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Abstract: We present a novel method for interpreting generally measured wellbore flow rate
and pressure signals at the bottom of a producing oil or gas well. The method gives the results
of a conventional well testing procedure without any need to do the costly testing operation
that may require a long-time shut-in period of the production well and deferred production. The
results of this interpretation are then used to extract certain information about an underground
reservoir such as the average permeability of the area adjacent to the well. The method uses
instrumental variable (IV)-based system identification techniques, although it is different from
conventional IV methods as it lets the IV signal be correlated with the input and output signals’
noise. This property increases the number of possible candidate to be used as the IV signal, thus
make the method more general. The application of the proposed method has been investigated
on synthetic and real well test data sets.

Keywords: closed-loop identification, errors-in-variables method, instrumental variables, well
testing, reservoir engineering.

1. INTRODUCTION

In this paper we present a method to extract physical
parameters of an underground oil or gas reservoir from
measured pressure and flow rate data recorded at the
bottom of a well that is producing oil or gas from the
reservoir. In particular the parameters to be estimated
are reservoir permeability and skin factor. The former
shows how easy the fluid passes through the reservoir rock
and the latter indirectly indicates the health condition
of the reservoir rock very close to the well. In reservoir
engineering this process is performed in a well test analysis
or pressure transient analysis (PTA). A typical PTA is
done on the recorded pressure data of a long constant-rate
flow period that can be considered as a step response of the
reservoir. To obtain this step response usually the well is
flowed at an almost constant rate and then suddenly shut-
in, i.e. made to flow at zero rate for a period of several days.
Two common disadvantages of this operation are the loss
of production and possible problems with well integrity
due to the sudden pressure change effects.

The advent of permanent downhole pressure and flow rate
gauges provides reservoir engineers with the opportunity
to collect an alternative well test data set, created with
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a variable flow rate which may avoid the common well
testing disadvantages. To extract reservoir information,
i.e. the required step response, from the variable flow
rate and pressure data, a deconvolution algorithm has
to be implemented (Baygun et al., 1997; Kuchuk, 1990;
Kamal and Abbaszadeh, 2009). These algorithms are very
sensitive to sensor noise and much effort has been devoted
to develop an effective deconvolution algorithm working on
noisy data. Most of the typical deconvolution algorithms
assume a Gaussian noise on the data. Recently, Mansoori
et al. (2014b) have presented a system identification based
method to perform PTA that rigorously accounts for the
noise effects in the data including the sensor and process
noise. This method requires an auxiliary signal in the form
of a noise free reference signal to remove the noise of the
data. In this paper the limitation of having a noise free
signal is relaxed by using the recently developed errors-in-
variables (EIV) method presented in Dankers et al. (2014a)
which lets other noisy signals in the system be used as the
auxiliary signal.

The typical deconvolution methods in PTA can be broadly
categorized into time-domain (Jargon and Van Poolen,
1965; Baygun et al., 1997) and spectral-domain approaches
(Bourgeois and Horne, 1993; Onur and Reynolds, 1998). A
major problem with these techniques is the sensitivity to
sensor noise (in the time-domain this leads to a highly ill-
conditioned inverse problem and in the spectral domain it
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causes large errors in the solution). Recently, von Schroeter
et al. (2004) proposed a nonlinear total least squares
algorithm to handle the noise in flow and pressure signals
simultaneously. The method has shown acceptable results
for practical levels of sensor noise. This method uses
regularization to cope with the ill-conditionedness of the
solution. Unfortunately, several regularization coefficients
have to be selected subjectively to implement the method.

In Mansoori et al. (2014b) the PTA of variable noisy
bottomhole flow rate and pressure measurements has been
analyzed from a systems-theoretical perspective. The Two
Stage Identification method (Van den Hof and Schrama
(1993)) has been deployed to identify a data-driven math-
ematical model for the reservoir. The Two Stage method
relies on using a noise-free surface flow rate signal in com-
bination with the downhole measurements and solves two
subsequent open-loop identification problems to estimate
the reservoir model. The problem is that in typical produc-
tion data sets the noise-free surface flow rate signal is not
available. In Mansoori et al. (2014a) an IV approach has
been presented such that a measured (i.e. noisy) version
of the surface flow rate can be used in the identification
method. However, the main issue is still that the surface
flow rate (noisy or noise-free) is not available in a typical
data set.

To circumvent this limitation, in this paper we use the
recently proposed IV based EIV identification by Dankers
et al. (2014b). This method is also an IV based method,
however unlike the method used in Mansoori et al. (2014b),
any signal that is measured in addition to the bottom hole
pressure and flow rate can be used as an instrumental vari-
able. This means that signals such as the surface pressure,
secondary bottomhole flow rate, secondary bottomhole
pressure, bottomhole temperature can be used as IVs.
These measurements are often available in well production
data sets.

This paper is structured as follows. First the block diagram
representation of the model of a wellbore connected to a
simple reservoir is derived. Then the identification method
of Dankers et al. (2014b) is presented. Thereafter, the
identification results of the method are illustrated using
synthetic and real data sets. We show that the parameters
extracted from the identified models match well with the
parameters extracted using traditional PTA. The data sets
used in this paper are standard well testing data sets in
order to be able to compare our method with standard
techniques. However, the advantage of our method is that
general production data can also be used, i.e doing PTA
without conducting the expensive well test operation.

2. MODELING OF A RESERVOIR WITH A
PRODUCING WELL

In this section we derive a block-diagram representation
of the model of a production system with a vertical well
connected to the center of a cylindrical reservoir as shown
in Fig. 1. The wellhead choke system is manipulated to
flow the well at a surface flow rate qwh which results in
a flow rate and pressure at the bottomhole qbh and pbh
respectively. The reservoir has been confined at the outer
boundary with a constant-pressure aquifer while the top
and bottom are represented with no-flow boundaries; for

Fig. 1. The production system comprise a cylindrical
reservoir drained with a vertical well.
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Fig. 2. The model of the entire production system after
bilaterally coupling the wellbore and reservoir models,
and adding the process and sensor noise signals.

more details see Mansoori et al. (2014b,a). This production
system is considered as a two-component fluid delivery
system where the components are the wellbore and the
reservoir which are connected at the bottom of the well.
We use a port-based modelling approach (Willems, 2007),
where first each component is modeled separately, where
after they are bilaterally coupled to construct the entire
production system model. Thus, each component is mod-
elled using four transfer functions with two inputs and two
outputs. The graphical representation (block diagram rep-
resentation) of such models for the production system have
been plotted in Fig 2. Note that this model is not a typical
model used in reservoir engineering. The standard model
used by reservoir engineers, the wellbore storage model,
consists only of W11 and W12 in Fig. 2 (Van Everdingen
and Hurst, 1949).

The analytical expressions for the transfer functions shown
in Fig. 2 are derived in Appendix A. Process noise (de-
noted by v.) and sensor noise (denoted by (ṽ.) at the
bottom of the well are also added to the model. Process
noise is a disturbance that affects the value of a variable.
Examples are the random effects due to mechanical vibra-
tions, turbulent flow, etc. Sensor noise on the other hand
does not affect the value of a variable, it is an error in
recording the value of a variable, thus process noise excites
the system dynamics, whereas sensor noise does not.

We will assume a constant zero-pressure boundary condi-
tion at the outer-edge of the reservoir (i.e. pe = 0), thus pe
and its effects can be removed from the model. Similarly,
since we do not measure the pressure at the well head,
pwh can also be removed from the model. The resulting
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Fig. 3. The simplified production system model with an
output feedback structure. The possible measure-
ments in this system have been illustrated.

model is shown in Fig. 3. In this model the only transfer
function that contains information about the reservoir is
A21. Thus the objective in the remainder of this paper is
to identify A21,and then use it to estimate the reservoir’s
permeability and skin factor.

3. CLOSED-LOOP EIV SYSTEM IDENTIFICATION
USING INSTRUMENTAL VARIABLES

In this section we briefly review the identification method
that we will use to identify A21 in the model. The bot-
tomhole flow rate qbh and pressure pbh are the input and
output respectively of the transfer function to be identified
(we will simply refer to them as the input and output). The
first concern from an identification perspective is that A21

is part of a closed-loop. Thus a closed-loop identification
method must be used. Secondly, because these are both
variables that are measured using sensors placed at the
bottom of the well, there is significant sensor noise present
in both the input and output of A21. This means that
we must use an errors-in-variables identification method
(Söderström, 2007). Fortunately the sensors placed at the
bottom of the well also record variables other than the
flow rate and pressure. For instance it is common to mea-
sure temperature as well, or sometimes additional pressure
measurements are available. In the subsequent text we
will briefly describe an IV based identification method for
closed-loop EIV identification. The key to the method is
that any additionally measured variable can be used as an
IV (even if it is measured with sensor noise). For a detailed
description of the method see Dankers et al. (2014a,b).

For simplicity of the following discussion, let the data
generating system be:

y(t) = G0(q)u(t) + v(t) (1)

where q−1 is the delay operator q−1u(t) = u(t− 1), y and
u are the output and input respectively, v is the process
noise, and the transfer function to be identified is G0.
The process noise is modelled as a stochastic process with
rational power spectral density, written as

v(t) = H0(q)e(t), (2)

where e(t) is a white noise. Both u and y are measured
with sensor noise:

ỹ(t) = y(t) + sy(t) and ũ(t) = u(t) + su(t), (3)

where su and sy are the sensor noises, which are mod-
elled as stochastic processes with rational power spectral
densities.

The key idea of the method is to use an additional mea-
surement to remove the sensor noise from the measurement
of the input ũ. Suppose that there is a measured signal

z, such as qmwh, qmbh2 and pmbh2 in Fig. 2 that is available
in addition to the measurements of u and y, with the
following properties:

(1) z is correlated to the sensor noise free variable u (there
is a path from z to u in the network diagram),

(2) z is not correlated to the sensor noise su, and sy that
is corrupting u and y respectively.

(3) z is not correlated to e, where e is defined as the
whitened version of v(t) = H0(q)e(t) (see (2)).

The variable z is referred to as an IV Söderström and
Stoica (1988); Gilson and Van den Hof (2005). When
correlating the input with the IV z, the sensor noise is
“removed”:

Rũz(τ) = Ruz(τ) +Rsuz(τ) = Ruz(τ)

where Rxy(τ) is the cross-correlation between two signals
x and y and is defined as:

Rxy(τ) = lim
N→∞

1

N

N−1∑
t=0

E[x(t)y(t− τ)],

where E[ · ] is the expected value operator. From (1) and
(3), the relationship between Rũz and Rỹz is

Rỹz(τ) = G0(q)Rũz(τ) +Rsyz(τ) +Rvz(τ). (4)

The difference between (1) and (4) is that in (4), the
“input” Rũz is known (i.e. can be calculated from the given
data set) whereas in (1), the input u is not known (only
a noisy version is available). Importantly, the relationship
between Rỹz and Rũz is still G0. Thus, now (4) represents
the data generating system, with Rũz and Rỹz as the
“input” and “output” respectively.

Because now the input Rũz is exactly known, the predic-
tion error identification methods can be used to obtain
consistent estimates of G0 (Ljung, 1999). The classical
expression for the prediction error (with Rũz and Rỹz)
as the input and output is (Ljung, 1999):

Rεz(τ, θ) = H−1(q, θ)
(
Rỹz(τ)−G(q, θ)Rũz(τ)

)
. (5)

An optimal parameter vector is then obtained by minimiz-
ing the sum of squared (prediction) errors:

θ̂ = arg min
θ̂
Ē [VN (θ)] (6)

where

VN (θ) =
1

N

N−1∑
k=0

R2
εz(τ, θ). (7)

Note that the standard Matlab System Identification Tool-

box can be used to determine θ̂.

Suppose that there is a path from y to z. In this situation
the IV z is correlated to the process noise v. In the follow-
ing text we briefly show how to deal with this situation.
Again, for more details see Dankers et al. (2014a,b). Sub-
stitute the expression for the output (4) into the expression
for the prediction error (5):

Rεz(τ, θ) = H−1(q, θ)
(
Rỹz(τ)−G(q, θ)Rũz(τ)

)
= H−1(q, θ)

(
G0(q)Rũz(τ) +Rvz(τ)−G(q, θ)Rũz(τ)

)
= H−1(q, θ)

(
G0(q)Rũz(τ)−G(q, θ)Rũz(τ)

)
+H−1(q, θ)Rvz(τ). (8)
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Consider the last term in more detail:

H−1(q, θ)Rvz(τ) = Ē[H−1(q, θ)H0(q)e(t)z(t− τ)].

Thus, when H(q, θ∗) = H0(q), it follows from the third
property of the instrumental variable thatH−1(q, θ∗)Rvz(τ) =
0. In other words, by exactly modelling the noise, the
effect of the process noise is removed. If the parameter-
ization is chosen flexible enough so that there exists a θ∗

such that G(q, θ∗) = G0(q), then it follows from (8) that
Rεz(q, θ

∗) = 0. Because VN is non-negative it follows that
θ∗ is a minimum. In Dankers et al. (2014b) it is shown
that θ∗ is also the unique global minimum as long as the
“input” Rũz is persistently exciting of sufficiently high
order. Consequently, it follows that by minimizing (7) a
consistent estimate of both G0 and H0 can be obtained,
even when u, y and z are measured with sensor noise, for
any measurable instrumental variable z.

In the next section, we present how to obtain estimates of
the physical parameters of the reservoir from (the estimate
of) A21.

3.1 Physical parameter estimation

To estimate the physical parameters of the reservoir using
the identified model, the frequency response of the iden-
tified model is compared with the frequency response of
the analytical reservoir model derived in Section 2. In well
testing the average permeability k and skin factor S are
usually the parameters of the interest. Let β be a vector of

the physical parameters (β = [k S]T ). Let A21(θ̂) be the
identified model. The physical parameters are chosen such
that:

β̂ =
1

M
arg min

β

M∑
m=1

∣∣∣A21(β, jωm)−A21(θ̂, ejωm)
∣∣∣2W 2(ωm),

(9)

is minimized. In this expression m, M , and W (ωm) are
tuning variables which specify the number of comparison
points and the weighting function at those points respec-
tively.

4. SIMULATION AND FIELD EXAMPLES

First we present a simulation study, and then we demon-
strate that the method presented in this paper can be
applied to data obtained from a well in practice. In the
simulation study we generate data from a production sys-
tem as derived in Section 2 using the analytical expressions
in Appendix A. We show that the identification method
can be used to accurately estimate the physical parameters
of the reservoir. The field data that we use consists of
a typical well test data set. Although this data set is
not optimized for the method that we present in this
paper, the physical parameters that we estimate are very
close to the physical parameters that standard well test
algorithms determine using this data set. The advantage
of the method presented in this paper is that the special
shut-in data set that is required for the standard well test
algorithms is not required for the method presented in this
paper.

4.1 Simulation Study

Recall the model of the reservoir and wellbore derived in
Section 2. The reservoir dynamics are excited by changing
the flow rate in the wellbore using a value at the wellhead.
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Fig. 4. The frequency response of the identified model with
pmbh2 as the IV signal.

Suppose that the valve is open and closed according to a
schedule determined by a pseudo-random binary sequence
(open is one, closed is zero). The flow rate change at the
surface is limited to be constant at least for an hour to
avoid too frequent choke size change.

To take measurements from the production system, bot-
tomhole flow rate qbh and bottomhole pressure pbh are
measured. To take into account the disturbances, the
flow rate and pressure disturbances, i.e. vq and vp, are
introduced as two filtered noise signals. Here the a low
pass Butterworth filter with the cut-off frequency of 0.01
rad/s is used. The sensor noises are simulated as a filtered
white noise. The flow rate and pressure sensor noises
are modelled as Gaussian sequences filtered by 4th order
Butterworth filter with cut-off frequency of 0.1 and 0.3
respectively.

In this example, we suppose that a secondary measured
bottomhole pressure measurement is available to use as the
IV. Note that the sensor noise of this signal is uncorrelated
with the sensor noise of the other measured signals. Denote
this additional measurement as z. The data length is 106s
and measurement is available every second. To perform the
identification, the input and output cross correlations i.e.
Rqbhz and Rpbhz are calculated to be used as “input” and
“output” of the dynamics to be identified. The prediction
error (5) is minimized using (7). Using the Matlab system
identification toolbox a Box-Jenkin model (BJ6566) is
identified for the reservoir system. Next, the estimated

model A21(q, θ̂) is used for physical parameter estimation
in the frequency domain using (9). The frequency response
of the identified model is plotted in Fig. 4. The estimated
values for the permeability k and the skin factor S are 196
mD and 0.06 respectively.

5. FIELD EXAMPLE

This section shows the application of the IV based EIV
identification procedure to a real gas well data set. The
data set is obtained from a flow after flow (FAF) test
which has been done during a production logging tool
(PLT) run. During the PLT job after the stationary passes
of the spinner this FAF test has been conducted with
four different flow rates followed by a buildup. In the
dataset bottomhole flow rate, pressure and temperature
measurements are available.

Total duration of the test is 65311s where the data between
39050s till 44823s has not been recorded. We pick the
first part of the data, i.e. till 39050s for identification and
parameter estimation and compare the estimation results
with the results of a conventional PTA analysis on the last
buildup.
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Duru et al. (2010) showed that the bottomhole temper-
ature of the producing well has a linear dynamical rela-
tionship with the flow rate. Hence, the measured bottom-
hole temperature can be represented in the well/reservoir
block-diagram as has been presented in Fig. 5. Thus, the
measurement of the bottomhole temperature can be used
as an instrumental variable (denoted by z). To use the

W12
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qbh
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R21
pbh

+

vp+ +

qbhm pbhm

qwh

ṽq ṽp
bh

bh

bh

bh

+

Tbhm

ṽTbh

GT

W11

Fig. 5. Bottomhole temperature is shown with a linear
dynamical relationship with bottomhole flow rate
in the block-diagram representation of the wellbore
reservoir model

measured data for identification, the measured pressures
are transformed to real-gas pseudo pressure to linearize the
governing diffusivity equation of the system (Al-Hussainy
et al., 1966). In this transformation the viscosity of gas is
estimated using Carr et al. correlation (Carr et al., 1954).
The gas specific gravity and the reservoir temperature are
0.59 and 115.5 oC respectively.

Since the cross correlation signals does not show any
high-frequency components, the signals in both cases are
downsampled by a factor of 10. This does not have any
effect on the identified model for the reservoir as both
the inputs and outputs are filtered. The identification is
done by identifying a Box-Jenkins (BJ) model for the
constructed input/IV cross-correlation signal i.e Rqbhzand
output/IV cross-correlation signal Rpbhz. A BJ model is
capable to pass the auto-correlation and cross-correlation
residual tests as shown in Figs. 6-7.
The amplitude plot of the identified model is displayed
in Fig. 8. To perform the minimization in Eq. (9), the
lowest frequency resolution is chosen to be ωL = 4× 10−4

rad/s based on the number of measurements, and the
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Fig. 6. The autocorrelation test result for the field case
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Fig. 7. The cross-correlation test results for field case
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Fig. 8. The amplitude of the frequency response plots of
the identified models with the estimated permeability
k = 15.4 mD and S = −1.4 (blue dotted-line).

highest frequency is chosen to be ωH = 10−2 rad/s to
be away from the anti-aliasing filtering effects at the high
frequencies. The physical parameter estimation on the
amplitude values results in parameter estimates k = 15.8
mD and S = −1.4. The results from a simple straight
line fitting PTA on the last build up are k = 11 mD
and S = −2.6. Comparison of these results shows the
effectiveness of our method for this example.

6. CONCLUSION

In this paper we followed the analysis of an oil reservoir
production system from a systems-theoretic perspective,
and presented the use of the errors-in-variables using
instrumental variables (EIVIV) method for interpreting
the continuously variable measurements of the flow rate
and pressure at the bottom of the well. The results of
the EIVIV identification are then used to estimate certain
reservoir properties such as permeability and skin factor.
EIVIV is an IV-based SI method in which the limitation
on uncorrelatedness of the IV signal with the input and
output signals’ sensor noise have been relaxed. Hence, it
allows to use of a measured (noisy) downhole variable as
the IV signal. The method has been successfully tested on
a synthetic case study and on field data.
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Appendix A. MODELING FLOW DYNAMIC IN THE
WELLBORE AND RESERVOIR

In the PTA literature, the concept of wellbore storage is
used to model the dynamic effects of compressible fluids
in a production well after shutting-in or opening a the
well. In that case, a single wellbore storage coefficient,
Cs, describes the effect of wellbore fluid compression or
expansion of the well flow rate as:

q
WBS(t) = Cs

dpbh(t)

dt
. (A.1)

We use ∆pbh as the change in the pressure w.r.t. a datum
pressure (not the absolute pressure). The mass balance
equation for the wellbore now becomes

qwh(t) = qbh(t) + Cs
dpbh(t)

dt
, (A.2)

which can be transformed into the Laplace domain as

Qbh(s) = Qwh(s)− CssPbh(s). (A.3)

Comparing Eqs. (A.3) to Fig. 2 shows that

W11 = 1,W12 = −Css. (A.4)

ht

Table A.1. Well bore and Reservoir Properties

Model Parameters Parameter Values

Reservoir boundary, (re) 3000 m
Well radius, (rw) 0.1 m
Reservoir height, (H) 50 m
Pipe internal diameter, (D) 0.1 m
Permeability of rock, (k) 200 mD
Porosity of rock, (φ) 0.2
Viscosity of fluid, (µ) 0.01 Pa.s
Total compressibility, (Ct) 7.25×10−9 Pa−1

Wellbore storage coefficient, (Cs) 2.33 ×10−6m3/Pa

Since in the WBS model only the mass conservation
equation is used, only two transfer functions appear in
the causal structure.

Now consider modeling the reservoir. A reservoir consists
of porous rock filled with fluid. The reservoir is modeled as
a cylinder, with fluid flowing radially toward the well bore.
The outer edge of the reservoir is called the outer bound-
ary. The intersection of the well bore and the reservoir is
called the sandface. In this situation, the radial flow rate
q(r, t) and pressure p(r, t) in the reservoir at radial distance
r from the symmetry axis, satisfy the diffusivity equation
and Darcy’s law

1

r

∂

∂r
r
∂p(r, t)

∂r
=

1

η

∂p(r, t)

∂t
(A.5)

q(r, t) = −2πrkh

µ

∂p(r, t)(t)

∂r
(A.6)

where η = k/φµct is the hydraulic diffusivity.

Solution of the elliptic diffusivity equation in the Laplace
domain requires two boundary conditions which are chosen
to be the flow rate at the sand face and the pressure at the
outer boundary (denoted qsf (t) and po(t) respectively).
This leads to [

Qo(s)
Psf (s)

]
= A

[
Qsf (s)
Po(s)

]
(A.7)

in which A is a 2× 2 matrix with

A11 =
re
rw

I1eK0e − I0eK1e

I0eK1w + I1wK0e
,

A12 =
2πkh

µ
re

√
s

η

I1wK1e − I1eK1w

I0eK1w + I1wK0e
.

A21 =
µ

2πkhrw
√

s
η

I0eK0w − I0wK0e

I0eK1w + I1wK0e
,

A22 =
I0wK1w + I1wK0w

I0eK1w + I1wK0e
,

(A.8)

where I and K are modified Bessel functions of the
first and second kind and Iij = Ii(rj

√
s
η ) and Kij =

Ki(rj
√

s
η ). The expression is then modified to include the

skin factor S effect as

A21 =
µ

2πkhrw
√

s
η

(
I0eK0w − I0wK0e

I0eK1w + I1wK0e

)
+

µ

2πkhrw
S

(A.9)
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