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Summary

Hybrid 3-D Electromagnetic Modeling:
The Challenge of Magnetic Shielding of a Planar Actuator

The design of more accurate high-precision positioning systems requires fast
electromagnetic models of the actuation systems. Conventional modeling tech-
niques such as finite element analysis have calculation times in the order of
hours for these systems, which is highly undesired, since the design process
requires a solution within several minutes. A faster alternative for finite ele-
ment analysis is an analytical-based modeling method. However, the modeling
techniques based on analytical equations that are given in literature cannot
cope with the full electromagnetic complexity of the high-precision positioning
systems.

The high-precision positioning system under investigation consists of a two-
stage positioning system, where a large stroke (≈ 1 m in two directions) is
obtained by a planar actuator. This planar actuator is capable of a 6-DOF
movement, and uses three-dimensional (3-D) electromagnetic fields originating
from a large permanent magnet array in combination with currents in multiple
coils to produce the electromagnetic force. The second stage of the positioning
system consists of multiple small actuators that allow for an accurate posi-
tioning (≈ 1 nm). Since the positioning stages are placed closely together,
the electromagnetic fields of these two stages interfere. This electromagnetic
coupling is undesired and magnetic shielding is applied to reduce the electro-
magnetic cross-coupling between the actuation stages. For practical reasons,
such as weight limitations and cable entries, the magnetic shielding plate is a
thin sheet of high-permeable material, which contains many holes and has a lo-
cally increased thickness. The holes in the magnetic shield reduce the shielding
capability, since they allow penetration of the magnetic field.

The electromagnetic modeling of the planar actuator together with the mag-
netic shielding is very challenging, both with finite element analysis and with
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analytical modeling techniques. In the finite element analysis, the small thick-
ness of the magnetic shield puts strong requirements on the mesh size due to
the large change of magnetic energy inside and around the magnetic shield. To
accurately include a large change of magnetic energy, only small mesh elements
can be used. Consequently, this results in a long calculation time. The ana-
lytical modeling techniques described in literature are either two-dimensional
representations (2-D) or are incapable of modeling the complex geometry of
the magnetic shield. A 2-D representation of the planar actuator is not ap-
plicable, and most of these analytical modeling methods cannot be extended
to 3-D without making assumptions that significantly influence the calculated
magnetic fields with respect to the actual magnetic fields.

This thesis concerns a hybrid modeling method, where two analytically based
modeling methods are combined into a novel method. The hybrid modeling
combines the harmonic modeling approach with the magnetic equivalent circuit
model. Both methods are known from literature, but the combination of both
modeling methods into one framework brings the novelty. The presented hy-
brid approach is superior in its modeling capability to both individual modeling
techniques, since it combines their strengths, such as the possibility to include
different magnetic permeabilities in the magnetic equivalent circuit part of the
model, and for the Fourier modeling part the spatial harmonic discretization
and the possibility to model an unbounded structure. Furthermore, the limita-
tions of the individual modeling methods are overcome by the combination as
well. Due to the generalized implementation, the hybrid modeling technique is
applicable to a wide range of electromagnetic systems.

Both for 2-D and 3-D systems, the hybrid analytical modeling technique is
derived and demonstrated. A generic implementation is developed, which
uses a mesh-based implementation of the magnetic equivalent circuit mod-
eling. Therewith, a generalized reluctance network is built, which requires no
pre-defined paths for the magnetic flux. The magnetic equivalent circuit model
is bi-directionally coupled with the harmonic description, which results in the
wide applicability of the modeling technique.

In 2-D, the hybrid model is applied on two conventional electromagnetic ma-
chines. Due to the meshed nature of the magnetic equivalent circuit model, the
hybrid modeling method is capable of accurately incorporating small geomet-
rical variations of high-permeable soft-magnetic materials. These geometrical
variations occur for instance in tooth tips, the shape of the slots and airgap
saliency. This brings a great advantage over the existing analytical models, as
is proven on the electromagnetic machines that are modeled. The electromag-
netic quantities obtained by the hybrid modeling (magnetic fields and forces)
are thoroughly discussed, and the forces are predicted with over 97 % accuracy
compared to finite element analysis, with which the modeling concept of the
hybrid analytical method is proven. For the 3-D situations, the electromagnetic
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force on a magnetic shield with finite dimensions is obtained with the hybrid
analytical modeling and is compared with finite element analysis. An accuracy
for the electromagnetic force of over 90 % for the 3-D geometry is found with
a significant reduction in calculation time.

To demonstrate the capabilities of the modeling method, the hybrid modeling is
applied on a test-case of a high-precision positioning system in which magnetic
shielding is applied (part of the ASML wafer stage). The results of the modeling
are compared to force and flux density measurements, and to 3-D finite ele-
ment analysis for various situations. The applied magnetic shield, a finite piece
of high-permeable material with holes, represents a typical case of the small
geometrical variations of high-permeable soft-magnetic material. Furthermore,
various shapes of magnetic field sources are used within the test case, such as
cylindrical and rotated cuboidal permanent magnets, and race-track shaped
coils. The chosen test-case cannot be modeled using existing analytical mod-
eling techniques, and, based on calculation time, the hybrid modeling gives re-
sults faster (within 6 minutes) compared to finite element analysis which takes
over 2 hours. In comparison with the finite element analysis, the disturbance
forces in a shielded dual-stage planar actuator are predicted with an accuracy
of ≥ 85 %. Between the measurements and the forces predicted by the 3-D
hybrid analytical model, more discrepancy is found. This discrepancy can lead
to a factor 2 mismatch in the disturbance force and is most probably caused
by the non-linear magnetic permeability of the applied magnetic shielding.

Concluding, the novel 3-D hybrid analytical modeling method presented in
this thesis accurately models the electromagnetic quantities (such as force and
field) with a significant reduction in the computational efforts with respect
to the conventional modeling techniques. The generic implementation of the
model makes it directly applicable for usage in the industry, for instance to de-
scribe the complex magnetic shielding structures in a dual-stage high-precision
positioning system.
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11
Introduction

1.1 Background

In the current digital era, people desire a new, faster, smarter telephone every
year. Meanwhile our computers, laptops and tablets continuously increase in
speed, possibilities and calculation capacity. To realize this, faster, smaller,
cheaper and better chips are needed, which means that the manufacturing
process of a chip needs to be enhanced continuously. The driving force behind
all of these evolutions is the self-fulfilling prophecy called Moore’s law [21].

The digital era started with the invention of the transistor, which enabled
logical calculations in an electronic manner. Several years after the first silicon-
based transistor was introduced in 1954, the semiconductor industry was born,
and therewith, the increasing importance of integrated circuits started. In
1965, dr. Gordon E. Moore predicted that the number of components on a
chip would increase by a factor two every year [84]. His exact words were:

"The complexity for minimum component costs has increased at a rate
of roughly a factor of two per year (see graph). Certainly over the short
term this rate can be expected to continue, if not to increase. Over the
longer term, the rate of increase is a bit more uncertain, although there
is no reason to believe it will not remain nearly constant for at least ten
years." [85]



2 Chapter 1: Introduction

Exactly a decade later, dr. Moore adjusted his prospect to doubling the number
of transistors on a chip every two years [83]. Still, the driving force behind the
semiconductor industry is Moore’s law as he predicted it in 1975. Besides the
doubling of the number of components, Moore’s law is often interpreted in
a different manner [86] as Moore’s law is often applied, for instance, for the
reduction of the transistor size and its manufacturing costs.

To fulfill Moore’s law (in all of its interpretations), the chip manufacturing pro-
cess should be improved. In short, the production of an silicon based integrated
circuit entails the following steps [10, 70, 118]. A layer of photo-resistive coat-
ing is applied on a silicon wafer, a polished thin slice of silicon ingot which is
grown using the Czochralski process [27]. With a lithographic machine, (a part
of) the circuit pattern is projected on the photo-resistive layer with ultra-violet
light. The exposed part of the photo-resistive layer is dissolvable with the cor-
rect developer. Afterwards, an etching or deposition process is applied to the
full wafer. The photo-resistive layer protects the underlying parts of the wafer
for the etching or deposition action. Therewith, the etching is only effective
on the dissolved parts of the photo-resistive layer, and the circuitry becomes
visible on the wafer. Finally, the wafer is doped, i.e. a controlled amount of
contaminants are applied to the wafer that change the conductive properties
of the exposed silicon. This process of applying the photo-resist, lithography,
etching and doping is repeated multiple times to build the three-dimensional
structure of the integrated circuit.

To get a functional chip, each of the steps in the process should be refined and
the projected patterns should be exactly on top of another. As explained, one of
the important steps in the manufacturing is the lithographic step as performed
in (for instance) an ASML NXT1950 wafer scanner shown in Figure 1.1, where
the wafer stage, the projection lens and the reticle stage are highlighted. In
this lithographic step, the circuit pattern on a reticle is projected on the wafer
using ultra-violet light. The monochromatic ultra-violet light travels through
a series of lenses and/or focussing mirrors to obtain a scaled version of the pat-
tern on the wafer. At one instance, only a small part of the wafer is exposed,
while typically, each wafer contains several identical chips aside of another.
Therefore, to expose the full wafer, a movement of the wafer is required. To
obtain this movement, the wafer is placed on one of the magnetically levitated
wafer stages present in the lithographic machine. During the projection, the
wafer is moved at a steady speed underneath the projection lens, while the ret-
icle stage moves the reticle in the opposite direction to ensure synchronisation
during the exposure. In this research, the main focus is on the wafer stage of
the lithographic machine.

To enable faster, smaller and more powerful chips, the described lithographic
process should be improved as well. Different parts of the lithographic system
can be refined, such as the optical system [118], the metrology [21] and the
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Figure 1.1: ASML’s NXT1950 Twinscan wafer scanner.

positioning system. The accuracy of positioning the wafer is obtained by a dual-
stage positioning system [11, 50, 121]. The primary stage of the positioning
system is used for the large movements (≈ 1 m) of the wafer, the so-called long-
stroke stage. This long-stroke stage is a moving-coil planar actuator, where a
system of coils is levitated above a stationary permanent-magnet array. This
magnet array consists of an alternating pattern of permanent magnets in two
directions, resulting in a periodic magnet array. The positioning accuracy of
the long-stroke stage is around 1µm, which is insufficient for the lithographic
process. Therefore, on top of the moving part of the long-stroke stage, the
short-stroke stage is placed, as illustrated in Figure 1.2. This short-stroke
stage is limited in its stroke (≈ 1 mm), but increases the accuracy of the wafer
positioning up to 1 nm as is required in the lithographic process.

Every improvement in the positioning system results in new phenomena that
are becoming the points of research for additional accuracy in the position-
ing system. In the recent years, the interest in the electromagnetic coupling
between the long-stroke and the short-stroke stages has been growing. Al-
though this coupling is present in all dual-stage machines, it is becoming an
increased challenge in the current machines. To reduce the electromagnetic
coupling between the stages, magnetic shielding is applied. The concept of
magnetic shielding (i.e. shielding of (very) low frequency magnetic fields) is
mainly known from cylindrical shielding of sensitive electronics [32, 71], re-
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(a)

(b) (c)

Figure 1.2: Example of a shielded dual-stage planar positioning system. (a) 3-D view, (b)
top view and (c) side view.
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duction of the magnetic footprint of large ships [18] and, more recently, from
reducing the influence of the magnetic field on the human tissues [39, 127].

Ideally, the magnetic shielding plate used should be solid plate with infinite
dimensions. Unfortunately, the shielding plate is located on the moving part
of the long-stroke stage of the positioning module. This means that the full
weight of the shielding plate should be levitated and accelerated by the long-
stroke stage. Furthermore, the presence of the high-permeable shielding plate
results in a reluctance force between the permanent magnet array and the
shielding plate, which makes levitation of the moving part of the long-stroke
stage more difficult. Therefore, the added weight by the presence of the shield-
ing plate should be limited as much as possible, while a decrease of the volume
of the high-permeable material will result in a decrease of the reluctance force.
Accordingly, the shielding plate is finite in its dimensions while the thickness
is limited. Furthermore, to reduce the weight even more, holes are present in
the shielding plate on locations where the expected influence of the electromag-
netic coupling is less crucial. Besides the reduction of the weight, additional
holes are present in the shield to allow for cable, water and air connections
through the shield, and to reduce the reluctance forces on the moving parts of
the short-stroke stage.

Consequently, from a magnetic point of view, a far from ideal shielding plate
is present between the two actuation stages. Furthermore, the electromagnetic
coupling between the stages requires the modeling of the complete positioning
stage instead of modeling each actuator separately. Therewith, the problems
and complexity of predicting the electromagnetic influence of the shielding in
a dual-stage positioning system are arising. Although the currently available
tools for electromagnetic field prediction are capable of analyzing the influence
of the shielding plate, these predictions require hours of calculation time, which
is far too long for the design process of the magnetic shielding. During the initial
design process of the magnetic shielding, rather a fast prediction is obtained
with less accuracy than a slow prediction with a higher accuracy.

In the prediction of the influence of the shielding plate for one specific situation,
a long calculation time is not an issue. However, the design of the next gener-
ation of shielded dual-stage positioning systems with these calculation times is
almost impossible. During the design, or the design phase, of the positioning
system, many variations of the shielding design should be evaluated. Due to the
long calculation times, the electromagnetic design of the shielding plate cannot
keep up with the design speed of the mechanic and thermal parts. Therefore,
the electromagnetic design of the shield is not optimized for the machine per-
formance. A faster modeling tool or method for the electromagnetic influence
of the shielding enables the electromagnetic shield design to keep in pace with
the design speed of the other aspects in the machine. Therewith, a more opti-
mal electromagnetic design of the shield is possible, and the positioning of the
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wafer in next generation of lithographic machines becomes more accurate.

1.2 Research Objectives

From the ever increasing demands of the electronics in the digital era, a strong
need for a fast magnetic field prediction in shielded dual-stage positioning sys-
tems arises. The applied shields are a high-permeable soft-magnetic plate with
various sized holes in an unbounded domain. Consequently, this research is per-
formed to enable a faster prediction of the magnetic fields in situations where
small features of high-permeable material are present, such as tooth tips, slot-
shapes and saliency. Therefore, a better design of the magnetic shielding in
these systems is possible, since more evaluations are performed in the same
time-frame. In this thesis the modeling of a shielded dual-stage planar actua-
tor is investigated, however, a much broader class of electromagnetic devices,
i.e. devices with small features of high-permeable material, is concerned in the
research. The research objectives are stated as:

• Review of modeling techniques described in literature and their applica-
bility on electromechanic devices with small features of high-permeable
material. Different modeling techniques are available and are described
in literature. From the available modeling techniques, their applicability
on a shielded dual-stage planar actuator is investigated.

• Research into novel analytical modeling concepts for a fast prediction of
the magnetic fields. The design of unbounded electromagnetic devices
with small features of high-permeable material, particularly a magneti-
cally shielded dual-stage planar actuator, with numerical modeling tools
results in very long calculation times. Especially during the design, where
many geometrical evaluations are done, the computation time is becoming
the limiting factor. Analytical modeling methods are, due their analyti-
cal nature, faster than numerical methods. Therefore, with an analytical
model, evaluations of a dual-stage planar actuator for various geometrical
variations becomes possible in a shorter amount of time. For the analyti-
cal modeling method to become an competitive alternative, the modeling
method should full-fill the following requirements:

– Accuracy The modeling method should accurately describe the
magnetic field in an electromechanic device. All local (close to the
high-permeable material) and all global (at larger distance of the
high-permeable material) effects on the magnetic field originating
from the small high-permeable material should be predicted by the
analytical model. For the concerned shielded dual-stage planar ac-
tuator, the calculated magnetic field should be within 10 % of the
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magnetic fields calculated by conventional modeling methods. Fur-
thermore, for the disturbance forces, a minimal accuracy of 10 %
is required, even though large actuation forces can be present that
are over 100 times as large as the disturbance forces. An accurate
prediction of the electromagnetic forces in electromechanic device is
required, independent of the presence of the small features of high-
permeable material. To determine the quality of the shielding in a
shielded dual-stage planar actuator, an accurate prediction of the
disturbance forces between the two stages is required.

– Fast Since the limiting factor in the design of an electromechanic
devices with small features of high-permeable material, such as the
shielded dual-stage planar actuator, is the calculation time of the
applied modeling methods, the investigated analytical modeling con-
cept should be fast. The developed implementation of the analytical
modeling method should at least gain a factor of 4 as compared to
the commonly applied modeling methods for the design of such de-
vices.

– Generic The modeling method should be capable of modeling vari-
ous geometrical variations in two-dimensional and three-dimensional
structures. Using a generic implementation and derivation of the
equations, the versatility of the modeling tool and the applicability
to a broad class of electromechanic devices is ensured.

– Capable The derived modeling method should be capable of in-
corporating all desired features required for (amongst others) the
design of a shielded dual-stage planar actuator. Requirements in
the design are coming from the modeling of small elements of high-
permeable material, such as the thin shielding plate, a plate of
high-permeable material with small holes and finite dimensions. Be-
sides of these small features of high-permeable material, the mod-
eling should be capable of incorporating a variety of magnetic field
sources. Amongst others, cuboidal and cylindrically shaped per-
manent magnets with an arbitrary alignment, and cylindrical and
race-track shaped coils should be incorporated.

• Experimental validation of the developed analytical modeling technique.
Comparison of two modeling techniques is subject to modeling assump-
tions in both models. By the comparison of the results of two different
modeling techniques, the validation on its own is performed. However,
this comparison will not give any information on the validity of the mod-
eling assumptions. Therefore, an experimental validation of the modeling
technique is required. This will not only verify the modeling itself, but
also gives the validity of the modeling assumptions that are required to
apply a certain modeling technique.
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1.3 Scientific Contributions

The main scientific contributions of the performed research are summarized as:

* Extension of the possibilities and accuracy of 2-D mode-matching algorithm
(see Section 2.5 and [94–97, 100, 101]).

* Analyzing the applicability of 2-D modeling techniques for 3-D structures
(see Section 2.6 and [102, 106]).

* A novel concept for combining two different semi-analytical models. The
combination of a spatial harmonic description and an analytical modeling
method using a spatial mesh allows for an accurate magnetic field modeling
of a whole new class of electromechanic devices.

* Derivation and implementation of a two-dimensional hybrid analytical model,
combining Fourier modeling and magnetic equivalent circuit model. The
validity of the generic implementation (Chapter 3) is tested on two elec-
tromechanic devices and proves the applicability of the modeling method to
a broad class of electromechanic devices (see [93, 103]).

* Generalized description and generic implementation of a three-dimensional
hybrid analytical modeling method (Chapter 4). By combining 3-D Fourier
modeling and a mesh-based 3-D magnetic equivalent circuit method, the elec-
tromagnetic modeling of a large class of devices is possible, including classes
with small features of high-permeable material that cannot be modeled by
the existing analytical models described in literature (see [105, 107]).

* Inclusion of arbitrary shaped magnetic field sources in 3-D Fourier and 3-D
hybrid analytical modeling (see Appendix A). Using an alternative method
to solve the Fourier integrals, rotated cuboidal-shaped and non-cuboidal
shaped, such as cylindrical, triangular and race-track shaped, magnetic field
sources are incorporated in the modeling (see [104, 108]).

* Experimental validation of the 3-D hybrid analytical model. By comparing
the magnetic flux density and the forces obtained from the 3-D hybrid an-
alytical model and measurements on a shielded dual-stage planar actuator,
the validity of the modeling method is shown.
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1.4 Thesis Outline

In this thesis, the research performed to meet the research objectives is de-
scribed. The thesis consists of six chapters, where the first chapter gives the
introduction and states the research objectives.

In Chapter 2, the electromagnetic field theory required to meet the research
objectives is given. Furthermore, a short overview of different modeling meth-
ods is given and their applicability towards the modeling of a shielded dual-
stage planar actuator is discussed. It is chosen to discuss the state of the art
modeling methods applied to either the modeling of a planar actuator or the
modeling of high-permeable materials. The finite element analysis method
is discussed together with three analytical based modeling methods: mag-
netic equivalent circuit modeling, magnetic equivalent charge modeling and
Fourier modeling. The last section of Chapter 2 discusses the validity of two-
dimensional modeling methods for three-dimensional structures and concludes
the evaluation of the different modeling techniques and proposes a novel (com-
bination of) modeling techniques to be applied for the modeling of a shielded
dual-stage planar actuator.

Chapter 3 treats the hybrid analytical modeling (HAM) in two-dimensional
structures. The full modeling concept is explained in a generalized manner,
while the modeling results are validated with finite element results for two
(electromechanic) geometries.

Within Chapter 4, the full concept of the three-dimensional hybrid analytical
modeling (3-D HAM) is discussed. This chapter gives a generic implementation
of the 3-D HAM together with a comparison of the modeling results with 3-D
finite element analysis for a electromechanic situation.

The experimental validation of the 3-D HAM is presented in Chapter 5, where
the full measurement setup is explained. Furthermore, the application of the
3-D HAM for the measurement topology is given and the results of the modeling
are compared with the measurements and with 3-D finite element analysis for
verification of the models.

In Chapter 6, the main conclusions from this thesis are summarized and the
recommendations for future work are given.
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Electromagnetic Modeling

Abstract
In this chapter the electromagnetic field theory is introduced and its applicabil-
ity related to electromagnetic devices is discussed. Several modeling methods
to solve the electromagnetic field equations are given, together with their ben-
efits and limitations. Based on this discussion, and the applicability to model
a shielded dual-stage planar actuator, a modeling method is proposed which is
further investigated.
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The electromagnetic fields and the conversion of the electromagnetic energy is
already known for over a century. The presence of the electric field is visible
by the fact that an amount of electric charge can be transferred to a body by
friction and the sparkling discharge originating from this. The discovery of the
magnetic properties of a lodestone, a piece of magnetite mineral which can be
naturally magnetized, shows a natural presence of the magnetic field. Both the
electric field and the magnetic field are studied for over two centuries, while a
more systematic investigation of these phenomena was performed by Ampère,
Coulomb, Oersted and Faraday [23, 24] in the 18th and 19th century. The sys-
tematic investigation of the electric and the magnetic phenomena initiated the
discovery of the relation between the electric and magnetic field quantities and
the strong similarity between the fields and the equations. This initiated the
desire for a combined electromagnetic field theory. Ultimately, James Clerk
Maxwell [75] formulated a set of differential equations describing the electro-
magnetic phenomena, and the Maxwell equations for the observable, i.e. the
macroscopic, electromagnetic phenomena are given.

Since the macroscopic electromagnetic phenomena are captured in the Maxwell
equations, several methods to solve the Maxwell equations are investigated.
The methods are used to predict the electromagnetic fields. Therewith, the
electromagnetic phenomena can be used in a beneficial manner. For instance,
the electromagnetic forces in an electromagnetic device can be predicted by
these modeling methods. Although numerous modeling methods exist to pre-
dict the electromagnetic field distribution for electromechanic devices, only a
limited number of modeling techniques will be reviewed in this chapter.

In general, two classes of magnetic field modeling techniques exist: modeling
methods based on the local formulation of the Maxwell equations, and methods
based on the global formulation of the Maxwell equations. The methods using
a global formulation are starting from the integral based Maxwell equations.
After discretization, each point in the domain is influencing the magnetic field
behavior in the whole domain. This results in a set of equations, which can be
represented in a dense matrix. The most commonly known modeling methods
regarding the integral formulation are the boundary element method [38], the
method of (magnetic) moments [17, 19, 47, 62, 72] and charge modeling [37, 45].
Modeling methods using the local formulation of the Maxwell equations start
from the differential based Maxwell equations. For these modeling methods,
the influence of a point in the domain, after discretization of this domain, is
limited to a direct influence with its neighbouring elements. This results in a
set of equations that can be represented in a sparse matrix. The most known
differential based modeling methods are the finite difference method [37, 44],
the finite element analysis [44, 60], magnetic equivalent circuits [46, 89] and
the harmonic modeling [58, 112].

To make a selection between the various modeling methods, two selection crite-
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ria are used, the applicability to model the shielded, dual-stage planar actuator
topology (of which an example is illustrated in Figure 1.2), and the (expected)
computation time. To limit the computational burden, the preference is to
choose a modeling method based on the differential equations, since a matrix
equation with sparse matrices is generally faster to solve then an equation
with dense matrices [2, 30, 69]. However, since the computation time of an
electromagnetic modeling technique scales with the number of used discretiza-
tion elements, integral-based modeling methods using a very limited number
of discretization elements are of interest as well.

Based on these selection criteria, the boundary element method and the method
of moments are disregarded due to their required dense meshing to include all
electromagnetic features of the shielded dual-stage planar actuator topology.
The dense meshing will result in a large sized matrix which is densely filled
with non-zero elements, making it a very computational intensive modeling
method. Furthermore, the finite difference method is disregarded, due to its
inability to incorporate non-orthogonal geometrical shapes, which is a require-
ment to accurately model the shielded dual-stage planar actuator topology. In
this thesis, the applicability of the finite element analysis, magnetic equivalent
circuit modeling, magnetic equivalent charge modeling, and harmonic model-
ing method on a shielded dual-stage planar actuator topology are more deeply
investigated.

Although the nature of the magnetic field and its behavior are by definition
acting in all directions, it is common to apply a two-dimensional (2-D) modeling
to obtain the electromagnetic fields in an actuator. This reduction of the
domain from three-dimensional (3-D) to 2-D gives a significant reduction in
calculation time, while for most electromagnetic devices, a sufficiently accurate
prediction of the magnetic field quantities is obtained by using 2-D modeling.
At the end of this chapter, a section is dedicated to investigate the applicability
of the 2-D modeling to the 3-D situation studied in this thesis.

Before being able to discuss the different modeling methods, an overview of
the Maxwell equations is given. This is needed to fully understand the electro-
magnetic phenomena concerned in electromagnetic energy conversion. After
discussing the magnetostatic Maxwell equations, the magnetic scalar potential
and the magnetic vector potential are introduced, and the continuity of the
magnetic field in the domain is treated. The last part of the first section in
this chapter gives several methods to calculate the forces that are originating
from the presence of the electromagnetic fields.
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2.1 General Electromagnetic Modeling

The general electromagnetic field theory is given by the Maxwell equations, a
set of differential equations concerning the relation between and the properties
of the electric and magnetic fields. This section discusses the direct behavior
of the magnetic fields, as can be obtained from the Maxwell equations, and
explains how this behavior is related to electromagnetic devices.

2.1.1 Maxwell equations

Midway the 19th century, James Clerk Maxwell published a paper [75] contain-
ing a set of eight equations regarding the electromagnetic field theory as given
by
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⇀
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Jtot = 0 Equation of continuity (2.8)

where
⇀

J is the current density (with
⇀

Jtot being the total current density includ-
ing the displacement current),

⇀

D is the electric flux density also known as the
displacement field (referred to as the electric displacement by Maxwell), µ is the
magnetic permeability of a material,

⇀

H is the magnetizing field or the magnetic
field strength (or magnetic intensity),

⇀

A is the magnetic vector potential (or
angular impulse),

⇀

E is the electric field (although Maxwell referred to it as the
electromotive force), where ⇀

v is the velocity vector, φ is the electric potential,
and where ε and σ denote the electric permittivity and electrical conductivity,
respectively, and ρ is the free electric (volume) charge density (or quantity of
free electricity as given by Maxwell). Furthermore,

⇀

∇× indicates the "curl"
operator,

⇀

∇· indicates the divergence operator, while
⇀

∇ indicates the gradient
operator.
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From this distinct set of eight equations, Oliver Heaviside worked on elimina-
tion of the electric and magnetic potential (i.e. φ and

⇀

A) from the equations,
which resulted in the set of four equations that are universally known as the
Maxwell equations. At the point these equations where derived and grouped,
it was impossible to imagine what these equations would mean in the centuries
coming. Although, physicist Richard Feynman predicted that:

"The American Civil War will pale into provincial insignificance in com-
parison with this important scientific event of the same decade." [25]

And even one of the worlds most famous physicists, Albert Einstein, recognized
the tremendous value of Maxwell’s work by the words:

"The precise formulation of the time-space laws was the work of Maxwell.
Imagine his feelings when the differential equations he had formulated
proved to him that electromagnetic fields spread in the form of polarised
waves, and at the speed of light! To few men in the world has such an
experience been vouchsafed. At that thrilling moment he surely never
guessed that the riddling nature of light, apparently so completely solved,
would continue to baffle succeeding generations. Meantime, it took physi-
cists some decades to grasp the full significance of Maxwell’s discovery, so
bold was the leap that his genius forced upon the conceptions of his fellow
workers." [31]

Albert Einsteins words imply that after all the work performed by Maxwell and
Heaviside, a general set of equations concerning the electromagnetic field theory
is given, which is applicable to all disciplines in electromagnetics. Therefore,
it is important to narrow down the field of the application of Maxwell equa-
tions for the research in electromechanic devices. Since in electromechanics
there is no interest in the influence of the magnetic field on the atomic level,
only the macroscopic Maxwell equations are concerned. The universally known
macroscopic Maxwell equations in differential form are given by

⇀

∇×
⇀

H =
⇀

J +
∂

⇀

D

∂t
Ampère’s circuital law (2.9)
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where
⇀

B is the magnetic flux density.

The electric field,
⇀

E and the displacement field,
⇀

D, are coupled by the electric
permittivity, ε0 according to
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P (2.13)
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where
⇀

P is the electric polarization field, and where ε0 is the permittivity of
vacuum, which is per definition given by ε0 =

(
c20µ0

)−1 ≈ 8.8542 ·10−12 F m−1

where c0 is the speed of light in vacuum and µ0 the magnetic permeability of
vacuum.

For the relation between the magnetic field strength,
⇀

H, and the magnetic flux
density,

⇀

B, a similar equation holds as given by
⇀

B = µ
⇀

H + µ0

⇀

M0 (2.14)

where µ = µrµ0 with µr the relative magnetic permeability of the material and
µ0 = 4π ·10−7 H m−1 is the magnetic permeability of vacuum, and where

⇀

M0

is the residual magnetization vector given by
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where
⇀

Br is the remanent flux density of a material, and where Mx, My and
Mz are the residual magnetizations in the x-, y- and z-directions, respectively.

The material relations in electromagnetism, equations (2.13) and (2.14), are
called the definitions of the auxiliary field, although, in electromechanics, these
equations are usually referred to as the constitutive relations.

Before applying Maxwell’s macroscopic equations for the analysis of the elec-
tromagnetic fields in this thesis, it has to be assumed that the electromagnetic
field behavior for electromechanic devices is varying very slow. In electrome-
chanic devices, the fields operate at a relatively low frequency, typically far
below 1 ·106 Hz, therefore, the time derivative of the displacement current is
negligible, resulting in the quasi-static Maxwell equations,
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⇀

D = ρ Gauss’ law. (2.19)

The quasi-static Maxwell equations include the eddy-currents in the system.
For situation where the eddy-currents are used for the benefit, such as in-
duction motors [7, 8, 117], eddy-current damping [92, 98, 99, 109], and for
core loss calculations in transformers or motors [73], these eddy-currents are of
significant importance and cannot be neglected. However, in the design of a
magnetostatically shielded, dual-stage planar actuator, the eddy-currents are
assumed to be negligible, therefore, the time derivative of the magnetic flux in
the Maxwell-Faraday law is eliminated. Therewith, the electric field quantities
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are decoupled from the magnetic field quantities, and the static Maxwell equa-
tions are obtained. Since this research only concerns the magnetic field, the
magnetostatic Maxwell equations given by

⇀

∇×
⇀

H =
⇀

J Ampère’s circuital law (2.20)
⇀

∇ ·
⇀

B = 0 Gauss’ law for magnetism (2.21)

are used. Based on these magnetostatic Maxwell equations, the magnetic field
within a magnetic device can be calculated.

To find a solution for the magnetostatic Maxwell equations, two methods are
discussed in this thesis, one based on the magnetic scalar potential, ψ, and one
based on the magnetic vector potential,

⇀

A. The derivation of these potentials
is given next.

2.1.2 Magnetic scalar potential

To derive the magnetic scalar potential from the magnetostatic Maxwell equa-
tions, the current density is considered to be not present. With this assumption,
Ampère’s circuital law is simplified to

⇀

∇×
⇀

H =
⇀

0. (2.22)

Based on the vector calculus identities, the curl of the gradient of an arbitrary
scalar field, φ , is equal to zero, i.e.
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0. Therefore, the magnetic

field strength
⇀

H can be given as the gradient of a scalar field. Following the
convention

⇀

H = −
⇀

∇ψ (2.23)

the magnetic field is given as the gradient of the magnetic scalar potential
ψ. Besides of Ampère’s circuital law, the condition that the divergence of the
magnetic flux density equals zero should be fulfilled as well. To include this
condition, the constitutive relation, equation (2.14), is substituted in equa-
tion (2.21) resulting in

µ0µr
⇀

∇ ·
⇀

H = −µ0

⇀

∇ ·
⇀

M0 (2.24)

where it is assumed that the magnetic permeability of the material of the
medium is uniform and linear throughout the domain.

By substituting equation (2.23) in (2.24) the magnetic scalar potential is given
by

⇀

∇2ψ =
1

µr

⇀

∇ ·
⇀

M0 (2.25)
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where any solution of the magnetic scalar potential that fulfills this condition
gives a valid solution from which the magnetic field can be derived. How-
ever, this is all under the condition that no current density can exist in the
observed domain and the under assumption of a uniform and linear magnetic
permeability.

2.1.3 Magnetic vector potential

Besides the magnetic scalar potential formulation, the magnetic field quan-
tities can be derived from the magnetic vector potential as well. Starting
from Gauss’ law for magnetism, and considering the vector calculus identity
⇀

∇ ·
(

⇀

∇×
⇀

G
)

= 0, with
⇀

G being an arbitrary vector field, the magnetic flux
density can be derived as the rotation of a vector field. Therefore, in consis-
tency with the original Maxwell equations [75], see equation (2.2), the magnetic
flux density is given by

⇀

B =
⇀

∇×
⇀

A (2.26)

where
⇀

A denotes the magnetic vector potential. The magnetic vector potential
is not uniquely defined since any curl-free component can be added without
changing the magnetic flux density. Using the Coulomb gauge condition [54],
⇀

∇ ·
⇀

A = 0, a unique definition of the magnetic vector potential is obtained.

To ensure the validity the magnetostatic Maxwell equations, Ampère’s circuital
law, given in equation (2.20) should be considered as well. Substituting the
constitutive relation, equation (2.14), gives

⇀

∇×
⇀

B = µ0µr
⇀

J + µ0

⇀

∇×
⇀

M0 (2.27)

under the assumption that the magnetic permeability of the material of the
medium is uniform and linear throughout the domain.

Substituting equation (2.26) and applying the vector calculus identity concern-
ing the curl of a curl,

⇀

∇×
(

⇀

∇×
⇀

G
)

=
⇀

∇
(

⇀

∇ ·
⇀

G
)
−

⇀

∇2
⇀

G, gives

⇀

∇
(

⇀

∇ ·
⇀

A
)
−

⇀

∇2
⇀

A = µ0µr
⇀

J + µ0

⇀

∇×
⇀

M0 (2.28)

where the Coulomb gauge condition specifies the divergence of the magnetic
vector potential and simplifies the equation.

Including the Coulomb gauge condition in equation (2.28), and splitting the
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equation for the three Cartesian components gives

∂2Ax

∂x2 +
∂2Ax

∂y2 +
∂2Ax

∂z2 = −µ0µrJx − µ0
∂Mz

∂y
+ µ0

∂My

∂z
(2.29)

∂2Ay

∂x2 +
∂2Ay

∂y2 +
∂2Ay

∂z2 = −µ0µrJy − µ0
∂Mx

∂z
+ µ0

∂Mz

∂x
(2.30)

∂2Az

∂x2 +
∂2Az

∂y2 +
∂2Az

∂z2 = −µ0µrJz − µ0
∂My

∂x
+ µ0

∂Mx

∂y
(2.31)

with which a set of three Poisson equations is defined. Any solution of the
magnetic vector potential that is in agreement with this set of Poisson equations
specifies a valid solution of the magnetic field behavior in the domain, if the
magnetic permeability is assumed uniform and linear in the observed domain.

2.1.4 Continuity of the magnetic field

In both the derivation of the magnetic scalar potential as the magnetic vec-
tor potential, the assumption of a uniform and linear magnetic field property
throughout the domain is used. In practical situations, and especially in elec-
tromechanic devices, this is not the case. Therefore, the domain is commonly
divided into multiple sections, where in each section a formulation based on
the magnetic scalar potential or the magnetic vector potential is used.

The physical nature of the magnetic fields results in a field where no jumps or
drops of the magnetic flux density can exist. Furthermore, the magnetic flux
should be in a closed loop, and the magnetic flux cannot appear or vanish.
These physical properties are captured in the Maxwell equations. These physi-
cal properties of the magnetic field can be translated towards the continuity of
the magnetic field. Inside the full domain, the magnetic flux density should be
continuous. If the domain is divided into multiple sections, the continuity of
the magnetic field should hold within each section as well as on the boundaries
between the sections.

To ensure that the magnetostatic Maxwell equations, given by equations (2.20)
and (2.21), hold throughout the whole domain, a Gauss box [37] is applied
on the boundary between two sections, as is illustrated in Figure 2.1(a). The
Gauss box is oriented such that the top and the bottom surface are parallel
to the boundary plane. For now, it is considered that the boundary plane
between the sections is parallel to the xy-plane. For the Gauss box, Gauss’ law
for magnetism should hold. The differential and integral form of Gauss’ law
for magnetism are given by

⇀

∇ ·
⇀

B = 0 ⇔
‹

S

⇀

B · d
⇀

S = 0 (2.32)
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(a) (b)

Figure 2.1: Illustration of applying the Maxwell equations to the boundary interface between
two sections, (a) the application of a Gauss box to ensure Gauss’ law for magnetism and (b)
the contour used to apply Ampère’s circuital law.

where
⇀

S is the outward pointing normal vector to the surfaces. Reducing the
height, h, of the box to zero, and applying the integral form of Gauss’ law for
magnetism, equation (2.32) reduces to

¨

St

⇀

Bi+1 ·⇀nt dSt +

¨

Sb

⇀

Bi ·⇀nb dSb = 0 (2.33)

where ⇀
n is the outward pointing normal vector, and where St and Sb denote

the top and bottom surfaces of the box. Since Gauss’ law for magnetism should
hold for all chosen sizes of the box (in the xy-plane), the only feasible solution
of equation (2.33) is obtained when the magnetic flux density normal to the
boundary plane is continuous at the boundary, as given by

Bi+1
z

∣∣
z=hb

= Bi
z

∣∣
z=hb

(2.34)

where hb is the z-coordinate of the boundary. For the general case, where an
arbitrary direction of the boundary plane is considered, this equation translates
to the continuity of the magnetic flux density normal to the boundary plane as
given by

⇀

Bi ·⇀en =
⇀

Bi+1 ·⇀en (2.35)

where ⇀
en is the normal unit vector on the boundary plane.

Besides Gauss’ law for magnetism, Ampère’s circuital law should hold through-
out the whole domain as well. Ampère’s circuital law for magnetostatic situa-
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tions is, in differential and integral form, given by

⇀

∇×
⇀

H =
⇀

J ⇔
˛

C

⇀

H · d
⇀

l =

¨

S

⇀

J · d
⇀

S (2.36)

where
⇀

J is the current density vector and where C is the contour enclosing
the surface S, and

⇀

l is the unit vector along the contour, with its direction
consistently with the definition of the normal vector on the surface

⇀

S.

By applying the integral form of Ampère’s circuital law to a rectangular fila-
ment, placed parallel to the xz-plane at the height of the boundary as shown
in Figure 2.1(b)

ˆ

C1

⇀

H · (−⇀
ex) dC1 +

ˆ

C2

⇀

H · (⇀ez) dC2 +

ˆ

C3

⇀

H · (⇀ex) dC3+

ˆ

C4

⇀

H · (−⇀
ez) dC4 =

¨

S

⇀

J ·⇀ey dS (2.37)

where ⇀
e depicts a unit vector is obtained. By reducing the height, h, of the

rectangular filament to zero, the length of parts C2 and C4 (as indicated in Fig-
ure 2.1(b)) of the contour and the total surface S reduces to zero as well. Fur-
thermore, by assuming that no surface current is present, equation (2.37) is
simplified to

ˆ

C1

H i
x dx =

ˆ

C3

H i+1
x dx (2.38)

which should hold for all x on the boundary plane, and is therefore reduced to

H i
x

∣∣
z=hb

= H i+1
x

∣∣
z=hb

. (2.39)

For the general case, where an arbitrary orientation of the rectangular filament
should be considered, and by applying an arbitrary orientation of the boundary
plane itself, this equation is translated to the continuity of the magnetic field
strength tangential with the boundary plane, as given by

⇀

H i ·⇀et =
⇀

H i+1 ·⇀et (2.40)

where ⇀
et denotes the unit vector tangential with the boundary plane.

For 3-D situations, the direction of the tangential unit vector is not uniquely
defined. All vectors in parallel with the boundary plane fulfill the requirements
of a tangential vector. Therefore, in a set of equations that is derived from the
continuity of the tangential magnetic field strength, a dependency between the
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equations will be found. To eliminate this dependency, another approach for
fulfilling Ampère’s circuital law on the boundary plane is needed.

Using the same rectangular filament through the boundary plane (see Fig-
ure 2.1(b)) and reducing its height, the surface enclosed by the rectangular
filament around the boundary is reduced to zero. Therefore, no current den-
sity is considered at the boundary. By assuming zero current density, the
right hand side of equation (2.20) becomes zero, therefore, the magnetic field
strength vector on the boundary could be given as the gradient of a scalar field
(see Section 2.1.2) according to

⇀

H = −
⇀

∇ψ ⇒



Hx = −∂ψ
∂x

Hy = −∂ψ
∂y

Hz = −∂ψ
∂z

(2.41)

where ψ is the magnetic scalar potential. Substituting this into equation (2.38)
gives

ˆ
−∂ψ

i

∂x
dx =

ˆ
−∂ψ

i+1

∂x
dx (2.42)

which, due to the arbitrary chosen size and location of the rectangular filament
in the xz-direction around the boundary, simplifies to

ψi∣∣
z=hb

= ψi+1∣∣
z=hb

. (2.43)

When concerning the y-component of the magnetic field strength, a rectangu-
lar filament parallel to the yz-plane through the boundary is used. Following
the same process, this results in equation (2.43) as well. Therefore, any arbi-
trary chosen filament around an arbitrary oriented boundary plane will ensure
the continuity of the tangential magnetic field strength if the magnetic scalar
potential on the boundary is continuous as given by

ψi = ψi+1 (2.44)

which holds for all coordinates located on the boundary plane.
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2.1.5 Magnetic force

The magnetic field strength and the magnetic flux density in the domain is
known from the magnetic scalar potential or the magnetic vector potential (or
any other valid solution of the Maxwell equations). With ensuring that the
magnetic field on the boundary planes between the sections in the domain is
continuous, a valid solution of the magnetostatic Maxwell equations is obtained.
In electromechanics, the electromagnetic force experienced by an object (a piece
of high-permeable material, a magnet or a coil) based on the presence of the
surrounding magnetic fields is the main interest. This electromagnetic force can
be obtained from the derived magnetic field strength or magnetic flux density
distribution.

Various methods for the calculation of force can be derived [48, 78]. In this
research four different methods of calculating the electromagnetic forces on an
object are discussed. First the Lorentz force equation is given and the charge-
based Lorentz force method, afterwards the Maxwell stress tensor is derived
from the Lorentz force, and finally, the energy method (also known as virtual
work) is briefly discussed.

Lorentz force

The Lorentz force method was experimentally found and describes the force
experienced by a charged particle in an electromagnetic field [37, 123]. Based
on a particle with charge q, the Lorentz force equation is given by

⇀

f = q
(

⇀

E +
⇀
v ×

⇀

B
)

(2.45)

where
⇀

f is the volume force density, ⇀
v is the velocity of the charged particles

and
⇀

E and
⇀

B are the electric field and magnetic flux density, respectively. The
first term of the Lorentz force equation gives the electric force, while the second
term is the magnetic force. Only magnetostatic situations are treated in this
thesis, therefore, the electric force will be neglected.

Considering the flow of the charge density distribution confined to the volume
of a conductor, the equivalence with a current density is found, i.e.

⇀

J = q
⇀
v,

and the Lorentz force density is reformulated to
⇀

f =
⇀

J ×
⇀

B (2.46)

and, therewith, the volume force density is found based on a current density
and the magnetic flux density.

Since in electromechanical devices, rather the force itself than the force density
is of interest, a volume integral on the object is performed [124]. In the mag-
netostatic field theory, no free charges are considered, therefore, the current
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density is confined to the volume of the conductor. The Lorentz force equation
is given by

⇀

F =

˚

Vc

⇀

J ×
⇀

B dV (2.47)

where
⇀

F is the total force, and Vc denotes the volume of the conductor.

Charge-based Lorentz force method

The Lorentz force equation gives a direct relation for the force on a current
carrying wire or bundle, however, calculating the force on a permanent magnet
is not possible with this method. For the direct calculation of the force acting
on a permanent magnet, the Lorentz force equation is reformulated. Consider
the analogy between a magnetization and a circumferential current [37, 59]
given by

⇀

Jm =
⇀

∇×
⇀

M0 (2.48)
⇀

jm =
⇀

M0 × n̂ (2.49)

where
⇀

Jm and
⇀

jm is the fictitious equivalent volume and surface current den-
sity describing the residual magnetization,

⇀

M0, respectively. Using this in the
Lorentz force equation, and assuming the presence of a surface current density,
equation (2.47) becomes

⇀

F =

˚

V

(
⇀

∇×
⇀

M0

)
×

⇀

B dV +

¨

S

(
⇀

M0 × n̂
)
×

⇀

B dS (2.50)

where n̂ is the outward pointing normal vector and where
⇀

B is the magnetic
flux density

Under the assumption that the permanent magnet has a purely uniform mag-
netization, the volume integral part is eliminated. Therewith, the equation is
simplified towards

⇀

F =

¨

S

(
⇀

M0 × n̂
)
×

⇀

B dS (2.51)

which is, using vector calculus identities converted to [36, 55, 59]

⇀

F =

¨

S

(
⇀

M0 · n̂
)

⇀

B dS. (2.52)
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With applying the magnetic equivalent charge method (as is explained in Sec-
tion 2.4), the charge-based Lorentz force equation is obtained,

⇀

F =

¨

S

σm
⇀

B dS (2.53)

where σm is the magnetic equivalent surface charge and it given by

σm =
⇀

M0 · n̂ =

⇀

Br
µ0
· n̂ (2.54)

where
⇀

Br is the remanent flux density.

Maxwell stress tensor

Although with the Lorentz force or the charge-based Lorentz force equation the
electromagnetic force for most of the situations is obtained, other more general
approaches for calculating the force are available as well. For a more general
approach, the Maxwell stress tensor is derived [55]. Substituting Ampère’s
law (for the magnetostatic situations), equation (2.20), into the Lorentz force
integral, equation (2.47), gives

⇀

F =

˚

V

(
⇀

∇×
⇀

H
)
×

⇀

B dV (2.55)

with
⇀

H the magnetic field strength and V an arbitrary chosen volume enclosing
the object on which the force is calculated. Applying the constitutive relation,
equation (2.14), to equation (2.55) and assuming linear magnetic permeable
materials with no magnetization or a purely uniform magnetization

⇀

F =

˚

V

1

µ

(
⇀

∇×
⇀

B
)
×

⇀

B dV (2.56)

is obtained.

Using the vector calculus identities,(
⇀

G1 ×
⇀

G2

)
×

⇀

G3 = −
⇀

G3 ×
(

⇀

G1 ×
⇀

G2

)
(2.57)

1

2

⇀

∇
(

⇀

G ·
⇀

G
)

=
⇀

G×
(

⇀

∇×
⇀

G
)

+
(

⇀

G ·
⇀

∇
)

⇀

G (2.58)

with
⇀

G1 =
⇀

∇ and
⇀

G2 =
⇀

G3 =
⇀

B, equation (2.56) is written as

⇀

F =

˚

V

1

µ

[(
⇀

B ·
⇀

∇
)

⇀

B − 1

2

⇀

∇
(

⇀

B ·
⇀

B
)]

dV. (2.59)
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For a right-handed Cartesian coordinate system, it is expanded towards
Fx

Fy

Fz

 =

˚

V

1

µ


∂
∂x
B2
x + ∂

∂y
ByBx + ∂

∂z
BzBx − 1

2
∂
∂x

∣∣∣⇀B∣∣∣2
∂
∂x
BxBy + ∂

∂y
B2
y + ∂

∂z
BzBy − 1

2
∂
∂y

∣∣∣⇀B∣∣∣2
∂
∂x
BxBz + ∂

∂y
ByBz + ∂

∂z
B2
z − 1

2
∂
∂z

∣∣∣⇀B∣∣∣2
 dV

(2.60)

where
∣∣∣⇀B∣∣∣ represents the magnitude of the magnetic flux density vector.

By recognizing the divergence of a tensor field in the right hand side of equa-
tion (2.60), the Maxwell stress tensor, T, according to

⇀

F =

˚

V

1

µ

⇀

∇ · TdV (2.61)

with

T =


B2
x − 1

2

∣∣∣⇀B∣∣∣2 BxBy BxBz

ByBx B2
y − 1

2

∣∣∣⇀B∣∣∣2 ByBz

BzBx BzBy B2
z − 1

2

∣∣∣⇀B∣∣∣2
 (2.62)

is defined.

Using the divergence theorem (also known as Gauss’s theorem [37]), equa-
tion (2.61) is simplified towards the more practical

⇀

F =

‹

S

1

µ
T ·⇀en dS (2.63)

where S is the outer surface enclosing the volume V and where⇀
en is the outward

pointing normal vector on the surface. When concerning a uniform magnetic
permeability over the full surface of the integration, equation (2.63) is simplified
towards the well known

⇀

F =
1

µ

‹

S

T ·⇀en dS. (2.64)

Since this thesis concerns both 3-D and 2-D situations, the 3-D Maxwell stress
tensor definition is simplified to 2-D situations by considering the magnetic
flux density in the invariant direction and the partial derivative in the invariant
direction to be equal to zero. In this thesis, the y-direction is chosen as the
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invariant direction, therefore, the force calculation based on the Maxwell stress
tensor in 2-D, T2-D , becomes

⇀

F2-D =
1

µ

ˆ

C

T2-D ·
⇀
en dC with T2-D =

[
1
2B

2
x − 1

2B
2
z BxBz

BzBx
1
2B

2
z − 1

2B
2
x

]
(2.65)

where C is the contour of the surface enclosing the 2-D object on which the
force is calculated, while

⇀

F2-D is the force per unit depth.

During the derivation of the Maxwell stress tensor, a linear magnetic perme-
ability and an absence of residual magnetization are assumed on the location
where the volume (or closed surface) integral is performed. Therefore, it is
common to apply the Maxwell stress tensor integrations on a volume that in-
cludes the object on which the force is calculated and a piece of the surrounding
air. With assuming an air-box around a permanent magnet, the stated deriva-
tion of the Maxwell stress tensor holds. In the substitution of the constitutive
relation (between equations (2.55) and (2.56)), the absence of a residual mag-
netization is assumed, therefore, applying the Maxwell stress integral directly
on a permanent magnet gives erroneous results.

Energy method

Besides the Lorentz force and the Maxwell stress tensor, a fourth method for
calculating the electromechanic forces on an object, is applying the energy
method [48]. This method is based on the change in the electromagnetic energy
due to a relative movement of this object [33]. The electromagnetic force, the
force of interest in an electromechanical system, can be obtained from the
energy or from the coenergy in the system. Based on the energy, the force is
obtained as

⇀

F = − ∂Wem

∂
⇀
r

∣∣∣∣
Λ=constant

(2.66)

where ⇀
r is the vector specifying the current position, and ∂⇀

r denotes the relative
displacement, Wem is the electromagnetic energy and Λ is the flux linkage.
Using the electromagnetic coenergy, W ′em, the electromagnetic force is given
by

⇀

F =
∂W ′em
∂

⇀
r

∣∣∣∣
I=constant

(2.67)

where I is the current.

Since it is difficult to guarantee for an electromechanic device that the flux
linkage in the system will be constant for a relative displacement in a system,
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it is more convenient to assume a constant current and apply equation (2.67).
The magnetic coenergy in a system is defined as

W ′em =

˚

V

 Ĥ

Hc

⇀

B · d
⇀

H

 dV (2.68)

whereHc is the coercivity of the material and V is the volume on which the force
is required. Assuming a linear material with a constant magnetic permeability
in the volume, this expression reduces to

W ′em =
µ

2

˚

V

∣∣∣⇀H∣∣∣2 dV. (2.69)

To numerically obtain a force using the energy method, the difference in the
electomagnetic coenergy for a relative displacement is calculated. Accordingly,
the coenergy in the volume is calculated for the current position with a small
displacement in both directions, as given by

F (
⇀
r) =

W ′em (
⇀
r + ∆

⇀
r)−W ′em (

⇀
r −∆

⇀
r)

2∆
⇀
r

∣∣∣∣
I=constant

(2.70)

where ∆
⇀
r is a small displacement in the direction that the force is required.

Therefore, to obtain the force in a direction using the energy method, the
electromagnetic coenergy equation (2.69) is calculated twice, while assuming a
constant current. Since most commercially available numerical packages calcu-
late the difference in coenergy based on a virtual displacement [110] (the object
is not actually displaced, but the mesh around the object is reconnected), using
the name "virtual work method" instead of "energy method" is obvious.

2.2 Finite Element Analysis

With the general electromagnetic theory known, different methods for modeling
the magnetic fields and forces in an electromechanic system are discussed.

One of the the most used modeling methods for electromagnetic fields, es-
pecially for electromechanic devices, is the Finite Element Analysis (FEA)
method. Although the FEA method is not the most applied method in the
magnetic field prediction in a planar actuator, the FEA method is commonly
applied for most other electromechanic devices [23, 24, 87]. The FEA method
uses a numerical approach to solve the Poisson equations for the magnetic
vector or the magnetic scalar potential. The great benefice of this numerical
approach is its flexibility and numerical stability [60]. To solve the Maxwell
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equations, the domain is discretized into elements, usually with a triangular
shape for 2-D systems and a tetrahedron shape for 3-D situations. Although
other shapes of elements are possible, the triangular and tetrahedron shaped
elements are most commonly applied since they allow to mesh slanted and
curved boundaries with minimal errors. Therefore, there are almost no geo-
metrical limitations to the FEA method.

Not only geometrically seen the possibilities of the FEA method are enormous,
all (commercially) available FEA packages allow including the non-linear be-
havior of the ferromagnetic materials. Using iterative non-linear solving algo-
rithms (such as Newton-Raphson [9]), the non-linear behavior of the magnetic
field is calculated by the FEA package. Furthermore, some of the electro-
magnetic FEA packages give a direct coupling with a thermal and mechanical
FEA solver. For instance, the FEA software package Opera Vector Fields [20],
nowadays part of Cobham Plc, combines the mechanical stress with the electro-
magnetic behavior and, therewith, allows for inclusion of some magnetostrictive
effects.

Although FEA seems to be able to solve all electromagnetic problems, how-
ever, there are some major disadvantages of FEA. Due to the meshing required
in FEA, a large dependency on the used mesh is visible in the calculations.
With the discretization of the domain, the magnetic behavior inside each mesh-
element is assumed to be linear and, therewith, the size of the element deter-
mines the accuracy of the magnetic field solution. For a more accurate solution,
either smaller mesh-elements or higher order elements are required, however,
this results in more mesh-nodes in the domain. Since the calculation time is
scaling linearly with the number of mesh-nodes, the computational burden is
directly related to the chosen mesh. Especially for 3-D systems, the computa-
tional efforts are the limiting factor in the applicability of the FEA packages.
Therefore, it demands skills and experience to determine a mesh in the domain
such that a good trade-off between calculation time and accuracy is obtained.

In a planar actuator topology, the magnetic fields are not confined to a fixed
volume, making it an unbounded electromagnetic structure. The FEA method
uses bounded domains to calculate the magnetic fields, i.e. the magnetic fields
are assumed to be confined to a bounding box. Therefore, placing the un-
bounded planar actuator structure into a bounded FEA domain could signifi-
cantly influence the results, especially in the force.

For modeling a shielded dual-stage planar actuator topology, the calculation
times with a proper meshing are still in the order of several hours and the
bounded domain is influencing the results. Therefore, during the design phase
of a shielded planar actuator, for which the field solutions or forces for multiple
geometrical variations are required, the calculation time of a FEA package is
the limiting factor in optimization.
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2.3 Magnetic Equivalent Circuit Modeling

One of the first and still widely applied techniques to analytically describe the
magnetic field behavior in electromechanic devices is the Magnetic Equivalent
Circuit (MEC) modeling [46, 89, 125]. For the MEC-modeling, the electromag-
netic structure is subdivided into multiple flux-tubes. These flux-tubes form a
network of magnetic reluctances that, together with the magnetic field sources,
show a large equivalence with an electric circuit. The magnetic network ob-
tained is then solved by applying either the magnetic equivalence of Kirchoff’s
current law or the equivalence of Kirchoff’s voltage law [28].

The assumption of the magnetic flux-tubes, and its representation in the circuit
by a magnetic reluctance, reveal the main assumption in the magnetic equiva-
lent circuit modeling. Inside a flux-tube, the magnetic flux is confined to flowing
in one direction. A uniform flux density throughout the cross-section of the
tube is assumed. The presence of high-permeable materials in an electromag-
netic system results in a preferred direction for the magnetic flux. Therefore,
MEC-modeling is often applied to iron-cored motors, where the main flux-
paths are mostly defined by the iron cores. The iron cores can be modeled as
flux-tubes using an experience-based MEC-model, where the main flux-paths
are represented by the flux-tubes. The only remaining uncertainties in these
situations is the electromagnetic behavior inside the airgap of the motor and
possible leakage paths. For a more accurate description of the magnetic field
behavior in the airgap of the motor, the MEC-modeling can be extended with
conformal mapping techniques [52] or the tooth contour method [53, 63]. How-
ever, for the MEC-modeling to be applied, the main flux-paths in the domain
should be a-priori known, since an experience-based division of the geometry
into flux-tubes should be used.

In the absence of the pre-defined main flux-paths, or for situations where a lot
of air is present, an experience-based division of the geometry is not applicable.
Instead, a mesh-based division can be applied to model the geometry, where
each mesh element consists of orthogonally directed flux-tubes. This allows an
arbitrary magnetic field behavior inside the geometry, instead of being depen-
dent on the pre-defined flux-paths. For situations where a lot of air is present,
such as a planar actuator, the air should be densely meshed to get an accurate
magnetic field description. Therefore, in equivalence with the FEA methods,
a mesh-based MEC-modeling becomes very mesh-dependent and computation-
ally intensive, which decreases its applicability. Furthermore, due to the ab-
sence of the pre-defined flux-paths, the modeling domain should be bounded
to have a finite number of mesh elements.

Independent of choosing an experience-based or mesh-based MEC-model, the
possibility remains to include non-linear behavior in the network. By means
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of an iterative solving algorithm [61, 122], saturation effects can be included.
When applying a mesh-based MEC-model, even local saturation effects can
be included, since the remanence of each individual flux-tube can be adapted
separately.

The high-permeable material of the shielding plate in a shielded dual-stage pla-
nar actuator topology would opt for the MEC-modeling. However, the absence
of the pre-defined paths and the amount of the air in a planar actuator makes
the MEC-modeling an unfavorable modeling technique in this research.

2.4 Surface Charge Modeling

Another analytical modeling method is charge modeling, for which its appli-
cability for planar actuator topologies is proven [22, 57, 111]. In analogy with
electric charges, a permanent magnet is described by an equivalent magnetic
charge distribution. With this modeling method, the magnetic field at any
location of the unbounded domain is known based on the amplitude of a mag-
netic charge. By superposition of the influences of each individual charge, the
total magnetic flux density at a point in the domain is known. By assuming
an uniform magnetization in a permanent magnet, the magnetic charges are
only present on the outer surfaces of the magnet that are perpendicular to
the magnetization. With this, the calculation the magnetic flux density at a
given location is just applying the surface integral over the charged edges of
the magnet, which can be done analytical for simple magnet shapes.

The magnetic charge modeling itself is only valid for situations where there
is only air assumed. For situations with the presence of high-permeable ma-
terials, the charge modeling should be adapted. As frequently explained in
literature [6, 37, 45, 55, 119], material boundaries can be included by means of
the method of images, also known as mirroring. By placing a magnetic charge
with opposite sign at an equal distance perpendicularly to the boundary, the
magnetic field solution in the air still holds. However, this mirroring is only
valid for boundaries that can be assumed infinitely large. The extension with
mirroring is, therefore, only valid for situations with a high-permeable half-
plane, a infinitely sized plate of high-permeable material, or a combination of
high-permeable half-planes under an angle of π/ζ, where ζ is an integer. For
other situations, where the high-permeable material is not confined to either
of these shapes, for instance a high-permeable plate with holes or with finite
dimensions, only a rough approximation is possible with the mirroring [64].

Another possible extension of the surface charge modeling is to place addi-
tional charges on the material boundaries [14]. On these edges, the charge
distribution is approximated by a polynominal description, where this descrip-
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tion is iteratively adapted to obtain a more accurate solution. For a decent
solution, the surfaces of the high-permeable material should be subdivided into
many small sections, where for each section, a polynominal description is deter-
mined. This discretization of the surfaces of the high-permeable material result
in a dense matrix based on the integral formulation of the Maxwell equations.
Therefore, this method with including the additional charges on the boundary
planes is very computationally intensive and for some situations even more in-
tensive than 3-D FEA, which is highly undesired for the modeling of a shielded
dual-stage planar actuator.

2.5 Harmonic Modeling

The third and final analytical modeling method that is discussed is the har-
monic modeling technique, for which the applicability to planar actuators is
proven [57, 58, 111, 112]. In this modeling, the magnetostatic Maxwell equa-
tions are solved under the assumption that periodicity is present in the domain.
Because of the periodicity, a description based on the summation of multiple
spatial harmonics is possible. The name "Fourier modeling" is often used for
the harmonic modeling, since the magnetic field quantities are expressed as a
Fourier series. By subdividing the domain into multiple parts, i.e. regions,
in the non-periodic direction, a boundary value problem is obtained. Each
region can only contain one linear magnetic permeability, and therefore, only
one material. Based on the separation of variables and the superposition of
the harmonics, an analytical expression of the magnetic field inside each re-
gion is obtained. In a Cartesian coordinate system, this analytical expression
consist of a combination of cosine and sine functions in the periodic directions
and an exponential description in the third direction. The influence of each
combination of sine, cosine and exponent, is scaled by an a-priori unknown co-
efficient. The boundary conditions on the interfaces between the regions, give
the equations to solve the boundary value problem consisting of the a-priori un-
known coefficients. The now resulting model is unbounded in the non-periodic
direction and is bounded to the periodicity in the other directions.

As indicated, the Fourier modeling can only subdivide the geometry into re-
gions in the non-periodic direction, while most electromechanical devices have
material changes in both the periodic and the non-periodic directions. For 2-D
situation, this problem is overcome by extending the Fourier modeling with
mode-matching [26, 42, 43, 117]. This has resulted in the possibility to in-
clude regions that are smaller than the periodicity into the Fourier modeling,
by matching the different spatial frequencies in the regions with each other.
However, adjacent to the smaller regions in the periodic direction, infinite per-
meable material is assumed.
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(a) (b)

Figure 2.2: Addition of the non-physical boundaries to the mode-matching algorithm in
2-D. The magnetic flux density on the height of the boundary as calculated in the three
regions, (a) Bx and (b) Bz.

An additional step to the Fourier modeling with mode-matching, one of the
listed scientific contributions, is to assume an infinitesimally small piece of infi-
nite permeable material on the boundary between two regions that are adjacent
to another in the periodic direction [94–97, 100, 101]. With assuming this small
piece of material, a non-physical boundary condition is added to the system.
However, this allows for an accurate calculation of the magnetic field behavior
in a slotted structure without assuming that the core is infinitely permeable,
as was common in the previous method. The added non-physical boundaries
are illustrated in Figure 2.2(a,b), where the magnetic flux density in the x-
and z-direction, respectively, are illustrated. By reducing the size in the pe-
riodic direction of the these non-physical boundaries to zero, the assumption
of the infinitesimally small piece of infinite permeable material gives accurate
results for the 2-D situations∗. Due to the fact that the boundary is extending
in the longitudinal, i.e. non-modeled, direction (perpendicular to the paper)
no influence is visible in the 2-D results. However, to include small features
of high-permeable material, typically originating from saliency, toot-shoes and
slot-shapes in machines, a large number of regions is needed. Inside each of
these small regions, a large number of harmonics is required to have sufficient
spatial resolution and to accurately describe the magnetic field. Therewith, the
computational burden is dramatically increased.

∗The accuracy of the results is dependent on the difference of the magnetic permeability
between two adjacent regions in the x-direction. The higher the difference in permeability
between the two regions, the more accurate the solution will be.
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Applying Fourier modeling with mode-matching to 3-D situation is possible
as well [76, 77, 120]. However, only situations with a slit or a hole in in-
finitely permeable material are considered. In these situations, only the mag-
netic field distribution inside the hole/slit is calculated. On the boundaries
of the hole/slit, the infinite permeable material ensures that all the magnetic
flux is perpendicular to the material boundary. In a situation with a piece
of high-permeable material that is finite in dimensions, or for a hole/slit in
a high-permeable (not infinitely permeable) material, 3-D Fourier modeling
extended with mode-matching is not sufficient. In equivalence with the 2-D
situations, assuming a small piece of infinitely permeable material on the edges
of the high-permeable material, will result in a boundary that is extending in
the second periodic direction.

For instance, to model a finite piece of material in the xy-plane, the domain is
divided into regions in the x-direction. On the edges of these regions, a piece of
infinite permeable material is assumed that is infinitely small in the x-direction,
however, this piece of material is infinite in the y-direction. Consequently, the
added non-physical boundary condition, originating from the assumed infinite
permeable material, is also present in the air regions adjacent to the material
in the y-direction. At the non-physical boundary, the magnetic flux will be
perpendicular to this boundary, which is not equal to the real situation, es-
pecially in the air. The assumption of the non-physical boundaries, that are
extending into the air, will dramatically influence the calculated magnetic field.
Therefore, the 3-D Fourier modeling with mode-matching is not sufficient for
modeling a finite piece of high-permeable material, and is certainly not suffi-
cient to model a magnetic shield with many holes.

2.6 Applicability of 2-D Modeling Techniques
on 3-D Structures

Although it is known that the electromagnetic fields in nature are a three-
dimensional (3-D) phenomenon, due to the computational intensity, the trans-
lation to a two-dimensional (2-D) system is commonly made. For most types
of electromechanical actuators, this translation is reasonably valid, since the
magnetic fields that are producing the desired forces in these actuators are only
2-D.

In rotating machines, the conversion from a 3-D cylindrical system to a polar
2-D coordinate system is made. With this conversion, it is known that some
of the 3-D effects are neglected. In the literature, the neglectance of the 3-D
effects by assuming a 2-D model is widely covered [3, 15, 35, 56, 80, 113].
The 2-D models are slightly adapted or extended to mimic the 3-D effects
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that are neglected. For instance, (part of) the influence of the presence of
the end-windings are included as an additional induction in the electric (drive)
circuit, and the effective stack-length is adapted to include the influence of the
stacking factor. Aside of these improvements, several rules of thumb have been
developed that are based on the motor dimensions [3, 113] and take some 3-D
effects into account in the 2-D model.

For linear machines, it is also common to describe the 3-D device with a 2-D
model, since the magnetic fields used for the energy conversion are only acting
in two of the three Cartesian coordinates. In these 2-D models, all variancy
of the magnetic fields in the third direction are neglected. For some situa-
tions, like the transverse edge effects in linear induction motors, the 3-D effects
can be mimicked by adapting the material parameters [29, 41, 56, 126]. How-
ever, for linear machines where no back-iron is present on the secondary side,
for instance in single-sided linear permanent magnet machines with ironless
coils, the 3-D effects cannot be ignored [102]. Due to the absence of the high-
permeable material on the coil side of the linear actuator, the magnetic fields
will be blooming in all three dimensions, and therewith, the 3-D effects become
significant.

Instead of assuming a 2-D model, the possibility exists to superimpose multi-
ple 2-D models for a more accurate prediction of the magnetic field. In [106],
the superposition of 2-D models based on the length of the invariant part is
discussed. The basic principle is to cut the electromagnetic machine into mul-
tiple sections, where each section is invariant in the non-modeled direction.
By superimposing the results of each of these 2-D models, a more accurate
description of the magnetic field intensity and forces is obtained compared to
modeling solely one 2-D model. Using this superposition principle, the geomet-
rical variance of the 3-D situation is incorporated into the modeling. However,
the fact that the magnetic field by nature is 3-D is not incorporated. As can
be seen from the measurements presented in [106], where the superposition of
multiple 2-D models is investigated for a shielded single-sided linear permanent
magnet motor, it is not sufficient to solely incorporate the geometrical variance
for an accurate force prediction. The measurements clearly reveal 3-D effects
that are not incorporated by solely including the geometrical variance using
the superimposed 2-D models.

An alternative before stepping to 3-D modeling would be to apply 2.5-D mod-
eling [7]. With 2.5-D modeling, two 2-D models are used that are in a perpen-
dicular direction. In a Cartesian coordinate system, this can be obtained by
having one 2-D model describing the magnetic field behavior in the xz-plane,
while another 2-D model is used to describe the magnetic field behavior in the
yz-plane. This 2.5-D modeling would accurately describe the magnetic field for
a 3-D system where the magnetic field is orthogonally decoupled, which means
that the magnetic field is in either of the modeled directions (xz or yz), but
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no coupling between the directions exists, i.e. no magnetic field flowing in the
xy-direction. The principle of 2.5-D modeling can be combined with super-
imposing 2-D models as well. Then, the coupling (or scaling factor) between
the different superimposed 2-D models in one direction, should be determined
based on the 2-D model in the orthogonal direction.

2.7 Summary and Conclusions

Starting from the original set of equations as published by James Clerk Maxwell
the electromagnetic field theory for magnetostatic situations is given. From this
set of equations, the solving principles based on the magnetic scalar potential
and magnetic vector potential formulations are discussed. In the derivation
of the magnetic scalar potential, no current density can be present and the
magnetic permeability in the medium is considered to be uniform and linear.
While for the derivation of the magnetic vector potential, only a linear and
uniform magnetic property of the medium is assumed. This makes a description
of the magnetic field based on the magnetic vector potential more favorable
since the current density can be directly included in the modeling.

With subdividing the domain into multiple sections, the continuity of the mag-
netic field should be considered on the boundaries between the sections. The
magnetic flux density is by definition divergence free throughout the domain,
by the subdivision, the continuity problem is divided as well. The continu-
ity inside each section of the domain should be found by a proper solution of
the Maxwell equations, the magnetic scalar potential, or the magnetic vector
potential. The application of the boundary conditions on the interfaces be-
tween the sections ensures the continuity of the magnetic field within the total
domain.

In this chapter, four methods of calculating the force on a part of the domain are
discussed. The methods of force calculation are: Lorentz force, charge-based
Lorentz, Maxwell stress tensor and virtual work/energy method. The Lorentz
force method is only directly applicable to the force on a current carrying vol-
ume in a magnetic field. For the force calculations on a permanent magnet (or
a set of permanent magnets) the charge-based Lorentz force method is derived.
The Maxwell stress tensor is derived from the Lorentz force as a more generic
alternative to calculate the force. During this derivation, a uniform and linear
magnetic permeability and the absence of a residual magnetization is assumed
on the location where the Maxwell stress tensor is applied. The third method
for force calculations concerns the energy method or virtual work method. In
this method, the change in magnetic energy or coenergy is calculated for a
small displacement, while assuming a constant flux linkage or current, respec-
tively. To calculate the force, the (co-)energy is calculated for two (virtual)
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positions, which implies that calculation of the force requires to evaluate a vol-
ume integral of the square of the magnetic field (and therewith, showing many
similarities with the Maxwell stress tensor equations) twice, which results in
an additional computational burden.

The rest of this chapter is devoted to a qualitative comparison between differ-
ent modeling methods and features. An overview of four modeling techniques
is given in this chapter, namely finite element analysis, magnetic equivalent
circuit modeling, surface charge modeling and Fourier modeling. For each of
these modeling methods, the beneficial quantities in the modeling are given,
while their disadvantages are discussed as well. Modeling methods based on
the differential formulation of the Maxwell equations are, in general, chosen for
their lower computational efforts due to the sparseness of the resulting matrix
equation. The most common differential based modeling method is the finite
element analysis modeling. Although the finite element modeling is widely
applied and commercially available, the major drawback is the extreme calcu-
lation time of the electromagnetic 3-D models, due to the necessity to discretize
the full 3-D domain. However, 3-D finite element packages are equipped with
non-linear solvers and are almost unlimited in their geometrical possibilities.
Unfortunately, during the design of an shielded dual-stage planar actuator, the
limiting factor is the calculation time, especially when multiple geometrical
parameters should be varied to obtain an optimal design. Furthermore, since
finite element analysis packages requires a bounded problem, caution should be
taken when modeling the unbounded planar actuator structure in a bounded
domain.

To apply the magnetic equivalent circuit model, a method that is explicitly
suited for modeling situations with a pre-defined flux-path, to a planar actuator
is non-feasible. The geometry of a shielded planar actuator has a little amount
of high-permeable material and a large amount of air, is the limiting factor.
It is very difficult to predict the magnetic flux-path in the air, especially if
the distance traveled through the air becomes larger. Extending the magnetic
equivalent circuit method with conformal mapping or tooth-contour mapping
makes it significantly more computationally intensive, and still requires that a
large part of the magnetic flux-path is pre-defined. To model a shielded dual-
stage planar actuator, a spatially meshed magnetic equivalent circuit modeling
method is required, however, in calculation time, this becomes comparable to
3-D finite element analysis.

In the charge modeling method, where the magnetic field is described based on
the scalar potential formulation, i.e. an integral based modeling method, the
major drawback lies in the impossibility to describe the combination of perma-
nent magnets with a piece of high-permeable material that has finite dimensions
and contains multiple holes using the principle of mirroring. Although a dense
matrix equation is originating from the charge modeling method, normally the
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size of this matrix is very limited, which would still result in a low computa-
tional time. However, to include the complexity of the magnetic shielding, an
extension of the charge modeling by placing additional charges on the edges
of the high-permeable material is necessary. This would become too computa-
tionally intensive for the complexity of the high-permeable material with the
holes.

The last modeling method discussed is based on the harmonic description. By
applying (or assuming) periodicity and dividing the geometry into regions, a
spatial harmonic based, analytical description of the magnetic field behavior in
each region is obtained. The relation between the description in the regions is
made by applying boundary conditions on the interfaces between the different
regions. As long as all regions present are similar in the size (i.e. the size of the
periodicity), Fourier modeling is sufficient to describe the magnetic field behav-
ior. Unfortunately, this implies that it is not directly possible to include pieces
of material that are smaller than the periodicity, which is typically needed to
model the shielding plate of a shielded dual-stage planar actuator. Regions
that are smaller than the size of the periodicity can be included by the usage of
the mode-matching algorithm. To apply this algorithm, physically non-present
pieces of infinite permeable material are assumed on the edges of the holes of
the high-permeable shield. These added materials will extend parallel to the
edges of the holes throughout the full periodicity. Therefore, a significant neg-
ative influence on the magnetic field behavior in the domain is experienced by
these assumptions. Especially for a shielded dual-stage planar actuator, where
the amount or regions needed is very large, the assumed infinite permeable
boundaries would be dramatically influencing the calculated magnetic fields
and forces. Therefore, the 3-D nature of the planar actuator structure (both
geometrically and from magnetic field point of view) cannot be included in a
3-D Fourier modeling when concerning the magnetic shielding plate.

The geometry and the magnetic field behavior in the observed situation, a
shielded dual-stage planar actuator, is fully acting in all three dimensions.
Therefore, a 3-D modeling is required to obtain an accurate description of
the magnetic fields. The geometrical variance of the modeling in the x- and
y-direction is very large, therefore, a superposition of 2-D models in either
direction would result in a very large amount of models required. Furthermore,
this would not include the 3-D nature of the magnetic fields, while in the
observed situation, the forces are generated based on the 3-D variance of the
magnetic fields.

In conclusion, a 3-D modeling method, resulting in a sparse matrix, should be
applied to model the shielded dual-stage planar actuator topology. The finite
element analysis, harmonic modeling and magnetic equivalent circuit models
result in the required sparse matrix. Although the finite element analysis is
capable of modeling the shielded dual-stage planar actuator, the required 3-D
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meshing of the domain results in a large matrix, and therefore, the calcula-
tion time is too large during the design phase of a shielded dual-stage planar
actuator. Consequently, the alternative modeling method required for the de-
sign phase of a shielded dual-stage planar actuator should, by nature, require
less mesh-elements compared to the 3-D finite element analysis and result in
a sparse matrix. Both the harmonic modeling and magnetic equivalent circuit
models will give a sparse matrix, while the harmonic modeling is only spatial
harmonic meshed in two direction, resulting in a lower mesh intensity. Unfor-
tunately, both methods on their own are not capable of modeling a shielded
dual-stage planar actuator. By combining two modeling methods into a mod-
eling framework, it is possible to overcome their individual drawbacks, while
keeping their strengths. The concept of a hybrid analytical modeling, where
two analytical based models are combined, is further elaborated on in this
thesis.
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Two-dimensional Hybrid

Analytical Modeling

Abstract
This chapter introduces the hybrid analytical modeling for two-dimensional
cases. With the generic implementation as given, the hybrid analytical mod-
eling method is applicable to a large class of electromagnetic devices. Two
semi-analytical modeling methods, Fourier modeling and magnetic equivalent
circuit modeling, are combined to calculate the magnetic field and the electro-
magnetic force for two electromagnetic examples.
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From the short evaluation of the modeling methods as presented in the previ-
ous chapter, no modeling method on its own seems applicable to predict the
magnetic quantities of a shielded dual-stage planar actuator. Therefore, a hy-
brid modeling technique is proposed which combines the advantages of two
(semi-)analytical modeling methods, and overcomes their drawbacks.

Based on the periodic behavior present in the magnet plate of the planar actu-
ator, an spatial harmonic modeling method, i.e. the Fourier modeling method,
is a good match, however, the large drawback of this modeling method is its in-
ability of accurately including small features (smaller than the full periodicity)
made of high-permeable materials, while the application requires an accurate
modeling of holes and slits in a high-permeable magnetic shielding plate. Al-
though only the magnet plate itself represents a real spatial periodicity, by
ensuring that the periodicity in the modeling is large enough, the influence
of the assumed periodicity on the non-periodic parts of the structure can be
limited.

Since a high-permeable shielding plate is used, a Magnetic Equivalent Circuit
(MEC) modeling technique seems a suitable option. Unfortunately, there is no
pre-defined path for the magnetic flux given in the high-permeable structure,
which eliminates the possibility to use a experience-based MEC-model and
implies the usage of a mesh-based MEC-model. Due to the open structure of a
planar actuator, a large amount of air should be included in the domain for an
accurate description. In the air no pre-defined path of the magnetic flux exists,
therefore, the full domain should be modeled using a mesh-based MEC-model.
This results in a very computationally intensive model and would, therefore,
not be beneficial compared to a finite element model.

The hybrid modeling technique discussed in this chapter combines a mesh-
based MEC-model with a Fourier model. Therewith, the inability of the Fourier
modeling technique, to include the small high-permeable features, is overcome
with the mesh-based MEC-modeling. Combining a magnetic equivalent circuit
modeling and a harmonic description of the magnetic field is a relatively new
approach. In the last decade, some papers have been published [1, 5, 66, 81, 91]
on this topic, however, the literature does not provide a bi-directional coupling
on both sides of the mesh-based MEC-region. The resulting hybrid modeling
method complies with the desired sparseness of the matrix equations and has
a lower number of unknowns as compared to the finite element analysis.

In this chapter, the hybrid modeling technique is derived and explained for
2-D geometries, i.e. 2-D Hybrid Analytical Modeling (2-D HAM). After the re-
quired model assumptions, the division of the geometry in regions is discussed
and the properties of the regions are given. The 2-D Fourier model is explained
and afterwards the 2-D mesh-based magnetic equivalent circuit model is intro-
duced. Then the coupling between the regions is given based on the boundary
conditions. Afterwards, the system of equations is solved and the results are
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compared to 2-D finite element models. Finally, the differences and model-
ing features are discussed and the conclusions about the 2-D hybrid analytical
modeling are drawn.

3.1 Assumptions for 2-D HAM

Before applying the hybrid analytical modeling to a certain situation or geom-
etry, the following assumptions have to be made:

1. the problem is formulated in 2-D

2. the problem is time independent (i.e. quasi-static)

3. even periodicity is present in the x-direction

4. only homogeneous, isotropic, and linear materials are used

5. magnetic field sources (magnets and coils) are homogeneous and invariant
in the z-direction

In general, all electromagnetic devices have a 3-D geometry and are based on
a 3-D magnetic field behavior. For the hybrid 2-D modeling, the geometry
should be invariant in one of the Cartesian directions, this direction is chosen
to be along the y-direction. Or at least the influence of the geometry in the
y-direction should be negligible. For most electromagnetic devices, the trans-
lation to a 2-D system is common, since the main magnetic field dependency
is only 2-D. With assuming a 2-D model, all end-effects and geometrical dif-
ferences in the non-modeled y-dimension are neglected [102].

All time dependency is neglected, which enables the decoupling between the
magnetic and electric field. Only magnetostatic applications are considered,
therefore, the magnetostatic Maxwell equations, equations (2.9) and (2.10),
are used in the derivation of the magnetic field equations.

In linear electromagnetic long-stroke machines, for instance, a certain form
of periodicity is present. This allows for a harmonic based description of the
magnetic field, where the periodic direction in this model is chosen along the x-
direction. If no actual periodicity is present, the periodicity should be chosen
such that the influence of the adjacent periods on the observed part of the
geometry is limited. Choosing a very large period seems ideal for these cases,
however, this will directly result in a large number of harmonics required, and
therefore, a large computational effort. Furthermore, only an even periodicity
is assumed in this thesis, which means that the periodic part of the geometry
is repeated infinitely, while the orientation of all sources of the magnetic field
are equal for all repetitions.
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Figure 3.1: Illustration of the influence of assuming a 2-D system with even periodicity.
The physically present parts of the example are denoted by solid lines, the periodicity is
indicated by the dash-dotted lines, while the periodic images are illustrated by the cuboidal
shapes with the dotted lines.

The semi-analytical modeling given in this thesis is only valid under the as-
sumption that all materials used are homogeneous, isotropic and linear. Espe-
cially during the design of an electromagnetic device, this is a very common
assumption regarding the material properties. During the design, it is suffi-
cient to know the value of the magnetic flux density inside the high-permeable
materials, to indicate whether saturation occurs in the material. Furthermore,
the influence of the possible non-homogeneity and anisotropy of the materials
is assumed marginal and, therefore, negligible.

The magnetic field sources, i.e. permanent magnets and coils, should be ho-
mogeneous in their strength and no variations in the z-direction are allowed.
The invariancy in the z-direction in the modeling is ensured by a proper di-
vision of the geometry in regions, while the homogeneity of the strength of
the sources is a necessity for the source description presented in this chapter.
Non-homogeneity of a source in the x-direction can be incorporated by plac-
ing multiple sources with a different amplitude adjacent to each other, i.e. a
discretized description of variation in the source. Another possibility to in-
corporate the non-homogeneity of the sources (in the x-direction) would be to
re-derive the source function, however, this is out of the scope for this chap-
ter. Furthermore, the permanent magnets in the problem are magnetized in
the x- or the z-direction, while only (divergence free) current sources in the
y-direction are included, due to the assumed 2-D description.

Figure 3.1 illustrates the effects of assuming a 2-D system with even periodic-
ity as is done for the hybrid analytical modeling. The figure shows an periodic
pattern of six cuboidal-shaped permanent magnets with an alternating polar-
ization of the magnets. Centered above this magnet pattern, one cuboidal
block of high-permeable material (iron) is located. The first major assumption
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is assuming a 2-D system with an invariant y-direction. This assumption is
illustrated by the 2-D plane in the figure, while the cross-section of the 2-D
plane with the cuboidal-shaped permanent magnets and iron is highlighted by
the rectangular shapes. The second assumption is assuming an even periodicity
in the x-direction, which is illustrated in the figure by the periodicity planes
and the dash-dotted lines in the 2-D plane. Although only one piece of iron is
present, the assumed even periodicity results in a repetition of the iron block
as well, as is illustrated by the dotted lines. All physically present parts of the
example are denoted by solid lines, the periodicity is indicated by the dash-
dotted lines, while the periodic images are illustrated by the cuboidal shapes
with the dotted lines.

3.2 Modeling Principle and Division in Regions

In the 2-D hybrid analytical modeling, the combination of 2-D Fourier modeling
and a 2-D mesh-based magnetic equivalent circuit model is made. Therefore,
the geometry under investigation should (partly) fulfill the requirements of both
modeling techniques. The first important requirement of the geometry, is the
presence of periodicity in one of the Cartesian directions. The choice of the
direction of periodicity, or choosing the orientation of the Cartesian coordinate
system within the geometry, is arbitrary. However, in this chapter the case with
a periodicity in the x-direction, and the invariant direction in the y-direction
is chosen. Consequently, the geometry is modeled in the xz-plane.

For the 2-D Fourier modeling method, a description of the magnetic field is
known within a material with linear magnetic properties. This immediately
implies that the geometry needs to be divided into multiple parts. Since a
periodicity is present in the x-direction, the division in parts is done in the
z-direction. One of these parts, a region, has a limited size in the z-direction,
while in the x-direction, it is equally sized with the periodicity. The region can
only contain one linear magnetic material property, and therefore, a material
interface that is aligned with the xy-plane implies to be the boundary between
two regions. Furthermore, the presence or absence in the z-direction of a source
of magnetic field implies a new region as well.

Regions in which the material properties change in the x-direction can not
be modeled as a "normal" region. Instead of introducing the possibility of
having a region that does not coincide with the boundaries of the periodic-
ity (which is solved using the mode-matching algorithm as briefly described
in Section 2.5 [43, 94, 96, 100–102]), the material changes are solved differ-
ently. Regions with changing material properties in the x-direction are mod-
eled using a MEC-region. Inside this MEC-region, a Cartesian meshing is used,
which allows to have different (linear) material properties for each individual
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(a) (b)

Figure 3.2: 2-D representation of the geometry in Figure 3.1 in (a) and (b) gives the
division in regions for this geometry.

mesh-element in the region.

Usually, the sources of the magnetic field, i.e. permanent magnets and current
carrying blocks, do not spread the full periodicity. Which implies that these
should be modeled with a MEC-region instead of a Fourier region. However, to
incorporate the sources, a source function is used inside a Fourier region. The
region itself only contains one (linear) material property, usually the material
properties of the actual sources. For a coil as a source, the magnetic mate-
rial properties are equal to air. For a permanent magnet, however, its relative
magnetic permeability is not equal to unity. This implies that the assumed
magnetic material property for the region, where the permanent magnet is
present, is adapted as well. In this thesis, the magnetic permeability of the full
region is chosen equal to the permeability of the actual magnet, which makes
it a kind of non-magnetized permanent magnet material. Another approach
would be to assume that the permeability of the region is equal to the average
magnetic permeability of the actual present material in the region. Since the
permeability of a permanent magnet is close to unity, the influence of model-
ing the air adjacent to the permanent magnet as non-magnetized permanent
magnet material is negligible.

As an illustration of dividing an geometry into regions, the example of Fig-
ure 3.1 is used. In Figure 3.2(a), the 2-D representation of the same situation
is given within its periodic boundaries. From this geometry, the division in re-
gions as discussed in this section is made. As indicated, the division in regions
(in the z-direction) is based on the change of the magnetic permeability or the
presence of a source. Therefore, the geometry is divided into five regions. The
presence of the permanent magnets indicate a region (region 2), since the mag-
netic permeability of a positive and negative magnetized permanent magnet is



48 Chapter 3: Two-dimensional Hybrid Analytical Modeling

equal, both magnets are confined into one region while the magnetization is
included by a source function. Furthermore, the iron indicates a new region,
however, due to the fact that the iron piece does not spread the full width of
the periodicity in the x-direction, the iron piece together with the air adjacent
to it in the x-direction are combined into a MEC-region (region 4). Finally,
the air included in the domain is described by regions, where region 1 is the
air underneath the permanent magnets, region 3 is the air between the perma-
nent magnets and the MEC-region, while region 5 is the air located above the
MEC-region. The division in regions for the example is shown in Figure 3.2(b).

3.3 Fourier Modeling in 2-D HAM

As previously explained in Section 2.1.1, the modeling of the magnetic field
inside a geometry should be in agreement with the magnetostatic Maxwell
equations (see equations (2.20) and (2.21)) and continuous throughout the full
domain. By subdividing the geometry into a number of regions, the continuity
of the magnetic field in the full domain is converted to a continuity inside
each region and the continuity on the boundaries between the regions. In this
section, a continuous Fourier description of the magnetic field inside a region
with a size equal to the periodicity is described.

As explained in Section 2.1.3 the magnetic vector potential can be used to find
a solution to the magnetostatic Maxwell equations. The Maxwell equations are
reduced to a set of three Poisson equations which are given in equations (2.29-
2.31). By assuming a 2-D system with its invariancy in the y-direction, only
a magnetic vector potential in the y-direction can exist. Therefore, the set of
Poisson equations is reduced to one single equation, and is given by

∂2Ay

∂x2 +
�
�
�@
@
@

∂2Ay

∂y2 +
∂2Ay

∂z2 = −µ0µrJy − µ0
∂Mx

∂z
+ µ0

∂Mz

∂x
(3.1)

where Ay is the magnetic vector potential in the y-direction, µ0 and µr are the
magnetic permeability of vacuum and the relative magnetic permeability of the
medium, respectively. Furthermore, Jy is the current density in the y-direction
and Mx and Mz are the residual magnetization in the x- and z-directions,
respectively.

Considering the assumption that all sources are independent in the z-direction,
the residual magnetization in the x-direction vanishes from equation (3.1),
which is therefore further simplified towards

∂2Ay (x, z)

∂x2 +
∂2Ay (x, z)

∂z2 = −µ0µrJy (x) + µ0
∂Mz (x)

∂x
. (3.2)
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For each region, the solution of Ai
y is derived using the principle of separation

of variables [13], where i is an arbitrary region number in which a Fourier de-
scription is used. The separation of variables results in a multiplication of two
functions, where each is only dependent on one of the considered Cartesian
variables, Ay (x, z) = X (x)Z (z). Therefore, one function is used to describe
the behavior of the magnetic vector potential in the x-direction and is multi-
plied by a function to describe the behavior of the magnetic vector potential in
the z-direction. Since the resulting expression of the magnetic vector potential
should be consistent with equation (3.2), two functions are chosen for which
the second derivative is equal to itself are chosen. The only options that fulfill
this requirement are a combination of exponential functions, a combination of
hyperbolic sinusoidal functions or a combination of sinusoidal functions.

To incorporate the periodicity in the x-direction, a combination of sinusoidal
functions is chosen as X (x) to describe this behavior. To accurately describe
the decay of the magnetic fields for an increase in distance, a combination of
exponential functions in the z-direction is taken in Z (z). Therewith, the chosen
general solution for Ai

y is given by

Ai
y (x, z) = Ai

y0 (z) +

Nx∑
nx=1

[
Ai
yc (z) cos (ωxnx) +Ai

ys (z) sin (ωxnx)
]

(3.3)

where Ay0, Ayc† and Ays
† are the DC-, cosine- and sine-components of the

magnetic vector potential (in the y-direction), respectively, nx is the harmonic
counter in the x-direction and Nx is the total number of harmonics taken into
account, and where ωxn† is the spatial frequency in the x-direction. The spatial
frequencies in all Fourier regions are considered equal and are determined by
the size of the periodicity, xp, according to

ωxn = nx
2π

xp
. (3.4)

The DC-, sine- and cosine-components of the magnetic vector potential are
given by

Ai
y0 (z) = −µ0M

i
x0z (3.5)

Ai
yc (z) = − 1

ωxn
qin eωxnz − 1

ωxn
rin e−ωxnz − µ0

ωxn
M i
zs −

µ0µr
ω2
xn

J i
yc (3.6)

Ai
ys (z) = − 1

ωxn
sin eωxnz − 1

ωxn
tin e−ωxnz +

µ0

ωxn
M i
zc −

µ0µr
ω2
xn

J i
ys (3.7)

† For each harmonic in the x-direction in each region, a different value for this variable
is intended. However, to keep the notations clear and avoid crowding of subscripts, the
dependency on nx for this variable is simplified or omitted in the notation.
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(a) (b)

Figure 3.3: Illustration of fundamental spatial frequency and its higher harmonics, (a) the
harmonics separately and (b) the summation of harmonics.

where qin†, rin†, sin† and tin† are the a-priori unknown coefficients which have to
be solved using boundary conditions, Mx0 is the DC component of the residual
magnetization in the x-direction, and where M i

zs
†, M i

zc
†, J i

ys
† and J i

yc
† are the

sine and cosine terms of the Fourier description of the magnetization function in
the z-direction and the current density function in the y-direction, respectively,
for which the derivation is given later in this section. The presence of the
residual magnetization in the x-direction in the DC-term of the magnetic vector
potential is resulting from the applied boundary conditions, as is discussed
in Section 3.5.

The spatial harmonic meshing, to include the even periodicity into the Fourier
modeling, is illustrated in Figure 3.3. In Figure 3.3(a), the fundamental spa-
tial frequency and a few higher order spatial harmonics are shown separately,
while Figure 3.3(b) shows the results of the summation of the spatial harmonics.

In each region, the sources of the magnetic field (i.e. magnetization in the x-
and z-directions and current density in the y-direction) are included as a source
function dependent on the x-direction. This source function is constructed as
a combination of square waves, where each square wave represents a physical
source. The physical source, the actual permanent magnet or current carrying
bundle, is described by a square wave, which is "on" for the x-coordinates
where the source is present and "off" if the source is not present. The value
of the square wave is based on the strength (i.e. amplitude) of the source.
Afterwards, the square wave of each individual source of the magnetic field in
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each region is described as a Fourier series [68] as given by

Si (x) = Si
0 +

Nx∑
nx=1

[
Si
s sin (ωxnx) + Si

c cos (ωxnx)
]

(3.8)

where S denotes a source function, which can be either Mx, Mz or Jy, and
where S0, Ss

† and Sc
† are the DC, sine and cosine terms of the Fourier

description of the square wave. The harmonic source terms are now derived
using general Fourier theory [34] and are given by

Si
0 =

1

xp

xpˆ

x=0

S (x) dx (3.9)

Si
s =

2

xp

xpˆ

x=0

S (x) sin (ωxnx) dx (3.10)

Si
c =

2

xp

xpˆ

x=0

S (x) cos (ωxnx) dx (3.11)

which for a square wave function is simplified to

Si
0 =

1

xp
Ŝ (x1 − x0) (3.12)

Si
s = − 2

xp

Ŝ

ωxn
(cos (ωxnx1)− cos (ωxnx0)) (3.13)

Si
c =

2

xp

Ŝ

ωxn
(sin (ωxnx1)− sin (ωxnx0)) (3.14)

where x0 and x1 are the x-coordinates of the first and last edge of the square
wave, respectively, and where Ŝ is the strength of the magnetic field source
which is given by

Ŝ = Mp =
Br,p
µ0

=
Br,p

4π ·10−7
for a permanent magnet (3.15)

Ŝ = Jy for a current density (3.16)

where Br,p is the remanence of the permanent magnet, and where p is an ar-
bitrary Cartesian direction, i.e. the x- or z-direction. Herewith, all the terms
of the magnetic vector potential equations (3.5-3.7) are known, and the mag-
netic vector potential fulfills equation (3.2) and the Coulomb gauge condition
(
⇀

∇ ·
⇀

A = 0).
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With the given definition of the magnetic vector potential, the magnetic flux
density description inside a Fourier region is derived according to

⇀

Bi (x, z) = −
∂Ai

y (x, z)

∂z
⇀
ex +

∂Ai
y (x, z)

∂x
⇀
ez (3.17)

where ⇀
e denotes the unit vector. The magnetic flux density inside an arbitrary

Fourier region is given by
⇀

Bi (x, z) = Bi
x (x, z)

⇀
ex +Bi

z (x, z)
⇀
ez (3.18)

Bi
x (x, z) = −µ0M

i
x0 +

Nx∑
nx=1

[
Bi
xs (z) sin (ωxnx) +Bi

xc (z) cos (ωxnx)
]
(3.19)

Bi
z (x, z) =

Nx∑
nx=1

[
Bi
zs (z) sin (ωxnx) +Bi

zc (z) cos (ωxnx)
]

(3.20)

where Bi
xs
†, Bi

xc
†, Bi

zs
† and Bi

zc
† are given by

Bi
xs (z) = sin eωxnz − tin e−ωxnz (3.21)

Bi
xc (z) = qin eωxnz − rin e−ωxnz (3.22)

Bi
zs (z) = qin eωxnz + rin e−ωxnz + µ0M

i
zs +

µ0µr
ωxn

J i
yc (3.23)

Bi
zc (z) = −sin eωxnz − tin e−ωxnz + µ0M

i
zc +

µ0µr
ωxn

J i
ys. (3.24)

With this, the Fourier description of the magnetic flux density inside an arbi-
trary region is given, where the a-priori unknown coefficients (qn, rn, sn and tn)
are solved by applying boundary conditions on the interface between regions
as is explained in Section 3.5.

3.4 Magnetic Equivalent Circuit Modeling in
2-D HAM

The Magnetic Equivalent Circuit (MEC) modeling is applied to the MEC-
regions in the 2-D Hybrid Analytical Modeling. MEC-regions occur if regions
do not comply with the demands of the Fourier regions, i.e. a homogeneous
magnetic permeability in the region. Therefore, although the MEC-region itself
is periodic, the materials used inside the MEC-region are per definition not
equal to the size of the periodicity. To obtain the MEC-model inside a MEC-
region, a few steps are taken. First, the MEC-region will be meshed, and
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(a) (b)

Figure 3.4: Meshing principle illustrated on an example, where (a) shows the geometry
and (b) the obtained meshing including numbering. The dashed (vertical) lines indicate the
periodic boundaries.

afterwards the magnetic reluctances inside the MEC-element are defined. Then
the coupling between the MEC-elements is discussed and the calculation of the
magnetic flux and magnetic flux density in a MEC-region is discussed.

3.4.1 Meshing of the MEC-region

As previously indicated, in the MEC-region a discretization along the Cartesian
directions is used. By subdividing the region into multiple smaller elements, the
magnetic material properties within these elements are assumed to be constant.
The discretization (or meshing) of the region is done with rectangular mesh
elements. In both the x- and the z-directions, the meshing in the MEC-region
can be non-uniform. However, for a certain x-coordinate, all elements in the z-
direction at that x-coordinate have an equal element size in the x-direction, and
vice-versa. The meshing of the MEC-region is performed such that the material
boundaries of the geometry are coinciding with the edges of the MEC-elements.
Afterwards, the mesh elements are numbered, first in the ascending x-direction
and then in the ascending z-direction. In total L elements in the x-direction
are obtained while the total MEC-region consists of K elements.

The meshing principle is illustrated on an example of which the geometry is
shown in Figure 3.4(a), where the dashed vertical lines indicate the periodic
boundaries. In this figure, the gray part of the shown MEC-region is made of
high-permeable material, while the white part consists of air. The MEC-region
is meshed with a non-uniform meshing in both the x- and the z-directions,
resulting in the mesh shown in Figure 3.4(b). Here it is clearly visible that the
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Figure 3.5: Illustration of a MEC-element.

increased mesh-density in the x-direction (around the edges of the material)
continues throughout the full z-direction. Furthermore, the figure shows the
applied numbering of the MEC-elements in the MEC-region.

With the described meshing method, the resulting mesh elements (or so-called
MEC-elements) will contain only one material. This material is assumed to
have a linear magnetic permeability which is homogeneous throughout a mesh
element.

3.4.2 Magnetic reluctances in a MEC-element

In the geometrical center of each MEC-element, a potential node is defined. On
this potential node, a magnetic potential ψ is present, which has an equivalence
to the magnetic scalar potential. A MEC-element with an arbitrary number,
k, and its potential node, ψk is shown in Figure 3.5.

From the potential node towards each side of the MEC-element, a reluctance is
defined. In both the positive and negative x-directions, a reluctance is assumed
which covers half of the width of the MEC-element. The reluctances in the x-
direction represent a flux-tube guiding the magnetic flux in the x-direction and
having a cross-sectional area parallel to the yz-plane, Sk

yz. Since the model
is applied in 2-D, the size of the MEC-element is assumed to be unity in the
y-direction. The flux-tubes assumed for the x-direction are illustrated in Fig-
ure 3.6(a), and are their equivalent reluctances are calculated according to

Rk
x+ = Rk

x− =
lkx

2µ0µk
rS

k
yz

(3.25)
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(a) (b)

Figure 3.6: Illustration of the flux-tubes with the direction of the flux in the tubes indicated.
(a) the flux-tubes in the x-direction and (b) in the z-direction.

where Rk
x− and Rk

x+ are the equivalent reluctance of the flux-tubes in the
x-direction on the negative and positive x-side of the potential node of MEC-
element k, respectively, where lkx is the full size of MEC-element k in the x-
direction and where µk

r is the relative permeability of MEC-element k.

Similar to the flux-tubes in the x-direction, two flux-tubes are defined in the
z-direction. Both flux-tubes in the z-direction, one on the positive and one on
the negative side of the potential node, are covering half of the height of the
MEC-element and have a cross-sectional area parallel to the xy-plane, Sk

xy. The
size of the MEC-element in the y-direction is assumed to be unity due to the
assumption of a 2-D system. The flux-tubes in the z-direction are illustrated
in Figure 3.6(b) and are both represented by a reluctance, which is calculated
according to

Rk
z+ = Rk

z− =
lkz

2µ0µk
rS

k
xy

(3.26)

where Rk
z− and Rk

z+ are the equivalent reluctance of the flux-tubes in the
z-direction on the negative and positive z-side of the potential node of MEC-
element k, respectively, where lkz is the full size of MEC-element k in the z-
direction.
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Figure 3.7: Coupling of a MEC-element with its adjacent elements.

3.4.3 Coupling of the MEC-elements

With the meshing of the MEC-region, a large number of MEC-elements is ob-
tained, where in principle, due to the applied meshing algorithm, each of these
MEC-elements is coupled to four neighbouring elements. For each element,
a coupling is made with the adjacent elements in the positive and negative
x-direction and a coupling to the adjacent elements in the positive and nega-
tive z-direction. For every MEC-element that is not adjacent to the periodic
boundaries, the coupling is performed as is indicated in Figure 3.7. Due to
the performed numbering, the adjacent element in the negative and positive
x-direction are k-1 and k+1, respectively. While the adjacent element in the
negative and positive z-direction are k-L and k+L, respectively.

To include the periodicity into the MEC-region, the elements that are adjacent
to the periodic boundaries are coupled differently. Because of the periodicity,
the last element in the x-direction is coupled to the first element and vice-
versa. The following algorithm is applied to ensure the proper coupling for the
elements that are adjacent to the periodic boundary

k-1 = k-1+L for k = 1 + αL (3.27)
k+1 = k+1-L for k = L + αL (3.28)

where α = 0, 1, . . . ,K/L-1, the number of elements in a MEC-layer is denoted
by L, and where K is the total number of MEC-elements in the region.

For the MEC-elements that are located in the top and the bottom layer of the
MEC-region, the coupling on one of the sides in the z-direction is with a Fourier
region instead of another MEC-element. For this coupling, the magnetic flux
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(a) (b)

Figure 3.8: Coupling of MEC-elements (a) for the elements located in the bottom MEC-
layer, elements 1 ≤ k ≤ L, and (b) for the MEC-elements in the top layer, elements
K-L+1 ≤ k ≤ K.

coming from the Fourier region into this MEC-element (or the magnetic flux
going from the MEC-element into the Fourier region) is modeled as a magnetic
flux source. The strength of the magnetic flux source is coupled to the Fourier
coefficients, as is explained in Section 3.5.2. A coupling for the bottom layer of
the MEC-region is shown in Figure 3.8(a), while the coupling for the top layer
is shown in Figure 3.8(b), where the xk

0 and xk
1 denote the x-coordinates of the

left and right boundaries of MEC-element k.

3.4.4 Magnetic behavior inside MEC-region

Although the physical connection between the adjacent MEC-elements and
the regions above and below the MEC-region is now covered, the behavior
of the magnetic flux inside the domain is not considered yet. To find the
behavior of the magnetic flux inside the MEC-region, Gauss’ law for magnetism,
equation (2.21), is applied. To fulfill Gauss’ law, the magnetic equivalence
of Kirchhoff’s current law is applied to each MEC-element. Therefore, all
magnetic flux going into the potential node of a MEC-element should also
come out of the potential node. Or equivalently,∑

ϕin =
∑

ϕout (3.29)

where ϕin and ϕout denote the magnetic flux going in and out of a potential
node, respectively.
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With the orientation of the flux-tubes in a MEC-element in the x- or z-
directions, and by defining that a positive flux in the tube is always in the
positive direction of the coordinate, applying equation (3.29) to a MEC-element
(as illustrated in Figure 3.7), gives

ϕx− + ϕz− − ϕx+ − ϕz+ = 0 (3.30)

where the used subscripts indicate the flux-tube in which this flux is flowing.
The magnetic flux inside a MEC-element is calculated with

ϕk
x− =

ψk-1 − ψk

Rk-1
x+ +Rk

x−
(3.31)

ϕk
x+ =

ψk − ψk+1

Rk+1
x− +Rk

x+

(3.32)

ϕk
z− =

ψk-L − ψk

Rk-L
z+ +Rk

z−
(3.33)

ϕk
z+ =

ψk − ψk+L

Rk+L
z− +Rk

z+

(3.34)

where the magnetic flux in the negative z-direction of the MEC-elements in the
bottom layer and the magnetic flux on the positive z-direction of the MEC-
elements in the top layer are defined by the Fourier coefficients as is explained
in Section 3.5.2.

With the magnetic flux in the MEC-elements known, the magnetic flux density
in the MEC-elements is calculated according to

Bk
x− =

ϕk
x−
Sk
yz

(3.35)

Bk
x+ =

ϕk
x+

Sk
yz

(3.36)

Bk
z− =

ϕk
z−
Sk
xy

(3.37)

Bk
z+ =

ϕk
z+

Sk
xy

(3.38)

where the obtained magnetic flux densities are valid in half of the MEC-element.
Which means that the magnetic flux density in the potential node is the mean
value of the flux densities in the two tubes, and is, therefore, obtained as

Bk
x =

ϕk
x− + ϕk

x+

2Sk
yz

(3.39)

Bk
z =

ϕk
z− + ϕk

z+

2Sk
xy

(3.40)
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while due to the coupling between the MEC-elements

Bk
x− = Bk-1

x+ (3.41)

Bk
x+ = Bk+1

x− (3.42)

Bk
z− = Bk-L

z+ (3.43)

Bk
z+ = Bk+L

z− (3.44)

except for the MEC-elements in the top or bottom layer of the MEC-region.

3.5 Boundary Conditions in 2-D HAM

With the division of the domain into regions and with the governing equations
of the magnetic flux density, a boundary value problem on the interfaces be-
tween the regions is acheived. The coupling between the regions is obtained
by the boundary conditions, which gives the equations to solve the boundary
value problem. The conditions applied between two adjacent regions are based
on continuity. For regions which are on the edge of the domain (i.e. the first
or last region considered) either a zero-flux boundary or a Neumann boundary
condition is applied. These possible boundary conditions are discussed sepa-
rately, while the continuity on the interface between two Fourier-regions, and
for combining a Fourier region with a MEC-region, are given separately as well.

3.5.1 Continuity between Fourier regions

Inside the entire domain, the Maxwell equations should hold, therefore, accord-
ing to the derivation in Section 2.1.4, a continuous boundary condition should
be valid at the interface between two Fourier regions. By the division of the
domain into regions, as described in Section 3.2, the z-direction is defined to
be normal to the boundary interface between two regions. Therefore, the con-
tinuity of the normal magnetic flux density, equation (2.35), is converted to

Bi
z (x, z)

∣∣
z=hb

= Bi+1
z (x, z)

∣∣
z=hb

(3.45)

where i implies an arbitrary Fourier region and i+1 implies the Fourier region
that is adjacent to region i. The boundary equation should hold for all x-
coordinates on the boundary, where hb is the z-coordinate of the boundary.

The definition of the boundary interface between the regions in the z-direction
and by the assumption of the 2-D domain (and the y-direction as independent
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direction), the continuity of the tangential field strength, equation (2.40), under
assumption of the absence of surface current, is converted to

H i
x (x, z)

∣∣
z=hb

= H i+1
x (x, z)

∣∣
z=hb

(3.46)

which, by substituting the constitutive relation, equation (2.14), gives

1

µi
r

Bi
x (x, z)

∣∣∣∣
z=hb

− µ0

µi
r

M i
x (x) =

1

µi+1
r

Bi+1
x (x, z)

∣∣∣∣
z=hb

− µ0

µi+1
r

M i+1
x (x)

(3.47)

which should hold for all x-coordinates on the boundary (at the z-coordinate of
the boundary z = hb). Note that the magnetization component is independent
on the z-coordinate since the sources of the magnetic field are assumed to be
independent on z.

To include the continuous boundary conditions for a Fourier region, the method
of separation of variables [13] is applied to equations (3.45) and (3.47). Since the
fundamental spatial frequency of both regions i and i+1 is equal, the separation
of variables results in separate equations for the sine and cosine components of
the magnetic field. Furthermore, each of the harmonics is evaluated separately
and the general equations for the magnetic flux density, equations (3.19) and
(3.20), are substituted, which results in

Bi
zs (hb) = Bi+1

zs (hb) for 1 ≤ nx ≤ Nx

(3.48)

Bi
zc (hb) = Bi+1

zc (hb) for 1 ≤ nx ≤ Nx
(3.49)

1

µi
r

Bi
xs (hb)−

µ0

µi
r

M i
xs =

1

µi+1
r

Bi+1
xs (hb)−

µ0

µi+1
r

M i+1
xs for 1 ≤ nx ≤ Nx

(3.50)
1

µi
r

Bi
xc (hb)−

µ0

µi
r

M i
xc =

1

µi+1
r

Bi+1
xc (hb)−

µ0

µi+1
r

M i+1
xc for 1 ≤ nx ≤ Nx

(3.51)

where the z-coordinate of the boundary (z = hb) has already been substituted,
where Bxs, Bxc, Bzs and Bzc are given by equations (3.21-3.24), respectively,
whileMxs

† andMxc
† are the sine- and cosine components of the magnetization

function in the x-direction and are calculated according to equations (3.13) and
(3.14), respectively.

The continuity of the normal magnetic flux density and the tangential magnetic
field strength between two Fourier regions is illustrated in Figure 3.9. The
magnetic flux density in the x- and z-directions are shown, as obtained on the
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Figure 3.9: Illustration of the continuity of the magnetic field between two Fourier regions.

height of the boundary for both regions i and i+1, while the relative permeability
in region i+1 is five times larger as region i, µi+1

r = 5. Furthermore, both regions
are free from magnetic field sources, i.e. no magnets or current densities are
present in the regions. From the figure it is clear that the magnetic flux density
normal to the boundary plane, i.e. Bz, for both regions is equal. Furthermore,
the magnetic flux density in the tangential direction, i.e. Bx, is scaled by a
factor µr between the regions.

3.5.2 Continuity between a Fourier and MEC-region

Also for a boundary between a Fourier region and a MEC-region, the conti-
nuity of the magnetic flux density in the z-direction and the magnetic field
strength in the x-direction should be ensured. The continuity of the normal
magnetic flux density between a Fourier region and a MEC-region is ensured
by matching the strength of the magnetic flux sources in the MEC-region. In
the definition of the MEC-region, the MEC-elements in the bottom layer of the
MEC-region are coupled at the bottom with a flux source (see Figure 3.8(a)),
while the elements in the top layer are coupled to a flux source at the top
(see Figure 3.8(b)). Consequently, the flux entering from the bottom, or leav-
ing the element at the top, is completely defined by the strength of this flux
source, while it is independent of the local potential (ψk) or the locally present
reluctances. Furthermore, a direct relation between the magnetic flux density
and the magnetic flux inside the MEC-region (for the z-direction) exists, and
is given in equations (3.37) and (3.38). Therefore, it is possible to rewrite the
continuity of the magnetic flux density in the z-direction as a condition between
the magnetic flux density in a Fourier region and the strength of the magnetic
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flux source as given by

ϕk
z− =

¨

S

Bm-1
z (x, z)

∣∣
z=hb

dSk
xy for 1 ≤ k ≤ L (3.52)

ϕk
z+ =

¨

S

Bm+1
z (x, z)

∣∣
z=hb

dSk
xy for K-L+1 ≤ k ≤ K (3.53)

where regions m-1 and m+1 are the Fourier region located underneath and above
the MEC-region (region m), respectively, and where MEC-elements 1 ≤ k ≤ L
are located in the bottom layer and MEC-elements K-L+1 ≤ k ≤ K are located
in the top layer of the MEC-region.

By considering that xk
0 and xk

1 are the x-coordinates of the left and right edge
of MEC-element k and that the y-dimension of the model is assumed to be
unity, the limits of the integration in equations (3.52) and (3.53) are adapted
to obtain

ϕk
z− =

xk
1ˆ

x=xk
0

Bm-1
z (x, hb) dx for 1 ≤ k ≤ L (3.54)

ϕk
z+ =

xk
1ˆ

x=xk
0

Bm+1
z (x, hb) dx for K-L+1 ≤ k ≤ K (3.55)

where the z-coordinate of the boundary is already substituted, z = hb. By
substituting the general Fourier description for the magnetic flux density in
the z-direction, equation (3.20), and evaluating the integral, the strength of
the magnetic flux source is given by

ϕk
z− =

Nx∑
nx=0

[
−1

ωxn

(
cos
(
ωxnx

k
1

)
− cos

(
ωxnx

k
0

))
Bm-1
zs (hb) +

1

ωxn

(
sin
(
ωxnx

k
1

)
− sin

(
ωxnx

k
0

))
Bm-1
zc (hb)

]
for 1 ≤ k ≤ L (3.56)

ϕk
z+ =

Nx∑
nx=0

[
−1

ωxn

(
cos
(
ωxnx

k
1

)
− cos

(
ωxnx

k
0

))
Bm+1
zs (hb) +

1

ωxn

(
sin
(
ωxnx

k
1

)
− sin

(
ωxnx

k
0

))
Bm+1
zc (hb)

]
for K-L+1 ≤ k ≤ K

(3.57)

where Bzs and Bzc are given by equations (3.23) and (3.24). The obtained
continuity of the normal magnetic flux density is illustrated in Figure 3.10.
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Figure 3.10: Illustration of the continuity of the normal magnetic flux density between a
Fourier and MEC-region.

In the figure, the magnetic flux density in the z-direction on the boundary
between a Fourier region and a MEC-region is shown. Inside the MEC-region,
a meshing with 20 MEC-elements in the x-direction is used. The figure clearly
shows that the staircase-shaped, flux density function inside the MEC-region
follows the smooth function in the Fourier region. Furthermore, it is clear that
the flux density of every step of the staircase is equal to the average flux density
in the same section of the Fourier region.

A final step to obtain the full boundary condition that ensures the continuous
normal magnetic flux density between a Fourier and MEC-region is to put
the found equations for the magnetic flux into the magnetic equivalence of
Kirchoff’s current law, equation (3.30), which gives

ϕx− − ϕx+ − ϕz+ +

Nx∑
nx=0

[
1

ωxn

(
cos
(
ωxnx

k
1

)
− cos

(
ωxnx

k
0

))
Bm-1
zs (hb) +

−1

ωxn

(
sin
(
ωxnx

k
1

)
− sin

(
ωxnx

k
0

))
Bm-1
zc (hb)

]
= 0 for 1 ≤ k ≤ L (3.58)

ϕx− + ϕz− − ϕx+ +

Nx∑
nx=0

[
−1

ωxn

(
cos
(
ωxnx

k
1

)
− cos

(
ωxnx

k
0

))
Bm+1
zs (hb) +

1

ωxn

(
sin
(
ωxnx

k
1

)
− sin

(
ωxnx

k
0

))
Bm+1
zc (hb)

]
= 0 for K-L+1 ≤ k ≤ K

(3.59)

where Bzs and Bzc are given by equations (3.23) and (3.24), and ϕx−, ϕx+,
ϕz− and ϕz+ are given by equations (3.31-3.34), respectively.

For the continuity of the tangential field strength between a Fourier region
and a MEC-region, a different approach is used. By the assumed flux-tubes
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in the x-direction as illustrated in Figure 3.6(a), the magnetic flux density
throughout the left half of the MEC-element is constant, and therefore, the
same flux density in the x-direction is found at the bottom of a MEC-element
as the flux density at the height of the potential node. Since the magnetic
flux density in the x-direction in the center node of a MEC-element is given
by equation (3.39), the continuity of the tangential magnetic field strength as
given in equation (3.47) is converted towards

1

µm-1
r

Bm-1
x

(
xk, hb

)
− µ0

µm-1
r

Mm-1
x

(
xk) =

ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x (3.60)

1

µm+1
r

Bm+1
x

(
xk, hb

)
− µ0

µm+1
r

Mm+1
x

(
xk) =

ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x (3.61)

at the z-coordinate for the bottom and top layer of the MEC-region, respec-
tively, where xk is within the range of xk

0 ≤ xk ≤ xk
1 (see Figure 3.8), for all

MEC-elements in these layers, and where Mk
x is a possible residual magnetiza-

tion in the x-direction inside the MEC-element.

Since the tangential flux density as calculated in the bottom and top layer
of the MEC-region is assumed to be constant within an element, a staircase-
shaped function for the tangential flux density is obtained (as is illustrated
in Figure 3.11). From this staircase-shaped function, the coefficients of the ad-
jacent Fourier region are derived. This derivation is obtained by first applying
the separation of variables and afterwards deriving the tangential magnetic flux
density terms using the general Fourier theory. The boundary conditions are,
therefore, converted to

1

µm-1
r

Bm-1
xs (hb)−

µ0

µm-1
r

Mm-1
xs =

2

xp

xpˆ

x=0

L∑
k=1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x

]
sin (ωxnx) dx for 1 ≤ nx ≤ Nx

(3.62)
1

µm-1
r

Bm-1
xc (hb)−

µ0

µm-1
r

Mm-1
xc =

2

xp

xpˆ

x=0

L∑
k=1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x

]
cos (ωxnx) dx for 1 ≤ nx ≤ Nx

(3.63)
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1

µm+1
r

Bm+1
xs (hb)−

µ0

µm+1
r

Mm+1
xs =

2

xp

xpˆ

x=0

K∑
k=K-L+1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x

]
sin (ωxnx) dx for 1 ≤ nx ≤ Nx

(3.64)
1

µm+1
r

Bm+1
xc (hb)−

µ0

µm+1
r

Mm+1
xc =

2

xp

xpˆ

x=0

K∑
k=K-L+1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

− µ0

µk
r

Mk
x

]
cos (ωxnx) dx for 1 ≤ nx ≤ Nx

(3.65)

which is evaluated for all harmonics. By changing the order of the integration
and the summation, the integration is performed for each individual MEC-
element, which results in

1

µm-1
r

Bm-1
xs (hb)−

µ0

µm-1
r

Mm-1
xs +

2

xpωxn

L∑
k=1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

+

−µ0

µk
r

Mk
x

] (
cos
(
ωxnx

k
1

)
− cos

(
ωxnx

k
0

))
= 0 for 1 ≤ nx ≤ Nx

(3.66)

1

µm-1
r

Bm-1
xc (hb)−

µ0

µm-1
r

Mm-1
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−2

xpωxn

L∑
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ϕk
x− + ϕk

x+

2µk
rS

k
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+

−µ0

µk
r

Mk
x

] (
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(
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k
1

)
− sin

(
ωxnx

k
0
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= 0 for 1 ≤ nx ≤ Nx

(3.67)

1

µm+1
r

Bm+1
xs (hb)−

µ0

µm+1
r

Mm+1
xs +

2

xpωxn

K∑
k=K-L+1

[
ϕk
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x+

2µk
rS

k
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+

−µ0

µk
r
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x

] (
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(
ωxnx

k
1

)
− cos

(
ωxnx

k
0
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= 0 for 1 ≤ nx ≤ Nx

(3.68)

1

µm+1
r

Bm+1
xc (hb)−

µ0

µm+1
r

Mm+1
xc +

−2

xpωxn

K∑
k=K-L+1

[
ϕk
x− + ϕk

x+

2µk
rS

k
yz

+

−µ0

µk
r

Mk
x

] (
sin
(
ωxnx

k
1

)
− sin

(
ωxnx

k
0

))
= 0 for 1 ≤ nx ≤ Nx

(3.69)

where ϕk
x− and ϕk

x+ are given by equations (3.31) and (3.32). With the evalua-



66 Chapter 3: Two-dimensional Hybrid Analytical Modeling

Figure 3.11: Illustration of the continuity of the tangential magnetic field strength between
a Fourier and MEC-region.

tion of these equations, it must be noted that for each MEC-element the flux is
calculated based on the potential inside that node and its two adjacent nodes in
the x-direction. With this, the boundary condition of a continuous tangential
magnetic field strength between a Fourier and MEC-region is covered. This
boundary condition is illustrated in Figure 3.11 for a simple structure. The
tangential magnetic flux density is shown on the boundary for both Fourier re-
gion and the MEC-region. The MEC-region is meshed with 6 MEC-elements in
the x-direction and shown a clear staircase-shaped flux density function. The
magnetic flux density inside the Fourier region shows the harmonic description
of this staircase-shaped function. For the parts of the MEC-region that have a
higher permeability (µr = 5) a clear scaling between the magnetic flux density
of both regions is visible.

3.5.3 Non-continuous boundary conditions

Besides the continuous boundary conditions, the boundary conditions on the
edge of the domain are considered as well. For a Fourier region where one of
the boundaries is located at z = ±∞, the magnetic field will vanish towards
that boundary. This so-called zero-flux boundary condition is given by

Bi
x (x, z)

∣∣
z=±∞ = 0 (3.70)

Bi
z (x, z)

∣∣
z=±∞ = 0 (3.71)

where Bx and Bz are given by equations (3.19) and (3.20). Since it is impossible
to have infinitely sized sources of the magnetic field (i.e. magnetization or
current density functions), both equations give equivalent results and only the
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x-component is considered, which results in

Bi
xs (z)

∣∣
z=−∞ = 0 for 1 ≤ nx ≤ Nx (3.72)

Bi
xc (z)

∣∣
z=−∞ = 0 for 1 ≤ nx ≤ Nx (3.73)

Bi
xs (z)

∣∣
z=∞ = 0 for 1 ≤ nx ≤ Nx (3.74)

Bi
xc (z)

∣∣
z=∞ = 0 for 1 ≤ nx ≤ Nx (3.75)

where Bxs and Bxc are given in equations (3.21) and (3.22), which will directly
result in the elimination of two of the a-priori unknown coefficients in the
Fourier region.

On the interface of a MEC-region, a zero-flux boundary condition can hold as
well, although it is impossible to have an infinitely sized MEC-region due to
the meshing. For a MEC-region, the zero-flux boundary condition represents
the impossibility for the magnetic field to escape the region on one side. This
results in a magnetic field that is purely tangential to the boundary, therefore,
no flux in the z-direction can exist inside the MEC-element on the location of
the boundary. By the definition of the flux-tubes in the z-direction, the flux
in the bottom or the top half of the MEC-element is assumed to be constant.
Therefore, a zero-flux on the boundary is obtained if the reluctance adjacent
to the boundary is assumed to be infinite. Therefore, the zero-flux boundary
condition for a MEC region is given by

ϕk
z− = 0 ⇔ Rk

z− =∞ for 1 ≤ k ≤ L (3.76)

ϕk
z+ = 0 ⇔ Rk

z+ =∞ for K-L+1 ≤ k ≤ K (3.77)

for the boundary condition at the bottom or top of the MEC-region, respec-
tively.

The second condition that can be applied on the edge of the domain is consid-
ering that the magnetic field is fully perpendicular to the boundary. In fact,
this boundary condition is equivalent with assuming that the material on the
other side of the boundary has an infinite permeability and is also known as a
Neumann boundary. A fully perpendicular magnetic field can only be obtained
if the magnetic field parallel to the boundary (the tangential magnetic field)
is zero. Therefore, for a Fourier region, the Neumann boundary condition is
given by

Bi
xs (z)

∣∣
z=hb

= µ0M
i
xs for 1 ≤ nx ≤ Nx (3.78)

Bi
xc (z)

∣∣
z=hb

= µ0M
i
xc for 1 ≤ nx ≤ Nx (3.79)

where Bxs and Bxc are given in equations (3.21) and (3.22).

For a MEC-region, the Neumann boundary condition is obtained with assuming
that only a magnetic flux in the z-direction can exist in the MEC-elements that
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are adjacent to the boundary interface. Therewith, the magnetic flux in the
x-direction, adjacent to the boundary, in these MEC-elements is zero. This is
obtained by assuming that

ϕk
x− = 0, ϕk

x+ = 0

m m
Rk
x− =∞, Rk

z+ =∞ (3.80)

which holds for 1 ≤ k ≤ L if the Neumann boundary condition is located at the
bottom of the MEC-region and for K-L+1 ≤ k ≤ K if the Neumann boundary
condition is located at the top of the MEC-region. With this, for the full
bottom or top layer of the MEC-region, no magnetic flux in the x-direction can
exist, therefore, to increase the accuracy of the obtained solution, the length
in the z-direction of the MEC-elements in this layer can be reduced.

3.6 Matrix Equations in 2-D HAM

With the definition of the boundary conditions, the boundary value problem,
obtained by the division of the domain into regions, is solvable. Inside each
Fourier region, in total 4Nx a-priori unknown coefficients are used (i.e. qin,
rin, sin and tin). Furthermore, for each region, a boundary condition is applied
both at the top and at the bottom, which means that at the top of each
Fourier region 2Nx independent equations are needed, and at the bottom of
each Fourier region another 2Nx independent equations are needed, to obtain
a solvable system. Since the separation of variables is used, for each harmonic
the sine and cosine components are independent of each other, and therefore
each accounts for Nx equations.

Inside the MEC-region, in total K a-priori unknown coefficients are found, i.e.
the magnetic scalar potential in the center node of each element, ψk, for which
another K independent equations should be derived. Since the behavior inside
the MEC-region itself is described by the application of the magnetic equiva-
lence of Kirchoff’s current law, the required equations are directly obtained. For
the coupling between a Fourier and a MEC-region, in total L MEC-elements
are coupled to the adjacent Fourier region. This means that L independent
equations should be derived to properly connect the Fourier and MEC-regions.
By applying the boundary conditions for each region as depicted in Table 3.1 an
equivalent number of equations and a-priori unknown coefficients is obtained.

To solve this balanced system of equations and unknowns, the set of equations
is written in a matrix format. All a-priori unknown coefficients are collected
into one large vector with unknowns. For each Fourier region, the coefficients
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Table 3.1: Boundary conditions used for a (combination) of regions.

Type
Continuous MEC Zero-flux

Neumann
Top Bottom Top Bottom Top Bottom

Sine (3.48) (3.50) (3.68) (3.66) (3.74) (3.72) (3.78)
Cosine (3.49) (3.51) (3.69) (3.67) (3.75) (3.73) (3.79)
MEC (3.59) (3.58) (3.77) (3.76) (3.80)

are collected according to

Qi =


qi

ri

si

ti

 where qi =


qi1
qi2
...
qiNx

 ri =


ri1
ri2
...
riNx

 si =


si1
si2
...

siNx

 ti =


ti1
ti2
...
tiNx


(3.81)

while the unknown coefficients for the MEC-region, the potential on the center
nodes of the MEC-elements, are collected as

Ψ =


ψ1

ψ2

...
ψK

 (3.82)

resulting in the total matrix equation given by

E1
b

E1
t

E2
b
...

Em-1
b

Em-1
MEC

Em
KCL

Em+1
MEC

Em+1
t

Em+2
b
...
EI

t


︸ ︷︷ ︸

Etot



Q1

Q2

...
Qm-1

Ψ

Qm+1

Qm+2

...
QI


︸ ︷︷ ︸

Xtot

=



Y 1
b

Y 1
t

Y 2
b
...

Y m-1
b

Y m-1
MEC

YKCL

Y m+1
MEC

Y m+1
t

Y m+2
b
...
Y I
t


︸ ︷︷ ︸

Ytot

(3.83)
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where E represents the equations of a boundary condition and Y is the solu-
tion vector in which all terms of the boundary conditions that are independent
on the a-priori unknown coefficients, i.e. the magnetization and current den-
sity terms, are collected and where the subscripts b and t denote the boundary
conditions on the bottom and top, repectively, and I indicates the last region
considered in the domain. In E, the sine and cosine equations of the boundary
conditions of a Fourier region are given (according to Table 3.1) with trailing
and/or leading zeros to ensure a proper connection to the correct set of coef-
ficients, where Em-1

MEC and Em+1
MEC specifies the boundary conditions coupling

the Fourier region with the MEC-region, equations (3.66-3.67) and (3.68-3.69),
respectively. Furthermore, the equations inside the MEC region are given ac-
cording to

Em
KCL =

 (3.58) for 1 ≤ k ≤ L

(3.30) for L+1 ≤ k ≤ K-L

(3.59) for K-L+1 ≤ k ≤ K

 (3.84)

where trailing and leading zeros are used to ensure the connection to the proper
unknown coefficients.

With all equations and a-priori unknown coefficients collected in a large set
of equations, the boundary value problem can be solved. However, first all
coefficients that are directly found by the boundary conditions (i.e. the zero-
flux boundary condition) and their governing equations should be removed
from the set of equations. Afterwards, the matrix equation (equation (3.83))
is solved by

Xtot = Etot\Ytot (3.85)

which is obtained using LU-decomposition [51]. With this, all coefficients are
found and the magnetic field in the full domain is obtained.

3.7 Modeling Results of 2-D HAM

In this section, the 2-D hybrid analytical modeling method as discussed in
this chapter, is applied on two electromagnetic geometries. The first electro-
magnetic example is based on shielding, while the second example shows the
applicability of the 2-D HAM for machine design. For both geometries, the
magnetic flux density is modeled and compared to Finite Element Analysis
(FEA) results.



3.7: Modeling Results of 2-D HAM 71

3.7.1 2-D electromagnetic examples

For the shielding example, a permanent magnet Halbach array above which
a moving magnet voice-coil actuator is located is considered. The permanent
magnet array has a large magnetic stray field which influences the accuracy
of the voice-coil actuator. Therefore, a shielding plate is placed between the
magnet array and the voice-coil actuator. Ideally, the shielding plate would be
infinite in its dimensions and be made of infinitely permeable material. Nat-
urally, both of these properties are not feasible, especially since the shielding
plate itself is introducing a large reluctance force on the permanent magnet of
the voice-coil actuator. The coil of the voice-coil actuator should compensate
this reluctance force which would result in a large bias current that is con-
tinuously flowing in the coils. Therefore, centered underneath the voice-coil
actuator, a hole is located inside the shielding plate. Furthermore, around the
edges of the hole, the shield is locally thickened (to limit saturation), such that
a kind of chimney is constructed around the hole.

The geometry of the shielding example is shown in Figure 3.12, while the
parameters as indicated in the figure are given in Table 3.2.

For the machine design example, a multi-tooth flux-switching permanent mag-
net linear motor is modeled. The chosen motor has double saliency, which re-
sults in very small teeth located near the airgap of the motor. The small teeth
of high-permeable material are difficult to model using the analytical model-
ing methods discussed in Chapter 2. Therefore, the multi-tooth flux-switching
motor is a perfect example to show the applicability of the 2-D HAM and its
superiority above the other analytical methods regarding the modeling small
features of high-permeable material. The chosen multi-tooth flux-switching
permanent magnet linear motor geometry and its dimensions are based on the
motor presented in [12]. The geometry of the multi-tooth flux-switching linear
motor is shown in Figure 3.13, while the parameters as indicated in the figure
are given in Table 3.3.

3.7.2 2-D HAM of the electromagnetic examples

To model the electromagnetic examples using 2-D hybrid analytical modeling,
the modeling steps as given in this chapter are followed. The first step is to
divide the geometry into regions.

For the shielding example, the resulting division of the geometry into regions is
given in Figure 3.14. Regions 1, 3, 5 and 7 are regions of air, where regions 1 and
7 continue until z = −∞ and z =∞, respectively. In region 2, the permanent
magnet Halbach array is modeled, while region 6 concerns the voice-coil actu-
ator. Region 4 is the MEC-region where both the shield (with its thickenings)
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Table 3.2: Geometrical and material parameters for shielding geometry.

Parameter Value Description

xp 100 mm Width of the periodicity
xmz 20 mm Width of magnets in z-direction
xmx 5 mm Width of magnets in x-direction
xg 14 mm Width of the hole in the shield
xt 4 mm Width of the thickening of the shield
xvcm 10 mm Width of the voice-coil magnet
xvcb 10 mm Width of the voice-coil bundle
xc,vcb 29 mm Center of the voice-coil bundle
xc,vcm 43 mm Center of the voice-coil magnet
zm 20 mm Height of the magnets
zg 10 mm Gap between magnets and shield
zs1 1 mm Thickness of the shield
zs2 2 mm Thickness of the shield with thickening
zvc 20 mm Height of the voice-coil
zb,vc 35 mm Bottom coordinate of the voice-coil
Br 1.4 T Remanence of the permanent magnets
J 5 ·106 A/m2 Current density in voice-coil
µr,m 1.05 Relative permeability of magnets
µr,s 1500 Relative permeability of the shield

Figure 3.12: Geometry of the shielding example.
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Table 3.3: Geometrical and material parameters for multi-tooth motor geometry.

Parameter Value Description

xp 48 mm Width of the periodicity
xst 3.6 mm Width stator teeth
xsg 4.4 mm Width of gap between stator teeth
xmt1 3 mm Width of small mover teeth
xmg 3 mm Width of gap between small mover teeth
xmm 3 mm Width of mover magnets
xmt2 5.5 mm Width of large mover teeth
zsb 10 mm Height of stator back-iron
zst 7.5 mm Height of stator teeth
zag 0.5 mm Height of airgap
zmt1 3 mm Height of small mover teeth
zmt2 6.5 mm Height of large mover teeth
zmb 4 mm Height of mover back-iron
zmm 17.5 mm Height of mover magnet
Br 1.2 T Remanence of the permanent magnets
µr,m 1 Relative permeability of magnets
µr,i 750 Relative permeability of the iron

Figure 3.13: Geometry of the multi-tooth flux-switching permanent magnet linear motor
example.
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Figure 3.14: Division in regions of the shielding example shown in Figure 3.12.

and the air inside the enclosing rectangle of the shield, are considered.

The division in regions for the multi-tooth flux-switching permanent magnet
linear motor is given in Figure 3.15. Regions 1, 4 and 6 are regions of air,
where regions 1 and 6 continue until z = −∞ and z = ∞, respectively. Since
the stator back-iron spreads the full period, region 2 is modeled as a Fourier
region. The teeth on the stator side are modeled using a MEC-region (region
3). Region 5 consists of the full mover geometry, the teeth, permanent magnets,
back-iron and the air enclosed by the mover, and is modeled as a MEC-region.

The second step in the modeling process is to describe the magnetic field
sources. For regions 2 and 6 of the shielding example, the magnetization
functions and current density functions are given in Figure 3.16(a) and Fig-
ure 3.16(b), respectively. For the magnetization function in the x- and z-
direction and for the current density function in the y-direction, the modeling
process as given in equations (3.8-3.16) is performed for Nx = 100 harmon-
ics, which holds for both electromagnetic examples and for all Fourier regions
applied.

The sources of the magnetic field in the multi-tooth flux-switching permanent
magnet linear motor example are located inside the MEC-region. By the cho-
sen meshing algorithm, the description of the permanent magnets is limited to
being present or not being present inside a MEC-element. Since the magneti-
zation in the x-direction is only visible in the tangential boundary conditions
of the MEC-region, only for the MEC-elements in which the physical magnet
is present, this term is non-zero.
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Figure 3.15: Division in regions of the multi-tooth flux-switching permanent magnet linear
motor example shown in Figure 3.13.

(a) (b)

Figure 3.16: Description of the magnetic field sources for the shielding example (a) for
region 2 and (b) for region 6, both with Nx = 100.



76 Chapter 3: Two-dimensional Hybrid Analytical Modeling

The MEC-regions are meshed (step 3) with a non-uniform meshing in both
the x- and z-direction, where for region 4 of the shielding example an x × z-
discretization of 265×22 is used. For region 3 of the multi-tooth motor 127×33
elements are used, while region 5 is divided in 225×73 elements. In the meshing,
smaller elements are located near the edges of the materials to ensure a proper
modeling of the material changes.

Before solving the system, the boundary conditions are applied in the fourth
step. In the shielding example, a zero-flux boundary condition is applied on
the bottom of region 1 and on the top of region 7. The continuity of the normal
magnetic flux density and the tangential field strength condition is applied
between regions 1-2, 2-3, 5-6 and 6-7. For the connection between regions 3-4
and 4-5, the boundary conditions with the MEC-region are applied. For the
multi-tooth motor example, the zero-flux boundary conditions are applied on
the bottom of region 1 and on the top of region 6. The continuity of the normal
magnetic flux density and the tangential field strength condition is applied
between regions 1 and 2. For the connection between regions 2-3, 3-4, 4-5 and
5-6, the boundary conditions with the MEC-region are applied.

The final step is to solve the now obtained set of equations, and afterwards to
calculate the magnetic field in the domain. With the obtained magnetic flux
density, calculation of the force on a part of the domain is possible by applying
Maxwell stress tensor, equation (2.65).

3.7.3 2-D FEA of electromagnetic examples

For a comparison of the results obtained with the 2-D HAM, the electromag-
netic examples are calculated using 2-D FEA as well. The FEA models are
equal to the HAM, concerning its periodicity, linearity of the materials, geo-
metrical sizes and strength of the sources. The only difference is found in the
fact that in the FEA models only a limited size of the model in the z-direction
is considered, however, the chosen size is large enough to ensure that there
is no influence visible. Furthermore, for the shielding example, the voice-coil
actuator in the FEA model is modeled as it physically is, so only the perma-
nent magnet itself is made of material with the permeability of the magnet,
while in the 2-D HAM model of the voice-coil, the whole region is modeled as
permanent magnet material.

The used FEA models have a high mesh-density to ensure that all influences on
the magnetic flux density are incorporated. Inside the airgap of the multi-tooth
motor more than five layers of mesh are used. For the shielding example, over
eight layers of mesh elements are used inside the shielding plate itself. Although
the used meshing might be considered to be over-meshed, a preference is given
to obtain the best results instead of having a fast 2-D model. For a FEA
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model in 2-D, the increase of calculation time for an increased mesh-density is
acceptable, especially since these FEA models are now only used for verification
of the magnetic field properties and not used in optimization or design, where
a fast calculation time is more important.

3.7.4 Comparison of modeling results

For both electromagnetic field examples, the magnetic flux density distribution
in the geometry is obtained with the hybrid analytical model and the finite
element model. For the shielding example, the magnitude of the magnetic flux
density is shown in Figure 3.17(a) as it is obtained from the 2-D hybrid ana-
lytical model. From the figure, it is clear that a large magnetic flux density
is present inside the shield. This large flux density clearly indicates that the
magnetic shield is saturated. However, since both the 2-D HAM and the 2-D
FEA models are working with equal linear material properties, there are no
significant differences between the models to be expected based on this satu-
ration. In Figure 3.17(b), the difference in the magnitude of the magnetic flux
density between the 2-D FEA and 2-D HAM models for the shielding example
is obtained. The difference is calculated as

∆ |B| = |BFEA| − |BHAM | . (3.86)

Between the HAM and the FEA only a few differences remain. In the regions
where the permanent magnets are located, clearly the remainders of the har-
monic description of the magnetization function is visible. Furthermore, at the
edges of the permanent magnets, the deviation between the models is signifi-
cantly larger than in the rest of the region, due to the Gibbs phenomenon [40].
For the permanent magnet of the voice-coil actuator, the remainders of the har-
monic description in Figure 3.17(b) are extending further in the x-direction
compared to the permanent magnet array. This is caused by the HAM where
a full region of permanent magnet material is assumed (with a slightly higher
permeability than air), while the FEA only concerns the permanent magnet
itself with a non unity permeability. Finally, around the edges of the shielding
plate (and the edges of the thickening of the shielding) there are differences
visible, these differences are caused by the discretization of the domain in both
the FEA and the HAM. For the FEA method, it is known that the extracted
values of the magnetic field near the edges of high-permeable materials is prawn
to errors due to the applied interpolation. For the HAM method, these inac-
curateness of the description around the edges is visible as well.

For a more thorough comparison between the models, the magnetic flux density
in the middle of the shielding plate, at z = 30.5 mm, is given in Figure 3.18.
Overall, a very good agreement is visible between the modeling techniques,
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(a)

(b)

Figure 3.17: Magnetic flux density for the shielding example, (a) the magnitude as obtained
with HAM, and (b) the difference between FEA and HAM.
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Figure 3.18: Magnetic flux density in the middle of the shield (z = 30.5 mm) for FEA and
HAM. The magnetic flux density in the x- and z-direction, in (a) and (b), respectively, and
(c) the difference between FEA and HAM.

however, the difference between the models (as shown in Figure 3.18(c)) reveals
the inaccurateness of the modeling methods around the edges of the shield.

For a numerical comparison, the force per unit depth in the x- and z-direction
on the permanent magnet of the voice-coil actuator is obtained from FEA and
HAM and is given in Table 3.4. For the HAM model, the force on the per-
manent magnet is calculated by applying the Maxwell stress tensor in 2-D
(equation (2.65)) to a closed box (i.e. a rectangle for 2-D) around the perma-
nent magnet of the voice-coil actuator, while the forces from the finite element
analysis are obtained by applying the virtual work principle to the permanent
magnet. Besides the calculated force, the difference in force between the models
is given as well, where ∆Fx << 1 % and ∆Fz ≈ 3 %.

For the multi-tooth motor geometry, the magnitude of the magnetic flux density
as obtained with the 2-D HAM is shown in Figure 3.19(a). The difference
between the FEA and HAM results (as calculated according to equation (3.86))
is shown in Figure 3.19(b) where, besides the edges of the teeth in both stator
and rotor, only minor deviations are visible. For a more thorough comparison,
the magnetic flux density in the center of the airgap (at z = 17.75 mm) is
extracted from both modeling methods and is given in Figure 3.20. Overall, a
very good agreement is visible between the modeling techniques, however, the
difference between the models (as shown in Figure 3.20(c)) again the majority
of the differences are located around the edges of the high-permeable material
(in the stator and mover).

For the numerical comparison, the force per unit depth on the mover is calcu-
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(a)

(b)

Figure 3.19: Magnetic flux density for the multi-tooth motor, (a) the magnitude as obtained
with HAM, and (b) the difference between FEA and HAM.
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Figure 3.20: Magnetic flux density in the center of the airgap of the multi-tooth motor
(z = 17.75 mm) for FEA and HAM. The magnetic flux density in the x- and z-direction, in
(a) and (b), respectively, and (c) the difference between FEA and HAM.

Table 3.4: Force on the permanent magnet of the voice-coil actuator and the mover of the
multi-tooth motor.

Voice-coil Multi-tooth motor
Fx N/m Fz N/m Fx N/m Fz N/m

FEA 121.6 327.5 238 −15.9 ·103

HAM 121.6 317.7 235 −16.0 ·103

∆F N/m −0.05 9.83 3.02 141

∆F % −0.05 3.09 1.28 −0.89

lated with both FEA and HAM and is given in Table 3.4. For the HAM model,
the force on the mover is obtained with 2-D Maxwell stress tensor for a box
around the mover. The box has its bottom edge in the center of the airgap,
while the periodic edges of the domain are the sides of the box, and the final
edge of the box is located at z = ∞. Therewith, only the bottom edge of the
box (i.e. the edge in the center of the airgap) contributes to the force on the
mover. The difference in the forces obtained for both models is given as well,
where ∆Fx < 1.5 % and ∆Fz < 1 %.

The simulation parameters for the 2-D HAM model for both electromagnetic
examples are summarized in Table 3.5, where the number of harmonics Nx, the
number of mesh-elements in the MEC-region (i.e. Lx×Lz, "number of elements
in x" × "number of elements in z"), and the total time needed for meshing,
solving and calculation of the B-field and force, are given. These calculation
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Table 3.5: Simulation parameters for the voice-coil actuator and the multi-tooth motor for
the HAM and FEA.

Voice-coil Multi-tooth motor
HAM FEA HAM FEA

Nx 100 - 100 -

mesh-size 265× 22 393398
97× 33

1477877
169× 73

Time [min] 1.25 5.8 12 46

times are the actual time needed to model the situations, however, due to the
densely meshed, probably "over-meshed" finite element analysis models, no
honest comparison of the calculation times can be made based on these values.

3.8 Discussion

In the previous section, it has been shown that the magnetic flux density dis-
tribution found with the proposed hybrid 2-D model with respect to 2-D FEA
gives accurate (within 10 % for the majority of the domain) results. In the
proposed HAM method, the benefits of two analytical modeling methods are
combined, i.e. Fourier modeling and mesh-based MEC modeling. Both analyt-
ical modeling methods have some drawbacks which have been highlighted in
the previous section.

The differences in the predicted magnetic flux density inside the regions with a
permanent magnet reveals the remainders of the harmonic description and the
Gibbs phenomenon [49]. The deviations occurring are due to the description
of a rectangular shaped magnetization function with a number of harmonics.
Furthermore, region 6 of Figure 3.17(b), (i.e. the voice-coil actuator) shows that
deviations between the models extends further in the x-direction compared to
region 2 due to the assumption of a full region with one single permeability. In
the HAM, the full region has the permeability of the permanent magnet, while
the FEA only uses this permeability inside the permanent magnet itself. Other
possibilities for the material parameter choice are assuming the permeability
of the region as the average permeability of the individual permanent magnets
(and air) in the region, or modeling the full region with a unit permeability
and adapting the remanent flux density of each individual permanent magnet
(as is applied in charge modeling [14]).

Since the HAM method uses a mesh-based MEC-approach, the mesh-density
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is an important factor in the HAM. The mesh-based MEC modeling assumes a
constant magnetic flux density inside each of the flux-tubes illustrated in Fig-
ure 3.6(a). Therefore, the most accurate result is obtained on the boundary
between two potential nodes. Between these two potential nodes, the mag-
netic flux inside the tubes is assumed constant. However, by only extracting
the flux on the boundary location and by assuming the average flux at the
location of the potential node itself, a linear interpolation between these well
defined points is obtained and a rather smooth behavior of the magnetic flux
density is obtained. To further reduce this discretization error, the number of
MEC-elements inside the MEC-region could be increased.

Another deviation caused by the discretization is visible around the edges of
the materials, e.g. in Figure 3.19(b). On the edges of the materials, the mag-
netic permeability will change rapidly. Due to the calculation of the magnetic
flux according to equations (3.31-3.34), the changing permeability will be vis-
ible between the two potential nodes located around the material edge. By
decreasing the size of the MEC-elements around the edges of the materials, the
deviation of the magnetic flux density around these edges can be decreased.

From computational point of view, the convergence of the 2-D HAM is an
important factor. The model combines a spatial meshing inside the MEC-region
with a spatial harmonic meshing in the Fourier regions. To keep all information
available within the Fourier regions inside the MEC-region, a proper meshing
of the MEC-region should be used. An equivalence of the Nyquist-Shannon
sampling theorem, as known from the digital processing [88], should hold for
the relation between the spatial and the spatial harmonic mesh. Although a
non-uniform meshing in the MEC-region is present, on average, the sampling
rate should at least fulfill the Nyquist-Shannon sampling rate [74]. Therefore,
the relation between the number of MEC-elements in x, Lx, and the number
of harmonics is given by

Lx ≥ 2Nx (3.87)

where Nx is the total number of harmonics taken into account. With this
equation only a minimum number of mesh-elements is determined. To include
all modeling features in the MEC-region, the meshing should still be applied
according to the algorithm as discussed in Section 3.4.1.

To determine the convergence of the 2-D HAM, the force on the permanent
magnet of the voice-coil actuator is calculated for a variation in the number of
harmonics, while keeping the number of mesh elements in z constant, Lz = 22.
The force convergence is shown in Figure 3.21(a), where the normalized differ-
ence in the calculated force is given according to

∆F̃p =
Fp −

>

Fp
>

Fp
(3.88)
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(a) (b)

Figure 3.21: Force convergence on the permanent magnet of the voice-coil actuator of Fig-
ure 3.12 for a variation in the number of harmonics. (a) The nomalized force difference,
according to equation (3.88), and (b) the corresponding calculation time.

where F̃ is the force normalized to the final force value,
>

F , i.e. the force
calculated for the largest number of harmonics taken into account, and where
p is an arbitrary Cartesian direction, i.e. x- or z-direction.

From this figure, a clear convergence of the forces is found and both forces
are within 1 % of their final value when Nx ≥ 56. In Figure 3.21(b), the
corresponding calculation time is shown, where a third order behavior is visible.
This clearly reveals that including more harmonics has a significant influence
on the calculation time of the 2-D HAM.

Aside of the convergence of the 2-D HAM, the sparseness of the used equation
matrix (Etot in equation (3.83)) is important. From literature it is known
that sparse matrices can solve faster and can use less memory compared to
full matrices [2, 69, 114, 116]. The sparseness of the matrix is ensured by
the fact that the equations used in 2-D HAM only link the a-priori unknowns
between two adjacent Fourier regions, link the a-priori unknowns of the MEC-
elements in the bottom or top layer of the MEC-region with the unknowns
in the adjacent Fourier region, or link an unknown in the MEC-region with
its neighbouring elements. No other couplings between the unknowns is used
in the 2-D HAM, therefore, a sparse matrix is obtained. For the shielding
situation with Nx = 100 only 6.15%� of the elements in the equations matrix
is non-zero, while the equation matrix of the multi-tooth flux-switching motor
topology (modeled with Nx = 100) has 1.05%� non-zero elements.

Only linear materials are assumed in the shown formulation which results
in the very large magnetic flux density occurring inside the magnetic shield
of Figure 3.17(a). These magnetic flux density values will, in real life, cause
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saturation inside the magnetic shield. In the current implementation of the
modeling, saturation effects are not included, however, based on an iterative
process the magnetic permeability of the materials inside the MEC-region can
be changed [89]. Therefore, in future implementation or research, local satura-
tion effects can be included in the MEC-region of the HAM, while only global
saturation effects can be included in most other analytical modeling methods.

As previously indicated, the accuracy of the calculated magnetic flux density
increases when the number of harmonics is increased. The effect of the number
of harmonics taken into account is extensively discussed in [67]. However, due
to the large difference in values in the Etot-matrix of equation (3.83), which are
caused by the positive and negative exponential values in the Fourier modeling,
the matrix will become ill-conditioned for a large number of harmonics and
even singularity of the matrix might occur. This singularity limits the number
of harmonics in the current implementation since the harmonic number nx is
used in the exponential terms (for the current situation, Nx ≤ 100). In future
research and implementation of the modeling, additional implementation steps
can be taken to ensure a better conditioning of the Etot-matrix [82].

An increase in the number of MEC-elements gives a more accurate solution,
however, increasing the mesh-density, in equality with FEA, will result in a
larger computational effort. From computational point of view, the proposed
HAM is less computational intensive with respect to FEA, especially since only
a part of the domain is meshed. A large, additional reduction of the computa-
tional efforts is possible in the HAM, since the current implementation is not
optimized for calculation time. For both the FEA and the HAM, a trade-off
should be made between the desired mesh-density and the resulting calculation
times. However, since the HAM only meshes the regions with changing mate-
rial properties, the airgap of a motor is not meshed. While especially in the
airgap of a machine, a high mesh-density in FEA is required for an accurate
result.

A significant reduction in calculation time of the magnetic field and force is
possible for certain variations. Since all source terms (i.e. the magnetization
and current density terms) are collected in the Ytot-matrix, variations of the
source amplitude and movement of the source in the x-direction is included
by only recalculating Ytot. A movement of a source in the z-direction or
movement of (and movement within) the MEC-region requires recalculation of
the full system of linear equations.
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3.9 Summary and Conclusion

A general formulation of the magnetostatic field distribution is given based on
a combination of Fourier modeling and magnetic equivalent circuit modeling.
This novel formulation uses the benefits of the harmonic modeling method
for its analytical field equations inside for instance the airgap region of an
actuator. Furthermore, by inclusion of the mesh-based magnetic equivalent
circuit model, the major drawback of Fourier modeling technique, the inability
to model regions which are smaller than the full periodicity, has been overcome.
It results in a large applicability of the hybrid modeling technique, since it is
possible to include small geometrical features of high-permeable material, such
as saliency, tooth-shoes and slot shapes.

In the 2-D hybrid analytical model, the domain is divided into a number of
regions in the z-direction. Regions where only one material is assumed in
the x-direction are modeled by means of a harmonic description. The regions
where a non-uniform permeability (with a relative permeability far greater than
unity) is found in the x-direction, are modeled using the mesh-based magnetic
equivalent circuit modeling. Inside each region, the magnetic field description
is given based on a set of a-priori unknown coefficients. By means of applying
boundary conditions on the interfaces between the regions (and at the end of
the domain), the total set of unknowns is solved.

The semi-analytical hybrid modeling technique is applied to two electromag-
netic example situations and the results are compared with finite element anal-
ysis. A very good agreement between the models is found for both examples,
and the found deviations and modeling features are discussed. Since a very
good agreement between the hybrid model and finite element model is found
(less than 3 % deviation on the force), the 2-D hybrid modeling technique is a
promising modeling approach and might be a good addition aside of the 2-D
finite element analysis.

The proposed modeling method is not only suited for geometries in Cartesian
coordinate systems. With the adaption of the harmonic description according
to [43], formulations for polar and cylindrical coordinate systems are possible
as well and is recommended for further investigation.

With the promising results of the 2-D hybrid analytical modeling for the shield-
ing example, the next step is to model the shielded dual-stage planar actuator.
This actuator topology is a 3-D system, for which a 2-D modeling technique is
not sufficient. With the derivation of the 2-D hybrid analytical modeling, the
road to develop a 3-D hybrid analytical modeling has been initiated. The ad-
vantage of only meshing a part of the geometry is even more important if being
applied to a 3-D system, therewith, the computational advantages compared
to 3-D finite element analysis are becoming significant.
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Three-dimensional Hybrid

Analytical Modeling

Abstract
The hybrid analytical modeling method introduced in the previous chapter has
been extended for three-dimensional situations. The 3-D Fourier modeling and
3-D mesh-based magnetic equivalent circuit modeling are combined into the
3-D hybrid analytical modeling technique. A 3-D hybrid model is made for an
electromagnetic example and its results are compared with 3-D finite element
results. The generalized implementation of the 3-D hybrid analytical modeling
method ensures its applicability to a large class of electromagnetic devices.
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In the previous chapter, the principle of the hybrid analytical modeling method
for two two-dimensional (2-D) cases is demonstrated. In the derivation of the
equations, no major drawbacks or inabilities are found for investigating a three-
dimensional (3-D) implementation of the hybrid analytical modeling method.

For the application, i.e. the modeling of a shielded dual-stage planar actuator,
a periodic behavior in two directions is found from the permanent-magnet
plate. This opts for a harmonic description in two directions [57, 58, 111, 112].
However, a sole implementation of 3-D Fourier modeling is insufficient to model
the shielding of the dual-stage planar actuator. 3-D Fourier modeling has the
inability to accurately include small features of high-permeable material, i.e.
smaller than the periodicity. The inclusion of small features with changing
permeability, such as the holes in the shield, are essential for the application
investigated.

In equivalence with the 2-D situation, the presence of the high-permeable
shielding plate indicates the usage of a magnetic equivalent circuit modeling
method. To obtain a fast model, a pre-defined path of the magnetic field should
be present to reduce the amount of circuit elements used in the model. Unfor-
tunately, in the required application, no pre-defined path is present. Further-
more, the large amount of air and the three-dimensional nature of the magnetic
field in the planar actuator structure would result in a very large circuit if a
mesh-based modeling is chosen.

To include the shield, made of high-permeable material, the harmonic modeling
method is extended with a 3-D mesh-based Magnetic Equivalent Circuit (MEC)
model. The obtained 3-D Hybrid Analytical Model (HAM), overcomes the
inabilities of the harmonic modeling and too large size of a full mesh-based
MEC-modeling of the system.

In this chapter, a generalized approach of the 3-D hybrid analytical modeling
technique is derived and afterwards explained on a simple 3-D geometry. The
modeling starts with a set of assumptions required for the modeling, afterwards
the division of the geometry in regions and the basic derivation of the 3-D
Fourier modeling is given. Then, the 3-D MEC-modeling is introduced and
the coupling between the regions, using the boundary conditions, is discussed.
Finally, the system of equations is solved and the results are compared to the
results of a 3-D finite element model, before giving a discussion on the modeling
features and drawing the conclusions about the 3-D hybrid analytical modeling
technique.
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4.1 Assumptions for 3-D HAM

For the 3-D hybrid analytical modeling explained in this chapter, a number
of assumptions are made. Most of these assumptions are equivalent to the
assumptions applied in the 2-D hybrid analytical modeling (see Section 3.1). To
have a complete list of all assumptions required, and since not all assumptions of
the 2-D part still hold, all assumptions required for 3-D HAM as it is discussed
in this thesis are given in this section.

1. Cartesian system: The equations derived in this thesis are only valid for
a right-handed 3-D Cartesian coordinate-system. An equivalent hybrid
analytical modeling method can be applied in cylindrical and spherical
coordinate systems.

2. Time-independent: From the magnetic point of view a static system is
assumed, therefore, all time dependency is neglected and a decoupling
between the magnetic and electric field is possible. Since only magneto-
static examples are considered, the magnetostatic Maxwell equations are
used for the derivation of the equations.

3. Linear material: Only homogeneous, isotropic, linear material properties
are concerned. Due to this assumption, the non-linear properties of mag-
netic materials, such as saturation and hysteresis, are assumed negligible.

4. Periodicity: For the 3-D hybrid analytical modeling an even periodicity
in two directions is assumed. Per definition, the periodicities are aligned
with the x- and y-axis. If no periodicity is present, it has to be assumed.
However, the choice of the width of the periodicity is a trade-off between
the influence of the adjacent periods and the computational burden.

5. z-independent sources: All magnetic sources used, i.e. permanent mag-
nets and coils, are independent in the z-coordinate. Only a step-function
in the z-direction is allowed to show the presence of a source, since this
will be taken into account by dividing the geometry into regions. Non-
homogeneity of the magnetic field sources in the xy-plane can be incor-
porated by either re-deriving the source functions for a variation, or by
placing multiple sources with a different amplitude adjacent to each other,
i.e. a discrete description of the magnetic field source.

6. Zero divergence of the current: The current density present inside each
region should be divergence free,

⇀

∇ ·
⇀

J = 0, which results in all currents
running in a closed loop, although this loop can close at the periodic
boundaries.

7. No current in the z-direction: All the current in the coils flows only in
the xy-plane.
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4.2 Modeling Principle and Division in Regions

In the 3-D hybrid analytical model, a combination of 3-D Fourier modeling
and a mesh-based 3-D magnetic equivalent circuit modeling is made. Due to
the usage of the Fourier modeling, a periodicity must be present in two of the
Cartesian directions. An arbitrary choice of the alignment of the periodicities
with the Cartesian directions can be taken. In this thesis, the periodicities
are aligned with the x- and y-axis. Furthermore, only an even periodicity in
both directions is incorporated. This results in a geometry that is repeated an
infinite number of times in the x- and y-directions with an equal orientation of
all sources for all repetitions.

In principle, the description of the magnetic field in a linear material is known
using the 3-D Fourier modeling. Since only within that material the 3-D Fourier
modeling is known, a division of the geometry in a number of regions is required.
Due to the periodicity present in the x- and y-directions, the division in regions
is performed for changing materials in the z-direction, while the regions are
numbered in an ascending order with the z-direction. The obtained regions are
sized equally to the periodicity in the xy-plane, while they are limited in the
z-direction, and a region can only contain one single material. Therefore, each
material interface aligned with the xy-plane indicates the interface between two
regions. This also applies to the presence or absence of sources of the magnetic
field, eventhough, the linear magnetic permeability of the material of the source
is (close to) unity.

For pieces of material that are not equally sized to the full periodicity, modeling
with the Fourier modeling is not suited. For these parts, a Magnetic Equivalent
Circuit (MEC) approach is used. Inside the (so-called) MEC-regions, a Carte-
sian mesh is used, in which each obtained mesh-element can have a different
linear magnetic permeability. With this, the pieces of material that are smaller
than the periodicity are included.

Modeling of the sources of the magnetic field, i.e. the permanent magnets and
coils, is done in the Fourier region. Even though the sources themselves are
usually not equally sized with periodicity. Using a source function, the shape
of the magnetic field source is incorporated, while the full region is made of
one linear material. For a coil, that has a magnetic permeability of unity, this
is not an issue, however, for permanent magnet sources, it is assumed that the
full region is made of permanent magnet material. Since the permeability of
a permanent magnet is close to unity, the influence of assuming that the air
adjacent in the xy-plane to the permanent magnet is not modeled as air is
negligible.
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4.3 Fourier Modeling in 3-D HAM

For Fourier modeling in 3-D structures, the magnetostatic Maxwell equations,
given in equations (2.20) and (2.21), should hold. Furthermore, the continuity
of the magnetic field should be considered throughout the full domain. By the
subdivision of the domain into a number of regions, the continuity of the domain
is reduced to the continuity inside each region, together with a continuity on
the boundary interfaces between the regions. This section covers the derivation
of a continuous 3-D magnetic field description in a Fourier region.

4.3.1 Magnetic vector potential in 3-D Fourier

The magnetic vector potential formulation as given in Section 2.1.3, where the
magnetostatic Maxwell equations are reduced to a set of three Poisson equa-
tions (given in equations (2.29-2.31)), can be used to find a continuous solution
in agreement with the magnetostatic Maxwell equations. By applying the as-
sumptions as discussed for the 3-D hybrid analytical modeling (see Section 4.1),
the Poisson equations formulated in terms of the magnetic vector potential are
given by

∂2Ax

∂x2 +
∂2Ax

∂y2 +
∂2Ax

∂z2 = −µ0µrJx − µ0
∂Mz

∂y
+
�
�
��Z
Z
ZZ

µ0
∂My

∂z
(4.1)

∂2Ay

∂x2 +
∂2Ay

∂y2 +
∂2Ay

∂z2 = −µ0µrJy −
�
�
��Z

Z
ZZ

µ0
∂Mx

∂z
+ µ0

∂Mz

∂x
(4.2)

∂2Az

∂x2 +
∂2Az

∂y2 +
∂2Az

∂z2 = −����XXXXµ0µrJz − µ0
∂My

∂x
+ µ0

∂Mx

∂y
(4.3)

where Ap is the magnetic vector potential in the p-direction, with p an arbitrary
Cartesian direction, µ0 and µr are the magnetic permeability of vacuum and the
relative magnetic permeability of the medium, respectively. Furthermore, Jp is
the current density and Mp is the residual magnetization in the p-direction.

Inside each Fourier region, a solution for the magnetic vector potential
⇀

Ai,
where i indicates an arbitrary Fourier region, is derived which considers the
periodicity in the x- and y-directions, is consistent with the Coulomb gauge
condition (

⇀

∇ ·
⇀

A = 0) and is consistent with equations (4.1-4.3). In the deriva-
tion, first a solution to the Laplace equations (considering that the right hand
side of the equations is zero, i.e. no sources of the magnetic field are present)
is derived which fulfills the requirements. This is performed using the principle
of separation of variables [13]. By using the product of three functions, each
one only depends on one Cartesian coordinate and is independent of the two
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other Cartesian coordinates, a solution is found consistent with the require-
ments. Afterwards, the right hand side of equations (4.1-4.3) is included by
means of a particular solution. The general solution of the magnetic vector
potential is given as a double Fourier series in the xy-plane in combination
with an exponential function in the z-direction. The obtained general solution
of the magnetic vector potential is given by

Ai
x =

Nx∑
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My∑
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[
Ai
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(
qi1, q

i
2

)
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]
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]
(4.6)

where nx and my are the harmonic counters and Nx and My are the maximum
number of harmonics in the x- and y-directions, respectively, and where ωxn§,
and ωym§ are the spatial harmonic frequencies used and are given by

ωxn = nxωx0 = nx
2π

xp
(4.7)

ωym = myωy0 = my
2π

yp
(4.8)

where ωx0 and ωy0 are the fundamental frequencies and xp and yp are the width
of the even periodicity in the x- and y-directions, respectively.

§ For each combination of harmonics in the x-direction and the y-direction inside each
region, a different value for this variable is intended. However, to keep the notations clear and
avoid crowding of subscripts, the dependency on nx and/or my for this variable is simplified
or omitted in the notation.
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Finally, the Fourier terms of the magnetic vector potential, Apcc§, Apcs§, Apsc§
and Apss§ for the three Cartesian coordinates in equations (4.4-4.6), are depen-
dent on the a-priori unknown coefficients q1, . . . , q8

§, which are solved by the
boundary conditions. The Fourier terms of the magnetic vector potential are
given by

Ai
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qi1, q

i
2

)
=
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2ωym
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2ωym
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where λ§ is given by λ =
√
ω2
xn + ω2

ym and where P § indicates the particular
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solution, which is a double Fourier series of the source functions and is given
by
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where Mpcc
§, Mpcs

§, Mpsc
§, Mpss

§ and Jpcc§, Jpcs§, Jpsc§, Jpss§ are the Fourier
description of the magnetization and current density function as derived in Sec-
tion 4.3.3 for cuboidal sources aligned with the x- and y-axis and in Appendix A
for non-aligned cuboidal and non-cuboidal sources of the magnetic field. The
now given expression of the magnetic vector potential fulfills all requirements
(as given in the beginning of this section), also when taking the particular so-
lutions into account. Note that the Coulomb gauge condition with inclusion of
the particular solutions, only holds if the divergence of the current density is
zero (as is assumed).
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4.3.2 Magnetic flux density in 3-D Fourier

With the expression of the magnetic vector potential given, the magnetic flux
density expression for an arbitrary region i is derived. Based on equation (2.26),
the derivation of the magnetic flux density is given by
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which, based on the description of the magnetic vector potential as given
by equations (4.4-4.6), results in
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where the Bp∗∗§ terms, with p an arbitrary Cartesian coordinate, are given by
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and where the particular solutions are given by equations (4.21-4.32).

4.3.3 Source description in 3-D Fourier

In the magnetic flux density and magnetic vector potential expressions of each
region, a harmonic description of the particular solution is used. The par-
ticular solution consists of the magnetization and current density in various
directions. To obtain a harmonic description of the particular solution, the
magnetic field sources (i.e. the permanent magnets and the current densities)
should be expressed as a double Fourier series as well. In this chapter, only
cuboidal-shaped magnetic field sources, for which the edges are aligned with
the Cartesian axis, are considered. The derivation of the Fourier description of
magnetic field sources that are rotated and have a non-cuboidal shape is given
in Appendix A and has been published in [104].

Based on the principle of superposition, every magnetic field source within a
region is calculated separately, and the resulting source terms are superimposed
to find the total source term in a region. This means that for each individual
magnetic field source, i.e. a permanent magnet or a current density block,
a source function will be derived. Considering the usage of cuboidal-shaped
sources, for which the edges are aligned with the Cartesian axis, this source
function, S, is given in the xy-plane by

S (x, y) =

{
Ŝ for x0 ≤ x ≤ x1 & y0 ≤ y ≤ y1

0 elsewhere
(4.49)

where x0, x1 and y0, y1 indicate the first and last coordinates of the edges
of the cuboidal-shaped source in the x- and y-directions, and where Ŝ is the
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amplitude of the source investigated and is given by

Ŝ = Mp =
Br,p
µ0

=
Br,p

4π ·10−7
for a permanent magnet (4.50)

Ŝ = Jp for a current density block (4.51)

where Br,p is the remanence of the permanent magnet and Jp is the current
density (in the Cartesian direction in which the source function is acting), and
where S represents either Mx, My, Mz, Jx or Jy.

The basic derivation of the harmonic description is given such that the source
function is described by

S (x, y) =

Nx∑
nx=0

My∑
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[Sss sin (ωxnx) sin (ωymy) +

Ssc sin (ωxnx) cos (ωymy) +
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where Sss
§, Ssc

§, Scs
§ and Scc

§ are the harmonic source terms to be derived
based on the source function.

By applying a 2-D Fourier integral over the full periodicity, the harmonic source
terms are obtained as
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y=0

S (x, y) sin (ωxnx) sin (ωymy) dy dx (4.53)
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S (x, y) cos (ωxnx) cos (ωymy) dy dx (4.56)

where

ς =


4 for nx ≥ 1 & my ≥ 1

2 for nx = 0 & my ≥ 1

2 for nx ≥ 1 & my = 0

1 for nx = 0 & my = 0.

(4.57)
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Since the integrals in equations (4.53-4.56) only give a non-zero result in the
interval where the source is present, the boundaries of the integrals are adapted.
Due to the cuboidal shape and the alignment with the Cartesian axes, the
integration directions are independent of each other and the order of integration
is arbitrarily chosen. Therefore, the source-terms for a single cuboidal-shaped
magnetic field source are obtained by

Sss =
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Ŝ
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sin (ωxnx) dx

y1ˆ
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sin (ωymy) dy (4.58)
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Ŝ

x1ˆ
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The summation of the source terms for each individual magnetic field source,
results in the total harmonic description of the sources in a region. This sum-
mation is performed per source direction, but is independent on the shape of
the source. The derivation of the harmonic source terms of the non-cuboidal
and rotated cuboidal magnetic field sources is performed under the same con-
ditions (as given in Appendix A and [104]) as the aligned cuboidal sources.
For instance, the resulting harmonic source terms of a cylindrical magnet and
an aligned cuboidal magnet, both with a magnetization in the z-direction are
superimposed. Equivalently, the derived harmonic source terms of Mx, My, Jx
and Jy for the different shapes of a source are superimposed.

With the harmonic source terms as derived in this chapter or as given in Ap-
pendix A, the magnetic flux density inside a Fourier region is completely de-
fined, with only the a-priori unknowns remaining to be solved.
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4.4 Magnetic Equivalent Circuit Modeling in
3-D HAM

Besides the Fourier model, the 3-D Hybrid Analytical Modeling method applies
a mesh-based 3-D Magnetic Equivalent Circuit (MEC) model. The MEC-
modeling is used in the MEC-regions, since these regions cannot cope with
the demands of the Fourier regions. The MEC-region itself is periodic in the
xy-plane, however, the materials used inside the MEC-region are not equal in
size with the periodicity. The 3-D MEC modeling is applied in a few steps,
starting with the meshing of the MEC-region. Afterwards, inside the obtained
MEC-elements, the magnetic reluctances are defined and the MEC-elements are
coupled together. Finally, the calculation of the magnetic flux and magnetic
flux density inside the MEC-region is discussed.

4.4.1 Meshing of the MEC-region

Inside the MEC-region, a mesh with cuboidal-shaped elements is used, which
edges are aligned with the Cartesian axes. By the subdivision into smaller
cuboidal-shaped elements, the magnetic field properties can be assumed con-
stant within the obtained MEC-elements. This immediately gives a demand
on the meshing inside the MEC-region. To have constant magnetic field prop-
erties in each element, it is important that the edges of the material interfaces
coincide with the edges of a MEC-element.

To obtain the mesh, the MEC-region is meshed in all three Cartesian direction.
However, to have the edges of the elements coinciding with the material inter-
faces, the meshing in all three direction can become non-uniform. Therefore,
a local increase of the mesh-density is possible, however, all MEC-elements
inside the xy-plane at a certain z-coordinate should have an equal size in the
z-direction. Equivalently, all elements in the xz-plane have an equal size in
the y-direction and all elements in the yz-plane have an equal size in the x-
direction. Therefore, a local increase of the mesh-density in the z-direction will
be visible throughout the full xy-plane. The meshing principle, with an locally
increased mesh-density in the x-direction is illustrated in Figure 4.1, where the
gray mesh-elements illustrate an H-shaped core of high-permeable material.

The MEC-elements obtained by the meshing are numbered, first in the ascend-
ing x-direction, then in the ascending y-direction and finally in the ascending
z-direction. Furthermore, T denotes the number of mesh-elements in the x-
direction, while L is the number of mesh elements in the xy-plane. The total
number of mesh elements inside the MEC-region is indicated by K. The num-
bering of the mesh elements is indicated in Figure 4.1 as well.
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Figure 4.1: Meshing principle in the MEC-region including the numbering of the elements.

With the applied meshing method, it is ensured that each MEC-element only
contains one material. For this material it will be assumed that a linear mag-
netic permeability holds that is constant throughout the full MEC-element.

4.4.2 Magnetic reluctances in a MEC-element

Geometrically centered in each MEC-element, a potential node is defined. On
this potential node, a magnetic potential, ψk, is present which has an equiv-
alence with the magnetic scalar potential, and where k indicates an arbitrary
MEC-element number. An arbitrary 3-D MEC-element is shown in Figure 4.2,
where the geometrically centered potential node is indicated by the round
marker. Furthermore, xk

0 and xk
1 denote the x-coordinates of the first and last

boundary of MEC-element k, while yk
0 and yk

1 are the first and last y-coordinate
of the MEC-element as indicated in the figure.

From all six edges of the MEC-element towards its potential node, a magnetic
reluctance is defined. Therefore, each of these reluctances covers half of the
size of the MEC-element in that direction. The magnetic reluctances, R, are
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Figure 4.2: 3-D MEC-element including the potential node, while x0, x1, y0 and y1 indicate
the x- and y-coordinate of the first and second edge of the MEC-element, respectively.

calculated according to

Rk
x+ = Rk

x− =
lkx

2µ0µk
rS

k
yz

(4.62)

Rk
y+ = Rk

y− =
lky

2µ0µk
rS

k
xz

(4.63)

Rk
z+ = Rk

z− =
lkz

2µ0µk
rS

k
xy

(4.64)

where lkx, lky and lkz are the dimensions of MEC-element k in the x-, y- and
z-direction, respectively, and µk

r is the relative permeability of the material in
this MEC-element. Furthermore, Sk

xy, Sk
xz and Sk

yz are the cross-sectional areas
in the xy-, xz- and yz-plane, respectively.

Each of the reluctances represents a flux tube. Inside this tube, the flux can
only flow in the direction of the subscript. Each flux tube links an edge of
the MEC-element to the potential node and has a cross-sectional area equal
to the size of the MEC-element perpendicular to the direction of the flux. In
Figure 4.3(a), 4.3(b) and 4.3(c), the flux-tubes in the x-, y- and z-direction
are illustrated. The combination of all reluctances in a MEC-element is shown
in Figure 4.3(d).
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(a) (b)

(c) (d)

Figure 4.3: Illustration of the flux-tubes as represented by the reluctances in (a) the x-
direction, (b) the y-direction, (c) the z-direction, and (d) all the reluctances as assumed in
a 3-D MEC-element.
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Figure 4.4: Coupling of a 3-D MEC-element with its adjacent elements and the defined
direction of the magnetic flux in the branches.

4.4.3 Coupling of the MEC-elements

The meshing algorithm ensures that the obtained cuboidal elements are linked
to their six adjacent MEC-elements. A coupling is made with the adjacent
MEC-elements on the positive and negative side for all three Cartesian direc-
tions. For all element that are not located on the edges of the MEC-region, the
coupling is illustrated in Figure 4.4. The numbering algorithm applied to the
MEC-region ensures that the coupling in the positive and negative x-direction
is made with MEC-elements k+1 and k-1, respectively. The coupling in the
positive and negative y-direction is made with elements k+T and k-T, while
elements k+L and k-L are adjacent in the positive and negative z-direction,
respectively.

Inside the MEC-region, a periodicity in the x- and y-direction is present as well.
To include this periodicity, the coupling of the MEC-elements that are located
on the edges of the MEC-region (i.e. adjacent to the periodic boundaries)
is adapted. By means of the periodicity, the first and last elements in the
x-direction are adjacent. Equivalently, the first and last elements in the y-
direction are adjacent. For these MEC-elements, the coupling of the MEC-
elements is changed according to

k-1 = k-1+T for k = 1 + βT (4.65)
k+1 = k+1-T for k = T + βT (4.66)
k-T = k-T+L for 1 + γL ≤ k ≤ T + γL (4.67)
k+T = k+T-L for L-T+1 + γL ≤ k ≤ L + γL (4.68)

where β = 0, 1, . . . ,K/T-1 and γ = 0, 1, . . . ,K/L-1, which incorporates the peri-
odicity inside the full MEC-region.
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(a) (b)

Figure 4.5: Coupling of MEC-elements (a) for the elements located in the bottom MEC-
layer, elements 1 ≤ k ≤ L, and (b) for the MEC-elements in the top layer, elements K-L+1 ≤
k ≤ K.

For the MEC-elements that are located at the top or the bottom of the MEC-
region, the coupling on one of the adjacent sides in the z-direction is with
the Fourier regions located above or underneath the MEC-region. To ensure
a correct coupling, the magnetic flux flowing into the MEC-element from the
Fourier region (or coming out of the MEC-element into the Fourier region) is
modeled as a magnetic flux source. The strength of the magnetic flux source
is dependent on the a-priori unknown Fourier coefficients. The coupling of
the MEC-elements that are present in the bottom layer of the MEC-region
is illustrated in Figure 4.5(a), while the coupling for the top layer is shown
in Figure 4.5(b).

4.4.4 Magnetic behavior inside MEC-region

With all physical relations and the periodicity given inside the MEC-region,
only the magnetic behavior of the MEC-region remains to be investigated. In
equivalence with the 2-D HAM, the behavior of the magnetic flux inside the
MEC-region is derived from Gauss’ law for magnetism, see equation (2.21).
In a MEC-model, Gauss’ law for magnetism is implemented as the magnetic
equivalence of Kirchhoff’s current law given by∑

ϕin =
∑

ϕout (4.69)

where ϕin and ϕout denote the magnetic flux going in or out of a potential
node. By applying this relation to the potential node of a 3-D MEC-element,
it is ensured that the net flux inside the potential node is zero, which means
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that there are no sinks or sources of the magnetic flux located inside the MEC-
element.

Using the definition that a positive flux is always flowing in the positive direc-
tion of the Cartesian coordinate, as is illustrated in Figure 4.4, equation (4.69)
is given by

ϕx− + ϕy− + ϕz− − ϕx+ − ϕy+ − ϕz+ = 0 (4.70)

where the used subscripts indicate the flux-tube in which this flux is flowing.
The magnetic flux inside a flux tube is calculated with

ϕk
x− =

ψk-1 − ψk

Rk-1
x+ +Rk

x−
(4.71)

ϕk
x+ =

ψk − ψk+1

Rk+1
x− +Rk

x+

(4.72)

ϕk
x− =

ψk-T − ψk

Rk-T
y+ +Rk

y−
(4.73)

ϕk
x+ =

ψk − ψk+T

Rk+T
y− +Rk

y+

(4.74)

ϕk
z− =

ψk-L − ψk

Rk-L
z+ +Rk

z−
(4.75)

ϕk
z+ =

ψk − ψk+L

Rk+L
z− +Rk

z+

(4.76)

where the magnetic flux on the negative z-direction of the MEC-elements in
the bottom layer and the magnetic flux on the positive z-direction of the MEC-
elements in the top layer are defined by the flux sources, as is illustrated in Fig-
ure 4.5.

With the magnetic flux in the 3-D MEC-elements known, the magnetic flux
density in the MEC-elements is calculated according to

Bk
x− =

ϕk
x−
Sk
yz

(4.77)

Bk
x+ =

ϕk
x+

Sk
yz

(4.78)

Bk
y− =

ϕk
y−

Sk
xz

(4.79)

Bk
y+ =

ϕk
y+

Sk
xz

(4.80)
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Bk
z− =

ϕk
z−
Sk
xy

(4.81)

Bk
z+ =

ϕk
z+

Sk
xy

(4.82)

where the obtained magnetic flux densities are valid in half of the MEC-element.
Which means that the magnetic flux density in the potential node is the mean
value of the flux densities in the two tubes, and is, therefore, obtained as

Bk
x =

ϕk
x− + ϕk

x+

2Sk
yz

(4.83)

Bk
y =

ϕk
y− + ϕk

y+

2Sk
xz

(4.84)

Bk
z =

ϕk
z− + ϕk

z+

2Sk
xy

(4.85)

while due to the coupling between the MEC-elements

Bk
x− = Bk-1

x+ (4.86)

Bk
x+ = Bk+1

x− (4.87)

Bk
y− = Bk-T

y+ (4.88)

Bk
y+ = Bk+T

y− (4.89)

Bk
z− = Bk-L

z+ (4.90)

Bk
z+ = Bk+L

z− (4.91)

which holds for all elements, except for the MEC-elements adjacent to a bound-
ary of the MEC-region. For the elements in the top or bottom layer of the
MEC-region, one of the latter two equations is not valid due to the coupling
with the Fourier region, while for the elements adjacent to a periodic boundary,
the periodic coupling is made according to equations (4.65-4.68).

4.5 Boundary Conditions in 3-D HAM

By the division in regions, the continuity of the magnetic fields in the domain
is simplified to a continuity of the magnetic fields inside the regions and a con-
tinuity on the boundaries between the regions. The continuity of the magnetic
fields inside the regions is covered in the previous sections, while the continuity
of the field on the boundaries between the regions is considered in this section.
To ensure the continuity of the magnetic field on the boundaries between re-
gions, boundary conditions on the interface between the regions are applied.
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For the regions that finalize the domain, i.e. the first and last region considered,
either a zero-flux boundary or a Neumann boundary is applied. The governing
equations for all boundary conditions, i.e. continuity, zero-flux and Neumann
conditions, are discussed separately for the Fourier region, the MEC-region,
and a combination of them.

4.5.1 Continuity between Fourier regions

The continuity of the magnetic field between the regions is derived from the
Maxwell equations in Section 2.1.4, which results in the continuity of the mag-
netic flux density normal to the boundary and the magnetic field strength
tangential with the boundary. Since a 3-D system is observed which is divided
into regions in the z-direction, the boundary plane between two regions is par-
allel to the xy-plane. Therefore, the continuity of the magnetic flux density is
applied in the z-direction.

By applying the separation of variable [13], and considering that the continuity
of the normal magnetic flux density should hold for the full xy-plane located at
the boundary interface (z = hb), the continuity is applied on each combination
of harmonics separately. Therefore, the continuity of the magnetic flux density
normal to the boundary plane is given by

Bi+1
zcc

(
qi+1
1 , qi+1

2

)∣∣
z=hb

= Bi
zcc

(
qi1, q

i
2

)∣∣
z=hb

(4.92)

Bi+1
zss

(
qi+1
3 , qi+1

4

)∣∣
z=hb

= Bi
zss

(
qi3, q

i
4

)∣∣
z=hb

(4.93)

Bi+1
zcs

(
qi+1
5 , qi+1

6

)∣∣
z=hb

= Bi
zcs

(
qi5, q

i
6

)∣∣
z=hb

(4.94)

Bi+1
zsc

(
qi+1
7 , qi+1

8

)∣∣
z=hb

= Bi
zsc

(
qi7, q

i
8

)∣∣
z=hb

(4.95)

where the harmonic terms of the normal magnetic flux density, Bzss, Bzsc, Bzcs
and Bzcc, are given by equations (4.45-4.48).

In the 3-D situations considered, the tangential magnetic field strength is given
as a combination of the field strength in the x- and the y-directions, this bound-
ary condition is converted to the continuity of the magnetic scalar potential ψ
as explained in Section 2.1.4. To obtain the magnetic scalar potential, the gen-
eral magnetic flux density description of equations (4.34-4.48) is converted to
the magnetic scalar potential first.

Since currently only a boundary condition is assumed and it is physically im-
possible to have a surface current on the boundary plane, the assumption that
no surface current is present is made. Furthermore, based on the constitutive
relation, see equation (2.14), the magnetic flux density can be written as the
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magnetic field strength as given by
⇀

H =
1

µ0µr

⇀

B − 1

µr

⇀

M0. (4.96)

Since no current is assumed, the right hand side of the magnetostatic version
of Ampère’s circuital law, equation (2.20), becomes zero. A vector field with
zero curl can be given by the gradient of a scalar field. Equivalently, the mag-
netic field strength is given as the divergence of the magnetic scalar potential.
Since the magnetic scalar potential and the magnetic field strength are related
as equation (2.41), a solution for the magnetic scalar potential should be found
which complies with

⇀

H = −
⇀

∇ψ ⇒ ψ =



−
ˆ
Hx dx

−
ˆ
Hy dy

−
ˆ
Hz dz

(4.97)

throughout the full boundary plane.

Naturally, the magnetic scalar potential formulation should be given by a dou-
ble Fourier series as well, and is expressed as

ψi =

Nx∑
nx=0

My∑
my=0

[
ψi
cc cos (ωxnx) cos (ωymy) + ψi

ss sin (ωxnx) sin (ωymy) +

ψi
cs cos (ωxnx) sin (ωymy) + ψi

sc sin (ωxnx) cos (ωymy)
]

(4.98)

where a proper choice of the Fourier terms of the magnetic scalar potential
(i.e. ψcc, ψss, ψcs and ψsc) ensures the validity of equation (4.97). The Fourier
terms of the magnetic scalar potential are given by

ψi
cc =

qi1 eλz − qi2 e−λz

µ0µi
rλ

− ωxnM
i
xsc

µi
rλ

2
−
ωymM

i
ycs

µi
rλ

2
(4.99)

ψi
ss =

−qi3 eλz + qi4 e−λz

µ0µi
rλ

+
ωxnM

i
xcs

µi
rλ

2
+
ωymM

i
ysc

µi
rλ

2
(4.100)

ψi
cs =

−qi5 eλz + qi6 e−λz

µ0µi
rλ

− ωxnM
i
xss

µi
rλ

2
+
ωymM

i
ycc

µi
rλ

2
(4.101)

ψi
sc =

qi7 eλz − qi8 e−λz

µ0µi
rλ

+
ωxnM

i
xcc

µi
rλ

2
−
ωymM

i
yss

µi
rλ

2
(4.102)

where q1, . . . , q8 are the a-priori unknown coefficients in a region and where
the magnetization terms, Mp∗∗, are found by the process given in Section 4.3.3
or Appendix A.



110 Chapter 4: Three-dimensional Hybrid Analytical Modeling

To ensure the continuity of the tangential magnetic field strength, according
to the process given in Section 2.1.4, the continuity of the magnetic scalar
potential on the boundary is considered. By the separation of variables, and
considering that the boundary plane has a fixed z-coordinate and is aligned with
the xy-plane, the continuity of the magnetic scalar potential on the boundary
between two regions with a Fourier description is given by

ψi+1
cc

(
qi+1
1 , qi+1

2

)∣∣
z=hb

= ψi
cc

(
qi1, q

i
2

)∣∣
z=hb

(4.103)
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(4.104)
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ψi+1
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(
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)∣∣
z=hb

= ψi
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(
qi7, q

i
8

)∣∣
z=hb

(4.106)

where the Fourier terms of the magnetic scalar potential are given by equa-
tions (4.99-4.102).

By applying equations (4.92-4.95) and equations (4.103-4.106), the continuity
of the magnetic field on the boundary between two Fourier regions is ensured.

4.5.2 Continuity between Fourier region and MEC-region

For the boundary plane between a Fourier region and a MEC-region, the con-
tinuity of the normal magnetic flux density and the continuity of the magnetic
scalar potential is treated differently. To ensure a continuous normal magnetic
flux density on the boundary plane, the amount of magnetic flux coming into
a MEC-element from the bottom, should be equal to the normal flux in the
Fourier region on that piece of the boundary plane. Looking from the MEC-
region, this condition is met if the flux entering the MEC-region is modeled as
a flux source, which is dependent on the flux density in the Fourier region as is
illustrated in Figure 4.5(a). Equivalently, on the top layer of the MEC-region,
the magnetic flux going through the top plane of each MEC-element is modeled
as a source of magnetic flux as is illustrated in Figure 4.5(b).

The strength of the magnetic flux sources is dependent on the magnetic flux
density normal to the boundary plane on the (bottom or top) surface of the
MEC-element. Consequently, the strength of the flux source is given by the
surface integral of the flux density in the z-direction as given by

ϕk
z− =

¨

Sk
xy

Bm-1
z

∣∣
z=hb

dSk
xy for 1 ≤ k ≤ L (4.107)

ϕk
z+ =

¨

Sk
xy

Bm+1
z
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z=hb

dSk
xy for K-L+1 ≤ k ≤ K (4.108)
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where m-1 and m+1 are the Fourier regions just below and just above the MEC-
region, respectively. Sk

xy is the bottom or top surface of the MEC-element
parallel to the xy-plane, bounded by xk

0 ≤ x ≤ xk
1 and yk

0 ≤ y ≤ yk
1 (with

xk
0, x

k
1, y

k
0 and yk

1 as indicated in Figure 4.2), and Bz is given by equation (4.36),
and is, therefore, dependent on the a-priori unknown Fourier coefficients.

Substitution of equation (4.107) or (4.108) into the magnetic equivalence of
Kirchhoff’s current law equation (4.70) gives

for 1 ≤ k ≤ L :

ϕx− + ϕy− − ϕx+ − ϕy+ − ϕz+ +

¨

Sk
xy

Bm-1
z

∣∣
z=hb

dSk
xy = 0 (4.109)

for K-L+1 ≤ k ≤ K :

ϕx− + ϕy− + ϕz− − ϕx+ − ϕy+ −
¨

Sk
xy

Bm+1
z

∣∣
z=hb

dSk
xy = 0 (4.110)

and, therewith, the continuity of the magnetic flux density in the z-direction
is ensured on the boundary plane between a Fourier region and a MEC-region.
With this boundary condition, a discretization of the normal magnetic flux
density is applied on the boundary between the Fourier region and the MEC-
region, due to the meshing inside the MEC-region. This process is visually
clarified for 2-D situations in Figure 3.10, where a clear staircase-shaped mag-
netic flux density inside the MEC-region is visible, while the Fourier region
gives a smooth function.

In contradiction to the 2-D HAM, the continuity of the tangential magnetic
field strength cannot directly be evaluated. Therefore, also for the boundary
between a 3-D Fourier and a 3-D MEC-region, the continuity of the magnetic
scalar potential on the boundary is applied instead.

To apply the continuity of the magnetic scalar potential between a MEC-region
and a Fourier region, the magnetic scalar potential on the boundary of the
MEC-region should be considered. Inside the MEC-region, the magnetic po-
tential on the potential nodes is calculated. However, these potential nodes
are, by definition, located in the geometrical center of a MEC-element and
are, therefore, not equivalent to the potential on the boundary plane. To find
the magnetic scalar potential on the boundary plane, the potential drop over
the reluctance connecting the potential node to the boundary should be in-
corporated. Therefore, the continuity of the magnetic scalar potential on the
boundary between a MEC-region and a Fourier region is given by

ψm-1∣∣
z=hb

= ψk + ϕk
z−Rk

z− for 1 ≤ k ≤ L (4.111)

ψm+1∣∣
z=hb

= ψk − ϕk
z+Rk

z+ for K-L+1 ≤ k ≤ K (4.112)
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where ψk denotes the magnetic scalar potential calculated in the potential node
of MEC-element k, ϕk

z− and ϕk
z+ are the flux going into the MEC-element as

calculated by equations (4.107) and (4.108), respectively, Rk
z± is given by equa-

tion (4.64), and where ψm±1 is given by equations (4.98-4.102).

For implementation of this boundary condition, in equivalence with the process
as illustrated for 2-D systems in Figure 3.11, the Fourier terms of the magnetic
scalar potential (i.e. ψss, ψsc, ψcs and ψcc) are derived as a double Fourier
series from the magnetic scalar potential on the boundary as calculated from
the MEC-region. Using the principle of separation of variables, and considering
a superposition of the Fourier terms obtained by each individual MEC-element
in the bottom or top layer of the MEC-region, the Fourier terms of the magnetic
scalar potential are given by

for 1 ≤ k ≤ L :
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∑
k

¨
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for the bottom plane and given by

for K-L+1 ≤ k ≤ K :
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for the top plane of the MEC-region. The calculation of the magnetic flux in the
z-direction in the MEC-element, ϕk

z− and ϕk
z+ are given by equations (4.107)

and (4.108), respectively, and the summation over all harmonics is considered
before substituting the result into the boundary conditions of the magnetic
scalar potential.

4.5.3 Non-continuous boundary conditions

As indicated, besides the continuous boundary conditions, the zero-flux and
Neumann boundary conditions should be considered as well. For a Fourier
region which has one of its boundaries at z = ±∞, the magnetic field will
vanish towards this boundary. Therefore, a zero-flux boundary is applied as
given by

Bi
x (x, y, z)

∣∣
z=±∞ = 0 (4.121)

Bi
y (x, y, z)

∣∣
z=±∞ = 0 (4.122)

Bi
z (x, y, z)

∣∣
z=±∞ = 0 (4.123)

where Bx, By and Bz are given by equations (4.34-4.36), and should hold for
the full xy-plane. Since it is impossible to have infinitely sized sources of the
magnetic field (i.e. permanent magnets or current densities), the particular
solution will be zero, and all three equations result in the elimination of four a-
priori unknown coefficients. The Fourier coefficients governing the exponential
function that increases in value towards the boundary, should be zero as given
by

qi2 = 0 qi4 = 0 qi6 = 0 qi8 = 0 if z = −∞ (4.124)

qi1 = 0 qi3 = 0 qi5 = 0 qi7 = 0 if z =∞ (4.125)

where i is the region which has its boundary at z = ±∞.

On the interface of a 3-D MEC-region, a zero-flux boundary condition can hold
as well, although it is impossible to have an infinitely sized MEC-region due to
the meshing. For a MEC-region, the zero-flux boundary condition represents
the impossibility for the magnetic field to escape the region on one side. Or
equivalently, a magnetic flux purely tangential with the boundary. Therefore,
no flux in the z-direction can exist inside the MEC-element on the location of
the boundary. By the definition of the flux-tubes in the z-direction, the flux
in the bottom or the top half of the MEC-element is assumed to be constant.
Therefore, a zero-flux on the boundary is obtained if the reluctance adjacent
to the boundary is assumed to be infinite. Therefore, the zero-flux boundary
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condition for a MEC region is given by

ϕk
z− = 0 ⇔ Rk

z− =∞ for 1 ≤ k ≤ L (4.126)

ϕk
z+ = 0 ⇔ Rk

z+ =∞ for K-L+1 ≤ k ≤ K (4.127)

for the boundary condition at the bottom or top of the MEC-region, respec-
tively.

Besides applying a zero-flux boundary condition, the domain can be bounded by
applying the Neumann boundary condition. This boundary is equivalent to the
assumption that a material is located on the opposite side that has an infinite
permeability. This results in a magnetic field that is fully perpendicular to
the boundary plane, and therefore, the magnetic field parallel to the boundary
plane (the tangential magnetic field) is zero. Since the tangential magnetic
field is given by the gradient of the magnetic scalar potential, the Neumann
boundary condition is also given by assuming that the magnetic scalar potential
is constant on the boundary plane. Since the addition of a constant to a
scalar field does not influence the gradient of this scalar field (

⇀

∇ (ψ + C) =
⇀

∇ψ+
⇀

∇C =
⇀

∇ψ), the constant C, can be chosen freely. Therefore, by choosing
the value of the magnetic scalar potential on the Neumann boundary plane to
zero, the Neumann condition for a Fourier region is given by

ψi
ss

∣∣
z=hb

= 0 (4.128)

ψi
sc

∣∣
z=hb

= 0 (4.129)

ψi
cs

∣∣
z=hb

= 0 (4.130)

ψi
cc

∣∣
z=hb

= 0 (4.131)

where the Fourier terms of the magnetic scalar potential, ψss, ψsc, ψcs and ψcc,
are given by equations (4.99-4.102).

When applying a Neumann boundary condition to a MEC-region, the only
way to obtain a magnetic flux that is purely normal to the boundary plane,
is to assume that the MEC-elements that are adjacent to the boundary plane
cannot have a tangential magnetic flux. This means that the fluxes in the
x- and y-directions are zero, or equivalently, that the magnetic reluctances in
these directions are infinitely large. The Neumann boundary condition for a
MEC-region is given by

ϕk
x− = 0 ϕk

x+ = 0 ϕk
y− = 0 ϕk

y+ = 0

m m m m
Rk
x− =∞ Rk

x+ =∞ Rk
y− =∞ Rk

y+ =∞
(4.132)

which holds for 1 ≤ k ≤ L if the Neumann boundary condition is located at the
bottom of the MEC-region and for K-L+1 ≤ k ≤ K if the Neumann boundary
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condition is located at the top of the MEC-region. With this, in the full bottom
or top layer of the MEC-region, no magnetic flux parallel to the boundary plane
can exist. Therefore, to increase the accuracy of the obtained solution, the size
in the z-direction of the MEC-elements in this layer can be reduced.

4.6 Matrix Equations in 3-D HAM

With the given general equations inside the regions, and the boundary condi-
tions between the regions, the set of equations is solvable. Inside each Fourier
region, a total of 8×(Nx + 1)×(My + 1) a-priori unknown coefficients are used
(i.e. qi1, . . . , qi8 for each combination of harmonics and DC-values). Therefore,
for each region a total of 8 equations should be found for each combination of
harmonics and DC-terms. On the bottom and the top of each region, a bound-
ary condition is applied, where for the Fourier regions, each boundary condition
gives a total of 4 independent equations. By the separation of variables, each
combination of sine-, cosine- and/or DC-values give an independent equation
for all harmonics. Therefore, the boundary conditions found for the Fourier
regions are sufficient to make a solvable system.

Inside the MEC-region, in total K a-priori unknown coefficients are found, i.e.
the magnetic scalar potential in the center node of each element, ψk. Therefore,
another K independent equations should be derived considering the behavior in
the MEC-region. Since the magnetic field distribution inside the MEC-region
itself is found by applying the magnetic equivalence of Kirchoff’s current law to
each potential node, the required equations are directly obtained. The coupling
between a Fourier and a MEC-region concerns a total of L MEC-elements in
the top or bottom layer of the MEC-region that are adjacent to the Fourier
region. This means that L independent equations should be derived to properly
connect the Fourier and MEC-regions.

For a generic implementation, all possible boundary conditions between the
regions give a sufficient set of independent equations. By applying the boundary
conditions for each region as depicted in Table 4.1 an equivalent number of
equations and a-priori unknowns is obtained.

To solve the obtained set of equations and a-priori unknown coefficients, this
balanced set of equations is implemented in matrix format. All a-priori un-
known coefficients are collected into a large vector with the unknowns. The
coefficients in a Fourier region are collected in a column vector according to

Qi =
[
qi

1, q
i
2, q

i
3, q

i
4, q

i
5, q

i
6, q

i
7, q

i
8

]T
(4.133)
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Table 4.1: Boundary conditions used for (a combination of) regions in 3-D HAM.

Type sin-sin sin-cos cos-sin cos-cos MEC

Continuous
Top (4.93) (4.95) (4.94) (4.92) (4.110)

Bottom (4.104) (4.106) (4.105) (4.103) (4.109)

MEC
Top (4.117) (4.118) (4.119) (4.120)

Bottom (4.113) (4.114) (4.115) (4.116)

Zero-flux
Top (4.125) (4.127)

Bottom (4.124) (4.126)
Neumann (4.128) (4.129) (4.130) (4.131) (4.132)

where the Fourier coefficients themselves are given by the vector

q =
[
q00, q01, . . . , q0My

∣∣ q10, q11, . . . , q1My

∣∣ . . . ∣∣ qNx0, qNx1, . . . , qNxMy

]
(4.134)

where the two subscript indices give the harmonic numbers in the x- and y-
directions, respectively. Furthermore, for the MEC-region, the column vector
is given by

Ψ =


ψ1

ψ2

...
ψK

 (4.135)

where the a-priori unknowns in the MEC-region, the magnetic scalar potentials
in the potential nodes, are collected.

Collecting the a-priori unknowns in a column vector, Xtot, results in a matrix
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equation given by

E1
b

E1
t

E2
b
...

Em-1
b

Em-1
MEC

EKCL

Em+1
MEC

Em+1
t

Em+2
b
...
EI

t


︸ ︷︷ ︸

Etot



Q1

Q2

...
Qm-1

Ψ

Qm+1

Qm+2

...
QI


︸ ︷︷ ︸

Xtot

=



Y 1
b

Y 1
t

Y 2
b
...

Y m-1
b

Y m-1
MEC

YKCL

Y m+1
MEC

Y m+1
t

Y m+2
b
...
Y I
t


︸ ︷︷ ︸

Ytot

(4.136)

where E represents the boundary condition for all combinations of harmon-
ics. i.e. sine-sine, sine-cosine, cosine-sine and cosine-cosine (including the DC-
values), according to Table 4.1 and Y is the solution vector. The solution
vector is the collection of all terms in the boundary conditions that are not
dependent on the a-priori unknown coefficients (i.e. the magnetization and
current density terms). Furthermore, subscripts b and t denote the bound-
ary conditions on the bottom and top, respectively, and I indicates the last
region considered in the domain. In the definition of the boundary conditions
in matrix format, E, trailing and/or leading zeros are used to ensure a connec-
tion of the equations to the proper set of coefficients. Furthermore, boundary
condition EMEC represents the continuity of the magnetic scalar potential at
the boundary plane of the MEC-region and EKCL represents the magnetic
equivalence of Kirchhoff’s current law in the MEC-region and is given by

Em
KCL =

 (4.109) for 1 ≤ k ≤ L

(4.70) for L+1 ≤ k ≤ K-L

(4.110) for K-L+1 ≤ k ≤ K

 (4.137)

where trailing and leading zeros are used to ensure the connection to the proper
unknown coefficients.

With all boundary conditions, a-priori unknown coefficients and the solution
vector given in the matrix format, the boundary value problem, obtained by
the division of the domain into regions, can be solved. To avoid problems
with solving the matrix equation, the coefficients that are a-priori known and



118 Chapter 4: Three-dimensional Hybrid Analytical Modeling

their governing equations should be removed from the set of equations. The
known coefficients are the Fourier coefficients given by the zero-flux boundary
condition, and the DC-DC Fourier coefficients (i.e. the Fourier coefficient with
nx = 0 & my = 0, in equation (4.134), this is the first coefficient of the vector)
are known to be zero.

After elimination of the known coefficients and their governing equations, the
matrix equation, given in equation (4.136), is solved by

Xtot = Etot\Ytot (4.138)

which is obtained using LU-decomposition [51]. With this, all coefficients are
found and throughout the full domain, the magnetic field behavior is obtained.

4.7 Modeling Results of 3-D HAM

To demonstrate the possibilities and verify the outcomes, the 3-D hybrid ana-
lytical modeling method as discussed in this chapter is applied on an electro-
magnetic example geometry. For the electromagnetic example, the magnetic
flux density is modeled and compared to 3-D Finite Element Analysis (FEA)
results.

4.7.1 3-D electromagnetic example

The chosen electromagnetic example consists of a pair of permanent magnets
with a magnetization in the positive and negative z-direction as shown in Fig-
ure 4.6. At a distance of 5 mm above the top of the permanent magnets,
a piece of high-permeable material is located. Since the high-permeable ma-
terial is finite in its dimensions, most of the modeling methods as compared
in Chapter 2 are not applicable. For instance, a model using solely the 3-D
Fourier modeling is non-suited, while extension of 3-D Fourier modeling with
mode-matching is not sufficient due to the assumed non-physical boundaries
located in the air. Therefore, the chosen topology represents an ideal geometry
to show the possibilities of the 3-D hybrid analytical modeling. The material
and geometrical properties for the example are given in Table 4.2.
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Figure 4.6: Geometry of the electromagnetic example.

Table 4.2: Geometrical and material parameters for the electromagnetic example geometry.

Parameter Value Description

xp 100 mm Width of the periodicity in the x-direction
xm1 19− 39 mm x-range of magnet 1 (magnetized in +z)
xm2 44− 64 mm x-range of magnet 2 (magnetized in −z)
xs 29− 54 mm x-range of the shield
yp 110 mm Width of the periodicity in the y-direction
ym1 38− 68 mm y-range of magnet 1 (magnetized in +z)
ym2 45− 75 mm y-range of magnet 2 (magnetized in −z)
ys 45− 68 mm y-range of the shield
zm1 0− 20 mm z-range of magnet 1 (magnetized in +z)
zm2 0− 20 mm z-range of magnet 2 (magnetized in −z)
zs 25− 30 mm z-range of the shield
Br ±1.4 T Remanence of the magnets
µr,m 1.05 Relative permeability of the magnets
µr,s 750 Relative permeability of the shield
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Figure 4.7: Division in regions of the electromagnetic example shown in Figure 4.6.

4.7.2 3-D HAM of the electromagnetic example

To model the electromagnetic example using 3-D hybrid analytical modeling,
the modeling steps as given in this chapter are followed. The first step is to
divide the geometry into regions. The resulting division of the geometry into
regions is given in Figure 4.7. Regions 1, 3 and 5 are regions of air, where
regions 1 and 5 continue until z = −∞ and z =∞, respectively. In region 2 the
permanent magnets are modeled, while region 4 is the MEC-region, where both
the high-permeable shielding plate and the air around the shield are considered.

The second step in the modeling process is to describe the magnetic field
sources. Since only permanent magnets magnetized in the z-direction are con-
sidered, all other source terms (i.e. Mx, My, Jx and Jy) are zero. Further-
more, by the alignment of the cuboidal permanent magnets with the axis of the
Cartesian coordinate system, the modeling process as given in Section 4.3.3 is
applied. For region 2, the Fourier description of the magnetization function in
the z-direction is given in Figure 4.8.

The MEC-regions are meshed (step 3) with a non-uniform meshing in the x-
and y-directions, where for region 4 an x× y× z-discretization with 20× 22× 7
elements is used.

Before solving the system, the boundary conditions are applied in the fourth
step. In the example, a zero-flux boundary condition is applied on the bottom
of region 1 and on the top of region 5. The continuity of the normal magnetic
flux density and the magnetic scalar potential condition is considered between
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Figure 4.8: Description of the magnetic field sources of the electromagnetic example with
Nx = 10 and My = 11.

regions 1-2 and 2-3. For the connection between regions 3-4 and 4-5, the boundary
conditions with the MEC-region are applied.

The final step is to solve the now obtained set of equations, and calculate
the magnetic field in the domain. With the obtained magnetic flux density,
calculation of the force on a part of the domain is possible by applying the
Maxwell stress tensor as discussed in Section 2.1.5.

4.7.3 3-D FEA of electromagnetic example

To compare the results obtained with the 3-D HAM, the electromagnetic ex-
ample is calculated using 3-D FEA as well. The FEA model, constructed in
FLUX3D [16], is equal to the 3-D HAM, concerning its periodicity, linearity
of the materials, geometrical sizes and strength of the sources. A difference
is found in the fact that in the FEA models, only a limited size of the model
in the z-direction is considered, however, the chosen size is large enough to
ensure that there is no influence visible. Furthermore, the permanent magnets
in the FEA model are modeled as they physically are, so only the permanent
magnets themselves are made of material with the permeability of the magnet,
while in the 3-D HAM model, the whole region (region 2) is modeled as per-
manent magnet material. Since the FEA model is only used for verification of
the magnetic field and not used in the design phase or during an optimization,
a high mesh-density is used in the FEA model to ensure that accurate results
are obtained.
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4.7.4 Comparison of modeling results

For the electromagnetic example, the magnetic flux density is extracted from
both the HAM and the FEA models on the x, y-plane at 1 mm above the
permanent magnets, z = 21 mm. The magnetic flux density in the z-direction
of the HAM is given in Figure 4.9(a), while the difference in Bz between HAM
and FEA is shown in Figure 4.9(b). From the figure is concluded that the
calculation of the magnetic flux density by the hybrid analytical modeling on
the shown plane is correct. The deviations found between the HAM and FEA
model reveal the effects of the harmonic description as is found by the repeating
discrepancy pattern on the sides of the permanent magnets and the overshoot
around the edges (i.e. the Gibbs phenomenom [40]). Due to the presence of
both harmonics (in the x- and the y-directions) in the exponential, it is not
possible to take the same amount of harmonics into account as is the 2-D HAM.
Furthermore, the magnetic flux density at the edges of the permanent magnets
might be wrongfully estimated by FEA, since the FEA is known to be prawn to
errors around the edges of material interfaces. The deviation between the HAM
and FEA models is within 10 % for the magnetic flux density in the z-direction.

To compare the discrepancy caused by the magnetic equivalent circuit part
of the hybrid analytical modeling, the magnetic flux density in the x, y-plane
centered in the shield plate, z = 27.5 mm is extracted from both the HAM and
FEA models. In Figure 4.10(a), the magnetic flux density in the x-direction
as obtained by the HAM is given, while Figure 4.10(b) shows the deviation
between the HAM and FEA models. Based on the figure, it can be concluded
that a good prediction of the magnetic flux density is obtained within the
shielding plate, while the magnetic flux density around the shielding plate is
predicted very accurately. Within the shielding plate, an amplitude discrepancy
of approximately 10 % is found. On the edges of the shield (especially the edge
with the lowest y-coordinate), a larger deviation is found due to the rapid
change of the material properties around these edges.

For a numerical comparison between the hybrid analytical model and the fi-
nite element analysis model, the forces on the shielding plate obtained by both
modeling methods are compared. In the 3-D HAM, the Maxwell stress ten-
sor equation (2.62) is applied on a box around the shielding plate. With taking
the sides of the box on the periodic boundaries and the top face at z =∞, only
the magnetic field on the bottom face of the box has to be calculated. This
significantly reduces the calculation time and ensures that all effects are taken
into account. Since the placement of the shielding plate results in zero force
in the x- and y-directions, only the force in the z-direction is compared. From
the FEA model, a force of Fz,FEA = −116.9 N is found, while the HAM gives
Fz,HAM = − 105.2 N, therefore, the deviation found between the models is
∆Fz ≈ 10 %. This deviation is larger than the 3 % deviation found in the 2-D
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(a)

(b)

Figure 4.9: Magnetic flux density in the z-direction in the electromagnetic example on
the x, y-plane between the magnets and the high-permeable material (at z = 21 mm), (a) as
calculated by the 3-D Hybrid Analytical Model (HAM) and (b) the difference between the
HAM and the Finite Element Analysis (FEA) model, ∆Bz = Bz,HAM −Bz,FEA.
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(a)

(b)

Figure 4.10: Magnetic flux density in the x-direction in the electromagnetic example on the
x, y-plane in the middle of the high-permeable material (at z = 27.5 mm), (a) as calculated
by the 3-D Hybrid Analytical Model (HAM) and (b) the difference between the HAM and
the Finite Element Analysis (FEA) model, ∆Bx = Bx,HAM −Bx,FEA.
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HAM, however, the number of harmonics taken into account is significantly
reduced as well.

The results from the 3-D hybrid analytical modeling method are obtained for
an harmonic meshing with Nx = 10 and My = 11. Inside the MEC-region, a
meshing of 20× 22× 7 elements is used. As can be seen, compared to the 2-D
HAM, the amount of MEC-elements and harmonics in each direction is signif-
icantly reduced. In total, however, NxMy = 110 harmonics are used, while the
total number of MEC-elements is also comparable in order size with the 2-D
HAM. The 3-D HAM with the given number of harmonics and elements results
in a calculation time, for meshing and solving, within 30 s for this implementa-
tion of the 3-D HAM, while the 3-D FEA model takes over one hour to mesh
and solve this situation. In the used implementation of the 3-D HAM model-
ing, mathematical considerations for a reduced calculation time are not taken
into account, therefore, the gain in calculation time can be further increased.

4.8 Discussion

In the previous section, it has been shown that the magnetic flux density dis-
tribution found with the proposed Hybrid 3-D model with respect to 3-D FEA
gives accurate results. In the proposed hybrid analytical modeling method, the
benefits of two analytical modeling methods are combined, i.e. 3-D Fourier
modeling and 3-D mesh-based magnetic equivalent circuit modeling. Both an-
alytical modeling methods have some drawbacks which are visible in the results
of the previous section.

The differences in the predicted magnetic flux density just above the perma-
nent magnets clearly reveas the harmonic description. The occuring deviations
are due to the description of a cuboidal-shaped magnetization function with
a number of harmonics. By increasing the amount of harmonics taken into
account, the harmonic description of the permanent magnets gets closer to the
required cuboidal shape. Furthermore, in the FEA results, only the permanent
magnets themselves are modeled using a non-unity relative permeability, while
in the 3-D HAM, the full permanent magnet region is modeled with a non-unity
permeability.

Since the hybrid analytical modeling method uses a mesh-based magnetic
equivalent circuit approach, the mesh-density is an important factor in the
HAM. As especially visible around the edges of the shield, as shown in Fig-
ure 4.10(b). On the edges of the shield, the magnetic permeability will change
rapidly. Due to the calculation of the magnetic flux in the MEC-region accord-
ing to equations (4.71-4.76), the changing permeability will be visible between
the two potential nodes located around the material edge. By decreasing the
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size of the MEC-elements around the edges of the materials, the deviation of
the magnetic flux density around these edges could be decreased, since the
potential nodes are located closer to the material boundary.

From computational point of view, the convergence of the 3-D HAM is an
important factor. The model combines a spatial meshing inside the MEC-region
with a spatial harmonic meshing in the Fourier regions. To keep all information
available within the Fourier regions inside the MEC-region, a proper meshing of
the MEC-region should be used. Using the principle of separation of variables,
the spatial meshing of the MEC-region in the x-direction is only linked to the
number of harmonics in the x-direction, and is independent of the number
of harmonics in the y-direction. In equivalence with the sampling theory, as
known from the digital processing [88], (also known as the Nyquist-Shannon
sampling theorem) should hold for the relation between the spatial mesh and
the spatial harmonic mesh. Although a non-uniform meshing in the MEC-
region is used in the x- and/or y-directions, on average, the sampling rate in
each direction should at least fulfill the Nyquist-Shannon sampling rate [74].
Therefore, the relation between the number of MEC-elements and the number
of harmonics is given by

Lx ≥ 2Nx (4.139)
Ly ≥ 2My (4.140)

where Nx and My are the total number of harmonics in the x- and y-direction,
respectively, while Lx and Ly depict the number of mesh elements of the MEC-
region in the x- and y-direction, respectively. To analyze the convergence of
the 3-D HAM, the force on the high-permeable material of the situation shown
in Figure 4.6 is calculated for a variation in the number of harmonics, while
taking the number of MEC-elements in accordance to the Nyquist-Shannon
criterium. The size of the periodicity in the x and y-direction is taken equal
(xp = yp = 100 mm), the number of harmonics in both directions is equal in
the variation as well, Nx = My, and the number of mesh elements in the z-
direction is fixed, Lz = 7. The force convergence is shown in Figure 4.11(a),
where the normalized difference in the calculated force is given according to

∆F̃p =
Fp −

>

Fp∣∣∣ >

F
∣∣∣ (4.141)

where F̃ is the force normalized to the final force value,
∣∣∣ >

F
∣∣∣ = 111 N, i.e. the

force calculated for the largest number of harmonics taken into account, and
where p is an arbitrary Cartesian direction, i.e. the x-, y- or z-direction, and
where |F | depicts the total force acting on the high-permeable material.

In the figure, a clear convergence of the forces is found and all forces are within
5 % of their final value when Nx = My ≥ 10. In Figure 4.11(b), the cor-



4.8: Discussion 127

(a) (b)

Figure 4.11: Force convergence on the high-permeable material of the situation shown
in Figure 4.6 for a variation in the number of harmonics. (a) The normalized force differ-
ence, according to equation (4.141), and (b) the corresponding calculation time.

responding calculation time on a logarithmic scale is shown, where a fourth
order behavior is visible between 2 ≤ Nx,My ≤ 16. Aside of this fourth order
calculation behavior, a significantly stronger increase of calculation times is
visible for more than 16 harmonics. This is due to the fact that from this point
on the Random Access Memory of the used computer is insufficient, resulting
in the process of swapping with the hard-drive of the computer. The swapping
process is very slow and can be prevented (or at least postponed) by using
an implementation that is more dedicated to working with sparse matrices.
Nonetheless, Figure 4.11(b) clearly reveals that including more harmonics has
a significant influence on the calculation time of the 3-D HAM.

As indicated above, the sparseness of the used equation matrix (Etot in equa-
tion (4.136)) is an important indicator for an optional decrease of calculation
time and memory usage [2, 69, 114, 116]. The sparseness of the matrix is en-
sured by the fact that the equations used in 3-D HAM only link the a-priori
unknowns between two adjacent Fourier regions, link the a-priori unknowns of
the MEC-elements in the bottom or top layer of the MEC-region with the un-
knowns in the adjacent Fourier region, or link an unknown in the MEC-region
with its neighbouring elements. In the equation matrix used for the exam-
ple shown in Figure 4.6 (modeled with Nx = 10,My = 11) only 5.2 % of the
elements in the matrix are non-zero.

Only linear materials are assumed in the shown formulation, this results in
a large magnetic flux density occurring inside the magnetic shield of Fig-
ure 4.10(a). The magnetic flux density values will most definitely cause sat-
uration inside the magnetic shield. Saturation effects are not included in the
modeling, however, based on an iterative process, for each MEC-element, the
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magnetic permeability of the material can be changed. Therefore, local satura-
tion effects can be included in the MEC-region of the HAM, while only global
saturation effects can be included in most other analytical modeling methods.

As previously indicated, the accuracy of the magnetic flux density results in-
creases when the number of harmonics taken into account is increased. How-
ever, due to the large difference in values in the Etot-matrix of equation (4.136),
which are caused by the positive and negative exponential values in the Fourier
modeling, an ill-conditioned matrix is obtained. Increasing the number of har-
monics might even cause singularity in the matrix. Therefore, singularity limits
the number of harmonics since the harmonic numbers nx and my are used in
the exponential terms. In future research and implementation, the condition-
ing of the matrix equations could be taken into account [82], which removes
the limiting factor on the number of harmonics.

An increase in the number of MEC-elements gives a more accurate solution,
however, increasing the mesh-density, in equality with FEA, will result in a
larger computational effort (also see Figure 4.11(b)). From computational
point of view, the proposed Hybrid Analytical Model is much faster compared
to FEA analysis, especially since only a part of the domain is meshed. A large
additional reduction of the computational efforts is possible in the Hybrid An-
alytical Method, since the currently used implementation is not optimized for
calculation time. For both the FEA and the HAM, a trade-off should be made
between the desired mesh-density and the resulting calculation times.

4.9 Summary and Conclusion

Based on a combination of 3-D Fourier modeling and a mesh-based 3-D mag-
netic equivalent circuit modeling, the magnetostatic field distribution is solved
in a generalized manner. This novel approach uses the benefits of the harmonic
modeling method for its analytical field equations (for instance in the airgap of
an actuator). By including the mesh-based magnetic equivalent circuit mod-
eling, the major drawback of the harmonic modeling method, the inability to
model materials smaller than the periodicity, is overcome. The resulting 3-D
hybrid analytical modeling technique is applicable to a large set of electro-
magnetic devices, since it is possible to include small pieces of high-permeable
material into the modeling. A broad class of linear and planar actuators can
be modeled with the 3-D hybrid analytical modeling method, furthermore, the
hybrid modeling concept is feasible for various types of tubular and rotating
machines after conversion to a cylindrical coordinate system.

In the 3-D hybrid analytical modeling process, the domain is divided into a
number of regions in the z-direction. Inside regions where only one material is
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assumed a harmonic description based on a double Fourier series in the xy-plane
is used. The regions where a non-uniform permeability is found in the xy-plane
are modeled using the mesh-based magnetic equivalent circuit modeling. Based
on a set of a-priori unknown coefficients, the magnetic field behavior inside each
region is given. By means of applying boundary conditions on the interfaces
between the regions (and at the end of the domain), the total set of unknowns
is solved.

The 3-D semi-analytical hybrid modeling technique is applied to an electromag-
netic example and the results are compared with 3-D finite element analysis.
A good agreement between the models is found and the found deviations and
modeling features are discussed. Since only small deviations are found between
the 3-D hybrid analytical model and finite element model, also for 3-D situa-
tions, the hybrid modeling technique is a promising modeling technique and is
a good alternative for the finite element analysis. In the final shielded dual-
stage planar actuator on which the modeling should be applied, the number of
meshed regions (i.e. the magnetic equivalent circuit regions) is limited to only
the shield. Therefore, the computational advantage of a 3-D hybrid analytical
modeling method compared to 3-D finite element analysis becomes even larger.

The full explanation of the 3-D hybrid analytical modeling method is published
in [107], where an additional example of a shielded single-sided linear perma-
nent magnet motor is shown, furthermore, the 3-D hybrid analytical modeling
concept was presented on the LDIA 2015 conference [105].
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Experimental Validation

Abstract
To validate the 3-D hybrid analytical modeling method discussed in this thesis,
measurements are performed. The measurements are compared to the values
predicted by the 3-D HAM and 3-D FEA for both the magnetic flux density
and the force. A discrepancy of less than 10 % is found, which shows that
the developed 3-D HAM can accurately predict both force and electromagnetic
field, which makes it a valid and faster alternative for 3-D FEA for the given
research problem.
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The 3-D Hybrid Analytical Modeling (HAM) method described in the previous
chapter gives accurate results compared to the 3-D Finite Element Analysis
(FEA) modeling for a simple geometry. To further validate the 3-D HAM, the
applicability of the 3-D HAM for a more complex electromagnetic situation is
demonstrated.

As was explained in the introduction, the research is initiated by ASML Nether-
lands BV.Within the ASMLmachine, a dual-stage positioning system is used to
obtain an accurate positioning. The secondary stage, the short-stroke stage, ex-
periences undesired electromagnetic forces originating from the magnetic fields
of the primary stage, i.e. the long-stroke stage. Due to the absence of a back-
iron on the moving side of the planar actuator in the primary stage, a large
magnetic stray-field is present. This magnetic stray-field can be significantly
reduced by applying a magnetic shielding plate between the two actuation
stages.

From electromagnetic point of view, a perfect decoupling of the stages would
occur if an infinitely sized shielding plate with a large thickness is located
between the stages. As can be imagined, this is not preferable from mechanical
point of view, since the weight of the shielding plate should be carried and
accelerated by the primary stage. Therefore, the shielding plate is a thin plate
with finite dimensions. Due to weight limitations and to supply the actuators
in the secondary stage, many holes are made in the shielding plate.

In this chapter the applicability of the 3-D HAM for complex magnetic shield-
ing geometries is analyzed. This is done using one of the shielding topologies
as designed by ASML. Furthermore, to show the accurateness of the hybrid an-
alytical modeling technique, a comparison with measurements on a test setup
developed by ASML is given. This setup represents a part of the ASML ma-
chine, and it is especially designed to measure the electromagnetic disturbance
forces on the moving parts of the secondary stage. The disturbance forces on
the moving part of the short-stroke z-actuator are measured for several com-
binations of the long-stroke and the shielding geometry. Aside of the global
shielding effects that are validated by the force measurements, the local shield-
ing effect and the assumptions of the modeling method are evaluated.

The first part of this chapter treats the experimental setup together with a
description of the individual parts within this setup. The second and third
sections of this chapter describes how the experimental setup is modeled with
the 3-D HAM modeling method and the 3-D FEA model, respectively. The
fourth section gives the actual verification of the 3-D HAM modeling, before
the conclusions on the verification are drawn.
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5.1 Topology for Experimental Validation

Within ASML, a special measurement setup has been developed to quantify
the disturbance forces in the dual-stage actuation system. In this measurement
setup, the magnet plate of the planar actuator can be moved underneath a force
frame. Inside the force-frame, the moving parts of the primary, i.e. long-stroke
stage of the dual-stage positioning system are located. This means that the
long-stroke forcers of the planar actuator are placed inside the force-frame.
The force-frame is designed to absorb the forces of the long-stroke forcers, and
therewith, prevents displacement in the setup. Additional to the long-stroke
forcers, the force-frame carries the shielding plate and, on the upper-rim of the
force-frame, the measurement tools are placed.

The placement of the measurement tools is such that the relative position be-
tween the force-frame and the measurement position is fixed. Therewith, the
measurement position with respect to the center of the coordinate system is
known, and from a modeling point of view an exact position is determined.
In the measurement setup, different combinations of components used in the
ASML positioning system can be placed. For this research, the electromag-
netic disturbance force between the long-stroke stage and the mover of the
short-stroke stage is required for a thorough analysis. The electromagnetic
topology of the total measurement setup is comparable to the topology shown
in Figure 1.2, however, in the measurements only one corner (the top-right
corner of Figure 1.2(b)) is considered. The chosen origin of the coordinate
system is located at a reference point in the measurement setup. Each individ-
ual component of the used measurement setup is discussed separately in this
section.

5.1.1 Magnet plate

In the measurement setup, a large magnet plate is used in the primary stage
of the positioning system. The magnet plate consists of permanent magnets in
a planar (quasi) Halbach configuration. The planar Halbach array is rotated
under an angle of 45 degrees with respect to the coordinate system. On the
magnet plate, a North-North pole-pitch of τNN = 84 mm is present in the x-
and y-directions. The planar Halbach array is constructed from two types
of cuboidal-shaped magnets: z-oriented permanent magnets and tangential
magnets. The z-oriented permanent magnets take approximately three quarters
of the diagonal pole-pitch and have a height to width ratio of 3:4, while the
tangential magnets occupy the other quarter of the diagonal pole-pitch, and are
magnetized parallel to the short side of the magnet. Underneath the permanent
magnet Halbach array, a back-iron is present. This back-iron is 16.3 mm thick,
has a relative permeability of µr,bi ≈ 750, and spans the full magnet plate in
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the x- and y-directions. The magnet plate used in the measurement setup is
15τNN×12τNN, therefore, the magnet plate can be positioned such that there are
no edge-effects from the magnet plate visible in the measurements. The top
of the magnet plate is located at z = −130.4 mm. An illustration of part of
the magnet plate is given in Figure 5.1, where a 3-D view and a top view are
shown.

5.1.2 Long-stroke forcer

In the measurement setup, the active part of the primary positioning stage
is the long-stroke forcer. This long-stroke forcer consists of a star-connected
coil triplet. Each of the coils is wound with nturns = 240 turns of aluminum
foil. Physically, the race-track shaped coils are displaced with a coil-pitch,
τc = 2

3τNN mm in the x-direction, while an electrical offset of 120 degrees is
used. The height of the coils is hcoil = 13 mm, while the center of the coil in the
middle is located at xc,c = 97 mm, yc,c = 142.5 mm and zc,c = −119.19 mm with
respect to the origin of the modeling coordinate system. The straight sections of
the coil triplet are along the y-direction, resulting in the possibility to produce
a force in the x- and z-directions. Finally, it is assumed that for a positive
current density, the current is flowing in the counter-clockwise direction inside
a coil (as seen from the top)∗. The current density in each coil is calculated
according to

JR =
−Înturns
wbundlehcoil

sin (θ) (5.1)

JS =
−Înturns
wbundlehcoil

sin

(
θ +

2π

3

)
(5.2)

JT =
−Înturns
wbundlehcoil

sin

(
θ − 2π

3

)
(5.3)

with JR, JS and JT , the current density in coils R, S and T, respectively, Î the
terminal current of the coil triplet, wbundle is the bundle width, and where θ is
the phase angle of the currents in the coil triplet.

The coil triplet (where the arrows indicate a positive current density in the
coils) is shown in Figure 5.2, where a 3-D view and a top view are shown.
∗If the current density JR, JS or JT is positive, the current is flowing in the direction as

is indicated by the arrows in the figure.
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(a)

(b)

Figure 5.1: Permanent magnet Halbach array used in the measurement setup, (a) the 3-D
view, and (b) the top view.
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(a)

(b)

Figure 5.2: Coil triplet used in the measurement setup, (a) the 3-D view, and (b) the top
view. The arrows in the coils indicate the direction of the current-flow for a positive current
density.
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(a) (b)

Figure 5.3: Modeled quarter of the solid shielding plate ("full shield"), with the bolt holes.
(a) The 3-D view, and (b) the top view.

5.1.3 Shielding plates

In the measurement setup, a magnetic shielding plate is used to reduce the
magnetic stray fields from the long-stroke forcers and the magnet plate. Due
to the weight limitations and cable entries, a number of holes is present in
the shielding plate. Therewith, the shielding plate becomes significantly more
difficult to model. For the measurements within this thesis, three different
shielding plates (also referred to as shields) are used. The geometrical center
of the shields is always coinciding with the origin of the modeling coordinate
system with an offset of zc,sh = − 79 mm, while the shields are assumed to
have a linear, constant relative permeability of µr,s = 1300. The BH-curve of
the used shielding material is measured and shown in Appendix B.

Full shield

The first shield is a solid square shield of 1 mm thick and a width of 4τNN mm. In
this shield only small holes for the bolts are present, of which their influence can
be neglected from electromagnetic point of view. Although the measurements
are performed with the full 4τNN mm shielding plate, only a quarter of the
shielding plate is present within the considered domain for the measurements.
For the full shield, this results in a shielding plate of 2τNN × 2τNN mm starting
underneath the center of the coordinate system in the models. The used quarter
of the "full shield" is illustrated in Figure 5.3.
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Figure 5.4: Shielding plate with the square holes as used in the measurements.

Square-hole shield

Besides the full shield, a second one with square holes is considered, i.e. the
"square-hole shield". Although in the ideal case, the actual shielding plate
should be modeled, the 3-D HAM modeling method is, due to the chosen
meshing algorithms as explained in Section 4.4, only capable of approaching
a non-square hole by assuming a square or by discretizing the hole edge into
a number of squares. Using this discretization results in a large amount of
MEC-elements in the modeling, and therewith, significantly increases the com-
putational burden, which is undesired. By replacing the non-square shaped
holes of the shielding plate with square shaped holes, the square-hole shield
shown in Figure 5.4 is obtained.

Also for the square-hole shield, the measurements are performed with the whole
shieling plate while only a quarter of the shielding plate is located in the consid-
ered measurement domain. For this square-hole shield, the top right corner of
the shielding plate is used, where the center of the large hole is aligned with the
origin of the modeling coordinate system. The modeled part of the square-hole
shielding plate is shown in Figure 5.5.
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(a)

(b)

Figure 5.5: Top-right quarter of the shielding plate with the square holes, as used in the
models. (a) The 3-D view, and (b) the top view.
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Figure 5.6: Shielding plate with the real holes as used in the measurements.

Round-hole shield

The third shield used in the measurements is the actual shielding plate, i.e.
the round-hole shield, which is shown in Figure 5.6. From this shielding plate,
the square-hole shield is derived, and again only the top-right quarter of the
shielding plate is assumed for the modeling. In the model, the holes that are not
round, are approximated by multiple round holes to obtain an easier description
of the shielding plate. The shielding plate, as it is used in the models, is given
in Figure 5.7.

5.1.4 Short-stroke actuator

The final electromagnetic part of the measurement setup is the short-stroke
actuator. This actuator is a voice-coil actuator with an additional bias force to
compensate for the mass that has to be carried by the actuator. The topology
of the short-stroke actuator is given in Figure 5.8, and its geometrical center is
located at xc,ss = 126 mm, yc,ss = 126 mm. From this actuator, only the per-
manent magnets in the system are modeled. The mover magnets are connected
to the wafer table, holding the wafer, therefore, it is most important to evalu-
ate the electromagnetic disturbance forces on the short-stroke mover magnet.
Furthermore, the coil in the short-stroke actuator should compensate for the
undesired forces as experienced by the wafer table. Therefore, the current in
the short-stroke coil is a function of the disturbance forces. Since the goal is
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(a)

(b)

Figure 5.7: Top-right quarter of the approximation of the real shielding plate with the round
holes, as used in the models. (a) The 3-D view, and (b) the top view.
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Figure 5.8: Short-stroke actuator used in the measurements.

to model the disturbance forces, the current in the coil is not included in the
model and measurements.

The short-stroke actuator consists of a concentric cylindrical stator and mover
part. The eight uniformly magnetized stator magnets, also called bias magnets,
are approximating a cylindrical magnet with an inwards radial magnetization.
The inner radius and outer radius of the NdFeB bias magnets are given by
rb,in = 15.9 mm and rb,out = 21.25 mm, respectively, and have a remanence of
Br,b = 1.35 T and a relative permeability of µr,b = 1.03.

The mover of the short-stroke actuator consists of two hollow cylindrical mag-
nets that are magnetized in the positive z-direction, with a gap of δm = 1.4 mm
between these magnets. Both of these NdFeB-magnets have an inner and outer
radius of rm,in = 3 mm and rm,out = 9.75 mm, respectively. These permanent
magnets have a remanent flux density of Br,m = 1.28 T and a relative perme-
ability of µr,m = 1.03.

Around the full short-stroke actuator a cylindrical shell of high-permeable ma-
terial is located as is illustrated in Figure 5.8 (although only three-quarters of
it is shown). This cylindrical shell is called the "radial shield" and is mainly
applied to reduce the influence of the other actuators in the short-stroke stage.

Since the force on the mover of the short-stroke actuator is measured, the force
cell is attached to the mover, while the stator part is fixed within the force-
frame. For an accurate prediction of the forces present in this situation, the
measurements are performed both with and without the bias magnet ring.
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5.1.5 Measurement equipment

As previously indicated, two types of measurements are performed, namely,
magnetic flux density measurements and force measurements. For the mag-
netic flux density measurement on the coil-triplet, a Metrolab three-axis Hall
Magnetometer is used of the type: THM1176-HF [79]. Using a zero Gauss
chamber, the DC-offset in the probe is removed. Using a grid plate, an ac-
curate positioning of the probe is guaranteed with respect to the coordinate
system, while the shape of the holes in the grid plate ensure a proper alignment
of the probe’s axis. This magnetic flux density probe has an accuracy of 1 % of
the measurement range, which corresponds to ±1 mT in these measurements
with a data-conversion resolution of 0.3 mT. Accordingly, a significant noise
level of ±1 mT is experienced, which is quite high for an accurate modeling of
the magnetic field. However, this is sufficient to identify the tendencies in the
magnetic flux density for the unshielded system, which is generally at the order
of ±10 mT.

For the magnetic flux density measurements above the magnet plate, a three-
axes Lake Shore Model 460 Gaussmeter MMZ-2508-UH [65] is used. This
magnetic flux density probe has an accuracy of 75µT within used measurement
range.

For the force measurement, an ATI-Nano17 11441 titanium 6-DoF load cell is
used [4]. Using the measurement tooling, an accurate positioning of the load
cell is ensured. The decoupling of the measured force components is performed
by an ATI NetBox, which is an inline signal processing box. Since the load
cell is primarily made of titanium, no influence of the load cell is expected
on the predicted magnetic fields. The load cell has an accuracy of 1 % of the
measurement range and a resolution of 12.5 mN. By using an floating average
in the measurements, a significant amount of measurement noise is reduced
before the post-processing. The only remaining concern using the ATI load cell
is the sensor drift that is present in the measurements. To analyze this drift, a
measurement has been performed. From this measurement it was found that
the sensor drift can be assumed linear in time. Therefore, the sensor drift is
compensated by remeasuring the first situation at the end of a measurement
sequence. Since the same situation is measured twice, the results should be
equal. Therefore, the difference between these two values is assumed to be
caused by the drift in the sensor.
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(a) (b)

Figure 5.9: Full measurement situation with the permanent magnet array, coil triplet,
shielding plate (with square holes) and the short-stroke actuator, (a) the 3-D view, and (b)
the top view.

5.2 3-D Hybrid Analytical Model of Measure-
ment Situation

With the parts of the measurement setup as discussed in the previous section,
the full measurement setup is given. In this section, the full measurement
setup is modeled according to the process described in Chapter 4. For the
measurements, a periodicity in the modeling is chosen according to

xp = 3τNN = 252 mm (5.4)
yp = 3τNN = 252 mm (5.5)

where τNN is the North-North pole-pitch of the permanent magnet array. This
choice of the periodicity is the smallest possible periodicity where the full long-
stroke forcer is within the periodic boundaries. In Section 5.4.1, the choice
of the periodicity is further analyzed to validate that the full influence of the
coil triplet is taken into account, while the influence of the adjacent periods is
limited by the chosen periodicity.

With the total combined geometry as given in Figure 5.9, the first step in the
modeling is to divide the geometry into regions. As explained in the hybrid
analytical modeling for 3-D cases, the division in regions is performed based
on a changing material property or the presence of a source in the z-direction.
Therefore, the obtained regions for the complete measurement situation are
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Figure 5.10: Division in regions for the full measurement situation as illustrated in Fig-
ure 5.9.

illustrated in Figure 5.10, where a total of 14 regions are used. Regions 1, 4, 6,
8 and 14 contain air, where regions 1 and 14 are limited by z = −∞ and z =∞,
respectively. Region 2 contains the back-iron of the magnet plate, while region
3 models the permanent magnet Halbach array by its magnetization function in
all three Cartesian directions. In region 5, a current density distribution is used
to model the coil-triplet, while regions 9-13 are representing the short-stroke
actuator. Region 7 is the shielding region, which is modeled using a MEC-
region. In all Fourier regions, a harmonic description of Nx = 12 ×My = 12
harmonics is used. For the MEC-region, a non-uniform discretization of at
least Lx×Ly×Lz = 24×24×5 MEC-elements is used. However, for the more
complex shielding geometries, more MEC-elements are required to include all
holes in the magnetic shield.

By the division in regions, a boundary value problem is formulated. This
can by solved by applying the correct boundary conditions. For the bottom
of region 1 and the top of region 14, the zero-flux boundary conditions are
applied, as they are given in equations (4.124) and (4.125), respectively. For
the boundaries between regions 1-2, 2-3, 3-4, 4-5, 5-6, 8-9, 9-10, 10-11, 11-12, 12-13
and 13-14 the continuity of the magnetic flux density, equations (4.93-4.92),
and the continuity of the magnetic scalar potential, equations (4.104-4.103),
are applied. On the boundary between regions 6-7 and 7-8, the continuity of
the magnetic scalar potential equations (4.113-4.116) and equations (4.117-
4.120), respectively, and the continuity of the magnetic flux density is described
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by equation (4.109) and (4.109), respectively, are used.

By solving the set of boundary conditions as given above, and applying the gen-
eral description of the magnetic flux density inside the Fourier regions and the
MEC-regions, see equations (4.34-4.48) and equations (4.83-4.85), respectively,
the magnetic flux density within the full domain is formulated. By extracting
the modeled values of the magnetic flux density on the same location as in the
measurements, a direct comparison of the magnetic flux density is obtained.

In the measurements without the bias magnets, the forces can be easily obtained
by calculating the Maxwell stress tensor (see Section 2.1.5) on a cuboidal box
around the short-stroke mover magnets (as is used in Section 4.7). In the
situation where the bias magnet is present, a different approach for the force
calculations is required. Using the Maxwell stress tensor on the same box,
the force on the short-stroke mover and stator together is calculated, while
the measurements only concern the short-stroke mover. Therefore, the charge-
based Lorentz force, equation (2.53), is used. The magnetic flux density of the
top and bottom surfaces of permanent magnets is calculated and multiplied by
the magnetic equivalent charge on these locations. To have a uniformity in the
force calculations throughout the experimental validation, the force from 3-D
HAM on the short-stroke mover magnet in all situations is calculated with the
charge-based Lorentz force.

5.3 3-D Finite Element Analysis of Measure-
ment Situation

To verify whether the deviations between the measurements and the 3-D HAM
are caused by the assumptions made in the modeling and to validate the ap-
plicability of the modeling for complex shielding geometries, the situation is
modeled with 3-D Finite Element Analysis (FEA) as well. For the modeling,
Cedrat’s FLUX3D [16] is used. In the FEA modeling, the same periodicity as
in 3-D HAM, xp = 3τNN = 252 mm and yp = 3τNN = 252 mm, is assumed.
Geometrically seen, the same situation as the test-setup is modeled, for which
the parameters and geometrical data is given in Appendix B.

Besides of the modeling method itself, the only difference between the 3-D HAM
and the 3-D FEA models is the bounding box of the models. In the 3-D HAM
model, the first and last region are modeled with their boundaries at z = −∞
and z = ∞, respectively, while the 3-D FEA model has a finite bounding box
in the z-direction. The bounding box in the 3-D FEA model is chosen based on
a compromise between the influence of the box and the computational efforts.
Choosing a larger bounding box will reduce its influence, however, the added
space by increasing the bounding box should be meshed as well. Therefore, a
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trade-off between the influence and the computational efforts should be made.
Furthermore, the application of the bounding box compresses the magnetic
fields within this volume, resulting in a different magnetic field behavior. This
changed magnetic field distribution might result in erroneous results for the
force calculations.

Since the FEA model is only used for verification of the HAM results, a dense
meshing is used to ensure that all electromagnetic effects are correctly predicted
by the FEA model. As a rule of thumb, the meshing inside the shielding plate
is made with at least two mesh-elements in the thickness. Furthermore, the
meshing is constructed such that the mesh-density increases with an increase in
the gradient of the magnetic field. Inside the air, the mesh-elements gradually
grow as their distance to the magnetic field source or the shield is increased.
Throughout the full domain, second order mesh-elements are used.

The obtained meshing, unfortunately, results in a long calculation time. There-
fore, the currently used models are not suited for a direct comparison of the
calculation times or for use in an optimization algorithm. However, the mesh-
ing does ensure that, aside of the influence of the bounding box, the obtained
magnetic flux density and force are representative in the modeled situations.

Besides of the assumed linear permeability of the magnetic shield, the 3-D FEA
is used to calculate using the non-linear material properties. This allows for a
validation, whether the assumption of the linearity of the shielding permeability
is representative.

5.4 Comparison of Measurements and Models

For verification of the 3-D hybrid analytical modeling method as discussed in
this thesis, the results of the measurements, 3-D HAM and 3-D FEA models are
compared. During some initial measurements, the alignment of the flux density
probe and the force cell were verified. Furthermore, the drift and sensor-offset of
both sensors were checked, and are compensated for in the shown measurement
results.

This section compares the results of the modeling methods and the measure-
ments to answer the research questions posed in Section 1.2. At first, the
applicability of the 3-D HAM to the measurement setup is validated by verifi-
cation of the modeling assumptions. Secondly, the magnetic flux density above
the shielding plate is measured to qualify whether the 3-D HAM is capable of
including the local effects (close to the shield) of the shielding on the magnetic
field. Thirdly, the predictability of the disturbance forces by 3-D HAM is quan-
tified, i.e. a global effect of the shielding influence, and finally, a comparison of
the calculation times between 3-D HAM and 3-D FEA is given.
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5.4.1 Verification of modeling assumptions

In the conversion from the actual measurement setup towards the 3-D HAM
a number of assumptions is made. The two most important assumptions are
investigated in more detail. The choice of the periodicity and the assumption of
linear magnetic material properties are expected to be the major contributors
to the differences between the actual measurement setup and the 3-D HAM.

Choice of periodicity

For the 3-D HAM, an even periodicity is chosen in the modeling. This even pe-
riodicity is a necessity for the presented modeling technique, however, the width
of the periodicity has to be chosen based on the application. Since the magnet
pitch of the magnet plate is given by τNN it is logic to chose the periodicity in the
model as a multiple of the magnet pitch. To reduce the computational efforts
in the 3-D HAM modeling, large sizes of the periodicity should be avoided.
To obtain the same spacial resolution, the number of harmonics scales linear
with the size of the periodicity. However, by choosing a small periodicity, the
influence of the adjacent periods becomes more significant.

Concerning the magnet plate in the measurement setup, any multiple of the
magnet pitch can be chosen. However, for the coil triplet and shielding plates,
the size of the periodicity is non-arbitrary. The used coil triplet, see Figure 5.2,
and the full shielding plate are shown in Figure 5.11 as they are located in the
measured situation. From the figure, it is clear that the presented part of
the measurement setup is an unbounded problem. The absence of any form of
periodicity makes it difficult to chose an periodicity for the 3-D HAM modeling.
To include the full geometry of the coil-triplet in the modeling, the size of the
periodicity should be at least 3τNN as can be seen in Figure 5.12(a). With this
choice of periodicity, the geometrical features of the coil triplet are completely
incorporated. However, in the unbounded measurement situation, the magnetic
field originating from the coil-triplet is present outside this periodicity as well.

To investigate the influence of the modeled periodicity, measurements of the
magnetic flux density are performed for a sinusoidal excitation of the coil triplet
with a current amplitude of Î = 30 A at the terminals of the coil tripet. The
magnetic flux density measurements are performed using a grid plate with a
spacing of 21 mm in the x- and y-directions, while the z-coordinate in the
measurements is fixed at zprobe = −67.7 mm. Furthermore, the usage of the
grid plate ensures a correct orientation of the flux density probe. The influence
of the choice of periodicity is investigated for the unshielded excitation of the
coil-triplet and for the coil-triplet with the full shield.
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Figure 5.11: Illustration of the actual measurement setup in 3-D with the long-stroke coil
triplet and the full shield.

Unshielded flux density of the coil triplet
The unshielded flux density measurements on the coil triplet (on the locations
as indicated in Figure 5.12) are compared with the (periodic) 3-D HAM model
of the same situation. With the increase of the periodicity of the 3-D HAM,
additional air is assumed next to the coil triplet.

In Figure 5.13, the amplitude of the sinusoidal magnetic flux density due to the
current excitation is given. The figure gives the measurement results together
with the results of the 3-D HAM model for different sizes of the periodic-
ity, i.e. xp = yp = 3τNN, xp = yp = 4τNN and xp = yp = 5τNN. The 3-D
HAM results are obtained with 4 harmonics per magnet pole-pitch, therefore,
Nx,3τNN = My,3τNN = 12, Nx,4τNN = My,4τNN = 16 and Nx,5τNN = My,5τNN = 20.

In Figure 5.13(a), which shows the amplitude of the magnetic flux density in
the x-direction, it is clearly visible that the periodicity influences the magnetic
flux density when comparing the different sizes of the periodicity. The result
of the 3-D HAM with 3τNN periodicity, clearly shows the incorrectly predicted
behavior of the flux density between 0 ≤ x ≤ 0.5τNN and 2τNN ≤ x ≤ 3τNN. For
both the 4τNN and 5τNN models, the magnetic flux density results are predicted
sufficiently accurate (≤ 10 % deviation) compared to the measurements. For
0 ≤ x ≤ 2.5τNN, no deviation between the 4τNN and 5τNN models is visible.

In Figure 5.13(b), which shows the amplitude of By, a more significant devi-
ation between the models and the measurements is visible. Due to the small
amplitude of the magnetic flux density, the measured values are in the range
of the measurement noise of the used probe, i.e. ±1 mT. Therefore, it is likely
that a large part of the visible deviations between the measurements and the
models are caused by the measurement noise. For the 3τNN model, an amplitude
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(a) (b) (c)

Figure 5.12: Top view of the 3-D HAM models for the unshielded coil triplet for a peri-
odicity of (a) xp = yp = 3τNN, (b) xp = yp = 4τNN and (c) xp = yp = 5τNN. The markers
indicate the locations of the flux density probe in the measurements.

offset is visible compared to the 4τNN and 5τNN models. For 0 ≤ x ≤ 3τNN, the
4τNN and 5τNN models are in good agreement with each other.

In Figure 5.13(c), which shows the amplitude of the magnetic flux density in
the z-direction, a significant deviation of the 3τNN model is visible compared
with the other two 3-D HAM models, especially around 2.5τNN ≤ x ≤ 3τNN.
The 4τNN and 5τNN models are in good agreement with each other over the
full modeled part. For the magnetic flux density in the z-direction, all three
3-D HAM models are in sufficient agreement with the measurements (≤ 10 %
deviation).

For the three 3-D HAM models, the peak deviation with the measurements is
given in Table 5.1, where the peak deviation, ∆̂ |Bp|, is calculated according to

∆̂ |Bp| = max (|Bp,HAM | − |Bp,MEAS |) (5.6)

where p represents one of the Cartesian directions, and the subscripts HAM
and MEAS depict, hybrid analytical model and measurements, respectively. In
the table, the calculation times, tcalc, of the 3-D HAM models are given for a
comparison as well.

From both the summary of the differences and Figure 5.13 is concluded that
the extension from a 4τNN to a 5τNN does not significantly improve the mag-
netic flux density results. The 4τNN to a 5τNN models are in good agreement
with each other for the three Cartesian directions for the measured positions.
Since the calculation times for these models (without a shielding plate) are
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(a)

(b)

(c)

Figure 5.13: Amplitude of the magnetic flux density for a variation of the current phase
in the (unshielded) long-stroke coil triplet at y = 130 mm, z = −67.7 mm (see Figure 5.12
for the situation). The flux density of the measurements (Meas) and the 3-D HAM with a
periodicity of 3τNN, 4τNN and 5τNN are given in the x-, y- and z-direction in (a), (b) and (c),
respectively.
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Table 5.1: Peak deviation of the magnetic flux density between the 3-D HAM model and
the measurements (see equation (5.6)) and the 3-D HAM model parameters.

Situation
xp, yp Nx, My MEC-elements ∆̂ |Bp| mT tcalc

[mm] [−] x× y × z p = x p = y p = z [s]

Coils
3τNN 12 - 2.5 0.6 2.0 1.15
4τNN 16 - 1.2 0.6 1.8 2.30
5τNN 20 - 1.2 0.6 1.8 6.41

Coils+full shield
3τNN 12 24× 24× 5 1.9 0.4 2.1 24
4τNN 16 32× 32× 5 1.2 0.4 1.7 66
5τNN 20 40× 40× 5 1.0 0.4 1.7 164

not significantly increased, it would be possible to use a 5τNN periodicity in the
model, although it barely improves the model accuracy. Furthermore, it can
be concluded from the figure that all three the 3-D HAM models are signifi-
cantly accurate for the range τNN ≤ x ≤ 2τNN. Therefore, if the sole interest
is the magnetic flux density in this area, a model with a periodicity of 3τNN is
sufficient.

Flux density of the coil triplet with the full shield

With applying a shielding plate, in this case the full shield, the problem of
modeling the exact measured situation using the (periodic) 3-D HAM is a
more cumbersome. A simple addition of air adjacent to the coil triplet and the
shield is not arbitrary. As can clearly be seen in Figure 5.11, the shielding plate
does repeat. Therefore, the choice of the size of the periodicity also influences
the shielding behavior. Again, the smallest size of the periodicity is xp = yp =
3τNN mm. With this chosen periodicity, exactly a quarter of the shielding plate
is taken into account. By increasing the size of the periodicity in the model,
a situation closer to the actual measurement situation is created. Therefore,
the size of the shielding plate changes with the increase of the periodicity as
is visible in Figure 5.14. The center of the modeled periodicity is chosen at
the same location (centered underneath the short-stroke actuator), therefore, a
section of air (on the positive side) and a section of the shield (on the negative
side) are added for an increase in periodicity. The applied models for the
xp = yp = 3τNN, xp = yp = 4τNN and xp = yp = 5τNN are shown in
Figure 5.14.

In Figure 5.15, the amplitude of the sinusoidal magnetic flux density due to
the current excitation in the coil triplet with the full shield is given. The figure
gives the measurement results together with the results of the 3-D HAM model
for different sizes of the periodicity, i.e. xp = yp = 3τNN, xp = yp = 4τNN and
xp = yp = 5τNN as illustrated in Figure 5.14. The 3-D HAM results are obtained
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(a) (b) (c)

Figure 5.14: Top view of the 3-D HAM models for the coil triplet with the full shield for a
periodicity of (a) xp = yp = 3τNN, (b) xp = yp = 4τNN and (c) xp = yp = 5τNN. The markers
indicate the location of the magnetic flux density measurement points.

with 4 harmonics per magnet pole-pitch, therefore, Nx,3τNN = My,3τNN = 12,
Nx,4τNN = My,4τNN = 16 and Nx,5τNN = My,5τNN = 20 while the number of
MEC-elements in the x- and y-direction is equal to 2Nx.

In Figure 5.15(a), which shows the amplitude of the magnetic flux density in
the x-direction, it is clearly visible that the presence of the even periodicity
influences the magnetic flux density significantly when comparing the differ-
ent sizes of the periodicity. The flux density predictions of 3τNN are clearly
different compared to the measurements between 0 ≤ x ≤ 0.5τNN. The influ-
ence of the periodic coupling, where the magnetic field for 2.5τNN ≤ x ≤ 3τNN
is attracted towards the shield section at the beginning of the periodicity, is
clearly present. A similar effect is visible for both the 4τNN and 5τNN models,
however, the influence is significantly reduced compared to the 3τNN model. For
the τNN ≤ x ≤ 2τNN, all three models are in reasonable agreement with each
other (≤ 6 % discrepancy) while the 5τNN model reveals a higher-order behav-
ior. Based on the measurements, none of the models is correctly predicting
the magnetic field at 0.5τNN ≤ x ≤ τNN. This might be caused by a difference
in the assumed linear permeability of the shielding plate, or is caused by the
non-linearity of the shield due to saturation of the shielding plate. The possi-
ble saturation of the magnetic shield is elaborated on in the next part of this
section.

For the amplitude of the magnetic flux density in the y-direction, shown in Fig-
ure 5.15(b), the behavior of flux density obtained from the measurements and
the 3-D HAM model is clearly different. As previously indicated, the amplitude
of the y-component of the magnetic flux density is significantly smaller than
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(a)

(b)

(c)

Figure 5.15: Amplitude of the magnetic flux density for a variation of the current phase
in the long-stroke coil triplet at y = 130 mm, z = −67.7 mm with the full shield present (as is
indicated in Figure 5.14). The flux density of the measurements (Meas) and the 3-D HAM
with a periodicity of 3τNN, 4τNN and 5τNN are given in the x-, y- and z-direction in (a), (b)
and (c), respectively.
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the x- and z-components, respectively, and the amplitude of By becomes very
close to the noise level of the sensor.

The results of the magnetic flux density in the z-direction are shown in Fig-
ure 5.15(c). The periodic dependency of the models is clearly visible for the
3τNN and 4τNN models. In correspondence with the measurements, the mag-
netic flux density above the shielding plate (for 0 ≤ x ≤ 2τNN) is significantly
reduced compared to the peak of the flux density occurring aside the shield
(at x ≈ 2.25τNN). For τNN ≤ x ≤ 2τNN, all three models are in good agreement,
both with each other, and with the measurements (≤ 10 % deviation). The 3-D
HAM modeling parameters and the peak deviations between the 3-D HAM and
the measurements, ∆̂ |Bp|, are listed in Table 5.1.

From the magnetic flux density results shown in Figure 5.15 and the deviations
given in Table 5.1 is concluded that the extension from a 4τNN to a 5τNN does
not significantly contribute to the magnetic flux density results. Since the
calculation times for these models (due to the presence of the shielding plate)
are significantly higher for an increase of the periodicity, it is advised to keep
the size of the periodicity limited. Furthermore, it can be concluded from the
figure that all three the 3-D HAM models, i.e. the 3τNN, 4τNN and 5τNN models,
are reasonably accurate for the range τNN ≤ x ≤ 2τNN (≤ 10 % discrepancy).
Therefore, if the sole interest is the magnetic flux density in this part of the
situation, a model with a periodicity of 3τNN is sufficient.

Linear permeability assumption

The second important modeling assumption is the choice of a linear perme-
able material. With this assumption, the non-linear material properties, such
as saturation, are neglected. The effect of magnetic shielding is significantly
reduced if saturation of the magnetic shielding plate occurs. Therefore, it is im-
portant to know whether the material might saturate during normal operation.
Although the assumption of linear material seems legit during the design, more
deviation between measurements and the 3-D HAM model becomes visible if
saturation occurs.

To verify whether saturation is a significant contributor to the deviations be-
tween the measurement and the models, the magnetic flux density inside the full
shielding plate, as calculated by the linear 3-D HAM model for the worst-case
scenario, i.e. the situation with the largest amount of magnetic sources present,
is shown in Figure 5.16. The magnet plate and the complete short-stroke ac-
tuator are present while the coil triplet is excited with a current of Î = 30 A at
θ = 0 ◦. The modeled situation is shown in Figure 5.16(a). From the figure it
is clear that the magnetic flux density in parts of the shield, Figure 5.16(b), is
significantly higher (> 2 T) than the saturation level of the magnetic shielding
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(a) (b)

Figure 5.16: Full modeling situation to show the saturation in the shield. (a) The situation,
and (b) the obtained magnetic flux density inside the shield.

material ≈ 1.6 T (see Figure B.1). Therefore, it is likely that the magnetic
shielding plate is saturated and that this saturation influences the magnetic
field results in the measurements. Since the saturation only occurs locally, the
influence of the saturation on the measured forces is difficult to predict. With
the current implementation of 3-D HAM, it is not yet possible to incorporate
the saturation phenomenon. Therefore, for situations where saturation occurs,
a non-linear 3-D FEA model is used to quantify the saturation effects.

5.4.2 Magnetic flux density measurements

The second step in the verification of the 3-D HAM is to check its ability to
predict the magnetic flux density in a shielded situation. The goal for these
measurements is to qualitatively evaluate whether the 3-D HAM is capable to
predict the local influences of the holes in the shielding on the magnetic flux
density. The measurements are performed on a different measurement setup as
discussed in Section 5.1. The setup for the magnetic flux density measurements
consists of a part of the permanent magnet Halbach array placed on a posi-
tioning device on which a flux density probe [65] is attached. This positioning
device allows for an accurate positioning of the probe with a high spatial res-
olution. As a result, a high resolution is obtained in the measurements of the
magnetic flux density above the shielding. The measurements are performed
at a distance of 2.8 mm above the top of the shielding plates. A permanent
magnet Halbach array of 6×5 magnetic pole-pitches is used and various shield-
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ing situations are measured, i.e. unshielded, full shield, square-hole shield and
round-hole shield. Since the spatial resolution of the 3-D HAM is limited,
due to the current implementation of the algorithms (not by the nature of the
algorithms), it is not possible to give an extensive quantitative comparison.

Flux density measurements of the unshielded magnet plate

The first verification in the flux density measurements is the comparison with
the modeled magnetic flux density of the unshielded magnet plate. The actual
permanent magnet plate that is used in the measurements is illustrated in Fig-
ure 5.17(a). In consistency with the approach taken in the previous sections,
a part of the measurement setup of 3τNN × 3τNN of the magnetic pole-pitch is
used in the models. The selected part of the magnet plate is indicated by the
dashed square in the figure.

To validate how representative the chosen section of the magnet plate is, the
measured magnetic flux density is compared to the results of a 3-D HAM
with a size of 3τNN × 3τNN as is illustrated in Figure 5.17(b). For the mag-
netic flux density in the x-direction, the 3-D HAM predicts a pure sinusoidal
magnetic field for a variation in the x-direction, as is shown in Figure 5.18(a).
The magnetic flux density in the x-direction of the measurements (see Fig-
ure 5.18(b)) is clearly not a pure sinusoidal pattern. The measured flux density
in the x-direction has a linear dependency of the x-position superimposed on
the sinusoidal behavior. This linear dependency is visible through the darker
colors (blue) on the left side (x = 0 mm) of the figure, while the right side
(x = 3τNN mm) of the figure is lighter colored (yellow), and causes around
14 mT difference between the left and right side of the measured domain. The
predicted magnetic flux density in the y-direction is a pure sinusoidal pattern
in the y-direction, while the measurements of By have a sinusoidal pattern su-
perimposed on a linear function in the y-direction. This linear function causes
a discrepancy of approximately 27 mT between the y = 0 mm and y = 3τNN mm.
Between the magnetic flux density in the z-direction obtained by the 3-D HAM
and the measurements, a DC-offset of about 7 mT is found.

To verify the physical nature of the linear dependencies of the magnetic flux
density in the x- and y-direction, the actually measured situation, as shown
in Figure 5.17(a), is modeled in a 7τNN×6τNN 3-D HAM model (with 3 harmon-
ics per North-North pole-pitch). From the modeled results, it is clear that the
finite dimensions of the magnet plate used in the measurements have a signifi-
cant influence. Especially the finiteness of the Halbach magnet array and the
extent of the back-iron aside of the magnet array are causing these influences.
Furthermore, as shown in Figure 5.19, the linear dependency of the magnetic
flux density in the x-direction is taken into account by the 3-D HAM results
of the 7τNN × 6τNN model as well. Similarly, the linear dependency of By is
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(a)

(b)

Figure 5.17: Magnet plate used for the magnetic flux density measurements. (a) The
actual magnet plate used in the measurements, and (b) the magnet plate as it is modeled in
3-D HAM. The area of interest is indicated by the dashed square.



5.4: Comparison of Measurements and Models 159

(a) (b)

Figure 5.18: The magnetic flux density in the x-direction above the unshielded magnet
plate (at z = −74.2 mm), for (a) the 3τNN × 3τNN 3-D HAM model (see Figure 5.17(b)), and
(b) the measurements (see Figure 5.17(a)).

(a) (b)

Figure 5.19: The magnetic flux density in the x-direction above the unshielded magnet
plate (at z = −74.2 mm), for (a) the 7τNN ×6τNN 3-D HAM model, and (b) the measurements
(both shown in Figure 5.17(a)).
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correctly included in the 3-D HAM. The offset of the magnetic flux density in
the z-direction is overcompensated by the 3-D HAM model, the model predicts
14 mT offset compared to the 7 mT offset found in the measurements. It is
assumed that the found linear dependency is caused by the finiteness of the
measured magnet array.

Although it seems ideal to use the 7τNN× 6τNN 3-D HAM for the further valida-
tion of the measurements, the large memory usage required to have sufficient
accuracy in the 3-D HAM model limits its applicability. This large memory
usage is due to the current implementation, in which the sparseness of the
obtained matrices is not efficiently utilized in the code, while a significant re-
duction of memory usage can be reached by including this [2, 69]. Therefore,
it is recommended that the sparse structure of the matrices is accounted for in
future implementations and research.

To have a larger spatial resolution per magnet pole-pitch, in consistency with
the rest of this chapter, the 3τNN×3τNN 3-D HAM model is used for comparison
of the flux density measurements. Furthermore, the global effects of the finite-
ness of the magnet array are now indicated, therefore, the local effects of the
shielding, and especially the holes in the shield, are qualified with a 3τNN× 3τNN
3-D HAM model.

Flux density measurements on the shielded magnet plate

To further validate the magnetic flux density predictions of the 3-D HAM,
various shielded situations are measured and modeled. For each shielded case,
i.e. full shield, square-hole shield and round-hole shield, the 3-D HAM model
is 3τNN × 3τNN in size.

Flux density measurement above the full shield
The validation of the magnetic flux density above the magnet plate with the
full shield is performed by measuring the magnetic flux density on the same
height and location as in the previous section. The measurement situation is
shown in Figure 5.20(a), while the 3-D HAM model is shown in Figure 5.20(c).

The 3-D HAM predicts the magnetic flux density in the x-, y- and z-direction
as given in Figure 5.21(a,c,e). The measured magnetic flux density is shown
in Figure 5.21(b,d,f) for the x-, y- and z-direction, respectively. In both the
measurements and the 3-D HAM results, a significant reduction of the magnetic
flux density is found above the shielding plate. This global effect is, therefore,
correctly included in the 3-D HAM. However, from comparing the 3-D HAM
results with the measurements, the assumption of the small periodic structure
instead of the real measurement is clearly visible. For the magnetic flux density
in both the x- and the y-direction, the same linear dependency as discussed in
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(a)

(b) (c)

Figure 5.20: The magnet plate and full shield used for the magnetic flux density measure-
ments (a) in 3-D and (b) top view, and (c) the situation as it is modeled in 3-D HAM. The
area of interest is indicated by the dashed square.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.21: Magnetic flux density at z = −74.2 mm above the full shield in the situation
shown in Figure 5.20. The flux density distributions obtained with 3-D HAM in the x-, y-
and z-direction are shown in (a), (c) and (e), and the measured flux density is given in (b),
(d) and (f) for the x-, y- and z-direction, respectively. The contour of the shielding plate is
indicated.
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the previous section is visible outside the shield, as well as the offset of 7 mT in
the measured flux density in the z-direction. Furthermore, the assumption of
a periodic structure in the 3-D HAM directly implies a repetition of the shield
as well. This clearly influences the magnetic flux density in the x-direction on
the edges of the period in the x-direction (i.e. x = 0 mm and x = 3τNN mm).
Similarly, the By shows the influence of the presence of a shielding plate in the
adjacent period on y = 0 mm and y = 3τNN mm.

Aside of these deviations originating from the assumption of the periodicity,
some other significant deviations are visible as well. First of all, for the magnetic
flux density in the x-direction, a clear deviation around x = 2τNN mm is visible
(i.e. the edge of the shield). The magnetic field aside of the shield is bending
towards the shield, this effect is captured by the 3-D HAM, however, not in
the right intensity. To fully incorporate this effect, a higher spatial harmonic
resolution is required, and consequently, a larger spatial resolution inside the
shield. A similar behavior and discrepancy is found in the y-direction around
y = 2τNN mm. For both the x- and y-direction, the deviation around the edges
of the shield is in the same order as the magnitude of the sinusoidal contents
(≈ 15 mT).

Comparing the measured and modeled magnetic flux density in the z-direction,
some larger deviations (compared to the deviations in the x- and y-direction)
are visible above the shield. The 3-D HAM shows a constant magnetic flux
density with a higher order harmonic influence. These harmonic remainders
are caused by the limited spatial harmonic resolution taken into account in the
3-D HAM, and are, therefore, not expected to be present. The measured Bz,
however, shows a lighter "glow" of the magnetic flux density above the shield.
The difference between the measured and modeled magnetic flux density in the
z-direction is shown in Figure 5.22. The deviation calculated according to

∆Bp = Bp,HAM −Bp,MEAS (5.7)

where p represents one of the Cartesian directions, and the subscripts HAM
and MEAS depict, hybrid analytical model and measurement, respectively. The
deviations of the magnetic flux density in the z-direction show the 7 mT DC
deviation aside of the shield. Furthermore, the "glow" above the shield gives a
discrepancy of the same order size, while the edge effect of the magnetic shield
results in peaks around 20 mT.

To fully understand the physical origin of this "glow" and why this effect is
not included by the 3-D HAM requires additional research. The most probable
causes for this effect are either a local variation of the magnetic permeability
inside the shield (although this is not likely to be caused by saturation of the
magnetic shield, since the predicted magnetic flux density in the shield does
not exceed 0.7 T), a variation in the remanence of the permanent magnets in
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Figure 5.22: Difference in the magnetic flux density of the 3-D HAM and the measurement
in the z-direction according to equation (5.7). The contour of the shielding plate is indicated.

the magnet plate, or a result caused by the finite size of the measured magnet
plate (and the linear behavior in Bx and By).

Flux density measurement above the square-hole shield
To validate the magnetic flux density predictions for complex shielding plates,
the magnetic flux density predicted by the 3-D HAM above the magnet plate
and square-hole shield is compared with measurements. The measured situa-
tion is shown in Figure 5.23(a), while the 3-D HAM model is shown in Fig-
ure 5.23(c).

The effects of assuming a periodic situation (while in fact measuring a finite
magnet plate) are thoroughly discussed in the previous sections. To focus on the
possibilities of modeling a complex shielding geometry, only the magnetic flux
density in the z-direction is considered. The magnetic flux density distribution
in the z-direction is shown in Figure 5.24(a-d), for the 3-D HAM and the
measurements.

Aside of the shield, and in the large hole around the origin of the coordinate
system, the unshielded magnetic flux density pattern is visible as is expected.
Furthermore, it is clearly visible that the magnetic flux density above the closed
parts of the shield is significantly reduced. Above the section with the holes,
however, a clear penetration of the magnetic flux density through the large
square hole in the up-right corner of the shield is visible, both in the measure-
ments and the 3-D HAM predictions. In the measured values, the DC-offset
remains noticeable as well as part of the "glow" which was also visible in the
full shield measurements.

For a better verification of the shielding influence around the holes, a close-up
of the measured and modeled flux density is given in Figure 5.24(d) for the area
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(a)

(b) (c)

Figure 5.23: The magnet plate and square-hole shield used for the magnetic flux density
measurements of Figure 5.24 (a) in 3-D and (b) top view, and (c) the situation as it is
modeled in 3-D HAM. The area of interest is indicated by the dashed square.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.24: Magnetic flux density in the z-direction at z = −74.2 mm above the square-
hole shield in the situation shown in Figure 5.23. The flux density of 3-D HAM in (a) and
(c), and the measurements in (b) and (d). And the difference in the magnetic flux density of
the 3-D HAM and the measurement in the z-direction according to equation (5.7) in (e) and
(f). In (c), (d) and (f) zoomed in on the area of interest (τNN ≤ x ≤ 2τNN and τNN ≤ y ≤ 2τNN).



5.4: Comparison of Measurements and Models 167

between τNN ≤ x ≤ 2τNN and τNN ≤ y ≤ 2τNN, i.e. the part of the shielding above
which the short-stroke actuator is placed. In this figure, it is easy to recognize
that the measured magnetic flux density around the square hole in the center
is clearly following the edges of the square hole, while for the modeled Bz the
flux density around the edges of the hole is more smooth, due to the limited
spatial harmonic resolution.

From the deviation in Bz (see Figure 5.24(e)), the DC-offset is again obvious
aside of the shield. Furthermore, some deviations around the right edge of the
shield are visible, and the absence of the "glow" is noticeable as well. For a
more thorough investigation of the modeling accuracy around the shield edges,
∆Bz is zoomed in around the top right corner of the shield (τNN ≤ x ≤ 2τNN and
τNN ≤ x ≤ 2τNN), where a new color-scale is used in Figure 5.24(f). For the large
square hole in the center of this figure, the deviation seems more significant
compared to the deviation around the other holes. Inclusion of a higher spatial
harmonic resolution, could most probably give a more accurate description of
the penetration effect. The same fact holds for the light area near the three
holes in the top right. The RMS deviation in this small section of the shield is
below 3 mT.

Flux density measurement above the round-hole shield
As is explained in Section 5.1, the round-hole shield is the final shielding plate,
as it is shaped in the application. From this final shielding plate, the square-
hole shield is derived, with an equal area of the holes, as a first approximate of
the real shield. The measured flux density above the real (round-hole) shield
is now compared to the results of the 3-D HAM with the square-hole shield.
The measured situation with the round-hole shield is shown in Figure 5.25(a),
while the 3-D HAMmodeled situation (with the square-hole shield) is presented
in Figure 5.25(c).

The magnetic flux density distribution in the z-direction is shown in Fig-
ure 5.26(a-d), for the 3-D HAM and the measurements, consequently.

Again the reduction of the magnetic flux density above the shielded area is
visible in both the measured and the modeled flux density results, and the DC-
offset and part of the "glow" are present in the measurements. Furthermore,
it is clear that the approximation of the large round hole around the origin by
the squares is not sufficient in the square-hole shield model.

When comparing the close-up of the magnetic flux density in Figure 5.26(c,d),
more deviations become noticeable. The measured situation has a higher
DC-offset compared to the modeled version (around 2 mT difference). The
measured flux density has a sharp edge around the hole in the center of the
figure, while the 3-D HAM brings a smooth transition around the edges of
the hole. Furthermore, large deviations in the top-right corner of the shield
(x = y = 2τNN mm) are evident between the model and the measurements.
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(a)

(b) (c)

Figure 5.25: The magnet plate and round-hole shield used for the magnetic flux density
measurements of Figure 5.26, (a) in 3-D and (b) top view, and (c) the situation as it is
modeled in 3-D HAM.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.26: Magnetic flux density in the z-direction at z = −74.2 mm above the round-hole
shield in the situation shown in Figure 5.25. The flux density of 3-D HAM in (a) and (c),
and the measurements in (b) and (d). And the difference in the magnetic flux density of the
3-D HAM and the measurement in the z-direction according to equation (5.7) in (e) and (f).
In (c), (d) and (f) zoomed in on the area of interest (τNN ≤ x ≤ 2τNN and τNN ≤ y ≤ 2τNN).
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The deviation between the model and the measurement (calculated according
to equation (5.7)) is shown in Figure 5.26(e,f). The wrongful approximation
of the round hole by the squares gives a significant deviation, while a visible
difference in the magnetic field is found above the y = 2τNN mm edge of the
shield. The close-up of ∆Bz, clearly shows that the magnetic flux density in
the top-right corner of the shield is wrongfully predicted, which is caused by
a physical difference in the shape of the hole and the rounding of the edges of
the shield. The deviation in the centered hole is caused by penetration of the
magnetic field through the hole, where the measurement shows a 7 mT offset
(like the unshielded Bz gives in the measurements), together with a limited
spatial resolution.

By comparing the deviations between the 3-D HAM model and measurements
for the round-hole shield (see Figure 5.26(f)) with the deviation for the square-
hole shield (see Figure 5.24(f)), it is concluded that no real additional deviations
are caused by the square hole approximation for the small holes. The larger
holes, such as the one centered around the origin and the large holes in the
top-right corner of the shield, show more influence by the used approximation.
Therefore, it is recommended to investigate alternative approximations of the
actual shield with the current implementation, and to investigate the possibility
of applying a non-cuboidal approach of the mesh-elements in the MEC-region.

5.4.3 Force measurements

The final step in the verification of the 3-D HAM model is based on force
measurements on the mover magnets of the short-stroke actuator. The force is
validated for different situations and variations. Various combinations of force
measurements between the long-stroke magnet plate or coil triplet and the
mover magnets of the short-stroke actuator are performed, with and without
the bias magnet ring and for the different shielding plates. These measurements
are highlighted in this section. First of all, the force on the mover magnet (with-
out bias magnet ring) based on a movement of the magnet plate is validated.
Secondly, the forces on the mover magnet (without bias magnet ring) for a ex-
citation of the coil triplet with the round-hole shielding plate are compared for
the 3-D HAM, 3-D FEA and the measurements. The third validation considers
the force variation for the mover magnet with the bias magnet ring without
a shielding plate. Finally, the influence of the various shielding plates on the
disturbance forces on the short-stroke mover is considered. For the different
shielding plates used, i.e. unshielded, full shield, square-hole shield and round-
hole shield, the disturbance forces are measured for an excitation of the coil
triplet.
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(a) (b)

Figure 5.27: Illustration of the initial situation of the force measurements shown in Fig-
ure 5.28 with the magnet plate and short-stroke mover magnet.

Force for magnet plate movement

The first force validation is performed for a movement of the magnet plate
underneath the short-stroke mover magnet. A movement over one full mag-
net pole-pitch in both the x- and y-direction is measured with 13 steps in
each direction. In Figure 5.27, the measured situation with the magnet plate
and the short-stroke mover magnet is illustrated in its initial position. The
same situation is modeled using the 3-D HAM, for which the results are shown
in Figure 5.28(a,c,e).

The deviation of the forces in between the 3-D HAM and the measurements is
calculated according to

∆Fp = Fp,HAM − Fp,MEAS (5.8)

where p represents one of the Cartesian directions, and the subscripts HAM
and MEAS depict, hybrid analytical model and measurement, respectively. The
difference in the force on the short-stroke mover magnet, due to the movement
of the magnet plate, between the measurements and the 3-D HAM are shown
in Figure 5.28(b,d,f).

From Figure 5.28(a,c,e) it is clear that the force in the x-direction is indepen-
dent on the y-component and equivalently, the Fy is independent of x, as is
expected in a planar Halbach array [57]. From the deviation between the model
and the measurements, the Fx and Fy show a dependency in both directions.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.28: Force on the short-stroke mover magnet for a movement of the magnet plate
over a τnn × τnn grid, with the initial situation shown in Figure 5.27. The calculated force
of 3-D HAM in the x-, y- and z-directions are shown in (a), (c) and (e), and the difference
in force between 3-D HAM and the measurements (according to equation (5.8)) is given in
(b), (d) and (f) for the x-, y- and z-directions, respectively.
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This means that the measured force on the mover magnet shows a dependency
in both directions. This can be caused by a rotation of the force sensor with
respect to the Cartesian axes, an insufficient decoupling between the compo-
nents in the force sensor, and/or a variation in the permanent magnets used
on the magnet plate.

As can by seen by the color-scaling of the measured values with respect to
the deviations, the 3-D HAM is within the 10 % accuracy range for the all
three directions of the force. The amplitude of the sinusoidally shaped forces
in the x- and y-directions are within 3 % accurate, while only the force in the
x-direction around x ≈ 0.25τNN shows a significant deviation of around 10.6 %.
For the forces in the z-direction, a maximum deviation is found of 73 mN which
corresponds to a relative deviation within 6 %.

Based on the RMS accuracy of ≥ 94 % for all three Cartesian force compo-
nents, it is concluded that the calculated force on the short-stroke mover by
the 3-D HAM for a movement of the magnet plate is predicted with a reasonable
accuracy.

Force for coil triplet excitation

The second validation of the forces is obtained for a sinusoidal excitation of
the coil triplet. The short-stroke mover magnet is fixed in its position while
a staircase-shaped variation of the current angle, θ, is applied to the star-
connected coil triplet. After the transients of a step in the current angle have
decayed, the force is measured on the short-stroke mover magnet with the
round-hole shield present. An illustration of the measured situation is given
in Figure 5.29, while the results are shown in Figure 5.30. The results of the
3-D HAM are obtained for approximating each round hole in the shield with
a square hole. Consequently, the 3-D HAM is modeled with the square-hole
shield, while the measurements (and FEA results) are using the round-hole
shield.

Comparing the force measurements with the 3-D HAM results, it is clear that
the measurements show a completely different behavior. From the 3-D HAM a
pure sinusoidal force is shown in all three Cartesian directions (although with a
very small amplitude in the y-direction). In the measurements, however, a non-
sinusoidal behavior is found. Based on the magnetic flux density values found
in the shielding plate as shown in Figure 5.16, which are clearly above 1.5 T, it
is likely that the magnetic shield is partly saturated. To analyze the plausibility
that the saturation of the magnetic shielding plate causes the deviation between
the measurements and the 3-D HAM, the results of two finite element models
are added to the figure. One of the finite element models has a linear magnetic
permeability, µr,s = 1300, in the shield (FEA lin), and the other contains non-
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(a) (b)

Figure 5.29: Illustration of the situation used for the force measurements shown in Fig-
ure 5.30 with the long-stroke coil triplet (at Î = 30 A), round-hole shielding plate and short-
stroke mover magnet.

linear magnetic shielding material, according to the BH-curve in Figure B.1,
into account (FEA NL).

Unfortunately, both the linear and the non-linear 3-D FEA results give an non-
plausible DC result in the forces, especially in the z-direction of approximately
3 N. The wrongfully estimated DC values of the finite element analysis are
most probably caused by a combination of bounding this electromagnetically
unbounded problem and an insufficient density of the mesh. Additional research
is required to fully understand the appearance of the unexpected DC values in
the forces from FEA of approximately 3 N. In Figure 5.30, the DC value of the
forces from the FEA models is compensated for.

From comparing the results of the (square-hole shielded) 3-D HAM with the
(round-hole shielded) linear 3-D FEA, an equivalent purely sinusoidal behavior
is found. The amplitude of the forces in the x-direction from 3-D HAM is
within 12 % with the linear finite element results (even though different holes
are assumed inside the shield). Since the amplitude of the predicted forces
in the y-direction for the linear FEA and 3-D HAM are significantly smaller
than the forces in the x- and z-directions, a comparison of the amplitude in this
situation gives no added value. The amplitude of Fz shows a significant, ≥ 60 %,
deviation between the linear FEA and 3-D HAM. Still the sinusoidal behavior
is remaining, however, in this situation, the assumption of a round-shaped
hole by a square in the 3-D HAM has a significant influence, as was found
and discussed in the magnetic flux density measurements. When comparing
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(a)

(b)

(c)

Figure 5.30: Force on the mover magnet of the short-stroke actuator, for a variation of
the current phase in the long-stroke coil triplet with the round-hole shield (situation shown
in Figure 5.29). The force in the x-, y- and z-direction is shown in (a), (b) and (c), re-
spectively, and the results of the measurements (Meas), 3-D HAM with linear material (3-D
HAM), finite element analysis with linear material (FEA lin) and finite element analysis
with non-linear material (FEA NL), are given. The material properties are taken from Fig-
ure B.1.
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the results of a linear 3-D FEA with a square-hole shield with the square-hole
shield as calculated with 3-D HAM, the deviation is well within 10 %.

The addition of the non-linear 3-D FEA results to Figure 5.30, clearly reveals
the non-sinusoidal force shape as is found from the measurements. For the
forces in the x- and z-direction, the results of the non-linear 3-D FEA are very
close to the actual measurements, on average within 8 % and 2 %, respectively.
The force prediction in the y-direction is less accurate. However, the placement
of the short-stroke actuator above the center of the coil bundle (in the y-
direction) results in a very limited force on the mover. Therefore, the accuracy
of the placement of the short-stroke actuator in the y-direction significantly
influences the measurement results.

Force for coil triplet excitation with bias magnet ring

To validate the accurateness of the modeling for small disturbance forces, while
large forces are in the vicinity, the force on the mover magnet is measured and
modeled for a sinusoidal excitation of the coil triplet. The load cell is mounted
between the measurement frame and the mover-magnets of the short-stroke
actuator. The bias magnet ring is directly connected to the measurements
frame, such that no relative displacement between bias magnet ring and mover
magnets can occur, and that the presence of the bias magnet ring does not
influence the force measurements. The forces are measured for a variation of
the current angle while no shielding plate is used. The measured situation is
shown in Figure 5.31, while the results are shown in Figure 5.32.

The foremost observation is the large difference in the amplitude between the
sinusoidal forces obtained from the measurements and from the 3-D HAM (more
than a factor 1.5 between them). This deviation is significant and visible in all
three directions of the force. To validate whether these deviations are caused
by modeling errors within the 3-D HAM, a linear 3-D FEA model is made
(shown with the square markers in Figure 5.32). As can be clearly seen in
the figure, the 3-D FEA and the 3-D HAM are in agreement with each other
for both the amplitude (over 90 % accurate) and the DC value (less than 1 %
deviation) of the force. Therefore, the deviations between the 3-D HAM and
the measurements are not caused by modeling errors.

In the actual measured situation, in contrary to the models, an additional
(radial) shield is present as depicted and shown in Figure 5.8. In the current
implementation of the 3-D HAM it is not possible to include the radial shield.
The influence of the radial shield was expected to be very low, when one of the
shielding plates (i.e. the full shield, square-hole shield or round-hole shield) was
included in the setup. However, for the unshielded measurements, as shown
in Figure 5.32, the presence of the radial shield is significant. By including the
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(a) (b)

Figure 5.31: Situation used for the force measurements shown in Figure 5.32 with the long-
stroke coil triplet (at Î = 30 A), no shield and the short-stroke including the bias magnet
ring.

radial shield in a 3-D FEA, the influence of this radial shield is determined.
The FEA forces acting on the mover magnets of the short-stroke actuator with
the bias magnet ring and the radial shield (FEA RAD) are shown in Figure 5.32
as well.

Comparing the FEA RAD forces with the measurements, the forces in the x-
and z-direction are almost equal in amplitude. By adding the radial shield,
the FEA RAD only overestimates the amplitude of the disturbance forces on
the mover magnets by 23 % and 30 % for Fx and Fz, respectively, compared to
the 150 % without the radial shield. Since these predictions are significantly
improved compared to the FEA without the radial shield, it is found that the
large amplitude difference between the 3-D HAM and the measurements are
caused by the presence of the radial shield. Including the radial shielding in
the 3-D HAM is subject for additional research.
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(a)

(b)

(c)

Figure 5.32: Force on the mover magnet of the short-stroke actuator, for a variation of
the current phase in the long-stroke coil triplet without a shielding and including the bias
magnet ring (situation shown in Figure 5.31). The forces in the x-, y- and z-direction are
shown in (a), (b) and (c), respectively, and the results of the measurements (Meas), 3-D
HAM with linear material (3-D HAM), finite element analysis with linear material (FEA)
and finite element analysis with radial shield (FEA RAD), are given.
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Figure 5.33: Force in the z-direction on the mover magnet of the short-stroke actuator with
the bias magnet ring around it, for a variation of the current phase in the long-stroke coil
triplet with different shields. The results of the measurements (Meas) and 3-D HAM (with
linear material) are given for the unshielded (no shield) situation and for the situations with
the full shield, square-hole shield and the round-hole shield.

Shielding influence for coil triplet excitation and bias magnet ring

To analyze the influence of the magnetic shielding plates, the force results for
various shields are gathered in one figure. The force is measured on the mover
magnet of the short-stroke actuator, while the bias magnet ring of the short-
stroke actuator is present. The presence of the bias magnet ring results in
a bias force of Fz ≈ 46.5 N. The measured force in the z-direction is shown
in Figure 5.33, for a variation of the current angle, θ, in the coil triplet (at
Î = 30 A terminal current).

By comparing the measurement results of the unshielded and the shielded sit-
uations, three major differences are visible. First of all, the DC values of the
measured forces are decreased, this is caused by an attraction of the mover mag-
net to the shielding plates (≈ 0.2 N reduction for the round-hole and square-hole
shield, and ≈ 0.5 N for the full shield). Secondly, a significant reduction of the
amplitude is visible when comparing the amplitude of the sinusoidal compo-
nent of the unshielded measurement with the amplitude of either of the three
shielded results. And lastly, in the unshielded situation a pure sinusoidal be-
havior is found, while the forces on the mover magnet for the shielded situations
do not have a pure sinusoidal behavior. As explained in Section 5.4.3, the most
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probable explanation of this non-sinusoidal behavior is saturation of parts of
the shield.

When observing the measurements, only little difference is found between the
square-hole shield and the round-hole shield. Therefore, it can be concluded
that, for the global shielding effects, i.e. the disturbance forces as measured,
the shape of the holes inside the shield is not dominating. The presence of the
holes in the shield is, however, influencing the measurements. When comparing
the round-hole shield with the full shield, it is clear that the attraction force of
the shield on the mover magnet is reduced (≈ 0.3 N) by the holes in the shield.

Aside of the measurements, the figure shows the results of the 3-D HAM for the
unshielded, full shield and square-hole shield situations. When comparing the
linear 3-D HAM results of the unshielded situation with the measurements, a
significant amplitude deviation is visible, which is caused by the presence of the
radial shield as is explained in Section 5.4.3. Comparing the amplitude of the
shielded measurements and the shielded 3-D HAM, the amplitude difference
is smaller, even though the radial shielding is present in all measurements.
Therefore, for the shielded situations, the radial shield brings less reduction of
the disturbance forces.

For the 3-D HAM with the full shield, both the bias force on the mover mag-
net (deviation ≤ 0.15 %) as well as the amplitude of the forces due to the
sinusoidal excitation of the coil triplet, are in the right order of magnitude (de-
viation ≤ 40 mN, i.e. ≤ 20 % of the peak-peak value of the measurement). The
non-sinusoidal behavior found in the measurements with the full shield is not
visible in the 3-D HAM since these are (most probably) caused by saturation
(see Section 5.4.3), which is not included in the model. For the square-hole
shield, the DC value of the force is accurately predicted by the 3-D HAM (less
than 40 mN deviation), while again the shape of the force for the sinusoidal
excitation is not equal between the model and the measurements due to the
saturation in the shield. For the square-hole shield, the amplitude of the force
variation is predicted in the right order of magnitude, however, a factor 2 dis-
crepancy in peak-peak value is found, which is (most probably) due to the
absence of the radial shield in the 3-D HAM.

5.4.4 Calculation times

One of the main goals in this research is to find an electromagnetic modeling
method that has a significant decrease of the calculation time in comparison
with the finite element analysis. The calculation times of the various models
presented in the force measurements section of this chapter are listed in Ta-
ble 5.2, where in the time notation, s, m and h denote the time in seconds,
minutes and hours, respectively. Furthermore, #HAM is the number of un-
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Table 5.2: Calculation time of the 3-D HAM model and the (non-linear) 3-D Finite Element
Analysis, together with the model parameters, for the forces on the mover magnet of the
short-stroke due to a sinusoidal excitation of the currents in the coil-triplet.

Situation Shield type #HAM tHAM #FEA
tFEA tFEA

linear non-linear

No bias

No 8064 1m03s 193372 10m28s −
Full 13908 2m14s 620949 1h19m 5h03m

Square-hole
20218 5m33s

836529 2h06m 18h44m
Round-hole 798903 2h07m 16h06m

With bias

No 10752 1m15s 247383 13m40s −
Full 16596 3m01s 675173 1h29m 5h38m

Square-hole
22906 6m43s

889664 2h20m 17h14m
Round-hole 853441 2h14m 16h43m

knowns in the 3-D HAM model, while #FEA is the number of volume elements
in the 3-D FEA that is meshed with second order elements.

From the table, it is clear that the required calculation time for the finite
element analysis models is significantly larger than the calculation times for
the 3-D HAM. Even though the current implementation of the 3-D HAM is not
optimized for calculation times, a reduction by a factor 10 in calculation times
is already reached. The sparseness of the Etot matrix (from equation (4.136))
is not taken into account in the implementation. With taking this into account,
the total memory usage for a similar spatial resolution is significantly lower.
Therefore, in future implementations, a higher spatial (and spatial harmonic)
resolution can be applied (although this would increase the calculation times).

5.5 Summary and Conclusion

To validate the developed 3-D hybrid analytical model (HAM), a shielded dual-
stage planar actuator, consisting of a moving-coil planar long-stroke stage and
a short-stroke voice-coil actuator, is modeled. Based on a comparison with
experimentally obtained results, the applicability of the 3-D HAM has been
demonstrated.

To model the same situation as the experimental setup, an even periodicity is
assumed in the model. Since the coil-triplet is a non-repeating structure, the
assumption of the periodicity influence the results. From the measurements it
has been found that the magnetic field predictions above the shield are most
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accurately modeled (within 10 %) for a periodicity of five times the North-
North pole-pitch of the magnet plate. However, to analyze the electromagnetic
disturbance forces on the mover of the short-stroke actuator, only an accurate
solution on a small section of the periodicity is required. For these calculations
it is sufficient to have a periodicity of three times the pole-pitch.

In the 3-D HAM only linear magnetic permeabilities can be assumed, while the
actual shielding plates are made of high-permeable material that has a non-
linear magnetic characteristic. In the measurement setup, the shielding plate
is saturated in certain situations which significantly influences the results.

The predictability of the local effects of the magnetic shielding by the 3-D
HAM is qualified based on flux density measurements. These magnetic flux
density measurements show a strong dependency of the assumption of the even
periodicity. The smaller permanent magnet plate used in the measurement
shows a significant influence of the edge-effects. Although these edge-effects
can be included in the 3-D HAM by taking a larger periodicity into account,
the obtainable spatial accuracy for this larger model is insufficient to accu-
rately include the effects of the complex magnetic shielding topologies. After
qualification of the deviations introduced by the assumption of a small periodic
model, the influence of the magnetic shielding on the magnetic flux density is
measured and modeled. In general, the magnetic flux density above the various
shielding plates is correctly predicted, although a significant influence of the
periodic coupling is visible in Bx and By (especially in the situation with a
full shield). Aside of this periodic coupling, it is found that the edge effects
are predicted in accordance with the measurement, however, due to the lim-
ited spatial harmonic resolution, the predictions are deviating (≈ 15 mT) in
magnitude from the measurement.

With an increased complexity of the shielding, from full shield, to square-hole
shield and round-hole shield, the magnetic flux density in the z-direction is
compared between the measurements and the 3-D HAM. The reduction of the
magnetic field by the shielding is accurately predicted, and for the small holes
in the shield, no significant deviation between the measurements and the 3-D
HAM is found. For an increased hole size, the penetration of the magnetic flux
density through the holes is not completely captured by the 3-D HAM, due to
the limited spatial resolution. Overall, the square-hole shield in the model gives
a good first indication of the actual (i.e. round-hole) shield, however, for the
larger holes, a more significant deviation is visible. The predicted magnetic flux
density above the shielding plate has an RMS deviation of less than 3 mT with
the measurements which is sufficient during the design process of a dual-stage
planar actuator.

To quantify the incorporation by the 3-D HAM of the global effects of the
shielding, force measurements are performed on the mover of the short-stroke
actuator for various shielding situations. These measurements are clearly influ-



5.5: Summary and Conclusion 183

enced by the saturation of the shielding plate. However, the comparison of the
3-D HAM model with 3-D FEA, shows that the forces on the mover magnet
are accurately predicted (≤ 10 % deviation). For the situation with the bias
magnet ring around the mover of the short-stroke actuator, the presence of
the radial shield in the measurements significantly influences the results. By
comparing the forces on the mover of the pre-biased short-stroke actuator for
various shielding topologies, the 3-D HAM clearly predicts a sinusoidal behav-
ior in the same order of magnitude as the measurements give, while the DC
values are over 99 % accurate. However, to fully include all effects of the inves-
tigated situations, additional research is required, such as the non-linearity in
the 3-D HAM modeling and radial shield around the bias magnet ring can be
included.

Finally, the forces on the mover of the short-stroke actuator are predicted with
a significantly reduced calculation time (over 10 times shorter) compared to
the finite element analysis for each of the measured situations.
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66
Conclusions and

Recommendations

Abstract
In this chapter, the main conclusions from the research are drawn and the
research objectives are reviewed. Furthermore, several recommendation for fu-
ture work are given.
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This thesis discusses a novel hybrid analytical modeling concept in both 2-D
and 3-D formulations, which has been applied on a shielded dual-stage planar
actuator. The research objectives are in the introduction given as:

• Review of modeling techniques described in literature and their applica-
bility on electromechanic devices with small features of high-permeable
material.

• Research into novel analytical modeling concepts for a fast prediction of
the magnetic fields.

• Experimental validation of the developed analytical modeling technique.

The research objectives of the conducted research are formalized in Section 1.2.
To conclude this thesis, this chapter discusses whether the research objectives
are reached, and recommendations for future research and future work are
given.

6.1 Conclusions

A review of the applicability of several modeling methods to model the mag-
netic fields in electromechanical devices with small features of high-permeable
materials, such as tooth-tips, slot shapes, saliency and magnetic shielding with
holes, has been given. Modeling of these devices, for instance a shielded dual-
stage planar actuator, is possible using finite element analysis, however, the
evaluation of one geometry using this method results in calculation times in
the order of multiple hours for a sweep of the current in the coil triplet. Con-
sequently, the design of such a device with 3-D finite element analysis is not
the most efficient way. To find a significantly faster alternative, several ana-
lytical based modeling methods that are used either for the design of planar
actuators or for the modeling of geometries with high-permeable soft-magnetic
materials are explored. None of the investigated analytical modeling meth-
ods, i.e. the magnetic equivalent circuit model, the magnetic equivalent charge
model and Fourier modeling, is directly applicable for the prediction of the
magnetic field behavior in a 3-D electromechanical device with small features
of high-permeable material.

A novel modeling concept, combining a mesh-based magnetic equivalent circuit
model with a Fourier model, has been developed and researched. Using the an-
alytical based Fourier modeling, a large part of the device can be described by
a spatial harmonic description, while the magnetic equivalent circuit allows for
the incorporation of the small features of high-permeable material by its spa-
tially meshed nature. The drawbacks of the Fourier modeling (the incapability
of taking the small features into account) and of the magnetic equivalent cir-
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cuit model (the difficulties with an unbounded structure) are overcome by this
novel concept. The concept has been proven for both 2-D and 3-D structures
and results in a sparse matrix equation due to the nature of the boundary con-
ditions and the modeling principle. This sparseness brings a significant benefit
in the memory usage and computational efforts compared to other methods.

The versatility in 2-D of the developed Hybrid Analytical Modeling (HAM)
method is shown, based on its presented generic implementation and with
demonstrating its validity on a multi-tooth flux-switching permanent magnet
linear motor and a shielded dual-stage linear motor concept. The developed
2-D HAM model has proven to be very accurate since only 3 % deviation with
the finite element analysis is found for the calculated devices. Hence, the pre-
sented 2-D HAM technique is capable of accurately predicting the magnetic
field behavior of a periodic system with small pieces of high-permeable mate-
rial.

With the generic implementation of the 3-D HAM method, the applicability
of this modeling concept is shown for 3-D electromechanic devices. For these
3-D devices, the reached accuracy with respect to 3-D Finite Element Analysis
(FEA) is over 90 % for the forces, while the calculation times are significantly
reduced. The 3-D hybrid analytical modeling has a calculation time of less
than half a minute, while the calculations of the 3-D FEA for this situation
takes about half an hour.

The presented 3-D hybrid analytical modeling has been qualified for a shielded
dual-stage planar actuator. First of all, the modeling assumptions are vali-
dated. The foremost assumptions are the choice of the periodicity and the
linearity of the applied (high-permeable) materials. With assuming a periodic
system, the modeled geometry repeats an infinite number of times. Therefore,
it is important to choose a periodicity large enough such that the influence of
the adjacent periods is negligible. For the modeled shielded dual-stage planar
actuator, the choice of a periodicity of three times the North-North pole-pitch
of the permanent magnet plate is sufficient (≤ 10 % deviation), given the fact
that the permanent magnet plate itself contains many periods. The assump-
tion of a linear magnetic permeability in the 3-D HAM results in neglecting all
saturation effects. However, in the measurement setup, the shielding plate is
saturated in certain situations which significantly influences the results.

The modeling of complex geometries of high-permeable material, such as the
complex shielding plates used in a shielded dual-stage planar acuator, is vali-
dated by comparing the magnetic flux density for various shielding situations
between the 3-D HAM and measurements. A significant influence in the finite-
ness of the magnet plate used in the measurements has been found. Despite of
this influence, the magnetic flux density predictions are reasonably accurate. A
discrepancy of less than 3 mT in RMS value remains above the shielding plate,
while the deviation around the edges of the shield is around 15 mT (the am-
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plitude of the unshielded flux density is approximately 15 mT). The remaining
deviations in the model are primarily originating from the harmonic descrip-
tion with a limited number of harmonics and the size of the MEC-elements
near the edges of the shield. In the prediction of the round holes in the mea-
sured shield by the square holes in the 3-D HAM, only significant deviations
are visible for the large holes in the shielding plate. Therefore, it is shown
that the 3-D HAM is capable of accurately incorporating the small features of
high-permeable material.

For further experimental validation, the forces as calculated by the 3-D HAM
are compared with the measured electromagnetic disturbance forces on the
short-stroke mover in the shielded dual-stage planar actuator. From the results,
it is clear that the measured results are at certain points significantly deviating
from the 3-D HAM results. Using various 3-D FEA models with the equal
assumptions as made in the 3-D HAM, it is found that these deviations are
caused by the modeling assumptions rather than by the modeling technique
itself. The largest influences are:

• The assumption that only linear material is present in the measurements,
while the actual measurements contain a partly saturated shield.

• The presence of the radial shield around the short-stroke actuator, which
is not included in the models.

Although saturation and the presence of the radial shield are not yet taken into
account in the 3-D HAM models, even for the complex shielding geometries,
containing many holes, only a discrepancy of ≤ 40 mN, i.e. ≤ 20 % of the
peak-peak value of the measurements, is found between the model and the
measurements.

As shown by the experimental validation, the novel hybrid analytical model-
ing method is capable of taking the complex electromagnetic structure of the
shielded dual-stage planar actuator system into account. Over 80 % accuracy
with the measurements is found, while the 3-D HAM is even more than 90 %
accurate with 3-D FEA. This type of system gives an unbounded magnetic
field, and is completely three-dimensional. With the significant gain of calcu-
lation times for these complex systems (over 10 times faster that 3-D finite
element analysis) the possibilities and applicability of the modeling method
seem endless.
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6.2 Recommendations

During the development of this hybrid analytical modeling concept, the re-
search has been focussed on the modeling and analysis of a shielded dual-stage
planar actuator. This focus results in several choices made during the research.
To increase the applicability of the hybrid analytical modeling method for other
3-D structures, the following recommendations are made:

• Optimize the 3-D HAM implementation. The following extensions and
improvements on the current implementation would increase the applica-
bility of the HAM:

– Take sparseness of matrices into account [69].

– Include all types of magnetic field sources in the MEC-region.

– Include the currents in the z-direction.

• Include eddy currents in the system. By re-deriving the magnetic vector
potential equations of the 3-D Fourier modeling part, eddy currents and
the time dependency can be included, which allows for another class of
machines, such as (linear) induction machines, to be modeled with the
hybrid analytical model.

• Apply different meshing algorithms. The straight-forward implementa-
tion of the meshing in the MEC-region with cuboidal-shaped elements
limits its applicability for the different shapes of high-permeable mate-
rial. For instance, by applying a tetrahedron shaped meshing algorithm in
the MEC-region, the possibilities of accurately modeling arbitrary shaped
elements are greatly enlarged. However, with changing the mesh-element
shape, the coupling of the MEC-elements has to be re-defined. Further-
more, the flux-tubes used in the MEC-region are not aligned according to
the Cartesian axes. Therefore, the equations applied for the continuous
boundary conditions between the MEC-region and the adjacent Fourier
regions have to be re-derived.

• Change the coupling with the adjacent "periods". The whole modeling
is now derived for an even periodicity in both the x- and y-direction.
From the Fourier modeling point of view, combinations of even and odd
periodicity in the x- and y-direction should be considered. Therewith, not
only an even-even periodicity, but also odd-even, even-odd and odd-odd
periodicities can be included. The exact behavior inside the MEC-region
for these types of periodicity is recommended for further investigation.

Aside of the periodicity in the Fourier region, the modeling of the MEC-
region allows for several simplifications of the domain that are often ap-
plied in finite element modeling. For instance, the mirroring of the do-
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main in a boundary, or a rotational symmetry around the coordinate
system. From the modeling point of view, these simplifications can give
a significant reduction in the calculation times for certain situations.

• Investigate hybrid analytical modeling for different coordinate systems.
This thesis limits itself to the modeling of situations in 2-D and 3-D Carte-
sian coordinate systems. The 2-D Fourier modeling in polar and cylindri-
cal coordinate systems have been shown in [43], for these situations, a 2-D
hybrid analytical modeling can be derived as well. Furthermore, the 3-D
Fourier modeling has been applied in cylindrical coordinate systems by
Meessen [76], while the 3-D Fourier modeling is applied in spherical coor-
dinates by Ninhuijs [119]. For the modeling in these coordinate systems,
a hybrid analytical modeling concept might bring significant reduction in
the computation time as well.

• Incorporate non-linear and hysteretic magnetic material properties. The
saturation found in the measurements, as well as other non-linear mag-
netic material properties such as hysteresis and magnetostriction are of
interest. Vrijsen [122] has shown that it is possible to include the hys-
teretic behavior of a material in a magnetic equivalent circuit model.
Furthermore, in the MEC-region, it is possible to adapt the magnetic
material properties of each individual MEC-element [90]. Therefore, lo-
cal saturation behavior and possibly even local hysteretic effects can be
incorporated in the 2-D and 3-D hybrid analytical modeling broadening
the applicability of the 3-D hybrid analytical modeling even further.

• Investigate other hybrid modeling approaches. The presented hybrid an-
alytical model shows the possibility to combine Fourier modeling and
magnetic equivalent circuit modeling. Other hybrid modeling concepts
are feasible as well. For instance, the combination of Fourier modeling
with a finite element region, or the combination between charge modeling
and finite element analysis are recommended for further investigation.
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In the derivation of the magnetic flux density expressions for a 3-D Fourier re-
gion (as given in Section 4.3), the sources of the magnetic field are required as a
double Fourier series. For a cuboidal-shaped magnetic field source, the deriva-
tion of the harmonic terms used in the magnetic flux density and magnetic
vector potential expressions are given in Section 4.3.3. However, only being
able to model cuboidal-shaped magnetic field sources that are aligned with
the Cartesian axis is a significantly limiting factor. This appendix explains the
possibilities to model non-cuboidal magnetic field sources and rotated magnetic
field sources. The contents of this chapter are published in [104].

A.1 Source Description Method

The source terms used in the 3-D Fourier modeling are obtained from the
geometrical shape of the source (which is incorporated by a source function)
in combination with the direction of the magnetization or the current. In the
harmonic description, a Cartesian decomposition of the source terms is used.
Therefore, the x-, y- and z-components of the magnetization or current density
are separately derived. Each of these terms is derived based on the same
principle, therefore, a general source term, S, is used in the explanation.

Using the separation of variables, a Fourier series in two directions is derived
from this source function. The source function is then given by

S (x, y) =

Nx∑
nx=0

My∑
my=0

[Sss sin (ωxnx) sin (ωymy) +

Ssc sin (ωxnx) cos (ωymy) +

Scs cos (ωxnx) sin (ωymy) +

Scc cos (ωxnx) cos (ωymy)] (A.1)

where S represents the magnetic source and can be Mx, My, Mz, Jx or Jy.
The harmonic source terms Sss, Ssc, Scs and Scc are derived by applying the
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Fourier integral over the full periodicity, as given by

Sss =
ς

xpyp

xpˆ

x=0

ypˆ

y=0

S (x, y) sin (ωxnx) sin (ωymy) dy dx (A.2)

Ssc =
ς

xpyp

xpˆ

x=0

ypˆ

y=0

S (x, y) sin (ωxnx) cos (ωymy) dy dx (A.3)

Scs =
ς

xpyp

xpˆ

x=0

ypˆ

y=0

S (x, y) cos (ωxnx) sin (ωymy) dy dx (A.4)

Scc =
ς

xpyp

xpˆ

x=0

ypˆ

y=0

S (x, y) cos (ωxnx) cos (ωymy) dy dx (A.5)

where

ς =


4 for nx ≥ 1 & my ≥ 1

2 for nx = 0 & my ≥ 1

2 for nx ≥ 1 & my = 0

1 for nx = 0 & my = 0.

(A.6)

Based on the principle of superposition, the contributions of each individual
source to the harmonic source description is derived separately. For each source,
the integrals equations (A.2-A.5) only give an non-zero answer for the part of
the periodicity where the source is present. This presence of the source is
included in the source function. Since the sources considered are not aligned
cuboidal sources, the source function is now given by

S (x, y) =

{
Ŝ for x0 ≤ x ≤ x1 & ylow (x) ≤ y ≤ yup (x)

0 elsewhere
(A.7)

where yup (x) and ylow (x) are the upper and lower boundary in the y-direction
of the source, given as a function of x, and where x0, x1 and indicate the
first and last x-coordinate of the source. Furthermore, consistently with Sec-
tion 4.3.3, Ŝ is the amplitude of the source investigated and is given by

Ŝ =
Br
µ0

for a permanent magnet (A.8)

Ŝ = J for a current density (A.9)

where Br is the remanence of the permanent magnet and J is the current
density (in the Cartesian direction in which the source function is acting), and
where S represents either Mx, My, Mz, Jx or Jy.
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Figure A.1: Division of a triangular source into sections with the linear equations for the
upper and lower boundaries is given.

By adapting the integration boundaries in the y-direction towards a linear
function of x as given by

yup (x) = yu + cu (x− xu) (A.10)
ylow (x) = yl + cl (x− xl) (A.11)

where yu, yl and xu, xl are the starting y- and x-coordinate and where cu, cl is
the slope of the boundary line of the upper and lower boundary, respectively, the
inclusion of more complex geometrical sources is possible. Since the principle
of superposition holds, any shape that can be approximated by a summation
of triangular shaped elements can be described using this method. Inside the
used triangular shaped piece of the source, a continuous source amplitude and
direction are considered. To obtain the harmonic description of an arbitrarily
rotated triangular shaped source, as shown in Figure A.1, the integrals are
performed in sections. Each section is delimited by the x-coordinates of the
corners of the triangle, as indicated by the dash-dotted lines in the figure. The
obtained sections are bounded in the y-direction by a linear equation for the
upper and the lower boundary.

As indicated, the boundary values of the integration are now given by linear
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functions, therefore, equations (A.2-A.5) are converted to

Sss =
ς

xpyp
Ŝ

R∑
r=1

xr
1ˆ

x=xr
0

sin (ωxnx)

yrup(x)ˆ

y=yrlow(x)

sin (ωymy) dy dx (A.12)

Ssc =
ς

xpyp
Ŝ

R∑
r=1

xr
1ˆ

x=xr
0

sin (ωxnx)

yrup(x)ˆ

y=yrlow(x)

cos (ωymy) dy dx (A.13)

Scs =
ς

xpyp
Ŝ

R∑
r=1

xr
1ˆ

x=xr
0

cos (ωxnx)

yrup(x)ˆ

y=yrlow(x)

sin (ωymy) dy dx (A.14)

Scc =
ς

xpyp
Ŝ

R∑
r=1

xr
1ˆ

x=xr
0

cos (ωxnx)

yrup(x)ˆ

y=yrlow(x)

cos (ωymy) dy dx (A.15)

where r is the integration section counter with R the last section, and where yup
and ylow are the boundary functions as given in equations (A.10) and (A.11).

It is clear, the order of integration is now fixed, since the directions of integra-
tion are now dependent on each other. Therefore, equations (A.12-A.15) are
solved by first integrating to y, where the linear equations for yup and ylow are
substituted, and then performing the integral in the x-direction. This results
in

Sss (nx,my) =
ς

xpyp

Ŝ

2ωym

R∑
r=1

[
cos (ωxnx− ωym (yru + cru (x− xru)))

ωxn − cruωym
+

cos (ωxnx+ ωym (yru + cru (x− xru)))

ωxn + cruωym
+

− cos (ωxnx− ωym (yrl + crl (x− xrl )))
ωxn − crl ωym

+

− cos (ωxnx+ ωym (yrl + crl (x− xrl )))
ωxn + crl ωym

]x=xr
1

x=xr
0

(A.16)

where r is the integration section counter with R the last section, yup and ylow
are the boundary equations as given in equation (A.10) and (A.11). Further-
more, cu and cl represent the slope of the upper and lower boundary, respec-
tively, while xr0 and xr1 are the starting and ending coordinate of the integration
section. For each combination of harmonics in x and y a separate value is found
and equivalently, the solution for Ssc,Scs,Scc,Ss0,Sc0,S0s,S0c and S00 is
obtained. Please note that for the situation where ωxn = ±cbωym, where cb
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is cu or cl, the denominator results in zero, therefore, for these situations, the
replacement of ±cbωym = ωxn is done before the integration.

With all harmonic source terms known, the harmonic description of the source
functions for non-cuboidal shaped magnetic field sources is given.

In retrospect to the modeling method of superimposing a third Fourier se-
ries [115], in the described process, the harmonics in x and y stay independent
of another. Only in the derivation of the source terms (Sss, . . . ,S00) a coupling
between the Cartesian coordinates is used, while the direction of the harmonics
stay perpendicular to another and, therefore, remain uncoupled.

A.2 Model Validation

The modeling process of the sources as described in this appendix is validated
for three situations, namely a combination of rotated cuboidal permanent mag-
nets, a set of cylindrically shaped sources (three permanent magnets and a coil)
and a combination of two race-track shaped coils, where all three magnetic
source combinations are located in air. To solve the magnetic flux density in
these situations, the modeling as described in Chapter 4 is considered.

A.2.1 Rotated cuboidal sources

For the rotated cuboidal sources, three permanent magnets are considered,
where each magnet has an arbitrary rotation with respect to the x-axis. Fur-
thermore, the each magnet has an arbitrary angle of magnetization as shown
in Figure A.2. Based on the method as described in this thesis, the sources are
modeled and the magnetic flux density is derived at 1 mm above the magnets
top faces. This magnetic flux density is compared to the results obtained with
a 3-D finite element analysis model, using the FLUX3D [16] software. The
magnetic flux density in the z-direction as derived from the 3-D Fourier mod-
eling (ANA) is given in Figure A.3(a), while the difference between the finite
element results (FEA) and the ANA is given in Figure A.3(b).

Two notable deviations are found between the 3-D Fourier and FEA models.
First of all, the edges of the permanent magnets are clearly visible, which is
caused by a combination of the Gibb’s effect [40] and the mesh-dependency of
the FEA. The second visible effect is the influence of the harmonic description
that remains. The largest difference between the models is < 0.15 T, while the
average discrepancy over the full periodicity is within 1 %.
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Figure A.2: Example geometry of a set of three rotated cuboidal permanent magnets, where
the regions are indicated on the right-hand side.

A.2.2 Cylindrical shaped sources

For the cylindrical sources, three permanent magnets and a coil are consid-
ered. Each of the magnets has a different magnetization direction, where in
the largest magnet an inward pointing radial magnetization is assumed. The
modeled geometry is illustrated in Figure A.4. The cylindrical sources are
included by first dividing the cylinders in numerous parts in the rotational di-
rection. For the radial magnetization and the circumferential current density,
the angle of the current density or magnetization is calculated separately for
each section. The magnetic flux density in the z-direction as derived from the
3-D Fourier modeling (ANA) is given in Figure A.5(a), while the difference
between the finite element results (FEA) and the 3-D Fourier model is given
in Figure A.5(b).

Again, both the edges of the magnetic field sources and the influence of the
harmonic description remain visible in the differences in the magnetic flux
density. The largest discrepancy between the models is < 0.1 T, while the
average difference over the full periodicity is within 1 %.
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(a)

(b)

Figure A.3: Magnetic flux density at z = 21 mm as derived with 3-D Fourier model-
ing (ANA) (a) and (b) the difference between the FEA and ANA results, for three rotated
cuboidal permanent magnets as shown in Figure A.2.
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Figure A.4: Example geometry for the cylindrical magnetic sources, where a circumferential
current density and radial, parallel and z-magnetized permanent magnet are given. The
regions are indicated in the right-hand side and 10 parts are used per quarter cylinder.

A.2.3 Race-track shaped coils

For the race-track shaped coils, two coils are considered. The straight part
on one coil is in the x-direction and has a counterclockwise current direction.
The other coil has its straight section in the y-direction and has a clockwise
current direction. The modeled geometry is illustrated in Figure A.6. The
race-track shaped sources are included by first dividing the race-track into
two half hollow cylinders and two cuboidal sections. The cylindrical parts are
then divided into numerous parts in the rotational direction. To include the
(counter)clockwise direction of the current density, a current density vector is
calculated separately for each section. The contributions of each section to
the current density functions in the x- and y-direction are obtained by the
projection of the current density vector on the Cartesian axis. The magnetic
flux density in the z-direction as derived from the 3-D Fourier modeling (ANA)
is given in Figure A.7(a), while the difference between the finite element results
(FEA) and the 3-D Fourier model are given in Figure A.7(b).

Again, the influence of the harmonic description remains visible in the differ-
ences in the magnetic flux density. The largest discrepancy between the models
is < 0.01 T, while the average difference over the full periodicity is well within
1 %.

With the derivation and validation of the source function description for the
rotated cuboidal permanent magnets, the cylindrical permanent magnets and
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(a)

(b)

Figure A.5: Magnetic flux density at z = 21 mm for the cylindrical magnetic field sources
as shown in Figure A.4. (a) The magnetic flux density calculated by 3-D Fourier modeling
(ANA), and (b) the difference between the FEA and ANA results.
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Figure A.6: Example geometry for the race-track shaped coils. The regions are indicated
in the right-hand side and 10 parts are used per quarter cylinder.

coils, and the race-track shaped coils, all magnetic field sources required for
the topology are considered.
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(a)

(b)

Figure A.7: Magnetic flux density at z = 21 mm for the race-track shaped coils as shown
in Figure A.6. (a) The magnetic flux density calculated by 3-D Fourier modeling (ANA),
and (b) the difference between the FEA and ANA results.
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Figure B.1: Measured BH-curve of the shielding plates used in the measurements.

For the shielding plate, the magnetic material properties were measured accord-
ing to the IEC 60404-4/6 standard using the soft magnetic properties tester
MPG-200 (Brockhaus GmbH). The resulting BH-curves are shown in Fig-
ure B.1. In the graph, multiple minor loops of the BH-curve are measured, while
the outline of these minor loops represent the "major" BH-curve. Furthermore,
based on the average slope of the major loop between −1 T ≤ B ≤ 1 T, the
initial relative permeability of shielding material is found to be µr,sh = 1300.
From the figure it is clear that if the magnetic flux density is coming above the
|B| ≥ 1 T, the assumption of a linear magnetic permeability of µr,sh = 1300
does not hold.
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Samenvatting

Hybrid 3-D Electromagnetic Modeling:
The Challenge of Magnetic Shielding of a Planar Actuator

Hybride 3-D Elektromagnetische Modelering:
De Uitdaging van het Magnetisch Afschermen van een Planaire Actuator

Om een uiterst nauwkeurig positioneringssysteem te kunnen ontwerpen zijn
snelle modellen van de magnetica in deze systemen nodig. De huidige mod-
elleringsmethodes, zoals de eindige elementen methode, hebben rekentijden in
de orde-grootte van enkele uren. Dit is uiterst ongewenst aangezien tijdens
het ontwerpproces van dit soort systemen vele iteraties nodig zijn. Daarom
zijn rekentijden die in de orde-grootte van enkele minuten liggen meer gewenst.
Deze rekentijden zijn wel haalbaar met het gebruik van modellerings methodes
die gebaseerd zijn op analytische veldvergelijkingen. Echter, momenteel is geen
van de analytisch gebaseerde modellerings methodes die beschreven zijn in de
literatuur, bruikbaar om de volledige complexiteit van deze uiterst nauwkeurige
positionerings systemen te kunnen omvatten.

Het onderzochte positionerings systeem bestaat uit een twee gestapelde beweg-
ings platformen, het lange- en korte-slag platform. Het lange-slag platform, een
planaire motor, zorgt voor de grote bewegingen (ca. 1 m in twee richtingen) en
het stilstaande deel bestaat uit een grote plaat met permanente magneten. Het
drie-dimensionale (3-D) magneetveld van deze magneetplaat wordt door een set
spoelen gebruikt om de elektromagnetische krachten op te wekken. Bovenop
het bewegende deel van de lange-slag (de spoelen) zit het korte-slag platform,
welke zorgt voor de uiterst nauwkeurige positionering (ca 1 nm). Doordat de
twee bewegings platformen dicht bij elkaar staan ontstaat er overspraak in de
magneetvelden van de platformen. Deze overspraak is ongewenst, en daarom
wordt er magnetische afscherming gebruikt om de overspraak te verminderen.
De gebruikte magnetische afscherming is een dunne plaat, een soort schild, van
magnetisch geleidend materiaal waar gaten in zitten. Deze gaten zijn nodig
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voor het reduceren van de aantrekkingskrachten van de korte slag actuatoren
op het schild, en om kabels door het schild te laten. Het afschermende effect van
het schild wordt verminderd door de aanwezigheid van deze gaten, aangezien
de gaten ook magneetveld doorlaten.

Het is een uitdaging om een goede elektromagnetische modellering van een
planaire motor met een schild te maken, zowel met de eindige elementen als
met een analytisch gebaseerde methode. Doordat een dun schild wordt ge-
bruikt moeten er in het eindige elementen model zeer kleine elementjes wor-
den gebruikt. Dit resulteerd in een lange rekentijd van het eindige elementen
model. De analytisch gebaseerde modelleringsmethodes beschreven in de lit-
eratuur geven of alleen een twee-dimensionale (2-D) representatie van het sys-
teem of het is niet mogelijk om de complexiteit van het schild mee te nemen.
Aangezien de planaire motor gebruik maakt van 3-D magnetische velden, is een
2-D representatie onvoldoende.

In dit proefschrift wordt een hybride modellerings methode beschreven waarbij
twee analytisch gebaseerde methodes zijn gecombineerd. Deze nieuwe hybride
modellering gebruikt een benadering van het magneetveld op basis van een
spatieel harmonische beschrijving in combinatie met een magnetisch equiv-
alente netwerk benadering. Beide methodes zijn bekend vanuit de literatuur,
echter de combinatie van deze twee methodes in één systeem brengt de noviteit.
De besproken hybride benadering overtreft beide losse methodes doordat het
de sterke punten van beide methodes combineert, waarmee de valkuilen in de
methodes worden vermeden. De sterke kant van de magnetisch equivalente
netwerk methode is de mogelijkheid om per netwerk-element een andere mag-
netische geleidbaarheid mee te nemen. Terwijl, de spatieel harmonische dis-
cretisatie en het meenemen van een onbegrensde magnetische afhankelijkheid,
de sterke kanten van de spatieel harmonische benadering zijn. Doordat de hy-
bride modellerings methode zo algemeen mogelijk is afgeleid, is deze toepasbaar
op een breed scala aan elektromagnetische systemen.

Voor zowel 2-D als 3-D situaties is het hybride model afgeleid en beschreven.
Een algemene implementatie is ontwikkeld welke gebruik maakt van een gedis-
cretiseerd magnetisch equivalente netwerk model. Hierdoor wordt een veralge-
meend netwerk opgebouwd waardoor er vooraf geen kennis nodig is van de te
verwachte paden in het magneetveld.

Het hybride model is toegepast op twee voorbeelden van 2-D systemen, waar-
bij kleine stukken van magnetisch geleidend materiaal worden meegenomen
door het gediscretiseerde magnetisch equivalente netwerk model. De mogeli-
jkheid om deze kleine stukken magnetisch geleidend materiaal mee te kunnen
nemen geeft het hybride model een voorsprong ten opzichte van de bestaande
analytisch gebaseerde modellen. De kracht en het magneetveld in de 2-D voor-
beelden worden nauwkeurig meegenomen in vergelijking met eindige elementen
modellen. Aangezien de kracht, voorspeld door het hybride model, voor meer
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dan 97 % nauwkeurig is, is hiermee de toepasbaarheid van het hybride model
op 2-D systemen bewezen. Ook voor een 3-D systeem is de kracht berekend,
op een stukje magnetisch geleidend materiaal, waarbij een nauwkeurigheid van
meer dan 90 % is behaald in vergelijking met een eindige elementen model.

De toepasbaarheid van de ontwikkelde 3-D hybride modellerings methode is
bewezen door een deel van de ASML wafer stage te modelleren. In de wafer
stage wordt een schild toegepast om de overspraak tussen de twee bewegings
platformen te reduceren. Voor verschillende situaties zijn de gemodelleerde
krachten en magnetische veldsterktes vergeleken met metingen aan een testop-
stelling. De testopstelling omvat verscheidende bronnen van magneetvelden
zoals spoelen, geroteerde kubusvormige en cylindrische permanente magneten,
alsook een schild met verscheidende gaten. Het is niet mogelijk om de testop-
stelling te beschrijven op basis van de bestaande analytische modellen, wat deze
testopstelling tot een uiterste geschikt voorbeeld maakt. Het hybride model kan
binnen 6 minuten de krachten in het systeem uitrekenen, waar een eindige el-
ementen model meer dan 2 uur rekentijd nodig heeft. De berekende krachten
hebben minder dan 10 % afwijking ten opzichte van de eindige elementen mod-
ellen. Tussen de metingen en het hybride model is echter meer afwijking te
zien (ongeveer een factor 2 afwijking in stoorkracht). Dit is ten gevolge van
het aanwezig zijn van magnetische saturatie in het schild die niet in het model
wordt meegenomen.

Concluderend, de 3-D hybride modellerings methode beschreven in dit proef-
schrift is in staat om nauwkeurig de elektromagnetische fenomenen (zoals kracht
en veldsterkte) te voorspellen in een fractie van de rekentijd van de convention-
eel gebruikte eindige elementen methode. Door de generieke implementatie van
het model is deze direct geschikt om toe te passen in een industriële omgeving,
bijvoorbeeld om de invloed magnetische afscherming tussen twee bewegings
platformen in een uiterst nauwkeurig positionerings systeem te bepalen.
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