A. The
online NIST database [105] was used for A. The data for the coefficients in the
NIST database for the individual levels. Since most of the levels taken in our
calculation of QSSA and ILDM are in level blocks, as shown in Table 6.1, these
level to level transition probablities need to be converted to transition probabli-
ties between level blocks.

When the transition (from level u to level l) occurs from the block (bu) the
weighted average of the transition probablity is used [103]

A(bu, l) =
guA(u, l)∑

i gi
, (6.101)

where u denotes the upper level and l denotes the lower level. A(u, l) is the tran-
sition from u to l, and g is the statistical weight or degeneracy. The subscript
i denotes the individual level. The weighted average of all the transition proba-
blity that originates from the level block bu and ends at level l can be calculated

Individual levels Grouped levels
(Number of levels) primed and un-primed

4s(2), 4s’(2), 5s(2), 5s’(2), 6s, 6s’, 7s, 7s’, 8s, 8s’, 9s, 9s’, 10s, 10s’
4p(6), 4p’(4), 5p(6), 5p’(4), 6p, 6p’, 7p, 7p’, 8p, 8p’, 9p, 9p’, 4d, 4d’

3d(8), 3d’(4) 5d, 5d’, 6d, 6d’, 7d, 7d’, 8d, 8d’
4f, 4f’, 5f, 5f’, 6f, 6f’, 7f, 7f’

Table 6.1: The individual and the grouped levels. The left column shows the 40
individual levels and the right column consists of the 36 level blocks taken into
account. There are a total of 78 levels including ground and ion.
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by the sum of all the transition probablities [103].

A(bu, l) =

∑
j gjA(uj , l)∑

i gi
. (6.102)

If the destination level is also a block then we can sum all the seperate A(bu, l) of
equation (6.102) to get A(bu, bl) [21,103]. The subscript j denotes the individual
level in the level block.

A(bu, bl) =
∑
k

∑
j gjA(uj , lk)∑

i gi
, (6.103)

where the sum runs over all levels lk for the level block bl.

6.7.1.3 Electron collision Process

The rate coefficient Kr in equation (6.100) for electron collision processes are
calculated from the integrating the cross section of the process over the electron
energy distribution, which is assumed to be Maxwellian. The cross sections
for the electron collision processes have been taken from various sources. For
excitation cross sections from the ground state we use the compilation of Ar
cross sections from [106]. Some of the cross sections in [106] are for small blocks
instead of individual levels. Since the 3d and 5s levels are modeled individually,
the cross sections are split according to the weights of the individual level as

σi =

(
gi∑
j gj

)
σB , (6.104)

where σi is the cross section for level i and σB the cross section for the block in
which it is contained. gi is the statistical weight of level i.

Additional semi emperical cross section for excitation from ground state by
Vlček [107] were also used in the form of fit parameters for Drawin cross sections.
Vlček et. al. provide cross sections to levels 4d, 5d, 6d (only un-primed), 6s, 7s,
and 8s (only un-primed). These cross sections were also split according to the
ratio of statistical weights as in equation (6.104).

Excitation cross sections from 4s level were taken from [108] in the form of
look-up tables obtained from R matrix calculations. The cross sections provided
are for the four seperate 4s levels to the other 4s levels and seperate 4d, 3d, and
5s levels.

The cross sections for excitation were completed using calculated fit parame-
ters for Drawin cross sections by Kimura et. al. [109]. The parameters of Kimura
et. al. are for blocks so they have to be converted to individual levels using
equation (6.104). In addition ionization cross sections were included. The cross
sections for the direct ionization from the ground state was taken from [106] and
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Manifold for Argon 78 Level Atomic System
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Figure 6.6: The manifold (in black) for the 78 level argon model. The trajectories
T1 to T6 starting from different initial conditions in 79 dimensional phase space
first bundle together on the manifold and along the manifold finally reach the
equilibrium point. The figure is the projection of the 79 dimensional space
onto a 2 dimensional plane. In terms of time scales it can be interpreted that
initially fast time scales will dominate and the trajectories quickly come to the
horizontal line. Along that line, relatively slow time scales will dominate and the
trajectories move to the vertical line which is the 1 dimensional manifold shown
in black. Along the manifold the slowest time scale will dominate and rest of
the time scales have equilibrated. Finally, the trajectories reach the equilibrium
point (0 dimensional manifold) where all the time scales are in equilibrium.

the cross sections for the ionization from all other levels was taken from [107].
The rate coefficient for the three particle recombination process

Ar+ + e+ e→ Ar + e,

was taken from [110, 111] and is given by krec = αrecT̂e
−4.5

m6/s, where T̂e is
the electron temperature in eV and the value of αrec = 8.75 · 10−39.

6.7.2 Manifold and Reduced calculation

The manifold is generated with the ILDM method for the argon 78 level atomic
system. The electron temperature is kept at 0.9 eV. The background gas tem-
perature is kept constant at 600 K and the pressure of the background gas is
fixed at 5 mTorr (0.66 pascals), which are the same values as used by Ashida et.
al. [112] in a five level argon system. In equilibrium the degree of ionization for
the argon plasma is approximatly 4% as calculated from the Saha balance [113]
for the pressure of 5 mTorr. All the heavy particles are assumed to have the
same temperature (Th = 600 K). The trajectories T1 to T6 as shown in Figure
6.6 are the complete numerical solutions performed for a set of different initial
conditions using the stiff ODE solver LSODA [114], which has been developed
by Hindmarsh and Petzold [115]. As seen in the figure the trajectories start-
ing from different points in the phase space move towards the equilibrium point
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Time Comparison for Argon 78 Level System

2.0⋅10
9

4.0⋅10
9

6.0⋅10
9

8.0⋅10
9

1.0⋅10
10

2.0⋅10
10

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

D
e
n

s
it
y
 (

 A
r[

4
s
[3

/2
]1

])
 (

m
-3

)

Time (s)

Figure 6.7: Comparison of the full simulation (in red) and the reduced simulation
(in green). For the later period of time around after around 20 µs the two plots
are in agreement with each other. This is the period of time when the slow time
scales are dominant and the fast time scales have been equilibrated.

which can be interpreted as a 0-D manifold. There is no way of knowing the
range or boundaries of the manifold inside the complete phase space. Due to
this drawback, when setting up the manifold calculation it is advisable to start
from a point which will certainly lie on the manifold. A point which is certain
to be on the manifold is the chemical equilibrium point. The equilibrium point
acts as an end point for the trajectories that start anywhere in the complete
phase space. Hence, the construction of the manifold starts from the lowest di-
mensional manifold that is 0-D and subsequently higher dimensional manifold
can be calculated. The equilibrium point is easy to calculate in the sense that
at equilibrium there is no change in the density and the respective source terms
are 0.

∂neq
∂t

= Seq = 0. (6.105)

The manifold generation then proceeds by choosing the argon ion as the only
parameter species or the reaction progress variable. The argon system is 79
dimensional, hence there are a total of 79 time scales that are present in the
system. Of these different time scales two are infinite, corresponding to the con-
servation of mass and charge. One of the time scale is 2.2 s. The other 76 time
scales range between 2.74 × 10−11 s to 1.50 × 10−06 s. Hence the user can get
a rough idea about the time scales. If the user is not interested in the initial
evolution of the system in the range of micro-seconds or less, one parameter is
enough. We choose only one parameter, hence the manifold formed is one di-
mensional. The 1D manifold generated for the 78 level atomic argon system is
shown in Figure 6.6. Another reason for generating a one dimensional manifold
is that it is easier to visualize the results. The discrete points on the manifold
are stored in the form of a look-up table. Once the look-up table is generated
the continuity equation is solved for the parameter species only and the values
for the remaining species are read from the table. The calculation done using
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Comparison of Initial Time for Argon 78 Level System
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Figure 6.8: Comparison of the full simulation (in red) and the reduced simulation
(in green) for the initial period of time from 10−14s to 1s. The two plots are not
in agreement with each other for the initial period of time where the fast time
scales are dominant.

the look-up table is referred to as the reduced calculation.

The ILDM method is also beneficial for reducing the dimension of the com-
position space. In the case of the argon system explained here the dimension of
the composition space is 79 consisting of 78 different levels and electrons. The
construction of the manifold allows the composition space to be described in
terms of one reaction progress variable which is the argon ion in our case, so
only 1 differential equation is solved instead of 79 distinct differential equations
which reduces the computational load and speeds up the calculation.

The comparison between the reduced calculation and the full calculation is
shown in Figures 6.7 and 6.8. From Figure 6.7 it can be seen that the reduced
simulation is in agreement with the full simulation for the later period of time
which is approximately after 20 µs. During this later period of time the slow
time scales are dominant. Figure 6.8 shows the initial period of time where the
fast time scales are dominant and there is a significant difference between the
full calculation and the reduced calculation. This error is due to the assumption
in the ILDM method that the fast time scales are infinitely fast. After the fast
time scales are exhausted the full calculation and the reduced calculation are in
agreement with each other. Hence, if the modeller is not interested in the initial
disturbances occuring within the range of fast time scales (nano-seconds in most
cases or a few micro-seconds in some cases) or the system is such that initial
disturbances occuring within the range of a nanoseconds or in rare cases a few
microseconds are of no importance, the ILDM method can be applied to study
the dynamics of the system at longer times.
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Comparison of Density as Calculated from ILDM and QSSA
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Figure 6.9: The figure shows the comparison between the density values for
the ILDM manifold (in red) and the QSSA manifold (in green) for a 78 level
argon atomic system. Absolute value of relative error is shown by a black curve.
Similar plots can be made for other density values in the atomic argon system
taken into account.

6.7.3 Comparison of the density values as calculated from
ILDM and QSSA

In this section a comparison is made for the density values calculated from the
ILDM method with the density values calculated via QSSA method. The electron
temperature is kept at a value of 3 eV. The temperature and pressure of the
background gas are 600 K and 5 mTorr, respectively. The ground density is
fixed at a constant value, and the ion density is taken as the parameter or the
reaction progress variable. The comparison between the density values is shown
in Figure 6.9, where density value of Ar(4s′[1/2]0) in m−3 against the density
values of Ar(4s′[1/2]1) in m−3 for ILDM (red) and QSSA (green). The relative
error between the ILDM and QSSA values of Ar(4s′[1/2]1) is plotted against the
density values of Ar(4s′[1/2]0) (in black). From the figure it can be seen that the
relative error for the points lie around 3.5×10−6 to 9×10−6. The density values
calculated by the ILDM method are in agreement with the QSSA method.

6.8 Conclusion

In this study we investigate a chemical reduction technique ILDM, and apply
it to simplify the chemistry of an atomic argon plasma. The determination of
the equilibrium point is a crucial step in the construction of manifold. From
the comparison of the full simulation with the reduced simulation we conclude
that the results are accurate for time scale after which the fast processes have
equilibrated. The ILDM method is unable to capture the disturbances occuring
in the initial period of time defined by the fast time scales. Hence, the method is
advantageous if the system is stiff like the argon atomic system that is considered
here. In a highly stiff system the amount of information lost in the initial pe-
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riod of time is small compared to a non stiff system in which the loss is significant.

The method of ILDM is advantageous in the sense that it is a systematic
approach to simplify the chemical kinetics. The comparison of the density val-
ues of argon for the ILDM method and the conventional QSSA method shows
a good agreement with each other. The accuracy of ILDM method is similar,
in some cases even better as explained in section 6.5.3, than the QSSA method.
Thus we can use the ILDM method in which the only inputs are the reactions
with their corresponding rates and the dimension of the manifold.

The ILDM technique not only reduces the stiffness but also the complete di-
mension of the phase-space of the system thus simplifying the complex chemistry
in the plasma models. Thus the ILDM method looks like a promising approach
for making the simulations of convoluted and large plasma models feasible.
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7ILDM Applied to
Molecular Plasma

Abstract

Molecular systems are different from atomic systems in the sense that in
atomic systems the particle density of any of the atom remains constant. In
contrast to atomic systems in molecular systems there is change in total particle
density due to association and dissociation of particles. Due to this it is easier
to formulate the equations in terms of mass fraction rather than density. In this
chapter first the conversion to mass fraction of the Zeldovich five level system is
discussed and then molecular argon and hydrogen plasmas are reduced.

113
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7.1 Introduction

Molecular plasmas are typically more complex than plasmas in which only atoms
and atomic ions appear. To understand such plasmas is important because theu
have a wide range of application. An example is the modeling of plasma that is
created on the surface of the vehicle returning from space to earth [116]. The
earth’s atmosphere contains nitrogen and oxygen hence the plasma created on
the surface of the vehicle is molecular plasma. In planetary exploration the at-
mosphere of planets contains molecules which are in the form of plasma. The
primary difference between atomic and molecular plasma is the change in to-
tal particle density due to association and dissociation of particles occuring in
molecular plasma. Since the total particle density is not constant it is more
convenient to work in terms of mass fraction rather than particle density. In
this chapter the ILDM method is modified for application to molecular plasma
systems and applied to molecular argon and hydrogen plasma. The manifold
for Zel’dovich model is calculated in terms of mass fraction rather than particle
density, as was done in chapter 5. The modification of constraints in terms of
mass fraction rather than particle density is also explained.

7.2 Manifold for Zel’dovich system in Mass Fraction

The reactions for Zel’dovich system (chapter 5) is given by

N +NO 
 N2 +O

N +O2 
 NO +O

To use the mass fractions in Zel’dovich system directly the source term has to
be modified. Recall that the source term in terms of particle densities (m−3) is
given by

d

dt


nN
nNO
nN2

nO
nO2

 =


1 −1 −1 1
1 −1 1 −1
−1 1 0 0
−1 1 1 −1
0 0 −1 1



k1nOnN2

k2nNOnN
k3nNnO2

k4nNOnN

 , (7.1)

where the rate coefficients ki are in (m3/s). In vector notation the equation can
be written as

dn

dt
= νZ(n). (7.2)

Here ν is the stoichiometric matrix and n is the particle density vector, as explain
in chapter 2. The particle density vector can be written as n = nx. and using
relation 2.23 this can be expressed as n = mdiag−1(m)yn. If the pressure and
temperature are constant, so is n = P/kBT , and equation (7.2) can be written
as

n
dx

dt
= νZ

(
mdiag−1(m)yn

)
. (7.3)
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An expression for the evolution of the mass fractions is obtained as

nM∂y

∂t
= νZ

(
nmdiag−1(m)y

)
, (7.4)

where we have introduced the matrix M = ∂x/∂y. Giovangigli [117] has demon-
strated a non-singular expression for this matrix,

M = diag(x)
(
I + 1 (y − x)

T
)

diag−1(y). (7.5)

This allows us to obtain an expression for the evolution of the mass fractions,

S(y) =
dy

dt
=

1

n
M−1νZ

(
mndiag−1(m)y

)
. (7.6)

Once the source is converted from density variable n to mass fraction variable
y the procedure is the same as explained in chapter 4. The equation for elemental
constrint is formed in a similar way but now in terms of mass fraction instead of
densities. The manifold in terms of mass fraction is shown in the figure 7.1. The
reduced calcuation procedure and results are similar to as explained in chapter
4.

Zeldovich’ system is simple in the sense that the numbers of particles on the
left hand side (LHS) is same as on the right hand side (RHS) for all the reactions,
implying that the total number of particles is unaltered in the reactions. But
in the more general case where these differ there will be a net production of
particles and the conversion will be slighly different, as will be shown next.

7.3 Argon Molecular Plasma

In the argon molecular plasma system the number of particles will change. The
temperature of electron and heavy particles is kept constant throughout the
calculation. The pressure is taken to be the free variable to account for particle
change.

The system is closed hence the total mass density ρ of the system will remain
constant. The vector of mass density ρ is written as

ρ = ρy (7.7)

The density vector can be written in terms of mass density vector as

n = diag−1(m)ρ = ρdiag−1(m)y (7.8)

The source term in terms of mass fraction is written from equation (7.7) and
(7.8) as

S(y) =
dy

dt
=

1

ρ

dρ

dt
= ρ−1diag(m)

dn

dt
(7.9)

which can be written as

dy

dt
= ρ−1diag(m)νZ(ρdiag−1(m)y). (7.10)



116 Chapter 7. ILDM applied to Molecular Plasma

Manifold Zeldovich (mass fraction)

Figure 7.1: The trajectories from different initial conditions in the state space for
the Zel’dovich system at the temperature of 1600 K. The 1D manifold is shown
in black along which the trajectories move towards equilibrium. Shown here is
the projection of 5D space on a 2D plane of N and NO. The figure is similar to
5.6 with the difference being the mass fraction used as a variable rather than
densities.

The pressure is a free variable that may change during the simulation. The total
pressure is given by

pT = pg + pe, (7.11)

where pT is the total pressure and pg is the pressure of the background gas and
pe is the electron pressure. The equation can be written in terms of particle
densities of species as

pT =

Ns∑
i=1;i6=e

nikBTh + nekBTe, (7.12)

where ne is the density electrons and ni is the particle density of species i. kB

is the Boltzmann constant, Th is the heavy particle temperature and Te is the
electron temperature.
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If the particle density vector n is given then mass fraction vector y and the
mole fraction vector x can easily be calculated from equations (2.25) and (2.23)
as explained in chapter 2. Once we get the mole fraction vector, the mole fraction
of electron xe is known. Hence, equation (7.12) can be written as

pT = n ((1− xe)kBTh + xekBTe) , (7.13)

since xe +
∑
i xi = 1. Hence total pressure can be calculated at each step from

equation (7.13).
If the gas pressure is given as pg and the mole fraction of electron xe is known

we can write

xe =
ne

nT
=

ne

ne + ng
, (7.14)

or

ne =

(
xe

1− xe

)
ng. (7.15)

Hence the electron density and electron pressure can be calculated as

pe = nekBTe =

(
xe

1− xe

)
ngkBTe =

(
xe

1− xe

)
Te

Th
pg, (7.16)

since pg = ngkBTh. The total pressure is written in terms of gas pressure from
equation (7.11) as

pT =

(
1 +

(
xe

1− xe

)
Te

Th

)
pg. (7.17)

From equation (7.17) the total pressure can be calculated from the background
gas pressure and vice versa.

7.3.1 Chemistry

The species present in the argon molecular system are the Ar ground state, the
excited levels 4s (resonant and metastable), 4p and the ions, Ar+ and Ar+

2 . The
reactions involving only atomic species are given in Table 7.1 whereas the reac-
tions that involve molecular argon species Ar+

2 are given in Table 7.2. The system
is closed hence the mass remains conserved while the particle density changes
as a result of dissociaton, ionization and the inverse processes of association and
recombination.

7.3.2 Manifold

The initial pressure of the system is taken as 300 Pa. The pressure will keep on
changing as the calculation proceeds. The electron temperature is kept constant
at 3 eV and the heavy particle temperature is 600 K. The system of equation
for the determination of the manifold for the argon system is comprised of the
elemental conservation equation, parameter equations and manifold equations as
explained in the previous chapter.
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Table 7.1: Reaction rate coefficient of the Argon molecular system involving only
atomic species. The rate coefficients are in m3/s except for reaction number 20
where rate coefficient is in m6/s. Te is the electron temperature in eV.

# Reaction Rate Coefficient Ref

1 Ar + e→ Ar(4s)
m

+ e 5.00× 10−15T 0.74
e e−11.56/Te [112]

2 Ar + e→ Ar(4s)
r

+ e 5.00× 10−15T 0.74
e e−11.56/Te [112]

3 Ar + e→ Ar(4p) + e 1.40× 10−14T 0.71
e e−13.20/Te [112]

4 Ar(4s)
r

+ e→ Ar + e 4.30× 10−16T 0.74
e [112]

5 Ar(4s)
m

+ e→ Ar + e 4.30× 10−16T 0.74
e [112]

6 Ar(4p) + e→ Ar + e 3.90× 10−16T 0.71
e [112]

7 Ar(4s)
r

+ e→ Ar(4p) + e 8.90× 10−13T 0.51
e e−1.59/Te [112]

8 Ar(4s)
m

+ e→ Ar(4p) + e 8.90× 10−13T 0.51
e e−1.59/Te [112]

9 Ar(4s)
m

+ e→ Ar(4s)
r

+ e 2.00× 10−13 [112]

10 Ar(4s)
r

+ e→ Ar(4s)
m

+ e 3.00× 10−13 [118]

11 Ar(4p) + e→ Ar(4s)
r

+ e 3.00× 10−13T 0.51
e [112]

12 Ar(4p) + e→ Ar(4s)
m

+ e 3.00× 10−13T 0.51
e [112]

13 Ar + e→ Ar+ + e + e 2.30× 10−14T 0.68
e e−15.76/Te [112]

14 Ar(4s)
m

+ e→ Ar+ + e + e 6.80× 10−15T 0.67
e e−4.20/Te [112]

15 Ar(4s)
r

+ e→ Ar+ + e + e 6.80× 10−15T 0.67
e e−4.20/Te [112]

16 Ar(4p) + e→ Ar+ + e + e 1.80× 10−13T 0.61
e e−2.61/Te [112]

17 Ar(4s)
r → Ar 3.00× 107 [112]

18 Ar(4p)→ Ar(4s)
r

3.00× 107 [118]

19 Ar(4p)→ Ar(4s)
m

3.00× 107 [118]

20 Ar+ + e + e→ Ar + e 8.75× 10−39T−4.5
e [110]

The elemental conservation equations express conservation of argon atoms
and and charge conservation. The equation for argon elemental conservation is

yAr

mAr
+

yAr(4s)r

mAr(4s)r
+

yAr(4s)m

mAr(4s)m
+

yAr(4p)

mAr(4p)
+

yAr+

mAr+
+ 2

yAr+2

mAr+2

= $Ar. (7.18)

Here $Ar is the sum of argon elements at equilibrium which will remain un-
changed to account for element conservation. Since the equilibrium point is
known it can be calculated as

$Ar =
yeqAr

mAr
+

yeqAr(4s)r

mAr(4s)r
+

yeqAr(4s)m

mAr(4s)m
+

yeqAr(4p)

mAr(4p)
+

yeq
Ar+

mAr+
+ 2

yeq
Ar+2

mAr+2

. (7.19)

The value calculated at equilibrium for $Ar will be same for all points in the
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Table 7.2: Reaction rate coefficient for molecular reactions in the Argon molec-
ular system. The rate coefficients are in m3/s except for reaction number 23
where rate coefficient is in m6/s. Te is the electron temperature and Th is the
heavy particle temperature.

# Reaction Rate Coefficient Ref

21 Ar+
2 + e→ Ar(4s)

r
+ Ar 0.60× 10−12

(
Te(K)

300

)0.66

[119]

22 Ar+
2 + e→ Ar(4s)

m
+ Ar 0.60× 10−12

(
Te(K)

300

)0.66

[119]

23 Ar+ + Ar + Ar→ Ar+
2 + Ar 2.25× 10−43

(
Th(K)

300

)−0.4

[120]

24 Ar+
2 + e→ Ar+ + Ar + e 1.11× 10−12 exp(− 2.94−3[Th(eV )−0.026]

Te(eV ) ) [120]

25 Ar+
2 + Ar→ Ar+ + Ar + Ar 5.22×10−16

Th(eV ) exp(− 1.304
Th(eV ) ) [120]

state space.
The equation for charge conservation is written as

qAr+
yAr+

mAr+
+ qAr+2

yAr+2

mAr+2

+ qe
ye

me
= $q = 0. (7.20)

The value of the sum $q at equilibrium will also be 0. The value of $q at
equilibrium is

$q = 0 = qAr+
yeq

Ar+

mAr+
+ qAr+2

yeq
Ar+2

mAr+2

+ qe
yeqe
me

. (7.21)

The additional equation for sum of mass fraction is not needed since that
can be retrieved from equations (7.18) and (7.20). The derivation is as follows.
Multiply the equation (7.18) with the mass of argon mAr we get

yAr + yAr(4s)r + yAr(4s)m + yAr(4p) + yAr+
mAr

mAr+
+ yAr+2

2mAr

mAr+2

= $Ar∗. (7.22)

$Ar∗ will also change accordingly.

$Ar∗ = yeqAr + yeqAr(4s)r + yeqAr(4s)m + yeqAr(4p) + yeq
Ar+

mAr

mAr+
+ yeq

Ar+2

2mAr

mAr+2

. (7.23)

Multiplying equation (7.20) with the mass of electron me and dividing by
eletronic charge e we get

yAr+
me

mAr+
+ yAr+2

me

mAr+2

− ye
me

me
= $q∗ = 0. (7.24)

$q∗ will also change accordingly.

$q∗ = 0 = yeq
Ar+

me

mAr+
+ yeq

Ar+2

me

mAr+2

− yeqe

me

me
. (7.25)



120 Chapter 7. ILDM applied to Molecular Plasma

Subtracting equation (7.24) from equation (7.22) yields

yAr + yAr(4s)r + yAr(4s)m + yAr(4p) + yAr+

(
mAr −me

mAr+

)
+yAr+2

(
2mAr −me

mAr+2

)
+ ye = $Ar∗ −$q∗.

(7.26)

Since mAr+ = mAr −me and mAr+2
= 2mAr −me we find

yAr + yAr(4s)r + yAr(4s)m + yAr(4p) + yAr+ + yAr+2
+ ye = $Ar∗ −$q∗. (7.27)

A similar calculation is also done for
(
$Ar∗ −$q∗) which are found from values

at equilibrium. Hence we can say that it can be written as

$Ar∗−$q∗ = yeqAr +yeqAr(4s)r +yeqAr(4s)m +yeqAr(4p) +yeq
Ar+

+yeq
Ar+2

+yeqe = 1, (7.28)

since sum of mass fraction at equilibrium is 1. Substituting the value of equation
(7.28) in equation (7.27) we get

yAr + yAr(4s)r + yAr(4s)m + yAr(4p) + yAr+ + yAr+2
+ ye = 1. (7.29)

From the above derivation we can see that the additional constraint for sum of
mass fraction is not needed as it is already contained in the elemental constraint
and the charge constraint.

The argon ion is taken as the parameter, the parameter equation is

yAr+ = $e. (7.30)

Since there are 7 species in the system, 4 more equations are needed to solve
the system of equation. These are given by the manifold equation.

Once the equations are formulated, the set of equation can be solved from
Newtons method. Changing the value of parameter $e in equation (7.30) a set
of discreet points can be found as explained in chapter 4. The set of discrete
points are stored in the form of lookup table. The manifold is shown in the figure
7.2. The black line is the manifold which is plotted by the points in the lookup
table. The trajectories T1 to T8 are calculated by full system simulation.

The argon system considered here has 7 species hence there are 7 time-scales
in the system. Two time scales are infinite, corresponding to element and charge
conservation. The remaining 5 time scales are 9 · 10−13, 1 · 10−11, 1 · 10−11,
2 · 10−10 and 3 · 10−8. From the time scales it can be seen that the stiffness in
the system is small.

7.3.3 Reduced Calculation

Once we obtain the manifold we need to solve only for parameter that is argon
ion (Ar+). The value for the remaining species are read from the lookup table
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Manifold Argon 7 Species (mass fraction)

Figure 7.2: Evolution of trajectories (T1 to T7) from different initial conditions
in the state space. All the trajectories quickly move towards a 1D line (shown
in black) and then along the line to the equilibrium point (labelled as Eq. in the
figure). The line on which the trajectories bundle together is the 1D manifold.
The system is described by a 7D composition space (as there are seven species).
Shown here is the projection of 7D space on a 2D plane of Argon ground and Ar
(4s)r. Similar plots can be made for the projection on other planes.

corresponding to the value of parameter calculated. Since the system is nearly
non-stiff the reduced simulation is not in agreement with the full system solution
for a considerable long period of time. Hence the loss of information via reduction
of the argon molecular system is significant. This is also due to the fact that the
manifold is in a very small reigon of the 7D composition space formed by the 7
species.

7.4 Hydrogen Molecular Plasma

This section deals with the hydrogen molecular plasmas. The source term is
modified as explained in section 7.3 and given by the equation (7.10).

7.4.1 Chemistry

Hydrogen molecular chemistry involves 7 species namely H, H2, H+, H+
2 , H+

3 ,

H
(v=4)
2 and the electron. Vibrationally excited molecule H

(v=4)
2 is important
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Comparison (Ar ground)

Figure 7.3: Comparison of the mass fraction of Ar ground species as calculated
from the full simulation (shown in red) and the reduced simulation (shown in
green).

Comparison (Ar (4s)r)

Figure 7.4: Comparison of the mass fraction of Ar (4s)r species as calculated
from the full simulation (shown in red) and the reduced simulation (shown in
green).
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Comparison (Ar (4s)m)

Figure 7.5: Comparison of the mass fraction of Ar (4s)m species as calculated
from the full simulation (shown in red) and the reduced simulation (shown in
green).

Comparison (Ar (4p))

Figure 7.6: Comparison of the mass fraction of Ar (4p) species as calculated
from the full simulation (shown in red) and the reduced simulation (shown in
green).
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Comparison (Ar+)

Figure 7.7: Comparison of the mass fraction of Ar ion as calculated from the full
simulation (shown in red) and the reduced simulation (shown in green).

Comparison (Ar+
2 )

Figure 7.8: Comparison of the mass fraction of Ar molecular ion as calculated
from the full simulation (shown in red) and the reduced simulation (shown in
green).
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Comparison (electron)

Figure 7.9: Comparison of the mass fraction of electron as calculated from the
full simulation (shown in red) and the reduced simulation (shown in green).

for charge exchange [121]. The irreversible reactions are written by → and the
reversible reaction are written by 
. The reactions involved along with their rate
coefficients are given in Table 7.3. For all the reversible reactions the forward
rate coefficients are given and the backward rate coefficients are calculated by
detailed balancing.

7.4.2 Manifold

The pressure of the system is kept at 1000 Pa. The electron temperature is 1 eV
and the heavy particle temperature is 600 K. The equation for determination of
manifold for hydrogen system comprises of elemental conservation, quasineutral-
ity, parameter and manifold equation. As explained in the previous section the
constraint on the sum of mass fraction is not needed separately as it is already
contained in the element conservation and quasineutrality. The three equations
are elemental conservation, quasineutrality and one parameter equation. There
is only one parameter H+. The remaining four equations are given by the man-
ifold equations. The figure for manifold for hydrogen system is shown in figure
7.10.

Similar to argon molecular system two time scales are infinite corresponding
to element and charge conservation, the remaining 5 time scales are 6 · 10−11,
1 · 10−10, 2 · 10−9, 8 · 10−8 and 4 · 10−6. As seen from the time scales the stiffness
of this system is even less than that of the argon molecular system.
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Table 7.3: Reaction rate coefficient of the hydrogen molecular system. The rate
coefficients are in m3/s. Te is the electron temperature in eV and Th is the heavy
particle temperature in eV.

# Reaction Rate Coefficient Ref

1 H2 + e 
 H+
2 + e + e 1.58× 10−14T 0.5

e e−15.738/Te [122]

2 H2 + e 
 2H + e 1.413× 10−15T 2
e e
−4.48/Te [122]

3 H + e→ H+ + e + e 1.94× 10−14T 0.758
e e−9.56/Te [122]

4 H+
2 + e→ H+ + H + e 6.8× 10−15T 1.571

e e−2.7/Te [122]

5 H+
3 + e→ H2 + H 9.70× 10−14T−0.5

e [123]

6 H+
2 + e→ H + H 5.66× 10−14T−0.5

e [123]

7 H+ + e→ H 2.62× 10−19T−0.5
e [123]

8 H+
2 + H2 → H+

3 + H 2.10× 10−15 [124]

9 H2 + H 
 3H 5.60× 10−15T 0.419
h e−4.478/Th [124]

10 H2 + H2 
 2H + H2 5.60× 10−15T 0.419
h e−4.478/Th [124]

11 H2 + e 
 H
(v=4)
2 + e 4.69× 10−16T 1.8202

e e−1.89/Te [124]

12 H
(v=4)
2 + H+ → H+

2 + H 2.50× 10−15 [124]

7.4.3 Reduced Calculation

Once the look-up table is constructed in terms of parameter, which is H+ in this
case, the reduced calculation can be done. Similar to the previous case there is
a significant loss of information. From the figures of the reduced calculation for
hydrogen molecular system it can be seen that the relevent information is lost
and the reduced solution is in agreement to full system solution just near to the
equilibrium. Similar to argon molecular system it is due to the fact that the
manifold is in a very small region in the complete phase space.

7.5 Conclusion

The ILDM method as explained in chapter 4 is applied to the molecular systems.
From the manifold results of Zel’dovich model of air it can be concluded that it is
far easier to work in terms of mass fraction for systems having molecular species.
Since in molecular species the particle density keeps on changing and pressure of
the system varies (if the electron and heavy particle temperature are fixed). The
argon and hydrogen molecular system considered in this chapter do not have
enough stiffness such as to give reasonable results from ILDM reduction. Since
the stiffness is small the manifold for both the system is in a very small space
around the equilibrium point. Hence the agreement between reduced simulation
and the full simulation is very near to the equilibrium and much of the relevent
information is lost. Hence from the results of the two molecular chemistries it can
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Manifold Hydrogen (mass fraction)

Figure 7.10: Evolution of trajectories (T1 to T7) from different initial conditions
in the state space. All the trajectories quickly move towards a 1D line (shown
in black) and then along the line to the equilibrium point (labelled as Eq. in the
figure). The line on which the trajectories bundle together is the 1D manifold.
The system is described by a 7D composition space (as there are seven species).

Shown here is the projection of 7D space on a 2D plane of H and H
(v=4)
2 . Similar

plots can be made for the projection on other planes.

be interpreted that the non-stiff reaction systems are not suitable for reduction
via ILDM.
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Comparison (H ground)

Figure 7.11: Comparison of the mass fraction of H ground as calculated from
the full simulation (shown in red) and the reduced simulation (shown in green).

Comparison (H2)

Figure 7.12: Comparison of the mass fraction of H2 as calculated from the full
simulation (shown in red) and the reduced simulation (shown in green).
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Comparison (H+)

Figure 7.13: Comparison of the mass fraction of H ion as calculated from the
full simulation (shown in red) and the reduced simulation (shown in green).

Comparison (H+
2 )

Figure 7.14: Comparison of the mass fraction of H+
2 molecular ion as calculated

from the full simulation (shown in red) and the reduced simulation (shown in
green).
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Comparison (Hv=4
2 )

Figure 7.15: Comparison of the mass fraction of Hv=4
2 species as calculated from

the full simulation (shown in red) and the reduced simulation (shown in green).

Comparison (H+
3 )

Figure 7.16: Comparison of the mass fraction of H+
3 molecular ion as calculated

from the full simulation (shown in red) and the reduced simulation (shown in
green).
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Comparison (electron)

Figure 7.17: Comparison of the mass fraction of electron in the hydrogen molec-
ular system as calculated from the full simulation (shown in red) and the reduced
simulation (shown in green).





8Investigation of linear PCA
and ILDM for the
reduction of complex
chemical chemistries

Abstract 1

Spatially resolved simulations of complex chemical systems are computation-
ally expensive, and in most cases, if not all, infeasible. Reduction of the chemistry
could make spatially resolved modeling possible. Examples of reduction methods
are Principal Component Analysis (PCA) and Intrinsic Low Dimensional Mani-
fold (ILDM). PCA is restricted to systems that have a solution that is unique in
a low-dimensional manifold that is described by a limited number of parameters,
the Principal Components (PCs). Since most plasma chemical simulations do
not fulfill the requirement of a unique solution on the manifold, an extension in
the PCA method is required that enables to use PCA even it the manifold is
not containing unique solutions. In this work we present a modification on the
manifold calculations that allows to divide the manifold. With this modification
the applicability of PCA as a plasma chemical reduction method is increased
significantly. This is shown by applying PCA to three different chemical sets.
The results from the PCA-reduced calculation for these three chemistries are
compared with results from ILDM-reduced calculations, and with results from
un-reduced calculations.

1 This chapter has been submitted for publication in Plasma Sources Science and Tech-
nology as: “Investigation of linear PCA and the determination of ILDMs for the reduction
of complex chemical chemistries”, by Peter Koelman, Stef Bardoel, Tafizur Rehman, Luca
Vialetto, Emile Carbone and Jan van Dijk
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complex chemical chemistries

8.1 Introduction

Numerical models of plasma sources can be of high value for understanding var-
ious processes in the plasma. When studying systems that involve many excited
states of a species under non-equilibrium conditions, the number of species in
the model can become large. This may results in long and unacceptable compu-
tational times, especially for 2D and 3D models. In that case reduction that re-
sults in a decreased computational time can offer a solution. The usage of Global
Models is one of the ways to reduce the calculation time. Global models are 0D
models that do not resolve the spatial evolution but only the temporal evolution
of the species densities. Global models are often referred to as volume-averaged
models. Another way of reducing the calculation time is chemical reduction,
which can still take into account spatial derivatives. In [39] Principal Compo-
nent Analysis (PCA), a method of reparametrization of the chemical state space,
is adopted from the combustion community. Although using PCA should enable
to solve spatially resolved models for a large number of species, the method is
applied on a Global Model in that work to explore the possibilities of PCA. In
this work we too will restrict ourselves by making use of Global Models only.

PCA is a statistical method that transforms a set of variables, in this work the
species densities, into uncorrelated variables, called the Principal Components
(PCs). This is done in such a way that first few PCs contain the essential
information of the species evolution. As a result it is sufficient to work with only
a sub-set of the PCs, which contains almost all information about the species
evolution. It is shown in [39] that this method makes it possible to reduce
a system significantly. In that work a system of 57 species is projected on a
two dimensional manifold, that allows to reconstruct the data in high accuracy.
However, the projection of the species evolution on this manifold is constrained
to solutions that are unique in the manifold.

In the work of Rehman et al. [125] the chemical reduction method Intrinsic
Low Dimensional Manifold (ILDM) is presented. In that work it is shown that
ILDM is an improvement of the well known Quasi Steady State Assumption
[64–66]. ILDM allows to reduce non-linear systems, where QSSA is restricted
to linear systems [125]. With ILDM the time scales are identified that follow
from the reaction set. By separating these time scales and solving the system
only for the time time scales of interest, one is able to reduce the system. Only
the slowest time scales are considered, and projected on a lower dimensional
manifold (which should not be confused with the manifold that is constructed
with PCA). This allows to reduced the stiffness of a system, analyzing only a
limited range of time scales.

In this work we present a extension in the generation of the PCA manifold.
With this improvement is is possible to solve the system even when the plasma
composition cannot be de the species trajectories in the manifold are not unique.
As a result the applicability of PCA is widened significantly. PCA will be applied
to three different test cases. The results will be compared with results from the
un-reduced system and results that are obtained with ILDM, where possible.

The Global Model will be presented in the section 8.2. Section 8.3 presents
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a detailed discussion on the PCA method with its extention, and the ILDM
reduction method. In section 8.4 the results will be shown for the reduced
calculations of PCA and ILDM for three different cases. Both methods are
applied on a chemically small Argon system with well separated time scales, and
a chemically large Argon system that is ideally suitable for reduction with PCA.
A CO2 chemistry is used to show results from PCA and ILDM under conditions
that are far from ideal for both reduction methods, showing the strength of the
extention in the PCA method. Section 8.5 will be used to discuss the findings
in this work.

8.2 Model

The species evolution can be calculated from:

∂n

∂t
+∇ · (~vn) = S, (8.1)

with n the density vector for species where element i contains the density of
species si, with ~v the velocity vector for the species again with the ith element
referring to the velocity of species si, and S the source vector for species. The
species transport term, ∇ · (~vn), can be described as a spatially averaged trans-
port frequency F , which is a matrix containing the transport frequency of the
species on the main diagonal:

∂n

∂t
+ Fn = S. (8.2)

The equation for the species evolution is now rewritten in a spatially averaged
form, called a global model. Several well established platforms are available for
Global Models [103, 126, 127]. In this work the averaged transport frequency is
set to zero:

∂n

∂t
= S. (8.3)

Since transport is treated via a frequency term, there is no need to solve the
mass balance equation. The species source term Ss of equation (8.2) is the net
source for species s:

Snet,s =

N−1∑
i=0

(βi,s − αi,s)Ri, (8.4)

for a reaction set of N reactions, with αi,s and βi,s the stoichiometric coefficients
of species s at the left hand side and right hand side of reaction i, and where Ri
denotes the reaction rate of reaction i. The reaction rate is calculated from the
rate coefficient ki following:

Ri =
∏
s

nαi,s
s ki. (8.5)



136
Chapter 8. Investigation of linear PCA and ILDM for the reduction of

complex chemical chemistries

Reactions between heavy species where no electrons are involved are given by
expressions for the rate coefficient ki. Electron impact reactions are characterized
by a cross section σi, from which the rate coefficient is calculated by:

ki(Te) =

∫ ∞
εth

σi(ε)
√
εf(ε)dε, (8.6)

where ε is the electron energy end f(ε) is the electron energy distribution func-
tion, which can be calculated with a Boltzmann solver such as Bolsig+ [128].

The electron energy balance is given by:

∂

∂t

(
3

2
nekBTe

)
= Pin +Qelastic +Qinelastic (8.7)

where kB is the Boltzmann constant, Te the electron temperature, Pin the input
power density, and Qelastic and Qinelastic the sources of electron energy density
for the elastic and inelastic collision processes. The input power density is a
reactor dependent parameter that is input of the model. The inelastic electron
energy density source term is calculated from the reaction energy Ui,th according
to:

Qinelastic =

N−1∑
i=0

Ui,thRi. (8.8)

The source term for the electron energy density from the elastic processes are
calculated from:

Qelastic =
3

2
nekB (Te − Tg)

2memh

(me +mh)
2 νeh (8.9)

where νeh represents the collision frequency for elastic energy transfer. This can
be calculated as νeh = nhReh, where Reh can be calculated using equation (8.5)
and

ki(Te) =

∫∞
0
σi(ε)

√
εf(ε)dε∫∞

0

√
εf(ε)dε

. (8.10)

Initially, the species list s is constructed and the density vector n is filled with
the initial density from the composition. Equation (8.2) (or equation (8.1) for
that matter) consists thus of Ns equations. For chemical systems that consist of
only a few species this is solved in a short time, but for large chemical systems,
i.e. systems with a lot of species, solving this set of equations will be time
consuming. In that case chemical reduction is desired.

8.3 Reduction methods

PCA requires a training set that provides the method with the required data
to be able to reduce the chemical description. That training set is generated in
this work with PLASIMOs Global Model [103, 129]. After that, the reduction
method will use this training set to determine the most appropriate reduction
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for the given conditions, and solve the reduced chemical set. Alternatively, in
ILDM the model itself is used to determine the equilibrium point of the chem-
istry. From that equilibrium point a manifold is generated, which is used to solve
the species densities. Below the Global Model will be introduced first, and after
that we will give a description of the reduction methods that are used in this
work, that are PCA and ILDM. This section will be ended with a description of
the chemical systems that are used in this work for reduction. Chemical reduc-
tion results in the loss of information. This is determined by the method that
is used for reduction, and for different type of studies, different kind of methods
can be favorable. To that end various type of chemical reduction techniques are
developed, that typically can be divided over two streams of reduction: Mecha-
nism reduction and reduction of the chemical state space. Principal Component
Analysis (PCA) is a reduction method that is of the chemical state space family.
In that method the chemical set is reduced by rewriting the chemical reaction
set in a new space. By eliminating the dimensions of the new space that con-
sists of the least information, one reduces the chemical set. In the next part the
PCA method will be explained in more detail. Intrinsic Low Dimensional Man-
ifold (ILDM) is a reduction method of the mechanism reduction type, where
the reduction is based on physical arguments. In that method the processes
within certain timescales are not of interest, and for that eliminated from the
species calculations, resulting in a reduced calculation. The ILDM method will
be discussed in detail after the description of PCA.

8.3.1 PCA

Suppose we have a data set X that contains multiple observation of a variable
xi as its columns:

(
x1 x2 . . . xQ

)
. The ultimate goal of PCA is to redis-

tribute the information of X in such a way that the first variables contain the
most information, whereas the last variables contain least information. In or-
der to achieve this goal, PCA transforms the variables of the original data set
into new variables, the Principal Components (PCs). Figure 8.1 gives a graph-
ical example of what the PCs are. The example shows a data set containing
two variables that follow a Gaussian distribution. The two axes of the original
variables that describe the data are given in black. The PCs represent the trans-
formed variables, measured by red axes. It is clear from the figure that the PC
axes are much more suited for the data than the axes of the original variables.
The variability of the data is greatest in the direction of the large red arrow and
smallest in the direction of the small red arrow.

This section will focus on this variable transformation. In order to find the
ideal transformation, we start off by imposing three requirements on the PCs.
The first requirement is to use a linear transformation, so that the PCs are a
linear combination of the variables. This linear transformation is expressed by a
matrix multiplication of the data X with a transition matrix:

Z = XA, (8.11)
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(a) Full (b) Reduced

Figure 8.1: PCA applied on a data cloud. The blue dots represent 2D data,
measured by a coordinate system from the black arrows. PCA finds a ”better”
coordinate system, given by the red arrows.

where A is the transition matrix from the original variables to the PCs and Z
contains the data measured with the new basis of the PCs. The bases of the
PCs for the example in figure 8.1 are graphically represented by the red arrows.

The second requirement for the PCs is that they must be uncorrelated. This
is done by setting the covariance of the PCs to zero:

cov (xi,xj) =
(xi − x̄i)T

(xj − x̄j)
n− 1

= 0 (8.12)

where cov (xi,xj) is the covariance between xi and xj , n is the amount of ob-
servations of the variables and x̄i and x̄j are the mean of xi and xj respectively.

Here (xi − x̄i)T
is the transpose of (xj − x̄j).

The third requirement is that the first PC must contain most variation of the
data. The second PC must be uncorrelated with the first PC and also contain
the most important variation of the remaining data, and so on. We use the
variance as a measure for the amount of variation. This means for the first PC
that its variance is to be maximized. The variance of the first PC is given by:

var (z1) = var (Xa1) =
(Xa1)

T
Xa1

n− 1
= aT

1

XTX

n− 1
a1 = aT

1Ca1. (8.13)

with C the covariance matrix. The diagonal elements of the covariance matrix
contain the variance of a variable and the off-diagonal elements are the covariance
of two variables.

Now, we will derive how to calculate the Principal Components [130]. The
basis of the first PCs is found by maximizing var(Xa1) given in equation (8.13),
subject to the normalization condition:

aT
1 a1 = 1. (8.14)

The normalization condition is necessary since the variance of the first PC could
also be maximized by making the elements of ai infinitely large. The standard
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procedure that is used to maximize a function subject to one or more constraint
is the method of Lagrange multipliers. In the derivation of the first PC, we
maximize the variance of the first PC aT

1Ca1 under the constraint aT
1 a1 = 1.

Therefore, we define the following Lagrangian:

L(a1) = aT
1Ca1 − λ1(aT

1 a1 − 1). (8.15)

The variance is maximized by setting the gradient of L with respect to the
elements of ai to zero, resulting in:

(C − λ1I)a1 = 0, (8.16)

where I is the identity matrix. The basis of the first PC is given by the eigen-
vector of the covariance matrix with eigenvalue λ1. The eigenvalue represents
the variance of the 1st PC:

var(Xa1) = aT
1Ca1 = aT

1 λ1a1 = λ1a
T
1 a1 = λ1, (8.17)

hence λ1 is the largest eigenvalue of C. The other PCs can be derived by
setting the covariance between the first and second PC to zero, which results in
orthogonality: aT

i aj = 0, see [130]. The result is that the basis of the ith PC ai
is the eigenvector with the ith largest eigenvalue.

The final part of this section describes the basic steps that are taken in a PCA
algorithm. PCA is applied on a training set, which is stored in a matrix Xtrain

(n×Q) that contains n observations of Q variables. Two important steps of data
pre-processing are done before carrying out PCA. First, the data is centered by
subtracting the mean of each variable from the data Xtrain. The consequence of
centering is that all observations will be represented as fluctuations [131]. After
that, the data is scaled with matrix D:

X = (Xtrain − X̄train)D−1. (8.18)

Here, X contains the centered and scaled data, X̄train the mean of each variable
The inverse of D is written as D−1. The available scaling methods are listed in
table 8.1. After the data pre-processing, PCA is applied. The covariance matrix
C is calculated from the processed data X in the following way:

C =
1

n− 1
XTX. (8.19)

The covariance matrix is symmetric, hence it is orthogonally diagonizable [132]:

C = AΛAT. (8.20)

Here, Λ is a diagonal matrix that contains the eigenvalues of the covariance
matrix, sorted in descending order. The columns of A contain the eigenvectors
of C, which contain the coefficients of the PCs. Finally, the original dataset is
projected onto the PC basis in order to obtain the PC scores:

Z = XA. (8.21)
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Table 8.1: Different scaling methods. For the standard deviation of variable i
we use the symbol ςi.

Method Scaling coefficient

auto Dii = ςi
pareto Dii =

√
ςi

vast Dii = ς2i /x̄
0
i

range Dii = max(x0
i − x̄0

i )−min(x0
i − x̄0

i )
level Dii = x̄0

i

The original data can be recovered from the PC scores in a similar manner:

X = ZA−1 = ZAT, (8.22)

where we used the fact that the inverse of A is equal to its transpose.
Sutherland and Parente [37] proposed the idea to derive PC continuity equa-

tions from the species continuity equations. In this work we focus on the re-
duction of global models, and a derivation of the PC continuity equations for a
global model from the species continuity equations was given by Peerenboom et
al. [39]. They apply the steps that are taken in PCA on equation (8.2) with the
following result:

∂Z

∂t
= SZ , (8.23)

where SZ is the source term of Z, given by:

SZ = SD−1A. (8.24)

Peerenboom et al. [39] found that applying a log transformation prior to PCA
significantly improved the performance of PCA. The global model for the loga-
rithm of the species densities is given by:

∂log(n)

∂t
= S � n, (8.25)

where S�n is the Hadamard division (or element by element division) of S and
n. The source term for the PC continuity equations (8.24) changes in the same
manner:

SZ = (S � n)D−1A, (8.26)

where S � n is the Hadamard division (or element by element division) of S
and n. The idea of PCA is that a training set, consisting of representative,
inexpensive models, is used to determine A.

8.3.2 Interpolation and uniqueness

The usage of lookup tables for the reconstruction of the species densities from the
PC scores was proposed by Peerenboom et al. [39]. They used linear interpolation
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Figure 8.2: Illustration of the triangulation in (a) and the splitting in (b). The
triangulation in (a) is constructed by forming triangles with vertices from two
trajectories. In (b) the data is split at the two positions where the curvature is
largest. The three individual parts do not cross.

from 2D lookup tables to recover the densities and PC sources. In these lookup
tables the densities and PC sources of the training sets were stored as a function
of z1 and z2. The main advantage of the lookup tables is that equation (8.4) does
not need to be evaluated. The lookup tables do unfortunately limit the amount
of PCs that can be used in the PCA global model, because the size of the lookup
tables quickly becomes too large when more than 3 PCs are used. In this work
we will use only two PCs for the lookup tables. The linear interpolation in the
lookup tables is done using triangulation based methods as is described in [133].
An example of a triangulation is given in figure 8.2a, where the scores of the first
two PCs are plotted. Three trajectories are plotted, which correspond to output
of three models included in the training set. A density for given PC scores z1

and z2 is looked up in two steps. First, the triangle is found in which the point
lies. Secondly, barycentric interpolation is done, as is described in [133].

It is very important that the lookup table is unique. The lookup table is
unique if the following two conditions are met: The first requirement is that
the trajectories of the PC scores do not cross. The second requirement is that
none of the triangles of the triangulation overlap. It was shown by Peerenboom
et al. [39] that the shape of the manifold depends on the scaling. It is possible
that none of the five scaling methods give a unique lookup table. One way to
deal with this issue is to increase the amount of PCs. The disadvantage of using
more PCs is that the reconstruction of the species densities from the PC scores
becomes more expensive, which might significantly increase the duration of the
simulation.

An alternative is to divide the trajectories of the training set at the places
where uniqueness is violated, such that the individual parts are unique. Af-
ter splitting the data, the separate parts represent different training sets, and
therefore PCA needs to be applied to these training sets individually. Equation
(8.23) is then solved for each of the parts. The first part is solved until the
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solution leaves the range of the trajectories. The final point is used as an initial
condition for the second part. This process is continued until the final part. In
order to ensure that the transition between the parts is succesful, the ends of
the trajectories overlap.

It was found that the lookup table is often not unique at places where the
curvature of the trajectories is large, hence we split the trajectories at places
where the curvature has a local maximum. An example is shown in figure 8.2b,
where the trajectories cross at z1 = −0.5. The divided trajectories in green, red
and blue do not cross and are unique. Dalle [134] has shown that the curvature
can be calculated very accurately by using a simple geometric technique that
involves the radius of curvature, which is the reciprocal of the curvature. The
curvature at a point (x2, y2) is approximated by calculating the reciprocal of the
radius of the circle defined by (x2, y2) and neighbour points (x1, y1) and (x3, y3):

κ =
1

R
= 4

∆

abc
a = (x1 − x2, y1 − y2)

b = (x3 − x1, y3 − y1)

c = (x3 − x2, y3 − y2)

∆ =
1

2
det
(
b a

)
,

(8.27)

with a = |a|, b = |b| and c = |c| [134].

8.3.3 Intrinsic Low Dimensional Manifold

Non-equilibrium chemical systems will always tend to relax towards equilibrium.
The time required to reach equilibrium is species dependent and can vary over
several orders of magnitude. Species that reach equilibrium fast are thus always
in chemical equilibrium with the state of the chemistry of that instance. Con-
septually this is the reasoning behind the Intrinsic Low Dimensional Manifold
(ILDM) method. ILDM is developed by Maas and Pope [43] and is based on
the fact that the species in a chemical reaction system relax towards equilibrium
over a wide variety of time scales [89]. Hence, a system of chemical reactions can
be studied by taking into account the slow time scale processes while considering
the fast time scale processes to be in local chemical equilibrium, or quasi-steady-
state. If the modeler is not interested in the transient disturbance of the system
occurring within the short time scales the full system description can be given by
slow time scales without any significant loss of chemical kinetics description [90].
Thus geometrically ILDM method constructs a lower dimensional space, or man-
ifold. Points on the manifold define the plasma composition after the fast time
scale processes are equilibrated.

The time evolution of each species is given by the set of ODEs which are
written as

∂n

∂t
= S(n, Te), (8.28)
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where n is the density vector and S is the source term that depends on densities
of the species and the electron temperature (Te). The electron temperature is
kept constant for the calculation.

The source term given by equation (8.28) is linearized by Taylor series ex-
pansion [135] around the constant density vector n0, where n0 can be any vector
of species densities that is on the ILDM manifold. For non linear processes the
terms of order 2 and higher are neglected and we get

S(n) = S(n0) + J |n0

(
n− n0

)
, (8.29)

where J is the Jacobian matrix written as

J |n0 =
∂S

∂n

∣∣∣∣
n0

. (8.30)

The Jacobian of the source term can be approximated by finite difference method
or can be calculated analytically for simple systems. Once the Jacobian matrix is
formulated we can proceed either by diagonalization or by Schur decomposition.
Numerical difficulties can arise due to the occurrence of degenerate (repeated)
eigenvalues in the Jacobian matrix. The eigenvectors corresponding to the de-
generate eigenvalues may or may not be linearly independent [75]. In case of
linearly dependent eigenvectors, the determinant of the eigenvector matrix is
zero and matrix inversion is not possible. Hence, diagonalization is not possible
and it is more convenient to proceed with the Schur decomposition. In this paper
we focus on the Schur decomposition.

The Schur decomposition of the Jacobian matrix is given as

J = QNQT , (8.31)

where Q is the orthogonal matrix containing Schur vectors such that QT = Q−1;
and N is the upper triangular matrix with eigenvalues at the diagonal of the
matrix. The time scales of the process τ are the inverse of the absolute value of
the real part of eigenvalue.

τi =
1

|Re(λi)|
. (8.32)

The user can define a cutoff time scale below which the time scales are assumed
to be fast and above which the time scales are assumed to be slow. However,
practically the cutoff time results from the Schur vector with the lowest eigen-
value that is excluded from the analysis. Since the ILDM calculations are done
with only one parameter in this work, the cutoff time equals the time scale of the
second lowest non-zero eigenvalue throughout this article. The inverse of Schur
vectors given by QT can be separated into slow and fast portion based on the
eigenvalues corresponding to slow and fast time scales.

QT =

(
QT
s

QT
f

)
, (8.33)

where where QT
s are rows that corresponds to slow process and QT

f are rows
that corresponds to fast process. The equation of the lower dimensional space
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(manifold) inside complete composition space is given by the inner product of
fast Schur vector and the source vector is written as

QT
f S(n) = 0. (8.34)

The derivation of the above equation can be found in [87, 93]. The manifold
equation (8.34) is formulated by taking into accout the Nfast fast processes. Since
there are Ns species in the system one needs additional Ns - Nfast equations to
complete the system. The remaining equations are completed from elemental
conservation and parameter equation. The temperature and pressure of the
system can be varied or can be kept fixed depending on the modeler.

The remaining set of algebraic equations for ILDM is written as

1. Elemental conservation is written as

Φn−$e = 0, (8.35)

where n is the density vector and $e is a vector containing the amount
of conserved elements in a reaction system. The elemental matrix Φ is
defined as

Φ =


...

φTi
...

 , (8.36)

where φi is the element vector for the ith element. The element vector is
given by

φi =
(
. . . , φj , . . .

)T
(8.37)

where φj is the total number of elements in a particular j species. If
charged species are present in the system, which will always be the case in
plasma, the charge is also an element of Φ in equation (8.35). For charged
species φj is the charge number for the species. If the species is neutral it
is set to zero. For charged system the corresponding value of $e is zero
due to quasi neutrality.

2. The number of parameters chosen defines the dimension of the manifold
(Nd) in the complete phase space given by the total number of species
(Ns). The Nd parameter equations are formulated as

Pn−$p = 0 (8.38)

P is the Nd ×Ns parameter matrix formed by substituting 1 at the index
of a particular parameter species in the corresponding row and 0 for the
rest of the species in that row.

The full system of equation formulated from equations (8.34), (8.35) and
(8.38) is denoted by g and is written as

0 = g(n) =


Φn−$e

Pn−$p

QT
f S(n)

(8.39)
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The above system of algebraic equation given by (8.39) can be solved from New-
ton’s method given as

nk+1 = nk −G−1g(nk), (8.40)

where the superscript k refers to the iteration number and G is the Jacobian
matrix of g written as

G =

(
∂g

∂n

)∣∣∣∣
nk

. (8.41)

The equation (8.40) is solved iteratively. The calculation begins with an initial
guess of the density n0 by the modeler and subsequent density values are cal-
culated till the absolute value of the error ε becomes less than a certain value
prescribed by the user εp; the tolerance. The error is defined as

εk = max
i

∣∣∣∣∣nki − nk+1
i

nki

∣∣∣∣∣ < εp, (8.42)

The value of tolerance εp is dependent on the machine precision.
Changing the value of parameters $p in equation (8.39), a set of discrete

points is generated. The manifold is defined from the set of these discrete points
which are stored in the form of look-up-table. The manifold for the argon atomic
system from Ashida [112] is given in the Figure 8.3. In that figure the manifold
is given in a space that is spanned by the Argon ground state species and the
Ar(4sr) excited state. It contains eight initial guesses n0, each randomly chosen,
that are indicated by T1-T8. From that initial point the chemistry will tend to
relax towards the black line that represents the 1D manifold. This manifold is
thus the information that is revealed with the ILDM reduced calculations, while
the species evolution that is between the manifold and the initial composition is
not resolved. Those are the processes that happen over short time scales that are
eliminated from the analysis. Once on the manifold, the system will relax towards
the equilibrium point, similar for any initial point. Due to the projection of the
6 dimensional space (the species composition) on this two dimensional plane it
looks like trajectories do cross each other and the manifold. This is only due to
the projection on the plane. The trajectories in the six dimensional space can
never cross.

All the densities in the look-up-table are a function of parameter density
ni (np). Once the lookup table is generated the continuity equations are solved
only for the parameter species

∂np
∂t

= Sp (n(np)) , (8.43)

and the value for the rest of the species are given by the table.
The only input required is the set of all the reactions with rates, all the

constraints that are present in the system and the dimension of the manifold.
The dimension of the manifold determines the number of parameters that is used
to solve the system. The cutoff time (as implemented in our case) is defined as
the largest time scale amongst the time scale of parameter species. All the time
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Figure 8.3: Evolution of trajectories (T1 to T8) each starting from different ini-
tial conditions in the state space for the argon atomic system. All the trajectories
quickly move towards and bunch together on a line (shown in black) much before
they reach the equilibrium. The line on which these trajectories bunch together
is the 1D manifold. Once on the manifold the trajectories reach the equilibrium
point (labelled as Eq. in the figure). The complete system is described via 6D
composition space as there are 6 species in the system. Shown here is the pro-
jection of a 6D space on a 2D plane of Ar and Ar(4sr). The trajectories cannot
cross each other or cross the manifold. Since this is a projection of a higher
dimensional space it gives an illusion of trajectories crossing each other as well
as the manifold curve.

scales that are less than the cutoff time scale are assumed to be fast and the
remaining are slow. The technique is reliable in the sense that the technique
itself determines the species that are in steady state and decouples the slow
from the fast time scales [45].

8.4 Results

Results from PCA and ILDM reduced calculations are compared in this section
with eachother and with results from un-reduced calculations. Three different
chemical systems are used, with the first small Argon model containing 6 species
and 18 reactions. Triangles that are formed with traingulation of the training
trajectories in the manifold do overlap for this system. Reduced calculations
from an Argon chemistry containing 78 species and 1724 reactions are presented
as a second comparison. The triangulation of the training set does not cause
any overlap. This allows us to show that splitting of the training data does not
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cause any conflicts for doing reduced calculations. The last case study contains
a 54 species CO2 chemistry that has 2692 reactions. This reaction set is strongly
coupled, non-linear, and stiff. The weakness of the reduced calculations are
exposed with this case study.

8.4.1 6 species chemistry

The argon system considered here consists of six species namely Ar, Ar(4sr),
Ar(4sm), Ar(4p) Ar+ and e− [112]. The electron temperature is fixed at 3 eV
and the temperature of the heavy particle is fixed at 600 K. The pressure of the
background gas is kept constant at 0.67 Pa (5 mTorr). Reactions included are
given in the Table C.1 in the Appendix. In addition electrons are also present
in the system, satisfying quasi neutrality.

Since temperature and pressure of the background gas are constant, the total
background gas density is constant. The background gas density is calculated
from ideal gas law as ∑

i

ni =
p− nekBTe

kBTg
, (8.44)

where the sum i runs for all the heavy particles, and p is the pressure. As the
system is purely atomic, with no association or dissociation of heavy particles,
the sum of all the heavy particles will remain constant. From the reaction scheme
one can easily interpret that the rate of ionization is very high as compared to
the rate of deionization, hence the ionization degree for this plasma model is very
high. The ionization degree is approximately 50%. This high value is unrealistic
for this model, but our aim here is to demonstrate how the reduction methods
work and compare to each, other and not to model a real industrial plasma
system.

The Global Model, that has been discussed in section 8.2, is used to generate
a training set for the PCA reduced model. Two training sets are generated, one
with the initial pressure at 0.44 Pa and one with the initial pressure at 1 Pa. All
other input parameters of the training models are equal to the ones used for the
un-reduced global model. Using this training set, the species evolution is also

Species in Argon 6 species system

Ar
Ar(4sr)
Ar(4sm)
Ar(4p)

Ar+

e−

Table 8.2: The argon levels for a 5 level system taken into account [112], together
with the electron.
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Figure 8.4: Evolution of the species, as resolved using the full global model in
blue, the PCA reduced model in red and the ILDM reduced model in green for
the 6 species atomic argon model. The distinction between the species is made
with the gray scales of the colors, with Ar, Ar(4sr), Ar(4sm), Ar(4p) and Ar+

from dark to light. The result from the PCA reduced model coincides with the
result from the un-reduced model for all species. The agreement between ILDM
and the un-reduced model are good at all time scales that exceed the cutoff time
that for ILDM (at 1 µs).

resolved with PCA, with the initial pressure at 0.67 Pa. Likewise, this pressure
was also used as initial condition for the ILDM calculation.

The evolution of the species is presented in figure 8.4, with the result from the
un-reduced global model given in blue, the results from the PCA reduced model
in red, and the result from the ILDM reduced model in green. The distinction
between the different species is made by de gray scales of the colors. The species
are indicated as (dark to light) Ar, Ar(4sr), Ar(4sm), Ar(4p) and Ar+. Since the
density of Ar+ and e do overlap due to quasi neutrality, the latter is not depicted
in the figure. The evolution of the species densities can be characterized by two
regions. The first, between 10 ns and 1 µs, is a region where the densities make a
first major change, to arrive at a plateau. This is followed by the second region,
where the density relaxes towards its equilibrium density.

The ILDM reduced model resolves the densities accurately for the times that
are above the cutoff time of 1 µs. For the species evolution below this cutoff time
the results clearly have no meaning, and the species densities deviate strongly
from the densities that are resolved with the un-reduced model. Results from the
PCA reduced model are in good agreement with the results form the un-reduced
model at all times. The results are close to the results from the un-reduced
model, but changes in the densities are typically happening slightly earlier.

The manifold that is generated with PCA is given in figure 8.5, which contains
four sub figures. The blue circles in these figures represent the trajectories of
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the training set in the manifolds. The left top figure contains the trajectory in
the manifold that is generated from the complete training sets. This manifold
contains a non-unique solution, due to a strongly bended feature at the left
sided end of the trajectories. As a solution the several manifolds are calculated,
each from a different part of the training data. As a result all manifolds are
unique, but only applicable for a part of the simulation. In this problem three
manifolds are created. These manifolds are given at the right top figure and
the two figures at the bottom. For each sub set the principal components are
determined separately, resulting in trajectories in a manifold that are suitable
for interpolation. Doing that, the top right figure presents the manifold that
corresponds to the early times in the training set. At the bottom left corner the
manifold is given for the middle part of the training set. The manifold at the
bottom right figure is generated with the last part of the training data. With
the red lines the trajectories are given that are found by solving equation (8.23),
where the PC sources are recovered by linear interpolation of the PC source
terms of the training sets.

Using equation (8.32) the time scales of the system can be calculated from
the eigenvalues of the Schur vectors that are constructed with ILDM. For linear
systems, these time scales are constant, as can be seen from equation (8.30)
for a source term that reads as: Si =

∑
j kjnj . The Jacobian can be species

density dependent in the present case, since we are not working with a linear
system. Consequently, the eigenvalues are not constant anymore, but contain
a species density dependence. For that reason the nomenclature ”time scales”
is not correct. A more appropriate term would be 88local time scales′′, which
specifies that only in the vicinity of that point the system has a time scale that
is equal to the local time scale.

Figure 8.6 gives the local time scales that are obtained with ILDM, colors
identifying the different eigenvalues. Two of the time scales are significantly
larger than the rest, and form a cloud-like structure in the figure. These two time
scales are calculated from eigenvalues that are close to zero. For that reason these
time scales are treated as infinite. These infinite time scales correspond to the
conserved elements in the system. This could already be expected to be found,
since the elements in the chemical system can be written as a linear combination
of only two elements. The parameter with the next lowest eigenvalue is used as
the parameter to solve the species evolution. This corresponds to the highest
non-infinite time scale in Figure 8.6. As clearly visible, the eigenvalues that
are infinite change around 10 µs. Around 10 µs the eigenvalue that corresponds
to the highest timescale changes. This is a result of a change in the sign of
one of the eigenvalues, from a positive to a negative eigenvalue. Chemically,
this means that the chemistry is moving away from equilibrium in the first part
of the simulation. The local time scales increases in time, until the change of
sign occurs, to relax back to the equilibrium composition at later times. In the
species evolution of Figure 8.4 this is visible by the density increase early in the
simulation, and the relaxation towards equilibrium thereafter.



150
Chapter 8. Investigation of linear PCA and ILDM for the reduction of

complex chemical chemistries

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-4 -3 -2 -1 0 1 2 3 4

Z
2

Z1

(a) Full manifold

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Z
2

Z1

(b) Part 1

-4

-3

-2

-1

0

1

2

-3 -2 -1 0 1 2 3 4

Z
2

Z1

(c) Part 2

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-3 -2 -1 0 1 2 3

Z
2

Z1

(d) Part 3

Figure 8.5: The trajectories of the training set in the manifold, created with
the scores of the first two PCs Z1 and Z2, are given by the blue circles. The
red lines in sub figures (b), (c) and (d) are the trajectory from the reduced
simulation, and are obtained by solving equation (8.23). The PC sources are
calculated from linear interpolation of a lookup table of the PC sources in the
training data. At the left top figure the manifold is given that is generated with
the complete training set. The three other sub-figures present the manifold that
is calculated using only a part of the training set. The right top figure contains
the manifold that is generate with the first part of the training set that contains
the early time scales, the bottom left sub-figure contains the manifold generated
with the middle part of the training set and the bottom right sub-figure contains
the manifold the presents the trajectories of the last part of the training set,
with the long time scales.
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Figure 8.6: Time scales for the atomic argon model as a function of time. With
the different colors, the different eigenvalues from which the time scales are
calculated are given. The change in color for one of the time scales thus indicates
that an other eigenvalue results in that time scale. This is caused by a change
in sign (from positive to negative) of one of the eigenvalues.

8.4.2 78 species Argon chemistry

The second model that is used for the comparison is a global argon model with 78
levels, developed by Graef [103]. The list of species included in the model (apart
from the ground states of Ar and Ar+) is given in table 8.3. Two groups of species
are formed based on the total angular momentum quantum number of the core
of the Ar atom: jc = 3/2 (un-primed) and jc = 1/2 (primed). Most of the levels
with high energies are described by combined levels, also called level blocks [103].
The blocks consist of all levels with the same principal and orbital quantum
number and core configuration. Only the 4s, 5s, 4p, 5p and 3d levels (both
primed and un-primed) with the same principal and orbital quantum numbers
and core configuration are modeled as individual levels. Figure 8.7 shows an
energy diagram of the levels included in this model. The thin lines represent
individual levels, whereas thick lines represent level blocks. The energies of the
level blocks are calculated as the weighted average of the energies [103]:

Eblock =

∑
l glEl∑
l gl

, (8.45)

where El is the energy and gl the statistical weight of level l, used in the block.

Two types of reactions are included in the model: radiative transitions and
electron excitation. First, the radiative transitions will be treated. The Einstein
coefficients for spontaneous emission were taken from the online NIST database
[105]. Due to the use of blocks, special attention needs to be paid for transitions
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that originate from a level block (bu) [103]:

A(bu, l) =

∑
j gjA(uj , l)∑

i gi
. (8.46)

where in the numerator the summation is done over all levels uj in block bu with
a transition to level l. If both levels of a transition are part of a block, then
another summation is required over k [103]:

A(bu, bl) =
∑
k

∑
j gjA(uj , lk)∑

i gi
. (8.47)

A complete list of the radiative transitions can be found in appendix C.2.
The electron excitation reactions are described by cross sections. The cross

sections for excitation from the ground state are given by Yanguas-Gil et al. [106]
and used as lookup tables. The cross sections were determined experimentally
for excitation to the 4s, 4p, 3d, 5s and 5p levels. For some species the cross
sections are given for blocks, whereas Graef models these levels individually.
The cross section of a block σB can be split into cross section for individual
levels σi using [103]:

σj =
gj∑
n
gn
σB (8.48)

where the summation is done over all the levels used in the block.
The electron excitation processes to higher levels are reported by Vlček [107]

as semi-empirical cross sections, through fit parameters for Drawin cross sections.
Vlček gives fit parameters for transitions to levels 4d, 5d, 6d (only unprimed), 6s,
7s and 8s (only un-primed). Details about the Drawin cross sections are given by
Graef. Zatsarinny et al. [108] report cross sections for excitation from 4s levels,
which were used as lookup tables. The transitions from the four individual 4s
levels to the 4s, 3d and 5s levels are given. The cross sections for the remain-
ing transitions were taken from Kimura et al. [109], who list fit parameters for
Drawin cross sections. Some cross sections needed to be split into separate cross
sections according to equation (8.48). Finally, some cross sections for ionization
were included. Ionization from the ground state is described by a cross section
reported by Yanguas-Gil et al., which was taken from experiments, performed
by Rapp et al. [136]. Cross sections for ionization from the other levels are given
by Vlček as fit parameters for the Drawin cross sections.

For the model, charge neutrality was assumed. The electron temperature is
chosen to have a constant value of 0.9 eV. The heavy particle temperature has
a fixed value of 600 K. A constant pressure of 0.67 Pa was chosen. The initial
densities of the excited states or argon are set to zero. The initial values of the
ions and neutrals were chosen in such a way that the initial ionization degree was
1 %. The model is solved using the LSODA solver [115], with the relative and
absolute tolerances set to 10−10. This low value was necessary to get accurate
tabulations of the source terms because slow processes are present, hence the net
sources are much lower than the sources and sinks.
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Figure 8.7: An energy diagram of all the levels of the Ar model, which was taken
from Graef [103]. Two configurations of the core are used: jc = 3/2 (un-primed)
and jc = 1/2 (primed). The 4s, 5s, 4p, 5p and 3d levels are modeled as individual
levels (thin lines), whereas the other levels are combined in blocks (thick lines).
The energy of Ar+ is 15.78 eV for the un-primed case and 15.94 eV for the primed
case.

Table 8.3: Species that are present in the argon model with 78 levels. The model
also contains Ar, Ar+ and e.

Individual levels (number of levels) Grouped levels
Primed and un-primed

4s (2), 4s’ (2), 5s (2), 5s’ (2) 6s, 7s, 8s, 9s, 10s
4p (6), 4p’ (4), 5p (6), 5p’ (4) 6p, 7p, 8p, 9p
3d (8), 3d’ (4) 4d, 5d, 6d, 7d, 8d

4f, 5f, 6f, 7f
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Figure 8.8: The evolution of the 4s[3/2]1 density, from the un-reduced model
in blue, the PCA reduced model in red and the ILDM reduced model in green.
Result from the ILDM reduced model is in agreement with the result from the
un-reduced model for all times above the cutoff time. The PCA reduced model is
in good agreement with the un-reduced model at all times, and the result from
the un-reduced model can be found behind the result from the PCA reduced
model. The evolution of the PCA reduced model that is typically slightly ahead
of the evolution of the un-reduced model is again visible in this figure.

This system is solved for a constant gas temperature of 600 K and a constant
electron temperature of 0.9 eV. The initial pressure of this system is set at
0.67 Pa, from which the equilibrium densities are calculated from a Boltzmann
distribution. The training set that was generated for the PCA method contains
the results of two simulations, one that was made using an initial pressure of
0.44 Pa and one with an initial pressure of 1 Pa.

Figure 8.8 presents the results from the un-reduced model, the results from
the PCA reduced model and the results from the ILDM reduced model in blue,
red and green, respectively. The figure shows the evolution of Ar in the 4s[3/2]1
electronically excited state. The results from PCA are again in close agreement
with the results from the un-reduced model, t all times. Changes in density are
predicted with PCA slightly earlier than they are observed in the un-reduced
model, but further the agreement is very close. Results from the ILDM reduced
model show the typical big discrepancy with the un-reduced model for times that
are below the cutoff time, that is around 100 µs. At times above this cutoff time
the agreement between the ILDM reduced model and the un-reduced model is
good, and slightly better than the results from the PCA reduced model although
hardly visible.

Figure 8.9 shows the trajectories of the training set in the manifold created
with PCA. Again, with blue the trajectory from the training set and red the
trajectory from the reduced simulation. The trajectories of the training data in
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Figure 8.9: The manifold that results from the PCA method, with the manifold
from the training set in blue, and the manifold of the reduced calculation in red.
This manifold in unique, and therefore splitting of the manifold is not needed.

the manifold is well suitable for interpolation, and do not require any splitting
of the training data. The training data show straight trajectories with only a
slight bending in one point.

From this manifold we do not expect that splitting of the training data is
needed. By splitting of the training data anyways, we can analysis the impact of
such small feature as a bending point on the results from a reduced calculation.
Figure 8.10 presents the results from the un-reduced model, results from the
PCA reduced model using splitted training data and the results from the PCA
reduced model where the manifold is calculated from the whole input data in
blue, red and cyan, respectively. Also in this case splitting of the input data has
a positive effect on the calculation of the species evolution. The reason is found
in the triangulation in the two manifolds that are obtained after splitting of the
training set. In that case the triangles that are formed are closer to equilateral
triangles, which is favourable.

Deviation of the PCA and ILDM reduced models with respect to the results
from the un-reduced model are compared using the coefficient of determination:

R2 = 1−
∑

i(yi−fi)
2∑

i(yi−ȳ)2
, where yi is the value of the reduced model is some point in
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Figure 8.10: The density of 4s[3/2]1 as calculated with the un-reduced model in
blue, red the results from PCA when two manifolds are created from the training
set and in cyan the results from PCA with only one manifold. In this figure it is
clearly visible that the results are in better agreement when multiple manifolds
are used. Also the typical evolution of the PCA result that is slightly ahead of
the result from the un-reduced model is reduced when splitting is used. The
result from the un-reduced model is barely visible, but can be found behind the
result from the PCA reduced model that used splitting. This comes from the
good agreement from the splitted PCA result with the result from the un-reduced
model.

time, fi the expected value for that point in time that comes from the un-reduced
model and ȳ the average value that comes from the reduced model [137]. Table
8.4 presents the R2 values for the species Ar, Ar+, and the 4s[3/2]1 and 4s[3/2]2
electronically excited states of Ar. These species have a high density in the
model results, and the R2 value of Ar+ is the highest of all species in the model.
This table contains the R2 value for four cases: The first is the PCA results
where the training data is not split. The second one contains the deviation of
the PCA results when the training set is split in two. The third contains the
ILDM results for all time scales, and the fourth one contains the ILDM results
only for the time scales that are above the cutoff time. From this table can be
seen that the results from ILDM have a perfect match with the results from the
un-reduced model for times that are above the cutoff time. The deviation from
the un-reduced results is, however, also strongly species dependent. The 4s[3/2]2
state deviates much more than the Ar ground state or Ar+, if we consider the full
range ILDM results. For PCA we can see that the match with the un-reduced
calculations is good for all species, with only a slight deviation for results both
using the manifold from the split and the un-split training data. Here it is well
visible that the results from the calculation with the split training set are slightly
better than the results without splitting.
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Table 8.4: Values of R2 for the argon model with 78 levels. Results for a manifold
that is obtained with spliting the training data are compared with results from
the manifold that is generated without splitting.

Method Ar Ar+ 4s[3/2]1 4s[3/2]2

Not split 0.9417 0.9768 0.9751 0.9581
Split 0.9976 0.9982 0.9987 0.9952
ILDM (full range) 1 1 0.9208 -1.5854
ILDM (t > 10−4 s) 1 1 1 1

Table 8.5: Species that are present in the CO2 model. The same notation for
the electronically (e) and vibrationally (v) excited states is used as in [88] .

Neutral ground states CO2, CO, O2, C2O, O, O3

Vibrational levels CO2[v01...v21], CO2[va...vd], CO[v01...v10], O2[v01...v03]
Electronic states CO2[e1, e2], CO[e1...e4], O2[e1, e2]
Charged species CO+

2 , e

Figure 8.11 presents the local time scales that are found with ILDM for this
model. Again, the different colors distinguish between the eigenvalues that are
used to calculate the local time scales. This chemistry contains two elementary
constrains, that can be seen in this figure by the colored clouds of practically
infinite time scales, that consists of two colors at any point in time. As with
the 6 species model, this model contains non-negative eigenvalues at early times.
At these times, the model thus moves away from equilibrium. This stops at
around 10 s, the time for which all eigenvalues become negative and the chemical
composition moves towards equilibrium. In Figure 8.11 the swap in eigenvalue
sign can be recognized from the change in colors the clouds consist of, indicating
that other parameters are resulting in the infinite time scales. Around 10 s all
local time scales are below the point in time of the model, and the model is in
equilibrium. The local time scale from the parameter that is used for the ILDM
calculations is significantly larger than the local time scales from the parameters
that are excluded from the calculations. The results from ILDM are accurate
for all time scales that are above the time scales from the parameters that are
excluded from the calculations, as can be verified in figure 8.8, where the ILDM
results are accurate starting at approximately 1× 10−5 s.

8.4.3 CO2 system

The last chemical system that we use in this study is the CO2 chemistry that
was presented in [88], and based on [138, 139]. For this study a set of ions and
electronic states are excluded from the chemical set. As a result the model in
this work consists of 54 species and 2692 reactions. The species that are involved
in this work is given in table 8.5. For CO2 a distinction is made between the
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Figure 8.11: Time scales for the argon model with 78 levels as a function of
time. the colors indicate the different eigenvalues from which the time scales are
calculated. The cloud like structure of two infinite time scales result from the two
eigenvalues that are practically 0, within machine precision. The eigenvectors
that have the 0 eigenvalue change around 10 s, which is visible by the change of
colors the cloud consists of. For the ILDM reduced calculation the parameter
with the highest finite time scale is used. This parameter has a time scale that
is significantly larger than the time scales of the parameters that are excluded
from the calculations.

21 asymmetrically excited species and 4 symmetrically excited species. The
asymmetrically excited species are denoted to as CO2[v01...v21], with CO2[vi ] =
(0, 0, i), where the first integer between the brackets denotes the vibrational
quantum in the symmetric vibrationally excited mode, the second the quantum
in the vibrational bending mode and the third the quantum in the asymmetric
vibrationally excited mode. The symmetrically excited species are denotes to as
CO2[va...vd], with CO2[va] = (0, 1, 0), CO2[vb] = (1, 0, 0) + (0, 2, 0), CO2[vc] =
(1, 1, 0) + (0, 3, 0) and CO2[vd] = (2, 0, 0) + (1, 2, 0) + (0, 4, 0) [139].

The set of reactions for this chemistry are given in appendix C.3.1 to C.3.4.
Reactions that involve vibrationally excited states of CO2, CO or O2 are are
obtained using scaling relations. For the calculation of the cross section for vi-
brational excitation of vibrational excited states for vibrationally excited species
the following semi-empirical approximation is used [140,141]:

σnm(ε) = σ01(ε+ ∆ε) exp

(
−ασ(m− n− 1)

1 + βσn

)
, (8.49)

with σnm the cross section for the transition from the nth to the mth vibra-
tionally excited state, σ01 the cross section for the excitation of the ground state
to the first excited state, ∆ε the difference in threshold energy for the σ01 and
σnm. Further we used ασ = 0.5 and βσ = 0 as suggested in [139]. Rate coeffi-
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cients for vibrational-vibrational and vibrational-translational energy exchange
reactions are obtained using the SSH (Schwartz, Slawsky, and Herzfeld) the-
ory [88,139]. For VT processes the rate coefficient k1,0 of the transition from the
first excited state to the ground state is scaled for the transition from the nth
state to one lower state following [139,141–144]:

kn,n−1 = k1,0Zn
F (γn)

F (γ1)
, (8.50)

with

Zn = n
1− xe

1− nxe
, (8.51)

F (γn) =
1

2

[
3− exp

(
−1

2
γn

)]
exp

(
−1

2
γn

)
, (8.52)

where xe is the an-harmonicity of the molecule, and γ is given by [142]:

γn =

(
π2ω2

nµ

2α2kBTg

)1/2

, (8.53)

with ωn = ∆E/~ = (En−En−1)/~, µ the reduced mass, and α = 17.5/r0, with r0

the according radius parameters of the Lennard-Jones potential. R0 =3.94 Angstrom,
3.69 Angstrom and 3.47 Angstrom for CO2, CO and O2, respectively [144]. Fur-
ther we used Tg for the gas temperature. For VV processes, the scaling relation
reads as:

km−1,m
n,n−1 = k0,1

1,0ZnZm
F (γn,m)

F (γ11)
, (8.54)

with k0,1
1,0 the base rate coefficient, and F (γn,m) similar as F (γn), but with the

total energy change in the reaction: ωn,m = ∆E/~ = (En − Em − En−1 +
Em+1)/~. The reactions with the rate coefficients (of the un-scaled reactions)
are given in the tables in the appendix.

The species evolution for this CO2 chemistry is calculated for a constant
electron temperature of 3 eV, and a constant gas temperature of 300 K. The
pressure in the reaction is initially at 100 kPa. The training set that is created
for PCA contains two training simulations, of which one has an initial pressure
of 72 kPa and one of 160 kPa.

Figure 8.12 presents the evolution of the CO+
2 density for the un-reduced

model in blue, for the PCA reduced model in red and the ILDM reduced model
in green. The results for CO+

2 are characteristic for all other species in the
system. For readebility we only present the CO+

2 species, but the quality of the
density reconstruction is comparible for all species for both ILDM and PCA. The
results of the ILDM reduced calculations clearly lost the information about the
evolution of the species densities, and only the equilibrium density is resolved.
To understand where this comes from, we have to look at the time scales that
come from ILDM.
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Figure 8.12: The evolution of the CO+
2 density, as resolved by the un-reduced

model in blue, by the PCA reduced model in red and by the ILDM reduced
model in green, for an electron temperature of 3 eV. The high cutoff time of the
ILDM reduced model results missing of a major part of the species evolution,
and only determines the steady state solution of the density.

Figure 8.13 presents the local time scales for this chemical system, with the
colors again distinguishing between the 54 different eigenvalues that are used to
calculate the time scales. This figure shows that the time scales are all showing a
similar behavior, indicating that the species densities are strongly coupled. When
the system is in equilibrium, which it is at approximately 1 µs, one can see that
the time scales seem to form a continuum of time scales, rather than one well
separated time scale for the parameter that is used to solve the system, as in the
previous chemical systems. When solving the system for only that parameter
that shows the highest time scale, and disregarding all other parameters, the
cutoff time is equal to the time scale of that very same parameter. This is exactly
what happened in the ILDM result that is presented in figure 8.12. Expanding
the number of parameters in the ILDM calculations would indeed lower the cutoff
time. This would result in an increase in the dimensionality of the lookup tables,
while minimally lowering the cutoff time. Practically, expanding the number of
parameters to more than two or three would result in an infeasible method due to
the high dimensionality of the lookup tables (and the resulting memory needed
for that). For that reason ILDM only determines the equilibrium densities of
this system, and offers no temporal information. However, it does give valuable
information about the equilibrium of the system. From the time scales of the
Schur vector with the lowest eigenvalue, in combination with the requirement
that all eigenvalues need to be negative in equilibrium, we can determine with
certainty that this system is at equilibrium around 1 µs.

Reduction with ILDM does not give any useful results in term of reduction
However, PCA still can be used for reduction as shown with the close agreement
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Figure 8.13: Time scales for the CO2 model as a function of time for an electron
temperature of 3 eV. The different colors represent the different eigenvalues that
are used to calculate the time scales of the system. The spike like feature in the
time scales around 0.2 µs is a result of the sign swap in one of the eigenvalues,
from positive to negative.

in the results in Figure 8.12. Figure 8.14 presents the manifold for the complete
training set in sub-figure (a), which is clearly non-unique. The trajectories of the
training sets contain barbs at the two ends of the trajectories, where the one at
the negative Z1 side is barely visible, but nevertheless problematic. The crossing
of the two trajectories is the third feature that requires to calculate manifolds
of the different sub-sets of the training data. The manifolds that result after
splitting of the training set are presented in sub-figures (b) to (e). Sub-figure
(b) is constructed with the early parts of the training set, corresponding to the
barb at negative Z1 values in sub-figure (a). The manifolds are then constructed
from the other sub-sets of the training set are presented in order of time, with
sub figure (e) the barb at the positive Z1 side. The manifolds are unique and
thus used to obtain the trajectory of the reduced system. The red lines in sub
figures (b) to (e) are the solution of the PCA reduced simulations.

Determining the trajectory of the reduced PCA simulation in the manifold
of figure 8.14 is not without error. As visible in sub figure (b), the trajectory
of the reduced calculation starts exactly in-between the trajectories from the
training sets, as expected from the pressure that was used for the training sets
and the pressure of the reduced calculation. Starting from figure (d), a clear
deviation of the trajectory from the expected path is visible, which would still
be exactly in the middle of the training trajectories. This deviation results from
the calculation of the sources of equation (8.23), and is found in the fact that the
absolute sources and sinks of the species are large, and differ only slightly. The
method is thus very sensitive for roundoff errors in the calculations. This effect
is visible in the resulting trajectory calculations by the slight deviation from the
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Figure 8.14: Four sub-manifolds that are created with a sub set of the training
set. With blue the trajectories from the training set are given, while the manifold
trajectory from the reduced simulation is presented with red.
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expected path.

8.5 Discussion

Trajectories of the training set in the PCA manifold need to be unique for PCA
to be applied as reduction technique. Trajectories that cross, that have multiple
solutions or that are not well separated result in a wrong result. Due to the typi-
cal non-linearity in the description of a plasma chemical model the uniqueness of
the PC scores is often not met. Uniqueness in the PC scores can be obtained by
splitting up the manifold in multiple sub-sets, each sub-set containing a unique
manifold. This allows to use the trajectories from the training sets to interpo-
late, to obtain the trajectory of the reduced calculation. Using this trajectory
the species densities can be obtained in high accuracy, even for manifolds that
initially contain trajectories that show complex paths through the manifold.

This work shows the PCA results for three different cases. Typical for the
reconstructed results from PCA we observed that the changes in the species
densities are predicted slightly earlier than the variations are observed in the
results from the un-reduced global model. We believe that this is a results from
linear interpolation of the PC sources, that is used to construct the trajectory
in the manifold of the reduced simulation. This implies that the separation of
the training trajectories determines the accuracy in the resolved densities.

With respect to the well established reduction method ILDM, PCA results
differ more from the un-reduced global model results for the times that are above
the cutoff time of ILDM in most cases. ILDM results are in agreement with the
un-reduced global model results, but only for the time scales that are above the
time scales that are deleted. This limits the applicability of this method as a
reduction technique to systems that have well separated eigenvalues (or time
scales). If one parameter has a (finite) time scale that is well above the time
scales of all other parameters, the system is very well suitable for reduction.
In that case the parameters that are excluded from the analysis are acting on
such short time scales, whereas the system is resolved only for long time scales.
However, if the time scales are close to each other for multiple parameters, the
cutoff time will be close to the time scale of the parameter for which the system
is resolved. In that case only information about the steady state conditions is
obtained. This is the case in the CO2 chemistry, where we showed that the time
scales of all different parameters in ILDM are closely together. This limits the
applicability of the method, since practically only the equilibrium state of the
chemistry is determined.

PCA is shown here to be a successful reduction method, but it also comes
with a weakness. The calculation of the PC sources becomes problematic when
the tabulated sources and sinks are very large, but the net source is small. In
this situation roundoff errors come into play that will decrease the accuracy
of the PCA-reduced global model. The calculation of the PC source term by
interpolation of the PC source terms from the training sets makes this method
sensitive for roundoff errors. These roundoff errors can be decreased by reducing
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the tolerances of the solver, which will result in much larger training sets. An
other drawback of using PCA is the need for training data. Running a complete
model for multiple times is unavoidable. For that reason, this reduction method
is only interesting when one expects that a model needs to run many times, and
only for conditions that are covered by the training data, i.e. conditions that are
within the manifold. When PCA is going to be applied in a spatially resolved
model, the need for training data is going to be a challenge, since the conditions
in the plasma sheet are significantly different from the conditions in the core of
a plasma, and not just in one parameter. Dividing the training set is sub-sets
and calculating the manifold for those is shown to be a successful method for
doing PCA reduced calculations. This allows to do reduced calculations even
when manifold contains non-unique trajectories. which is important when going
towards spatially resolved models.

Besides the value of ILDM as a reduction technique, this method has shown
its value as an analysis technique too. While PCA is a method that relies on
mathematical techniques which are not of any physical value, ILDM reduces
according to physical considerations. The analysis of the eigenvalues and local
time scales of the different parameters are of physical nature. The requirements
of negative eigenvalues in combination with all local local time scales significantly
smaller than the actual time of the model clearly indicates if a chemical system
is in equilibrium, or not.
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In this study we have investigated and implemented the ILDM method to
solve the complex plasma chemistry. The stiffness and the problems encoun-
tered due to stiff differential equations that occur in complex plasma chemistry
are discussed in chapter 3. The conventional numerical techniques to solve ODEs
fail for stiff system as the resolution in time required is very small compared to
the required total simulation time. This can be solved by employing a chemical
reduction technique.

The ILDM and the traditional QSSA methods have been demonstrated and
discussed for a three-level argon system. Both methods exploit the variation in
time scale to reduce the system: reactions with short time scales are assumed to
be infinitly fast whereas others are considered as slow. The difference between
the methods is that in QSSA modeler needs to make a priori assumptions about
time scales, while the ILDM method takes care of this step itself. It achieves
that through a thorough analysis of the eigenvalues of the Jacobian matix of the
chemical source vector. Chapter 4 gives a detailed analysis of both the methods
and how to modify the ILDM technique to be made applicable for usage with
plasma state of matter is also discussed.

In chapter 5 the ILDM technique is benchmarked against well-established
test cases. The most common is the Zel’dovich model for air. The other test
cases are glucose regulatory system and an idealized three-level hydrogen sys-
tem. From the analysis of these systems it is perfectly clear that reduction will
lead to loss in information about the initial transient behaviour of the system
occuring within times below the cut-off time scale. If the difference between the
slow and fast time scales is large (in other words: the stiffness is high), the loss
of information due to the reduction is limited. On the other hand, if the time
scales are close to each other, the errors due to the model reduction are large.
In this case one should do a model calculation with the full chemistry, but the
good news is that the stiffness issue is not present. A 2-dimensional manifold
was presented for the glucose regulatory system.

In chapter 6 the ILDM technique is modified for plasmas and applied to an
argon atomic system with 77 intermediate states. The reduction via ILDM and
QSSA is performed in addition to the full system calculation. The atomic argon
is stiff since the difference in slow and fast time scales is huge. The comparison
is made between full system solution and the reduced simulation which agree
very well as soon as the initial transient processes are equilibrated. The phase
plots of QSSA and ILDM agree well with each other.

After applying the technique to purely atomic systems the ILDM is applied
to molecular systems of argon and hydrogen in chapter 7. It was shown that it
is easier to work in terms of mass fractions for the species rather than particle
density or mole fractions. The molecular systems considered turned out te be
non-stiff and no chemistry reduction was called for.
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The ILDM has also been compared with another reduction technique that is
gaining popularity in the plasma physics community, the PCA (chapter 8). The
full system simulation along with the reduction by ILDM and PCA techniques is
done for a CO2 chemistry. The time scales for the CO2 chemistry is very close to
each other. The cut-off time too is close to the parameter for which the system
is resolved hence only the information about the steadu state is obtained and
all the remaining information is lost in an ILDM-based reduction. PCA shows
successful results but the calculation of principal components (PC) of the PC
source term of the training data set makes the method sensitive to round-off
errors. For this particular chemistry, ILDM is not a suitable reduction technique
but shines as time-scale analysis tool.

In general the ILDM method is appropriate for getting insight in the reaction
mechanism by analyzing the eigenvalues of the system. The eigenvalues of the
system are related to the time scales and these time scales offer a valuable char-
acterization os the reaction system. If the system is highly stiff and the modeler
is not interested in the initial disturbance the method can be used to achieve the
chemical reduction and make the numerical simulation of plasma models with
complex chemistry feasible.





AThe Singular Value Decomposition

A.1 Singular Value Decomposition

For a matrix K with dimensionality m × n, that is m rows and n columns, the
singular value decomposition is given as

K = UΣV T , (A.1)

where U is the unitary matrix with dimension m × m, Σ is the matrix con-
taining singular values in the diagonal and 0 elsewhere. The dimension of Σ is
m×n. V T is the transpose of the eigenvector matrix, with the dimension of n×n.

The Singular value decomposition can be calculated in the following steps

1. Do the orthogonal diagonalization of KTK.

2. Set up V and Σ.

3. Set up U .

The singular values found are the square root of eigenvalues of the product of
KTK. The eigenvector matrix V is formed from the eigenvectors of the product
KTK. Once Σ and V are calculated, the matrix U can be constructed from
orthogonal vectors u as

ui =
1

σi
Kvi, (A.2)

where, ui is the orthogonal vector, vi is the eigenvector and σi is the correspond-
ing singular value. The vectors ui can also be calculated from Gram-Schmidt
orthonormalization.

The number of non zero singular values gives the rank of the matrix. This is
one way of determining the rank of a matrix other than Gaussian elimination.
Other advantages of SVD includes finding the pseudoinverse of the matrix [145],
image processing [146], cryptography [147] and Principal Component Analy-
sis [148].
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B.1 Newton-like Methods

For a function

f(x) = 0, (B.1)

the conventional Newton method is given as

xn+1 = xn −
f(x)

f ′(x)
. (B.2)

The conventional Newtons method to solve the equation has few problem of
computational cost and reliablity. The convergence in conventional Newtons
method is not guarenteed unless the initial guess is close to the final solution.
Due to these shortcomings Newton-like methods have been proposed.

1. Damped Newton Method
In damped Newton method there is an additional damping factor β and is
given as

xn+1 = xn − β
f(x)

f ′(x)
. (B.3)

2. Relaxed Newton Method
If it is known that function has multiple root of order m then we can apply
Newtons method to obtain

xn+1 = xn −
mf(x)

f ′(x)
. (B.4)

This is called relaxed Newtons method.

3. Modified Newton method

4. Quasi-Newton method

B.2 Dynamical System Approach

Dynamical system refers to the class of mathematical equations that describe the
long term evolution of the system with particular properties. Here we discuss
the properties in detail. If the system is of the form

∂Y
∂t

= KY , (B.5)

where Y is a vector of unknowns, and K is a constant matrix. We begin by
finding the eigenvalues and eigenvectors of K.
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B.2.1 Real and Distinct Eigenvalues

If the eigenvalues are all real and distinct the solution will be of the form

Y1 = exp(λ1t)V1.
Y2 = exp(λ2t)V2.

...
Yn = exp(λnt)Vn.

(B.6)

All the solutions are linearly independent from one another as well as a straight
line. The general solution of the system can be written as

Y = K1 exp(λ1t)V1 + . . .+Kn exp(λnt)Vn, (B.7)

or

Y =
∑
i

(Ki exp(λit)Vi) . (B.8)

From the equation (B.8) it can be seen that the term corresponding to positive
eigenvalue will explode as exp(λt) → ∞ when t → ∞ whereas the term cor-
responding to negative eigenvalue will tend towards 0 as exp(−λt) → 0 when
t → ∞. The points for which λ = 0 there is no change. Hence the sign of
eigenvalues is important in determining the behaviour of the solution.

To understand the behaviour of the system consider a 2X2 system with two
real and distinct eigenvalues λ1 and λ2. The reason for restricting ourselves to 2-
D space is that visualization is easier in 2-D space than in the higher dimensional
space. For a 2-D space we consider the behaviour of 2 variables (x and y).

1. If λ1 < 0 < λ2, the equilibrium point is a saddle point. The 2D phase space
behaviour is shown by the figure B.1. The time dependent behaviour of
the two variables (x and y) is shown in figure B.2. The variable (here
x) corresponding to negative eigenvalue will converge whereas the variable
corresponding to positive eigenvalue (here y) will diverge, thus making the
equilibrium point as the saddle point.

2. If λ1 < λ2 < 0, the solution tends towards equilibrium point. The 2D
phase space behaviour is shown by the figure B.3 and the time dependent
behaviour of the two variables (x and y) is shown in figure B.4. Since both
the eigenvectors correspond to negative eigenvalue the solution converges
towards the equilibrium point.

3. If λ1 > λ2 > 0, the solution tends away from equilibrium point. The 2D
phase space behaviour is shown by the figure B.5 and the time dependent
behaviour of the two variables (x and y) is shown in figure B.6. Since both
the eigenvectors correspond to positive eigenvalue the solution diverges
away from the equilibrium point and the system explodes.
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Figure B.1: 2D phase plot for the system with real and distinct eigenvalues such
that λ1 < 0 < λ2. The phase space behaviour is seen by the vectors (blue arrows)
along which the solution (red curve) will lie.

Figure B.2: Time dependent behaviour of the two varibles (x and y) for the
system with real and distinct eigenvalues such that λ1 < 0 < λ2.

Figure B.3: 2D phase plot for the system with real and distinct eigenvalues such
that λ1 < λ2 < 0. The phase space behaviour is seen by the vectors (blue arrows)
along which the solution (red curve) will move towards from the final solution.
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Figure B.4: Time dependent behaviour of the two varibles (x and y) for the
system with real and distinct eigenvalues such that λ1 < λ2 < 0

Figure B.5: 2D phase plot for the system with real and distinct eigenvalues such
that λ1 > λ2 > 0. The phase space behaviour is seen by the vectors (blue arrows)
along which the solution (red curve) will move away from the final solution.

Figure B.6: Time dependent behaviour of the two varibles (x and y) for the
system with real and distinct eigenvalues such that λ1 > λ2 > 0.



B.2. Dynamical System Approach 175

B.2.2 Complex Eigenvalues

The complex eigenvalues are of the form λ = a + ib. From Euler’s formula we
know that

ea+ib = ea (cos(b) + i sin(b)) . (B.9)

The solution phase space is no more a straight line but curves in this case.
The vector for the case in which eigenvalues become imaginary can be written

in terms of real and imaginary part as

Y(t) = Yre(t) + iYim(t) (B.10)

or
∂Y
∂t

=
∂ (Yre(t) + iYim(t))

∂t
. (B.11)

Expanding the differentiation we get

∂Y
∂t

=
∂Yre(t)

∂t
+ i

∂Yim(t)

∂t
. (B.12)

Hence
KY(t) = KYre(t) + iKYim(t). (B.13)

From the equations (B.12) and (B.13) we can write

∂Yre(t)
∂t

= KYre(t), (B.14)

and for the imaginary part

∂Yim(t)

∂t
= KYim(t). (B.15)

The solution of a 2X2 system in this case is a spiral or an ellipse depending
on the eigenvalues. If the two eigenvalues form the complex conjugate pair as
λ1 = α+ iβ and λ2 = α− iβ, the solution is of the form

Y(t) = e(α±iβ)tY(0), (B.16)

where Y(0) is the initial condition. The equation becomes

Y(t) = eαt (cos(βt)± i sin(βt))Y(0), (B.17)

In this case three conditions arise depending on the value of α

1. If α < 0, the term eαt → 0 as t → ∞. Hence the system converges and
spirals towards the equilibrium as shown in the phase plot B.7. The time
evolution of the two variables is shown in the figure B.8. The two variables
will oscillate and the amplitude of oscillation will continue to decrease as
the real part of both the eigenvalues is negative. The two variables reach
towards the equilibrium as oscillations die out.
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Figure B.7: 2D phase plot for the system with complex eigenvalues such that
the real part of eigenvalues α < 0. The solution (red curve) spirals towards the
equilibrium.

Figure B.8: Time dependent behaviour of the two varibles (x and y) for the sys-
tem with complex eigenvalues. The amplitude of oscillation keeps on decreasing
as time progresses.

2. If α = 0, the term eαt → 1 as t→∞. The system shows sinusoidal periodic
behaviour since

Y(t) = Y(0) (cos(βt)± i sin(βt)) . (B.18)

The phase plot is an ellipse as shown in the figure B.9 and the two vari-
ables will oscillate around the equilibrium point with constant amplitude
as shown in figure B.10. The oscillation will have constant amplitude since
the real part of eigenvalue is not present to affect the amplitude.

3. If α > 0, the term eαt →∞ as t→∞. the system thus diverges and spirals
away from the equilibrium. The phase plot is shown in the figure B.11.
The time evolution of the two variables is shown in the figure B.12. The
amplitude of oscillation will continue to increase and the system diverges
away from the equilibrium as time progresses since the real part of the
eigenvalues is greater than 0.
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Figure B.9: 2D phase plot for the system with complex eigenvalues such that
the real part of eigenvalues α < 0. The solution (red curve) circles around the
equilibrium.

Figure B.10: Time dependent behaviour of the two varibles (x and y) for the
system with complex eigenvalues. The amplitude of oscillation remains constant
as time progresses.

Figure B.11: 2D phase plot for the system with complex eigenvalues such that
the real part of eigenvalues α < 0. The solution (red curve) spirals away from
the equilibrium.
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Figure B.12: Time dependent behaviour of the two varibles (x and y) for the sys-
tem with complex eigenvalues. The amplitude of oscillation keeps on increasing
as time progresses.

B.2.3 Repeated Eigenvalues

A general solution for the repeated eigenvalue for a 2X2 system is of the form

Y(t) = eλtV0 + teλtV1, (B.19)

or
Y(t) = eλt (V0 + tV1) . (B.20)

When t is small the constant term dominates and when t is large the linear term
dominates.

For complex eigenvalues the system spirals towards or away from the equi-
librium point depending upon whether the eigenvalue is positive or negative.
For real and distinct eigenvalue the system moves towards the equilibrium point
along the straight line. Hence the system with repeated eigenvalue is somewhere
inbetween the systems with complex eigenvalues and those with the real yet dis-
tinct eigenvalues. In systems with complex eigenvalues the solution is a product
of exponential and trigonometric term. The system oscillates and depending on
the exponential term oscillation can increase, decrease or remain constant. In
systems with repeated eigenvalues the solution is the product of exponential and
algebraic term. These system tries to spiral and reach towards the equilibrium
point but the straight line solution gets in the way. Hence the system spirals
towards the straight line, follows the straight line and moves towards the equi-
librium point [75].

In terms of physical interpretation there is nothing peculiar about the way
the system behaves. One of the examples for the above mentioned case is a
Harmonic oscillator with repeated eigenvalues.

Differentiating equation B.20

dY
dt

= eλt (λV0 + V1) + teλtλV1 = KY , (B.21)
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Figure B.13: 2D phase plot for the system with repeated eigenvalues. The
solution (red curve) tries to spiral and move towards the equilibrium but straight
line (magenta line) given by the algebraic term comes inbetween. Hence the
solution reaches the equilibrium along the (magenta) line.

or putting the value of Y

eλt (λV0 + V1) + teλtλV1 = eλtKV0 + teλtKV1. (B.22)

Comparing the terms on RHS and LHS we get two equation

λV1 = KV1, (B.23)

and

λV0 + V1 = KV0. (B.24)

The two equation can be further written as

(K− λI)V1 = 0, (B.25)

and

(K− λI)V0 = V1. (B.26)

From equation B.25 we can interpret V1 is an eigenvector and from equation
B.26 we can say that V0 is linearly dependent on V1. If the eigenvalues are non
repetitive the eigenvectors are independent as the second term of V1 in equation
B.24 is not present.

Considering the simple case of 2X2 system the phase plot is shown in the
Figure B.13. As shown from the figure the system tries to spiral and move
towards the equilibrium point but the straight line solution comes in between
shown by magenta line. Hence the solution spirally moves towards the line and
then along the line to the equilibrium point. The time evolution of the two
variable is shown in Figure B.14.

Similar types of interpretations can be drawn for higher dimensional systems
with repeated eigenvalues.
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Figure B.14: Time dependent behaviour of the two varibles (x and y) for the
system with repeated eigenvalues. The algebraic term dominates in the initial
period of time. It can be clearly seen in the left curve. After the initial period
is elapsed the exponential term starts to dominate.

B.2.4 Zero Eigenvalues

The general solution for a 2X2 system is

Y(t) = K1e
λ1tV1 +K2e

λ2tV2. (B.27)

If one of the eigenvalues that is λ1 is assumed to be 0, the solution becomes

Y(t) = K1V1 +K2e
λ2tV2. (B.28)

1. If λ2 < 0, the second term in the general solution tends to zero as t→∞.
The solution moves to the equilibrium point along the straight line parallel
to the eigenvector V2 which corresponds to non zero eigenvalue.

2. If λ2 > 0, the second term in the general solution tends to ∞ as t → ∞.
The solution moves away from the equilibrium point along the straight line
parallel to the eigenvector V2 which corresponds to non zero eigenvalue.

Considering the simple case of 2X2 system the phase plot is shown in figure
B.15. In this case the solution moves towards the equilibrium point along the
straight line. The time dependent behaviour of the two variables is shown in
figure B.16.

Similar types of interpretations can be drawn to higher dimensional systems
with 0 eigenvalues.

B.3 Complex Eigenvalues in Diagonalization

This subsection discusses the case of complex conjugate pair of eigenvalues oc-
curing in the diagonalization. The eigenvalues will always appear in the form of
conjugate pair like λi = a+ ib and λi+1 = a− ib because all the elements in the
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Figure B.15: 2D phase plot for the system with one 0 eigenvalues. The solution
(red curve) quickly moves towards straight line (magenta line) given by the
eigenvector corresponding to 0 eigenvalue.

Figure B.16: Time dependent behaviour of the two varibles (x and y) for the
system with 0 eigenvalues.

Jacobian matrix J are real. The diagonalization of the matrix J that has the
complex values gives the diagonal matrix as

Λ =



λ1 0 . . . . . . . . . 0
...

. . .
...

...
...

...
. . . . . . λi 0 . . . . . .
. . . . . . 0 λi+1 . . . . . .
...

...
...

...
. . .

...
0 . . . . . . . . . . . . λn


, (B.29)

The eigenvalues λi and λi+1 are the complex conjugate pair of the eigenvalues.
The corresponding eigenvectors are also in the form of complex conjugate pair.
The eigenvector matrix can be written as

V =


...

...
...

...
...

...
v1 . . . vi vi+1 . . . vn
...

...
...

...
...

...

 , (B.30)
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The eigenvectors vi and vi+1 are complex conjugate eigenvectors that corre-
sponds to the complex conjugate eigenvalues λi and λi+1.
First rearrange the eigenvalues of the diagonal matrix and the corresponding
eigenvector in the descending order of magnitude according to the real part of
the eigenvalues. For the complex conjugate pair the real part is equal so the
rearrangement is done such that the eigenvalue with positive imaginary part ap-
pears before the negative imaginary part. If λi = a+ ib and λi+1 = a− ib then
λi should appear before λi+1.
After the rearrangement is done the modified diagonal matrix and the modified
eigenvector matrix are constructed. The eigenvector matrix V is seperated into
real and imaginary part VRE and VIM . This can be written as

VRE =


...

...
...

...
...

...
vre(1) . . . vre(i) vre(i+1) . . . vre(n)

...
...

...
...

...
...

 , (B.31)

VIM =


...

...
...

...
...

...
vim(1) . . . vim(i) vim(i+1) . . . vim(n)

...
...

...
...

...
...

 , (B.32)

where vre(1) is the real portion and vim(1) is the complex portion of the cor-
responding eigenvector v1 and so on. For purely real eigenvalues the complex
portion of the corresponding eigenvector is 0. From the two vectors VRE and
VIM a modified eigenvector matrix Vmod is formulated as

Vmod =


...

...
...

...
...

...
vre(1) . . . vre(i) vim(i) . . . vre(n)

...
...

...
...

...
...

 . (B.33)

For the real eigenvalues, the eigenvectors are all real, but for complex conju-
gate pair of eigenvalues the strategy is a bit different as given in the thesis of
EGGELS. For the eigenvalue corresponding to positive imaginary part λi, the
real eigenvector is taken for that eigenvalue and imaginary portion is discarded.
For the eigenvalue corresponding to negative imaginary part λi+1 the complex
portion of the eigenvector corresponding to λi is taken and both the real and
imaginary portion of the eigenvector corresponding to that eigenvalue (λi+1) is
discarded. This is done for all the complex conjugate pair of eigenvalues present
in the diagonalization. The order of eigenvector is important hence the eigen-
values should be ordered properly. Once the modified eigenvector matrix Vmod
is formulated the inverse of the modified eigenvector matrix V −1

mod is calculated.
The matrix Vmod is invertible.
The modified diagonal basis can be calculated as

Λmod = V −1
modJV mod (B.34)
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The modified diagonal matrix thus formed contains 2X2 blocks corresponding
to each pair of complex conjugate eigenvalues. Hence for λi = a+ ib and λi+1 =
a− ib the modified diagonal matrix is

Λmod =



λ1 0 . . . . . . . . . 0
...

. . .
...

...
...

...
. . . . . . a −b . . . . . .
. . . . . . b a . . . . . .
...

...
...

...
. . .

...
0 . . . . . . . . . . . . λn


, (B.35)

where a is the real portion and b is the complex portion.
The inverse of modified eigenvector matrix V −1

mod can be seperated into the slow
and the fast vectors. If the eigenvalues are 0 or very small (as it will not be exactly
0 but less than 10−7 or 10−6) then the corresponding vector is slow. If number
of slow vectors are Nslow, the top Nslow rows corresponds to slow vector. The
constraint present in the system are already there in the slow vector. If number
of parameters are Nparam, the fast vectors are Nfast = N − Nparam − Nslow.
The fast vector corresponds to the bottom Nfast rows of the vector.

B.4 Change of basis

A set of vectors, A = {a1a2 . . .an}, in a vector space Rn is called a basis of Rn,
if A spans Rn and A is linearly independent.
The eigenvector matrix V is given as

V =
{
v1 v2 . . . vn

}
, (B.36)

and the Schur vector matrix Q is given as

Q =
{
q1 q2 . . . qn

}
, (B.37)

are the two bases of the same vector space Rn; then

v1 = c11q1 + c21q2 + . . .+ cn1qn
v2 = c12q1 + c22q2 + . . .+ cn2qn

...
vn = c1nq1 + c2nq2 + . . .+ cnnqn.

(B.38)

Each and every vector of one basis is the linear combination of the vectors of the
other basis and vice-versa. The above equation in short can be written as

V T = PQT , (B.39)

or
QT = P−1V T , (B.40)

where P is defined as the transition matrix from V toQ. If the transition matrix
can be defined then one basis vector can be changed to the other basis vector
for the same space.
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B.5 Rank of the Matrix

The rank of the matrix is the number of independent rows/columns present in
the matrix. The rank of the matrix can be calculated from two of the methods

1. Gaussian Elimination

2. Singular value Decomposition

For Gaussian elimination number of non zero independent rows is equal to the
rank of the matrix. The number of non-zero singular values is equal to the rank
of the matrix. Singular Value Decomposition is a more accurate technique to
find the rank of the matrix as explained in the previous section.

The rank of matrix K is denoted as Rank(K). From the inequality theorem
the rank of the product of two matrices is

Rank(K1K2) ≤ Rank(K1)Rank(K2). (B.41)

B.6 Systems with equal time scale

B.6.1 Two level system with equal time scale

Considering the 2X2 matrix for which diagonalization is not possible

K =

(
−1 1
0 −1

)
. (B.42)

The eigenvalues are λ = (−1,−1). The corresponding time scales are equal
τ1 = τ2 = 1.

The full system of equation for the above case can be written as

dY
dt

=

(
−1 1
0 −1

)
Y , (B.43)

or
dY1

dt
= −Y1 + Y2,

dY2

dt
= −Y2. (B.44)

The full system solution for the above equations is

Y1 = exp(−t)
(
Y1(0) + tY2(0)

)
. (B.45)

Y2 = Y2(0) exp(−t). (B.46)

where Y1(0) and Y2(0) are the densities of Y1 and Y2 at time t = 0.

If the eigenvectors are calculated for the matrix K there is only one eigen-
vector which is V = [1, 0]. The complete two-dimensional space is not spanned
by the eigenvectors.
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If the Schur decomposition is performed on matrix K we get the Schur vector
matrix as

Q =

(
−1 0
0 −1

)
, (B.47)

and the corresponding upper triangular matrix is

N =

(
−1 1
0 −1

)
. (B.48)

From equation (B.47) we can verify QT = Q−1. Hence we get two schur vectors
which are q1 = [−1, 0] and q2 = [0,−1]. The complete 2 Dimensional space is
spanned by the Schur vectors.

B.6.2 Three level system with equal time scale

The linear three level system as explained in section 4.5.3 is

∂y

∂t
=

−k1 0 0
k1 −k2 k3

0 k2 −k3

y. (B.49)

The eigenvalues of the matrix are Λ = diag(0,−k1,−(k2 + k3)). The di-
agonalization is not possible if k1 = k2 + k3. If we assume the condition
that the two eigenvalues are equal we end up with the diagonal matrix as
Λ = diag(0,−(k2 + k3),−(k2 + k3)). The corresponding eigenvector is

V =

 0 0 0
k3 1 1
k2 −1 −1

 . (B.50)

The inverse of eigenvector matrix V is not possible. The corresponding two time
scales will become equal with magnitude as

τ1 = τ2 =
1

(k2 + k3)
. (B.51)

The complete set of equation will become

∂y1

∂t
= −(k2 + k3)y1, (B.52)

∂y2

∂t
= (k2 + k3)y1 − k2y2 + k3y3, (B.53)

∂y3

∂t
= k2y2 − k3y3. (B.54)

The initial condition is written as y = (1, 0, 0). From the first equation we get

y1 = exp (−(k2 + k3)t) . (B.55)
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The second equation then becomes

∂y2

∂t
= (k2 + k3)y1 − k2y2 + k3 (1− y2 − y1) , (B.56)

since y1 + y2 + y3 = 1. The equation then becomes

∂y2

∂t
+ (k2 + k3)y2 = k2y1 + k3. (B.57)

Solving the above equation by substituting the value of y1 from equation (B.55)
and putting y2 = 0 at t = 0 we get

y2 =
k3

k2 + k3
+

(
k2t−

k3

k2 + k3

)
exp (−(k2 + k3)t) . (B.58)

y3 can be found from y3 = 1− y1 − y2.

y3 =
k2

k2 + k3
−
(
k2t+

k2

k2 + k3

)
exp (−(k2 + k3)t) . (B.59)

Hence the complete solution of the three equations is

y1 = exp (−(k2 + k3)t) , (B.60)

y2 =
k3

k2 + k3
+

(
k2t−

k3

k2 + k3

)
exp (−(k2 + k3)t) , (B.61)

y3 =
k2

k2 + k3
−
(
k2t+

k2

k2 + k3

)
exp (−(k2 + k3)t) . (B.62)

The equilibrium point is given as yeq =
(

0, k3
k2+k3

, k2
k2+k3

)
. Physically there is a

solution possible for this system.



B.6. Systems with equal time scale 187

Figure B.17: Figure shows the behaviour of densities with time for two time
scales being equal. The value of k2 = 100 and k3 = 1. The algebraic term is
dominant in the initial period of time while exponential term becomes significant
at later times.





CData Sets for the PCA Study

C.1 Data for the atomic argon model

The data for the argon model with 5 levels, used in section 8.4.1.

C.2 Data for the argon model with 78 levels

The data for the argon model with 78 levels, used in section 8.4.2. The data was
taken from Graef [103].

Table C.2: A list of all the levels that were included in the argon model with 78
levels, used in section 8.4.2, together with their energy and statistical weight.

name energy weight name energy weight

ground 0.000000 1

4s[3/2]2 11.548354 5 4s[3/2]1 11.623592 3
4s’[1/2]0 11.723160 1 4s’[1/2]1 11.828071 3

Table C.1: Reaction Mechanism of the Argon atomic 5 level system

# Reaction Rate Coefficient Ref

1 Ar + e → Ar(4s)r + e 5.00× 10−15T 0.74
e exp (−11.56/Te) [112]

2 Ar + e → Ar(4s)m + e 5.00× 10−15T 0.74
e exp (−11.56/Te) [112]

3 Ar(4s)r + e → Ar + e 4.30× 10−16T 0.74
e [112]

4 Ar(4s)m + e → Ar + e 4.30× 10−16T 0.74
e [112]

5 Ar + e → Ar(4p) + e 1.40× 10−14T 0.71
e exp (−13.20/Te) [112]

6 Ar(4p) + e → Ar + e 3.90× 10−16T 0.71
e [112]

7 Ar(4s)r + e → Ar(4p) + e 8.90× 10−13T 0.51
e exp (−1.59/Te) [112]

8 Ar(4s)m + e → Ar(4p) + e 8.90× 10−13T 0.51
e exp (−1.59/Te) [112]

9 Ar(4p) + e → Ar(4s)r + e 3.00× 10−13T 0.51
e [112]

10 Ar(4p) + e → Ar(4s)m + e 3.00× 10−13T 0.51
e [112]

11 Ar + e → Ar+ + e + e 2.30× 10−14T 0.68
e exp (−15.76/Te) [112]

12 Ar(4s)r + e → Ar+ + e + e 6.80× 10−15T 0.67
e exp (−4.20/Te) [112]

13 Ar(4s)m + e → Ar+ + e + e 6.80× 10−15T 0.67
e exp (−4.20/Te) [112]

14 Ar(4p) + e → Ar+ + e + e 1.80× 10−13T 0.61
e exp (−2.61/Te) [112]

15 Ar(4s)m + e → Ar(4s)r + e 2.00× 10−13 [112]
16 Ar(4s)r → Ar 3.00× 107 [112]
17 Ar(4p) → Ar 3.20× 107 [112]
18 Ar+ + e + e → Ar + e 8.75× 10−39T−4.5

e [110]

189
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name energy weight name energy weight

4p[1/2]1 12.907015 3 4p[5/2]3 13.075715 7
4p[5/2]2 13.094872 5 4p[3/2]1 13.153143 3
4p[3/2]2 13.171777 5 4p[1/2]0 13.273038 1
4p’[3/2]1 13.282638 3 4p’[3/2]2 13.302227 5
4p’[1/2]1 13.327856 3 4p’[1/2]0 13.479886 1

3d[1/2]0 13.845038 1 3d[1/2]1 13.863668 3
3d[3/2]2 13.903454 5 3d[7/2]4 13.979237 9
3d[7/2]3 14.012738 7 3d[5/2]2 14.063027 5
3d[5/2]3 14.099055 7 3d[3/2]1 14.152514 3
3d’[5/2]2 14.213671 5 3d’[3/2]2 14.234022 5
3d’[5/2]3 14.236105 7 3d’[3/2]1 14.303668 3

5s[3/2]2 14.068297 5 5s[3/2]1 14.089968 3
5s’[1/2]0 14.241027 1 5s’[1/2]1 14.255085 3

5p[1/2]1 14.463995 3 5p[5/2]3 14.499053 7
5p[5/2]2 14.506067 5 5p[3/2]1 14.524913 3
5p[3/2]2 14.528913 5 5p[1/2]0 14.575948 1
5p’[3/2]1 14.680650 3 5p’[1/2]1 14.687118 3
5p’[3/2]2 14.688290 5 5p’[1/2]0 14.738115 1

6s 14.842395 8 6s’ 15.020082 4
7s 15.182461 8 7s’ 15.359150 4
8s 15.363559 8 8s’ 15.541244 4
9s 15.470217 8 9s’ 15.647963 4
10s 15.539020 8 10s’ 15.716050 4

6p 15.027492 24 6p’ 15.204578 12
7p 15.285607 24 7p’ 15.441823 12
8p 15.418657 24 8p’ 15.595913 12
9p 15.505837 24 9p’ 15.687000 12

4d 14.780255 40 4d’ 14.967431 20
5d 15.146943 40 5d’ 15.316640 20
6d 15.343672 40 6d’ 15.515428 20
7d 15.454865 40 7d’ 15.632548 20
8d 15.530544 40 8d’ 15.713471 20

4f 14.905574 56 4f’ 15.083141 28
5f 15.213270 56 5f’ 15.390949 28
6f 15.380265 56 6f’ 15.557897 28
7f 15.481085 56 7f’ 15.658571 28
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name energy weight name energy weight

ion 15.75961 6

Table C.3: A list of the radiative transitions that were used for the argon model
with 78 levels in section 8.4.2. For each transition the wavelength and transition
probability is given.

upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4s[3/2]1 ground 106.7 119 4s’[1/2]1 ground 104.8 510

4p[1/2]1 4s’[1/2]0 1047.3 0.98 4p[1/2]1 4s’[1/2]1 1149.1 0.19
4p[1/2]1 4s[3/2]1 966.0 5.43 4p[1/2]1 4s[3/2]2 912.5 18.9
4p[5/2]3 4s[3/2]2 811.8 33.1 4p[5/2]2 4s’[1/2]1 978.7 1.47
4p[5/2]2 4s[3/2]1 842.7 21.5 4p[5/2]2 4s[3/2]2 801.7 9.28
4p[3/2]2 4s’[1/2]1 922.4 5.03 4p[3/2]2 4s[3/2]1 800.6 4.9
4p[3/2]2 4s[3/2]2 763.5 24.5 4p[3/2]1 4s’[1/2]0 867.0 2.43
4p[3/2]1 4s’[1/2]1 935.4 1.06 4p[3/2]1 4s[3/2]1 810.4 25.0
4p[3/2]1 4s[3/2]2 772.4 5.18 4p[1/2]0 4s[3/2]1 751.7 40.2
4p’[3/2]1 4s’[1/2]0 795.0 18.6 4p’[3/2]1 4s’[1/2]1 852.4 13.9
4p’[3/2]1 4s[3/2]1 747.3 0.022 4p’[3/2]1 4s[3/2]2 714.9 0.625
4p’[3/2]2 4s’[1/2]1 841.1 22.3 4p’[3/2]2 4s[3/2]1 738.6 8.47
4p’[3/2]2 4s[3/2]2 706.9 3.8 4p’[1/2]1 4s’[1/2]0 772.6 11.7
4p’[1/2]1 4s’[1/2]1 826.7 15.3 4p’[1/2]1 4s[3/2]1 727.5 1.83
4p’[1/2]1 4s[3/2]2 696.7 6.39 4p’[1/2]0 4s’[1/2]1 750.6 44.5
4p’[1/2]0 4s[3/2]1 667.9 0.236

3d[1/2]0 4p[1/2]1 1321.8 8.1 3d[1/2]0 4p’[1/2]1 2397.3 0.36
3d[1/2]0 4p’[3/2]1 2204.6 0.12 3d[1/2]1 4p[1/2]1 1296.0 7.4
3d[1/2]1 4p’[1/2]1 2314.0 0.17 3d[1/2]1 4p’[3/2]1 2133.9 0.032
3d[1/2]1 4p’[3/2]2 2208.3 0.14 3d[1/2]1 4p[5/2]2 1612.7 0.039
3d[3/2]2 4p[1/2]1 1244.3 4.9 3d[3/2]2 4p’[1/2]1 2154.0 0.11
3d[3/2]2 4p[3/2]1 1694.5 0.26 3d[3/2]2 4p[3/2]2 1652.4 2.5
3d[3/2]2 4p’[3/2]2 2062.2 0.39 3d[3/2]2 4p[5/2]2 1533.4 0.12
3d[7/2]3 4p[3/2]2 1442.4 0.088 3d[7/2]3 4p[5/2]2 1350.8 11
3d[5/2]2 4p[3/2]1 1391.1 7.3 3d[5/2]2 4p[5/2]2 1280.6 5.7
3d[5/2]2 4p[5/2]3 1255.8 0.12 3d[5/2]3 4p’[3/2]2 1556.0 0.0098
3d[5/2]3 4p[5/2]2 1234.7 2 3d[5/2]3 4p[5/2]3 1211.6 3.1
3d[3/2]1 4p[1/2]0 1409.7 4.3 3d[3/2]1 4p[3/2]1 1264.2 11
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

3d[3/2]1 4p[5/2]2 1172.3 0.952 3d[3/2]1 ground 87.6 270
3d’[5/2]2 4p’[3/2]1 1331.7 13 3d’[5/2]2 4p’[3/2]2 1360.3 2.2
3d’[5/2]2 4p[5/2]2 1108.2 0.83 3d’[3/2]2 4p’[1/2]1 1368.2 6.2
3d’[3/2]2 4p[3/2]1 1167.2 0.369 3d’[3/2]2 4p[3/2]2 1147.1 3.76
3d’[5/2]3 4p’[3/2]2 1327.6 15 3d’[3/2]1 4p[1/2]0 1203.0 0.42
3d’[3/2]1 4p’[1/2]0 1505.1 5.2 3d’[3/2]1 4p’[1/2]1 1270.6 7.1
3d’[3/2]1 4p’[3/2]1 1214.3 4.5 3d’[3/2]1 4p[3/2]2 1077.6 0.396
3d’[3/2]1 ground 86.7 313

5s[3/2]2 4p[1/2]1 1067.6 4.9 5s[3/2]2 4p’[1/2]1 1674.5 0.31
5s[3/2]2 4p[3/2]1 1382.9 0.46 5s[3/2]2 4p’[3/2]1 1578.1 0.059
5s[3/2]2 4p[3/2]2 1354.8 3.3 5s[3/2]2 4p’[3/2]2 1618.4 0.12
5s[3/2]2 4p[5/2]2 1273.7 1.1 5s[3/2]2 4p[5/2]3 1249.1 11
5s[3/2]1 4p[1/2]0 1517.7 1.3 5s[3/2]1 4p’[1/2]0 2032.3 0.16
5s[3/2]1 4p[1/2]1 1048.1 2.44 5s[3/2]1 4p’[1/2]1 1626.9 0.03
5s[3/2]1 4p[3/2]1 1350.3 4.6 5s[3/2]1 4p’[3/2]1 1535.7 0.45
5s[3/2]1 4p[3/2]2 1323.5 2.7 5s[3/2]1 4p’[3/2]2 1573.9 0.029
5s[3/2]1 4p[5/2]2 1246.0 8.9 5s[3/2]1 ground 88.0 77
5s’[1/2]0 4p’[1/2]1 1357.7 5.1 5s’[1/2]0 4p[1/2]1 929.4 3.26
5s’[1/2]0 4p[3/2]1 1159.5 2.22 5s’[1/2]0 4p’[3/2]1 1293.7 10
5s’[1/2]1 4p[1/2]0 1262.5 0.38 5s’[1/2]1 4p’[1/2]0 1599.4 1.9
5s’[1/2]1 4p’[1/2]1 1337.1 3.4 5s’[1/2]1 4p[1/2]1 919.7 1.76
5s’[1/2]1 4p[3/2]1 1144.5 0.28 5s’[1/2]1 4p’[3/2]1 1275.0 2.0
5s’[1/2]1 4p[3/2]2 1125.1 1.39 5s’[1/2]1 4p’[3/2]2 1301.2 8.9
5s’[1/2]1 4p[5/2]2 1068.6 0.21 5s’[1/2]1 ground 87.0 35

5p[1/2]1 4s’[1/2]0 452.4 0.0898 5p[1/2]1 4s’[1/2]1 470.4 0.109
5p[1/2]1 4s[3/2]1 436.5 0.012 5p[1/2]1 4s[3/2]2 425.2 0.111
5p[5/2]3 3d[3/2]2 2081.7 0.076 5p[5/2]3 3d[7/2]4 2385.2 1.1
5p[5/2]3 4s[3/2]2 420.2 0.967 5p[5/2]2 4s’[1/2]1 463.0 0.0383
5p[5/2]2 4s[3/2]1 430.1 0.377 5p[5/2]2 4s[3/2]2 419.2 0.28
5p[3/2]1 4s’[1/2]0 442.5 0.0073 5p[3/2]1 4s’[1/2]1 459.7 0.0947
5p[3/2]1 4s[3/2]1 427.3 0.797 5p[3/2]1 4s[3/2]2 416.5 0.288
5p[3/2]2 4s’[1/2]1 459.1 0.0062 5p[3/2]2 4s[3/2]1 426.7 0.312
5p[3/2]2 4s[3/2]2 416.0 1.4 5p[1/2]0 4s’[1/2]1 451.2 1.18
5p[1/2]0 4s[3/2]1 419.9 2.57 5p’[3/2]1 4s’[1/2]0 419.2 0.539
5p’[3/2]1 4s’[1/2]1 434.6 0.297 5p’[3/2]1 4s[3/2]1 405.6 0.027
5p’[1/2]1 3d[3/2]2 1582.1 0.087 5p’[1/2]1 4s’[1/2]0 418.3 0.561
5p’[1/2]1 4s’[1/2]1 433.7 0.387 5p’[1/2]1 4s[3/2]1 404.7 0.041
5p’[1/2]1 4s[3/2]2 395.0 0.455 5p’[3/2]2 4s’[1/2]1 433.5 0.568
5p’[3/2]2 4s[3/2]1 404.6 0.333 5p’[3/2]2 4s[3/2]2 394.9 0.056
5p’[1/2]0 4s’[1/2]1 426.1 3.98
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4d 4p[1/2]0 822.6 0.069 4d 4p[1/2]1 661.9 0.53
4d 4p’[1/2]1 853.7 0.16 4d 4p[3/2]1 770.8 0.094
4d 4p’[3/2]1 827.9 0.018 4d 4p[3/2]2 762.0 0.19
4d 4p’[3/2]2 838.8 0.21 4d 4p[5/2]2 735.6 0.20
4d 4p[5/2]3 727.4 0.48

6s 4p[1/2]0 790.0 0.13 6s 4p’[1/2]0 910.0 0.036
6s 4p[1/2]1 640.6 0.88 6s 4p’[1/2]1 818.6 0.11
6s 4p[3/2]1 742.1 0.77 6s 4p’[3/2]1 794.9 0.066
6s 4p[3/2]2 734.0 0.83 6s 4p’[3/2]2 805.0 0.089
6s 4p[5/2]2 709.5 1.03 6s 4p[5/2]3 701.8 1.67
6s’ 4p[1/2]0 709.7 0.11 6s’ 4p’[1/2]0 805.0 0.27
6s’ 4p[1/2]1 586.7 0.52 6s’ 4p’[1/2]1 732.7 1.02
6s’ 4p[3/2]1 670.8 0.23 6s’ 4p’[3/2]1 713.6 0.98
6s’ 4p[3/2]2 664.1 0.12 6s’ 4p’[3/2]2 721.7 1.86
6s’ 4p[5/2]2 644.0 0.038

7s 4p[1/2]0 649.3 0.035 7s 4p[1/2]1 544.9 0.37
7s 4p[3/2]1 616.6 0.22 7s 4p’[3/2]1 652.6 0.020
7s 4p[3/2]2 611.0 0.50 7s 4p’[3/2]2 659.4 0.023
7s 4p[5/2]2 593.9 0.53 7s 4p[5/2]3 588.5 0.81
7s’ 4p[1/2]0 594.3 0.09 7s’ 4p[1/2]1 505.6 0.48
7s’ 4p’[1/2]1 610.4 0.33 7s’ 4p[3/2]1 566.8 0.25
7s’ 4p’[3/2]1 597.1 0.41 7s’ 4p’[3/2]2 602.8 0.68
7s’ 4p[5/2]2 547.6 0.15

8s 4p[1/2]1 504.7 0.29 8s 4p’[1/2]1 609.0 0.028
8s 4p’[3/2]1 595.8 0.056 8s 4p[3/2]2 560.9 0.21
8s 4p’[3/2]2 601.5 0.052 8s 4p[5/2]2 546.5 0.18
8s 4p[5/2]3 541.9 0.38 8s’ 4p[3/2]1 523.3 0.20
8s’ 4p’[3/2]1 548.9 0.14 8s’ 4p’[3/2]2 553.7 0.20

9s 4p[1/2]0 564.3 0.079 9s 4p[1/2]1 483.7 0.064
9s 4p[3/2]2 535.1 0.060 9s 4p[5/2]2 522.0 0.049
9s 4p[5/2]3 517.8 0.15

10s 4p[5/2]2 507.3 0.098 10s 4p[5/2]3 503.3 0.051

6p 4s’[1/2]0 375.2 0.0088 6p 4s’[1/2]1 387.5 0.038
6p 4s[3/2]1 364.2 0.072 6p 4s[3/2]2 356.4 0.088
6p’ 4s’[1/2]0 356.1 0.030 6p’ 4s’[1/2]1 367.2 0.092
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

6p’ 4s[3/2]1 346.2 0.028

7p 4s’[1/2]1 358.6 0.021 7p’ 4s’[1/2]1 343.1 0.033

4d’ 4p[1/2]0 731.7 0.0087 4d’ 4p[1/2]1 601.7 0.31
4d’ 4p’[1/2]1 756.2 0.15 4d’ 4p[3/2]1 690.5 0.11
4d’ 4p’[3/2]1 735.9 0.11 4d’ 4p[3/2]2 683.4 0.22
4d’ 4p’[3/2]2 744.6 0.24 4d’ 4p[5/2]2 662.1 0.047
4d’ 4p[5/2]3 655.4 0.11

5d 4p[1/2]0 661.6 0.029 5d 4p[1/2]1 553.5 0.42
5d 4p’[1/2]1 681.6 0.038 5d 4p[3/2]1 627.7 0.11
5d 4p’[3/2]1 665.0 0.026 5d 4p[3/2]2 621.8 0.18
5d 4p’[3/2]2 672.1 0.069 5d 4p[5/2]2 604.2 0.29
5d 4p[5/2]3 598.6 0.60 5d’ 4p[1/2]0 606.7 0.012
5d’ 4p[1/2]1 514.5 0.37 5d’ 4p’[1/2]1 623.4 0.23
5d’ 4p[3/2]1 578.1 0.24 5d’ 4p’[3/2]1 609.6 0.30
5d’ 4p[3/2]2 573.1 0.21 5d’ 4p’[3/2]2 615.5 0.43
5d’ 4p[5/2]2 558.0 0.27 5d’ 4p[5/2]3 553.3 0.084

6d 4p[1/2]0 598.8 0.023 6d 4p’[1/2]0 665.2 0.0091
6d 4p[1/2]1 508.8 0.21 6d 4p’[1/2]1 615.1 0.016
6d 4p[3/2]1 570.9 0.023 6d 4p’[3/2]1 601.6 0.015
6d 4p[3/2]2 566.0 0.19 6d 4p’[3/2]2 607.3 0.015
6d 4p[5/2]2 551.3 0.074 6d 4p[5/2]3 546.7 0.40
6d’ 4p[1/2]1 475.3 0.22 6d’ 4p[3/2]1 529.0 0.090
6d’ 4p’[3/2]1 555.3 0.067 6d’ 4p[3/2]2 524.8 0.064
6d’ 4p’[3/2]2 560.2 0.18 6d’ 4p[5/2]2 512.2 0.10
6d’ 4p[5/2]3 508.2 0.016

7d 4p[1/2]0 568.3 0.013 7d 4p[1/2]1 486.6 0.24
7d 4p’[1/2]1 582.9 0.0041 7d 4p[3/2]1 543.1 0.034
7d 4p[3/2]2 538.7 0.035 7d 4p’[3/2]2 576.0 0.016
7d 4p[5/2]2 525.4 0.13 7d 4p[5/2]3 521.1 0.22
7d’ 4p[1/2]1 454.9 0.0095 7d’ 4p’[3/2]2 532.0 0.091

8d 4p[1/2]0 549.2 0.0090 8d 4p[1/2]1 472.6 0.043
8d 4p’[3/2]1 551.6 0.0059 8d 4p[3/2]2 521.5 0.038
8d 4p[5/2]2 509.0 0.028 8d 4p[5/2]3 505.1 0.083

4f 3d[1/2]0 1169.1 0.036 4f 3d[1/2]1 1190.0 0.66
4f 3d[3/2]1 1646.4 0.76 4f 3d[3/2]2 1237.2 0.75
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4f 3d’[5/2]2 1791.9 0.11 4f 3d[5/2]3 1537.3 1.77
4f 3d[7/2]4 1338.4 2.3 4f 5s[3/2]2 1480.8 0.053

4f’ 3d’[3/2]1 1590.6 1.38 4f’ 3d[3/2]2 1051.0 0.68
4f’ 3d’[3/2]2 1460.2 2.3 4f’ 3d’[5/2]3 1463.7 5.1
4f’ 3d[7/2]3 1158.3 0.20

C.3 CO2 chemistry

C.3.1 Electron impact ionization and excitation reactions

Electron impact ionization and excitation reactions for the CO2 microwave model.
This table was taken from the work by Koelman et al. [88]. All ionic species ex-
cept CO+

2 were removed as well as the C and C2 species. The reaction numbers
were not changed.

Table C.4: The electron impact ionization and excitation reactions in this model,
with the corresponding ID and reference from which the data originates. For the
reaction ID is unchanged with respect to [139]. For an added reaction the ID
ends with an additional a. Most, but not all, of the reactions are described by a
cross section.

No. Reaction Ref.

X1 e− + CO2 → e− + CO2 [149] a

X2 e− + CO2 → e− + e− + CO+
2 [149] a

X4 e− + CO2 → e− + e− + C+ + O2 [150] b

X8 e− + CO2 → e− + CO + O [150] b

X9 e− + CO2 → e− + CO2[e1] [149] a

X10 e− + CO2 → e− + CO2[e2] [149] a

X11 e− + CO2 → e− + CO2[va] [149]
X12 e− + CO2 → e− + CO2[vb] [149]
X13 e− + CO2 → e− + CO2[vc] [149]
X14 e− + CO2 → e− + CO2[vd] [149]
X15 e− + CO2 → e− + CO2[v1] [149] c

X16 e− + CO → e− + CO [151] a

X21 e− + CO → e− + CO[e1] [151] a

X22 e− + CO → e− + CO[e2] [151] a

X23 e− + CO → e− + CO[e3] [151] a

X24 e− + CO → e− + CO[e4] [151] a

X25 e− + CO → e− + CO[v1] [151] c
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No. Reaction Ref.

X31 e− + O2 → e− + O2 [152] a

X32 e− + O2 → e− + O + O [150] b

X36 e− + O2 → e− + O2[v1] [153]
X37 e− + O2 → e− + O2[v2] [153]
X38 e− + O2 → e− + O2[v3] [153]
X39 e− + O2 → e− + O2[e1] [153] a

X40 e− + O2 → e− + O2[e2] [153] a

X41 e− + O3 → e− + O3 [154]
X42 e− + O3 → e− + O2 + O [139]
X47 e− + O → e− + O [154]

a The same cross section is used for the vibrationally excited
species.

b The cross section is modified according to equation (4)
of [139] for vibrationally excited species. For electronically
excited species the energy data from the LUT is shifted
with the difference in energy between the species in the
ground state and the electronically excited state. Con-
cequently the threshold energy of the process equals the
threshold energy in the (modified) LUT.

c The cross section is modified according to equation (4) of
[139] for vibrationally excited species.

C.3.2 Electron attachment and electron-ion recombination
reactions.

Electron attachment and electron-ion recombination reactions for the CO2 mi-
crowave model [88]. All ionic species except CO+

2 were removed as well as the C
and C2 species. The reaction numbers were not changed.

Table C.5: Electron attachment and electron-ion recombination reactions. The
reported rate coefficients have the units m3 s−1 or m6/s, with the gas temperature
Tg in K and the electron temperature Te in eV.

No. Reaction Rate coefficient Ref

E1 e− + CO+
2 → CO[v1] + O 2.00 · 10−11 T−0.5

e T−1
g [155,156]

C.3.3 Neutral-neutral interactions

Neutral-neutral interactions for the CO2 microwave model, developed by Koel-
man et al. [88]. All ionic species except CO+

2 were removed as well as the C and
C2 species. The reaction numbers were not changed.
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Table C.6: The neutral-neutral interactions with the rate coefficients as they are
included in the model, in units of m3 s−1 and m3 s−1. The coefficient α originates
from [157], where the values are presented as estimates. The reactions and rate
coefficients that are followed by an asterisk are discussed in more detail in [88].

No. Reaction rate α Ref

N1 CO2 + M → CO + O + M 1.81 · 10−16 exp(−49000/Tg) 0.8 [158,159]
N2 CO2 + O → CO + O2 2.8 · 10−17 exp(−26500/Tg) 0.5 [159–161]
N4 O + CO + M → CO2 + M 8.2 · 10−46 exp(−1510/Tg) ·A a 0.0 [159,162]
N5 O2 + CO → CO2 + O 4.2 · 10−18 exp(−24000/Tg) 0.5 [159,160]
N6 O3 + CO → CO2 + O2 ≤ 4.0 · 10−31 [159,160]
N10 O + C2O → CO + CO 9.51 · 10−17 [163]
N11 O2 + C2O → CO2 + CO 3.3 · 10−19 [162]
N12 O + O3 → O2 + O2 8.0 · 10−18 exp(−2056/Tg) [159,164]
N13 O3 + M → O2 + O + M 4.12 · 10−16 exp(−11430/Tg) [160]
N14 O + O2 + M → O3 + M 5.51 · 10−46(Tg/298)−2.6 [165]
N15 O + O + M → O2 + M 5.2 · 10−47 exp(900/Tg) [161]

a A = 2, 1, 1 for M = CO2, O2 and CO, respectively.

C.3.4 VV and VT reactions

VV energy transfer reactions (vibrational energy is exchanged between two species)
and VT reactions (vibrational energy is transferred to heat) as were given in
Koelman et al. [88].
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Table C.7: The VV and VT reactions of CO2, CO and O2, with the corresponding
rate coefficient, obtained from [139]. The anharmonicity parameter xe is required
when applying the VV and VT rate coefficient scaling laws, see [88].

No. Rate coefficient (m3 s−1) xe(·10−3) Ref Note

V1 CO2va + M → CO2 + M 0.0 [166] a

7.14 · 10−14 exp(−177T
−1/3
g + 451T

−2/3
g )

V2a CO2v1 + M → CO2va + M 3.7 [166] b

4.25 · 10−7 exp(−407T
−1/3
g + 824T

−2/3
g )

V2b CO2v1 + M → CO2vb + M 1.0 [166] b

8.57 · 10−7 exp(−404T
−1/3
g + 1096T

−2/3
g )

V2c CO2v1 + M → CO2vc + M −15.6 [166] b

1.43 · 10−11 exp(−252T
−1/3
g + 685T

−2/3
g )

V3 COv1 + M → CO + M 6.13 [143] c

1.0 · 10−18 Tg exp(−150.7T
−1/3
g )

V4 COv1 + O2 → CO + O2 6.13 [166]

3.19 · 10−12 exp(−289T
−1/3
g )

V5 O2v1 + M → O2 + M 0.0 [166] d

1.30 · 10−14 exp(−158T
−1/3
g )

V6 O2v1 + O2 → O2 + O2 0.0 [143]

1.35 · 10−18 Tg exp(−137.9T
−1/3
g )[1− exp(−2273/Tg)]−1

V7a CO2v1 + CO2 → CO2vb + CO2va 2.8 [166]

1.06 · 10−11 exp(−242T
−1/3
g + 633T

−2/3
g )

V7b CO2v1 + CO2 → CO2va + CO2vb 17.6 [166]

1.06 · 10−11 exp(−242T
−1/3
g + 633T

−2/3
g )

V8 CO2v1 + CO2 → CO2 + CO2v1 5.25 [167]
1.32 · 10−16(Tg/300)0.5 250/Tg

V9 COv1 + CO → CO + COv1 6.13 [143]
3.4 · 10−16(Tg/300)0.5 (1.64 · 10−6 Tg + 1.61/Tg)

V10 CO2v1 + CO → CO2 + CO2v1 5.25; 6.13 [166]

4.8 · 10−18 exp(−153T
−2/3
g )

a The rate coefficient is multiplied with 1.0, 0.7 and 0.7 for CO2, CO and O2, respectively.
b The rate coefficient is multiplied with 1.0, 0.3 and 0.4 for CO2, CO and O2, respectively.
c The same rate coefficient for M = CO2 and CO.
d The rate coefficient is multiplied with 0.3 and 1.0 for M = CO2 and CO, respectively.
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