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S U M M A RY

Bio-inspired design strategies for semi-flexible polymer
networks

The mechanical properties of materials are the result of the combination the
constituents that the material consists of, how these components are orga-
nized spatially, and the way these components interact. In the development
of new functional lightweight materials, all of these facets should be taken
into account. Here, biomaterials can act as a great source of inspiration for
developing new design strategies. Understanding the underlying physical
principles that relate the complex structures and mechanical behavior of bio-
materials is of great fundamental importance, but can also be used for the
design of synthetic or biomimetic materials.

The central aim of this thesis is to use theoretical modeling to study two
of the underlying physical principles that relate the complex structures and
mechanical behavior of biomaterials: (1) the role of the substrate shape on the
structure of polymer network, and (2) the dynamics of transient crosslinks
and their effect on the mechanics of a network.

A recurring motif in the architecture of cylindrically shaped biological tis-
sues is a cross-hatched structure. In this structure, fibers are not aligned
parallel nor circumferentially to the main axis, but under an angle which is
bimodally distributed. A typical example of this cross-hatched structure can
be found in the arterial wall, where quasi-2D layers of collagen fibers and
layers of muscle cells alternate. Another example is the annulus fibrosus of
the intervertebral disc where collagen fibers wrap around the nucleus pulpo-
sus in a cross-hatched fashion. In order to understand and perhaps control
the highly cross-hatched order, we develop a model of a simple meshwork of
semiflexible polymers confined to the surface of a cylindrical substrate. Be-
cause the energy of a semiflexible fiber consists of a bending and stretching
component, confining the network to a cylindrical surface will affect the en-
ergy of the network. If we start with an isotropic network, the fibers tend to
align with the cylindrical main axis which reduces bending but may come at
the cost of some stretching of the fibers. We show that the trade-off between
bending and stretching contributions to the energy gives rise to cross-hatched
order.

The technique of using shape to impose a specific organization can be
used on all 2D surfaces. Therefore we extend and generalize this method



to generic, non-flat, smooth surfaces. We use this model to calculate the
structure of networks that are confined to a toroidal surface as a general
example of curvature scenarios.

To relate the geometry of a network to its structure it is customary to as-
sume that all the bonds between the fibers are permanent; those permanent
crosslinks are mostly associated with covalent bonds. In Nature there are
also links that unbind and rebind. Such transient or physical crosslinks are
mostly formed by ionic or hydrogen bonds. We study the force-dependent
unbinding statistics of a transient crosslink, when this crosslink is positioned
at one end of the fiber and while a tensile force is acting on the fiber. Here
we show that applying a force to certain supramolecular bonds may initially
stabilize them, manifested by a lower dissociation rate. This phenomena is
known as catch bonding and we find, that even if a ligand is bound in a sym-
metrical trap, the bond can show catch bond behavior. The sole criterion for
this to happen is that the external potential possesses "enough" nonlinearity,
and multiple unbinding pathways.

We also study how such transient crosslinks affect the mechanics of a poly-
mer network by computing the changes in shear modulus of permanently
crosslinked networks of semiflexible fibers due to the addition of transient
crosslinks. We develop a single fiber simulation approach for obtaining the
shear modulus. This method, which relies on the fluctuation-dissipation the-
orem, takes only the end-to-end length fluctuations of a single fiber into
account. We do a Molecular Dynamics (MD) simulation of a single polymer
fiber with one pinned endpoint, representing a permanent crosslink, and an-
other end point that is free to fluctuate. Between these two end points, several
transient binding sites are placed. These sites can spontaneously form a bond
and unbind due to thermal fluctuations. We find that at timescales much
longer than the average unbinding time there is no influence of the transient
crosslinks on the shear modulus. In the limit of short timescales, where the
bound transient crosslinks act as if permanent, the same power-law behavior
as in networks of permanent bonds is observed. However, an increase of
the modulus from its original plateau modulus emerges, which may cause,
under the appropriate conditions, the appearance of a full-fledged second
plateau in the modulus. This second plateau is determined by the transient
crosslink properties only, and is thus addressable in material design.
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introduction

Biomaterials are intriguing, from many points of view. While their indi-
vidual characteristics, in isolation, may not always be superior to those of
synthetic materials, their outstanding combinations of properties have fasci-
nated scientists and engineers, and have inspired them to study the complex
principles of biomaterials. For example, the exceptional tensile strength of
silk is often touted, but its strength is actually inferior to that of steel [1].
Rather, the combination of a high tensile strength and a low density is what
makes silk such a remarkable material. In general, biological materials have
low densities compared to their synthetic counterparts, which makes them
an enormous source of inspiration for the design of functional lightweight
materials. In addition to mechanical quality, biomaterials frequently possess
the capacity to repair themselves after damage, and through hierarchical or
other designs may have found ways to circumvent classical combinations of
properties, that in traditional materials may be linked. Materials that are stiff
tend to be brittle, and materials that are tough tend to have low moduli - in
biomaterials these do not necessarily go hand in hand.

The mechanical properties of a material are the result of the combination of
their used building components, the way these components are spatially or-
ganized, and the interaction between these components, see Fig. 1.1. During
evolution, Nature has developed a wide range of design principles to control
all of these facets essential for the proper functioning of the materials. These
design strategies frequently result in highly hierarchical complex structures
giving each material its, often outstanding, combination of properties. Un-
derstanding of the underlying principles that relate the complex structures
and mechanical behavior of biomaterials is of great fundamental importance,

Figure 1.1: The mechanical properties of a material are set by the combination of
the building components, the spatial organization of these components,
and the interaction between them. In a material as hierarchical as bones,
this applies to the mechanical behavior at each hierarchical level. Figure
obtained from [2].
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1.1 biopolymers

but can also be used for the design of synthetic or biomimetic materials. In
this thesis, I study some of those underlying physical principles, focusing on
tissue-like materials made of biopolymers. Controlling those principles may,
hopefully, in the future be helpful in developing effective ways to design
functionally lightweight materials.

1.1 biopolymers

Biopolymers fulfill all kind of different functions. Among some of the more
well-known of these are carrying and transfer of the genetic information, stor-
ing of energy and converting of it into mechanical work, acting as mechanical
and chemical sensors, and acting as the structural scaffold that determines
the structure of cells and the extracellular matrix. Based on those functions,
and on the type of repeat units which compose the polymer, biopolymers
are commonly divided into three main groups: (i) DNA and RNA, which
are carrying the genetic code, belong to the group of polynucleotides, (ii)
polysaccharides usually store energy (glycogen) or serve as structural com-
ponents in e.g. plants (cellulose) and exoskeleton (chitin), and finally (iii)
polypeptides, which are also called proteins, have a vast variety of functions
ranging from structural components (collagen, f-actin and intermediate fila-
ments) to the transport of molecules (microtubuli). In this thesis, we focus on
the structural function of biopolymers and study the structure and mechan-
ical behavior of the networks that they form. We are especially interested
in the driving force guiding the polymers to form highly ordered structures
and how the interaction between the polymer fibers affects the behavior of
the network. In the following, I introduce two physiologically important
network materials, which have been an inspiration for this work.

1.1.1 Extracellular matrix

Most of the structural proteins in the human body can be found in connec-
tive tissues, which are a combination of the extracellular matrix (ECM), cells
that are spread in the ECM, and a filling ground substance which mostly is
a viscous background material containing a range of proteins and protein
complexes, such as glycosaminoglycans. The ECM is a viscoelastic matrix
material that serves many functions such as intercellular communication and
mechanical support. The ECM consists of several types of biopolymers like
elastin and fibronectin, but the most abundant protein in the ECM is collagen.
Collagen occurs in fibrillar and non-fibrillar form, the fibrillar one is the main
structural component of e.g. skin, bone, cartilage, and veins. Compared to
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1.1 biopolymers

most synthetic fibers, collagen is a relatively stiff polymer, which is the result
of its highly hierarchical structure. At macro molecular length scale collagen
is made of tropocollagen, a triple-helical molecular structure, 300 nm long,
consisting of three intertwined polypeptides. Multiple of those tropocolla-
gen molecules self-assemble into larger structures named microfibrils. At
their turn those microfibrils associate and form fibrils, which eventually as-
sembles into the collagen fiber. The dimension of the collage fibrils depend
on the type of tissue in which the fribril is part of, the diameter of those
fibrils can range from 50 to 200 nm [4, 5].

Although the main component of many of the extracellular tissues is col-
lagen, the mechanical behavior of all of those tissue types differs a lot. This
mainly is the result of the intricate network structure of those tissues, see
Fig. 1.2, where the ECM of a skin tissue shows a random organization and
the ECM in tendon tissue is a highly oriented structure. Other examples of
highly orientationally ordered network structures, giving rise to anisotropic
mechanical behavior, can be found in the annulus fibrosus of the interverte-
bral disc. Here, collagen fibers surround the cylindrically shaped soft inner
core in a highly ordered structured, Fig. 1.3.(a).

Figure 1.2: Second harmonic generation microscopy image of collagen tissues. Colla-
gen matrix in the connective tissue shows all kind of different structures.
In a) the ECM obtained from a dermis (scale bar is 30 µm) and b) tendon
tissue of a mouse (scale bar is 17 µm). Figure adapted from [3].
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1.1 biopolymers

Figure 1.3: a) Electron microscope image of the collagen orientation in the outer an-
nulus (oa) of the intervertebral disc, surrounded by the vertebral bodies
(vb). The unit of the scale bar is µm, Figure adapted from [6]. b) Flu-
orescence microscope image of cells with their cytoskeleton and nuclei
(blue). The actin filaments are labeled in red and the microtubules in
green. Figure adapted from [7].

1.1.2 Cytoskeleton

Another physiologically important network structure of biopolymers is the
cytoskeleton, see Fig. 1.3.(b). The cytoskeleton is a composite network which
mainly consists of microtubules, intermediate filaments, and actin filaments,
and can be found in the cytoplasm of a cell. Microtubuli serve as the main
track for intracellular transport, the network formed by intermediate and
actin filaments determines the shape of the cell and its mechanical properties
and behavior. The cytoskeleton is a dynamical structure that can adapt to
changes in the cells environment by remodeling its organization. This remod-
eling process is made possible by the polymerization and depolymerization
of the fibers, coupled with the transient binding, unbinding and rebinding of
the crosslinks between the proteins.

Besides the role that transient crosslinks have in the remodeling of the
network morphology, they also influence the mechanical behavior of the net-
work. The proteins responsible for crosslinking are the actin-binding proteins
(ABP), of which an extensive variety exists. All of these ABPs are featured
with their own characteristics and functions. Some of those ABPs play a role
in monomer binding, others are important for anchoring a filament to a mem-
brane. Others still are involved in the binding of myosin. We are the most
interested in the actin crosslinking ABPs, which connects different actin fila-
ments, resulting in complete actin networks. The unbinding and rebinding
of transient crosslinks plays a crucial role in the relaxation of a network, and
therefore affects the mechanical behavior of the network largely.

9



1.2 review of related work

Figure 1.4: (a) Degradation rate of a decellularized collagen tissue after adding col-
lagenase enzyme as a function of the applied linear strain. (b), (c) The
strain-dependent degradation can be used for inducing orientation order
(c) in an initially isotropic collagen network (b). Figures adapted from
[8].

1.2 review of related work

In this thesis, I study two of the physical principles Nature uses to design
its biological tissues with the required mechanical properties. The mechan-
ical properties of a material are set by the combination of the constituents,
the organization of the constitutes and the interaction between them. The
first principle is related to the structural organization of the highly ordered
network structures formed on top of non-flat substrates. More specifically,
we study the relation between the shape of the underlying substrate and
the structure of the network on top of this. Secondly, we study the physics
related to transient, non-permanent, crosslinks in networks of biopolymers.
During the years, topics related to inducing alignment in polymer networks
and the effect of temporary bindings in network of polymer had inspired
many scientists. Before I define the research questions, I discuss some of
those studies.

1.2.1 Inducing order in networks of collagen fibers

Many different techniques for inducing alignment in in vitro collagen gels
and networks have been developed. One of the first techniques, developed
in 1964, made use of electrical gradients to align collagen fibers [9]. Other
techniques exposed collagen fibers in solution to strong magnetic fields [10–
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12], or pattern the fiber with magnetic beads and expose the gel to lower
magnetic fields [13]. Another technique [14–16] uses a flow to align the fibers.
Although those techniques all result in highly ordered structures, it seems
unlikely that these techniques are the physiological pathway for inducing
alignment in most ECM.

It has been shown that collagen networks are susceptible to mechanical
cues. One striking illustration of this is the degradation of collagen fibers,
which shows a dependence on applied strain to the tissue[8, 18–21]. This
is attributed to a change in the molecular state, preventing the enzymatic
degradation of the fiber [21]. In [8] Ghazanfari et al. measured the depen-
dency of the degradation rate on the applied linear strain of a decellularized
collagen tissue, after adding a collagenase. They found a non-monotonic de-
pendence, and in particular the existence of a characteristic, nonzero strain
level at which the degradation rate is minimized—see Fig. 1.4 (a). Ghazan-
fari et al. showed that, by biaxially straining with two different strains, this
strain-dependent degradation can be used to change the morphology of the
network and induce a preferred orientation in an originally isotropic matrix,
Fig. 1.4 (a) and (c).

Besides this enzymatic degradation effect, other active remodeling pro-
cesses affect networks structure largely. One of the functions of cells is pro-

Figure 1.5: (a) Traction forces of an isolated human glioblastoma cell effects the mor-
phology of a collagen gel, and (b) densifies the network along lines con-
necting the cells. (c) These traction forces can even induce long range
orientational order in a collagen network. Figure adapted from [17].
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ducing collagen, and therefore cells play a key role in those active processes.
Cells mainly secrete collagen in the direction parallel to their orientation [22–
24], and therefore aligned cells are able to produce an aligned network [24].
Another function of cells is generating traction forces on the ECM, as shown
in Fig. 1.5 (a). In Fig. 1.5 (b), it is shown that the traction densifies the
network along lines connecting the cells, and those traction forces induce
alignment of the network of collagen fibers [17, 25–27], see Fig. 1.5 (c).

The method of enzymatic degradation, directed collagen production, and
the effect of traction forces are all active methods for remodeling a network
architecture. In contrast to those active remodeling processes, I am interested
in the passive remodeling of a network. Inspired by the frequently observed
highly ordered network structures in cylindrically shaped tissues, we will
study the role of the geometrical shape of a network on the structure of it:

1) What is the effect of curved e.g. non-flat substrates on the network
structure of a tissue attached to the substrate?

1.2.2 Transient crosslinks

As mentioned in section 1.1.2, the cytoskeleton is a highly dynamic composite
material. The constant remodeling of the network is caused by the polymer-
ization and depolymerization dynamics (also known as treadmilling), and
un- and rebinding of physical crosslinks. This, in combination with the work
of molecular motors, is what turns the cytoskeleton from a static network into
a very dynamic network. Molecular motors convert chemical energy, mainly
in the form of ATP, into mechanical work [29], and drive the cytoskeleton
into a non-equilibrium state. It has been shown that these molecular mo-
tors can affect the mechanics of a network significantly [30, 31]. Also in the
absence of those motors, in vitro networks made of cytoskeleton filaments
exhibit fascinating material properties like non-linear strain-stiffening [32].
Studying the bare network, i.e. without the mechanical work of molecular
motors and in equilibrium, teaches us a lot about the mechanics of biopoly-
meric networks; this knowledge may be used to guide the design of future
polymeric materials.

One of the fascinating properties of biological tissues, and one that material
engineers would deeply like to recreate in synthetic materials, is the ability
to repair after damage. Some studies have shown that transient crosslinks
can fulfill this task, with re-crosslinking broken transient bonds between
the fibers (partly) restoring the functionality of fibrous networks [33, 35, 36].
Cordier et al. [28] demonstrated the self-healing mechanism in a supramolec-
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1.2 review of related work

ular rubber. This rubber, which is polymerized by multiple hydrogen bonds,
showed recovery after having been cut into two pieces and bringing the two
fracture surfaces into contact. The reforming of the bonds interconnecting the
two pieces is a gradual process that depends on the dynamics and density
of the associating crosslinking groups. In Fig. 1.6, the stress-strain curves for
the healed rubber measured after different healing times shows the (partly)
recovered mechanical integrity and quality of the rubber.

Transient bonds break and reform spontaneously and are usually weak
compared to chemical bonds. Therefore, the toughness of transiently con-
nected networks might be expected to be inferior to the toughness of cova-
lently crosslinked rubbers. Adding permanent chemical bonds may, however,
increase the toughness of such a network tremendously, see Fig. 1.7 (a) for
a schematic illustration of a dual network. It is shown extensively that hy-
drogel, networks connected by a combination of transient physical bonds
and permanent chemical bonds, possess, besides self-healing properties, the
property of high toughness [34, 37, 38]. In addition to this, a network con-
nected by only transient bonds shows viscous behavior at long time scales,
adding permanent chemical bonds preserves the elastic behavior of the net-
work upon large deformations.

Figure 1.6: The stress-strain curve of a self-healed rubber, polymerized by multiple
hydrogen bonds. Two fracture surfaces of a cut piece were brought in
contact, after which the material spontaneous heal, The different times
indicate various healing times. Figure adapter from [28].
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Traditional hydrogels, where all crosslinks are permanent, are usually brit-
tle materials and have fracture energies in the order of 100− 101 J m−2 [39–41].
Sun et al. [37] reported extremely tough dual crosslinked hydrogels, consist-
ing of transient and permanent bonds, with fracture energies of ∼ 9000 J m−2,
which are in the order of the fracture energies of natural rubbers [42]. In a
dual crosslinked network, the permanent bonds preserve the initial state of
the network and (partly) restore the original state of the network after the re-
lease of deformation. The transient bonds are conjectured to act as sacrificial
bonds, enhancing the toughness of the material by their dissociating which
is an energy dissipation mechanism preventing, or delaying, the rupturing of
the covalent bonds. Due to re-association and reorganization of the transient
bonds a network can recover from released deformation; this self-healing is
shown in Fig.1.7 (b). Recently Wu et al. [33] managed to produce a tough
self-healing dual crosslinked rubber and showed that the strategy of using
sacrificial bonds to increase the toughness of the material not only holds for
hydrogels but also can be used for dry materials.

Although dual crosslinked materials can withstand and recover from large
strains, rupturing the material induces permanent damage to the system,
where both the temporary and the permanent bonds break. Replacing the
covalent permanent bonds with strong non-covalent bonds has shown to cir-
cumvent this problem. Those strong non-covalent bonds act as permanent

Figure 1.7: (a) Schematic illustration of a dual crosslinked network, where the per-
manent bonds are indicated by the black dots and the transient bonds
by the brown pieces. Figure obtained from [33]. Tensile test of a dual
crosslinked hydrogel (blue) immediately after a stress-strain cycle, and
after 30 minutes healing (green). The black curve shows the data for the
first stress-strain cycle. Data obtained from [34]
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Figure 1.8: The dynamic modulus of a dual crosslinked rubber, the filled red sym-
bols represent the storage modulus and the open green symbols are the
loss modulus. Figure obtained from [33].

bonds at room temperature, heating the material enables re-association of
those bonds recovering the original material properties [43].

The dissociation and associating dynamics of transient crosslinks define
the ability of a network to reconstruct and help the cytoskeleton to remodel.
The dissociation of sacrificial or transient bonds is also important as a mecha-
nism for stress release, both for biomaterials as well as bio-inspired materials,
enhancing the toughness of the material. Both the role of transient crosslinks
in remodeling and the mechanism for stress release motivated us to study
the effect of external manipulations on the dissociating statistics of transient
bonds, expressed by the following research question:

2) How do external manipulations, like the application of a force, affect
the unbinding statistics of a transient crosslinks?

Besides the role that transient crosslinks have in the remodeling of the cy-
toskeleton and in the self-healing of various materials, they also affect the
mechanical behavior of a network. In Fig. 1.8 the dynamic modulus of the
dual crosslinked rubber developed by Wu et al. [33] is shown. Here the
storage modulus showed a frequency-dependent behavior where a plateau
modulus is expected for a permanently crosslinked rubber without transient
bonds. Therefore, we are interested in how the unbinding dynamics of tran-
sient crosslinks affect the mechanical response of a polymer network that
initially only contains permanent bonds:
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1.3 aim and outline of this thesis

3) How do reversible crosslinks affect the mechanical response of a poly-
mer network?

We are not the first one to study the role of transient links on the mechanics
of a polymer network. In [44] a combination of Monte Carlo simulations
and analytic approach was employed, and in [45] a more phenomenolog-
ical approach was used to study the long-time relaxation of a transiently
crosslinked network, where they reported a viscous flow. In our work we
develop a molecular dynamic setup based on a single fiber, in which the
fiber can form transient crosslinks with an effective network, to study how
reversible or transient crosslinks affect the mechanics of a polymer network.

1.3 aim and outline of this thesis

As mentioned in the beginning of this introduction the mechanical properties
of materials are the result of the combination of the components the materials
consists of, the manner in which those components are spatially organized,
and the interactions between the different components. Understanding the
underlying physical principles that relate the complex structures and me-
chanical behavior of biomaterials is of great fundamental importance, but
can also be used for the design of synthetic or biomimetic materials. In this
thesis, I focus on two of those underlying physical principles: we study (1)
the role of the substrate shape on the structure of polymer network, and (2)
the dynamics of transient crosslinks and their effect on the mechanics of a
network. The research questions, as already stated in 1.2 are:

1) What is the effect of curved e.g. non-flat substrates on the network
structure of a tissue attached to the substrate?

2) How do external manipulations, like the application of a force, affect
the unbinding statistics of a transient crosslinks?

3) How do reversible crosslinks affect the mechanical response of a poly-
mer network?

1.3.1 Outline of this thesis

In Chapter 2 we start with a brief introduction of polymer mechanics and
discuss the statistical-mechanical background of the computational methods
we use.
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1.3 aim and outline of this thesis

In Chapter 3 and 4 we focus on the role of the geometrical shape of a
substrate on the structure of the polymer network attached to it. A recurring
motif in the architecture of cylindrically shaped biological tissues is a cross-
hatched structure. In this structure the fibers are not aligned parallel nor
circumferentially to the main axis, but under an angle which is bimodally
distributed. A typical example of this cross-hatched structure can be found
in the arterial wall, where quasi 2D layers of collagen fibers are alternated
by layers of muscle cells. Another example is the annulus fibrosus of the
intervertebral disc where collagen fibers wrap around the nucleus pulposus
in a cross-hatched fashion. In order to understand, and perhaps control the
highly cross-hatched order, we developed in Chapter 3 a model of a simple
meshwork of semiflexible polymers confined to the surface of a cylindrical
substrate. The technique of using shape to impose a specific organization can
be used on all 2D non-flat surfaces. We extend and generalize this method
in Chapter 4 to generic, non-flat, smooth surfaces and used this model to
calculate the structure of networks that are confined to a toroidal surface to
treat all relevant curvature distributions.

In Chapter 5 and 6 we developed a Molecular Dynamics (MD) single fiber
simulation approach for studying the physics related to transient crosslinks.
In Chapter 5 we use this single fiber model to study the force-dependent un-
binding statistics of a transient crosslink, when this crosslink is positioned at
one end of the fiber and while a tensile force is acting on the fiber. In Chap-
ter 6, we compute the changes in shear modulus of permanently crosslinked
networks of semiflexible fibers. Here we use the developed single fiber sim-
ulation approach to obtain the shear modulus. This method is based on the
in literature described method for calculating the shear modulus of a per-
manently crosslinked network. This method, which relies on the fluctuation-
dissipation theorem, takes only the end-to-end length fluctuations of a single
fiber into account. We did a MD simulation of a single polymer fiber where
one end is fixed or pinned, resembling the permanent crosslink, and the other
end can fluctuate. Between those two ends several transient binding sites are
placed, which can spontaneously form a bond and unbind due to thermal
fluctuations.

In Chapter 7 we summarize the previous chapters and present our main
conclusions and recommendations for further studies.
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theoretical background

This chapter provides the theoretical background used in the remainder of
this thesis. In this thesis the effect of curvature of the tissues geometry on
the spatial structure of the polymer network, and the physics related to tran-
sient crosslinks will be studied. We do this by a combination of an analytic
approach and numerical simulations. Here we introduce common physical
models for describing the mechanics of polymers and introduce the simula-
tion techniques used later on in this thesis. In both parts statistical mechanics
play an important role, therefore I start this chapter by providing a brief recap
of statistical mechanics.

2.0.1 Statistical mechanics

Statistical mechanics describes the properties of an ensemble of entities, and
can be used to study how macroscopic properties emerge from the micro-
scopic interactions between the particles [46]. By using statistical mechanics
one is not interested in the properties of a single state of the system, but into
the properties of the systems statistical ensemble. Therefore, we introduce
here the term partition function Z, which is the sum over all microscopic
states of a system, weighted by the probability of each of those microscopic
states.

One of the cornerstones of statistical mechanics is the fundamental postulate,
which states that all (microscopic) states with equal internal energy U are
equally probable. The degeneracy of U, the number of states with equal
internal energy, is Ω(U). If the internal energy is a preserved quantity, i.e. U
is constant, all the states are equally likely visited and Z = Ω(U). This is the
case in the microcanonical ensemble, where besides U also the total number of
particles and the volume are constant. In the microcanonical ensemble the
probability to visit a specific state is 1/Z.

Instead of fixing U we might also fix the temperature of the system T; if the
temperature, the volume and the number of particles are fixed we encounter
the canonical ensemble. The canonical ensemble can be interpreted as being a
subsystem of a larger microcanonical ensemble. The canonical ensemble acts
as a sufficiently large reservoir with which heat can be exchanged to keep
the temperature of the canonical ensemble constant.

The probability pi for a system in the canonical ensemble to sit in state i
with internal energy Ui is proportional to the Boltzmann exponential of Ui,
and is given by

pi =
exp

(
− Ui

kBT

)
Z

, (2.1)
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2.1 polymer physics

where kB is Boltzmann’s constant. The partition function of the canonical
ensemble is the weighted sum over all states

Z = ∑
all states i

exp
(
− Ui

kBT

)
= ∑

energy levels i
Ω(Ui) exp

(
− Ui

kBT

)
. (2.2)

The expectation value of a property in a canonical system is given by

〈A〉 = ∑
i

pi Ai = Z−1 ∑
i

Ai exp(−βUi). (2.3)

For comparing expectation values with experimental data, besides the fun-
damental postulate, the concept of ergodicity plays a key role. A system or
ensemble is ergodic if, given sufficient time, every microscopic state is vis-
ited and the time spent in each state is proportional to its a priori probability.
Using result Eq. (2.3), we can calculate the average internal energy

〈U〉 = Z−1 ∑
i

Ui exp(−βUi) =
∑i Ui exp(−βUi)

∑i exp(−βUi)
(2.4)

= −
δ ln

(
∑i exp(−βUi)

)
δβ

(2.5)

= −δ ln Z
δβ

(2.6)

Combining this result with the thermodynamic relation F = 〈U〉 − TS leads
to the relation between the Helmholtz free energy F and the partition func-
tion

F = −kBT ln Z. (2.7)

2.1 polymer physics

Polymers are long molecular or macromolecular strands of repeated subunits,
and are a basic building block of many biological and synthetic soft materi-
als. Soft matter is the collective name for materials of which the energy per
degree of freedom is in the range of the thermal energy. Therefore, the con-
formations of soft materials are significantly affected by thermal fluctuations.
Here we introduce two frequently used models for describing the behavior
of polymers, starting with the Freely-Jointed Chain (FJC). This is followed by
discussing the Worm-Like Chain (WLC) model and its sub-class the semiflex-
ible polymer. In the last part of this section we calculate the mechanics and
dynamics of networks of semiflexible polymers.
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2.1 polymer physics

2.1.1 Freely-jointed chain

One of the simplest models to describe a polymer is the Freely-Jointed Chain
(FJC) [48, 49], where the trajectory of a polymer is considered as a discrete
random walk, see Fig. 2.1. In the FJC the fiber consists of N rigid bonds
of length b connecting N + 1 points: r0, r1, ..., rN. The rigid bonds are ti =

ri − ri−1 and the bonds can rotate free with respect to other bonds without
energetic costs. So, the orientation vectors of bonds t̂i and t̂j, where the
orientation vector is defined by t̂ = t

|t| , are uncorrelated and 〈ti · tj〉 = 0, for
i 6= j. The end-to-end vector of the FJC L is the sum of the all bond vectors,
due to the uncorrelated bond orientations the average end-to-end distance is
zero

〈L〉 = 〈
N

∑
i=1

ti〉 = 0. (2.8)

Figure 2.1: The Freely jointed chain consists of freely hinged stiff segments of length
b. The configuration can be described as series of point ri or bond vectors
ti. Figure adapted from [47].
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In contrast to the mean end-to-end distance, the mean square end-to-end
distance has a non-zero average

〈L2〉 =
〈

N

∑
i=1

ti ·
N

∑
j=1

tj

〉
=

N

∑
i=1

N

∑
j=1
〈ti · tj〉 =

=
N

∑
i=1

N

∑
j=1
j 6=i

〈ti · tj〉+
N

∑
i=1
〈ti · ti〉 =

= 0 + Nb2 = Nb2. (2.9)

Due to the central limit theorem the distribution of end-to-end vectors of long
random walks, including the FJC, takes the form of a Gaussian. The end-to-
end vector probability distribution of the FJC P(L), for N >> 1, becomes

P(L) =
( 3

2πNb2

) 3
2

exp
(
− 3L2

2Nb2

)
. (2.10)

Holding the ends of FJC at a distance R from each other, a force is needed
to counteract the entropic force that pulls the ends of the fiber towards each
other. This force 〈f〉, acting equally but oppositely directed on both ends, can
be calculated from the total Helmholtz free energy F

F(R) = U(R)− T S(R), (2.11)

where U(R) is the energy and S(R) the entropy of the FJC, T is the temper-
ature. Since there is no internal energy in the FJC, the FJC model is entirely
entropy dictated and the Helmoltz free energy only consists of the entropic
part F(R) = −T S(R). The entropy is related to the number of configurations
Ω(R) with end-to-end length R

S = kB ln Ω(R). (2.12)

P(R)dR is the probability of a configuration that possesses an end-to-end
length between R and R + dR

P(R) =
Ω(R)∫

Ω(R)dR
. (2.13)

Combining 2.11, 2.12, and 2.13 gives the free energy of a FJC

F(R) =
3
2

kBT
R2

Nb2 + F(0), (2.14)
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2.1 polymer physics

where the constant F(0) is the free energy of a chain with both ends at the

same position, F(0) = − 3
2 kBT ln

(
3

2πNb2

)
− kBT ln

( ∫
Ω(R)dR

)
. Now, the

average force 〈 f 〉 that is needed to separate the ends by R is

〈 f 〉 = −dF(R)
dR

=
3kBT
Nb2 R. (2.15)

Pulling a FJC has the same response as pulling a Hookean spring with zero
rest length out of equilibrium, therefore this result often is called an entropic
spring with spring constant 3kBT

Nb2 . The entropic nature of the spring is induced
by the scaling of the spring constant with temperature, increasing the tem-
perature makes it more difficult to stretch the chain. Note that the Gaussian
approximation in Eq. (2.13) is only valid for |L| << |Lmax| = Nb.

Nonlinear force-extension description

We can also turn the question around and ask by what average distance the
ends will be separated when a force f is acting on them (with oppositely
directed forces on the two ends). The Hamiltonian of a configuration is now
given by

H = −f · L, (2.16)

and the partition function Z( f ) can be calculated by integrating over all Boltz-
mann weighted states Eq.(2.2)

Z( f ) = ∑
all states

exp
( f · L

kBT

)
. (2.17)

The partition function can be computed analytically, resulting in following
expression

Z( f ) =
N

∏
i=1

∫
dr̂i exp

(
b f

N

∑
i=1

t̂i · f̂
)
=

=
(4π sinh

(
β f b

)
β f b

)N
, (2.18)

with β = 1/kBT, and f = |f|. The Gibbs free energy G( f ) is directly related
to Z( f ) by

G( f ) = −kBT ln Z( f ). (2.19)
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Figure 2.2: (a) A worm-like chain is a continuous representation of a polymer strand
with Hamiltonian given by Eq. (2.22). Figure adapted from [47]. (b)
Comparison of a WLC fit (straight line) and FJC fit (dashed line) to ex-
perimental data of a DNA chain. At low forces, both WLC and FJC fit
describe the data accurately, at larger forces the FJC deviates from the
actual data. Figure obtained from [50].

From combining Eq. (2.17) and Eq. (2.19) it can be shown that the average
end-to-end distance is given by

〈|L|〉 = −∂G( f )
∂ f

= NbL(β f b), (2.20)

where L(β f b) is the Langevin function (L(x) = coth(x) − 1
x ). For small x,

L(x) ≈ x/3, so for f b << kBT the force-extension relation becomes f =
3kBT
Nb2 〈L〉. This result is equivalent to the result of the entropic spring Eq.

(2.15), obtained in the canonical ensemble.
In the opposite limit, the limit of high force, the Langevin function can be

approximated by L(x) ≈ 1− 1
x and 〈|L|〉 becomes

〈|L|〉 = Nb
(

1− kBT
f b

)
. (2.21)

At high forces the freely jointed chain asymptotically reaches full stretch
〈|L|〉 ∼ Nb.

In Fig. 2.2 experimental data of force-extension of DNA and a fit of the
FJC (dotted line) are shown. Here we see that the FJC describes the data
accurately at low forces, but at higher forces there is a discrepancy between
the model and the data. The reason for this discrepancy lies in the fact
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2.1 polymer physics

that biopolymers usually are rather stiff polymers. In the FJC there is no
correlation between subsequent orientations of the bonds, therefore the FJC
is more accurate in describing the behavior flexible polymers.

2.1.2 Worm-like chain

The model that most often is used for describing biopolymers is the Worm-
Like Chain (WLC), originally developed by Kratky and Porod [51]. The
WLC describes a chain by a continuous differential parametric curve r(s)
parametrized by arc length parameter s. The WLC possesses a continuous
variation of the fibers orientation along the fibers’ backbone, bending of chain
in the WLC model is penalized with and energetic cost

H =
κ

2

∫ `C

0

(d2 r(s)
ds2

)2
ds, (2.22)

where κ is the bending modulus, and `C the contour length of the fiber. Due
to the bending penalty the WLC does not describe a path comparable with a
random walk, but the orientation of the chain at a given point is correlated to
the orientation at a point sufficiently nearby. The length scale that determines
the correlation is called the persistence length `p = κ

kBT , which is the decay
length of the tangent-tangent correlation of the chain defined by

〈t̂(s) · t̂(s + ∆s)〉 = exp
(
− kBT∆s

κ

)
≡ exp

(
− ∆s

`p

)
, (2.23)

here t(s) = dr(s)
ds . The magnitude of the tangent vector is unity, so

|t| =
∣∣∣∣∂r
∂s

∣∣∣∣ = 1 , (2.24)

and this implies local inextensibility of the backbone of the chain. Using this
equation we can calculate the mean square end-to-end distance 〈L2〉

〈L2〉 =
〈( ∫ `c

0
ds t̂(s)

)2〉
=
∫ `c

0

∫ `c

0
ds ds′ 〈t̂(s) · t̂(s′)〉 = 2`2

p

( `c

`p
+ e−

`c
`p − 1

)
.

(2.25)
In the limit of very long persistence lengths `p >> `c, which is the stiff rod
limit, the exponential term becomes

exp(− `c

`p
) ≈ 1− `c

`p
+

1
2

( `c

`p

)2
+O

( `c

`p

)3
(2.26)
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and filing this in Eq. (2.25) gives the expected mean square end-to-end dis-
tance for stiff rods

〈L2〉 ≈ `2
c . (2.27)

In highly flexible limit, where `p << `c, the expression for 〈L2〉 becomes

〈L2〉 ≈ 2`p`c (2.28)

and the mean square end-to-end distance scales equally as in the FJC with
b = 2`p.

2.1.3 Semiflexible worm-like chain

The WLC model describes all polymers that posses some degree of direc-
tional persistence. A sub-class of these are the so-called semiflexible polymers:
chains whose contour length `c is of the order of their persistence length `p.
By Eq. (2.23), `p ∼ `c implies that a semiflexible chain has a fair amount of
orientational correlation, even between its two end points. In other words,
the polymer is weakly bent, and mostly oriented along a single direction in
space. We will choose our z-axis to lie along this direction, and will split up
our tangent vector in a parallel, z-component t‖ = tz and a two-dimensional
perpendicular component t⊥ =

{
tx, ty

}
. Because tz is much larger than both

tx and ty, for a semiflexible chain we have

t‖ � |t⊥| . (2.29)

We may use this to expand the inextensibility condition Eq. (2.24) to second
order in |t⊥|:

t‖ =
(
1− |t⊥|2

)1/2 ≈ 1− 1
2
|t⊥|2 . (2.30)

The semiflexible approximation consists of terminating this expansion at sec-
ond order, which—in effect—approximately implements the inextensibility
condition Eq. (2.24) by eliminating one degree of freedom, the parallel com-
ponent t‖. Using this expansion to eliminate, likewise, the parallel com-
ponent r‖ from the Hamiltonian Eq. (2.22), and with the obvious notation
r⊥ =

{
rx, ry

}
, we find that the semiflexible energy functional HSF0 [ML2T−2]

may be written as

HSF0 =
κ

2

∫ `c

0
ds
∣∣∣∣∂2r⊥

∂s2

∣∣∣∣2 . (2.31)

In the presence of an external force f, this energy is augmented with the
addition of a term H f = −f · (r(`c)− r(0)). Without loss of generality, we
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may choose f to lie along the z-axis (f = f ẑ), and pin one end of the polymer
to the origin by setting r(0) = 0. The potential energy term then reduces
to H f = − f r‖(`c), with r‖ the z-component of r. Note, that r‖(`c) is the
projected length of the polymer in the z-direction, which we may write as an
integral over s and approximate to second perpendicular order as before in
Eq. (2.30):

r‖(`c) =
∫ `c

0
ds
(

∂r‖
∂s

)
≈ `c −

1
2

∫ `c

0
ds
∣∣∣∣∂r⊥

∂s

∣∣∣∣2 . (2.32)

In this last equation, the second term represents the reduction of the pro-
jected length due to the transverse fluctuations. Only if these are zero ev-
erywhere the projected length is equal to the full contour length. Dropping
a (constant) term − f `c from the total energy functional HSF = HSF0 +H f ,
we arrive at the full Hamiltonian for a semiflexible polymer, subject to an
external force f :

HSF =
1
2

∫ `c

0
ds

[
κ

∣∣∣∣∂2r⊥
∂s2

∣∣∣∣2 + f
∣∣∣∣∂r⊥

∂s

∣∣∣∣2
]

. (2.33)

For what follows, it will be instructive to gather the two independent compo-
nents of r⊥ into a single complex-valued function r(s, t) as

r ≡ rx + iry . (2.34)

In terms of this complex variable,

HSF =
1
2

∫ `c

0
ds

[
κ

∣∣∣∣ ∂2r

∂s2

∣∣∣∣2 + f
∣∣∣∣ ∂r∂s

∣∣∣∣2
]

, (2.35)

where norms are now to be interpreted as |σ| =
√

σσ?.
In the remainder of this section, we use the semiflexible WLC to calculate

the mechanics and dynamics of networks of them. To do so, we start by
calculating the force-extension curve of a singe chain and then translate this
to mechanics of a network. In the last part of this section we show how
the dynamical response of a network arises from the dynamics of individual
chains.

Nonlinear Force-Extension of a Single Semiflexible Chain

As a first step towards computing the mechanical response of networks, we
derive the force-extension characteristics of a single chain. That is, we will be
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computing the expectation value of the projected length, ` = 〈r‖(`c)〉 [L] as
a function of the applied force f . First, we Fourier transform Eq. (2.35) (for
Fourier transform conventions, see Appendix A). For didactic purposes, let
us spell out the transformation of one of the terms in the Hamiltonian.

∫ `c

0
ds
∣∣∣∣ ∂2r

∂s2

∣∣∣∣2 =
∫ `c

0
ds

(
1
`c

∑
q
(−q2) rq eiqs

)(
1
`c

∑
q′
(−q′2) r?q′ e

−iq′s

)
,

=
1
`2

c
∑
qq′

∫ `c

0
ds (q2q′2) ei(q−q′)s rqr

?
q′ ,

=
1
`c

∑
qq′
(q2q′2)δqq′rqr

?
q′ ,

=
1
`c

∑
q

q4 |rq|2 , (2.36)

where we have used the resolution of the Kronecker δ, Eq. (2.119) in Ap-
pendix A. Note the dimensions of q [L−1] and rq [L2]. Transforming the other
term in completely analogous fashion, we arrive at the following expression
for the Hamiltonian

HSF =
1

2`c
∑

q

(
κq4 + f q2

)
|rq|2 . (2.37)

This energy functional is a sum of independent, quadratic terms and thus we
may apply the equipartition theorem to it: the expectation value for each of
its terms is 1

2 kBT, per degree of freedom. Taking into account the fact that rq
is a complex variable and thus represents two degrees of freedom, we obtain

1
2`c

(
κq4 + f q2

)
〈|rq|2〉 = kBT , (2.38)

or, equivalently, that the power spectrum is given by

〈|rq|2〉 =
2kBT`c

κq4 + f q2 . (2.39)

This, coincidentally, provides one way to measure the persistence length (or
κ) using the fluctuation spectrum: Fourier transforming the transverse fluc-
tuations (at zero force) and fitting these to a q4 power law. We will use the
expression to compute the expectation value of the end-to-end length which,
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as we had derived earlier in Eq. (2.32), may be written in terms of the trans-
verse displacement field as

r‖(`c) ≈ `c −
1
2

∫ `c

0
ds
∣∣∣∣∂r⊥

∂s

∣∣∣∣2 = `c −
1

2`c
∑

q
q2|rq|2 . (2.40)

From this, we can compute the equilibrium expectation value of the remain-
ing ’slack’ ∆( f ) in the polymer (the length still stored in transverse fluctu-
ations, i.e. the contour length minus the projected length) by the following
expression, where we write ` = 〈r‖(`c)〉 and substitute the equipartition
value for 〈|rq|2〉

`c − `( f ) ≡ 〈∆( f )〉

=
1

2`c
∑

q
q2〈|rq|2〉 ,

= kBT ∑
q

1
κq2 + f

(
q =

nπ

`c
; n = 1, 2, · · ·

)
. (2.41)

This sum can be computed analytically, but first we inspect the high-force
regime. Passing to the continuum limit (see Appendix A) yields

`c − `( f ) ≈ kBT`c

π

∫ ∞

0
dq
(

1
κq2 + f

)
=

`c

2

(
kBT
f `p

)1/2

. (2.42)

That is, the force diverges, as full extension (zero slack) is approached, with a
characteristic power of −2 in the slack:

f ≈
(

kBT`2
c

4`p

)(
`c − `( f )

)−2

. (2.43)

Returning to the full Eq. (2.41), it is instructive to first introduce the dimen-
sionless force ϕ

ϕ ≡ f `2
c

κ
, (2.44)

in terms of which the expectation value of the slack as a function of force
relation reads

〈∆( f )〉 =
(

`2
c

2`p

)
1
ϕ

[
√

ϕ coth
√

ϕ− 1
]

. (2.45)

This expression contains the full, nonlinear force-extension of the semiflex-
ible chain, but not in its most obvious form. The slack is not equal to the
extension, of course—a more natural extension variable to consider is the ex-
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tension away from the equilibrium length that is prompted by the force f . To
compute this, we first note that taking the limit ϕ → 0 gives the equilibrium
slack:

〈∆(0)〉 = `c − `( f = 0) =
`2

c
6`p

. (2.46)

This is the amount of contour length that a semiflexible polymer, in equilib-
rium, typically stores in transverse fluctuations. As a result, the equilibrium
length `0 is the full contour length minus the equilibrium slack

`0 = `c

(
1− `c

6`p

)
. (2.47)

We now have all we need to define the actual extension away from equilib-
rium. Introducing the nondimensionalized extension δ̃` as the difference be-
tween the total length at force f minus the equilibrium length `0, normalized
by `2

c/`p;

δ̃` =

(
`2

c
`p

)−1 (
`( f )−

[
1− `2

c
6`p

])
, (2.48)

allows us to express the full, nonlinear force-extension of a semiflexible chain
as

δ̃`(ϕ) =
1

6ϕ

(
ϕ− 3

√
ϕ coth

√
ϕ + 3

)
. (2.49)

This expression highlights the universality of the force-extension response;
upon proper scaling with the relevant length- and energy scales, a single
master curve describes all semiflexible polymers, see Fig. 2.2 and Fig. 2.3. At
small forces, we find by Taylor expansion that

δ̃`(ϕ) ≈ ϕ

90
. (2.50)

Transforming back to dimensional variables, this means that at small forces
the semiflexible chain (with contour length `c and persistence length `p) be-
haves like a linear (Hookean) spring, with a spring constant ksp and a rest
length `0 that may be computed from the chain’s characteristic length scales
and the temperature as

Elin =
1
2

ksp (`− `0)
2 ,

(
with ksp = 90kBT

(
`p

`2
c

)2

, `0 = `c

(
1− `c

6`p

))
.

(2.51)
For higher forces, terms of higher order in the extension δ` = `− `0 come
into play (straightforwardly computed by higher order Taylor expansion of
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Eq. (2.49)), until the energy diverges in the limit ` → `c. It is, however, still
possible to define a nonlinear energy function which, upon derivation with
respect to δ`, gives the force by integrating (the dimensionalized version of)
the inverse of Eq. (2.49)

E(δ`) ≡
∫ δ`

0
d(δ`′) f (δ`′) . (2.52)

The upshot of all of this is, that a semiflexible polymer behaves as a non-
linear spring, whose elastic response may be systematically and analytically
computed over the entire range of allowed extensions.

Figure 2.3: Force-extension curves of various biopolymers together with their associ-
ated WLC-fit: (a) collagen molecule, (b) double stranded DNA, ( c) DNA
molecule with overstretching transition at larger strains, and (d) unfolded
TenFn polypeptide molecule. Figures obtained from [52–55].
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Static Response of an Affinely Deforming Semiflexible Network

As we focus now on the mechanics of networks of such nonlinear polymers,
we are going to be dealing with more complicated deformations than simple
longitudinal extensions. Here we follow the strategy as described in Ref. [32],
and it will be useful to first consider the geometry of stresses and strains in
three dimensions.

A general deformation R maps points x in a reference space onto images
x′ in a target space as

x 7→ x′(x) = R(x) . (2.53)

The effective displacement of the points x′ from the reference state are given
by the displacement vector u defined as

u(x) = R(x)− x, (2.54)

where it is clear the deformation R(x) = x is no actual deformation of the
points x.

Expanding the deformation up to linear terms gives

Ri(x) ≈ Ri(O) +

(
∂Ri(x)

∂xj

)
xj , (2.55)

where R(O) is the uniform translation part of the deformation. We are in-
terested in the actual deformation (e.g. the non-uniform part of the deforma-
tion), therefore any uniform deformation will be subtracted, and summation
over repeated indices will be implied. From Eq. (2.55) the deformation tensor
Λ(x) is given by

Λij(x) =
∂Ri(x)

∂xj
. (2.56)

If the deformation tensor is constant thorough the entire body, the points x
maps linearly to x′:

x 7→ x′ = Λ · x , (2.57)

and such a deformation is called affine.
The Piola-Kirchoff stress tensor may now be used to calculate the energy

needed to deform an infinitesimal reference volume Ω of the system

σI
ij =

∂w(Λ)

∂Λij
, (2.58)
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here w is the elastic energy density relative to the reference system. Inte-
grating this elastic energy density over the system results in the total elastic
energy Fel [ML2T−2] required for the deformation

Fel =
∫

Ω
w(Λ) d3x . (2.59)

As can be seen from Eq. 2.58, σI is a mixed stress tensor. The deformation
tensor Λ is defined as the deformation R with respect to the positions in the
reference volume x, σI measures the force in deformed space per unit area in
reference space.

The experimentally most common stress tensor is the Cauchy stress tensor
σC, which measures the force in the deformed space per unit area in de-
formed space. However, the total elastic energy stored in the system should
not change when transforming from initial to reference state and vice versa.
Further we know that d3x = (det Λ)−1d3x′ and that ∂x′ = ΛT∂x, using this
we can relate the Piola-Kirchoff stress tensor and the Cauchy stress tensor by

σC =
1

det Λ
σI ·ΛT . (2.60)

The strain measure conjugate to the Cauchy stress tensor is ∂ui
∂x′α

, which
is generally not simple to compute (it leads to the so-called Almansi strain
tensor), and computing the Cauchy stress in general settings is typically most
straightforwardly achieved by first computing w(Λ), taking derivatives w.r.t.
the components of Λ, and transforming the resultant σI to σC using Eq. (2.60).
This is the procedure we will adopt in the following.

Note, that this formalism applies equally to linearized elasticity theories
and finite-strain systems. The constitutive behavior underlying the relation
between stress and strain need not be linear (Hookean)—in fact, Eq. (2.58) de-
rives from general thermodynamic considerations. The assumption is made
that the strain varies slowly over Ω but neither it, nor the stresses, need be
small.

Consider now a network of polymers which is subjected to a deformation
Λ. The elastic energy density w(Λ) due to the deformation for a volume Ω is
simply given by the sum of the contributions from all individual polymers:

w(Λ) =
1
Ω ∑

α

Eα(Λ) . (2.61)

The index α labels the polymers, and Eα(Λ) is the elastic energy of each
individual polymer subject to Λ—the quantity defined in Eq. (2.52) with Λ
generating the single chain extensions δ`α. For central force networks, this
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energy is a function of the length of the deformed chain only: denoting by Lα

[L] the end-to-end vector of the undeformed polymer α we therefore have

Eα(Λ) = Eα(|Λ · Lα|) . (2.62)

The first Piola-Kirchhoff stress tensor for such a network can be computed
using Eq. (2.58) and Eq. (2.61):

σI
ij =

∂w(Λ)

∂Λij
=

1
Ω ∑

α

∂

∂Λij
Eα(|Λ · Lα|) . (2.63)

The differential appearing in the summation may be rewritten by using the
chain rule

∂

∂Λij
Eα(|Λ · Lα|) =

(
∂Eα(|Λ · Lα|)

∂|Λ · Lα|

)(
∂|Λ · Lα|

∂Λij

)
.

The first term between brackets is simple the derivative of the elastic energy
w.r.t. the length—i.e., the force as a function of the length f α(|Λ · Lα|). The
second term may be rewritten as

∂|Λ · Lα|
∂Λij

=
∂

∂Λij
(ΛklLα

l ΛkmLα
m)

1/2 ,

=
1

2|Λ · Lα|
(
δkiδl jLα

l ΛkmLα
m + ΛklLα

l δkiδmjLα
m
)

,

=
(Λ · Lα)i(Lα)j

|Λ · Lα| , (2.64)

so that the components of the first Piola-Kirchhoff stress tensor for the net-
work are given by

σI
ij =

1
Ω ∑

α

f α(|Λ · Lα|)
(
(Λ · Lα)i(Lα)j

|Λ · Lα|

)
. (2.65)

Transforming the Piola-Kirchoff stress σI to the Cauchy stress σC can easily
be done by using Eq. (2.60), therefore we find

σC
ij =

1
Ω det Λ ∑

α

f α(|Λ · Lα|)
(
(Λ · Lα)i(Λ · Lα)j

|Λ · Lα|

)
. (2.66)
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In the continuum limit the sum may be replaced by an integral over the
distribution P(L) of undeformed end-to-end lengths, which for an arbitrary
function g happens as:

N

∑
α=1

g(Lα) −→ N〈g(L)〉 = N
∫
P(L) g(L)d3L . (2.67)

Letting ρ denote the number density of polymers in the reference configura-
tion, i.e. ρ = N/Ω this yields the expression for the Cauchy stress appropri-
ate for large polymer networks:

σC
ij =

ρ

det Λ

∫
P(L) f (|Λ · L|)

(
(Λ · L)i(Λ · L)j

|Λ · L|

)
d3L

= ρΛ

〈
f (|Λ · L|)

(
(Λ · L)i(Λ · L)j

|Λ · L|

)〉
P(L)

, (2.68)

where the integral is over all of 3-space. A nonlinear dependence of the stress
tensor component σC

ij on the strain Λ may thus originate from two sources:
a nonlinear force-extension curve or a geometrically incurred nonlinearity
arising from the second, bracketed term in the average—this term does not
depend on the force-extension behavior. The prefactor ρΛ [L−3] is the number
density in the deformed configuration:

ρΛ =

(
N
Ω

)(
Ω
Ω′

)
=

ρ

det Λ
. (2.69)

For incompressible systems, det Λ = 1 and the densities of the reference and
the deformed state are equal. Eq. (2.68) does not assume isotropy, in fact
P(L) may take on any form including the collection of δ-peaks appropriate
for crystalline structures. Provided one knows the force-extension curve, the
initial radial distribution of spring end-to-end vectors, and, obviously, the
strain Λ this expression allows one to directly compute, to all desired nonlin-
ear orders, the affine Cauchy stress.

This equation is the basis for the analysis in Ref. [32], which amounts
to substituting the nonlinear, semiflexible force-extension Eq. (2.49) into Eq.
(2.68), assuming an isotropic distribution of filaments which all have the same
rest length `0;

P(L) = 1
4π`2

0
δ(|L| − `0) . (2.70)

Extracting all components of the stress tensor is, in principle, possible but
cumbersome due to the required inversion of the extension-force relation.
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However, here we compute the linear shear stress of a network of semiflexible
polymers. For the case of simple shear in the xz-direction, the deformation
tensor is given by

Λ(γ) =

1 0 γ

0 1 0

0 0 1

 , (2.71)

with γ the shear strain.
Using the harmonic single-chain energy Elin given by Eq. (2.51) the force

component becomes

f (|Λ · L|) = ksp
(
|Λ · L| − |L|

)
, (2.72)

and expanding Eq. (2.68) to lowest order in γ, we find

σC
xz ≈

(
ρΛksp`2

0

4π

)
γ
∫ π

0
dθ
∫ 2π

0
dϕ
[
cos2 θ sin3 θ cos2 ϕ

]
=

(
1
15

ρΛksp`
2
0

)
γ . (2.73)

By definition, the linear shear modulus G0 is the coefficient of linear response
for this loading protocol:

σC
xz ≡ G0 γ , (2.74)

from which we infer that the linear shear modulus of an isotropic network of
semiflexible chains, deforming affinely, is

G0 = 6ρΛkBT

(
`2

p`
2
0

`4
c

)
≈ 6ρΛkBT

(
`p

`c

)2

. (2.75)

Dynamic Response of Semiflexible Chains and Networks

To assess the dynamical response of the network, we first turn to the single
filament again. We will look at dynamical response by analyzing the equilib-
rium fluctuations, and so will set the external force f to zero for now. Here
we follow the strategy described in Ref. [56]. Our point of departure is the
semiflexible Hamiltonian Eq. (2.35), which we write as the s-integral of a
Hamiltonian density functional h(r)

HSF =
κ

2

∫ `c

0
ds
∣∣∣∣ ∂2r

∂s2

∣∣∣∣2 ≡ ∫ `c

0
ds h(r) . (2.76)
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Letting ζ denote the transverse drag coefficient (per unit length) on a cylinder
of radius d and with length λ moving through a medium with viscosity η

ζ =
4πη

ln(λ/d)
, (2.77)

we find the (overdamped) Langevin equation that governs the dynamics of
transverse fluctuations:

− ζ ṙ(s, t)− δHSF

δr
+ ξr(s, t) = 0 , (2.78)

with the dot denoting derivation w.r.t. time, and ξr(s, t) the fluctuating force
per unit length. If we further let primes denote derivation w.r.t. s, the varia-
tional derivative is given by

δHSF

δr
=

d2

ds2

(
∂h

∂r′′

)
= κr′′′′(s, t) . (2.79)

Taken together, the dynamic equation for r is thus

ṙ(s, t) = −
(

κ

ζ

)
r′′′′(s, t) +

ξr(s, t)
ζ

. (2.80)

This last equation is Fourier transformed once (see Appendix A), to go from
real to q-space but retaining the time dependence, to produce

ṙq(t) = −
(

κ

ζ

)
q4 rq(t) +

ξq(t)
ζ

. (2.81)

The quantity multiplying rq(t) on the right has dimensions [T−1], and defines
a frequency ωq:

ωq =

(
κ

ζ

)
q4 . (2.82)

We now spell out in some detail how to solve the final Langevin equation,
which reads (dropping the explicit t dependencies)

ṙq = −ωqrq +
ξq

ζ
. (2.83)

A straightforward way to solve Eq. (6.8) is to use an integrating factor, mul-
tiplying the entire equation by eωqt. Doing so, and rearranging, gives

eωqt (ṙq + ωqrq
)
=

1
ζ

eωqtξq . (2.84)
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If we define Ωq ≡ eωqtrq [L2], we immediately recognize that the LHS of
the previous equation is the time derivative Ω̇q, which allows us to formally
solve it by integrating

Ω̇q =
1
ζ

eωqtξq −→ Ωq =
1
ζ

∫ t

−∞
dt1 eωqt1 ξq(t1) . (2.85)

Thus, the value of rq at some time t may be obtained by integrating the
(weighted) noise as

rq(t) =
1
ζ

∫ t

−∞
dt1 e−ωq(t−t1) ξq(t1) . (2.86)

Using this expression allows us to compute any correlation we are interested
in, provided we know the correlative properties of the noise term. For now,
let us assume this to be a white noise term with mean zero (〈ξq(t)〉 = 0), and
amplitude A:

〈ξq(t1)ξ
?
q (t2)〉 = Aδ(t1 − t2) . (2.87)

In a moment we will compute the value of A, but first let us compute the
following correlation explicitly

〈rq(t)r?q (0)〉 =
1
ζ2

∫ t

−∞
dt1

∫ 0

−∞
dt2 e−ωq(t−t1)eωqt2〈ξq(t1)ξ

?
q (t2)〉 ,

=
A

ζ2

∫ 0

−∞
dt2 e−ωq(t−t2)eωqt2 ,

=
A

2ωqζ2 e−ωqt (t > 0). (2.88)

In going from the first to the second line, we have inserted Eq. (2.87) and
have had to assume that t > 0. For t > 0, the t1-integral needs to be executed
first to ensure the integration interval contains the peak of the δ-function. Of
course, we could also assume that t < 0 in which case the t2 integral has to
be performed first. The result is similar, except for the fact that t→ −t in the
exponent. Taken together, and valid for all times, the result is

〈rq(t)r?q (0)〉 =
A

2ωqζ2 e−ωq|t| . (2.89)

To fix the value of A, we may compute this same correlator in a slightly
different fashion, too. First, we Fourier transform Eq. (6.7) to obtain

HSF =
κ

2`c
∑

q
q4|rq|2 . (2.90)
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By the equipartition theorem, each degree of freedom gets 1
2 kBT in energy;

the complex quantity rq represents two degrees of freedom (one for the real
part, one for the imaginary part), and therefore

〈|rq|2〉 = 〈rq(0)r?q (0)〉 =
2kBT`c

κq4 . (2.91)

Comparing this result with Eq. (2.89), evaluated at t = 0, we find that the
noise amplitude that yields the correct equilibrium correlations is

A = 4kBT`cζ , (2.92)

and thus that the full two-time correlation function is

〈rq(t)r?q (0)〉 =
(

2`c

q4`p

)
e−ωq|t| . (2.93)

For the dynamic response function, we shall be interested in fluctuations of
the end-to-end length of the polymer. Recalling that we work at f = 0 (linear
regime), the slack ∆ in a given conformation is given by

∆(t) =
1

2`c
∑

q
q2|rq(t)|2 , (2.94)

with equilibrium expectation value (at zero force)

〈∆〉 = `c

6`2
p

. (2.95)

In terms of the slack, the extension δ`(t) away from the equilibrium length
`0 = `c − 〈∆〉 is given by

δ`(t) = 〈∆〉 − ∆(t) . (2.96)

We may now compute the zero-force autocorrelation φ(t) of the extension
away from the equilibrium length:

φ(t) ≡ 〈δ`(t)δ`(0)〉 ,

= 〈∆(t)∆(0)〉 − 〈∆〉2 , (2.97)
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where we use that 〈∆(t)〉 = 〈∆(0)〉 = 〈∆〉, the average being independent of
time. By means of Eq. (2.94), we can compute the first term

〈∆(t)∆(0)〉 =
1

4`2
c
∑

q
q4 〈|rq(t)|2|rq(0)|2〉 ,

=
1

4`2
c
∑

q
q4 〈rq(t)r?q (t)rq(0)r?q (0)〉 . (2.98)

The four-point correlator appearing here may be simplified using Wick’s the-
orem, which states that for variables xi drawn from Gaussian distributions
the following identity holds:

〈x1x2x3x4〉 = 〈x1x2〉〈x3x4〉+ 〈x1x3〉〈x2x4〉+ 〈x1x4〉〈x2x3〉 . (2.99)

This reduces the expression for φ(t) to

φ(t) =
1

4`2
c
∑

q
q4〈rq(t)r?q (0)〉2 ,

=
1
`2

p
∑

q

(
1
q4

)
e−2ωq|t| , (2.100)

where in the last line we have used Eq. (2.93). Again, φ(t) may be determined
directly by recording the fluctuations of the end-to-end length around its
mean. The temporal Fourier transform of φ(t) is called the Power Spectral
Density (PSD) 〈|δ`ω|2〉, and is given by

〈|δ`ω|2〉 =
∫ ∞

−∞
dt φ(t) eiωt ,

=
1
`2

p
∑

q

(
1
q4

) ∫ ∞

−∞
dt e−2ωq|t| eiωt , (2.101)

=
1
`2

p
∑

q

(
1
q4

)(
4ωq

ω2 + 4ω2
q

)
(q =

nπ

`c
, n = 1, 2, . . . ).

Recasting this last expression slightly in terms of the fundamental frequency
ω1 = ωqn−4 and the fundamental wavenumber q1 = qn−1, we finally find

〈|δ`ω|2〉 =
1

ω1q4
1`

2
p

∞

∑
n=1

1
n8 + (ω/2ω1)2 . (2.102)

To connect this to mechanical response, we require the Fluctuation Dissipa-
tion Theorem. It allows computing, from the PSD, the imaginary part of the
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complex response function αω — the function that measures the extension in
response to an ω-periodic force

δ`(ω, t) = αω f (ω, t) . (2.103)

Note, that from this (as from the dimensions) it is clear that αω is the dynamic
counterpart of the inverse spring constant. The FDT (without further proof
here) states, that

α′′ω = Im(αω) =
ω

2kBT
〈|δ`ω|2〉 . (2.104)

Therefore, explicitly,

α′′ω =
1

kBTq4
1`

2
p

∞

∑
n=1

(ω/2ω1)

n8 + (ω/2ω1)2 . (2.105)

The real part α′ω = Re(αω) may be found either by the Kramers-Kronig rela-
tion. Using the relation gives the full complex quantity αω

αω =
1

kBTq4
1`

2
p

∞

∑
n=1

1
n4 − i(ω/2ω1)2 . (2.106)

This completes our calculation of the linear, dynamic response. At low fre-
quencies, all dissipative processes will have relaxed and only the elastic re-
sponse remains. In the limit ω → 0, the imaginary part in the denominator
may be set to zero and the sum executed analytically, to yield

α0 =
1

kBTq4
1`

2
p

∞

∑
n=1

1
n4 =

1
90kBT

(
`2

c
`p

)2

. (2.107)

Indeed, we recognize the inverse of the linear spring constant ksp derived in
Eq. (2.51). For the high frequencies, conversely, we may pass to a continuum
formulation and approximate αω as an integral:

αω ≈ 1
kBTq4

1`
2
p

∫ ∞

0
dn
(

1
n4 − i(ω/2ω1)2

)
,

=
1

2
√

2kBT

(
`c

`2
p

)(
2iκ
ζ

)3/4

ω−3/4 . (2.108)

Finally, the dynamic shear modulus G(ω) of a network may be obtained di-
rectly from αω via Eq. (2.68), by substituting the dynamic force-extension
relation Eq. (2.103), ( f (ω, t) = α−1

ω δ`(ω, t)) for the force f . The result, de-
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rived in completely analogous fashion to Eq. (2.73) for an isotropic network,
deforming affinely, is that

G(ω) =
1
15

ρΛα−1
ω `2

c . (2.109)

The corresponding high-frequency behavior G(ω) ∼ ω3/4 is characteristic
for semiflexible polymer networks, and betrays the stiffness to bending of
the constituent polymers.

2.2 computational methods

In this thesis, we make use of two simulation methods: the Mikado method
and a Molecular dynamics based simulation protocol. In this part both meth-
ods will be introduced.

2.2.1 Mikado networks

The Mikado method [57] is an energy minimization scheme that minimizes
the energy of a two-dimensional permanently crosslinked polymer network.
This numerical simulation method is used to study all kind of mechanical
properties of networks, for example in [58] normal stresses and in [59] rigid-
ity in networks are studied. Fibers in a Mikado network consist of a various
number of discrete segments, depending on the number of crosslinks that a
chain possesses. The networks are created by randomly distributing straight
fibers of fixed length in a two-dimensional box, crosslinks are placed at posi-
tions where two fibers intersect, see Fig. 2.4. Those crosslinks are permanent
hinges that divide the fibers into several segments, so the crosslinks deter-
mine the architecture of the networks.

As shown by Eq. (2.51) fibers, and also parts of fibers (segments), can be
simulated as a (tether of) linear spring. A bending component is added to
the Hamiltonian which prevents the polymer from excessive bending, resem-
bling the orientation correlation of a worm-like chain. This fiber model is
now described by the extensible persistent chain [48, 60] and its networks
Hamiltonian is the summation over all bending and stretching components
of all fibers in the network, and for a simple two-dimensional network this is
given by

H = ∑
all fibers

[ N

∑
i=1

Y

2`0,i
(`i − `0,i)

2 +
N−1

∑
i=1

κ

`i+1 + `i
θ2

i

]
. (2.110)
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Figure 2.4: Example of a Mikado network, (a) the crosslink positions are indicated
by red dots and (b) after removing of the dangling ends.

Here `i is the length of segment i, θi is the angle between segment i and i + 1
in a fiber, and Y and κ are the extensional modulus in [J / m] and bend-
ing modulus [J m] respectively. Using this definition of extensional modulus
gives each segment an individual stretch modulus Y

`0,i
. The rest length of

segments are set to their initial length, and due to the fact that the fibers
are constructed as straight lines the initial configuration of the network is, in
simple two-dimensional systems, the ground state of the network. Deform-
ing this network, either by mechanical deformation or by transformation of
the coordinate system as we show in Chapter 3 and 4 of this thesis, brings
the network out of equilibrium and a minimization routine is needed to find
the relaxed configuration of the network [61].

2.2.2 Molecular dynamics

Molecular dynamics (MD) is a numerical method for simulating the time-
depended behavior of many particle systems. During MD simulations New-
ton’s equation of motion are solved resulting in the sampling of the phase-
space. MD simulations can be used to (re)produce statistical properties of
ensembles of particles, here the ergodicity of a system plays a key role. It is
namely assumed that the time averages and ensemble averages are equal

〈A〉 = 1
T

∫ ∞

0
A(t)dt = Z−1

∫ ∞

−∞
Ω(E)A(E) exp(−βE)dE. (2.111)
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In general MD simulations integrate positions and velocities of all the parti-
cles through time. This time is discretized, and at each simulation step the
forces and positions of all particles are calculated. The forces acting on each
particles are a combination of the conservative forces, set by the positions
and the interactions between particles, together with some additional forces.
Those additional forces are often friction and stochastic forces to simulate the
Brownian behavior of the system. A time integration algorithm is needed to
evaluate the system; the simulations performed for this study were all per-
formed by using LAMMPS [62], a MD simulation software package which
uses the Velocity Verlet integration scheme to propagate the system from sim-
ulation step i to i + 1. The velocity Verlet algorithm calculates trajectories of
the particles and the velocities of them through time, the iteration frequency
is set by the time step ∆t. The velocity Verlet algorithm is

pn+ 1
2

i = pn
i +

∆t
2

Fn
i

xn+1
i = xn

i +
∆t
mi

pn+ 1
2

i (2.112)

pn+1
i = pn+ 1

2
i +

∆t
2

Fn+1
i ,

here is pi the momentum of particle i, given by the velocity of the particle
times its mass mi, and F the total force acting on the particle.

The velocity Verlet time integration scheme preserves the total energy of
the system well and therefore samples a microcanonical ensemble well. How-
ever, in this work we study systems which are at a constant temperature, and
are therefore in the canonical ensemble. A Langevin thermostat is added to
the system to model the effect of solvent molecules in the system. The total
force Fi is now composed of a conservative force Fc, i, a friction force Fγ, i and
a stochastic or random force Fr, i

Fi = Fc, i + Fγ, i + Fr, i. (2.113)

The friction force Fγ, i is given by Fγ, i = −γivi and the stochastic force is a
random delta-correlated Gaussian process with zero mean and a variance of
2γkBT. The correlation time τ, which is the timescale for a freely diffusing
particle to lose memory of its "original velocity", is set by τ = mi/γ.

Bead-spring representation of WLC

In this thesis, we use MD simulations the study the dynamics of worm-like
chains. In these simulations the fibers are simulated by the course-grained
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2.2 computational methods

Kremer-Grest bead-spring model, in which the fiber is represented as a tether
of spherical beads. Those beads are connected by harmonic springs, and a
three-beads angle potential takes care of the bending rigidity, see Fig. 2.5.
The chain consists of N beads with diameter d, and the stretch energy of
such a spring is given by

Usp(`) =
1
2
Ksp(x− d)2, (2.114)

where x is the distance between two connected beads. The energy associated
to the bending of the fiber is given by

Ub(θ) =
1
2
Kb θ2, (2.115)

where π − θ is the angle formed by two bond vectors between three con-
secutive beads. The bending constant Kb gives rise to a persistence length
through `p = (Kbd)/kBT.

To validate that this bead-spring model is a suitable model to simulate
semiflexible polymers, we perform a test simulation in which the force-extension
relationship of a bead-spring fiber will be measured. In this simulation the

Figure 2.5: Cartoon of a Kremer-Grest bead-spring model, in which the beads are
connected by harmonic springs. The persistence length is set by the bend-
ing stiffness which penalizes the bending θ set by three subsequent beads.
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fiber consists of 42 beads with a diameter d = 1. The first bead is pinned in
the origin, and a force is attached to the other end of the tether. Further, the
bending and spring constants (all in LJ-units) are Kb = 30 and Ksp = 10000.
The force-extension curve of this polymer is shown in Fig. 2.6, together with
the in section 2.1 of this thesis derived theoretical force-extension relation for
in-extensible semiflexible polymers, see Eq. (2.45). In the small forces regime
(Fig. 2.6 (a)) the simulated data follows the theoretical curve accurately. How-
ever, at higher forces there is an increasing discrepancy with force between
theoretical curve and the data. Here, the force does not only stretch out
the traverse undulations, but also stretches the springs connecting the beads.
Therefore, the inextensibility assumption of Eq. (2.24) is not fulfilled any-
more, in Ref. [32] an expression for the force-extension of a stretchable WLC
with stretch modulus Ksp is given:

`stretchable( f ) = `
(

f (1 +
f

Ksp
)
)
(1 +

f
Ksp

), (2.116)

where `( f ) is the force-extension relation for an in-extensible WLC defined
by Eq. (2.45). In Fig. 2.6 (b) it is shown that this expression describes the
stretch behavior accurately, even at high tensile forces.

Figure 2.6: The force-extension behavior a Kremer-Grest bead-spring model (black
dots) together with the theoretical curves for an inextensible WLC,
Eq.(2.45), in (red) and a stretchable WLC, Eq.(2.116), in blue.
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appendix a : fourier transform convention

Let f(·) be a complex-valued function of a real continuous variable x ∈ [0, L].
Then, f may be decomposed into Fourier modes fq as

f(x) =
1
L ∑

q
fq eiqx

(
q =

nπ

L
; n = 1, 2, · · ·

)
. (2.117)

The inverse transformation is given by

fq =
∫ L

0
dx f(x) e−iqx . (2.118)

With these conventions, the Kronecker delta is resolved as

1
L

∫ L

0
dx ei(q−q′)x = δqq′ , (2.119)

and the Dirac delta function as

1
L ∑

q
ei(x−x′)q = δ(x− x′) . (2.120)

The continuum limit of the q-sum, with these conventions, is to be taken as

∑
q
→ L

π

∫ ∞

0
dq . (2.121)
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C U RV E D S E M I - F L E X I B L E P O LY M E R N E T W O R K S





3
C U RVAT U R E - I N D U C E D C R O S S - H AT C H E D O R D E R I N
C Y L I N D R I C A L LY S H A P E D S E M I F L E X I B L E P O LY M E R
N E T W O R K S

A recurring motif in the organization of biological tissues are networks of
long, fibrillar protein strands effectively confined to cylindrical surfaces. Of-
ten, the fibers in such curved, quasi-2D geometries adopt a characteristic
order: the fibers wrap around the central axis at an angle which varies with
radius and, in several cases, is strongly bimodally distributed. In this chapter,
we investigate the general problem of a 2D crosslinked network of semiflex-
ible fibers confined to a cylindrical substrate, and demonstrate that in such
systems the trade-off between bending and stretching energies, very generi-
cally, gives rise to cross-hatched order. We discuss its general dependency on
the radius of the confining cylinder, and present an intuitive model that illus-
trates the basic physical principle of curvature-induced order. Our findings
shed new light on the potential origin of some curiously universal fiber ori-
entational distributions in tissue biology, and suggests novel ways in which
synthetic polymeric soft materials may be instructed or programmed to ex-
hibit preselected macromolecular ordering.
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3.1 introduction

3.1 introduction

In the arterial wall, quasi-two-dimensional (2D) layers of meshed collagen
fibers alternate with layers of smooth muscle cells to envelop and strengthen
the cylindrical lumen of the blood vessel [63]. Likewise, in the annulus fi-
brosus of the intervertebral disc concentric, thin lamellae of collagen cylin-
drically surround the soft nucleus pulposus [6, 64–66], an ordering that is
proposed to find its origin in the collagen sheet that wraps around the noto-
chord, the embryonal precursor of the spine [67]. Elsewhere in the body, in
cortical bone thin lamellae of mineralized collagen are wrapped cylindrically
around each Haversian canal in a structure called the osteon [68–70]. In the
wall of cylindrical shaped plant cells cellulose surrounds the inner part of
the cell in a helical way [71, 72]. In each of these, physiologically unrelated,
settings a universal organization is employed: thin networks of long, fibrillar
protein strands tightly enveloping cylindrical domains. Remarkably, in each
of these cases, fibers in such curved, quasi-2D geometries tend to become or-
dered: the biopolymers wrap around the central axis at an angle which varies
with radius and, in several cases, is strongly bimodally distributed, leading
to a cross-hatched appearance. Four examples of such order are depicted in
Fig. 3.1 and Fig. 3.2.

Order in filamentous biomaterials may be provoked in several manners. In
Ref. [17] it is reported strain may induce alignment in polymeric structures.
Part of this alignment is imprinted irreversibly. In Refs. [20, 73], it is demon-
strated that strain, likewise, may affect the enzymatic degradation of collagen
in living tissues. Strain-dependent fiber deposition and degradation, mimick-
ing cellular or enzymatic activity, is included in several constitutive models
[74–76], and the interactions between cylinders (carbon nanotubes and his-

Figure 3.1: (a) Cross-hatched order of collagen in the intima of the human thoracic
aorta [63]. (b) The orientational distribution function for the angle φ with
the cylindrical axis of the fibers in image (a). (c) Cross-hatched ordering
of collagen in the midsagittal section of the annulus fibrosus [6].
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Figure 3.2: (a) Highly structured lamellae of collagen in cortical bone forming os-
teons, and (b) Cross-hatched ordered structure in the cellulose network
of a Pinus Radiata cell wall. Figures obtained from [68] and [71].

tones in particular) and polymers (either single polymers, or dilute solutions
without linking) have been addressed in several previous works, reporting
helical wrapping configurations, but in these cases the polymers were not
fully confined to the surface [77–79] but rather interacted with it through a
weak attractive potential. Though these models all display some degree of
ordering, they fail to provide a mechanism for this ordering in the absence
of active orienting entities such as cells, the manner in which it appears to
occur in many biological systems. We do not claim that in all of the biolog-
ical instances we have mentioned a single, physical mechanism explains all
of the observed structure (indeed, in several cases the cross-hatched order is
absent, or replaced by more helical patterns). What is clear, however, is that
the interaction between curved surfaces and semiflexible polymers, in gen-
eral, gives rise to nontrivial ordering effects that are manifested in several,
biologically relevant, settings.

In order to understand and, perhaps, learn how to control this ordering we
investigate a simple model of a polymer meshwork, also known as Mikado
model, fully confined to the surface of a cylinder.

3.2 model

Our polymer chains are confined to the surface of a cylinder. We shall denote
by (u, v) the two coordinates on the rolled-out cylinder with 0 < u < L the
axial coordinate, and 0 < v < 2π the circumferential coordinate; these coordi-
nates are mapped in three dimensions onto the surface of a cylinder of radius
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3.2 model

Figure 3.3: (a) Crosslinks divide a Mikado fiber into several segments, θ is the angle
between segments in the (u, v) plane. (b) The same fiber confined to the
surface of a cylinder, now the angle between two subsequent segments
is given by Ξ. The total bending of this fiber consists of the bending due
to the different orientation of two subsequent segments (intersegment
bending), and the bending of each individual segment to conform to the
cylindrical surface (segment bending).

R and length L lying along the y-axis: r(u, v) ≡ {x(u, v), y(u, v), z(u, v)} =

{R cos(v/R), u, R sin(v/R)}, see Fig. 3.3. The semiflexible polymers them-
selves are modeled as discrete, extensible persistent chains [48, 60]. That is,
chains of total, unstretched contour length `c are represented by discrete seg-
ments labeled by i = 1, · · · , N, each such segment having a different rest
length `0,i. Segment i follows bond 2-vector bi = {ui+1 − ui, vi+1 − vi} on
the rolled-out cylinder, and bond 3-vector βi =~r(ui+1, vi+1)−~r(ui, vi) in 3D.
The 2- and 3-lengths of segments are denoted by `i = (bi · bi)

1/2 and λi =

(βi · βi)
1/2, respectively. All segments possess the same extensional modulus

Y, and correspondingly have different spring constants ki = Y/`0,i. Stretch-
ing of each segment is modeled as a simple Hookean spring, with a stretch-
ing energy Hstretch,i =

Y
2`0,i

(`i − `0,i)
2. For the bending energy of the chain,

there are two contributions that one must consider. The first is the bending
between segments, proportional to the square of the angle between two ad-
jacent segments. The second, however, arises uniquely on curved substrates
and measures the bending of each segment individually. First, a note on the
intersegment bending term. This term, proportional to the cosine of the an-
gle between subsequent segments, may be written in terms of the angle Ξi
between adjacent bond vectors βi and βi+1 as Hinterseg,i =

2κ
λi+λi+1

(1− cos Ξi),
with the bending modulus κ in [J m]. However, we will consider here net-
works fully confined to the cylindrical surface, and will not allow for excur-
sions or shortcuts through the interior; that is, we will assume that `i = λi,
as the mapping onto the cylinder surface is isometric. A consequence of this
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is that each individual segment is bent to conform to the surface; the addi-
tional energy this imparts is treated later on. We may now write the angle
bending term, instead, as a function of the angle θi between segments in the
(u, v) plane. Due to the isometric mapping the in-plane angle θ at which two
bent segments join remains the same as the three-dimensional angle Ξ (this
is no longer true for general curved surfaces, as will be shown in Chapter 4).
Thus, our angle bending potential is chosen as

Hinterseg,{i,i+1} =
2κ

`i + `i+1
(1− cos θi) ≈

κ

`i + `i+1
θ2

i , (3.1)

where in the final equation we assume small in-plane angles between the
fibers. As stated, the energy of the chain picks up an additional segment
contribution, which measures the bending of segments to conform to the
surface. This we compute by first constructing the geodesic γi(s), connecting
the points (ui, vi) and (ui+1, vi+1), with 0 < s < `i its natural (arclength)
parameter. The geodesic is a simple linear form in s in this case, and the
curvature contribution is then straightforwardly (and analytically) evaluated
to be

Hsegbend,i =
κ

2

∫ `i

0

∣∣∣∣d2~γi

ds2

∣∣∣∣2 ds =
κ

2
`i

R2 sin4(φi) , (3.2)

with φi the angle between the segment and the y-axis (i.e., the axial direction
of the cylindrical substrate): cos(φi) = b̂i ·û.

The appearance of this angle should come as no surprise: a segment
aligned to the long axis of the cylinder (φ = 0) remains unbent, whereas
one that is circumferentially oriented (φ = ±π/2) is maximally bent, when
wrapped around the cylinder. This is the origin of the effects we discuss here:
the curved substrate acts, locally, as an external field in the ±û-directions.
Obviously, the term vanishes as R−2 when the radius of the cylinder is in-
creased. While one might be tempted to expand the expression for Hsegbend
around φ = 0, this is not justified as the random arrangement of chains in a
crosslinked network consists of segments oriented at all angles with respect
to the cylinder’s long axis. Thus, our complete energy functional is

H =
N

∑
i=1

(
Y

2`0,i
(`i − `0,i)

2 +
κ

2
`i

R2 sin4(φi)

)
+

N−1

∑
i=1

(
κ

`i + `i+1
θ2

i

)
. (3.3)

In what follows, we attempt to characterize the typical spatial arrangement
of the fibers in networks that minimize this energy functional. Before we
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move on to crosslinked networks, it is instructive to first consider the highly
simplified model of a single ring polymer wrapping around a cylinder.

3.3 ring polymer

For a simple, continuous ring polymer wrapped around a cylinder of ra-
dius R, the problem and the typical nature of solutions become clear. We
will assume, again, that the polymer has a rest length `0, a spring constant
Y/`0 and a bending modulus κ. The trade-off for this ring polymer, in terms
of energy contributions, is obvious: circumferential positioning allows the
polymer minimal length, but at the expense of maximal curvature (since the
radius R is the only curvature length scale in the problem). Slanted arrange-
ments, where the polymer traces out an ellipse that forms the intersection
between the cylinder and a plane at some angle, require less curvature en-
ergy but more stretching. We call Φ the angle of the ring polymer with
respect to the cylinder’s long axis (i.e., Φ = ±π/2 corresponds to circum-
ferential placement and Φ = 0 to infinitely stretched out axial placement),
and call CΦ the corresponding elliptic conformation. Since the polymer re-
mains planar, CΦ may be parametrically represented in two dimensions as
CΦ(t) = R{sin−1(Φ) cos(t), sin(t)}; 0 < t < 2π. We will denote by LΦ

the arc length corresponding to one trip around the cylinder at angle Φ (a
closed form expression in terms of elliptic integrals exists for LΦ, but this

Figure 3.4: (a) The ring model: a semiflexible ring polymer (blue) is wrapped around
a cylinder of radius R, at an angle Φ with respect to the cylinder’s long
axis. A competition between bending (favoring axial alignment) and
stretching (favoring circumferential alignment) results in a bifurcation.
(b) The optimal angle Φmin as a function of the radius for a polymer of
length `0 = 2.
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is not particularly instructive). The optimal angle Φ, given Y and κ, may be
determined now by minimizing over all Φ the energy

Hring(Φ) =
Y

2`0
(LΦ − `0)

2 +
κ

2

∮
CΦ

∣∣∣∣d2CΦ

ds2

∣∣∣∣2 ds . (3.4)

Evaluating this expression, and minimizing it as a function of Φ yields an
interesting result, depicted in Fig. 3.4. For large radii of the cylinder, the
bending terms become unimportant and only the stretching remains.

The stretching terms simply seeks to minimize the contour length, and
indeed the energy is minimized at Φ = π/2; the ring encircles the cylin-
der orthogonal to its long axis. If the radius is lowered, however, beyond a
critical radius R?, the bending becomes increasingly important and the cir-
cumferential ordering gives way to two related slanted orientations as the
new minima. The critical radius R? may be expressed in dimensionless form:
R?/`0 = ψ(Y`2

0/κ) with ψ(x) a universal, though rather unwieldy, function
of x. The upshot of this simple ring model is that for closed filaments con-
fined to the surface of a cylinder, below a critical radius the circumferential
ordering is superseded as the minimal energy configuration by two slanted
orientations, whose angles Φ are symmetric around π/2. Clearly, this re-
minds us of the crossed order that is seen in the biological systems we re-
called in the introduction. We now turn to simulations of fully crosslinked
networks of polymers to verify to what extent this behavior is manifested in
more complex settings.

3.4 network simulations

To simulate the behavior of many polymers, crosslinked to each other and
confined to the surface of a cylinder, we adopt the mikado procedure [57]: an
initial network of straight fibers is prepared by randomly distributing them
on the rolled-out cylinder (i.e., in the (u, v)-plane). The chains interact with
each other only at crosslinking points, there is no excluded volume interac-
tion. Dangling ends are removed. In this initial network, the energy contribu-
tions from stretching Hstretch and bending Hinterseg are zero by construction.
The segment bending term Hsegbend, however, is not. While any such mikado
arrangement is a minimizer of the energy functional H for R = ∞, this is not
true for finite radii. Therefore, we allow the initial network to relax to a mini-
mal energy state, in which some of the segment bending energy is alleviated
by reorienting the segments. The segment bending energy lost in doing so
is, of course, partly traded for stretching and intersegment bending energies.
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To find the energy minimum, we employ a multistep non-linear conjugate
gradient scheme [61].

The result of such a minimization is shown in Fig. 3.5. Figures (4.a1), (4.a2)
and (4.a3) display data from the initial, disordered configuration, where
Hsegbend is the only non-zero energy component. Figures (4.b1), (4.b2) and
(4.b3) present the network as it appears after the minimization procedure.
The network shown here consists, before pruning, of 800 fibers with `0 = 0.9;
the radius and length of the cylinder are R = π−1 and L = 10. The filaments
are fixed at the ends of the cylinder. The effective spring constant Y = 1
and κ = 10. One may glean from Figs. (4.a1), (4.a2), (4.b1), and (4.b2) (which
show the network on the cylinder and rolled out onto the (u, v)-plane) in par-
ticular, there is considerable reorientation in the relaxed network, which has
an overall energy that is a factor 2.5 lower than the initial network. Several
filaments have been plotted in red to illustrate that initially straight filaments
are now bent. Also, it is apparent from the increased size of the open spaces
that, while the overall density has not changed, there is considerable stretch
and compression present in the relaxed network. The most striking change,
however, is manifested in the orientational distribution P(φ), which gives the
probability of a segment’s angle with respect to the long axis being equal to
φ, normalized over the interval −π/2 < φ < π/2. Where, initially, this distri-
bution is uniformly flat (P(φ) = π−1, by definition for an unstrained mikado
network), it acquires a marked bimodal structure, with two peaks symmet-

Figure 3.5: (a1) The initial mikado network, wrapped around the cylinder. (a2) the
same, rolled out onto the (u, v)-plane. (a3) the initial angle distribution
P(φ) is flat. (b1,2,3): same images, for the network configuration that
minimizes Eq. 3.3
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rically located around φ = 0; see Figs. (4.a3) and (4.b3). For lack, to our
knowledge, of an existing term we shall dub this type of order cross-hatched.
It is distinct from the more common tetratic order, reported for several liquid
crystalline systems [80, 81]. Tetratic phases, mostly seen in lyotropic systems,
are composed of two distinct types of nematic domains with local directors
at right angles to each other. A true tetratic phase has fourfold rotational
symmetry. Though the tetratic phase represents a specific instance of cross-
hatched order, it possesses a higher symmetry than the general cross-hatched
phase, which has two superposed nematic phases, with two directors that are
generally not oriented at right angles to each other and thus has two separate
twofold rotational symmetries.

To quantify the extent of the cross-hatched order (denoted CH, in the fol-
lowing), we introduce an order parameter that respects the symmetries of
the CH state. First, we define the CH-director as the unit vector n̂ = ~∆/|~∆| =
(nu, nv), with

~∆ =
∫ π/2

−π/2
(û cos |φ|+ v̂ sin |φ|)P(φ)dφ . (3.5)

The CH director points along the direction of the positive-φ peak in P(φ) for
sufficiently narrow distributions and is oriented at an angle 〈φ〉 = cos−1(nu)

with respect to the cylinder’s long axis. We now define the CH-order param-
eter S× to be

S× =
∫ π/2

−π/2
cos [4(|φ| − 〈φ〉)]P(φ)dφ. (3.6)

This order parameter S× is zero in an isotropic network and 1 for any per-
fectly cross-hatched network, that is, a network where P(φ) = (1/2)[δ(φ−
φ0) + δ(φ + φ0)], regardless of the value of φ0. Similar to its conventional
nematic counterpart (which is zero for a CH phase), S× quantifies the extent
of the CH order but does not contain information regarding its spatial orien-
tation. Clearly the initial network as depicted in Figs. (4.a1) and (4.a2) has
S× = 0; the relaxed network depicted in Figs. (4.b1) and (4.b2) has S× = 0.50.
Thus, the curvature of the substrate is seen to evoke, in this case, significant
cross-hatched order.

To determine the dependence of the curvature-induced CH order and ori-
entations on the radius of the cylinder, we perform a series of simulations of
the network on cylinders of increasing radius. The results are collected, for a
representative choice of network parameters, and averaged over an ensemble
of 20 initial networks, in Fig. 3.6. The first striking observation is the emer-
gence of strongly bimodal orientational distribution at small cylinder radii.
This is easily seen in P(φ) and likewise reflected in the order parameter. For
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Figure 3.6: Orientational distribution functions in energy-minimized networks on
cylinders of radius (a) R = 1/π ≡ R0, (b) R = 3.1R0, (c) R = 6.1R0,
(d) R = 41.1R0. The double peak is seen to disappear at larger radii,
as expected. In (e) and (f) the cross-hatched order parameter SX and
〈φ〉, which is the orientation of the peak for highly ordered networks, is
shown. The black, blue and green are the data from simulations with 1,
10 and 100 for Y, respectively and κ = 1.

large radii, we find disordered networks with S× = 0, and 〈φ〉 = π/4. For
smaller radii, we see S× come up, as well as the emergence of average an-
gles 〈φ〉 smaller than π/4 (note that a given value of 〈φ〉 corresponds to two
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peaks in P, on either side of φ = 0). We see that the network is longer in an
ordered state as Y increases.

3.5 comparison to tissue data

Obviously, the order that develops in our simulated networks is qualitatively
similar to that observed in the thoracic aorta (cf., Fig. 3.1 (d)). In the follow-
ing, we demonstrate how our model may be used to confront experimental
observations with our model also quantitatively. To establish a library of ref-
erence distributions, we perform a series of simulations in which the cylinder
radius is fixed and the ratio of κ/Y is varied. In these simulations a cylinder
with radius R = 1/π is covered with 800 filaments of length `0 = 0.9, for
a range of ratios κ/Y = 100, 10, 1, 0.1, and 0.01. For each of these values,
20 runs are averaged over to obtain the orientational distribution functions
P(φ). The orientational distribution obtained from the simulations with the
ratio of κ/Y = 1 and 0.1 are graphed in Figs. 3.7 (a) and 3.7 (b). We extract
from these angle distribution the CH order parameters S× and the angles
where the peaks of the distribution are located. We have no exact functional
expression for the angle distributions and will instead approximate them by
a double-Gaussian, peaked on either side of φ = 0:

P(φ) = A
(

exp
[
− (φ− µ)2

2σ2

]
+ exp

[
− (φ + µ)2

2σ2

])
, (3.7)

where A is a normalization factor, the variance is σ2 and the peaks are at ±µ.
The two parameters σ and µ fully determine the distribution and thus also
determine the cross-hatched order parameter S×. For each of our simulated
networks, P(φ) is fitted to the double-Gaussian distribution to determine σ

and µ as a function of κ/Y. From this, we extract S× as a function of κ/Y.
The results of this procedure are collected in Figs. 3.7 (c) and (d). With these
empirical relations between measurable features of the orientational distribu-
tion and model parameters, we fit the experimentally observed distribution
of the collagen in the intima of the human thoracic aorta represented in Fig.
3.1 (b). This yields as best fit parameter values µ = 0.67 and an order param-
eter S× = 0.42 (cf., Figs. 3.7 (e) and (f)). These values of µ and S× correspond,
according to Fig. 3.7 (c) and (d), to a value of κ/Y that is between 0.01 and
1. While there is, clearly, considerable uncertainty associated to these values,
we may confidently infer that the experimental data suggest values of κ/Y
that are smaller than one, implying that typically, the energetic contribution
of bending is outweighed by that of stretching. Indeed, as reported in Ref.
[82],
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Figure 3.7: the mechanical properties of real collagen networks are also best de-
scribed by ratios smaller than one. Normalized orientational distribu-
tions P(R) for the ratio κ/Y = 1(a) and κ/Y = 0.1(b). The stronger the
relative importance of bending becomes, the more the fibers tend to ori-
ent parallel to the cylinder’s long axis (φ =0). The grey bars are the data,
the solid black lines are fitted double-Gaussian distributions. From this
fit, µ(c) and S×(d) are determined. The experimentally reported orien-
tational distribution of the collagen in the intima of the human thoracic
aorta P(φ) (e), and its best fit to the double-Gaussian function ((f), red
line).
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3.6 conclusions

Should more experimental data become available, which currently it is not,
the error bars on the parameter estimates should quickly go down and pre-
cise parameters may be inferred, using our model, from orientational distri-
butions.

3.6 conclusions

In this Chapter, we have studied the spatial organization of two-dimensional
filament networks, confined to the surface of a cylinder. We show that the
curvature acts as an axial field. A simple ring model reveals that this field
brings about a bifurcation in the optimal orientation of a polymer that encir-
cles the cylinder: below a critical radius R?, two degenerate, slanted ground
states emerge, whereas for radii larger than R?, only the orientation perpen-
dicular to the cylinder axis is stable. When instead 2D networks of polymers
are wrapped around cylinders, this removes the sharp bifurcation structure
of the ring model. Its general characteristics, however, persist: ordered, cross-
hatched states appear at smaller radii, where the effects of curvature along
the substrate are largest. The circumferentially ordered state is prohibited by
the geometry and the fixed boundary conditions and is supplanted by a dis-
ordered state in which all angles φ are equally likely. The latter is understand-
able, as at infinite radius the effects of curvature drop out. Experimentally
obtained orientational distributions may be compared with the distributions
produced by the simulations, as we demonstrate for one particular set of
published data. Our model may thus be used to obtain information about
the relative values of the bending and stretching moduli from angle distri-
butions, although we note that this procedure must first be calibrated using
more experimental data than what is currently available.

The effects we observe resemble those encountered in various biological
settings, e.g., collagen networks in the growing notochord and in arteries.
While certainly not the only physical or biochemical principle in operation
here, we hypothesize that the geometric, curvature-induced cross-hatched
order we report here may explain, in part, the emergence of similar symme-
tries in filamentous biomaterials. In addition, the effects we report here may
be used to induce order in synthetic or biomimetic systems: The instructive
effects of curvature could provide a novel and noninvasive route towards
preparing substrates to predetermined orientational specifications. In Chap.
4 we show how this framework may be extended to account for arbitrary
curved geometries.
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4
T W O - D I M E N S I O N A L P O LY M E R N E T W O R K S O N
G E N E R A L C U RV E D S U B S T R AT E S

In chapter 3 we studied the structures of WLC fibers attached to cylindrical
surfaces. Here, we generalize the method used in chapter 3 and use it to
study networks of chains whose energy is given by the WLC Hamiltonian
on arbitrarily curved surfaces. First we show, that the curvature imposed by
the underlying manifold manifests itself, in the 2D plane of the manifold, as
three distinct contributions to the overall energy. One of these is a modifica-
tion of the original squared curvature term, the other two are less intuitive
but may be interpreted as possibly signed orientating fields acting on the
polymer in the (u, v)-plane. As a result, an otherwise randomly oriented
network of such polymers, connected at crosslinking points in the manner of
the Mikado network, may spontaneously adopt an ordered state, informed
by the geometry of the substrate. We formulate a general framework for ana-
lyzing these networks, and demonstrate the emergent order for networks on
cylindrical and toroidal substrates.

65



4.1 introduction

4.1 introduction

In the following, we will be interested in minimizing the bending energy of a
network of Worm Like Chains (WLC’s) confined to some smooth 2D surface
U embedded in Euclidian 3-space. That is, the surface itself is parameterized
by a vector of 2 coordinates ~U = {u1, u2} which are mapped to a 3D man-
ifold R: ~U 7→ ~r = {r1(~U), r2(~U), r3(~U)}. In order to condense the notation,
we will use the tensor conventions, writing ~U = uµ with the index µ = 1, 2,
and ~r = ri with its index i = 1, 2, 3. A general introduction to the frame-
work and concepts of differential geometry that we employ may be found
in [83]. Throughout, we will use greek indices for U and latin indices for R.
Derivatives will be written as

∂ri

∂uµ
≡ ∂µri , (4.1)

and the Einstein summation convention (summation over repeated indices)
is implied. In 3D space, the curvature energy for a WLC polymer of length
`c and bending rigidity κ, tracing out a space curve P = ~r(s) with s the arc
length along the curve is given by the canonical squared curvature expression

HWLC =
κ

2

∫ `c

0
ds
∣∣∣∣∂2~r(s)

∂s2

∣∣∣∣2 . (4.2)

Now, assume that this same polymer is confined to the 2D surface U, and
that it is parameterized in U as P = {u1(s), u2(s)}. What does the energy
function Eq. (4.2) look like in the U-plane? In order to answer this question,
we must work out the relevant partial derivatives. First, we note that

∂ri(s)
∂s

= (∂µxi)(uµ)′ , (4.3)

with primes denoting s-derivatives. So, after one more derivative and apply-
ing the chain rule, we find that

∂2ri(s)
∂s2 = (∂µri)(uµ)′′ + (∂µ∂νri)(uµ)′(uν)′ . (4.4)
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4.1 introduction

Finally, taking the Euclidian dot product of this last equation with itself
yields the total squared curvature term in the U plane:∣∣∣∣∂2~r(s)

∂s2

∣∣∣∣2 = (∂µ∂νri)(∂ρ∂λri)(uµ)′(uν)′(uρ)′(uλ)′

+ 2(∂µ∂νri)(∂ρri)(uµ)′(uν)′(uρ)′′

+ (∂µri)(∂νri)(uµ)′′(uν)′′

≡ T1 + T2 + T3 . (4.5)

From this, it is obvious that in the 2D space of the curved plane, the curvature
energy looks very different from the intuitive form in 3D and that, indeed,
lines that in an Euclidian U plane are straight (that is, (uµ)′ = constant),
do not necessarily minimize the curvature energy. We will postpone the
discussion of the first two lines (T1 and T2) in Eq. (4.5), and inspect first the
term on the third line, T3. Using the definition of the metric tensor (also
known as the First Fundamental Form) g:

gµν = δij(∂µri)(∂νrj) (4.6)

which is often written in matrix form as

g =

(
g11 g12

g12 g22

)
≡
(

E F

F G

)
, (4.7)

we recognize the last term in Eq. (4.5) to be

T3 = gµν(uµ)′′(uν)′′

= E[(u1)′′]2 + 2F[(u1)′′][(u2)′′] + G[(u2)′′]2 . (4.8)

This term is the modified squared curvature term, as can be seen straigh-
forwardly by substituting a flat metric (as happens, for instance, when the
polymer is confined to a flat 2D plane or a cylinder, as we will see later). In
that case, E = G = 1 and F = 0 and the term reduces to the original squared
curvature form

T3 = [(u1)′′]2 + [(u2)′′]2 =

∣∣∣∣∣∂2~U(s)
∂s2

∣∣∣∣∣
2

. (4.9)

We also note, however, that this is not generally the case and that a host of
other terms may feature. As a final remark, note that we have assumed that
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4.2 toroidal geometry

the polymer in U-space is parameterized by the actual arc length s. If another
parameterization is used, additional geometric terms arise in Eq. (4.5).

As an example, let us consider a polymer confined to the surface of a
cylinder of radius R, with its axis along the y-direction. The corresponding
mapping from a path in the U-plane to R is

~r(s) =
{

R cos
(

u2(s)
R

)
, u1(s), R sin

(
u2(s)

R

)}
, (4.10)

Working through the derivatives in Eq. (4.5) yields∣∣∣∣∂2~r(s)
∂s2

∣∣∣∣2 = [(u1)′′]2 + [(u2)′′]2 +
[(u2)′]4

R2 . (4.11)

So, in addition to the ’normal’ squared curvature term, a new term propor-
tional to the inverse squared radius has appeared, multiplying the fourth
power of (u2)′. To connect this to the results from the previous chapter (see
Eq. (3.2)), note that in the {u1, u2}-plane, the (sine of the) instantaneous angle
φ the curve makes with the cylinder axis is precisely sin(φ) = (u2)′, and thus
that the geometry of the cylinder—which technically has zero curvature—
has introduced a new field-like term with strength R−2, originating in T1,
that orients the polymer along the long axis of the cylinder; the term we
called the segment bending term in the previous chapter, but now in contin-
uous form:

Hsegbend =
κ

2R2

∫ `c

0
ds sin4(φ) . (4.12)

As we have seen previously, this term gives rise to interesting macroscopic
order in discrete networks. However, since the cylinder has zero Gaussian
curvature it is not a particularly instructive example of the rich behavior that
truly curved substrates may give rise to. To explore these, we turn to the
surface of a torus, which possesses regions of positive, negative and zero
curvature and is the simplest shape encompassing all cases.

4.2 toroidal geometry

~r(s) =
{(

c + a cos(u2)
)

cos(u1),
(
c + a cos(u2)

)
sin(u1),

a sin(u2)
}

, (4.13)
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4.2 toroidal geometry

Figure 4.1: Toroidal geometry, with major radius c, minor radius a, toroidal angle u1,
and poloidal angle u2.

with u1 the toroidal angle (around the long circular direction), and u2 the
poloidal angle, going around the short circular direction, see Fig. 4.1. The
metric tensor for this surface is given by

gµν =

((
c + a cos(u2)

)2 0

0 a2

)
. (4.14)

Working, again, through the derivatives in Eq. (4.5) yields a very unwieldy
equation for the energy which, moreover, does not provide much intuitive
guidance. It combines T1 terms acting as orienting fields along the least
curved direction (which now changes as a function of the poloidal angle),
T3 modified squared curvature terms, but now also T2 terms which are pro-
portional to the signed curvatures (u1)′′ and (u2)′′ themselves, enforcing lo-
cal curvature asymmetry where bending one way is penalized differently to
bending the other way. In the following, we assess the combined effects of
all of these terms on the local ordering of a 2D discrete WLC network on the
torus. In order to simulate this correctly, we must be careful with the im-
plementation and the initialization of the numerical experiment, and a few
preliminaries are in order.
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4.2 toroidal geometry

4.2.1 A discrete polymer on a torus

Now, suppose that our polymer network is modeled, as in Chapter 3, as a
collection of discrete, extensible persistent chain with a total length `c. Each
polymer is subdivided into discrete segments labeled by i = 1, · · · , N that
have different rest lengths `0,i. The segments are connected by crosslinkers,
which are permanent hinges placed at points where two fibers intersect. In
the discrete persistent chain model, each fiber is represented as the shortest
path on the surface that runs through all the crosslinkers in sequence. Let
us assume that the two-dimensional path bi(s) = {u1(s), u2(s)} describes
shortest-path segment i in U, and that ~γi(s) ≡ {x(u1(s), u2(s)), y(u1(s), u2(s)),
z(u1(s), u2(s))} is the corresponding in 3D, with s ranging from 0 to Ti, the
length of segment i. The tangent vector in U is then τi(s) = dbi(s)/ds. As
before, there are now two distinct bending contributions acting on the poly-
mer in U—first, the intersegment bending, accounting for the angle between
two segments, and then the segment bending contribution, that arises due to
the fact that fibers are confined to the curved substrates.

The intersegment bending contribution is given by term T3 in Eq. (4.5). For
a discrete chain, it can be computed by computing the angle Ξi,i+1 between
two subsequent segments in U, defined by

cos(Ξi,i+1) =
τi(Ti) · τi+1(0)(

(τi(Ti) · τi(Ti))(τi+1(0) · τi+1(0))
)1/2 . (4.15)

The energy term resulting from this intersegmental bending is proportional
to the cosine of the angle Ξi,i+1 as

Hinterseg,{i,i+1} =
2κ

li + li+1
(1− cos Ξi,i+1) ≈

κ

li + li+1
Ξ2

i,i+1. (4.16)

In addition there is a bending contribution that arises as a result of the bend-
ing of each individual segment. On a curved substrate, the shortest path
between two subsequent linkers is called the the geodesic, and any time the
transformation from (u1, u2)→ r(u1, u2) is non-isometric, the geodesic is not
a straight line in the {u1, u@}-plane. To find it, that is—to solve for ~γi(s)—we
need to solve the geodesic equation. The torus is a surface of revolution. The
geodesic for these types of geometries can be calculated by using Clairaut
parametrization:

du1

du2 = ± h
√

G√
E
√
(E− h)2

, (4.17)
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4.2 toroidal geometry

with h is the geodesic slant, E and G are the components of the metric tensor
as before; E = (c + a cos(u2))2 and G = a2. This differential equation has the
following formal solution:

u1(u2) = u1(u2
0)±

∫ u2

u2
0

h
√

Gdu2′

√
E
√
(E− h2)

=
∫ u2

u2
0

ha
(c + a cos(u2′))

√
(c + a cos(u2′))2 − h2

du2′
(4.18)

where h should be chosen in such a way that u1(Ti) = u1. This equation, un-
fortunately, has no closed form solution. Finding and solving this equation
numerically is a time consuming exercise. Since, in this Chapter, we study
dense networks where the polymers consist of short segments, we approxi-
mate Eq. 4.18 by

u2(t) ≈ u2
0 + s

u1(s, h) ≈ u1
0 +

du1(u2, h)
du2 |u2=u2

0
s +

1
2

d2u1(u2, h)
d(u2)2 |u2=u2

0
s2.

(4.19)

This Taylor expansion increases the simulation speed, bypassing the need to
solve the full nonlinear geodesic equation for each segment. Unfortunately
from this second order expansion h cannot be written in terms of the coordi-
nates (u1

i , u2
i ) and (u1

i+1, u2
i+1). Numerically calculating h with Newton itera-

tion slows down the simulation. Therefore the simulation uses a first order
Taylor expansion, which is a straight line in the u, v-plane. We describe the
path of the segments by {u1(s), u2(s)} = {u1

0 + (u1
1 − u1

0)t, u2
0 + (u2

1 − u2
0)s}.

From this, the geodesic ~γi(s) is readily obtained. Making use of Eq. (4.15)
and Eq. (4.16) then permits the calculation of the intersegment bending term.
The segment bending term is then simply the standard curvature integral
over the short geodesic ~γi(s):

Hsegbend,i =
κ

2

∫ li

0

∣∣∣∣d2~γi

ds2

∣∣∣∣2 ds. (4.20)

With that, the total energy of a fiber is the summation of all stretch, segment
and intersegment bending constributions energy over all segments and all
intersegment hinges.
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4.2 toroidal geometry

4.2.2 Construction of the initial network.

We pass now to systems consisting of many discrete WLC polymers, linked
together at crosslinking points. To fairly simulate the behavior of such a
network on a curved substrate, we require an initial condition in which the
fibers are distributed isotropically across the surface. In flat spaces, it suffices
to pick a random starting point {u1

0, u2
0}, and a random angle θ0, but in a

curved space this results in anisotropic distributions. A familiar illustration
of this is the sphere point picking problem [84]; picking random angles θ and
φ between 0 and π or 2π, respectively, results in distributions greatly favoring
the poles. Instead, we need to place the fibers on the u1, u2-plane in such a
way that mapping of this network on the 3D substrate results in an isotropic
structure. The fibers on this surface interact only at the crosslinkers, excluded
volume is not taken into account. All dangling ends are removed, and the
rest length of the segments are set to this initial length. At this moment, the
fibers are not stretched. To obtain the isotropic network the starting point
and the orientation of the fibers in the u1, u2-plane will be chosen with an
acceptance probability function. The acceptance probability for the location
and orientation are uncoupled. In terms of the metric tensor components
E, G and F, the 3D area dA spanned by a 2D area element du1du2 is

dA =
√

EG− F2 du1du2. (4.21)

As a result, we must weigh the probability of placing an initial point at
{u1, u2} by the relative area nearby divided by the total available area. Hence,
if we use the probability function

p(u1, u2)du1du2 =

√
EG− F2 du1du2∫√
EG− F2du1du2

(4.22)

we are guaranteed a uniform distribution of starting points [85]. This leaves
a random angle in the u1, u2-plane to be selected. For finding the orienta-
tion probability function we define the angles φ and Φ as the angle between
the fiber orientation and the û1 direction in 2D and 3D, respectively. The
following relation holds between φ and Φ

cos Φ =

√
E cos φ√

E cos2 φ + 2F cos φ sin φ + G sin2 φ
. (4.23)
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4.3 torus simulations

To obtain an isotropic angle distribution in 3D, that is: PΦ(Φ) = 1
2π , the 2D

angle distribution Pφ(φ) must be of the following form

Pφ(φ) = PΦ(Φ(φ))
dΦ(φ)

dφ

=
1

2π

F cos φ + G sin φ

(E cos2 φ + F cos φ sin φ + G sin2 φ)
3
2

·
√

E√
1− E cos2 φ

E cos2 φ+2F cos φ sin φ+G sin2 φ

.

(4.24)

With these acceptance functions the fibers form an isotropic network on any
smooth, Riemannian surface. In this initial network the stretch component
of the energy is zero, but on all non-flat surfaces the bending energy is not.
As before, we will allow the network to relax to a state of minimal energy,
in which part of the bending energy is traded to the stretching energy. To
obtain the ground state of the network, the fibers move and reorient. In the
next part, the model will be simulated on a torus.

4.3 torus simulations

In this example, the fibers are confined on a toroidal surface, parameterized
as in Eq. (4.13). To obtain an isotropic initial network on toroidal surfaces,
the networks are prepared by making use of the location and angle accep-
tance probabilities of Eq. (4.22) and Eq. (4.24). An example of a typical initial
network is shown in Fig. 4.2, (a1) shows the network in the u, v-plane and (b)
the network on the torus. The major radius c of this torus is 0.002 and the mi-
nor radius a is 0.001. Bending and stretching moduli were set to κ = 10 and
Y = 1. The network is made of 1000 fibers with length (before pruning the
dangling ends) of 0.9πa. The network in the u1, u2-plane is highly anisotropic,
mapping this network on the torus results in an isotropic structure. Minimiz-
ing the total energy changes the network from an isotropic towards a more
regular structure. At a first sight, this ordered structure appears similar to
what was observed for the cylinder. Taking a closer look, however, shows
some peculiar differences between both networks. On a cylinder, the local
curvature is constant at the complete surface. The local curvature on a torus
depends on the location. At the outer ring, the local geometry has a lot of sim-
ilarities with the cylinder. Here the curvature in the û2-direction is maximal,
and minimal in the û1-direction. In fact, there is a factor three between those
curvatures. The local environment at the inner ring is completely different.
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4.3 torus simulations

Figure 4.2: (a1) The initial anisotropic network in the u1, u2-plane. (a2) The same
network mapped to a torus, resulting in an isotropic network. (b1 and
b2) The same plots for the network configuration after minimization of
the total energy.

The magnitude of the curvatures in the û1 and û2 are equal, but their signs
are opposite. That is, the surface is convex in the û2 direction and concave in
the û1 direction, forming a saddle point. At this inner ring the curvature into
the direction right in the middle between û1 and û2 is precisely equal to zero,
because of the ratio a

c = 1
2 . The structure at this saddle point is highlighted in
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4.3 torus simulations

Figure 4.3: (a) The highly ordered network at the inner ring. (b) Histogram of the
equilibrium angle distribution for part of the network on the inner cur-
vature (π − π

1000 < u2 < π + π
1000 ). The red lines indicate the angles

π = ±π
4 . This histogram is an average of 10 simulations. (c) The same

histogram for the part of the network located on the outer rim, after re-
laxation.

Fig. 4.3(a). This figure shows the highly ordered structure where two fibers
intersect at right angles at this side of the torus. The relaxed angle probability
distribution PΦ(Φ) for the part of the network near the inner curvature (that
is, π − π

1000 < u2 < π + π
1000 ), which is plotted in Fig. 4.3(b) clearly shows a

highly ordered network in this vicinity. The angles φ = ±π
4 , the peaks of the

distribution, are accentuated by red lines. This histogram is an average of 10

simulations. The angle distribution on the outer curvature is shown in Fig.
4.3(c). As one readily sees, the distribution here is also bimodal, but with
broad peaks that are shifted towards smaller angles. This is a direct result of
the differential curvatures going around the u2 direction, a feature absent in
the cylinder.
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4.4 conclusion

The ordering that we find on the torus is, in some ways, reminiscent of
what is reported for two related systems. A problem that has received some
analytical and numerical consideration is that of adsorption of semiflexible
chains on curved substrates. In [86], [87] and [88] for instance, the addi-
tional substrate-induced curvature terms are shown to affect both the con-
formations as well as the preferred orientation on spheres and other curved
substrates of individual polymers. This is a situation distinct from the one
we consider; due to the crosslinks in our network there is a strong coupling
between the individual chains. This coupling leads to the bimodal and het-
erogeneous ordering we report and is due, simply put, to the fact that not
every polymer can have its way in a network. A second, but also very re-
lated, system is that of a liquid crystal confined to quasi-2D curved space.
This has been made possible by pioneering work from the Fernandez-Nieves
lab, which resulted among others in a study of a toriodal nematic in [89].
This revealed the existence of both uniform and twisted/chiral phases. Such
phases, again, are prohibited or at the least highly unfavorable in crosslinked
systems; similar phases are, however, reported also for dense solutions of
semiflexible polymers confined to toroidal substrates which were studied in
mean field simulations in [90]. The novelty of the findings we report is that
we describe networklike systems, as would be appropriate for instance in the
thin subcortical layers of actin found in cells. These quasi-2D networks are
both crosslinked and curved, and our results suggest that in such systems
the interplay between curvature and stiffness may give rise to autonomous
and hitherto unidentified ordering mechanisms.

4.4 conclusion

We have presented a general framework to study and simulate polymer net-
works on arbitrary 2D geometries. In nontrivially curved environments, even
the seemingly simple squared curvature energy takes on a complex char-
acter. Additional curvature-driven terms, acting as orienting fields and/or
curvature-symmetry breaking terms appear; these latter terms are propor-
tional to the curvature itself, instead of its square as usual. One might ar-
gue that these additional terms are spurious, in the sense that they arise
because we insist to consider the network in the flattened out U space. They
do, however, have real consequences: as we showed before for the cylinder
and now for the general case of a torus, a complex and—for the torus—
heterogeneous order is actually imprinted on an otherwise isotropic network,
through purely elastic effects driven by geometry. It would be interesting to
see, whether such elasto-geometric interactions play any role in curvature
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sensing and response in, for instance, the cytoskeletal polymers in cells ex-
ploring curved substrates.
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Part III

T R A N S I E N T C R O S S L I N K S





5
C AT C H B O N D I N G I N T H E F O R C E D D I S S O C I AT I O N O F A
P O LY M E R E N D P O I N T

Applying a force to certain supramolecular bonds may initially stabilize
them, manifested by a lower dissociation rate. We show that this behav-
ior, known as catch bonding and by now broadly reported in numerous
biophysics bonds, is generically expected when either or both the trapping
potential and the force applied to the bond possess some degree of nonlin-
earity. In this chapter we enumerate possible scenarios, and for each identify
the possibility and, if applicable, the criterion for catch bonding to occur.
The effect is robustly predicted by Kramers theory, Mean First Passage Time
theory, and finally confirmed in direct MD simulation. Among the catch sce-
narios, one plays out essentially any time the force on the bond originates
in a polymeric object, implying that some degree of catch bond behavior is
to be expected in protein-protein bonds, as well as in more general settings
relevant to polymer network mechanics or optical tweezer experiments.
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5.1 introduction

How long does it take a fluctuating particle to escape the trap of a confining
potential well? The question is one of the staples of statistical mechanics and,
in its simplest incarnation, gives rise to Kramers’ well-known expressions for
the rate at which a particle crosses a potential energy barrier—the rate ex-
ponentially decaying with increasing barrier height [91]. This escape problem
features in a wide range of problems in statistical mechanics, and has im-
portant applications and consequences in materials science, soft matter- and
biological physics for its capacity to predict, under general external condi-
tions, the dissociation rate of bound states and, thereby, the mean lifetime
〈τ〉 of bonds between, for instance, receptor-ligand pairs [92–94].

Escape kinetics change when forces are taken into consideration. Gener-
ally, an applied force aligning with the escape path will hasten dissociation;
the naive Kramers prediction is, again, an exponential decrease in lifetime
with increasing force [91]. As [95] showed, forced escape scenarios become
considerably richer when the energy landscape is multi-dimensional — in
particular, they note the curious possibility of the lifetime of the bound state
initially increasing with the applied force, a phenomenon they termed rollover.
This counter-intuitive behavior—a bond is strengthened by applying a force
to it — is no longer a theoretical curiosity but has, in recent years, been
experimentally demonstrated in a range of non-covalent biophysical bonds
where it has become widely known as a catch bond [94, 96]. For protein-
protein bonds, such behavior is generally ascribed to specific conformational
properties of the molecules involved [97–101]; we will show that catch bond
behavior is generic for protein complexes in which several pathways for dis-
sociation exists. We will define a catch bond to mean a bound state whose
average lifetime 〈τ〉( f ) possesses an initial regime of increase with force:

d
d f
〈τ〉( f )

∣∣∣∣
f=0

> 0 . (5.1)

What we will show, is that this behavior is generic when the applied force
is non-linear (i.e., depends asymmetrically on the position of the particle in
the trap), even in one-dimensional energy landscapes, and moreover even
in symmetric one-dimensional potentials. The only geometrical requirement
for the trap to show catch bond behavior is that there are multiple escape
pathways, therefore there have to be two separate escape pathways in the
one-dimensional situation and at least two in higher dimensional situations.
Our findings demonstrate the broad generality, without the need for further
assumptions, of the implication of entropic elasticity in catch bonding [102].

82



5.2 kramers approach

We also show, that this scenario plays out essentially any time the force is
transmitted to the escaping particle by a polymeric object, and thus that some
regime of catch bond behavior is to be expected in protein-protein bonds,
as well as more general settings relevant to polymer network mechanics or
optical tweezer experiments.

This chapter is organized as follows: First, we outline the general frame-
work of a forced one-dimensional escape process in the Kramers sense (with
rates depending only on barrier height) and summarize the various trapping
and forcing scenarios that give rise to catch bonding. Next, we specify to
the case of a particle that is pulled out of a confining trap by a polymer un-
der tension, and study the full differential equation determining the mean
first passage time (MFPT) for a general asymmetric potential. Our explicit
analytical solution proves, that a nonlinear force-extension relation for the
polymer is a necessary condition for catch bonding to occur. We conclude
this chapter with a three-dimensional Molecular Dynamics (MD) simulation
of the escape of a tensed semiflexible polymer with one end trapped in a
symmetric, harmonic potential well showing significant (approximately 10%
increase in unbinding time) catch bonding, while also highlighting some of
the more subtle features of polymer unbinding.

5.2 kramers approach

An intuitive model to rationalize equilibrium catch bond behavior is the so-
called Two-Pathway Model (TPM), developed by Pereverzev et al. [103]. A
particle is confined to a local minimum of the trap’s potential energy Ut(x),
where x is the position of the particle in the trap. This local minimum Ut = 0
(the bound state) is flanked by two different energy barriers. In any trap
configuration, there are two escape paths; one left (L) and one right (R). By
applying a force f that is orthogonal to the pathway with the lowest barrier,
however, the effective barrier height in the secondary direction is lowered
and escape along the second unbinding pathway becomes increasingly likely
and frequent. Provided the dissociation lengths of the two pathways are suit-
ably chosen, the same applied force may simultaneously increase the barrier
height of the original pathway, making it less likely. The combined escape
problem over the two barriers determines the overall escape time, and the dif-
ferential response to the applied force may result in an increase in the average
unbinding time as a force is applied, that is, catch bond behavior. As such,
catch bonding in the TPM is a result of an asymmetric trap, in combination
with a linear forcing.
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5.2 kramers approach

We generalize the one-dimensional TPM by making no assumptions on the
energy barriers, but only assuming that there are two pathways by which the
bond can unbind. We will continue to call those pathways left (L) and right
(R), and shall call the dissociation lengths to the left and right bL and bR,
respectively. The bare escape rates corresponding to the pathways are called
k0

L and k0
R, and in the Kramers picture are determined by the barrier heights

presented by the trap potential only

k0
i = ν e−βUt(bi), (i = L, R), (5.2)

with ν the attempt frequency and β = (kBT)−1. For two otherwise indepen-
dent processes, we thus expect the combined rate of escape to be k0 = k0

L + k0
R.

These rates define the survival probabilities SL(t) and SR(t) — the probabil-
ities that unbinding did not occur along the L or R pathway prior to time t
—as

SL(t) = e−k0
Lt ; SR(t) = e−k0

Rt , (5.3)

and permit computing πL(t)dt (πR(t)dt), the likelihood that the first unbind-
ing event occurs along L (R) between t and t + dt, as the joint probability of
unbinding along L (R) between those times, and having survived unbinding
along R (L) up until t:

πL(t) = −
dSL(t)

dt
· SR(t) ; πR(t) = −

dSR(t)
dt

· SL(t) . (5.4)

The asymptotic probabilities PL and PR of unbinding along either direction
are then given by

PL =
∫ ∞

0
πL(t)dt =

k0
L

k0
L + k0

R
, (5.5)

PR =
∫ ∞

0
πR(t)dt =

k0
R

k0
L + k0

R
. (5.6)

This makes intuitive sense; if one of the two rates is very high compared to
the other, fast unbinding preempts dissociation along the slow pathway. It is,
however, also instructive to consider the average unbinding times, separately
for each of the two directions. The mean unbinding times along L and R are
computed as

〈τ0
L〉 =

∫ ∞

0
t
(

πL(t)
PL

)
dt =

1
k0

L + k0
R

, (5.7)

〈τ0
R〉 =

∫ ∞

0
t
(

πR(t)
PR

)
dt =

1
k0

L + k0
R

, (5.8)
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5.2 kramers approach

where the factors PL and PR are included to normalize the L and R unbinding
distributions; 〈τL〉 and 〈τR〉 are thus the mean unbinding times of each path,
averaged over only the unbinding events in that particular direction. This
reveals two interesting properties: the presence of a second unbinding path
always decreases the average unbinding lifetime along a primary path (the
unbinding is, of course, as least as fast as it was originally) but the average
time it takes to escape along either direction becomes the same. Counter-
intuitively, perhaps, the escape along a very slow direction is greatly sped up
by the presence of a secondary, fast unbinding route; this is because only the
rare, very quick event along the slow path is not precluded by the abundant,
fast rebinding. The overall number of such events may become very small,
though, as borne out by PL and PR. Averaging the escape time over all events,
both L and R, gives the expected result mean lifetime 〈τ〉 of the bond

〈τ0〉 = PL〈τ0
L〉+ PR〈τ0

R〉 =
1

k0
L + k0

R
=

1
k0 . (5.9)

Thus, we find that due to the presence of the other pathway, each path ac-
quires the same escape time. This escape time, moreover, is equal to the
overall lifetime of the bound state

〈τ0〉 = 〈τ0
L〉 = 〈τ0

R〉 . (5.10)

How do external manipulations, such as the application of a force, affect
〈τ〉? Let us consider now the case in which the unbinding process takes place
in the presence of an additional, external potential Uext(x, ε) which defines a
(possibly position-dependent) force fext(x, ε) = −dUext/dx. The parameter
ε quantifies some manner of tuning this external potential; in the simplest
case it is the force itself (Uext(x, ε) = −εx), but it may also represent some
more general way of altering the externally applied potential. Assuming that
the rate at which the particle crosses the boundaries bR or bL of the trap
still depends on the barrier height only (we will examine the validity of this
assumption in the latter part of this chapter), Uext(x, ε) shifts the transition
rates according to

ki = k0
i e−β Uext(bi ,ε), (i = L, R). (5.11)

To assess the possibility of catch bonding, we compute the change in the
overall lifetime 〈τ〉

〈τ〉(ε) = 〈τ〉(ε = 0) + 〈∆τ〉(ε) , (5.12)
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5.2 kramers approach

Figure 5.1: (a) Illustration of the bond, the bead (red) is trapped in a potential well
while an external potential acts on it. (b) Scenarios for the energy land-
scapes with corresponding catch bond criteria.
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5.2 kramers approach

due to a small change in ε. This is done by substituting Eq. (5.11) into Eq.
(5.9) and expanding to lowest (first) order in ε, to yield

〈∆τ〉(ε) = βε

(
eβ(Uext(bL,0)+Uext(bR,0))

(eβUext(bR,0)k0
L + eβUext(bL,0)k0

R)
2

)
×

×
(

eβUext(bR,0)k0
L

[
∂Uext

∂ε

∣∣∣∣
(bL,0)

]
+

+ eβUext(bL,0)k0
R

[
∂Uext

∂ε

∣∣∣∣
(bR,0)

])
+O(ε2) .

(5.13)

The essential information in this cumbersome expression may be condensed
somewhat. The first factor, between brackets, is strictly positive and does
not affect the sign of 〈∆τ〉(ε). For 〈∆τ〉 to increase with increasing ε, the
following ’catch criterion’ must hold

k0
L

k0
R
> −

(
eβUext(bL,0)

eβUext(bR,0)

)(
U̇ext(bR, 0)
U̇ext(bL, 0)

)
. (5.14)

Note, first, that the left hand side is entirely set by the trap potential Ut(x),
while the right hand side is determined only by Uext(x). U̇ext is shorthand
for the ε-derivative of Uext, which is to be taken before ε is set to zero. Either
Ut or Uext, or indeed both, may be used to create a catch bond effect. This
equation thus encodes a number of scenarios as illustrated in Fig. 5.1:

(i): Symmetric trap, constant external force. Ut(x) is symmetric (that is, Ut(x) =
Ut(−x)), and Uext(x, ε) = −εx (that is, the external force f = ε is constant for
given ε, and points in the R-direction throughout the trap region [bL, bR]). In
this case, because of the symmetry of Ut it must be true that bL = −bR, as
well as k0

L = k0
R. Since Uext(x, 0) = 0, and the ε-derivatives at the boundaries

are equal but opposite, the catch criterion cannot be met; both sides of Eq.
(5.14) are 1.

(ii): Asymmetric trap, constant external force. Ut(x) 6= Ut(−x), and Uext(x) =
−εx in [bL, bR]. An asymmetry in Ut may be relevant in two different ways;
either (iia) the dissociation lengths bL and bR to either side are equal in abso-
lute magnitude, but Ut(bL) 6= Ut(bR), that is, the barrier heights are different;
or (iib) the dissociation lengths differ (bL 6= bR) while the trap barrier heights
are the same Ut(bL) = Ut(bR). In case (iia), calling the dissociation length
−bL = bR = b, the criterion for increased lifetime reduces to

(iia) :
k0

L

k0
R
> 1 . (5.15)
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5.2 kramers approach

This is the TPM catch bonding scenario: if an external force opposing escape
along the initially favored (most frequent) pathway is applied, the overall
escape rate increases. However, also in case (iib) catch bonding may occur; in
this case, the criterion reduces to

(iib) : 1 > −bR

bL
. (5.16)

Thus, even for identical barrier heights applying a pulling force in the direc-
tion where the dissociation length is shortest will increase the overall lifetime
of the bond. Obviously, suitably chosen combinations of trap asymmetries
(iia) and (iib), this is where bL 6= bR and Ut(bL) 6= Ut(bR) may produce catch
bonding. Here, the criterion for catch bonding is

k0
L

k0
R
> −bR

bL
. (5.17)

(iii): Symmetric trap, harmonic external potential. For symmetric Ut(x), and
thus again −bL = bR = b and k0

L = k0
R, the left hand side of Eq. (5.14) is equal

to one. Suppose now, that the external potential is supplied by a harmonic
spring of rest length `0 and spring constant κ(2), whose left end point is
attached to the particle in the trap, and whose right end is at x = `0(1 + ε).
ε thus measures the extension of the spring and relates to the tension in the
spring. In that case, the external potential (with x = 0 the center of the trap)
is given by

Uext(x, ε) =
κ(2)

2
(ε`0 − x)2 . (5.18)

Straightforward substitution into Eq. (5.14) yields that in this case, too, the
catch criterion cannot be met, as both the left- and right hand sides of Eq.
(5.14) are 1. Moreover, expanding the change in lifetime to second order
in ε reveals that 〈∆τ〉(ε) ∼ −ε2, and thus suggests that the lifetime at zero
displacement (i.e., zero force applied to the spring) is a maximum.

(iv): Symmetric trap, anharmonic external potential. We may also consider the
same trap conditions as case (iii), but with an anharmonic, nonlinear external
potential (we will use a third power here, but the argument is valid with the
inclusion of arbitrary odd powers)

Uext(x, ε) =
κ(2)

2
(ε`0 − x)2 +

κ(3)

3
(ε`0 − x)3 . (5.19)
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In this case, the catch criterion may be cast as(
κ(2) − bκ(3)

κ(2) + bκ(3)

)
e

2
3 βb3κ(3) < 1 , (5.20)

demonstrating that for suitably chosen nonlinearity κ(3) catch bonding is pos-
sible. In particular, one recognizes the limits κ(3) → 0 (recovering case (iii))
to preclude catch bonding, whereas κ(2) → 0 will always give catch bonding,
for all positive values of κ(3).

Summarizing, a range of configurations of external forcing and trap prop-
erties give rise to an increase in lifetime with applied force (or with the ex-
tension of a springlike tether to which the escaping particle is attached). In
particular, we show here that such a regime is generic for nonlinearly elastic
tethers. Examples of such are all polymers, flexible and semiflexible. Most
proteins also display highly nonlinear force-extension relationships, and our
result suggests a route towards catch binding that is not due to any specific
allosteric or conformational mechanism, but rather is encoded within the
universal departures from nonlinearity in protein mechanics. To explore this
mechanism in more detail, we focus on cases (iii) and (iv) in the following.

The Kramers analysis assumes L and R transition rates to depend only
on barrier height and ignores the shape of the potential along the different
unbinding pathways. In order to account for those, and check the robustness
of the Kramers predictions, we now compute the lifetimes via the full mean
first passage time formalism.

5.3 mean first passage time

The average time for the particle to escape the trap, and thus for dissociation
of the bond, is the mean first passage time (MFPT) for the particle to pass
the boundaries of the trap. The MFPT 〈τ(x)〉, with x the point of departure
inside the trap, obeys the differential equation [104]

ftot(x)
kBT

d
dx
〈τ(x)〉+ d2

dx2 〈τ(x)〉 = − 1
D

, (5.21)

supplemented with the boundary condition that 〈τ(x)〉 = 0 at the boundaries
bL and bR of the trap. Here is D the diffusion constant for the fluctuating
particle, and ftot(x) is the total force acting on the bead, defined as −dUtot

dx
with Utot(x) = Ut(x) + Uext(s).
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5.3 mean first passage time

We will focus on potential catch bonding for symmetric traps, in combina-
tion with harmonic or anharmonic external forcing to mimick the situation
where the escaping particle is actually one end of a polymeric object or pro-
tein. Thus, we choose as our trapping potential

Ut(x) =

{
1
2 κ(t)(x2 − b2) |x| ≤ b

0 x > b
, (5.22)

i.e., harmonic with trap spring constant κ(t) in the region [−b, b], and zero
elsewhere (this choice, as well as the discontinuity at the boundaries, is im-
material; the potential outside of the trap region is irrelevant to the escape
problem). Escape is defined as first passage across the left or right boundary.

(iii): Symmetric trap, harmonic external potential When the particle is attached
to a harmonic spring with an energy of the form of Eq. (5.18), the total force
on the particle is given by

ftot(x, ε) = −κ(t)x + κ(2)(ε`0 − x) (5.23)

When we set ε = 0, the end point of the spring is fixed a distance `0 away
from the center of the trap and the total force becomes simply ftot(x, 0) =

−(κ(t) + κ(2))x. In this case, Eq. (5.21), with boundary conditions 〈τ0(±b)〉 =
0 may be solved analytically:

〈τ0(x0)〉 =
b2

2F2({1, 1}, { 3
2 , 2}, b2(κ(t)+κ(2))

2kBT )

2D

−
x2

0 2F2({1, 1}, { 3
2 , 2}, x2

0(κ
(t)+κ(2))
2kBT )

2D
,

(5.24)

where pFq(a; b; z) is the generalized hypergeometric function. x0 is the posi-
tion of the bead at t = 0. 〈τ(x0)〉 is plotted in Fig. 5.2 (a) for various values
of κ = κ(t) + κ(2). As expected, the escape time is maximal when the particle
departs from the center of the trap; we shall take this value 〈τ(0)〉 at ε = 0
as our reference time.

To study the effect of putting the spring under tension, we now increase ε

away from zero. This results in an extended tether in the center of the trap,
and ftot is now given by Eq. (5.23). The effect of this small change may be
studied perturbatively. When we expand the perturbed solution to second
order in ε as

〈τε(x0)〉 = 〈τ0(x0)〉+ ε 〈τ1(x0)〉+ ε2 〈τ2(x0)〉+O(ε3), (5.25)
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Figure 5.2: (a) The average unbinding time 〈τ(x0)〉 obtained by Eq. 5.24 for a
crosslink which released at x0 at t = 0. The sum of κc and κs is 2 (black
line), 4 (blue line), and 6 (red line). (b) The first three terms of terms of
the perturbed system for κ = 2.

with 〈τ0(x0)〉 is the exact solution for ε = 0, 〈τ1(x0)〉 and 〈τ2(x0)〉 (and,
indeed, the higher order corrections) may be obtained from an order-by-order
set of recursive differential equations

−x0(κ(t) + κ(2))

kBT
d〈τn〉
dx0

+
κ(2)`0

kBT
d〈τn−1〉

dx0
+

d2〈τn〉
dx2

0
= 0 , (5.26)

with boundary conditions 〈τn(±b)〉 = 0. These equations, too, may be ana-
lytically solved for 〈τ1(x0)〉 and 〈τ2(x0)〉. Fig. 5.2 (b) graphs these first two
corrections to the ε = 0 result, and confirms what was already suggested by
the Kramers analysis: 〈τ1(0)〉 = 0, meaning that there is no effect, to first
order in ε, on the lifetime of the bond (i.e., no catch bond). Moreover, we also
see that indeed the second order correction 〈τ2(0)〉 is negative, proving that
the zero-ε lifetime is indeed a maximum. Attaching the escaping particle to
a linear spring cannot increase the lifetime in a symmetric potential.

(iv): Symmetric trap, anharmonic external potential Kramers theory predicts
catch bonding in the case of an anharmonic external potential. To connect
this to a more realistic setting, we will specify to the case of a Worm-Like
Chain tether; instead of a Hookean spring the escaping particle is now con-
nected to a semiflexible polymer with a contour length `c and a persistence
length `p. The force-extension relation for such a polymer is strongly nonlin-
ear, and given by Eq. (2.45) [105, 106]

`( f ) = `c −
kBT
2 f

[√
f `2

c
kBT`p

coth

(√
f `2

c
kBT`p

)
− 1

]
. (5.27)
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The equilibrium length for such a polymer is `0 = `2
c/`p. Expanding `( f )− `0

to second order in the force f , and inverting the relation yields the force-
extension relation to first anharmonic order for the semiflexible WLC:

fWLC(x, ε) = 90kBT
(
`p

`2
c

)2

(ε`0 − x) + (5.28)

+
5400

7
kBT

(
`p

`2
c

)3

(ε`0 − x)2 . (5.29)

So, with the identification

κ(2) = 90kBT
(
`p

`2
c

)2

(5.30)

κ(3) =
5400

7
kBT

(
`p

`2
c

)3

, (5.31)

we may use the external potential of Eq. (5.19) to capture the lowest relevant
nonlinear order of tethering by a semiflexible WLC. Obviously, for larger
extensions (and thus forces) we may need to go to higher orders in (ε`0 − x).

To verify the catch bonding effect predicted by Kramers for this anhar-
monic force-extension relation on the mean unbinding time, we numerically
solve Eq. (5.21) for a semiflexible polymer with `c = `p = 20, confined to a
trap with a spring constant strength of κ(2) = 10 and a dissociation length
b = 1. While we can no longer treat this case analytically, we do have access
to the full range of ε allowing computing, also, the total extent of the catch ef-
fect. Comparing the full WLC force-extension relation with its harmonic and

Figure 5.3: (a) Potentials Uext(x, 0) and (b) average unbinding times relative to their
ε = 0 values for a particle attached to a semi-flexible fiber with `p = `c =
20 (dashed black line), the first harmonic approximation to the WLC
(dotted blue line) and the first anharmonic approximation (red line).
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wlc

first anharmonic approximations (potentials graphed in Fig. 5.3 (a)) confirms
the Kramers predictions; to harmonic order; there is no catch bond effect but
the inclusion of the first anharmonic term creates a regime of increasing life-
time with rising ε. As Fig. 5.3(b) shows, the catch bond effect becomes more
evident with every additional (odd) order in the approximation of the full
nonlinear force. Thus, indeed, a nonlinear anharmonicity (third order terms
or higher, odd powers, in Uext(x, ε)) are a prerequisite for this type of catch
bond effect. The full WLC curve shows that the rise in lifetime continues
over an extended range of ε, and that the total induced lifetime increase can
attain values of over 10% (see Fig. 5.3 (b)).

So, both the Kramers analysis and the MFPT computations show a catch
bonding effect for a particle in a symmetric, one-dimensional trap with multi-
ple escape pathways, attached to a polymer or, in fact, any tether possessing
some anharmonic response. In the final part of this chapter, we assess the
real-life validity of the effect by a Molecular Dynamics (MD) simulation in
three dimensions.

5.4 molecular dynamics simulation of a trapped endpoint of

a wlc

We use LAMMPS MD [62] to perform a Langevin dynamics simulation of a
fluctuating semiflexible bead-spring chain consisting of N beads with diam-
eter d, connected by identical Hookean springs with a spring constant Ksp

and rest length is equal to d and include a bending contribution to the chain
energy, quantified by a bend stiffness Kb. The resulting chain energy is

UMD =
N

∑
i=1

Ksp(`i − d)2 +
N−1

∑
i=1

Kbθ2
i (5.32)

where `i the length is of spring i, and θi the angle between spring i and
spring i + 1. One of the end beads is trapped in a harmonic potential with
spherical symmetry, the other end is fixed at a distance ` = `0(1+ ε) from the
center of the trap. In the simulation a polymer consisting of N = 40 springs
that each have a rest length d = 0.5 (that is, the contour length of the entire
polymer is 20) and spring constant Ksp = 2500 is used (all in Lennard-Jones
units). This is very high, to suppress backbone extension and approximate
the inextensible WLC. The bending stiffness Kb is set to 20, corresponding to
a persistence length `p (= 2Kbd/kBT) of 20 when we set kBT = 1.

The three dimensional MD simulations again confirm the existence of the
effect. As Fig. 5.4 (a) shows, the lifetime of the particle inside the trap rises
with rising ε, qualitatively in the manner seen in the MFPT approach. There
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Figure 5.4: (a) Normalized lifetime of particle attached to a bead-spring polymer
obtained by MD simulation. (b) Mean square displacement of the end-
bead showing subdiffusive motion.

is, however, no satisfactory quantitative agreement between the numerical
solution of the Eq. (5.21) and the MD simulations, despite the identical pa-
rameters. We believe this to be due to the anomalous diffusion of the polymer
end point within the trap. As we show in Fig. 5.4 (b), the Mean Squared Dis-
placement 〈δx2〉 of the end bead scales as 〈δx2〉 ∼ t

3
4 , that is—slower than

the expected power of 1. This subdiffusive motion of a polymer end point
is well-known [107], but invalidates the derivation that produces Eq. (5.21).
To fully capture the escape problem of a polymer end point, we suggest a
version of Eq. (5.21) with fractional derivatives might be required, but this is
beyond the scope of our current work.

5.5 conclusion

Our results prove, that catch bonding — bound states whose lifetime in-
creases with applied force — is a generic feature of bonds where either the
trap itself, or the external structures that a ligand is connected to, or both,
display some degree of nonlinear response. These effects are robustly pre-
dicted by Kramers theory, MFPT theory, and are confirmed in direct MD
simulation.

The mechanism we describe suggests catch bonding may be ubiquitous,
and does not require finely tuned structural or conformational properties of
bond participants, the described catch bond mechanism only requires mul-
tiple escape pathways. The same effects are predicted to occur in reversible
(noncovalent) bonding in, for instance, polymeric materials; these reversible
links should, under very general conditions, also show a regime of some
strengthening when loaded. It will be instructive, in future analysis, to assess
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the theoretical limits of this effect to inspire the design of novel, responsive
catch bond materials.
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6
H O W R E V E R S I B L E C R O S S L I N K S A F F E C T T H E
M E C H A N I C A L R E S P O N S E O F A P O LY M E R N E T W O R K

In this chapter we study how the unbinding dynamics of transient crosslinks
affect mechanical response of a polymer network. To do this we compute
the dynamical response of isotropic networks of semiflexible polymers, held
together by both permanent and reversible bonds. We use Molecular Dynam-
ics to measure the end-to-end length fluctuations of a single stiff chain, and
apply to them the Fluctuation-Dissipation theorem to obtain the dynamic
storage and loss moduli, {G′(ω), G′′(ω)}. The cohesive strength of the re-
versible bonds determines the dissociation kinetics of the reversible bonds.
These kinetics, in turn, lead to an elevated ’second plateau’ in the dynamic
shear modulus. The effect of adding reversible bonds to a network is thus
twofold: Both the onset frequency and the height of the second plateau are
determined by the energetics of the reversible bonds. This mechanism consti-
tutes both a regulatory principle, as well as a novel modality for engineering
tailored dynamic response into disordered network materials.
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6.1 introduction

Natural polymer materials make abundant use of crosslinker properties to
tune elastic response. All proteinaceous linkers forge supramolecular bonds,
whose dynamics are dictated by a cohesive energy scale that quantifies the
effective potential well responsible for the connection. In biology, such bonds
range from rapidly unbinding to effectively permanent, and the various
crosslinks and their timescales play an important role in the dynamical re-
modeling of networks and tissues. A prime example is the cytoskeleton, a
dynamic structure composed of actin filaments, microtubules and interme-
diate filaments which is the internal framework of cells and determines cell
shape and mechanical properties. The cytoskeleton remodels continually,
and adapts its structure, and thereby the shape of the cell, to changes in
the environment. During this process various dynamic actin-binding pro-
teins (ABP) give rise to the reshaping of the tissue, connecting, releasing and
rebinding actin filaments along the way. In [108–110] it is shown that dissoci-
ating statistics of crosslinks strongly affect the mechanical behavior of in vitro
actin networks, causing them to be able to shift, purposely, from rubberlike,
purely elastic behavior to viscous flow in transiently bonded networks.

Synthetically mimicking the self-healing mechanism observed in biological
tissues is a long-term goal of materials science in general [28, 38, 111, 112],
holding great promise to improve, enhance or altogether change the mechani-
cal quality of man-made materials. However, a merely transiently crosslinked
elastomer has relatively poor mechanical properties, e.g. it flows at long
timescales and the toughness is usually low. Recent, more advanced hydro-
gel and dry chemistries demonstrated that a combination of permanent and
transient crosslinks can dramatically improve the toughness of a material
while retaining the capacity to self-heal. This has led to the greatly increased
interest in ’dual crosslinked’ materials over the recent years [33, 37, 38, 113].
In those systems, the transient crosslinks are hypothesized to act as sacrificial
bonds, whose dissociation provides the material with a parallel channel for
energy dissipation [114]. As a result, the material can absorb more energy
before physically rupturing, leading to enhanced toughness of the material.
Permanent bonds imprint the original network structure and permit the net-
work to remain elastic even at large and slow deformations.

In addition to the enhanced toughness, the combination of transient and
permanent crosslinks gives rise to a complex mechanical behavior that is dic-
tated by the dynamics of the transient bonds. The mechanics of semiflexible
polymers and their permanently crosslinked networks are well studied but
the effect of adding reversible or transient crosslinkers network still presents
some open questions. In [44] and [45], it is shown that the repeated bind-
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ing and unbinding of crosslinks in a network exclusively linked by transient
bonds results in overall network flow at time scales longer than the average
unbinding time, but with exponents other than those traditionally encoun-
tered in Newtonian liquids: [44] shows that a broad spectrum of macroscopic
relaxation times may be responsible for the scaling of the shear modulus
as ω1/2, which is in agreement with rheology experiments on living cells
[113, 115]. This spectrum of macroscopic relaxation times is a result of a com-
plex unbinding process, where a single microscopic timescale is related with
the unbinding event. In contrast, we will address in this chapter the mechan-
ics of a ’dual crosslinked’ network: we study the effect of adding transient
crosslinks to an already permanently crosslinked network. This may either
reflect the case of actual covalent bonds in conjunction with reversible con-
nections, or the case where two dynamic linkers with vastly different kinetics
are combined. This network is a meshwork of stiff chains in which the re-
versible crosslinks continually form and break. The viscous flow which is
seen in [44] and [45] is suppressed as a consequence of the permanent net-
work, and the anomalous scaling likewise does not feature. In Ref. [33] Wu et
al. made a dry dual crosslinked network and showed that the addition of re-
versible linkers result in a plateau modulus supplanted by a weak powerlaw
increase, with an exponent of approximately 0.07. A better understanding of
how transient crosslinks affect the dynamical mechanical behavior of fibrous
networks may be of more than just fundamental use: As we show towards
the end, it may aid in the rational design of materials with programmed
switches in mechanical response.

6.2 theoretical framework

Here we consider the mechanical response of a visco-elastic material to small
amplitude cyclic shear loading in the x̂ẑ-direction, where the dimensionless
shear strain is given by

γ(ω, t) = γ0 eiωt; γ0 << 1 . (6.1)

The shear stresses that develop in the material in response define the dynam-
ical shear modulus G(ω) = G′(ω) + iG′′(ω)

σxz(ω, t) ≡ Re
(
G(ω)γ(ω, t)

)
. (6.2)

Our approach, following [116] and described in chapter 2, is to determine
the dynamic shear modulus from the end-to-end fluctuations of a single poly-
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mer chain, embedded in a network. If we denote by α(ω) = α′(ω) + iα′′(ω)

the dynamic compliance of a single filament, then the force f (ω, t) that de-
velops response to a cyclic extension δ`(ω, t) away from the polymer’s equi-
librium length `0 is

f (ω, t) ≡ Re
(

α(ω)−1δ`(ω, t)
)

. (6.3)

From now on, we will drop the explicit taking of Re parts. In terms of this
force, the components of the Cauchy stress tensor σ may be computed as

σij(ω, t) = ρ

〈
f (ω, t)

(
r′ir
′
j

|r′|

)〉
. (6.4)

Here, ρ is the number density of polymers, r′ is the deformed (sheared) im-
age of an end-to-end vector r in the reference configuration, and the average
〈·〉 is taken over the distribution P(~r) of polymer end-to-end lengths in the
reference configuration. For an isotropic network of polymers that are ini-
tially all their rest length `0, subject to affine simple shear, this reduces to

σxz =
1

15
ρ`2

c

(
δ`(ω, t)

α(ω)

)
. (6.5)

Thus (omitting a solvent contribution Gs = −iωη with η the solvent vis-
cosity), and under the above assumptions, we can find the dynamic shear
modulus from single-fiber fluctuations as

G(ω) =
1
15

ρ`2
c α(ω)−1 . (6.6)

MacKintosh and Gittes [116] apply the above formalism to entangled net-
works of semiflexible chains, for which a number of crucial quantities can
be computed directly. For clarity, we repeat parts of their derivation in the
following, as this relates to how, precisely, we process and interpret our nu-
merical data. Choosing the polymer’s end-to-end r vector to lie along the
z−axis, the Hamiltonian for a semiflexible polymer of total contour length `c,
with a persistence length `p = κ/kBT is given by

H =
κ

2

∫ `c

0
ds
∣∣∣∣ ∂2r

∂s2

∣∣∣∣2 . (6.7)

Here s is the arc length, and r ≡ rx + iry collects the transverse displace-
ments into a single complex-valued quantity. This energy functional defines
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a Langevin equation for the dynamics of the transverse fluctuations, which
after Fourier transforming s→ q may be written as

ṙq = −ωqrq +
ξq

ζ

(
q =

nπ

`c
; n = 1, 2, · · ·

)
. (6.8)

ζ is the coefficient of transverse drag (due to the solvent viscosity η) on the
chain (per unit length) ζ ≈ (4πη)/ ln(0.6 `c/d), and the relaxation frequency
of mode q is given by ωq = (κ/ζ)q4. For future use, we note that the longest
wavelength mode q1 = π/`c, as usual, relaxes on the slowest timescale ω1 =

(κ/ζ)(π/`c)4. For frequencies below ω1, all intrachain modes can relax fully.
ω1 thus marks the boundary of the plateau regime. To reproduce the correct
equilibrium fluctuations, the fluctuating force per unit length ξq(t) must obey〈

ξq(t)
〉
= 0,

〈
ξq(t)ξq(t′)

〉
= 4kBT`cζδ(t− t′) . (6.9)

The equilibrium end-to-end length of this polymer is then given by

`0 = `c

(
1 +

`c

6`p

)
, (6.10)

and we will be characterizing the fluctuations of the instantaneous length
`(t) away from equilibrium; δ` = `(t)− `0 by the correlator

φ(t) = 〈δ`(t)δ`(0)〉 = 1
`2

p
∑

q

(
1
q4

)
e−2ωq|t| . (6.11)

The power spectral density 〈|δ`ω|2〉—the temporal Fourier transform of Eq.
(6.11)—is directly related to the (imaginary part of the) single filament dy-
namic compliance through the Fluctuation Dissipation theorem

α′′(ω) =
ω

2kBT
〈|δ`ω|2〉 , (6.12)

=
1

kBTq4
1`

2
p

∞

∑
n=1

(ω/2ω1)

n8 + (ω/2ω1)2 . (6.13)

In a last step, a Kramers-Kronig integration [117] is performed on α′′(ω) to
compute α′(ω):

α′(ω) =
2
π

∫ ∞

0
dt cos(ωt)

∫ ∞

0
dν α′′(ν) sin(νt) . (6.14)
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Substituting this into Eq. (6.6) for G yields the following, analytic expression
for the modulus

G(ω) =
1
15

kBTρ

(
`p

`c

)2
(

1
π4

∞

∑
n=1

1
n4 − i(ω/2ω1)2

)−1

. (6.15)

The plateau modulus that follows from this is

G0 = G(0) = 6kBTρ

(
`p

`c

)2

. (6.16)

Normalizing this expression with respect to the plateau modulus (G(ω) =

G(ω)/G0), and rescaling the frequencies ω̄ = ω/ω1 results in a compact,
universal prediction which has proven a powerful baseline for understanding
the mechanics of biological and synthetic stiff polymer materials

G(ω̄) =

(
π4

90

)( ∞

∑
n=1

1
n4 − i(ω̄/2)2

)−1

. (6.17)

For frequencies far above ω1, this expression predicts the characteristic, and
by now well established, scaling regime where G′(ω) ∼ ω3/4. While direct
simulations of entire networks with reversibly rearranging bonds subject to
external loads are complicated, provided the assumptions of isotropy and
affinity remain valid their linear mechanical response, too, may be assessed
by the above methods. In the following, we will measure the equilibrium end-
to-end length fluctuations of a semiflexible chain that has both permanent
and reversible links, and connect them to dynamical rheology.

6.3 simulation protocol

We simulate the semiflexible chain in the LAMMPS Molecular Dynamics
package [62], using the Kremer-Grest bead-spring model [118]. This models
a polymer as a sequence of N spherical beads, with diameter d, connected
by harmonic springs with rest equal to the beads diameter. The energy as-
sociated with stretching one such spring away from its rest length is given
by

Usp(`) = Ksp(x− d)2. (6.18)

Chain stiffness is introduced by a three-point bending energy:

Ub(θ) = Kb θ2, (6.19)
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where π − θ is the angle formed by the two bond vectors between three
consecutive beads, and Kb is the bending stiffness, which is related to the
persistence length through `p = (2Kbd)/kBT. In LAMMPS, the viscosity
(in the NVT ensemble) is effectively set by fixing the single-bead friction
coefficient γ = 3πηd. Eliminating the viscosity η from this equation by
combining with the definition of ζ below Eq. (6.8), we find that the transverse
friction per unit length is given, in LAMMPS parameters, by

ζ =

(
4

3d ln(0.6N)

)
γ . (6.20)

The reversible bonds are represented by transient potential wells, which we
turn on stochastically and from which the temporarily trapped bead dissoci-
ates through its fluctuations. Let us first discuss the binding kinetics. Upon
starting the simulation (or directly after the last dissociation), a rebinding
timer is reset. We then draw a rebinding time τR from an exponential rebind-
ing time distribution with mean 〈τR〉:

P(τR) =

(
1
τR

)
e−τR/〈τR〉 . (6.21)

After this time has elapsed (at a total time we shall call t1), a new reversible
bond is formed. We implement this bond by switching on a harmonic poten-
tial Urev, centered on the instantaneous position r(t1) of the bead concerned:

Urev(r) =

 ε0

[(
r
rc

)2
− 1
]

: r ≤ rc

0 : r ≥ rc,
(6.22)

where r(t) = |r(t) − r(t1)|. The energy ε0 sets the overall strength of the
bond. The lengthscale rc is the dissociation length of the reversible bond: the
first time the transiently trapped bead fluctuates to a position r(t) > rc, the
link dissociates and the potential Urev is switched off. Fig. 6.1 (b) sketches
the situation: the flat potential landscape beyond rc represents the fact that
the putative other polymer in the network, to which the chain was temporar-
ily linked, will likely move away after dissociation. Different physical or
chemical reversible bonds may be represented by different values of ε0 and
rc. Once dissociation has occurred, the rebinding timer is reset to zero and—
as described above—the bead fluctuates freely as the clock counts down to
the next transient binding event.

In the simulations presented here, we focus on the effects of changing the
binding strength depth on the dynamic rheology. To compare apples and

103



6.3 simulation protocol

Figure 6.1: a) Multiple overlaid snapshots of the bead-spring model of a semiflexible
fiber with transient crosslinkers, where the green and blue beads are
transient crosslinks beads in bound and unbound state, respectively. b)
Illustration of a transient bond, a bead is trapped in a confining potential
well (green) and can escape due to thermal fluctuations (blue).

apples, we fix a number of other parameters. Throughout the simulations,
we fixed kBT = 1 and m = 1. Parameters defining the geometry of the
polymers were N = 42, and d = 1 (in MD length units). Only one in six
beads is capable of forming a reversible bond. The elastic energy of the
chain was fixed by choosing x0 = 1 and Ksp = 5000 (this extremely high
value suppresses bond length fluctuations, rendering the chain effectively
inextensible) and Kb = 15, corresponding to a persistence length `p = 30. the
single bead friction coefficient was fixed at γ = 0.1.

The rebinding kinetics are independent of the transient potential, as these
are determined by the encounter rate between transient binding partners in
the network. As such, these depend most strongly on the density ρ. By fixing
〈τR〉 = 200, we ensure that we work, approximately, at fixed network density.

In our simulations, one end of the polymer is fixed at the origin—this
represents the permanent connection. The other end is free. In Fig.6.1 (a),
multiple overlaid snapshots of the simulation are shown; those beads colored
blue and green are able to form crosslinks. Blue beads are free (unbound);
the green ones are transiently bound at the time of the snapshot. A typical
simulation runs for 109 time steps, each taking a time of 0.01. To specify the
reversible potential, we fix rc = 1 and set ε0 to a given value. Over the course
of the run we record the end-to-end length `(t). These data are converted,
using the average length 〈`(t)〉 to extensions δ`(t), which form the raw input
to the correlator φ(t) in Eq. (6.11), and the subsequent analysis. To permit
the Kramers-Kronig integration across the entire frequency domain, the high-
frequency part of 〈|δ`ω|2〉 is analytically extended.
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Figure 6.2: Mean unbinding time 〈τ〉 of a transient bond as a function of ε0. Solid
line is a fit to 〈τ〉 ∼ exp(−ε0/kBT)—see main text.

6.4 simulation results

First, we investigate the relation between the reversible potential strength ε0

and the unbinding kinetics of the transient link. We fix ε0, and we record
the unbinding time (the time elapsed between initial formation of the bond,
and dissociation) and tabulate its average 〈τU〉 over many events. Results
are collected in Fig. 6.2, and show a clear, exponential relation; 〈τU〉 ∼
exp(ε0/kBT). This is the expected result, from Kramers rate theory [91]. This
establishes that indeed ε0 controls the dynamics of unbinding, and introduces
into the material a relaxation timescale independent of the polymer Rouse
modes. Next, we may ask how this timescale is manifested in rheology.

The correlation function φ(t) of the end-to-end extension fluctuations is
shown for different values of the transient bond strength in Fig. 6.3 (a) and
(b). The black line graphs the theoretical prediction for a fiber without re-
versible crosslinks, Eq. 6.11. From this figure it is clear that the correla-
tion time increases significantly as ε0 is increased and the unbinding rate
decreases. This is a result of the suppression of the end-to-end length fluc-
tuations in a crosslinked configuration. Using Eqs. (6.11)-(6.15) then permits
these correlation functions to be converted into the network shear modulus:
The normalized storage modulus G′(ω) is shown in Fig. 6.3 (c) and the
normalized loss modulus G′′(ω) in Fig. 6.3 (d).

To validate our protocol, we verify that a simulation without reversible
crosslinks follows the theoretically predicted dashed curve; it has a plateau
modulus in the low-frequency regime and a ω3/4 scaling in the high fre-
quency limit, where the typical timescale is shorter than the slowest relax-
ation time of the fiber; ω � ω1 = 0.013. As we increase the binding en-
ergy of the reversible bonds, Fig. 6.3 (c) and (d) show significant changes
in the rheology. The new features may be directly understood. First of all,
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adding reversible crosslinks has no effect on the storage modulus at the low-
est frequencies. In this regime, where timescales are much longer than any
timescale related to the re- and unbinding of the reversible crosslinks, the
polymers can relax completely, unhampered by the reversible constraints;
their elastic response is always completely determined by the permanent con-
nections. At the highest frequency, the typical timescale is much shorter than
the re- and unbinding time and therefore, at these time scales, the bound
fraction of the reversible crosslinks act as additionally fixed crosslinks. As
a consequence of this, the storage modulus scales as ω3/4 as before (indeed,
since this reflects relaxations at the single chain level, this regime should
be independent of the reversible links). Because the bound reversible links
stiffen the network by suppressing otherwise easier relaxations, the absolute
value of both moduli are increased.

The intermediate frequency regime of the storage modulus is most markedly
sensitive to the reversible linkers. Compared to a situation where no re-
versible links are present, the addition of reversible crosslinkers shortens the
original plateau domain. At some intermediate frequency, well before the

Figure 6.3: Correlation function of the end-to-end length fluctuations, short time re-
sponse in (a) and longer correlation in (b), the storage modulus (c) and
the loss modulus (d) for a network with transient crosslinkers, as a func-
tion of crosslinker binding strength ε0: curves low to high correspond to
ε0 = 0, 6, 7, 8, 9 respectively. The dashed line shows the theoretical value
(given byEq. 6.17) for a network without transient crosslinks.
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Figure 6.4: (a) Change in shear modulus due to the revresible linkers as a function
of average number of bound linkers per filament. The solid line is a fit
∆G ∼ 〈Nc〉1.2. (b) Scaled modulus G′/G0 as a function of the normalized
frequency. Bottom to top, curves correspond to ε0 = 0, 6, 7, 8, 9 respec-
tively. Crosses indicate the frequencies corresponding to the unbinding
times 〈τ〉(ε0) for each, clearly demonstrating that the additional plateau
is controlled by the cohesive energy which, in turn, may be used to pro-
gram the rheology curve.

ω3/4 scaling regime is attained, the storage modulus rises. For values of
ε0 corresponding to reversible unbinding times 〈τ〉(ε0) < (2π/ω1) ≈ 480,
the gradual rise transitions smoothly into the ω3/4 regime. For higher val-
ues of ε0 however, the unbinding time is inside the original plateau regime
(〈τ〉(ε0) > (2π/ω1)); the inability of these linkers to unbind gives rise to a
second plateau before the usual high frequency regime is accessed. Increas-
ing the binding energy ε0 is a direct way to change the unbinding time 〈τ〉,
and as Fig. 6.4 (b) shows the onset of the second plateau coincides exactly
with the crosslinked unbinding frequency.

Not only the location of the second plateau is controlled by the energy
ε0; so is its height. Fig. 6.4 (a) shows, that the average number of bound
reversible links per polymer, 〈Nc〉 (itself a direct function of ε0), determines
the additional stiffness ∆G = G2nd plat − G1st plat. It does so with a weak pow-
erlaw; ∆G ∼ 〈Nc〉1.2, i.e. with an exponent below the value of 2.2 expected
[119] for permanently linked networks. We hypothesize that having a cer-
tain number of linkers bound on average supplies less additional rigidity than
having that same number of linkers bound permamently, as in the first case
dynamic exchange provides additional modes of relaxation.

As mentioned in the introduction of this chapter Wu et al. [33] found
a weak powerlaw increase of the G′(ω) with frequency from the plateau
modulus at frequencies around the frequencies related to unbinding events.
In our data, Fig6.3 (c), there is no powerlaw relation between G′ an ω, yet
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the effect much of the transient crosslinks on the storage modulus is much
stronger than Wu et al. found in their simulations. We speculate that a larger
ratio of the average unbinding frequency and ω1 in our simulations gave rise
to this stronger effect of the transient crosslinks on the modulus.

6.5 conclusion

We present single fiber MD simulations of the effect of transient crosslinking
on the linear shear modulus of an otherwise permanently crosslinked net-
work material. In our approach, the simulated fiber is surrounded with an
effective network with which it forms transient attachments. We find that
the effect of the transient crosslinks on the shear modulus is timescale de-
pendent; at timescales much longer than the average unbinding time, there
is no influence of the transient crosslinks on the shear modulus. At short
timescales, a fraction of the bound transient crosslinks act as effectively per-
manent bonds. These lead to an increase in modulus around their unbinding
frequency 2π/ω. For moderate values of the binding energy, the second
plateau is preempted by the Rouselike ω3/4 regime.

Combining permanent and transient crosslinks in materials can result in
various highly functional properties. In addition, the greatly enhanced tough-
ness reported in literature [119], we show that the reversible links may sep-
arately serve to implement a graded dynamic response, leading effectively
to two distinct rubberlike phases in dynamical rheology. By virtue of the
time-temperature superposition principle, moreover, we predict a transition
between two differentially elastic solid phases to occur at a critical tempera-
ture determined by the reversible linker energetics.
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7
C O N C L U S I O N S A N D O U T L O O K

7.1 summary of the aims

The mechanical properties of materials are the result of the combination the
constituent parts the material consists of, how these components are orga-
nized spatially, and the way these components interact. In the development
of new functional lightweight materials, all of these facets should be taken
into account. Here, biomaterials, and the physics Nature uses to give those
materials their functionality, can act as a great source of inspiration for de-
veloping new design strategies. The central aim of this thesis was to use
theoretical modeling to study two of the underlying physical principles that
relate the complex structures and mechanical behavior of biomaterials: (1)
the role of the substrate shape on the structure of polymer network, and (2)
the dynamics of transient crosslinks and their effect on the mechanics of a
network. The research questions belonging to those principles and studied
in this thesis were:

1) What is the effect of curved e.g. non-flat substrates on the network
structure of a tissue attached to the substrate? Chapter 3, 4

2) How do external manipulations, like the application of a force, affect
the unbinding statistics of transient crosslinks? Chapter 5

3) How do reversible crosslinks affect the mechanical response of a poly-
mer network? Chapter 6

7.2 conclusions and outlook

The main findings related to the three research questions are recapitulated
here.

7.2.1 Curvature induced structural order in polymer networks

In Part II of this thesis we focused on the role of the shape of substrates on
the structural organization of networks of semi-flexible fibers. In Chapter 3
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we first discussed networks confined to cylindrically shaped substrates and
in Chapter 4 we extended this framework to allow for arbitrary curved ge-
ometries. We found that by minimizing the total energy of a network, an
initially isotropic network of crosslinked fibers, confined to a cylindrical sub-
strate, can evolve to a cross-hatched, ordered structure. The result structures
resemble those encountered in various biological settings: Both in the sim-
ulations as well as in cylindrical shaped natural tissues, the orientation of
fibers possess a bimodal distribution. We found, that the curvature acts as
an axial field acting on the fibers. The simple ring model revealed, that this
field brings about a bifurcation in the optimal orientation of a polymer that
encircles the cylinder: below a critical radius R?, two degenerate, slanted
ground states emerge. For radii larger than R?, only the orientation perpen-
dicular to the cylinder axis is stable. When instead 2D networks of polymers
are wrapped around cylinders, this removed the sharp bifurcation structure
of the ring model. Its general characteristics, however, persisted: ordered,
cross-hatched states appear at smaller radii, where the effects of curvature
along the substrate are largest.

Outlook In this part of the thesis, we showed that the geometry of a ma-
terial made of (semiflexible) polymers and the microscopic structure of the
material are related. We found, that those fibers try to minimize their bend-
ing and therefore try to rearrange if they experience much bending due to
the local curvature. While developing new pathways for designing materials,
this might be an useful technique to imprint local anisotropy in the micro-
scopic structure of the material in a noninvasive way, resulting in anisotropic
mechanical properties in the material. However, more research is needed to
find out what would be the most efficient way for doing this. The procedure
followed in this work can be compared by depositing fibers isotropically on a
flat surface, add binding or crosslink molecules that bond the fibers in order
to form a network, and finally deforming the network. However, depending
on the desired architecture, it could be more efficient to begin with deposit-
ing the fibers on a non-flat shaped surface, letting the fibers (partly) reorient
before they are linked to form a network.

7.2.2 How external manipulations affect the unbinding statistics of transient
crosslinks

In Chapter 5 we showed that applying a force to certain supramolecular
bonds may initially stabilize them, manifested by a lower dissociation rate.
This catch bond behavior is a generic feature of bonds in situations contain-
ing multiple pathways for dissociation, and either the trap itself, and/or the
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external potential that a ligand is connected to, displays some degree of non-
linear response. The Two Pathway Model (TPM) used Kramers escape rates
to define the catch criterion, which have to be fulfilled for a bond to show
catch bond behavior. We found, that even if a ligand is bound in a symmetri-
cal trap, the bond can show catch bond behavior. The only criterion for this
to happen is that the external potential shows "enough" nonlinearity.

Outlook This general catch bond mechanism is interesting for both fun-
damental reasons as well as for developing self-healing materials. Those
transient bonds are stable at the moment that stability is needed the most,
namely when the material is under tension. After releasing the external force,
the bonds unbind at their normal pace and the material can heal from the
inflicted damage. However, before this catch bond mechanism can effectively
be used for this purpose, more research is needed to find out how to profit
maximally of this feature.

7.2.3 The effect of reversible crosslinks on the mechanical response of a polymer
network

In Chapter 6 we presented a single fiber MD simulation setup with which
we computed the dynamical response of isotropic networks of semiflexible
polymers, crosslinked by both permanent and reversible bonds. Here, we
studied the effect of transient crosslinking on the linear shear modulus of
an otherwise permanently crosslinked network material. In our approach
the simulated fiber was surrounded with an effective network with which it
forms transient attachments.

During the simulations, the end-to-end length fluctuations were recorded,
applying the Fluctuation-Dissipation theorem to them resulted in the dy-
namic modulus. To validate the simulation protocol, first a network without
transient bonds was simulated and the resulting data match the theoretical
prediction. The transient crosslinks were simulated by harmonic traps, in
which the bound bead could wiggle around. Crossing the boundary of the
trap led to dissociation of the bond. The average time it took to unbind scaled
exponentially with the dept of the potential. The rebinding of bonds was
simulated as a stochastic process. We found, that the effect of the transient
crosslinks on the shear modulus is timescale dependent; at timescales much
longer than the average unbinding time, there is no influence of the transient
crosslinks on the shear modulus. At short timescales, a fraction of the bound
transient crosslinks acted as effectively permanent bonds. These led to an
increase in modulus around their unbinding frequency 2π/ω, and in the sit-
uation with long lived bonds a second plateau in the modulus arose. For
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moderate values of the binding energy, the second plateau was preempted
by the Rouselike ω3/4 regime.

Outlook Combining permanent and transient crosslinks in materials can
result in various highly functional properties. In addition to the greatly en-
hanced toughness reported in literature, we showed that the reversible links
may separately serve to implement a graded dynamic response, leading ef-
fectively to two distinct rubberlike phases in dynamical rheology. In our
simulations the number of transient bonding sites was constant, and we have
only varied the strength of the transient bonds by which we could tune the
average unbinding time. This also sets the frequency where the modulus
increases from the plateau level. The height of the second plateau also in-
creases by strengthening the bonds stronger, and was in our simulations
directly coupled to ω1. We expect that the height may also be changed by al-
tering the number of transient crosslinks, which would give the opportunity
to regulate ω1 and the height of the second plateau level independently. We
also anticipate that, by virtue of the time-temperature superposition princi-
ple, a transition between two differentially elastic solid phases may occur at
a critical temperature determined by the reversible linker energy.

7.3 final conclusion

As I have shown all through this thesis, biological materials are complex
structures with often outstanding combinations of properties. These fascinat-
ing properties arise from an intricate combination of physical and biochem-
ical principles, but in order to disentangle their separate contributions we
have chosen to study some of the leading mechanisms separately. This al-
lowed us, for instance, to attribute the cross-hatched collagen patterns in the
arterial wall to a passive, geometry-informed remodeling mechanism. The
additional role of active remodeling of extracellular matrix components is
left untouched, but at the least appears not to be qualitatively affecting the
ultimate structure.

In this thesis we have studied two physical principles Nature uses to orga-
nize and pattern its materials: curvature and reversible bonding. Given that
we now know more about the manner in which curvature and reversibility
affect structure and mechanical properties, those same principles may help
develop new design strategies for functional materials. Our theoretical mod-
eling shows, that the macroscopic shape of a filament network influences, in
a predictable way, its structure on the microscale, and therefore suitably cho-
sen substrate shapes could provide a novel and noninvasive route towards
preparing network sheets and membranes with a prescribed fiber orientation.
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We have also shown that noncovalent, transient bonds provide some highly
desirable features to network materials: Applying a force to such bonds will,
under remarkably general conditions, prompt some initial stabilization. This
catch bond behavior is a generic feature of bonds where either the bond po-
tential itself, the external structures that a ligand is connected to, or both,
display some degree of nonlinear response. Our work thus shows that catch
bonding may be programmed into a broad class of soft materials, which may
aid the design of self-healing or self-strengthening materials. Lastly, and in
addition to the bond and material strength, reversible bonds with suitable
association and dissociation kinetics may also be used to imbue materials
with graded dynamic response, leading effectively to two distinct rubberlike
phases apparent in dynamical rheology.

In this thesis we have looked to a very limited set of design principles. For
example, besides the effect of on the microscopic architecture of a network, it
is very likely that the mechanical behavior of a material alters if the network
remodels from an isotropic to an ordered structure, which may be used to
develop a material that possesses anisotropic mechanical behavior. In this
work, we studied networks consisting of one type of polymers and/or one
type of transient crosslinks. Natural materials are often composites; it would
therefore be interesting to see how, by combining a specific set of polymers
and crosslinks, the mechanical behavior and toughness of a material can be
altered.

In summary, our ambition to look towards natural materials to gain inspi-
ration for tested and worthwhile routes to complex functionality in synthetic
materials has yielded both a deeper understanding of biological matter, as
well as several design handles on synthetic materials. In the future, mate-
rial science will increasingly focus on the developing of sustainable design
pathways for producing durable materials, materials that have the ability to
heal after damage or that can be recycled completely. Likely, there are many
more unstudied, smart biological solutions and in its quest to develop the
next generation of renewable materials for everyday and high performance
applications the field of materials science would do well to continue to draw
inspiration from Nature. With a very limited set of molecules, and at phys-
iological temperatures, Nature have proven to be able to construct complex
and highly functional materials that can dismantle completely at the end of
its lifespan and sometimes even can heal after damage.
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S A M E N VAT T I N G

De mechanische eigenschappen van materialen zijn het resultaat van de com-
binatie van de bouwstenen waaruit het materiaal bestaat, de wijze waarop
deze bouwstenen ruimtelijk gerangschikt zijn, en de interacties tussen de
bouwstenen. Bij het ontwikkelen van nieuwe functionele en lichtgewicht ma-
terialen moet met al deze facetten rekening worden gehouden. Hier kunnen
biomaterialen, en de natuurkundige principes welke de natuur gebruikt om
deze materialen de gewenste functionaliteiten te geven, dienen als een grote
inspiratiebron voor het ontwikkelen van nieuwe ontwerpstrategieën. Het be-
grijpen van de onderliggende fysische principes die de complexe structuren
en het mechanisch gedrag van biologische materialen aan elkaar relateren is
van fundamenteel belang, maar kan ook worden gebruikt voor het ontwer-
pen en ontwikkelen van synthetische materialen.

In dit proefschrift bestuderen we, door gebruik te maken van zowel ana-
lytische modellen als numerieke simulaties, twee van de onderliggende fy-
sische principes die de complexe structuren en mechanische eigenschappen
aan elkaar relateren: (1) de rol van de vorm van het onderliggende substraat
op de structuur van een polymerennetwerk, en (2) de dynamica van tijdelijke
crosslinks (verbindingen tussen de polymeerketens die het netwerk vormen)
en het effect van deze principes op de mechanica van een netwerk.

Een terugkerend motief in veel cilindervormige biologische weefsels is een
kruislings geordende structuur. Hier zijn de fibers of filamenten niet parallel
gericht aan de richting van de cilinder, noch in de circumferentiële richting,
maar zijn de fibers geordend onder een bepaalde hoek die bimodaal verdeeld
is. Een goed voorbeeld van deze kruislingse ordening is te vinden in de
wand van een slagader, waar quasi-tweedimensionale lagen van collageen-
fibers worden afgewisseld met lagen met spiercellen erin. Een ander voor-
beeld van soortgelijke kruislingse structuren is te vinden in een kraakbeen-
structuur genaamd de annulus fibrosus, die we vinden in tussenwervelschi-
jven, en waar collageenfibers om een centrale kern (de nucleus pulposus) zijn
gewikkeld. Om deze ordening te begrijpen, en mogelijk deze kruislingse or-
dening te beïnvloeden, hebben we een model van een cilindervormig netwerk
van semi-flexibele polymeren ontwikkeld. Omdat semi-flexibele polymeren
zowel de rek die ze ervaren als de buiging proberen te minimaliseren, zal
er competitie tussen aversie tegen buigen en rekken ontstaan wanneer een
netwerk van deze polymeren om een cilinder heen wordt gedrapeerd. We
laten zien, dat in een oorspronkelijk volledig wanordelijk netwerk de com-
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petitie tussen het buig- en het rekgedrag zorgt voor het ontstaan van de
kruiselingse ordening. De techniek om door middel van de vorm van het
substraat de organisatie van het netwerk te beïnvloeden kan gebruikt worden
voor willekeurig gekromde oppervlaktes. Door het model te generaliseren is
het mogelijk om ook de structuur van een netwerk, gehecht aan een toroïdaal
oppervlak, te modelleren.

Om de geometrie van een netwerk te relateren aan de structuur van het
netwerk hebben we aangenomen dat alle bindingen tussen de fibers in het
netwerk permanente bindingen zijn. Er zijn echter in de natuur ook veel
bindingen die makkelijk ontbinden en vervolgens elders nieuwe bindingen
kunnen vormen. Zulke tijdelijke bindingen worden veelal gevormd door
ionische interacties of waterstofbruggen. De krachtafhankelijkheid van de
ontbindingsstatistiek van tijdelijke bindingen hebben we onderzocht. We
laten zien dat het aanleggen van een kleine kracht de binding stabieler kan
maken, wat zich manifesteert in een langere bindingstijd. Dit gedrag, ook wel
bekend is als een catch bond, doet zich generiek voor als de bindingspotentiaal
of de aangelegde kracht voldoende niet-lineair is.

Ook hebben we gekeken hoe tijdelijke bindingen het mechanische gedrag
van een permanent gecrosslinked netwerk kunnen veranderen. Om dit te
doen hebben we met Moleculaire Dynamica een simulatiemodel voor een
individueel fiber ontwikkeld, gebaseerd op de fluctuatie-dissipatie stelling.
Om hiermee het mechanische gedrag van een netwerk te bepalen dient slechts
naar de fluctuaties in de eindpuntsafstand van het fiber te worden gekeken.
De gemiddelde ontbindingstijd van de tijdelijke bindingen introduceert een
nieuwe tijdschaal in het systeem, welke zich manifesteert in de dynamis-
che modulus van het netwerk. Op tijdschalen die veel langer zijn dan de
gemiddelde ontbindingstijd hebben de tijdelijke bindingen geen effect op
de mechanica van het netwerk. Op deze tijdschalen kunnen de tijdelijke
bindingen vele malen ontbinden en elders nieuwe bindingen vormen, en
heeft netwerk voldoende tijd om volledig te relaxeren. Hierdoor gedraagt
het netwerk zich als een netwerk verbonden door slechts de permanente
bindingen. In de andere limiet, dus op tijdschalen die veel korter zijn dan
de gemiddelde ontbindingstijd, zullen de gebonden tijdelijke bindingen zich
gedragen als permanente bindingen. Hierdoor is het mechanische gedrag
van het netwerk gelijk aan dat van een stijf netwerk bestaande uit alleen per-
manente bindingen. In het tussengeleden gebied, op tijdschalen vergelijkbaar
met de gemiddelde ontbindingstijd, zien we het interessantste gedrag, hier
zien we namelijk de overgang van een netwerk dat moeilijk te vervormen is
naar een netwerk dat zich makkelijker laat vervormen. In het ontwerp van
nieuwe materialen kan, door middel van het kiezen van een geschikte ont-
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bindingstijd, aan het materiaal zo een vooraf gekozen tijdsafhankelijk gedrag
worden geven.

Concluderend, onze ambitie om de fysische principes gebruikt in biolo-
gische materialen te bestuderen om inspiratie op te doen voor het vinden
van nieuwe synthetiseer methodes voor de ontwikkeling van materialen met
complexe functionaliteiten, heeft geleid tot een beter begrip van biologische
materialen; dit begrip kan weer gebruikt kan worden als ontwerpprincipe
voor synthetische materialen. Er zijn ongetwijfeld veel meer van deze, door
de natuur gebruikte, slimme methodes om lichte en functionele materialen te
vormen. In de zoektocht naar de ontwikkeling van nieuwe, duurzame mate-
rialen voor zowel dagelijks gebruik alsook voor hoogwaardige toepassingen,
doen materiaalwetenschappers er dan ook goed aan om inspiratie uit de
natuur te blijven halen.
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