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Summary 
In the last few years the failure of structural components due to fatigue cracks has been a hot 

topic. Fatigue is the weakening of a structural part through crack initiation and propagation 

caused by repeated stress fluctuations. When fracture due to cracks is considered, plastic 

collapse must be considered, because an increase of the net section stress is a driving force for 

crack propagation. In an engineering critical assessment, a cracked component fails not only due 

to plastic collapse. In high-toughness (strength-dominated) materials failure occurs by collapse 

without any crack extension. In low-toughness (toughness-dominated) materials crack extension 

occurs because the fracture condition is reached before the plastic collapse condition. In practice, 

failure is a result of a combination of plastic collapse and brittle fracture. This thesis focuses on 

failure due to plastic collapse. In order to determine the safety level of a structural component it 

is important to have more insight into the remaining loadbearing resistance of a cracked 

component. 

 

Various types of crack geometries exist such as a through-thickness crack, an extended surface 

crack, a semi-elliptical surface crack and an embedded crack. This thesis focuses on the extended 

surface crack. British standard (BS 7910) is a guide for assessing the acceptability of cracks in 

metal structures. BS 7910 provides some formulas for calculating the limit loads of cracked 

components. The limit load equations in BS 7910 refers to two levels of constraint, namely a pin-

jointed and a rigid restraint. In the pin-jointed situation a bending moment develops as a result 

of the neutral axis shifting away from the centre in the cracked section. In the rigid restraint 

situation bending is constrained meaning there is no bending moment present. The solutions 

reported in BS 7910 are based on an elastic-perfectly plastic material model, a uniaxial state of 

stress and without considering geometric nonlinearity effects. These assumptions determine an 

excessive margin of safety with respect to test data obtained in the past. 

 

This thesis focuses on the accuracy/degree of conservatism of the equations showing in BS 7910. 

Numerical models are developed to predict failure loads for several crack configurations and 

boundary conditions. The models are formulated in different manners ranging from simple (beam 

element) to more accurate solutions (2D plane stress, plane strain and 3D solid elements). 

Accurate results are only possible using solid elements whereas 2D solutions only approximate 

the results depending on the thickness of the specimen. In particular, consistent with the 

literature, cracked specimens prove to develop a triaxial state of stress in the vicinity of the notch 

root which negatively influences the ductility. Finally, the failure loads are predicted uses the true 

stress-strain model including geometric nonlinear effects. Failure is related to reaching the strain 

at fracture in these models. The strain at fracture depends on the stress triaxiality and is 

determined using the ASME approach. The developed FE models predict the failure loads of the 

experiments with more accuracy in comparison with the solution from BS 7910. 
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1 Introduction 
In the past years, the failure of structural components due to fatigue has been the subject of 

various studies. The first research into fatigue was started as early as the nineteenth century. 

August Wöhler was one of the scientists who greatly contributed to these researchers. Failures 

were observed at stresses far below the static strength of the materials used, in other words 

without excessive loads being imposed. Despite the extensive research carried out in the past, 

problems caused by fatigue are still occurring today [1]. In August 2007, the I-35W bridge over 

the Mississippi in Minnesota (US) collapsed because of fatigue [2]. 140.000 vehicles passed this 

bridge every day. The bridge collapsed during the evening rush hour, killing 13 persons. In 

October 2016 the Merwede bridge, located between Gorinchem and Sleeuwijk, was closed due 

to cracks appearing in the structure of the bridge [3]. In order to determine the safety level of the 

structure, it is important to get more knowledge about the critical conditions of fatigue cracks. It 

is important to know the remaining loadbearing resistance in case of a partially cracked 

component. 

 

 
Figure 1.1: Cracked component in bridges [4] 
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Fatigue 

Fatigue can be defined as: ‘’weakening of a structural part, through crack initiation and 

propagation, caused by repeated stress fluctuations’’ [5]. The time-varying stress fluctuation in 

the material determines crack initiation and propagation until the structure fails. 

 

Failure Assessment Diagram (FAD) 

To determine if a crack can cause a structural failure under a certain loading condition, the Failure 

Assessment Diagram (FAD) is employed in the British Standard (BS 7910). British standard 

(BS7910) is the guide for assessing the acceptability of cracks in metallic structures. When 

fracture due to cracks is considered, plastic collapse must be considered, because an increase of 

the net section stress is a driving force for crack propagation. In an engineering critical assessment 

(ECA), a cracked component fails not only due to plastic collapse. In high-toughness (strength-

dominated) materials failure occurs by collapse without any crack extension. In low-toughness 

(toughness-dominated) materials crack extension occurs because the fracture condition is 

reached before the plastic collapse condition. In practice, failure is a result of a combination of 

plastic collapse and fracture mechanism [7]. The FAD described the interaction between brittle 

fracture and plastic collapse. The FAD gives on the vertical axis the fracture ratio (𝐾𝑟), which is 

defined as a ratio between the Stress Intensity Factor (𝐾) and its critical value (𝐾𝑐). The horizontal 

axis represents the plastic collapse ratio (𝐿𝑟), which is calculated as the ratio between the 

references stress and the yield stress which is the same as the ratio between the applied load and 

the limit load. The reference stress is the maximum stress in the net section corresponding to 

complete yielding in the net section according to the limit load approach. In the FAD, the location 

of the assessment point with respect to the curve determining the location of failure determines 

the acceptability of the crack. Figure 1.2 shows that there is an excessive margin of safety, since 

the actual material properties are employed, which implies a conservatism in the model. In this 

thesis, the focus will be on the plastic ratio.  

 

 
Figure 1.2: Failure Assessment Diagram [6] 
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Limits loads from British Standards 

The limit load can be calculated using formulas in BS 7910, which provides a lower bound 

theorem. An external load is calculated on the basis of an assumed distribution of internal forces 

in the cracked section, is in balance with the external load. 

 

Plastic collapse occurs when the net section stress surrounding the crack reaches the yield 

strength of the non-work-hardening material. For strain-hardening material the flow strength is 

used to simplify the analysis. The flow stress is commonly taken as the average of the yield and 

tensile strengths of the material [7]. This definition is applicable for low and moderate work-

hardening materials such as ferritic steels. For materials with a high ratio between the tensile and 

the yield strength, using the flow strength in an elastic-plastic limit load assessment can give an 

overestimation of the real collapse load [7]. In Annex 1, paragraph 5.1 more information is given 

about a two-dimensional limit load analysis for plates containing cracks. 

 

The limit load equations in BS7910 refer to two levels of constraints, namely the pin-jointed and 

rigid restraint type. In the cracked section of the specimen loaded in tension an additional 

bending moment occurs due to the shift of the neutral axis due to the presence of a crack. This 

additional bending moment is free to develop in the pin-jointed case, whereas it is constrained 

in the rigid restraint case, e.g. a cracked flange is restrained by the web of a girder (see Figure 

1.3). 

 

 

 
Figure 1.3: (a) Pin-jointed. (b) Rigid restraint. (c) girder  
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Research goal and methodology 

It has been found that there is an excessive margin of safety in the methods to assess the failure 

of cracked components (see Figure 1.2). The goal of this thesis is to investigate the methods 

available to assess plastic collapse of cracked components in order to evaluate the conservatism 

in the common equations for the plastic collapse ratio. The case considered consists of an 

extended surface crack in a rectangular cross-section. The finite element analysis is performed to 

determine the limit loads for different geometries with varied width, length, thicknesses and 

different crack size according to Figure 1.4. The loading types are tension and bending. The 

analytical expressions shown in the BS 7910 are compared to the numerical model to evaluate 

the degree of conservativism. The analysis is performed considering different stress-strain 

relations, namely elastic-perfectly plastic and a true stress-strain model. 

 
Figure 1.4: Extended surface crack 

 

Thesis outline  

The graduation thesis is represented in this document. Chapter 2 provides the most important 

subjects of the literature study. This information is required for the legibility of this thesis. The 

extended literature study can be found in Annex 1. In chapter 3 the extended surface crack is 

discussed, starting with the explanations about the numerical model, built with Ansys Workbench 

17.2. Then the different types of loading are discussed starting with an elastic-perfectly plastic 

model using different plate dimensions with different crack sizes. The models are formulated in 

different manners ranging from simple (beam element) to more accurate solutions (plane and 

solid elements) to get a better insight into the model. Next the failure loads of the experimental 

data sets are predicted using an elastic-perfectly plastic model and a true-stress strain model 

applying 3D solid elements. Finally, in chapter 4 conclusions are presented and in chapter 5 

recommendations are provided. 

 

Added value 

In previous work ductile failure simulations are made applying a micro-mechanical model using 

ductile fracture incorporating void nucleation, growth and coalescence, e.g. the Gurson-

Nucleation growth model. Eight parameters related to the micro mechanism of ductile fracture 

are needed for these models. Another option involves the cohesive zone modelling. The required 

parameters related to ductile failure are not easily to determine. 

 

In this thesis, more insight is given into extended surface cracks in rectangular plates with various 

levels of constraints and a method is described to determine the strain at fracture in the least 

complicated manner. The fracture strain and the corresponding failure load can be determined 

by the use of commercial finite element software without the need of calibration of many 

parameters.  
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2 Literature review 
In this chapter a summary of the literature study is provided. The full literature study can be found 

in Annex 1.  

 

2.1 Nonlinearities 
In a linear analysis, the displacements and the applied load are linear dependent which means 

that the structure returns to its original shape when the load is removed. If the deformations are 

beyond the elastic limit, the situation becomes a nonlinear problem.  

 

There are three main types of nonlinearities, namely material, geometrical and contact 

nonlinearities. In a material nonlinear situation, the stress is not in linear relation to the strains 

at any stress level. The stiffness is no longer a constant value but it varies through the load path. 

In geometric nonlinearity, the changes in the geometry of a structure due to its displacements 

are considered, which means that equilibrium must be satisfied in the deformed shape. As a 

consequence of this, the true stress-strain relation must be used during the analysis, the stress-

strain relation must be re-defined based on the current deformed shape. In a true stress-strain 

relation, the stresses will rise constantly (assuming the loads remain constant) also when necking 

(a large amount of localised strains in a small region) occurs before final fracture. The curve shows 

strain hardening effects, this means that the stresses increase with the increasing strains. The 

true stress-strain curve is only valid up to the onset of necking because necking results in a 

complex state of stress which is no longer uniaxial [8]. Figure 2.1 shows the true monotonic stress-

strain curve versus a nominal stress-strain curve. When a true stress-strain curve is unavailable it 

can be approximated using the correlations proposed in BS 7910. 

 

For the modelling of plasticity, the material behaviour in the plastic region can be simplified into 

two types: 

• Perfectly plastic or non-work hardening, in this model there is no further increase in yield 

stress after the initial yield point is reached (Figure 2.1 (b)). 

• Linear or non-linear strain hardening or work hardening, after the initial yield point the 

stress increases with the strains (Figure 2.1 (c)). 

 

A true stress-strain material model should be used including geometrical nonlinear effects which 

are more in accordance with the actual behaviour of the structure. 

 

 
Figure 2.1: (a) Nominal and true stress and strain curve [8]. Idealized elastic-perfectly plastic material models (b) 

elastic-perfectly plastic. (c) strain hardening material [8] 
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The last type of a nonlinearity is when a change in stiffness occurs when bodies meet each other 

[8]. This type of nonlinearity is not relevant for this thesis. 

 

2.2 Limit load /Plastic collapse load 
The ASME code [9] provides methods to calculate the failure load of a structural component. 

These methods are called the limit load and the elastic-plastic stress analysis method. Limit load 

analyses is an efficient method that can be used to estimate the failure load of a structural 

component. When the load increases the stress field remains elastic until the elastic limit load is 

reached. The maximum stresses in the cross section have reached the yield stress. When the load 

exceeds the elastic limit, a plastic region starts to spread through the section, the displacement 

of the structure progressively increases. At this stage, the plastic flow in the yield zones is still 

contained by the surrounding elastic regions. As the load is still increasing the upper and lower 

plastic regions form a plastic hinge. The yielding has spread to such an extent that the remaining 

elastic material plays an insignificant role in sustaining the load. The load cannot be increased 

beyond this point. At this moment, the structure has reached its limit or collapse state [10]. 

 

Using the Elastic-Plastic Stress Analysis Method the load which causes structural failure is called 

the plastic collapse load instead of limit load. This method provides a more accurate result 

because the behaviour of the structure is better approximated. The limit/plastic collapse load is 

the load where equilibrium solution is achieved when, for a small increased load, the solution will 

not converge anymore. These methods are based on the following assumptions: 

 

Limit load [9] 

• The material model is elastic-perfectly plastic with a specified yield strength; 

• The strain-displacement relations are those of small displacement theory; 

• Equilibrium is satisfied in the undeformed shape. 

 

Plastic collapse load [9] 

• The material model is an engineering or true-stress strain curve; 

• The strain-displacement relations are those of large displacement theory; 

• Equilibrium is satisfied in the deformed shape. 
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2.3 Triaxiality and fracture strain 
For a specimen with a notch in uniaxial tension it is possible to develop a triaxial stress distribution 

even if the external load is uniaxial. Just inside the root of the notch the axial stress is high and 

the sample tends to shrink in the Y and Z-direction. At the surface and near the notch root no 

axial stress is applied and the material experiences no strain in these two directions. These 

locations are discontinues meaning that the contraction of the region inside the notch is resisted 

by the lack of contraction outside the notch. This uneven strain in the Y and Z direction induces 

stresses in these directions. This effect is more evident for sharper notches. However, the stress 

in Z-direction depends also on the thickness. If the thickness in the Z direction is small, then the 

magnitude of this stress is relatively low compared to the stresses in X and Y-direction. This 

situation is called a plane stress situation which is more dominant in relatively thin structural 

elements. When there is a significant thickness, the contraction in the z-direction may be 

prevented (εz=0), which results in zero stress at the surface with a maximum stress in the mid-

thickness [11]. 

 
Figure 2.2: Developing a biaxial or triaxial stress state due to the presence of the notch 

 

The triaxial stress state reduces the ductility of structural materials, which changes the stress-

strain curve. Figure 2.3 (a) shows the response to a multiaxial stress state. The material used is a 

high ductility mild steel which can be deduced from the stress-strain relation for the unnotched 

specimens (curve 1). All notched specimens have the same minimum thickness as the unnotched 

specimens. In test 3 to 6 the notches become sharper. The fracture strain is reduced and the 

failure load increases meaning that the fracture strain and the stress triaxiality are dependent on 

each other [12]. The same effect is shown in Figure 2.3 (b). 

 
Figure 2.3: Experimental results using unnotched and notched specimens that evidence the effect of multiaxiality 

[12] 
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The effect of stress triaxiality on fracture strain for metals is further researched. Most of the 

research is limited to high-stress triaxiality using pre-notched tensile specimens. More 

information can be found in Annex 1. However, literature is lacking studies of fracture strain 

covering the entire range of stress triaxiality [13]. Figure 2.4 shows some relations between the 

fracture strain and the stress triaxiality for different metals found in literature. The stress 

triaxiality factor is defined by the ratio of the hydrostatic stress (𝜎ℎ) and the Von Misses stress 

(𝜎𝑣𝑚). 

 
𝜎ℎ
𝜎𝑣𝑚

 =
𝜎1 + 𝜎2 + 𝜎3
3 ∙ 𝜎𝑣𝑚

 (2.1) 

 

𝜎𝑣𝑚 =
1

2
∙ [(𝜎1 − 𝜎2)

2 + (𝜎1 − 𝜎3)
2 + (𝜎3 − 𝜎2)

2] (2.2) 

 

 
Figure 2.4: Relations between the fracture strain and stress triaxiality for different materials [14]-[17] 

 

 

  

[14] 

[15] 

[15] 

[16] 

[15] 

[15] 

[16] 

[17] 
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2.4 Finite element method 
In this subparagraph the element types which are used in the FE analysis are discussed. The 

element types are divided into beam, plane and solid elements. Finally, a subparagraph 

containing FE studies by other authors referring to limit loads of cracked components is included. 

 

Beam elements 

A beam element is suitable for analysis of slender to moderately thick beam structures. The 

element is based on the Timoshenko beam theory which means that transverse shear strain is 

constant through the cross-section, i.e. cross sections remain plane after deformations. The beam 

element which is used in the FE analysis is a quadratic beam element with three nodes and six 

degrees of freedom per node. The degree of freedom for each node is a translation in x,y and z 

directions and rotations around the x,y and z directions. The beam elements are one-dimensional 

line elements. The integration points along the length are shown in Figure 2.5 (left) and Figure 

2.5 (right) shows the four integration points for each cross-section cell [18]. 

 

 
Figure 2.5: Integration points along the length [left] and for each cross-section cell [right][18] 

 

Plane elements 

A plane element has a constant thickness which can only load in-plane loading. The plane 

elements can be divided into plane stress and plane strain conditions. The geometry of the plane 

elements can be quadratic or triangular. The element is defined by 8 or 6 nodes with two degrees 

of freedom for each node, namely translation in the nodal x and y directions. A quadratic 

displacement field for the elements is used in the FE analysis [18].  

 
Figure 2.6: 2D 8 node having 16 nodal degrees of freedom [left] or 6 nodes having 12 nodal degrees of freedom [18]. 
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Solid elements 

A solid element is an extended plane element with one extra coordinate and another 

displacement component turning this element into a three-dimensional element with three 

translational degrees of freedom for each node (translations in the node x,y and z directions) as 

shown in Figure 2.7. The element used is a higher order 3D 20 node solid element showing a 

quadratic displacement behaviour. For solid elements it is possible to apply more elements to a 

single thickness meaning that thickness can influence the results. A more accurate result between 

plane stress and plane strain can be obtained. A disadvantage of these elements is a longer 

computation time in comparison to the plane and beam elements. 

 

   
Figure 2.7: 3D solid elements [18] 
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State of the art: FE studies to limit load 

 

M. Paredes [19] 

In 2013 this author published a paper ‘’Plastic limit load and its application to the fracture 

toughness testing for heterogeneous simple edge notch tension specimens’’. This paper focuses 

on the plain strain limit load calculations in welded single edge notch tension fracture specimens, 

shown in Figure 2.8. Two types of boundary conditions (clamped and pinned ends) are 

considered. The models consist of a plane strain model with different crack lengths and a 3D 

model. For the 2D specimen geometry only one half is modelled; the mesh consists of 3000 8-

node 3D elements (6400 nodes) with plane strain constraints. The FE analysis is carried out using 

the WARP3D research code. The numerical limit load determination follows an asymptotic 

procedure between the crack driving force and applied load.  

 

The meshed model employs similar geometric features to the 2D analyses with a typical radius 

(=2,5μm) which represents the crack tip. The analysis is performed using displacement control to 

ensure numerical convergence. A bilinear material model (elastic-perfectly plastic) with small 

strain and rotation theory is used. The numerical solution is compared to analytical plain strain 

limit load solutions from literature. 

 

It was concluded that the effect of strain hardening is more evident for specimens with clamped 

boundaries than for specimens with pin-loading. Therefore, determining of the limit loads of 

clamped specimens should be carried out with caution. The limit analysis is based on an elastic-

perfectly plastic material characterized by large-scale yielding without strain hardening 

properties [19]. When using yield strength the solutions show some degree of conservatism. 

 

 
Figure 2.8: 3D finite element models: (a) pin-loaded model and (b) clamped mode [19] 
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Y. CHEN AND S. LAMBERT [20] 

In 2003 these authors published the paper ‘’Analysis of ductile tearing of pipeline-steel in single 

edged notch tension specimens’’. The purpose of their work is to develop a finite element model 

to simulate ductile tearing in pipeline-steels. The numerical predictions are compared to 

experiments for single-edged notch tension (SENT) specimens. In the numerical model, the 

progressive damage is limited to a predetermined ductile tearing zone. The material damage in 

the tearing zone is described by Gurson-Tvergaard isotropic constitutive model which takes into 

account the void nucleation, growth and coalescence. For these model eight parameters related 

to micromechanism of ductile fracture are needed. The criterion for void coalescence is 

determined with the Thomason criterion. The model is applied to predict the mechanical 

behaviour of the SENT experiments for different plate dimensions.  

 

The mechanical properties of the material are predicted using the Ramberg-Osgood power-law. 

The authors mention that the large strain zone for a centre cracked tension specimen is restricted 

to a height less than 3mm from the crack plane in tensile specimens. Fracture is modelled in the 

tearing zone surrounding the crack plane. For their finite element model ABAQUS is used. In 

Figure 2.9 two symmetry planes are used, only one-quarter of the specimen is modelled. To 

facilitate deformation due to large plastic strain at the crack tip the mesh around the crack tip is 

modelled with an original blunt notch with a radius of 0,2 mm. 3D 8-node solid elements are 

used. In the tearing zone a redefined mesh is used due to expected damage and crack 

propagation from that region. The numerical results are well in agreement with the experiments.  

Also the overall behaviour is good approximated using the damage model, which predicts a sharp 

load drop after the maximum load is reached. Further it is concluded that the differences 

between predictions of the maximum load with and without damage model are negligible. 

 

 
Figure 2.9: (a) 3D finite element mesh for a quarter of SENT specimen. (b) Detailed mesh pattern for the region near 
the crack front [20].  
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P. CHAKRABORTY AND S. BULENT BINAR [21]  

Another option to simulate ductile tearing involves the cohesive zone modelling. In the Cohesive 

Zone Model, it is assumed that the damage is localised in the cohesive interface and the other 

part of the material remains undamaged. Traction-separation constitutive laws are used to define 

damage initiation, growth and final separation of the interface. The bilinear traction-separation 

law is used in the paper to describe the different parameters which are needed for a Cohesive 

Zone Model. This is shown Figure 2.10. In this model the interface is assumed to be undamaged 

when the separation is less than the critical separation distance (δc). Therefore, the interface 

behaves elastically and the traction is related to separation. Beyond the separation distance the 

interface undergoes damaged. Failure occurs when δf is reached. As the interface is completely 

separated the loadbearing capacity is lost [21]. 

 

 
Figure 2.10: Schematic of bilinear traction-separation law used to model Mode-I brittle crack propagation [21] 
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3 Extended surface crack 
Figure 3.1 shows the extended surface crack. The different parameters are: 

• Plate width  (=W) 

• Plate thickness (=B) 

• Crack depth  (=a) 

• Length specimen (=L) 

 
Figure 3.1: Extended surface crack 

 

3.1 Numerical model 
Finite element analyses are performed to determine the limit loads for different geometries with 

varied width, length, thickness and crack size. Using a FE analysis, a more accurate result of the 

limit load can be obtained since it is possible to consider the effect of the work-hardening and 

the triaxiality. The different load cases are tension and bending. 

 

Ansys Workbench version 17.2 is used for the numerical research. Numerical models are 

developed to predict more accurate failure loads of partially cracked components. The models 

are formulated in different manners ranging from simple (beam element) to more accurate 

solutions (plane and solid elements) to get a better insight into the models. Finally, the failure 

loads of the experiments are predicted using two different methods provides by the ASME code. 

The first method is based an idealized stress-strain relation (elastic-perfectly plastic material 

model) and small displacement theory. To take into account strain hardening effects, the flow 

strength is used, which is defined as the average of the yield and tensile strength. The second 

method making use of the true stress-strain model including geometric nonlinear effects meaning 

equilibrium must be satisfied in the deformed shape which gives a more accurate result because 

the actual behaviour of the structure is approximated with more accuracy. The different stress-

strain relations are shown in Figure 3.2. 

 
Figure 3.2: (a) Elastic-perfectly plastic material model using flow strength and yield strength. (b)  True stress-strain 

curve 
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To obtain general solutions, different crack sizes are used going from a/B=0,1 to a/B=0,9.  These 

models are also used to quantify the influence factors of the degree of conservatism in the 

solutions showing in BS 7910. The geometries which are used for the FE models using beam, plane 

and solid elements are discussed in this paragraph. 

 

Beam model 

In the beam model the total geometry is modelled, consisting of three parts. The two outer parts 

(section A and C) are the full gross section and the middle part (section B) is the cracked section 

(Figure 3.3). The final geometry is shown in Figure 3.4 

 

 
Figure 3.3: Extended surface crack modelled using beam elements 

 

 
Figure 3.4: Geometry in FE analysis using beam elements for a crack depth ratio (a/B) of 0,5 
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Plane and solid model 

For the plane and solid model symmetry planes are used to save computation time. For the plane 

model one symmetry plane is used and half of the plate is modelled. This is shown in Figure 3.5. 

For the solid model one extra symmetry plane over the thickness is used which means that ¼ of 

the model is modelled.  

 

At the crack tip, significant of plasticity is present. This effect results in crack tip blunting. The 

sharp crack tip hence transforms into a crack tip with a radius. For this reason the geometry is 

divided into two variants. In the first variant the crack tip is assumed to be blunt, in the second 

case a sharp crack tip is modelled.  The reason for this is that not having a radius might cause 

convergence issues. Chen [20] modelled the crack with a radius of 0,2 mm.  

 

 
Figure 3.5: Use of symmetry for plane and crack tip blunting 

 

Figure 3.6 shows the geometry with radius (a) and without radius (b). The geometry is set 

parametric in order to consider different geometries and crack sizes. Slices are made for mesh 

control. It is important to have a good mesh, especially around the crack tip. For this reason, two 

extra slices with a distance called S3 are created to make a finer mesh around the crack. The load 

is applied through load increments small enough to overcome convergence difficulties. 

 

 
Figure 3.6: Geometry model with radius. (a) plane elements. (b) solid elements 
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3.2 Tension loading 
In this subsection, only tension loading is applied started with an uncracked model, which 

behaves different than cracked plates. Afterwards a plate with an extended surface crack making 

using an elastic-perfectly plastic material model is discussed.  

 

Uncracked model 

This paragraph is about the determination of the limit load for uncracked plates loaded in tension. 

Table 3.1 provides the limit loads obtained by the FE analysis using a higher order 3D 20 node 

solid with a quadratic displacement behaviour. The FE analyses is carried out for different plate 

dimensions. From this it can be seen that the failure stress (Pm) is equal to the yield strength.  

 

In reality, a specimen without a crack loaded in uniaxial tension can reach the tensile strength 

over the full cross-section before failure occurs, but in practice the yield strength is used for the 

calculations otherwise the deformations of the structure will be too large. In a cracked structure, 

the strains at the crack tip will be large which means that failure occurs before the tensile strength 

in the full cross-section is reached. For this reason, BS 7910 incorporated the flow strength. 

 
Table 3.1: Different plate dimensions with corresponding failure stress 

W B W/B σys N Pm Pm/ σys 

[mm] [mm] [mm] [Mpa] [kN] [Mpa] [-] 

0,5 10 0,05 355 1,78 355 1 

1 10 0,1 355 3,55 355 1 

10 10 1 355 35,5 355 1 

50 10 5 355 177,5 355 1 

100 10 10 355 355 355 1 

1000 10 100 355 3550 355 1 

2000 10 200 355 7100 355 1 

 

The stress triaxiality factor is defined by the ratio of the hydrostatic stress (𝜎ℎ) and the Von Misses 

stress (𝜎𝑣𝑚): 

  
𝜎ℎ
𝜎𝑣𝑚

 
=

𝜎1 + 𝜎2 + 𝜎3

3 ∙ √
1
2 ∙
[(𝜎1 − 𝜎2)

2 + (𝜎1 − 𝜎3)
2 + (𝜎3 − 𝜎2)

2]

 
(3.1) 

 

The triaxiality factor for an uncracked plate is 1/3 because there is only a stress component in 

one direction (uniaxial stress state); 𝜎1 = 𝜎; 𝜎2 = 0; 𝜎3 = 0, Substitute this in Eq.(3.1):  

  𝜎𝑣𝑚 = 𝜎1 (3.2) 

 

Substitute these relations in the equation for the stress triaxiality factor: 

  
𝜎ℎ
𝜎𝑣𝑚

 =
𝜎1 + 0 + 0

3 ∙ 𝜎1
=
1

3
 (3.3) 

 

  

Figure 3.7: uncracked plate 
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Cracked model 

For an extended surface crack loaded in tension there are different level of constraints. Started 

with the two level of constraints as determined in BS 7910. The limit load solutions will be 

compared with the FE analysis to quantify the influence factors which determines a conservatism 

in the model. The applicable normalized limit load equations in BS 7910 are formulated in Eq.(3.4) 

for the pin-jointed case and in Eq. (3.5) for the rigid restraint case. 

 

 
𝑃𝑚
𝜎𝑓

 = √(2 (
𝑎

𝐵
)
2

− 2
𝑎

𝐵
+ 1) −

𝑎

𝐵
 (3.4) 

 
𝑃𝑚
𝜎𝑓

 = 1 −
𝑎

𝐵
 (3.5) 

 

Finally, a case with end rotational restraint (fixed grip) is considered because a part of the 

experiments is performed with some end rational restraints.  

 

The boundary conditions depend on any of the level of constraints. The two types considered in 

BS 7910 and the final level of constraint is where end rotational restraint (fixed grip) is applied. 

The mechanical scheme for all of these level of constraints is shown in Figure 3.8. In the rigid 

restraint type no bending moment occurs. In the pin-jointed and fixed grip a bending moment 

does occur. The distribution of the bending moment will be further explained the next 

paragraphs. The crack causes the centreline to shift, which results in an eccentricity (e). The 

boundary conditions for each model are given in Annex 2. 

 

The limit load evaluation is done by applying a displacement to the free surface. The force 

reaction is plotted against the applied displacement (Figure 3.8 (d)). When using an elastic-

perfectly plastic material model the limit load is given by the horizontal asymptote. The limit load 

showing in this figure is called 𝑁𝐿. 

 

 
Figure 3.8: mechanical scheme (a) pin-jointed case. (b) rigid restraint case. (c) fixed grip. (d) Graph force reaction 

against applied displacement. 
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3.2.1 Levels of constraints using BS 7910 

The pin-jointed and rigid restraint cases are discussed in this paragraph. The FE analysis is 

performed using an elastic-perfectly plastic material behaviour. Started without geometric 

nonlinear (GNL) effects. Finally, the influence on the limit load results including GNL effects is 

described.  

 

Uniaxial stress state 

The FE analysis is started with beam elements, a quadratic beam element with three nodes and 

six degrees of freedom per node are applied. The integration scheme is shown in the literature 

review, Figure 2.5. The boundary conditions for this model are given in Annex 2 and a mesh study 

is provided in Annex 3 which concludes that the mesh density does not influence the limit load 

results. Using beam element only a stress in the longitudinal direction can be generated (uniaxial 

state of stress). Beam elements are 1D elements, thus the notch effect which can result in a plane 

stress (biaxial state of stress) and plane strain (triaxial state of stress) cannot be considered using 

beam elements.  

 

Figure 3.9 (a) shows the moment line for the pin-jointed situation. The bending moment is zero 

in the un-cracked sections and in the cracked section the bending moment is calculated as force 

times eccentricity; this is shown in Eq. (3.6). Figure 3.9 (b) shows the FE solution for a crack depth 

ratio (a/B) of 0,5. The eccentricity increases with the crack depth, implying that a larger crack 

depth results in a larger moment in the cracked section causing larger deformations. The 

deformation in Figure 3.9 (c) shows that the specimen bends upwards as a result of the bending 

moment. The deformation in the rigid restraint type is only in a longitudinal direction (Figure 

3.10) and no bending moment is present. In Annex 2 the deformation of a small and large crack 

is shown. This shows that in a small crack the upward deformation of the specimen is small 

because the bending moment is also small.  

 

 𝑀 = 𝐹 ∙ 𝑒 = 𝐹 ∙ (
1

2
∙ 𝐵 − (𝐵 − 𝑎)/2) (3.6) 

 
Figure 3.9: Pin-jointed. (a) moment line. (b) bending moment from FE solution (c) deformation 
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Figure 3.10: Deformation rigid restraint case. 

 

The limit loads are determined for different crack sizes. The results are shown in Figure 3.11 with 

on the vertical axis the tensile stress at failure divided by the flow strength, also called the 

normalised failure stress. The horizontal axis represents the crack depth (a/B) ratio. The graph 

shows that the finite element results meet the analytical equations for both types. This is also 

logical because the assumptions for both methods are the same. These assumptions are: 

• Elastic perfectly plastic material model 

• Based on a uniaxial stress state  

• No geometric nonlinearities effects are included 

 

 
Figure 3.11: Normalised failure stress against the crack depth ratio (a/B) for the pin-jointed and rigid restraint case   
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Biaxial or triaxial state of stress 

As mentioned in the literature review chapter 0 is it possible to develop a biaxial or triaxial state 

of stress due to the presence of a notch/crack. The thickness of the structure determines the 

structure tends to a plane stress or plane strain condition. In the FE analysis, plane elements can 

be used to approximate the behaviour of structures which behaves as plane stress or plane strain: 

• Plane stress, 𝜎𝑧 = 0  

• Plane strain, 𝜀𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

The limit loads for plane stress (=biaxial state of stress) and strain (=triaxial state of stress) 

situation are determined to apply an 8-node plane element with quadratic displacement 

behaviour. Annex 3 provides a mesh study. The mesh size does not have a considerable influence 

on the limit load results since the material behaviour is idealized as an elastic-perfectly plastic 

material model with unlimited strains and the failure condition is independent on the magnitude 

of the strain. The limit load results are shown in Figure 3.12 (a) from them, it can be concluded 

that the plane stress elements result in a slightly higher limit load than the analytical equations. 

The plane strain elements give a significantly higher limit load as compared to the analytical 

equations from BS 7910. The notch induces a biaxial or triaxial state of stress which depends on 

the thickness of the specimen. This increases the yield surface or yield condition because the 

hydrostatic stress increases which lead to a higher limit load.  

 

Ewin [22] and Miller [23] provide various analytical solutions for the plane stress and strain 

situation. These analytical solutions are presented in Annex 1, chapter 8. The analytical solutions 

are also shown in Figure 3.12 (b). It can be concluded that the results are in accordance with each 

other.  

 
Figure 3.12: The analytical versus FEM normalised failure stress for the plane stress/strain situation 

 

With the 3D model using solid elements a solution in between plane stress and plane strain can 

be obtained, the effect of the width (W) of the specimen can be taken into consideration. For the 

FE analysis, a higher order 3D 20 node solid with a quadratic displacement behaviour is used. The 

limit load is calculated applying two different widths to thickness ratio (W/B), the results are 

shown in Figure 3.13. From this, it can be concluded that a larger W/B ratio increases the limit 

loads. More thickness causes more material to be under a plane strain state of stress. The limit 

loads obtained with the FE model using plane stress conditions provides a lower bound.  
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The limit loads results obtained with the 3D solid model cannot be higher than the limit loads 

obtained with the FE model using plane strain conditions which provide an upper bound. For 

small crack sizes, the limit loads results converge to 1,0 for a crack depth ratio of zero which is 

equal to an uncracked plate. In these FE models, the different radii do not affect the limit loads. 

Annex 2 provides a graph representing the limit loads for different crack tip radii. 

 

 
Figure 3.13: The normalised failure stress against the crack depth ratio obtained by the plane and solid model 

 

Figure 3.14 (a-b) and Figure 3.15 (a-b) show the normalised stresses along the net section for the 

pin-jointed and rigid restraint case. The horizontal axis representing the net section with zero at 

the crack tip. In a rigid restraint case, the stress in the y-direction over the net section does not 

tend to zero due to the boundary condition at the bottom of the specimen, preventing the 

specimen from contracting in the y-direction. Whereas in the pin-jointed case no boundary 

condition is present, causing the specimen to contract in the y-direction, resulting in a stress level 

of around zero at the free surface. In the pin-jointed case a bending moment is present in the 

cracked section causing a compression force at the bottom of the specimen (𝜎𝑥 becomes 

negative). This results in a negative triaxiality factor as shown in Figure 3.14 (c). Due to the shift 

from tension to compression also a shift in the Von-Mises stress is visible because the Von-Mises 

stress is always positive. Further, the stresses in z-direction are increased due to the higher 

thickness of the material. This also affects the stresses in the other two directions leading to a 

higher triaxiality factor for the higher W/B ratio. Thus, the average triaxiality factor of the 

uncracked ligament is increased resulting in a higher limit load. 

  

 
Figure 3.14: The normalised stresses over the uncracked ligament started at the crack tip for the pin-jointed case. (a) 

W/B=0,2. (b) W/B=0,5. (c) Triaxiality factor over the uncracked ligament in both cases 
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Figure 3.15 The normalised stresses over the uncracked ligament started at the crack tip for the rigid restraint case. 

(a) W/B=0,2. (b) W/B=0,5. (c) Triaxiality factor over the uncracked ligament in both cases 

 

The plastic constraint is increased due to the highest stress triaxiality induced by the presence of 

the crack. This means that surrounding material prevents yielding of the elastic material. The limit 

loads depend on the stress triaxiality factor. Figure 3.16 shows the average stress triaxiality of the 

net section calculated using different FE models. 

 

In the rigid restraint case the FE model using the beam formulation shows a triaxiality factor of 

1/3 (based on a uniaxial stress distribution). In the pin-jointed formulation the average triaxiality 

decreases due to the negative triaxiality factor which is present at the bottom of the specimen. 

This negative triaxiality factor is a result of the bending moment which is present in the net 

section resulting in a compression force at the bottom of the specimen. 

 

In a plane stress situation, the stress state in the vicinity of the notch root is biaxial resulting in a 

higher stress triaxiality factor than obtained using the FE model applying the beam elements. The 

plane strain situation gives the highest value because in this case three stress components 

(triaxial state of stress) are present. In the model using solid elements, the influence of the 

thickness is also considered meaning that the situation is in between the 2D model using plane 

stress and strain conditions. The same relation is shown in the limit loads results. It can be 

concluded that the higher the triaxiality factor the higher the limit load. 

 

 
Figure 3.16: Stress triaxiality factor obtained by FE analysis using different elements (beam, plane, solid elements) 

  

Net section 

a 

[mm] [mm] [mm] 
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The effect of the W/B ratio on the limit load is further investigated. In Annex 4 a limit load study 

is carried out based on different W/B ratios. The W/B ratios differ from 0,02 till 30. On the basis 

of this Annex it is determined when the situation becomes a plane stress or plane strain situation. 

Figure 3.17 shows one of the graphs showing the normalised failure stress against the W/B ratio 

for a crack depth ratio of 0,5. It can be concluded that the specimen behaves plane strain since 

the W/B ratio is around 5. For small cracks (a/b≤0,1) the situation tends to the plane stress results, 

a plane strain result will not be achieved. This is also visible from Figure 3.13 

 
Figure 3.17: Influence W/B ratio on the normalised failure stress (plane stress or plane strain behaviour). (a) 

W/B=0,05. (b) W/B=30 

 

The conclusions from Annex 4 are shown in Table 3.2. This table shows the moment the situation 

changes to plane stress or plane strain in case of different crack depth ratios (a/B) and different 

W/B ratios. This table, in combination with the analytical equations provided by Ewing and Miller 

about the plane stress and strain limit load solutions, can be applied to predict the limit load of 

the structure.  

 
Table 3.2: Plane stress versus plane strain depending on the W/B ratio (loading type tension) 

Pin-jointed  Rigid restraint 

a/B W/B Situation a/B W/B Situation 

≤ 0,1 
all Plane stress 

≤ 0,2 
all Plane stress 

- Plane strain - Plane strain 

> 0,2 
< 5 Plane stress 

> 0,2 
< 8 Plane stress 

≥ 5 Plane strain ≥ 8 Plane strain 

 

The W/B ratios for the flange of a girder are between 5-22 and for the web between 0,02-0,2 

meaning an extended surface crack in a flange almost always behaves as a plane strain situation 

and an extended surface crack in the web as a plane stress situation. In Annex 4 a limit load study 

is carried out determining the minimum and maximum W/B ratios for a flange and a web in a 

girder applying different a/B ratios. 
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Geometric nonlinearities (GNL) 

Previous calculations are all performed without geometric nonlinear (GNL) effects.  The influence 

of the GNL effect on the limit loads is explained in this subsection. For this analysis, the changes 

in the geometry of the structure are considered. For the pin-jointed case the specimen bends up 

due to the bending moment as already explained in previous paragraphs. When GNL effects are 

considered this upward deformation has a positive effect on the limit loads as due to the 

deformation the eccentricity is less. In an extreme case, the eccentricity will be zero in the cracked 

section (Figure 3.18 (a)) resulting in no bending moment in the cracked section. The moment line 

is shown in Figure 3.18 (b). The bending moment in the cracked section can be calculated using 

Eq.(3.7) where u represents the upward deformation in the cracked section.  

 

 𝑀 = F ∙ (e − u) (3.7) 

 

 
Figure 3.18: centreline undeformed shape (black line), deformed shape (red line) 

 

The amount of deformation depends on the dimensions of the specimen. This means the length 

and thickness of the specimen have an influence on the limit load results. Figure 3.19 shows two 

graphs indicating the effect of the L/B ratio on the limit load results. In case of a small L/B ratio 

the situation matches the situation without GNL effects. For larger L/B ratios the results tend to 

the case where the eccentricity is zero in the cracked section as shown in Figure 3.19. 

 

 
Figure 3.19: The normalised failure stress depending on the length over thickness (L/B) ratio for two different W/B 

ratios with a lower bound obtained by the pin-jointed case without GNL 
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Figure 3.20 shows the limit load results as a function of a/B, for different L/B ratios. Larger a/B 

and L/B ratios having higher limit loads in comparison with the limit load solutions without GNL 

effects. Thus, in the pin-jointed case the limit loads are increased due to the GNL effects. This 

effect is not included in the limit loads formulations showing in BS 7910. 

 

 
Figure 3.20: The normalised failure loads for the pin-jointed case for different crack depth ratios including GNL 

effects. (a) W/B=0,2. (b) W/B=2 

 

Figure 3.21 shows the limit load results with and without GNL effects for the rigid restraint case 

with two different W/B ratios. The length of the specimen does not influence the results due to 

deformation only in the longitudinal direction. The limit loads are slightly (0,5-7%) lower due to 

the decreasing area of the specimen. 

 

 
Figure 3.21: The normalised failure loads for different crack depth ratios including GNL effects for the rigid restraint 

case.  
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3.2.2 Rotational end restraints (fixed grip) 

Another boundary condition which affects the level of constraint is when the end of the 

specimens is clamped. This is often the case when experiments are carried out. This boundary 

condition limits the development of the bending moment in the cracked section, which is present 

in a minor extent with respect to the pin-jointed condition. In this paragraph, the effect of this 

clamping boundary condition on the limit loads in investigated, started with an analysis without 

considering GNL effects. 

 

Figure 3.22 shows the mechanical scheme with corresponding moment line, the boundary 

conditions are more detailed in Annex 2. The trend of the bending moment under linear elastic 

material behaviour results in the bending moment in the cracked section being dependent on 

both the crack size and the total length. By increasing the length, the case becomes more and 

more similar to the pin-jointed case. Larger cracks will cause the bending moment in the structure 

to be more dominant.  

  
Figure 3.22: Mechanical scheme with corresponding moment line for the fixed grip situation 

However, redistribution of stresses due to yielding causes a decrease of the bending moment in 

the cracked section. When the total net section yields the plastic hinge allows no more bending 

capacity. This results in a bending moment of zero in the cracked section. Figure 3.23 (a) shows 

the bending moment as a function of the applied force for two different L/B ratios. The total 

bending moment (=Mtot) is calculated as 𝐹 ∙ 𝑒. Part of this bending moment is present in the 

cracked section (=Mcrack) and the remaining part in the uncracked section (=Muncrack). It is visible 

that when the limit load is reached the bending moment in the cracked section tends to zero. 

Figure 3.23 (b) shows the ratio between the moment in the cracked section and uncracked 

section as function of the applied load for two different L/B ratios. From this it can be concluded 

that having a shorter length the amount of bending moment in the cracked section is higher for 

low applied loads. 

 
Figure 3.23: Plane stress (W/B=0,2) for a crack depth ratio of 0,5 for a L/B=10 
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Figure 3.24 shows the limit loads determined for different crack depth ratios. The same 

conclusions can be drawn as in the previous paragraph. The limit loads obtained with the 3D 

model are between the results obtained with the 2D model using plane stress or strain 

formulations. In Figure 3.24 the analytical equations for the extended surface crack loaded in 

tension with restrained rotation are compared to the analytical solutions provided by Miller [23].  

 

 
Figure 3.24: analytical solutions versus finite element method (fixed grip) 

 

From the graphs given in Annex 4, the type of situation (plane stress/strain) is determined by a 

corresponding W/B ratio. The results are showing in Table 3.4, the results are comparable to 

those obtained for the pin-jointed situation. 

 

Table 3.3: Plane stress versus plane strain depending on the W/B ratio (fixed grip case) 

Fixed grip 

a/B W/B Situation 

≤ 0,1 All Plane stress 

 - Plane strain 

>0,2 < 5 Plane stress 

 ≥ 5 Plane strain 

 

Figure 3.25 (a-b) shows the normalised stresses along the net section with on the horizontal axis 

the distance measured from the crack tip. The stress distribution along the net section looks 

similar to the rigid restraint case because in both situations no bending moment occurs in the net 

section. The main difference is that in the fixed grip case no boundary condition is present at the 

bottom of the specimen implying the specimen can deform in the y-direction in this location 

resulting in a stress of zero in the y-direction at the free surface. This also influences the stresses 

in the other two directions meaning the stress in x-direction also decreases, resulting in a lower 

mean stress over the uncracked ligament leading to a lower limit load than for the rigid restraint 

case. The effect of a higher W/B ratio is explained in the previous paragraph. 
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Figure 3.25: The normalised stresses over the uncracked ligament started from the crack tip. (a) W/B=0,2. (b) 

W/B=0,5. (c) Triaxiality factor 

 

Geometric nonlinearities (GNL) 

Figure 3.26 shows the limit load results with and without GNL effects. The analysis is performed 

with different L/B (2-4-8-16) ratios with no effect on the results. The limit loads results with GNL 

effects turn out to be slightly lower (0,5-5%) due to the reduction of the area. 

 

 
Figure 3.26: The normalised failure loads for different crack depth ratios including GNL effects for fixed grip case 

[mm] [mm] 

[mm] 
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3.3 Bending loading 
In this subsection, the limit load for a bending loading is calculated. The limit load equations in 

BS 7910 are formulated in Eq. (3.8). 

 

 
𝑃𝑏
𝜎𝑦

 = 1,5 ∙ (1 −
𝑎

𝐵
)
2

 (3.8) 

 

A comparison is also made between the FE analysis and the limit loads in BS 7910. The FE analysis 

is performed with and without GNL effects. As the conclusions are similar to the conclusions in 

the previous subsection this paragraph will be kept short. 

 

Mechanical scheme  

The mechanical scheme, moment line and deformation of the specimen are shown in Figure 3.27.  

The limit load analysis is carried out applying a moment or a rotation at the free surface. The 

moment reaction is plotted as a function of the rotation. When using an elastic-perfectly plastic 

material model the maximum moment is given by the horizontal asymptote. The maximum 

moment showing in this figure is called 𝑀𝐿. The experiments are carried out with a three-point 

bend test. From literature [24] it is concluded that the differences of maximal moment for pure 

bending and with a three-point bend test is around 3% meaning that the schematisation showing 

in Figure 3.38 is reasonable. 

 

 
Figure 3.27: mechanical scheme with corresponding moment line and deformation [left]. Graph moment reaction 

against rotation [right] 

 

The boundary conditions for the beam, plane stress/strain and solid model are shown in Figure 

3.27, more details can be found in Annex 2. The limit loads obtained with the FE model using 

beam formulation are consistent with the limit loads obtained by BS 7910. For 2D elements the 

limit load depends on the element formulation, namely plane stress or plane strain. Depending 

on the W/B ratio the results of the 3D model are in between the limit load results obtained with 

the 2D model. In these FE models, the different crack tip radii do not affect the limit loads (see 

annex 2). The results are shown in Figure 3.28.  Miller [23] provided analytical solutions for the 
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plane stress and strain situation, these are also mentioned in Annex 1, chapter 8. The analytical 

solutions for plane stress are only valid for deep cracks (a/B>0,154). The solution for shallow 

cracks (a/B<0,154) is obtained by a fit formula using the finite element results. The analytical 

solutions are well in agreement with the finite element results. These analytical solutions 

combined with Table 3.4 are used to predict failure loads of the experiments. 

 
Figure 3.28: Limit load results (loading type bending) 

 

Figure 3.29 (a-b) shows the trend of the normalised stresses over the uncracked ligament for two 

different W/B ratios starting from the crack tip. The specimen is loaded in bending resulting in 

tension and compression in the section. This also shows in the figures, the stress in the x-direction 

ranges from positive to negative at the bottom of the specimen. This results in a negative 

triaxiality factor at the bottom of the specimen. Due to the shift from tension to compression also 

a shift in the Von-Mises stress is visible because the Von-Mises stress is always positive. The 

stresses in the other two directions result in the same conclusion as made for the specimen 

loaded in tension. 

 
Figure 3.29: The normalised stresses over the uncracked ligament started from the crack tip. (a) W/B=0,2. (b) 

W/B=0,5. (c) Triaxiality factor 

[mm] [mm] 

[mm] 
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The graphs in Annex 4 show a type of situation (plane stress/strain) determined by a 

corresponding W/B ratio for different crack depth ratios. The results shown in Table 3.4 are 

comparable to those obtained for tension loading. 
 

Table 3.4: When the structure becomes plane stress or plane strain (loading type bending) 

Bending 

a/B W/B Situation 

≤ 0,1 always Plane stress 

 - Plane strain 

>0,2 <5 Plane stress 

 ≥ 5 Plane strain 

 

Geometric nonlinearities (GNL) 

Figure 3.30 shows the limit load results with and without GNL effects. The analysis is performed 

for two different W/B ratios. The only influencing factor on the limit load results is the area of the 

specimen. This is also the case for the rigid restraint and fixed grip case. The limit loads including 

GNL effects are about 1-5% lower than those without GNL effects. 

 

 
Figure 3.30: The normalised failure loads for different a/B ratios including GNL effects for the specimen loaded in 

bending 
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3.4 Fracture strain determination 
In previous paragraphs all FE calculations are performed on an elastic-perfectly plastic material 

model. No fracture determination is needed for this simplified approach. In order to determine 

the failure load for a strain-hardening material, it is necessary to know the strain at fracture.  

 

The ASME code [25] provides a formulation for the determination of the strain at fracture. This 

formulation consists of the triaxiality factor in combination with some material dependent 

parameters 𝜀𝐿𝑢, 𝛼𝑠𝑙 , 𝑚2 where 𝜀𝐿𝑢 is the uniaxial strain limit. This is shown in Eq. (3.9). The 

damage (D) is defined as the equivalent plastic strain divided by the fracture strain. The structure 

is acceptable if this damage is lower than or equal to 1,0. This is shown in Eq. (3.10). In order to 

determine the plastic collapse load in the formulated FE model, Eq.(3.10) is checked at every 

substep and for every node. The corresponding critical load is the plastic collapse load.  

 

 𝜀𝑓 = 𝜀𝐿𝑢 ∙ exp (−
𝛼𝑠𝑙

1 +𝑚2
) ({

𝜎1 + 𝜎2 + 𝜎3
3 ∙ 𝜎𝑣𝑚

} −
1

3
) (3.9) 

 

𝐷 =
 𝜀𝑒𝑝𝑙

 𝜀𝑓
 ≤ 1,0 (3.10) 

 

A specimen loaded with constraint pin-loading for Durehete 1055 steel is used to show the 

procedure for the determination of the strain causing fracture with the corresponding plastic 

collapse load. Figure 3.31 shows an FE model with the triaxiality factor and the strain causing 

fracture around the crack tip. This figure clearly shows that the highest triaxiality factor is just 

below the crack tip. The trend of these aspects is explained in Figure 3.32. 

 

 
Figure 3.31: (a) Triaxiality factor around the crack tip radius. (b) Strain at fracture [mm/mm]at the crack tip radius. 

 

Figure 3.32 (a) shows the relation between the fracture strain and the stress triaxiality using 

Eq.(3.9). The values of the parameters, which are used in this equation are; 𝜀𝐿𝑢 = 0,69; 𝛼𝑠𝑙 =

2,2;𝑚2 = 0,28.  These parameters are obtained using the ASME code. Figure 3.32 (a) shows in 

general, an increase in the stress triaxiality results in a decrease of the strain at fracture. This 

relation is also found in scientific literature (paragraph2.3). Figure 3.32 (b-c) shows the triaxiality 

and the fracture strain along the net section with zero at the crack tip.  The graphs are shown in 

Figure 3.22 (b-c) correspond to Figure 3.31. 

(a) (b) 
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Figure 3.32: (a) fracture strain against stress triaxiality using the ASME code ((Eq.(3.9)). (b) Triaxiality factor along 

the net section. (c) The strain resulting in fracture of the structure along the net section. For a specimen with 

constraint pin-loading (W=23;B=25;a=8,7) 

 

Figure 3.33 (a) shows the equivalent plastic strain is highest at the crack tip. Figure 3.33 (b) again 

shows the fracture strain. When the equivalent plastic strain exceeds the strain at fracture, the 

critical point causing failure of the structure is reached. The point where crack propagation will 

occur is at the point where damage meets the requirement of Eq.(3.10). The damage is shown in 

Figure 3.33 (c). The critical point is located on the symmetry plane at the crack tip. This is the 

same location where the equivalent plastic strain is at its highest. These aspects are all shown in 

one graph represented in Figure 3.33 (d). The equivalent plastic strain tends to zero just below 

the crack tip. The shape of the damage line is linked to the shape of the equivalent plastic strain 

and the fracture strain line.  

 
Figure 3.33: specimen with constraint pin-loading (W=23;B=25;a=8,7) zoom in at the crack tip. (a) Equivalent plastic 

strain (εepl). (b) fracture strain (εf). (c) Damage (D). (d) Graph showing the values of these aspects measured from 

over the net section started at the crack tip. 

[mm] [mm] 
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3.5 Experimental data on failure loads 
The failure loads of the experimental data are predicted using the two approaches discussed in 

the ASME code, namely an elastic-perfectly plastic material model and a true stress-strain model 

including geometrical nonlinearities. The experimental data sets consist of experiments loaded 

with pin-loaded, fixed end boundary conditions and loaded in bending. All the data sets including 

the numerical results are collected in Annex 5. 

 

3.5.1 Elastic perfectly plastic material model 

In Annex 1, chapter 6, experimental data is collected about the failure load of plates containing 

cracks. The experiments are performed with pin-loading, with some end rotational restraint 

(fixed grip) and loaded in bending. Not all lengths of the specimens are known. An assumption is 

made which satisfies the requirement L>2B. In Annex 1 the dimensions and material properties 

are mentioned. In previous paragraphs it is concluded that using an elastic-perfectly plastic 

material model having a crack tip radius does not influence the limit load results. Therefore, a 

crack tip radius of 0,1 mm is chosen for the analyses. 

 

Figure 3.34 (a) shows a graph corresponding to the pin-jointed formulation representing the 

tensile stress at failure divided by the flow strength on the vertical axis and the crack size divided 

by the thickness of the plate the horizontal axis. The lines indicate the limit load solutions from 

BS 7910, the plane stress and strain solutions. This shows that the solutions from BS 7910 are 

conservative.  Since it was concluded in previous paragraphs that for the pin-jointed case the 

effects of GNL have a considerable influence on the limit load results, the FE model is carried out 

with and without GNL effects. In Figure 3.34 (b-c) the failure stress of the experiments divided by 

the failure stress obtained using FE analysis using the flow and yield strength, is plotted against 

the a/B ratio. In both cases the FE analysis using the flow strength proves to be an unsafe 

approach. The FE results are higher than the experimental results showing a mean value below 

one. Application of the yield strength shows a mean value of around one implying that for this 

case it is better to use the yield strength instead of the flow strength. In a paper of Paredes  

[19], it is concluded that for pin-loaded specimens the effect of strain hardening is less evident 

than for specimens with fixed end boundary conditions. This can also be concluded from this 

analysis. The differences between the analysis with and without GNL effects is that the scatter is 

less for the FE analysis including GNL effects, further the mean value drops with about 5%. The 

mean value and standard deviation are given in Table 3.5. 

 
Figure 3.34: (a) Variation of the failure stress against the crack depth ratios (a/B) with different limit load solutions 

for the experiments with pin-loading. (b) Failure stress of the experimental data divided by the failure stress obtained 

using FE analysis using the flow and yield strength without GNL effects. (c) With GNL effects 
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Figure 3.35 (a) shows the results of the experiments with fixed grip boundary conditions. In 

previous paragraphs it is concluded that length and GNL effects do not have a considerable 

influence on the limit load results. Therefore, only one length without GNL effects is chosen for 

the FE analysis. In Figure 3.35 (b) the failure stress of the experiments divided by the failure stress 

obtained by the FE analysis using yield and flow strength is represented against a/B ratio and 

Figure 3.35 (c) represents the ratio between tensile and yield strength on the horizontal axis. The 

FE analysis using the flow strength fairly closely predicts the failure load of the experimental 

results; the results show a mean value of around one. For materials with a high ratio between 

tensile and yield strength it is an overestimation. Using the yield strength, the results are 

generally on the safe side showing a mean value of 1,3. The differences of the mean value 

between the results obtained by the flow strength and the yield strength are the same ratio as 

the mean average of the flow and yield strength. The mean and standard deviation are shown in 

Table 3.6.  

 

 
Figure 3.35: (a) Variation of the failure stress against the crack depth ratios (a/B) with different limit load solutions 

for the experiments performed with fixed end boundaries. (b-c) Failure stress of the experimental data divided by 

the failure stress obtained using FE analysis using the flow and yield strength 

 

Figure 3.36 (a) shows the results of the experiments loaded in bending. Figure 3.36 (b-c) 

represents the same graph as for the previous case. It is clear that using the flow strength is 

unconservative and using the yield strength is a better approach for materials with a small ratio 

between yield and tensile strength (X56 pipeline steels). For materials with a high ratio between 

tensile and yield strength a conservative approach is recommended. 

 

 
Figure 3.36: (a) Variation of the failure stress for different specimens with various crack depth ratios (a/B) with 

different limit load solutions for bending case. (b-c) failure stress of the experimental data divided by the failure 

stress obtained using FE analysis an elastic-perfectly plastic material model using the flow and yield strength. 
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Table 3.5 and Table 3.6 shows the mean and the standard deviation for failure loads for all cases 

(pin-jointed, fixed grip and bending) predicted using yield and flow strength. The main conclusion 

is that for the pin-jointed case it is better to use the yield strength and that including GNL effects 

reduce the standard deviation. For the fixed grip situation, it is better to use the flow strength. 

The results of the experiment loaded in bending using materials with a high and a low ratio 

between yield and tensile strength are inconclusive.  

 

The failure loads of the experiments are also predicted using the solutions given in BS 7910. This 

shows again that BS 7910 solutions are conservative on the average but that the standard 

deviation is large. Finally, the plane stress and strain solutions for each case in combination with 

Table 3.2-3.5 are used to predict the failure loads of the experiments. It can be concluded that 

this gives better results than the solution in BS 7910 but less good results using FE analysis. In BS 

7910 there is no solution for the fixed grip case. Therefore, no information can be supplied. 

 
 

Table 3.5: Mean and standard deviation for the pin-jointed formulation 

 Elastic-Perfectly 

plastic (without GNL) 

Elastic-Perfectly 

plastic (with GNL) 

Analytical solutions 

Yield Flow Yield Flow BS 7910 Pl stress/strain 

Pin-jointed      

Mean 1,02 0,90 0,96 

 

0,85 1,35 1,18 

Standard deviation 0,14 0,14 0,09 0,08 0,24 0,23 

 

 
Table 3.6: Mean and standard deviation for the fixed grip and bending formulations 

 Elastic-Perfectly plastic  

(without GNL) 

Analytical solutions 

Yield Flow BS 7910 Pl stress/strain 

Fixed grip     

Mean 1,30 1,02 - 1,12 

Standard deviation 0,09 0,08 - 0,10 

Bending     

Mean 1,22 0,91 1,20 1,12 

Standard deviation 0,30 0,11 0,13 0,12 
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3.5.2 True-stress strain model 

In this paragraph, the failure loads are determined using a true stress-strain model including GNL 

effects. The true stress-strain model is obtained using an approach according to BS7910 

paragraph 7.1.3.5, offering a guide for determining whether yielding is continuous or 

discontinuous. Using this table, it can be determined whether a material has a yield plateau or 

not as shown in Table 3.7. The multilinear isotropic hardening material model is used as input for 

the FE analysis. The slope of the stress-strain curve is assumed to be zero beyond the last defined 

stress-strain data point. For the modelling of the experimental data, the material properties are 

determined using the ASME code [25]. The elongation (E) and reduction of area (RA) for the 

corresponding materials were found in literature. The FE model with corresponding mesh, which 

is used for these analyses is shown in Figure 3.37. 

 
Figure 3.37: Numerical model 

The fracture strain determination with corresponding failure load is done using the method 

described in chapter 3.4. Table 3.7 shows the material properties of the steel employed. The 

properties represented are those needed in Eq.(3.9). The elongation (E) and reduction of area 

(RA) are found in the literature. The only parameter assumed is the reduction of area of X56 

pipeline steel, which is assumed to be about the same reduction as area of X70 pipeline steel. 

These relations are shown in Figure 3.38 (a). In paragraph 2.3, the available relations between 

the fracture strain and stress triaxiality from the literature are shown. Most of these relations are 

API pipeline steels. A comparison is made between the relations in literature and the relations 

obtained using the ASME code for API pipeline steel (X56 and X70). 

 
Table 3.7: Material properties 

Material αsl 

[-] 

E 

[%] 

RA 

[%] 

m2 

[-] 

E specified 

[-] 

RA specified 

[-] 

εlu 

[-] 

Yield-

plateau 

Pin-jointed 

 Durehete 1055 2,2 15 [26] 50 [26] 0,28 0,14 0,69 0,69 No  

Fixed grip 

 316 stainless steel 0,6 56 [27] 69 [27] 0,45 1,33 1,17 1,33 No  

X56 pipeline steel 2,2 19 [28] 80  0,15 0,35 1,60 1,60 No  

BS4360;50D 2,2 27 [7] 64 [7] 0,24 0,48 1,02 1,02 No  

X70 pipeline steel 2,2 17 [28] 78 [30] 0,19 0,31 1,51 1,51 No  

Bending 

 316 stainless steel 0,6 56 [27] 69 [27] 0,43 1,33 1,17 1,33 No  

X56 pipeline steel 2,2 19 [28] 80  0,15 0,35 1,90 1,90 No   
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Figure 3.38 (b) shows the two results for X70 pipeline steel found in literature in grey and the 

relations obtained using the ASME code in black. It can be concluded that the ASME code is a 

lower bound but it is well in agreement with the solutions in literature. 

 
Figure 3.38: Fracture strain against stress triaxiality for the materials which are used in the experimental datasets 

 

From previous paragraph it can be seen that the area around the crack tip is of great importance. 

Crack propagation will probably take place at that point. For this reason, the mesh at the crack 

tip is important. A mesh sensitivity study is given in Annex 3. It can be concluded that the mesh 

size in z-direction (Width of the plate) insignificantly influences the plastic collapse load. Still a 

mesh size of 1 mm is applied as otherwise the aspect ratio of the mesh is too high resulting in 

bad mesh quality. The mesh size in radial and circumferential direction does not significantly 

influence the results. This can be due to the effect that the largest element size near the crack tip 

used in the mesh study is already small (0,017mm). 

 

Figure 3.39 shows the ratio between the failure stresses obtained by the experiments and FE 

model against the crack depth ratio executed with pin-loading. The results from previous 

paragraphs are also shown to notice the differences. The results obtained with the true stress-

strain model show the radius having an influence on the results. The scatter is reduced in 

comparison with the FE analysis using the elastic-perfectly plastic model. Table 3.9 shows the 

standard deviation and the mean value. It can also be concluded that the failure stress using the 

true stress-strain model including a radius of 0,1 mm is decreased in comparison with the FE 

model using an elastic-perfectly plastic using the yield strength. This is due to the fact that having 

a smaller radius, the equivalent plastic strain at the crack tip are increased, resulting in having a 

lower failure load.  

 

 
Figure 3.39: failure stress of the experiments divided by the failure stress obtained using the two different FE models 

for the pin-jointed situation 

[15] 

[16] 
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For the experiments loaded with pin-loading, a total length of 100 mm is assumed based on the 

50-mm gauge length mentioned in the paper of Cell and Davidson [31]. Usually the total length 

is slightly longer than the gauge length. In literature, more specimens with a gauge length of 50 

mm are found, with a total length of around 70 (Figure 3.41) meaning that the assumed length is 

realistic. It is possible that the specimen length is slightly different than the actual length. Since it 

was concluded in previous paragraphs that for the pin-jointed constraint GNL effects influence 

the limit load results. A sensitivity study is done for two experiments with the smallest and the 

highest a/B ratio. Different L/B ratios are used (2-4-8-16). The results are shown in Figure 3.40. 

The vertical axis represents the failure stress of the experiments divided by the failure stress 

obtained by the FE analysis using the true stress-strain model, the horizontal axis represents the 

L/B ratio. From this it can be concluded that the length of the specimen has almost no influence 

on the specimen with a small a/B ratio. This is due to the fact that the upward deformation is 

small, therefore the influence on the failure loads is also small. In the experiment with a high a/B 

ratio the influence is more significant. The effect on the failure load of the L/B ratio is clearly 

visible. The deviation between the failure loads for an L/B ratio of 2 in comparison with a ratio of 

16 is 30 percent. The deviation between an L/B of 2 and 4 ranges between 5 and 10 percent (in 

an extreme case).  

 

 
Figure 3.40: The failure stress from the experiments divided by the failure stress obtained by FE analysis 

 
Figure 3.41: Specimen for tensile test with L=gauge length and P the length of parallel part [32] 

 

  



 

41 
 

Figure 3.42 shows the comparison between the results of the experiments and the prediction 

resulting from FE models for the fixed grip boundary. When employing the true stress-strain curve 

in combination with the failure condition given in the ASME code the standard deviation is 

reduced in comparison to the FE model using an elastic-perfectly plastic material behaviour.  

Since the conclusion is that length does not considerably affect the results, the experiments are 

modelled with an assumed length of 200 mm.  

 

 
Figure 3.42: failure stress of the experiments divided by the failure stress obtained using the two different FE models 

for the fixed grip situation 

 

The results for bending loading are shown in Figure 3.43. Most of the results obtained by the true 

stress-strain model are below 1,0 meaning that the failure stresses obtained using the FE analysis 

are higher than the failure loads from the experiments. These experiments are carried out using 

X56 pipeline steel. The value of the reduction of area of this material is assumed to be 80. The 

results require a further study applying different values to investigate the influence on the failure 

loads obtained with the FE model. 

 

 
Figure 3.43: failure stress of the experiments divided by the failure stress obtained using the two different FE models 

for the bending situation 
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Figure 3.44 (a) shows the influence of the reduction of area on the relation between fracture 

strain and stress triaxiality. This shows that in spite of the reduction of area significantly affecting 

the fracture strain, it does not greatly influence the prediction of the failure load, see Figure 3.44 

(b). In the literature study it mentioned that X56 pipeline steel has a low resistance to ductile 

tearing. It is possible that crack extension occurred before the maximum load is reached. This can 

be an explanation for the overestimation of the failure loads by the FE model.  

 

 
Figure 3.44: (a) the relation between the fracture strain and stress triaxiality for X56 pipeline steel. (b) the influence 

of the reduction of area on the failure stress. 

 

The final conclusion is shown in Table 3.8 and Table 3.9. These tables represent the mean value 

and standard deviation for all FE analyses using the elastic-perfectly plastic and true stress-strain 

model. The standard deviation is decreased in comparison to the elastic-perfectly plastic model 

meaning the model has improved by using true stress-strain relation. The models show a good 

prediction of the failure loads of the experiments except for the X56 pipeline steel in the bending 

case, which can be explained by the low resistance to ductile tearing. In this case the failure loads 

obtained with the true-stress strain model are higher than the failure loads of the experiments 

resulting in an overal mean less than 1,0. 

 
Table 3.8: Mean value and standard deviation for the pin-jointed case 

 Elastic-Perfectly 

plastic (without GNL) 

Elastic-Perfectly 

plastic (with GNL) 

True stress-strain 

(with GNL) 

Yield Flow Yield Flow r=0,1 

[mm] 

r=0,3 

[mm] 

Pin-jointed      

Mean 1,02 0,90 0,96 

 

0,85 1,02 0,91 

Standard deviation 0,14 0,14 0,09 0,08 0,05 0,06 
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Table 3.9: Mean value and standard deviation for the fixed grip and bending case 

 Elastic-Perfectly plastic  

(without GNL) 

True stress-strain 

(with GNL) 

Yield Flow r=0,1 [mm] r=0,3 [mm] 

Fixed grip     

Mean 1,30 1,02 1,10 1,02 

Standard deviation 0,09 0,08 0,08 0,07 

Bending     

Mean 1,20 0,87 0,92 0,82 

Standard deviation 0,32 0,08 0,14 0,09 

 

Figure 3.46 shows the normalised stresses over the uncracked ligament. Zero at the horizontal 

axis represents the crack tip. The trend of the stresses has already been explained in previous 

paragraphs. Table 3.10 shows the dimensions and failure loads obtained by the experiments and 

the two different FE models. For constraint pin-loading the mean of the Von Mises stress divided 

by the flow strength shows a value of around 0,86 implying the flow strength is not reached. This 

also corresponds to Table 3.10, the failure load obtained with the FE model using the true stress-

strain model is lower than the failure load obtained by the FE model using the elastic-perfectly 

plastic model. In previous paragraphs it is also concluded that in this case using the flow strength 

results in an overestimation. In the Fixed grip situation, the mean value is around 0,92 indicating 

the flow strength is not reached. However, the failure load obtained with the elastic-perfectly 

plastic material model is closer to the failure loads of the experiments proving using the flow 

strength is a good assumption for this case. In the bending situation, the Von-Mises stress divided 

by the flow strength is around one implying this situation gives approximately the same results 

as the FE model using an elastic-perfectly plastic.  
 

Table 3.10: Corresponding specimens for Figure 3.45 

Material W 

[mm] 

B 

[mm] 

a 

[mm] 

σy 

 [-] 

σu 

 [-] 

Pm, exp 

[-] 

Pm, exp 

elastic 

Pm, exp 

true 

Pin-jointed 

 Durehete 1055 23 15 4,33 580 740 446 481 405 

Fixed-grip 

X70 pipeline steel 12,5 8,5 4,47 500 750 329 312 291 

Bending 

X56 pipeline steel 12,7 13,2 3,9 438 511 470 520 528 

 

 
Figure 3.46: normalised stresses over the symmetry axis over the net section; (a) pin loading (b) Fixed grip.(c) Bending  

[mm] [mm] [mm] 



 

44 
 

Figure 3.47 (a) shows the triaxiality factor over the net section. The triaxiality factor is highest just 

below the crack tip at a distance of 0,2 and 0,6 mm. The influence of the fracture strain on the 

triaxiality of has already been noticed. Figure 3.47 (b) represents the equivalent plastic strain over 

the uncracked ligament. This shows the plastic strain is almost zero at the same distance where 

the triaxiality factor is the highest implying that the critical point is located at the crack tip. The 

same conclusion can be drawn from chapter 3.4. 

 

 
Figure 3.47: (a) triaxiality factor over the net section. (b) Equivalent plastic strain over the net section for pin loading 

(W=23; B=15; a=4,33 mm]. Fixed grip (W=12,5; B=8,5; a=4,76).  Bending (W=12,7; B13,2; a=3,9) 

 

It can be noticed that the stress triaxiality at the crack tip is always around the same value. This 

can be seen from Figure 3.47 and from the graphs showing in previous paragraph using the 

elastic-perfectly plastic material model. This is due to the fact that the stress in y-direction is at 

the crack tip zero. The stress in the z-direction depends on the thickness but the influence of 

having higher thickness is more evident just below the crack tip. The triaxiality factor at the critical 

spot is around 0,6. Table 3.11 shows the fracture strain for the materials and Figure 3.48 shows 

again the relation between fracture strain and the stress triaxiality, also the line which 

corresponds to a stress triaxiality of 0,6 is given. The intersections of the lines correspond to the 

fracture strains. 

 
Table 3.11: fracture strain 

Material εf 

[-] 

Pin-jointed 

Durehete 1055 0,43 

Fixed grip 

316 stainless steel 1,20 

X56 pipeline steel 0,97 

BS4360;50D 0,64 

X70 pipeline steel 0,92 

Bending 

316 stainless steel 1,20 

X56 pipeline steel 0,97 

 
Figure 3.48: fracture strain against the stress triaxiality 

[mm] [mm] 
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3.6 Failure Assessment Diagram 
In the beginning of this thesis it is shown that there is a conservatism in the model to assess 

cracked structural components. The vertical axis represents the fracture ratio (Eq.(3.13)) which is 

the ratio between the stress intensity factor (K) and its critical value (Kc). On the horizontal axis 

the plastic collapse ratio (Eq. (3.11)) which is defined as the ratio between the references stress 

and the yield stress, this is the same as the ratio between the applied load and the limit load. The 

value of 𝐿𝑟𝑚𝑎𝑥  depends on the plastic behaviour of the material and more specifically on the 

amount of strain hardening (Eq.(3.14)). 

 

𝐿𝑟, 𝑓𝑒𝑚 =
𝑁

𝑁𝐿
=
𝑃𝑚,𝑒𝑥𝑝
𝑃𝑚,𝑓𝑒𝑚

 (3.11) 

 

𝐿𝑟, 𝐵𝑆7910 =
𝜎𝑟𝑒𝑓

𝜎𝑓
=

(

 
𝑃𝑚,𝑒𝑥𝑝

√(2 (
𝑎
𝐵
)
2
− 2

𝑎
𝐵
+ 1) −

𝑎
𝐵)

 /𝜎𝑓 (3.12) 

𝐾𝑟 =
𝐾

𝐾1𝑐
 (3.13) 

 

𝐿𝑟𝑚𝑎𝑥 =
𝜎𝑓

𝜎𝑦
=
(𝜎𝑢+𝜎𝑦)/2

𝜎𝑦
 (3.14) 

 

Figure 3.49 shows the failure assessment diagram. The corresponding points are the experiments 

performed with pin-loading. The stress intensity factor and the fracture toughness is known for 

these experiments. The data points showing in the FAD are determined using BS 7910 making use 

of Eq. (3.12) and (3.13) and using the FE results obtained with the true stress-strain model. The 

coordinates of these point are calculated using Eq. (3.11) and (3.13). The conclusion which can 

be made are that the conservatism in the model is decreased because the actual behaviour of 

the structure is approximated with more accuracy. 

 

 
Figure 3.49: Failure Assessment Diagram 
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4 Conclusion 
Based on the results presented in previous chapters several conclusions can be drawn. 

 

The reference stress in BS 7910 is based on a limit load analysis. Limit load analysis assumes the 

material obeys an elastic-perfectly plastic behaviour characterized by large-scale yielding without 

strain hardening. Geometric nonlinear effects are not incorporated meaning that geometry 

changes are not considered and the solutions are based on a uniaxial stress distribution. When a 

crack or a notch is present it is possible to develop a biaxial or triaxial stress distribution 

depending on the thickness of the specimen. This multiaxial stress state induced by the uneven 

strain distribution in the vicinity of the crack tip increases the yield surface or yield condition due 

to an increased hydrostatic stress leading to a higher limit load. The FE limit load results obtained 

with the 3D solid model are in between the limit load results obtained with the 2D model using 

plane stress and strain conditions depending on the thickness. For specimens with a higher W/B 

ratio the limit loads tend to the plain strain solutions obtained with the 2D model. For small crack 

sizes the limit loads results converge to the plane stress situation.  

 

The geometric nonlinear effects influence the limit load of the structure. For pin-loading 

constraint a bending moment occurs due to the presence of the crack resulting in an upward 

deformation. This upward deformation decreases the eccentricity leading to a lower bending 

moment in the cracked section resulting in a higher limit load. This upward deformation depends 

on the L/B and a/B ratios. In an extreme case the eccentricity tends to zero in the cracked section, 

whereas the solution tends to the fixed grip case (see Figure 4.1) 

 

For the rigid restraint, fixed grip and the specimens loaded in bending the geometric nonlinear 

effects do not significantly affect the limit loads. In these cases the reduction of area results in a 

lower limit load. Figure 4.1 shows the limit load solutions for the situation with and without 

geometric nonlinear effects.  

 

 
Figure 4.1: normalised failure stress against the crack depth ratio loaded in tension in bending with and without GNL 

effects 
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The failure loads of the experiments are predicted using two different models. The first FE model 

is performed using an elastic-perfectly plastic material behaviour applying yield and flow 

strength. In this analysis two different crack tip radii are used. In these FE models, the different 

radii do not affect the limit loads. For constraint pin-loading the FE model using the yield strength 

shows the best approximation of the failure loads of the experiments meaning for these types of 

specimen the effect of strain hardening is less evident (see Table 4.2). For the specimens with 

fixed end boundary conditions (fixed grip) the FE analysis using the flow strength offers the best 

failure load predictions, applying yield strength is a conservative approach in these cases (see 

Table 4.1).  

 

The second model uses the true stress-strain model including GNL effects providing a more 

accurate result because the actual behaviour of the structure is approximated with more 

accuracy. The strain at fracture depends on the triaxiality. This strain is determined using the 

ASME approach. In this analysis, the different crack tip radii affect the failure loads because the 

crack tip radius influences the equivalent plastic strain at the crack tip. The standard deviation 

decreases in comparison to the FE model using an elastic-perfectly plastic material behaviour. 

This is shown in Table 4.1 and Table 4.2. Further it can be seen especially for the pin-jointed 

constraint that the standard deviation is drops from 0,24 using BS 7910 till 0,05 using the FE 

analysis based on a true stress-strain material model, which means that the model is improved. 

 
Table 4.1: Mean and standard deviation for the fixed grip constraint 

 
 
Table 4.2: Mean and standard deviation for the fixed grip constraint 
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Finally, the conclusions about the conservatism of the model using the BS 7910 are addressed: 

• BS 7910 does not incorporate the real state of stress which can be between a biaxial or 

triaxial state of stress resulting in an increase of the limit loads. 

• BS 7910 does not incorporate the geometric nonlinear effects, which has a negligible 

effect on the limit loads for the rigid restraint case, however, in a pin-jointed situation 

geometric nonlinear effects do result in an increase of the limit loads. 

• BS 7910 is based on an elastic-perfectly plastic material model as an approximation. This 

approximation, however, causes a considerable deviation from the actual plastic collapse 

load. 

 

Various approaches have been investigated to reduce the conservatism resulting from BS 7910: 

• This first method does not need an FE program. Instead limit load solutions describing 

the plane stress and strain behaviour are applied. These solutions in combination with 

the tables shown in this thesis when the structures behave as plane stress or strain 

depending on the crack depth ratio and the width over thickness ratio. 

• Making use of a FE model using solid elements with an elastic-perfectly plastic material 

model. Using a FE model the effect of the stress state is included in the most accurate 

way. For the levels of constraints in BS 7910 the following assumptions are 

recommended: 

▪ Rigid restraint case: using the flow strength with or without geometric nonlinear 

effects 

▪ Pin-jointed case: using the yield strength including geometric nonlinear effects 

• FE model using solid elements including strain at fracture using the approach described 

in this thesis.  

 

In this thesis more insight is given into the loadbearing resistance of extended surface cracks in 

rectangular plates with various levels of constraint. The FE models developed predict the failure 

loads of the experiments with more accuracy than the slightly conservative solutions in BS 7910. 

A FE procedure considering the effect of the triaxiality on the strain at fracture is provided 

offering an accurate approximation of the actual failure loads. The main advantage of this method 

is that a failure load including strain at fracture can be determined in an easy way. The only input 

values needed are monotonic static strength parameters derived for un-notched specimens such 

as such as elongation, reduction of area, tensile and yield strength. 
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5 Recommendation 
The following recommendations can be made 

 

• The negative influence of welds on the strength of the material could be further 

investigated. These welds induce residual stresses resulting in decreased strength of the 

material.  

• In this thesis only the influence of extended surface cracks in rectangular plates is treated. 

More research can be done into the influence an extended surface crack has on part of a 

bridge structure (the interaction between parts of bridges when a part of the bridge is 

cracked). 

• This thesis can be extended by adding the other part of the Failure Assessment Diagram 

dealing with fracture ratio. This is defined as the stress-intensity factor by its critical 

value. 

• When crack initiation occurs, the cracks start as semi-elliptical cracks. The solutions of 

these types of cracks shown in BS 7910 are more conservative than for extended surface 

cracks (see Figure 5.1). More research is required into these types of cracks. The 

conservatism/accuracy can be influenced by the following: 

▪ One of the reasons is that a semi-elliptical crack is based on a rectangular crack 

circumventing the semi-elliptical crack which is less accurate. Consequently, the 

cracked area is assumed to be 27% higher. 

▪ Another reason is that the solutions in BS 7910 are based on shallow cracks 

assuming the entire crack is located in the tensile zone. The solutions for deep 

cracks become incorrect as part of this crack is located in the compression zone. 

 

 
Figure 5.1: Variation of the failure stress for different specimens with various crack depth ratios (a/B) for the short 

surface crack loaded in tension. 
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List of symbols 

𝑆𝑦𝑚𝑏𝑜𝑙𝑠 𝑈𝑛𝑖𝑡𝑠 𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 

𝛼 [−] 
𝑎

𝐵
  (for extended cracks is this equal to the effective cracked area) 

𝛼𝑒𝑓𝑓 [−] Effective cracked area  

𝑎 [𝑚𝑚] 
Half crack length for through-thickness cracks, crack depth for 

surface cracks or half crack depth for embedded cracks 

𝑎𝑐𝑟 [𝑚𝑚] Critical crack size 

𝑎𝑑 [𝑚𝑚] Initial crack size 

𝐴 [𝑚𝑚²] Current area 

𝐴0 [𝑚𝑚²] Original area 

𝐵 [𝑚𝑚] Thickness of cross section 

𝑐 [𝑚𝑚] Half crack width for surface or embedded cracks 

𝐷 [−] Fatigue damage 

𝑑𝑎/𝑑𝑛 [
𝑚𝑚

𝑐𝑦𝑐𝑙𝑒𝑠
] Crack propagation rate 

𝑒 [𝑚𝑚] Eccentricity 

𝐸 [𝑁/𝑚𝑚²] Modulus of elasticity 

𝐹 [𝑁] Tensile force 

H [−] Hardening parameter 

𝐾 [𝑁/𝑚𝑚3/2] Stress intensity factor 

𝐾 [−] Tangent modulus 

 𝐾𝑟 −] Fracture ratio 

𝐾𝑡 [−] Stress concentration factor 

𝐿 [𝑚𝑚] Length 

𝐿0 [𝑚𝑚] Original length 

𝐿𝑟 [−] Plastic collapse ratio 

𝑀 [𝑁𝑚𝑚] Bending moment 

𝑀𝑝 [𝑁𝑚𝑚] Plastic moment 

𝑀𝑟𝑑 [𝑁𝑚𝑚] Maximum moment capacity 

𝑚 [−] Slope of the fatigue curve 

𝑁 [𝑁] Tensile load 

𝑁𝑖  [𝑐𝑦𝑐𝑙𝑒𝑠] Predicted number of cycles to failure 

𝑛𝑖 [𝑐𝑦𝑐𝑙𝑒𝑠] Number of cycles with stress range ∆𝜎𝑖 

𝑁𝐿  [𝑁] Limit load 

𝑃𝑏 [𝑁/𝑚𝑚²] Bending stress (outer fibre) 

𝑃𝑚 [𝑁/𝑚𝑚²] Membrane (tensile) stress 

𝑝 [𝑚𝑚] Shortest distance from material surface to embedded crack 

𝑟 [𝑚𝑚] Crack tip radius 

𝑅 [−] Ratio of the minimum and the maximum stress in the stress cycle 

𝑊 [𝑚𝑚] Width of cross section 

𝑊 [𝑚𝑚] Structure width in plane of crack 

∆𝜎 [𝑁/𝑚𝑚²] Stress range 

∆𝑎 [𝑁/𝑚𝑚²] Crack extension 
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∆𝐾 [𝑁/𝑚𝑚3/2] Stress intensity factor range 

∆𝐾𝑡ℎ [𝑁/𝑚𝑚3/2] Threshold stress intensity factor range 

∆𝑛 [𝑐𝑦𝑐𝑙𝑒𝑠] Applied load cycles 

∆𝑎/∆𝑛 [
𝑚𝑚

𝑐𝑦𝑐𝑙𝑒𝑠
] Crack propagation rate 

∆𝜎𝐶 [𝑁/𝑚𝑚²] Reference value at a fatigue strength at NC = 2 million cycles 

∆𝜎𝐷 [𝑁/𝑚𝑚²] Constant amplitude fatigue limit by a number of cycles of ND 

∆𝜎𝐿 [𝑁/𝑚𝑚²] Cut-off limit for stress ranges by a number of cycles of NL 

𝜎 [𝑁/𝑚𝑚²] Stress 

𝜎𝑎 [𝑁/𝑚𝑚²] Stress amplitude of a stress cycle 

𝜎𝑓 [𝑁/𝑚𝑚²] 
Flow strength (assumed to be the average of the yield and the 

tensile strength 

𝜎𝑛𝑜𝑚 [𝑁/𝑚𝑚²] Nominal stress 

𝜎𝑚𝑎𝑥 [𝑁/𝑚𝑚²] Maximum stress in the stress cycle 

𝜎𝑚𝑖𝑛 [𝑁/𝑚𝑚²] Minimum stress in the stress cycle 

𝜎𝑚𝑒𝑎𝑛 [𝑁/𝑚𝑚²] Mean stress in the stress cycle 

𝜎𝑝𝑒𝑎𝑘 [𝑁/𝑚𝑚²] Peak stress 

𝜎𝑟𝑒𝑓 [𝑁/𝑚𝑚²] reference stress 

𝜎𝑡𝑟𝑢𝑒 [𝑁/𝑚𝑚²] True stress 

𝜎𝑢 [𝑁/𝑚𝑚²] Tensile strength 

𝜎𝑣𝑚 [𝑁/𝑚𝑚²] Von Mises stress 

𝜎𝑥 [𝑁/𝑚𝑚²] Stress in the x-direction 

𝜎𝑦 [𝑁/𝑚𝑚²] Yield strength 

𝜎𝑦 [𝑁/𝑚𝑚²] Stress in the y-direction 

𝜎𝑧 [𝑁/𝑚𝑚²] Stress in the z-direction 

𝜎1,2,3 [𝑁/𝑚𝑚²] Principle stresses 

𝜀𝑒𝑙𝑎𝑠𝑡𝑖𝑐 [−] Elastic strain 

𝜀𝑛𝑜𝑚 [−] Nominal strain 

𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐 [−] Plastic strain component 

𝜀𝑡𝑟𝑢𝑒 [−] True strain 

𝜀𝑥 [−] Strain in x-direction 

𝜀𝑦 [−] Strain in y-direction 

𝜀𝑧 [−] Strain in z-direction 

𝜈 [−] Poisson ratio 

𝜏 [𝑁/𝑚𝑚²] Shear stress 
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1 Introduction  

This literature report is conducted as part of the graduation report. The literature report 

consists of a short introduction to the concept of fatigue based on S-N curves and fracture 

mechanics. The second part concerns the main subject of the thesis which is about plastic 

collapse in relation to the limit loads, reference stress method, datasets of plates containing 

cracks loaded in tension or bending. Finally, there is a part about the limit load determination 

with the finite element analysis.  

 

2 Fatigue 

In this chapter, some general information about fatigue is given. More detailed attention is 

being paid to the fatigue life based on the S-N curves and on fracture mechanics. Finally, a 

comparison is made between fatigue based on S-N curves and the fracture mechanics method. 

 

Introduction to fatigue 

Fatigue can be defined as: ‘’weakening of a structural part, through crack initiation and 

propagation, caused by repeated stress fluctuations’’ [1]. The time-varying stress fluctuation 

in the material determines crack initiation and propagation until the structure fails. 

 

Fatigue is a progressive process that takes time to initiate and develop. Therefore, the process 

of fatigue is time-consuming and can only happen as an outcome of repeated loads which 

results in stress fluctuations. In most cases, the crack initiates in a small area exposed to high 

local stresses or subject to local defects in the material. In adjacent parts, there is less stress 

and no cracks initiating. Hence, fatigue clearly is a highly-localized process in which the crack 

starts in a location where several micro-cracks exist which develop into a macro-crack. This 

process of crack formation is called the initiation phase of a fatigue crack [2]. 

 

Fatigue failure is classified as an ultimate limit state. For a static ultimate limit state, the 

extreme values of the loads should be checked against the ultimate resistance of the 

structure. In the instance of fatigue, failure could occur long before the static strength of the 

materials is reached or, in other words, without being subjected to any excessive loads. 

Therefore, for a fatigue design, the load fluctuations must be checked against the fatigue 

resistance. The stress range is also essential for the fatigue design. The stress range is the 

difference between the maximum and minimum stress occurring. Fatigue should always be 

checked in case of a structure subject to fluctuating loads, i.e. bridge structures [1]. 

 

August Wölher was a German railway engineer. His work on fatigue marks the first systematic 

investigation into fatigue. This has led to the S-N curves, also known as Wölher curves. These 

curves can be used to determine which stresses are allowed for a given load cycle. Wöhler 

showed that fatigue occurs as a result of crack growth due to surface defects. The structure 

fails when the remaining material has weakened too much to carry the load [9]. 

 

 

 



 

5 
 

Fatigue loading 

Fatigue loading is a cyclic loading. These are fluctuating loads for example, cars driving over a 

bridge. Figure 2.1 shows two situations, a constant-amplitude stress fluctuation and the other 

type of loading being a variable amplitude stress fluctuation. The more repeated stress cycles 

the lower the stress range required until failure occurs [10]. A stress cycle is characterized by  

stress amplitude (𝜎𝑎) and mean stress (𝜎𝑚𝑒𝑎𝑛). The maximum and minimum stress in the 

stress cycle are defined as  𝜎𝑚𝑎𝑥 and 𝜎𝑚𝑖𝑛.  

 

 
Figure 2.1: Top – constant amplitude fatigue cycles. Bottom – variable amplitude fatigue cycles [10] 

 

The stress range is defined as ∆𝜎 and the stress ratio R is the ratio between maximum stress 

and minimum stress. Thus, stress range and mean stress can be expressed as: 

 

∆𝜎 = 𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛 (2.1) 

   

𝜎𝑚𝑒𝑎𝑛 =
𝜎𝑚𝑎𝑥 + 𝜎𝑚𝑖𝑛

2
 (2.1) 

 

The stress amplitude is defined as half the stress range, defined as follows: 

𝜎𝑎 =
𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛

2
 (2.2) 

 

The stress ratio is the ratio of minimum and maximum stress. This is represented by: 

𝑅 =
𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
 (2.3) 
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In practice, constant amplitude loading is hardly never the case. This type of loading is usually 

only applied to specimens tested in laboratories. The variable amplitude loading (Figure 2.2 

left) is the loading which a lot of structures such as bridges are exposed to. A stress range 

spectrum (Figure 2.2 right) is usually used to simplify the problem for this kind of loadings. A 

stress range spectrum is a histogram showing the occurrence frequency of all different 

magnitude stress ranges on which calculations for a particular load event are based [10]. 

 

 
Figure 2.2: Variable amplitude loading (left), stress range spectrum (right) [10] 

 

The stress range represents the type of loading, shown in Figure 2.3, where R=-1, the 

compressive stress is equal to the tensile stress while 0 < 𝑅 ≤ 1 corresponds to a stress range 

which consist of only tension. In non-welded details the endurance is reduced as the mean 

stress is tension whereas a low or compressive mean stress increases the fatigue life as a result 

of plasticity induced crack closure effects [1]. In welded details the endurance is not influenced 

by mean stress because there always are high internal residual tensile stresses in and near the 

weld and the crack cannot distinguish between applied and residual stresses [5]. 

 

 
Figure 2.3: Different stress ratios for various loadings [2] 
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Phases of fatigue life 

The fatigue life of a structure consists of an initiation period followed by a propagation period, 

which can finally result in failure of the structure. During the initiation period micro-cracks 

develop, these cracks are too small to be visible by the naked eye. In the second period the 

crack is growing until failure occurs. 

 

Fatigue cracks start as micro-cracks. In general these cracks occur very early on in the fatigue 

life. Indicators have been obtained which show that the micro-cracks develop almost 

immediately after cyclic stress above the fatigue limit is applied [5]. After some micro-cracks 

develop, a more regular growth can be observed. This is the beginning of the crack growth 

period. Crack growing can still be a slow process due to the effects of the micro structure, e.g. 

grain boundaries.  

 

Initiation 

Fatigue crack initiation and crack growth are a consequence of cyclic slip in slip bands. It 

implies cyclic plastic deformation as a result of moving dislocations.  This results in intrusions 

and extrusions on the specimen surface which can be considered as micro-cracks [1].  

 

Propagation 

When micro-cracks are growing, the stress on the crack tip increases, causing a stress 

concentration at the tip of the micro-crack. This results in activation of the slip bands. The slip 

bands cause the micro-crack growth direction to deviate into different directions, however, in 

general the crack grows perpendicular to the loading direction. 

 

Failure 

When cracks exist in the structure the size of the effective ligament decreases. This can result 

in failure of the total structure, as in time the structure can no longer bear the loads due to 

the interaction of yielding and fracture [1]. 

 

 
Figure 2.4: The three stages of fatigue life [1] 
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Welded joints 

Bridge details such as riveted, bolted or welded joints are sensitive to fatigue. The most fatigue 

prone details are welded connections due to the stress concentrations.  A stress concentration 

exists at notches e.g. holes, welds and discontinuities. The stress concentration factor (𝐾𝑡) is 

defined as the ratio between peak stress, see Figure 2.5, at the hole and nominal stress, 

formula (2.4).  

𝐾𝑡 =
𝜎𝑝𝑒𝑎𝑘

𝜎𝑛𝑜𝑚
 (2.4) 

 
Figure 2.5: Homogeneous stress distribution in a plate (left), Inhomogeneous stress distribution in a plate with a 
circular hole (right) [2] 

The stress range is important for fatigue, because when the stress range is high the fatigue life 

becomes less.  For this reasons stress concentrations must be avoided as much as possible. 

Otherwise cracks can develop, when these cracks further grow failure of the structure can 

occur. Welding induces porosities and crack-like defects which further shorten the fatigue life.  

 

 

 
Figure 2.6: Fatigue cracks in welded structures [3]-[4] 
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Fatigue life based on S-N curves 

The total fatigue life can be determined using the S-N curves. The S-N curves are obtained 

from empirical evaluations. These curves are also used in the Eurocodes. The S-N curve 

consists of the applied stress range (∆𝜎) plotted against the total number of cycles to failure 

(N), an S-N curve as defined in the Eurocode is shown in Figure 2.7. As the stress decreases, 

the life in cycles increases. Thus the S-N curve shows the characteristic number of cycles to 

failure. The curve is divided into two parts, part 1 is  5 ∙ 106 cycles, part 2 is the range between 

5 ∙ 106 to 108cycles. The constant amplitude fatigue limit is at the transition between the two 

parts at ∆𝜎𝐷. This means that given a constant amplitude load with stress ranges below ∆𝜎𝐷 

or a variable amplitude load with all stresses below ∆𝜎𝐷 a structure is  considered to have 

infinite life time. Part 2 only applies to variable amplitude spectrum with  stresses above ∆𝜎𝐷.  

Further, cut-off values apply at 108cycles, this means that stresses below ∆𝜎𝐿 are not 

considered when determining the damage even in case of a variable amplitude loading [1]. 

The reference value of the fatigue strength at 2 million cycles is defined as ∆𝜎𝑐, the other 

strength parameters which are shown in the S-N curve can be calculated with formula (2.5) 

and (2.6): 

∆𝜎𝐷 = ∆𝜎𝐶 ∙ (
2 ∙ 106

5 ∙ 106)

1/𝑚1

 (2.5) 

∆𝜎𝐿 = ∆𝜎𝐷 ∙ (
5 ∙ 106

108 )

1/𝑚2

 (2.6) 

 
Figure 2.7: S-N curve [1] 
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Calculation of damage 

When subject to a variable amplitude loading the life estimation is determined by calculating 

the damage caused by one cycle. In Figure 2.8 the amplitude is changing once, 𝑛1 cycles with 

a stress amplitude of 𝜎1, and following that 𝑛2 cycles occurs with a stress amplitude of 𝜎2. The 

fatigue damage can be calculated using the Palmgren-Miner’s Rule. This is the sum of the 

number of cycles (𝑛𝑖) at the stress range ∆𝜎𝑖 (load) divided by the predicted number of cycles 

(𝑁𝑖) to failure at the stress range ∆𝜎𝑖(resistance). For Figure 2.8 the fatigue damage which is 

calculated with Parmgren-Miner’s Rule is: 

𝐹𝑎𝑡𝑖𝑔𝑢𝑒 𝑑𝑎𝑚𝑎𝑔𝑒 (𝐷) =
𝑛1

𝑁1
+

𝑛2

𝑁2
 (2.7) 

 

If the variable amplitude loading consists of more than two amplitudes, the general equation 

is: 

𝐹𝑎𝑡𝑖𝑔𝑢𝑒 𝑑𝑎𝑚𝑎𝑔𝑒 (𝐷) = ∑
𝑛𝑖

𝑁𝑖
=

𝑛1

𝑁1
+

𝑛2

𝑁2
+

𝑛3

𝑁3
+ ⋯ +

𝑛𝑛

𝑁𝑛
 (2.8) 

 

The predicted number of cycles (𝑁𝑖)  to failure with stress range ∆𝜎𝑖 can calculated using the 

following formula’s [1]: 

𝑁𝑖   = (
∆𝜎𝑐

∆𝜎𝑖
)𝑚1 ∙ 2 ∙ 106  𝑊𝑖𝑡ℎ 𝑚1 = 3 𝑓𝑜𝑟 ∆𝜎𝑖 ≥ ∆𝜎𝐷 

𝑁𝑖   = (
∆𝜎𝐷

∆𝜎𝑖
)𝑚2 ∙ 5 ∙ 106  𝑊𝑖𝑡ℎ 𝑚2 = 5 𝑓𝑜𝑟 ∆𝜎𝐷 > ∆𝜎𝑖 ≥ ∆𝜎𝐿 

𝑁𝑖   = 𝑁𝑜 𝑑𝑎𝑚𝑔𝑒   𝑓𝑜𝑟 ∆𝜎𝑖 < ∆𝜎𝐿 

 

 

Figure 2.8: A simple variable-amplitude load sequence with two blocks of cycles [5] 
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Fracture mechanics 

The application of linear elastic fracture mechanics in estimating the fatigue life of a structure 

assumes that there is already crack initiation in the material, thus fracture mechanics regard 

crack propagation only. For welded details only crack propagation is important because the 

initiation period is very short. In case of a new detail for which an S-N curve is lacking, fracture 

mechanics can be used for the estimation of strength and for the residual life after inspections. 

 

In fracture mechanics cracks can grow in three different modes. Mode I is the opening mode, 

in this case a tensile stress normal to the plane of the crack. This mode is the predominant 

mode in many practical cases [11]. Mode II is the sliding mode, representing slip (shear) acting 

parallel to the plane of the crack and perpendicular to the crack front. Mode III is the tearing 

mode, this mode involves slip acting parallel to the plane of the crack and parallel to the crack 

front. 

 
Figure 2.9: Three modes of crack surface displacement [11] 

Stress intensity factor 

In a linear elastic material, stresses at the crack tip tends to infinite because the crack radius 

is zero, this results in a stress concentration factor (𝐾𝑡) which becomes infinite. Irwin 

introduced the stress intensity factor (K) to describe the stress distribution in the vicinity of 

the crack tip. The application of K is limited to linear elastic materials and is extended in case 

of small scale yielding. The general form of the stress intensity factor is: 

 

𝐾 = 𝜎 ∙ √𝜋 ∙ 𝑎 ∙ 𝑓(𝑎/𝑊)  (2.9) 

 

𝑓(𝑎/𝑊) is a dimensionless parameter that depends on the geometry of the specimen and the 

crack and 𝜎 is the stress applied. Parameter 𝑎 is half the crack depth for central cracked plates 

and the total crack depth in cases of edge cracks. 

  



 

12 
 

Fatigue life based on fracture mechanics 

Fracture mechanics can be used to estimate the total number of cycles required for a structure 

with an existing crack of length, 𝑎𝑑, to reach its final crack length 𝑎𝑐𝑟 during the service life of 

the structure. 

 

Another application of fracture mechanics is to determine the inspection intervals. The 

residual life until the component fails can be determined from an existing crack. The residual 

life is reduced by a safe margin to guard against unstable crack propagation represents the 

inspection period, this is shown in Figure 2.10. The initial crack size (𝑎𝑑) is the minimum crack 

size that can be detected using non-destructive inspection techniques. The maximum crack 

size (𝑎𝑐𝑟) can be calculated using Linear Elastic Fracture Mechanics (LEFM) or Elastic-Plastic 

Fracture Mechanics (EPFM). [11].  

 

The crack propagation rate is ∆𝑎/∆𝑁, the amount of crack growth in one cycle. The 

propagation rate is usually defined as the differential 𝑑𝑎/𝑑𝑛, because fatigue crack growth 

within a cycle is always discontinuous [11].The crack extension is the maximum crack size 

minus the initial crack size (𝑎𝑐𝑟 − 𝑎𝑑).  

 

The required 𝑎 - 𝑛 curves can be obtained by integrating the standard 𝑑𝑎/𝑑𝑁 - ∆𝐾 over the 

crack length range (∆𝑎) [11]. Thus the stress intensity factor is an important parameter to 

estimate the crack growth behaviour, this holds as long as the material around the crack tip is 

elastic and the plastic deformations at the crack tip are very small [12].  

 
Figure 2.10: Schematic fatigue crack growth curve [11] 
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Paris law 

A fatigue crack growth rate curve is shown in Figure 2.11. The curve can be divided into three 

regions. In region I there is a threshold stress intensity range value which is called ∆𝐾𝑡ℎ,below 

this value no crack propagation occur. Above the threshold value the crack growth rate 

increases rapidly with increasing ∆𝐾. Region II is characterized by a linear relation between 

log (𝑑𝑎/𝑑𝑁) and log (∆𝐾).  In region II is the near fracture region I the crack growth rate rises 

to an asymptote, the stress intensity factor range approaches its critical value [11]. 

 
Figure 2.11: Characteristics of the fatigue crack growth rate curve da/dn-∆𝑲 [11] 

 

The crack growth can be evaluated by employing the Paris equation. Consequently, the 

remaining fatigue life of the cracked element can be determined. The Paris equation 

accurately describes region II [11]. The Paris equation is formulated as follows: 

 

𝑑𝑎

𝑑𝑁
 = 𝐶(∆𝐾)𝑚 (2.10) 

Where C and m are material dependent parameters obtained from experimental procedure. 

The ∆𝐾 can be calculated with formula (2.9) by using the applied stress range (∆𝜎) instead of 

the stress (𝜎). 

 

For constant amplitude loading, the fatigue life time can be calculated by integrating Eq.(2.10)  

and resulting in: 

 

𝑁 = ∫ (
1

𝑑𝑎/𝑑𝑛
∙ 𝑑𝑎)

𝑎𝑐𝑟

𝑎𝑑

 (2.11) 

 



 

14 
 

3 Failure Assessment Diagram 

In order to determine if a crack can cause a structural failure under a certain loading condition, 

the Failure Assessment Diagram (FAD) is employed in order to take into account plasticity. It 

describes the interaction between brittle fracture and plastic collapse. The plastic collapse 

ratio (𝐿𝑟) is calculated as ratio between the references stress (paragraph 0), which can be 

computed using analytical expressions or using a finite element software, and the yield stress. 

The fracture ratio (𝐾𝑟), is obtained as ratio between the Stress Intensity Factor (𝐾) and its 

critical value (𝐾𝑐), this parameter is not a part of this thesis and therefore it will not further 

explain. The position of the point (𝐾𝑟, 𝐿𝑟) in the FAD determines the acceptability of the 

cracks. An example of a FAD is shown in Figure 3.1. Computing the FAD point is necessary to 

evaluate an existing crack or to determine the end of life crack size for a fatigue crack growth 

analysis [19]. For this study, the focus is on the plasticity criterion i.e. the determination of the 

reference stress. 

 

 
Figure 3.1.: Failure Assessment Diagram (FAD) [19] 

Plastic collapse parameter (𝐿𝑟) 

The plastic collapse parameter is calculated by the following formula: 

𝐿𝑟 =
𝜎𝑟𝑒𝑓

𝜎𝑦
 =

𝐹

𝐹𝑒
𝑁 (3.1) 

 

where: 

𝜎𝑟𝑒𝑓  = 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 (𝑠𝑒𝑒 𝑝𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ 3.1)  

𝜎𝑦  = 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 

𝐹𝑒
𝑁  = 𝑙𝑖𝑚𝑖𝑡 𝑙𝑜𝑎𝑑  

𝐹  = 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑙𝑜𝑎𝑑 
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According to BS 7910, the yield strength is defined as the stress value that corresponds to 0,2 

% proof strength (𝑅𝑝0.2), lower yield strength of discontinuously yielding material 𝑅𝑒𝑙  or yield 

strength associated with a total elongation of 0,5%  𝑅𝑡0.5 as described in BS EN ISO 6892-1 and 

in a number of material specification standards. Some steel standards define yield strength in 

terms of the upper yield strength (𝑅𝑒ℎ). For the purpose of BS 7910 is the yield strength is 

then considered as 0,95 𝑅𝑒ℎ. 

 

Reference stress method  

The plastic collapse ratio is one of the parameters of the FAD. This parameter can be calculated 

using the reference stress. The reference stress concept can be used for the deformation and 

fracture behaviour of engineering components. Predictions of the reference stress can be 

made without the knowledge of values of the mechanical properties of the involved. 

The reference stress is applicable to components which experience plastic deformation and 

enables assessment of their behaviour and can be obtained without the need for a finite 

element model. The reference stress concept can be applied to structures with or without 

cracks. The reference stress can be compared to the yield strength of the material to 

determine the plastic collapse ratio [7]. Annex A provides the derivation of the reference 

stress formulas for different cracks which are also shown in BS 7910. The definition of 

reference stress for a component subjected to a load P may define by: 

𝜎𝑟𝑒𝑓 = 𝜎𝑦 ∙
𝑁

𝑁𝐿
 (3.2) 

 

The structure can collapse due to local collapse, net section (global) collapse and gross section 

collapse. BS 7910 obtain the reference stress due to perform a limit load analysis to calculate 

the net section (global) collapse load, this is the collapse of the structural section containing 

the crack. The local collapse analysis is used to assess the remaining ligament ahead of the 

crack for plastic collapse. Gross section collapse takes place away from the cracked section or 

it is unaffected by the presence of the crack [6]. 
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4 Nonlinearities 

This chapter is concerned with a nonlinear material behaviour such as plasticity. A brief 

introduction to nonlinearities is presented. A comparison is made between nominal and true 

stress-strain 

 

In the elastic analysis, the displacements are linear dependent on the applied load and the 

structure returns to its original state upon the loads are removed. In many engineering 

applications the behaviour of the structure depends on the load history or the large 

deformations are beyond the elastic limit. These situations become nonlinear problems. 

A material nonlinearity as plasticity is a type of a nonlinearity. 

 

In linear analysis, it is assumed that rotations and displacements are small, stress is in linear 

relation with strain (Hooke’s law). In a nonlinear situation, the stress-strain relation has not a 

linear stress-strain relation at any stress level. A plot of force versus displacement for such as 

structures is not a straight line, such structures are called to be nonlinear. The stiffness is no 

longer a constant value but it varies through the load path. When the elastic theory is applied 

after the yield point is reached significant errors will occur (for nonlinear situations). 

 

Another type of a nonlinearity is when there are changes in the geometry of a structure due 

to its displacement under a load are taken into account, this is called geometric nonlinearity.  

In this case the stress-strain relation must be re-defined with the current deformed shape. 

Finally, nonlinearity can occur when an abrupt change in stiffness may occur when bodies 

come into or out of contact with each other. 

 
Table 4.1: Comparison of linear and nonlinear analysis [24] 

Feature Linear problems Nonlinear problems 

Load-displacement 

relation 

Displacements are linearly dependent 

on the applied loads 

The load-displacement relation is 

usually nonlinear. 

Stress-strain A linear relationship is assumed 

between stress and strain 

In problems with material 

nonlinearity, the stress-strain relation 

is often a nonlinear function 

Magnitude of 

displacement 

Changes in geometry due to 

displacement are assumed to be small 

and hence ignored. The undeformed 

shape is always used 

Displacements may not be small, the 

updated deformed shape is used. 

Material properties Linear elastic material properties Non-linear material properties 

Reversibility  The behaviour of the structure is 

completely reversible until the 

external loads are removed 

After the external loads are removed, 

the final state may be different from 

the initial state.  
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Loading sequence Loading sequence is not important, 

and the final state is unaffected by the 

load history 

The behaviour of the structure may 

depend on the load history 

Iterations and 

increments 

The load is applied in one load step 

with no iterations. 

The load is divided into small 

increments with iterations  

Computation time Computation time is relatively small in 

comparison with nonlinear problems 

The computation time is high, due to 

the many solution steps required for 

load incrementations and iterations. 

Initial state of 

stress/strain 

The initial state of stress and/or strain 

is unimportant 

The initial state of stress and/or strain 

is usually required for material 

nonlinearity problems 

 

4.1 Uniaxial tensile test 

For the basic ideas of plasticity, a uniaxial test with an elastoplastic material is used as an 

example (Figure 4.1a). For simplicity, the nominal stress is defined with respect to the original 

area (A0). 

 

𝜎𝑛𝑜𝑚 =  
𝐹

𝐴0
 (4.1) 

 

The nominal or engineering strain is defined as the ratio of the changing length over the 

original length (gauge length). 

 

𝜀𝑛𝑜𝑚 =
𝐿 − 𝐿0

𝐿0
=  

𝐿

𝐿0
− 1 (4.2) 

 

 
Figure 4.1: (a) Uniaxial tensile test. (b) Stress strain diagram of a medium-carbon steel [21]. 
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Stress-strain diagram 

Figure 4.1b shows a stress-strain diagram for a medium carbon structural steel. Metallic 

materials can be ductile or brittle materials. A ductile material has a relatively high strain up 

to the point of rupture. Brittle materials have a relatively small strain till the point of rupture.  

 

From punt O till the proportional limit the stress-strain curve is a straight line, this is the linear 

relation between the strain and the load. This linearization was first to notice by Robert Hooke 

and is called Hooke’s Law (𝜎 = 𝑘 ∙ 𝜀). k represents the structural stiffness, which is called the 

Young’s Modulus. This is defining as the slope (stress over strain). This holds only within the 

proportional limit.  

 

The elastic limit, beyond this point the material will not deform back to its original shape when 

the load is removed. Point O till P is called the elastic range. The point where plastic 

deformations start is called the yield point, which is defined in the figure as point Y. In some 

materials, such as alloy steels and non-ferrous metals, the transition from linear to nonlinear 

stress is a gradual process, in this situation the yield point is not clearly identifiable. In such 

materials, a proof stress at a given plastic strain is defined. Typically, 0,1% and 0,2% proof 

stresses are used for engineering problems 

 

The plastic range is from point P till R. The maximum point in the graph is the ultimate strength 

or tensile strength. At a certain point the material brakes, this is at the rupture strength. 

 

The modulus of toughness is the area of the whole curve (point O-R). This is the energy 

absorbed at unit volume up to fracture point. Brittle materials have a relatively small strain till 

the point of rupture, these materials will fracture before large plastic deformation occurs.  

 

Nominal and True stress and strain  

In an unixial test the cross-section area and length change with the onset of plasticity. In a 

true stress-strain relation the stresses will rise constant (assuming that the loads remain 

constant) also as necking (= large amounts of localized strains in a small region) occur before 

final fracture. To take into account the changing of the dimension of the test specimen, the 

true stress is defined as the force over the current area. 

𝜎𝑡𝑟𝑢𝑒 =
𝐹

𝐴
 (4.3) 

 

The true strain can define as follows: 

𝜀𝑡𝑟𝑢𝑒 =  ∫
1

𝐿
𝑑𝐿 = 𝑙𝑛 (

𝐿

𝐿0
)

𝐿0

𝐿

= 𝑙𝑛(1 + 𝜀𝑛𝑜𝑚) (4.4) 

Which is the total strain between the original and the current length. Where L is the current 

length. Using the incompressibility (constant volume: AL=A0L0) assumption the following 

relation between nominal and current dimension is obtained: 

𝐴 =
𝐴0𝐿0

𝐿
=  

𝐴0

1 + 𝜀𝑛𝑜𝑚
 (4.5) 
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Substitute the value of A in Eq. (4.19), the true stress becomes: 

𝜎𝑡𝑟𝑢𝑒 =
𝐹(1 + 𝜀𝑛𝑜𝑚)

𝐴0
=  𝜎𝑛𝑜𝑚 ∙ (1 + 𝜀𝑛𝑜𝑚)  (4.6) 

 

The plastic strain component can obtained by subtracting the elastic strain from the total 

strain: 

𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐 = 𝜀𝑡𝑟𝑢𝑒 −  𝜀𝑒𝑙𝑎𝑠𝑡𝑖𝑐  

 = 𝑙𝑛(1 + 𝜀𝑛𝑜𝑚) −  
𝜎𝑛𝑜𝑚

𝐸
(1 + 𝜀𝑛𝑜𝑚) (4.7) 

 

Figure 4.2 shows the true stress-strain curve vs the nominal stress-strain curve. It can be seen 

for the true stress-strain that the curve rises continue also beyond the point where necking 

appears. The curve shows a strain hardening effect, this means that the material becomes 

harder as the strain is increased. The true stress-strain curve is only valid up to the onset of 

necking, because necking results in a complex state of stress which are no longer uniaxial, i.e. 

the stress is not simply force divided by the cross-section area. 

 

 
Figure 4.2: Nominal and true stress and strain curves [24] 
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Stress-strain curve obtained using BS 7910 

When a stress-strain curve is unavailable, the stress-strain curve can be determined using the 

approach of the BS 7910. The method will shortly be described. 

𝜀 =
𝜎

𝐸
+

𝐴𝑟 ∙ 𝜎𝑦

𝐸
∙ (

𝜎

𝜎𝑦
)

𝑛

 (4.8) 

 

Where: 

𝜀 = Total strain 

𝜎 = Stress 

𝐸 = Elastic modulus 

𝜎𝑦 = yield strength 

𝐴𝑟 = Coefficient 

𝑛 = Strain hardening component 

 

𝐴𝑟 =
𝐸 ∙ 𝜀𝑦

𝜎𝑦
− 1 (4.9) 

 

𝜀𝑦 =
𝜎𝑦

𝐸
+ 0,002 (4.10) 

 

𝑛 =
1

0,3 ∙ [1 − (
𝜎𝑦

𝜎𝑢
)]

 (4.11) 

 

Eq.(4.11) was derived from ferritic steels with a yield/proof strength with a range of 300-1000 

MPA and 0,65 <
𝜎𝑦

𝜎𝑢
< 0,95. This is a lower bound estimation. Thus, it underestimates the true 

hardening behaviour.  Some steels have a stress-strain curve with a yield plateau. The extend 

of the yield plateau strain (∆𝜀) can be estimated with the following equation: 

 

𝜀𝑦 = 0,0375 ∙ (1 − 0,001𝜎𝑦)              for 𝜎𝑦 > 1000 (4.12) 

 

Eq. (4.12) can be used in combination with Eq.(4.8) to obtain the stress-strain curve with a 

yield plateau. 

 

The true stress can be obtained using Eq. (4.6) and the true strain using Eq. (4.4). 

 



 

21 
 

4.2 Elasto-plastic material models  

To simplify the modelling of plasticity the material behaviour in the plastic region can be 

simplified into two types, see Figure 4.3. 

• Perfectly plastic or non-work hardening, in this model there is no further increase in 

yield stress after the initial yield point is reached. 

• Strain hardening or work hardening where after the initial yield point is reached the 

stress increased with the strains 

 
Figure 4.3: Idealized elastic-perfectly plastic material models [24] 

In elastic-perfectly plastic material models the total strain given by, the sum of the elastic and 

the plastic strain. 

𝜀 = 𝜀𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐 (4.13) 

 

The stress and the plastic strain are related by a hardening parameter or a plastic modulus 

(H). The hardening parameter is usually described as the relationship between the stress and 

the plastic strain. 

𝐻 =
𝑑𝜎

𝑑𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐
 (4.14) 

 

The hardening parameter is not the same as the tangent modulus (K), shown in Figure 4.3, 

which is the slope of the linear strain hardening model after yield point is reached. 

𝐾 =
𝑑𝜎

𝑑𝜀𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝑑𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐
 (4.15) 

 

From these equations, the following relationship between H and K can be obtained. 

1

𝐾
 =

1

𝐸
+

1

𝐻
 (4.16) 
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4.3 The yield criterion of von Mises 

In general, triaxial stress state applies to the bulk material. In order to relate the yield stress 

evaluated under uniaxial tests to the triaxial state of stress serval yield criteria have been 

proposed. The von Mises stress is commonly employed to determine whether a ductile 

material yields.  

 

Hydrostatic and deviatoric stress  

First, an introduction to introduce the concepts of hydrostatic and deviatoric stress 

components. The stress matrix to represent the stresses in 3D can be split into a diagonal 

matrix and a second, non-diagonal matrix. The diagonal matrix consists of equal diagonal 

terms. The non-diagonal matrix is such that the sum of both matrixes produces the original 

stress matrix [22]: 

 

𝜎 = [

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧

𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧

𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧

] =  [

𝜎0 0 0
0 𝜎0 0
0 0 𝜎0

] + [

𝜎𝑥𝑥 − 𝜎0 𝜎𝑥𝑦 𝜎𝑥𝑧

𝜎𝑦𝑥 𝜎𝑦𝑦 − 𝜎0 𝜎𝑦𝑧

𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧 − 𝜎0

]  

          Hydrostatic part  Deviatoric part 

 

The diagonal matrix in which all the normal stresses are equal is called the hydrostatic part 

and in fact represents a hydrostatic stress situation in which the stresses are equal to the 

average of the normal stresses; 

𝜎0 =
1

3
∙ (𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧) (4.17) 

 

The non-diagonal matrix is the extent to which the stress state differs from the hydrostatic 

stress state. This part is called the deviatoric part. Hydrostatic stresses are responsible for the 

change in volume while the deviatoric stress gives the change of the shape. Failure of materials 

is more sensitive to the change in shape than for the volume changes [22]. 

 

Von-Mises yield model 

Von misses assuming that failure occurs when the deviatoric stress surpasses a limit value. 

This is because many materials are not sensitive to changes in the hydrostatic part of the stress 

but the materials are sensitive to any change in the deviatoric part of the stress. For example 

steel will hardly fail under a hydrostatic stress situation. For normal engineering practice von 

Mises assumed that a failure model for steel is independent of the hydrostatic stress. This 

means that failure will be a result of the shape deformation due to the deviatoric stress 

component only [22]. 

 

The stress matrix shown above can be used to obtain the principal values of stresses. The 

matrix becomes; 

[

𝜎1 0 0
0 𝜎2 0
0 0 𝜎3

] = [

𝜎0 0 0
0 𝜎0 0
0 0 𝜎0

] + [

𝜎1 − 𝜎0 0 0
0 𝜎2 − 𝜎0 0
0 0 𝜎3 − 𝜎0

] (4.18) 

with 
1

3
∙ (𝜎1 + 𝜎2 + 𝜎3) 
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The deviatoric component can also be denoted as: 

𝑠 = [

𝑠1

𝑠2

𝑠3

] =  [

𝜎1 − 𝜎0

𝜎2 − 𝜎0

𝜎3 − 𝜎0

] (4.19) 

 

The stresses solution can also represent in the 1-2-3 space as shown in Figure 4.4. 

 
Figure 4.4: Hydrostatic and deviatoric stress components in the principal stress space [22] 

The three stress components can be presented as a summation of the hydrostatic and 

deviatoric part of the stress. The deviatoric stress is the orthogonal. The length of the 

presented vectors can be found with. 

 

|𝑂𝐵|2 =  (𝜎1
2 + 𝜎2

2 + 𝜎3
2) (4.20) 

|𝑂𝐴|2 =  3 ∙ 𝜎0
2 (4.21) 

|𝐴𝐵|2 =  |𝑂𝐵|2 − |𝑂𝐴|2 = (𝜎1
2 + 𝜎2

2 + 𝜎3
2) − 3 ∙ 𝜎0

2 (4.22) 

 

The length of the deviatoric stress component must be smaller than the radius of the circle to 

avoid yielding. In Figure 4.5 this yielding criterion is shown. 

 
Figure 4.5: Von Mises criterion 
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The length of the deviatoric component is according to von Mises limited: 

𝑠𝑚𝑎𝑥
2  ≥  (𝜎1

2 + 𝜎2
2 + 𝜎3

2) − 3 ∙ 𝜎0
2 (4.23) 

 

Substitute the definition of the hydrostatic stress (Eq.(4.17)) into Eq.(5.1) the criterion 

becomes: 

𝑠𝑚𝑎𝑥
2  ≥  

(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2

3
 (4.24) 

 

The constant smax can be determined due to a simple uniaxial test. The uniaxial limit stress 

situation which can be described in terms of principle stresses is: 

𝜎1 = 𝜎𝑦 ; 𝜎2 = 0 ; 𝜎3 = 0 

 

Substitute the principle stresses into Eq.(5.2) leads to: 

𝑠𝑚𝑎𝑥
2  =  

2

3
𝜎𝑦

2 (4.25) 

 

For the 3-dimensional stress state the von Mises criterion, substitute Eq.(4.25) into Eq.(4.24): 

𝜎𝑦 = 𝜎𝑣𝑚 = √
(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2

2
 (4.26) 

 

The von Mises stress in Eq. (4.26) can be rewritten in terms of stress components as: 

𝜎𝑣𝑚 = √(𝜎𝑥𝑥 − 𝜎𝑦𝑦)
2

+ (𝜎𝑦𝑦 − 𝜎𝑧𝑧)
2

+ (𝜎𝑧𝑧 − 𝜎𝑥𝑥)2 + 6(𝜏²𝑥𝑦 + 𝜏²𝑦𝑧 + 𝜏²𝑧𝑥)

2
 (4.27) 

 

Von mises criterion for plane stress situations 

For a 2-dimensional plane stress state 𝜎3 = 0, the yield condition changes into:  

𝜎𝑣𝑚 = √𝜎1
2 + 𝜎2

2 − 𝜎1𝜎2 (4.28) 

The von Mises stress in Eq. (4.28) can be rewritten in terms of stress components as: 

 

𝜎𝑣𝑚 = √𝜎𝑥𝑥
2 + 𝜎𝑦𝑦

2 − 𝜎𝑥𝑥𝜎𝑦𝑦 + 3𝜏²𝑥𝑦 (4.29) 

 

The two-dimensional stress state Eq. (4.29) can be presented graphically. This is shown in 

Figure 4.6. This ellipse defines the region of combined biaxial stress where the material is safe 

against yielding under static loading. 

 
Figure 4.6: Two-dimensional stress state (left), yield criterion of van Mises for plane stress(right) 
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5 Limit load/Plastic collapse 

Limit load analyses is an efficient method that can be used to estimate the collapse load of a 

structural component. To understand plastic limit analysis, it is helpful to look at the behaviour 

of an elastic-perfectly plastic material subjected to mechanical loading. Figure 5.1 shows a 

simply supported beam with a distributed load 𝑞. The material is considered to be elastic-

perfectly plastic. When the load increases the stress, field is elastic until the elastic limit load 

𝑞𝑒 is reached. At this point the stresses in the bottom and top of the cross section have just 

reached the yield stress 𝜎𝑦 (Figure 5.1a). When the load exceeds the elastic limit, a plastic 

region starts to spread through the section, the displacement of the structure progressively 

increases (Figure 5.1b). At this stage the plastic flow in the yield zones is still contained by the 

surrounding elastic regions, this is called contained plastic flow. As the load is still increasing 

the upper and lower plastic regions form a plastic hinge. The yielding has spread to such an 

extent that the remaining elastic material plays an insignificant role in sustaining the load 

(uncontained plastic flow). The load cannot be increased beyond this point (Figure 5.1c). Now 

the structure has reached its limit or collapse state. The ultimate load is addressed to as the 

plastic collapse load or simply the collapse load or limit load [13]. 

 
Figure 5.1: An illustration of a collapse process for a simply supported rectangular beam 

 

The collapse load calculated from the limit analysis is different from the actual plastic collapse 

load as it occurs in real structures, because the calculation is for an elastic-perfectly plastic 

material, which undergoes unlimited plastic deformations under a constant yield stress. In 

practice, this is rarely the case. The limit analysis is in a hypothetical situation where materials 

neither show any hardening nor significant changes in the geometry of the structure. 

Nevertheless, such a calculation is a good approximation to the actual plastic collapse load of 

the actual structure [13]. When applying the finite element method work hardening can be 

taken into account and a better approximation of the actual collapse load can be predicted. 

 



 

26 
 

Plastic collapse for uncracked plates  

The interaction between the bending moment and the normal force for rectangular  

cross sections are addresses. 

 

Normal force 

The limit load is reached when the net section fully yields due to the action of external forces. 

In this case the plastic limit load is the yield stress times the net section area. 

 

Full plastic moment 

The maximum moment depends on both the yield stress in tension and compression and on 

the geometry of the cross-section. Figure 5.2 gives a situation of a beam element subjected to 

the limit moment. If the material does not show yield difference effects (yield stress in 

compression is equal to the yield stress in tension), the plastic neutral axis divides the cross 

section into two parts of equal area. In this case, the plastic moment (𝑀𝑝) can derived as 

follows: 

𝑀𝑝 = 𝜎𝑦 ∫ 𝑦
𝐴1

0

𝑑𝐴 − 𝜎𝑦 ∫ 𝑦
𝐴2

0

𝑑𝐴 (5.1) 

 
Figure 5.2: Determination of the limit moment [13] 

 

Effect of normal force on the fully plastic moment  

The value of the plastic bending moment is influenced by normal forces. To understand the 

influence of the axial force on the bending moment a rectangular flat plate is used loaded with 

a normal force and a bending moment. This is shown in Figure 5.3. 

 
Figure 5.3: Flat plate loaded with a normal force in combination with a bending moment  
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The stress distribution equalling the yield condition is shown in Figure 5.4. 

 
Figure 5.4: Stress distribution 

 

The normal force can be derived from the horizontal equilibrium which is shown in Figure 5.4 

𝑁  = −𝑊 ∙ 𝑥 ∙ 𝜎𝑦 + 2 ∙ 𝑒 ∙ 𝑊 ∙ 𝜎𝑦 + 𝑊 ∙ 𝑥 ∙ 𝜎𝑦 

𝑁 = 2 ∙ 𝑒 ∙ 𝑊 ∙ 𝜎𝑦 (5.2) 

 

The bending moment can be derived from the equilibrium of moment of any axis. In this 

example the equilibrium concerns the central axis of the section, counter clockwise direction 

is assumed as positive. The moment is divided into three parts. The first contribute  𝑀1 is given 

by the portion above the neutral axis 𝑒 < 𝑦 <
𝐵

2
, the second 𝑀2 by the central part −𝑒 < 𝑦 <

𝑒 and the third 𝑀3 by the lower part −
𝐵

2
< 𝑦 < −𝑒. 

 

𝑀  =  𝑀1 + 𝑀2 + 𝑀3 

𝑀  = 𝜎y ∙ 𝑊 ∙ x ∙ (
1

2
∙ 𝑥 + 𝑒) + 2 ∙ 𝑒 ∙ 𝑊 ∙ 𝜎𝑦 ∙ 0 +  𝜎𝑦 ∙ 𝑊 ∙ 𝑥 ∙ (

1

2
∙ 𝑥 + 𝑒) 

𝑀 = 𝜎y ∙ 𝑊 ∙ x ∙ (𝑥 + 2𝑒) (5.3) 

 

From geometry 

𝐵  =  2𝑥 + 2𝑒 

𝑥 =
𝐵

2
− 𝑒 (5.4) 

 

Eliminate x and e from Eq. (5.2) to (5.4)  

𝑀  = 𝜎y ∙ 𝑊 ∙ (
𝐵

2
− 𝑒) ∙ (

𝐵

2
− 𝑒 + 2𝑒) = 𝜎y ∙ 𝑊 ∙ (

𝐵

2
− 𝑒) ∙ (

𝐵

2
+ 𝑒) 

𝑀  = 𝜎𝑦 ∙ 𝑊 (
𝐵2

4
− 𝑒2)   

𝑀 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ 𝐵² ∙ (1 −

𝑁2

𝜎y
2 ∙ 𝑊2 ∙ 𝐵2) (5.5) 

 

Additionally 

𝑀𝑟𝑑 =  𝑀𝑝 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ 𝐵²  

𝑁𝑟𝑑 =  𝑁𝑝 = 𝜎y ∙ 𝑊 ∙ 𝐵 

 

 

 



 

28 
 

Eq. (5.5) can be re-written in a simple form which is called the interaction condition for M and 

N. 

𝑀

𝑀𝑝
 = 1 − (

𝑁

𝑁𝑝
)

2

 (5.6) 

 

Figure 5.5 shows Eq. (5.6)  in the interaction diagram for normal force combined with bending 

moment for rectangular shapes. 

 

  

Figure 5.5: Normal force-bending moment interaction 

diagram for rectangular shapes[14] 
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5.1 Plastic collapse in plates containing cracks 

Various methods are available for assessing cracks in welded structures under elastic-plastic 

conditions. The most well-known are the BS 7910 approach, the Central Electricity Generating 

Board (CEGB), R6 method, and the Electric Power Research Institute (EPRI) approach. When 

fracture due to cracks is considered, plastic collapse must be taken into account, because an 

increase of the net section stress is a driving force for crack propagation. 

 

In an engineering, critical assessment (ECA), a cracked component fails not only due to plastic 

collapse. In high-toughness (strength-dominated) materials, failure occurs by collapse without 

any crack extension. In low-toughness (toughness-dominated) materials, crack extension 

occurs because the fracture condition is reached before the plastic collapse condition. So, in 

practice failure is a result of a combination of plastic collapse and fracture mechanism. 

Plastic collapse occurs when the net section stress surrounding the crack reaches the yield 

strength for non-work-hardening material. For work-hardening material the flow strength is 

used to simplify the analysis. The flow stress is commonly taken as the average of the yield 

and tensile strengths of the material. This definition is applicable for low and moderate work-

hardening materials like ferritic steels. For materials with a high ratio between the tensile and 

the yield strength this can be an overestimation [8]. 

 

Types of cracks 

There are many types of cracks like the through-thickness crack (Figure 5.6a) or an extended 

surface crack, this crack is on the surface and through the width of the specimen (Figure 5.6b).  

Extended surface cracks are also called long surface cracks. Other types are short surface 

cracks which will be divided into a rectangular surface crack (Figure 5.6c) and a semi-elliptical 

surface crack (Figure 5.6d). 

 
Figure 5.6: (a) through-thickness crack. (b) Extended surface crack. (c) Rectangular surface crack. (d) Semi-
elliptical surface crack 



 

30 
 

Two-dimensional limit load analysis 

In an un-cracked section, no movement of the neutral axis occurs implying there is no 

additional bending moment due to an external tensile force. In a cracked section loaded with 

tension an additional bending moment occurs due to the movement of the neutral axis away 

from the centre, which results in an eccentricity because of the presence of a crack. The limit 

load solution depends on whether this bending moment applies to the net section, or whether 

it is carried externally. The first instance is ‘’pin-jointing’’ (without bending restraint, the 

tensile load is applied through pin-jointed couplings), the second is called rigid restraint, in 

this case the bending is restraint and there is no additional bending moment. This is the case 

by the flange of a girder which is welded to the web (Figure 5.7). 

 

 
Figure 5.7: Pin-jointed versus Rigid restraint 

 

1. Surface cracks, pin-jointed 

For pin-jointing, the general solution for surface cracks can be derived, see Annex A.  

2

3
∙

𝑃𝑏

𝜎𝑓
+ 2 ∙

𝑎

𝐵
∙

𝑃𝑚

𝜎𝑓
+ (

𝑃𝑚

𝜎𝑓
)

2

 = (1 −
𝑎

𝐵
)

2

 (5.7) 

 

Simplified equations for the cases where only bending or tension is applied can be derived by 

substituting 𝑃𝑚 = 0,this gives Eq. (5.8) or 𝑃𝑏 = 0 , this gives Eq. (5.9) and α is equal to 𝑎/𝐵: 
𝑃𝑏

𝜎𝑓
 = 1,5 ∙ (1 − 𝛼)2 (5.8) 

𝑃𝑚

𝜎𝑓
 = √[2𝛼2 − 2𝛼 + 1] − 𝛼 (5.9) 
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The equations for rigid restraint assume the tensile load does not contribute to the bending 

moment. The initial condition depends on the location and size of the crack. In Annex A a 

general solution for surface cracks for rigid restraint is derived, Figure 5.8 shows a plate with 

a surface crack. 

 

2. Surface cracks, rigid restraint 

2

3
∙

𝑃𝑏

𝜎𝑓
+ (

𝑃𝑚

𝜎𝑓
)

2

 = (1 −
𝑎

𝐵
)

2

 (5.10) 

 

Simplified equations for the cases where only bending or tension is applied can be derived by 

substituting 𝑃𝑚 = 0, this gives Eq. (5.11) or 𝑃𝑏 = 0, gives Eq. (5.12) and α is equal to 𝑎/𝐵: 

 

𝑃𝑏

𝜎𝑓
 = 1,5 ∙ (1 − 𝛼)2 (5.11) 

𝑃𝑚

𝜎𝑓
 = 1 − 𝛼 (5.12) 

 
Figure 5.8: 2D-limit load on a surface crack, rigid restraint 

 

Three-dimensional cracks 

The equations in previous sections apply to extended surface cracks.  Willoughby said: ‘’Cracks 

with a finite length (short cracks) gives conservative solutions, as the load can be carried by 

the un-cracked section on either side of the crack’’ [8].  

 

The effective cracked area can be calculated using different equations. R6-Rev. 2 is based on 

a semi-elliptical crack, the crack area is 
𝜋∙2𝑐∙𝑎

4
, and the section area where the load is 

distributed is equal to 𝐵(2𝑐 + 𝐵) see Figure 5.9. The effective cracked area is assumed to be: 

𝛼𝑒𝑓𝑓 =
𝜋 ∙ 2𝑐 ∙ 𝑎

4 ∙ 𝐵 ∙ (2𝑐 + 𝐵)
 (5.13) 

 

Cell [15] proposed a transformation: 

𝛼𝑒𝑓𝑓 = (1 −
1

𝑓
) / (1 −

𝑎

𝐵
∙

1

𝑓
) (5.14) 

where 

𝑓  = (1 +
(2𝑐)²

2𝐵²
)

1/2
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This method is corresponding to Keifner’s et al. [8] for axial cracks in pipelines. It is not clear 

how it can be applied to embedded cracks. Embedded crack is a crack formulated in the 

material, it is not visible from the surface like a surface crack.  

 

 
Figure 5.9: Effective cracked area and cross-sectional area in CEGB R6-Rev. 2 method [8] 

Willoughby and Davey [8] proposed a new expression for 𝛼𝑒𝑓𝑓, The crack is assumed to be 

rectangular in an effective cross section of 𝐵(2𝑐 + 2𝐵), see Figure 5.10. The effective cracked 

area is then given by: 

 

𝛼𝑒𝑓𝑓 =
2𝑐∙𝑎

𝐵(2𝑐+2𝐵)
 = (

𝑎

𝐵
) / (1 + (

𝐵

𝑐
)) 𝑓𝑜𝑟 𝑊 > 2𝑐 + 2𝐵 (5.15a) 

 

𝛼𝑒𝑓𝑓 =
𝑎

𝐵
∙

2𝑐

𝑊
                 𝑓𝑜𝑟 𝑊 ≤ 2𝑐 + 2𝐵   (5.15b) 

 

This expression has the following advantages: 𝛼𝑒𝑓𝑓 = 𝑎/𝐵 in the limit as 2𝑐 → ∞, this is 

applicable to surface and embedded cracks. This expression is also used in the BS 7910. 

 
Figure 5.10: Effective cracked area cross-sectional area proposed in [8] 
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6 Experimental datasets 

In this chapter datasets from different sources are addressed. The experimental data are 

divided into extended surface cracks, rectangular and semi-elliptical surface cracks. 

 

Dataset from Willoughby 

In this paragraph, the formulations proposed in paragraph 5.1 are compared to experimental 

data. Willoughby et al. [8] collated experimental data on collapse stresses of extended surface 

cracks loaded in tension and bending and rectangular surface cracks loaded in tension and 

bending. 

 

Willoughby et al. [8] mentioned that all test specimens have some degree of rotational 

restraint, the tensile test is carried out with clamped hangers. The bending test is provided 

with a three-point bending test (see Figure 6.1). 

 

The experimental results may fail due to plastic collapse and/or brittle failure. This thesis 

focusses on plastic collapse. This means that test results must fail due to plastic collapse and 

not due to brittle fracture. When comparing theoretical data and experimental limit loads, 

Willoughby et al. [8] assumed that crack extension due to ductile tearing is negligible. This is 

a good assumption for relatively tough materials at the test temperature, but for materials 

with low toughness, such as ferritic pipeline steel, it could be an overestimation of the limit 

load (the load which cause failure of the specimen) [8]. 

 

The tensile properties reported in Table 6.1 and Table 6.6 are the same for every material. 

Material properties do not represent nominal values. This can be concluded from internet 

sources about the mechanical properties of 316 stainless steel [17] and A533B [18] which 

differ from experimental data. This is positive because the nominal value can differ from the 

actual value which gives less accurate results, which means that the mechanical properties 

are the actual values which are probably obtained using one test sample per batch, the 

obtained data can be used in analyses of all test specimens from the same batch  

 
Figure 6.1: Tensile test with clamped hangers and a tree-point bending test. 
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Datasets from Lei 

Lei [16] also collated experimental data on collapse stresses. This paper addresses only surface 

cracks loaded with tension. Figure 6.2 shows the geometry of the test specimen with the 

corresponding surface cracks (rectangular, semi-elliptical cracks). Lei [16] mentioned that all 

experimental results are mild steel with a high ductility. 

 

 
Figure 6.2: Two surface crack geometries tested in the experiments. (a) Semi-elliptical surface crack and (b) 
rectangular surface crack 

 

The tests are carried out with clamped hangers [16]. The tensile properties are obtained from 

a batch. The obtained data can be used in analyses of all test specimens from that same batch. 

The length of the specimens used in the test was 75-100 mm, the length of the specimens 

used in test or FE analyses should normally be sufficiently long to avoid the effect of loading 

method on the stress distribution at the crack plane, in general L>2W is enough (personal 

communication with author Lei). Sometimes a longer length is used to simulate pin-loaded 

conditions. (Personal communication with author). The surface flaws were introduced into 

the plates using a spark erosion method [16]. 

 

All the experimental data show work hardening behaviour, the yield and tensile stress are 

different from each other. For all the experimental data (Willoughby and Lei) the flow stress 

is used. The effective area for rectangular and semi-elliptical surface cracks are calculated with 

Eq. (5.15). 
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Dataset from Chen and Lambert 

These datasets consist of only extended surface cracks loaded in tension. Also these 

experiments are with materials of high-toughness steel. The experiments specimens have a 

length of 52 mm. 

 
Figure 6.3: Test specimens  

Dataset from Chell 

Tests are performed on an extended surface crack loaded in tension. The length of the 

specimens are unknown. The material used was Durehete 1055, which is a high temperature 

bolting steel. The material had a heat treatments which result in a material with a toughness 

to yield stress ratio which was high enough to result in post-yield fracture. Large end pieces 

to the specimen are required to allow pin-loading and free rotational of the specimen. 

 

6.1 Extended surface cracks 

Table 6.1 and Table 6.2 shows the experimental data for extended surface cracks loaded in 

tension performed with clamped hangers, Table 6.3 and Table 6.4 shows the experimental 

data loaded with pin-loading and Table 6.5, the experiments loaded in bending. 

 
Table 6.1: Summary of test results (Willoughby)-extended surface cracks loaded in tension [8] 
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Table 6.2: Test results-extended surface cracks loaded in tension (Chen and Lambert) [26] 

 
 
Table 6.3:Test results-extended surface cracks loaded with pin-loading (Cell) [27] 

 
 
Table 6.4:Test results-extended surface cracks loaded with pin-loading (Cell) [28] 
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Table 6.5: Summary of test results (Willoughby)- extended surface cracks loaded in bending [8] 
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Tension  

The data for extended surface cracks are obtained from the experimental data of Willoughby, 

Chen and Lambert performed with clamped hangers, the other data was from Cell performed 

with pin-loading. Figure 6.5 shows a cross-section of an extended surface crack. In all cases 

the crack length is the same as the full width of the test specimen. 

 

 
Figure 6.4: Variation of failure stress with α (a/B) for extended surface cracks in tension with clamped hangers 
and: test performed with pin-loading [8] 

The percentage cracked area for extended surface cracks can be calculated with the crack 

depth over the plate thickness (
𝑎

𝐵
). 

 
Figure 6.5: Extended surface crack 

The limit load solution for rigid restraint (Eq. (5.12)) predicts conservatively experimental 

results except for the specimens made of stainless steel (Figure 6.4). Stainless steel is a 

material with a high ratio between tensile and yield stress, due probably to the inappropriate 

estimate of flow strength, this could result in an overestimation [8]. The specimens loaded 

with pin-loading (red points) gives also conservative result, two test data points are on the 

limit load solution. 
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Bending  

The bending test consists of a three-point bend test. Table 6.6 shows the experimental data 

for extended surface cracks. Figure 6.6 shows the equation for pin-jointed (5.8), which is the 

same as for rigid restraint. This gives conservative predictions except for some pipeline steel 

specimens. 

 

 
Figure 6.6: Relationship between failure stress and α for extended surface cracks in bending [8] 

Figure 6.6 shows that the results for X56 pipeline steel are close to the limit load solutions and 

therefore not unduly conservative. This can be explained by low resistance to ductile tearing 

[8]. It is possible that crack extension occurred before the maximum load was reached. The 

results for some of the specimens of this type of steel can therefore be regarded as being 

more controlled by toughness than by plastic collapse. Interesting is that the stainless-steel 

specimens are also predicted with a safe margin, because for extended surface cracks in 

tension the results for stainless steel were underestimated.  
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6.2 Rectangular surface cracks 

Table 6.6 and Table 6.7 shows the experimental data from Willoughby loaded in tension and 

bending for rectangular surface cracks (2𝑐 < 𝑊). 

 
Table 6.6: Summary of test results (Willoughby)- rectangular surface cracks loaded in tension [8] 

 
 
Table 6.7: Summary of test results (Willoughby)- rectangular surface cracks loaded in bending [8] 
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Table 6.8 shows the experimental data for rectangular surface cracks loaded in tension 

collected by Lei. 

 
Table 6.8: Summary of test results (Lei)- rectangular surface cracks loaded in tension [16] 

 
 

Figure 6.7 shows a cross-section for the rectangular surface crack. The crack length is smaller 

than the full width of the test specimen (𝑊 < 2𝑐).  

 
Figure 6.7: rectangular surface crack 
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Tension  

Table 6.6 and Table 6.8 shows the experimental data for rectangular surface cracks loaded in 

tension. These results are compared to the equations for pin-jointed and rigid restraint (Figure 

6.8). The solution for pin-jointed is more conservative compared to the solution for rigid 

restraint, this can be due to the execution of the experimental tests with the clamped hangers 

with is more in according’s with the rigid restraint case, but when the specimens have a long 

length the situation becomes more pin jointed, not all the length of the specimens are known.  

 

 

 
Figure 6.8: Variation of failure stress with αeff (Eq.(5.15)) for rectangular surface cracks loaded in tension. The 
points with a red contour are the experimental data from Lei, the black points are the experimental data from 
Willoughby. 

  



 

43 
 

Bending  

The data for the rectangular surface cracks in bending can be found in Table 6.7. These results 

are shown together with limit load solution, Eq. (5.8) in Figure 6.9. From this graph, nothing 

can be concluded because there are too few data points. 

 
Figure 6.9:Variation of failure stress with αeff for rectangular surface cracks [8] 

 

6.3 Semi-elliptical surface cracks 

Table 6.8 shows the experimental data for semi-elliptical surface cracks loaded in tension 

collected by Lei. 
Table 6.9: Summary of test results (Lei)- semi-elliptical surface cracks loaded in tension [16] 
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Tension  

Table 6.9 shows the experimental data for semi-elliptical surface cracks loaded in tension (Lei). 

All the experimental data gives conservative results. It can be seen from Figure 6.10  that the 

semi-elliptical surface cracks give a higher conservatism than the rectangular cracks shown in 

Figure 6.8, this can be due to the calculation of the effective area. The effective area is 

calculated using the rules in the British standard which assumed the elliptical crack to be 

rectangular (Figure 6.11). This can be one of the influence factors for the conservatism of semi-

elliptical surface cracks. 

 
Figure 6.10: Variation of failure stress with αeff for semi-elliptical surface cracks 

Figure 6.11 shows that a semi-elliptical crack is assumed to be rectangular for the calculation 

of the effective area. This means that the effective cracked area is assumed to be 27% higher 

than in real effective area. This is calculated using Eq.(6.1). 

 

𝑅𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟

𝑆𝑒𝑚𝑖 − 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐𝑎𝑙
 =

𝑎 ∙ 2𝑐

𝜋 ∙ 𝑎𝑐/2
=

𝜋

4
≈ 1,27 (6.1) 

 
Figure 6.11: assuming a semi-elliptical crack to be rectangular 
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6.4 Degree of conservatism 

The degree of conservatism is defined as the actual collapse stress, which is the limit load from 

the experimental data divided by the predicted collapse stress which is the limit load solutions. 

The degree of conservatism is determined for the pin-jointed and the rigid restraint case. 

 

Figure 6.12 shows a graph with the degree of conservatism based on the limit load formula 

for pin-jointed (Eq.(5.7)). The points showing in the graph for the pin-jointed case are the 

experiments which are carried out with pin-loading. Figure 6.12shows also the degree of 

conservatism based on the limit load formula for rigid restraint Eq.(5.10). It can be concluded 

that all cases are predicted with a safety margin except for some stainless steel and pipeline 

steel specimens, the safety factors ranges are given in Table 6.10. It can be concluded that the 

semi-elliptical cracks are more conservative than the rectangular cracks. This can be due to 

the assumption of the effective cracked are which assumed the crack to be rectangular. From 

the results, it can be concluded that the limit load gives conservative predictions for all surface 

cracks except for X56 pipeline steel. This is explained by low resistance to ductile tearing. 

 

 
Figure 6.12: Degree of conservatism based on the limit load formula for pin-jointed and rigid restraint 

 
Table 6.10: Degree of conservatism for surface cracks 

Surface cracks Pin-jointed 

Extended surface crack loaded with pin-loading 1,04-2,08 

 

Surface cracks Rigid restraint 

Extended surface crack Loaded in tension 0,95 - 1,28 

Extended surface crack Loaded in bending 0,97 – 1,74 

Rectangular surface cracks loaded in tension 1,06 – 1,50 

Rectangular surface cracks loaded in bending 1,16 – 2,0 

Semi-elliptical surface cracks loaded in tension 1,30 – 1,82 
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6.5 Conclusions 

Most of the conclusion based on the experimental data are already given in the paragraphs. 

In this paragraph, the most important factors which can influence the degree of conservatism 

are listed up. 

 

For all the experimental results, the experimental data can be higher than the limit load 

solutions due to the stress-state. When there is a triaxial stress state (plane strain) the limit 

load becomes higher. The limit load solutions are based on a uniaxial stress state. This can 

further investigate with a finite element analysis. 

 

The limit load equations are based on an elastic-perfectly plastic material model include work 

hardening by using the flow. This assumption can be inappropriate. 

 

For short surface cracks like the rectangular and semi-elliptical surface cracks, the crack is 

assumed in an effective cross-section, which gives a more cracked area than in reality.  

The limit load equations for the semi-elliptical cracks are based on a rectangular crack 

circumscribing the semi-elliptical crack, which is less accurate. The effective cracked area is 

assumed to be 27% higher. 

 

Finally, for short cracks the limit load solutions are based on shallow cracks which mean that 

the entire crack is located inside the tensile zone. This means that the limit load solutions are 

not correct for deep cracks which means that a part of the crack is in the compressive zone. 
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7 Triaxiality and fracture strain 

For a specimen with a notch in uniaxial tension it is possible to develop a triaxial stress 

distribution even if the external load is uniaxial. Just inside the root of the notch the axial 

stress is high and the sample tends to shrink in the Y and Z-direction. At the surface and near 

the notch root there is no axial stress applied and the material experiences no strain in these 

two directions. These locations are discontinuing which means that the contraction of the 

region inside the notch is resisted by the lack of contraction outside the notch. This uneven 

strain in the Y and Z direction induces stresses in these directions. This effect is more evident 

for sharper notches. However, the stress in Z-direction depends also on the thickness. If the 

thickness in the Z direction is small, then the magnitude of this stress is relatively low 

compared to the stresses in X and Y-direction. This situation is called a plane stress situation 

which is more dominant in relatively thin structural elements. When there is a significant 

thickness, the contraction in the z-direction may be prevented (εz=0), which results in zero 

stress at the surface with a maximum stress in the mid-thickness [37]. 

 

 
Figure 7.1: Developing a biaxial or triaxial stress state due to the presence of the notch 

 

The triaxial stress state reduces the ductility of structural materials, which changes the stress-

strain curve. Figure 7.2 (a) shows the response to a multiaxial stress state. The material used 

is a high ductility mild steel which can be deduced from the stress-strain relation for the 

unnotched specimens (curve 1). All notched specimens have the same minimum thickness as 

the unnotched specimens. In test 3 to 6 the notches become sharper. The fracture strain is 

reduced and the failure load increases, which means that the fracture strain and the stress 

triaxiality are dependent on each other. The same effect is shown in Figure 7.2 (b) in a 

multiaxial stress state the fracture strain is reduced and the strength increases [37]. 
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Figure 7.2: Experimental results using unnotched and notched specimens that evidence the effect of multiaxiality 
[32] 

 

The effect of stress triaxiality on fracture ductility for metals is further researched. Most of 

the research is limited to high-stress triaxiality using pre-notched tensile specimens. However, 

literature is lacking in studies in respect of fracture ductility covering the entire range of stress 

triaxialities [32]. Figure 7.3 shows some results for different types of metal and this graph 

indicates that ductility depends on the triaxiality of stress. The stress triaxiality factor is 

defined by the ratio of the hydrostatic stress (𝜎ℎ) and the Von Misses stress (𝜎𝑣𝑚). 

 

    
𝜎ℎ

𝜎𝑣𝑚
 =

𝜎1 + 𝜎2 + 𝜎3

3 ∙ 𝜎𝑣𝑚
 (7.1) 

 

    𝜎𝑣𝑚 =
1

2
∙ [(𝜎1 − 𝜎2)2 + (𝜎1 − 𝜎3)2 + (𝜎3 − 𝜎2)2] (7.2) 

 

 
Figure 7.3: Relations between the fracture strain and stress triaxiality for different materials 



 

49 
 

 

The relations showing in Figure 7.3 are obtained using the following method. A number of 

studies have been reported in the literature up to present on finite element ductile failure 

simulations. In this paper, the FE model is based on a stress-modified fracture strain model 

which is based on the concept that the fracture strain for ductile fracture strongly depends on 

the stress state. The fracture strain model can be determined in a robust way from notched 

bar tensile test results. When the fracture strain is determined the incremental damage is 

defined by the ratio of the equivalent plastic strain divided by the fracture strain [31].  

 

The tensile test is performed with two different radii, R=2mm and R=4 mm and a model 

without radii. To determine the stress-modified fracture strain model for API X70 steel 

conventional elastic-plastic FE analysis was performed. Symmetric conditions and reduced 

integration elements were used. The FE meshes are shown in Figure 7.4. An element size of 

0,1mm was used in the minimum cross-section. For the analysis, the large deformation was 

chosen [31]. 

 
Figure 7.4: A typical FE mesh for elastic-plastic FE analysis to simulate tensile test 

The stress triaxiality decreases with increasing notch radius, but the maximum value is in the 

centre of the specimen regardless of the notch radius. This is shown in Figure 7.5 were r/x=1 

is at the free surface of the specimen and r/x=0 in the centre. Due to the fact that the stress 

triaxiality is the highest in the centre of the specimen, it is expected that failure initiation 

occurs in the centre of the minimum cross section [31]. 

 

 
Figure 7.5: stress triaxiality [31] 
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For smooth and notched bars tensile specimens the ductile damage occurs for notched 

specimens on a finer scale. Figure 7.6 (a) shows the stress triaxiality against the equivalent 

plastic strain using a specimen without a radius and with a radius of R=2mm and 4mm. The 

stress triaxiality and equivalent plastic strain are extracted in the centre of the specimens, 

where failure initiation is expected to occur. The last points correspond to the failure initiation 

points. For the specimen without a notch the stress triaxiality tends to increase with increasing 

the equivalent plastic strain due to the necking. The necking effect is less for the specimens 

with a notch, for this reason the stress triaxiality tends to be constant [31].  

 

For the ductile failure criterion, the history of the stress and strain should be included. An 

average stress triaxiality is introduced. The calculated average stress triaxiality is shown in 

Figure 7.6 (a). The equivalent plastic strains are the strains corresponding to the failure 

location. Figure 7.6 (b) shows a function of the average stress triaxiality against the true 

fracture strain. One point in the graph corresponds to one test. This relation shows that the 

fracture strain is exponentially depended on the stress triaxiality. Fitting the graph resulting 

in Eq.(7.3). This equation is also in Figure 7.3 [31]. 

 

𝜀𝑓 = 3,20 ∙ exp (−1,5 ∙
𝜎ℎ

𝜎𝑒
) + 0,05 (7.3) 

  

 
Figure 7.6: Variations of the stress triaxiality with equivalent plastic strain for smooth and notched tensile test. 
(b) the tress-modified fracture strain for API X70 [31] 
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8 Existing limit load solutions 

Extended surface cracks, tension loading 

 

Analytical solutions are proposed for the plane stress and strain situation by Erwin and 

Richards [29] for the extended surface crack loaded in pin-loading. These analytical solutions 

are based on a slip line method. 

 

An analytical limit load solution for double-edge notched plates are provided by Miller [30], 

this solution is also used in the BS 7910 [6] for double-edge notched plates. In this situation, 

there is no additional bending moment due to the eccentricity of the tensile force. This 

situation is the same as the rigid restraint case for the extended surface crack. The limit load 

solutions are given in Annex B. The graph shows the result of the analytical solutions. Also, the 

limit load solutions for the extended surface crack provided by the BS 7910 are given in the 

graph. In paragraph 6.5 the conclusion was made that the limit load solution is based on a 

uniaxial stress state and that the limit loads depends on the type of stress (biaxial, triaxial). 

This is also visible in Figure 8.1.  Finally analytical solutions are provided for a specimen with 

rotational end restraints, this situation is called the fixed grip case. 

 

 

 
 
Figure 8.1: analytical limit load solutions for the extended surface crack loaded in tension 
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Extended surface cracks, bending 

For the extended surface crack loaded with a bending moment, analytical solutions proposed 

by Miller [30]. The limit load solutions are given in Annex B. Figure 8.2shows the results. The 

same conclusion can be made as for the extended surface crack loaded in tension. The 

thickness of the specimen has an influence on the limit loads. It depends on the plane stress 

or strain situation. 

 

 
Figure 8.2: analytical limit load solutions for the extended surface crack loaded in bending 
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9 Finite element method 

In this chapter information is given about finite element modelling. The subjects that are 

discussed are the element types, nonlinearities using FEM, Limit load analysis with FEM and 

FE studies performed by other authors. 

 

9.1 Element types 

In this section, the different element types which are relevant to this study are discussed. 

These elements consist of beam, plane and solid elements. 

 

Beam elements 

A beam element is suitable for analysis of slender to moderately thick beam structures. The 

element is based on the Timoshenko beam theory which means that transverse shear strain 

is constant through the cross-section, i.e. cross sections remain plane after deformations. 

Most common beam elements used in the FE analyses are a quadratic beam element with 

three nodes and six degrees of freedom per node. The degree of freedom for each node is a 

translation in x,y and z directions and rotations around the x,y and z directions. The beam 

elements are one-dimensional line elements. The integration points along the length are 

shown in Figure 9.1 (left) and Figure 9.1 (right) shows the four integration points for each 

cross-section cell. 

 

 
Figure 9.1: Integration points along the length [left] and for each cross-section cell [right] [23] 

 

Plane elements 

A plane element has a constant thickness which can only load in-plane loading. The plane 

elements can be divided into plane stress and plane strain conditions. Plane stress is more 

important for structures which are tin and plane strain for ticker structures. In this section, 

some basic plane elements are shown. 

 

The geometry of the plane elements can be triangular or quadratic. Plane elements have 2 

translational degrees of freedom per node. Some plane elements have also in addition a 

rotational degree of freedom. The general plane elements are the constant strain triangle 
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(CST) and the linear strain triangle (LST). These elements have 8 or 6 nodes with two degrees 

of freedom for each node, namely translation in the nodal x and y directions. By the LST is the 

strain linear resulting in a quadratic displacement field. 

 

 
Figure 9.2: (a) a constant strain triangle with six nodal degrees of freedom. (b) linear strain triangle with twelve 
degrees of freedom[23]. 

The elements with a quadratic shape are also divided into elements that have only nodes at 

the corners and elements that have also mid sides nodes. An element with more nodes have 

more degree of freedom, but these nodes can solve a problem with fewer elements. 

 

3D Solid elements 

Most solid elements are extended plane elements with one extra coordinate and another 

displacement component. The 3D solid elements take all six possible stresses into account 

(three normal and three shear stresses). The displacement field involves all the components 

(u,ν,w) this is shown in Figure 9.3a. Typical 3d solid elements are hexahedral elements and 

tetrahedral with three displacements d.o.f. per node. Almost all the problems which exist by 

the other elements can be regarded with 3D solid elements, but the computation time will 

increase rapidly.  

 
Figure 9.3: (a) 3D state of stress. (b) An eight-node hexahedron element. (c) The d.o.f. at a typical node [23] 
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Tetrahedron 

The constant strain tetrahedron has four nodes (only corner nodes), each node has three 

translational d.o.f. this gives in total 12 d.o.f. (Figure 9.4a) the elements are accurate when 

the strains are constant over the span of the element. The element weak in describing fields 

of bending. The linear strain tetrahedron has ten nodes (corner and mid-side nodes) with a 

total of 30 d.o.f. per element (Figure 9.4b). The displacement field is quadratic in x and y. The 

elements sides can deform into quadratic curves (parabolic shape) or straight lines. The strain 

field is linear in the coordinates. This element can describe pure bending exact. The edges of 

undeformed elements can be straight or curved. 

 

Trilinear Hexahedron 

The trilinear hexahedron is an element also called the eight-node brick element (Figure 9.4c). 

This element has a linear displacement field which means that the sides remain straight as the 

element deforms. For this reason, the element can’t model beam action very well, this was 

also the case by the bilinear quadrilateral elements. The quadratic hexahedron is shown in 

Figure 9.4d. This element has 60d.o.f. The edges of undeformed elements can be straight or 

curved. If the element is rectangular it can describe the linear strain fields exactly. 

 
Figure 9.4: Common 3D elements. (a) Constant strain (four nodes) tetrahedron. (b) linear strain (ten-node) 
tetrahedron. (c) Trilinear (eight-node) hexahedron. (d) Quadratic (20-node) hexahedron. [23] 

Additional 3D elements are possible, this is described in the documentation of the software 

program.  
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9.2 Nonlinearity using a FE 

The two most common numerical methods to solve nonlinearity problems with load 

incrementations are the Newton’s method and the Arc Length Method. 

 

Newton-Raphson Iterative Method 

The Newton-Raphson iterative method is an effective method for solving nonlinearity 

problems. It works with an incremental solution starting from u=0, with an initial ‘’guessed’’ 

tangent stiffness (K1). Applying a load increment (ΔF1), and solving a linear calculation during 

the load increment (𝐹1 = 𝐾1 ∙ 𝑢1, solving for u1). This results in point A which is visible in Figure 

9.5a. The tangent stiffness corresponding to this displacement is K2. From the displacement 

(u1) the internal force can be calculated (𝐹𝑎 = 𝐾 ∙ 𝑢1). The internal force is higher than the 

applied load (F1). The differences (∆𝐹𝑎 =  𝐹1 − 𝐹𝑎.) is the out-of-balance or residual force that 

can be used to obtain the correct value for u2 by doing an equilibrium iteration while F1 is keep 

constant. For the first equilibrium iteration (∆𝐹𝑎 = 𝐾2 ∙ ∆𝑢, solving for Δu), the tangent 

stiffness K2 is used, add the result with u1. This results in point A’, with a residual force which 

is the small vertical distance between point A’ and a’ with a new tangent stiffness 

corresponding to the displacement at point A’. Each iteration reduces the force balance when 

this is so small that it is negligible, the second load step can be applied to F2. The same 

procedure can be applied for the second load step [23].  

 

 
Figure 9.5: (a) Newton-Raphson iterations method. (b) Modified Newton-Raphson iterations method [22] 

The Newton-Raphson method can be successfully applied to nonlinear analysis, when it is 

satisfied to two conditions: 

• The initial ‘’guess’’ tangent stiffness is not very far from the exact solution 

• The slope of the nonlinear displacement curve is always positive 

 

In the Newton-Raphson iteration process, the stiffness difference updated after each iteration 

(Figure 9.5). An alternative method is called the modified Newton-Raphson iteration method 

which is shown in Figure 9.5b. All the iterations for each load step are performed with the 
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same stiffness. Thus, the stiffness matrix needs to be constructed and reduced once for all 

iterations for each load step. Kept the slope constant during the iterations gives a slower 

convergence (more iterations needed) but can reduce the overall computation time by not 

updating the slope for each iteration [23]. 

 

Convergence of the solution is achieved when equilibrium is satisfied, i.e. when a negligible 

residual force exists.  

 

The loads can manage with load steps and substeps to obtain an accurate solution (Figure 

9.6). A load step is a configuration of loads. Substeps divided the load step in small load 

increments. In a linear analysis, just one substep is needed per load step. The equilibrium 

iterations are the solutions to obtain a converged substep. 

 
Figure 9.6: Load and substeps 

 

Arc Length Method 

The arc length method is an iterative process used to derive an accurate solution at or near 

limit points where the slope of the force-displacement curve changes its sign. At critical points, 

i.e. limit points the stiffness matrix becomes singular (determinant=0) and the program fails 

and stops its execution. As the slope of the force-displacement curve changes its sign 

(minimum or maximum value), the process of adding load increment will fail since the load 

not increasing with the displacements. The next load increment must be reversed to follow 

the correct load path [24].  

 

The arc length is an additional variable with involves the load and the displacement, this 

results in an extra equation which can be solved. The advantage of this extra variable is that 

limit point can be solved, the stiffness matrix becomes never singular. The disadvantage of 

this method is that it can occur in some FE analysis that the solution matrix becomes 

unsymmetrical which results in a higher computational time. 

There are different options to obtain the arc length, an example is by making an iteration path 

following a plane perpendicular to the tangent of the load-displacement curve, which is shown 

in Figure 9.7.   
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Figure 9.7: The arc length technique [24] 

 

Plasticity 
A main type of nonlinearities is a material nonlinearity such as plasticity. In a FE model, 

plasticity can be introduced as a nonlinear material model (elasto-plastic). This means that the 

material that is used in the model has a nonlinear stress-strain relation like a bilinear of 

multilinear relation (Figure 9.8). Thus, define an initial yield point when yielding occurs and 

describe a hardening model to define what happens after initial yielding. 

 

 
Figure 9.8: Bilinear and Multilinear stress-strain relation 
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9.3 Limit load analyses using FEM 

The ASME code [25] provides three analysis methods to provide the plastic collapse load. 

• Elastic Stress Analysis Method – Stresses are calculated using an elastic analysis, the 

stresses are limited to allowable values that have been conservatively established 

such that a plastic collapse will not occur.  

• Limit Load Method – A lower bound to the limit load of a component is calculated, 

this theory is already explained in chapter 5. 

• Elastic-Plastic Stress Analysis Method – A collapse load is calculated using an elastic-

plastic analysis considering the applied loading and the deformation of the 

component is taken into account 

 

The elastic stress analysis gives a less accurate approximation. More accurate limit load 

solutions are obtained using the limit load method or the elastic-plastic stress analysis 

method. 

 

Using the Elastic-Plastic Stress Analysis Method the load which cases structural failure is called 

the plastic collapse load instead of limit load. This method provides a more accurate result 

because the behaviour of the structure is better approximated. The limit/plastic collapse load 

is the load where equilibrium solution is achieved when, for a small increased load, the 

solution will not converge anymore. 

 

Limit load Method 

This method is based on the following assumptions: 

• The material model is elastic-perfectly plastic with a specified yield strength 

• The strain-displacement relations are those of small displacement theory 

• Equilibrium is satisfied in the undeformed shape 

 

Elastic-Plastic Stress Analysis Method 

The plastic collapse load of a structure is calculated using an elastic-plastic stress analysis. 

Elastic-plastic stress analysis gives a more accurate result because a more actual behaviour of 

the structure can be approximated. The redistribution of stress that occurs as a result of plastic 

deformation is directly considered in the analysis. This method is based on the following 

assumptions 

• The material model is an engineering or true-stress strain curve; 

• The strain-displacement relations are those of large displacement theory; 

• Equilibrium is satisfied in the deformed shape. 
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9.4 FE analysis from other authors  

M. Paredes [33] 

In 2013 this author published a paper ‘’Plastic limit load and its application to the fracture 

toughness testing for heterogeneous simple edge notch tension specimens’’. This paper 

focuses on the plain strain limit load calculations in welded single edge notch tension fracture 

specimens, shown in Figure 9.9. Two types of boundary conditions (clamped and pinned ends) 

are considered. The models consist of a plane strain model with different crack lengths and a 

3D model. For the 2D specimen geometry only one half is modelled; the mesh consists of 3000 

8-node 3D elements (6400 nodes) with plane strain constraints. The FE analysis is carried out 

using the WARP3D research code. The numerical limit load determination follows an 

asymptotic procedure between the crack driving force and applied load.  

 

The meshed model employs similar geometric features to the 2D analyses with a typical radius 

(=2,5μm) which represents the crack tip. The analysis is performed using displacement control 

to ensure numerical convergence. A bilinear material model (elastic-perfectly plastic) with 

small strain and rotation theory is used. The numerical solution is compared to analytical plain 

strain limit load solutions from literature. 

 

It was concluded that the effect of strain hardening is more evident for specimens with 

clamped boundaries than for specimens with pin-loading. Therefore, determining of the limit 

loads of clamped specimens should be carried out with caution. The limit analysis is based on 

an elastic-perfectly plastic material characterized by large-scale yielding without strain 

hardening properties[33]. When using yield strength the solutions show some degree of 

conservatism. 

 
Figure 9.9: 3D finite element models: (a) pin-loaded model and (b) clamped mode[33] 
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Y. CHEN AND S. LAMBERT [26] 

In 2003 these authors published the paper ‘’Analysis of ductile tearing of pipeline-steel in 

single edged notch tension specimens’’. The purpose of their work is to develop a finite 

element model to simulate ductile tearing in pipeline-steels. The numerical predictions are 

compared to experiments for single-edged notch tension (SENT) specimens. In the numerical 

model, the progressive damage is limited to a predetermined ductile tearing zone. The 

material damage in the tearing zone is described by a Gurson-Tvergaard isotropic constitutive 

model which takes into account the nucleation and growth. The criterion for void coalescence 

is determined with the Thomason criterion. The model is applied to predict the mechanical 

behaviour of the SENT experiments for different plate dimensions.  

 

The mechanical properties of the material are predicted using the Ramberg-Osgood power-

law. The authors mention that the large strain zone for a centre cracked tension specimen is 

restricted to a height less than 3mm from the crack plane in tensile specimens. Fracture is 

modelled in the tearing zone surrounding the crack plane. For their finite element model 

ABAQUS is used. In Figure 9.10 two symmetry planes are used, only one-quarter of the 

specimen is modelled. To facilitate deformation due to large plastic strain at the crack tip the 

mesh around the crack tip is modelled with an original blunt notch with a radius of 0,2 mm, 

3D 8-node solid elements are used. In the tearing zone a redefined mesh is used due to 

expected damage and crack propagation from that region. The numerical results are well in 

agreement with the experiments. However, the overall behaviour can be better predicted 

using the damage model, which predicts a sharp load drop after the maximum load is reached. 

Further it is concluded that the differences between predictions of the maximum load with 

and without damage model are negligible. 

 

 

 
Figure 9.10: (a) 3D finite element mesh for a quarter of SENT specimen. (b) Detailed mesh pattern for the region 
near the crack front.  
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Annex A 
Derivation parametric equations reference stress 
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Reference stress 
In the BS 7910 there are some equations available for the reference stress. In this annex the 

background behind these formulas will be derived. There will be started with the basics like a 

rectangular plate without crack (this is not a case which can be found in the BS 7910). 

After this the other cases will be treated like: 

 Flat plate with through-thickness crack 

 Flat plate with surface crack 

 A extended crack 

 A rectangular crack 

 An semi-elliptical crack 
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A1 Flat plate without crack 

In the literature study is for this situation the normal force and the bending moment 

determined. The formula for the normal force is substitute in the formula for the bending 

moment. This is the starting point for this situation. 

 
Figure 1.1: Flat plate without crack 

Because this is the first situation the mathematical steps will described step by step. For the 

other situations less steps will be performed to determine the reference stress. 

𝑀 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ 𝐵² ∙ (1 −

𝑁2

𝜎y
2 ∙ 𝑊2 ∙ 𝐵2

) (1.1) 

 

Solve Eq.(1.1) for 𝜎0 

4 ∙ 𝑀 =
𝜎𝑦

2 ∙ 𝑊2 ∙ 𝐵2 − 𝑁²

𝜎𝑦 ∙ 𝑊
 (1.2) 

 

Eq.(1.2) can rewritten as: 

0 = 𝜎𝑦
2 ∙ 𝑊2 ∙ 𝐵2 − 4 ∙ 𝑀 ∙ 𝜎𝑦 ∙ 𝑊 − 𝑁² (1.3) 

 

Now the abc-formula can be used to demine 𝜎0 

𝜎0 =
−𝑏 + √𝑏2 − 4 ∙ 𝑎 ∙ 𝑐

2 ∙ 𝑎
 (1.4) 

With 

𝑎 = 𝑊2 ∙ 𝐵2 (1.5) 

𝑏 = −4 ∙ 𝑀 ∙ 𝑊  (1.6) 

𝑐 = −𝑁²  (1.7) 

 

Substituting Eq.(1.5) to (1.7) into Eq.(1.4) leads to 

𝜎𝑦 = 𝜎𝑟𝑒𝑓 =
4 ∙ 𝑀 ∙ 𝑊 + √(−4 ∙ 𝑀 ∙ 𝑊)2 + 4 ∙ 𝑊2 ∙ 𝐵2 ∙ 𝑁²

2 ∙ 𝑊2 ∙ 𝐵2
 (1.8) 

 

Simplify equation gives 

𝜎𝑟𝑒𝑓 =
2 ∙ 𝑀 + √4 ∙ 𝑀2 + 𝐵2 ∙ 𝑁²

𝑊 ∙ 𝐵2
 (1.9) 
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Additionally 

𝑀 =
1

6
∙ 𝑝𝑏 ∙ 𝑊 ∙ 𝐵² (1.10) 

𝑁 = 𝑝𝑚 ∙ 𝑊 ∙ 𝐵 (1.11) 

 

𝑝𝑏  = 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 𝑑𝑢𝑜 𝑡𝑜 𝑡ℎ𝑒 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑚𝑜𝑚𝑒𝑛𝑡 

𝑝𝑚  = 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 𝑑𝑢𝑜 𝑡𝑜 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑐𝑒 

 

Inserting Eq.(1.10) and (1.11) into Eq.(1.9) gives 

𝜎𝑟𝑒𝑓 =
1/3 ∙ 𝑊 ∙ 𝐵² ∙ 𝑝𝑏 + √1/9 ∙ 𝑊2 ∙ 𝐵4 ∙ 𝑝𝑏² + 𝐵4 ∙ 𝑊² ∙ 𝑝𝑚²

𝑊 ∙ 𝐵2
 (1.12) 

 

Simplify Eq.(1.12) gives 

𝜎𝑟𝑒𝑓 =
𝑝𝑏 + √𝑝𝑏² + 9 ∙ 𝑝𝑚²

3
 (1.13) 
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A2 Flat plate with through-thickness crack 

The second case is a flat plate with through-thickness crack under combined loading. This 

situation is shown in Figure 2.1. 

 
Figure 2.1: Flat plate with through-thickness crack 

The stress distribution is shown in Figure 2.2. The normal force can be derived from the 

horizontal equilibrium. 

 
Figure 2.2: Stress distribution for a flat plate with through-thickness crack under combined normal force and 
bending moment 

𝑁 = −𝑊 ∙ (1 −
2𝑎

𝑊
) ∙ 𝑥 ∙ 𝜎𝑦 + 2 ∙ 𝑒 ∙ 𝑊 ∙ (1 −

2𝑎

𝑊
) ∙ 𝜎𝑦  

 = +𝑊 (1 −
2𝑎

𝑊
) ∙ 𝑥 ∙ 𝜎𝑦  

𝑁 = 2 ∙ 𝑒 ∙ 𝑊 (1 −
2𝑎

𝑊
) ∙ 𝜎𝑦 (2.1) 

 

  



 

5 
 

The bending moment can be derived from the equilibrium of moment about any axis. In this 

example the equilibrium is about the middle axis of the section, counterclockwise direction is 

assumed as positive. There is no extra bending moment duo to the normal force because the 

neutral axis is not changed due to the crack. This is because it is a through-thickness crack. 

 

𝑀 = 𝜎y ∙ 𝑊 ∙ (1 −
2𝑎

𝑊
) ∙ x ∙ (

1

2
∙ 𝑥 + 𝑒) + 2 ∙ 𝑒 ∙ 𝑊 ∙ (1 −

2𝑎

𝑊
) ∙ 𝜎𝑦 ∙ 0+=  

 = 𝜎𝑦 ∙ 𝑊 ∙ (1 −
2𝑎

𝑊
) ∙ 𝑥 ∙ (

1

2
∙ 𝑥 + 𝑒)  

𝑀 = 𝜎y ∙ 𝑊 ∙ (1 −
2𝑎

𝑊
) ∙ x ∙ (𝑥 + 2𝑒) (2.2) 

 

From geometry 

𝐵 =  2𝑥 + 2𝑒  

𝑥 =
𝐵

2
− 𝑒 (2.3) 

 

Eliminate x and e from Eq.  (2.1) to (2.3) 

𝑀 = 𝜎y ∙ 𝑊 ∙ (1 −
2𝑎

𝑊
) ∙ (

𝐵

2
− 𝑒) ∙ (

𝐵

2
− 𝑒 + 2𝑒)  

𝑀 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ (1 −

2𝑎

𝑊
) ∙ 𝐵² ∙ (1 −

𝑁2

𝜎y
2 ∙ 𝑊² (1 −

2𝑎
𝑊 )

2

∙ 𝐵2

) (2.4) 

Solve equation (2.4) for 𝜎𝑦  

𝜎𝑦 = 𝜎𝑟𝑒𝑓 =
2 ∙ 𝑀 + √4 ∙ 𝑀2 + 𝐵2 ∙ 𝑁²

𝑊 ∙ (1 −
2𝑎
𝑊 ) ∙ 𝐵2

 (2.5) 

Additionally 

𝑀 =
1

6
∙ 𝑝𝑏 ∙ 𝑊 ∙ 𝐵² (2.6) 

𝑁 = 𝑝𝑚 ∙ 𝑊 ∙ 𝐵 (2.7) 

 

Inserting Eq. (2.6) and Eq. (2.7) into Eq.(2.5) leads to 

𝜎𝑟𝑒𝑓 =
𝑝𝑏 + √𝑝𝑏² + 9 ∙ 𝑝𝑚²

3 ∙ (1 −
2𝑎
𝑊 )

 (2.8) 

 

This is the same formula for the reference stress which is also visit in the BS 7910, annex P5.1. 

   

The normalized limit loads solutions can be obtained by substituting 𝑃𝑚 = 0, this gives Eq. 

(2.9) or 𝑃𝑏 = 0, gives Eq. (2.10). 

𝑃𝑏

𝜎𝑦
 = 1,5 ∙ (1 −

2𝑎

𝑊
) (2.9) 

𝑃𝑚

𝜎𝑦
 = 1 −

2𝑎

𝑊
 (2.10) 
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A3 Extended surface crack 

In an cracked section loaded in tension an additional bending moment occurs due to the 

movement of the neutral axis away from the center, which results in an eccentricity as a result 

of a crack. The limit load solution depends on whether this bending moment  applies to the 

net section, or whether it is carried externally. The first instance is ‘’pin-jointing’’ (without 

bending restraint, the tensile load is applied through pin-jointed couplings), the second is 

called rigid restraint. 

 

a) Rigid restraint 

An extended surface crack is shown in Figure 3.1. 

 
Figure 3.1: Flat plate with extended surface crack 

The stress distribution is shown in Figure 3.2. The normal force can be derived from the 

horizontal equilibrium. 

 
Figure 3.2: Limit load on an extended surface crack with rotational restraint. Shaded region is the part which 
resists bending moment 

𝑁 = −𝑊 ∙ 𝑥 ∙ 𝜎𝑦 + 𝑒 ∙ 𝑊 ∙ 𝜎𝑦 + 𝑊 ∙ 𝑥 ∙ 𝜎𝑦  

𝑁 = 𝜎𝑦 ∙ 𝑒 ∙ 𝑊 (3.1) 

 

Taking moments about any AB 

𝑀 = 𝜎y ∙ 𝑊 ∙ x ∙ (
1

2
∙ 𝑥 +

1

2
𝑒) + 𝜎𝑦 ∙ 𝑒 ∙ 𝑊 ∙ 0+ =  

 = 𝜎𝑦 ∙ 𝑊 ∙ 𝑥 ∙ (
1

2
∙ 𝑥 +

1

2
𝑒)  

𝑀 = 𝜎y ∙ 𝑊 ∙ x ∙ (𝑥 + 𝑒) (3.2) 
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From geometry 

𝐵 ∙ (1 −
𝑎

𝐵
) = 2𝑥 + 𝑒  

𝑥 =
𝐵 ∙ (1 −

𝑎
𝐵) − 𝑒

2
 (3.3) 

 

Eliminate x and e from Eq. (3.1) to (3.3) 

𝑀 = 𝜎y ∙ 𝑊 ∙ (
𝐵 ∙ (1 −

𝑎
𝐵

) − 𝑒

2
) ∙ (

𝐵 ∙ (1 −
𝑎
𝐵

) + 𝑒

2
)  =  

𝑀 = 𝜎𝑦 ∙ 𝑊 (
𝐵2 ∙ (1 −

𝑎
𝐵

)
2

− 𝑒2

4
)  

𝑀 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ 𝐵² ∙ (1 −

𝑎

𝐵
)

2

(1 −
𝑁2

𝜎y
2 ∙ 𝑊2 ∙ 𝐵2) (3.4) 

 

𝛼 =
𝑎

𝐵
 (3.5) 

 

Inserting Eq. (3.5) into (3.4) leads to 

𝑀 =
1

4
∙ 𝜎y ∙ 𝑊 ∙ 𝐵² ∙ (1 − 𝛼)2 (1 −

𝑁2

𝜎y
2 ∙ 𝑊2 ∙ 𝐵2) (3.6) 

 

Solve Eq. (3.6) for 𝜎𝑦  

𝜎𝑦 = 𝜎𝑟𝑒𝑓 =
2 ∙ 𝑀 + √4 ∙ 𝑀2 + 𝑁² ∙ (1 − 𝛼′′)2 ∙ 𝐵2

𝑊 ∙ (1 − 𝛼)2 ∙ 𝐵2
 (3.7) 

 

Additionally 

𝑀 =
1

6
∙ 𝑝𝑏 ∙ 𝑊 ∙ 𝐵² (3.8) 

𝑁 = 𝑝𝑚 ∙ 𝑊 ∙ 𝐵 (3.9) 

 

Inserting Eq. (3.8) and (3.9) into Eq. (3.7) leads to 

𝜎𝑟𝑒𝑓 =
𝑝𝑏 + √𝑝𝑏² + 9 ∙ 𝑝𝑚² ∙ (1 − 𝛼)²

3 ∙ (1 − 𝛼)2
 (3.10) 

This is the same formula for the reference stress which is also visit in the BS 7910, annex P6.2 

 

The normalized limit loads solutions can be obtained by substituting𝑃𝑚 = 0, this gives Eq. 

(3.11) or 𝑃𝑏 = 0, gives Eq. (3.12). 

 

𝑃𝑏

𝜎𝑦
 = 1,5 ∙ (1 − 𝛼)2 (3.11) 

𝑃𝑚

𝜎𝑦
 = 1 − 𝛼 (3.12) 
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Eq. (3.10) can be rewritten to another form, this formula is often used in literature. 

(1 − 𝛼)2 =  
2

3
∙

𝑃𝑏

𝜎𝑦
+ (

𝑃𝑚

𝜎𝑦
)

2

 (3.13) 

 

b) Pin-jointed 

In this situation the normal force contributes to the bending moment, due to the movement 

of the neutral axis away from the center, as a result of the presence of the crack. 

 
Figure 3.3: Limit load on an extended surface crack with no rotational restraint 

The normal force can be derived from the horizontal equilibrium which is shown in Figure 3.3. 

𝑁 = 𝜎𝑦 ∙ 𝑊 ∙ (𝑒 − 𝑥) (3.14) 

   

Taking moments about the line AB. 

𝑀 + 𝑁 ∙
𝐵

2
 = 𝜎y ∙ 𝑊 ∙ e ∙ (𝑥 +

𝑒

2
) − 𝜎𝑦 ∙ 𝑊 ∙ 𝑥 ∙

1

2
∙ 𝑥 (3.15) 

 

From geometry 

𝐵 = 𝑎 + 𝑒 + 𝑥 (3.16) 

 

Eliminate x and e from Eq. (3.14) to (3.16) 

𝑥 = −
1

2
∙

−𝑊 ∙ 𝐵 ∙ 𝜎y + 𝑊 ∙ 𝜎y ∙ 𝑎 + 𝑁

𝜎y ∙ 𝑊
  

𝑒 =
1

2
∙

𝑊 ∙ 𝐵 ∙ 𝜎y − 𝑊 ∙ 𝜎y ∙ 𝑎 + 𝑁

𝑊 ∙ 𝜎y

  

𝑀 + 𝑁 ∙
𝐵

2
 =

1

2
∙ (𝑊𝐵𝜎y − 𝑊𝜎y𝑎 + 𝑁) ∙ (−

1

2
∙

𝑊 ∙ 𝐵 ∙ 𝜎y + 𝑊 ∙ 𝜎y ∙ 𝑎 + 𝑁

𝜎y ∙ 𝑊
+

1

4
∙

𝑊 ∙ 𝐵 ∙ 𝜎y − 𝑊 ∙ 𝜎y ∙ 𝑎 + 𝑁

𝑊 ∙ 𝜎y
)  

 −
1

8
∙

(−𝑊 ∙ 𝐵 ∙ 𝜎y + 𝑊 ∙ 𝜎y ∙ 𝑎 + 𝑁)²

𝜎y ∙ 𝑊
 (3.17) 

 

Solve Eq. (3.17) for 𝜎𝑦  

𝜎𝑦 = 𝜎𝑟𝑒𝑓 =
𝑁 ∙ 𝑎 + 2 ∙ 𝑀√𝑁2 ∙ 𝐵2 − 2 ∙ 𝑁2 ∙ 𝐵 ∙ 𝑎 + 2 ∙ 𝑁2 ∙ 𝑎2 + 4 ∙ 𝑁 ∙ 𝑀 ∙ 𝑎 + 4 ∙ 𝑀²

𝑊 ∙ (𝐵2 − 2 ∙ 𝐵 ∙ 𝑎 + 𝑎2)
 (3.18) 
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Additionally 

𝑀 =
1

6
∙ 𝑝𝑏 ∙ 𝑊 ∙ 𝐵² (3.19) 

𝑁 = 𝑝𝑚 ∙ 𝑊 ∙ 𝐵 (3.20) 

        

Inserting Eq. (3.19) and (3.20) into Eq. (3.18) leads to 

𝜎𝑟𝑒𝑓 
=

1

3
∙

(𝑝𝑏∙𝐵 + 3 ∙ 𝑎 ∙ 𝑝𝑚 + √𝐵² ∙ 𝑝𝑏
2 + 9 ∙ 𝐵2 ∙ 𝑝𝑚

2 − 18 ∙ 𝐵 ∙ 𝑎 ∙ 𝑝𝑚
2 + 6 ∙ 𝐵 ∙ 𝑎 ∙ 𝑝𝑚 ∙ 𝑝𝑏 + 18 ∙ 𝑎2 ∙ 𝑝𝑚

2 ) ∙ 𝐵

(𝐵 − 𝑎)2
 

 

  (3.21) 

 

𝛼 =
𝑎

𝐵
 (3.22) 

  

Combining Eq. (3.21) and (3.22) gives 

𝜎𝑟𝑒𝑓 =
𝑝𝑏 + 3 ∙ 𝑝𝑚 ∙ 𝛼 + √(𝑝𝑏 + 3 ∙ 𝑝𝑚 ∙ 𝛼)2 + 9 ∙ 𝑝𝑚

2 ∙ (1 − 𝛼)2

3 ∙ (1 − 𝛼)2
 (3.23) 

 

This is the same formula for the reference stress which is also visit in the BS 7910, annex P6.2 

 

The normalized limit loads solutions can be obtained by substituting 𝑃𝑚 = 0, this gives Eq. 

(3.24)or 𝑃𝑏 = 0, gives Eq. (3.25). 

 

𝑃𝑏

𝜎𝑦
 = 1,5 ∙ (1 − 𝛼)2 (3.24) 

𝑃𝑚

𝜎𝑓
 = √[2𝛼2 − 2𝛼 + 1] − 𝛼 (3.25) 

 

Eq. (3.23) can be rewritten to another form, this formula is often used in literature. 

(1 − 𝛼)2 =  
2

3
∙

𝑃𝑏

𝜎𝑦
+

2 ∙ 𝑃𝑚 ∙ 𝛼

𝜎𝑦
+ (

𝑃𝑚

𝜎𝑦
)

2

 (3.26) 

 

Notes: 

The analysis for the extended surface crack is carried out with three-dimensional limit load 

analysis. This means that the width of the plate (W) is taking into account. The analysis for 

extended surface cracks can also carried out with a two-dimensional limit load analysis (the 

width of the plate is not taking into account), this is because the crack length is the same as 

the width of the plate. The crack is in this case infinitely long.  
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A4 Rectangular crack/Semi-elliptical crack  

In the BS7910, the reference stress formulas are present for semi-elliptical cracks, the 

BS7910 consider the semi-elliptical cracks as rectangular cracks.   

 
Figure 4.1: Flat plate with surface crack (rectangular crack/semi-elliptical) 

The BS7910 considered short cracks like rectangular cracks/semi-elliptical cracks with a two-

dimensional limit load analysis. This means that the equations are the same as for extended 

surface cracks. In this case the crack has an finite length, the BS7910 insert a effective flaw 

area (𝛼𝑒𝑓𝑓), as already said the crack is assumed to be rectangular in an effective cross 

section of 𝐵(2𝑐 + 2𝐵), this is done because by long plates the equations will be 

conservative, since the part of the load can be carried by the unflawed section on either side 

of the crack. The effective cracked area is given by: 

 

𝛼𝑒𝑓𝑓 =
2𝑐∙𝑎

𝐵(2𝑐+2𝐵)
 = (

𝑎

𝐵
) / (1 + (

𝐵

𝑐
)) 𝑓𝑜𝑟 𝑊 > 2𝑐 + 2𝐵 (4.1a) 

 

𝛼𝑒𝑓𝑓 =
𝑎

𝐵
∙

2𝑐

𝑊
                 𝑓𝑜𝑟 𝑊 ≤ 2𝑐 + 2𝐵   (4.1b) 

 

 
Figure 4.2: Effective cracked area cross-sectional area  

  



 

11 
 

a) Rigid restraint 

𝜎𝑟𝑒𝑓 =

𝑝𝑏 + √𝑝𝑏² + 9 ∙ 𝑝𝑚² ∙ (1 − 𝛼𝑒𝑓𝑓)²

3 ∙ (1 − 𝛼𝑒𝑓𝑓)
2  (4.2) 

The normalized limit loads solutions can be obtained by substituting 𝑃𝑚 = 0, this gives Eq. 

(4.3) or 𝑃𝑏 = 0, gives Eq.(4.4). 

 

𝑃𝑏

𝜎𝑦
 = 1,5 ∙ (1 − 𝛼𝑒𝑓𝑓)

2
 (4.3) 

𝑃𝑚

𝜎𝑦
 = 1 − 𝛼𝑒𝑓𝑓 (4.4) 

 

Where 𝛼𝑒𝑓𝑓 can be calculated using Eq. (4.1) 

 

b) Pin-jointed 

𝜎𝑟𝑒𝑓 =
𝑝𝑏 + 3 ∙ 𝑝𝑚 ∙ 𝛼 + √(𝑝𝑏 + 3 ∙ 𝑝𝑚 ∙ 𝛼)2 + 9 ∙ 𝑝𝑚

2 ∙ (1 − 𝛼)2

3 ∙ (1 − 𝛼)2
 (4.5) 

The normalized limit loads solutions can be obtained by substituting 𝑃𝑚 = 0, this gives Eq. 

(4.6)or 𝑃𝑏 = 0, gives Eq.(4.7). 

 

𝑃𝑏

𝜎𝑦
 = 1,5 ∙ (1 − 𝛼)2 (4.6) 

𝑃𝑚

𝜎𝑓
 = √[2𝛼2 − 2𝛼 + 1] − 𝛼 (4.7) 

 

Where 𝛼𝑒𝑓𝑓 can be calculated using Eq. (4.1) 
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B1.   Extended surface crack  

In this Annex different limit load solutions are given for the extended surface crack loaded in 

tension which consist of three cases: 

 Pin-jointed 

 Rigid restraint 

 Fixed grip 

Further, the solutions for the extended surface crack loaded in bending are shown. 

 

Tension  

 

Pin-jointed 

Analytical solutions are proposed for the plane stress and strain situation by Erwin and 

Richards for the extended surface crack loaded in tension. The limit load for the plain stress 

situation for the pin-jointed case is formulated as follows: 

 

𝑃𝑚

𝜎𝑓
 = 

[
 
 
 

(−
2

√3
∙
𝑎

𝐵
+

2

√3
− 1

2
)

2

+
2

√3
(1 −

𝑎

𝐵
)

2

]
 
 
 
1/2

− (
2

√3
∙
𝑎

𝐵
+

2

√3
− 1

2
) (1.1) 

 

Eq.(1.1) is applicable for deeply-cracked plates loaded in tension (
𝑎

𝐵
> 0,146) and Eq. (1.2) 

for short-cracked plate (
𝑎

𝐵
≤ 0,146). 

 

𝑃𝑚

𝜎𝑓
 = 1 −

𝑎

𝐵
− (

𝑎

𝐵
)
2

 (1.2) 

 

For the plain strain condition, the limit load solution for the pin-jointed case becomes: 

 

𝑃𝑚

𝜎𝑓
 = 1,702 ∙

2

√3
{[(0,206 −

𝑎

𝐵
)
2

+ 0,5876 ∙ (1 −
𝑎

𝐵
)
2

]
1/2

+ (0,206 −
𝑎

𝐵
)} (1.3) 

 

Eq.(1.3) is applicable for deeply-cracked plates loaded in tension (
𝑎

𝐵
> 0,545) and the 

equation for short-cracked plate (
𝑎

𝐵
≤ 0,545) consist of a lower bound (Eq.(1.4)) and an 

upper bound (Eq.(1.5)). 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
∙ (1 −

𝑎

𝐵
− 1,232 ∙ (

𝑎

𝐵
)
2

+ (
𝑎

𝐵
)
3

) (1.4) 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
∙ (1 −

𝑎

𝐵
− 1,232 ∙ (

𝑎

𝐵
)
2

+ (
𝑎

𝐵
)
3

+ 22 ∙ (
𝑎

𝐵
)
3

∙ (0,545 −
𝑎

𝐵
)
2

)  (1.5) 
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Rigid restraint 

An analytical limit load solution for double-edge notched plates are provided by Miller. This 

situation is the same as the rigid restraint case for the extended surface crack. Eq.(1.6) and 

Eq.(1.7) are for the plane stress situation. 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
∙ (1 −

𝑎

𝐵
)                                          0,286 <

𝑎

𝐵
< 1 (1.6) 

 

𝑃𝑚

𝜎𝑓
 = (1 + 0,54 ∙

𝑎

𝐵
) ∙ (1 −

𝑎

𝐵
)                   0 <

𝑎

𝐵
< 0,286 (1.7) 

 

The solutions for the plane strain solutions for the rigid restraint case becomes: 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
[(1 +

𝜋

2
) ∙ (1 −

𝑎

𝐵
)]                                    0,884 <

𝑎

𝐵
< 1 (1.8) 

 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
[(1 + ln(

1 −
𝑎
2𝐵

1 −
𝑎
𝐵

)) ∙ (1 −
𝑎

𝐵
)]           0 <

𝑎

𝐵
< 0,884 (1.9) 

 

Fixed grip 

The analytical limit load solution for restrained rotation (fixed grip) are also provided by 

Miller. The plane stress situation is shown in Eq.(1.10) and the plain strain is 1,155 times the 

plane stress situation (Eq.(1.11)). 

  

𝑃𝑚

𝜎𝑓
 = 1 −

𝑎

𝐵
 (1.10) 

 

𝑃𝑚

𝜎𝑓
 =

2

√3
(1 −

𝑎

𝐵
) (1.11) 
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Bending 

 

Eq. (1.12 is applicable for deeply-cracked plates loaded in bending (
𝑎

𝐵
> 0,146). The 

equation for short cracked plates is not known. 

 

𝑃𝑏

𝜎𝑓
 = 1.072 [1,5 ∙ (1 −

𝑎

𝐵
)
2

]                                    
𝑎

𝐵
> 0,154 (1.12) 

 

Eq.(1.13) is applicable for short-cracked plates loaded in bending (
𝑎

𝐵
< 0,295) and the 

equation for deeply-cracked plates (
𝑎

𝐵
> 0,295) is displayed in Eq.(1.14). 

 

Plain strain solution 

𝑃𝑏

𝜎𝑓
 =

2

√3
∙ 1,5 ∙ [1 + 1,686 ∙

𝑎

𝐵
− 2,72 ∙ (

𝑎

𝐵
)
2

]   (1 −
𝑎

𝐵
)
2

                                (1.13) 

 

 

𝑃𝑏

𝜎𝑓
 = 1.2606 ∙

2

√3
∙ [1,5 ∙ (1 −

𝑎

𝐵
)
2

]                      
𝑎

𝐵
> 0,295 (1.14) 

 

 



 

Annex 2 
Model explanations 

- Beam elements 

 Boundary conditions 

 Influence cracked length 

- Plane elements 

 Boundary conditions 

- Solid model 

 Boundary conditions 

 Influence crack tip radius 
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1 Tension 

1.1 Beam elements 

Figure 1.1 shows the boundary and load conditions for the pin-jointed case. The only degree 

of freedom (d.o.f) which is not constraint at node one and for is Θz. At node 1 a finite non-

zero value of the displacement in the x-direction is applied to simulate loading. Θy can be fixed 

in this situation because the crack is centric. 

 
Figure 1.1: Boundary and load conditions for the model with beam elements (pin-jointed) 

Figure 1.2 shows the boundary and load conditions for the rigid restraint case. All the rotations 

at all the nodes are constraint to prevent bending of the specimen. The load is applied in the 

same way as for the pin-jointed case. 

 
Figure 1.2: Boundary and load conditions for the model with beam elements (rigid restraint) 

 

Influence cracked length 

Since the beam element can’t have zero length, a finite length (Lcrack) is used. First, it is checked 

whether the length of the cracked section affects the limit loads. This is done for a small, 

medium and large crack (a/B=0,1;0,5;0,9). Figure 1.3 shows some geometries which are 

considered. An 3 node beam elements with quadratic shape functions are used.  

 

 
Figure 1.3: (a) Lcrack=0,5 mm; a/B=0,1. (b) Lcrack=0,5 mm; a/B=0,9.  
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Figure 1.4 shows the deformation for the pin-jointed case and Figure 1.5 for the rigid 

restrained case. It can be seen that the specimen bends upwards for the pin-jointed case. This 

is due to the additional bending moment. The bending is restraint for the rigid restraint case, 

thus the deformation is only in longitudinal direction. 

 

 
Figure 1.4: Deformations pin-jointed.: (a) Lcrack=0,5mm; a/B=0,1. (b) Lcrack=0,5mm; a/B=0,9 

 
Figure 1.5: Deformations rigid restraint.  (a) Lcrack=0,5mm; a/B=0,1. (b) Lcrack=0,5mm; a/B=0,9.  

It can be concluded from Figure 1.6 that the crack length section has no influence on the limit 

load. The FE results fit the limit load solutions. 

 

 
Figure 1.6: Investigation the influence the cracked length on the limit load results  
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1.2 Plane model 

Figure 1.7 shows the boundary and load conditions for the pin-jointed case and rigid restraint 

case. The first boundary condition in both cases is due to symmetry. The translation in the x-

direction is constraint. For the pin-jointed case is the load applied by a displacement and the 

ration in the z-direction is not constraint. This is to allow the specimen to bend upwards. 

 

 
Figure 1.7: Boundary and load conditions for the model with plane elements. (a) pin-jointed. (b) rigid restraint 

In the Rigid restraint case, a boundary condition at the bottom of the specimen is applied to 

prevent bending of the specimen. Translation in the y-direction is not allowed and the 

translation in the x-direction is free. Finally, the load is applied by applying a certain value of 

displacement to all the nodes belonging to the line, no ration is allowed. 

 

1.3 Solid model 

Pin-jointed and Rigid restraint 

The boundary conditions for the solid model are equivalent to those employed for the 2D 

model. The specimen is modelled using 1/4 of the overall geometry since 2 planes of symmetry 

exist. The boundary and loading conditions are applied to surfaces instead of lines. Figure 1.8 

shows the boundary and load conditions for the pin-jointed case and Figure 1.9 for the rigid 

restraint case. 

 
Figure 1.8: Boundary and load conditions for the model with solid elements (pin-jointed) 
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Figure 1.9: Boundary and load conditions for the model with solid elements (rigid-restraint) 

 

Experimental data 

The boundary conditions for the modelling of the experimental data is slightly different as for 

the pin-jointed and rigid restraint case. In the literature study is shown that the experimental 

data is executed with a tensile test with clamped hangers, this means that the ends of the 

specimens are restraint. The boundary conditions are shown in Figure 1.10. The first two 

boundary conditions are the same as for the pin-jointed and rigid restraint case. These 

boundary conditions are for the use of symmetry. The last boundary condition is the load, uy 

and uz are zero because these translations are restraint in a tensile test with clamped hangers. 

 
Figure 1.10: Boundary conditions for modelling the experimental data 
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Radius effect  

The effect of having a crack tip radii has not a considerable influence on the limit load since 

the material behaviour is idealized as an elastic-perfectly plastic material model with 

unlimited strains and the failure conditions are independent on the magnitude of the strain. 

 

 
Figure 1.11: FE model performed with different crack tip radii for the pin-jointed and rigid restraint case 

 

2 Bending 

Boundary conditions 

Figure 2.1 shows the boundary and load conditions for the bending case. At node 1 and 4 a 

rotation around the z-axis is applied to simulate the bending loading. 

 
Figure 2.1: Boundary conditions beam model 
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The boundary conditions for the plane and solid model are the same the only difference is 

that for the solid model the boundaries are applied to a plane instead of a line. For this reason, 

only, the solid model is shown. The experiments are carried out with a three-point bend test. 

From the literature, it is concluded that the differences in limit load between pure bending 

and a three-point bend test are around 3% meaning that the schematisation showing in Figure 

2.2 is acceptable. The first two boundary conditions are the same as for the other cases, these 

boundaries are used for symmetry. The last boundary is an applied radiation to the free 

surface to simulate a pure bending loading. 

 

 
Figure 2.2: Boundary conditions solid model 

 

Radius effect  

The same conclusions can be made as for the previous case, which is that the crack tip radii 

have not an effect on the limit loads results due to the elastic-perfectly plastic material 

behaviour. 

 

 
Figure 2.3: FE model performed with different crack tip radii for the specimens loaded in bending 
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1 Elastic-perfectly plastic material model 

A mesh study is performed for an elastic-perfectly plastic material behaviour for this mesh 

study beam, plane and solid elements are used. For the mesh study with the true stress-strain 

behaviour, only solid elements are used because the experimental results are modelled with 

solid elements. 

 

Beam elements 

A mesh study is done to investigate the influence of the mesh size on the limit loads, 3 node 

beam elements with quadratic shape function are used. The mesh is defined by two variables. 

The variables are explained in Figure 1.1. 

a: Element size in the two outer parts 

b: Element size in the cracked section 

 

The mesh study is executed for a geometry with a crack over thickness ratio (a/B) of 0,5. The 

cracked length (Lcrack) is 0,5 mm.  

 

 
Figure 1.1: Mesh variables 

In  

Table 1.1 the results are shown and the solution of the FE analyses is compared with the 

analytical limit loads. Figure 1.2 show the two the two extremes (model 1 and 7).   
 
Table 1.1: Results limit load for various mesh sizes 

Model a 

[mm] 

b 

[mm] 

Nodes 

[-] 

Elements 

[-] 

FE limit load 

PJ  [kN]      RR [kN] 

1 40 0,5 10 3 14,57 35,5 

2 20 0,4 19 6 14,57 35,5 

3 10 0,35 31 10 14,57 35,5 

4 5 0,3 55 18 14,57 35,5 

5 2,5 0,25 103 34 14,57 35,5 

6 1 0,2 250 83 14,57 35,5 

7 0,5 0,1 496 165 14,57 35,5 
 

 
Figure 1.2: (a) model 1. (b) model 7 
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It can be concluded that for an extended surface crack loaded in only tension with an elastic-

perfectly plastic material the mesh sizes have no effect on the limit load results.  

 

Plane elements 

An 8-node plane element with a quadratic displacement behaviour is used. The goal of the 

mesh study is to investigate the influence of the mesh size on the limit load. A small crack for 

the plain stress situation is considered. 

 

From Table 1.2 shows the result. All the results are within 2,5 percent. This can be explained 

due to the elastic-perfectly plastic material model with unlimited strains. The mesh has an 

influence on the strains and stresses, but when no strain hardening model with strain at 

rupture is included the mesh has no considerable influence on the limit load results 

  
Table 1.2: Results limit load for various mesh sizes (geometry with radius) for a crack over thickness ratio of 0,1 

Model Nodes 

[-] 

Elements 

[-] 

FE limit load 

PJ  [kN]         RR [kN] 

1 214 59 64,5 68,2 

2 597 178  63,7 67,8 

3 878 267 63,7 67,7 

4 1469 456 63,4 67,6 

5 2483 784 63,3 67,5 

6 4542 1459 63,2 67,4 

7 14582 4755 63,1 67,3 

 

 
Figure 1.3: (a) model 1. (b) model 7 
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Solid elements 

A higher order 3D 20 node solid with a quadratic displacement behaviour is used.  

The mesh is divided into two parameters  

a:  Mesh size over the height of the uncracked ligament 

b:  Elements over the width of the specimen  
 

Table 1.3:  

Model 

(a/B=0,5) 

a 

[mm] 

b 

[-] 

Limit load-PJ 

[kN] 

Limit load-RR 

[kN] 

1 1,75 2 12,83 26,63 

2 0,875 4 12,72 26,62 

3 0,292 8 12,64 26,61 

4 0,25 10 12,63 26,61 

5 0,15 20 12,63 26,10 

 

 
Figure 1.4: (a)Position for the determination of the average stress triaxiality facto. (b) model 1. (c) model 4 

 

From the limit loads, it can be seen that for all the models the limit loads are within 2%. 

The overall conclusion which can be made from this paragraph is since the material behaviour 

is elastic-perfectly plastic with unlimited strains the mesh size has no considerable influence 

on the limit load results. 
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2 True stress-strain behaviour 

From previous paragraph, it can be concluded that the mesh had not a big influence on the 

limit load results. Using a true stress-strain behaviour the plastic collapse load depends on the 

strain at fracture, strains are depending on the stresses. Therefore, a mesh study is carried 

out investigate the influence of the mesh size on the plastic collapse load. Figure 2.1 shows 

some of the models used for the mesh sensitivity study. 

 

 
Figure 2.1: Mesh around crack tip and over the width of the specimen 

 

The influence of the mesh on the plastic collapse load in the width, radial and circumferential 

direction is discovered. This is done for the experimental results which are carried out with 

pin-loading or with some rational restraint (fixed grip) and loaded in bending. For the mesh 

study, the crack tip radius is keep constant with value of 0,1mm.  

 
Table 2.1: Specimens used for the mesh sensitivity study 

Material W 

[mm] 

B 

[mm] 

a 

[mm] 

Pin-jointed 

23 

15 

4,33 

X70 pipeline steel 25 23 2,85 

Fixed grip 

X70 pipeline steel 12,5 8,5 2,3 

Bending 

X56 pipeline steel 12,7 13,2 3,3 
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Table 2.2 shows the influence of the mesh size over the width direction (z-direction).  It can 

be concluding that the elements in the width direction has no influence on the plastic collapse 

load. This is because the stress/strain variations along the Z-direction (width direction) are nog 

significant. But for the further analysis a mesh size of 1 mm is chosen, this is because otherwise 

the mesh quality with respect to the aspect ratio will be too bad. 

 
Table 2.2: Influence mesh over width direction 

Element Size Plastic collapse load  

 

[mm] PJ [kN] FG [kN] B [Nmm] 

3 314,5 49,0 108443 

2 314,9 49,0 108480 

1 315,2 49,1 108640 

 

 

 

 

 

In Table 2.3 the influence of the mesh size in the radial and circumferential direction is 

discovered (see Figure 1.1). It can be concluded that the mesh has almost not a considerable 

influence on the plastic collapse load. The reason why the mesh size does not influence the 

results that much is because, the radius of the crack tip is around 0,1mm. Which means that 

the biggest mesh size around the crack tip is already small (0,017 mm). The fracture strain is 

measured at the crack tip because the equivalent total strain is the highest on that position 

and crack propagation will probably takes place from that point. 

 
Table 2.3: Mesh study for two specimens with a crack tip radius r=0,1 mm 

Nodes 

 

Radial 1 

 

Radial 2 Radial 3 Circum-

ferential  

Plastic collapse load  

[-] [-] [-] [-] [-] PJ [kN]  FG [kN] B [Nmm] 

22314 2 2 2 10 321 49,4 110371 

34914 6 6 3 10 316,3 49,2 109924 

49628 9 9 5 15 315,2 49,1 109540 

70639 12 12 9 15 315 48,7 108640 

 

 

  

Figure 2.2: FE model 
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In another paper also a mesh study was performed with respect to the strains at the crack tip 

for different crack tip radii.  From this is also concluded that the mesh has not a considerable 

influence. The influence of the mesh size is higher for smaller radii [1].  

 
Figure 2.3: Effect of crack tip element size on predicted triaxiality and equivalent plastic strain [1] 

 

It is not possible to choose a bad mesh quality even when it does not effects the plastic 

collapse load, otherwise the elements are too highly distorted during the analysis which 

causes convergence issues. The final model which is chosen for the FE analysis is shown in 

Figure 2.4. 

 

 
Figure 2.4: final model which is used for the analysis 

 

3 Reference 

[1] PANONTIN, T., SHEPPARD, S.D., (1997). An Experimentally Verified Finite Element study 

of the Stress-Strain Response of Crack Geometries Experiencing Large-Scale Yielding 
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1 Limit load study for different W/B ratios 

In this annex, the limit loads are performed with different width over thickness (W/B) ratios 

to discover when the situations are plane stress and plain strain. This is done for different 

crack sizes (a/B=0,1-0,9). The elements which are used are 3D solid elements. This study is 

applied to four different level of constraints, namely pin-jointed, rigid restraint, Fixed grip and 

bending. The different specimen dimensions, which are used for the FE analysis are shown in 

Table 1.1. 

 
Table 1.1: Different specimen dimensions 

Model W 

[mm] 

B 

[mm] 

W/B 

[-] 

 Model W 

[mm] 

B 

[mm] 

W/B 

1 0,15 10 0,015  6 10 10 1 

2 0,5 

 

10 0,05  7 20 

 

10 2 

3 2,0 10 0,2  8 40 10 4 

4 5,0 10 0,5  9 80 10 8 

5 6,7 10 0,7  10 300 10 30 

 

 

1.1 Pin-jointed/Rigid restraint 

 

 
Figure 1.1: Limit loads results pin-jointed for different width over thickness ratios 
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Figure 1.2: Limit loads for different width over thickness ratios (a/B=0,1) 

 

 
Figure 1.3: Limit loads for different width over thickness ratios (a/B=0,2) 

 

 
Figure 1.4: Limit loads for different width over thickness ratios (a/B=0,3-0,4) 
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Figure 1.5: Limit loads for different width over thickness ratios (a/B=0,5-0,6) 

 

 
Figure 1.6:Limit loads for different width over thickness ratios (a/B=0,7) 

 

 
Figure 1.7 Limit loads for different width over thickness ratios (a/B=0,8) 
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Figure 1.8: Limit loads for different width over thickness ratios (a/B=0,9) 

 

Table 1.2 shows different crack depth ratios (a/B) when the situation becomes plane stress 

and plane strain. These conclusions are drawn from the graphs showing in this paragraph. A 

W/B ratio between 1 and 4 is not common in practice for this reason Table 1.2 is simplified. 

This is shown in 

 
Table 1.2: When the structure becomes plane stress or plane strain 

Model Plane Stress Plane Strain 

a/B PJ [W/B] RR [W/B] PJ [W/B] RR [W/B] 

0,1 All All - - 

0,2 < 5 All ≥5 - 

0,3 < 5 < 8 ≥5 ≥8 

0,4 < 5 < 8 ≥5 ≥8 

0,5 < 5 < 8 ≥5 ≥8 

0,6 < 3 < 8 ≥3 ≥8 

0,7 < 3 < 8 ≥3 ≥8 

0,8 < 1 < 8 ≥1 ≥8 

0,9 < 1 < 8 ≥1 ≥8 

 
Table 1.3: Plane stress/Plane strain 

Pin-jointed  Rigid restraint 

a/B W/B Situation a/B W/B Situation 

≤ 0,1 
all Plane stress 

≤ 0,2 
all Plane stress 

- Plane strain - Plane strain 

> 0,2 
< 5 Plane stress 

> 0,2 
< 8 Plane stress 

≥ 5 Plane strain ≥ 8 Plane strain 
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1.1.1 Girder 
Figure 1.9 show a girder with an extended surface crack in the flange and in the web. The 

minimum and maximum W/B ratios are given in Table 1.4. From this it can be concluded that 

the ratios for the flange are between 5-22 and for the web between 0,02-0,2. In this paragraph 

the conclusions based on previous paragraph are checked using a practical case.  
 

Table 1.4: Minimum and maximum values of W/B for the flange (left) and for the web (right) 

Profiles W 

[mm] 

B 

[mm] 

W/B 

[-] 

 Profiles W 

[mm] 

B 

[mm] 

W/B 

[-] 

HE100M 106 

 

20 5,3  HE1000A 16,5 

 

868 0,019 

HE280A 280 13 21,5  HE100M 12 56 0,21 

 

 
Figure 1.9: Girder. (a) Extended surface crack in the flange. (b) Extended surface crack in the web 

The cracks showing in Figure 1.9 do not often occur. The crack in the web can be caused by a 

through thickness crack in the flange which grows further into the web or a stiffener which is 

connected to the web. The profiles shown in Table 1.4 are modelled on different crack sizes. 

The main conclusion which can be made is that a flange behaves as a plane strain situation 

and the web as a plane stress situation. 

 

 
Figure 1.10: Limit load results flange and web compared with plane stress and strain solution 
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1.2 Fixed grip 

The same procedure is performed as for previous chapter. 

 

 
Figure 1.11: Limit loads results pin-jointed for different width over thickness ratios 

 

 
Figure 1.12: Limit loads for different width over thickness ratios (a/B=0,1-0,2) 
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Figure 1.13: Limit loads for different width over thickness ratios (a/B=0,3-0,4) 

 
Figure 1.14: Limit loads for different width over thickness ratios (a/B=0,5-0,6) 

 

 
Figure 1.15: Limit loads for different width over thickness ratios (a/B=0,7-0,8) 
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Figure 1.16: Limit loads for different width over thickness ratios (a/B=0,9) 

 

Table 1.5: Plane stress versus plane strain depending on the W/B ratio (fixed grip case) 

Fixed grip 

a/B W/B Situation 

≤ 0,1 All Plane stress 

 - Plane strain 

>0,2 < 5 Plane stress 

 ≥ 5 Plane strain 
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1.3 Bending 

 
Figure 1.17: Limit loads results pin-jointed for different width over thickness ratios 

 

 
Figure 1.18: Limit loads for different width over thickness ratios (a/B=0,1-0,2) 
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Figure 1.19: Limit loads for different width over thickness ratios (a/B=0,3-0,4) 

 
Figure 1.20: Limit loads for different width over thickness ratios (a/B=0,5-0,6) 

 

 
Figure 1.21: Limit loads for different width over thickness ratios (a/B=0,7-0,8) 
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Figure 1.22: Limit loads for different width over thickness ratios (a/B=0,9) 

 

Table 1.6: When the structure becomes plane stress or plane strain (loading type bending) 

Bending 

a/B W/B Situation 

≤ 0,1 always Plane stress 

 - Plane strain 

>0,2 <5 Plane stress 

 ≥ 5 Plane strain 
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1 Tubular data 

In this paragraph the experimental results are compared with the FE models and with the 

analytical solutions. The analytical solutions consist of the solutions showing in BS 7910 and 

the limit load solutions for the plane stress and strain situations, this in combination with the 

tables which shows the moment the situation changes to plane stress or plane strain in case 

for different a/B ratios and different W/B ratios. The failure loads of the experiments are 

predicted. This tables are presented in the main document. 

 

1.1 Material properties 

 
Table 1.1: Material properties 

Material σy 

[N/mm²] 

σu 

[N/mm²] 

σf 

[N/mm²] 

Pin-jointed    

Durehete 1055 

(1) 

580 740 660 

Durehete 1055 

(2) 

565 710 638 

Fixed grip    

A533B steel 462 601 532 

316 stainless 

steel 

185 470 328 

X56 pipeline 

steel 

438 584 511 

BS4360;50D 306 506 406 

X70 pipeline 

steel 

500 750 625 

Bending    

316 stainless 

steel 

250 590 420 

X56 pipeline 

steel 

438 511 480 

BS4360;50D 393 567 480 
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1.2 Pin-jointed case 

 

Experiments versus FEM using elastic-perfectly plastic material model applying the yield and 

flow strength 

 

Without NLG effects 

 
Table 1.2: Exp. Data versus FEM using an elastic-perfectly plastic material model without NLG effects applying 
yield and flow strength 

Pin-jointed  Exp. data FE using σy FE using σf 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Durehete 1055 (1) 

A1 23 25 2,85 0,11 557 550 1,01 624 0,89 

A2 23 25 5,65 0,23 428 460 0,93 518 0,83 

A3 23 25 7,49 0,30 334 389 0,86 437 0,76 

A4 23 15 4,33 0,29 447 426 1,05 481 0,93 

A5 23 15 5,26 0,35 351 364 0,96 41 0,85 

A6 23 15 8,4 0,56 158 148 1,07 168 0,94 

A7 23 8 1,89 0,24 549 485 1,13 550 1,00 

A8 23 8 2,71 0,34 447 385 1,16 437 1,02 

A9 23 8 3,95 0,49 294 214 1,37 241 1,22 

Durehete 1055 (2) 

 
B1 25 25 2,53 25 531 545 0,98 613 0,87 

B2 25 25 3,95 25 509 508 1,00 571 0,89 

B3 25 25 6 25 410 440 0,93 491 0,83 

B4 25 25 6,58 25 390 418 0,93 467 0,84 

B5 25 25 8,85 25 298 331 0,90 370 0,81 

B6 25 25 10,5 25 222 268 0,83 299 0,74 

B7 25 15 2,06 25 555 535 1,04 601 0,92 

B8 25 15 2,27 25 520 526 0,99 592 0,88 

B9 25 15 4,11 25 424 431 0,98 483 0,88 

B10 25 15 5,88 25 291 313 0,93 351 0,83 

B11 25 15 6,47 25 280 271 1,03 305 0,92 

B12 25 8 1,6 25 570 504 1,13 567 1,01 

B13 25 8 3,32 25 350 294 1,19 331 1,06 
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With NLG effects 

Table 1.3: Exp. Data versus FEM using an elastic-perfectly plastic material model with NLG effects applying the 
yield and flow strength 

Pin-jointed  Exp. data FE using σy FE using σf 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Durehete 1055 (1) 

A1 23 25 2,85 0,11 557 551 1,01 626 0,89 

A2 23 25 5,65 0,23 428 466 0,92 524 0,82 

A3 23 25 7,49 0,30 334 395 0,85 443 0,75 

A4 23 15 4,33 0,29 447 433 1,03 489 0,91 

A5 23 15 5,26 0,35 351 375 0,94 423 0,83 

A6 23 15 8,4 0,56 158 164 0,96 187 0,85 

A7 23 8 1,89 0,24 549 490 1,12 556 0,99 

A8 23 8 2,71 0,34 447 412 1,09 467 0,96 

A9 23 8 3,95 0,49 294 294 1,00 332 0,88 

Durehete 1055 (2) 

 
B1 25 25 2,53 25 531 547 0,97 616 0,86 

B2 25 25 3,95 25 509 514 0,99 577 0,88 

B3 25 25 6 25 410 454 0,90 507 0,81 

B4 25 25 6,58 25 390 435 0,90 485 0,80 

B5 25 25 8,85 25 298 353 0,84 394 0,75 

B6 25 25 10,5 25 222 290 0,77 325 0,69 

B7 25 15 2,06 25 555 538 1,03 605 0,92 

B8 25 15 2,27 25 520 530 0,98 596 0,87 

B9 25 15 4,11 25 424 445 0,95 499 0,85 

B10 25 15 5,88 25 291 352 0,83 395 0,74 

B11 25 15 6,47 25 280 320 
 

0,87 360 0,78 

B12 25 8 1,6 25 570 507 1,12 570 1,00 

B13 25 8 3,32 25 350 363 0,96 409 0,86 
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Experiments versus FEM using true stress-strain model 

 
Table 1.4: Exp. Data versus FEM using true stress-strain model using two different crack tip radii 

Pin-jointed  Exp. data FE using r=0,1 mm FE using r=0,3mm 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Durehete 1055 (1) 

A1 23 25 2,85 0,11 557 548 1,02 569 0,98 

A2 23 25 5,65 0,23 428 424 1,01 477 0,90 

A3 23 25 7,49 0,30 334 346 0,96 402 0,83 

A4 23 15 4,33 0,29 446 406 1,10 458 0,97 

A5 23 15 5,26 0,35 351 342 1,03 400 0,88 

A6 23 15 8,4 0,56 158 159 0,99 188 0,84 

A7 23 8 1,89 0,24 549 505 1,09 538 1,02 

A8 23 8 2,71 0,34 447 413 1,08 462 0,97 

A9 23 8 3,95 0,49 294 261 1,13 353 0,83 

Durehete 1055 (2) 

B1 25 25 2,53 25 531 562 0,95 576 
 

0,92 
 B2 25 25 3,95 25 509 504 1,01 541 0,94 

B3 25 25 6 25 410 411 1,00 466 0,88 

B4 25 25 6,58 25 390 387 1,01 442 0,88 

B5 25 25 8,85 25 298 296 1,01 350 0,85 

B6 25 25 10,5 25 222 237 0,94 288 0,77 

B7 25 15 2,06 25 555 555 1,00 573 
 

0,97 
 B8 25 15 2,27 25 520 544 0,96 568 0,92 

B9 25 15 4,11 25 424 424 1,00 475 0,89 

B10 25 15 5,88 25 291 280 1,04 330 0,88 

B11 25 15 6,47 25 280 245 1,14 293 0,96 

B12 25 8 1,6 25 570 550 1,04 62 0,91 

B13 25 8 3,32 25 350 335 1,04 394 0,89 

 

 
Table 1.5: Mean and standard deviation  

 Elastic-Perfectly 

plastic (without NLG) 

Elastic-Perfectly 

plastic (with NLG) 

True stress-strain 

Yield Flow Yield Flow r=0,1 [mm] r=0,3 [mm] 

Pin-jointed      

Mean 1,02 0,90 0,96 

 

0,85 1,02 0,91 

Standard deviation 0,14 0,14 0,09 0,08 0,05 0,06 
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Experiments versus analytical solutions from BS 7910 and the limit load solutions for plane 

stress and strain. 

 
Table 1.6: Exp. Data versus analytical solutions from BS 7910 and the limit load solutions for the plane stress and 
strain situation. 

Pin-jointed  Exp. data BS 7910 Pl stress/strain 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,BS 

[Mpa] 

Pm,exp/ 

Pm,BS  

Pm,pl 

[Mpa] 

Pm,exp/ 

Pm,pl. 

Durehete 1055 (1) 

A1 23 25 2,85 0,11 557 514 1,08 576 0,97 

A2 23 25 5,65 0,23 428 383 1,12 441 0,97 

A3 23 25 7,49 0,30 334 305 1,09 350 0,95 

A4 23 15 4,33 0,29 446 316 1,41 363 1,23 

A5 23 15 5,26 0,35 351 256 1,37 293 1,20 

A6 23 15 8,4 0,56 158 100 1,57 113 1,40 

A7 23 8 1,89 0,24 549 372 1,48 428 1,28 

A8 23 8 2,71 0,34 447 267 1,67 306 1,46 

A9 23 8 3,95 0,49 294 141 2,08 159 1,84 

Durehete 1055 (2) 

B1 25 25 2,53 25 531 512 1,04 566 0,94 

B2 25 25 3,95 25 509 445 1,14 514 0,99 

B3 25 25 6 25 410 355 1,15 409 1,00 

B4 25 25 6,58 25 390 331 1,18 381 1,03 

B5 25 25 8,85 25 298 244 1,22 279 1,07 

B6 25 25 10,5 25 222 189 1,18 215 1,03 
 B7 25 15 2,06 25 555 469 1,18 538 1,03 

B8 25 15 2,27 25 520 453 1,15 523 1,00 

B9 25 15 4,11 25 424 320 1,32 368 1,15 

B10 25 15 5,88 25 291 211 1,38 241 1,21 

B11 25 15 6,47 25 280 180 1,56 205 1,37 

B12 25 8 1,6 25 570 398 1,43 459 1,24 

B13 25 8 3,32 25 350 193 1,82 219 1,59 

 
Table 1.7: Mean and standard deviation  

 Analytical solutions 

BS 7910 Plane stress/strain 

Pin-jointed   

Mean 1,35 1,18 

Standard deviation 0,24 0,23 
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1.3 Fixed grip 

Experiments versus FEM using elastic-perfectly plastic material model applying the yield and 

flow strength 

 
Table 1.8: Exp. Data versus FEM using an elastic-perfectly plastic material model  

Fixed grip  Exp. data FE using σy FE using σf 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

316 Stainless steel 

23 

15 

4,33 

0,29 

C1 150 49,4 20,4 0,41 183 148 1,23 
 

220 
 

0,83 
 X56 pipeline steel 

23 

15 

8,4 

0,56 

D1 885 13 3,5 0,27 414 362 1,14 415 1,00 

D2 898 13 5,5 0,42 351 268 1,31 307 1,14 

BS4360:50D 

 
E1 50 25 2,5 0,10 451 299 1,51 408 1,10 

E2 50 25 5 0,20 364 272 1,34 370 0,98 

E3 50 25 7,5 0,30 307 239 1,28 325 0,95 

X70 pipeline steel 

F1 12,5 8,5 2,3 0,27 504 403 1,25 506 1,00 

F2 12,5 8,5 4,8 0,56 330 248 1,33 312 1,06 

F3 12,5 8,5 6,6 0,78 167 126 1,32 159 1,05 

F4 25 13,2 5 0,38 426 347 1,23 436 0,98 

F5 25 13,2 7,1 0,54 327 261 1,25 327 1,00 

F6 25 13,2 10,2 0,77 184 133 1,38 167 1,10 

 

Experiments versus FEM using true stress-strain model 

 
Table 1.9: Exp. Data versus FEM using true stress-strain model using two different crack tip radii 

Fixed grip  Exp. data FE using r=0,1mm FE using r=0,3mm 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

Pm,fem 

[Mpa] 

Pm,exp/ 

Pm,fem 

316 Stainless steel 

23 

15 

4,33 

0,29 

C1 150 49,4 20,4 0,41 183 165 1,11 
 

196 
 

0,94 
 X56 pipeline steel 

23 

15 

8,4 

0,56 

D1 885 13 3,5 0,27 414 438 0,95 480 0,86 

D2 898 13 5,5 0,42 351 320 1,10 360 0,98 

BS4360:50D 

 
E1 50 25 2,5 0,10 451 361 1,25 402 1,12 

E2 50 25 5 0,20 364 316 1,15 351 1,04 

E3 50 25 7,5 0,30 307 277 1,11 306 1,00 

X70 pipeline steel 

F1 12,5 8,5 2,3 0,27 504 465 1,08 489 1,03 

F2 12,5 8,5 4,8 0,56 330 292 1,13 311 1,06 

F3 12,5 8,5 6,6 0,78 167 158 1,05 163 1,02 

F4 25 13,2 5 0,38 426 418 1,02 421 1,01 

F5 25 13,2 7,1 0,54 327 309 1,06 324 1,01 

F6 25 13,2 10,2 0,77 184 161 1,15 170 1,08 
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Table 1.10: Mean and standard deviation  

 Elastic-Perfectly plastic  True stress-strain 

Yield Flow r=0,1 [mm] r=0,3 [mm] 

Fixed grip     

Mean  1,30 1,02 1,10 1,02 

Standard deviation 0,09 0,08 0,08 0,07 

 

 

Experiments versus analytical solutions from BS 7910 and the limit load solutions for plane 

stress and strain. 

 
Table 1.11: Exp. Data versus the limit load solutions for the plane stress and strain situation 

Fixed grip  Exp. data PL stress/strain 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pm,exp 

[Mpa] 

Pm,pl 

[Mpa] 

Pm,exp/ 

Pm,pl 

316 stainless steel 

C1 150 49,4 20,4 0,41 183 192 
 

0,95 
 X56 pipeline steel 

D1 885 13 3,5 0,27 414 429 0,96 

D2 898 13 5,5 0,42 351 339 1,04 

BS4360:50D 

E1 50 25 2,5 0,10 451 365 1,23 

E2 50 25 5,0 0,20 364 325 1,12 

E3 50 25 7,5 0,30 307 284 1,08 

X70 pipeline steel 

F1 12,5 8,5 2,3 0,27 504 456 1,11 

F2 12,5 8,5 4,8 0,56 330 275 1,20 

F3 12,5 8,5 6,6 0,78 167 138 1,21 

F4 25 13,2 5,0 0,38 426 388 1,10 

F5 25 13,2 7,1 0,54 327 288 1,14 

F6 25 13,2 10,2 0,77 184 144 1,28 

 
Table 1.12: Mean and standard deviation for the fixed grip case 

 Analytical solutions 

BS 7910 Plane stress/strain 

Fixed grip   

Mean - 1,12 

Standard deviation 

deviation 

- 0,10 
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1.4 Bending 

Experiments versus FEM using elastic-perfectly plastic material model applying yield and 

flow strength 

 
Table 1.13: Exp. Data versus FEM using an elastic-perfectly plastic material model using the yield and flow 
strength 

Bending  Exp. data FE using σy FE using σf 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pb,exp 

[Mpa] 

Pb,fem 

[Mpa] 

Pb,exp/ 

Pb,fem 

Pb,fem 

[Mpa] 

Pb,exp/ 

Pb,fem 

316 stainless steel 

H1 50 50 29,8 0,60 144 86 1,67 145 0,99 

H2 50 50 28,4 0,57 171 99 1,73 165 1,03 

H3 50 50 27,3 0,55 160 109 1,47 182 0,88 

H4 50 50 25,0 0,50 212 131 1,61 221 0,96 

H5 50 50 24,1 0,48 221 141 1,57 236 0,93 

H7 50 50 23,6 0,47 223 146 1,52 245 0,91 

X56 pipeline steel 

23 

15 

8,4 

0,56 

I1 13 24 11,3 0,47 225 243 0,92 283 0,79 

I2 13 24 11,6 0,48 215 233 0,92 271 0,79 

I3 13 24 11,6 0,48 225 233 0,97 271 0,83 

II3 12,7 13,2 4,2 0,32 429 413 1,04 480 0,89 

I4 12,7 13,2 3,3 0,25 419 492 0,85 576 0,73 

I5 12,7 13,2 3,7 0,28 439 457 0,96 542 0,81 

I6 12,7 13,2 3,9 0,30 419 440 0,95 520 0,81 

I7 12,7 13,2 3,9 0,30 470 441 1,07 519 0,91 

I8 12,7 13,2 3,6 0,27 480 466 1,03 552 0,87 

I9 12,7 13,2 3,8 0,29 440 448 0,98 529 0,83 
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Experiments versus FEM using true stress-strain model 

 
Table 1.14: Exp. Data versus FEM using true stress-strain model using two different crack tip radii 

Bending  Exp. data FE using r=0,1mm FE using r=0,3mm 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pb,exp 

[Mpa] 

Pb,fem 

[Mpa] 

Pb,exp/ 

Pb,fem 

Pb,fem 

[Mpa] 

Pb,exp/ 

Pb,fem 

316 stainless steel 

H1 50 50 29,8 0,60 144 131 1,10 156 0,92 

H2 50 50 28,4 0,57 171 147 1,16 177 0,96 

H3 50 50 27,3 0,55 160 161 0,99 191 0,84 

H4 50 50 25,0 0,50 212 191 1,11 226 0,94 

H5 50 50 24,1 0,48 221 205 1,08 241 0,92 

H7 50 50 23,6 0,47 223 210 1,06 249 0,89 

X56 pipeline steel 

23 

15 

8,4 

0,56 

I1 13 24 11,3 0,47 225 284 0,79 304 0,74 

I2 13 24 11,6 0,48 215 272 0,79 291 0,74 

I3 13 24 11,6 0,48 225 272 0,83 291 0,77 

I3 12,7 13,2 4,2 0,32 429 489 0,88 533 0,80 

I4 12,7 13,2 3,3 0,25 419 588 0,71 633 0,66 

I5 12,7 13,2 3,7 0,28 439 547 0,80 588 0,75 

I6 12,7 13,2 3,9 0,30 419 528 0,79 566 0,74 

I7 12,7 13,2 3,9 0,30 470 528 0,89 566 0,83 

I8 12,7 13,2 3,6 0,27 480 558 0,86 599 0,80 

I9 12,7 13,2 3,8 0,29 440 528 0,83 566 0,78 

 

 
Table 1.15: Mean and standard deviation  

 Elastic-Perfectly plastic  True stress-strain 

Yield Flow r=0,1 [mm] r=0,3 [mm] 

Bending     

Mean 1,20 0,87 0,92 0,82 

Standard deviation 0,32 0,08 0,14 0,09 
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Table 1.16: Exp. Data versus analytical solutions from BS 7910 and the limit load solutions for the plane stress 
and strain situation. 

Bending  Exp. data BS 7910 Pl stress/ strain 

 W 

[mm] 

B 

[mm] 

a 

[mm] 

a/B 

[-] 

Pb,exp 

[Mpa] 

Pb,bs 

[Mpa] 

Pb,exp/ 

Pb,bs 

Pb,pl 

[Mpa] 

Pb,exp/ 

Pb,pl 

316 stainless steel 

H1 50 50 29,8 0,60 144 103 1,40 110 1,31 

H2 50 50 28,4 0,57 171 118 1,45 126 1,36 

H3 50 50 27,3 0,55 160 130 1,23 139 1,15 

H4 50 50 25,0 0,50 212 158 1,35 169 1,26 

H5 50 50 24,1 0,48 221 169 1,31 181 1,22 

H7 50 50 23,6 0,47 223 176 1,27 188 1,18 

X56 pipeline steel 

23 

15 

8,4 

0,56 

I1 13 24 11,3 0,47 225 215 1,05 230 0,98 

I2 13 24 11,6 0,48 215 205 1,05 219 0,98 

I3 13 24 11,6 0,48 225 205 1,10 219 1,03 

II3 12,7 13,2 4,2 0,32 429 356 1,20 382 1,12 

I4 12,7 13,2 3,3 0,25 419 431 0,97 462 0,91 

I5 12,7 13,2 3,7 0,28 439 397 1,11 426 1,03 

I6 12,7 13,2 3,9 0,30 419 380 1,10 408 1,03 

I7 12,7 13,2 3,9 0,30 470 380 1,24 408 1,15 

I8 12,7 13,2 3,6 0,27 480 405 1,18 435 1,10 

I9 12,7 13,2 3,8 0,29 440 389 1,13 417 1,06 

 
 

Table 1.17: Mean and standard deviation  

 Analytical solutions 

BS 7910 Plane stress/strain 

Bending   

Mean 1,20 1,12 

Standard deviation 0,13 0,12 

 


