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Summary 
 

A large number of steel bridges built in the last two centuries are riveted. Some of these 

bridges were built in a time when fatigue was not taken into account in the design process. 

In addition, they were not designed for the heavy and intensive traffic from nowadays. Every 

day trains, trucks and cars pass these bridges, which result in a decrease of the residual 

fatigue life. 

 

The fatigue life consists of an initiation and a propagation period. The initiation period leads 

to nucleation of a micro crack which grows towards a macro crack in the propagation period. 

The duration of the propagation period is of significant importance to determine the 

inspection interval in order to prevent the crack to become critical. Fracture mechanics can 

be used to determine the remaining fatigue life of an existing structure in terms of number 

of stress cycles to grow a crack from initial size to its critical size. For this determination, a 

so-called Stress Intensity Factor (SIF) needs to be calculated. The SIF can be used to evaluate 

the severity of the stress state in the vicinity of the crack tip. Under fluctuating loads, the SIF 

range is related to the fatigue crack growth rate, which can be used to determine the crack 

propagation life. The SIF solutions for cracks developing in riveted connections are not 

commonly available in current literature. 

 

In this thesis a single riveted double cover butt joint is analysed. At first, the structural 

behaviour of the connection is analysed when no crack is present. Also the geometrical and 

physical variables and their influence on the stress concentration factor (SCF) are 

investigated. In addition, the effect on the stress state after total unloading is taken into 

account. 

 

In the second stage, the SIF for a crack emanating from the rivet hole is numerically 

evaluated by using contour integration. Also the effect of the geometrical and physical 

variables on the SIF is investigated. From this thesis it can be concluded that the value of the 

SIF is highly depending on the friction coefficient, the clamping force in the rivet and the 

external load and this combination determines the bearing ratio. The bearing ratio is defined 

as the ratio between force transferred by bearing and the total applied force. A lower 

bearing ratio increases the fatigue life. In addition to the bearing ratio, the effect of 

unloading is taken into account, where for certain bearing conditions after complete 

unloading the SIF does not return to zero. This implies that the SIF reduces even further, but 

this effect only occurs after slip takes place. Finally, both the bearing ratio and the unloading 

effect are quantified in terms of crack propagation life by performing a crack propagation 

calculation.  
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1 Introduction 

In the Netherlands there are many roads and railways. To be able to safely cross roads, 

railways and rivers, overpass crossings like bridges and viaducts are used in a wide variety. 

From the end of the 19th century until 1960 for road bridges and 1970 [1] for rail bridges, 

riveting was the main technique to make built up sections. A significant problem is that these 

bridges were built in a time where fatigue was not taken into account. Also, they were not 

designed for the heavy and intensive traffic it is facing now. Every day trains, trucks and cars 

pass these bridges which results in a decrease of remaining fatigue life. 

 

Most existing riveted bridge structures are approaching the end of their fatigue life. For 

economic reasons it is better to maintain existing bridges instead of replacing them. When 

such a structure passes its original lifespan, or before that time if needed, an in depth 

analysis about the state of the bridge is required. Such analysis is often done in the form of 

static and fatigue calculations combined with an overall and fatigue inspection. During a 

fatigue inspection, the inspector carefully investigates the fatigue critical details of the 

riveted bridge structure. If no cracks are found, the calculated remaining fatigue life should 

be used to determine the inspection interval.  

 

Problem definition 

A possible outcome of a fatigue inspection is that the structure is affected by fatigue cracks. 

Eurocode 3 part 1-9 [2] does not provide guidance on how to predict the remaining fatigue 

life in case of fatigue cracks. In practice, inspections on a regular basis are carried out to 

monitor the fatigue crack growth. When such a crack reaches a critical length, precautions 

have to be taken, e.g. strengthening the critical detail or replacing critical elements. The 

interval between the inspections is of great importance since precautions have to be taken 

before collapsing occurs. 

 

Fracture mechanics can be used to determine the remaining lifespan of a structure based on 

the relation between the Stress Intensity Factor (SIF) and the crack growth rate. Upon the 

result of this analysis, the inspection interval can be determined. The problem in this case is 

the lack of knowledge on how to deal analytically with the observation of a fatigue crack. 

This is due to the fact that fatigue crack growth in riveted connections is complex. Current 

methodologies to evaluate fatigue crack growth are derived from cracks in plates and are 

extended to riveted connections. 

 

Purpose 

The current literature has limited information for SIF’s of cracks in riveted connections. 

However, for plates with cracked holes there are analytical solutions available for the SIF. 

These solutions are based on a uniaxial loaded plate in tension and do not take into account 

the rivet loading and effect of a clamping force. In this research the SIF of a crack in a specific 

riveted connection is determined numerically. The goal is to get a better insight on the SIF 

and its sensitivity to different variables. 
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Restrictions 

This thesis is restricted to numerical research of a single riveted double cover butt joint. This 

connection is assessed in uncracked and cracked situation, where the cracked connection is 

restricted to symmetric trough thickness cracks. 

 

Content of the thesis 

Chapter 2 of this thesis provides the most important subjects of the literature study. This 

information is required for the readability of this thesis. In chapter 3 the parameters used in 

the numerical model, built with Ansys Workbench 17.2, are explained. In chapter 4 the un-

cracked version of the connection is examined to get insight into its behaviour. Results are 

shown in the form of stress concentration factors of the plate and tensile forces in the rivet. 

Chapter 5 provides the results of the cracked connection. This chapter focusses on the value 

of the Stress Intensity Factor and how it is influenced by the different variables. The influence 

of different variables is quantified with a life calculation in chapter 6. Finally in chapter 7 

conclusions are drawn and in chapter 8 recommendations are provided. 

 

Added value  

In the present work a detailed analysis is made about the structural behaviour and the load 

transfer mechanism of a single riveted double cover butt joint. In addition, the influence of 

the geometrical and physical variables on the SCF has been investigated. These results give 

an indication on the sensitivity of the geometry with respect to the fatigue life. 

 

The same connection, with two cracks symmetrically emanating from the rivet hole in the 

main plate, has also been analysed by using the Finite Element Method. The SIF of such a 

crack is already investigated in literature by different authors, however they considered 

mostly only one geometry. In addition to the state of the art, a parameter study is performed 

and the effect of unloading and reloading on the SIF is considered. The influence of the 

studied parameters and the unloading effect is quantified using the Paris Law and the 

Forman-Mettu relation. Finally, a method to weigh SIF solutions is proposed to estimate the 

SIF for interaction between bearing and friction loading. 
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2 Literature review 

In this chapter a summary of the literature study is provided, the full study can be found in 

Annex A. In addition, this summary is extended with state of the art numerical research for 

cracked riveted connections. 

 

Fatigue 

Failures of structural components due to repeated loading were already observed in the 

middle of the 19th century. The loading at failure was far beneath the static resistance of 

those components. The failure did not show any obvious warning, which made it very 

complicated and dangerous. This phenomenon was called metal fatigue, which was caused 

by cyclic or repeated loading [3]. In reference [4] metal fatigue is defined as follows: ‘’the 

initiation and growth/propagation of cracks due to fluctuating (repetitive) loads’’. 

 

The lifetime of a structure before it fails due to fatigue is called fatigue life. The fatigue life 

can be divided into two periods, the crack initiation period and the crack propagation period. 

In the crack initiation period, the crack initiates and has the size of a micro crack. In the 

second period, this micro crack grows towards a macro crack which eventually leads to 

failure. The fatigue life is affected by different variables in the initiation and the propagation 

period. The main variables which have an influence on both periods are the stress range, the 

stress ratio R and the environment. For riveted joints the propagation period only covers 

about 10% of the total lifetime. However, this propagation period is still of great importance 

since the inspection interval can be based on it. 

 

Stress concentration factor 

Geometrical discontinuities such as notches and welds are the cause of stress 

concentrations. A factor called the stress concentration factor (SCF) can be determined in 

case of stress concentrations. The theoretical SCF 𝐾𝑡 is defined as the ratio between the 

theoretical elastic peak stress and the nominal stress. The nominal stress is defined as the 

average stress at the net section as shown in Figure 1. In addition, the stress concentration 

factor can be defined as 𝐾𝑡𝑔 which is the theoretical elastic peak stress divided by the far 

field stress. 

 

𝐾𝑡 =
𝜎𝑝𝑒𝑎𝑘
𝜎𝑛𝑜𝑚

 [I] 
   

𝜎𝑛𝑜𝑚 =
𝐻

𝐻 − 𝑑
𝜎 [II] 

   

𝐾𝑡𝑔 =
𝜎𝑝𝑒𝑎𝑘
𝜎

 [III] 
   

𝐾𝑡𝑔 =
𝐻

𝐻 − 𝑑
𝐾𝑡 [IV] 

 
Figure 1: Plate with a stress concentration due to the central hole 
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Fracture mechanics 

As a result of cyclic loading, cracks can be initiated due to fatigue. The fatigue life of a fatigue 

loaded structure or detail depends on how fast such a crack propagates. Therefore study of 

cracks and crack growth are of significant importance. Fracture mechanics assessments are 

used to determine if a structure under certain conditions will develop fatigue cracks that can 

cause failure. Fracture mechanics can be used as a powerful tool to determine the safety of 

a structure with respect to fatigue crack propagation. 

 

The stress concentration factor 𝐾𝑡 is not applicable for cracks, since a crack has a zero crack 

tip radius. A zero radius results in an infinite SCF, i.e. the stress at the crack tip is already 

infinite as the external stress is small.  

 

 
Figure 2: Biaxially loaded infinitely large plate containing a crack [3] 

 

Irwin developed the stress intensity approach in the 1950s [3]. With the stress intensity 

approach, the stress state in the vicinity of the crack tip can be determined by means of the 

Stress Intensity Factor 𝐾. The general form of the Stress Intensity Factor is given by equation 

[V]. 

 

𝐾 = 𝜎√𝜋𝑎 ∙ 𝑓(𝑎/𝑊) [V] 

 

With 𝑓(𝑎/𝑊) being a dimensionless parameter depending on the geometry of the specimen 

and the crack. 𝑓(𝑎/𝑊) is equal to 1 for an infinite plate with a central crack with a crack 

length of 2a (Figure 2). The most commonly used units for stress 𝜎 are 𝑁/𝑚𝑚² (𝑀𝑃𝑎). The 

𝑎 will be in either meters 𝑚 or millimetres 𝑚𝑚. This result in a 𝐾𝐼 which has the unit 𝑀𝑃𝑎√𝑚 

or 𝑁𝑚𝑚−3/2. It should be noted that the difference in 𝐾𝐼 values as a result of the chosen 

units of 𝑎 equals a factor of √1000 ≈ 31,6. 

 

Paris law (equation [VI]) is the most common fatigue crack growth relation. It can be used to 

estimate fatigue crack growth, and is based on the relation between the crack growth per 

cycle (𝑑𝑎/𝑑𝑁) and the Stress Intensity Factor range ∆𝐾. The SIF range Δ𝐾 can is defined as 

the difference between 𝐾𝑚𝑎𝑥 and 𝐾𝑚𝑖𝑛. The parameters C and m used in the equation below 

are material constants. 
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𝑑𝑎

𝑑𝑁
 = 𝐶∆𝐾𝑚 [VI] 

   

∆𝐾 = 𝐾𝑚𝑎𝑥 −𝐾𝑚𝑖𝑛 [VII] 

   

𝑁 = ∫
𝑑𝑎

𝐶∆𝐾𝑚

𝑎1

𝑎𝑖

 [VIII] 

 

Equation [VI] can be integrated to estimate the crack propagation life. This integral, equation 

[VIII], is used to determine the required number of cycles 𝑁, to grow a crack from its initial 

length 𝑎𝑖  to a predetermined length 𝑎1.  This method is used in particular for the propagation 

period, but when assuming an initial crack length in a new structure it can also be used for 

the determination of the inspection interval. A huge advantage of this method is that the 

loading history does not influence the result which increases the applicability of this method. 

 

 
Figure 3: Fatigue crack growth rate behaviour in metals [5] 

The fatigue crack growth rate relation shown in Figure 3, can be divided into three regions. 

The first region is called the threshold region, in this region the SIF range is small resulting in 

slow crack propagation. When the SIF range is below the threshold region ∆𝐾𝑡ℎ cracks do 

not propagate at all. The second region is called the Paris region, in this region there is a 

linear relationship between 𝑙𝑜𝑔(𝑑𝑎 𝑑𝑛⁄ ) and log ∆𝐾. The final and third region is the region 

where cracks grows very fast, resulting in fracture. When the 𝐾𝑚𝑎𝑥 value in ∆𝐾 reaches 𝐾𝑐, 

the structure/component fails.  

 

Cracks can be loaded in three different modes, the opening mode, the sliding mode and the 

tearing mode (all shown in Figure 4). The SIF can be determined for all modes and is in the 

form of 𝐾𝑖 with 𝑖 = I, II or III. Where 𝑖 refers to displacement mode I, II or III. Mode I loading 

is the most dangerous crack loading, since materials fracture at the lowest load. Also for 

fatigue, this mode leads to the highest crack growth rates, for this reason it is the only mode 

that will be considered.  
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Figure 4: The three crack surface displacement modes [3] 

The SIF has many variables, the main variables are geometry, crack size and loading type. For 

this reason it is hard to make graphs that cover all SIF solutions. Cartwright [6] analytically 

solved the SIF solution for cracks emanating from a hole in a finite plate. The solutions 

presented by Cartwright are shown in the figure below. Where 𝛼 is the ratio between pin 

loading and bypass loading. For a plate loaded in tension (bypass) 𝛼 = 0, and in bearing (pin 

loading) 𝛼 = 1. Values in between 0 and 1 represent a combination of bypass and pin 

loading.  

 

 
Figure 5: Geometrical correction factor 𝑭𝟏 for different r/W and 𝜶 values [6] 
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Riveting process 

A rivet is a permanent fastener used to connect steel plates. A manufactured rivet is a 

smooth cylindrical pin with a (shop)head on one end as shown in Figure 6 (1 and 2). The 

geometrical parameters of a manufactured rivet are: 

 

𝑑  = 𝑟𝑖𝑣𝑒𝑡 𝑠ℎ𝑎𝑛𝑘 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

𝑅  = ℎ𝑒𝑎𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 

𝐷  = 𝑟𝑖𝑣𝑒𝑡 ℎ𝑒𝑎𝑑 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

ℎ  = ℎ𝑒𝑎𝑑 𝑑𝑒𝑝𝑡ℎ 

      
Figure 6: Geometrical parameters defining rivet (1), a riveted connection (2), the rivet gang (3) hand riveting 
set (4), the holder-up (A), rivet snap and tongs (B), the hang held rivet hammer (C), rivet being driven (D) [7] 

The riveting process can be divided into three steps. The first step is preparing the plates, 

which is done by punching or drilling holes. Second, the rivet stoker heats the rivet in a small 

furnace till it has a cherry-red to white-hot colour; at this point the rivet will have a 

temperature of ca. 950 – 1100 degrees Celsius. When the rivet has the correct temperature, 

it is placed in the rivet hole by the rivet catcher with a tong. The rivet is bucked up with a 

holder-up (tool) by the holder-on (person) and the final step is forming the field head on the 

protruding shank end of the rivet. Hand riveting occurred with a hand-held hammer (a 

riveting hammer) with at the end a rivet snap (Figure 6(4B)). When the rivet is riveted by a 

machine fed by steam, hydraulic or pneumatic energy, it is called machine riveting. 

Depending on the used riveting technique the rivet is either hand-driven or machine-driven. 

The riveting team is called the rivet gang and is composed out of the rivet stoker, the rivet 

passer, the rivet catcher, the holder-on and the riveter(s) [7]. 

 

 

 

 

 

1            3  

 

 

 

 

 

 

 

 

 

2            4 
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Material and joint properties of old steel bridges 

The materials and its properties used in old steel bridges are described in Annex A, chapter 

6. In addition, joint properties such as the friction coefficient and clamping force are 

provided. A small recap of these properties is provided below. 

 

Crack propagation parameters 

The material properties m and C, which are respectively the slope and the crack growth rate, 

are shown in Table 1 for different steels. Since the crack growth rate is depending on the R 

value, multiple values of the crack growth rate are provided. In Figure 7 the crack growth 

rates (shown in Table 1) are shown as a function of the Stress Intensity Factor range. It can 

be concluded that old steels, in particular puddle iron, have very high crack growth rates.  

 
Table 1: Crack propagation parameters 

Material Reference 𝑹 

[−] 

𝑪 

[𝒎𝒎/𝒄𝒚𝒄𝒍𝒆] 

𝒎 

[−] 

∆𝑲𝑰 

[𝑵/𝒎𝒎𝟑/𝟐] 

Test range 

Old steels [8] C. Cremora n.p.1 4 ∙ 10−13 3 n.p.1 

Mild steels [8] C. Cremora n.p.1 2,2 ∙ 10−13 3 n.p.1 

Steels in air at 

temperature up to 

100 °𝐶 

[9] BS 7910 n.p.1 5,21 ∙ 10−13 3 n.p.1 

Puddle Iron [10] A.M.P. de Jesus 

 

 

0 

0,25 

0,50 

0,75 

𝑎𝑙𝑙 

4,20 ∙ 10−18 

3,05 ∙ 10−19 

6,81 ∙ 10−19 

1,84 ∙ 10−16 

7,48 ∙ 10−16 

4,80 

5,25 

5,20 

4,38 

4,03 

400-1100 

400-1000 

350-800 

250-400 

250-1100 

S235 [11] A.L.L. da Silva 

 

0,01 

0,5 

2,21 ∙ 10−16 

2,12 ∙ 10−15 

4,00 

3,71 

500-1100 

500-1100 

1 n.p. means not provided 

 

 
Figure 7: Fatigue crack growth parameters for several steel types and R-ratios [8], [9], [10], [11] 
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Friction coefficient 

In order to protect steel from corrosion, coatings are used. A coating used a lot in the 

Netherlands, to protect steel in old steel bridges, is red lead. According to the Dutch standard 

NEN 6788 [12], red lead has a friction coefficient of 0,05. According to (only) 6 tests [13] the 

average friction coefficient of steel plates coated with red lead is 0,06; the standard 

deviation is not provided in this case. Maarschalkerwaart [14] stated that the friction 

coefficient of surfaces with red lead is about 0,10. Friction coefficients for uncoated steel are 

much higher varying from 0,20 for untreated to 0,50 for shot blasted steel [12]. 

 

Clamping force 

The clamping force in the rivet is mainly depending on the rivet temperature at driving and 

finishing and the grip length. Theoretically a higher grip does not influence the clamping 

force, since the strain in the rivet due to cooling down is independent of the length. 

However, the rivet head also deforms, which relieves part of the clamping stress. This 

deformation of the head is a smaller part of the total shrinkage for a rivet with a longer grip. 

For this reason the clamping force is highly dependent on the rivet grip length. For a short 

grip length, the clamping stress is low with a high spread [14]. 

 

 
Figure 8: Clamping stress as a function of the grip length [14] 

Wilson and Thomas [15] executed fatigue tests on riveted joints in 1938. They measured the 

clamping force for several rivets and the clearance between the rivet shank and the steel 

plates. The clamping force was measured using the initial tensile test. For this test, holes are 

drilled in both rivet heads and smaller holes in the rivet shank. Hardened steel pins are 

placed in the holes which have a tight fit in the shank and a loose fit in the rivet head. In 

Figure 9 (left) this preparation is shown. After preparing they place the connection in a 

constant temperature room and measure the distance between the rivet heads. When the 

length is known they start removing one plate with a lathe such that the stress and strains 

are relieved. Now they can measure the distance between the rivet heads again, Figure 9 

(middle). The difference in length is due to the clamping force that is relieved and based on 

the modulus of elasticity they derived the clamping force. The average clamping stress was 

respectively 70 and 75% of the yield strength for pneumatic and hydraulic driven rivets. 
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These values are the average of 9 specimens per method where 3 rivets had a grip length of 

75 mm and 6 rivets a grip length of 125 mm. The average clamping stress for respectively a 

grip length of 75 and 125 mm was 66 and 76% of the yield strength. From their results it can 

be concluded that the clamping force is dependent on both the rivet grip length and the 

driving method. The clearance measured was 2,5% clearance on average, in Figure 9 (right) 

an example of such a measurement is shown. 

 

 
Figure 9: initial tensile test (left, mid), clearance measurements (right) 

 

Finite element modelling 

In chapter 7 of Annex A information is provided about finite element modelling. The 

following subjects are described: element types, contacts, clamping force and modelling of 

fracture mechanics. A recap about contacts and modelling of fracture mechanics is provided 

below. 

 

Contacts 

When two separate bodies or surfaces touch each other, contact is created. In order to avoid 

penetration, a contact needs to be defined in a Finite Element (FE) program. All contacts can 

transfer compression forces. Based on the type of contact, they can also transfer friction 

forces and tensile forces. The different contact types and their specifications are listed in 

Table 2. 

 
Table 2: Explanation contact types [16] 

Name Tension resistance 

(normal to surface) 

Sliding 

(tangential direction) 

Bonded Yes No 

Rough No No 

No separation Yes Yes, 𝜇 = 0 

Frictionless No Yes, 𝜇 = 0 

Frictional No Yes, if 𝐹𝑠𝑙𝑖𝑑𝑖𝑛𝑔 > 𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛  

𝜇 can be set manual 
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There are different contact formulations which define the relation between contact surfaces 

touching each other. These formulation are: pure penalty, normal Lagrange, augmented 

Lagrange, multi-point constraint and tangential behaviour. A description of each formulation 

is provided in Annex A. 

 

A contact in a finite element model is defined by one target surface and one contact surface. 

The choice of which surface is the target and which surface is the contact can influence the 

finite element results. The behaviour of a contact can be defined as symmetric, asymmetric 

and auto asymmetric. When a symmetric contact is selected, the contact surface is 

constrained form penetrating the target surface and vice versa. The disadvantage of this type 

of behaviour is that the results are presented on both the contact and target surface, making 

it hard to interpret these results. For asymmetric contact behaviour, the contact results are 

only shown on the target side, which is an advantage. In addition, the contact surface is only 

constrained form penetrating the target surface. For this reason it is critical to select the 

correct contact and target surface. The influence of contact and target surface is shown in 

Figure 10 for an asymmetric contact behaviour. When auto asymmetric is selected, the 

solver selects the most appropriate contact and target surface automatically. 

 

 
Figure 10: Influence of contact and target surface [17]  

 

Modelling of fracture mechanics 

There are different methods to evaluate fracture mechanics parameters numerically, they 

can be divided into two categories. The first category is point matching, where the SIF is 

derived from the stress or displacement fields in the body. The second category are the 

energy methods, where the SIF is derived from the energy release rate G. The four methods 

explained in Annex A section 7.4.1. are listed below: 

 

• Stress and displacement matching; 

• Elemental crack advance; 

• J integral; 

• Virtual crack extension. 

 

In addition, recommendations about fracture meshing are provided in Annex A, section 

7.4.2. 
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State of the art 

This section presents the state of the art with respect to the SIF of cracked riveted 

connections. Research is done by different authors and their results are explained in this 

paragraph. 

 

J. Moreno and A. Valiente [18] 

In 2004 these authors published a paper in the journal Engineering Failure Analysis. This 

paper is called stress intensity factors in riveted steel beams. In their paper, they presented 

a method to determine the SIF for cracks in riveted steel beams. They solved a practical case, 

a beam built up from a web and two angles riveted together, shown in Figure 11. Their 

analytical solution is based on frictionless connections without clamping force. They stated 

that normally the effect of the angles are not taken into account for determining the SIF. 

These angles have a significant reduction on the SIF since the crack opening displacement 

while loaded is restraint by the angles. They solved this problem analytically for a/b ratios 

varying from 0,1 to 0,5. They found that the load transmitted by the closest rivet P is 

increasing with crack length, which is as expected. In addition, they found that due to the 

interaction of the angles, the SIF decreases with crack length, whereas normally the SIF 

increases with crack length. This is a significant finding since the crack growth rate will reduce 

with increasing crack length, which is an advantage. 

 

 
Figure 11: Practical case solved analytically by Moreno and Valiente [18] 

J. Correia and A. De Jesus [19] 

In 2010 these authors published a conference paper. The paper is called stress intensity 

factors evaluation for riveted beams applying FEA with VCCT. In their paper, they proposed 

a method to determine the SIF for cracks in riveted steel beams numerically. They solved the 

SIF with Ansys using the strain energy release rate, which was estimated by the virtual crack 

closure technique. They solved the same practical case as Moreno and Valiente did, but in 

addition they took friction and clamping into account. In their numerical model, they used 

solid elements with 2 elements in the thickness direction. They applied a friction coefficient 

of 0,3 and used the augmented Lagrange contact formulation with default settings. The 

clamping force in the rivet was inserted by a temperature variation in the rivet. From the 
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results it can be concluded that the SIF drops when clamping is taken into account. The 

difference in SIF varies between 10 and 30%. 

 

A.M.P. de Jesus, A.L.L. da Silva, J.A.F.O. Correia [20] 

In 2014 these authors published a paper in the journal of Constructional Steel Research. The 

paper is called Fatigue of riveted and bolted joints made of puddle iron – A numerical 

approach. In this paper, the authors presented results of the SIF for a cracked riveted joint 

made of puddle iron. The considered crack is a symmetrical through thickness crack 

emanating from the hole. The joint is a symmetric double lap joint with one rivet. The rivet 

had a diameter of 24 mm and the plate width 2W is equal to 45 mm, the r/W ratio equals 

12/22,5 = 0,53. Ansys was used for the numerical determination of the SIF based on the 

virtual crack closure technique. The results were generalized Stress Intensity Factors for 

different clamping stresses and a friction coefficient equal to 0,35 as shown in Figure 12 

(left). What should be noted is that the ratio 𝐾𝐼/𝜎 is only constant till the friction resistance 

is reached. Loadings which exceed the friction resistance will be partly transferred by friction 

and bearing. The ratio between the load transferred by friction and load transferred by 

bearing is depending on how much the load exceeds the friction resistance. 

 

 
Figure 12: Generalized SIF determined for different clamping stresses (left), geometry connection right [20] 

 

H.E.M. Sallam, A.E.A. El-Sisi, E.B. Matar [21] 

In 2011 these authors published a paper in the journal Engineering Failure Analysis. The 

paper is called Effect of clamping force and friction coefficient on stress intensity factors of 

cracked lapped. In this paper, they presented results of the SIF of cracked riveted joint single 

and double lap joints, which they determined numerically. Both joints contain 3 bolts. The 

bolt had a diameter of 22 mm and the plate width (2W) is equal to 80 mm, the r/W ratio 

equals 11/40 = 0,275. The considered cracks were both single and symmetrical cracks 

emanating from the bolt hole. They considered three different friction coefficients 0; 0,3 and 

0,5 and four different clamping forces 0; 20; 100 and 200 kN. Ansys was used to determine 

the SIF numerically. They concluded that a combination of a clamping force with a rough 

surface is decreasing the SIF significantly. 
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A graph was made from an uncracked double lap joint for the relation between the 

percentage of load transferred by bearing and clamping force. This relation was plotted for 

different friction coefficients and is shown in Figure 13. 

 

 
Figure 13: Relation between bearing load percentage and clamping force for different friction coefficients 
[21] 

For zero friction, all load is transferred by bearing independent of the clamping force. The 

interesting result is the force transferred by bearing for zero clamping and a given friction 

coefficient. Without normal force, no load can be transferred by friction. Since some load is 

transferred by friction, there is some normal force in the bolt. Probably due to bending of 

the bolt, a tension force is generated which introduces a friction resistance. Meaning that 

the amount of load transferred by friction is not only dependent on the relation between 

friction coefficient and clamping force but also between the bolt/rivet length/stiffness. 
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3 Numerical model 

ANSYS workbench version 17.2 is used for the numerical research. Two different numerical 

models are made for the single riveted double cover butt joint. The aim of the first 

(uncracked) model is to determine the structural behaviour of the connection in the 

uncracked condition. From this model the stress concentration factor due to pin loading and 

forces transferred by friction can be determined. The second (cracked) model gives an 

insight into the Stress Intensity Factor, for a symmetric crack emanating from the rivet hole 

in the main plate.  

 

 
Figure 14: Single riveted double cover butt joint 

3.1 Model explanation 

For both models, a Finite Element static structural analysis was performed. Each step to 

built-up the model is explained in this paragraph. A distinction is made between the 

uncracked and the cracked model. The three symmetry planes of the connection are used to 

model only 1/8 of the complete geometry for computational efficiency, as shown in Figure 

15. 

 

 
Figure 15: Modelled geometry using symmetry 

Crack tip 
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The material used in the model is general structural steel with elastic properties, shown in 

Table 3. 

 
Table 3: Structural steel  

Property Symbol Value Unit 

Young’s modulus 𝐸 200.000 [𝑁/𝑚𝑚²] 

Poisson’s ratio 𝜐 0,3 [−] 

Isotropic coefficient of 

thermal expansion 
𝛼𝑡 1,2∙ 10−5 [1/℃] 

 

The model consists of three parts, the main plate, the cover plate and the rivet (Figure 15). 

The geometry of the uncracked and cracked main plate is shown in Figure 16. The geometric 

parameters of both models are 𝑡𝑚, r, W and L. Where 2𝑡𝑚 is the main plate thickness, r the 

hole radius, 2W the plate width and 2L the plate length. In addition, for the cracked plate 

the parameter a is the crack length and slices are made for mesh control. Both plates are 

mirrored about the XZ plane (see Figure 16), the two mirrored pieces of the uncracked plate 

are merged into one part. For the cracked plate, the two separate parts are only connected 

at the uncracked remaining ligament (W-a-r) by a node merge. 

 

 
Figure 16: Geometry and parameter indication uncracked main plate (left), cracked main plate (right) 

The cover plate is shown in Figure 17(left). The parameters used to define the geometry of 

the cover plate are W, L, L1 and  𝑡𝑐. W and L are equal for the main plate, L1 equals half L 

and 𝑡𝑐 is the thickness of the cover plate. 
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The rivet is shown in Figure 17. The rivet is made parametric such that different rivet 

diameters can be considered. The geometry of a rivet is defined according to the N 667 [22], 

an old Dutch standard. The rivet geometry is defined by the head radius R, the height of the 

head b, the shank radius of the rivet 𝑟𝑟 and the plate thicknesses. The grip length 𝐿𝑟 of the 

rivet is equal to 2(𝑡𝑚 + 𝑡𝑐). When only the value of  𝐿𝑟 is given, 𝑡𝑚 and 𝑡𝑐 equal each other. 

This means that the main plate is twice as thick as each cover plate. 

 

 
Figure 17: Parameter indication cover plate (left), revolved rivet (mid), parameter indication rivet (right) 

 

To avoid penetration between parts, five contacts are defined: 

• Between rivet shank and main plate; 

• Between rivet shank and cover plate; 

• Between rivet head and cover plate; 

• Between the cover and main plate; 

• Between the crack faces (only in the cracked model). 

 

The frictional contact type is used, where the friction coefficient varies and is indicated per 

situation. For the contact formulation augmented Lagrange or normal Lagrange is used. 

When augmented Lagrange is employed, a value for the normal stiffness factor (FKN) has to 

be selected. The normal stiffness factor is a factor which allows the user to scale the contact 

stiffness. The usual range for FKN is between 0,01 and 10. 

 

20 node hexahedral solid elements with reduced integration are used. In the cracked model 

the two parts from the main plate are connected by a node merge at the uncracked ligament. 

The faces of the uncracked ligament are selected for both parts and the coincidental nodes 

belonging to each other are merged. The crack faces are therefore not connected to each 

other and are able to open. 
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The ANSYS fracture tool is used to define a pre-meshed crack in the cracked model. The SIF 

is evaluated at the crack front trough contour integration.  

 

The boundary conditions are applied to three symmetry planes, as shown in Figure 18 (a), 

(b) and (c). The highlighted (yellow) surfaces of the model correspond to the symmetry 

planes. The displacements of all the nodes in these surfaces are restrained to zero mm in the 

normal direction. As shown in (Figure 18c) the boundary conditions applied to the surface 

parallel to the XY plane is divided into A and B. The first boundary condition is applied to the 

main plate and the latter to the rivet. This allows evaluating the vertical force reaction 

(tensile force in rivet). 

 

 
Figure 18: Boundary conditions to ZY plane (a), ZX plane (b) and XY plane (c) and applied tensile stress 𝝈 (d) 

A uniform tensile stress 𝜎 is applied (Figure 18d) to the cross section of the main plate 

opposite to the boundary condition in the ZX plane. In case of clamping two options can be 

used to insert a clamping force to the rivet, bolt pretension or thermal loading. With the bolt 

pretension option a preload is applied in step 1. In the next step this clamping force is set to 

locked and an uniform tensile stress 𝜎 is applied. With thermal loading, a temperature 

change is applied to the rivet, due to this temperature change the rivet tends to shrink. This 

shrinkage is restrained by the rivet heads, resulting in a clamping force. 
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4 Uncracked connection 

4.1 Bypass loading 

For the determination of the SCF due to bypass loading, only the main plate is modelled 

according to Figure 16. The symmetric boundary conditions applied to the main plate are 

the same as in section 3.1. In addition, the y-displacement is constrained at one far field 

surface and the load is applied to the other one. 

 

A mesh sensitivity study of the main plate is performed, which is shown in Annex B. The 

mesh of the main plate is defined by three variables. The variables are explained below in 

accordance with Figure 19: 

 

a: Number of elements in radial direction (5 in Figure 19) 

b: Number of elements in circumferential direction per 45 degrees (5 in Figure 19) 

n: Number of elements over the thickness  (2 in Figure 19) 

 

The parameters r and 𝑡𝑚 (shown in Figure 16) are respectively 12,5 and 10 mm. The L/W 

ratio is taken as 2 and for r/W a range between 0,10 and 0,40 was selected. 

 

 
Figure 19: Meshed main plate for r/W equal to 0,1 (left) r/W equal to 0,4 (right) 

The state of stress of a solid element varies over the thickness. A path of nodes is defined at 

the edge of the plate hole, where the cross section is the smallest. The stresses at each node 

of this path are calculated and the minimum and maximum 𝐾𝑡𝑔 are determined. These are 

respectively at the free surface and at the mid-plane. In addition, the average 𝐾𝑡𝑔 along the 

path is determined with a script presented in Annex D chapter 1. The average result is 

defined as the stress sum along the path divided by the number of nodes. In Annex B Chapter 

1, the results of the mesh study is shown. The results are compared to the analytical 2D 

solution presented by Pilkey [23]. The mesh chosen from the mesh study is used to 

Thickness direction 

Circumferential  

direction 

Radial direction 

direction 
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determine the 𝐾𝑡𝑔 values for different r/W ratios as presented in Figure 19. This model is 

overestimating the analytical 2D solution with 1% at r/W = 0,1 and 1,4% at r/W = 0,4. The 

results from the mid and free surface are over- and underestimating the analytical solution. 

 

 
Figure 20: Comparison 𝑲𝒕𝒈 analytical 2D solution and numerical 3D results 

In Figure 21 the 𝐾𝑡𝑔 value is plotted for a bypass loaded plate. The numerical results are 

plotted with and without rivet, i.e. with and without a hole filling rivet. Ovalizing of the hole 

becomes harder since the hole cannot deform in transverse direction due to the rivet inside. 

This effect lowers the SCF with 17% to 25% for r/W between 0,10 and 0,40. 

 

 
Figure 21: 𝑲𝒕𝒈 as a function of r/W with and without hole filling rivet compared with the analytical solution 
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4.2 Pin loading without clamping 

To determine the SCF due to pin loading, the uncracked model of the connection is used. In 

order to determine the right mesh, a mesh sensitivity study of the main plate and the rivet 

is performed. The parameters r and 𝐿𝑟 (defined in Figure 16) are respectively 12,5 and 40 

mm. The L/W ratio is taken as 2 and for r/W a range between 0,15 and 0,40 was selected. 

The same variables used for the mesh study of the bypass loaded plate are now used for the 

main plate of the connection. The mesh of the rivet size is the only variable and is controlled 

by two different variables: 

 

c: the number of elements in diametric direction (7 in Figure 22) 

d: number of elements at the red lines (3 in Figure 22) 

 
Figure 22: Rivet mesh for r/W equal to 0,15 

The results of the mesh study are presented in Annex B chapter 2. The mesh that is chosen 

is shown in Figure 23. 

 
Figure 23: Mesh for r/W = 0,15 (top); for r/W = 0,30 (bottom) 
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The contact formulation is an important parameter which influences the results. The average 

𝐾𝑡𝑔 is determined as a function of r/W for two different contact formulations: the normal 

Lagrange and the augmented Lagrange with different FKN values  (0,01; 0,1; 1; 10). These 

contact formulations and FKN values are set to all contacts. The parameters r and 𝐿𝑟 (defined 

in Figure 16) are respectively 12,5 and 40 mm. 

 

Figure 24 (left) the penetration from the rivet into the plates is plotted against the r/W ratio. 

From this figure it can be concluded that increasing the FKN, results in less penetration. Some 

penetration is allowable, however too much penetration results in inaccurate results. The 

normal Lagrange contact formulation gives the least penetration. The model with FKN equal 

to 10 is very close to the normal Lagrange. In the right graph, the target deformation is shown 

as a function of r/W. This target deformation indicates the results converging to FKN 10 and 

normal Lagrange as the lines are on top of each other. 

 

 

Figure 24: Maximum penetration of contact (left), maximum deformation of target (right), both as a function 
of r/W due to applied load 𝝈 = 𝟏𝟎𝟎 𝑵/𝒎𝒎², for contact between rivet shank and main/cover plate 

 

In addition, the tensile force in the rivet as a function of the applied load is shown in Figure 

25. This relation is plotted for r/W equal to 0,2, a grip length 𝐿𝑟 of 40 mm and a rivet diameter 

d of 25 mm. This tensile force arises due to the fact that the rivet bends due to bearing as 

explained in Figure 26. A low FKN has a relatively large penetration, resulting in a lower 

tension force in the rivet. The results converge for FKN equal to 1 and 10 to the normal 

Lagrange formulation.  
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Figure 25: Tension force 𝑭𝒄 in rivet as a function of applied force 𝑭 

 

 
Figure 26: Explanation tensile force 𝑭𝒄 

The bearing force acting on the rivet results in bending of the rivet. The rivet head constraints 

the rotation at the ends, this results in a pressure on only one side of the rivet head. This so-

called prying effect results in a tensile force 𝐹𝑐 in the rivet which depends on the applied 

load. It must be noted, that this is in the case without initial clamping force in the rivet. 

 

In Figure 27 the average 𝐾𝑡𝑔 over the plate thickness is plotted as a function of r/W for 

different contact formulations. Based on this graph and the previous graph it can be 

concluded that the model with FKN 10 gives proper results. This model will be used further 

on for the determination of stress concentration factors. Still the analytical results according 

to Pilkey [23] are up to 10% higher than the results found with the 3D model. The analytical 

𝐾𝑡𝑔 for pin loading is based on a closely fitting pin, meaning that the pin doesn’t have a 100% 

fit. In section 4.5.8 of the book [23] they mention that the 𝐾𝑡𝑔 value for a r/W ratio of 0,15 

is approximately 7,33, 8,67 and 12 for clearances of respectively 0,7%, 1,3% and 2,7%. The 

result in chart 4.67 is 7,92 which is for a hole clearance of approximately 1%. The 3D model 

is based on a rivet with a shank diameter equal to the diameter of the plate hole, meaning 

that the models have different points of departure. Also the thickness of the plate might 

influence the result. 
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Figure 27: 𝑲𝒕𝒈,𝒂𝒗𝒈 as a function of r/W for different contact formulations, compared with analytical solution 

From Figure 28 (left) it can be concluded that 𝐾𝑡𝑔 is almost independent of the grip length 

to diameter ratio. In Figure 28 (right) the 𝐾𝑡𝑔 value is plotted as a function of r/W for models 

with different values of 𝜇. The used friction coefficients are used for all contacts. From this 

graph it can be concluded that 𝐾𝑡𝑔 depends on the friction coefficient. A higher 𝜇 results in 

a higher stress concentration. This can be explained since part of the load is transferred by 

friction from the shank of the rivet to the plates. The friction transferred between the main 

and cover plate is not reducing the stress concentration. This can be explained since a tensile 

force arises due to prying, meaning that the frictional forces transferred between the plates 

are very local. This locally transferred friction results in a stress concentration that 

approaches the 𝐾𝑡𝑔 of pin loading. 

 

 
Figure 28: 𝑲𝒕𝒈,𝒂𝒗𝒈 as a function of r/W for different values of 𝑳𝒓/𝒅 (left), for different values of 𝝁 (right)  
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Additionally, the effect of clearance is determined. The rivet radius belonging to a given 

clearance can be determined by equation [IX]. 

 

𝐶𝑙𝑒𝑎𝑟𝑎𝑛𝑐𝑒 =
𝑟 − 𝑟𝑟
𝑟

∙ 100% [IX] 

 

In case the clearance is 1%, the average stress concentration factor does not vary for grip 

length to diameter ratios between 1,6 and 3,2. Also it does not vary for friction coefficients 

between 0 and 0,5 (Figure 29 left), because the three lines are matching each other. Those 

lines are below the 𝐾𝑡𝑔 value of the rivets without clearance. This is in contrast to what is 

mentioned previously, this can be explained due to the fact that the position of the stress 

concentrations differs for the two models. The plotted stress concentration factor is 

determined at the net section. This is the position where the 𝐾𝑡𝑔 is maximum for rivets 

without clearance, for rivets with clearance this position shifts towards the contact point 

between the rivet and the main plate. The real maximum 𝐾𝑡𝑔 is plotted with the line 

principle. On the right Figure the results for a rivet with clearance are compared to the 

results for the rivet without clearance. It can be seen that clearance increases the 𝐾𝑡𝑔 but 

not at the location of the minimum section. When the friction coefficient is taken into 

account, the results of the model without clearance exceeds the results of the model with 

clearance. 

 

 
Figure 29: 𝑲𝒕𝒈,𝒂𝒗𝒈 as a function of r/W for different values of 𝝁 (left) for different clearances (right) 
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4.3 Pin loading with friction and clamping 

 

In this paragraph, the effect of an initial clamping force 𝐹𝑐,0 applied to the rivet will be taken 

into account. When an external loading 𝐹 is applied, the tensile force in the rivet 𝐹𝑐 can 

change. It should be noted the clamping force in the model should be half 𝐹𝑐,0 since only half 

of the cross section of the rivet is modelled. For the main plate only a quarter of the cross 

section is modelled meaning the external load in the model should be a quarter of 𝐹. 

 

The model parameters used in this paragraph r, r/W, L/w and 𝐿𝑟 (defined in Figure 16) are 

respectively 12,5, 0,2, 2 and 40 mm unless other values are explicitly mentioned. The applied 

friction coefficient 𝜇 and initial clamping force 𝐹𝑐,0 are respectively 0,5 [-] and 50 kN unless 

other values are provided. 

 

The tensile force 𝐹𝑐  in the rivet is plotted as a function of the applied load 𝐹 in Figure 30, 

where both axes are divided by the initial clamping force 𝐹𝑐,0. This relation is plotted for 

different grip length to diameter ratios 𝐿𝑟/𝑑. The tension force in the rivet becomes lower 

than the initial clamping force because the plates get thinner due to lateral contraction. The 

transition point is defined as the point where the tensile force in the rivet stops decreasing 

and starts increasing. At this point one side of the rivet head is not compressed into the cover 

plate anymore as shown in Figure 26. When this is the case, the tensile force in the rivet 

increases with bearing load. From Figure 30 it can be concluded that the transition point is 

depending on 𝐿𝑟/𝑑. For longer rivets this transition point occurs at lower loadings. It must 

be noted that these results are only valid up to yielding.  

 

When considering a rivet and plate material of S235, a r/W ratio of 0,2 and a clamping stress 

equal to 70% of the yield strength, the maximum 
𝐹

𝐹𝑐,0
 according to Eurocode 3 part 1-8 [24] 

becomes: 

 

𝑓𝑦𝑟  = 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑝𝑙𝑎𝑡𝑒   = 235 [𝑁/𝑚𝑚²] 

 

𝑓𝑦𝑟  = 𝑟𝑖𝑣𝑒𝑡 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ   = 235 [𝑁/𝑚𝑚²] 

 

𝑓𝑢𝑟  = 𝑟𝑖𝑣𝑒𝑡 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ   = 400 [𝑁/𝑚𝑚²] 

 

The values for the rivet are conservative since the yield and tensile strength will increase due 

to the riveting process by about 15-25% according to Wilson and Thomas [15]. 

 

𝐹𝑠ℎ𝑒𝑎𝑟 = n ∙
0,6∙𝑓𝑢𝑟∙𝐴0

𝛾𝑀2
  = 2 ∙

0,6∙400∙π∙12,5²

1,25
∙ 10−3 = 188 [𝑘𝑁]  

 

𝜎𝑐,0  = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑙𝑎𝑚𝑝𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠   

𝜎𝑐,0  = 0,7 ∙ 𝑓𝑦𝑟     = 165 [𝑁/𝑚𝑚²] 
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𝐹𝑐,0  = 𝜎𝑐,0 ∙ 𝜋 ∙ 𝑟²  = 165 ∙ 𝜋 ∙ 12,5² ∙ 10−3 = 81 [𝑘𝑁] 

 

𝑡𝑚,𝑚𝑖𝑛,𝑦 = 𝑝𝑙𝑎𝑡𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑎𝑡 𝑤ℎ𝑖𝑐ℎ 𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔 𝑜𝑐𝑐𝑢𝑟𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑒𝑡 𝑠𝑒𝑐𝑡𝑖𝑜𝑛  

  𝑏𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑠ℎ𝑒𝑎𝑟 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑖𝑣𝑒𝑡 𝑖𝑠 𝑟𝑒𝑎𝑐ℎ𝑒𝑑 

 

𝑡𝑚,𝑚𝑖𝑛,𝑦 =
𝐹𝑠ℎ𝑒𝑎𝑟
(𝑊−𝑟)∙𝑓𝑦

  =
188∙103

50∙235
  = 16 [𝑚𝑚] 

 

The main plates have a thickness of 20, 30 and 40 mm for 𝐿𝑟/𝑑 equal to 1,6, 2,4 and 3,2, 

which is thicker than 16 mm, thus yielding in the net section does not occur. 

 
𝐹𝑚𝑎𝑥

𝐹𝑐,0
  =

𝐹𝑠ℎ𝑒𝑎𝑟

𝐹𝑐,0
    =

188

81
   = 2,32 [−] 

 

In Figure 30 the ratio 
𝐹

𝐹𝑐,0
, shown on the horizontal axis, up to a value of 8. The clamping stress 

in accordance with this ratio can be determined as follows: 

 

𝐹𝑐,0  =
𝐹𝑠ℎ𝑒𝑎𝑟

8
  =

188

8
   = 23,5 [𝑘𝑁] 

 

𝜎𝑐,0  =
𝐹𝑐,0

𝐴0
   =

23,5∙103

𝜋∙12,52
  = 48 [𝑁/𝑚𝑚²] 

 

The results presented below are valid up to yielding. For two different cases yielding is 

defined in the Figure below. The first case with a clamping stress of 165 𝑁/𝑚𝑚² at 
𝐹

𝐹𝑐,0
 equal 

to 2,3 and the second case with a clamping stress of 48 𝑁/𝑚𝑚² where 
𝐹

𝐹𝑐,0
 can reach 8. It 

should be noted that yielding of notch at the transition between the rivet shank and the rivet 

head is not taken into account in this elaboration.   

 

  
Figure 30: Tensile force in rivet 𝑭𝒄 as a function of applied force 𝑭, for different rivet length to diameter 
ratio’s, both axis normalized by initial clamping force 𝑭𝒄,𝟎 
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The raw data from the numerical model is used to compute the average 𝐾𝑡𝑔 value and is 

plotted in below figure as a function of the applied force normalized by the initial clamping 

force. From this graph it can be concluded that the results are different from what is 

expected up to 
𝐹

𝐹𝑐,0
= 1,0 because raw data is used. In the first step when only the clamping 

force is applied, a compression stress initiates at the edge of the hole shown in Figure 31 

(right). These maximum principal stresses are in circumferential direction and are the so 

called hoop stresses explained in Annex A, section 5.3.1. Column 3 and 4 in Table 4 are the 

average values directly taken from the numerical model. The results presented in column 5 

are the adapted average stress results, where the initial compression stress of 2,19 𝑁/𝑚𝑚² 

is subtracted from the average stress. The adapted average 𝐾𝑡𝑔 is shown in column 6, where 

it starts as a positive value which is as expected, Figure 31 now becomes Figure 32. 

 

 
Figure 31: raw data, 𝑲𝒕𝒈,𝒂𝒗𝒈 as a function of applied force 𝑭 divided by initial clamping force 𝑭𝒄,𝟎 for different 

rivet length to diameter ratio’s (left), maximum principal stress in circumferential direction in main plate due 
to clamping force (right) 

 
Table 4: Results Figure 31 curve Lr/d = 3,2 

Step nr. Applied stress 

[N/mm²] 

Average stress 
[-] 

Average 

𝑲𝒕𝒈 
[-] 

Adapted 

average stress 

[N/mm²] 

Adapted 

average 

𝑲𝒕𝒈 
[-] 

 

𝐹/𝐹𝑐,0 

[-] 

Step 1 0 -2,19 - - - - 

Step 2 1,25 -0,20 -0,16 1,99 1,59 0,125 

Step 3 2,50 1,79 0,71 3,98 1,59 0,25 

Step 4 5,00 5,92 1,18 8,11 1,62 0,50 

Step 5 10,00 15,60 1,56 17,79 1,78 1,00 

Step 6 15,00 55,87 3,72 58,06 3,87 1,50 

Step 7 20,00 104,97 5,25 107,16 5,36 2,00 

Step 8 25,00 149,55 5,98 151,75 6,07 2,50 

 

 

Maximum principal stress 
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The adapted 𝐾𝑡𝑔 is plotted to the ratio 
𝐹

𝐹𝑐,0
 for different rivet lengths in Figure 34. It should 

be noted the initial friction resistance is equal to 
𝐹

𝐹𝑐,0
= 1,0 since there are two slip planes 

and the friction coefficient is equal to 0,50. The rivet is hole filling, which results in a 

combination of load transferred by bearing and friction. The 𝐾𝑡𝑔 for rivets is not the same 

for Lr/d; small rivets are relatively stiff, so a large amount of the load is transferred by 

bearing. Long rivets have relatively large bearing deformations meaning that the amount of 

force transferred by bearing is low when F is lower than friction resistance. When clearance 

is present between the rivet shank and the plate, the load transfer is first transferred by 

friction and after passing the friction resistance it is transferred by bearing.  

 

The 𝐾𝑡𝑔 value can also be based upon a hand calculation. In the hand calculation it is 

assumed that 𝐾𝑡𝑔 depends on 𝛽. Where 𝛽 is the theoretical bearing ratio which can be 

calculated by  equation [X]. 

 

𝛽 =
𝐹 − 𝐹𝑐,0 ∙ 𝑛 ∙ 𝜇

F
 [X] 

 

Thus , the SCF can be intended to be equal to: 

 

𝐾𝑡𝑔  = {
𝐾𝑡𝑔,𝑓𝑟𝑖𝑐𝑡       𝑓𝑜𝑟 𝛽 = 0

𝐾𝑡𝑔,𝑝𝑖𝑛        𝑓𝑜𝑟 𝛽 = 1
 

 

When a linear transition between 𝛽 equal to 0 and 1 is assumed, the two equation can be 

combined to equation [XI]. 

 

𝐾𝑡𝑔(𝛽) = 𝛽 ∙ 𝐾𝑡𝑔,𝑝𝑖𝑛 + (1 − 𝛽) 𝐾𝑡𝑔,𝑓𝑟𝑖𝑐𝑡 [XI] 

 

Two options are presented, in the first one the stress distribution for loading transferred by 

friction between the plates is assumed to be equally spread in the contacting areas. This 

means that 𝐾𝑡𝑔,𝑓𝑟𝑖𝑐𝑡 is equal to 0,5𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠, since half of the load transferred by friction 

passes the crack, the other half is transferred before the crack. This implies that only 50% of 

the load contributes to 𝐾𝑡𝑔. This 𝐾𝑡𝑔 value can be determined with equation [XII]. 

 

𝐾𝑡𝑔(𝛽) = 𝐾𝑡𝑔,𝑝𝑖𝑛𝛽 + 0,5𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠(1 − 𝛽) [XII] 

 

In the second calculation it is assumed that prying occurs, meaning that 𝐾𝑡𝑔,𝑓𝑟𝑖𝑐𝑡 equals 

0,5𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠 for 𝛽 = 0 and it equals 𝐾𝑡𝑔,𝑝𝑖𝑛 for 𝛽 = 1. A linear transition between the two 

points is assumed and the 𝐾𝑡𝑔 can be determined with equation [XIII]. 

 

𝐾𝑡𝑔(𝛽) = (2𝛽 − 𝛽²) ∙ 𝐾𝑡𝑔,𝑝𝑖𝑛 + (0,5 − 𝛽 + 0,5𝛽²) ∙ 𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠 [XIII] 
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The results of both hand calculations are included in Figure 32, where the value of 𝐾𝑡𝑔,𝑝𝑖𝑛 

and 𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠 are from [23]. It can be seen that option 1 differs from the numerical result, 

where option 2 is in agreement with the results. 

 

 
Figure 32: Adapted 𝑲𝒕𝒈,𝒂𝒗𝒈 as a function of applied force 𝑭 divided by initial clamping force 𝑭𝒄,𝟎 for different 

rivet length to diameter ratio’s 

From the numerical results presented in the above figure, the horizontal force are shown in 

below figure. The theoretical model is based on the stepwise load transfer, first forces are 

transferred by friction and finally by bearing. As explained before, this is not the case for 

hole filling rivets. For the largest rivet grip length it can be seen that the numerical result 

tend to the theoretical result up to a 
𝐹

𝐹𝑐,0
 ratio of 2. After this value the force transferred by 

friction decreases due to lateral contraction and at a certain point when prying occurs it 

increases slightly. 

 

 
Figure 33: Bearing, friction and reaction force as a function of applied force, both axes are divided by the 
initial clamping force 𝑭𝒄,𝟎 
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In Figure 34 the adapted 𝐾𝑡𝑔 value is plotted against the ratio 
𝐹

𝐹𝑐,0
 for different clamping 

conditions. The lines 0% clearance and 1% clearance indicate the model where bolt 

pretension is used to apply a clamping force. The line 0% clearance thermal indicates the 

model where a temperature change is used to apply a clamping force. In this case, the initial 

clamping force is the as defined in the bolt pretension option. As expected, the 𝐾𝑡𝑔 value for 

the rivet with 1% clearance has a plateau for 
𝐹

𝐹𝑐,0
 between 0 and 1, meaning the load is first 

transferred by friction and second by bearing. The hole filling rivet (top line) has a higher 𝐾𝑡𝑔 

since load transferred by bearing also includes friction from the rivet shaft to the hole edge. 

For the rivet with clearance, no/less load is transferred via friction of the shaft. The results 

of the model with clamping force initiated by thermal conditions are in the middle. This is 

because the rivet is not fully hole filling (due to thermal contraction) but also does not have 

a large clearance (0,1% clearance). The hole filling rivet has also a slight clearance due to the 

deformation of the rivet as a result of the clamping force.  

 

 
Figure 34: Adapted stress concentration factor 𝑲𝒕𝒈 as a function of applied force 𝑭 divided by initial clamping 

force 𝑭𝒄,𝟎 for different clamping conditions 

The effect of the deformation of the plate is not considered in the calculation below: 

 

The strain in radial direction of the rivet shank, after applying the clamping force with the 

bolt pretension option for an initial hole filling rivet, can be calculated with equation [XIV] 

and is about 0,015%. For a rivet with a diameter of 25 mm this is a clearance of 0,00188 mm 

between the rivet shank and the plate hole. 

 

𝜀𝑥,𝑦(1; 2) Strain in transverse direction depending on variable 1 and/or 2 

𝜀𝑥,𝑦(𝐹𝑐,0) =
𝐹𝑐,0

𝑟𝑟
2 ∙ 𝜋 ∙ 0,5 ∙ 𝐸

∙ 𝜐 [XIV] 

𝜀𝑥,𝑦(𝐹𝑐,0) =
25000

12,5² ∙ 𝜋 ∙ 0,5 ∙ 200000
∙ 0,3 ∙ 100% =        𝟎, 𝟎𝟏𝟓       % 

 



  

32 
 

When in addition a clearance of 1% is applied, the total clearance becomes 1,016% which is 

equal to a clearance of 0,1269 based on a rivet with a diameter of 25 mm. This is an extra 

deformation of 0,00194 mm. 

 

𝜀𝑥,𝑦(𝐹𝑐,0; 𝜀𝑥,𝑦,0) =
𝐹𝑐,0

𝑟𝑟
2 ∙ 𝜋 ∙ 0,5 ∙ 𝐸

∙ 𝜐 + 𝜀𝑥,𝑦,0 [XV] 

𝜀𝑥,𝑦(𝐹𝑐,0; 𝜀𝑥,𝑦,0) =
25000

(12,5 ∙ 0,99)² ∙ 𝜋 ∙ 0,5 ∙ 200000
∙ 0,3 ∙ 100% + 1% =        𝟏, 𝟎𝟏𝟔       % 

 

When the clamping force is applied due to thermal contraction on a hole filling rivet, the 

strain increases from 0,015% to 0,094%. The temperature change causes a strain in all 

directions. The rivet is constraint by the rivet head and a clamping force is generated. This 

clamping forces causes again an extra strain in transverse direction. The total strain of 

0,094% is equal to a clearance of 0,0147 mm for a rivet with a diameter of 25 mm. 

 

𝜀𝑥,𝑦(𝐹𝑐,0; ∆𝑡) =
𝐹𝑐,0

𝑟𝑟
2 ∙ 𝜋 ∙ 0,5 ∙ 𝐸

∙ 𝜐 + ∆𝑡 ∙ 𝛼 [XVI] 

𝜀𝑥,𝑦(𝐹𝑐,0; ∆𝑡) = [
25000

12,5² ∙ 𝜋 ∙ 0,5 ∙ 200000
∙ 0,3 + 85 ∙ 1,2 ∙ 10−5] ∙ 100% =       𝟎, 𝟏𝟏𝟕       % 

 

The calculated results are in agreement with the numerical results shown in Figure 35. The 

boundary condition, i.e. where the deformation in x-direction is 0, is located at the ZY plane 

(Figure 35d). The calculated deformations due to clamping are 0,00188, 0,00194 and 0,0147 

mm, the results found with the numerical model are 0,0019, 0,00192 and 0,0147 mm. 

 

 
Figure 35: Deformation in x- direction due to applying clamping force (a, b, c), position indication (d) 
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4.4 Unloading effect 

The results from the previous paragraph could be influenced by a certain loading effect. 

When loading a connection past its frictional resistance, slip will occur and any increase of 

load from that point will be transferred by the rivet in bearing. In case the load will be 

decreased from that point, both the bearing force in the rivet and the load transferred by 

friction will be reduced. At a certain moment the friction force will become zero. However, 

at that moment the connection is not yet in its original position hence there is still some 

deformation left. When reducing the load further, a frictional force is built up in the other 

direction until equilibrium is reached between the frictional force and the remaining bearing 

force in the rivet. This results in two remaining internal forces where the connection has not 

deformed to its original position. This effect reduces the stress range at the notch since more 

load is transferred by friction than assumed previously but increases the R ratio. 

 

A mesh convergence study is made, presented in Annex B chapter 3. The unlading effect is 

evaluated for a riveted connection with r, r/W, L/w and 𝐿𝑟 (defined in Figure 16) equal to 

respectively 12,5, 0,2, 2 and 40 mm. The applied friction coefficient 𝜇 and initial clamping 

force 𝐹𝑐,0 are respectively 0,5 [-] and 50 kN. Three different situations are examined shown 

in Figure 36 to Figure 38. These figures are divided in two subfigures, on the left side the 

average stress at the notch root is plotted as a function of the step number. On the right side 

the applied far field stress as a function applied step number. The applied far field stresses 

used are 5, 14, 20 and 33 N/mm², with an R value of 0, which are respectively in accordance 

with a 𝛽 value of 0,0, 0,3, 0,5 and 0,7. 

 

In situation 1 (shown in Figure 36), the connection is loaded by 3 load cycles to 14, 20 and 

33 N/mm². In the graph it can be seen that due to unloading, the stress at the notch root 

does not go to zero. This results in a reduce of stress range and an increase of R ratio. The R 

values at the notch root are respectively 0,47, 0,37 and 0,13, meaning that the stress range 

is reduced by 47, 37 and 13%. 

  

 
Figure 36: Average stress at notch root (left) applied far field stress (right), both as a function of the step 
number, loading situation 1 
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In situation 2 (shown in Figure 37), the applied loading equals 14, 20 and 14 N/mm². In the 

3rd load cycle the R ratio increased from to 0,62 where it was 0,47 in the first cycle however 

the stress range did not change. The R ratio increased due to the higher loading in the second 

cycle.  

 

 
Figure 37: Average stress at notch root (left) applied far field stress (right), both as a function of the step 
number, loading situation 2 

Finally in situation 3 (Figure 38), a loading of 5 N/mm² is applied in step 1 and 3, which is 

below the theoretical friction resistance. This means that all load is transferred by friction. 

In the 2nd load cycle, the connection is loaded to a 𝛽 value of 0,3 which results in a significant 

residual stress. In the 3rd load cycle, the stress range is equal to the stress range at the 1st  

cycle, since again all load is transferred by friction. For this loading only the R ratio increases 

which is a disadvantage for fatigue. 

 

 
Figure 38: Average stress at notch root (left) applied far field stress (right), both as a function of the step 
number, loading situation 2 

Based on the results presented in this section, it can be concluded that unloading only has 

an effect when the frictional resistance is exceeded. This effect results in internal forces 

(bearing and friction) and residual stresses at the notch root. From this moment on, all 

loadings will have an increased R ratio which is of negative influence for fatigue loaded 

structures. In addition, the stress range decreases for loadings that exceed the friction 

resistance which is a positive effect. Based on the loading, the result can either have positive 

or negative influence on the fatigue life.  
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Slip stress 

The unloading effect occurs when there is slip. The theoretical value for friction/slip 

resistance (𝐹𝑠𝑘 = 𝑛 ∙ 𝐹𝑐 ∙ 𝜇) is used to define the minimum applied stress needed to cause 

slip in a single riveted double cover butt joint. The minimum applied gross stress to cause 

slip is called 𝜎𝑠𝑙𝑖𝑝 and can be calculated with equation [XVII] provided below. The average 

stress at the net section is called 𝜎𝑠𝑙𝑖𝑝,𝑛, the equation belonging to this stress is also shown 

below. 

 

𝜎𝑠𝑙𝑖𝑝 =
𝑛 ∙ 𝐹𝑐 ∙ 𝜇

2𝑊 ∙ 2𝑡𝑚
 [XVII] 

   

𝜎𝑠𝑙𝑖𝑝,𝑛 =
𝑛 ∙ 𝐹𝑐 ∙ 𝜇

(2𝑊 − 𝑑) ∙ 2𝑡𝑚
 [XVIII] 

 

In these equations 2W refers to the total width of the main plate and 2𝑡𝑚 refers the total 

thickness of the main plate. The rivet diameter in this analysis is selected to be 21 mm, which 

is a common size rivet used in old bridges in the Netherlands. The considered clamping 

stresses equal 100 and 150 𝑁/𝑚𝑚², and the considered friction coefficients 0,1 and 0,3. 

 

In below figure, the stresses to cause slip are plotted as a function of the considered plate 

thickness 2𝑡𝑚 for different clamping stresses, friction coefficients and r/W ratios. The stress 

needed to cause slip is relatively low, but increases significantly when multiple rivet rows are 

present. When this is the case, the slip stress increases by a factor equal to the amount of 

rows. 

 
Figure 39: 𝝈𝒔𝒍𝒊𝒑 as a function of the main plate thickness for different r/W values and different values for the 

friction resistance, based on a rivet diameter of 21 mm  
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5 Cracked connection 

In this chapter the results for the SIF of a symmetric crack emanating from a hole in a single 

riveted double cover butt joint are presented. A mesh convergence study is performed which 

is presented in Annex C. The chosen mesh for the connection is shown in Figure 40. 

 

 
Figure 40: Finite element mesh 

The mesh size of the element surrounding the crack tip is equal to a/10 for (a+r)/W up to 

0,20. For higher values than 0,2, the element size will be constant resulting in smaller 

element size than a/10. From the mesh study it can be seen that evaluating the SIF at the 

3th contour gives accurate result. The SIF is evaluated numerically using contour integration. 

 

To determine the average SIF, the results are averaged along the crack front excluding the 

value at the free surface. Since the results at the free surface have loss of the inverse square 

root singularity [26] the contour integration will give unconvergent results, thus they are not 

taken into account. Since three 20 node hexahedral elements over the thickness are used, 

the crack tip has 7 nodes. The average along the crack front is determined from 6 results 

when excluding the node at the free surface. A script is used for this averaging and is 

presented in Annex D chapter 2. 
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Mesh quality 

The mesh quality can be measured based on different criteria. The applicable range of these 

criteria and the values from the model are listed in Table 5. In this table the worst value of 

the mesh quality of each part is shown. For the values at the main plate, three different crack 

sizes are evaluated: 2, 12,5 and 75 mm which are (a+r)/W equal to 0,116, 0,20 and 0,70. At 

the column “main plate”, two results are provided. The first value is the minimum result in 

the main plate and the second value is the result at the four elements surrounding the crack 

tip (shown in Figure 41). 

 
Figure 41: Element quality at crack tip and rivet for a = 12,5 mm 

Table 5: Mesh quality, for r/W = 0,1 

Criteria Perfect Good Bad Main plate 

 

Cover  

plate 

Rivet 

𝒂 + 𝒓

𝑾
 

0,116 

𝒂 + 𝒓

𝑾
 

0,20 

𝒂 + 𝒓

𝑾
 

0,70 

Element quality 1,0 - 0,0 0,01 – 0,018 0,04 – 0,50 0,01 – 0,50 0,21 0,44 

Aspect ratio 1,0 - 20 19 – 16,7 19 – 2,67 25 – 2,67 6,25 3,88 

Jacobian ratio 1,0 10 30 1,49 – 1,00 1,50 – 1,00 1,50 – 1,00 1,40 3,54 

Warping ratio  0,00 0,20 0,40 0,01 – 0,00 0,00 – 0,00 0,00 – 0,00 0,00 0,04 

Maximum 

corner angle 

90 135 180 135 – 90 

 

135 – 90 

 

135 – 90 

 

135 131 

Skewness 0,0 0,75 1,0 0,50 – 0,00 0,50 – 0,00 0,50 – 0,00 0,50 0,48 

 

The element quality and aspect ratio of the main plate are exceeding the recommended 

values given by the Ansys guide [25]. The element quality is depending on the aspect ratio 

and can be calculated with formula [XIX], where C is a constant and depends on the element 

type. For brick elements this constant is equal to 41,569. When considering 3 elements over 

the thickness and a crack larger than (a+r)/W=0,20, the height of the element is 2,67 ∙ 1,25 

= 3,33. These elements would then have an element quality of 0,50 (see calculation on next 

page). The element quality varying from 1 to 6 elements over the thickness are shown in 

Table 6. From this table it can be concluded that the number of elements over the thickness, 

and thus the element quality does not have a significant influence on the SIF. 

𝐸𝑙𝑒𝑚𝑒𝑛𝑡 

𝑞𝑢𝑎𝑙𝑖𝑡𝑦 
= 𝐶

𝑉𝑜𝑙𝑢𝑚𝑒

√[∑(𝑒𝑑𝑔𝑒 𝑙𝑒𝑛𝑔𝑡ℎ)2]3
 [XIX] 
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𝐸𝑙𝑒𝑚𝑒𝑛𝑡 

𝑞𝑢𝑎𝑙𝑖𝑡𝑦 
= 41,569

1,25 ∙ 1,25 ∙ 3,33

√[1,252 ∙ 8 + 3,33² ∙ 4]3
 =       𝟎, 𝟓𝟎       [−] 

 
Table 6: Average F1 results for different amount of elements in thickness direction 

Elements 

over 

thickness 

Element 

Quality 

[-] 

𝒂 + 𝒓

𝑾
 

[-] 

Number 

of nodes 

[-] 

Nodes 

main 

plate 

[-] 

Avg 

𝑭𝟏 

[-] 

𝒂 + 𝒓

𝑾
 

[-] 

Number 

of nodes 

[-] 

Nodes 

main 

plate 

[-] 

Avg 

𝑭𝟏 

[-] 

1 0,078 0,20 18049 9468 2,173 0,70 17003 8422 1,664 

2 0,272 0,20 23474 14893 2,176 0,70 21830 13249 1,666 

3 0,504 0,20 28899 20318 2,179 0,70 26657 18076 1,667 

4 0,707 0,20 34324 25743 2,181 0,70 31484 22903 1,669 

5 0,854 0,20 39749 31168 2,183 0,70 36311 27730 1,670 

6 0,944 0,20 45174 36482 2,185 0,70 41138 32557 1,671 

 

Contact formulation 

The effect of the contact formulation is shown in Figure 42. The 2D solution of Cartwright [6] 

is compared to the numerical model solved with the augmented- and normal Lagrange 

contact formulations. The augmented Lagrange formulation is used considering four values 

for the FKN. From Figure 42 it can be concluded that the results are in agreement with each 

other, meaning that the SIF value is relatively independent on the FKN (for non-frictional 

problems). The results from FKN 0,01 and 0,1 are slightly higher, however the results from 

FKN 1, 10 and normal Lagrange are equal to each other. Still there is a big difference in 

penetration. FKN 0,01 and 0,1 gives a relative large penetration varying from 13-33% of the 

target deformation, where the target deformation refers to the deformation of the edge of 

the plate hole. FKN 1 has a penetration varying from 2 to 3% from of the target penetration. 

FKN 10 has a penetration of 0,3% of the target deformation and the normal Lagrange contact 

formulation has even less penetration. Based on this graph and the findings in section 4.2, 

augmented Lagrange with FKN 10 is selected as the contact formulation and normal stiffness 

factor for this problem. 

 

 
Figure 42: F1 as a function of (a+r)/W for different contact formulations and normal stiffness factors  
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1/4th model compared to 1/8th model 

When the connection is uncracked there are 3 symmetry planes XY, XZ and YZ, when using 

these symmetry planes for computation efficiency only 1/8 of the model can be modelled. 

However, when the main plate is cracked with a symmetric crack there are actually only 2 

symmetry planes XY and YZ. The third plane XZ is not a symmetry plane because this would 

suggest the main plate is cracked at both rivets. If the main plate is cracked by an 

unsymmetric crack there is only 1 symmetry plane. Still the connection is modeled using 3 

symmetry planes, this could influence the results since the load transfer differs for cracked 

and uncracked situation. The error made with this assumption is quantified in this section. 

 

 

 
Figure 43: 1/8 of the geometry with cracks in both main plates (left), 1/4 of the geometry with cracks in right 
main plate (right) 

In Figure 44 the deformation of the numerical model, due to an homogenous applied far 

field stress on the right side of the main plate, is shown. From the two encircled rivets it can 

be seen that the opening between the rivet and the main plate is larger for the right hand 

rivet compared to the left hand rivet. This is obvious since the main plate is cracked at the 

position of the right rivet. It should be noted that the deformation is scaled. Of course the 

actual gap between the rivet shank and the main plate is very small.  

 

 

 

Figure 44: Total deformation (in mm) of model representing 1/4 of the total geometry due to an applied 
tensile stress of 100 N/mm² 

𝜎 
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Below figure shows the deformation from the numerical model that represents 1/8th of the 

geometry. It can be concluded that both models have the same form of deformation. 

 

 
Figure 45: Total deformation (in mm) of model representing 1/8 of the total geometry due to an applied 
tensile stress of 100 N/mm² 

In Figure 46 the SIF results from both the 1/8th and 1/4th model are shown as a function of 

(a+r)/W. From these results it can be concluded that the models are in agreement with each 

other. The results have a constant difference of about 1%. Since 
𝐿

𝑊
= 2 is used, the distance 

between the rivet is equal to twice the total plate width. This significant distance between 

the rivets could be the reason why the results are so well in agreement with each other. This 

could mean that the load in the cover plate is homogenous for the 1/4th model. Based on 

these results it can be concluded that using 1/8th model correctly represents the geometry 

because the error in the SIF is very small and thus acceptable. 

 

 
Figure 46: F1 as a function of the (a+r)/W for 1/8 and 1/4 of the connection 
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Comparison with numerical results Jesus et al 

Another verification of the model can be made by comparing the results with the data 

presented by A.M.P. de Jesus, A. da Silva and J. Correia [20]. In their paper a single riveted 

double cover butt joint is modelled as shown in Figure 47. The connection has a total width 

(2W) of 45 mm and the rivet has a diameter of 24 mm resulting in an r/W ratio of 0,53. The 

plate thicknesses 𝑡1 and 𝑡2 are equal to 8 mm. The authors used the mode I strain energy 

release rate 𝐺𝐼 to compute the mode I Stress Intensity Factor 𝐾𝐼, see equation [XX]. 𝐸′ is 

defined as 𝐸 for plane stress and 𝐸/(1 − 𝜈2) for plane strain, see equation [XXI]. The authors 

chose the plane stress result for their calculation. In order to make a good comparison, the 

𝐾𝐼 evaluated with contour integration and the 𝐾𝐼,𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 based on the J-integral are 

plotted in Figure 48. From this figure it can be concluded that the plane stress result of the 

𝐾𝐼 is closest to the numerical result found by the authors. The differences are varying from 

10% for a small crack to 5% for a large crack, which is still acceptable. 

 

𝐾𝐼 = √𝐺𝐼 ∙ 𝐸′ [XX] 

   

𝐸′ = {

       𝐸        𝑓𝑜𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠
𝐸

(1 − 𝜈2)
 𝑓𝑜𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛

 [XXI] 

 

 
Figure 47: Geometry of riveted joints [20] 

 
Figure 48: Comparison 𝑲𝑰/𝝈 as a function of crack length with numerical results presented by [20]  
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5.1 Stress Intensity Factor for bypass loading 

 

The results of the Stress Intensity Factor due to bypass loading are presented in this section.  

For a single riveted connection there is no bypass loading, however it is still useful to 

evaluate this SIF because of the following reason: the SIF due to load transferred by friction 

between the plates is related to the SIF of bypass loading. For this reason the SIF for bypass 

loading is determined and the results presented in this section.  

 

The SIF is evaluated using the main plate of the numerical model. The boundary conditions 

of the model are shown in  Figure 49(right), in addition there is one boundary condition at 

the bottom of the plate in the XY plane where the displacement is z- direction is restrained. 

This model can be validated by the analytical results presented by Cartwright [6] for bypass 

loading. To make the results more practical, bypass loading is also evaluated with a hole 

filling rivet inside. The results are presented in Figure 49(left), it can be seen that both models 

are in agreement with Cartwright. When comparing the results with and without rivet, the 

results with rivet are 13% lower for (a+r)/W equal to 0,116 and this reduces to 1% for (a+r)/W 

equal to 0,20. When the rivet is inside the hole, the hole cannot deform in transverse 

direction which reduces the SIF specifically for small cracks.  

 

  
Figure 49: 𝑭𝟏 as a function of the (a+r)/W for bypass loading (left), boundary conditions numerical model 
(right) 

  

B.C. displacement y = 0 

B.C. displacement x = 0 

Tensile stress in y- direction 
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5.2 Stress Intensity Factor without initial clamping force 

In Figure 50, Figure 51 and Figure 53 the results of the numerical model are shown and 

compared with the analytical results obtained by Cartwright [6]. The results shown in these 

figures are exactly the same data sets but shown on different axes. First the Stress Intensity 

Factor is plotted against crack length, where the SIF is normalized by the applied far field 

stress in Figure 50. What must be noted is that the SIF is small for small cracks, then becomes 

more or less constant between a = 5 mm and a = 40 mm and after passing 40 mm it increases 

again. This is remarkable since it means that growing a crack from e.g. 5 to 10 mm would 

take the same time as growing it from 35 to 40 mm. 

 

In order to make the graph more practical, it can be normalized. The advantage of 

normalizing graphs is that it becomes applicable for a wider geometric range. 

 
Figure 50: 𝑲𝑰/𝝈 as a function of the crack length a, comparison numerical with analytical results 

 

The Stress Intensity Factor is normalized to 𝐹0 in Figure 51 which is defined as the SIF divided 

by 𝜎√𝜋 ∙ 𝑎, see equation [XXII]. The x – axis is defined as a/r. This figure gives a complete 

different view. Now 𝐹0 decreases with increasing crack length and there is a vertical 

asymptote at a/r equal to 0. This is due to the square root of the crack length, when the crack 

length goes to zero, the denominator also goes to zero, resulting in a very high 𝐹0. Also in 

Figure 51 it is very hard to see how large the crack is compared to the remaining ligament.  

 

𝐹0 =
𝐾𝐼

𝜎√𝜋𝑎
 [XXII] 
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Figure 51: 𝑭𝟎 as a function of a/r, comparison numerical with analytical results 

 

Another option is normalizing the SIF to 𝐹1 where the SIF is divided by 𝜎√𝜋(𝑎 + 𝑟) as shown 

in equation [XXIII]. The x-axis becomes now (a+r)/W, which is the ratio between the crack tip 

to crack tip distance and the total plate width. When a becomes 0, there is no crack and the 

ratio becomes r/W. The advantage of this notation is that it is very clear how large the crack 

is compared to the plate (see Figure 52), in addition there is no asymptotic value.  

 

𝐹1 =
𝐾𝐼

𝜎√𝜋(𝑎 + 𝑟)
 [XXIII] 

 

 
Figure 52: Explanation (a+r)/W 
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Plotting 𝐹1 provides the biggest advantage, for this reason 𝐹1 will be used to show the SIF. 

In addition, it must be noted that the numerical model is highly in agreement with the results 

of Cartwright, see Figure 53. The maximum difference is 6% at (a+r)/W equal to 0,40. 

 

 
Figure 53: 𝑭𝟏 as a function of (a+r)/W, comparison numerical with analytical results 

In the figure below (left) F1 is shown for three different rivet grip length to rivet diameter 

ratios. From this graph it can be concluded that the SIF is independent on this ratio. In the 

right figure, the effect of the friction coefficient on the SIF value is shown. In the model 

where the friction coefficient is non zero, part of the load is transferred by friction between 

the main plate and cover plate. This friction would normally decrease the SIF, but since this 

friction appears due the a clamping force obtained by prying, the friction is locally 

transferred at one side of the rivet. This means that all load transferred by friction passes 

the crack and contributes to the SIF, resulting in a SIF which is equal to load transferred by 

friction due to prying and pin loading. In addition, the friction between the shank of the rivet 

and the plates determine an increase of the SIF for cracks smaller than (a+r)/W = 0,30. In 

Figure 55 the total deformation is shown. 

 

 
Figure 54: 𝑭𝟏 as a function of (a+r)/W shown for different Lr/d (left), and for different 𝝁 (right), both without 
clearance 



  

46 
 

 
Figure 55: Total deformation for Lr/d = 1,6; (a+r)/W = 0,2; 𝝁 = 𝟎, without clearance 

The effect of clearance between the rivet shank and the plate is examined by modelling a 

rivet with 2,5% clearance which is in accordance with the results presented by Wilson and 

Thomas [15]. For this riveted connection the length of the rivet and the friction coefficient 

have no influence on the SIF, this can be concluded from Figure 56. The friction coefficient 

is not influencing the results since only a very small region of the shank is in contact with the 

plates. This ensures that no (or very little) load is transferred by friction between the rivet 

shank and the plates. The statement on the previous page “the SIF for friction between 

plates appearing due to prying is equal to the SIF of pin loading” can be confirmed through 

Figure 56 (right). This can be explained since the results are equal for different friction 

coefficients. 

 

In addition, it appears that the SIF results presented in this section are approaching the SIF 

solution for pin loading given by Cartwright [6]. 

 

 
Figure 56: 𝑭𝟏 as a function of (a+r)/W shown for different Lr/d (left), and for different 𝝁 (right), both with 
2,5% clearance 
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Interference 

An interference fit (also known as a press fit) is achieved when for example a pin is fitted in 

a hole with a smaller diameter. The influence of an interference fit of 0,5% on the SIF, where 

the rivet has a diameter 0,5% larger than the hole, is evaluated and the results are shown in 

Figure 57. From this figure it can be concluded that interference has a significant influence 

on the SIF. For fatigue loading the ∆𝐾𝐼 decreases, but the R ratio defined as 
𝐾𝐼,𝑚𝑖𝑛

𝐾𝐼,𝑚𝑎𝑥
 increases, 

compared to the case without interference. In addition it can be concluded that the effect 

of interference reduces with an increasing crack length.  

 

For hot riveted connections it is not likely that interference occurs due to the fact that the 

rivet shank shrinks because of temperature decrease. It is more likely that there is some 

clearance [15], [27], however, there is no overall consensus on this aspect. 

 

 
Figure 57: 𝑲𝑰 as a function of far field stress 𝝈 obtained for different crack sizes and for 0 and 0,5% 
interference fit values  
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5.3 Stress Intensity Factor with initial clamping force 

In this paragraph the effect of clamping force on the SIF is reviewed. The clamping force in 

the rivet is applied in the first loading step by using the pretension option. In the subsequent 

load step, this pretension is locked and the external loads are applied. Due to the clamping 

force, an initial Stress Intensity Factor appears. The value of this SIF is depending on the 

clamping force and the crack length and can have a value from 0,1 up to 0,8 𝑁/𝑚𝑚−3/2 per 

kN clamping force, for a rivet with a diameter of 25 mm. In order to properly compare the 

results, the SIF caused by clamping is deducted from all results. This is in accordance with 

the procedure used to determine the stress concentration factor. 

 

When an initial clamping force is applied to the rivet, the rivet has a frictional resistance 

which theoretically equals the product of the friction coefficient, the clamping force and the 

number of sliding planes. Thus the applied force is transferred by a combination of friction 

and bearing. The bearing ratio influences the Stress Intensity Factor, and can be calculated 

with equation [XXIV]. The bearing ratio is the ratio of the load transferred by bearing and the 

total applied load. (1-𝛽) is the friction ratio, which is the ratio between the load transferred 

by friction and the total load. 

 

𝛽 =
𝐹 − 𝐹𝑐,0 ∙ 𝑛 ∙ 𝜇

F
 [XXIV] 

 

In Figure 58, 𝐹1 is plotted as a function of the crack ratio (a+r)/W for different clamping 

lengths and bearing ratios. From this graph it can be concluded that the bearing ratio has a 

significant influence on 𝐹1. The rivet grip length influences the results, however the 

differences are not significant. 

 

 
Figure 58: 𝑭𝟏 as a function of (a+r)/W for different clamping lengths and bearing ratios 
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In Figure 59 multiple stress results are shown for a connection with (a+r)/W = 0,20 and Lr/d 

= 1,6. In subfigure 1, 2, 3 and 4 the contact compression stress is shown, these numbers 

equal the step numbers. In step 1, the clamping force is applied where in step 2, 3 and 4 the 

connection is loaded to 𝛽 values of 0,3, 0,5 and 0,7. Initially in step 1, the compression stress 

is symmetrical. From there on the bearing force increases more and more, resulting in 

bending of the rivet. Due to this phenomena the compression stresses of between the 

contact surfaces change. On one side the compression stress increases (left side of 

subfigures 1 - 4) while on the other side the compression stress decreases. In subfigure 5, 6 

and 7 the frictional stresses between the main plate and cover plate are shown; the black 

square at subfigure 8 indicates the location. The right side of subfigures 1 - 4 is in agreement 

with the bottom half of subfigures 5 – 7, this is also indicated with the direction of the force 

(black arrows). In subfigure 5 it can be seen that the bottom half of the figure reveals a higher 

frictional force than the top half. Because the load is applied on the bottom half, a larger 

displacement of the plate will occur which causes a higher frictional force. In subfigure 6 and 

7 the frictional force is higher on the top half, this gradually changed  from bottom to top 

due to bending of the rivet. This results in an increase of compression stresses at the top half 

and a decrease of compression stresses at the bottom half. 

 

 
 

  
Figure 59: Compression contact stress between rivet head and cover plate (1 to 4), friction stress between 
main plate and cover plate (5 to 7) location indication (8) for (a+r)/W  

 

Applying 𝐹𝑐,0                 𝛽 = 0,3 

1             2 

 

 

 

 

   𝛽 = 0,5             𝛽 = 0,7 
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                   5       6     7      8 

                 

 

 



  

50 
 

A method, similar to that one proposed to determine to SCF, is proposed to predict the SIF 

as a function of 𝛽 (equation [XXIV]) which is the theoretical bearing ratio. 𝐹1 can be 

determined using the principle of superposition between 𝐹1,𝑝𝑖𝑛 and 𝐹1,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛. 

 

𝐹1  = 1 ∙ 𝐹1,𝑝𝑖𝑛 + 0 ∙ 𝐹1,𝑓𝑟𝑖𝑐𝑡  for 𝛽 = 1 

 

𝐹1  = 0 ∙ 𝐹1,𝑝𝑖𝑛 + 1 ∙ 𝐹1,𝑓𝑟𝑖𝑐𝑡  for 𝛽 = 0 

 

Assuming a linear transition from 0 to 1 for 𝛽, 𝐹1 can be determined with equation [XXV]. 

 

𝐹1(𝛽) = 𝐹1,𝑝𝑖𝑛𝛽 + 𝐹1,𝑓𝑟𝑖𝑐𝑡(1 − 𝛽) [XXV] 

 

Since 𝐹1,𝑓𝑟𝑖𝑐𝑡 is not known, three different assumptions to describe 𝐹1,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 are made. 

 

 
Figure 60: Assumed F1,friction as a function of 𝜷 

In case (a), 𝐹1,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 0,5𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠, since only half of the load transferred by friction, is 

transferred after passing the crack. In case (b) this assumption only stands for 𝛽 = 0. When 

𝛽 increases to 1, 𝐹1,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 becomes 𝐹1,𝑝𝑖𝑛. This transition is linear between 0 ≤  𝛽 ≤ 1. In 

the last case, case c the data is fitted to a transition between 0,2 ≤  𝛽 ≤ 0,8.  

 

The relation between 𝐹1,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 and 𝛽 is shown for all cases in Figure 60. 

 

𝐹1,𝑓𝑟𝑖𝑐𝑡 = 0,5𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠 [XXVI] 

   

𝐹1,𝑓𝑟𝑖𝑐𝑡 = 𝛽𝐹1,𝑝𝑖𝑛 + (0,5 − 0,5𝛽)𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠 [XXVII] 

   

𝐹1,𝑓𝑟𝑖𝑐𝑡 =

{
 

 
0,5𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠                                                       

(
5

6
∙ 𝛽 −

1

3
)𝐹1,𝑝𝑖𝑛 + (

2

3
−
5

6
∙ 𝛽)𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠

  𝐹1,𝑝𝑖𝑛                                                                     

    

𝛽 ≤ 0,2
0,2 < 𝛽 < 0,8
𝛽 ≥ 0,8

 [XXVIII] 
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By substituting equation [XXVI] till [XXVIII] into [XXV] the following equations are obtained: 

 

𝐹1(𝛽) = 𝐹1,𝑝𝑖𝑛𝛽 + 0,5𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠(1 − 𝛽) [XXIX] 

   

𝐹1(𝛽) = (2𝛽 − 𝛽²) ∙ 𝐹1,𝑝𝑖𝑛 + (0,5 − 𝛽 + 0,5𝛽²) ∙ 𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠 [XXX] 

   

𝐹1(𝛽) =

{
  
 

  
 
𝐹1,𝑝𝑖𝑛𝛽 + 0,5𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠(1 − 𝛽)    

(−
5

3
𝛽2 + 3𝛽 −

1

3
) ∙ 𝐹1,𝑝𝑖𝑛     

+ (
5

6
𝛽2 −

3

2
𝛽 +

2

3
) ∙ 𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠

 

𝐹1,𝑝𝑖𝑛                                                  

𝛽 ≤ 0,2
 

0,2 < 𝛽 < 0,8
  

𝛽 ≥ 0,8

 [XXXI] 

 

The equations are shown in Figure 61 for case a, b and c: 

 

 

Figure 61: F1 as a function of 𝜷 
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Figure 62: 𝑭𝟏 as a function of (a+r)/W for different clamping lengths and bearing ratios, compared to 
calculation (a), (b) and (c) shown in graph (a), (b) and (c) respectively 

The results of calculation (a), (b) and (c) are shown in Figure 62 (a), (b) and (c) respectively. 

The values 𝐹1,𝑝𝑖𝑛 and 𝐹1,𝑏𝑦𝑝𝑎𝑠𝑠 are taken from the results presented by Cartwright [6]. 

Calculation (a) underestimates 𝐹1 for all bearing ratios, calculation (b) overestimates 𝐹1 for 

𝛽 = 0,3 and underestimates 𝐹1 for 𝛽 = 0,7. Hand calculation (c), is in good agreement with 

all shown bearing ratios. Based on these results, it can be concluded that the results 

presented by Cartwright [6] can be used to estimate the SIF for various bearing ratios. 

  

The effect of 2,5% clearance is shown in the Figure below. In this graph it can be seen that 

also for clamping problems, clearance reduces the SIF for small cracks. In the numerical 

model, the rivet is not modelled in the centre of the hole, but it is already positioned in such 

way that contact between the rivet shank and the hole is established.   

 

 
Figure 63: 𝑭𝟏 as a function of (a+r)/W for different bearing ratios, comparing rivets with and without 
clearance 
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5.4 Unloading effect 

In a fatigue loaded structure, there is cyclic loading resulting in stress fluctuations. This is a 

result of applying a load and then removing it, e.g. a trucks which passes a bridge. Up to now, 

only the loading part is considered in this chapter. The effect unloading has on the SIF has 

been taken into account in this section. When removing the load, a riveted connection 

without friction forces, goes back to its original state. This is indicated in Figure 64, it can be 

seen that the bearing force goes back to zero where 𝐾𝐼/𝜎 is constant. It must be noted that 

this is only the case when no yielding takes place. 

 

 
Figure 64: Bearing force (left) and 𝑲𝑰/𝝈 (right) as a function of applied force 

 

When a connection has a frictional resistance, there can be a significant effect on the load 

distribution due to unloading. This effect is explained in section 4.4.  

 

In Figure 65 (a), (b) and (c), the horizontal forces in the connection which is shown in 

subfigure (e), are plotted as a function of the applied force. The bearing force is extracted 

from the contact between the rivet shank and the main plate. The frictional force is extracted 

from the contact between the main plate and cover plate. In subfigure (a), this particular 

geometry shows, up to an applied force of 20 kN, a nonlinear relation between the horizontal 

forces and the applied load F. When this value is exceeded the relationship is linear due to 

the fact that only the bearing force increases. The friction force decreases due to lateral 

contraction of the plates. In subfigure (b) the load is removed (unloading) and there is a 

linear relation between the decrease of the friction force and the bearing force. At a certain 

point (30 kN in figure below) the friction force is zero, when unloading further the friction 

force becomes negative. A negative friction force means that the friction is in the other 

direction. Finally when the applied load is reduced to 0, equilibrium is achieved between 

both the bearing force and the friction force of 10 kN in opposite direction. When increasing 

the load again (shown in subfigure (c)), both horizontal forces increase to their original 

values. In subfigure (d), the horizontal forces are plotted as a function of the displacement 
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of point 1. Point 1 is located in the main plate at the bearing side of the rivet hole which is 

indicated with the red dot in subfigure (e). From subfigure (d), it can be concluded that after 

unloading, the main plate does not go back to its original position but still has some 

displacement left. This displacement are caused by the remaining internal bearing and 

frictional force  

 

 
Figure 65: Bearing and friction force as a function of applied load F (a, b and c), bearing and friction force as a 
function of the displacement of point 1 (d), indication of point 1 (e) 

The influence of the unloading effect is quantified in terms of 𝐹1 for a zero pulsating load 

(R=0), shown in Figure 66. The first range of 𝐹1 is called Δ𝐹1,1𝑠𝑡 which is equal to the 𝐹1 values 

presented previously without the effect of unloading. The second range is called Δ𝐹1,2𝑛𝑑, 

this range is reduced compared to Δ𝐹1,1𝑠𝑡 due to complete removal of the load. 

 

 
Figure 66: Explanation applied load and 𝑭𝟏 behaviour in time 

e 

F              F 

𝑎   = 12,5 [mm]  
𝐿𝑟

𝑑
   = 1,6     

𝑟

𝑊
   = 0,1 

𝜇   = 0,5 

Clearance = 0% 
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The mesh study for the model used to evaluate the results shown in Figure 67, is presented 

in Annex C chapter 2. In the left subfigure Δ𝐹1 is plotted as a function of (𝑎 + 𝑟)/𝑊 for 

different 𝛽 values. It can be seen that the unloading effect reduces the F1 range significantly. 

The effect increases with a decrease of the bearing ratio 𝛽, meaning that the R also increases 

with a decrease of 𝛽 which is shown in the right subfigure. This is as expected since R equals 

0 for a bearing ratio 𝛽 = 1. The R value in the right subfigure is the R value calculated for the 

2nd load cycle. In Annex E results from below figure are provided in a table. It should be noted 

that these results are only valid for CA loading, since an overload will increase the residual 

𝐾𝐼 and thus the R ratio. 

 

 
Figure 67: 𝜟𝑭𝟏 as a function of (a+r)/W (left), the R value as a function of (a+r)/W for the 2nd load cycle 
(right), both for multiple values of 𝜷 

The main effect of unloading only takes place when there is slip, which occurs when the 

friction resistance is exceeded. It should be noted that for riveted connections this is not 

completely true. The rivet can be hole filling, meaning that load is transferred by a 

combination of bearing and friction. So the friction resistance is reached at higher loads. In 

addition, it should be noted that for cracked connections, the higher strains near the crack 

tip can be such that the friction resistance is locally exceeded. 
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6 Life calculation 

In section 5.3 the effect of the bearing ratio is taken into account which reduces the SIF. In 

section 5.4 the effect of unloading is considered which reduces the SIF even further. In order 

to quantify these reductions in terms of fatigue life, a crack propagation life calculation is 

made. In Annex F, a crack growth calculation is made for a central cracked plate with the 

same dimensions as the main plate of the considered connection. From this annex it can be 

concluded that a value Δ𝑎 equal to 0,50 mm results in a very accurate life prediction. In this 

chapter, 0,50 mm is selected for Δ𝑎. 

 

Life calculation with the Paris Law 

From the results shown in section 5.3 (without unloading effect) it can be concluded the 

bearing ratio 𝛽 influences the SIF result significantly. This is specifically shown in Figure 58 

and Figure 63. In order to quantify this influence in terms of fatigue life, a crack propagation 

calculation is made using the Paris Law. In this calculation, the threshold value ∆𝐾𝑡ℎ and the 

critical value 𝐾𝑐 are not taken into account. When the threshold value would be taken into 

account there is either crack propagation or not, since CA loading is considered. If the 𝐾𝑐 

was taken into account the propagation life is decreased more for the situation with a high 

bearing ratio. This means that the ratio’s presented in Figure 68 would increase. 

 

𝑁𝑝  = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 𝑝𝑒𝑟𝑖𝑜𝑑   

𝑁𝑝 =
1

𝐶
∫

1

∆𝐾𝑚
𝑑𝑎

𝑎𝑓

𝑎𝑖

 [XXXII] 

   

∆𝑁𝑝 =
1

𝐶
∙
1

∆𝐾𝑚
∙ ∆𝑎 [XXXIII] 

   

𝑁𝑝 =∑∆𝑁𝑝 [XXXIV] 

 

In Figure 68 the propagation life as a function of 𝛽 is shown, where the propagation life is 

divided by the propagation life for 𝛽 equal to 1,0. This is done according to the BS 7910 [9], 

where m = 3,00 [-] and C = 5,21∙ 10−3 mm/cycle (shown in Table 1). The values 𝑎𝑖 and 𝑎𝑓 are 

respectively 2 and 75 mm.  

 

From the results in Figure 68 it can be concluded that 𝛽 has a significant influence on the 

crack propagation life. The propagation life for a rivet with 2,5% clearance is almost equal to 

the propagation life of a hole filling rivet, the values 𝑁𝑝,𝛽=1 are within 5% of each other. In 

addition, it should be noted that ratio between the propagation life’s is highly dependent on 

the selected value of m. When using m for puddle iron, which is 4,8 (shown in Table 1), the 

ratio increases from almost 6 to 18 for a bearing ratio of 0,3.  
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Figure 68: The number of cycles in the crack propagation life as a function of the bearing ratio divided by the 
number of cycles in the propagation life for a bearing ratio of 1, without the unloading effect 

 

Unloading effect 

In order to quantify the differences due to the effect of unloading presented in section 5.4, 

the Forman-Mettu approach is used instead of the Paris Law. This approach allows the user 

to account for the R ratio, the f function, the threshold value and the critical SIF value. The 

Forman-Mettu relation is given by equation [XXXV] [28]. When only the R ratio and the f 

function are taken into account the equation can be simplified to equation [XXXVI], where C 

and m are material constants. In this formula there are two additional parameters, first the 

R ratio which is 𝐾𝑚𝑖𝑛/𝐾𝑚𝑎𝑥, second the f function. The f function is defined as the crack 

opening function, i.e. the ratio of crack opening stress versus maximum applied stress [29]. 

This function is used to take into account the influence of crack closure mechanisms. The f 

function depends on two variables, namely 
𝜎𝑚𝑎𝑥

𝑓0
 which is the ratio between the maximum 

applied stress and the flow strength and the plane stress/strain constrain factor 𝛼. The value 

of 𝛼 ranges from 1, corresponding to a plane stress condition, to 3, which corresponds to a 

plane strain condition. 

 

𝑑𝑎

𝑑𝑁
 = 𝐶 [(

1 − 𝑓

1 − 𝑅
)Δ𝐾]

𝑚

∙
(1 −

Δ𝐾𝑡ℎ
Δ𝐾 )

𝑝

(1 −
Δ𝐾𝑚𝑎𝑥
K𝑐

)
𝑞 [XXXV] 

   

𝑑𝑎

𝑑𝑁
 = 𝐶 [(

1 − 𝑓

1 − 𝑅
)Δ𝐾]

𝑚

 [XXXVI] 

   

𝑓 = {
max (𝑅; 𝐴0 + 𝐴1𝑅 + 𝐴2𝑅

2 + 𝐴3𝑅
3)

𝐴0 + 𝐴1𝑅
 for 

𝑅 ≥ 0 
−2 ≤ 𝑅 < 0

 [XXXVII] 

   

𝐴0 = (0,825 − 0,34𝛼 + 0,05𝛼²) ∙ [cos (
𝜋

2
∙
𝜎𝑚𝑎𝑥
𝑓0

)]
1/𝛼

 [XXXVIII] 
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𝐴1 = (0,415 − 0,71𝛼) ∙
𝜎𝑚𝑎𝑥
𝑓0

 [XXXIX] 

𝐴2 = 1 − 𝐴0 − 𝐴1 − 𝐴3 [XL] 

𝐴3 = 2𝐴0 + 𝐴1 − 1 [XLI] 

   

∆𝑁𝑝 
=

1

𝐶 [(
1 − 𝑓
1 − 𝑅

)Δ𝐾]
𝑚 ∙ ∆𝑎 

[XLII] 

 

In this calculation, the same parameters are used as in the Paris Law, in addition 𝛼 is taken 

equal to 2,0 and 𝑓0 as 
235+360

2
= 297,5 𝑁/𝑚𝑚2. The value of 𝜎𝑚𝑎𝑥 is taken equal as Δ𝜎 since 

the considered loading is a zero pulsating load. In Figure 69 the unloading effect is quantified 

in terms of crack propagation life 𝑁𝑖, divided by the crack propagation life corresponding to 

a 𝛽 value of 1,0 (𝑁𝑝,𝛽=1) as a function of 𝛽. It can be seen that the fatigue life is again highly 

depending on the bearing ratio. The applied 𝜎𝑚𝑎𝑥 or Δ𝜎 (far field) has a minor influence on 

the result for this analysis. In addition, it should be noted that these results are only valid for 

a CA loaded connection since variable loadings influence the residual 𝐾𝐼 and thus the R ratio. 

From the results it can be concluded that unloading has a significant influence on the 

propagation life. 

 

 
Figure 69: The number of cycles in the crack propagation life as a function of the bearing ratio divided by the 
number of cycles in the propagation life for a bearing ratio of 1, with the unloading effect 

 

Comparing propagation life with total life 

The total fatigue life of a structure can be determined according to Eurocode 3, part 1-9 [2]. 

A double cover riveted butt joint has a detail category of 90. The values of Δ𝜎 used in the 

calculation for the propagation life shown in Figure 69 are 50 𝑁/𝑚𝑚² and 100 𝑁/𝑚𝑚². The 

required stress range is Δ𝜎𝑛, which is the stress range at the net section of the joint.   

 

Δσ𝑛 =
∆𝜎∙2𝑊

2𝑊−𝑑
   =

∆𝜎∙2∙125

2∙125−25
  = 1,11∆𝜎 [𝑁/𝑚𝑚²] 
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Meaning that Δσ𝑛 is 111,11 𝑁/𝑚𝑚² and 55,55 𝑁/𝑚𝑚².   

𝑁 = {
(
∆𝜎𝑑

Δ𝜎𝑛
)
3
∙ 5 ∙ 106                  𝑖𝑓 Δ𝜎𝑛 ≥ ∆𝜎𝐷

(
∆𝜎𝑑

Δ𝜎𝑛
)
5
∙ 5 ∙ 106       𝑖𝑓Δσ𝐿 < Δ𝜎𝑛 < ∆𝜎𝐷

 The CAFL is not taken into account 

 

Δ𝜎𝐷 = (
2∙106

5∙106
)
1/3

∙ Δ𝜎𝐶  = (
2∙106

5∙106
)
1/3

∙ 90 = 66,3  [𝑁/𝑚𝑚²] 

Δ𝜎𝐿 = (
5∙106

100∙106
)
1/5

∙ Δ𝜎𝐷  = (
5∙106

100∙106
)
1/5

∙ 66,3 = 36,4  [𝑁/𝑚𝑚²] 

 

𝑁1  = (
66,3

111,11
)
3
∙ 5 ∙ 106      = 1,06 ∙ 106 [𝑐𝑦𝑐𝑙𝑖] 

𝑁2  = (
66,3

55,55
)
5
∙ 5 ∙ 106      = 12,1 ∙ 106 [𝑐𝑦𝑐𝑙𝑖] 

 

The number of stress cycles in the propagation period, presented in Table 7,  are calculated 

with the Mettu-Forman approach. The parameters used are: 

 

𝛼 = 2  [−]   𝑎𝑖  = 2  [𝑚𝑚] 

𝐶 = 5,21 ∙ 10−13 [𝑚𝑚/𝑐𝑦𝑐𝑙𝑒]  𝑎𝑓 = 75  [𝑚𝑚] 

𝑚 = 3,0  [−]   𝜎𝑓 = 297,5 [𝑁/𝑚𝑚²] 

 

Based on the results presented in Table 7, it can be concluded that the propagation period 

is minimum 3% of the total fatigue life. It increases up to a value of 97% of the total fatigue 

life for a bearing ratio of 0,3 including the unloading effect. It should be noted that this high 

percentage is not a realistic value, because when 𝛽 decreases, the propagation life increase 

but also the total life will increase. Since in the Eurocode the 𝛽 value cannot be taken into 

account to determine the total life, the percentage number only gives an indication about 

the time spend in the propagation period. 

 
Table 7: Comparing propagation life with total life 

𝜷 

[-] 

Unloading 𝚫𝝈 

[𝑵/𝒎𝒎²] 

Np 

𝟏𝟎𝟓[𝒄𝒚𝒄𝒍𝒊] 

Np/N 

[%] 

Unloading 𝚫𝝈 

[𝑵/𝒎𝒎²] 

Np 

𝟏𝟎𝟓[𝒄𝒚𝒄𝒍𝒊] 

Np/N 

[%] 

1,0 No 50 4,04 3,3 Yes 50 4,04 3,3 

0,7 No 50 4,78 3,9 Yes 50 5,54 4,6 

0,5 No 50 9,07 7,5 Yes 50 17,15 14,2 

0,3 No 50 23,42 19,3 Yes 50 84,63 69,9 

1,0 No 100 0,47 4,4 Yes 100 0,47 4,4 

0,7 No 100 0,55 5,2 Yes 100 0,66 6,2 

0,5 No 100 1,04 9,8 Yes 100 2,07 19,5 

0,3 No 100 2,70 25,4 Yes 100 10,36 97,5 
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7 Conclusions 

Based on the results presented in chapters 4 to 6, several conclusions can be drawn. 

 

For the uncracked connection, when the rivet exhibits no clamping force, all the forces are 

transferred by bearing (pin loading). However, when a frictional behaviour is modelled, part 

of the load is transferred by the contact between the shank of the rivet and the internal 

surface of the hole in the plate. This determines a higher SCF in comparison to a frictionless 

contact. When considering a clearance of 1% between the rivet shank and the main plate, 

the SCF increases. The position of the maximum principle stress shifts towards the contact 

point and at the net section the SCF reduces compared to a hole filling rivet. Another finding 

is the prying effect where bending of the rivet determines a tensile force in the rivet causing 

frictional resistance. Since this friction is only transferred locally, it does not reduce the SCF. 

When clamping is absent, the connection returns to its initial state after complete removal 

of external loads. 

 

When an initial clamping force in the rivet and a friction coefficient between the contacts is 

present, the connection has a frictional resistance. Due to this, the load is transferred by a 

combination of bearing and friction between the plates. The SCF is highly depending on the 

bearing ratio 𝛽, defined as the ratio between the force transferred by bearing and the total 

applied load. When loading past the friction resistance, slip occurs and the connection does 

not return to its initial state after complete removal of external loads. Depending on the 

applied load, this reduces the stress range at the notch and increases the mean stress. 

 

For the cracked connection, when an initial clamping force is absent, the SIF is found to be  

independent on the rivet grip length. The friction coefficient between the rivet shank and 

the main plate only has an influence on the SIF for hole filling rivets, where the friction 

coefficient increases the SIF for small cracks. For a rivet with a  2,5% clearance, the friction 

coefficient between the rivet shank and the main plate does not influence the results. 

Interference has a positive effect on the SIF range but is not likely to occur for hot formed 

rivets. In addition, when a clamping force is absent, the connection returns to its initial state 

after complete removal of external loads. 

 

For the case with clamping force, the SIF is found to be depending on the bearing ratio 𝛽. 

The lower the value of 𝛽, the lower the ratio 𝐾𝐼/𝜎 and thus the longer the propagation life. 

The propagation life is extended parabolic when decreasing the bearing ratio. It is extended 

by a factor of 5,8 when reducing the bearing ratio from 1,0 to 0,30. It is expected when using 

a higher ratio than 0,10 for r/W, this factor decreases, since the ratio between the SIF for 

bearing and bypass loading decreases with increase of r/W. In addition, the results presented 

by Cartwright [6] can be used to estimate the SIF by an interaction between bearing and 

friction loading. In particular, a method to weigh the SIF solutions proposed by Cartwright is 

presented in section 5.3. 
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For certain bearing conditions (𝛽) after complete unloading, the SIF does not return to zero. 

This reduces the SIF range, however it increases the R ratio defined as the ratio between the 

SIF at the minimum and maximum load. This effect is quantified in terms of remaining fatigue 

life with the Forman-Mettu relation. The propagation life increases up to a factor of 5,8 

without this effect, and increases up to 22 times with this effect. It should be noted that this 

factor only valid for constant amplitude loading. 

 

The mentioned ratios of increase of fatigue propagation life are very high. As already 

mentioned, these numbers will decrease when r/W increase. In addition, when considering 

multiple rivet rows in a connection, the effect of the bearing ratio on the SIF will also 

decrease. This will result in a relative high amount of bypass loading and a low amount of 

bearing load at the critical rivet hole. Since only a low amount of load is transferred by 

bearing, the increase on propagation life when taking into account clamping and friction will 

be limited.  
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8 Recommendations 

The following recommendations are given 

 

• More experiments should be executed to determine the clamping force in the rivet, 

the standard deviation and the influence of the grip length. In addition, the effect of 

time should be included to get a good overview; 

• The behaviour of the Stress Intensity Factor for a cracked connection with multiple 

rivets and multiple rivet rows should be investigated. For the case with multiple 

rivets, there is interaction in the force distribution. When the crack length increases, 

the rivet at the cracked hole is (probably) partly relieved, resulting in a lower Stress 

Intensity Factor. For the case with multiple rivets, there is interaction between pin 

loading, friction and bypass loading. The effect of bypass loading can be taken into 

account, which is a more realistic; 

• The numerical model does not take into account yielding. When yielding is taken 

into account a more realistic overview can be obtained; 

• Investigate if there is an interaction between a single crack and a symmetric crack 

for a finite width connection, there are interaction formula’s for infinite plates; 

• Take into account interaction of multiple cracks; 

• Investigate on the SIF solutions for semi-elliptical surface cracks and corner cracks 

emanating from the rivet hole. 
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𝑆𝑦𝑚𝑏𝑜𝑙 𝑢𝑛𝑖𝑡  𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛       

 

𝑁𝑓   [𝑐𝑦𝑐𝑙𝑒𝑠] 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑙𝑒𝑠 𝑡𝑖𝑙𝑙 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 

𝑁𝑖   [𝑐𝑦𝑐𝑙𝑒𝑠] 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑙𝑒𝑠 𝑠𝑝𝑒𝑛𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑡𝑖𝑜𝑛 𝑝𝑒𝑟𝑖𝑜𝑑 

𝑁𝑝  [𝑐𝑦𝑐𝑙𝑒𝑠] 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑙𝑒𝑠 𝑠𝑝𝑒𝑛𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 𝑝𝑒𝑟𝑖𝑜𝑑 

𝑃  [𝑁]  𝑝𝑜𝑖𝑛𝑡 𝑙𝑜𝑎𝑑 

𝑟  [𝑚𝑚]  𝑟𝑎𝑑𝑖𝑢𝑠 𝑤𝑖𝑡ℎ 𝑜𝑟𝑖𝑔𝑖𝑛 𝑎𝑡 𝑐𝑟𝑎𝑐𝑘 𝑡𝑖𝑝 

𝑟  [𝑚𝑚]  ℎ𝑜𝑙𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 

𝑅  [−]  𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑡𝑖𝑜 

𝑅  [𝑚𝑚]  ℎ𝑒𝑎𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 

𝑡  [𝑚𝑚]  𝑝𝑙𝑎𝑡𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 

2𝑊  [𝑚𝑚]  𝑝𝑙𝑎𝑡𝑒 𝑤𝑖𝑑𝑡ℎ 

𝛼  [°]  𝑎𝑛𝑔𝑙𝑒 

휀𝑙   [−]  𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙𝑙𝑦 𝑠𝑡𝑟𝑎𝑖𝑛 

∆𝐾  [𝑁/𝑚𝑚3/2] 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟 𝑟𝑎𝑛𝑔𝑒  

∆𝐾𝑡ℎ  [𝑁/𝑚𝑚3/2] 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟 𝑟𝑎𝑛𝑔𝑒   

∆𝜎  [𝑁/𝑚𝑚²] 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑛𝑔𝑒  

∆𝜎𝐶  [𝑁/𝑚𝑚²] 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑓𝑎𝑡𝑖𝑔𝑢𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑎𝑡 2 𝑚𝑖𝑙𝑙𝑖𝑜𝑛  

    𝑠𝑡𝑟𝑒𝑠𝑠 𝑐𝑦𝑐𝑙𝑒𝑠 

∆𝜎𝐷  [𝑁/𝑚𝑚²] 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑓𝑎𝑡𝑖𝑔𝑢𝑒 𝑙𝑖𝑚𝑖𝑡 𝑎𝑡 5 𝑚𝑖𝑙𝑙𝑙𝑖𝑜𝑛 𝑠𝑡𝑟𝑒𝑠𝑠 

    𝑐𝑦𝑐𝑙𝑒𝑠 

∆𝜎𝐿  [𝑁/𝑚𝑚²] 𝑐𝑢𝑡𝑡𝑜𝑓𝑓 𝑙𝑖𝑚𝑖𝑡 𝑎𝑡 100 𝑚𝑖𝑙𝑙𝑖𝑜𝑛 𝑠𝑡𝑟𝑒𝑠𝑠 𝑐𝑦𝑐𝑙𝑒𝑠 

𝜃  [𝑟𝑎𝑑]  𝑎𝑛𝑔𝑙𝑒 

𝜇  [−]  𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 

𝜎𝑚𝑎𝑥  [𝑁/𝑚𝑚²] 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠    

𝜎𝑚𝑖𝑛  [𝑁/𝑚𝑚²] 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠    

𝜎𝑚𝑒𝑎𝑛 [𝑁/𝑚𝑚²] 𝑚𝑒𝑎𝑛 𝑠𝑡𝑟𝑒𝑠𝑠   

𝜎𝑛𝑜𝑚  [𝑁/𝑚𝑚²] 𝑛𝑜𝑚𝑖𝑛𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠   

𝜎𝑝𝑒𝑎𝑘  [𝑁/𝑚𝑚²] 𝑝𝑒𝑎𝑘 𝑠𝑡𝑟𝑒𝑠𝑠   

𝜎𝑢  [𝑁/𝑚𝑚²] 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 

𝜎𝑥  [𝑁/𝑚𝑚²] 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑥-𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

𝜎𝑦  [𝑁/𝑚𝑚²] 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑦-𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛   

𝜎𝑦  [𝑁/𝑚𝑚²] 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ  

𝜏𝑥𝑦  [𝑁/𝑚𝑚²] 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑥-𝑦 𝑝𝑙𝑎𝑛𝑒  

Π  [𝑁/𝑚𝑚²] 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦  
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1 Introduction 

This literature review, gives an overview of different subjects related to fatigue and (cracked) 

riveted joints.  

 

Chapter 2 deals with fatigue in general. The main variables with respect to fatigue are 

discussed, which are the stress range, the stress ratio and the environment. The method 

prescribed in the Eurocode [1] to assess the fatigue life of a structure is explained. This 

method makes use of a cumulative damage model based on S/N curves. The effect of a 

notch, which gives a stress concentration, on the fatigue life is also discussed in this chapter. 

In chapter 3 the principle of the stress concentration factor is explained. In addition, 

solutions are provided for different loading types in a riveted connection.  

 

Chapter 4 is about fracture mechanics. In this chapter the principle of the Stress Intensity 

Factor is explained. The relation between the crack growth rate and the Stress Intensity 

Factor range is given, which can be used to determine the remaining fatigue life of a 

structure. In addition the state of the art with respect to the Stress Intensity Factor is given. 

The state of the art, contains SIF solutions for cracks emanating from holes in finite and 

infinite plates. 

 

In chapter 5 information is given about riveted joints. This information contains the riveting 

process, rivet defects and variables to fatigue. In chapter 6 the material and joint properties 

of old steel bridges are provided and discussed. This contains information about material 

properties of plates, friction coefficients, clamping forces in rivets and dimensions of riveted 

main girders.   

 

Chapter 7 provides information about finite element modelling. In this chapter element 

types and contacts are discussed. Also the possibilities on how to model a clamping force 

and how to evaluate the Stress Intensity Factor are discussed.  
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2 Fatigue 

2.1 Introduction 

Structural failures due to repeated loading were already observed in the middle of the 19th 

century. It was remarkable that these failures occurred far beneath the static resistance of 

those components. The dangerous aspect about these failures was that it did not show any 

obvious warning, which made it very complicated. This phenomenon was called metal 

fatigue, which was caused by cyclic or repeated loading [2]. In reference [3] metal fatigue is 

defined as: ‘’the initiation and growth/propagation of cracks due to fluctuating (repetitive) 

loads’’.  

 

The lifetime of a structure before it fails due to fatigue is called fatigue life. The fatigue life 

can be divided in two periods, the crack initiation period and the crack growth period. In the 

crack initiation period, the crack initiates and has the size of a microcrack. In the second 

period, this microcrack grows towards a macrocrack which eventually leads to failure.  

 

Fatigue is affected by different variables in the initiation and the propagation period. The 

main variables which influence both periods are the stress range, the stress ratio R and the 

environment. Fatigue is a surface phenomenon in the initiation period, meaning that surface 

effects influence the fatigue initiating process. These surface effects can be divided into 

surface roughness, surface damage and surface treatments. Also, the initiation period is 

highly dependent on stress concentrations. The crack growth period is not affected by 

surface conditions, fatigue is then a bulk material phenomenon [4]. 

 

Stress range 

The fatigue life of a structure is highly dependent on the stress range the structure is 

subjected to. In Figure 1 the variables that describe fatigue loading are shown. 

 

 
Figure 1: Fatigue loading [2] 

𝜎𝑚𝑎𝑥  = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠    

𝜎𝑚𝑖𝑛  = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑠𝑡𝑟𝑒𝑠𝑠    
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∆𝜎  = 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑛𝑔𝑒   = 𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛 

𝜎𝑚𝑒𝑎𝑛 = 𝑚𝑒𝑎𝑛 𝑠𝑡𝑟𝑒𝑠𝑠   =
1

2
(𝜎𝑚𝑎𝑥 + 𝜎𝑚𝑖𝑛) 

𝑅  = 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑡𝑖𝑜   =
𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
 

 

Effect of R-value 

A structural detail can be subjected, under constant amplitude (CA) loading, to stress ranges 

at different R values (see Figure 2.). This can affect the fatigue life significantly. 

 

 
Figure 2: Different values for R [5] 

From the Figure above it can be concluded that if the stresses have an equal value in tension 

and compression, the 𝑅 value is -1. When all the stresses are in tension the 𝑅 has a value 

between 0 and 1, and when all the stresses are in compression the 𝑅 has a value larger than 

1. So the mean stress increases when R increases from -1 to 1.  

 

On average, when two specimens are subjected to CA loading with the same stress range, 

the specimen subjected to a higher mean stress will fail first (𝑅 value closer to 1). This has a 

logical explanation due to the fact that a larger stress is present to open micro- or 

macrocracks [5]. This is not the case for welded connections, due to the fact that welds often 

has residual stresses up to the yield strength. These residual stresses have a dominating 

effect over the mean stress. 

 

Wöhler 

In 1860, a German railway engineer called Wöhler proposed a method by which failure of 

cyclic loaded structures could be avoided [2]. This method makes use of a Wöhler curve 

which is also called S-N curve. S-N curves are still used nowadays as the main method used 

in the Eurocode. 

 

  



  

7 
 

2.2 Fatigue assessment according to the Eurocode 

Method 

Eurocode 1993-1-9 (2012) [1] is the part of the Eurocode that deals with fatigue. According 

to this part of the Eurocode, the fatigue life of a structure can be assessed with either the 

damage tolerant method or the safe life method. 

 
Table 1: Partial factors according to Eurocode 1993-1-9 table 3.1 [1] 

 
 

When the damage tolerant method is chosen to assess the fatigue life of a structure, the 

partial factor a structural engineer is allowed to use is lower than according to the safe life 

method. To reach the same level of reliability, a set inspection and maintenance regime is 

implemented to detect and correct the fatigue damage during the design life of the 

structure. 

 

S/N curve 

The fatigue life of a structure according to the Eurocode should be calculated with the use 

of S/N curves. The S/N curves for normal stresses are given in the figure below. 

 
Figure 3: S/N curves for normal stresses [1] 

In this graph, multiple lines are plotted on double logarithmic scale. Each line defines a detail 

category. A detail category is a numerical qualification which refers to which fatigue strength 
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curve is applicable. For example, a detail which is sensitive to fatigue has a lower detail 

category than a detail which isn’t sensitive to fatigue. The number of a detail category refers 

to the fatigue strength at two million cycles. This fatigue strength is called ∆𝜎𝐶 and is 

indicated as 1 in Figure 3. The fatigue strength at five million cycles is called ∆𝜎𝐷 and is 

indicated with 2 in Figure 3. The ∆𝜎𝐷 is the transition point where the 𝑚 of the fatigue curve 

goes from 3 to 5. This point is also equal to the constant amplitude fatigue limit (CAFL). This 

means that when a structure is loaded under a CA loading all the stresses beneath this limit 

doesn’t influence the fatigue life. For variable amplitude (VA) loading with all stresses below 

∆𝜎𝐷, the CAFL is also applicable for VA. When a VA loading includes stresses above ∆𝜎𝐷 the 

cut-off may not be used anymore. The cut-off limit is indicated with 3 in Figure 3 and refers 

to the fatigue strength ∆𝜎𝐿 at 100 million cycles. 

 

When a structure which is prone to fatigue needs to be designed, the structural engineer 

makes a design based on the Eurocode. In such a design the fatigue life is estimated by using 

S/N curves. This method can also be used to examine the fatigue life of an existing structure. 

By using the Palmgren Miner rule all stress cycles can be summed up and the fatigue life can 

be determined. The difficulty of assessing the fatigue life of an existing structure with S/N 

curves is the loading history. This loading history is often not known, so it is estimated on 

the safe side. Meaning that the result of the calculation becomes conservative.  

 

Effect of R-value 

In the Eurocode the mean stress effect for non-welded details is implemented in the S/N 

curves. Also the stress range ∆𝜎 may be reduced when compression stresses occur, which is 

the case for 𝑅 < 0 and 𝑅 > 1. The compression stresses only count for 60% while 

determining the stress range. 

 

Stress determination 

The Eurocode allows two kinds of calculations to determine the stress range. First via the 

use of nominal stresses and second via the use of hot spot stresses. The methods have 

different detail categories for the same construction detail. When hot spot stresses are used, 

a higher detail category may be used. This is due to the fact that with the determination of 

the hot spot stress the geometrical discontinuities are taken into account. This isn’t the case 

for the nominal stresses, meaning that this effect is implemented in the curves resulting in a 

lower resistance. 

 

Fatigue life 

When a structure is subjected to constant amplitude (CA) loading, the fatigue damage 𝐷 can 

be calculated according to formula [I]. With 𝑛 being the amount of cycles the structure is 

loaded and 𝑁 being the resistance conform the S/N curve. Formula [II] is applicable if the 

structure is subjected to variable amplitude (VA) loading. Formula [II] is called the Palmgren 

Miner rule.  
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𝐷 =
𝑛

𝑁
≤ 1,0 [I] 

 

𝐷 =
𝑛1

𝑁1
+

𝑛2

𝑁2
+

𝑛3

𝑁3
+. . ≤ 1,0 [II] 

 

2.3 Notches 

In a static calculation, the influence of a notch on the capacity of the part is limited. E.g. when 

a plate with a hole is loaded in tension, the gross cross section must be checked for yielding 

and the net section for breaking. This means that it even can be the case that there is no 

static strength reduction due to the notch. On the other hand in terms of fatigue, notches 

are always detrimental due to the fact that stress concentrations arise. Due to these stress 

concentrations, there are stresses at the notch that are far above the nominal stress. Since 

the stress range is one of the most influencing parameters for fatigue, stress concentrations 

(and thus notches) need to be avoided as much as possible.  

 

The total fatigue life in number of stress cycles 𝑁𝑓  is equal to the initiation life 𝑁𝑖  plus the 

propagation life 𝑁𝑝. A rule of thumb for notched and unnotched specimens is given below. 

 

𝑁𝑓   = 𝑁𝑖 + 𝑁𝑝 with 𝑁𝑖 ≈ 0,1𝑁𝑓 and 𝑁𝑝 ≈ 0,9𝑁𝑓 for notched specimen 

𝑁𝑓   = 𝑁𝑖 + 𝑁𝑝 with 𝑁𝑖 ≈ 0,9𝑁𝑓 and 𝑁𝑝 ≈ 0,1𝑁𝑓 for unnotched specimen 

 

2.4 Low and high-cycle fatigue 

When a structural component fails due to fatigue, it is called low-cycle fatigue if a failure 

occurs between 1 and 104 cycles and high-cycle fatigue when the number of cycles is more 

than 105. There is no clear boundary between low and high-cycle fatigue. When a component 

is subjected to low-cycle fatigue the stresses are rather high. This result in macro plastic 

deformation every cycle. With high-cycle fatigue the stresses are rather low, so high-cycle 

fatigue is related to elastic behaviour on a macro scale. Since riveted bridge structures are 

normally subjected to high-cycle fatigue, low-cycle fatigue will not be considered [4]. 

 

2.5 Corrosion fatigue 

Fatigue in a corrosive environment is defined as corrosion fatigue. The fatigue life of a 

structure in an aggressive environment can be reduced significantly when it is not well 

protected against corrosion. For various reasons e.g. safety, economic and cosmetic,  

corrosion is an undesirable phenomenon. Steel railway bridges in the Netherland are 

protected from corrosion by conservation of the steel elements. This protection, 

unfortunately, does not ensure good fatigue properties.  
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As mentioned in the previous paragraph fretting affects the crack initiation period. Corrosion 

fatigue affects both the initiation and propagation period. The effect of corrosion on the 

initiation period is caused by the surface damage. The propagation period is accelerated 

caused by interaction between a corrosive mechanism, cyclic slip (at the crack tip) and 

decohesion [4]. 

 

Endo and Miyao [6] carried out rotating bending tests of unnotched mild steel specimens to 

indicate the influence of different environments. They have tested their specimens in air, 

tap water and salt water and at load frequencies of 4, 12 and 42 Hz. Different load 

frequencies are regarded since corrosion is time-dependent. The results in the form of S/N 

curves are shown in Figure 4. From this Figure, it can be concluded that the influence of 

different environments (corrosion fatigue) on the fatigue properties are huge.  

 

 
Figure 4: Effect of environment and load frequency on the S-N curve of unnotched mild steel specimens [6] 
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3 Stress concentration factor 

3.1 Introduction 

A stress concentration is a location where the stress is concentrated. These stress 

concentrations occur at geometrical discontinuities e.g. notches and welds. The theoretical 

stress concentration factor (SCF) 𝐾𝑡 is defined as the ratio between the theoretical elastic 

peak stress and the nominal stress (see equation [III]). The nominal stress for the situation 

in Figure 5 can be calculated with equation [IV]. The value of 𝐾𝑡 mainly depends on the root 

radius the notch.  

 

 

𝐾𝑡 =
𝜎𝑝𝑒𝑎𝑘

𝜎𝑛𝑜𝑚
  

[III] 

    

𝜎𝑛𝑜𝑚 =
𝐻

𝐻 − 𝑑
𝜎 

 
[IV] 

    

𝐾𝑡𝑔 =
𝜎𝑝𝑒𝑎𝑘

𝜎
  

[V] 

    

𝐾𝑡𝑔 =
𝐻

𝐻 − 𝑑
𝐾𝑡 

 [VI] 
 

 

Figure 5: Plate with a stress concentration due to the central hole 

The plate in Figure 5 is loaded homogeneously in tension at the ends. A stress concentration 

occurs by the hole at the minimum section of the plate. The peak stress is dangerous for 

fatigue since high stresses arise at a relatively low loading. The ratio between the peak stress 

and the far field stress 𝜎 is called 𝐾𝑡𝑔. The value of 𝐾𝑡𝑔 is higher than 𝐾𝑡 due to the fact that 

the nominal stress is higher than the far field stress [4]. 

 

As shown in Figure 6, the value of the stress peak 𝜎𝑝𝑒𝑎𝑘 depends on the ratio between the 

width of the hole named a and the height of the hole b. What should be noted is that the 

nominal stress in all cases is equal. The higher the ratio a/b is, the higher the SCF becomes.  

 



  

12 
 

  
Figure 6: Effect of the shape of the hole on 𝑲𝒕, infinitely large plate under tension [4]. 

3.2 Analytical formulations 

Stress concentration factors at rivet holes occurs due to bypass load (shown in Figure 5) and 

due to pin loading (shown in Figure 7). In the book Peterson’s stress concentration factors 

[7] there are analytical formulations for both solutions. 

 

 
Figure 7: Pin loaded hole 

In equation [VII] the analytical solution for the SCF of a bypass load at an unfilled hole 

according to the book of Peterson chart 4.1 [7] is given.  

𝐾𝑡𝑔,𝑏𝑦𝑝𝑎𝑠𝑠 =
2

(1 −
𝑑
𝐻)

+ 0,284 − 0,600 (1 −
𝑑

𝐻
) + 1,32 (1 −

𝑑

𝐻
)

2

 [VII] 

 

In equation [VIII] and [IX] the SCF due to pin loading for a closely fitting pin according to the 

book of Peterson chart 4.67 [7] is given. The equations are analytical for d/H 0,2 to 0,5 and 

experimental for d/H values between 0,5 and 0,75. 

 

𝐾𝑡,𝑝𝑖𝑛 = 12,882 − 52,714 (
𝑑

𝐻
) + 89,762 (

𝑑

𝐻
)

2

− 51,667 (
𝑑

𝐻
)

3

 [VIII] 
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𝐾𝑡𝑏,𝑝𝑖𝑛 = 0,2880 + 8,820 (
𝑑

𝐻
) − 23,196 (

𝑑

𝐻
)

2

+ 29,167 (
𝑑

𝐻
)

3

 [IX] 

 

These equations only hold when: 0,15 ≤ 𝑑/𝐻 ≤ 0,75  ;  𝑐/𝐻 ≥ 1,0 

 

With 𝐾𝑡,𝑝𝑖𝑛 being the ratio between the peak stress and the nominal stress. 𝐾𝑡𝑏,𝑝𝑖𝑛 is the 

ratio between the peak stress and the average bearing stress 𝜎𝑡𝑛𝑏. In order to compare both 

SCF’s with the SCF due to bypass loading, they must be adapted to 𝐾𝑡𝑔𝐼,𝑝𝑖𝑛 and 𝐾𝑡𝑔𝐼𝐼,𝑝𝑖𝑛. 

 

𝜎  = 𝑓𝑎𝑟 𝑓𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑠𝑠 

 

𝜎  =
𝑃

𝐻𝑡
 

 

𝐾𝑡𝑔𝐼,𝑝𝑖𝑛 = 𝐾𝑡,𝑝𝑖𝑛 ∙
𝜎

𝜎𝑡𝑛𝑑
  = 𝐾𝑡,𝑝𝑖𝑛 ∙

𝐻

𝐻−𝑑
 

 

𝐾𝑡𝑔𝐼,𝑝𝑖𝑛 = [12,882 − 52,714 (
𝑑

𝐻
) + 89,762 (

𝑑

𝐻
)

2

− 51,667 (
𝑑

𝐻
)

3

] ∙
𝐻

𝐻 − 𝑑
 [X] 

 

𝜎𝑡𝑏  =
𝑃

𝑑𝑡
 

 

𝐾𝑡𝑔𝐼𝐼,𝑝𝑖𝑛 = 𝐾𝑡𝑏,𝑝𝑖𝑛 ∙
𝜎

𝜎𝑡𝑛𝑏
  = 𝐾𝑡𝑏,𝑝𝑖𝑛 ∙

𝐻

𝑑
 

 

𝐾𝑡𝑔𝐼𝐼,𝑝𝑖𝑛 = [0,2880 + 8,820 (
𝑑

𝐻
) − 23,196 (

𝑑

𝐻
)

2

+ 29,167 (
𝑑

𝐻
)

3

] ∙
𝐻

𝑑
 [XI] 

 

The 𝐾𝑡𝑔 values for pin loading should be equal to each other but this isn’t the case. There is 

a difference up to 3,5% for values of d/H equal 0,4. The difference between the 𝐾𝑡𝑔 values 

of a bypass load and pin loading can be seen in Figure 8. 
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Figure 8: Stress concentration factor due to bypass load and due to pin loading 

What must be noted is that the SCF for a bypass load increases when the ratio d/H increases. 

This isn’t the case for a pin loaded hole, the minimum stress concentration at the edge of 

the hole due to a pin loading arises when d/H has a ratio of 0,42. This only applies for a 

closely fitted pin. 

 

The SCF of bypass loading defined by equation [XII], only applies for an unfilled hole. When 

this hole is filled by e.g. a rivet, the SCF decreases. This is visualized in Figure 9 and can be 

explained due to lateral contraction constraint W. D. Pilkey, D.F. Pilkey, ‘’Peterson’s stress 

concentration factor,’’ third edition, 2008.  

[8]. 

 

 
Figure 9: Infinitely large plate with a stress concentration with an unfilled hole (left) and a filled hole (right) 
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4 Fracture mechanics 

4.1 Introduction 

Crack like defects might be introduced during manufacturing of a steel structure. Also, they 

can occur due to fatigue. Hence, the fatigue life of fatigue loaded structures or detail 

depends on the fatigue crack growth. Therefore study of cracks and crack growth are of 

significant importance. Fracture mechanics assessments are used to determine if a structure 

under certain conditions will develop fatigue cracks that can cause failure. Fracture 

mechanics can be used as a powerful tool to determine the safety of a structure with respect 

to fatigue crack propagation. 

 

4.2 Stress Intensity Factor 

Loading modes 

In fracture mechanics, there are three possible modes to open a crack. First the opening 

mode, second the sliding mode and third the tearing mode (Figure 10). For all these modes 

a Stress Intensity Factor could be determined. A SIF is in the form of 𝐾𝑖 with 𝑖 = I, II or III. 

Where 𝑖 refers to displacement mode I, II or III. Mode I loading is the most dangerous crack 

loading since materials fracture at the lowest load. Also for fatigue this mode leads to the 

highest crack growth rates, for this reason it is the only mode that will be considered. 

 

 
Figure 10: The three crack surface displacement modes [2] 

The concept of the Stress Intensity Factor 

In a linear elastic material, the stress at the crack tip (Figure 11) tends to be infinite. This is 

due to the fact that the crack tip has a zero radius, resulting in a stress concentration factor 

𝐾𝑡 that is infinite, i.e. the stress at the crack tip is already infinite as the external stress is 

very small. 
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Figure 11: Biaxially loaded infinitely large plate containing a crack [2] 

In order to determine the stress state near a crack tip, Irwin developed the stress intensity 

approach in the 1950s [2]. With the stress intensity approach, the stress near the crack tip 

can be determined by means of the Stress Intensity Factor 𝐾. The general form of the Stress 

Intensity Factor is given by equation [XII]. 

 

𝐾𝐼 = 𝜎√𝜋𝑎 ∙ 𝑓(𝑎/𝑊) [XII] 

 

With 𝑓(𝑎/𝑊) being a dimensionless parameter depending on the geometry of the specimen 

and the crack. 𝑓(𝑎/𝑊) is equal to 1 for an infinite plate with a central crack with a crack 

length of 2a (Figure 11). The most commonly used units for the stress 𝜎 are 𝑁/𝑚𝑚² (𝑀𝑃𝑎). 

The 𝑎 will be in either meters 𝑚 or millimeters 𝑚𝑚. This result in a 𝐾𝐼 which has the unit 

𝑀𝑃𝑎√𝑚 or 𝑁𝑚𝑚−3/2. It should be noted that the difference in  𝐾𝐼 values as a result of the 

chosen units of 𝑎 equals a factor of √1000 ≈ 31,6. 

 

Stress state 

The stresses in the vicinity of the crack tip for the case considered in Figure 11, can be 

calculated with equations [XIII] to [XV]. These equations only hold when the considered 

radius is much smaller than half the crack length a, i.e. r << a. This is due to approximation 

in the derivation of these equations. 

 

𝜎𝑥 =
𝜎√𝜋𝑎

√2𝜋𝑟
∙ cos

𝜃

2
(1 − sin

𝜃

2
∙ sin

3𝜃

2
) [XIII] 

   

𝜎𝑦 =
𝜎√𝜋𝑎

√2𝜋𝑟
∙ cos

𝜃

2
(1 + sin

𝜃

2
∙ sin

3𝜃

2
) [XIV] 

   

𝜏𝑥𝑦 =
𝜎√𝜋𝑎

√2𝜋𝑟
∙ sin

𝜃

2
∙ cos

𝜃

2
∙ cos

3𝜃

2
 [XV] 

 



  

17 
 

It must be noted that when stress is examined at the crack tip (r = 0), the stress state tends 

to infinity with a 1/√𝑟 singularity [2]. 

 

The set of equations [XIII] to [XV] can be written as equation [XVI]. This equation applies for 

a crack loaded in mode I. 

 

𝜎𝑖,𝑗 =
𝐾𝐼

√2𝜋𝑟
∙ 𝑓𝑖,𝑗(𝜃) [XVI] 

 

Superposition 

Due to linear elasticity, multiple loads acting on a member can be considered separately. 

When loading 1 leads to stresses (𝜎𝑖,𝑗)
1

 and loading 2 leads to (𝜎𝑖,𝑗)
2

, these stresses can be 

summed to obtain 𝜎𝑖,𝑗. 

 

𝜎𝑖,𝑗 = (𝜎𝑖,𝑗)
1

+ (𝜎𝑖,𝑗)
2

 [XVII] 

   

𝐾𝐼

√2𝜋𝑟
∙ 𝑓𝑖,𝑗(𝜃) =

(𝐾𝐼)1

√2𝜋𝑟
∙ 𝑓𝑖,𝑗(𝜃) +

(𝐾𝐼)2

√2𝜋𝑟
∙ 𝑓𝑖,𝑗(𝜃) [XVIII] 

 

All terms can be divided by 
1

√2𝜋𝑟
∙ 𝑓𝑖,𝑗(𝜃) leading to the following equation: 

 

𝐾𝐼 
= (𝐾𝐼)1 + (𝐾𝐼)2 

 
[XIX] 

 
Figure 12: Example superposition 

In Figure 12 an example for superposition is given. The SIF of a crack at a pin loaded hole 

(𝐾𝐼)1 can be added to the SIF of a bypass loading (𝐾𝐼)2 to obtain the SIF of the combined 

load combination (𝐾𝐼)3. 

 

(𝐾𝐼)3  = (𝐾𝐼)1 + (𝐾𝐼)2 
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4.3 Fatigue crack growth under constant amplitude loading 

Fracture mechanics can be used to estimate fatigue crack growth. The most common fatigue 

crack growth relation is called Paris’s law (equation [IV]). The crack growth rate, defined as 

the crack growth per cycle (𝑑𝑎/𝑑𝑁), is related to the Stress Intensity Factor range ∆𝐾. This 

factor ∆𝐾 is the difference between 𝐾𝑚𝑎𝑥 and 𝐾𝑚𝑖𝑛. 

 

𝑑𝑎

𝑑𝑁
 = 𝐶∆𝐾𝑚 [XX] 

 

 

∆𝐾 = 𝐾𝑚𝑎𝑥 − 𝐾𝑚𝑖𝑛 [XXI] 

 

The parameters 𝐶 and 𝑚 are material constants. Equation [XX] can be integrated to estimate 

the fatigue life. The required number of cycles 𝑁, to grow from its initial length 𝑎𝑖  to a certain 

length 𝑎1 can be determined with equation [XXII]. This is applicable in the propagation 

period but also in the initiation period. When a new structure is designed, the initial crack 

length can be determined and the critical crack length calculated, with the critical crack 

length being the crack length at which the structure fails. This information is required to 

calculate the remaining number of cycles it take to grow the crack to its critical. A huge 

advantage of this method is that the loading history does not influence the result which 

increaes the applicability of this method. 

 

𝑁 = ∫
𝑑𝑎

𝐶∆𝐾𝑚

𝑎1

𝑎𝑖

 [XXII] 

 

 
Figure 13: fatigue crack growth rate behaviour in metals [9] 
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The fatigue crack growth rate relation is shown in Figure 13 and can be divided into three 

regions. In region I there is non-continuum behaviour and a threshold value of ∆𝐾 namely 

∆𝐾𝑡ℎ. Loading cracks below this threshold value don’t result in crack propagation. In region 

II there is continuum behaviour  and 𝑑𝑎
𝑑𝑛⁄  is a power function of ∆𝐾. This leads to a linear 

relation between 𝑙𝑜𝑔(𝑑𝑎
𝑑𝑛⁄ ) and log ∆𝐾. In region III the crack growth rate rises to an 

asymptote. At this asymptote the maximum Stress Intensity Factor 𝐾𝑚𝑎𝑥, in a fatigue stress 

cycles becomes equal to 𝐾𝑐 the critical Stress Intensity Factor [2]. Equation [XX] gives a linear 

relation on double logarithmic scale. This means that the equations only hold for crack 

propagation in region II. Forman proposed an equation named the ‘’improved’’ relation (this 

relation is given in equation [XXIII]). 

 

𝑑𝑎

𝑑𝑁
 =

𝐶∆𝐾𝑚

(1 − 𝑅)𝐾𝑐 − ∆𝐾
 [XXIII] 

 

Forman’s equation also describes region III. Equations [XXIV] and [XXV] describe the 

complete crack propagation curve. With 𝑛1, 𝑛2 and 𝑛3 being empirically adjusted exponents.  

 

𝑑𝑎

𝑑𝑁
 = 𝐶∆𝐾𝑚 {

1 − (
∆𝐾𝑡ℎ
∆𝐾 )

𝑛1

1 − (
𝐾𝑚𝑎𝑥

𝐾𝑐
)

𝑛2
}

𝑛3

 [XXIV] 

   

𝑑𝑎

𝑑𝑁
 = 𝐶(∆𝐾 − ∆𝐾𝑡ℎ)2 (1 +

∆𝐾

𝐾𝑐 − 𝐾𝑚𝑎𝑥
) [XXV] 

 

4.4 Fatigue crack growth under variable amplitude loading 

A specific detail can be subjected to CAFL, but the majority of fatigue loaded structures are 

loaded with a VA. With VA loading the value ∆𝐾 doesn’t increase gradually e.g. large and 

small cyclic stresses follow each other directly. A simple example of VA fatigue crack growth 

can be given for CA loading with an occasional peak load. Figure 14 shows a CA loaded case 

in curve A. A slightly higher fatigue life can be reached when the structure is occasionally 

loaded in a peak overload in tension followed by a peak load in compression (curve B). The 

highest fatigue life is reached when the overload only occurs in tension as happens in curve 

C. This can be explained as follows, the crack opens much more at a peak load compared to 

a normal loading, which results in a large plastic zone size. Initially the fatigue crack growth 

increases slightly because the tip is still open due to the overload. After a certain amount of 

cycles the crack tip grows into the large plastic zone with high residual compressive stresses. 

This results in a significant crack retardation. At the moment the crack tip grows behind the 

large plastic zone, the fatigue crack growth will increase to its original crack growth rate. In 

the case of curve B the compression overload reverses the tensile plastic deformation 

resulting in a reduction of retardation [2].  
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Figure 14: Crack growth curves under CAFL and CAFL with an occasional peak for a center cracked panel of Al 
alloy 2024-T3 [2] 

When the recurrence period of a peak load is reduced, the crack growth curve almost 

equals a regular curve (Figure 15). 

 

 
Figure 15: Effect of peak load recurrence period on the fatigue crack growth [2] 

The characteristic K Method 

One possible solution on how to calculate the fatigue crack growth rate is by use of the 

characteristic K Method. For this method, the VAFL needs to be grouped in certain stress 

blocks. For such a stress block ∆𝐾𝑟𝑚 can be calculated with equation [XXVI, defined as the 

root mean value of the SIF range.  

 

∆𝐾𝑟𝑚 = √
∑ ∆𝐾𝑖 ∙ 𝑛𝑖

∑ 𝑛𝑖

𝑚

 [XXVI] 

 

In this equation 𝑛𝑖 is the number of cycles belonging to a certain ∆𝐾𝑖 and  𝑚 is the 

exponent in the Paris law. 
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4.5 State of the art, Stress Intensity Factor 

The Stress Intensity Factor depends on the geometry, the crack size and the loading type. 

For this reason it is hard to make graphs that cover all SIF solutions. In paragraph 4.5.1 

multiple SIF solutions for cracks at holes in infinitely large plates are compared. 

4.5.1 Crack(s) emanating from a circular hole in an infinite plate in tension 

Different numerical results for the Stress Intensity Factor of a crack emanating from a circular 

hole in an infinitely large plate loaded in uniaxial tension are available. Solutions were 

published by Bowie [10] in 1956, by Newman [11] in 1971 and by Tweed and Rooke [12] in 

1973.  

 

 
Figure 16: Single crack at the edge of a hole (left), two symmetric cracks (right) 

Bowie [10] published SIF’s for both situations shown in Figure 16. Newman [11] treated the 

results for the case with two symmetric cracks and Tweed et al [12] for the single crack. All 

results are shown in Table 2, the results are given as the geometry correction factor F, 

defined as: 

 

𝐹 =
𝐾𝐼

√𝜋𝑎
 [XXVII] 

  

Tada, Paris and Irwin [13] in 2000 published relations to determine the SIF of both cases 

shown in Figure 16 based on Bowie’s numerical results. The relations are given in equations 

[XXVIII] and [XXIX] where 𝐹1 and 𝐹2 equals the geometry correction factor of respectively a 

single crack and two symmetric cracks. Both relations have a difference of 1% compared 

Bowie’s results. 

𝐹1 
= [1 + 0,2 (1 −

𝑎

𝑟 + 𝑎
) + 0,3 (1 −

𝑎

𝑎 + 𝑟
)

6

] ∙ 

[2,243 − 2,64 (
𝑎

𝑟 + 𝑎
) + 1,352 (

𝑎

𝑎 + 𝑟
)

2

− 2,48 (
𝑎

𝑎 + 𝑟
)

3

] 

[XXVIII] 

 

𝐹2 = 0,5 (3 −
𝑎

𝑟 + 𝑎
) ∙ [1 + 1,243 (1 −

𝑎

𝑎 + 𝑟
)

3

] [XXIX] 
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In order to easily compare and recalculate relations between 𝐹1 and 𝐹2 the factor 𝐹1/2 is 

proposed by Shah [14]. This factor is referred to as the Shah correction factor, and equals 

the relation between the 𝐾𝐼 solution of  a single crack and two symmetric cracks. The 

relation is defined as: 

 

𝐹1/2 = (
𝐾1 𝑐𝑟𝑎𝑐𝑘

𝐾2 𝑐𝑟𝑎𝑐𝑘𝑠
)

𝑠𝑎𝑚𝑒 𝑎/𝑟

 [XXX] 

   

𝐹1/2 = √
2 + 𝑎/𝑟

2 + 2𝑎/𝑟
 [XXXI] 

 

This relation is exact if a/r becomes very large. A large a/r value results in a  𝐹1/2 value 

equal to 
1

√2
. When a/r is large, the effective crack length can be calculated as follows: 

 

𝑎𝑒𝑓𝑓  = 𝑟 +
𝑎

2
  for 1 crack  𝐾1 𝑐𝑟𝑎𝑐𝑘 ≈ 𝜎√𝜋 (𝑟 +

𝑎

2
) 

𝑎𝑒𝑓𝑓  = 𝑟 + 𝑎 for 2 cracks  𝐾2 𝑐𝑟𝑎𝑐𝑘𝑠 ≈ 𝜎√𝜋(𝑟 + 𝑎) 

 

Shah’s correction factor is derived from the ratio between both 𝐾𝐼 solutions given above. 

The 𝐹1/2 function can be by dividing the solution for one crack by the solution of two cracks 

determined, for example between the SIF solutions obtained by Bowie and Tada et al. For 

the solutions found by Newman and Tweed et al, Schijve [15] made a data fitting for 𝐹1/2. 

Also he fitted the solution found by Newman defined by the function 𝐹2. 

 

𝐹1/2 = √
2 + 𝑎/𝑟

2 + 2𝑎/𝑟
∙ [1 +

0,2𝑎/𝑟

(1 + 𝑐/𝑟)3] [XXXII] 

 

Equation [XXXII] is still in accordance with the limit condition: 

 

lim
𝑎/𝑅→∞

𝐹1/2 =
1

√2
  

 

Equation [XXXIII] is obtained by data fitting has a difference smaller than 0,2% with the 

results from Newman. 

 

𝐹2 = 1 +
1

2(𝑎/𝑟)2 + 1,93(𝑎/𝑟) + 0,539
+

1

2(𝑎/𝑟 + 1)
 [XXXIII] 

 

When equation [XXXII] and [XXXIII] are combined, the equation for 𝐹1 is obtained. The 

difference between 𝐹1 and the results from Tweed et al are maximum 0,4%. 
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𝐹1 = 𝐹1/2 ∙ 𝐹2 [XXXIV] 

 

From Figure 17 and Figure 18 can be concluded that the results are in accordance with each 

other. The maximum difference is 2,5% between Tada et al and Schijve for the 𝐹1 function 

and 4,5% for the 𝐹2 function. 

 
Figure 17: Geometry correction factor for single crack  

 
Figure 18: Geometry correction factor for two symmetric cracks 
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From Figure 19 and Table 2 it can be concluded that the equations Schijve fitted are in 

accordance with the solutions found by Newman and Tweed et al. Also the results of Bowie 

are in accordance with Tada et al. This is due to the fact that Tada’s solution is based on the 

Bowie’s results. The highest difference between the results of Newman and Tweed et al. and 

Bowie is 8% at 𝑎/𝑟 = 1,5. According to Schijve [15] the results from Newman and Tweed et 

al are more accurate than the results from Bowie (and thus Tada), due to fact that it has a 

more systematic behaviour. 

 
Figure 19: Ratio between K factors for one and two edge cracks at a circular hole in an infinitely large plate. 
Comparison between data of different sources 

 
Table 2: Comparison between one and two edge cracks at a hole in an infinitely large plate 

 
(a) Interpolated value 
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4.5.2 Cracks emanating from a circular hole in a finite plate in tension 

In this paragraph, SIF solutions for cracks emanating from circular holes in finite plates 

loaded in tension will be presented. Cartwright [16] solved this problem analytically and 

presented these results in 1980. Waldman [17] presented an empirical solution for the SIF 

in 2016. Also, the book of Murakami [18] presents empirical results obtained by H. Führing. 

The solution of the BS 7910 [19] will also be considered. 

 

 
Figure 20: two symmetrical cracks in a finite plate emanating from a circular hole (left), and a hole with 
variable width to height ratio (right) 

𝐹 =
𝐾𝐼

𝜎√𝜋(𝑎 + 𝑟)
 [XXXV] 

 

Waldman’s empirical solution is applicable for the case shown in Figure 20 left. Waldman’s 

solution is given in equation [XXXVI] to [XL]. 

 

𝐹 
=

𝐹∞ ∙ 𝐹ℎ ∙ 𝐹𝑊 ∙ 𝐹𝐿

𝜎√𝜋(𝑎 + 𝑟)
 

[XXXVI] 

   

𝐹∞ = 1 +
1

2(𝑎/𝑟)2 + 1,93(𝑎/𝑟) + 0,539
+

1

2(𝑎/𝑟 + 1)
 [XXXVII] 

   

𝐹ℎ 
= √sec (

𝜋𝑟

2𝑊
) 

[XXXVIII] 

   

𝐹𝑊 

= √sec (
𝜋𝑟

2𝑊
(1 +

𝑎

𝑟
)) 

[XXXIX] 

   

𝐹𝐿 

= √cos (
𝜋𝑟

2𝑊
(

𝑎

𝑊 − 𝑟
)) 

[XL] 

𝐹∞ is the geometrical correction factor with infinite boundaries. The solution that 

Waldman used for 𝐹∞ is the solution obtained by Schijve in equation [XXXIII]. The 𝐹ℎ factor 
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takes into account the of the finite plate width on the stress concentration at the hole. 𝐹𝑊 

takes into account the influence of the infinite plate width on the cracks and  𝐹𝐿 takes the 

effect of the uncracked ligament into account. 

 

The empirical solution in the book of Murakami is applicable for the case shown in Figure 

20 right. The equations are listed below. 

 

𝐹  = 𝜑 ∙ 𝜓 

 

𝛼  =
𝑎+𝑟

𝑊
 

 

�̅�  =
𝜋

2
𝛼 

 

𝛿  =
𝑏

𝑟
 

 

𝛾  =
𝑟

𝑊
 

 

𝛽  =
𝛼−𝛾

1−𝛾
 

 

𝑔  = 0,13 (
2

𝜋
∙ arctan 𝛿)

2
 

 

휀  = 𝛼 ∙
2

𝜋
∙ arctan(0,6√𝛿

3
) 

 

𝑃  =
log(𝜉−3/2)

log 𝛽∗  

 

𝛽∗  =
𝛾∙𝛿

𝛾(2𝛿−1)+1
 

 

𝜉  = 1 +
2

𝜋
∙ arctan(1,5√𝛿) 

 

𝜑  =
𝜋[√

1

�̅�
(tan �̅�+𝑔∙sin 2�̅�)∙(1+

𝜀2(2−𝜀2)

1−𝜀
)]−√1+2𝑔

𝜋−1
 

 

𝜓  = 𝜉(3𝛽2𝑃/3 − 2√𝜉 ∙ 𝛽𝑃) 

 

The range of application: 

0 ≤ 𝛿 ≤ 10  

0,1 ≤ 𝛾 ≤ 0,8  

𝛾 ≤ 𝛼 ≤ 0,95  

Accuracy ±5% percent if 𝐹 ≥ 1,0 
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The British Standard 7910 [19] gives the following formula for the SIF of a through 

thickness crack: 

 

𝐾𝐼 = (𝐹𝜎) ∙ √𝜋𝑎 [XLI] 

 

Where a is half the crack length. For the case of a crack emanating from a hole, a becomes 

(a+r). So for a, (a+r) will be substituted in formula [XLI]. 

 

𝐾𝐼 = (𝐹𝜎) ∙ √𝜋(𝑎 + 𝑟) [XLII] 

 

Where 𝐹𝜎 equals: 

 

𝐹𝜎 
= 𝑀 ∙ 𝑓𝑤 ∙ {𝑘𝑡𝑚 ∙ 𝑀𝑘𝑚 ∙ 𝑀𝑚 ∙ 𝑃𝑚 + 𝑘𝑡𝑏 ∙ 𝑀𝑘𝑏

∙ 𝑀𝑏[𝑃𝑏 + (𝑘𝑚 − 1)𝑃𝑚]} 
[XLIII] 

 

For a through thickness crack in a plate 𝑀 = 𝑀𝑚 = 𝑀𝑏 = 𝑀𝑘𝑚 = 1, also 𝑃𝑚 and 𝑘𝑚 are 0 

when there is no bending. 𝑃𝑚 the membrane stress equals 𝜎 now so they can also be 

divided out of the equation. The formula [XLIII] is reduced to [XLIV]. 

 

𝐹 = 𝑓𝑤 ∙ 𝑘𝑡𝑚 [XLIV] 

 

Where 𝑓𝑤 is finite width correction factor given in formula [XLV]  and 𝑘𝑡𝑚 the SCF from the 

hole. 

 

𝑓𝑤 = √sec (
𝜋(𝑎 + 𝑟)

2𝑊
) [XLV] 

 

In a paper that Kang [20] presented in the international journal of mechanical sciences, the 

stress distribution around a central circular hole loaded by in-plane normal stress is given. 

The SCF is a function of distance y, which is the distance from the origin of the hole to the 

specified point where the SCF is evaluated. The formula given below holds till a ratio of r/W 

= 0,6. The distance y equals (a+r) where a≥ 0 

 

𝑘𝑡𝑚(𝑦) =
1

2
[− (1 +

3𝑟4

𝑦4 ) − 1 −
𝑟²

𝑦²
] [XLVI] 

 

Inserting (a+r) for y gives: 

 

𝑘𝑡𝑚(𝑎 + 𝑟) =
1

2
[− (1 +

3𝑟4

(𝑎 + 𝑟)4) − 1 −
𝑟²

(𝑎 + 𝑟)²
] [XLVII] 
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What should be noted is that the solution of 𝑘𝑡𝑚 evaluated at the edge of the hole (a = 0) 

should be equal to 𝑘𝑡𝑔 of bypass loading presented in Figure 8. This is not the case because 

𝑘𝑡𝑚 defined by Kang [20] is independent for r/W and gives a value of 3,0. In reality the 𝑘𝑡𝑚 

should be 3,0 for r/W = 0 and 4,3 for r/W = 0,5. This is a conservatism in the solution of Kang 

[20] and lowers the SIF.  

 

When formula’s [XLV] and [XLVIII] are combined the following formula is obtained.  

 = √sec (
𝜋(𝑎 + 𝑟)

2𝑊
) ∙

1

2
[− (1 +

3𝑟4

(𝑎 + 𝑟)4) − 1 −
𝑟²

(𝑎 + 𝑟)²
] [XLVIII] 

 

In Figure 21 the results of the geometrical correction factor are given as a function of the 

cracked area. The results presented in Figure 21 from Waldman and Cartwright are only 

applicable for a L/W ratio of 2. The results from Murakami applies to a ratio of L/W equal ∞, 

still the results are comparable. Lai stated in a report [21] that the variation between results 

of L/W equals 2 and ∞ are quite small for single crack emanating from circular holes. The 

variation is such small that Lai stated that the behaviour of rectangular plates with L/W ≥ 2 

equals the behaviour of an infinitely long strip with the same width. The ratio L/W that Kang 

[20] used is unknown. The BS 7910 is overestimating the SIF enormously for small cracks. For 

large cracks, this overestimation becomes smaller. Also, the solution of the central crack is 

plotted which is a crack in a plate without a hole. This solution equals formula [XLV] and is 

underestimating the SIF. 

 

In addition, it must be noted is that the results from Cartwright are only available for the r/W 

ratios presented in Figure 21. The results from Murakami and Waldman can be determined 

for all r/W values between 0,1 and 0,8. The results from the BS 7910 using the SCF from Kang 

can be used up to a r/W value of 0,6. 

 
Figure 21: Geometrical correction factor for different r/W ratio’s 



  

29 
 

4.5.3 Cracks emanating from a circular pin loaded hole in a finite plate 

The pressure distribution due to pin loading can be modelled in different ways. In Figure 22 

the effect of the SIF for different bearing pressure distributions is visualized. It can be seen 

that the SIF is affected by bearing distributions for a/r ratios smaller than 1,0. When 

exceeding this a/r ratio the type of bearing distribution is negligible. For cracks with a length 

less than 10% of the hole (a/r < 0,1) the SIF can differ as much as 25%. When cracks in riveted 

connections grow beyond the rivet head, the minimum a/r values that can be expected for 

rivets used in bridges in the Netherlands lies between 0,56 and 0,70 for rivet diameters 

between 10 and 31 mm [22]. 

 

 
Figure 22: Effect of bearing pressure distribution on the SIF of symmetrical cracks emanating from a hole in 
an infinitely large plate [16] 

As discussed in the previous section Cartwright [16] solved analytically the SIF solution for 

case 1 of Figure 23. In addition, Cartwright solved an analytical solution for the 2nd case which 

is a cosine loading. Both cases he solved for L/W ratios of 1 and 2 and r/W ratios of 0,1, 0,25 

and 0,5.  When pin loading is assumed to be cosine distributed case 3 and 4 can be obtained 

by superposition.   

 
Figure 23: Plate with cracks emanating from hole due to different loadings  
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The solutions for case 1 and 2 are given in Table 3. 

 
Table 3: Analytical geometrical correction factor solutions obtained by Cartwright [16] 

 

The geometrical correction factors will be named 𝐹𝑖 with i begin 1,2,3 or 4 according to the 

cases shown in Figure 23. The cosine pressure 𝑝(𝛽) in the 2nd case can be calculated with 

equation [XLIX]. Where 𝑃 is defined as the resultant force for each half of the hole above 

and below the crack line. 

 

𝑝(𝛽) =
4𝑃

𝜋𝑑𝑡
|cos 𝛽| [XLIX] 

 

𝐹3 can be calculated by superposition as given in the formula below. 

 

𝐹3  =
1

2
(𝐹1 + 𝐹2) 

 

Where 𝐾𝐼,3 can be calculated with equation [L]. 

 

𝐾𝐼,3 = 𝐹3 ∙ (𝜎√𝜋(𝑎 + 𝑟)) [L] 

 

𝐹4 will be derived by superposition in formula’s given below. 

 
𝐾𝐼,4

𝜎√𝜋(𝑎+𝑟)
 = 𝛼 ∙

1

2
(𝐹1 + 𝐹2) + (1 − 𝛼)𝐹1     𝑤𝑖𝑡ℎ 𝛼 =

𝑃/(2𝑤𝑡)

𝜎
 

 
𝐾𝐼,4

𝜎√𝜋(𝑎+𝑟)
 =

1

2
[(2 − 𝛼)𝐹1 + 𝛼𝐹2] 

 

𝐹4  =
1

2
[(2 − 𝛼)𝐹1 + 𝛼𝐹2] 
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Where 𝐾𝐼,4 can be calculated with equation [LI]. 

 

𝐾𝐼,4 = 𝐹4 ∙ (𝜎√𝜋(𝑎 + 𝑟)) [LI] 

 

What must be noted is that when 𝛼 equals 0 or 1, the solution of 𝐹4 becomes respectively 

equal to 𝐹1 or 𝐹3. Figure 24 shows 𝐹4 for all r/W ratios examined by Cartwright. Also different 

𝛼 factors are visualized and when 𝛼 increases to 1,0, 𝐹4 also increases. The effect of 𝛼 on 𝐹4 

decreases when r/W and (a+r)/W  increases. The results are linearly connected by black lines. 

For r/W equals 0,5 the number of data points small resulting in a non-fluent line.  

 

 
Figure 24: Geometrical correction factor for different r/W and α values  
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5 Riveted joints 

5.1 Generalities 

A rivet is a type of fastener that is used to connect steel plates. Riveting was the main 

technique to made built-up sections from the end of the 19th century till 1960 for road 

bridges and 1970 [23] for rail bridges. A manufactured rivet is a smooth cylindrical pin with 

a (shop)head on one end as shown in Figure 25 (left). The geometrical parameters of a 

manufactured or undriven rivet are: 

 

𝑑  = 𝑟𝑖𝑣𝑒𝑡 𝑠ℎ𝑎𝑛𝑘 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

𝑅  = ℎ𝑒𝑎𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 

𝐷  = 𝑟𝑖𝑣𝑒𝑡 ℎ𝑒𝑎𝑑 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 

ℎ  = ℎ𝑒𝑎𝑑 𝑑𝑒𝑝𝑡ℎ 

 

 
Figure 25: Geometrical parameters defining rivet (left) and a riveted connection (right) [24] 

The riveting process consists out of three steps. The first step is preparing the plates, at the 

positions the rivet needs to connect the plates, holes are punched or drilled. Second, the 

rivet stoker heats the rivet in a small furnace till it has a cherry-red to white-hot colour and 

a temperature of ca. 950 – 1100 degrees Celsius. After reaching this temperature the rivet 

passer could throw the hot rivet to the rivet catcher. The rivet catcher caught the rivet with 

a tong and placed it into the rivet hole. Finally the rivet is driven, in this step the rivet end is 

formed to the field head. Prior to driving the holder-on (person) bucks up the rivet at the 

shop head with a holder-up (tool). The riveter(s) were then able to form the field head on 

the protruding shank end of the rivet. This protruding shank end was manually hammered 

(deformed) which was later done with an automated hammering machine. Hand riveting 

occurred with a hand-held hammer (a riveting hammer) with at the end a rivet snap (Figure 

26, bottom). When the rivet is riveted by a machine fed by steam, hydraulic or pneumatic 

energy it is called machine riveting. Depending on the used riveting technique the rivet is 

either hand-driven or machine-driven. The riveting team is called the rivet gang and is 

composed out of the rivet stoker, the rivet passer, the rivet catcher, the holder-on and the 

riveter(s) [24].  
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Figure 26: rivet gang (top) hand riveting set: the holder-up (A), the rivet snap and tongs (B) the hang held rivet 
hammer (C) and the riveting being driven (D) [24] 

Before the rivet is mounted the diameter of the hole should be at least 1 mm larger than the 

nominal diameter of the rivet. This ensures that the rivet catcher can insert the rivet easily 

in the hole. The mounting also called deformation process, deforms the rivet to produce the 

closing rivet head. During this process, the hole is filled up by the rivet due to the fact that it 

gets a thicker shaft. When the rivet cools down it tends to shorten, due to its constraints a 

tensile stress state is generated in the rivet. This leads to a clamping force with a tensile 

stress which can be as high as the yield strength of the rivet [24]. 

 

Girders used in old riveted railway bridges are built up sections from rolled plates. The rivets 

ensure that multiple plates are behaving as one section. Riveted butt joints are used to 

connect built-up sections with a finite length to create longer sections. In practice it appears 

that the quality of the riveting process could be low, this results in loose rivets (without a 

clamping force). Loose rivets do not entirely fill up the rivet hole. This will result in a stress 

concentration which influences the fatigue life negative. 
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5.2 Defects 

Table 4 and Table 5 respectively present visible and non-visible defective rivet 

characteristics. These characteristics are based on literature and experiences in Belgian and 

French riveted wrought iron bridges between 1880 and 1890. Cracks underneath the rivet 

head are problematic due to the fact that they are hard to detect. 

 

Table 4: Visible defective rivet characteristics Q. Colette, ‘’Riveted connections in historical metal 
structures (1840-1940),’’ Vrije Universiteit Brussel, Faculty of Engineering, 2014. 

[25] 

Defect Origin(s) Influence(s)/ 

Potential failure 

Badly shaped rivet head Manufacturing or driving error Reduced ultimate strength of the head; 

rived head popped off 

Pitting on the rivet head Overheated/ burned rivet Brittleness 

Unfilled rivet head Driving temperature too low; 

protruding shank end too short 

Reduced clamping force and frictional 

strength; (field) head popped off 

Unsymmetrical head Driving error of the riveter - 

Lip around the rivet head Excessive shank length; snap 

diameter to small 

Insufficient upset of the shank (for lips 

too large) 

Loose rivets Improperly drawn up plates before 

riveting 

Reduced clamping force and frictional 

strength; rivet head popped off 

Pack rust  Insufficient tight connection; 

inadequate maintenance; exposure 

to water/moisture 

Rivet head popper off; shank failure 

(bursting pressure) 

 

Table 5: Non-visible (to the naked eye) defective rivet characteristics Q. Colette, ‘’Riveted connections 
in historical metal structures (1840-1940),’’ Vrije Universiteit Brussel, Faculty of 
Engineering, 2014. 

[25] 

Defect Origin(s) Influence(s)/ 

Potential failure 

High phosphorus content Used as strengthener for the basic 

metal 

Brittleness 

Excessive d/e ratio Inappropriate design choice, 

rationalization of the different used 

shank diameters  

Crippling of the plates 

Strain hardened area of the 

plate around the hole 

Punched rivet hole (without 

reaming/annealing)  

Brittleness; microcracks (fatigue crack 

initiation) 

Head eccentricity Driving error of the riveter No influence; difficult removal (if 

needed) 

Camming effect (non-straight 

shank once driven) 

Misalignment of the plates before 

driving 

Reduced shear strength (cross section); 

difficult removal (if needed) 

Hand-driven field head Period and tradition; available space Reduced frictional (and bearing) 

strength(s) 
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Unsatisfactory contact rivet 

shank – rivet hole 

Heating temperature too low; long 

grips 

Reduced bearing strength 

Variations in microstructural 

properties (shank-head 

intersection) 

Slag orientation during riveting Reduced ultimate strength and ductility 

of the head; rivet head popped off 

Rivet hole deformation Excessive driving pressure Groves on the rivet shank 

 

5.3 Variables of fatigue 

In this section, some variables with respect to the fatigue life of riveted connections will be 

explained. Since only rivets in shear will be treated, the variables with respect to tension 

loading on rivets, will not be considered.  

5.3.1 Clamping force 

Mounting of rivets involves pre-heating. After mounting, the rivet cools down and tends to 

shrink, this shrinkage is constrained by both rivet heads. The cooling down of the rivet results 

in a tensile force in the rivet. The connected plates will be compressed, and in order to 

ensure equilibrium, the tensile force is equal to the compression force. The clamping force 

on the plate package is assumed to be evenly distributed to the midplane of the package 

with an angle of 30-45 degrees [26], see Figure 27. The amount of prestress in a rivet 

depends on multiple parameters, e.g. rivet temperature, material properties and clamping 

length. This clamping force ensures a positive effect on the fatigue life since part of the load 

will be transferred via friction. This results in a reduced stress range. 

 
Figure 27: Distribution of compressive stresses due to clamping force [26] 

A triaxial stress state is generated in the connected plates that are compressed due to the 

clamping force in the rivet. There are compressive stresses in the plates in the thickness 

direction, as shown in Figure 27. By these compressive stresses, the plate material near the 

rivet hole wants to expand in radial direction. This expansion is restrained by so-called ‘’hoop 

rings’’. As shown in Figure 28, the hoop rings are in compression in the region near the rivet 

hole and in tension at the outer part [26]. 
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Figure 28: Radial and circumferential hoop stresses near rivet hole due to rivet clamping [26] 

A tensile load on the connection in Figure 29 can be transferred via friction when the 

resistance of the friction is higher than the tensile load. When the tensile load is higher than 

the friction resistance, the rivets are loaded in shear and the plates in bearing. The friction 

resistance 𝐹𝑠,𝑘 can be calculated with formula [LII], with 𝑛 being the number of areas where 

friction occurs, 𝐹𝑝,𝐶  the clamping force and 𝜇 the friction coefficient. In the Netherlands 

specific coating was used to protect the steel from corrosion. The coating to coating contact 

has a low friction coefficient. This results in a (relative) low friction resistance.  

 

𝐹𝑠,𝑘 = 𝑛 ∙ 𝜇 ∙ 𝐹𝑝,𝐶  [LII] 

 

 
Figure 29: Riveted symmetric double lap joint 

In order to determine the fatigue life, the clamping ratio is of great importance. The clamping 

ratio, defined as the ratio between the clamping stress 𝜎𝑖 divided by the yield strength 𝜎𝑦, 

has a value between 0 and 1. The behaviour of the connection can be understood 

considering two extreme cases. The lower bound solution (clamping ratio of 0) will be 

obtained when the prestress is neglected. A upper bound solution (clamping ratio of 1) will 

be found when the clamping force is taken equal to the area of the rivet multiplied with the 

yield stress.  

 

 
Figure 30: Upper and lower bound of fatigue life [26] 
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Concluding, the clamping force in a rivet has multiple positive effects on the connection 

with respect to fatigue life. An increase of clamping force will lead to: 

 

i) An increase of load transmission by frictional forces. 

ii) An increased hole filling which decreases the stress concentration of bypass 

loading and the fastener flexibility will be reduced. 

iii) Expansion of the rivet hole. This expansion results in a reduction of the local stress 

amplitudes, which predominates the increased mean stress. 
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5.3.2 Fretting 

As a result of relatively small cyclic movements between two surfaces, fretting can occur. 

Fretting is a surface damage which occurs at very small rubbing displacements. This 

phenomenon can occur in joints e.g. bolted joints, riveted joints, clamped joints etc. The 

defects due to fretting in relation to non-uniform force transfer can results in crack initiation 

and reduces the fatigue properties. 

 

 

 

 

 

 

 

 

 

 
Figure 31: A bar is pulled out of the clamping area at section AA over a very small distance, which is sufficient 
for fretting under cyclic load [4] 

The phenomena fretting will be explained by the simple case shown in Figure 31. In this case, 

a bar is clamped on the left and it is pulled out by a force on the right. The load in the bar is 

transferred between the two clamping surfaces AB. The tensile strain 휀𝑥 and the lateral 

Poisson contraction 휀𝑦 at the free part of the bar (from section AA till to the load) is uniform. 

Meaning that the thickness of the bar is slightly reduced at the free part. At the clamped part 

(From A to B) the stress will decrease to zero. This means that the thickness of the bar at 

section BB will be the original thickness. Due to this effect a slight opening is created at 

section AA as can be seen in the figure above. Therefore the bar is pulled out of the clamping 

area by a very small displacement. When the bar is subjected to cyclic loading, cyclic slip 

occurs at section AA. The slip displacements are very small but at microscale they are large 

enough to cause fretting damage by rubbing. At micro scale the interfaces at the clamping 

area are not perfectly flat as suggested in Figure 32. The roughness of the plates will induce 

stress concentrations (due to local contact) which may lead to crack initiation and decreases 

the fatigue life [4]. 

 
Figure 32 Cyclic rubbing between two materials (left) resulting in crack initiation (right) [4] 
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5.3.3 Rivet squeeze force 

The hole filling of a rivet is an important aspect. The hole should be fully filled up by the 

shank of the rivet, where an interference fit is preferred. This hole filling prevents the rivet 

from tilting and the related unfavourable pressure distribution on the rivet hole. An 

improved hole filling results in a reduced shear deformation of the rivet and the circumjacent 

material. Hole filling of a riveted joint is dependent on the plastic deformation of the rivet 

during the mounting process. The riveting force used while riveting the rivet has an influence 

on this aspect. Increasing the rivet/squeezing force influences the hole filling positive. If the 

riveting force is at a certain level, the rivet hole will expand and an interference fit is created. 

The effect of the riveting force on the deformations of the driven rivet head and the 

deformation of the rivet hole is shown in Figure 33 [4]. The author didn’t mention how the 

hole expansion was measured during the experiments. The tests were only performed on 

cold formed rivets.  

 

 
Figure 33: Deformation of the driven rivet head and hole expansion as  function of the riveting force (1mm 
2024-T3 sheets, rivet diameter 4,8 mm) [4] 

 
Figure 34: The effect of the rivet squeeze force on the fatigue life of a riveted lap joint, Material: Al-alloy 2024-
T3, t= 2 mm, rivet diameter 4,8 mm, R=0, average results of 3 tests [4] 

The effect of the riveting force on the fatigue life of an aluminium alloy 2024-T3 riveted lap 

joint of is shown in Figure 34. It appears that the fatigue life for this specific detail and 

material increases about a factor 3 to 4 when the riveting force is increased from 14 to 25 

kN. When the riveting force increases, the clamping force will also increase. 
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6 Material and joint properties of old steel bridges 

The materials and its properties used in old steel bridges are described in section 6.1. The 

friction coefficient between plates in section 6.2 and the clamping force in rivets in 6.3. 

Finally some general dimensions of riveted main girders are given in section 6.4. 

6.1 Material properties 

In the first half of the 19th century, men in England were able to produce iron on a big scale. 

This material was suitable for a great number of structural applications. In the course of the 

years, manufacturers developed multiple types and qualities of iron and steel. Each with a 

different name and sometimes multiple names were used for the same material. For 

structures dated from the second half of the 19th century till the first half of the 20th century, 

it is often not clear which material was used. Descriptions in specifications and books give 

important information, but also does not always provide an answer. In this section the most 

important used iron and steel types, qualities and characteristics are given [27]. 

6.1.1 Chemical composition and structure 

The carbon content of the iron has a huge influence on the structural behaviour. When the 

iron has a carbon content less than 1,7% the iron is malleable. Iron with a carbon content 

between 0,3 and 1,7% is called steel and can be hardened by annealing. Because of this, the 

iron gets a bigger strength but also becomes more brittle. Iron with a carbon content of 2,5% 

or higher is pourable and is called cast iron.  

 

The carbon content of the 19th century wrought iron which couldn’t be hardened is between 

0,02% and 0,07%. The puddle iron had a carbon content of around 0,20%. When the carbon 

content is higher, the tensile strength increases and the material becomes more brittle. 

Around 1850 men discovered that a high content of phosphor decreases the brittleness of 

the iron. Modern structural steel has a phosphor content up to 0,05%. A high sulphur content 

results in cracks due to forging and rolling. Also, the sulphur content at modern steel is 

limited up to 0,05%. 

6.1.2 Weldability  

When an old iron or steel structure needs to be repaired or strengthened, the weldability is 

often an issue. In general two steel parts can be welded together if the carbon content of 

both steel types is lower than 0,2%. In much cases the old materials consist of a relatively 

high content of phosphor and sulphur, resulting in brittleness and a porous weld. As long as 

shrink stresses due to welding do not occur, the structure can still be welded with a certain 

type of electrode. When internal stresses occur due to welding, these old steel types with a 

high phosphor and sulphur content should be treated as non-weldable. The material is in 

this case not able to withstand deformations as a result of welding. 

6.1.3 Aging 

The phenomena aging was discovered in 1925. Aging is the phenomenon wherein after 

plastic deformation the strain reduces while the tensile strength, hardness and yield strength 
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increases. Aging arises mainly due to the presence of nitrogen. Also, the carbon content can 

play a role. The aging process can be accelerated if after or while plastic deformation occurs 

the temperature rises to 250-300 degrees Celsius. At this temperature, the steel has a blue 

colour. Since 1925 impact tests are executed to material that is artificially aged at 10% strain 

at 250 degrees Celsius for 30 minutes. The results of these impact tests are compared to 

results of these tests belonging to material that isn’t been aged. The impact strength of the 

aged material is lower at operating temperature. 

6.1.4 History of used materials 

In this section, the iron and steel types relevant for the construction of rail bridges dated 

between 1860 and 1955 are listed below [23]. 

 

Puddled iron 

Till 1865 the name drawn iron was sufficient to indicate rolled and forged iron from the 

puddle furnace. When it became possible to use different techniques to produce malleable 

iron, men named it puddled iron. Puddled iron was used on large scale in the Netherlands 

between 1860 and 1900. After this time period, it was no longer used. 

 

Bessemer steel 

In 1855 Henry Bessemer invented a method to create malleable iron directly from rough iron 

by blowing air in. Bessemer steel is used in the Netherlands for parts of some rail bridges 

dated between 1865 and 1880. Bessemer steel was not used after 1880 because it was 

rather brittle. Due to the high content of carbon and other elements Bessemer steel is not 

weldable.  

 

Thomas steel 

Blowing air through fluid iron couldn’t burn all phosphor in the Thomas process. After 

blowing with air the nitrogen content is such high that the material becomes sensitive to 

aging with a chance of brittle fracture. This phenomenon is enlarged by the high content of 

phosphor. Thomas steel is used in rail bridges in the Netherlands between 1850 and 1950. It 

is a steel type that is meant for static loaded structures. From 1930 the material is called 

Thomas steel.  

 

Siemens-Martin steel 

The Siemens-Martin process is related to the puddling process. The refinement uses a 

reduced flame which strikes over the rough iron, which takes place in a furnace. In contrast 

to refinement in the puddle furnace, the rough iron becomes fluid. The process is relatively 

slow resulting in a more uniform composition with a more constant quality.  

 

An overview of the mechanical properties is given in the next section.  
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6.1.5 Mechanical properties 

The material properties of iron and steel used in the Netherlands between 1860 and 1955 

are given in the next Table 6. 

 
Table 6: Overview mechanical properties of used iron and steel [23] 

Period Name 𝝈𝒚 

[𝑵/𝒎𝒎²] 

𝝈𝒖 

[𝑵/𝒎𝒎²] 

𝜺𝒍 

[%] 

𝑬 

[𝑵/𝒎𝒎²] 

𝑮 

[𝑵/𝒎𝒎²] 

1860-1900 Puddle iron 220 320 15 200 000 77 000 

1855-1880 Bessemer steel 600 - 17 - - 

1850-1935 Thomas steel 240 390 - 210 000 81 000 

1900-1935 Siemens-Martin 

steel 

240 390 - 210 000 81 000 

1935-1955 VOSB 19381 

St.A37-l2 

220 370 22 210 000 81 000 

1935-1955 VOSB 1938 

St.A.52-I-M3 

350 520 18 210 000 81 000 

 
1 A standard for designing steel bridges used in the Netherlands. 
2 This material is produced according to either the Thomas or the Martin process. 
3 This material is produced according to the Martin process. 

 

Explanation of symbols: 

Period: time span that the named material was used in construction of railway bridges 

𝜎𝑦  yield strength 

𝜎𝑢  tensile strength 

휀𝑙   longitudinally strain  

E  young’s modulus 

G  shear modulus 

6.1.6 Crack growth properties 

In this section different crack growth properties are given for different steel types. 

 

Fracture toughness 

The plane strain fracture toughness 𝐾𝐼𝑐 was evaluated according to test data [28] as 𝐾𝐼𝑐 =

2600 [𝑁/𝑚𝑚3/2] which is a characteristic value. Mild steels reach values almost twice as 

high. The temperature belonging by this characteristic value is not known. 

 

Threshold value 

The British standard 7910 [19] suggests a threshold value ∆𝐾𝑡ℎ for all steels in air or other 

nonaggressive environments up to a temperature of 100 degrees Celsius: 

 

∆𝐾𝑡ℎ  = 63  [𝑁/𝑚𝑚3/2]  
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In [28] is stated that 4 different sources suggest a lower bound value of 63 [𝑁/𝑚𝑚3/2] for 

old steels. In one of these sources, three conclusions are given about ∆𝐾𝑡ℎ and the R-ratio: 

 

• The stress ratio R influences ∆𝐾𝑡ℎ; 

• The influence of the R-ratio is significant if no local or global residual tensile 

stresses affect the member, otherwise it can be neglected; 

• Taking ∆𝐾𝑡ℎ = 63 [𝑁/𝑚𝑚3/2] is a safe sided and simplified assumption. 

 

In addition to the threshold value range ∆𝐾𝑡ℎ, there is also a maximum value for the 

threshold Stress Intensity Factor 𝐾𝑚𝑎𝑥,𝑡ℎ. Meaning, even when the ∆𝐾 is higher than ∆𝐾𝑡ℎ, 

no propagation is reached when the 𝐾𝑚𝑎𝑥,𝑖 is below 𝐾𝑚𝑎𝑥,𝑡ℎ. This material parameter is used 

to exclude crack growth rate for certain stress ranges. The 𝐾𝑚𝑎𝑥,𝑡ℎ value is given for mild 

steels in [28]. 

 

𝐾𝑚𝑎𝑥,𝑡ℎ = 322  [𝑁/𝑚𝑚3/2] for mild steels 

 

Crack propagation parameters 

The crack propagation parameters according to different references are shown in Table 7 

and Figure 35. 

 
Table 7: Crack propagation parameters 

Material Reference 𝑹 

[−] 

𝒄 

[𝒎𝒎/𝒄𝒚𝒄𝒍𝒆] 

𝒎 

[−] 

∆𝑲𝑰 

[𝑵/𝒎𝒎𝟑/𝟐] 

Test range 

Old steels [28] C. Cremora n.p.1 4 ∙ 10−13 3 n.p.1 

Mild steels [28] C. Cremora n.p.1 2,2 ∙ 10−13 3 n.p.1 

Steels in air at 

temperature up to 

100 °𝐶  

[19] BS 7910 n.p.1 5,21 ∙ 10−13  

 

2,88 

 

n.p.1 

Steels  

(Mean +2SD curve) 

[19] BS 7910 < 0,5 

≥ 0,5 

6,77 ∙ 10−13  

1,29 ∙ 10−12  

2,88 

2,88 

315 - 𝐾𝑚𝑎𝑥 

144 - 𝐾𝑚𝑎𝑥 

Puddle Iron [29] A.M.P. de Jesus 

 

 

0 

0,25 

0,50 

0,75 

𝑎𝑙𝑙 

4,20 ∙ 10−18 

3,05 ∙ 10−19 

6,81 ∙ 10−19 

1,84 ∙ 10−16 

7,48 ∙ 10−16 

4,80 

5,25 

5,20 

4,38 

4,03 

400-1100 

400-1000 

350-800 

250-400 

250-1100 

S235 [30] A.L.L. da Silva 

 

0,01 

0,5 

2,21 ∙ 10−16 

2,12 ∙ 10−15 

4,00 

3,71 

500-1100 

500-1100 

1 n.p. means not provided 
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Figure 35: Fatigue crack propagation data for several steel types and R-ratios [28],[19],[29],[30] 

 

Explanation results from reference [29] 

The Fão bridge in Portugal is a riveted bridge built in 1892 with puddle iron. From this bridge, 

original diagonals were tested and a paper was presented 2010. They computed fatigue 

crack growth tests according to the ASTM 647 standard using CT (compact tension) 

specimens. The tests were performed in air, at room temperature, loaded under a sinusoidal 

form with a frequency up to 20 Hz. 12 specimens were tested on four different R-ratio’s. 

From the results, regression lines are drawn and the coefficients are shown in Table 7. 

 

Explanation results from reference [30] 

The steel S235 was tested under pure mode 1 loading. This was done by using CT specimens, 

the geometry and dimensions are shown in Figure 36. The steel was extracted from a riveted 

beam. 4 specimens were tested on two different R-ratio’s. From the results, regression lines 

are drawn and the coefficients are shown in Table 7. 

 

 
Figure 36: Dimensions compact tension (CT) specimens made of S235 [30] 
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Conclusion 

From Figure 35, it can be concluded that old steels, in particular puddle iron has a relatively 

high crack growth rate. The slope of these curves are higher and the BS 7910 is 

unconservative for puddle iron when ∆𝐾𝐼 exceeds 500 𝑁/𝑚𝑚3/2. For example when  

∆𝐾𝐼 = 800 𝑁/𝑚𝑚3/2, puddle iron with R=0,25 has a crack growth rate of respectively 1,8 

and 3,4 times BS 7910 with mean curve + 2 times the standard deviation for R≥0,5 and 

R<0,5. This difference increases with increasing  ∆𝐾𝐼. The results for mild steel and S235 

does not exceed the results from the BS 7910. 

 

6.2 Friction coefficient 

The old steel bridges in the Netherlands are coated with red lead. According to the Dutch 

standard NEN 6788 [31], the friction coefficient of steel plates coated with red lead is 0,05. 

According to 6 tests  [32], the average friction coefficient of steel plates coated with red lead 

is 0,06. 

 

For uncoated steel, the friction coefficients according to the Dutch standard NEN 6788 are 

shown in the table below.  

 
Table 8: friction coefficients for uncoated steel according to NEN 6788 table 17 [31] 

Material Treatment Friction coefficient 

Not rusted with mill scale Untreated 0,20 

Rusted with mill scale Brushed 0,20 

Rusted with mill scale Shot blasted 0,50 

Not rusted without mill scale Shot blasted 0,50 

Rusted without mill scale Brushed 0,40 

Rusted without mill scale Shot blasted 0,50 

Heavily rusted without mill scale Brushed 0,30 

Heavily rusted without mill scale Shot blasted 0,30 

 

The average values of friction coefficients for bolted joints and their standard deviation 

according to tests for different steels with different treatments are shown in Table 9. The 

results shown in Table 9 are combined results from tests from different researchers. 
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Table 9: friction coefficients and standard deviations for various steel types and treatments according to tests  

[32] 

Material Treatment Average Standard 

deviation 

Number of tests 

A7, A36, A440 Clean mill scale 0,32 0,06 180 

A7, A36, A440, Fe 37, Fe52 Clean mill scale 0,33 0,07 327 

A588 Clean mill scale 0,23 0,03 31 

Fe37 Grit blasted 0,49 0,07 167 

A36, Fe37, Fe52 Grit blasted 0,51 0,09 186 

A514 Grit blasted 0,33 0,04 17 

A36, A37 Grit blasted, exposed 

(short period) 

0,53 0,06 51 

A36, Fe37, Fe52 Grit blasted, exposed 

(short period) 

0,54 0,06 83 

A7, A36, A514, A572 Sand blasted 0,52 0,09 106 

A36, Fe37 Hot-dip galvanized 0,18 0,04 27 

A7, A36 Semi polished 0,28 0,04 12 

A36 Vinyl wash 0,28 0,02 15 

 Cold zinc painted 0,30 - 3 

 Metallized 0,48 - 2 

 Galvanized and sand 

blasted 

0,34 - 1 

 Sand blasted and 

treated with linseed 

oil (exposed) 

0,26 0,01 3 

 Red lead paint 0,06 - 6 

 

In the EUR 25127 EN High-strength tower in steel for wind turbines [33], a table with friction 

coefficients according to tests on bolted joints are given. The friction coefficients were 

determined for different surface blasting’s and treatments are given.  
 

Table 10: Friction coefficients for bolted joints made of steel S275 [33] 

Surface blasted Surface treatment Average Standard 

deviation 

With shot grit, degree Sa 2,5 Without treatment 0,558 0,022 

With shot steel, degree Sa 2,5 Without treatment 0,561 0,016 

With shot steel, degree Sa 3 Spray metalized with  zinc 75 𝜇𝑚   0,520 0,09 

Chemistry Galvanization by hot immersion 

with zinc 

160 𝜇𝑚   

0,521 0,015 

With shot steel, degree Sa 2,5 Painted with zinc ethyl silicate (one 

layer) with 70 𝜇𝑚   

0,457 0,011 

 

The friction coefficient for untreated blasted steel is according to all references 

approximately 0,5.  
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6.3 Clamping force in rivet 

As mentioned in section 5.1 the clamping force in a rivet is induced by a constrained 

deformation. The rivet tends to shorten as it cools down, but this shortening is constrained 

by the rivet head. The value of this clamping force is dependent on rivet temperature, 

clamping length and material properties. These variables ensure that the value of the 

clamping force varies widely. This section gives an overview of measured clamping forces in 

rivets. 

 

Wilson and Thomas 

Wilson and Thomas [34] executed fatigue tests on riveted joints in 1938. They also measured 

the clamping force of several rivets, using the initial tension test. Before testing they drilled 

holes in both rivet heads and smaller holes in the rivet shank. Hardened steel pins are placed 

in the holes, these pins have a tight fit in the shank and a loose fit in the rivet head. This is 

the preparation before testing as shown in Figure 37 (left). After the preparation, they 

measure the distance between both pins in a constant-temperature room. When the length 

is measured, the connection is placed in a lathe, which removed one outer plate such that 

the rivet prestress is relieved and the rivet shortens. Subsequently, the connection is placed 

in the constant-temperature room again and the distance between the pins is measured 

again, shown in Figure 37 (right). The measured length difference is used to calculate a strain, 

stress and finally the clamping force. They used a modulus of elasticity of 30.000.000 psi 

which equals 206.842 N/mm². 

   

 
Figure 37: Rivet prepared for initial tension test (left), instruments used to measure the shortening of the 
rivet (right) 
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The tests are executed on rivets that are riveted with a pneumatic hand riveting hammer 

and a hydraulic riveting machine. In addition, a distinction between rivet grip lengths of 75 

and 125 mm’s is made. The results of the tests performed by Wilson and Thomas are shown 

in Table 12.  

 
Table 11: Clamping ratio of rivets measured with the initial tension test, with a diameter of 25mm [34] 

Riveting method Specimen Grip length 

 

[𝒎𝒎] 

Initial 

tension 

𝝈𝒊 [𝑴𝑷𝒂] 

Yield 

stress 

𝝈𝒚,𝒊 [𝑴𝑷𝒂] 

Clamping 

ratio 

𝝈𝒊/𝝈𝒚,𝒊 [−] 

Clamping 

ratio 

𝝈𝒊/𝝈𝒚,𝒂𝒗𝒈 [−] 

Pneumatic hammer R1-1 75 214 316 0,68 0,67 

Pneumatic hammer R1-2 75 163 337 0,48 0,51 

Pneumatic hammer R1-3 75 230 - - 0,72 

Pneumatic hammer R1-4 125 250 - - 0,78 

Pneumatic hammer R1-5 125 236 - - 0,73 

Pneumatic hammer R1-6 125 238 - - 0,74 

Pneumatic hammer R1-7 125 228 - - 0,71 

Pneumatic hammer R1-8 125 238 314 0,76 0,74 

Pneumatic hammer R1-9 125 235 298 0,79 0,73 

Hydraulic machine R3-1 75 227 346 0,66 0,70 

Hydraulic machine R3-2 75 228 - - 0,71 

Hydraulic machine R3-3 75 215 - - 0,67 

Hydraulic machine R3-4 125 256 - - 0,79 

Hydraulic machine R3-5 125 259 - - 0,80 

Hydraulic machine R3-6 125 262 - - 0,81 

Hydraulic machine R3-7 125 245 323 0,76 0,76 

Hydraulic machine R3-8 125 242 - - 0,75 

Hydraulic machine R3-9 125 248 319 0,78 0,77 

Average  108 234 322 0,70 0,73 

 

What should be noted from the table, is that the yield stress is not measured for every 

specimen. The real clamping ratio, defined as the initial tension divided by the yield strength 

is shown in column 6. Since it is not possible to indicate the clamping ratio for every 

specimen, the clamping ratio is defined as the initial tension divided by the average yield 

strength in column 7. 

 

From the results given in Table 11, it can be concluded that the clamping ratio is higher in 

longer rivets which is as expected. The rivets with a grip length of 125 mm have an averaged 

clamping ratio of 0,76 and the rivets with a grip length of 75 mm 0,66 with a standard 

deviation of respectively 0,0032 and 0,072.  

 

The pneumatic driven rivets have a lower clamping ratio than the hydraulic driven rivets. In 

Table 12 a comparison between pneumatic and hydraulic driven rivets is made for the 

clamping ratio. Note the numbers between brackets, indicating the number of test results 

where the average value is based on. From Table 12 it can be concluded that both the 
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hydraulic machine and the grip length have a positive influence on the clamping ratio. Still, 

this is a risky conclusion since only a few tests were performed. 

 
 Table 12: Comparison between pneumatic and hydraulic driven rivets 

Riveting method 

Average clamping ratio based on 

𝝈𝒊/𝝈𝒚,𝒊 [−] (7 specimen) 

Average clamping ratio based on 

𝝈𝒊/𝝈𝒚,𝒂𝒗𝒈 [−] (18 specimen) 

All grip 

lengths 

Grip length 

75 [𝒎𝒎] 

Grip length 

125 [𝒎𝒎] 

All grip 

lengths 

Grip length 

75 [𝒎𝒎] 

Grip length 

125 [𝒎𝒎] 

Pneumatic hammer 0,68 (4) 0,58 (2) 0,77 (2) 0,70 (9) 0,63 (3) 0,74 (6) 

Hydraulic machine 0,73 (3) 0,66 (1) 0,77 (2) 0,75 (9) 0,69 (3) 0,78 (6) 

 

In addition they measured the clearance of the rivets which is shown below. The average 

measured clearance is about 2,5% of the diameter based on 6 measurements. 

 

 
Figure 38: Rivet clearance for pneumatic driven rivet with grip length of 125 mm and diameter 25 mm [34] 

 

Parola, Chesson and Munse 

Parola, Chesson and Munse W.M. Wilson, F.P. Thomas, ‘’Fatigue tests of riveted joints,’’ 

University of Illinois, 1938.  

[35] executed fatigue tests on riveted joints in 1965. They tested four different specimen 

types and for each type they tested 31 specimens. The different specimen types were named 

1FR, 2FR, 3FR and 4FR as shown in Figure 39. The 31 specimens per specimen type were 

divided into specimens with normal clamping and with reduced clamping. From 31 

specimens per specimen type that were tested, only 7 to 18 results were usable for 

determination of the clamping force. For this determination only the results with normal 

clamping were used. 
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Figure 39: Geometry specimen types (measurements in inch) W.M. Wilson, F.P. Thomas, ‘’Fatigue 
tests of riveted joints,’’ University of Illinois, 1938.  

[35] 

The rivets were heated in the furnace till they had a ‘’cherry-red’’ colour, and were driven 

by a 50-ton capacity riveting machine. The holes were matched drilled 15/16 inch (23,8 mm) 

in diameter and the nominal rivet diameter was 7/8 inch (22,2 mm). The rivets had a yield 

strength of 183 N/mm² and an ultimate tensile strength of 403 N/mm². The fracture strain 

was 26,5%. 

 

Table 13: Material properties of main plates W.M. Wilson, F.P. Thomas, ‘’Fatigue tests of riveted 
joints,’’ University of Illinois, 1938.  

[35] 

Specimen type  Plate thickness 

[inch] 

𝝈𝒚 

[𝑵/𝒎𝒎²] 

𝝈𝒖 

[𝑵/𝒎𝒎²] 

𝜺𝒍 

[%] 

1FR 9,5 311 459 29 

2FR 11,1 305 475 27 

3FR 12,0 277 438 30 

4FR 19,1 264 448 30 
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From the slip resistance in the joint, the average clamping force per rivet was determined. 

The slip resistance is defined as force measurement at the first change in slip. For the friction 

coefficient they chose 0,40 which belongs to rough mill scale. The results are shown in Table 

14. 

 

Table 14: Initial tension and clamping ratios W.M. Wilson, F.P. Thomas, ‘’Fatigue tests of riveted 
joints,’’ University of Illinois, 1938.  

[35] 

Specimen type Result type Grip length 

 

[𝒎𝒎] 

Initial 

tension 

𝝈𝒊 [𝑴𝑷𝒂] 

Clamping 

ratio 

𝝈𝒊/𝝈𝒚,𝒂𝒗𝒈 [−] 

Standard 

deviation 

𝝈𝒏 [𝑴𝑷𝒂] 

1FR 

Average (16) 

Min 

Max 

22,2 

129 

79 

174 

0,70 

0,43 

0,95 

25,5 

2FR 

Average (18) 

Min 

Max 

27,0 

177 

104 

282 

0,97 

0,57 

1,54 

47,2 

3FR 

Average (16) 

Min 

Max 

33,3 

225 

104 

324 

1,23 

0,85 

1,77 

57,6 

4FR 

Average (7) 

Min 

Max 

44,5 

254 

146 

303 

1,39 

0,80 

1,66 

46,9 

 

The results per specimen type are shown. For each specimen type the average, the minimum 

and the maximum results are shown. From the results, it can be concluded that there is a 

huge scatter in clamping ratio. Still, there is a positive correlation between clamping ratio 

and grip length as expected. However, the accuracy of the reported initial tension stress is 

low due to the fact that they chose a friction coefficient which already has a significant 

standard deviation and they determined an average clamping force over the four rivets. This 

low accuracy influences the scatter negatively. The calculated standard deviation is enlarged 

due to the standard deviations from the friction coefficient. The results of Wilson and 

Thomas show much less scatter, but they did a significant more fine measurement. 
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Figure 40: Clamping ratio’s for different grip lengths [34], W.M. Wilson, F.P. Thomas, ‘’Fatigue tests 
of riveted joints,’’ University of Illinois, 1938.  

[35] 

6.4 Geometries of riveted girders 

In the Eurocode NEN-EN 1991-1-8(2011) [36] restrictions are given to minimum and 

maximum edge, end and pitch distances and grip length to diameter ratios. These values are 

given below. The symbols are clarified in the Figure 41. 

 

𝑒1  = 𝑒𝑛𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 1,2𝑑0  ≤ 𝑒1 ≤  4𝑡 + 40 

𝑒2  = 𝑒𝑑𝑔𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 1,2𝑑0  ≤ 𝑒2 ≤  4𝑡 + 40 

𝑝1  = 𝑝𝑖𝑡𝑐ℎ 1  2,2𝑑0  ≤ 𝑝1 ≤  min (14𝑡; 200) 

𝑝2  = 𝑝𝑖𝑡𝑐ℎ 2  2,2𝑑0  ≤ 𝑝2 ≤  min (14𝑡; 200) 

𝐿𝑟  = 𝑟𝑖𝑣𝑒𝑡 𝑔𝑟𝑖𝑝 𝑙𝑒𝑛𝑔𝑡ℎ    

𝑑  = 𝑟𝑖𝑣𝑒𝑡 𝑠ℎ𝑎𝑛𝑘 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟   

𝐿𝑟/𝑑  ≤ 4,5 𝑓𝑜𝑟 ℎ𝑎𝑚𝑚𝑒𝑟𝑒𝑑 𝑟𝑖𝑣𝑒𝑡𝑠   

 

 
Figure 41: geometry variables [36] 

From the minimum edge distance, the maximum r/W value can be determined: 

 



  

53 
 

𝑟

𝑊
(max) =

1

2∙1,2
 = 0,42 [−] 

 

For girders these ratios are normally much smaller. In Figure 42 the geometry principle of a 

girder is shown. The dimensions of the main girder from 5 different bridges are given on the 

next page. 

   

 
Figure 42: Geometry girder 

Name  Railway swing bridge over the Harinxmakanaal 

Type  Double rail girder bridge (8 main girders) 

Girder Main girder 

Web plate 898 mm x 12,7 mm 

Corner angle 150 mm x 150 mm x 14 mm 

Edge plate 1 360 mm x 12,7 mm 

Edge plate 2 360 mm x 12,7 mm 

Edge plate 3 360 mm x 12,7 mm 

Rivet d 23 mm 

Amount 2 

Rivet offset yes 𝑝1 = 74,5 mm; 𝑝2 = 40 mm 

Lr/d  =
14+12,7+12,7+12,7+18

23
 = 3,05 [−] 

r/W  =
23∙2

360
   = 0,127 [−]  

 

Name  Railway bridge over the Ooster ringvaart 

Type  Single rail girder bridge (2 main girders) 

Girder Main girder 

Web plate 1250 mm x 14 mm 

Corner angle 100 mm x 100 mm x 14 mm 

Edge plate 1 360 mm x 14 mm 

Edge plate 2 360 mm x 14 mm 
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Edge plate 3 360 mm x 14 mm 

Rivet d 23 mm  

Amount 2 

Rivet offset yes 𝑝1 and 𝑝2 are not known  

Lr/d  =
14+14+14+14

23
  = 2,43 [−] 

r/W  =
23∙2

360
   = 0,127 [−]  

 

Name  Railway bridge over the Kisselweg 

Type  Single rail girder bridge (2 main girders) 

Girder Main girder 

Web plate 360 mm x 11 mm 

Corner angle 100 mm x 100 mm x 10 mm 

Edge plate 1 250 mm x 11 mm 

Edge plate 2 250 mm x 11 mm 

Edge plate 3 250 mm x 11 mm 

Rivet d 20 mm 

Amount 2 

Rivet offset no 𝑝1 = 105 mm 

Lr/d  =
10+11+11+11

20
  = 2,15 [−] 

r/W  =
20∙2

250
   = 0,160 [−]  

Name  Railway bridge over the Overijssels Kanaal 

Type  Single rail single girder bridge (2 main girders) 

Girder Main girder  

Web plate 900 mm x 10 mm 

Corner angle 100 mm x 100 mm x 12 mm 

Edge plate 1 350 mm x 10 mm 

Edge plate 2 350 mm x 10 mm  

Rivet d 20 mm 

Amount 2 

Rivet offset yes 𝑝1 = 50 mm; 𝑝2 = 75 mm  

Lr/d  =
12+10+10

20
  = 1,60 [−] 

r/W  =
20∙2

350
   = 0,114 [−]  

 

Name  Railway bridge Westelijke onderdoorgang 

Type  Single rail single girder bridge (2 main girders) 

Girder Multiple rail girder bridge 

Web plate 1000 mm x 14 mm 

Corner angle 100 mm x 100 mm x 12 mm 

Edge plate 1 430 mm x 14 mm 

Edge plate 2 430 mm x 14 mm 

Edge plate 3 430 mm x 14 mm 
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Edge plate 4 430 mm x 14 mm 

Rivet d 23 mm 

Amount 2 

Rivet offset yes 𝑝1 = 59 mm; 𝑝2 = 94 mm  

Lr/d  =
12+14+14+14+14

23
 = 2,96 [−] 

r/W  =
23∙2

430
   = 0,107 [−]  

 

From these dimensions can be concluded that a r/W ratio of 0,43 for a riveted main girder is 

very high. The 
𝐿𝑟

𝑑
  values are between 1,60 and 3,05. 
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7 Finite element modelling 

In this chapter, information is given about finite element modelling. The subjects that are 

discussed are respectively element types, contacts, clamping force and modelling of fracture 

mechanics. The information given is mainly about the finite element method in general, but 

the sections about contacts and clamping force are based on Ansys. 

 

7.1 Element types 

In this section, the different element types that are available are explained shortly. In 7.1.1 

the plane elements will be discussed, in 7.1.2 the solid elements and in 7.1.3 the plates and 

shells. 

 

7.1.1 Plane elements 

A plane element is an element which can only be loaded by in plane loading. Out of plane 

loading is not possible for these elements. The plane elements can be set to both plane strain 

or plane stress conditions. In this section some basic plane elements will be discussed [37]. 

 

The plane elements are either triangular or quadrilateral. Most plane elements have 2 

translational degrees of freedom per node. There are also plane elements which have in 

addition a rotational degree of freedom. The basic plane triangular elements are the 

constant strain triangle (CST) and the linear strain triangle (LST). These elements have 

respectively 3 and 6 nodes with 6 and 12 degrees of freedom. As the name already suggests, 

the CST element has a constant value of strain over the element. The LST element has a 

linear strain over the element so the displacements can vary quadratically.  

 

  
Figure 43: A constant strain triangle with its six nodal degrees of freedom (left), a linear strain triangle with 
its twelve degrees of freedom (right) [37] 

The quadrilateral elements are also divided into elements that only have corner nodes and 

elements that have also mid side nodes. These elements are called bilinear and quadratic 

quadrilaterals respectively. The elements with more nodes have more degrees of freedom 

but can represent the problem with fewer elements. 
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7.1.2 Solid elements 

A solid element is a three-dimensional element. These elements have three translational 

degrees of freedom per node as shown in Figure 44. FE analysis with solid elements are the 

hardest to prepare and check for errors and they demand the most computational time. In 

this section, different solid elements will be explained shortly [37]. 

 

  
Figure 44: 3D stress state (left) the d.o.f. of a typical solid element node (right) [37] 

tetrahedrons 

The constant strain tetrahedron is an element with only corner nodes. Each node has three 

translational d.o.f. resulting in a total of 12 d.o.f. per element. Corresponding to the constant 

strain triangle, the constant strain tetrahedron is only accurate when the strains are almost 

constant over the span of the element. The elements must be very fine in order to give good 

results for bending and torsional problems since in these cases the strains have a wide 

variation. The linear strain tetrahedron is an element with corner and midsize nodes. Each 

node has three translational d.o.f. resulting in a total of 30 d.o.f. per element. Like the linear 

strain triangle, the linear strain tetrahedron has a strain function that can vary linearly. 

 

 
Figure 45: Constant strain (four-node) tetrahedron (left), linear strain (ten-node) tetrahedron (right) [37] 

Hexahedrons 

The trilinear hexahedron has eight corner nodes with each three translational degrees of 

freedom. Hexahedron elements can also be called brick elements, where this element is 

called an eight node brick element. The displacement expression in each direction contains 

all three modes. So the displacement expression is a product of three linear polynomials, for 

this reason the element is called a trilinear hexahedron. The hexahedron with mid side nodes 

is called the quadratic hexahedron or twenty node brick element. This element has 60 d.o.f. 
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Figure 46: Trilinear (eight-node) hexahedron (left), quadratic (20-node) hexahedron (right) [37] 

Other elements 

There are also other elements available named pyramids and prisms. Where the pyramid 

consists of a square base and triangular faces. The prism exists of two triangular faces and 

three rectangular faces. Prims are often used in a transitional area for refinement of the 

mesh. This is a refinement from large brick to small brick elements. 

7.1.3 Plates and shells 

Plates 

A plate is an element which can only be loaded out of plane. Typically a plate has three 

moments, two bending moments and a torsional moment. A plate element has per node 

three degrees of freedom, namely two rotational 𝜃𝑥 and 𝜃𝑦 and a translational d.o.f. in 

thickness (z) direction. The Poison effect is also taken into account in the plates, meaning 

that the stress in one direction is dependent on the stress in the other direction. This also 

influences the stiffness, the stiffness of a plate per unit width is called D.  

 

𝐷  =
𝐸𝐼

(1−𝜈2)
  Plate theory (stiffness per unit width)   

 

The theory explained above is called thin plate theory, it is also called Kirchhoff theory. This 

theory neglects transverse shear deformation which can be significant for thick plates. This 

effect becomes significant when the thickness is larger than 0,1 times the span. With Mindlin 

plate theory (thick plate theory) transverse shear deformation can be taken into account. In 

order to take this into account the assumptions that right angles in a cross-section stay right, 

does not hold anymore.   

 

Shells 

A plane element can only be loaded in plane and a plate element can only be loaded out of 

plane. A shell element is a combination of the plane and the plate element. The shell element 

can be loaded in plane and out of plane. A simple triangular shell element can be obtained 

by adding a plane to a plate element. A shell has a total of 6 d.o.f. per node, 3 translational 

and 3 rotational degrees. The geometry of a shell is defined by its thickness and its 

midsurface, the midsurface can be straight but it can also a curved surface.  
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7.2 Contact 

A contact is created when two separate surfaces touch each other. These contacts need to 

be defined in an FE program. Some general aspects of contacts are explained in this 

paragraph. The aspects are based on how Ansys deals with contacts. In every contact, there 

is a contact surface and a target surface. These surfaces are important because some aspects 

only apply to either the contact or target surface. 

7.2.1 Contact settings 

In this section, the contact settings are explained. These settings consist of contact 

formulation, detection method and pinball region [38]. 

 

Contact formulations 

Contact formulations define the relation between contact surfaces of two separate bodies 

that touch each other. A contact between two surfaces can transmit compression and 

frictional forces. Most contacts cannot transmit tensile forces and can thus separate freely. 

In such a case the contact formulation has a changing-status nonlinearity since the stiffness 

of the systems differ when the parts are touching or separated. In order to model a good 

contact, the FE model must prevent the two bodies from passing through each other in the 

analysis. When an FE model prevents the bodies from passing through, it is called enforcing 

contact compatibility. In Ansys, there are different formulations to enforce compatibility at 

the interfaces. These different formulations will be explained shortly. 

 

Pure penalty 

The pure penalty formulation is a penalty based formulation. It makes use of the concept 

force equals stiffness times displacement, as visualized in the Figure below. An ideal situation 

would be an infinite stiffness with as result zero penetration. However, this is numerically 

not possible with this method and a compromise is obtained between numerical stability 

and accuracy. In case of small or negligible penetration compared to the deformations, the 

solution is usually accurate.  

𝐹𝑛𝑜𝑟𝑚𝑎𝑙  = 𝑘𝑛𝑜𝑟𝑚𝑎𝑙 ∙ 𝑥𝑝𝑒𝑛𝑎𝑙𝑡𝑦 

 

 
Figure 47: Explanation pure penalty contact formulation [38] 
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Normal Lagrange 

This formulation adds an additional degree of freedom (contact pressure 𝜆) to satisfy the 

compatibility, which is called the Lagrange multiplier. Instead of resolving the contact force 

as stiffness times penetration, it solves directly for the contact force. The contact force is the 

sum of the contact pressure 𝜆. The advantage here is that the penetration is nearly zero. The 

disadvantage is that this formulation needs a direct solver, resulting in more computational 

time. The big issue with normal Lagrange is chattering, since penetration is not allowed, the 

contact status is either open or closed. Convergence can be a problem since contact points 

may sometimes oscillate between open and closed status as shown in Figure 48. 

 

𝐹𝑛𝑜𝑟𝑚𝑎𝑙  = Σ𝜆 

 

 
Figure 48: Normal Lagrange (left), penalty-based method (right) [38] 

 

Augmented Lagrange 

The augmented Lagrange formulation is a combination of pure penalty and Normal 

Lagrange. It makes use of the extra boundary condition as in Normal Lagrange and also 

incorporates the additional penalty term. Due to the combination of contact pressure and 

penetration the Augmented Lagrange contact formulation is less sensitive to the magnitude 

of stiffness 𝑘𝑛𝑜𝑟𝑚𝑎𝑙.  

 

𝐹𝑛𝑜𝑟𝑚𝑎𝑙  = 𝑘𝑛𝑜𝑟𝑚𝑎𝑙 ∙ 𝑥𝑝𝑒𝑛𝑎𝑙𝑡𝑦 + Σ𝜆 

 

Multi-point constraint (MPC) 

Faces can be set as ‘’bonded’’ or ‘’no separation’’ with a multi-point constraint. The MPC 

contact formulation adds constraint equations to surfaces to ‘’tie’’ them. The MPC based 

bonded contact, e.g. to bond shell elements to solid elements. 

 

Tangential behaviour 

The behaviour of the contact in tangential direction is important when friction or 

rough/bonded contact is defined. Pure penalty formulation is always used in tangential 

direction except for the MPC.  
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Table 15: Contact formulations available in Ansys  

Formulation Normal Tangential Normal 

stiffness 

Tangential 

stiffness 

Type 

Augmented Lagrange Augmented Lagrange Penalty Yes Yes Any 

Pure penalty Pure penalty Penalty Yes Yes Any 

Normal lagrange Lagrange multiplier Penalty - Yes Any 

MPC MPC MPC - - Bonded, no separation 

 

Contact detection 

The property contact detection allows the user to choose the contact detection location such 

that good convergence can be obtained. Multiple options can be chosen and are explained: 

 

Detection on gauss point 

The location of detection is at the gauss integration points as shown in Figure 49. This option 

cannot be applied for the normal Lagrange and MPC formulations. This option is the default 

setting for pure penalty and Augmented Lagrange. 

 

Detect nodal normal from contact 

The location of detection is on a nodal point where the contact surface is perpendicular to 

the contact normal. 

 

Detect nodal normal to target 

The location of detection is on a nodal point where the target surface is perpendicular to the 

contact normal. This option is the default setting for normal Lagrange and MPC. 

 

Detect nodal projected normal from contact 

The location of detection is on a nodal point in an overlapping of the target surface and the 

contact. 

 

As explained, contact can be detected by either integration points or by nodes. The ratio of 

integration points to nodes is dependent on the type of element that is used. In Figure 49 

there are more integration points than nodes, resulting in a higher accuracy for the 

integration point detection. Nodal detection has more accurate results for edges, with a 

localized finer mesh for the integration point detection this difference will alleviate. 

 

 
Figure 49: Contact detection methods [38] 
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Pinball region 

The pinball region makes a distinction between far field and near field open status. When a 

certain pinball radius is set, every contact detection point is surrounded by a spherical 

boundary which considers all target nodes inside this boundary as ‘’near’’ contact. This will 

optimize the computational time since a contact detection point only monitors the amount 

of target nodes inside the pinball region. 

 

There are three possible options for controlling the pinball size. The first is program 

controlled (default) when this option is selected the program calculates a pinball size based 

on the mesh type and size. The second is the auto detection value, in this option the pinball 

size will be taken equal to the tolerance value which is set in the global contact settings. The 

third option is to enter a manual pinball radius. 

7.2.2 Contact definition 

The contact definition is divided into contact type, behaviour and trim. These three aspects 

are explained briefly in this section [38]. 

 

Contact type 

There are different contact types available in Ansys. In Table 16 an overview of the different 

contact types and its possibilities are given.  

 
Table 16: Explanation contact types [39] 

Name Tension resistance 

(normal to surface) 

 

Sliding 

(tangential direction) 

Bonded Yes No 

Rough No No 

No separation Yes Yes, 𝜇 = 0 

Frictionless No Yes, 𝜇 = 0 

Frictional No Yes, if 𝐹𝑠𝑙𝑖𝑑𝑖𝑛𝑔 > 𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛  

𝜇 can be set manual 

 

Contact behaviour 

The contact behaviour can be set as symmetric, asymmetric, auto asymmetric and program 

controlled. The symmetric contact behaviour ensures that the contact surface is constrained 

from penetrating the target surface and vice versa. The symmetric contact behaviour is 

supported by pure penalty and augmented Lagrange formulations. This contact behaviour is 

easy to set (default setting) but it is more computationally expensive and the results are 

harder to interpret due to the fact that results are reported on both sets of the surfaces.  

Asymmetric contact behaviour only ensures that the contact surface is constraint from 

penetrating the target. The asymmetric contact behaviour is required for normal Lagrange 

and MPC. The contact results are easy to interpret, all data is presented on the contact side. 

The contact and target surface can be set manual, or automatic when auto asymmetric is 

chosen. 
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For an asymmetric contact behaviour, one needs to carefully choose which surface is the 

contact and which is the target surface. For a rigid-to-flexible contact, the rigid part needs to 

be the target surface. For flexible-to-flexible contacts, there are some guidelines for 

choosing the contact and target surface: 

 

• For convex to flat/concave contacts, the flat/concave surface should be the target; 

• For a fine surface mesh to course surface mesh contact, the course meshed surface 

should be the target; 

• For a contact with different stiffness’s, the stiffer contact should be the target; 

• For a surface with higher order elements to a surface with lower order elements 

connection, the surface with the lower order elements should be the target.  

• If one surface is significantly larger than the other surface, the larger surface should 

be the target. 

 

If asymmetric behaviour is chosen only the contact surface cannot penetrate the target 

surface. Figure 50 shows the effect of changing the contact and target surface for 

asymmetric behaviour. In this example, the top surface has a relatively small mesh and the 

bottom surface a relatively large mesh and contact detection are used. When the bottom 

element is chosen as a contact surface, there is a lot of penetration which influences the 

results. 

 

 
Figure 50: Influence contact and target surface [38] 

 

Trim 

The trim option can be selected if the computation time needs to be reduced by reducing 

the number of elements sent to the solver. The trim option can be set as on, off and program 

controlled. When trim is on, the program removes contact and target elements from 

surfaces that are separated by a larger distance than the chosen tolerance. This option can 

be useful if one face is much larger than the other (see Figure 51). In this case, the target 

elements are placed on the whole target surface, lots of these elements don’t have an added 

value to the solution. For these cases, trim can be used. 
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Figure 51: Connection between contact and target face [40] 

In Figure 52 the contact elements are drawn in brown and the target elements in black. The 

tolerance is set to 10 mm, meaning that a tolerance box of 10 mm around each element is 

drawn. The tolerance box of contact element CE1 and target element TE2 overlap with each 

other meaning that element TE2 will be considered in the analysis. The tolerance box of 

elements CE3 and TE4 do not overlap, meaning that element TE4 will not be considered 

during the analysis. In this example is shown that much target elements are out of range, 

resulting in less computational time. If the trim option is off, no trimming is performed. The 

default setting of the trim option is program controlled. The program sets the trim contact 

to on when the contact is generated automatically, but it sets the trim contact to off when 

the contact is created manually. 

 

 
Figure 52: Explanation trim option [40] 
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7.3 Clamping force 

In order to take into account the effect of the clamping force in a rivet, it needs to be 

modelled. This section explains how a clamping force is modelled in Ansys. 

 

In Ansys workbench, a load case called ‘’bolt pretension’’ can be defined. In this load case, 

the bolt/rivet shank needs to be selected and a pretension can be attached. The pretension 

can be added as a force (preload) or as a displacement (preadjustment). When this load case 

is applied, the analysis needs to have at least 2 steps. In step 1 the preload is applied, no 

other loads are applied yet. In step 2 the preload is locked, and the loads can be applied. In 

addition, it is possible to give the bolt/rivet a temperature change. This change of 

temperature can also be used to define a clamping force. 

7.4 Numerical evaluation of fracture mechanics parameters 

In this section, some general methods to evaluate the Stress Intensity Factor are discussed. 

In addition, characteristics are given for defining the mesh around the crack tip. 

7.4.1 Stress Intensity Factor evaluation 

In this section, the traditional methods that are used in computational fracture mechanics 

are explained shortly [9]. The different methods can be divided into two categories, being 

point matching and energy methods. In point matching the SIF is derived from the stress or 

displacements fields in the body and energy methods derive the SIF from the energy release 

rate G. The disadvantage of this method is that it is more difficult to separate the energy 

release rate into the different fracture modes.  

 

Stress and displacement matching 

The stress in front or the displacements behind the crack tip can be used to estimate the SIF. 

Anderson [9] gives the relation between the SIF of a mode I loaded crack and the stress 

normal to the crack plane, and between the SIF and the displacements in the same plane. 

This method requires a high degree of mesh refinement before accurate solutions of the SIF 

are obtained.  

 

Elemental crack advance 

This method uses the energy release rate which is derived from the rate of change in global 

potential energy with crack growth. For example, if two numerical analysis with as only 

variable the crack length are performed, one with crack length a and the second one with 

crack length a + ∆a. The energy release rate G for a two-dimensional body with unit thickness 

can be determined as follows: 

 

𝐺  = − (
ΔΠ

Δa
)

𝑓𝑖𝑥𝑒𝑑 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠
 

 

Where ΔΠ is the change is potential energy. Δa must be small, otherwise this results in 

significant errors. In comparison with the point matching methods, this method is more 
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efficient since energy estimates do not require a very fine mesh. The disadvantage of this 

method is that two analysis need to be performed for a single answer. This is not a problem 

if the intention of the calculation is to determine the SIF as a function of the crack length. 

 

J integral 

The J integral can be evaluated numerically by integration either a contour or a domain along 

a path surrounding the crack tip. This method can be used for both linear and nonlinear 

problems. The J integral is path independent for elastic materials and this allows the user to 

evaluate the J at a contour where the numerical accuracy is high. For three dimensional 

problems, it is no longer a contour integral but it becomes a surface integral. Domain 

integration uses area- and volume integration for 2- and 3D problems. Domain integrals are 

easier to discretize since all elements inside a domain can be regarded separately. Also, the 

domain integrals are more accurate than contour integrals. 

 

Virtual crack extension 

The method virtual crack extension is invented in 1974. In this time the method was based 

on the stiffness derivative formulation. Where the energy release rate G is a function of the 

derivative of the stiffness with respect to the crack length. In order to calculate this 

derivative numerically, the model is evaluated twice. Frist with a crack length ‘’a’’ and second 

with a crack length ‘’a + Δa’’. This evaluation is visualized in Figure 53. As can be seen the 

mesh inside contour Γ0 and outside contour Γ1 does not change. Only the mesh between the 

contours changes. According to Anderson [9], a problem with this stiffness derivative 

approach is that there can be significant numerical differences in results. For this reason, the 

continuum approach was invented. This approach is based on the energy release rate of a 

continuum. With this approach, there are less numerical differences in result. 

 

 
Figure 53: Virtual crack extension, initial conditions (left) after virtual crack advance (right) [9] 
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7.4.2 Fracture meshing 

The stresses and displacements around a crack tip have generally high gradients. In order to 

capture the quickly varying stress and displacements, a refined mesh is required in the region 

around the crack tip. For linear elastic problems, the displacements vary as √𝑟, where r is 

defined as the distance from the crack tip. The stresses and strains are varying as 1/√𝑟, 

which is called a singularity. In order to model this singularity, the crack tip should be 

modelled according to some characteristics [41]: 

 

• The crack faces should be coincident; 

• The elements at the crack tip should be quadratic, where the mid-side node is placed 

at the quarter points (such elements are called singular elements); 

• The first row of elements should have a radius of approximately a/8 or smaller; 

• In circumferential direction one element every 30° or 40° is recommended; 

• In case of a 3D model, the aspect ratios should not exceed 4 to 1 in all directions. 

 

 
Figure 54: Singular element mesh, for a 2D model (left) for a 3D model (right) [41] 
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1 Stress concentration factor – bypass loading 

 

For the determination of the SCF 𝐾𝑡𝑔 due to bypass loading, only the main plate is modelled.  

A mesh sensitivity study of the main plate is presented in this chapter. The mesh of the main 

plate is defined with three variables. The variables are explained below, in accordance with 

Figure 1: 

 

a: Number of elements in radial direction (5 in Figure 1) 

b: Number of elements in circumferential direction per 45 degrees (5 in Figure 1) 

n: Number of elements over the thickness  (2 in Figure 1) 

 

The parameters r and 𝑡𝑚 are respectively 12,5 and 10 mm. The L/W ratio is taken as 2 and 

for r/W a range between 0,10 and 0,40 was selected. 

 

 
Figure 1: Meshed main plate 

The state of stress of a solid element varies over the thickness. A path of nodes is defined 

which is indicated by the red line in Figure 1. The stresses at each node of this path are 

calculated and the minimum and maximum 𝐾𝑡𝑔 are determined. These are respectively at 

the free surface and at the mid-plane. In addition, the average 𝐾𝑡𝑔 along the path is 

determined. In Table 1, the three values of 𝐾𝑡𝑔 are shown for various mesh models which 

are in accordance with Figure 2 and Figure 3. The ratio column in the table presents the ratio 

between the average 𝐾𝑡𝑔 found in the numerical model and the analytical solution 

presented by Pilkey [1]. The green rows in the table refer to the mesh that is chosen to 

proceed with.  

 

 

 
 

Thickness direction 

Circumferential  

direction 

Radial direction 

direction 
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Table 1: Results 𝑲𝒕𝒈 due to bypass for various mesh sizes 

Model r/W 

[-] 

a 

[-] 

b 

[-] 

n 

[-] 

Number 

of nodes 

[-] 

Avg 𝑲𝒕𝒈 

[-] 

Ratio 

[-] 

Min 𝑲𝒕𝒈 

[-] 

Max 𝑲𝒕𝒈 

[-] 

1 0,1 3 3 2 2495 3,079 1,0142 2,854 3,199 

2 0,1 4 4 2 3437 3,066 1,0102 2,844 3,183 

3 0,1 5 5 2 4467 3,061 1,0084 2,840 3,176 

4 0,1 7 7 2 6791 3,058 1,0073 2,838 3,171 

5 0,1 10 10 2 10937 3,057 1,0070 2,838 3,170 

6 0,1 3 3 4 4317 3,081 1,0150 2,821 3,192 

7 0,1 4 4 4 5945 3,069 1,0112 2,811 3,175 

8 0,1 5 5 4 7725 3,064 1,0095 2,808 3,168 

9 0,1 7 7 4 11741 3,061 1,0085 2,807 3,163 

10 0,1 10 10 4 18905 3,060 1,0082 2,807 3,162 

11 0,1 3 3 6 6139 3,083 1,0158 2,811 3,191 

12 0,1 4 4 6 8453 3,071 1,0119 2,802 3,174 

13 0,1 5 5 6 10983 3,067 1,0103 2,799 3,167 

14 0,1 7 7 6 16691 3,064 1,0093 2,798 3,162 

15 0,1 10 10 6 26873 3,063 1,0091 2,798 3,161 

1 0,4 3 3 2 825 3,799 1,0179 3,509 3,950 

2 0,4 4 4 2 1261 3,787 1,0145 3,499 3,932 

3 0,4 5 5 2 1785 3,781 1,0129 3,495 3,923 

4 0,4 7 7 2 3097 3,777 1,0119 3,493 3,917 

5 0,4 10 10 2 5725 3,776 1,0116 3,493 3,915 

6 0,4 3 3 4 1429 3,801 1,0182 3,461 3,941 

7 0,4 4 4 4 2183 3,790 1,0155 3,452 3,923 

8 0,4 5 5 4 3089 3,785 1,0140 3,449 3,914 

9 0,4 7 7 4 5357 3,781 1,0131 3,447 3,908 

10 0,4 10 10 4 9899 3,780 1,0128 3,448 3,906 

11 0,4 3 3 6 2033 3,803 1,0188 3,446 3,940 

12 0,4 4 4 6 3105 3,793 1,0161 3,438 3,921 

13 0,4 5 5 6 4393 3,788 1,0148 3,435 3,913 

14 0,4 7 7 6 7617 3,785 1,0140 3,434 3,907 

15 0,4 10 10 6 14073 3,784 1,0137 3,435 3,904 
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Figure 2: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes for r/W equal to 0,1 

 

 
Figure 3: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes for r/W equal to 0,4 

From Figure 2 and Figure 3 it can be concluded that the values of 𝐾𝑡𝑔 converges. It must be 

noted is that the range of y-axis in the graphs is very small, the results are very close to the 

analytical solution. The mesh of model 8 is chosen to proceed with. This model gives 

relatively good results at a relatively low number of nodes. 
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2 Stress concentration factor – pin loading 

2.1 Main plate 

For the determination of 𝐾𝑡𝑔 due to pin loading, a mesh sensitivity study is conducted. The variables used in 

variables used in the mesh study from chapter 1, are used again in this section. The cover plate is meshed 
plate is meshed according to model 8 in  

Table 1. The initial used rivet mesh is fine, and it is in accordance model 4 from section 2.2.  

 
Table 2: Results 𝑲𝒕𝒈 due to bypass for various mesh sizes 

Model r/W 

[-] 

a 

[-] 

b 

[-] 

n 

[-] 

Number 

of nodes 

[-] 

Nodes main 

plate 

[-] 

Avg 𝑲𝒕𝒈 

[-] 

Ratio 

[-] 

1 0,15 3 3 2 9968 1771 7,493 0,9401 

2 0,15 4 4 2 10690 2493 7,468 0,9370 

3 0,15 5 5 2 11500 3303 7,483 0,9389 

4 0,15 7 7 2 13384 5187 7,516 0,9430 

5 0,15 10 10 2 16870 8673 7,459 0,9359 

6 0,15 3 3 4 11262 3065 7,511 0,9424 

7 0,15 4 4 4 12510 4313 7,488 0,9395 

8 0,15 5 5 4 13910 5713 7,527 0,9444 

9 0,15 7 7 4 17166 8969 7,564 0,9490 

10 0,15 10 10 4 23190 14993 7,474 0,9377 

1 0,4 3 3 2 6398 825 4,367 0,9023 

2 0,4 4 4 2 6834 1261 4,486 0,9268 

3 0,4 5 5 2 7358 1785 4,519 0,9336 

4 0,4 7 7 2 8670 3097 4,547 0,9394 

5 0,4 10 10 2 11298 5725 4,562 0,9424 

6 0,4 3 3 4 7002 1429 4,354 0,8995 

7 0,4 4 4 4 7756 2183 4,515 0,9328 

8 0,4 5 5 4 8662 3089 4,524 0,9347 

9 0,4 7 7 4 10930 5357 4,542 0,9383 

10 0,4 10 10 4 15472 9899 4,554 0,9408 

 

From the presented results in the table can be concluded that for r/W equal to 0,15 the 

average 𝐾𝑡𝑔 is independent on the considered mesh sizes. The results do not converge to a 

certain value, but are already converged. The biggest difference is 0,6% for n = 2 and 1,2% 

for n = 4. The results for r/W equal to 0,4 however do converge. This can be seen in Figure 

5. It should be noted is that the numerical result is 6-7% below the analytical 2D solution 

presented by Pilkey [1].  
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Figure 4: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes of the main plate for r/W equal to 0,15 

 

 
Figure 5: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes of the main plate for r/W equal to 0,4 

The mesh of model 8 (which is also the mesh used for the cover plate) is chosen to proceed 

with. This model gives relatively good results at a low number of nodes. 
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2.2 Rivet 

In this section a mesh sensitivity convergence study for the rivet is performed. The 

parameters r and 𝐿𝑟  are respectively 12,5 and 40 mm. The L/W ratio is taken as 2 and for 

r/W a range between 0,10 and 0,40 was selected. The mesh of the rivet size is the only 

variable and is controlled by two different parameters: 

 

c: the number of elements in diametric direction (7 in Figure 6) 

d: number of elements at the red lines (3 in Figure 6) 

 

 
Figure 6: Rivet mesh 

In Table 3 the results are shown. The results converge up to model 4 and are than more or 

less constant. From model 1 to model 4 the results decrease with 1,1% for r/W = 0,15 and 

1,7% for r/W = 0,40. From model 4 to 8 the results are within 0,5%. 

 
Table 3: Results 𝑲𝒕𝒈 due to pin loading for various mesh sizes of the rivet 

Model number r/W 

[-] 

c 

[-] 

d 

[-] 

Number of 

nodes 

[-] 

Nodes  

Rivet 

[-] 

Avg 𝑲𝒕𝒈 

[-] 

1 0,15 4 1 11762 336 7,610 

2 0,15 5 2 12131 705 7,623 

3 0,15 6 3 13210 1784 7,551 

4 0,15 7 3 13910 2484 7,527 

5 0,15 8 4 15273 3847 7,503 

6 0,15 9 4 16228 4802 7,536 

7 0,15 11 4 17664 6238 7,531 

8 0,4 14 5 22232 10806 7,529 

1 0,4 4 1 6484 306 4,601 

2 0,4 5 2 6883 705 4,600 

3 0,4 6 3 7962 1784 4,533 

4 0,4 7 3 8662 2484 4,524 

5 0,4 8 4 10025 3847 4,518 

6 0,4 9 4 10980 4802 4,536 

7 0,4 11 4 12416 6238 4,526 

8 0,4 14 5 16984 10806 4,520 
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Figure 7: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes of the rivet for r/W equal to 0,15 

 
Figure 8: 𝑲𝒕𝒈 due to bypass loading plotted to number of nodes of the rivet for r/W equal to 0,4 

From these graphs it can be concluded that the results converge up to model number 4 and 

stay from thereon constant (within 0,5%). For this reason model number 5 is chosen to 

proceed with. 
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3 Stress concentration factor for complete unloading 

The mesh in the previous chapters is determined based on loading the connection. For the 

case when the rivet has an initial clamping force and the contacts are defined as frictional 

there is an unloading effect. When in the loading step, the friction resistance is exceeded, 

there is slip in the connection. Equilibrium between bearing and friction has to be found 

when taking away the load, i.e. the connection does not go back to its original state. This 

interaction is dependent on the FKN value between the plates and the mesh density. For this 

reason an additional mesh convergence study is presented in this chapter. 

 

In Figure 9 the R ratio is plotted as a function of the total number of nodes. Where this is the 

R ratio for 𝛽 = 0,3, with R being the ratio between the unloaded residual 𝐾𝑡𝑔,𝑢𝑛𝑙𝑜𝑎𝑑  and the 

initial 𝐾𝑡𝑔,𝑙𝑜𝑎𝑑. Multiple lines are shown, each for a different FKN value between the main 

and cover plate. The FKN values for the other contacts are kept constant with a FKN of 10. 

The difference in node number is due to the mesh density at the plate hole of both the main 

and cover plate. The same variables are used to control the mesh as in the previous chapter. 

Based on the results, the model with FKN 20 and 87 ∙ 103 nodes is chosen to proceed with.  

 

 
Figure 9: R-ratio as a function of total nodes for different FKN values  

 

4 References 

[1] W. D. Pilkey, D.F. Pilkey, ‘’Peterson’s stress concentration factor,’’ third edition, 
2008. 
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1 Stress Intensity Factor 

In this annex a mesh sensitivity study is presented for the SIF (𝐾𝐼) of a symmetric crack 

emanating from a hole in the cracked connection. In this mesh study the friction coefficient 

is taken equal to 0,5 (for all contacts) and a clamping force is applied. The considered r, r/W, 

L/W, and 𝐿𝑟 are respectively 12,5; 0,1; 2; 40.  

 

This mesh sensitivity study is executed at a 𝛽 value of 0,3. This 𝛽 is defined as 𝛽 =
𝐹−𝐹𝑐,0∙𝑛∙𝜇

𝐹
 

where 𝐹 equals the applied force, 𝐹𝑐,0 the initial applied clamping force, 𝑛 the amount of 

sliding planes and 𝜇 the coefficient of friction. This 𝛽 value is the theoretical value and will 

deviate from the real value. For this value of 𝛽 the Stress Intensity Factor solution is 

dependent on the mesh since it is highly dependent on which part of the load is transferred 

by bearing and which part of the load is transferred by friction. 

 

Three variabilities of the mesh are considered. The variabilities are explained below and 

indicated in Figure 1 and Figure 2. The amount of elements in thickness direction is 2 for the 

cover plate and 3 for the main plate. The mesh of the cover plate is taken equal to the mesh 

of the cover plate in the uncracked connection. 

 

1: Number of elements along path a 

2: Element size of surrounding element defined as a/x  

3:  Number of elements in diametric direction of rivet (see Figure 2) 

 
Figure 1: Main plate 

 
Figure 2: Rivet mesh with 8 elements in diametric direction 

1 
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Three crack sizes considered in this mesh study: 

 

𝑎 = 2 [𝑚𝑚]  (𝑎 + 𝑟)/𝑊 = 0,116 [−] 

𝑎 = 12,5 [𝑚𝑚]  (𝑎 + 𝑟)/𝑊 = 0,20  [−] 

𝑎 = 31,25[𝑚𝑚]  (𝑎 + 𝑟)/𝑊 = 0,35  [−] 

 

 
Figure 3: 𝑭𝟏 as a function of the number of elements along path 1 for different crack lengths 

From Figure 3 it can be concluded that the Stress Intensity Factor depends on the number 

of elements along path 1. For small cracks this effect is bigger than for large cracks. The 

number of elements along path 1 is chosen to be 25 for cracks smaller than 31,25 mm and 

15 for cracks equal to or larger than 31,25 mm. 

 

In Figure 4 the mesh of the model for crack size a = 12,5 mm and 25 elements along path 1 

is shown. The mesh of the cover plate is taken equal as for the uncracked connection. 

 

 
Figure 4: Mesh for a = 12,5 and 25 elements along path 1 
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In Figure 5, F1 is plotted as a function of the element size surrounding the crack tip. From 

this figure it can be concluded that only for a = 2 mm, the F1 is influenced by the element 

size. For an element size equal to and smaller then a/10, the F1 results are more or less 

constant. The element size for the elements surrounding the crack tip will be chosen to be 

a/10 for crack sizes a up to 12,5 mm. From a = 12,5 mm and larger, the element size will be 

set as a constant. In Figure 6 three different element sizes are shown for the elements 

surrounding the crack tip. 
 

 
Figure 5: 𝑭𝟏 as a function of the element size surrounding the crack tip 

 

      
Figure 6: Element size surrounding cracktip for x = 6, 10 and 14 shown in a, b and for crack size 12,5 mm 

 

 

 

 

 

 

 

 

a    b             c   
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From below figure it can be concluded that the Stress Intensity Factor is independent on the 

amount of elements in diametric direction of the rivet. A rivet with 8 elements in diametric 

direction gives already good results, still 11 elements is chosen since otherwise the mesh of 

the rivet becomes to big compared to the mesh of the plates. In the Figure below the mesh 

sizes of the rivets are shown. 

 

 
Figure 7: 𝑭𝟏 as a function of the number of elements along path 3 for different crack lengths 

 
 
Figure 8: Rivet mesh with  7, 9, 11, 14 and 16 elements in diametric direction for (a) to (e) 

For averaging the results along the crack front, solution contour 3 is chosen. This solution 

contour is already accurate since between contour 2 and 3 the results do not differ more 

than 1%. 
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2 Stress Intensity Factor for complete unloading 

The mesh in the previous chapter is determined based on loading the connection. For the 

case when the rivet has an initial clamping force and the contacts are defined as frictional 

there is an unloading effect. This effect depends on the equilibrium satisfied between 

bearing and frictional force. The interaction between those forces is depending on the FKN 

value between the plates and the mesh density. For this reason an additional mesh 

convergence study is presented in this chapter. 

 

In Figure 9 the R ratio is plotted as a function of the total number of nodes. Where this is the 

R ratio for 𝛽 = 0,3, with R being the ratio between the unloaded residual 𝐾𝐼,𝑢𝑛𝑙𝑜𝑎𝑑 and the 

initial 𝐾𝐼,𝑙𝑜𝑎𝑑. Where the values of 𝐾𝐼 are the minimum values along the crack front, i.e. these 

results differ somewhat from the result presented in the main report since there the average 

values are taken. In addition, multiple lines are shown, each for a different FKN value 

between the main and cover plate. The FKN values for the other contacts are kept constant 

with a FKN of 10. The difference in node number is due to the mesh density at the plate hole 

of both the main and cover plate. The same variables are used to control the mesh as in the 

previous chapter. From previous chapter can be concluded that the results for model with a 

crack size of 31,25 mm is less dependent on the mesh. For this reason only the mesh sizes 2 

and 12,5 mm are regarded. 

 

Based on the results, the models with FKN 50 and 71 ∙ 103 nodes for a =2 mm and 61 ∙ 103 

nodes  for a = 12,5 mm are chosen to proceed with. In addition the mesh density in the cover 

plate is decreased to the mesh used in the previous chapter. These values are indicated with 

the red cross, give accurate results and reduce the solving time. For this reason those models 

are used. 

 

 
Figure 9: R-ratio as a function of total nodes for different FKN values, for a = 2 mm (left), a = 12,5 mm (right) 
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In chapter 1 the script used for averaging the SCF over the thickness is presented. Chapter 

2 shows the script used for averaging the SIF over the thickness. The script is shown with 

black letters typed in Courrier New (letter type) in red with letter type Calibri the script is 

explained. 

 

1 Averaging Stress Concentration Factor over thickness 

 

RESUME     

Resumes the database from the database file.  

    

set,1     

Defines the data set to be read from the results file.  

 

/post1     

Enters the database results postprocessor. 

 

cmsel,s,Notch_root_nodes,node 

Selects a subset of components, in this case the predefined named selection 

Notch_root_nodes which is the path along which the average stress needs to be determined. 

 

/prep7 

Enters the pre-processor. 

 

*get,tot_nodes,node,0,count 

Counts number of nodes along selected path. 

 

res_nodes=(tot_nodes+1)/2 

The effective nodes are the corner nodes, parameter res_nodes is defined as total nodes 

along path + 1 divided by 2. This parameter is equal to the amount of corner nodes. 

 

node_1=node(12.5,0,0) 

Definition of first node (node_1) with coordinates (12.5,0,0). 

 

/post1 

Enters the database results postprocessor. 

 

*get,stress_y_1,node,node_1,s,y 

Gets the stress in y direction of defined node_1. 

 

*do,i,2,tot_nodes,1 

DO loop for i, where i is a value between 2 and the total amount of nodes along the 

selected path with steps of 1. 

 

 



  

2 
 

/prep7 

Enters the pre-processor. 

 

node_%i%=nnear(node_%i-1%) 

Node_i is defined as the nearest node near node_i-1. 

 

/post1 

Enters the database results postprocessor. 

 

*get,stress_y_%i%,node,node_%i%,s,y 

Gets the stress in y direction of defined node_i. 

 

/prep7 

Enters the pre-processor. 

 

nsel,u,,,node_%i-1% 

Unselect node_i-1 so that in the following loop this node is excluded from the nearest 

node.  

 

*enddo 

Ends the do loop. 

 

my_sum1=0 

Parameter ∑𝜎𝑦 is defined as my_sum1. 

 

*do,i,1,tot_nodes,1 

DO loop for i, where i is a value between 1 and the total amount of nodes along the 

selected path with steps of 1. 

 

my_sum1=my_sum1+stress_y_%i% 

∑𝜎𝑦 is the summation of 𝜎𝑦 for every value of i. 

 

*enddo 

Ends the do loop. 

 

my_avgstress1=my_sum1/res_nodes 

The average value of 𝜎𝑦 over the thickness is defined as the summation of all values over the 

thickness, divided by number of corner nodes (res_nodes), due to the fact that the mid-side 

nodes cannot be taken into account. 

 

This script is repeated for every time step the user wants to know the average SCF. 
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2 Averaging Stress Intensity Factor over thickness 

ARG1:1 variable, predefined as 1 referring to contour 1. 

ARG2:2 variable, predefined as 2 referring to contour 2. 

ARG3:3 variable, predefined as 3 referring to contour 3. 

 

RESUME     

Resumes the database from the database file.  

    

set,1     

Defines the data set to be read from the results file. 

 

/post1     

Enters the database results postprocessor. 

 

*get,my_tot_node,cint,1,nnod  

Gets maximum number of nodes along the defined crack front (my_tot_node). 

 

*do,i,1,my_tot_node,1  

DO loop for i, where i is a value between 1 and the total amount of nodes along crack front 

with steps of 1. 

 

*get,node_%i%,cint,1,NODE,i 

Gets node number (node_%i%) at the given position along the crack front, where i is the 

position along the crack front from 1 to nnod. 

 

*get,k1_c1_%i%,cint,1,ctip,node_%i%,contour,ARG1,dtype,k1 

*get,k1_c2_%i%,cint,1,ctip,node_%i%,contour,ARG2,dtype,k1 

*get,k1_c3_%i%,cint,1,ctip,node_%i%,contour,ARG3,dtype,k1 

Gets 𝐾𝐼 value at given node (node_%i%) for contour ARG1 to ARG3. 

 

*enddo 

Ends the do loop. 

 

my_sum1=0 

my_sum2=0 

my_sum3=0 

Parameter ∑𝐾𝐼 is defined as my_sum1, my_sum2 and my_sum3 where 1, 2 and 3 refers to 

the first, second and third contour. 

 

*do,i,1,(my_tot_node-1),1 

DO loop for i, where i is a value between 1 and the total amount of nodes along crack front 

minus 1 with steps of 1 (the minus 1 is to exclude the node at the free surface). 

 

my_sum1_t1=my_sum1_t1+k1_c1_%i% 

my_sum2_t1=my_sum2_t1+k1_c2_%i% 
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my_sum3_t1=my_sum3_t1+k1_c3_%i% 

∑𝐾𝐼 is the summation of 𝐾𝐼 for every value of i. 

 

*enddo 

Ends the do loop. 

 

my_k1avg_c1=my_sum1/(my_tot_node-1) 

my_k1avg_c2=my_sum2/(my_tot_node-1) 

my_k1avg_c3=my_sum3/(my_tot_node-1) 

The average value of 𝐾𝐼 over the thickness is defined as the summation of all values over the 

thickness where the value of the free surface is excluded (my_sum), divided by number of 

nodes over the thickness minus 1. 

 

This script is repeated for every time step the user want to know the average SIF. 
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a 

[mm] 

(a+r)/W 

[-] 

𝚫𝑭𝟏,𝟏𝒔𝒕 

[-] 

𝚫𝑭𝟏,𝟐𝒏𝒅 

[-] 

R 

[-] 

𝚫𝑭𝟏,𝟏𝒔𝒕 

[-] 

𝚫𝑭𝟏,𝟐𝒏𝒅 

[-] 

R 

[-] 

𝜷 = 𝟎, 𝟑 𝜷 = 𝟎, 𝟓 

2 0,116 1,32 0,64 0,51 2,14 1,26 0,41 

2,5 0,12 1,35 0,67 0,51 2,17 1,24 0,43 

3,75 0,13 1,36 0,65 0,52 2,14 1,23 0,43 

5 0,14 1,32 0,61 0,53 2,07 1,19 0,42 

6,25 0,15 1,28 0,59 0,54 2,01 1,16 0,42 

9,375 0,175 1,18 0,52 0,56 1,82 1,06 0,42 

12,5 0,20 1,13 0,50 0,56 1,68 0,99 0,41 

18,75 0,25 1,05 0,47 0,55 1,48 0,89 0,40 

25 0,30 1,00 0,47 0,53 1,35 0,84 0,38 

31,25 0,35 0,96 0,47 0,51 1,27 0,81 0,36 

37,5 0,40 0,94 0,47 0,50 1,23 0,81 0,35 

43,75 0,45 0,94 0,48 0,49 1,21 0,80 0,34 

50 0,50 0,96 0,49 0,49 1,21 0,81 0,33 

56,25 0,55 0,98 0,50 0,49 1,22 0,84 0,31 

62,5 0,60 1,02 0,52 0,49 1,26 0,86 0,31 

68,75 0,65 1,06 0,53 0,50 1,31 0,91 0,31 

75 0,70 1,14 0,56 0,51 1,38 0,97 0,30 

81,25 0,75 1,23 0,60 0,51 1,49 1,05 0,29 
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a 

[mm] 

(a+r)/W 

[-] 

𝚫𝑭𝟏,𝟏𝒔𝒕 

[-] 

𝚫𝑭𝟏,𝟐𝒏𝒅 

[-] 

R 

[-] 

𝚫𝑭𝟏,𝟏𝒔𝒕 

[-] 

𝚫𝑭𝟏,𝟐𝒏𝒅 

[-] 

R 

[-] 

𝜷 = 𝟎, 𝟕 𝜷 = 𝟏, 𝟎 

2 0,116 2,86 2,42 0,15 3,02 3,02 0,00 

2,5 0,12 2,90 2,45 0,15 3,06 3,06 0,00 

3,75 0,13 2,88 2,43 0,16 3,04 3,04 0,00 

5 0,14 2,78 2,33 0,16 2,94 2,94 0,00 

6,25 0,15 2,67 2,22 0,17 2,83 2,83 0,00 

9,375 0,175 2,41 1,98 0,18 2,54 2,54 0,00 

12,5 0,20 2,18 1,78 0,18 2,30 2,30 0,00 

18,75 0,25 1,88 1,53 0,19 1,99 1,99 0,00 

25 0,30 1,69 1,39 0,17 1,79 1,79 0,00 

31,25 0,35 1,57 1,30 0,17 1,67 1,67 0,00 

37,5 0,40 1,50 1,24 0,17 1,59 1,59 0,00 

43,75 0,45 1,46 1,23 0,16 1,54 1,54 0,00 

50 0,50 1,45 1,22 0,16 1,52 1,52 0,00 

56,25 0,55 1,45 1,23 0,15 1,53 1,53 0,00 

62,5 0,60 1,48 1,25 0,15 1,56 1,56 0,00 

68,75 0,65 1,54 1,31 0,15 1,61 1,61 0,00 

75 0,70 1,61 1,37 0,15 1,69 1,69 0,00 

81,25 0,75 1,73 1,48 0,15 1,80 1,80 0,00 
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1 Wide plate crack 

The number of cycles in the propagation period 𝑁𝑝 can be determined using the Paris Law. 

The Paris Law makes use of the relation between the Stress Intensity Factor range Δ𝐾 and 

the crack growth rate 𝑑𝑎/𝑑𝑛. The most accurate way to determine the number of cycles it 

takes to grow a crack, from an initial length to a final length, is by using the closed form 

integral. This integration is not always possible, since a closed form of the SIF solution is not 

always known. In this Annex, the influence of the step size ∆𝑎 is investigated for a central 

cracked plate. 

 

Geometry: 

2𝑊  = 𝑝𝑙𝑎𝑡𝑒 𝑤𝑖𝑑𝑡ℎ     = 250  [𝑚𝑚] 

2𝑎  = 𝑐𝑟𝑎𝑐𝑘 𝑙𝑒𝑛𝑔𝑡ℎ      

2𝑎𝑖  = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑟𝑎𝑐𝑘 𝑙𝑒𝑛𝑔𝑡ℎ   = 25  [𝑚𝑚] 

2𝑎𝑓  = 𝑓𝑖𝑛𝑎𝑙 𝑐𝑟𝑎𝑐𝑘 𝑙𝑒𝑛𝑔𝑡ℎ    = 175  [𝑚𝑚] 

Δ𝜎  = 𝑠𝑡𝑟𝑒𝑠𝑠 𝑟𝑎𝑛𝑔𝑒    = 50  [𝑁/𝑚𝑚²] 

c  = 𝑐𝑟𝑎𝑐𝑘 𝑔𝑟𝑜𝑤𝑡ℎ 𝑟𝑎𝑡𝑒    = 4 ∙ 10−13 [𝑚𝑚/𝑐𝑦𝑙𝑐𝑒] 

𝑚  = 𝑠𝑙𝑜𝑝𝑒     = 3  [−] 

 

𝑁𝑝  = ∫
1

𝑐∙∆𝐾𝑚 𝑑𝑎
𝑎𝑓

𝑎𝑖
 

 

Δ𝐾  = ∆𝜎√𝜋𝑎 ∙ sec (
𝜋𝑎

2𝑊
) 

 

𝑁𝑝  = ∫
1

𝑐∙[Δσ√𝜋𝑎∙sec(
𝜋𝑎

2𝑊
)]

𝑚 𝑑𝑎
𝑎𝑓

𝑎𝑖
 

 

𝑁𝑝  = ∫
1

4∙10−13[50√𝜋𝑎∙sec(
𝜋𝑎

250
)]

3 𝑑𝑎
87,5

12,5
  = 9,375 ∙ 105 [𝑐𝑦𝑐𝑙𝑒𝑠] 

 

Another option to calculate the number of cycles in the propagation period, is to do it 

stepwise. Below an example for a step size of 25 mm. The Δ𝐾 is calculated per step width 

the mean crack size. 

 

𝑎𝑖; 𝑎𝑖+1; Δ𝑎; 𝑎𝑔𝑒𝑚; ∆𝐾𝑖+0,5 = 12,5; 37,5; 25;
12,5+37,5

2
= 25; 50√𝜋25 ∙ sec (

𝜋25

250
) = 466

  

 

𝑁𝑝,12,5−37,5 =
1

𝑐∙∆𝐾𝑖+0,5
3 ∙ Δ𝑎 =

1

4∙10−13∙4663 ∙ 25  = 6,180 ∙ 105 [𝑐𝑦𝑐𝑙𝑒𝑠] 

𝑁𝑝,37,5−62,5 =
1

𝑐∙∆𝐾𝑖+0,5
3 ∙ Δ𝑎 =

1

4∙10−13∙7753 ∙ 25  = 1,345 ∙ 105 [𝑐𝑦𝑐𝑙𝑒𝑠] 

𝑁𝑝,62,5−82,5 =
1

𝑐∙∆𝐾𝑖+0,5
3 ∙ Δ𝑎 =

1

4∙10−13∙13063 ∙ 25  = 0,281 ∙ 105 [𝑐𝑦𝑐𝑙𝑒𝑠] 
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Table 1: Crack propagation calculation 

Step size 𝚫𝒂 

[mm] 

Total amount 

of steps [-] 

𝑵𝒑 

𝟏𝟎𝟓 [cycles] 

Error 

[%] 

0 ∞ 9,375 - 

0,01 7500 9,375 0,00 

0,1 750 9,375 0,00 

0,5 150 9,374 0,01 

1 75 9,371 0,04 

2,5 30 9,350 0,27 

5 15 9,277 1,06 

12,5 6 8,844 6,01 

25 3 7,805 20,12 

  

From the table above can be concluded that a step size Δ𝑎 of 2,5 mm already gives very 

accurate results. The chosen value in the main report is 0,50 mm. 

  

 

 


