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Summary

Numerical simulation of droplet-laden turbulent flow with application to
the Ranque-Hilsch vortex tube

Separation of contaminants from a gas is a very important and common problem in
industry. Contamination of a gas can be considered in the form of another species or
a dispersed phase. Sometime, like in case of water, it can be both at the same time.
One of the most common methods to separate a water vapor and droplets from a gas
is to cool down the gas to condense all water vapor and then collect water droplets.

Amongst many devices frequently used in industry to separate contaminants from a
gas flow, the Ranque-Hilsch vortex tube (RHVT) is one with possible high separation
ability. Convenient properties of the flow in the RHVT, expansion associated with a
temperature drop and high swirl, result in condensation of the vapor at the droplet
surface and movement of droplets towards the wall.

The main aim of the research described in this thesis is to numerically investigate the
ability of the RHVT to separate droplets from a gas flow. The ultimate goal of this
research is large-eddy simulation (LES) of a droplet-laden RHVT. In order to preform
robust simulations several intermediate steps were needed. In LES, sub-grid models
play an important role and should be well validated. The most reliable validation of
LES sub-grid scale models can be obtained by comparison of its results with results
of direct numerical simulation (DNS). Since DNS of the RHVT is impossible, a sim-
pler well-known case was utilized: particle-laden non-isothermal channel flow at low
and moderate Reynolds number (Reτ = 150, 395 and 950) that allows to perform
DNS. In this part two types of sub-grid scale models were validated: the sub-grid
scale model for the fluid (the dynamic-eddy viscosity model [32] and the approximate
deconvolution model (ADM) [96]) and the sub-grid scale model for particles based on
approximate deconvolution [44]. Models resulting in the best agreement with DNS
results were chosen for the ultimate LES of droplet-laden RHVT (the dynamic eddy-
viscosity model for the fluid and a sub-grid scale model for particles based on ADM).

The sub-grid model for particles based on ADM improves statistical particle results
substantially at the two lower investigated Reynolds numbers. However, at Reτ =
950 the improvement of particle results is unsatisfactory. Especially, the effect of
turbophoresis is badly predicted. Therefore, as an extension of this investigation, a
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hybrid stochastic-deconvolution model was developed and evaluated.

This model is a combination of the sub-grid scale model based on approximate decon-
volution for the resolved scales and a stochastic model for the sub-grid scales. The
stochastic model incorporates a priori results [36] of DNS of turbulent channel flow.
A previous study [36] showed that the a priori parameters used in the stochastic
model are quite independent of Stokes and Reynolds numbers. For small particles an
extra term is needed to correctly predict the flux of particles towards the wall. The
added term to the stochastic equation satisfies the well-mixed condition in a Langevin
model for particle dispersion in inhomogeneous turbulent flow. The well-mixed term
is required only for smaller particles. Therefore, this term is combined with a Stokes
number dependent weight factor. The inclusion of the stochastic forcing combined
with a Stokes number dependent weight-factor for the well-mixed term is shown to
yield a significant improvement of statistical particle results.

Next, the sub-grid scale model for particles based on ADM was implemented in FLU-
ENT and evaluated together with the dynamic-eddy viscosity model. In order to
do this a mesh for a cylindrical pipe with periodic boundary conditions was created
to perform LES of turbulent particle-laden pipe flow. Although the mesh satisfied
the required conditions for LES with a low amount of unresolved scales, the pre-
diction of fluid properties was bad: especially fluctuations of the fluid velocity were
different from the results of DNS. Consequently, particle results were predicted with
similar quality. Moreover, the improvement of particle results caused by the use of
the sub-grid model for particles based on ADM was small.

Finally, a geometry of the RHVT was created. The geometry was developed and the
quality of the mesh improved in order to perform stable simulations. Convergence
of the density-based solver was unsatisfactory and the required time of LES was
unacceptable. Therefore the coupled pressure based solver was used. However, the
steady RANS simulation with this type of solver results in an asymmetrical solution.
This asymmetry decays when a transient simulation is performed, which implies that
the asymmetric solution is not the real steady solution.

The steady state flow field obtained with the RANS k − ǫ model was used as an
initial solution for LES of the RHVT. A steady state of turbulence was obtained
after 30 ms. The time statistics were collected throughout the next 50 ms. The
flow was correctly resolved and reasonably good agreement with the experimental
data was obtained. However, because of the definition of the pressure in LES, the
static temperature calculated directly from the pressure according to the ideal gas
law is not physical. The temperature field obtained with LES cannot be used in
the model for droplet evaporation and condensation. Therefore, as a first step, inert
particles were injected and investigated, where the particle presence does not affect
the flow. The particle tangential and axial velocity results appear size independent,
but the radial component depends strongly on the particle size in the vortex chamber
and close to the wall in the vortex tube. The RHVT appears an efficient particle
separator for ’water particles’ larger than 1.5 µm. For these particles both outlets of
the investigated RHVT are free from particles. However, for smaller particles only the
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cold outlet can be considered as the clean gas outlet. The separation rate presented
in the thesis is slightly higher when the sub-grid model for particles based on ADM
is implemented.

A droplet model requires a correct temperature field. Therefore, the temperature
field obtained with the RANS k − ǫ model was used. The droplet model consists of
two equations: the droplet mass and temperature equation. The number of droplets
is small, Therefore, droplet mass and heat transfer are one-way coupled to the flow.
The driving quantity of the mass exchange is the steady humidity field. The im-
plementation of the droplet model changes the discrete phase results substantially.
The region of droplet occurrence is very small because droplets immediately move to
the wall in the vortex chamber due to their rapid growth by condensation of vapor.
The number of droplets entering the vortex tube is significantly lower than for inert
particles. Therefore, the RHVT can be considered as a good droplet separator.





Chapter

1
Introduction

Why the Ranque-Hilsch vortex tube?

The Ranque-Hilsch vortex tube (RHVT) is a commonly used device in industry. The
usual purpose of the device is cooling. The RHVT used as a cooling device has one
indisputable advantage - its simplicity. A pressurized gas is divided into a hot and a
cold stream without any moving parts and additional energy input. Until recently,
the nature of the flow inside the RHVT was not well explained, although the RHVT
was invented in 1933 and investigated through several decades with many industrial
applications. Many investigations have been conducted throughout several decades,
often yielding conflicting evidence. Therefore, one of the goals of this research project
is to gain a better insight in the properties of the gas flow inside the RHVT.

The RHVT is named in honor of G.J. Ranque, French physicist, inventor of the vor-
tex tube in 1933 [77, 78], and R. Hilsch, German physicist, who improved the design.
The first theory of the energy separation was proposed by Ranque. He proposed the
adiabatic expansion of the inner part of the gas and the adiabatic compression of the
outer part of the gas as the reason for the energy separation. Ranque himself rejected
this theory and proposed a new one based on the transfer of energy outwards due
to the friction between layers with different centrifugal velocities. This theory was
confirmed by Hilsch in 1947 [37]. In 1948, Kassner & Knoerschild [39] proposed that
an initially free vortex changes into a forced vortex due to friction, by deriving the
law of shear stress in circular flows. After Hilsch and Kassner & Knoerschild, in 1950,
Fulton [28] claimed that the outward energy transfer is caused by the high centrifu-
gal velocity of the inner gas accelerating the peripheral low centrifugal velocity gas.
In 1951, Scheper was the first to measure the decrease of the static temperature in
the outward direction. Moreover, he proposed a theory based on forced convection.
This theory was rejected by Fulton in 1951 [29] as incomplete. Later only Scheller &
Brown [84], like Scheper, repeated the decrease of the static temperature towards the
wall. Bruun [13] based on his measurements claimed that the energy separation is
caused by the turbulent transfer of thermal energy. In 1971, Linderstrøm-Lang [60]
calculated the total temperature distribution in the axial and radial direction from
the secondary flow and corresponding tangential velocity results and found a quali-
tative agreement with measurements. Takahama & Yokosawa [97] reported that the
temperature separation is improved by a small angle of divergence of the vortex wall.
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In 1982, Kurosaka [46] introduced acoustic streaming caused by the vortex whistle as
the phenomenon responsible for the Ranque-Hilsch effect. Ahlborn & Groves [1] mea-
sured the secondary circulation inside the RHVT, as was mentioned earlier in several
publications [28, 85, 60]. They claimed that the secondary circulation is realized in
an open loop system. Later, Gao et al. also measured the secondary circulation [30].
Ahlborn et al. proposed a closed loop system, and based his theory on that of a
heat pump mechanism transferring energy in the RHVT [2, 3]. Gao [31], proposed a
modification of the secondary circulation model by Ahlborn. A recent theory of the
mechanism of energy separation was suggested by Liew et al. [50], who proposed a
model based on this theory. The model predicts outlet temperatures with only inlet
and outlet pressures known and its results match with the experimental data well.
Liew et al. also measured wobbling of the vortex [50].

Some investigations were devoted to the RHVT capability of gas separation. Linder-
strøm-Lang [58, 59] was the first to report the low gas separation efficiency.

Many numerical investigations were conducted, especially in the last two decades.
Promvonge [75] showed that the velocity and the temperature separation are better
predicted by the algebraic Reynolds Stress Model (ASM) than by the standard k − ǫ
turbulence model. The comparison was performed on the two-dimensional uni-flow
and co-flow vortex tube domain.

Fröhlingsdorf & Unger [27] presented benefits of replacing the k− ǫ turbulence model
by the Keyes correlation for the turbulent viscosity. The software package CFX was
used. Friction was suggested as the reason for energy transfer. Kazantseva et al. [40]
used the software package CFD-TASK to solve the three-dimensional compressible
Navier-Stokes equation to predict the flow patterns and velocity and temperature
fields. Moreover, precession of the axial vortex was observed. Behera et al. [9] used
the Star-CD code with the ’Renormalization Group’ (RNG) version of the k − ǫ
turbulence model. Different types of nozzles and number of nozzles were evaluated in
a three-dimensional domain.

Aljuwayhel et al. [4] utilized the commercial CFD code FLUENT and showed that
the flow in the RHVT is divided into three regions (hot flow region, cold flow region,
and recirculating region). The computational domain was two-dimensional. They
reported a better performance of the standard k − ǫ turbulence model than of the
RNG k− ǫ turbulence model. This was also mentioned by Skye et al. [91]. Farouk &
Farouk used the CFD-ACE+ code for a two-dimensional large-eddy simulation [25].
The energy separation found by the LES, despite the under-prediction, was better
than the results of the k− ǫ turbulence model. Eiamsa-ard & Promvonge investigated
the performance of the standard k − ǫ turbulence model and the algebraic stress
model (ASM) in a two-dimensional RHVT domain. The ASM yielded results with
a better agreement with experimental data [22, 23]. They stated that a small heat
flux to the outer region occurs due to convection and diffusion [22]. Moreover, they
proposed the mean kinetic energy diffusion as responsible for the temperature sepa-
ration. Pourmahmoud & Akhesmeh [74] using the standard k − ǫ turbulence model
obtained results close to the experimental results of Skye et al. [91].
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Behera et al. [10] discovered that a forced vortex occurs everywhere in the vortex tube
except in the inlet zone. This was found by the RNG k − ǫ turbulence model over a
60°section of the three-dimensional geometry of the RHVT. Possible mechanisms of
the energy transfer were discussed. Secchiaroli et al. [87] compared the results of the
RNG k−ǫ turbulence model and RSM closure obtained with the use of an axisymmet-
ric two-dimensional mesh in FLUENT. They also compared the RANS results with
LES results obtained in a three-dimensional geometry. The LES yielded results for
the axial velocity profile that were described as a "camel’s hump". Moreover, more
instabilities and a non-symmetric instantaneous flow field were predicted by the LES.

Hossein Nezhad & Shamsoddini [38] published better agreement of a three-dimensional
model than a two dimensional one, in comparison with the experimental results of
Eiamsa-ard & Promvonge [21]. The RNG k − ǫ turbulence model was used in both
simulations. Farouk et al. [26] again performed a two-dimensional LES, this time to
investigate the separation capability of the RHVT. They observed very low efficiency
of separation of gases. Shamsoddini & Hossein Nezhad analyzed the effect of the
number of nozzles on the flow and on the cooling power of a vortex tube. For eight
inlets, an almost circular streamwise pattern in the vortex chamber section was ob-
served. In order to obtain these results, the three-dimensional RNG k− ǫ turbulence
model was used.

Dutta et al. [19] compared different predictions of the temperature separation in the
two-dimensional RHVT geometry. The predictions by the standard k − ǫ turbulence
model came closest to the experimental data. Another research conducted by this
team was a numerical investigation of gas species and energy separation. A 60°sector
was used as the working geometry. A very low gas separation efficiency was obtained.
The Soret diffusion was suggested as the main reason for the separation. The separa-
tion efficiency was also checked at cryogenic temperature (the total inlet temperature
equal to 115K). The energy and species separation were observed to be lower than at
the normal atmospheric temperature. Baghdad et al. [8] reported that the tempera-
ture separation is highly overpredicted by the RANS turbulence models. A quarter
of the full three-dimensional geometry was used.

The flow inside the RHVT is unique. The Ranque-Hilsch vortex tube (RHVT) is a
device in which pressurized inlet gas is separated into a hot peripheral and a cold
inner stream. This is done without any moving parts. A schematic illustration of the
RHVT is presented in Figure 1.1.

Figure 1.1. The Ranque-Hilsch vortex tube with typical pressures p and temperatures T .
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First, a pressurized gas is expanded and this results in a rapid temperature drop.
Thus, the gas is accelerated and a high swirl occurs. The rapid temperature drop
results in condensation at the droplet surface and a high swirl will cause a movement
of droplets towards the wall. The combination of the above mentioned flow properties
leads to the expectation that the RHVT could be a good ’separator for droplets’
condensated in a gas stream.

Obviously, separation of droplets is well performed by many other types of devices
e.g. cyclones [93], rotational particle separators (RPS) [12], filters and electrostatic
precipitators (ESP). The main differences between these devices are the required
pressure drop and the minimum possible size of separated particles. Every type of
these devices has its advantages and drawbacks that make it especially suitable for
certain situations. The main drawback of the RHVT as a cooler or droplet separator
is the large pressure drop required to obtain the high swirl of the gas. However in
many cases, a contaminated pressurized gas (e.g. from large volume gas storages) has
to be expanded anyway. In this case the RHVT is an ideal method to throttle the
gas flow and to separate contaminants (e.g. water out of the natural gas) at the same
time.

Investigation of separation

This project aims at the assessment of the RHVT as a droplet separating device. The
ultimate goal of this research is large-eddy simulation (LES) of a droplet-laden RHVT
in FLUENT. In order to achieve this, several intermediate steps were required.

First, a model used in LES to mimic the missing sub-grid scales had to be developed
and validated. The most robust validation of an LES sub-grid scale model can be
done by comparison with results of direct numerical simulation (DNS). Unfortunately,
nowadays, DNS of the RHVT is impossible. Therefore, a less complex case, that
can be simulated with DNS, was considered. LES of particle-laden non-isothermal
channel flow was performed at sufficiently low Reynolds number that DNS could be
also performed and the results of the DNS were used as a reference.

Two sub-grid scale models for the fluid were considered: the dynamic eddy-viscosity
model [32] and the approximate deconvolution model [96]. The best performing model
was chosen for the ultimate LES of the RHVT. Additionally, a model for particles
based on approximate deconvolution was evaluated. This is described in Chapter 3.

Chapter 4 consist of the improvement of the sub-grid scale model for particles consid-
ered in Chapter 3. The improved model is a combination of the previous model for the
smallest resolved scales with a stochastic model based on a priori results [36] for the
missing sub-grid scales. The implementation of the hybrid stochastic-deconvolution
model improves, in general, particle results, however, it cannot be implemented in
FLUENT to be utilized in the final LES of the RHVT.

Chapter 5 presents a description of the implementation of the sub-grid scale model
for particles based on approximate deconvolution chosen in Chapter 3 in FLUENT.
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The test case used for this is LES of particle-laden isothermal turbulent pipe flow. A
fully developed flow was obtained with the use of periodic boundary conditions.

In Chapter 6, we present a description of LES of the droplet-laden RHVT in FLUENT:
the final step of the research presented in this thesis. This part is divided into several
intermediate steps. Before LES of the RHVT could be performed, a mesh for the
RHVT geometry had to be developed. Moreover, a solution of the Reynolds-averaged
Navier-Stokes equations with the k−ε turbulence model was needed as an initial flow
condition for the LES. For the discrete phase three simulations were performed: firstly,
inert particles were investigated; secondly, the approximate deconvolution particle
model was implemented; finally, a droplet model was incorporated. These steps make
it possible to assess the separation properties of the RHVT for both inert particles
and droplets. As an introduction to this chapter, a literature review of experimental
and numerical investigations of the RHVT is presented.

Before this, in Chapter 2 a theoretical introduction with a short overview of some
important properties of fluid flow and the most often used numerical approaches for
simulation of turbulent flow is presented. Additionally, in this chapter a method for
mimicking the effect of the missing scales on particle behavior in large-eddy simulation
is described.

In Chapter 7 three possible directions for future research as a continuation of the
work presented in Chapters 4, 5 and 6 are proposed.
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Chapter

2
Theory

In this chapter a concise description of some basic properties of fluid flow is presented,
in particular emphasizing turbulence. Next, the most popular numerical approaches
for simulation of turbulent flow are briefly described.

2.1 Fluid flow

The study of the physics of continuous media is called continuum mechanics. Con-
tinuum mechanics can be divided into solid mechanics and fluid mechanics. The
branch of physics called fluid mechanics studies a wide range of fluids and forces on
them. For the fluid, a liquid, a gas, or a plasma can be considered. Fluid mechanics
consists of three basics branches. Fluid statics investigates fluids at rest. Fluid kine-
matics studies fluid motion without forces causing this movement. Fluid dynamics
explains the effect of forces on the motion of a fluid. A relatively new branch called
computational fluid dynamics (CFD) tackles complex mathematical problems of fluid
mechanics using computers to simulate the flow. Fluid dynamics can then be divided
into aerodynamics (for air and other gases) and hydrodynamics (for liquids).

Flows can be classified according to several important physical properties or param-
eters.

Reynolds number

The Reynolds number (Re) is one of the most important parameters of any flow and is
the dimensionless ratio of the inertial forces to the viscous forces and can be presented
in the following form:

Re =
UL

ν
, (2.1)

where U is the characteristic flow velocity, L the characteristic length, and ν the
kinematic viscosity. The Reynolds number is used in scaling - a scaled problem has
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the same scaled flow properties as the original one, ifthe Reynolds number of both is
the same.

The Reynolds number allows to distinguish the type of the flow: laminar or turbulent.
A laminar flow occurs at low Reynolds numbers. Laminar flows are characterized by
no mixing of different parallel layers. No swirls or eddies occur. Above some Reynolds
number, a transition from the laminar type of flow to turbulent flow occurs. A fully
turbulent flow is chaotic and highly irregular but can be described in a statistical way.
This means that moments of the flow quantities are well defined, for instance mean
velocity and standard deviation.

Each type of flow is characterized by different values of the Reynolds numbers. In pipe
flow, the flow is laminar for Re < 2000 and fully turbulent for Re > 5000, although
some measurements have shown laminar pipe flow at Reynolds numbers larger than
10, 000 under very special conditions [17, 18]. Between these values, transition occurs,
but the critical value Re = 2300 is often mentioned.

Compressibility

Compressibility is a very important flow property. If the mass density of the fluid
parcel does not change in time at constant temperature along the movement, then the
flow is considered as incompressible. Moreover, liquid flows are most often treated as
incompressible flows, since in general very high pressures are required to change the
mass density of a liquid.

Gas flows can be roughly classified according to the Mach number. The Mach number
is defined as follows:

Ma =
u

a
, (2.2)

where u is the gas velocity magnitude and a is the speed of sound. For ideal gases
a =

√
κRT with κ the adiabatic gas exponent, R the universal gas constant, and T

the temperature.

Flows with Ma < 0.3 are considered as incompressible. Compressible flows (Ma > 0.3)
can be divided into sub-sonic (Ma < 0.8), trans-sonic (0.8 < Ma < 1.2), and super-
sonic (Ma > 1.2).

Viscosity

The viscosity is also an important property of fluids. If the ratio of stress and strain
rate is constant, then the fluid is called a Newtonian fluid. This constant is the
dynamic viscosity.
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Equations

In general, conservation of momentum of the fluid is described by the Navier-Stokes
equation in the general form:

∂ρu

∂t
+∇(ρfuu) +∇p = ∇ · T + f, (2.3)

where u is the fluid velocity, ρf is the fluid mass density, p is the pressure, T is the
deviatoric stress tensor and f is a body force. The deviatoric stress tensor has the
form T = 2µ(12 (∇u) + 1

2 (∇u)T − 1
3 (∇ · u)I) where µ is the dynamic fluid viscosity

and I is the identity matrix.

Conservation of mass is obtained by solving the continuity equation in the general
form:

∂ρ

∂t
+∇ · (ρu) = 0. (2.4)

Turbulence

Most of the flows in industry and the environment are turbulent. Therefore, it is
important to predict this type of flow accurately. Turbulence is highly irregular in
space and time, so a popular way of presenting e.g. a velocity component u is to
decompose it (Reynolds decomposition) into:

u = u+ u′ (2.5)

where u is the mean value and u′ the instantaneous fluctuating part about the mean
value.

In 1922, Richardson [82] proposed an explanation of turbulence with the energy cas-
cade. The energy cascade spectrum can be divided into three types of scales:

• the largest scales, with size corresponding to the characteristic length of the
investigated geometry, are fed by energy from external forces and exchange
energy with each other. The largest scales break into smaller scales.

• Kolmogorov microscales are the smallest scales present in the flow. In this
range the viscous dissipation stops the energy transfer and energy is dissipated
into heat. In 1941, Kolmogorov [42] proposed that for sufficiently high Reynolds
number flows these smallest scales are isotropic, in contrast to the largest scales.
Moreover, the universal smallest scales can be described by only the kinematic
viscosity ν and the dissipation rate ǫ of the turbulent kinetic energy. The
Kolmogorov microscales: the length η, time τη and velocity uη are given by:

η =

(
ν3

ǫ

)1/4

, τη =
(ν
ǫ

)1/2
, uη = (νǫ)1/4. (2.6)
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• Taylor microscales are fed by energy of the largest scales and transport energy
to the smallest scales by further breaking into smaller scales. Kolmogorov also
postulated that the properties of these eddies depend only on the dissipation
rate and not on the viscosity. Moreover, in this range of scales the energy
spectrum function E(k) depends on the wavenumber k and the dissipation rate
and can be written as E(k) = Cǫ2/3k−5/3 where C is universal constant.

2.2 Numerical approach to fluid flow

There exist several different methods for the simulation of turbulent flow. Differ-
ent numerical approaches to fluid flow predict different amounts of flow details. More
detailed methods of prediction of fluid flow require more computational power. There-
fore, the choice of the method should be basically made according to computational
efforts and required details and accuracy.

2.2.1 Direct numerical simulation

Direct Numerical Simulation (DNS) is a very useful technique to solve turbulent flows.
However, its applicability is limited. In DNS all length and time scales are resolved.
Therefore, an accurate solution can be obtained if appropriate numerical methods
are used. The computational cost is high due to fully resolved range of flow scales.
The computational cost is directly related to the resolution and the resolution in
one direction scales with Re3/4 and in a three-dimensional domain with Re9/4. This
limits the application of DNS to moderately turbulent flows. Another constraint of
the applicability of DNS is related to the shape of the computational domain.

Many accurate numerical methods applied in DNS can only be used in simple geome-
tries, such as channel flow, pipe flow or homogenous isotropic turbulence.

2.2.2 Reynolds Averaged Navier-Stokes

Reynolds-averaged Navier-Stokes (RANS) equations can be obtained from the Navier-
Stokes equations (2.3) using the Reynolds decomposition (Equation (2.5)). Substi-
tution of Equation (2.5) into Equation (2.3) for incompressible flow and subsequent
time averaging leads to:

∂u

∂t
+ u · ∇u+

1

ρf
∇p = ν∇2

u−∇ · (u′u′) + f. (2.7)

The Reynolds-averaged continuity equation (2.4) has the form:

∇ · u = 0. (2.8)
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The nonlinear Reynolds stress term u′u′ in Equation (2.7) is unknown and in general
cannot be expressed in terms of the mean flow quantities. In 1887, Boussinesq pro-
posed a new concept of Reynolds stress, the turbulent viscosity. The relation between
the Reynolds stress and the eddy viscosity has the following form:

−u′u′ = 2νtS− 2

3
kI, (2.9)

where νt is the turbulent viscosity, S is the rate of strain tensor and k = 1
2u

′ the
turbulent kinetic energy.

Equation (2.7) with the Boussinesq hypothesis has the form:

∂u

∂t
+ u · ∇(u) +

1

ρ
∇(p+

2

3
kρI) = ∇ · (ν + νt)∇u+ f. (2.10)

Since the proposal of Boussinesq many models for the turbulent viscosity have been
developed. The aim is to express the turbulent viscosity as a function of known
flow quantities in the Reynolds averaged approach. Some models use only algebraic
expressions, for others one or more additional differential equations have to be solved
and involve additional flow properties, such as the turbulent kinetic energy and the
turbulent dissipation rate. Among these models, the two-equation k− ε model is the
most popular in the engineering community.

The k − ε model

The standard k− ε model was proposed by Launder & Spalding [47, 48]. This model
provides, additionally to equations (2.10) and (2.8), the turbulent kinetic energy (k)
equation (2.11) and the dissipation rate (ε) equation (2.12). From the Navier-Stokes
equation, the governing equation for k and ε can be derived, but they contain several
new terms, which cannot be expressed in known flow quantities and have to modeled.
In the standard form the equations, including the modeled terms, read:

∂k

∂t
+ u · ∇k = ∇ ·

[
(ν +

νt
σk

)∇k

]
+ P− ε (2.11)

and

∂ε

∂t
+ u · ∇ε = ∇ ·

[
(ν +

νt
σε

)∇ε

]
+ C1ε

ε

k
P− C2ε

ε2

k
, (2.12)

where P = −u′u′∇ · u is the production of the turbulent kinetic energy,

νt = Cµ
k2

ε
(2.13)

and

ε = ν

(
∂ui

∂xj

)2

. (2.14)
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The constants in case of the standard k − ε model are: C1ε = 1.44, C2ε = 1.92,
Cν = 0.09, σk = 1.0 and σε = 1.3.

RANS simulations are widely used for flow prediction because of their low computa-
tional cost, but they also have drawbacks. The assumption of isotropy of the turbu-
lence cannot be made for all kinds of flow. In such cases, this type of flow simulation
cannot be used for particle- or droplet-laden flows. Nevertheless, the RANS k − ε
model is often used to predict the initial flow condition for large-eddy simulation.

2.2.3 Large Eddy Simulation

In contrast to DNS, large-eddy simulation (LES) can be performed at higher Reynolds
numbers. This is possible because in LES only the larger eddies are resolved, since
a spatially filtered fluid velocity is adopted [34]. The filtered velocity u = G · u has
only scales larger than the size of the filter ∆ and is obtained by a filter operation G.
The effect of the filtering operation can be seen in Figure 2.1. Figure 2.1 presents the
instantaneous velocity u and the filtered velocity u obtained with the top-hat filter
and filter length ∆ = 1/4. The scales smaller than the cutoff scale are missing in
LES.
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u
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Figure 2.1. The instantaneous velocity u (dotted) and the
filtered velocity u (solid) obtained with the top-hat filter and
the filter length ∆ = 1/4.

After filtering, the Navier-Stokes equation (2.3) and (2.4) for incompressible flow with
constant viscosity read:

∂u

∂t
+ u · ∇u+

1

ρ
∇p = ν∇2

u−∇ · τ + f, (2.15)
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∇ · u = 0. (2.16)

where = τij = uiuj − uiuj is the turbulent stress tensor unknown in LES due to
dependency on the unfiltered fluid velocity. The unknown sub-grid scale tensor has
to be modeled in LES. It can be modeled with an eddy-viscosity model. The first
sub-grid scale eddy-viscosity model was proposed by Smagorinsky [92]. The dynamic
eddy-viscosity model was proposed by Germano et al. [32] as an improvement of the
Smagorinsky model. A different approach was proposed by Stolz et al. and is based
on approximate deconvolution of the filtered velocity [96].

The Smagorinsky model

Eddy-viscosity models are based on the eddy-viscosity approach, which can be pre-
sented as:

τij = −2νtSij , (2.17)

where νt is the eddy (turbulent) viscosity and Sij = 1
2 (

∂ui

∂xj
+

∂uj

∂xi
) the large-scale

strain rate tensor.

The first, most popular eddy-viscosity model was proposed by Smagorinsky in 1963.
Smagorinsky assumed that energy production and dissipation for the small scales are
equal to each other. The Smagorinsky model can be written as:

νt = (cs∆)2|S|, (2.18)

where |S| = (2SijSij)
1/2 is the magnitude of the large-scale strain rate tensor, ∆

the filter length and cs the Smagorinsky constant. The value of the Smagorinsky
constant was an object of investigations throughout many years. The value cs = 0.1
is the most popular in literature [16, 71]. In both papers turbulence was produced by
the shear caused by the presence of a wall and the filter length was equal to the grid
size. However, many scientists reported higher values of cs as the optimal value e.g.
cs = 0.23 as proposed by Lilly [55] for homogenous isotropic turbulence.

In general, the Smagorinsky constant should not be constant. Therefore, in the neigh-
borhood of a wall, the Smagorinsky model was improved by a Van Driest damping
function reducing the eddy viscosity [100, 67] or a corrected version by Piomelli et
al. [70]. Later, Germano et al. [32] proposed a solution for the value for the Smagorin-
sky constant.

The dynamic eddy-viscosity model

Germano et al. [32] proposed a model in which the Smagorinsky constant cs is dy-
namically computed. They introduced the test filter Ĝ next to the grid filter G, so
that the sub-grid scale stress tensor after subsequent filtering operations G and Ĝ is:
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Tij = ûiuj − ûiûj. (2.19)

The resolved turbulent stress Lij , which is known in an LES, was defined as:

Lij = Tij − τ̂ij = ûiûj − ûiuj . (2.20)

Alternatively, if Smagorinsky’s model is used for both Tij and τij with the same
constant, Lij should be equal to csMij , where Mij is given by:

Mij = −2
(
∆̂2|Ŝ|Ŝij −∆2|Ŝ|Sij

)
. (2.21)

Here, it is assumed that cs varies so smoothly that it can be taken out of the test
filter. Moreover, ∆̂ is the the filter width of the combined filters. This procedure
provides relations for the constant cs.

Germano et al. [32] proposed an averaging of cs over statistically homogenous direc-
tions resulting in:

c2s =
< LijŜij >

< Mij Ŝij >
. (2.22)

In 1992, Lilly [56] proposed a modification of the Germano procedure. His proposal
avoids division by zero and reads:

c2s =
< LijMij >

< MijMij >
. (2.23)

Lilly also proposed a similar sub-grid scale closure method for temperature [56].

The approximate deconvolution model

The approximate deconvolution model (ADM) was proposed by Stolz et al. [96] in
2001. The principle of the ADM is replacement of the unfiltered velocity in τij by the
approximate deconvolution u∗ of the filtered velocity u and can be presented as:

τij = u∗

i u
∗

j − uiuj . (2.24)

where

u∗

i = QNui =

N∑

k=0

(I −G)kui (2.25)
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with filter kernel G and N = 5 as advised by Stolz et al. [96].

If ADM is used as the sub-grid model for the fluid, the Navier-Stokes equation is
solved in the following form [96]:

∂u

∂t
+ ω∗ × u∗ +∇P = ν∆u+ f− χ(I −QNG)u, (2.26)

where ω∗ is the vorticity field of the deconvolved velocity and χ is dynamically ad-
justed to keep the kinetic energy contained in the smallest resolved scales constant in
time [96].

2.3 LES of flows with particles

The missing sub-grid scales in LES are modeled by a sub-grid model for the fluid. The
missing sub-grid scales also affect the prediction of the dispersed phase behavior. The
influence of the missing scales on the particle motion is stronger for smaller particles
and can only be neglected when the particle relaxation time is large compared to the
time scales of the smallest resolved scales in LES [99].

The influence of the missing sub-grid scales can be modeled by the incorporation of
a sub-grid scale model for particles. The most popular sub-grid model for particles is
based on approximate deconvolution [33, 95].

2.3.1 ADM for dispersed phase

When the ADM model is used, the amount of resolved energy is increased because
the energy of the smallest resolved scales is recovered. This effect is important when
small particles are treated in LES. In 2005, Kuerten and Vreman [44] proposed a
sub-grid scale model for particles based on approximate deconvolution.

The filtered fluid velocity u at the particle position in the particle velocity equation
in the ADM model for particles is replaced by its deconvolution u∗ = G−1u where
G is an arbitrary filtering operation. In the dynamic eddy-viscosity model no filter
occurs apart from the test filter so the top-hat filter can be adopted. When ADM is
used as a model for the fluid, the same filter as for the fluid can be used for defiltering
the fluid velocity at the particle position in the particle velocity equation.

The implementation of the defiltering procedure also depends on the grid type. In
case of a structured grid (e.g. like in Chapter 3 and 4) the deconvolution of the filtered
fluid velocity in the cell i can be performed in one direction as follows:

u
∗(i) = u(i)− 1

24
(u(i− 1)− 2u(i) + u(i+ 1)) . (2.27)
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However, this algorithm is impossible when the mesh is unstructured (Chapter 5
and 6). Then, the defiltered fluid velocity is obtained by solving:

u
∗(i) = 2u(i)−

u(i)V (i) +
n∑

j=1

u(j)V (j)

V (i) +
n∑

j=1

V (j)
, (2.28)

where V (i) is the volume of cell i and n the number of neighboring cells to cell i.

The difference in the two methods can be quantified when a one dimensional velocity
field is decomposed in its Fourier modes and one Fourier mode is considered. We
consider u(x) = Aeikx and write u(x) = Af(k∆x)eikx with the defiltering function
f(k∆x). Then, the defiltering according to equation (2.27) reads:

u∗(x) = Aeikx
(
13

12
− 1

12
cos(kx∆x)

)
. (2.29)

and the defiltering according to equation (2.28) reads:

u∗(x) = Aeikx
(
9

7
− 2

7
cos(kx∆x)

)
. (2.30)

The strength of the defiltering function is directly related to the value of f(k∆x). The
values of f(k∆x) in Equation (2.30) are higher than in Equation (2.29) in the range of
k∆x between 0 and 1 as can be seen in Figure 2.2. Thus the expected improvement of
the results caused by the use of the ADM for particles is larger when (2.28) is applied.
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Figure 2.2. Values of f(kx∆x); solid: Equation (2.28),
dashed: Equation (2.27).



Chapter

3
DNS and LES of

non-isothermal

droplet-laden channel

flow

In this chapter a review of the most relevant experimental and numerical work on
particle-laden turbulent channel flow is presented. In the next section numerical
methods used for the fluid and droplets are described. Finally, results of the LES are
presented in comparison with results of the DNS. Moreover, choices made based on
this comparison are explained.

3.1 Introduction

A dispersed phase is very often present in a turbulent flow occurring in industry. Only
for relatively low Reynolds numbers, a DNS can be performed to simulate the droplet-
laden turbulent flow. Simulations can be carried out for the fluid as a continuous phase
and droplets as a dispersed phase. This is called the Eulerian-Lagrangian approach.
Droplets can be considered as point-droplets when they are relatively small compared
to the smallest fluid scales. This kind of particle laden DNS was performed many
times [61, 62, 99]. LES can be performed for much higher Reynolds numbers. For
single-phase flows, the lack of missing small scales can be successfully mimicked by
a sub-grid model. The first sub-grid scale model was proposed by Smagorinsky [92].
In the neighborhood of a wall, the Smagorinsky model was improved by a Van Driest
damping function reducing the eddy viscosity [100, 67] or a corrected version by
Piomelli et al. [70]. Another important improvement of the basic Smagorinsky model
was proposed by Germano [32]. The Smagorinsky constant became a function of time
and space. A different approach was proposed by Stolz and was based on approximate
deconvolution of the filtered velocity [96].

Although LES became a powerful method for single-phase flows, the lack of the miss-
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ing scales has negative impact on the droplet behavior prediction. The missing scales
influence the resolved scales as well as the motion of small droplets present in the
flow. The simplest LES approach of droplet-laden turbulent flow can be conducted
with the use of the filtered fluid velocity in the droplet equation of motion [99]. This
method, however, can be accepted only for relatively big droplets. In this case the
droplet relaxation time is large in comparison to the smallest resolved scales and the
influence of the unresolved scales is negligible. The effect of the sub-grid scales should
not be neglected, if the droplet relaxation time is of the same order of magnitude as
the Kolmogorov time. In LES, this effect can be imitated by a sub-grid model for
droplets.

Two types of sub-grid scales models have been developed. The first type uses a
stochastic approach for the missing scales [43, 90]. The second one is based on the
approximate deconvolution of the filtered fluid velocity [33]. The deconvolution of
the filtered fluid velocity allows to recover the energy up to the smallest resolved
scales [45]. Stochastic models are intended to model also the effect of the unresolved
scales.

3.2 Numerical method for the fluid

The simulations were performed in the computational domain presented in Figure 3.1.
The coordinates x, y, and z correspond to the streamwise, wall-normal, and spanwise
direction. The temperature gradient is due to the difference of the temperature of the
walls. The dimensions of the domain are as follows: the length L = 4πH , the width
W = 2πH and the height 2H for Reτ = 150; and the length L = 2πH , the width
W = πH and the height 2H for Reτ = 395 and 950.

Figure 3.1. Computational domain.
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3.2.1 Time discretization

Combination of an implicit and explicit method is used for the time integration of
the governing equations for the fluid. An implicit method is more complex, but has
better stability properties. Therefore, the nonlinear term is treated explicitly and
the viscous term is treated implicitly. The method uses a combination of a three-
stage Runge-Kutta method and the Crank-Nicolson method [94]. The final method
is second-order accurate in the time step.

The Navier-Stokes equation for incompressible flow is solved in rotational form:

∂u

∂t
+ ω × u+∇P = ν∆u+ F, (3.1)

where u is the velocity, ω = ∇× u is the vorticity, ν is the fluid kinematic viscosity,
P = p

ρf
+ 1

2u
2 with p the fluctuating part of the pressure and ρf the fluid mass density.

Then, F is the driving force, constant in time and space to maintain the flow. For sake
of readability, we use the same symbols u and p for the non-dimensional quantities
as for the dimensional quantities.

To describe the total method the Navier-Stokes equation (3.1) is written in the fol-
lowing form:

∂u

∂t
+N(u) =

1

Re
∆u−∇P, (3.2)

where N(u) is the sum of the nonlinear terms and the forcing term. The Runge-Kutta
scheme reads as follows:

u
(0) = u(t), (3.3)

p(0) = p(t), (3.4)

∆u
(1) − 2Re

∆tα1
u
(1) = − 2Re

∆tα1
u
(0) + 2ReN(u(0))

−∆u
(0) + Re∇P (0) + Re∇P (1), (3.5)

∆u
(2) − 2Re

∆tα2
u
(2) = − 2Re

∆tα2
u
(1) + 2Re{β1N(u(0)) + (1− β1)N(u(1))}

−∆u
(1) + Re∇P (1) + Re∇P (2), (3.6)
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∆u
(3) − 2Re

∆tα3
u
(3) = − 2Re

∆tα3
u
(2) + 2Re{β2N(u(1)) + (1− β2)N(u(2))}

−∆u
(2) + Re∇P (2) + Re∇P (3), (3.7)

u(t+∆t) = u
(3), (3.8)

p(t+∆t) = p(3) (3.9)

where the Runge-Kutta coefficients are: α1 = 8
15 , α2 = 2

15 , α3 = 1
3 , β1 = −2.125,

and β2 = −1.25. Every step is divided into several sub-steps. First, the right-hand
side is calculated, but without term 2Re(1−β)N(u). Next, the nonlinear term based
on the actual u is calculated. Then, term 2Re(1 − β)N(u) is subtracted from the
right-hand side (R) and after that the new pressure is calculated by solving ∆P =
1

Re∇ · R. Afterwards, the wall-normal component ux of the velocity u is calculated.
Subsequently, the new pressure and ux are corrected to satisfy the continuity equation
for the incompressible flow ∇ · u = 0. Finally, the other two velocity components are
calculated.

3.2.2 Space discretization

The numerical solution of the equation is achieved by using a Fourier-Chebyshev
spectral method.

In the streamwise and spanwise directions a Fourier expansion is used. A flow quantity
u can be presented as follows:

u(x, y, z) =

Mx/2−1∑

k=−Mx/2+1

Mz/2−1∑

l=−Mz/2+1

ûk,l(y)exp(2πikxL + 2πilz
W ), (3.10)

where Mx and Mz are the numbers of Fourier modes in streamwise and spanwise
directions. The Fourier modes ûk,l are the unknowns in the program. The derivatives
in x− and z-direction can be calculated from expansion (3.10) as follows:

∂̂u

∂xk,l
=

2πik

L
ûk,l, (3.11)

and

∂̂u

∂z k,l
=

2πil

W
ûk,l, (3.12)
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The derivative of a flow quantity u in the wall normal direction is calculated by
matrix-vector multiplication and reads as follows:

∂̂u

∂y
(yj) =

N∑

i=0

D1,j,iû(yi). (3.13)

where D1 is first derivative matrix according to Canuto et al. [15, p. 89]. The second
derivative matrix is the square of the first. The transformation of a quantity from real
space to Fourier space is done with fast Fourier transform. The number of Fourier
modes in x− and z-direction is extended with a factor 3/2 to avoid aliasing.

3.2.3 Temperature equation

A convection-diffusion equation for the passive temperature scalar (3.14) is solved in
addition to the Navier-Stokes equation. The solved temperature equation [11, p. 316]
reads :

∂T
∂t

+ u · ∇T = D∆T, (3.14)

where T is the fluid temperature and D the thermal diffusivity. Because the tem-
perature is considered as a passive scalar, it has no feedback on the velocity. Equa-
tion (3.14) is non-dimensionalized similarly as the Navier-Stokes equation and reads:

∂T
∂t

+N(T) =
1

PrRe
∆T, (3.15)

where Pr is the Prandtl number which is assumed to be constant. The temperature
equation is solved together with the Navier-Stokes equation using the same numerical
methods.

3.2.4 Boundary conditions

Due to the fact that there are walls at positions y = ±H and the no-slip condition at
the walls apply, the velocity at the wall u(x,±H, z) = 0. Periodic boundary conditions
are applied in the two others directions and read u(x, y, z) = u(x+L, y, z) = u(x, y, z+
W ) and T (x, y, z) = T (x+ L, y, z) = T (x, y, z +W ).

The temperature boundary condition are: Dirichlet boundary conditions at the walls.
The non-dimensionalized values of the temperature at the walls are T (x,H, z) = 1
and T (x,−H, z) = −1.
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3.3 Numerical method for the droplets

The equation of motion of a droplet with velocity v [63, 86] reads:

dv

dt
=

u(x, t) − v

τd
(1 + 0.15Re0.687d ), (3.16)

where u(x, t) is the fluid velocity at position x of the droplet, τd = ρdd
2
d/(18ρfν) is

the droplet relaxation time with dd droplet diameter and ρd droplet mass density.
Moreover, Rep = dd|u(x, t) − v|/ν is the droplet Reynolds number. The Lagrangian
tracking of the droplets is performed by numerically integrating the equation:

dx(t)

dt
= v. (3.17)

The temperature equation for a droplet with temperature Td [11, p. 409] reads:

dTd

dt
=

T (x, t)− Td

τt
(1 + 0.3Re1/2d Pr1/3f ), (3.18)

where T (x, t) is the fluid temperature at the droplet position, τt = 3
2τdPrfcpd/cpf

the droplet thermal relaxation time with Prf the Prandtl number of the fluid and cpd
and cpf the specific heat capacities of droplet and fluid. The Prandtl number Prf is
a ratio of the viscous diffusion rate represented by ν to the thermal diffusion rate α,
where the latter can be presented as α = k/ρfcpf with k the thermal conductivity.

3.3.1 Integration of the droplet equations

The droplet velocity equation (3.16) and the droplet temperature equation (3.18) are
integrated in time with a two-stage Runge-Kutta method. If both equations (3.16)
and (3.18) are presented in form da

dt = f(a, t) then the two stages of this method read:

a∗ = an +∆tf(an, t) (3.19)

and

an+1 = an +
1

2
∆t(f(an, t) + f(a∗, t+∆t)). (3.20)

To solve these equations, the fluid quantities need to be known at the droplet position.
The method of the interpolation is different for the DNS and LES.

The tri-linear method used in the DNS is second-order accurate. In this method, the
successive grid x−, y− , and z−positions are defined. First the linear interpolation is
done in one direction between two neighboring grid points. Secondly, the interpolated
values in the first step are linearly interpolated in another direction. Lastly, the results
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of two previous steps are interpolated in the last direction. The order of interpolation
is irrelevant.

In the LES, due to the coarser grid, second-order interpolation is not sufficiently
accurate and the interpolation is fourth-order accurate. The method is a combination
of Hermite interpolation in the wall-normal direction and Lagrange interpolation in
the two periodic directions.

3.3.2 Boundary conditions

The droplets are initially homogenously and randomly distributed all over the do-
main. The initial droplet velocity and temperature is equal to the fluid velocity and
temperature at the droplet position.

At the walls (y = ±1), fully elastic collisions of the droplet occur. It means that the
wall-normal coordinate and velocity component are reflected. The periodic boundary
conditions read v(x, y, z) = v(x + L, y, z) = v(x, y, z +W ) and Tp(x, y, z) = Tp(x +
L, y, z) = Tp(x, y, z +W ).

3.4 Mesh and setup of the simulations

Three sets of simulations were performed at fixed values of the time-averaged Reynolds
number based on shear velocity and half of the channel height. The Reynolds number
based on shear velocity is defined as:

Reτ =
uτH

ν
, (3.21)

where

uτ =

√
ν

2

(
∂ux

∂y
(−1)− ∂ux

∂y
(1)

)
, (3.22)

and ν is the kinematic viscosity and H is half of the channel height. The dimensions
in the figure refer to the DNS at Reynolds number Reτ = 150. The solved equations
can be non-dimensionalized by a certain velocity scale and length scale. In this case,
the wall friction velocity and half the channel height are used. Therefore, the position
of the walls is equal to y = ±1.

The parameters of all channel simulations performed are shown in Table 3.1. DYN and
ADM refer to the LES with the dynamic eddy-viscosity model and the approximate
deconvolution model. Table 3.1 presents next to the Reynolds number based on shear
velocity, the Reynolds number based on the mean bulk velocity ub and half of the
channel height Reb = ubH

ν , along with the numbers of the points in streamwise, wall-
normal and spanwise direction, and the size of the computational domain in the three
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directions. Table 3.2 presents the non dimensionalized grid size ∆x+ = ∆xuτ/ν,
∆z+, the size of the first grid cell from the the wall ∆y1

+, the size of the grid in the
plane of the symmetry of the channel ∆ym

+, and the non-dimensionalized time step
∆t+ = ∆tu2

τ/ν.

Case Reτ Reb Grid Domain

DNS150 150 2290 128× 129× 128 4π × 2× 2π
DYN150 150 2420 32× 33× 64 4π × 2× 2π
ADM150 150 2390 32× 33× 64 4π × 2× 2π
DNS395 395 6940 256× 193× 192 2π × 2× π
DYN395 395 7360 32× 49× 64 2π × 2× π
ADM395 395 6940 32× 49× 64 2π × 2× π
DNS950 950 18953 768× 385× 768 2π × 2× π
DYN950 950 19390 96× 97× 128 2π × 2× π
ADM950 950 18780 96× 97× 128 2π × 2× π

Table 3.1. Parameters of the numerical simulations performed.

Case ∆x+ ∆z+ ∆y1
+ ∆ym

+ ∆t+

DNS150 15 7.4 4.5 · 10−2 3.7 3.2 · 10−2

LES150 59 15 7.2 · 10−1 15 1.3 · 10−1

DNS395 9.7 6.5 5.3 · 10−2 6.5 8.9 · 10−2

LES395 77 19 8.4 · 10−1 26 3.6 · 10−1

DNS950 7.8 3.9 3.2 · 10−2 7.8 4.8 · 10−2

LES950 62 23 5.1 · 10−1 31 1.9 · 10−1

Table 3.2. Non-dimensionalized grid and time step of the numerical simulations performed.

The distribution of the points in streamwise and spanwise direction is uniform. The
collocation points in the wall normal direction are chosen according to discrete Cheby-
shev Gauss-Lobatto serie (CGL) as follows [15, p. 86]:

yj = cos(
πj

N
), (3.23)

for j = 0, 1, ..., N . Therefore, the points at the wall are y0 = 1 and yN = −1.

Setup of the droplets

Four sizes of the droplets were considered for every simulation. For each size, the
number of droplets was 100, 000. The non-dimensionalized sizes of the droplets and
corresponding Stokes number are presented in Table 3.3.
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St = 0.2 St = 1.0 St = 5.0 St = 25

Reτ = 150 4.6× 10−4 1.0× 10−3 2.3× 10−3 5.1× 10−3

Reτ = 395 1.7× 10−4 3.9× 10−4 8.7× 10−4 1.9× 10−3

Reτ = 950 7.2× 10−5 1.6× 10−4 3.6× 10−4 8.1× 10−4

Table 3.3. The ratio dd/H for the three simulations.

3.5 Results for the fluid

In this section the results are presented in the order of Reynolds number Reτ = 150,
395, and 950.

Reτ = 150 is a very low Reynolds number in which the flow is just turbulent. It
can be expected that conclusions from simulations at this Reynolds number cannot
be generalized to the much higher Reynolds number relevant for the vortex tube and
many other industrial applications. It can be expected, however that the highest
Reynolds number studied here, Reτ = 950 is more representative for high Reynolds
number flows.

All results of the LES are compared with the results of the DNS. The sub-grid models
for the fluid used in the LES are the dynamic eddy-viscosity model and the ap-
proximate deconvolution model. Additionally, a mixed model is used, in which the
approximate deconvolution model is applied to the Navier-Stokes equation and the dy-
namic eddy-diffusivity model to the temperature equation for the two lower Reynolds
numbers. The reason for this is explained from the results of the simulation at the
particular Reynolds number.

The fluctuations presented as a root mean square (RMS) of the fluid velocity and
temperature from the LES are compared with the RMS of the filtered fluid velocity
and temperature from the DNS. All quantities are averaged over the periodic direc-
tions and time and are presented as a function of the distance from the wall in wall
units y+.

Reτ = 150

Figure 3.2 presents the profiles of the mean streamwise fluid velocity as a function of
y+ for Reτ = 150.

Figures 3.3 and 3.4 present the RMS of the fluid wall-normal and streamwise velocity
components as a function of y+ for Reτ = 150. In all these figures the prediction
of the fluid properties by the approximate deconvolution model is the closest to the
results of the DNS. Similarly, the approximate deconvolution model yields the best
results of the RMS of the fluid spanwise velocity component. The velocity fluctua-
tions are generally over-predicted by the dynamic eddy-viscosity model, especially the
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Figure 3.2. The profile of the mean streamwise fluid veloc-
ity component as a function of the wall-normal coordinate
in wall units for Reτ = 150; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM.
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Figure 3.3. The RMS of the wall-normal fluid velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 150; solid: filtered DNS, dashed: dy-
namic eddy-viscosity model, dotted: ADM.

streamwise component. This is a consequence of under-prediction of the turbulent
diffusivity.
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Figure 3.4. The RMS of the streamwise fluid velocity com-
ponent as a function of the wall-normal coordinate in wall
units for Reτ = 150; solid: filtered DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM.
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Figure 3.5. The mean fluid temperature as a function of
the wall-normal coordinate in wall units for Reτ = 150;
solid: DNS, dashed: dynamic eddy-viscosity model, dotted:
ADM, pluses: mixed model.

Figure 3.5 shows the mean fluid temperature profile as a function of y+ for Reτ = 150.
This quantity, however, is better predicted by the dynamic eddy-viscosity model.
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Figure 3.6. The RMS of the fluid temperature as a function
of the wall-normal coordinate in wall units for Reτ = 150;
solid: DNS, dashed: dynamic eddy-viscosity model, dotted:
ADM, pluses: mixed model.

The RMS of the fluid temperature as a function of y+ for Reτ = 150 is shown in
Figure 3.6. The results of the temperature fluctuations from the approximate decon-
volution model are in better agreement with DNS. Based on the performance of the
two models, the mixed model was proposed. The mixed model applies the approxi-
mate deconvolution model to the velocity equation and the dynamic eddy-diffusivity
model to the temperature equation and therefore combine the good properties of
both models. Obviously, the velocity properties of the results of the mixed model
are identical to the properties of the approximate deconvolution model. The mean
temperature profile resulting from the mixed model is only slightly worse than for the
dynamic eddy-viscosity model and the RMS of the temperature obtained with the
mixed model is slightly better than for the dynamic eddy-viscosity model.

Reτ = 395

Figure 3.7 presents the profiles of the mean streamwise fluid velocity as a function of
y+ for Reτ = 395.

Figures 3.8 and 3.9 present the RMS of the wall-normal and streamwise fluid velocity
components as a function of y+ for Reτ = 395. Again, the approximate deconvolution
model yields results for the fluid properties closest to the results of the DNS. Moreover,
once again, the dynamic eddy-viscosity model over-predicts the velocity fluctuations.
Nevertheless, the difference between the results of the DNS and the dynamic eddy-
viscosity model is smaller than for Reτ = 150.
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Figure 3.7. The profile of the mean streamwise fluid veloc-
ity component as a function of the wall-normal coordinate
in wall units for Reτ = 395; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM.
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Figure 3.8. The RMS of the wall-normal fluid velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 395; solid: filtered DNS, dashed: dy-
namic eddy-viscosity model, dotted: ADM.
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Figure 3.9. The RMS of the streamwise fluid velocity com-
ponent as a function of the wall-normal coordinate in wall
units for Reτ = 395; solid: filtered DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM.
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Figure 3.10. The mean fluid temperature as a function
of the wall-normal coordinate in wall units for Reτ = 395;
solid: DNS, dashed: dynamic eddy-viscosity model, dotted:
ADM, pluses: mixed model.

Figure 3.10 shows the mean fluid temperature profile as a function of y+ for Reτ = 395.
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Figure 3.11. The RMS of the fluid temperature as a
function of the wall-normal coordinate in wall units for
Reτ = 395; solid: DNS, dashed: dynamic eddy-viscosity
model, dotted: ADM, pluses: mixed model.

As expected, the dynamic eddy-viscosity model better predicts the mean fluid temper-
ature. The RMS of the fluid temperature as a function of function of y+ for Reτ = 395
is shown in Figure 3.11. This time, the results of the temperature fluctuations from
the dynamic eddy-viscosity model show the best agreement with DNS. Again, the
mixed model was tested. The mixed model is obviously as good as the approximate
deconvolution model in the velocity prediction. Moreover, the fluctuations and mean
temperature profile predictions are almost equal to the predictions of the dynamic
eddy-viscosity model.

Reτ = 950

Figure 3.12 presents the profiles of the mean streamwise fluid velocity as a function
of y+ for Reτ = 950. The mean fluid velocity is best predicted by the approximate
deconvolution model, but the difference between the two models is smaller than for
the two lower Reynolds numbers.

Figures 3.13 and 3.14 present the RMS of the wall-normal and streamwise fluid ve-
locity components as a function of y+ for Reτ = 950. For the quantities presented in
Figures 3.13 and 3.14 the dynamic eddy-viscosity model yielded much better results
than at the two lower Reynolds numbers. The dynamic eddy-viscosity model works
in this case almost as well as the approximate deconvolution model.
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Figure 3.12. The profile of the mean streamwise fluid ve-
locity component as a function of the wall-normal coordinate
in wall units for Reτ = 950; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM.
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Figure 3.13. The RMS of the wall-normal fluid velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 950; solid: filtered DNS, dashed: dy-
namic eddy-viscosity model, dotted: ADM.
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Figure 3.14. The RMS of the streamwise fluid velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 950; solid: filtered DNS, dashed: dy-
namic eddy-viscosity model, dotted: ADM.
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Figure 3.15. The mean fluid temperature as a function
of the wall-normal coordinate in wall units for Reτ = 950;
solid: DNS, dashed: dynamic eddy-viscosity model, dotted:
ADM.

The mean fluid temperature profile as a function of y+ for Reτ = 950 is presented in
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Figure 3.16. The RMS of the fluid temperature as a
function of the wall-normal coordinate in wall units for
Reτ = 950; solid: DNS, dashed: dynamic eddy-viscosity
model, dotted: ADM.

Figure 3.15 and the RMS of the fluid temperature as a function of function of y+ for
Reτ = 950 is shown in Figure 3.16. For both temperature quantities presented the
approximate deconvolution model is better that the dynamic eddy-viscosity model,
but the difference is small. Due to the predictive quantities of the two presented
models and to the fact that Reτ = 950 is more representative for the conditions
in the vortex tube, the dynamic eddy-viscosity model was chosen to be used in the
vortex tube simulations. Moreover, the dynamic-eddy viscosity model is available in
FLUENT.

3.6 Results for the droplets

In this section the results for the droplets are presented in the order of Reynolds
number Reτ = 150, 395, and 950. Every time, the results of LES are compared
with the results of the DNS. The sub-grid models used in the LES are the dynamic
eddy-viscosity model and the approximate deconvolution model and for the two lower
Reynolds numbers the mixed model. For every sub-grid model two sets of simulations
were performed: one without sub-grid model for the droplets and one with sub-grid
model for the droplets based on approximate deconvolution.

All quantities presented are averaged over the periodic directions and time and gath-
ered in 128 Chebyshev bins in the wall-normal direction for the droplet velocity and
temperature and in 40 uniform bins for the droplet concentration. The velocity and
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temperature properties are presented as functions of the wall-normal coordinate in
wall units y+, the concentration profile as a function of a non-dimensionalized wall-
normal coordinate y/H , and the concentration at the wall as a function of the non-
dimensionalized time t+ = tuτ

2/ν. The droplet concentration is non-dimensionalized
and is equal to c = 1 for a homogeneous distribution (e.g. initial state).

Reτ = 150

Figure 3.17 presents the RMS of the streamwise droplet velocity component as a
function of the wall-normal coordinate in wall units for Reτ = 150 and St = 5. The
approximate deconvolution model without sub-grid model for the droplets under-
predicts the streamwise velocity fluctuations. The approximate deconvolution model
with sub-grid model for the droplets gives a substantial improvement and the re-
sults are very close to the results of the DNS. The dynamic eddy-viscosity model
without sub-grid model for the droplets over-predicts the droplet streamwise velocity
fluctuations. This is related to the bad prediction of the fluid streamwise velocity fluc-
tuations. The sub-grid model for the droplets deteriorates the results of this quantity,
as was reported by Kuerten [45].

0 50 100 150
0

0.5

1

1.5

2

2.5

3

y+

v x,
rm

s
+

Figure 3.17. The RMS of the streamwise droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 150 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.

Figure 3.18 presents the RMS of the wall-normal droplet velocity component as a
function of the wall-normal coordinate in wall units for Reτ = 150 and St = 5.
Both sub-grid models without sub-grid model for the droplets under-predict the wall-
normal velocity fluctuations. The use of the sub-grid model for the droplets substan-
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Figure 3.18. The RMS of the wall-normal droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 150 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.

tially improves the wall-normal droplet velocity fluctuations of the two models. The
improvement is biggest for the two lower droplet sizes. The approximate deconvo-
lution model with the sub-grid model for the droplets predicts this droplet velocity
property almost like the DNS. The same benefits of the use of the sub-grid model
in the droplet equations can be observed in the fluctuations of the droplet spanwise
velocity component.

Figure 3.19 shows the mean temperature profile and 3.20 shows the RMS of the
temperature, both as a function of the wall-normal coordinate in wall units for Reτ =
150 and St = 5. In figure 3.19, only the sub-grid models with sub-grid model for
the droplets are presented, because the difference between sub-grid models with and
without the sub-grid model for the droplets is negligible. The prediction of the mean
temperature profile by the dynamic eddy-viscosity model is the closest to the result of
the DNS. The results of the temperature fluctuations are the best for the approximate
deconvolution model with sub-grid model for the droplets. Therefore, the mixed
model was tested also for the droplets. The mixed model is only slightly worse in the
prediction of the mean droplet temperature profile than the dynamic eddy-viscosity
model and similar in the prediction of the RMS of the temperature.

Figure 3.21 presents the concentration profile of the droplets as a function of the non-
dimensionalized wall-normal coordinate at time t+ = 6, 750. The difference between
the droplet concentration close to the wall and in the rest of the domain is signifi-
cant. Migration of the droplets from the center of the channel is called turbophoresis
and was measured by Liu & Agarwal [57] and simulated numerically by Marchioli &
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Figure 3.19. The mean droplet temperature as a function
of the wall-normal coordinate in wall units for Reτ = 150
and St = 5; solid: DNS, dashed: dynamic eddy-viscosity
model, dotted: ADM , dashed-dotted: mixed model.
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Figure 3.20. The RMS of the droplet temperature as
a function of the wall-normal coordinate in wall units for
Reτ = 150 and St = 5; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM, dashed-dotted: mixed
model, circles: sub-grid model for the droplets is applied.

Soldati [61] and Marchioli et al. [62]. Both models without sub-grid model for the
droplets under-predict the effect of turbophoresis. The results for the dynamic model
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Figure 3.21. The profile of the concentration of the
droplets as a function of the wall-normal coordinate at time
t+ = 6, 750 in wall units for Reτ = 150 and St = 5; solid:
DNS, dashed: dynamic eddy-viscosity model, dotted: ADM,
circles: sub-grid model for the droplets is applied.
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Figure 3.22. The concentration of the droplets at the wall
as a function t+ for Reτ = 150 and St = 5; solid: DNS,
dashed: dynamic eddy-viscosity model, dotted: ADM, cir-
cles: sub-grid model for the droplets is applied.
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with the sub-grid model for the droplets shows an improvement. The approximate
deconvolution model with sub-grid model for the droplets slightly over-predicts the
effect of turbophoresis. Nevertheless, the result is closest to the result of the DNS.

Another way to show the rate of change of the droplets concentration in wall nor-
mal direction is the concentration of the droplets at the wall as a function of non-
dimensionalized time t+ = tuτ/ν presented in Figure 3.22 for Reτ = 150 and St = 5.
The concentration of droplets grows in time from the initial homogenous distribution
(c = 1). Again, the properties of both models are visible, also with changes resulting
from the application of the sub-grid model for the droplets.

The sub-grid model for the droplets improves droplets turbophoresis prediction be-

cause the responsible term for turbophoresis term
d<u2

y>

dy is better represented by the
defiltered velocity.

Reτ = 395

In Figure 3.23, the RMS of the streamwise droplet velocity component is presented
as a function of the wall-normal coordinate in wall units for Reτ = 395 and St = 5.
The results of the approximate deconvolution are under-predicted and the results of
the dynamic eddy-viscosity model are slightly over-predicted, both without sub-grid
model for the droplets. Again, the use of the sub-grid model improves the results
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Figure 3.23. The RMS of the streamwise droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 395 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.
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of the approximate deconvolution model and deteriorates the results of the dynamic
eddy-viscosity model. In Figure 3.24, the RMS of the wall-normal droplet velocity
component is shown as a function of the wall-normal coordinate in wall units for
Reτ = 395 and St = 5. Both models without the sub-grid model for the droplet
under-predict the results of this quantity. The improvement caused by the use of the
sub-grid model for the droplets is substantial. The approximate deconvolution model
with the sub-grid model for the droplet yields results almost equal to the results of
the DNS and the dynamic eddy-viscosity model is only slightly worse.
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Figure 3.24. The RMS of the wall-normal droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 395 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.

Figure 3.25 shows the mean droplet temperature profile as a function of the wall-
normal coordinate in wall units for Reτ = 395 and St = 5 (only models with sub-grid
model for the droplet). The results of the dynamic eddy-viscosity model show the
best agreement with DNS. Figure 3.26 presents the RMS of the temperature as a
function of the wall-normal coordinate in wall units for Reτ = 395 and St = 5. The
dynamic eddy-viscosity model yields the best results compared to DNS. Additionally,
the mixed model was evaluated. The mixed model yields only slightly worse results
for the mean temperature profile. The results of the RMS of the temperature are very
close to the results of the DNS and dynamic eddy-viscosity model except close to the
wall area, where over-prediction occurs.

Figure 3.27 presents the concentration profile of the droplets as a function of the
non-dimensionalized wall-normal coordinate at time t+ = 21, 000. Figure 3.28 shows
the concentration of the droplets at the wall as a function of non-dimensionalized
time for Reτ = 395 and St = 5. Again, the effect of the turbophoresis is clearly
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Figure 3.25. The mean droplet temperature as a function
of the wall-normal coordinate in wall units for Reτ = 395
and St = 5; solid: DNS, dashed: dynamic eddy-viscosity
model, dotted: ADM , dashed-dotted: mixed model.
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Figure 3.26. The RMS of the droplet temperature as
a function of the wall-normal coordinate in wall units for
Reτ = 395 and St = 5; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM, dashed-dotted: mixed
model, circles: sub-grid model for the droplets is applied.
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Figure 3.27. The profile of the concentration of the
droplets as a function of the wall-normal coordinate in wall
units for Reτ = 395 and St = 5; solid: DNS, dashed: dy-
namic eddy-viscosity model, dotted: ADM, circles: sub-grid
model for the droplets is applied.
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Figure 3.28. The concentration of the droplets at the wall
as a function t+ for Reτ = 395 and St = 5; solid: DNS,
dashed: dynamic eddy-viscosity model, dotted: ADM, cir-
cles: sub-grid model for the droplets is applied.
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visible and both models without sub-grid model for the droplets under-predict this
phenomenon. However, the approximate deconvolution model performs better than
the dynamic eddy-viscosity model. Additionally, the improvement caused by the use
of the sub-grid model for the droplets is bigger for the approximate deconvolution
model than for the dynamic eddy-viscosity model.

Reτ = 950

In Figures 3.29 and 3.30, the RMS of the streamwise and wall-normal droplet velocity
component are presented as a function of the wall-normal coordinate in wall units
for Reτ = 950 and St = 5. Both models without the sub-grid model for the droplet
under-predict the results of this quantity. The improvement caused by the use of the
sub-grid model for he droplets is visible, especially for the wall-normal component.
Both models with sub-grid model for the droplet perform similarly.
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Figure 3.29. The RMS of the streamwise droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 950 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.

Figure 3.31 shows the mean droplet temperature profile as a function of the wall-
normal coordinate in wall units for Reτ = 950 and St = 5 (only models with sub-grid
model for the droplet are shown). Figure 3.32 presents the RMS of the temperature
as a function of the wall-normal coordinate in wall units for Reτ = 950 and St = 5.
The prediction of both quantities obtained with the dynamic eddy-viscosity model
shows the best agreement with the results of the DNS.

Figure 3.33 presents the concentration profile of the droplets as a function of the
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Figure 3.30. The RMS of the wall-normal droplet velocity
component as a function of the wall-normal coordinate in
wall units for Reτ = 950 and St = 5; solid: DNS, dashed:
dynamic eddy-viscosity model, dotted: ADM, circles: sub-
grid model for the droplets is applied.
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Figure 3.31. The mean droplet temperature as a function
of the wall-normal coordinate in wall units for Reτ = 950
and St = 5; solid: DNS, dashed: dynamic eddy-viscosity
model, dotted: ADM , dashed-dotted: mixed model.
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Figure 3.32. The RMS of the droplet temperature as
a function of the wall-normal coordinate in wall units for
Reτ = 950 and St = 5; solid: DNS, dashed: dynamic
eddy-viscosity model, dotted: ADM, dashed-dotted: mixed
model, circles: sub-grid model for the droplets is applied.
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Figure 3.33. The profile of the concentration of the
droplets as a function of the wall-normal coordinate at time
t+ = 18, 800 in wall units for Reτ = 950 and St = 5; solid:
DNS, dashed: dynamic eddy-viscosity model, dotted: ADM,
circles: sub-grid model for the droplets is applied.
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Figure 3.34. The concentration of the droplets at the wall
as a function t+ for Reτ = 950 and St = 5; solid: DNS,
dashed: dynamic eddy-viscosity model, dotted: ADM, cir-
cles: sub-grid model for the droplets is applied.

non-dimensionalized wall-normal coordinate at time t+ = 18, 800. Figure 3.34 shows
the concentration of the droplets at the wall as a function of non-dimensionalized
time for Reτ = 950 and St = 5. Once again, the effect of the turbophoresis is easily
visible, but this time, both models without sub-grid model for the droplets severely
under-predict this phenomenon. However, the dynamic eddy-viscosity model performs
slightly better that the approximate deconvolution model. The improvement caused
by the use of the sub-grid model for the droplets is small for both models and there is
still room for the improvement. Therefore, in the next chapter, a combination of two
sub-grid models for the droplets is investigated. As a sub-grid model that recovers
the smallest resolved scales, the approximate deconvolution model is combined with a
stochastic sub-grid model for the droplets that recovers the energy of the unresolved
scales. After the evaluation of the results for the droplets, the dynamic eddy-viscosity
with the sub-grid model for the droplets based on approximate deconvolution appears
as the best choice. Although at the two lower Reynolds numbers the mixed model
yields the best results, the simulation at Reτ = 950 is the most relevant from our
point of view. In this case the turbulent properties of the flow are most similar to the
RHVT.

3.7 Conclusions

The approximate deconvolution model yields better predictions of the fluid velocity
properties at the two lower Reynolds numbers studied in this chapter. However, the
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fluid temperature is better predicted by the dynamic eddy-viscosity model. Therefore,
it is beneficial to use the mixed model, which applies the approximate deconvolution
model to solve the fluid velocity equations and the dynamic eddy-viscosity model to
solve the fluid temperature equation.

For Reτ = 950, the dynamic eddy-viscosity model accurately predicts velocity proper-
ties (almost as good as ADM) and this case is the most relevant to LES of the RHVT,
since the turbulence is more developed at this higher Reynolds number. Additionally,
the dynamic eddy-viscosity model is available in FLUENT. Therefore, the dynamic
eddy-viscosity model was chosen as the sub-grid model in LES of the RHVT.

The sub-grid scale model for particles based on approximate deconvolution was chosen
to be used in the further steps, although an improvement caused by the implementa-
tion of this model decreases with increasing Reynolds number. Therefore, in the next
chapter further improvements of this model will be investigated.
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Chapter

4
A hybrid stochastic-

deconvolution model

for LES of

particle-laden flow1

4.1 Abstract

We develop a hybrid model for large-eddy simulation of particle-laden turbulent flow,
which is a combination of the approximate deconvolution model for the resolved scales
and a stochastic model for the sub-grid scales. The stochastic model incorporates a
priori results of direct numerical simulation of turbulent channel flow, which showed
that the parameters in the stochastic model are quite independent of Reynolds and
Stokes number. In order to correctly predict the flux of particles towards the walls
an extra term should be included in the stochastic model, which corresponds to the
term related to the well-mixed condition in Langevin models for particle dispersion
in inhomogeneous turbulent flow. The model predictions are compared with results
of direct numerical simulation of channel flow at a frictional Reynolds number of 950.
The inclusion of the stochastic forcing is shown to yield a significant improvement
when combined with a Stokes dependent weight-factor for the well-mixed term.

4.2 Introduction

Turbulent particle-laden flows occur frequently in the environment and in industry.
These flows have richer physics than flow of a single-phase fluid. In recent years
numerical simulation methods have been developed for the study of such particle-
laden turbulent flows. The most detailed simulation method requires the resolution
of the flow down to the scales of the particles. This is only possible nowadays, if the

1This chapter is submitted to Physics of Fluids [65]
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number of particles is limited to several hundreds [14]. For larger numbers of small
particles the details of the flow around each particle cannot be resolved, and a point-
particle approach is adopted, in which correlations for the forces exerted by the fluid
on a particle are used [24]. We will use the term direct numerical simulation (DNS), if
in such a point-particle approach all scales of the fluid flow are resolved and no model
for the smallest scales of the turbulence is used. However, DNS can only be performed
at relatively low Reynolds numbers [34]. In contrast, large-eddy simulation (LES) can
be performed at higher Reynolds numbers. This is possible because in LES only the
larger eddies are resolved, since a spatially filtered fluid velocity is adopted [34]. The
absence of the small scales in the flow requires a sub-grid scale model for the fluid.

The missing scales in LES not only influence the resolved scales of the fluid flow, but
also affect the motion of small particles present in the flow. The effect of the small
scales on the particle motion can only be neglected when the particle relaxation time
is large compared to the time scales of the smallest resolved scales in LES [99]. In
such a case the filtered fluid velocity can be used in the equation of motion of the
particles instead of the real unfiltered fluid velocity. For smaller particles, however,
the disregard of the smallest scales of fluid velocity in the particle motion leads to
significant discrepancies in the prediction of turbulent dispersion and of turbophoresis,
the mean motion of particles toward the walls in wall-bounded turbulent flows [44]. In
particular when the particle relaxation time is of the same order of magnitude as the
Kolmogorov time, the prediction of particle behavior deteriorates without modeling
the effect of the sub-grid scales on the particles [44].

The influence of the missing sub-grid scales can be modeled by the incorporation of
a sub-grid scale model for particles. Two types of sub-grid scale models have been
developed in the past. The first type is a stochastic model for the unresolved scales.
The lack of the missing scales can be compensated in two manners. It can be indirectly
compensated by adding broadband stochastic forcing to the momentum equation [43]
or directly by adding velocity differences to the particle equation of motion [90]. The
second type of sub-grid models is based on approximate deconvolution [33, 95]. The
deconvolution of the filtered fluid velocity in LES allows to recover the energy up to
the smallest resolved scales [45].

Different procedures can be used as inverse filter in order to substitute a defiltered fluid
velocity in the particles equation of motion. In the dynamic eddy-viscosity model [32]
the filter appears only explicitly as a test filter and hence the defiltering method is
rather arbitrary [35]. In contrast, an explicit filter is used in the approximate deconvo-
lution model (ADM) [96] and the same filter is used for the deconvolution of the fluid
velocity in the fluid and particle equations. The sub-grid scale model for particles
based on ADM was found to improve the prediction of statistical particle quantities
substantially in channel flow at Reynolds numbers up to Reτ = 395. However, at
higher Reynolds numbers the improvement is less satisfactory [64].

In 2012, Geurts & Kuerten [36] conducted an investigation on ideal stochastic forcing
of particles in LES of particle-laden channel flow in which the drag force exerted by
the fluid on the particles is the only relevant force. The investigation was based on the
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results of DNS of particle-laden turbulent channel flow at several Reynolds numbers:
Reτ = 150, 395, and 950 and for different particle sizes corresponding to a range of
Stokes numbers, i.e., particle relaxation time in wall units, St = 0.2, 1, 5 and 25.
They decomposed the fluid velocity u at the particle position, which is required in
the particle equation of motion, into two contributions. The first is the deconvolution
of the filtered fluid velocity, u∗, at the particle position x and at time t and is known
in LES and the second is the residual velocity δu∗ = u(x, t) − u

∗(x, t), which needs
to be modeled. Hence, the particle equation of motion can be written exactly as:

dv

dt
=

u
∗(x, t)− v

τp
+

δu∗

τp
, (4.1)

where v is the particle velocity and τp = ρpd
2
p/[(18ρfν)(1 + 0.15Re0.687p )] [86] the

particle relaxation time with dp the particle diameter and ρp the particle mass density.
The mean of δu∗ was found to be negligibly small. Moreover, Rep = dp|u(x, t)−v|/ν
is the particle Reynolds number and ν the kinematic viscosity of the fluid. The first
term on the right-hand side involves the well known particle sub-grid model based on
approximate deconvolution investigated several times before [44, 45, 64]. The second
term requires additional modeling. Geurts & Kuerten [36] showed that the statistical
properties of δu∗, like the root-mean square (RMS) of δu∗ are basically identical for
all investigated Stokes numbers, while the mean of δu∗ is negligibly small. Moreover,
the normalized probability density function and the time correlation function of δu∗

depend hardly on Reynolds and Stokes number in the investigated range. This is a
significant advantage for the development of a ’stand alone’ stochastic model for this
term, which does not require explicit input from DNS but can be evaluated using LES
quantities only.

The aim of this paper is the development of a sub-grid model that is a combination of
ADM for the resolved scales and a stochastic model for for the unresolved scales. The
properties of the stochastic part of the model are based on the a priori DNS results
at Reτ = 950. The model will be assessed by comparison with DNS results and with
LES results without the stochastic part of the model.

The organization of this paper is as follows. In Section 4.3 we describe the governing
equations, the stochastic model for the particles and the numerical methods that are
applied. We proceed in Section 4.4 with a presentation of the results of the proposed
stochastic model; we identify the model parameters which lead to the most accurate
correspondence of LES with DNS results. In Section 4.5 conclusions are presented.

4.3 Governing equations and numerical methods

In this section the governing equations for the fluid and for the particles are presented.
Next, the hybrid stochastic-deconvolution sub-grid scale model added to the particle
equation of motion is described. Then, the basic stochastic-deconvolution model is
extended by adding the well-mixed property. Finally, the numerical methods are
described.
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The results of the a priori [36] analysis are used to develop a sub-grid scale model for
particles, which is a combination of ADM and a stochastic model. ADM is also used as
the sub-grid scale model for the fluid. This model is tested on LES of incompressible
particle-laden channel flow at Reynolds number Reτ = 950 based on the shear velocity
uτ and half the channel height H . The fluid flow is solved with an Eulerian approach
and the particles are treated in a Lagrangian way as point particles. The volume
fraction of particles is sufficiently low for the one-way coupling regime to be valid [24].
This means that the effects of particles on the fluid flow and of particle-particle
interaction are negligible.

The incompressible Navier-Stokes equation in rotational form reads:

∂u

∂t
+ ω × u+∇P = ν∆u+ F, (4.2)

where u is the fluid velocity, ω = ∇ × u is the vorticity, P = p
ρf

+ 1
2u

2 with p the
variation of the pressure relative to the linear mean pressure field which drives the
flow and ρf the fluid mass density. Furthermore, F is the driving force per unit mass
in the streamwise direction parallel to the walls of the channel, constant in time and
space. Since ADM is used as the sub-grid model for the fluid, the Navier-Stokes
equation is solved in the following form [96]:

∂u

∂t
+ ω∗ × u∗ +∇P = ν∆u+ F− χ(I −QNG)u, (4.3)

where

u∗

i = QNui =
N∑

k=0

(I −G)kui (4.4)

and ui = G ∗ ui is the filtered velocity with filter kernel G. We set N = 5 as advised
by Stolz et al. [96]. The vorticity field of the deconvolved velocity is denoted by ω∗.
Moreover, in order to keep the kinetic energy contained in the smallest resolved scales
constant in time, χ is dynamically adjusted. We adopt the same filter kernel and
implementation of the model as originally proposed by Stolz et al. [96]. The filtered
velocity field satisfies the continuity equation for incompressible flow:

∇ · u = 0. (4.5)

The equations are non-dimensionalized with the shear velocity uτ , half the channel
height H , and the fluid mass density ρf . Time is non-dimensionalized with the fluid
kinematic viscosity ν and uτ .

Lagrangian tracking of particles is performed by numerically integrating the equation:

dx(t)

dt
= v, (4.6)

together with equation (4.1). A solution of the Langevin equation

dδu∗

dt
= −δu∗

τ
+ Cw(t), (4.7)
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is taken as the model for the stochastic part in Equation (4.1) [90]. Here τ is the
Lagrangian correlation time of δu∗, C = δu∗

rms

√
2/τ and w(t) is Gaussian white

noise of unit variance. The RMS of δu∗ and the correlation time both follow from
the a priori analysis [36]. The profiles of a priori quantities are averaged over the
streamwise and spanwise directions and time and are hence only functions of the
wall-normal coordinate.

It can be observed that Equation (4.7) cannot be correct for inhomogeneous turbulent
flow and particles with small Stokes number. To this end, we take the Eulerian average
of the wall-normal component of this equation at a fixed wall-normal coordinate. Since
the mean of w(t) equals zero and according to the a priori results also the mean of
δu∗ equals zero, the mean of the right-hand side equals zero. On the other hand, the
mean of the left-hand side can for passive particles be written as:

〈 d
dt
δu∗

y〉 =
∂

∂t
〈δu∗

y〉+ 〈u · ∇δu∗

y〉. (4.8)

Since the mean of δu∗ equals zero, the first term on the right-hand side vanishes.
The second term can be written as d

dy 〈uyδu
∗

y〉, where the fact that the velocity field
is divergence free has been used. The a priori results show that this term is un-
equal to zero for the present inhomogeneous flow. Since the right-hand side of the
equation equals zero, while the left-hand side does not, an extra term is needed in
Equation (4.7).

The missing term in Equation (4.7), which is relevant in inhomogeneous turbulence,
is related to the well-mixed condition, which is an important property for statistical
particle models. This condition requires that passive particles, which initially are
uniformly distributed over the computational domain, should retain this uniform dis-
tribution at later times. The basic hybrid stochastic-deconvolution model presented
above does not satisfy the well-mixed condition because passive particles tend to
go to the walls. Therefore, the following extension of the basic hybrid stochastic-
deconvolution model is proposed. The well-mixed condition can be satisfied in a
similar way as proposed by Thomson [98] for the Langevin equation governing disper-
sion of passive particles in inhomogeneous turbulent flow. It leads to an extra term
in the stochastic equation for the wall-normal component of δu∗

y:

dδu∗

y

dt
= −

δu∗

y

τ
+ Cw(t) + f(St)

d(σ∗

y)
2

dy

(
1 +

1

2

(δu∗

y)
2

(σ∗

y)
2

)
, (4.9)

where y is the wall-normal coordinate and σ∗

y is the RMS of δu∗

y obtained from the
a priori results [36]. For particles with higher Stokes number, the argument given
above regarding the need to compete the model expressed in Equation (4.7) with
the missing term cannot be applied. These particles move with velocity v instead
of u and the correlation between v and u decreases with increasing Stokes number.
Moreover, we applied the continuity equation for the fluid velocity to the left-hand side
of Equation (4.8), but for inertial particles this is not valid. In order to accommodate
this dependence on Stokes number, the well-mixed term is multiplied with a weight-
factor, which is taken as a function of the Stokes number f(St). This function should
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be between 0 and 1. In order to satisfy the well-mixed condition for passive particles,
f(0) should be equal to 1.

Next we proceed with a description of the numerical methods applied to solve the
system of equations for fluid and particles. The turbulent channel flow is simulated
with the use of periodic conditions in the streamwise and spanwise directions and
no-slip conditions at the walls. Therefore, the use of a pseudo-spectral method is
convenient [45]. In the two periodic directions a Fourier-Galerkin method is applied
and a Chebyshev-collocation method is used in the wall-normal direction. The conti-
nuity equation is satisfied up to machine accuracy by the use of the influence matrix
method [41]. A second-order accurate method is used for time integration. It is a
combination of an explicit three-stage Runge-Kutta method and the implicit Crank-
Nicolson method. The viscous terms and the pressure are treated with the implicit
method, whereas the convective and sub-grid scale terms are integrated explicitly in
time. For the calculation of the nonlinear terms, including the sub-grid scale terms,
aliasing is prevented by the application of the 3/2 rule. The deconvolution necessary in
the calculation of the sub-grid model can easily be performed in spectral space in the
two periodic directions [45]. In the wall-normal direction it requires a matrix-vector
multiplication.

The equations of motion for the particles are integrated in time with a second-order
accurate two-stage Runge-Kutta method. For the interpolation of the fluid velocity
to the particle positions a fourth-order accurate method is applied. It consists of
Lagrangian interpolation in the two periodic directions and Hermite interpolation in
the wall-normal direction. It is known that the order of this interpolation is important
on relatively coarse LES grids [45]. Compared to fourth-order interpolation, second-
order interpolation acts as an additional filter, which counteracts the deconvolution
operator [45]. Particles collide elastically with the walls of the channel. If a particle
leaves the computational domain through one of the periodic boundaries, it is re-
inserted at the other side with the same properties.

The stochastic Equation (4.9) is treated in the following way. Once every time step
the new value of δu∗ is determined by generating a new value for the random variable
w and subsequently using the exact solution to the ordinary differential equation with
coefficients C and τ frozen at the values of the current particle position [76]. The
values of the correlation time and a priori RMS of δu∗ are stored in the grid points in
the wall-normal direction and are linearly interpolated to the position of the particle.
Since these quantities are smooth functions of the wall-normal coordinate, this type
of interpolation appears sufficiently accurate. The nonlinear term on the right-hand
side of Equation (4.9) is treated with the Euler forward method.

The sizes of the computational domain are as follows 2πH , πH , and 2H in the stream-
wise, spanwise, and wall-normal direction respectively. The corresponding numbers of
grid nodes are: 96, 128, and 97. With the resulting grid spacings the requirements for
resolved LES [72] are satisfied, while a significant reduction in resolution is achieved
compared to the DNS resolution of 768× 768× 385 that was adopted at Reτ = 950.

The initial state of the particles is taken from a random uniform distribution for the
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position and a particle velocity equal to the fluid velocity at the particle position. The
initial value of δu∗ is chosen randomly from a Gaussian distribution with the same
RMS as obtained in the a priori results. Twelve sizes of particles are considered in this
study. The diameters of the particles are chosen in such a way that the corresponding
Stokes numbers are equal to: 0.2, 0.4, 0.7, 1, 1.5, 2, 3, 4, 5, 6, 8, and 25. For each size,
64, 000 particles are tracked. Statistical results of the particles shown in this paper
are averaged over the two homogeneous directions and over time in the statistically
steady state and presented as functions of the wall-normal coordinate. To this end the
wall-normal direction is divided in 128 bins, according to a Chebyshev distribution,
and statistics are collected on this grid.

4.4 Results

In this section we first present results obtained with the basic stochastic-deconvolution
model. These results show significant deviations from DNS in case of particles with
low Stokes numbers, which can be addressed by extending this basic model with the
well-mixed correction term. Subsequently, results of the extended stochastic model
are presented and analyzed.
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Figure 4.1. Kolmogorov time, resolved Kolmogorov time
scale in LES and a priori Lagrangian correlation time τ as
a function of the wall-normal coordinate in wall units for
Reτ = 950; solid: Kolmogorov time, dotted: LES-ADM
resolved Kolmogorov time scale, dashed: a priori τ results
for axial direction and St = 1.

In Figure 4.1 the correlation time τ , obtained from the a priori results, is compared
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with typical time scales of the flow in DNS and LES. For DNS the Kolmogorov
time τK =

√
ν/ǫ, where ǫ is the dissipation rate of the turbulent kinetic energy, is

considered as the typical time scale. For LES this time scale, with ǫ evaluated using
the resolved scales only, is selected; this will be referred to as the resolved Kolmogorov
time. The correlation time shown in the figure is for the streamwise component of
δu∗ and for St = 1. The results for the other components and Stokes numbers are
very similar. The figure shows that the typical time scale of LES is larger than that of
DNS. At the resolution and spatial filter-width selected the difference is below 30%.
The rather modest differences in this time scales are indicative of the fact that the
LES is indeed well resolved. The dependence of the correlation time of δu∗ on the
wall-normal coordinate is very similar to that of the typical time scale of the LES
and is larger by a factor of only about 1.2. Because of this close agreement we expect
that τ can be predicted well based on the LES results only, resulting in a further step
toward a model that is based entirely on information that is available during an LES.
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Figure 4.2. The RMS of δu∗

y as a function of the wall-
normal coordinate in wall units for Reτ = 950; dotted: a

priori St = 0.2, solid: a priori St = 1, dashed: a priori

St = 5, dashed-dotted: a priori St = 25, ◦: a posteriori

St = 1 with weighing factor f(1) = 0.6.

Figure 4.2 shows the RMS of the wall-normal component of δu∗ as a function of
the wall-normal coordinate in wall units y+. The differences between the a priori
results for the four different Stokes numbers are small. This limited dependence of
δu∗ on Stokes number was reported by Geurts & Kuerten [36]. Since the flow field
is independent of Stokes number, in view of the one-way coupling adopted here the
dependence of δu∗ on Stokes number can only be caused by preferential concentration.
For increasing Stokes number the RMS first decreases slightly until St = 5, which
corresponds to the case where the particle relaxation time is approximately equal
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to the Kolmogorov time averaged over the wall-normal direction, and then increases
again. This implies that preferential concentration of particles is strongest for St = 5.
Moreover, Figure 4.2 shows a good agreement between a priori and a posteriori results
for the RMS of δu∗

y. We infer that the hybrid stochastic-deconvolution model shows
the correct statistical results for δu∗. Note that the results shown in Figure 4.2 do
not change if the well-mixed term is not taken into account.

Almost all statistical particle properties appeared quite insensitive to small variations
in δu∗

rms caused by varying the Stokes number. These variations, however, do result
in deviations in the mean relative (particle minus fluid velocity) wall-normal velocity
component up to 20%, which accumulate in some discrepancies in the particle con-
centration due to turbophoresis close to the wall in the long-time regime. Therefore,
we used the a priori results for each Stokes number in this paper.

In general, all statistical particle velocity properties such as mean and RMS of the
three velocity components are similar or slightly improved by the use of the hybrid
stochastic-deconvolution model (Equation (4.7)) in comparison to the results of the
sub-grid model for the particles with only the approximate deconvolution model in the
particle equation of motion. For the biggest particles considered here (St = 25) also
the prediction of the particle concentration is accurate. However, the turbophoresis
effect is strongly overpredicted for smaller particles, especially for particles with St≤1.

The reason for the overprediction of the particles concentration close to the wall is the
fact that the stochastic model does not satisfy the well-mixed condition [98]. Indeed,
for passive particles, which follow the fluid flow exactly, the use of the stochastic model
to generate the unfiltered fluid velocity at the particle position results in a continuing
increase in particle concentration near the walls. For inertial particles with small
Stokes numbers a similar behavior is found, in contrast with the DNS results, where
a steady particle concentration is obtained after some time.

Since the particle concentration is the most critical quantity, we will first turn our
attention to that, and later consider particle velocity statistics. The concentration
results of the smallest particles considered do show very good agreement with the
DNS results provided the well-mixed term is added to the basic hybrid stochastic-
deconvolution model (Equation (4.9)) using f(0.2) ≈ 1. The effect of the well-mixed
term is to decrease the particle concentration close to the walls. We find that only
for passive particles and inertial particles with St ≪ 1 the prediction of the particle
concentration close to the walls is in close agreement with DNS results. The situa-
tion is different in case of somewhat larger particles. Figure 4.3 shows the particle
concentration close to the walls for particles with St = 1 as a function of time in wall
units t+ = tuτ

2/ν. In particular, the channel is uniformly divided into 40 bins and
only the concentration of particles in the first bin at both walls is shown.

We observe that with full inclusion of the well-mixed term the decrease of the concen-
tration close to the walls is too large as was observed for particles with St > 0.2 and
illustrated explicitly in Figure 4.3 for particles with St = 1. This underestimation
was found to increase with increasing Stokes number. It appears that the well-mixed
term is only required for small particles and should be reduced in magnitude for par-
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Figure 4.3. The particle concentration close to the walls as
a function of time in wall units, t+, for St = 1; solid: DNS,
dotted: LES with ADM for particles, ◦: LES with ADM
and stochastic model for particles, +: LES with ADM and
stochastic model with the well-mixed term with f(1) = 1.0
for particles, x: LES with ADM and stochastic model with
f(1) = 0.6 for particles.

ticles with significant inertia. We proposed to multiply the well-mixed term with a
function of Stokes number, f(St), which equals 1 for St = 0 and monotonically de-
creases to zero. In Figure 4.3 it can be seen that very good agreement with the DNS
results is obtained if f(1) = 0.6. In Figure 4.3 also the results with only ADM are
included. Similar to the results with the well-mixed term with f(1) = 1, they show
an underprediction of turbophoresis.

Figure 4.4 shows the particle concentration close to the walls as a function of non-
dimensionalized time t+ for St = 4. The time history of the particle concentration
appears not predicted correctly for any value of f(4). Therefore, we chose the value
which gives the best agreement in the statistically steady state in which the particle
concentration does not increase further, but only fluctuates in time. For St = 4 we
find in this way f(4) = 0.15 as optimal value.

In a similar way optimal values of f(St) have been found for range of Stokes numbers.
The results of this optimization can be seen in Figure 4.5. These results are well
described by f(St) = exp(−St/2).

Next, the effect of the stochastic model on particle velocity properties will be shown.
The phenomenon of turbophoresis is caused by the mean relative particle velocity
in the wall-normal direction relative to the fluid velocity. In Figure 4.6 the mean
relative particle velocity is presented as a function of the distance from the wall in
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Figure 4.4. The particle concentration close to the walls as
a function of time in wall units, t+, for St = 4; solid: DNS,
LES with ADM and stochastic model for particles ◦: with
f(4) = 0.05, x: with f(4) = 0.15, +: with f(4) = 0.3.
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Figure 4.5. The optimal values of f(St) (markers) and a
general trend (solid) given by f(St) = exp(−St/2).

wall units, y+, for St = 1. The figure shows that the mean relative velocity is too
small compared to the DNS results in the near-wall region if only the approximate
deconvolution model is applied in the particle equation of motion. This leads to the
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under-prediction of the particle concentration close to the walls. The addition of
the stochastic model in the particle equation of motion that includes the weighted
well-mixed term results in a significant improvement in the agreement with the DNS
results.
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Figure 4.6. The mean relative particle velocity as a func-
tion of the wall-normal coordinate in wall units for St = 1;
solid: DNS, dotted: LES with ADM for particles, dashed:
LES with ADM and stochastic model with f(1) = 0.6 for
particles.

Figure 4.7 shows the RMS of the streamwise particle velocity component as a function
of the wall-normal coordinate in wall units, y+, for St = 1. The stochastic model
has almost no influence on the RMS of this component of the particle velocity. The
mean streamwise particle velocity profile is basically identical for simulations with and
without the stochastic model. However, the stochastic model improves the RMS of the
wall-normal and spanwise particle velocity components. The RMS of the wall-normal
particle velocity component can be seen in Figure 4.8, which presents this quantity as
a function of the distance from the wall in wall units, y+, for St = 1. The RMS of the
spanwise particle velocity component can be seen in Figure 4.9. The presence of the
well-mixed term does not affect the results for the streamwise and spanwise particle
velocity components and the influence on the wall-normal component is barely visible.

The results for other Stokes numbers are very similar. In all cases the hybrid stochastic-
deconvolution model shows a better agreement with DNS results for the wall-normal
and spanwise particle velocity fluctuations compared to simulations in which only
the approximate deconvolution model is applied in the particle equation of motion.
The results for the streamwise particle velocity fluctuations are hardly affected by the
stochastic contribution to the sub-grid model.
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Figure 4.7. The RMS of the streamwise particle velocity
as a function of the wall-normal coordinate in wall units for
St = 1; solid: DNS, dotted: LES with ADM for particles,
dashed: LES with ADM and stochastic model with f(1) =
0.6 for particles.
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Figure 4.8. The RMS of the wall-normal particle velocity
as a function of the wall-normal coordinate in wall units for
St = 1; solid: DNS, dotted: LES with ADM for particles,
dashed: LES with ADM and stochastic model with f(1) =
0.6 for particles.
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Figure 4.9. The RMS of the spanwise particle velocity as
a function of the wall-normal coordinate in wall units for
St = 1; solid: DNS, dotted: LES with ADM for particles,
dashed: LES with ADM and stochastic model with f(1) =
0.6 for particles.

−10 −5 0 5 10

10
−4

10
−3

10
−2

10
−1

10
0

(δ u*
y
−< δ u*

y
>)/δ u*

y,rms

Figure 4.10. PDF of δu∗

y at y+ = 60 and St = 1; solid:
LES, dashed-dotted: a priori DNS, circles: Gaussian distri-
bution.

In Figure 4.10 the probability density function (PDF) of the wall-normal component
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of δu∗ for St = 1 is shown. The PDF depends on the wall-normal coordinate of
the particles and the figure shows the result for particles in a small region around
y+ = 60, which is close to the maximum of the RMS of δu∗

y. Although the turbulence
is inhomogeneous, the PDF turns out to be Gaussian. This is a consequence of the
use of Gaussian white noise in the stochastic equation for δu∗. In contrast, the a
priori results display a slightly higher probability for large deviations from the mean
value of δu∗

y. This suggests a somewhat different intermittent behavior of the LES
dynamics, compared to the DNS findings.

4.5 Conclusions and discussion

We developed a hybrid stochastic-deconvolution model for the particle equation of
motion in LES of particle-laden turbulent flow. The coefficients in the stochastic part
of the model, δu∗

rms and the Lagrangian correlation time τ , are based on a priori
results of DNS of the same flow. The correlation time τ appears quite independent
of Stokes number, while δu∗

rms slightly varies with Stokes numbers. Almost all LES
particle results are independent of these slight variations and can be predicted well on
the basis of the Stokes number independent stochastic model. The mean relative wall-
normal velocity component is also accurately captured by the model. This velocity
component is key to predicting turbophoresis. Since turbophoresis arises from the
accumulation of the small wall-normal particle motion over a very long time, it is
more strongly dependent on the precise choice of the coefficients. Therefore, the small
dependence of the a priori results on Stokes number has nevertheless been taken into
account to obtain good agreement with DNS results for all particle sizes.

For particles with small Stokes number an important requirement is that the stochastic
model satisfies the well-mixed condition. Conversely, the inclusion of the well-mixed
term in the model was found to deteriorate the results for larger particles. Therefore,
a Stokes-number dependent well-mixed term has been proposed. The Stokes-number
dependency can be well described by the function f(St) = exp(−St/2), as was ob-
tained from a direct comparison with DNS results over a range of Stokes numbers.

In the present model a Gaussian white noise term has been applied. In the future it
will be investigated whether the application of non-Gaussian white noise will lead to
further improvement of the model. Moreover, it will be studied whether the model
coefficients that are now obtained from the a priori results can also be found from
a LES alone, leading to a particle model that is fully obtained without reference to
DNS input. The close resemblance between the Lagrangian correlation time τ and
the resolved Kolmogorov time might be useful in this respect.
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Chapter

5
LES of droplet-laden

pipe flow

In this chapter, LES of droplet-laden pipe flow is described. The flow is considered
as incompressible and isothermal. In the next section the numerical methods used
for the fluid and droplets are described. Finally, results of the LES are presented in
comparison with results of DNS and for the fluid with LDA measurements as well.
Moreover, choices made based on this comparison are explained.

5.1 Introduction

A few examples of DNS and LES simulations performed in simple geometries were
mentioned in the introduction of Chapter 3. Most of them were conducted in a channel
flow geometry, except [62, 99] referring to a pipe geometry. Results of performed LES
of pipe-flow are validated by comparison with results of DNS [101, 103] of pipe flow
at the same Reynolds number Reb = 10.300 based on the bulk velocity.

This part of the study is aimed at implementation of the sub-grid model for droplets in
FLUENT and evaluation of the FLUENT accuracy in LES of droplet-laden turbulent
flow.

5.2 Equations and numerical method for the fluid

The numerical methods presented in this section are fully described in [6, 7].

5.2.1 Flow solver

The pressure-based approach available in FLUENT was initially proposed for incom-
pressible and mildly compressible flows and the density-based solver for high-speed
compressible flows. Now, both solvers can be used in a wide range of flows, but in
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some cases (i.e. shock waves) the density-based solver should be used. The flow in
this chapter pipe flow is incompressible and the pressure-based solver was chosen. The
pressure-based solver allows to choose between two algorithms: a segregated and a
coupled algorithm. The process of the calculation of each single iteration is composed
of several steps. First, after update of the fluid properties (e.g., density, viscosity,
specific heat, turbulent viscosity), the momentum equations are solved sequentially.
Next, the pressure correction is solved with the velocity field and the mass-flux from
the last step. Then, the pressure, velocity, and mass flux correction is done with the
use of the results of the previous step. Finally, before the convergence is checked, the
energy, species, turbulence, and other scalar equations are solved. The iterations are
repeated until the convergence criteria are satisfied. The segregated algorithm needs
to store only one equation at the time in memory, unlike the coupled algorithm. The
pressure-based coupled algorithm solves the system of momentum and pressure-based
continuity equations simultaneously. Therefore, convergence of the solution with the
segregated algorithm is slower than with the coupled algorithm.

5.2.2 Discretization

For the spatial discretization, a finite volume method is used in FLUENT. It means
that a general transport equation is integrated over each control volume. The integra-
tion over an arbitrary controle volume yields a discrete equation with the unknown
scalar variables not only in the cell center, but also in the center of all surrounding
cells with a common face. Due to the similarity of the equations for each cell, a system
of equations can be created.

The conservation equation for a scalar φ in integral form for an arbitrary control
volume reads as follows:

∫

V

∂ρφ

∂t
dV +

∮
ρφu · dA =

∮
Γφ∇φ · dA +

∫

V

SφdV, (5.1)

where u is a velocity vector, A is a surface area vector, Γφ is the diffusion coefficient
for φ, and Sφ is the source of φ.

Due to the incompressible and isothermal conditions of the flow and the lack of any
other passive scalars in this case, FLUENT solves only the momentum and continuity
equations. Therefore, the general transport equation (5.1) becomes the momentum
equation by replacing the arbitrary scalar by a velocity component. The discretization
of the governing equations is explained on example of the steady state equations. The
chosen discretization of the unsteady term is described in a separate section.

Discretization of the momentum equation

The steady-state momentum equation in integral form reads as follows:
∮

ρuu · dA =

∮
pI · dA +

∮
τ +

∫

V

FdV, (5.2)
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where τ is the stress tensor and F is the force vector. This equation can be discretized
and presented in linearized form:

a0u =
∑

nb

anbunb +
∑

f

pfA · î, (5.3)

where indices 0 and nb refer to the cell c0 and to surrounding cells, a0 and anb are
the linearized coefficients for u and unb. The pressure pf is the pressure at the face
between two cells c0 and c1. This value is not stored in FLUENT and has to be
interpolated, since only the pressure and velocity values of the cell center are known.

The second-order accurate bounded central-differencing method was used as the dis-
cretization scheme for the momentum equations. The advantage of the central differ-
encing method is low numerical diffusion. Unfortunately, this often leads to unphys-
ical oscillations in the solution especially in LES where the sub-grid scale turbulent
viscosity is low. The bounded central differencing scheme is based on the normal-
ized variable diagram (NVD) [49] with the convection boundedness criterion (CBC).
The bounded central differencing method is a composite NVD-scheme consisting of
different schemes. These are a central difference scheme, a combination of central
differences and the second-order upwind method, and the first order upwind scheme.
The latter is used only when the convection boundedness criterion is violated.

Pressure interpolation scheme

A standard method is used to interpolate the pressure values at the faces. This
method uses momentum equation coefficients [81] and can be presented as follows:

pf =

p0

a0

+ p1

a1

1
a0

+ 1
a1

. (5.4)

Discretization of the continuity equation

In integral form the steady-state continuity equation reads as follows:
∮

ρu · dA = 0. (5.5)

Integrated over the control volumes the equation can be discretized and presented in
the form:

∑

f

JfAf = 0, (5.6)

where the mass flux through the face f is Jf = ρfuf , so the velocity values at the faces
need to be known. Unfortunately, linear interpolation leads to checker-boarding of
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the pressure. Therefore, a method proposed by Rhie & Chow [81] is used. Thus, the
velocity value at the face is averaged with the weighting factors a from Equation 5.3.
Consequently, the mass flux through the face reads:

Jf = ρf
a0u0 + a1u1

a0 + a1
+ df ((p0 + (∇p0) · r0)− (p1 + (∇p1) · r1)), (5.7)

where indices 0 and 1 refer respectively to the two cells on both sides of the face f ,
df is a function of the average of a for these cells, ρf is the density value at the face
f , and r is the vector between the center of c0 and c1. For incompressible flows, the
density interpolation is the arithmetic average.

Pressure-velocity coupling

The SIMPLE algorithm uses the segregated pressure-based solver. The SIMPLE al-
gorithm is repeated until convergence requirements are satisfied and can be described
in four steps. First, the momentum equation is solved using a guessed pressure p∗.
Thus, the continuity equation is not satisfied by the face flux J∗

f , calculated according
to Equation (5.7) in the form:

J∗

f = Ĵ∗

f + df (p
∗

0 − p∗1). (5.8)

where Ĵ∗ represents the effect of the velocity in the two cells. Therefore, as the second
step, a correction J ′

f is added to the face flux J∗

f . The corrected face flux satisfies the
continuity equation and can be presented as follows:

Jf = Ĵ∗

f + J ′

f . (5.9)

where J ′

f = df (p
′

0 − p′1) with the pressure correction p′. As the third step, Equa-
tions (5.8) and (5.9) are substituted into the discrete continuity equation (5.6). It
results in the discrete pressure correction equation:

app
′ =

∑

f

afp
′

f +
∑

f

J∗

fAf . (5.10)

Next, the cell pressure is corrected as follows:

p = p∗ + αpp
′, (5.11)

where αp is the under-relaxation factor for the pressure. Finally, the face flux is
corrected using equation (5.9).

Gradient and derivatives calculation method

The least squares cell-based method was chosen to calculate gradients and derivatives.
A linear variation is assumed and can be presented as follows:

(∇φ)0δri = φi − φ0, (5.12)
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where δri is the vector between the centroid 0 and i. With a similar equation for each
cell surrounding cell 0 a system of equations can be expressed as:

[J ](∇φ)0 = ∆φ, (5.13)

where [J] is the geometry coefficient matrix. To determine the cell gradient ∇φ0 the
linear system of equations (5.13) is solved by decomposition of the coefficient matrix
with the Gram-Schmidt process [5]. The decomposition results in a matrix of weights
for each cell. The weight components W x

i0, W
y
i0, and W z

i0 are created for each face of
the cell 0. Thus, the gradient can be calculated as follows:

(φj)0 =
∑

i

W j
0 (φi − φ0), (5.14)

where j is a direction of the gradient.

Time discretization

The unsteady term of the momentum equation can be generally discretized with
two methods: explicit and implicit. The explicit method is available only for the
density-based solver. Therefore, the second-order implicit method was used. When
the first-order implicit discretization of a scalar quantity φ can be presented as:

φn+1 − φn

∆t
= F (φn+1), (5.15)

the second-order implicit method is given by:

3φn+1 − 4φn + φn−1

2∆t
= F (φn+1), (5.16)

where n+1 is a value at the next time step, n is at the current time step, n− 1 is at
the previous time step. The benefit of the implicit method is unconditional stability
with respect to time step size. Thus, in general, larger time steps are allowed. Note,
however, that a larger time step size in general requires more iterations.

5.2.3 Boundary conditions

No-slip conditions are set at the walls. Periodic boundary conditions are applied in
the streamwise direction and read u(z, φ, r) = u(z + L, φ, r).

5.3 Equations and numerical methods for the droplets

As in the previous chapter, the Euler-Lagrange approach was used to solve the droplet-
laden flow. The Lagrangian phase model is available in FLUENT. No phase change
and heat exchange occurred because of the adiabatic conditions of the incompressible
flow. Thus, the droplets were chosen to be of inert type.
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5.3.1 Integration of the droplet equations

The trajectories of droplets are solved by integration of the droplet equation of motion
over the discrete time steps. The equation can be written as:

du

dt
= FD(u− v) + FX , (5.17)

where FX is the body force per unit particle mass, FD(u−v) is the drag force per unit
particle mass with v the droplet velocity, u the fluid velocity at the droplet position,
and

FD =
18µ

ρdd2d

CDRe
24

, (5.18)

where µ is the molecular viscosity of the fluid, ρd the droplet mass density, dd the
droplet diameter, Red = ρdd|v − u|/µ the relative Reynolds number with ρ the fluid
mass density, and CD is the drag coefficient. The Schiller & Naumann [86] approx-
imation for the drag coefficient CD is not available in FLUENT. Instead, the ap-
proximation proposed by Morsi & Alexander [68] is available as the spherical drag
law. This approximation extends the allowed range of the Reynolds number up to
Red = 5 · 104. The drag coefficient is approximated as follows:

CD = a+
b

Red
+

c

Re2d
, (5.19)

where a, b, and c are the coefficients presented in Table 5.1.

Range a b c

0 < Re < 0.1 0 24 0
0.1 < Re < 1 3.69 22.73 0.0903
1 < Re < 10 1.222 29.1667 -3.8889
10 < Re < 102 0.6167 46.5 -116.67
102 < Re < 103 0.3644 98.33 -2778

103 < Re < 5 · 103 0.357 148.62 −4.75 · 104
5 · 103 < Re < 104 0.46 -490.546 57.87 · 104
104 < Re < 5 · 104 0.5191 -1662.5 5.4167 · 106

Table 5.1. The drag coefficients in the spherical drag law in FLUENT.

Equation 5.17 can be presented in the general form:

dv

dt
=

u− v

τd
+ a, (5.20)

where a is the acceleration caused by body forces.

The Automated Tracking Scheme was used. This is an automated mechanism which
switches between a numerically stable lower order scheme and a numerically stable
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scheme which is of higher order in a limited range only. The higher order scheme is
used when the droplet is in a state far from hydrodynamic equilibrium. The lower
order scheme is used when the droplet reaches hydrodynamic equilibrium i.e. if the
particle velocity is much different from the fluid velocity at the particle position. As
the lower order scheme the Euler implicit scheme was chosen and as the higher order
scheme the trapezoidal scheme. For the Euler implicit discretization scheme the new
droplet velocity can be presented as follows:

v
n+1 =

v
n +∆t(a+ u

n

τd
)

1 + ∆t
τd

. (5.21)

The trapezoidal discretization scheme reads:

v
n+1 − v

n

∆t
=

1

τd
(u∗ − v

∗) + an, (5.22)

where v
∗ and u

∗ are computed as follows:

v
∗ =

1

2
(vn + v

n+1), (5.23)

u
∗ =

1

2
(un + u

n+1), (5.24)

with

u
n+1 = u

n +∆tvn · ∇u
n. (5.25)

Finally, the new velocity of the droplet at the new location can be obtained by solving:

v
n+1 =

v
n(1− 1

2
∆t
τd
) + ∆t

τd
(un +∆tvn · ∇u

n) + ∆ta

1 + 1
2
∆t
τd

. (5.26)

The new droplet location is always calculated with the use of the trapezoidal dis-
cretization scheme and can be presented as follows:

x
n+1 = x

n +
1

2
∆t(vn + v

n+1). (5.27)

5.3.2 Boundary conditions

The droplets are initially homogenously and randomly distributed over the whole
domain. The initial droplet velocity is equal to the fluid velocity at the droplet
position.

At the walls (R = 0.02 m), fully elastic collisions of the droplet occur. It means
that the wall-normal coordinate and velocity component are reflected. The periodic
boundary conditions read v(z, φ, r) = v(z + L, φ, r).
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5.4 Mesh and setup of the simulations

The length of the domain is equal to five diameters (d = 40 mm). A cross-section of
the mesh is presented in Figure 5.1. The mesh is uniform in axial direction.

Figure 5.1. The cross section of the pipe domain.

The number of nodes is equal to 77, 078, what corresponds to a number of cells equal
79, 860. The numbers of points in axial and tangential direction were equal to 33
and 64 respectively. As can be seen in Figure 5.1, the radial direction can be divided
into three main regions. The first outer region contains 23 nodes creating a smoothly
growing wall boundary zone with growth rate equal to 1.1. The second part can be
seen for R/10 < r < R/2 and is uniform. The inner part for r < R/10 is non-uniform.
This type of mesh provides a good mesh quality in the most important area (close to
the wall) and a relatively good mesh in the center of the pipe.

The requirements for resolved LES (Piomelli & Balaras [72]) were satisfied, because
∆z+ = 63 and r+∆φ = 20.5. Due to ∆y+ = 1.1 at the wall the enhanced wall
treatment was used.

The simulation was performed at Reynolds number Reb = 10, 300 based on the bulk
velocity (which corresponds to a Reynolds number Reτ = 510 based on shear velocity),
by fixing the mass flow at 0.0058 kg/s.
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Setup of the droplets

Four sizes of droplets were considered. For each size, the number of droplets was
100, 000. The sizes of the droplets and corresponding Stokes number are presented in
Table 5.2.

St = 0.2 St = 1.0 St = 5.0 St = 25
5.35× 10−6 m 1.19× 10−5 m 2.67× 10−5 m 5.97× 10−5 m

Table 5.2. The diameter of the droplets.

5.5 Results for the fluid

All results of the LES are compared with the results of a DNS at the same bulk
Reynolds number performed by Veenman and Kuerten and published in [101] and [103],
and with the measurement results obtained by Liew [53]. The dynamic eddy-viscosity
model is used.

The fluctuations presented as a root mean square (RMS) of the fluid velocity predicted
by LES are compared with the RMS of the filtered fluid velocity found from DNS.
All quantities are averaged over the axial and tangential direction and time and are
presented as a function of the normalized radial coordinate r/R.

Figure 5.2 presents the profile of the mean axial fluid velocity as a function of the
radial coordinate for Reb = 10, 300. The results of the measurements almost perfectly
match with the results of the DNS. The prediction of the mean axial velocity obtained
with the LES is not so good. Figure 5.3 shows the RMS of the axial fluid velocity
component as a function of the radial coordinate for Reb = 10, 300. The dynamic
eddy-viscosity model over-predicts the axial velocity fluctuations. Moreover, the peak
is shifted toward the pipe axis. Figure 5.4 presents the RMS of the radial fluid velocity
component as a function of the radial coordinate for Reb = 10, 300. This quantity is
also badly predicted by the dynamic eddy-viscosity model. The difference between
the LES and the DNS, especially close to the wall, is huge. A similarly big under-
prediction occurs in the tangential velocity component. Despite the fact that these
drawbacks are well known properties of the LES of wall-bounded flows, the prediction
should be better. In this case, the mesh is fine enough, because the average value
of the ratio of turbulent viscosity and molecular viscosity is equal to 0.26 with a
local maximum equal to 5. It means that the amount of unresolved scales is not big.
Nevertheless, FLUENT yields a bad prediction of the fluid properties.
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Figure 5.2. The profile of the mean axial fluid velocity as
a function of the radial coordinate for Reb = 10, 300; solid:
DNS, dashed: LES, pluses: measurement points [53].
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Figure 5.3. The RMS of the axial fluid velocity component
as a function of the radial coordinate for Reb = 10, 300; solid:
DNS, dashed: LES, pluses: measurement points [53].
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Figure 5.4. The RMS of the radial fluid velocity compo-
nent as a function of the radial coordinate for Reb = 10, 300;
solid: DNS, dashed: LES, pluses: measurement points [53].

The mesh quality was validated by a set of simulations with the use of finer meshes.
Three finer meshes (one with a double amount of points in axial, another in radial
and another in tangential direction) were tested. Results obtained with these meshes
were almost identical to the results on the previous mesh.

5.6 Results for the droplets

Also for statistical droplet quantities, results of the LES are compared with the results
of the DNS. The dynamic eddy-viscosity model is used for the fluid. Two sets of
simulations were performed: one with sub-grid model for the droplets based on the
approximate deconvolution and one without.

The fluctuations presented as a root mean square (RMS) of the fluid velocity resulting
from the LES are compared with the RMS of the filtered fluid velocity from the DNS.
All quantities are averaged over the axial and tangential direction and time. The
droplet velocity properties and the concentration profile are presented as a function
of normalized radial coordinate r/R. The concentration of the droplets at the wall
is presented as a function of the non-dimensionalized time t+ = tub/r. The droplet
concentration is non-dimensionalized and is equal to c = 1 when a homogenous dis-
tribution occurs (initial state).

Figure 5.5 presents the mean axial droplet velocity profile as a function of the radial
coordinate for Reb = 10, 300 and St = 5. The lines corresponding to both LES
simulations overlap. It means that there is no influence of the sub-grid model for the
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Figure 5.5. The profile of the mean axial droplet velocity
as a function of the radial coordinate for Reb = 10, 300 and
St = 5; solid: DNS, dashed: LES without sub-grid model
for the droplets, dotted: LES with sub-grid model for the
droplets.
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Figure 5.6. The RMS of the axial droplet velocity compo-
nent as a function of the radial coordinate for ReB = 10, 300
and St = 5; solid: DNS, dashed: LES without sub-grid
model for the droplets, dotted: LES with sub-grid model
for the droplets.
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Figure 5.7. The RMS of the radial droplet velocity compo-
nent as a function of the radial coordinate for Reb = 10, 300
and St = 5; solid: DNS, dashed: LES without sub-grid
model for the droplets, dotted: LES with sub-grid model
for the droplets.
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Figure 5.8. The profile of the concentration of the droplets
as a function of the radial coordinate for Reb = 10, 300 and
St = 5; solid: DNS, dashed: LES without sub-grid model
for the droplets, dotted: LES with sub-grid model for the
droplets.
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droplets on the mean axial droplet velocity. The prediction of the LES simulations is
not so good.

Figure 5.6 presents the RMS of the axial droplet velocity component as a function of
the radial coordinate for Reτ = 10, 300 and St = 5. Again, the LES over-predicts the
fluctuations in the axial direction. The results deteriorate by the use of the sub-grid
model for the droplets.

Figure 5.7 presents the RMS of the radial droplet velocity component as a function of
the radial coordinate for Reb = 10, 300 and St = 5. The results of the LES are highly
under-predicted. Additionally, the improvement by the use of the sub-grid model for
the droplets is small.

Figure 5.8 shows the profile of the concentration of the droplets as a function of the
radial coordinate for Reb = 10, 300, St = 5, and t+ = 200. Figure 5.9 presents the
concentration of the droplets at the wall as a function t+ for Reb = 10, 300 and St = 5.
Also these quantities are badly predicted by the LES. In both cases, the improvements
caused by the sub-grid model for the droplets is small.
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Figure 5.9. The concentration of droplets near the wall
as a function of t+ for Reb = 10, 300 and St = 5; solid:
DNS, dashed: LES without sub-grid model for the droplets,
dotted: LES with sub-grid model for the droplets.

5.7 Conclusions

The dynamic eddy-viscosity model overpredicts the axial fluid velocity fluctuations
and underpredicts fluctuations in the radial and tangential components despite the
satisfied requirements for resolved LES (Piomelli & Balaras [72]). For this grid, the
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energy in the unresolved scales is not large. An improvement of the predicted fluid
results can possibly be obtained by increasing the grid resolution. However, then the
simulation would be closer to DNS than to LES due to the negligible effect of the
missing scales.

The different method of the defiltering operation in FLUENT (see Section 2.3.1) with
a larger effect than in channel flow allows us to expect stronger recovery of the energy.
However, the improvement of particle results is small. The reason for this is the poor
representation of the fluid statistics obtained with FLUENT and the low number of
unresolved scales. The effect of the sub-grid model for particle is larger if the energy
in the unresolved scales of the fluid is larger.
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Chapter

6
LES of the

droplet-laden

Ranque-Hilsch vortex

tube1

In this chapter, in the first section a review of a most important experimental and
numerical work of the RHVT is presented. In the second section numerical methods
used for the fluid and droplets are described. Finally, results of the LES are presented
and compared with experimental results.

6.1 Introduction

The RHVT is commonly used in industry, although the nature of the flow inside is
not well understood, especially the energy separation. A literature review of the most
relevant experimental work and numerical investigations is presented in Chapter 1.

In our research attention is paid to the counter-flow RHVT with eight inlets and a
vortex chamber. The unique conditions of the flow inside the RHVT allow us to
expect good capabilities for droplet separation. First, the tangentially introduced
gas is expanded in the vortex chamber. This leads to the temperature drop and
condensation of droplets. Secondly, the gas is accelerated and a large swirl occurs,
which causes the movement of the droplets towards the wall. The main drawback of
the RHVT used as a droplet separator is the large pressure drop between the inlet
and the outlets. However, in industry, in many cases a highly pressurized gas has to
be throttled to lower pressure and this is the situation where the use of the RHVT
could be beneficial.

The main goals of this research are the investigation and improvement of the sepa-
ration rate. The numerical part of the research aims at a droplet-laden large-eddy

1This chapter will be published as [66]
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simulation (LES) of the RHVT. The results of the LES will be validated by means of
comparisons with the results of laser Doppler anemometry (LDA) measurements of
droplet velocity, concentration and size in the RHVT. The LES utilizes the commercial
Computational Fluid Dynamics (CFD) package ANSYS FLUENT.

6.2 Equations and numerical method for the fluid

The numerical methods presented in this section are fully described in [6, 7].

6.2.1 Flow solver

Since the flow in the RHVT is compressible, initially the density-based solver was
used. However, the energy convergence criteria were not satisfied. Also the time
step was required to be very small (in the order of ns) to obtain relatively good
convergence. Local improvements of the mesh in the areas with the highest residuals
did not improve the convergence. Thus, due to the extremely short time step, the
total calculation time of the LES was unacceptable for a simulation flow time of tens of
milliseconds. Therefore, the type of the solver was changed into the coupled pressure-
based solver. The coupled pressure-based solver can be used for compressible flows
without shock waves. The coupled pressure-based solver is recommended for transient
flows with a poor mesh quality or a large time step. After the change of the solver,
the convergence criteria are met within less than ten iterations for a much larger time
step (0.5µs).

The segregated pressure-based solver has been described in the previous chapter.
The coupled pressure-based solver solves the momentum and pressure-based conti-
nuity equation simultaneously. This is the reason for faster convergence than in the
separated solver. Due to an implicit discretization of pressure gradient terms in the
momentum equation and the face mass flux with the Rhie-Chow pressure dissipation
terms, the coupling is fully implicit.

6.2.2 Discretization

Discretization of the momentum and the continuity equation

The discretized momentum equation can be presented in the following form:

a0u =
∑

nb

anbunb +
∑

f

pfA · î, (6.1)

where indices 0 and nb refer to cell c0 and to the surrounding cells, a0 and anb are
the linearized coefficients for u and unb. The pressure pf is the pressure at the face
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between two cells c0 and c1. The pressure gradient for component k can be presented
in the form:

∑

f

pfAk = −
∑

j

aukppj , (6.2)

where aukp is the coefficient derived from the Gauss divergence theorem. Therefore,
the discretized momentum equation for component uk results in:

∑

j

aukuk

ij ukj +
∑

j

aukp
ij pj = buk

i . (6.3)

The discretized continuity equation

∑

f

JfAf = 0, (6.4)

can be presented in a similar form:

∑

k

∑

j

apuk

ij ukj +
∑

j

appij pj = bpi . (6.5)

Equations (6.3) and (6.5) can be written as:

∑

j

[A]ijXj = Bi, (6.6)

where Aij describes the influence of cell i on cell j, Xj are the unknowns and Bi are
residuals and they have the following form:

Aij =




appij apuij apvij apwij
aupij auuij auvij auwij
avpij avuij avvij avwij
awp
ij awu

ij awv
ij aww

ij


 , (6.7)

Xj =




p′i
u′

i

v′i
w′

i


 . (6.8)

and

Bi =




−rpi
−rui
−rvi
−rwi


 . (6.9)
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The second-order accurate bounded central-differencing method was used as the dis-
cretization scheme for the momentum equations. The advantage of this method is
the low amount of numerical diffusion. Unfortunately, this often leads to unphysical
oscillations in the solution, which are enhanced in LES by the usually low sub-grid
scale turbulent diffusivity. The bounded central differencing scheme is based on the
normalized variable diagram (NVD) [49] with the convection boundedness criterion
(CBC). The bounded central differencing method is a composite NVD-scheme con-
sisting of different schemes. These are a central difference scheme, a combination of
central differences and the second-order upwind scheme, and the first order upwind
scheme. The latter is only used when the convection boundedness criterion is violated.

Pressure interpolation scheme

A second-order method is used to interpolate the pressure at the cell faces.

Gradient and derivatives calculation method

The least squares cell-based method was chosen to calculate gradients and derivatives.
A linear variation is assumed and can be presented as follows:

(∇φ)0δri = φi − φ0, (6.10)

where δri is the vector between the centroids 0 and i. With a similar equation for
each cell surrounding cell 0 a system of equations can be expressed as:

[J ](∇φ)0 = ∆φ, (6.11)

where [J] is the geometry coefficient matrix. To determine the cell gradient ∇φ0 the
linear system of equations (6.11) is solved by decomposition of the coefficient matrix
with the Gram-Schmidt process [5]. The decomposition results in a matrix of weights
for each cell. The weight components W x

i0, W
y
i0, and W z

i0 are created for each face of
the cell 0. Thus, the gradient can be calculated as follows:

(φj)0 =
∑

i

W j
0 (φi − φ0), (6.12)

where j is a direction of the gradient.

Density and energy interpolation method

The second-order upwind scheme is used to estimate the values of density and energy
at cell faces. The face value φf is calculated as follows:

φf = φ+∇φ · r, (6.13)

where φ is the cell-centered value, ∇φ the gradient of the cell-centered value in the
upstream cell, and r is the displacement vector from the upstream cell centroid to the
face centroid.
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Time discretization

A second-order implicit method was used which can be presented as follows, if we
write the governing equations in the form ∂φ

∂t = F (φ) for integration of the equations
in time:

3φn+1 − 4φn + φn+1

2∆t
= F (φn+1). (6.14)

Here n+ 1 is a value at the next time step, n is at the current time step and n− 1 is
at the previous time step and F represents spatial discretization. The virtue of the
implicit method is unconditional stability with respect to time step size. Thus, in
general, larger time steps are allowed. However, note that a larger time step results
in a decrease in accuracy and an increase in the number of iterations required to solve
the implicit equation (6.14).

6.2.3 Boundary conditions

The fluid inlet and outlets boundary conditions are presented in Table 6.1. The values
of the quantities presented correspond to the values measured in the experiments.
The temperature at the outlets refers to the temperature of possible backflow and
was measured experimentally [54].

type of boundary total pressure, bar total temperature, K mass flux, g/s

inlet 4.64 298.77 69.80
hot outlet 1.82 318.96 45.37
cold outlet 1.42 262.93 24.43

Table 6.1. The total pressure, total temperature, and mass flux at inlet and outlets for a
mass flow equal to 200 m3

n/h and a cold mass fraction ε = 0.35.

When the mass flux is defined, the boundary pressure is adjusted to conserve the
proper mass flux. In the LES, the mass flux is defined at two boundaries and at the
third only the pressure and temperature. This enables changes in the total amount
of mass present in the system, so that the amount of mass is not determined by the
initial conditions. Therefore, two sets of LES were initially performed. The mass flux
was always defined at the hot outlet. In the first simulation, the second mass flux was
defined at the cold outlet and in the second simulation at the inlet.

At the walls no-slip conditions and an adiabatic condition are applied.
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6.3 Equations and numerical methods for the dis-

crete phase

As in the two previous chapters, the Euler-Lagrange approach was used to solve the
particle-laden flow. The Lagrangian phase model is available in FLUENT. Initially,
no phase change and no heat exchange occurred between the fluid and the particles
because the inert type of particles was chosen. Later, the type of particles in FLUENT
has been changed into ’droplets’. However, only evaporation is available in FLUENT.
The evaporation is based on the saturation pressure, defined for the whole domain.
In our case, the saturation pressure has to be calculated locally, due to the large
differences in pressure and temperature. Therefore, a user defined function (UDF)
has been used to model evaporation.

6.3.1 Particle equations

Particle equations and their methods of integration are the same as used in Chapter 5.
The detailed description of them is in Section 5.3.1.

6.3.2 Droplet equations

The droplet velocity and the droplet position equations are the same as the particle
equations presented in the previous chapter.

The mass transfer follows Bird et al. [11, p. 573] and refers to condensation and
evaporation of a vapor on a droplet surface in the presence of a non-condensable
gas (the condensable water vapor in the non-condensable air). The mass equation of
droplet i can be written as [83]:

dmi

dt
= −miSh

3τdSc
ln

(
1− yv,δ
1− yv,0

)
, (6.15)

where the Schmidt number Sc = µ/(ρD) with µ the dynamic viscosity of the gas, ρ the
gas mass density and D the diffusion coefficient. The dynamic viscosity is calculated
according to Sutherland’s law (in contrast to the flow calculation where it is taken
constant) with three coefficients in the following form:

µ = µ0

(
T

T0

)3/2
T0 + S

T + S
, (6.16)

where T is the static temperature, the reference values: µ0 = 1.716 · 10−5 kg/m·s
and T0 = 273.11 K, and the Sutherland constant S = 110.56 K. The diffusion coeffi-
cient is calculated according to the given correlation D = 0.219 · 10−4 105

p ( T
273.15 )

1.75.

Moreover, Sh = 2 + 0.6Re1/2d Sc1/3 is the Sherwood number and τd = ρdd
2
d/(18ρν)

is the droplet relaxation time with dd the droplet diameter and ρd the droplet mass
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density. The mole fraction of vapor in the surrounding of the droplet is denoted by
yv,δ and equal to RH · p′v/p with p the static pressure of the gas, p′v the saturation
pressure and RH the relative humidity. The mole fraction of vapor at the surface of
the droplet is denoted by yv,0 and equal to p′v/p because the air at the droplet surface
is saturated [73, 89]. The water vapor saturation pressure p′v is calculated from the
following equation [80]:

ln

(
p′v
pc

)
=

(
Tc

T
− 1

)
·

8∑

i=1

Fi[a(T − Tp)]
i−1, (6.17)

where the coefficients are presented in Table 6.2. The difference yv,δ − yv,0 is the
driving quantity for mass transfer in Equation (6.15).

pc 22.089 MPa
Tc 648.284 K
F1 7.419242
F2 2.9721 · 10−1

F3 1.155286 · 10−1

F4 8.685635 · 10−3

F5 1.094098 · 10−3

F6 4.39993 · 10−3

F7 2.520658 · 10−3

F8 5.218684 · 10−4

a 0.01
Tp 338.15 K

Table 6.2. The coefficients in Equation 6.17.

The droplet temperature changes due to condensation, evaporation, convection, and
conduction. The temperature equation of droplet i is derived from the internal energy
equation and can be written as [83]:

dTi

dt
=

1

micp,l

[
(hv − hl)

dmi

dt
+ hmAi(T (xi, t)− Ti)

]
, (6.18)

where Ai is the droplet surface area, T (xi, t) the gas temperature at the droplet
position xi, cp,l = 4182 J/kgK the specific heat of liquid water, hl = cl(T − 273.15)
the specific enthalpy of liquid water, hv = l0 + cp,v(T − 273.15) the specific enthalpy
of water vapor with l0 = 2502 kJ/kg the latent heat of evaporation at 273.15 K and
cp,v = 1840 J/kgK the specific heat of water vapor. The heat transfer coefficient hm

is calculated according to [11] in the following form:

hmdd
kg

= 2 + 0.6Re1/2p Pr1/3, (6.19)
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where Pr is is the Prandtl number of the gas and k is the thermal conductivity of the
gas given by [79]:

k = 2.334 · 10−3 T 3/2

164.54 + T
. (6.20)

6.3.3 Boundary conditions

The initial particle and droplet velocity and temperature are equal to the mean fluid
velocity and temperature at the droplet position.

At the walls, particles and droplets are trapped. In the next time step a trapped
droplet does not exist anymore. At the outlets droplets escape.

The minimum diameter of evaporating droplets is limited to 0.1 µm.

6.4 Mesh and setup of the simulations

The geometry and grid of the RHVT were developed and changed several times. An
isometric view of the initial computational domain is presented in Figure 6.1. A
section through the vortex chamber is presented in Figure 6.2. The section through
the vortex tube is identical to the part up to r = 20 mm of the section through the
vortex chamber. The geometry is similar to the real geometry of the RHVT from the
experimental part of the project. The domain contains a vortex chamber with eight
tangential inlet slots with dimensions 1x14 mm and total length of 3 mm (between
inlet and the tangent point at the outer radius). The diameter of the vortex tube is
equal to 40 mm and the diameter of the vortex chamber is 80 mm. Two outlets are

Figure 6.1. Isometric view of the original domain.
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Figure 6.2. Mesh of the original domain.

present on the opposite sides of the RHVT. The cold outlet diameter is equal to 15
mm and the hot outlet dimensions are: rin = 17 mm and rout = 20 mm. These values
remained always constant during the evolution of the RHVT geometry and mesh.

The main improvements of the domain and mesh of the RHVT are: an improvement
of the tangential inlet area (see Figures 6.2 and 6.5), an elongation of the vortex tube
from 300 mm to 500 mm and an added pipe at the cold outlet. Several geometries
were tried for the cold outlet geometry. The first attempt was a 50 mm long pipe. Due
to the high swirl velocity at the cold outlet, the simulation was unstable. Figure 6.3
presents another geometry that has been tested. It is a diverging pipe with angle

Figure 6.3. Isometric view of the domain with diffusor at the cold outlet.
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of divergence equal to 10°and length equal to 70 mm. The area ratio between the
beginning of the diffusor and the end equals 7 and yields a substantial decay of the
tangential velocity. However, the remaining tangential velocity was still high enough
to cause the same stability problem. Therefore, the next cold outlet geometry aimed
at a complete decay of the swirl. A swirl damper is placed in the cold outlet geometry
between axial coordinate x = −80 mm and x = −160 mm. The other parts of the
cold outlet geometry are tubes. The swirl damper consists of two perpendicular plates
parallel to the axial direction with a length of 80 mm. The swirl damper is present
in the geometry presented in Figure 6.4. The section of the mesh through the vortex
chamber is presented in Figure 6.5. Table 6.3 presents the main differences between
the initial grid and the final grid. In all cases, due to the fact that δr+ >30 at the
wall, standard wall functions are used.

Figure 6.4. Isometric view of the final domain.

Figure 6.5. Mesh of the final domain.

The cold mass fraction, defined as a ration od the mass leaving the RHVT through
the cold outlet to the total mass flow, is equal 0.35.
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mesh original final

no. of cells in tangential direction 160 112
no. of cells in radial direction (0 < r < 0.2) 54 63

no. of cells in radial direction (0.2 < r < 0.4) 64 59
no. of cells 1,860,398 3,223,596
no. of nodes 1,900,324 3,132,866

length of the inlet slot, mm 30 3
length of the vortex tube, mm 300 500

Table 6.3. The differences between original and final mesh.

Setup of the particles and droplets

Initially, four inert particle and droplet types are injected at two points. The diameters
equal 0.5, 1, 1.5, and 2.5 µm. Injection A and B consist of 8 points each rotated by
45◦ around the axis of the RHVT. The position of injection point A is distanced about
0.1 mm from the inlet symmetry point and injection point B has coordinates: z = 20
mm, r = 18 mm. The initial velocity magnitude of the particles injected in point A
is equal to 158.6 m/s and the velocity components of the initial droplet velocity at
point B are: vz = 47.85 m/s, vφ = 224.2 m/s, and vr = 0 m/s. The initial velocity
is equal to the mean (time averaged of LES) fluid velocity at the point of injection.
Droplets were injected in point A only.

6.5 Results for the fluid

First, simulations were performed for the Reynolds-averaged Navier-Stokes equations
with the k − ε turbulence model. The results of this simulation were used as the
initial state for the large-eddy simulation. Since the convergence of the density-based
solver is unacceptable in LES, the coupled pressure-based solver was used. Therefore,
the coupled pressure-based solver was also used in the k − ε model. However, the
pressure-based solver is less stable. Therefore, first a steady solution was obtained
with the density-based k − ε model, then the solver type was changed to coupled
pressure-based. The solution obtained with the coupled pressure-based solver and
the k − ε model was used as the initial state for the LES.

In the LES, the development of the turbulence was observed in several monitor points.
A steady state of turbulence was obtained after 30 ms. The statistical quantities of the
fluid were collected through time averaging over 50 ms. An increase of the averaging
time to 105 ms did not change the statistical results.
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6.5.1 k-ε model

The first simulation was performed with the use of the original domain and the
density-based solver. The results of this simulation are in good agreement with the
measurement data. The measurements were performed by Liew et al. [52]. Figure 6.6
presents the Mach number as a function of the radial coordinate in the middle of the
vortex chamber (z = 7 mm). Very good agreement between the experimental and
numerical results can be observed.
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Figure 6.6. Mach number as a function of the radial co-
ordinate at z = 7 mm; dashed: LES, axial component of
the Mach number; dotted: LES, tangential component of
the Mach number; solid: LES, total Mach number; circles:
experiment, axial component of the Mach number; squares:
experiment, tangential component of the Mach number; di-
amonds: experiment, total Mach number.

The static pressure profile along a radius in the middle of the vortex chamber (z = 7
mm) is shown in Figure 6.7. For this quantity the numerical prediction is in acceptable
agreement with the measurements.

Figure 6.8 shows the mean velocity as a function of the radial coordinate at z = 72
mm. The numerical prediction of the axial and tangential velocity component agrees
well with the experimental data. The solid body rotation is slightly more visible in the
numerical results of the tangential velocity than in the experiment. The discrepancy
between the numerical and experimental results of the mean radial velocity component
might be caused by the fact that the measured velocity is equal to the droplet velocity.
These droplets are influenced by the centrifugal velocity. Moreover, for r > 12 mm
the axial fluid velocity is directed to the cold outlet side of the RHVT.

Another critical issue in the investigation of vortex tubes is the temperature separa-
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Figure 6.7. Static pressure as a function of the radial co-
ordinate at z = 7 mm; solid: LES; circles: experiment.
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Figure 6.8. The mean fluid velocity components as func-
tions of the radial coordinate at z = 72 mm; dashed: LES,
axial component; solid: LES, tangential velocity component;
circles: experiment; dotted: LES, radial velocity compo-
nent; circles: experiment, axial velocity component; squares:
experiment, tangential velocity component; diamonds: ex-
periment, radial velocity component.
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tion. Figure 6.9 illustrates the temperature separation in the original domain. The
static and total temperatures at both exits are compared with the measured values
and the agreement is quite good. Under-prediction of the temperature separation
was observed several times in previous investigations [25]. In the present simulation
this is partially caused by the insufficient length of the vortex tube, as can be seen in
Figure 6.10.
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Figure 6.9. Temperature as a function of the radial co-
ordinate at hot and cold outlet plane; solid: experiment;
squares: the total temperature at the hot outlet; circles:
static temperature at the hot outlet; dotted with squares:
total temperature at the cold outlet; dotted with circles:
static temperature at the cold outlet.

Figure 6.10 presents the static temperature as a function of the axial coordinate for
two radial positions: at the axis (r = 0) and at r = 16 mm. The profiles of the
temperature have an unnaturally large gradient close to the hot outlet. Therefore,
as one of the next modifications an elongation of the vortex tube domain to 500 mm
was performed.

Additionally, three finer meshes were assessed. The first finer mesh has almost two
times finer resolution in the axial direction. The second finer mesh has twice as many
grid points in the tangential direction. In the last finer mesh the largest grid size
in radial direction is reduced by a factor of two, while keeping the same resolution
very close to the wall. The results obtained with the use of the finer meshes are very
close to the results obtained with the original mesh and the discrepancy is negligible.
Similarly, the possibility of mesh coarsening was assessed. The coarser mesh has two
times less nodes in the tangential and axial direction. With this mesh, a deterioration
of the results is visible. Therefore, the original mesh was used as the basis for further
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Figure 6.10. Static temperature as a function of the axial
coordinate; dotted: at r = 16 mm; solid: along the axis.
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Figure 6.11. Mean radial fluid velocity as a function of
the axial coordinate obtained with the k− ǫ model at y = 0
mm; solid: density-based solver at x = 16 mm; solid with
circles: coupled pressure-based solver at x = 16 mm; dot-
ted: density-based solver at x = 2 mm; dotted with circles:
coupled pressure-based solver at x = 2 mm.

improvements.
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After the change of the solver type from density based to coupled pressure-based
the convergence was substantially improved. The rate of convergence is not the only
change in the FLUENT performance. All results of the density-based solver are axially
symmetric in the whole domain of the RHVT. The results in e.g. the vortex chamber
are divided into 8 periodic parts. This implies that the center of the vortex coincides
with the axis. The final solution of the density based solver was used as the initial
state for the pressure-based solver.

After the change of the solver to coupled pressure-based, the steady state solution is
not axisymmetric. The center of the vortex rotates around the pipe axis. This refers
to all flow quantities and is presented in Figures 6.11- 6.13.

Figure 6.11 shows the mean radial fluid velocity component as a function of the ax-
ial coordinate at two different x−coordinates and at y = 0 mm for the two solvers.
Lines representing the density-based solver are smooth with values close to zero. The
oscillations are stronger close to the axis. Figure 6.12 presents the mean tangen-
tial fluid velocity component as a function of the axial coordinate at three different
x−coordinates and at y = 0 mm for the two solvers. Apart from the presence of
oscillations, the swirl velocity is more strongly damped in the couple-pressure-based
solver. The reason of the asymmetry is that the center of the vortex does not coincide
with the axis, especially in a range of axial coordinates between 100 and 300 mm. The
solver change also affects the temperature properties. Figure 6.13 presents the mean
static fluid temperature as a function of the axial coordinate at three different radial
coordinates for the two solvers. For both solvers the static temperature in the center

0 0.1 0.2 0.3 0.4 0.5
−50

0

50

100

150

200

250

z, m

u φ, 
m

/s

Figure 6.12. Mean tangential fluid velocity as a function of
the axial coordinate obtained with the k− ǫ model at y = 0;
solid: x = 16 and y = 0 mm; dotted: r = 5 mm; dashed:
r = 2 mm; lines with circles: coupled pressure-based solver;
lines without circles: density based solver.
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Figure 6.13. Static fluid temperature as a function of the
axial coordinate obtained with the k − ǫ model at y = 0
mm; solid: density-based solver at x = 16 mm; solid with
circles: coupled pressure-based solver at x = 16 mm; dot-
ted: density-based solver at x = 5 mm; dotted with circles:
coupled pressure-based solver at x = 5 mm.
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Figure 6.14. Instantaneous axial fluid velocity as a func-
tion of time at the axis at z = 17 mm.

is higher than in the peripheral area for axial coordinate z ≤ 260 mm and the opposite
for the remaining part of the vortex tube. However, the temperature separation is
about 7 K higher when the pressure-based is used than with the density-based solver.
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Because of these results the occurrence of vortex wobbling in a non-stationary simu-
lation was investigated. The initial state of the flow for the transient simulation was
equal to the state obtained by the steady simulation. The time step was equal to 0.5
µs. Decay of the oscillatory character of the flow is presented in Figure 6.14, where
the axial velocity is shown as a function of time at the axis at z = 17 mm.

Conclusions

The density-based k − ε model predicts the flow field in the RHVT well and also
the temperature separation inside the RHVT is accurately predicted with an axi-
symmetric solution for all quantities. The coupled pressure solver results in a non
axisymmetric solution in a steady simulation. The asymmetry disappears in time
when a transient simulation is performed, which indicates that the solution obtained
with the coupled pressure based solver is not the real steady solution.

6.5.2 Large-eddy simulation

The LES was started with the initial condition obtained with the k − ǫ model with
the coupled pressure-based solver. The solution was observed in six monitor points
placed all over the computational domain in order to know when the steady state
is obtained. Figure 6.15 presents the instantaneous tangential fluid velocity as a
function of time. It can be seen that initially the tangential velocity seems similar
to the solution of the coupled pressure-based k − ǫ model with changes caused by
the vortex wobbling. Small scales of turbulence appear after a small time (300µs). A
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Figure 6.15. Instantaneous tangential velocity as a func-
tion of time at z = 17 mm, r = 17.5 mm.
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steady state of turbulence in the whole domain was obtained after 30 ms and a steady
state of turbulence at z = 17 mm, r = 17.5 mm is obtained after 20 ms. The scope
of time presented in Figure 6.15 is smaller to show the transition to turbulence. The
mean value of the tangential velocity in the steady state is equal to 240 m/s and the
RMS of the tangential velocity is equal to 22 m/s. After a steady state of turbulence
was obtained, the time statistics were initialized and collected through the next 50
ms. After this time, the time statistics were still collected through 105 ms in total.
However, no significant changes were observed during this time. Figures 6.16 - 6.26
show some of the collected statistical quantities.

Figure 6.16 presents a contour plot of the mean axial fluid velocity in a half section of
the RHVT domain. Figure 6.17 presents the same quantity as a function of the radial
coordinate at several axial coordinates. The mean axial fluid velocity presented in the
figure has the same trend as the results of the RANS simulation. Positive values of
this quantity are found in the peripheral area of the vortex tube and negative values
in the core. However, this time a "camels hump" in the axial velocity profile can be
noticed, especially between z = 200 and z = 350 mm. This means that the maximum
negative axial velocity is not at the axis but in our case at r = 7mm. This is similar
to the observations of Secchiaroli et al. [87]. Moreover, in the last 100 mm of the
vortex tube the mean axial velocity is equal to zero. The presence of the stagnation
point at the axis implies that a further elongation of the vortex tube will not increase
the energy separation.
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Figure 6.16. Contour plot of the mean axial fluid velocity
[m/s] in a half section of the RHVT domain.

Figure 6.18 shows a contour plot of the mean tangential fluid velocity in a half section
of the RHVT domain. Figure 6.19 presents the same quantity as a function of the
radial coordinate at several axial coordinates. One can notice that in the vortex
chamber a so called free vortex occurs between r = 20 and r = 40 mm. A forced
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Figure 6.17. The profile of the mean axial fluid velocity
component as a function of the radial coordinate at three
axial positions; solid: z = 0.05 m, dash-dotted: z = 0.15 m,
dashed: z = 0.35 m.
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Figure 6.18. Contour plot of the mean tangential fluid
velocity [m/s] in a half section of the RHVT domain.

vortex is present in the inner part of the vortex chamber and the beginning of the
vortex tube (up to z = 50 mm). At further axial coordinates, the forced vortex is
turning into a Rankine vortex due to the presence of the wall.

Figure 6.20 presents a contour plot of the mean radial fluid velocity in a half section of
the RHVT domain. Some alternating positive and negative radial velocity areas are
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Figure 6.19. The profile of the mean tangential fluid veloc-
ity component as a function of the radial coordinate at three
axial positions; solid: z = 0.05 m, dash-dotted: z = 0.15 m,
dashed: z = 0.35 m.

visible, especially in the core region. It means that the heat pump loop proposed by
Ahlborn et al. [2, 3] consists of many smaller loops. In the major part of the RHVT
the radial velocity magnitude does not exceed 2 m/s. This quantity is larger only in
the vortex chamber and outlet neighborhoods.
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Figure 6.20. Contour plot of the mean radial fluid velocity
[m/s] in a half section of the RHVT domain.
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Figure 6.21 also shows a mean radial velocity contour plot but only in the small
area where the largest gradients of this quantity occur. The highly negative (order
of magnitude of 100 m/s) radial fluid velocity along the wall of the vortex chamber
turns along the first 2.5 mm of the vortex tube into a positive radial velocity (order
of 50 m/s). The latter combined with the high swirl velocity should be very useful in
moving particles toward the wall.
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Figure 6.21. Contour plot of the mean radial fluid velocity
[m/s] in a half section of the RHVT domain.
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Figure 6.22. Contour plot of the RMS of the axial fluid
velocity [m/s] in a half section of the RHVT domain.

The RMS of the axial, tangential, and radial fluid velocity components are presented
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Figure 6.23. Contour plot of the RMS of the tangential
fluid velocity [m/s] in a half section of the RHVT domain.
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Figure 6.24. Contour plot of the RMS of the radial fluid
velocity [m/s] in a half section of the RHVT domain.

as contour plots in a half section of the RHVT in Figures 6.22, 6.23 and 6.24 re-
spectively. The RMS of the axial velocity has an ’oscillatory’ character in the axial
direction with a spatial distance of 10 mm. The oscillations are larger in the inner
part of the vortex tube (r < 7 mm). The RMS of the tangential fluid velocity is
uniform in the axial direction with a maximum in the inner part of the vortex tube
(r < 5 mm). The RMS of the radial fluid velocity is similarly oscillating in the axial
direction as the axial velocity. The maximum values are also attained in the core
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Figure 6.25. Contour plot of the mean static fluid temper-
ature [K] in a half section of the RHVT domain.
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Figure 6.26. Contour plot of the mean static fluid pressure
[Pa] in a half section of the RHVT domain.

region (r < 8 mm). Additionally, a local minimum of the quantity is visible at r = 17
mm between z = 70 and z = 430 mm. The maxima of all three RMS’s presented here
are located around the axis due to the wobbling of the vortex around the axis.

The presented velocity quantities are in reasonably good agreement with the results
of the experimental measurements and the results of the k − ǫ model. However, the
temperature properties are very different from the results of the k − ǫ model. Fig-
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ure 6.25 shows the mean static fluid temperature as a contour plot in a half section of
the vortex tube. One of the reasons for the difference between the previous results and
the results presented in Figure 6.25 is that the static temperature in FLUENT LES is
not the real static temperature. The temperature is calculated with the ideal gas law
from the pressure. However, the filtered pressure is increased by the isotropic part
of the sub-grid scale stress tensor. Therefore, possibilities of subtraction of the term
added to the pressure were investigated by adopting a model for this term. However,
the evaluated methods did not sufficiently decrease the temperature. As mentioned
before, also the static pressure is not in a good agreement with the experimental
results.

Figure 6.26 shows the mean static fluid pressure as a contour plot in a half section of
the vortex tube. To provide the best agreement in the velocity properties, the inlet
pressure was increased in such a way that the pressure in the outward part of the
vortex chamber is about 0.4 bar higher than the one obtained with the k − ǫ model.
This change results in the best agreement of the Mach number with the experimental
results. This can be seen in Figure 6.27, where the Mach number is presented as a
function of the radial coordinate in the middle of the vortex chamber (z = 7 mm).
Here, the agreement between the numerical and experimental results is reasonably
good in the inner part of the vortex chamber. Decreasing the inlet pressure has little
impact on the Mach number in the peripheral area, but deteriorates the results of
this quantity in the inner part.
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Figure 6.27. The Mach number as a function of the radial
coordinate; solid: LES; diamonds: experiment.
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6.5.3 Other models to correct the static temperature.

Because the static temperature results are not acceptable, other sub-grid models were
assessed. The Smagorinsky model [92] yielded results with the temperature slightly
closer to reality. However, the change is not satisfactory. Moreover, the flow prediction
is worse than with the dynamic eddy-viscosity model. The Mach number in the vortex
chamber is around 1. Such a high Mach number is not allowed in case the coupled
pressure-based solver is used. Similar problems arose when the WALE model [69] was
used. The Mach number exceeded 1 in a very big part of the computational domain,
especially close to the wall of the vortex tube.

Also the possibilities of correction of the temperature obtained by the dynamic eddy-
viscosity model were investigated. The static temperature is calculated from the static
pressure using the ideal gas law. However, the filtered static pressure in FLUENT is
increased by the isotropic part of the sub-grid scale stresses [6]. Therefore, the added
part was subtracted from the static pressure according to the Yoshizawa model [104].
Unfortunately, the resulting temperature correction is negligible.

6.6 Results for the discrete phase

The k − ǫ model predicts slightly better the RHVT velocity properties than the dy-
namic eddy-viscosity model. Moreover, the temperature prediction inside the RHVT
obtained with the latter cannot be used in the droplet model. Furthermore, RANS
simulations are cheaper than LES. However, RANS simulations provide only mean
flow quantities and turbulence is modeled. The lack of velocity fluctuations does not
allow to predict the dispersed phase properties correctly. In contrast, LES provides
a real turbulent flow field at the resolved scales. Therefore, for the simulation of the
dispersed phase we will employ LES.

In this section results are presented for particles with no model, particles with the
sub-grid model based on ADM and droplets with sub-grid model based on ADM. In
all three cases the injection started at time t = 80 ms and was continued through
50 ms by injecting 32 particles/droplets per time step. A steady state of particle
properties was obtained after 20 ms in the first two cases. The statistical quantities
of particles were collected through time averaging over 30 ms. An increase of the
averaging time to 50 ms did not change the statistical results. A steady state of
droplet properties was obtained earlier. The reason for this is the small volume of
droplets present. However, to be able to compare the droplet results with the particle
results, the collection of droplet time statistics was performed in exactly the same
way as for particles.

The temperature field is crucial in case of droplet-laden flow simulation. Without
the proper temperature, the relative humidity cannot be calculated. On the other
hand, the condensation and evaporation are relatively slow processes. Therefore,
inert droplets, particles without phase change, were investigated first. As the second
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stage a sub-grid model for particles was implemented. Finally, a droplet model with
a stationary relative humidity field was implemented and evaluated.

6.6.1 Particles

First, we will analyse the results on particle concentration and separation of particles.
To this end we assume that a particle is separated from the gas flow if it hits one
of the walls of the RHVT (so no elastic collision but removal of the particle through
the wall e.g. made out of porous material). Also, if one of the outlets has a higher
particle concentration than the other, we can speak of separation.

The four sizes of particles (dp = 0.5, 1, 1.5 and 2.5 µm) considered allow us to
investigate the behavior of different types of particles. Particles with dp = 0.5 µm are
quite good tracers and particles with dp = 2.5 µm behave inertially. In the figures
presented below, only injection point A, located close to the inlet of the RHVT, is
considered. Injection point B was used to increase the number of particles in the
vortex tube for comparison of the results for different particle sizes.

The smallest particles considered are present along the whole length of the vortex tube.
This can be seen in Figure 6.28, where the decimal logarithm of droplet concentration
is presented in a contour plot in a half section of the RHVT domain for dp = 0.5 µm.
Similarly, Figures 6.29- 6.31 present the decimal logarithm of particle concentration
for dp = 1.0, 1.5, and 2.5 µm respectively. The second smallest particles considered
are also present in the whole length of the vortex tube, but the concentration of the
particles after half of the device length is very low. Particles with dp = 1.5 µm are
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Figure 6.28. Contour plot of the decimal logarithm of the
particle concentration in a half section of the RHVT domain
for dp = 0.5 µm.
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Figure 6.29. Contour plot of the decimal logarithm of the
particle concentration in a half section of the RHVT domain
for dp = 1.0 µm.
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Figure 6.30. The contour plot of the decimal logarithm of
the particle concentration in the half section of the RHVT
domain for dp = 1.5 µm.

not present in the second half of the vortex tube. The largest particles considered
(dp = 2.5 µm) are mainly present in the vortex chamber.

The differences in particle concentration are caused by the different behavior of the
particles with a different size. The smallest particles considered are good tracers and
the largest particles are inert enough not to enter the vortex tube due to the centrifugal
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Figure 6.31. Contour plot of the decimal logarithm of the
particle concentration in a half section of the RHVT domain
for dp = 2.5 µm.
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Figure 6.32. Number of trapped/escaped particles per mm
as a function of the axial coordinate for dp = 0.5 µm.

force. The behavior of the particles can be characterized by their ability to migrate
towards the wall. This can be visualized by the number of particles colliding with
the wall per unit axial distance as a function of the axial coordinate. This quantity
is presented for the smallest particles (dp = 0.5 µm) in Figure 6.32. The figure also
shows the number of particles that leave the vortex tube through both exits. The
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number of the particles leaving the computational domain through the cold outlet is
significant in comparison to the total amount of particles trapped at the wall. Some
of the particles leave the domain through the hot outlet or are trapped at the cold
outlet tube wall. The next larger particles behave in a similar way. This can be seen
in Figure 6.33.
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Figure 6.33. Number of trapped/escaped particles per mm
as a function of the axial coordinate for dp = 1.0 µm.
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Figure 6.34. Number of trapped/escaped particles per mm
as a function of the axial coordinate for dp = 1.5 µm.
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The efficiency of particle separation can be defined as the ratio of collected particles
at the walls to the total amount of injected particles. The first can be replaced by the
difference between the total amount of particles and the number of particles leaving
this particular outlet surface. Then only this particular outlet is considered as the
cleaned gas outlet.

For particles with dp = 1.0 µm the separation efficiency is much higher than for
particles with dp = 0.5 µm. The amount of particles leaving through the hot outlet is
considerably lower and the amount of the particles colliding with the wall in the vortex
chamber and at the beginning of the vortex tube is higher. Figure 6.34 presents the
same quantity for particles with dp = 1.5 µm. All particles are collected at the wall
of the vortex chamber or within the first 150 mm of the vortex tube and no particle
leaves through the hot outlet. Moreover, the occasionally appearing particles in the
cold outlet tube are collected within the first 7 mm of the cold outlet tube. Finally,
the amount of the largest particles (dp = 2.5 µm) at a particular axial coordinate is
presented in Figure 6.35. The largest particles considered are hardly present outside
the vortex chamber and the vast majority of them is collected at the wall of the vortex
chamber.
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Figure 6.35. Number of trapped/escaped particles per mm
as a function of the axial coordinate for dp = 2.5 µm.

Summarizing, the RHVT in this configuration is a very efficient separator for water
particles with dp ≥ 1.5 µm. The separation of smaller particle is sufficient when the
flow through the cold outlet is considered as the cleaned gas. Moreover, in reality,
evaporation and condensation occur. The condensation process is present only in the
vortex chamber and in the beginning of the tube since there the relative humidity is
larger than 100% due to the temperature decrease. Evaporation occurs in the rest of
the vortex tube. Condensation enhances the separation and evaporation deteriorates
the worse separation of the smaller droplets moving towards the hot outlet.
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Next, we will analyse the statistical particle velocity properties.
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Figure 6.36. Contour plot of the mean axial particle
velocity [m/s] in a half section of the RHVT domain for
dp = 0.5 µm.

Figure 6.36 shows a contour plot of a mean axial particle velocity in a half section
of the RHVT domain for dp = 0.5 µm. The mean axial particle velocity is size
independent: for the other particle sizes the mean axial particle velocity is the same
in the area where they are present. A similar size independency appears in case of the
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Figure 6.37. Contour plot of the mean tangential particle
velocity [m/s] in a half section of the RHVT domain for
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mean tangential particle velocity, which is presented in a half section of the RHVT
domain for dp = 0.5 µm in Figure 6.37. In contrast, the mean radial particle velocity
depends on particle size. This can be seen in Figures 6.38 and 6.39 where contour
plots of this quantity are presented for dp = 0.5 µm and dp = 2.5 µm. The difference
is clearly visible, especially close to the wall.
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Figure 6.38. Contour plot of the mean radial particle
velocity [m/s] in a half section of the RHVT domain for
dp = 0.5 µm.
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Figure 6.39. Contour plot of the mean radial particle
velocity [m/s] in a half section of the RHVT domain for
dp = 2.5 µm.

A comparison of the mean radial velocity profile for the four particle sizes is presented
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Figure 6.40. Mean radial particle velocity as a function of
the radial coordinate at z = 35 mm; solid: dp = 0.5 µm;
dashed: dp = 1.0 µm; dashed-dotted: dp = 1.5 µm; dotted:
dp = 2.5 µm.
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Figure 6.41. Contour plot of the instantaneous axial par-
ticle velocity [m/s] in a half section of the RHVT domain at
t = 130 ms for dp = 0.5 µm.

in Figure 6.40 at z = 35 mm. The profile of the mean radial particle velocity appears
particle size independent for r < 17 mm. From this radius outward, the mean radial
velocity increases with the size of the particle. This is also observed at z = 100 mm,
where the independency of the mean radial velocity of particle size is observed in
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the area r < 18 mm. The jump of the mean radial velocity for dp = 2.5 µm between
r = 15 and 17 mm is caused by the small number of particles in this range. All particle
quantities presented above were averaged over 30 ms. For all quantities presented
except the axial velocity, the instantaneous contour plot of the particular quantity is
similar to the averaged quantity. However, the contour plot of the instantaneous axial
velocity presented in Figure 6.41 illustrates a non-uniformity in the axial direction.
Furthermore, the axial spacing of the periodic structures is larger than for the axial
fluid velocity and equals approximately 20 mm.

6.6.2 Particles with ADM

The results presented above have been obtained for particles in a large-eddy simulation
without employing a sub-grid scale model in the particle equation of motion. In this
section we will study the influence of the approximate deconvolution model developed
and tested in FLUENT in Chapter 5, on statistical particle results in the vortex
tube. The model has been implemented in FLUENT in the same way as described
in Chapter 5. Instead of employing the LES fluid velocity in Equation 5.17 the fluid
velocity is first approximately defiltered using information from all neighboring cells.
This procedure leads to an increase in calculation time of approximately 1.4%.

Figure 6.42 presents the mean radial particle velocity component as a function of the
radial coordinate at z = 7 mm. The lines with and without circles represent the
results with and without sub-grid model for particles respectively. It can be noticed
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Figure 6.42. Mean radial particle velocity as a function
of the radial coordinate at z = 7 mm; solid: dp = 0.5 µm;
dashed: dp = 1.0 µm; dotted: dp = 1.5 µm; lines: no model,
lines with circles: with ADM for particles.
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that the mean radial velocity is higher when ADM for particles is applied. Moreover,
for particles with dp = 0.5 µm in the range of radial coordinate between r = 28 mm
and r = 37 mm the negative mean radial particle velocity changes into a positive
value when ADM is applied.

The increase of the mean radial particle velocity by ADM can be explained in the
following way. As we have seen in previous chapters, ADM increases the RMS of all
fluid velocity components. Hence, also the square of the tangential fluid velocity is
increased. This results in an increase of the centrifugal force and hence of the mean
radial particle velocity. The other two mean particle velocity components are hardly
influenced by ADM.

The implementation of ADM has a less strong effect on the mean radial particle
velocity in the vortex tube, as can be seen in Figure 6.43. The reason for this is that
the RMS of the tangential fluid velocity is much smaller than in the vortex chamber.
The higher radial particle velocity in the vortex chamber results in a larger number
of particles collected at the walls of the vortex chamber. Consequently, the particle
concentration in the vortex chamber is somewhat lower when ADM is applied.
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Figure 6.43. Mean radial particle velocity as a function of
the radial coordinate at z = 35 mm; solid: dp = 0.5 µm;
dashed: dp = 1.0 µm; dotted: dp = 1.5 µm; lines: no model,
lines with circles: with ADM for particles.

Another important quantity presented in the previous subsection is the number of
particles trapped at the wall or escaped through the outlets. This quantity is also
affected by the implementation of the ADM sub-grid model for particles. Despite the
fact that the particle concentration in the vortex tube is lower for all particle sizes
and the number of trapped particles at the wall of the vortex tube along the whole
length range is lower, for particles with dp = 0.5 µm the amount of particles present
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at the hot outlet face is larger by about 50%. However, for particles with dp = 1.0 µm
there are no particles leaving the computational domain through the hot outlet. This
can be seen in Figure 6.44, which presents the number of trapped/escaped particles.
For particles with dp ≤ 1.5 µm, the amount of particles present in the cold outlet
pipe is slightly higher with ADM than without. For the largest particles there are no
particles present in the cold outlet pipe when the particle model is applied.
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Figure 6.44. Number of trapped/escaped particle per 1
mm as a function of the axial coordinate for dp = 1.0 µm;
solid: with ADM for particles, dotted: no model for parti-
cles.

6.6.3 Droplets

In order to implement the droplet model presented in section 6.3.2 into FLUENT,
realistic temperature and pressure field are needed. Since the results for temperature
and pressure obtained in LES are unphysical, the temperature and pressure fields
obtained with the density-basedk − ǫ model are used. Figure 6.45 shows the contour
plot of the static temperature in a half section of the RHVT obtained with the density-
based k − ǫ model. The static temperature and pressure are used to calculate the
relative humidity, which is presented in figure 6.46. The calculated related humidity
allows us to distinguish two regions inside the RHVT. Condensation occurs in the
vortex chamber, the cold outlet pipe and at the beginning of the vortex tube (up to
about 0.1 m). In the rest of the vortex tube evaporation occurs. A maximum relative
humidity of about 2.7 is obtained. In reality this will be smaller due to the occurrence
of condensation.

The droplet model changes the discrete phase results substantially. The most pro-
nounced difference between particles and droplets is the concentration. Droplets are
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Figure 6.45. Contour plot of the static temperature.
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Figure 6.46. Contour plot of the relative humidity with a
solid line indicating where the relative humidity is equal to
1.

barely present in the vortex chamber and the difference between droplets with dif-
ferent initial diameters is much smaller than in case of particles. Therefore, we will
start the analysis of the results with the average droplet diameter for droplets with
the same initial diameter. Figures 6.47, 6.48 and 6.49 present a contour plot of the
average diameter of droplets with initial dp = 0.5, 1.0 and 2.5 µm respectively. The
difference in the average diameter between droplets with different diameter is smaller
than the initial difference.
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Figure 6.47. Contour plot of the average diameter of
droplets with initial dp = 0.5 µm.
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Figure 6.48. Contour plot of the average diameter of
droplets with initial dp = 1.0 µm.

According to the relative humidity presented in Figure 6.46, droplets are present only
in the region of condensation. The condensation process is fast enough, compared to
the time of presence of a droplet in the RHVT, to allow even the smallest droplet
to grow to a such size that it is quite efficiently prevented from leaving the vortex
chamber. The average diameter of the initially smallest droplets is dp ≥ 2.5 µm
at the entrance of the vortex chamber. Droplets this big cannot travel far in axial
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Figure 6.49. Contour plot of the average diameter of
droplets with initial dp = 2.5 µm.
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Figure 6.50. Contour plot of the decimal logarithm of the
droplet concentration in a half section of the RHVT domain
for droplets with initial diameter dp = 0.5 µm.

direction. Therefore, droplets are only present for z ≤ 0.1m. Additionally, droplets
are continuously growing. For the bigger droplets the separation process is obviously
faster. The decrease of the droplet diameter at the peripheral area (Figures 6.47
and 6.48) is caused by the lack of particles there.

This can also be seen in Figures 6.50-6.53 where contour plots of the decimal logarithm
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Figure 6.51. Contour plot of the decimal logarithm of the
droplet concentration in a half section of the RHVT domain
for droplets with initial diameter dp = 1.0 µm.
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Figure 6.52. Contour plot of the decimal logarithm of the
droplet concentration in a half section of the RHVT domain
for droplets with initial diameter dp = 1.5 µm.

of the droplet concentration is presented in a half section of the RHVT for different
initial droplet diameters. A concentration c ≤ 10−2 does not provide robust statistical
data. As can be seen in the figures, most of the droplets with initial diameter dp = 0.5
and 1.0 µm stay in the outer part of the vortex chamber with r ≥ 25 mm, and larger
droplets remain in a smaller part of the vortex chamber. In general, the major part
of droplets that enter the vortex tube (or rarely the cold outlet pipe) travel along the
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Figure 6.53. Contour plot of the decimal logarithm of the
droplet concentration in a half section of the RHVT domain
for droplets with initial diameter dp = 2.5 µm.
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Figure 6.54. Number of trapped droplets (solid) / parti-
cles(dotted) (with ADM for particle) per 1 mm as a func-
tion of the axial coordinate for droplets with initial diameter
dp = 0.5 µm.

vortex chamber wall.

The substantial change in presence of droplets in comparison to the results of particles
is also well visible in the separation rate presented as the number of droplets trapped
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Figure 6.55. Number of trapped droplets (solid) / parti-
cles(dotted) (with ADM for particle) per 1 mm as a func-
tion of the axial coordinate for droplets with initial diameter
dp = 1.0 µm.
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Figure 6.56. Number of trapped droplets (solid) / parti-
cles(dotted) (with ADM for particle) per 1 mm as a func-
tion of the axial coordinate for droplets with initial diameter
dp = 1.5 µm.

at the wall (or present at the outlet face) per mm as a function of the axial coordinate.
This quantity is shown in Figure 6.54 for droplets with initial diameter dp = 0.5 µm.
The dotted line representing the same quantity for particles with ADM reveals that



128 LES of the droplet-laden Ranque-Hilsch vortex tube

−0.01 0 0.01 0.02 0.03 0.04 0.05 0.06
10

0

10
1

10
2

10
3

10
4

10
5

z, m

tr
a

p
p

e
d

/e
cs

a
p

e
d

 p
a

rt
ic

le
s

Figure 6.57. Number of trapped droplets (solid) / parti-
cles(dotted) (with ADM for particle) per 1 mm as a func-
tion of the axial coordinate for droplets with initial diameter
dp = 2.5 µm.

for droplets the separation in the vortex chamber is significantly higher and in the
vortex tube lower than for particles. The reason of the latter is that only 20% enter to
the vortex tube (for particles with ADM model - 86%). Table 6.4 presents percentage
of particles/droplets leaving the vortex chamber for particles without and with ADM
and droplets.

dp particles particles with ADM droplets

0.5 µm 97% 86% 20%
1.0 µm 83% 62% 12%
1.5 µm 40% 26% 3.6%
2.5 µm 0.3% 0.4% 0.02%

Table 6.4. Percentage of particles/droplets leaving the vortex chamber
with initial diameter dp.

Figures 6.55, 6.56 and 6.57 present the same quantity for droplets with initial diameter
dp = 1.0 mm, 1.5 mm and 2.5 mm respectively.

Next, the droplet velocity and temperature will be presented. The area of presence
of all droplets is small and decreasing for increasing initial droplet diameter. How-
ever, the mean streamwise and tangential droplet velocity components turn out to
be independent of initial droplet size. Therefore, only results for droplets with initial
diameter dp = 0.5 µm are presented below. Figure 6.58 shows a contour plot of the
mean axial droplet velocity component in a half section of the RHVT domain for
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Figure 6.58. Contour plot of the mean axial droplet veloc-
ity [m/s] in a half section of the RHVT domain for droplets
with initial diameter dp = 0.5 µm.
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Figure 6.59. Contour plot of the mean tangential droplet
velocity [m/s] in a half section of the RHVT domain for
droplets with initial diameter dp = 0.5 µm.

droplets with initial diameter dp = 0.5 µm. Figure 6.59 shows in the same way the
mean tangential droplet velocity component. The results of both quantities presented
are similar to the particle results. In contrast, the mean radial droplet velocity is
strongly affected by the application of the droplet model. This can be seen in Fig-
ure 6.60 which presents this quantity for droplets with initial diameter dp = 0.5 µm.
The change in comparison to the mean radial particle velocity is best visible for r ≤ 26
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Figure 6.60. Contour plot of the mean radial droplet veloc-
ity [m/s] in a half section of the RHVT domain for droplets
with initial diameter dp = 0.5 µm.
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Figure 6.61. Mean radial droplet/particle velocity as a
function of the radial coordinate at z = 7 mm; solid: dp =
0.5 µm; dashed: dp = 1.0 µm; dotted: dp = 1.5 µm; lines:
particles, lines with circles: droplets.

mm. The difference can be made more clear by the the mean radial droplet velocity
as a function of the radial coordinate at axial coordinate z = 7 mm, presented in
Figure 6.61. Here, one can notice that the mean radial droplet velocity is lower than
the particle velocity between r = 26 and 40 mm. The reason for this is an increase
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in droplet mass. The rate of mass change is bigger for smaller droplets. Therefore,
the mean radial velocity drop is larger for smaller droplets. However, at a certain
position, approximately at r = 26 mm the mass of the droplet in combination with
the rapidly increasing inward tangential velocity results in a much higher centrifugal
force than the drag force. As a result, the mean radial velocity becomes very high.
The sudden jump of the outward radial velocity in Figure 6.61 corresponds with the
rapid drop of the droplet concentration in Figures 6.50-6.52.

The average droplet temperature is presented in Figure 6.62. This quantity is about
5 K higher that the mean fluid temperature (obtained with the k − ǫ model) used in
this simulation. This is caused by the condensation of vapor at the droplet surface.
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Figure 6.62. Contour plot of the averaged droplet temper-
ature [K] in a half section of the RHVT domain for droplets
with initial diameter dp = 0.5 µm.

6.7 Conclusions

The good agreement between the LES prediction of the fluid velocity and the exper-
imental results indicates that the fluid flow is properly solved in FLUENT. However,
the unphysical values of pressure and especially temperature predicted by FLUENT
do not agree with the pressure and temperature obtained experimentally. Therefore,
before the droplet model implementation, the behavior of inert droplets without evap-
oration and condensation was investigated. The inert particle-laden LES allows us to
assess the capability of the device as a particle separator. The RHVT can be used as
particle separator for water particles larger than 1.5 µm. However, for smaller par-
ticles only the cold outlet can be considered as the cleaned gas outlet because a low
number of particles leave through the cold outlet pipe and all of them are immediately
trapped at the wall.
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The implementation of the sub-grid model for particles based on ADM did not change
particle results much. The particle collection rate is increased in the vortex chamber,
but decreased slightly in the vortex tube. The number of particles present at the hot
outlet is slightly larger for particles with dp = 0.5 µm and equals zero for bigger par-
ticles. Thus, resolution of the smallest resolved scales hardly improves the prediction
of separation in the vortex tube. A similar effect is expected if the missing sub-grid
scales would be included.

To investigate a situation closer to reality, the implementation of phase changes is
crucial. Condensation and evaporation have a strong influence on droplet behavior.
The number of droplets leaving the vortex chamber is substantially lower than for
particles. This is caused by the totally different profile of the mean radial droplet
velocity due to the centrifugal force which is significantly increased by condensation
of vapor on droplets in the vortex chamber. The axial and tangential components of
the droplet velocity are similar to the result for inert particles. The RHVT appears
to be a very efficient droplet separator. For droplets, both outlets can be considered
as clean when the water film at the wall is removed, so that later evaporation of the
liquid film in the parts of the device where evaporation occurs cannot take place.
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7
Conclusions and

recommendations for

future work

In this chapter main conclusions of this thesis and recommendations for future work
are presented.

The main conclusions of Chapter 3, 4, 5 and 6, grouped according to the chapters of
this thesis, can be summarized as follows:

In Chapter 3 two sub-grid models for the fluid were evaluated at three Reynolds num-
bers in a channel geometry: the dynamic eddy-viscosity model and the approximate
deconvolution model. The dynamic eddy-viscosity model was chosen as the sub-grid
scale model for the fluid for the final LES of the droplet-laden RHVT. As a sub-grid
scale model for particles, a sub-grid scale model based on approximate deconvolution
was chosen. The improvement of the prediction of particle properties decreases with
the Reynolds number.

In Chapter 4 a hybrid stochastic-deconvolution model for the particle equation of
motion in LES was developed and tested. Implementation of the stochastic part
based on the a priori results [36] improve particle results substantially, especially, the
prediction of turbophoresis.

In Chapter 5 a sub-grid model for particles based on approximate deconvolution has
been implemented and evaluated in turbulent pipe flow in FLUENT. The improve-
ment of particle results caused by the use of the approximate deconvolution model
for particles is small due to a bad prediction of the fluid properties in FLUENT.

In Chapter 6 LES of the RHVT was performed. Additionally, droplets and inert parti-
cles without and with the ADM sub-grid model in the particle velocity equation were
injected to evaluate the separation rate. The RHVT appears a very good separator
for water particles larger than 1.5 µm. In such cases, the gas flow at both outlets
is clean. For smaller particles, only the cold outlet can be considered as clean. The
separation rate of droplets was investigated by implementation of a droplet model.
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The growth of droplets in the vortex chamber due to condensation efficiently prevents
all initial sizes droplets from leaving the vortex chamber.

Recommendations for future work are grouped according to the chapters of this thesis.
The research presented in this thesis can be continued in three directions:

• In Chapter 4, the hybrid stochastic-deconvolution model improves particles re-
sults substantially. However, the main drawback of the model is the small de-
pendency of the a priori results [36] on Stokes number. Therefore, for the next
step, it is highly recommended to change the model to be Stokes number inde-
pendent. This step is required for the future development towards a stand-alone
LES model, which does not require a priori results from DNS. Additionally, the
present model uses Gaussian white noise, whereas the a priori results indicate
that the residual velocity δu∗ has a non-Gaussian probability density function.

• The results presented in Chapter 5 for LES of pipe flow calculated with Fluent
show a significant deviation from DNS results, both for fluid properties and for
particle properties. Improvement of the results can be achieved in two ways:
by an improvement of the quality of the mesh and by an improvement in the
numerical methods. An improvement of the mesh quality, that satisfies the
requirements for LES, will lead to so small sub-grid contributions that the sim-
ulation can be considered as a DNS and the effects of the sub-grid model will
become negligible. Moreover, the effect of the particle sub-grid model decreases
with decreasing amount of missing scales. An improvement of the numerical
methods in FLUENT is impossible. Therefore, a change for an open source
CFD package is recommended.

• In Chapter 6, the mesh of the RHVT can be improved by increasing the number
of cells. This will increase even more the very high computational cost of the
LES of the RHVT. Therefore, it would be better to apply a different type of
simulation. I recommend the application of a hybrid model, which combines
RANS and LES and is called detached-eddy simulation (DES). In this model
RANS is applied close to the walls, while LES is applied away from the walls.
In this way the very high computational resources required for LES close to
the walls can be avoided, while retaining the possibility to capture the time-
dependent flow features related to the wobbling vortex.

The wrong temperature field obtained by FLUENT is the first problem to solve
before an improvement of the droplet model can be considered. With the proper
temperature field two-way coupling of mass transfer between water vapor and
the droplets is the most important extension of the model. In order to do this,
the carrier gas phase has to be changed from air to a mixture of air and water
vapor. Additionally, condensation and evaporation lead to temperature change.
Therefore, also two-way coupling of heat transfer between the gas phase and
the droplets has to be implemented.

A non advanced run with DES of the RHVT showed that indeed the temperature
prediction is better than in case of LES. The mean static temperature at the
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cold outlet equals ∼ 265 K and at the hot outlet ∼ 305 K. A more realistic
prediction of the gas temperature is a significant advantage of DES over LES.
On the other hand, in DES in the part of the domain where RANS is applied
fluctuations of the flow field are caused only by fluctuations of the flow field in
the LES region. These fluctuations are significantly smaller than in pure LES.
Thus, an extra turbulent dispersion model for the dispersed phase is required.

Another possible investigation is the improvement of the droplet separation rate
by a modification of the geometry of the RHVT. One of the possible modifica-
tions is addition of an extra pipe with diameter equal to the cold outlet diameter
attached to the cold outlet side of the vortex chamber and preventing droplets
from entering the cold outlet tube. This can be seen in Figure 7.1, where the
length P is the object of the proposed investigation.

Figure 7.1. The proposed modification of the RHVT with P the length for investi-
gation presented in a half section of the RHVT.
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