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Abstract: In this paper, a systematic procedure to determine the equivalence factor in the
equivalent consumption minimisation strategy (ECMS) is proposed. This is relevant when ECMS
is not only used for controlling the power split between the internal combustion engine and the
electric machine of a hybrid electric vehicle (HEV), but also for controlling several auxiliary
systems. In this case, the number of controlled components and energy buffers increases, which
causes the number of tunable equivalence factors to increase. The procedure to determine the
equivalence factors proposed in this paper is based on the observation that ECMS can be
considered as a time-invariant feedback policy and dynamic programming (DP) also yields a
time-invariant feedback policy when the time horizon of the control problem approaches infinity
and the disturbances are constant or absent. As the drive cycle can be considered as a (stationary
stochastic) disturbance, we propose to formulate ECMS as the solution of a 1-step look-ahead
stochastic dynamic program (1slSDP). This strategy results in an energy management strategy
that performs close to optimal and yields similar fuel consumption results, when compared to a
well-tuned ECMS. The absence of any parameters to be tuned and the fact that fuel consumption
is similar to a well-tuned ECMS makes 1slSDP a useful strategy for energy management of HEVs.

Keywords: Hybrid Electric Vehicle, Energy Management, Stochastic Dynamic Programming,
Equivalent Consumption Minimisation Strategy.

1. INTRODUCTION

Measures to reduce fuel consumption are an important
topic of research in the automotive field due to the deple-
tion of fossil fuels and increasingly stringent regulations on
pollutant emissions. The most well-known measure for fuel
consumption reduction in vehicles is hybrid technology. In
hybrid electric vehicles (HEVs), the fuel consumption is
reduced by smart control of the power split between the
internal combustion engine and the electric machine con-
nected to a high-voltage battery. This technology improves
the efficiency of the propulsion system. The fuel con-
sumption, however, is not only affected by the propulsion
system. Particularly for heavy-duty vehicles, a significant
amount of power, and hence fuel, is consumed by auxiliary
systems, such as a refrigerated semi-trailer, an air supply
system and coolant systems. Their power request is often
variable and this offers opportunity to optimise the power
request over time. Each of these auxiliaries introduces
at least one state and decision variable to the energy
management system. For example, some state variables
that can be considered are the energy in the battery, the
temperature in a refrigerated semi-trailer, the air pressure
in the air supply system and the temperature of the after-
treatment system. Finding a strategy that determines the
optimal power flows inside a HEV with multiple auxil-
iaries requires solving an optimal control problem, which
becomes harder when the number of auxiliaries increases.

� This work has received financial support from the FP7 of the
European Commission under the grant CONVENIENT (312314).

Finding effective methods for solving the optimal control
problem encountered in energy management has been a
subject of recent research.

For the optimal control problems found in energy man-
agement, typically two approaches are used: dynamic pro-
gramming (DP) and the equivalent consumption minimi-
sation strategy (ECMS). In case the entire drive cycle is
known a priori, the optimal solution can be determined
with DP (Sciarretta and Guzzella, 2007). The obtained
result is optimal, but the strategy cannot be used in real-
time due to computational burden and because the entire
drive cycle is typically not known a priori. To overcome
this problem, feedback strategies like ECMS are used
(Onori and Serrao, 2011; Serrao et al., 2009). ECMS was
originally developed for HEVs with a simple power split
between the internal combustion engine and the electric
machine connected to a high-voltage battery. By means
of an equivalence factor, the equivalent fuel consumption
for electric energy is compared to the fuel consumption of
the engine in the fuel consumption minimisation problem.
This results in an online strategy, which requires only the
equivalence factor to be determined.

In the literature, several methods exist for online determi-
nation of the equivalence factor. Even though all these
methods require tuning, this tuning is well understood
and extensively studied for the power-split problem of a
HEV. In particular, the equivalence factor can be adapted
by using drive-cycle prediction methods, driving pattern
recognition methods, and following a reference for the
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amount of power, and hence fuel, is consumed by auxiliary
systems, such as a refrigerated semi-trailer, an air supply
system and coolant systems. Their power request is often
variable and this offers opportunity to optimise the power
request over time. Each of these auxiliaries introduces
at least one state and decision variable to the energy
management system. For example, some state variables
that can be considered are the energy in the battery, the
temperature in a refrigerated semi-trailer, the air pressure
in the air supply system and the temperature of the after-
treatment system. Finding a strategy that determines the
optimal power flows inside a HEV with multiple auxil-
iaries requires solving an optimal control problem, which
becomes harder when the number of auxiliaries increases.
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Finding effective methods for solving the optimal control
problem encountered in energy management has been a
subject of recent research.

For the optimal control problems found in energy man-
agement, typically two approaches are used: dynamic pro-
gramming (DP) and the equivalent consumption minimi-
sation strategy (ECMS). In case the entire drive cycle is
known a priori, the optimal solution can be determined
with DP (Sciarretta and Guzzella, 2007). The obtained
result is optimal, but the strategy cannot be used in real-
time due to computational burden and because the entire
drive cycle is typically not known a priori. To overcome
this problem, feedback strategies like ECMS are used
(Onori and Serrao, 2011; Serrao et al., 2009). ECMS was
originally developed for HEVs with a simple power split
between the internal combustion engine and the electric
machine connected to a high-voltage battery. By means
of an equivalence factor, the equivalent fuel consumption
for electric energy is compared to the fuel consumption of
the engine in the fuel consumption minimisation problem.
This results in an online strategy, which requires only the
equivalence factor to be determined.

In the literature, several methods exist for online determi-
nation of the equivalence factor. Even though all these
methods require tuning, this tuning is well understood
and extensively studied for the power-split problem of a
HEV. In particular, the equivalence factor can be adapted
by using drive-cycle prediction methods, driving pattern
recognition methods, and following a reference for the
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1. INTRODUCTION

Measures to reduce fuel consumption are an important
topic of research in the automotive field due to the deple-
tion of fossil fuels and increasingly stringent regulations on
pollutant emissions. The most well-known measure for fuel
consumption reduction in vehicles is hybrid technology. In
hybrid electric vehicles (HEVs), the fuel consumption is
reduced by smart control of the power split between the
internal combustion engine and the electric machine con-
nected to a high-voltage battery. This technology improves
the efficiency of the propulsion system. The fuel con-
sumption, however, is not only affected by the propulsion
system. Particularly for heavy-duty vehicles, a significant
amount of power, and hence fuel, is consumed by auxiliary
systems, such as a refrigerated semi-trailer, an air supply
system and coolant systems. Their power request is often
variable and this offers opportunity to optimise the power
request over time. Each of these auxiliaries introduces
at least one state and decision variable to the energy
management system. For example, some state variables
that can be considered are the energy in the battery, the
temperature in a refrigerated semi-trailer, the air pressure
in the air supply system and the temperature of the after-
treatment system. Finding a strategy that determines the
optimal power flows inside a HEV with multiple auxil-
iaries requires solving an optimal control problem, which
becomes harder when the number of auxiliaries increases.
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for electric energy is compared to the fuel consumption of
the engine in the fuel consumption minimisation problem.
This results in an online strategy, which requires only the
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nation of the equivalence factor. Even though all these
methods require tuning, this tuning is well understood
and extensively studied for the power-split problem of a
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energy in the battery based on a proportional-integral con-
troller, see, e.g., (Onori and Serrao, 2011; Sciarretta and
Guzzella, 2007; Jager et al., 2013) and references therein.
Integrating additional components in the energy manage-
ment system adds more equivalence factors in ECMS. This
has been done for battery aging (Serrao et al., 2011), ther-
mal management of the engine (Lescot et al., 2010), the
after-treatment system (Kessels et al., 2010) and a waste-
heat recovery system (Merz et al., 2012). Typically, the
equivalence factors in these papers are tuned heuristically
so that constraints are not violated. Since all components
of a powertrain interact and the number of equivalent
factors increases when the number of components in the
energy management problem increases, tuning becomes
increasingly more difficult.

To mitigate the extensive tuning of the equivalence factors
in ECMS, this paper proposes a systematic procedure
to determine these equivalence factors. The procedure is
based on the observation that DP yields a time-invariant
feedback controller when the time horizon of the control
problem approaches infinity and the disturbances are
constant or absent. Therefore, an ECMS is considered as a
result of a so-called 1-step look-ahead stochastic dynamic
program (1slSDP). In this case, the disturbances are not
constant, but assumed to satisfy a stationary random
process, as was done in (Moura et al., 2010). The proposed
energy management system achieves a fuel consumption
close to optimal and approximately the same compared to
a well-tuned ECMS, while it does not require tuning of
equivalence factors. Moreover, the proposed strategy can
handle multiple auxiliaries in the same systematic way, in
contrast to ECMS. The strategy has been simulated by
applying energy management to a hybrid electric truck
with a refrigerated semi-trailer.

The remainder of this paper is organised as follows. First,
the existing and the proposed solution methods are pre-
sented in Section 2. In Section 3, the case study is de-
scribed. Finally, Section 4 presents the simulation results
and conclusions are drawn in Section 5.

2. SOLUTION METHODS

In this section, the energy management problem is given
and the solution methods for this problem are described.
Moreover, a new method based on stochastic dynamic
programming is proposed at the end of this section.

2.1 Problem Description

In energy management systems, optimal control problems
of the following form are encountered

min
u(t)∈U

∫ tf

0

g(x(t), u(t), w(t))dt (1a)

subject to

ẋ(t) = f(x(t), u(t)), (1b)

x(t) ∈ X ⊂ Rn, (1c)

for some x(0) and w(t) where t ∈ [0, tf ]. In energy manage-
ment, the objective function g typically corresponds to the
fuel consumption of the internal combustion engine. The
decision variable u represents the controllable inputs of
the components related to the energy flows in the vehicle,

the disturbance w represents the information of the to-be-
completed drive cycle, which is typically given by either
torque or power, and angular velocity of the wheels or
engine, and x is the state of the system with n the number
of states. The state x typically consists of the battery
energy, temperatures in a refrigerated semi-trailer or after-
treatment system, the air pressure in an air supply system
and so on, and satisfies a differential equation (1b) and is
constrained to satisfy (1c) for some compact set X defined
by, e.g., the energy limits of the battery, temperature limits
of the air in the refrigerated semi-trailer and air pressure
limits of the air supply system. The decision variable u is
constrained to satisfy a compact set U defined by, e.g., the
maximum and minimum power flowing into and out of the
battery.

To solve problem (1), DP, stochastic DP (SDP) or an
ECMS can be used. These methods will briefly be ex-
plained and it is shown how these methods are related.
This relation allows the proposal of a systematic way of
determining the equivalence factor encountered in ECMS.

2.2 Dynamic Programming

When w is known a priori, the optimal control problem
(1) can be solved using DP. The solution (in continuous
time) involves solving the Hamilton-Jacobi-Bellman (HJB)
equation (Bertsekas, 2005), given by

min
u∈U

{g(x, u, w(t)) + ∂J(t,x)
∂t + ∂J(t,x)

∂x f(x, u)} = 0 (2)

with J(tf , x) = 0, for all x ∈ X , t ∈ [0, tf ], with f
and g as defined in (1) and J as the optimal cost-to-go
function of the problem. In case the cost-to-go function is
not differentiable, it is not possible to obtain a solution
for the HJB-equation in the classical sense of a solution
and generalised solutions (such as viscosity solutions) are
needed. The minimiser of (2) yields the optimal control
policy, i.e.,

u∗(t, x) = arg min
u∈U

{g(x, u, w(t)) + ∂J(t,x∗)
∂x f(x, u)} (3)

for all x ∈ X . If the obtained optimal control policy is
applied, the solution to the problem is optimal. Due to
the fact that the solution depends on w, it can only be
calculated when w(t) is known for all t ∈ [0, tf ]. As such,
DP is an offline method.

2.3 Equivalent Consumption Minimisation Strategy

A second solution strategy that is commonly used in
energy management is the ECMS. The idea of ECMS is to
relate the change in energy in the energy buffers given by
f(x, u) to an equivalent fuel consumption and minimise
the sum of the instantaneous fuel (power) consumption
and the fuel (power) equivalent consumption. The close to
optimal solution of (1) obtained with ECMS is given by

u∗(x,w) = arg min
u∈U

{g(x, u, w) + λT f(x, u)} (4)

with g and f as in (1). Since only the instantaneous cost
is minimised, the strategy does not require w to be known
for all t. Even though the obtained control policy is not
optimal, it is a feedback policy and is therefore an online
strategy.
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In (4), the vector with equivalence factors λ is introduced
to properly weigh the fuel (power) consumption. The
optimal values for λ depend on the drive cycle in the form
of w which is not known a priori. To determine λ, different
approaches have been proposed in literature, see (Onori
and Serrao, 2011) for an overview. One common approach,
see, e.g., (Onori and Serrao, 2011) and reference therein,
is to use a state feedback controller of the form

λ(x) = λ0 + K (x− xref) (5)

for some given λ0 ∈ Rn, K ∈ Rn×n and xref ∈ Rn. The
difficult part of ECMS using (4) and (5) is the tuning
of the parameters λ0 and K as the complexity increases
when the number of states n increases. For the power split
between the internal combustion engine and the electric
machine, the equivalence factor tuning can be related to
the stored battery energy. If λ is large, the penalty on using
battery energy is large such that the battery is exchanging
less energy which results in a higher fuel consumption. If
λ is small, the penalty on using battery energy is small
and battery energy will be used immediately, thereby
draining the battery and possibly battery energy is not
used in the most efficient way. For other state dynamics, a
reasonable relation of the equivalence factor with its state
is more difficult to determine. Furthermore, ECMS does
not explicitly handle state constraints, so a proper tuning
is mandatory for real-time implementations. Under certain
conditions, however, the resulting trajectory of x will be
the same as the optimal trajectory that can be determined
with DP. In that case, λ is the solution to the co-state
equation encountered in Pontryagin’s Minimum Principle
(Serrao et al., 2009).

2.4 Stochastic Dynamic Programming

As explained above, even though ECMS is a feedback
strategy, optimal tuning of the parameters in (5) is diffi-
cult. On the other hand, DP does not require any tuning,
but it requires the complete drive cycle to be known, i.e,
w(t) has to be known a priori for all t ∈ [0, tf ]. To mitigate
tuning the equivalence factors and to obtain a feedback
policy, a different method is required.

The new method for finding the equivalence factor that
is proposed in this paper, is based on the observation
that DP produces a time-invariant feedback policy if the
final time tf approaches infinity and if the disturbance
w is constant for all t ∈ [0,∞). For typical energy
management problems, the disturbance w will not be
constant, because it includes the torque or the power,
and speed of the drive line. However, the assumption that
this disturbance is a stationary random process seems
reasonable. This assumption justifies the optimal control
problem for energy management to be formulated as
an infinite-time stochastic optimal control problem, see
(Bertsekas, 2005), given by

lim
tf→∞

min
u(t)∈U

Ew

[ ∫ tf

0

γtg(x(t), u(t), w)dt
]
, (6a)

subject to

ẋ(t) = f(x(t), u(t)), (6b)

x(t) ∈ X ⊂ Rn, (6c)

for some x(0). In (6), the discount factor 0 ≤ γ < 1 is
introduced and Ew denotes the expected value with respect

to the random variable w. The discount factor represents
the amount of information of the future that is taken into
account in the optimisation problem and assures that the
optimal cost will be finite. Most information about the
future is incorporated when γ is close to 1. Similarly as
(2) provides a solution to (1), the optimal solution to (6)
can be obtained using stochastic dynamic programming
(SDP), see (Bertsekas, 2005), which aims at finding a cost-
to-go function J that satisfies

min
u∈U

Ew[g(x, u, w) + γ ∂J(x)
∂x f(x, u)] = 0, (7)

for all x ∈ X . The optimal control policy is now given by

u∗(x) = arg min
u∈U

Ew[g(x, u, w) + γ ∂J(x)
∂x f(x, u)]. (8)

Note that in (7), (cf (2)) the partial derivative with respect
to time is absent and J does not explicitly depend on t,
because tf → ∞ in the optimal control problem (6).

2.5 SDP with 1-Step Look-Ahead

In order to handle situations where future conditions
are unknown, it is assumed in this paper that drive
cycles satisfy a stationary random process. In energy
management, the disturbance w(t) is known at time t, as it
represents the current power or torque and speed request
from the drive cycle. As such, the control policy can
depend on the current w. In optimal control theory, this
is called infinitesimal look-ahead. As a consequence, the
expected value in (8) can be dropped when determining
the optimal control input, resulting in

u∗(x,w) = arg min
u∈U

{g(x, u, w) + γ ∂J(x)
∂x f(x, u)}, (9)

where J is determined using (7), in which the expected
value over w is taken. The optimal control input u∗ at time
t depends now also on w(t) and the resulting solution is
now a SDP with infinitesimal look-ahead. From (9), we can
observe that the optimal equivalence factor in a stochastic
sense is given by

λ(x) = γ ∂J(x)
∂x , (10)

because the solution of ECMS (4) with (10) equals the
optimal solution (9) obtained with SDP with infinitesimal
look-ahead.

As the solution to the stochastic HJB-equation (7) and
thus (9) might be difficult to compute, an approximate
solution can be obtained by making a first-order Taylor
expansion of J , i.e.,

Ts
∂J(x)
∂x f(x, u) ≈ J(x + Tsf(x, u)) − J(x), (11)

for some small Ts > 0. This yields to an approximate
solution to (7) given by

J(x) = min
u∈U

Ew[Tsg(x, u, w) + γJ(x + Tsf(x, u))], (12)

and a control policy given by

u∗(x,w)= arg min
u∈U

{Tsg(x, u, w)+γJ(x+Tsf(x, u))}. (13)

Due to the discretisation over time, the infinitesimal look-
ahead SDP becomes actually a 1-step look-ahead SDP
(Bertsekas, 2005).

The final procedure for the obtaining an ECMS in stochas-
tic sense is to first compute J(x) offline via (12) and sub-
sequently calculating online the optimal state-dependent
equivalence factors via (10). Alternatively, one can opt to
use (13) directly, instead of (10).
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of w which is not known a priori. To determine λ, different
approaches have been proposed in literature, see (Onori
and Serrao, 2011) for an overview. One common approach,
see, e.g., (Onori and Serrao, 2011) and reference therein,
is to use a state feedback controller of the form

λ(x) = λ0 + K (x− xref) (5)
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of the parameters λ0 and K as the complexity increases
when the number of states n increases. For the power split
between the internal combustion engine and the electric
machine, the equivalence factor tuning can be related to
the stored battery energy. If λ is large, the penalty on using
battery energy is large such that the battery is exchanging
less energy which results in a higher fuel consumption. If
λ is small, the penalty on using battery energy is small
and battery energy will be used immediately, thereby
draining the battery and possibly battery energy is not
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is more difficult to determine. Furthermore, ECMS does
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In order to handle situations where future conditions
are unknown, it is assumed in this paper that drive
cycles satisfy a stationary random process. In energy
management, the disturbance w(t) is known at time t, as it
represents the current power or torque and speed request
from the drive cycle. As such, the control policy can
depend on the current w. In optimal control theory, this
is called infinitesimal look-ahead. As a consequence, the
expected value in (8) can be dropped when determining
the optimal control input, resulting in
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where J is determined using (7), in which the expected
value over w is taken. The optimal control input u∗ at time
t depends now also on w(t) and the resulting solution is
now a SDP with infinitesimal look-ahead. From (9), we can
observe that the optimal equivalence factor in a stochastic
sense is given by
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∂x , (10)

because the solution of ECMS (4) with (10) equals the
optimal solution (9) obtained with SDP with infinitesimal
look-ahead.
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thus (9) might be difficult to compute, an approximate
solution can be obtained by making a first-order Taylor
expansion of J , i.e.,
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Fig. 1. Hybrid configuration, including an internal combus-
tion engine (ICE), an electric machine, a high-voltage
battery system and a refrigerated semi-trailer.

3. CASE STUDY

To demonstrate the stochastically optimal ECMS based
on 1-step look-ahead SDP (1slSDP) as presented in the
previous section and compare it to solutions from DP
and ECMS with (5), we consider the case study used in
(Romijn et al., 2014). This case study consists of a hy-
brid electric truck including an internal combustion engine
(ICE), an electric machine, a high-voltage battery system
and a refrigerated semi-trailer. The topology is schemati-
cally shown in Fig. 1. In this figure, Pf and Pp denote the
ICE’s fuel and mechanical power, respectively, Pe and Pem

the electric machine’s electrical and mechanical power,
respectively, Pb and Ps the battery’s electrical and stored
chemical power, respectively, Pl and Pt the refrigerated
semitrailer’s electrical and thermal power, respectively,
and Pr is the requested drive power. Moreover, Es and
Et denote the energy stored in the high-voltage battery
and refrigerated semi-trailer, respectively. We first discuss
the models used in this case study and then formulate the
optimal control problem (1).

It should be observed that the case study under consider-
ation is relatively simple, yet interesting enough from an
energy management point-of-view. Namely, the configura-
tion has two energy storage buffers, i.e., the high-voltage
battery and the refrigerated semi-trailer. The battery can
store energy that can be re-used later, while the refriger-
ated semi-trailer can only consume energy. Still, the refrig-
erated semi-trailer can temporarily lower its temperature,
so that it can be turned off for a certain period of time,
while not exceeding its maximum allowable temperature.
Moreover, how to incorporate the refrigerated semi-trailer
in an ECMS is not trivial.

3.1 Powertrain Modelling

The powertrain components in Fig. 1 can be modelled
as power convertors, some in combination with an en-
ergy buffer. The power convertors are assumed to satisfy
(static) quadratic functions

Pf = α2(ω)P 2
p + α1(ω)Pp + α0(ω), (14a)

Pe = γ2(ω)P 2
em + γ1(ω)Pem + γ0(ω), (14b)

Pb = Ps − βsP
2
s , (14c)

Pl = 1
ηt

(Pt − βtP
2
t ), (14d)

where αi and γi, i ∈ {0, 1, 2}, are efficiency coefficients
that depend on engine speed ω, where it is assumed that
that the electric machine runs at the same angular velocity
as the internal combustion engine, and βs > 0, βt > 0 and

ηt > 0 are efficiency constants. All these parameters are
used to model power losses in the convertors, see, e.g.,
(Jager et al., 2013). The power convertors have power
constraints given by

Pi ∈ Ui = [P i, P i], (15)

for some lower bound P i and upper bound P i, i ∈
{p, em, s, t}. For the ICE, the bounds P p and P p depend
on the angular velocity ω of the ICE and, for the refriger-
ated semi-trailer, it holds that P t = 0, i.e., the refrigerated
semi-trailer cannot be heated. The high-voltage battery
and the refrigerated semi-trailer can store energy. This is
modelled using first-order dynamic systems given by

Ės = −Ps and Ėt = − ht

Ct
Et − Pt, (16)

which are both derived from energy balances. For the
refrigerated semitrailer, the air temperature is related to
energy via Et = Ct(Tamb − T ) where Ct > 0 is the
heat capacity of the refrigerated semi-trailer and ht > 0
is the heat transfer coefficient with the environment and
Tamb the ambient temperature. Both buffers have limited
storage capacity, modelled as

Ei ∈ Xi = [Ei, Ei], (17)

for some lower bound Ei and upper bound Ei, for i ∈
{s, t}. Finally, the components are connected via the
topology in Fig. 1, which adds two power balances to the
problem

Pr = Pp + Pem and Pe = Pb + Pl. (18)

For further details on the models used in this case study,
the reader is referred to (Romijn et al., 2014).

3.2 Optimal Control Problem Formulation

To apply the solution methods of Section 2, the optimal
control problem (1) should be formulated using the models
presented in this section. As mentioned in Section 2, the
disturbance w consists of drive cycle information. Using
this fact, the models presented in this section can be
written in the form (1) by defining

w =

[
ω
Pr

]
, u =

[
Ps

Pt

]
, and x =

[
Es

Et

]
, (19)

where ω is the engine speed, as before, and Pr is the
power request which is given by the torque times the speed
at the engine side of the gearbox where we assume that
the gearshift strategy is known. The control inputs u and
states x are constrained in the sets

U = Us × Ut and X = Xs ×Xt, (20)

allowing f in (1b) to be written as

f(x, u) =

[ −u1

− ht

Ct
x2 − u2

]
. (21)

Obtaining a complete expression for the instantaneous cost
g in (1a) is more difficult. The instantaneous cost in energy
management consist of fuel power consumption as function
of u,w and possibly x. Substituting (18) into (14a) yields

g(x, u, w) = α2(w1)(w2 − Pem(u,w))2

+α1(w1)(w2 − Pem(u,w)) + α0(w1), (22)

where Pem(u,w) is obtained by substituting (14b), (14c)
and (14d) in (18), which gives

γ2(w1)P
2
em+γ1(w1)Pem+γ0(ω)=u1−βsu

2
1+ 1

ηt
(u2−βtu

2
2),

(23)
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whose solution satisfies

Pem(u,w)=

−γ1(w1)+

√
γ2
1(w1)+4γ2(w1)

(
u1−βbu2

1+
u2−βtu

2
2

ηt
−γ0(w1)

)
2γ2(w1)

. (24)

Now, (19)-(24) can be used to formulate the optimal
control problem (1).

4. SIMULATION RESULTS

We will now demonstrate the proposed 1slSDP method
and compare it to DP and ECMS solutions using a long-
haul pan-European drive cycle (PEDC). The long-haul
drive cycle used for the simulation studies is divided into
three smaller drive cycles, each having a length of 10000
seconds (close to 3 hours). The drive cycles, PEDC1,
PEDC2 and PEDC3 are shown in Fig. 2 via their power
request Pr and engine speed ω. We will compare the
state trajectories of the energy in the high-voltage battery
and refrigerated semi-trailer qualitatively and the relative
fuel consumption of each method. Because the model
parameters used in this study are confidential, an exact
assessment of absolute fuel consumption reduction will not
be presented.

The optimal cost-to-go for the 1slSDP strategy has been
obtained by solving (12) using value iteration, see (Bert-
sekas, 2005). For this calculation, Ts = 1 s is used, which
is sufficiently small compared to the length of the drive
cycle, and the discount factor γ = 0.999 is used. ECMS
has been implemented with the adaptation rule (5), where
the parameters have been tuned manually. To be precise,
the parameter λ0 has been chosen such that Es(tf) ≈ Es(0)
and Et(tf) ≈ Et(0), and K is chosen so that the states x
are always in the interior of X . For the battery energy,
it is common to take a reference state-of-energy (SoE)
of 0.5 where SoE is defined as Es/Ecap with Ecap the
battery energy capacity. As such rules do not exist for
the refrigerated semi-trailer, the reference is chosen 1 de-
gree below its maximum temperature, which results in a
reference Et = Ct(Tamb − T + 1) = Et + Ct, in which the
ambient temperature Tamb is taken constant. This results
in xref = [ 12 (Es+Es) Et+Ct]

T . The discrete-time solution
of DP is computed with the Matlab toolbox presented in
(Sundström and Guzzella, 2009). For DP, the values for
x(0) and x(tf) are chosen such that the obtained results
can be compared with the results of 1slSDP and ECMS.
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Fig. 2. The three different drive cycles used in this simu-
lation study (PEDC1, PEDC2, and PEDC3).

4.1 Comparison of State Trajectories

In the following subsection, we will consider only the
simulation results with PEDC1. The state trajectories
obtained with the different solution methods are shown
in Fig. 3. The resulting trajectories obtained using DP
are used as a benchmark and are depicted in Fig. 3a. In
this figure, the different initial and final conditions are
chosen such that a fair comparison with ECMS and 1slSDP
can be made. The state trajectories obtained with ECMS
and 1slSDP are depicted in Fig. 3b and 3c, respectively.
In all these figures, the SoE of the high-voltage battery
and the air temperature in the refrigerated semi-trailer
are shown. As stated in Section 3, the air temperature in
the refrigerated semi-trailer is given by T = Tamb−Et/Ct.

The state trajectories obtained with ECMS are depicted in
Fig. 3b for three different sets of parameters (λ0,K) in the
adaptation rule (5). For both the high-voltage battery and
the refrigerated semi-trailer, a slight parameter variation
results in different state trajectories. This causes the
energy at the end of the cycle not to be not equal to the
energy at the start of the cycle and leads to a different
fuel consumption. This reconfirms that properly tuning the
parameters in ECMS is very important, but also difficult.

The state trajectories obtained with 1slSDP are shown
in Fig. 3c. For the high-voltage battery, it can be seen
that the method results in an energy-depleting strategy,
meaning that if energy in the battery is available, it is
used to minimise the fuel consumption. The battery is
only charged when there is (free) energy available due to
regenerative braking. Still, the rate on which the energy
is used depends on the current driving conditions and
the battery SoE. Similar behaviour is observed for the
temperature in the refrigerated semi-trailer.

4.2 Comparison of Fuel Consumption

The fuel consumption reduction results for DP, 1slSDP
and ECMS are given in Table 1. In this table, the fuel
consumption is compared to a baseline consisting of a con-
ventional (nonhybrid) truck with a refrigerated semitrailer
whose air temperature is always kept at its upper bound.
For DP, the results of two different sets of initial and final
conditions are given, indicated by DP-I and DP-II, which
correspond to the initial and final conditions used in Fig.
3a. The difference in fuel consumption between these two
sets in initial and final conditions is small for all three
drive cycles, i.e., at most 0.16% and this conclusion seems
to hold for other initial and final conditions as well. This is
important as it shows that forcing the energy in the high-
voltage battery and refrigerated semi-trailer at the start
and end of the drive cycle to be at a certain value, hardly
affects the fuel consumption.

The results obtained with 1slSDP should be compared to
the DP-I results, while the results of (Tuning 1 of) ECMS
should be compared to DP-II, because of their initial
and final conditions. Recall that 1slSDP yields an energy-
depleting strategy and ECMS yields an energy-sustaining
strategy, and for a proper comparison, it is important
that x(0) = x(tf ). From Table I, it can be seen that
1slSDP consumes 0.75%, 0.21% and 0.45% more compared
with the optimal solution calculated with DP-I for the
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whose solution satisfies

Pem(u,w)=

−γ1(w1)+

√
γ2
1(w1)+4γ2(w1)

(
u1−βbu2

1+
u2−βtu

2
2

ηt
−γ0(w1)

)
2γ2(w1)

. (24)

Now, (19)-(24) can be used to formulate the optimal
control problem (1).

4. SIMULATION RESULTS

We will now demonstrate the proposed 1slSDP method
and compare it to DP and ECMS solutions using a long-
haul pan-European drive cycle (PEDC). The long-haul
drive cycle used for the simulation studies is divided into
three smaller drive cycles, each having a length of 10000
seconds (close to 3 hours). The drive cycles, PEDC1,
PEDC2 and PEDC3 are shown in Fig. 2 via their power
request Pr and engine speed ω. We will compare the
state trajectories of the energy in the high-voltage battery
and refrigerated semi-trailer qualitatively and the relative
fuel consumption of each method. Because the model
parameters used in this study are confidential, an exact
assessment of absolute fuel consumption reduction will not
be presented.

The optimal cost-to-go for the 1slSDP strategy has been
obtained by solving (12) using value iteration, see (Bert-
sekas, 2005). For this calculation, Ts = 1 s is used, which
is sufficiently small compared to the length of the drive
cycle, and the discount factor γ = 0.999 is used. ECMS
has been implemented with the adaptation rule (5), where
the parameters have been tuned manually. To be precise,
the parameter λ0 has been chosen such that Es(tf) ≈ Es(0)
and Et(tf) ≈ Et(0), and K is chosen so that the states x
are always in the interior of X . For the battery energy,
it is common to take a reference state-of-energy (SoE)
of 0.5 where SoE is defined as Es/Ecap with Ecap the
battery energy capacity. As such rules do not exist for
the refrigerated semi-trailer, the reference is chosen 1 de-
gree below its maximum temperature, which results in a
reference Et = Ct(Tamb − T + 1) = Et + Ct, in which the
ambient temperature Tamb is taken constant. This results
in xref = [ 12 (Es+Es) Et+Ct]

T . The discrete-time solution
of DP is computed with the Matlab toolbox presented in
(Sundström and Guzzella, 2009). For DP, the values for
x(0) and x(tf) are chosen such that the obtained results
can be compared with the results of 1slSDP and ECMS.
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Fig. 2. The three different drive cycles used in this simu-
lation study (PEDC1, PEDC2, and PEDC3).

4.1 Comparison of State Trajectories

In the following subsection, we will consider only the
simulation results with PEDC1. The state trajectories
obtained with the different solution methods are shown
in Fig. 3. The resulting trajectories obtained using DP
are used as a benchmark and are depicted in Fig. 3a. In
this figure, the different initial and final conditions are
chosen such that a fair comparison with ECMS and 1slSDP
can be made. The state trajectories obtained with ECMS
and 1slSDP are depicted in Fig. 3b and 3c, respectively.
In all these figures, the SoE of the high-voltage battery
and the air temperature in the refrigerated semi-trailer
are shown. As stated in Section 3, the air temperature in
the refrigerated semi-trailer is given by T = Tamb−Et/Ct.

The state trajectories obtained with ECMS are depicted in
Fig. 3b for three different sets of parameters (λ0,K) in the
adaptation rule (5). For both the high-voltage battery and
the refrigerated semi-trailer, a slight parameter variation
results in different state trajectories. This causes the
energy at the end of the cycle not to be not equal to the
energy at the start of the cycle and leads to a different
fuel consumption. This reconfirms that properly tuning the
parameters in ECMS is very important, but also difficult.

The state trajectories obtained with 1slSDP are shown
in Fig. 3c. For the high-voltage battery, it can be seen
that the method results in an energy-depleting strategy,
meaning that if energy in the battery is available, it is
used to minimise the fuel consumption. The battery is
only charged when there is (free) energy available due to
regenerative braking. Still, the rate on which the energy
is used depends on the current driving conditions and
the battery SoE. Similar behaviour is observed for the
temperature in the refrigerated semi-trailer.

4.2 Comparison of Fuel Consumption

The fuel consumption reduction results for DP, 1slSDP
and ECMS are given in Table 1. In this table, the fuel
consumption is compared to a baseline consisting of a con-
ventional (nonhybrid) truck with a refrigerated semitrailer
whose air temperature is always kept at its upper bound.
For DP, the results of two different sets of initial and final
conditions are given, indicated by DP-I and DP-II, which
correspond to the initial and final conditions used in Fig.
3a. The difference in fuel consumption between these two
sets in initial and final conditions is small for all three
drive cycles, i.e., at most 0.16% and this conclusion seems
to hold for other initial and final conditions as well. This is
important as it shows that forcing the energy in the high-
voltage battery and refrigerated semi-trailer at the start
and end of the drive cycle to be at a certain value, hardly
affects the fuel consumption.

The results obtained with 1slSDP should be compared to
the DP-I results, while the results of (Tuning 1 of) ECMS
should be compared to DP-II, because of their initial
and final conditions. Recall that 1slSDP yields an energy-
depleting strategy and ECMS yields an energy-sustaining
strategy, and for a proper comparison, it is important
that x(0) = x(tf ). From Table I, it can be seen that
1slSDP consumes 0.75%, 0.21% and 0.45% more compared
with the optimal solution calculated with DP-I for the
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(a) State trajectories obtained with DP.
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(b) State trajectories obtained with ECMS.
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(c) State trajectories obtained with 1slSDP.

Fig. 3. The state trajectories obtained with DP, ECMS and 1slSDP for the first part of the drive cycle.

Table 1. The fuel consumption results for the three
methods for the three parts of the drive cycle.

Fuel Consumption [%]
Method PEDC1 PEDC2 PEDC3

Baseline 100.00 100.00 100.00

DP-I 94.91 97.15 96.26

DP-II 94.75 97.05 96.24

1slSDP 95.66 97.36 96.71

ECMS 95.76 97.77 96.30

three drive cycles, respectively. The fuel consumption with
ECMS is 1.01%, 0.72% and 0.06% more compared to the
optimal solution calculated with DP for the three drive
cycles, respectively. For PEDC3, the well-tuned ECMS
performs better than the 1slSDP result, which is due to
the fact that for this cycle, the value for K in (5) is small,
and λ0 is properly tuned. In this situation, the ECMS
corresponds very closely to the solution of PMP and,
hence, very close to optimal. Still, the proposed 1slSDP
strategy is slightly more profitable than ECMS in two
out of the three drive cycles. Even though the difference
between 1slSDP and ECMS can be small, the true benefit
of 1slSDP is its reduced calibration effort, as no tuning is
needed for the solution based on 1slSPD.

5. CONCLUSIONS

In this paper, a systematic procedure to determine the
equivalence factors in the equivalent consumption minimi-
sation strategy (ECMS) was proposed. The procedure is
based on the observation that ECMS can be considered as
a time-invariant feedback policy and dynamic program-
ming (DP) also yields a time-invariant feedback policy
when the time horizon of the control problem approaches
infinity and the disturbances are constant or absent. As the
drive cycle can be considered as a stochastic disturbance,
we proposed to formulate ECMS as the solution of a 1-
step look-ahead stochastic dynamic program (1slSDP).
While ECMS requires extensive tuning over a drive cycle,
particularly when the number of energy buffers increases,
1slSDP does not require parameters to be tuned. Even
though both 1slSDP as well as ECMS yield close to opti-
mal behaviour in terms of fuel consumption, the absence
of any tuning parameters in 1slSDP make 1slSDP a useful
strategy for designing energy management systems.
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