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Summary 

 

Regret-Based Travel Behavior Modeling: 

An Extended Framework  

 

 

In 2008, Chorus, Arentze and Timmermans introduced the random regret minimization 

model in transportation research. Inspired by seminal work in regret theory (e.g. 

Loomes and Sugden, 1982; Bell, 1982), they embedded the principle of regret 

minimization in a discrete choice framework. Moreover, using the appealing concept of 

the principle of Irrelevance of Statewise Dominated Alternatives (ISDA), which states 

that when assessing the amount of regret, individual compare the attributes of the 

considered choice alternatives only against the best alternative, they expanded earlier 

work to a model of multi-attribute, multi-alternative decision-making, for both 

decisions under certainty and uncertainty. Later, Chorus (2010) suggested a slightly 

different specification that replaced the discontinuous regret function by an 

approximating continuous function and the best only function with the assumption that 

regret is assessed against all other non-chosen choice alternatives. 

After their introduction, regret-based choice models rapidly gained in popularity 

in transportation research and other disciplines. Particularly the performance of the 

second specification was compared in many studies against other choice models. In 

addition, several new specifications and interpretations were given. 

In this thesis, the state of the art in regret-based choice modelling from a 

behavioural perspective is systematically scrutinized. The fundamental axiom 

underlying regret-based models is that individuals compare choice alternatives on an 

attribute-by-attribute basis and judge the extent by which their considered/chosen 

alternatives is outperformed by one or more of the foregone choice alternatives. The 

mathematical specifications of random regret minimization models that are consistent 

with this principle of paired comparison and respect the zero reference point of the 

regret domain in attribute space is logically deducted. Moreover, the model is 

positioned into a more comprehensive decision-making process that also includes the 

perception of attributes. Due to its theoretical appeal and relative lack of attention, 

elaborations of the original model is proposed.  

Several elaborations are introduced. First, because attribute comparisons are based 

on individual’s perceptions, the performance of several model specifications that 
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incorporate the perception of the comparison of attribute levels is examined. It is 

started with an analysis of the representation of perception according to the Weber law 

and the generalized Weber law. Next, a more flexible specification that assumes 

perception depends on attribute intensity, assuming a symmetric function around a 

peak is examined. Finally, an asymmetric function is considered. Threshold models are 

also considered to allow for the possibility that individuals may be unable to detect 

small attribute differences and/or are tolerant with respect to small differences. 

Second, the commonly made assumption that the error terms of random regret 

minimization models are independently and identically distributed is criticized. The 

principle of attribute comparison means this assumption is difficult to defend. It is also 

formally shown that econometric issues such as measurement error and omitted 

variables have a different effect in random regret minimizing models compared to 

random utility-maximizing models. Solutions are suggested and empirically tested. 

Finally, because the assumption that choice behavior is only based on regret may 

be too rigorous in many decision contexts, combined regret-rejoice models are 

suggested that avoid limitations of existing models. 

After providing formal analyses of these topics, the predictive performance of the 

newly introduced specifications are compared against the performance of the 

benchmark classic model using four different data sets. The first data set concerns the 

stated choice of hypothetical unlabelled shopping centers. The second data set is a 

revealed data set of transport mode choice set for the Province of Noord-Brabant, the 

Netherlands, extracted from the national travel survey. The third data set concerns a 

stated choice experiment in context of parking choice behavior. The fourth data set 

concerns transport mode choice in Beijing, China. In all cases, results of the model 

comparisons indicate that the proposed improved model specification statistically 

outperformed the existing models that were included in the comparison. 

Thus, although different data set may lead to different results, the evidence 

accumulated in the context of this PhD project demonstrates that the suggested 

extended framework significantly improves the performance of the random regret 

minimization model, originally introduced in transportation research. Incorporating 

psycho-physical relationships, allowing for attribute difference thresholds, adding the 

concept of rejoice and enforcing heteroscedasticity in the errors terms better represents 

the decision-making process and results in better performing choice models.  
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CHAPTER 1  

Introduction 

 

1.1   Motivation 

Modeling travel behavior aims at describing how individuals travel across space and 

use transportation systems. Different modeling approaches have been developed over 

the years. Behavioral modeling is concerned with identifying and representing the 

principles and mechanisms underlying individuals’ choice and decision-making 

processes. Since decades, the utility-maximization decision rule based on (expected) 

utility theory (Von Neumann and Morgenstern, 1944) has been the major foundation of 

models of individual choice behavior. It asserts that individuals evaluate choice 

alternatives on the basis of the utility they derive from the attributes of the choice 

alternatives, and choose the alternative that maximizes their utility. Although the 

multinomial logit model can be derived from different theoretical principles, random 

utility theory (e.g., McFadden, 1974) is the main theoretical underpinning of discrete 

choice models in transportation research. 

 Despite the dominance of utility maximization models in transportation research, 

their behavioral validity has been questioned, and over the years the performance of 

alternative decision rules has been studied (e.g. Fuji and Gärling, 2003; Arentze and 

Timmermans, 2007; Zhu and Timmermans, 2010; Chorus et al., 2008; Chorus et al.,  

2013; Leong and Hensher, 2014). Results have been mixed as might be expected in the 

sense that individuals may apply different decision rules, and the same individual may 

use different principles in different choice contexts. Disciplines other than 

transportation such as psychology, decision sciences and consumer research have 

traditionally been more open to examine a wider spectrum of theories and associated 

models. Most theories that have been applied in travel behavior research are based on 

earlier developments in these disciplines.  

In this dissertation, the focus is on regret-based models. Already back in 1982, 

Loomes and Sugden (1982) proposed the concept of regret as the basis for an 

alternative theory of how people evaluate choice alternatives and arrive at a choice. It 
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helped explaining and predicting violations of conventional expected utility models. 

Regret is generated when people realize they made the wrong choice in the sense that 

the alternative they chose is outperformed by the foregone or non-chosen alternative(s). 

Subsequent research in consumer science (e.g. Zeelenberg, 1999; Humphrey, 2004; 

Connolly and Reb, 2005), economics (e.g. Quiggin, 1990; Simonson 1992; Irons and 

Hepburn, 2007; Sarver 2008), brain science (e.g. Coricelli et al., 2005; 2007; 

Chandrasekhar et al., 2008; Chua et al., 2009) provided substantial empirical evidence 

that the principle of regret minimization better reproduces observed choice data than 

the principle of utility maximizing behavior in many different choice contexts, 

providing support for the validity of the concept of regret in particular choice situations. 

Regret theory also caught the attention of transportation researchers. Regret-based 

discrete choice models, so-called random regret minimization (RRM) models, appeared 

in the spotlight of travel behavior research a decade ago (Chorus, Arentze and 

Timmermans, 2008; Chorus 2010). These models share with the seminal work on 

regret the underlying theoretical notions, but differ in terms of the specification of the 

models and the importance researchers attached to particular methodological principles. 

Regret-based choice models currently represent an active and dynamic field of research 

in travel behavior analysis, with the exploration of many different functional forms for 

the regret function, controversy of precise theoretical foundations and interpretations, 

and an increasing number of applications. The seminal work has led to an upsurge of 

applications of regret-based models, and extensions of the model under both certain 

conditions (Chorus et al. 2008a, b; Chorus and de Jong 2011; Chorus 2012b; Kaplan 

and Prato 2012; Beck et al. 2013; Chorus et al. 2013; Chorus 2014a; Hensher et al. 

2013; Boeri and Masiero 2014, Prato 2014), and uncertain conditions (Chorus et al. 

2008a; De Moraes Ramos et al. 2011; Chorus 2014b). Regret-based models seem to be 

more important when respondents are less familiar with the choice situation (probably 

because they have less defined preferences) (Boeri et al. 2014). Applications cannot 

only be found in transportation research area but also in environmental studies (Thiene 

et al. 2012) and health economics (de Bekker-Grob and Chorus 2013). 

 

 

1.2  Aims and objectives 

Regret-based choice models represent state-of-art methodology to predict travel 

demand, and have been applied to many different travel choice contexts. The models 

provide different outputs based on different behavioral interpretations, compared to 

traditional utility-based models. These differences mainly stem from assumptions about 

the process underlying individual choice behavior. Whereas utility is based on 

attribute-values themselves, regret depends on the comparison of alternatives (relative 

attribute-differences), implying that these models assume context-dependent choice 
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behavior. However, although regret-based models have their appeal in particular choice 

contexts, existing specifications leave ample room for further study, and particularly 

some econometric issues have been systematically scrutinized from a behavioral 

perspective. Whereas random utility theory assumes that choices are based on the 

maximization of stochastic overall utilities, regret theory assumes that choices are 

based on the attribute-by-attribute comparison of alternatives. These differences in 

decision-making process should from a behavioral perspective be fully captured in the 

mathematical specification of the model.  

Therefore, the aim of this dissertation is to better represent regret-based decision-

making processes and provide more profound behavioral insights. The objectives of 

dissertation can be formulated as follows. First, it will systematically introduce the 

perception of attributes into regret-based models. Current regret-based choice models 

assume that regret depends on objective attribute differences. However, a substantial 

body of research from psychology and economics has pointed out that individuals 

perceive attribute-differences in non-linear way, implying that individuals’ perception 

of attribute differences differs from the objective differences. Therefore, this 

dissertation will introduce and examine the performance of an alternate representations 

of how individuals feel regret, focusing on how individuals perceive and judge relative 

differences, and their perception ultimately affects choice probabilities. 

Second, this thesis will critically examine whether current assumptions about 

error terms in regret-based choice models can be theoretically justified and suggest 

alternate specifications. For ease of computation, error terms associated with choice 

alternatives have been assumed identically independently Gumbel distributed (logit 

structure), following traditional random utility (multinomial logit) models. However, 

the concept of regret involves a comparison of attribute differences, which raises 

questions about the validity of identical and independently distributed error terms. It 

implies that current estimation results may be invalid in correctly representing regret-

based choice behavior. Therefore, this dissertation will critically explore the 

assumptions about unobserved regret for different sources of error (e.g., measurement 

error and omitted variables), and provide solutions for better specification of regret-

based choice models. 

Third, this thesis will introduce improved specifications of the concept of rejoice. 

Initially, regret-based choice models only focused on regret (a negative emotion 

induced by the comparison of alternatives). More recently, transportation researchers 

have also become interested in the effect of a positive emotion induced by the 

comparison of alternative, called rejoice. In this dissertation, it will be examined i) 

whether rejoice affects travel related decision-making processes; ii) if and how rejoice 

affects the decision-making process differently (or similarly) compared to regret; iii) 

whether marginal regret-rejoice varies with increasing attribute differences. In this 
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thesis, these issues will be examined, and alternate model specifications will be 

formulated and tested for their performance compared to existing models. 

 

 

1.3  Outline of dissertation 

This dissertation is organized into thirteen chapters. Chapter 2 provides a summary of 

the development of regret-based choice models, focusing primarily on transportation 

research. To provide the necessary background, the concept of regret is introduced and 

the development of two different basic specifications will be discussed.  

The remaining chapters will be organized into three parts following the major 

objectives and contributions of this thesis. Part I presents the work on perception and 

Judgment of attribute differences. All regret-based models have in common that regret 

is a function of objective attributes differences of the choice alternatives. That is, the 

physical measurements of attributes are used in the regret function to measure the 

amount of regret, assuming that regret is based on these differences. In reality, however, 

regret may be based on the perception of physical attribute differences. Psycho-

physical research, although focusing on different kind of stimuli such as noise, has 

provided a substantial amount of evidence that the relationship between physical 

attribute values and perceived attribute values is non-linear. If these findings would 

equally apply to travel-related attributes, current regret-based models would wrongly 

represent the mental representation of physical attributes levels that are subsequently 

used to arrive at a choice. All current regret-based choice models implicitly or 

explicitly ignore the perception of attributes. Compared to utility-based models of 

transport-related decisions, ignoring perception may have more dramatic repercussions, 

because regret-based models are based on attribute differences. It is assumed that the 

same absolute attribute difference is perceived independently of the overall attribute 

range and the absolute value of attribute itself. Thus, incorporating an improved 

representation of the perception of attributes into regret-based models may enhance 

their predictive success. Therefore, in Chapter 3 new regret-based choice models, 

reflecting non-linear perception process of attribute difference based on psychological 

laws, called Weber’s law (Weber, 1834) and generalized Weber’s law (Guilford, 1932), 

are proposed and empirically tested. 

Based on the results of the non-linear formulation introduced in chapter 3, 

Chapter 4 formulates alternative specification of the psycho-physical relationship. An 

examination of the classic literature on perception provides some credence to the 

hypothesis that perception of attribute differences is sensitive to the intensity of the 

stimuli. That is, the Weber law seems violated when the intensity of the stimuli is very 

small and individuals tend to perceive the difference larger than the Weber ratio (e.g. 

Kiesow, 1926; Ricci, 1937; Gaydos, 1958; Treisman, 1963). Similarly, other empirical 
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evidence suggests that the Weber law also does not seem to hold when the intensity of 

the stimuli is very large (e.g., Gatti and Dodge, 1929; Oberlin, 1936; Upton, 1936; 

Hardy et al., 1947). In case of large intensities, individuals’ perception of differences 

also tends to be larger than the Weber ratio. Thus, these results suggest that candidate 

psycho-physical mapping functions should have a single peak (Holway and Pratt, 1936; 

Masin, 2009), and may be non-symmetric. Around that peak, the perception of attribute 

differences approximates objective, physical attribute differences; perception of 

attribute differences deviates increasingly more from true attribute differences with 

increasing and decreasing attribute intensity away from the intensity associated with 

the peak value of the psycho-physical mapping function. Therefore, more flexible 

functions reflecting varying effect of attribute intensity in regret are proposed and 

empirically tested. 

Chapter 5 completes the examination of perception of attribute differences. The 

perception function is allowed to be asymmetric. The existence and nature of 

asymmetry between small and large intensities around the referenced attribute intensity 

will be investigated. 

Chapter 6 is about perception/judgment of small attribute difference. Currently, 

all regret model specifications assume that individuals experience regret even for the 

smallest positive attribute difference between the foregone alternative(s) and the 

considered/chosen alternative. There are several reasons why this assumption may be 

too rigorous. First, people may be unable to perceive and/or be unaware of small 

attribute differences. Second, people may exhibit bounded rational behavior in some 

choice contexts, which is reflected in a simplification of the choice problem. Rasouli 

and Timmermans (2015) argued that one simplification strategy is to ignore small 

differences between attributes and/or choice alternatives. When the attribute difference 

between two alternatives is small (below a certain threshold), individuals may not 

discriminate between the two alternatives on that attribute and/or judge both are the 

same. In that case, the difference does not affect the decision-making outcome. 

Therefore, the concept of bounded rationality is applied to regret-based choice models. 

The concept of attribute difference tolerance is introduced and the performance of 

regret-based choice models, allowing for attribute tolerance will be empirically tested. 

Part II provides a detail discussion of unobserved regret/error terms. Chapter 7 is 

based on the contention that while the assumption of IID error terms may be 

behaviorally realistic for applications of random utility (MNL) models to particular 

choice problems in the sense that individuals judge the utility of a choice alternative by 

cognitively applying their preference function, which is supposed to depend on tastes 

only, to the attribute profile of the choice alternative, it deserves further critical 

reflection in the case of regret-based choice models for at least two reasons. First, 

because the essence of the concept of regret inherently involves the paired comparison 
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of choice alternatives, it seems reasonable to argue that the amount of regret is 

cognitively easier to assess when the alternatives differ widely in their attribute values, 

whereas it is more difficult to discriminate between highly similar alternatives. This 

difference in attribute-levels between different pairs of alternatives may cause 

heteroscedasticity in assessing the amount of regret. It seems paramount therefore to 

allow for heteroscedasticity in error terms when estimating these regret choice models. 

Ignoring such heteroscedasticity may lead to biased forecasting results. Second, since 

regret-based choice models involve semi-compensatory decision rules, attribute-level 

regret only occurs when the attribute value of the chosen alternative is inferior to the 

attribute value of the non-chosen alternative. The emotion when the chosen alternative 

outperforms the non-chosen alternative, called rejoice, does not affect the choice in 

pure regret-only choice models. This property of regret models means that in the latter 

case individuals do not need to assess the degree of regret. Therefore, it will be shown 

that the imposed pairwise comparison of alternatives in regret affects the composition 

of unobserved regret, and the effect is compared to the unobserved utility. 

Chapter 8 starts the discussion of the specification of error terms in regret-based 

choice models, focusing on measurement error. The question addressed in this chapter 

is how measurement error may violate the IID assumption underlying regret models 

and the extent to which ignoring such violation will bias parameter estimates. More 

specifically, the study is motivated by the thought that measurement error may 

differently affect random utility and random regret models because of their 

fundamental difference: the multinomial logit model is based on the behavioral 

postulate that individuals derive utility by processing the attributes of each choice 

alternative independently and separately, whereas regret-based choice models are based 

on the behavioral contention that individuals assess regret by systematically comparing 

choice alternatives. Unless we view these models as straightforward statistical models, 

these behavioral differences should be represented in the structure of the models. That 

is, the variance of the error terms in these models may be differently affected by the 

degree of uncertainty, causing different scale factors in these discrete choice models. 

First, compared to the (linear additive) random utility model, the comparison of 

alternatives in random regret models accumulates measurement error. This, in turn, 

may cause an increase in the variance of the error terms and a decreasing scale factor. 

Since we normally do not consider the change in scale factor, it may lead to larger bias 

in the estimated parameters of random regret models. 

Chapter 9 discusses the effect of omitted variables in utility and regret. The 

detailed effect of omitted variables in random regret minimization models has not 

received much attention yet. To the best of our knowledge, only van Cranenburgh and 

Prato (2016) examined the problem and argued that (choice set specific) ASCs are 

necessary for the RRM to achieve consistent parameter estimates. Considering the 



Chapter 1. Introduction 

 7 

definition of ASCs, even it is choice set specific, it implies that the error (unobserved 

regret) by omitted variables is specific for each alternative. However, realizing that the 

very notion of regret is based on a systematic comparison of alternatives, the question 

is whether their suggested approach can sufficiently offset the effect of omitted 

variables in random regret minimization models as ASCs do in random utility 

maximization models. In this chapter, therefore, the focus is on whether/how omitted 

variables differently affect (linear-additive) RUM and RRM models. Since the 

behavioral underpinnings of these models differ, the bias caused by omitted variables 

in RRM is also expected to be different from RUM. 

Chapter 10 provides a solution to the problem how unobserved regrets are 

generated by common sources, and how it can be dealt with regret-based choice models. 

Based on the findings from chapters 8 and 9, a general expression for the error terms of 

regret-based choice models will be mathematically derived, and empirically tested to 

investigate how the unobserved regrets are more correctly represented.  

Part III consider the introduction of the concept of rejoice in regret-based choice 

models. Chapter 11 explores different formulations and discuss the effect of rejoice in 

decision-making processes. The original specifications of regret-based choice models 

assumed that individuals only consider regret when making decisions. While it is of 

interest to investigate to what extent this simple mechanism can explain choice 

behavior, the assumption may be too extreme. Therefore, several alternative 

specifications have been introduced in the literature to achieve a more balanced 

representation of different mechanisms influencing the decision-making processes. 

This chapter focuses its attention to the introduce of rejoice formulations in the random 

regret minimization models. It addresses several issues in the current model 

specifications and offers alternatives. Three fundamental issues will be discussed:  i) 

whether rejoice affects decision-making processes; ii) if and how rejoice differently (or 

similarly) affects the decision-making process compared to regret; iii) whether 

marginal regret-rejoice varies with increasing attribute difference. 

Chapter 12 explores the issue of attribute difference tolerance in regret-rejoice 

models. The tolerance thresholds will be estimated in mixed regret/rejoice choice 

models. The models assume that individuals experience the negative emotion of regret 

for inferior attributes and rejoice for the superior attributes. Thus, the model is 

extended and tested whether the notion of thresholds applies to both negative and 

positive emotions that are triggered by attribute differences. Do individuals apply an 

indifference/tolerance band around the reference point of identical attribute values 

between pairs of alternatives? Do people tolerate a small loss (regret) and are they 

indifferent to a small gain (rejoice)? Is the band asymmetric between regret and rejoice? 

In addition, we conduct market segmentation analysis based on trip purpose.  
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Chapter 13 completes this thesis. The contributions of this dissertation are 

summarized. Main findings are discussed. Possible limitations of the model 

specifications are signaled, leading to a reasoned agenda of future research.  
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CHAPTER 2  

Random Regret Minimization 

Models 
 

 

2.1 Regret theory 

Thirty-five years ago, the concept of regret was proposed as an alternative theory of how 

people evaluate alternatives and arrive at a choice (Loomes and Sugden, 1982; Bell, 

1982). It helped explaining and predicting violations of conventional expected utility 

models. Loomes and Sugden (1982) defined regret as a negative emotion that is triggered 

when the chosen alternative turns out to be inferior to the foregone alternative. They 

argued that individual decision-making is based not only on utility but also on emotions. 

People experience the negative emotion of regret when they realize they made the wrong 

choice in the sense that another choice alternative outperformed the chosen choice 

alternative. To add the effect of regret, they suggested a modified utility function of the 

following form: 

 

( )in in ijn in in jnMV V R V f V V                                                                                    (2.1) 

 

where, 
inMV  is a modified deterministic utility of alternative i of individual n, 

inV is the 

original utility, and 
ijnR  is the regret of chosen alternative i when compared to foregone 

alternative j. 

Since they focused on choice in a monetary context (gambling experiments), their 

model was only concerned with a single attribute and binary choices, which limits its 

usefulness. Therefore, it needed to be extended to multi-attribute, multi-alternative choice 

problems. Later, Quiggin (1994) extended regret theory to multi-alternatives choice sets. 

He pointed out that if we consider all alternatives in the choice set, manipulation of the set 

of the alternatives may yield irrational choices. That is, if we assume individuals are 

willing to pay to have their preferred alternative, then the manipulator can infinitely 

extract a payment by adding inferior alternatives to the choice set. Therefore, he argued 
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that individuals feel regret only against the best foregone alternative (principle of 

Irrelevance of Statewise Dominated Alternatives). 

 

max[ ]in ijn
j i

R R


                                                                                                               (2.2) 

 

 

2.2 Regret-based choice models 

Chorus, Arentze and Timmermans (2008) embedded the concept of regret in a discrete 

choice modeling framework, and called it the random regret minimization (RRM) model. 

As will become clear, their RRM differs in several respects from classic regret theory: i) 

They considered multiple attributes rather than a single attribute, and therefore assumed 

that regret operates on attributes, while regret theory assumed regret is a function of the 

relative utility ii) They assumed regret is stochastic (iii) They specified the RRM for 

decision-making under both uncertain and certain conditions, while regret theory was 

developed for decision-making under uncertainty, iv) They assume that individuals are 

regret-minimizers, whereas regret theory assumes that individuals maximize a 

combination of utility and regret. 

Chorus, Arentze and Timmermans (2008) specified the regret function f at the 

attribute level as:   

 

                                                                                       (2.3)  

 

where,  is the attribute-level regret of individuals n for chosen alternative i when 

compared to foregone alternative j with respect to attribute k,   is the value of 

physical attribute k of chosen alternative i, and  is a taste weight to be estimated.     

The attribute-level regret function, expressed in equation 2.3, assumes that attribute-

level regret is linear in attribute-level differences. The regret function captures semi-

compensatory behavior, implying that individuals make a decision only based on negative 

emotions (regret) in the comparison of alternatives. Then, they assumed that the total 

regret induced by the chosen alternative i when compared to foregone alternative j is the 

summation of attribute-level regret.    

 

                                                                                   (2.4) 
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Following ISDA, the amount of regret for chosen alternative i only depends on the best 

non-chosen alternative as shown in equation 2.2. Therefore, the regret for chosen 

alternative i can be formulated as:  

 

                                                                           (2.5) 

 

Next, they introduced error terms in the regret function to indicate regret is stochastic 

and/or to reflect measurement error, omitted variables, and regret variation. 

 

in in inRR R                                                                                                                  (2.6) 

 

The negatives of the error terms are assumed to be identically, independently, Gumbel 

distributed. Therefore, the choice probability can be derived as: 

 

                                                                                                         (2.7) 

 

In this dissertation, this model will be referred to as RRmax, following Rasouli and 

Timmermans (2014, 2016). 

Chorus (2010) proposed an alternative specification. First, he defined regret against 

all non-chosen alternatives, instead of the best non-chosen alternative only. That is, 

instead of equation 2.5, regret is defined as 

 

                                                                               (2.8) 

 

The assumption about the error terms shown in equations 2.6 and 2.7 is also made for this 

specification of the regret function. In this study, this model will be called RRsum, 

following a previous study (Rasouli and Timmermans, 2014, 2016). This model has also 

been called the pure RRM (van Cranenburgh et al., 2015). 

The definition of regret in multi-alternative choice sets is a critical issue. Rasouli 

and Timmermans (2014, 2016) argued that the specification of the regret function in 

multi-alternative choice sets is an empirical matter, and may depend on the decision 

context in terms of complexity of the choice set, cognitive effort, distinctiveness of the 

choice alternatives, importance of the decision, etc. In some decision contexts, the ISDA 

principle and therefore the classic model may better represent the amount of regret that 

individuals experience, whereas in other decision contexts the amount of regret is based 

on the comparison of two or even all foregone choice alternatives. Hensher et al. (2015) 
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argued that the issue of the best specification of the regret function may be matter of 

recognition of the dominant alternative in the choice set, depending on the relative 

difference between attribute values. If the difference is enough to recognize the dominant 

alternative, regret is generated according to the ISDA principle. Otherwise, when the 

attribute difference is insufficient to recognize the dominated alternative, regret would be 

generated against all non-chosen alternatives. Chorus and Van Cranenburgh (2017) took 

the stance that the issue is mostly an empirical question. Nevertheless, the assumption that 

regret is defined against all non-chosen alternatives has been the basis of all their regret 

choice models after the seminal 2008 publication. 

Second, since the max operator in attribute-level regret function (Figure 2.1) is not 

differentiable at the reference point where the attribute value of the chosen alternative is 

the same as the attribute value of the non-chosen alternative , a logarithmic 

approximation of the RRsum was proposed. 

 

                                                                         (2.9) 

 

The assumption of identically, independently, Gumbel distributed negatives of the error 

terms was kept. In this dissertation, this model specification will be called RRlog 

following previous research (Rasouli and Timmermans, 2016).  This model is also called 

classical RRM (van Cranenburgh et al., 2015). 

 

 

 

Figure 2.1 Attribute-level regret function  

(equation 2.3 with positive taste weight) 
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Figure 2.2 Attribute-level regret function 

(equation 2.9 with positive taste weight) 

 
 
 
 
 
 
 
 

 

Figure 2.3 Modification of approximation of attribute-level regret function  

(equation 2.10 with positive taste weight)  
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The argument of the logarithmic function becomes asymptotically equivalent to the 

original specification with increasing attribute differences and/or larger parameter weights. 

However, it over-represents regret (e.g. regret is ln(2) at the reference point ) 

for smaller attribute differences. Therefore, Chorus (2014b) suggested subtracting ln(2) 

from the logarithmic function. This does not affect the choice probabilities and estimated 

parameters. However, the implication of this operation is that the model is no longer a 

regret-only model as the original model. The model de facto introduces rejoice. Moreover, 

it automatically assumes that rejoice always has an effect in the decision-making process 

for all attributes. In this case, attribute level rejoice is generated when the chosen 

alternative outperforms the non-chosen one, and converges to ln(2) for larger attribute-

differences due to the shape of the logarithmic function. 

 

                                                           (2.10) 

 

 

2.3 Conclusions and discussion 

This chapter has discussed the history, chronological development and classic regret-

based choice models. Based on this review of the early literature, readers should be able 

to understand later developments in regret-based choice modeling and the suggested 

improvements of the models pursued in this thesis. 

To understand developments in transportation research and the contributions of this 

thesis, it is important to realize that regret-based models used in transportation research 

differ from early work in regret theory. In addition, it is important to realize that work in 

transportation is based on three different specifications of the regret function. Chorus, 

Arentze and Timmermans’ seminal model was based on the comparison of the choice 

alternatives against the best only alternative on an attribute-by-attribute basis (RRmax). 

Then, through its redefinition against all non-chosen alternatives (RRsum), Chorus 

suggested an alternative specification that was based on the logarithmic approximation 

(RRlog) of the original regret function in 2010. Several extensions will be discussed 

based on these models in the next chapters. Furthermore, subtracting ln(2) in RRlog to 

make the formulation consistent with the very basic notion of regret, while 

simultaneously trying to attach a meaning to this shift does not seem very rigorous, 

causing several issues in the rejoice domain (Rasouli and Timmermans, 2017b). It will be 

further discussed in part III. 
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CHAPTER 3  

Incorporating  

Psycho-Physical Mapping1
 

 

 

 

3.1 Motivation 

As discussed in the previous chapter, regret-based choice models have in common that 

regret is a function of the objective attributes differences of the choice alternatives. 

That is, the physical measurements of attributes are used in the regret function to 

measure the amount of regret, assuming that regret is based on these differences. In 

reality, however, regret may be based on the perception of physical attribute differences. 

If the relationship between perception and objective attribute values would be linear, a 

full behavioral interpretation could be given. However, psycho-physical research, 

although focusing on different kinds of stimuli such as noise, has provided an 

overwhelming amount of empirical evidence that the relationship between physical 

attribute values and perceived attribute values is non-linear. If these findings would 

equally apply to travel-related attributes, current regret-based models would wrongly 

represent the mental representation of physical attributes levels that are subsequently 

used to arrive at a choice. All current regret-based choice models implicitly or 

explicitly ignore the perception of attributes. Compared to utility-based models of 

transport-related decisions, ignoring perception may have more dramatic repercussions 

because regret-based models are based on attribute differences. It is assumed that the 

same absolute attribute difference is perceived independently of the overall attribute 

range and the absolute value of attribute itself. Thus, incorporating an improved 

                                                      

1 This chapter is based on Jang, S., S. Rasouli, & H.J.P. Timmermans (2017) Incorporating psycho-physical 

mapping into random regret choice models: Model specifications and empirical performance assessments. 

Transportation, 44(5), 999–1019. 
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representation of the perception of attributes into regret-based models may enhance 

their predictive success and increase their validity. 

In this chapter, therefore, such an elaboration of the basic model specifications is 

proposed and empirically tested. In order to investigate this issue, the current paper sets 

out to formulate elaborations of the basic random regret minimization models and 

incorporates a non-linear representation of the perception of attributes. Inspired by 

research on psycho-physical measurement, it is assumed that the perception of stimuli 

(attributes) is proportional to their absolute values. To allow for slight deviations from 

this representation, a more general non-linear representation is also formulated and 

tested. Two data sets (one on stated choice, the other on revealed choices) are used to 

estimate and assess the proposed models. These newly formulated regret models will 

be compared against each other and against the original random regret minimization 

models. In addition to comparing their predictive performance, K-fold validation tests 

will be conducted. 

 

 

3.2 Decision-making process 

A general description of decision-making processes can be summarized in terms of 

four steps (Timmermans, 1982; Rasouli and Timmermans, 2015). Note that this 

description captures many studies on decision making over a long period of time that 

go back to seminal conceptualizations of behavioral choice processes (Louviere, 1988; 

Louviere et al., 2000): 

First, individuals’ perceive their objective, physical space, transforming it into a  

cognitive space: { } { }, ; ;ink ink iX x i C n k K      . This step acknowledges that 

individuals may have partial i ik K and imperfect knowledge ink inkx X  about the 

environment surrounding them. Moreover, they may not be familiar with all choice 

alternatives ( )nC C . It also contends that individuals base their decisions on their 

cognitive representations of reality as opposed to reality itself. The notion of imperfect 

knowledge will be picked up by the mapping function. The mapping can be described 

as ( ) ; ;ink nk ink n inx f X i C n k K       where nkf  is any function applied to 

attribute k. The cognitive representation of choice alternative i of individual n with 

respect to its attributes can thus be described by vector 1 1( , , )ni n n nKx x x x . 

Second, based on their cognitive space, individuals evaluate/judge each attribute 

value of each choice alternative in their choice set. In the traditional random utility 

maximization (RUM) models, individuals are assumed to evaluate each attribute value 

based on the concept of utility , where  is any valuation function ( )ink nk inkV g x nkg
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applied to attribute k. Existing models have typically assumed a homogeneous function 

(in specification and parameters) across all individuals, a function that is homogeneous 

in specification but not in parameters, or a function that depends on latent classes 

(specification and/or parameters). 

Third, individuals integrate the evaluated values into an overall evaluation that 

constitutes the basis for ordering the choice alternatives in order of preference. In the 

RUM, the overall evaluation is called total utility  

where  is any integration function applied to attribute . The integration function 

defines the functional form of the integration, which represents the assumed underlying 

decision-making process, and the importance of the various attributes. It results in an 

ordered set of overall value judgments  on some preference scale. 

Fourth, after evaluating each alternative, individuals consider the preferences and 

the choice set to decide which choice to make. In the RUM, individuals are assumed to 

choose the alternative with the maximum utility. Therefore, choice probabilities of each 

alternative can be mapped as: . Based on this 

conceptualization, most studies in travel behavior modeling have only covered part of 

this decision-making process.  

 

3.2.1 Regret-based decision-making processes 

Following the original papers (Chorus et al., 2008; Chorus, 2010), the regret-based 

decision-making process can be described as follows: 

 

 Attribute differences in objective, physical space are perceived as attribute 

differences in individuals’ cognitive space:  

 

 Individuals evaluate/judge each attribute difference in their choice set, based 

on the cognitive attribute difference: , where  is the 

attribute-level regret function. Two types of attribute-level regret functions 

have been suggested in the literature: i) the original attribute-level regret 

function (Chorus et al., 2008) - . ii) its 

approximation using the logarithmic function (Chorus, 2010) -  

. 

 

 Individuals integrate the attribute-level regrets into an overall evaluation. First 

of all, the regret between chosen alternative i and non-chosen alternative j is 

U
in

= h
n
(V

ink
)," i Î C

n
;" n;k Î K

in

nh inkV

U
in
;" i Î C

n

{ }inp ( | ) Prob[ , ]n in jn nP i C U U j C   

( ) ( )jnk ink nk jnk inkx x f X X  

( )ijnk nk jnk inkg x x   ijnk

max[0, ( )]ijnk k jnk inkx x  

ln[1 exp( ( ))]ijnk k jnk inkx x   
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defined as the summation of attribute-level regrets: . Moreover, 

since regret is generated by comparing the chosen alternative and one or more 

non-chosen alternatives, a definition in multi-alternative choice sets is 

required: i) regret of the chosen alternative can be defined against the best 

non-chosen alternative (Chorus et al., 2008) following the principle of 

Irrelevance of Statewise Dominated Alternatives (ISDA) (Quiggin, 1994) to 

avoid the money pump phenomenon . ii) regret of the chosen 

alternative can be defined against all non-chosen alternatives (Chorus, 2010) 

. Finally, as with utility, total regret is assumed to be stochastic 

by introducing an error term . 

 

 Following regret theory, individuals behave to avoid regret. To represent 

avoidance behavior, individuals are assumed to choose the alternative that 

minimizes their regret. Therefore, choice probabilities of the alternatives 

 can be mapped as: ( | ) Prob[ , ]n in jn nP i C U U j C    . Based on the 

assumption that the (negative of the) error terms are identically independently 

Gumbel distributed, the choice probability can be simplified as 

 

 

 

3.3 New regret-based choice models 

To include perception into these base regret models, a psycho-physical relationship that 

can be traced back to Weber (1834) is suggested. He argued that individuals perceive 

change in a stimulus as a constant ratio of the original stimulus. This assertion, the so 

called Weber Law, indicates that as the initial stimulus gains more strength, much more 

strength is required for later stimuli to maintain the same perception difference. 

 

                                                                                                                    (3.1) 

 

where is a constant (Gescheider, 1997), means an initial stimuli magnitude, and 

 means the variance of the stimuli magnitude.   
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Regret-based choice models have been developed based on the definition that 

attribute-regret is proportional to attribute-differences when an alternative performs 

better than others. By definition, the same attribute-difference generates the same regret 

regardless of the magnitude of the attribute. However, considering individuals’ 

perception in real choice situations, the same attribute-difference may be perceived 

smaller when the size of the attribute is larger. For instance, if someone travelled 

during 120 minutes, he would feel a certain amount of regret if the travel time of the 

alternative, non-chosen route turned out to be 110 minutes. However, if that person 

travelled for 20 minutes, and the travel time of the alternative, non-chosen route would 

be 10 minutes, would that person experience the same amount of regret? The answer to 

this question, according to classic regret models would be yes, because regret only 

depends on attribute differences, which are the same in this example. However, it is 

likely that the same 10 minutes travel time difference is perceived quite differently in 

these two cases. 

Therefore, to avoid this inherent limitation of the current regret formulations, it is 

assumed that individuals perceive attribute differences based on Weber’s law. When it 

is applied to the original regret model (RRmax), the attribute-level regret of alternative 

i when compared to alternative j for attribute k is then defined as 

 

max[ max[0, ( )]]
jnk ink

in k
j i

k ink

X X
R

X





                                                                       (3.2) 

 

This new regret model can describe the variance in perception with respect to the size 

of attribute. It implies the contention that regret is not only a function of the attribute 

differences of the considered alternative and the best non-chosen one but also of 

attribute magnitude itself. The larger the attribute size, the smaller the regret with 

respect to the same attribute-difference.  

Likewise, the Weber’s law can be easily applied to the logarithmic regret model 

(RRlog) 

 

ln(1 exp( ( )))
jnk ink

in k

j i k ink

X X
R

X





                                                                      (3.3) 

 

This model also incorporates the non-linear mapping of attribute differences into 

cognitive differences. Later, Guilford (1932) pointed out that the Weber law does not 

hold for the perception of high intensity stimuli. Based on a series of experiments, he 

concluded that individuals in that case perceive change in a stimulus to be smaller, 

meaning that the stimulus in the denominator used as a reference should be decreased. 

He suggested a power coefficient in the denominator, which should be less than one. 

The power coefficient ϑ is expected to lie between 0 and 1. 
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                                                                                                                (3.4) 

 

By adding the power coefficient, the suggested model is more flexible in capturing 

psycho-physical relationships. With this law, the original attribute-level regret in the 

RRmax of alternative i when compared to the best alternative j for attribute k is defined 

as 

 

max[ max[0, ( )]]
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jnk ink
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                                                                       (3.5) 

 

Similar to the first new regret model (equation 3.2), this second regret model can also 

describe the variance in perception with respect to the size of the attributes of an 

alternative. However, the degree of variance in the denominator is smaller as captured 

by the power function in the denominator. Parameters  should be estimated from 

observed choices. 

 Likewise, the modification can be easily applied to the attribute-level regret in the 

RRlog 

 

ln(1 exp( ( )))
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                                                                      (3.6) 

 

Note that if the power coefficient is estimated to be equal to zero, or not statistically 

significant from zero, the new regret models expressed in equations 3.5 and 3.6 become 

the base formulations (Chorus et al., 2008; Chorus, 2010). On the other hand, if it is 

equal to one, it means that regret is generated based on Weber’s law (Weber, 1834). 

Both new regret models represent the psycho-physical relationship by dividing 

attribute differences by the size of the attribute (moderated by some power coefficient). 

Therefore, individuals perceive different degrees of regret of each alternative, even for 

the same attribute level difference, depending on the size of the attribute of the chosen 

alternative. 

To illustrate these models, assume two alternative routes (route 1 and route 2) that 

define the available choice alternatives between an origin and a destination, 

characterized by travel time only. Five scenarios are formulated with a constant travel 

time difference between the two modes, assuming route 1 is the faster route in all 

scenarios. The traveler values travel time (differences) as -0.5/min, and the power 

coefficient is assumed to be equal to 0.7. Intuitively, it is likely that most individuals 

will choose route 1 due to the shorter travel time when the size of the attribute is small. 
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However, when the size of the attribute increases, the shares of route 1 and route 2 

become more similar. Sheffi (1985) pointed out that this expected behavior stems from 

the variance in perception of travel time differences as a function of absolute travel 

time. 

Table 3.1 shows how choice behavior is predicted to differ for the three types of 

regret models (the two newly suggested regret models, and the original regret model) 

by size of attribute. The probability of choosing the car is always higher, but 

differences in choice probability between the two alternatives are not the same for the 

models. Like the multinomial logit model, the original regret formulation does not 

consider the absolute size of travel time because regret is defined only by attribute-

differences between alternatives. Therefore, most individuals are predicted to choose 

the car in all these scenarios with the same probability, regardless of the size of the 

attribute. In contrast, the new regret models suggested in this paper do consider the size 

of the travel time attribute. When applying the original Weber law to the specification 

of regret, the choice probabilities of the two alternatives become closer as the size of 

the attribute (travel time) become larger. In case of the generalized Weber law, the 

effect of perception on choice probabilities is moderated, because the value of the 

power coefficient decreases the value of the denominator. 

 

Table 3.1 Change in choice probability by size of attribute in three regret-based models 

Travel time (min) Probability
*
 (%) 

Car Bus Rcar Rbus WRcar WRbus GWRcar GWRbus 

10 20 99.33 0.67 56.22 43.78 64.89 35.11 

30 40 99.33 0.67 53.12 46.88 59.34 40.66 

50 60 99.33 0.67 52.08 47.92 57.07 42.93 

70 80 99.33 0.67 51.56 48.44 55.79 44.21 

90 100 99.33 0.67 51.25 48.75 54.96 45.04 

* R means results of original regret model (RRmax), WR means results of variant of original regret model 

based on Weber’s law, GWR means variant of original regret model based on generalized Weber’s law 
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3.4 Case studies 

To examine whether indeed the inclusion of the psycho-physical relationship into the 

original model specifications improves the predictive ability of the regret choice 

models, two data sets were used. The first data set concerns a stated choice experiment 

about the choice of shopping center. The second data set is concerned with the choice 

of transportation mode in a revealed preference setting. For each data set, three 

analyses were conducted: (i) a comparison of the goodness-of-fit of the model 

specification based on Weber’s law versus the original two model specifications (the 

best only and the logarithmic pairwise comparisons models); (ii) a comparison of the 

goodness-of-fit of the model specification based on the generalized Weber’s law versus 

the original two model specifications (the best only and the logarithmic pairwise 

comparisons models); (iii) as a by-product a comparison of the goodness-of-fit of the 

original regret model versus the logarithmic specification. Technically, the latter 

comparison is a replication of an earlier study (Rasouli & Timmermans, 2015a), using 

new data. In addition to the comparison of model performance, a K-fold cross-

validation test was conducted for each case. 

Likelihood values were calculated to compare the goodness-of-fit of the models. 

Because the models are non-nested with different numbers of estimated parameters, 

Ben-Akiva & Swait’s test (1986) for non-nested choice models was applied. Matlab 

R2015a was used to develop the code to estimate the various models. Because Ben-

Akiva & Swait’s test is based on Akaike's Information Criterion (AIC), which tends to 

prefer the larger (number of parameters) model if the sample size is big enough, the 

Bayesian Information Criterion (Schwarz, 1978) was  also used. 

The K-fold cross-validation implies that the data were split into K subsets. K-1 

subsets were used to estimate the model, and the remaining subset was used to test the 

model. This process is repeated K times since each subset should be used as a test set 

once. The 2-norms statistic, which quantifies the distance between predicted and 

observed market shares (Cherchi and Cirillo, 2010), was used in this test. It can be 

expressed as: 

 

                                                                                   (3.7) 

 

where, is the squared absolute error between the observed and predicted shares 

of i.  

Note that if the predicted and observed market shares are the same, D equals zero. 

It becomes bigger if the difference between predicted and observed market shares 

increases. Thus, a lower value of the statistic indicates a higher predictive power. 

2-norms= D
Alt.1

2 + + D
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3.4.1 Case study 1: stated choice experiment 

3.4.1.1 Data 

The first case study is based on a stated choice experiment constructed to analyze 

consumer choice of shopping center. The experiment described shopping centers in 

terms of three generic attributes - travel time, parking fees, and number of stores. Each 

attribute was categorized into four levels. Travel time was labeled 10, 30, 50 and 70 

minutes, parking costs were varied in terms of 0.5, 1.0, 1.5, 2.0 euros, while levels for 

the number of stores were 30, 60, 90, and 120 stores respectively. Three hypothetical 

shopping centers were considered as alternatives in choice sets. A 4
9
 orthogonal 

fractional factorial choice set design consisting of 128 runs was constructed to 

orthogonally vary the attributes within and between the shopping centers. These choice 

set were blocked into 16 choice sets. A total of 242 participants indicated for each of 

these choice sets which of these three centers they would choose. 

The experiment was administered via Pauline, a platform for the creation and 

administration of Web-based questionnaires, developed by our group. A commercial 

firm was hired to recruit respondents. The chosen firm maintains a panel with known 

socio-demographics, which can be used to select or filter out particular segments of the 

population. This study only recruited respondents older than 18 years of age. The 

sample was randomly selected from the panel, which in turn is, according to the data 

collection firm, representative of the Dutch population. Data collection started on 

Monday, July 15, 2013. The target sample size was achieved the next day. This 

efficacy is due to the fact that panelists have committed to completing questionnaires 

quickly. Privacy of respondents was assured by setting up a connection between the 

firm and our Web application, filtering out their email addresses. 

 

3.4.1.2 Estimation results 

3.4.1.2.1 Base formulations 

The original regret model (RRmax) was compared with the logarithmic specification 

(RRlog). Recall that the regret functions are almost identical for larger attribute 

difference, but differ for smaller differences. In addition the model differ in terms of 

the comparison of alternatives: comparison against best only or against all. This 

analysis is a partial replication of an earlier study, using a different data set (Rasouli & 

Timmermans, 2016). Although this comparison is not the focus on attention in this 

section, the results are included because they add empirical knowledge to question 

which specification seems behaviorally the best. The findings of the estimation results 

of each model are listed in Table 3.2.  

All coefficients are statistically significant at the 95 percent significance level and 

their sign is in anticipated direction. The absolute values of the attribute parameters are 
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larger in RRmax than in RRlog, as expected. Parking fees is the most influential 

attribute in both models. This result may be affected by the attribute range since 

parking fees has the smallest attribute range, compared to other attributes. The RRmax 

outperforms RRlog, consistent with the result of previous research (Rasouli and 

Timmermans, 2016). The results of Ben-Akiva and Swait’s test (1986) indicate that the 

probability that the logarithmic specification outperforms the original regret is zero 

. is the standard normal cumulative distribution. Also, BIC 

value of RRmax is lower than RRlog, implying better model fit of regret minimization 

behavior. 

 

3.4.1.2.2 Specification based on Weber’s law 

In this chapter, the results of the comparison of the model specifications that include 

Weber’s law with their original, base specification is discussed. Table 3.3 shows the 

estimation results and the difference in predictive performance of the models. The t-

values indicate the parameters are statistically significant at the 95 percent significance 

level. Their signs are consistent with theoretical anticipations. By applying Weber’s 

law, the absolute values of the parameters are increased since the attribute difference is 

divided by the attribute value, and therefore larger parameters are needed to represent 

similar attribute level regret.  

Based on the results of Ben-Akiva and Swait’s test (1986) for non-nested choice 

models, it can be concluded that the regret model, which includes the non-proportional 

perception effect, performs better than the original formulations (the RRmax and 

RRlog models). The probability that the RRmax model is superior to its specification 

based on the Weber law is zero , with  being the standard 

normal cumulative distribution function. Also, the probability that the RRlog 

specification is superior to its specification based on Weber’s law is zero  

. In addition, BIC values of WRRM are lower than RRM, 

implying that WRRM outperforms to RRM. 

Compared to the base formulations of the regret models, the specifications based 

on Weber’s law slightly improve the goodness-of-fit of the models. Thus, it seems that 

in this case study, the inclusion of the mapping of objectives values into cognitive 

attributes results in better model fit of the regret minimization behavior. Although the 

difference in fit is small, it is significant. 

 

3.4.1.2.3 Specification based on generalized Weber’s law 

Focusing on the specification based on the generalized Weber law, similar results were 

obtained for both regret models (original regret and logarithmic specification). Table 

3.4 shows the estimation results. The power coefficient for the number of stores in the 

( ( 9.224) 0)p   ()

( ( 5.052) 0)p   

( ( 4.152) 0)p  
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modified Weber model specification is not statistically significant at the 95 percent 

significance level in both regret models. Therefore, they were dropped and replaced by 

one as in Weber’s Law. 

The value of the power coefficient in the specification based on the generalized 

Weber law is about 0.4 in the case of the original regret model, which is slightly 

smaller than in the case of the logarithmic specification (the value of the power 

coefficient is around 0.5). These results are congruent with Guilford’s argument (1932) 

that the power coefficient should have a value between zero and one. 

All specifications incorporating the generalized Weber law outperform their base 

model specifications according to Ben-Akiva and Swait (1986)’s test for non-nested 

choice models. The probability that the original regret model outperforms its 

elaboration based on the generalized Weber law is zero , and the 

probability that the logarithmic specification is superior to its elaboration based on the 

generalized Weber law is also zero . The improvement in 

goodness-of-fit of the models based on the generalized Weber law is higher than the 

improvement based on the classic Weber’s law. Moreover, the lower BIC values of the 

GWRRM than RRM suggest the superiority of GWRRM.  

 

3.4.1.2.4 Specification based on generalized Weber’s law 

Focusing on the specification based on the generalized Weber law, similar results were 

obtained for both regret models (original regret and logarithmic specification). Table 

3.4 shows the estimation results. The power coefficient for the number of stores in the 

modified Weber model specification is not statistically significant at the 95 percent 

significance level in both regret models. Therefore, they were dropped and replaced by 

one as in Weber’s Law. 

The value of the power coefficient in the specification based on the generalized 

Weber law is about 0.4 in the case of the original regret model, which is slightly 

smaller than in the case of the logarithmic specification (the value of the power 

coefficient is around 0.5). These results are congruent with Guilford’s argument (1932) 

that the power coefficient should have a value between zero and one. 

All specifications incorporating the generalized Weber law outperform their base 

model specifications according to Ben-Akiva and Swait (1986)’s test for non-nested 

choice models. The probability that the original regret model outperforms its 

elaboration based on the generalized Weber law is zero , and the 

probability that the logarithmic specification is superior to its elaboration based on the 

generalized Weber law is also zero . The improvement in 

goodness-of-fit of the models based on the generalized Weber law is higher than the 

improvement based on the classic Weber’s law.  

( ( 10.005) 0)p  

( ( 9.115) 0)p  

( ( 10.005) 0)p  

( ( 9.115) 0)p  
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    Table 3.2 Summary of estimation results - original models: case study 1 

Shopping location choice RRmax RRlog 

Travel time 

(t-value) 

-0.0592 

(-36.45) 

-0.0371 

(-34.31) 

Parking fee 

(t-value) 

-1.3415 

(-25.67) 

-0.8103 

(-22.99) 

Number of stores 

(t-value) 

0.0099 

(12.23) 

0.0073 

(14.18) 

Rho-squared 0.327 0.317 

BIC 5750.827 5839.081 

Final log-likelihood -2863.021 -2907.148 

 

 

Table 3.3 Summary of estimation results  - 

specification based on Weber’s law: case study 1 

Shopping location 

choice 

RRmax RRlog 

Base 

formulation 

Specification 

based on 

Weber’s law 

Base 

formulation 

Specification 

based on 

Weber’s law 

Travel time 

(t-value) 

-0.0592 

(-36.45) 

-3.1425 

(-37.31) 
-0.0371 

(-34.31) 

-1.3742 

(-36.21) 

Parking fee 

(t-value) 

-1.3415 

(-25.67) 

-2.3502 

(-26.21) 
-0.8103 

(-22.99) 

-1.3691 

(-26.06) 

Number of stores 

(t-value) 

0.0099 

(12.23) 

0.3448 

(12.98) 
0.0073 

(14.18) 

0.3284 

(15.81) 

Rho-squared 0.327 0.330 0.317 0.319 

BIC 5750.827 5723.839 5839.081 5816.241 

Final log-

likelihood 
-2863.021 -2849.527 -2907.148 -2895.728 
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Table 3.4 Summary of estimation results - 

specification generalized based on Weber’s law: case study 1 

Shopping location 

choice 

RRmax RRlog 

Base 

formulation 

Generalized 

Weber’s law 

Base 

formulation 

Generalized 

Weber’s law 

Travel time 

(t-value) 

-0.0592 

(-36.45) 

-0.2788 

(-3.44) 

-0.0371 

(-34.31) 

-0.2313 

(-3.19) 

Parking fee 

(t-value) 

-1.3415 

(-25.67) 

-1.7152 

(-11.99) 

-0.8103 

(-22.99) 

-1.1043 

(-19.29) 

Number of stores 

(t-value) 

0.0099 

(12.23) 

0.3333 

(12.42) 

0.0073 

(14.18) 

0.3215 

(14.98) 

Power_travel time 

(t-value) 
 

0.3811 

(-5.30) 
 

0.4714 

(-5.82) 

Power_parking fee 

(t-value) 
 

0.4083 

(-3.02) 
 

0.5648 

(-4.74) 

Rho-squared 0.327 0.339 0.317 0.327 

BIC 5750.827 5667.580 5839.081 5766.860 

Final log-likelihood -2863.021 -2813.136 -2907.148 -2862.776 

 

3.4.1.3 Validation results 

A K-fold cross-validation test was conducted to validate the estimation results. In total, 

11 subsets (K=11) were constructed, randomly assigning the respondents to the subsets. 

Of the 11 subsets, 10 subsets were used to estimate the models, while the one 

remaining subset was used to validate the estimation results. This process is repeated 

11 times using all subsets as validation data.  

 

3.4.1.3.1 Base formulations 

First, the cross-validation test is applied to the original regret model and the 

logarithmic specification. Results show that the estimated parameters only slightly 

differ between the 11 subsets. Likewise, the goodness-of-fit of the models differs only 

marginally. This implies that the data are very stable. The validation step involves 

using the estimated model to predict the observations in the 11th subset.  
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Figure 3.1 displays the 2-norms values of both regret models, which quantify the 

predictive success of the estimated model. Akin to the estimation results for the full 

data set, the results of the 11 fold cross-validation test indicate that the original regret 

model (RRmax) is superior to the logarithmic specification (RRlog). A few fluctuations 

can be observed. Thus, it can be ruled out that a peculiar subset or peculiar respondent 

causes the improvement in predictive success of the original regret model. 

 

3.4.1.3.2 Specification based on Weber’s law 

Second, each regret model (RRmax and RRlog) and their variants based on Weber’s 

law were subjected to the cross-validation test. The estimated parameters and their 

goodness-of-fit only show small variations between the 11 training data sets. This 

implies that this data set is suitable to conduct the cross-validation test. 

The 2-norms values for the 11-fold cross-validation are shown in Figure 3.2. It 

demonstrates that the variant based on Weber’s law performs better in predicting 

observed choice behavior. This means that when regret is defined to include the 

psycho-physical relationship, the model is superior to its original base specification. 

Compared to the base formulations, the value of 2-norms is generally lower for the 

models specifications based on weber’s law, because the model fit is better. 

 

 

 

Figure 3.1 2-norms values for K-fold cross-validation test: comparison of original 

regret (RRmax) and logarithmic specification (RRlog) - case study 1 
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(a) 

 

 

 
(b) 

Figure 3.2 2-norms values for K-fold cross-validation test: comparison of base 

formulations and their variants based on Weber’s law - case study 1 
(a) RRmax-based 

(b) RRlog-based 

 

 

0.00

10.00

20.00

30.00

K-1 K-2 K-3 K-4 K-5 K-6 K-7 K-8 K-9 K-10 K-11

2-norms 

Base Formulation Specification based on Weber's Law

0.00

10.00

20.00

30.00

K-1 K-2 K-3 K-4 K-5 K-6 K-7 K-8 K-9 K-10 K-11

2-norms 

Base Formulation Specification based on Weber's Law



Part I. Perception and Judgment 

 32 

 

  
(a) 

 

 

(b) 

Figure 3.3 2-norms values for K-fold cross-validation test: comparison of base 

formulations and their variants based on the generalized Weber law - case study 1 
(a) RRmax-based 

(b) RRlog-based 
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3.4.1.3.3 Specification based on generalized Weber’s law 

Finally, the 11-fold cross-validation test was applied to the specification based on the 

generalized Weber law. The parameters are similar and the goodness-of-fit of the 

models is almost constant across training sets. Figure 3.3 presents the values of 2-

norms. The variants based on the generalized Weber law show lower values than their 

original formulations, implying a higher predictive ability. The difference in predictive 

ability of the models is much clearer than in case of Weber’s law.  

 

3.4.2 Case study 2: revealed choice experiment 

3.4.2.1 Data 

For the second case study, the 2009 MON data (Mobiliteit Onderzoek Nederlands - the 

Dutch National Travel Survey) is used. The survey was administered among 

representative residents in the Netherlands to obtain daily travel information. From the 

complete revealed preference (RP) data set, the data of the Noord Brabant Province 

were extracted, which concerns 354 respondents. The data includes two level of service 

variables (travel time and travel distance) for three mode choice alternatives (car, bike, 

walk). Since all respondents hold a license, the choice set is the same for all. The travel 

time ranges from 1 minute to 134 minutes, while travel distance varies from 1 km to 91 

km. The variance of travel time is 56.48, which is larger than the variance of travel 

distance (50.89).  

 

Table 3.5 Summary of estimation results:  base formulations -  

case study 2 

Mode choice RRmax RRlog 

Travel time 

(t-value) 

-0.1152 

(-14.97) 

-0.0711 

(-14.02) 

Travel distance 

(t-value) 

-0.5222 

(-13.01) 

-0.3563 

(-12.81) 

Rho-squared 0.202 0.187 

BIC 2045.785 2082.813 

Final log-likelihood -1015.838 -1034.352 
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Table 3.6 Summary of estimation results: specification based on Weber’s law - 

case study 2 

Mode choice 

RRmax RRlog 

Base 

formulation 

Weber’s 

law 

Base 

formulation 

Weber’s 

law 

Travel time 

(t-value) 

-0.1152 

(-14.97) 

-2.4107 

(-16.08) 

-0.0711 

(-14.02) 

-1.3731 

(-17.36) 

Travel distance 

(t-value) 

-0.5222 

(-13.01) 

-7.0834 

(-14.45) 

-0.3563 

(-12.81) 

-5.2538 

(-12.27) 

Rho-squared 0.202 0.211 0.187 0.192 

BIC 2045.785 2020.781 2082.813 2074.617 

Final log-

likelihood 
-1015.838 -1003.336 -1034.352 -1030.254 

 

3.4.2.2 Estimation results 

As in the first case study, the RRmax and RRlog models, their variants based on the 

Weber law and on the generalized Weber law were estimated. The primary aim of the 

analysis was to examine and statistically test whether model specifications that include 

a mapping of the objective attribute values into cognitive values outperform their 

original specifications. Implicitly, this also allows examining whether the models based 

on the generalized Weber specification outperform the models, based on the Weber law, 

and whether the RRmax model outperforms the RRlog model (Rasouli and 

Timmermans, 2014; 2016). 

 

3.4.2.2.1 Base formulations 

Table 3.5 shows the detailed estimation results for the original regret (RRmax) and the 

logarithmic regret  (RRlog) models. It shows that the overall results are similar to those 

obtained in the first case study. All estimated coefficients are statistically significant at 

the 95 percent significance level and the signs are in anticipated direction. The RRlog 

has smaller parameters than the RRmax; the same as in the first case study. Travel 
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distance has more influence on choice than travel time in both regret models. Results 

also clearly indicate again that the RRmax model is superior to the RRlog specification 

in terms of predictive ability. Based on the non-nested choice model test (Ben-Akiva & 

Swait, 1986), the probability that the RRlog specification outperforms the RRmax 

model is zero . In addition, the BIC value of RRmax shows a lower 

value than for RRlog, meaning that RRmax is superior to RRlog. 

 

3.4.2.2.2 Specification based on Weber’s law 

Next, the performance of the two model specifications, which include the Weber law, 

are compared against their original model specifications. The results are shown in 

Table 3.6. As in the first case study, the predictive performance of the models indicates 

that the models incorporating the psycho-physical relationship outperform the base 

models, but the degree of improvement is higher than in the first case study. This may 

be due to the fact that in the second case study, the attributes of all alternatives have to 

be learned whereas in the first case study they are explicitly shown to the respondents. 

Therefore, the difference between cognitive representation of attribute values and their 

objective counterparts is likely larger, reflected in the higher improved performance of 

the model incorporating this phenomena. All parameters are statistically significant at 

the 95 percent significance level, and the signs of all parameters are in anticipated 

direction. The absolute value of the parameters is increased compared to the base 

models. Travel distance is more influential than travel time in all models. The results of 

the non-nested choice model test (Ben-Akiva & Swait, 1986) reveal that the 

specifications based on Weber’s law better predict observed choice behavior than the 

base formulations. The probability that the RRmax model is superior to its specification 

based on the Weber’s law is zero , and the probability that the 

RRlog specification outperforms its specification based on Weber’s law is also zero 

. Moreover, BIC values show the superiority of WRRM models. 

 

3.4.2.2.3 Specification based on generalized Weber’s law 

When the regret models (RRmax and RRlog) are specified based on the generalized 

Weber law, their predictive performance is improved. Again, this finding is consistent 

with the results obtained in the first case study. Similar to the specification based on 

Weber’s law, the improvement is higher in the second case study. The probability that 

the original regret model outperforms the specification based on the generalized Weber 

law is zero . Similarly, the probability that the logarithmic 

specification is superior to the variant based on the generalized Weber law is zero 

. Also, with respect to BIC, GWRRM specifications shows better 

fit. 

( ( 6.178) 0)p  

( ( 4.785) 0)p  

( ( 3.567) 0)p  

( ( 7.518) 0)p  

( ( 6.222) 0)p  
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The power coefficient for travel time and distance is somewhat higher in the 

logarithmic specification. It is slightly over 0.7 for the original regret model, and close 

to 0.8 for the logarithmic specification. These values are closer to 1 than in the first 

case study meaning that the difference between objective attribute difference and 

cognitive representation is larger in the second case study incurred by the type of 

choice mechanism (between revealed preference and stated choice experiment). 

 

 

Table 3.7 Summary of estimation results: specification based on the generalized Weber 

law - case study 2 

Mode choice 

RRmax RRlog 

Base 

formulation 

Generalized 

Weber law 

Base 

formulation 

Generalized 

Weber law 

Travel time 

(t-value) 

-0.1152 

(-14.97) 

-0.5237 

(-13.41) 

-0.0711 

(-14.02) 

-0.1987 

(-3.81) 

Travel distance 

(t-value) 

-0.5222 

(-13.01) 

-4.0936 

(-11.97) 

-0.3563 

(-12.81) 

-3.4025 

(-4.21) 

Power 

_Travel time 

(t-value) 

 
0.7381 

(-10.35) 
 

0.7903 

(-5.12) 

Power 

_Travel distance 

(t-value) 

 
0.7169 

(-8.72) 
 

0.7752 

(-7.49) 

Rho-squared 0.202 0.225 0.187 0.203 

BIC 2045.785 1986.703 2082.813 2041.781 

Final log-

likelihood 
-1015.838 -986.297 -1034.352 -1013.836 
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Figure 3.4 2-norms values for K-fold cross-validation test: comparison of original 

regret and logarithmic specification - case study 2 

 

3.4.2.3 Validation results 

The models estimated in this second case study were also validated using the K-fold 

cross-validation method. To that end, the data were randomly split into 6 different 

subsets. The models were estimated pooling 5 of these subsets, and the estimated 

model was used to predict the observations in the 6th subset. By repeating this 

procedure 6 times, each subset is used for validating the model once.  

 

3.4.2.3.1 Base formulations 

First, the original regret (RRmax) and the logarithmic specification (RRlog) were put to 

the cross-validation test. Estimation results across the 5 subsets are similar to the 

estimation results of the full data set. The values of the parameters are close and the 

original specification of the regret model consistently outperforms the later introduced 

logarithmic specification. The validation results are presented in Figure 3.4. It 

demonstrates that the original regret model is superior to the logarithmic specification.  

 

3.4.2.3.2 Specification based on Weber’s law 

Second, the cross validation test was applied to the base formulations of each regret 

model and their variants based on Weber’s law. The estimated models are similar 

across the training sets. Figure 3.5 shows the validation result in terms of the 2-norms. 

The overall results are similar to those obtained for the first case study, but the 

dominance relationship between the models is clearer. Except for small fluctuations, 

the specifications based on Weber’s law are superior to the corresponding base 

formulations of the two regret models. 
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(a) 

 

 

 

 
(b) 

Figure 3.5 2-norms values for K-fold cross-validation test: comparison of original 

formulations and their variant based on Weber’s law - case study 2 
(a) RRmax and its variant based on Weber’s law 

(b) RRlog and its variant based on Weber’s law 
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(a) 

 

 

 

 
(b) 

Figure 3.6 2-norms values for the K-fold cross-validation test: comparison of original 

formulations and their variants based on the generalized Weber law - case study 2 
(a) RRmax and its variant based on the generalized Weber law 

(b) RRlog and its variant based on the generalized Weber law 
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3.4.2.3.3 Specification based on generalized Weber’s law 

Lastly, each regret model and their perception-based variants based on the generalized 

Weber law were subjected to the cross-validation test. The full data set seems suitable 

to estimate the parameters and assess model fit. The validation results using the 2-

norms statistic are shown in Figure 3.6. Each variant is found to have a lower value, 

meaning that their predictive power is better than that of the base formulations. The 

results reinforce the findings of the first case study. Incorporating the psycho-physical 

relationship into the regret model improves their predictive ability. The difference 

between the values of 2-norms is larger than for the specification based on Weber’s law. 

 

 

3.5 Conclusions and discussion 

This chapter has documented the formulation and empirical test of new regret-based 

choice models. The new models differs from their original, base formulations that mark 

the evolution of regret-based models in transportation research in that regret is not 

defined in terms of attributes differences between the considered choice alternative and 

the (best) non-chosen choice alternatives, but rather as the ratio of attribute differences 

to the absolute attribute values of the considered alternative. This transformation is 

assumed to represent the mapping of objective attribute values into cognitive attributes. 

Two specifications were tested: model variants incorporating the classic Weber law and 

model variants based on the generalized Weber law. These specifications are motivated 

by the results of psycho-physical research which has shown that the perception of 

change in a stimuli is relative to the absolute intensity of the stimuli. Although this 

research has traditionally focused on physical stimuli such as noise and sound, the 

perception of other stimuli may be driven by similar perceptual mechanisms. 

The results of two case studies, one based on stated choice data, the other on 

revealed choice data, convincingly and consistently show that for both the original best 

only regret model and the paired comparison logarithmic specification of the regret 

model, incorporating the mapping function significantly outperform the original base 

specifications. These findings thus support the conclusion that it is crucial to account 

for the size of attributes of alternatives in addition to the attribute difference in regret-

based models (and maybe in utility-based models as well) to better capture choice 

behavior. The evidence from the two case studies clearly shows that the inclusion of 

the perception component in the specification of the regret function outperforms the 

original random regret models. Further evidence is provided by the results of the K-

fold cross-validation, which shows that the overall results also hold for the various 

subsets. 
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Moreover, results of the model comparisons demonstrate that the most general 

model, the one based on the generalized Weber law, performs best. This is not 

surprising in the sense that the classic Weber is a special case of the generalized Weber 

law. However, results indicate that the models based on the generalized Weber law 

perform significantly better and that the extra estimated parameter in the generalized 

function is not equal to one. 

Finally, as a by-product of this study, these two case studies replicate the findings 

of another study (Rasouli and Timmermans, 2015a), which concluded that the original 

regret model, based on the max operator outperforms the later introduced logarithmic 

specification. Of course, further empirical analyses are needed to increase our body of 

knowledge regarding the empirical performance of different regret models. 

It is argued that if perception involves a non-linear mapping of physical attribute 

values into cognitive values, commonly used regret-minimization models lead to less 

accurate results, which can be mitigated by considering the size of attributes of each 

alternative in the regret formulation. It goes without saying that this conclusion is based 

on these two case studies only. It would be interesting and valuable to replicate the 

comparison on other data to judge the generalizability of the current findings to 

different data sets and spatial and cultural settings. For the case of stated choice data, it 

would be interesting to see to what extent results depend on the size of attribute 

variation. 

The results reported in this chapter have been deliberately limited to the two pure 

random regret models. The evolution of regret-based models in transportation research 

however also includes attempt to formulate mixed utility/regret models (Hess et al., 

2012; Hess and Stathopoulos). Further research should analyze whether the inclusion 

of the psycho-physical relationship will also improve the predictive success of other 

regret-based or hybrid models (e.g. Chorus, 2014b). 
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CHAPTER 4  

Incorporating the Varying Effect  

of Attribute Intensity 

 
4.1 Motivation 

In the previous chapter, we suggested a model that incorporates psycho-physical 

mapping into regret-based choice models, based on psychological laws. These 

psychological laws imply that individuals perceive differences between two stimuli 

across the full intensity range in an invariant manner according to the specified psycho-

physical function. The power coefficient is constant across the range of the stimuli. As 

this is a rigorous assumption, in this chapter it is explored which psycho-physical 

mapping function better describes the perception of attribute differences, which is the 

key concept underlying regret minimization models.  

More specifically, we explore whether perception may vary as a function of the 

intensity of the stimulus (value of the attribute). After the introduction of Weber’s law, 

an examination of the classic literature on perception has shown that validation of 

Weber’s law depends on attribute intensity. More specifically, individuals’ perception 

of differences tends to be larger than the Weber ratio when the intensity of the stimuli 

is very small (e.g. Kiesow, 1926; Ricci, 1937; Gaydos, 1958; Treisman, 1963), and 

very large (e.g., Gatti and Dodge, 1929; Oberlin, 1936; Upton, 1936; Hardy et al., 

1947).  

Unfortunately, to the best of our knowledge, there is no dedicated systematic 

research on the perception of attribute differences related to travel-related attributes to 

judge whether the perception of travel-related attributes shares this property. However, 

if, for now, it is assumed that the same psycho-physical mapping equally applies to 

travel-related attributes, the specification of random regret minimization models would 

improve by replacing the intensity invariant specification with an intensity varying 

psycho-physical mapping function. When the intensity (size) of attribute is small, 

individuals tend to perceive attribute differences larger than the Weber law suggests. 

Expressed in terms of the generalized Weber law, this would be captured by a value of 
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the power coefficient close to zero. When the intensity relates to the middle part of the 

intensity range, the Weber law tends to represent the perception of attribute difference 

quite well, which would be represented by a value of the power coefficient of the 

generalized law close to one. Finally, when the intensity of the attribute becomes too 

large, individuals’ perception of attribute differences becomes larger than suggested by 

the Weber law, implying that the power coefficient becomes smaller again.    

To elaborate the previous chapter, a mapping function is incorporated into the 

regret function, which depends on the intensity (size) of the attribute of the chosen 

alternative. The performance of the elaborated models will be compared against their 

previous versions using the same two data sets that were used before. 

 

 

4.2 Overview validation Weber’s law 

As discussed in the motivation, there have been several discussions about the empirical 

validation of Weber’s law in psychology. The common result is that the validity of 

Weber’s law depends on the intensity of the stimuli: whereas individuals’ perception of 

differences tend to follow the Weber’s law for intermediate intensity, they tend to be 

perceived larger than indicated by the Weber’s law with increasing or decreasing 

intensity for the same objective difference. Therefore, the variation of perception shows 

a hyperbolic or U-like shape (Holway and Pratt, 1936; Masin, 2009). Figure 4.1. shows 

the relationship. First, Weber’s law holds in middle range of attribute intensity. Second, 

since the denominator in the generalized Weber’s law is decreased by the power 

coefficient  (𝑋𝑖𝑛𝑘 → 𝑋𝑖𝑛𝑘
𝜗𝑘), it generates larger perceived attribute differences than 

Weber’s law. However, it is still constant across all attribute intensities. 

 

 

Figure 4.1 Relationship between perceived attribute difference and initial (chosen) 

attribute intensity 
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Figure 4.2 Variation of power coefficient in generalized Weber’s law reflecting effect 

of attribute intensity 

 

To represent the varying effect of attribute intensity, let assume that individuals 

experience regret following generalized Weber’s law, and the power coefficient varies 

by attribute intensity. If attribute intensity is intermediate and perception follows the 

Weber’s law, then the power coefficient would be equal to one. With an increasing or 

decreasing intensity, the power coefficient would be decreasing to zero to increase 

perceived attribute differences. Therefore, candidate psycho-physical mapping 

functions may have a single peak, in which the perception of attribute differences 

deviates increasingly more from true attribute differences with increasing and 

decreasing attribute intensity away from the intensity associated with the peak value of 

the psycho-physical mapping function (Figure 4.2). 

 

 

4.3 Model formulation 

In the seminal work on the inclusion of a psycho-physical function in random regret 

models, the objective values of the attributes was substituted with their perceived 

values assuming that the Weber respectively the generalized Weber law captures this 

relationship. Weber’s law was applied to the RRM in the previous chapter. It will be 

called the Weberian RRM (WRRM).  In this chapter, the incorporation of Weber’s law 

into the RRmax model (equation 3.2) will be called the WRRmax model. Likewise, the 

application of Weber’s law to the RRlog model (equation 3.3) will be referred to as the 

WRRlog model. In case of the generalized Weber law, the regret specifications are 

more flexible in capturing psycho-physical relationships. The models incorporating the 

generalized Weber law will be referred to as the Weberian RRM (GWRRM). The 

incorporation of the generalized Weber law into the RRmax model (equation 3.5) will 
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be called the GWRRmax model, while GWRRlog refers to the incorporation into the 

RRlog model (equation 3.6). 

In elaborating these models, in this chapter, it is assumed that the power 

coefficient in the GWRRmax and GWRRlog varies according the intensity of the 

attribute of the considered choice alternative. There are several candidate psycho-

physical mapping functions. As discussed the candidates should have a peak, and 

restricted to have values between zero and one. Through the several trials, it is 

concluded that at least two parameters are necessary to represent the relationship. 

Therefore, here a function minimizing number of parameters is proposed. 

 

2exp( ( ) )ink k ink kX                                                                                             (4.1) 

 

where ik  is the power coefficient of the generalized Weber law, k  and k  are 

parameters to be estimated, k  should be positive or zero.  

Figure 4.3 displays the proposed equation for the power coefficient. Since 
2( )k ink kX   has non-positive value, it is guaranteed that 

ink in equation 4.1 has 

value between 0 and 1. Consistent with the previous results on psychology, it shows 

that Weber’s law holds near a critical point ( 1)ink  , in this dissertation we will call 

the point as Weber point, then as attribute intensity become smaller or larger, 

individuals perceive difference larger than Weber’s law, that is, the power coefficient 

ink approaches to zero, implying their difference in objective attribute space. 

To derive the condition about the critical point, the first derivative of the power 

coefficient in equation 4.1 is computed: 
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  is calculated as the Weber point. By replacing the 
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 in equation 4.1 is the value of power function with the attribute 

intensity of  would equal 1. Around this value of intensity, Weber’s law holds. The 

shape of the function is asymmetric, generally shown as figure 4.3, however,  

depending on the estimated values of parameters  and  , and the attribute range of 

attribute, it displays Special shapes. If the attribute intensity is smaller than estimated 

ratio  , the power coefficient is only increasing with increasing attribute intensity. 
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Otherwise, when attribute intensity is larger than the estimated ratio , or 
k has 

negative value, the power coefficient is only decreasing with increasing attribute 

intensity.  If the intermediate values of attribute intensity in the data are consistent with 

the estimated ratio , it represents a symmetric shape (Table 4.1). 

To check how power coefficient is varying by condition of parameters, the second 

derivative of the power coefficient is computed: 
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                   2 2( 2 2 )*exp( ( ) )k ink k k k ink kX X                                                      (4.3)  

 

Then, we can obtain attribute intensities that set the value of the second derivative to 

zero  
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By rearranging the equations, 

 

2 2( 2 ) ( 2 2 ) 0k k ink k kX                                                                                       (4.5)  

 
4 4 3 2 2 24 8 (4 2 ) 0k ink k k ink k k kX X                                                                           (4.6)  

 

Solving for inkX   gives 
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we can deduct that 
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are the inflection points of the proposed range varying function (Bronshtein et al., 

2004). These inflection points mean that the width of the graph depends on the 
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estimated value of . That is, as  is decreasing, the Weber zone, in which the 

perception of attribute differences obeys the Weber law, becomes wider. Otherwise, if 

 k
 has a very large value, the Weber law is valid only within a limited range. When 

attribute intensity is larger than  or smaller than  the power 

coefficient become less sensitive to attribute intensity (see Figure 4.3).   

 In addition, as shown in equation 32, since each inflection point 

has the same value for the power coefficient, the proposed functions 

show symmetric variation around the Weber point. 

 

24( ) 4 2 22 2
( ) ( ) exp( ( ))

42 2

k k k k

ink ink ink ink

k k k k

X X
   

 
   

 
                (4.8)  

 

 Furthermore, when  has a very small value, close to zero, the power coefficient 

is fixed , implying it is insensitive to attribute intensity. In this case, 

the proposed RRM collapses into the GWRRM. Finally, when both  and  are 

approximately zero, the power coefficient becomes one, and the proposed RRM 

collapses into the WRRM  . Thus, we propose in this study range-varying 

variations of the GWRRM (RGWRRM), which assume that the perception of attribute 

differences (the basis for generating regret) depends on the intensity of the attribute of 

the chosen alternative, which acts as a reference value. 
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                                                           (4.9) 

 

In this chapter, this model will be referred to as RGWRRmax. 
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This model will be called the RGWRRlog model in this chapter. 
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Figure 4.3 Proposed function for the power coefficient by attribute intensity 
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4.4 Model Properties 

The most important property of the proposed regret models is the non-identical 

perception variance to resolve the problem of linear mapping in the linear-additive 

RUM (Sheffi, 1985) and regret models (RRmax, RRlog). In this chapter, it will be 

shown that the proposed RGWRR models represent non-identical perception variance. 

In addition, the performance of these models will be compared.  

Let us assume two alternative routes (route 1 and route 2) that define the available 

choice alternatives between an origin and a destination, characterized by travel time 

only. Two scenarios are formulated with a constant travel time difference between the 

two routes: i) long network (route 1: 110 minute, route 2: 120 minute) and ii) short 

network (route 1: 10 minute, route 2: 20 minute). Sheffi (1985) pointed out that 

although the choice probability is higher for the shortest path (route 1), in reality, the 

choice probability for the longest path (route 2) is higher compared to the short 

network. This is because the perception of travel time difference is smaller for the long 

network. However, the traditional (linear-additive) RUM models and the original RR 

specifications based on objective attribute differences do not represent this variance in 

perception. In contrast, since the proposed variants based on the Weber’s law consider 

the effect of attribute size on the denominator, these models do represent non-identical 

perception variance. Only the degree of perception variance differs between the 

specifications (WRR, GWRR, and RGWRR). 

Table 4.2 shows how the proposed models resolve the issue. The traveler values 

travel time (differences) as -0.5/min, and the power coefficient in GWRRM is assumed 

to be 0.5. First, whereas the original RR specifications, as the (linear-additive) RUM 

model, predict the same probability of choosing inferior route 2 for both networks (0.67 

percent), the WRR specifications predict that the market share of route 2 is higher in 

the long network than in the short network, consistent with Sheffi’s point, but the 

difference is small.  

Second, the GWRR specifications also show non-identical perception variance. 

Compared to the WRR specifications, where the market share of route 2 is decreasing 

in both networks, the difference between market share between the long and short 

network is higher.  

Third, the proposed RGWRR shows a more flexible representation of perception 

variance. When is 0.01 and  is 1, the market share for the long network becomes 

similar to the market share in WRR specifications, while the market share for the short 

network becomes similar to GWRR (power coefficient is 0.5). These lead to a higher 

difference in market share between the networks. Increasing , the difference in 

market share between the networks decreases. Increasing , the difference in market 

share between the networks increases. 

t t

t

t
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4.5 Empirical evidence 

In this chapter, the inclusion of the proposed psycho-physical mapping function into 

RRM is empirically tested, using two different data sets, to see whether it improves 

their predictive ability. The first data set concerns a stated choice experiment about the 

choice of shopping center. The second data set is about the choice of transportation 

mode in a revealed preference setting. For each data set, the proposed RGWRRM is 

compared with the previous RRM and GWRRM. Ben-Akiva &Swait’s test (1986) for 

non-nested choice models is used to compare the goodness-of-fit of the models, 

 

                                                                                                    (4.11) 

 

where  represents the fitness of model j,  is the log likelihood at convergence, 

and K is the number of estimated parameters.   

                                                   (4.12) 

 

where Z is the difference between the two compared models and ϕ represents the 

standard normal cumulative distribution function. 

Because Ben-Akiva & Swait’s test is based on Akaike's Information Criterion 

(AIC), which tends to prefer the larger (number of parameters) model if the sample size 

is big enough, the Bayesian Information Criterion (Schwarz, 1978) was computed: 

 

                                                                                   (4.13) 

 

where, N is the number of observations. 

In addition to the comparison of model performance, a K-fold cross-validation 

test was conducted for each model and data set. The validation test requires splitting 

the data into K subsets, estimating model parameters using K-1 subsets, and testing the 

model using the remaining subset. This process is repeated K times since each subset 

should be used as a test set once. The 2-norms statistic, which quantifies the distance 

between predicted and observed market shares derived from absolute error (Cherchi 

and Cirillo, 2010), was used in this test (equation 3.7).  
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4.5.1 Stated choice experiment 

4.5.1.1 Data 

The data used in the first case study is based on a stated choice experiment constructed 

to analyze consumer choice of shopping center (for a detailed description, see Chapter 

3.4.1.1). 

 

4.5.1.2 Estimation results 

In this chapter, the results of the comparison of the RGWRRM model with the previous 

RRM, WRRM and GWRRM models will be discussed. Table 4.3 shows the results and 

differences in predictive performance based on RRmax. All coefficients are statistically 

significant at the 95 percent significance level and their signs are in anticipated 

direction. Only the power coefficients for the number of stores in GWRRmax and 

RGWRRmax are not statistically significant at the 95 percent significance level. 

Therefore, these were dropped and replaced by one as in the WRRmax.  

The proposed RGWRRmax outperforms RRmax, WRRmax and GWRRmax. 

With respect to Ben-Akiva & Swait’s test (1986), the probability that i) RRmax is 

superior to RGWRRmax is zero , ii) the probability that 

WRRmax outperforms RGWRRmax is zero , and iii) the 

probability that GWRRmax outperforms RGWRRmax is also zero 

. Moreover, based on the BIC, the proposed RGWRRmax shows 

the lowest value, implying that the RGWRRmax better represents individual choice 

behavior observed in this data set. 

The proposed function of the power coefficient provides a specific value for the 

coefficient for each attribute value. For instance, in case of travel time, the value of the 

power coefficient in GWRRmax is fixed at 0.3811. However, in RGWRRmax, each 

level has a specific value for the power coefficient. The estimated values of  and  

are 0.0504 and 1.4779 respectively. This means that as travel time increases, the value 

of the power coefficient is increasing until 29 minutes 
1.4779

( 29)
0.0504

t

t




 . Then, it 

decreases with increasing travel time (Figure 4.4-a). In detail, i) when travel time is 10 

minutes, the value of the power coefficient is , ii) 

when travel time is 30 minutes, the value of the power coefficient is 

, iii) when travel time is 50 minutes, the value of 

the power coefficient is 2exp( (0.0504*50 1.4479) ) 0.338   , iv) when travel time is 70 

minutes, the value of the power coefficient is 2exp( (0.0504*70 1.4479) ) 0.015   .  

( ( 11.859) 0)p  

( ( 10.822) 0)p  

( ( 5.660) 0)p  

t t

2exp( (0.0504*10 1.4479) ) 0.387  

2exp( (0.0504*30 1.4479) ) 0.999  
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Therefore, when travel time is 30 minutes, individuals’ perception of travel time 

differences is close to the argument of the regret function in WRRmax. Otherwise, 

when the travel time is 70 minutes, individuals’ perception of travel time differences is 

close to the argument of the regret function in RRmax. In the case of parking fee, 

GWRRmax shows a fixed power coefficient value of 0.4083. The estimated 

coefficients  and  of RGWRRmax, considering the amount of parking fees, are 

0.0153 and 2.0227 respectively. Therefore, the value of the power coefficient is 

increasing until 
2.0227

132
0.0153

c

c




  cents (see Figure 4.4-b). After that, it is decreasing 

with increasing parking fees. Considering the average parking fee is 125 cents, it is 

similar to the parameter ratio (132 cents). Therefore, the power coefficient function 

approximates a symmetric shape with respect to parking fees. More specifically, i) 

when the parking fee is 50 cents, the value of the power coefficient is 

, ii) when the parking fee is 100 cents, the value 

of the power coefficient is , iii) when the 

parking fee is 150 cents, the value of the power coefficient is 

, iv) when the parking fee is 200 cents, the value 

of the power coefficient is .  

Table 4.4 shows the empirical results for the RRlog specification. The power 

coefficients for the number of stores in GWRRlog and RGWRRlog are not statistically 

significant at the 95 percent significance level. Therefore, they were dropped and 

replaced by one as in WRRlog. The proposed RGWRRlog is the best. Ben-Akiva & 

Swait’s test (1986) indicates that i) the probability that RRlog is superior to 

RGWRRlog is zero , ii) the probability that WRRlog outperforms 

RGWRRlog is zero , and iii) the probability that GWRRlog 

outperforms RGWRRlog is also zero . BIC also indicates 

RGWRRlog is the best regret specification
2
.  

Whereas individuals have a fixed value for the power coefficient of 0.4714 for 

travel time and 0.5648 for parking fee in GWRRM, the value of the coefficient depends 

on the specific parking fee value in RGWRRlog. In the case of travel time, as travel 

                                                      

2
  Note that the most recently suggested regret model specification is the scale-variant version of the 

logarithmic regret model, called muRRM (van Cranenburgh et al., 2015). However, as reported in the paper, 

the scale parameter is not always identifiable. In fact, the authors report that the scale parameter was only 

estimable for six out of ten data sets. We tried to estimate the muRRM with the scale parameter. However, 
the scale parameter was unidentifiable for both these data sets for every specification. Since this implies that 

the muRRM collapses into the logarithmic regret model, the results of the logarithmic regret model are 

reported in this chapter. 

 

c c

2exp( (0.0153*50 2.0227) ) 0.206  

2exp( (0.0153*100 2.0227) ) 0.784  

2exp( (0.0153*150 2.0227) ) 0.929  

2exp( (0.0153*200 2.0227) ) 0.341  

( ( 11.208) 0)p  

( ( 10.005) 0)p  

( ( 5.388) 0)p  
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time increases, the value of the power coefficient is increasing until 34 minutes 

1.4302
34

0.0416

t

t




 . Then, the value of the power coefficient is decreasing with increasing 

travel time (see Figure 4.5-a). In detail, i) when the travel time is 10 minutes, the value 

of the power coefficient is , ii) when the travel time 

is 30 minutes, the value of the power coefficient is , 

iii) when the travel time is 50 minutes, the value of the power coefficient is 

, iv) when the travel time is 70 minutes, the value of 

the power coefficient is . In case of parking fees 

(Figure 4. 5-b), the power coefficient is increasing until 
1.8385

140
0.0131

c

c




 . After that, 

with increasing parking fees, it decreases. More specifically, i) when the parking fee is 

50 cents, the value of the power coefficient is , ii) 

when the parking fee is 100 cents, the value of the power coefficient is 

, iii) when the parking fee is 150 cents, the value of 

the power coefficient is , iv) when the parking fee 

is 200 cents, the value of the power coefficient is . 

 

4.5.1.3 Validation results 

A K-fold cross-validation test was conducted to validate the estimation results. In total, 

11 subsets (K=11) were constructed, randomly assigning the respondents to the subsets. 

Of the 11 subsets, 10 subsets were used to estimate the models, while the one 

remaining subset was used to validate the estimation results. This process is repeated 

11 times using all subsets as validation data. 

Figure 4.6 shows the 2-norms values of both the RGWRRmax (Figure 4.6-a) and 

RGWRRlog (Figure4.6-b) regret specifications. As discussed, a lower 2-norms value 

indicates better predictive power. Akin to the estimation results for the full data set, the 

results of the 11 fold cross-validation test indicate that RGWRRM is the best 

considered regret model. In both specifications, RGWRRM clearly shows better 

performance than RRM and WRRM. There is a large difference between the 2-norms 

values. Between RGWRRM and GWRRM, except for small fluctuations, the 2-norms 

value of RGWRRM is lower than the value for GWRRM. Thus, it can be ruled out that 

a peculiar subset or respondent causes the improvement in predictive success of the 

original regret models. 

 

 

 

2exp( (0.0416*10 1.4302) ) 0.246  

2exp( (0.0416*30 1.4302) ) 0.756  

2exp( (0.0416*50 1.4302) ) 0.984  

2exp( (0.0416*70 1.4302) ) 0.111  

2exp( (0.0131*50 1.8385) ) 0.246  

2exp( (0.0131*100 1.8385) ) 0.756  

2exp( (0.0131*150 1.8385) ) 0.984  

2exp( (0.0131*200 1.8385) ) 0.543  
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Table 4.2 Choice probabilities in two-routes network 
(a) RRmax specification 

(b) RRlog specification 

(a) 

 Travel time (min) Probability to choose route 2 (%) 

 Route 1 Route 2 RRmax WRRmax GWRRmax 

RGWRRmax 

     

Long network 110 120 0.67 48.96 38.78 48.74 47.89 40.12 43.38 43.43 

Short network 10 20 0.67 43.78 24.64 26.30 21.10 31.05 41.98 5.33 

Difference between choice probabilities - +4.18 +14.14 +22.44 +26.79 +8.07 +1.40 +43.10 

 

(b) 

 Travel time (min) Probability to choose route 2 (%) 

 Route 1 Route 2 RRlog WRRlog GWRRlog 

RGWRRlog 

     

Long network 110 120 0.67 48.91 38.60 48.78 47.61 41.86 44.23 48.09 

Short network 10 20 0.67 41.29 22.90 23.47 19.39 27.06 38.56 5.19 

Difference between choice probabilities - +7.62 +15.70 +25.31 +28.22 +14.80 +5.67 +42.90 

0.01t 

1t 

0.005t 

1t 

0.015t 

1t 

0.01t 

0.5t 

0.01t 

1.5t 

0.01t 

1t 

0.005t 

1t 

0.015t 

1t 

0.01t 

0.5t 

0.01t 

1.5t 
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Table 4.3 Summary of estimation results based on the RRmax specification - 

stated choice experiment 

Shopping location 

choice 
RRmax WRRmax GWRRmax RGWRRmax 

Travel time 

(t-value) 

-0.0592 

(-36.42) 

-3.1425 

(-37.31) 

-0.2788 

(-3.42) 

-0.2163 

(-9.86) 

Parking fee 

(t-value) 

-0.0134 

(-25.61) 

-0.0235 

(-26.21) 

-0.0172 

(-11.97) 

-0.0159 

(-17.72) 

Number of 

stores 

(t-value) 

0.0099 

(12.23) 

0.3448 

(12.98) 

0.3333 

(12.42) 

0.3358 

(12.53) 

Power 

_travel time 

(t-value) 

  
0.3811 

(-5.34) 
 

Power 

_parking fee 

(t-value) 

  
0.4083 

(-3.05) 
 

Gamma 

_travel time 

(t-value) 

   
0.0504 

(3.95) 

Delta 

_travel time 

(t-value) 

   
1.4779 

(2.30) 

Gamma 

_parking fee 

(t-value) 

   
0.0153 

(6.67) 

Delta 

_parking fee 

(t-value) 

   
2.0227 

(2.09) 

Rho-squared 0.327 0.330 0.339 0.343 

BIC 5750.827 5723.839 5667.580 5643.197 

Final 

log-likelihood 

-

2863.021 
-2849.527 -2813.136 -2792.683 
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(a) 

 

 

 

 

 

 
(b) 

 

Figure 4.4 Variation of power coefficient by attribute intensity based on the RRmax 

specification - stated choice experiment 
(a) travel time 

(b) parking fee 
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Table 4.4 Summary of estimation results based on the RRlog specification - 

stated choice experiment 

Shopping 

location 

choice 

RRlog WRRlog GWRRlog RGWRRlog 

Travel time 

(t-value) 

-0.0371 

(-34.31) 

-1.3742 

(-26.06) 

-0.2313 

(-3.19) 

-0.1107 

(-15.46) 

Parking fee 

(t-value) 

-0.0081 

(-22.99) 

-0.0137  

(-26.06) 

-0.0110  

(-19.29) 

-0.0093 

(-19.97) 

Number of 

stores 

(t-value) 

0.0073 

(14.18) 

0.3284 

(15.81) 

0.3215 

(14.98) 

0.3415 

(16.66) 

Power 

_travel time 

(t-value) 

  
0.4714 

(-5.82) 
 

Power 

_parking fee 

(t-value) 

  
0.5648 

(-4.74) 
 

Gamma 

_travel time 

(t-value) 

   
0.0416 

(3.25) 

Delta 

_travel time 

(t-value) 

   
1.4304 

(2.06) 

Gamma 

_parking fee 

(t-value) 

   
0.0131 

(4.13) 

Delta 

_parking fee 

(t-value) 

   
1.8385 

(2.20) 

Rho-squared 0.317 0.319 0.327 0.332 

BIC 5839.081 5816.241 5766.860 5740.541 

Final 

log-likelihood 
-2907.148 -2895.728 -2862.776 -2841.355 
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(a) 

 

 

 

 

 

 

 
(b) 

 

Figure 4.5 Variation of power coefficient by attribute intensity based on the RRlog 

specification - stated choice experiment 
(a) travel time 

(b) parking fee 
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(a) 

 

 

 
(b) 

Figure 4.6 2-norms values for K-fold cross-validation test: Comparison of RRM, 

GWRRM, and RGWRRM - stated choice experiment 
(a) RRmax specification 

(b) RRlog specification 
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Table 4.5 Choice Elasticities - stated choice experiment 
(a) RRmax-based 

(b) RRlog-based 

 

(a) 

 RRmax WRRmax GWRRmax RGWRRmax 

 Travel time Parking fee Travel time Parking fee Travel time Parking fee Travel time Parking fee 

Alt. 1 -1.15 -1.58 -0.71 -0.59 -1.02 -0.82 -1.17 -0.64 

Alt. 2 -1.24 -1.77 -0.85 -0.60 -1.09 -0.76 -0.96 -0.63 

Alt. 3 -1.39 -1.84 -0.78 -0.76 -1.20 -0.88 -1.13 -0.72 

 

(b) 

 RRmax WRRmax GWRRmax RGWRRmax 

 Travel time Parking fee Travel time Parking fee Travel time Parking fee Travel time Parking fee 

Alt. 1 -1.53 -1.67 -0.99 -0.77 -1.24 -1.03 -1.33 -0.81 

Alt. 2 -1.65 -1.94 -1.14 -0.62 -1.27 -0.95 -1.16 -0.74 

Alt. 3 -1.89 -2.15 -1.25 -0.90 -1.40 -1.11 -1.22 -0.88 
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Table 4.6 Summary of estimation results based on the RRmax specification -  

revealed choice data 

Mode choice RRmax WRRmax GWRRmax RGWRRmax 

Travel time 

(t-value) 

-0.1152 

(-14.97) 

-2.4107 

(-16.08) 

-0.5237 

(-13.41) 

-0.3746 

(-8.63) 

Travel distance 

(t-value) 

-0.5222 

(-13.01) 

-7.0834 

(-14.45) 

-4.0936 

(-11.97) 

-2.6971 

(-7.88) 

Power 

_travel time 

(t-value) 

  
0.7381 

(-10.35) 
 

Power 

_ travel distance 

(t-value) 

  
0.7169 

(-8.72) 
 

Gamma 

_travel time 

(t-value) 

   
0.0121 

(5.28) 

Delta 

_ travel time 

(t-value) 

   
0.5036 

(2.99) 

Gamma 

_ travel distance 

(t-value) 

   
0.0163 

(2.12) 

Delta 

_ travel distance 

(t-value) 

   
0.3577 

(3.84) 

Rho-squared 0.202 0.211 0.225 0.232 

BIC 2045.785 2020.781 1986.703 1967.247 

Final log-likelihood 1015.838 -1003.336 -986.297 -976.569 
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(a) 

 

 

 

 
(b) 

 

Figure 4.7 Variation of power coefficient by attribute intensity based on the RRmax 

specification - revealed choice data 
(a) travel time 

(b) travel distance 
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Table 4.7 Summary of estimation results based on the RRMax specification 

 - revealed choice data 

Mode choice RRlog WRRlog GWRRlog RGWRRlog 

Travel time 

(t-value) 

-0.0711 

(-14.02) 

-1.3731 

(-17.36) 

-0.1987 

(-3.81) 

-0.1496 

(-5.66) 

Travel distance 

(t-value) 

-0.3563 

(-12.81) 

-5.2538 

(-12.27) 

-3.4025 

(-4.21) 

-2.3291 

(-8.09) 

Power 

_travel time 

(t-value) 

  
0.7903 

(5.12) 
 

Power 

_ travel distance 

(t-value) 

  
0.7752 

(7.49) 
 

Gamma 

_travel time 

(t-value) 

   
0.0107 

(3.13) 

Delta 

_ travel time 

(t-value) 

   
0.4844 

(2.45) 

Gamma 

_ travel distance 

(t-value) 

   
0.0149 

(2.77) 

Delta 

_ travel distance 

(t-value) 

   
0.3382 

(2.09) 

Rho-squared 0.187 0.192 0.203 0.209 

BIC 2082.813 2074.617 2041.781 2025.573 

Final log-likelihood -1034.352 -1030.254 -1013.836 -1005.732 
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(a) 

 

 

 

 
(b) 

 

Figure 4.8 Variation of power coefficient by attribute intensity based on the RRlog 

specification - revealed choice data 
(a) travel time 

(b) travel distance 
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(a) 

 

 

 
(b) 

Figure 4.9 2-norms values for K-fold cross-validation test: comparison of RRM, 

GWRRM, and RGWRRM - revealed choice data 
(a) RRmax specification 

(b) RRlog specification 
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Table 4.8 Choice Elasticities  - revealed choice data 
(a) RRmax-based 

(b) RRlog-based 

 

(a) 

 RRmax WRRmax GWRRmax RGWRRmax 

 Travel time Travel dist. Travel time Travel dist. Travel time Travel dist. Travel time Travel dist. 

Car -0.45 -0.60 -0.36 -0.27 -0.61 -0.43 -0.84 -0.55 

Bike -1.26 -1.53 -0.67 -0.50 -1.14 -0.89 -1.30 -1.96 

Walk -2.94 -3.05 -1.66 -2.02 -2.15 -2.91 -3.14 -4.63 

 

(b) 

 RRlog WRRlog GWRRlog RGWRRlog 

 Travel time Travel dist. Travel time Travel dist. Travel time Travel dist. Travel time Travel dist. 

Car -0.87 -1.22 -0.69 -0.67 -1.04 -0.89 -1.42 -0.76 

Bike -1.54 -2.01 -1.08 -0.95 -1.69 -1.36 -1.80 -2.24 

Walk -3.23 -3.34 -1.81 -2.66 -2.95 -3.90 -3.46 -4.91 
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4.5.1.4 Elasticities 

Choice elasticities were derived using the estimated parameters. They indicate the 

percentage change in the choice probabilities caused by a 1% change in the level of one 

of the attributes. The derivation of the choice elasticities is shown in Appendix 4-A.  

The proposed RGWRRM models are compared with the RRM and previous proposed 

WRRM and GRWWM models. Table 4.5 reports the results of the elasticities for each 

regret specification. The results can be summarized as:  

 

(i) the elasticities of the RRmax-based specifications show less sensitivity to change of 

attribute than the RRlog-based specifications.  

 

(ii) whereas RRM shows more sensitivity with respect to change of parking fee than 

travel time, all WRRM, GWRRM, RGWRRM models, considering the effect of 

attribute size of the chosen alternative, show that individuals are more sensitive to 

change in travel time than to change in parking fee. These results may stem from 

the fact that while the objective difference do not reflect the effect of attribute range 

in their scale of difference, the proposed formulations (WRRM, GWRRM, and 

RGWRRM) are able to consider the effect of attribute range in the scale.   

 

(iii) All proposed WRRM, GWRRM, and RGWRRM models shows lower elasticities 

than the RRM in most cases. This implies that if we do not consider non-linear 

perception processes, current regret formulations only based on objective 

differences may over-evaluate the effect of transportation policy.  

 

(iv) On average, WRRM shows the lowest elasticities in all cases. 

 

(v) Whereas the elasticities of the proposed RGWRRM are in the same order of 

magnitude as the GWRRM regarding travel time, their elasticities for parking fee 

resemble those of  WRRM. 

 

4.5.2 Revealed choice data 

4.5.2.1 Data 

For the second case study, the MON (Mobiliteit Onderzoek Nederlands – the Dutch 

National Travel Survey) data set was used.  (for a detailed description, see Chapter 

3.5.2.1). 
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4.5.2.2 Estimation results 

Table 4.6 shows the detailed estimation results of the regret models based on the 

RRmax specification. All parameters are statistically significant at the 95 percent 

significance level, and the signs of all parameters are in anticipated direction. As in the 

first case study, the proposed RGWRRmax shows the best performance compared to 

RRmax, WRRmax and GWRRmax. Ben-Akiva & Swait’s test (1986) indicates that i) 

the probability that RRmax outperforms RGWRRmax is zero , ii) 

the probability that WRRmax outperforms RGWRRmax is zero , 

and iii) the probability that the GWRRmax is superior to the RGWRRmax is also zero 

. BIC also shows the lowest value for RGWRRmax, implying that 

RGWRRmax has the best predictive power. 

Whereas the value of the power coefficient is fixed at 0.7381 for travel time and 

0.7169 for travel distance in GWRRmax, it changes with the intensity of the attribute 

for the chosen alternative. With respect to travel time, the estimated values of and 

 are 0.0121 and 0.5036 respectively. Comparing the value of  to the first case 

study (0.0416), the value in this second case study (0.0121) is smaller, which means 

that the Weber law holds for a wider travel time range in this second case study as 

shown in Figure 4.7.  

The estimated parameter indicates that as travel time increases, the value of the 

power coefficient is increasing until 
0.5036

42
0.0121

t

t




   minutes of travel time. Then, the 

value of the power coefficient is decreasing with increasing travel time as shown in 

Figure 4.7-a. Considering the travel time range is from 1 minute to 134 minutes, the 

vertex of the curve is more skewed to the left compared to the first case study, and has 

a long tail on the right side. In addition, the estimated parameters for and  are 

0.0163 and 0.3577 respectively. This indicates that as travel distance increases, the 

value of the power coefficient is increasing until 
0.3577

22
0.0163

d

d




 km travel distance. 

Then, the value of the power coefficient is decreasing with increasing travel distance as 

shown in Figure 4.7-b.    

The estimation results based on the RRlog specification are shown in Table 4.7. 

All coefficients are statistically significant at the 95 percent significance level and their 

sign is in anticipated direction. The proposed RGWRRM again shows the best 

performance. Based on Ben-Akiva & Swait’s test (1986), the probability that i) RRlog 

is superior to RGWRRlog is zero , ii) WRRlog is superior to 

RGWRRlog is zero , and iii) the probability that GWRRlog 

( ( 8.768) 0)p  

( ( 7.172) 0)p  

( ( 3.204) 0)p  

t

t t

d d

( ( 7.347) 0)p  

( ( 6.808) 0)p  
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outperforms RGWRRlog is also zero . The BIC criterion indicates 

that RGWRRlog is the best model to predict individual mode choice behavior.     

While GWRRlog has a fixed power coefficient (0.7903 for travel time, and 

0.7752 for travel distance), the power coefficient in RGWRRlog varies with attribute 

intensity. For travel time, as travel time increases, the value of the power coefficient is 

increasing until 
0.4844

45
0.0107

t

t




 minutes of travel time. Then, the value of the power 

coefficient is decreasing with increasing travel time.  

For travel distance, as travel distance increases, the value of the power coefficient 

is increasing until 
0.3382

23
0.0149

t

t




 km travel distance. Then, the value of the power 

coefficient is decreasing with increasing travel distance (see Figure 4.8). 

 

4.5.2.3 Validation results 

The models estimated in this second case study were also validated using the K-fold 

cross-validation method. To that end, the data were randomly split into 6 different 

subsets. The models were estimated by pooling 5 of these subsets, and the estimated 

model was used to predict the observations in the 6th subset. By repeating this 

procedure 6 times, each subset is used once for validating the model. 

Figure 4.9 shows the validation results across the 5 subsets. The results are similar 

to the estimation results of the full data set. The 2-norms value of RGWRRM 

consistently has a lower value than the corresponding value for GWRRM and RRM for 

both the RRmax (Figure 4.9-a) and RRlog (Figure 4.9-b) specification. This 

demonstrates that RGWRRM outperforms GWRRM, WRRM and RRM. The results 

reinforce the findings of the first case study, and the base assumptions of this study: 

Following psychological studies, if individuals view a middle intensity of a travel-

related attribute of a considered choice alternative, their perception of the attribute of 

the other alternative follows the Weber law. However, if they face a small or large 

intensity of an attribute, their perceived difference would be higher than Weber’s law. 

 

4.5.2.4 Elasticities 

Choice elasticities of each regret specification are reported in Table 4.8.  

 

(i) All specifications shows that the choice probabilities of the walk alternative are 

most sensitive to the change in attributes (travel time and travel distance), compared 

to other alternatives (car and bike). 

( ( 2.779) 0)p  
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(ii) Similar to the first case, WRRM has the smallest elasticities. 

 

(iii) The elasticities of RRM shows that the choice probabilities are more sensitive to 

the change in travel distance for all three modes. 

 

(iv) The elasticities of  WRRM and GWRRM shows that while the choice probabilities 

of car and bike are more sensitive to the change in travel time, walk is more 

sensitive to the change in travel distance. 

 

(v) The elasticities of RGWRRM indicate that only the choice probabilities of cars are 

more sensitive to change in travel distance. The change in travel distance causes 

more change in the choice probabilities of bike and walk. 

  

 

4.6 Conclusions and discussion 

This chapter formulated and tested elaborated specifications of random regret 

minimizing models, based on incorporating range-varying psycho-physical mapping 

function. Extending our earlier research, which assumed that individuals’ psycho-

physical mapping of attribute differences is defined as the ratio of attribute differences 

to the absolute attribute value with a power coefficient. However, whereas in previous 

research, the power coefficient is invariant, in this chapter it is assumed that the power 

coefficient has a flexible value depending on the intensity of attribute, following 

empirical evidence accumulated in psychological research. 

The results of two case studies, based on respectively stated and revealed choice 

data, convincingly and consistently show that incorporating an range-varying psycho-

physical mapping function to capture how physical attributes are transformed into 

perceived attributes that serve as the foundation for judging the regret experienced after 

a decision is made improves the predictive power of the random regret minimization 

models. Further evidence of validity is provided by the results of the K-fold cross-

validation tests, which show that the overall results also hold for the various subsets.  

Completing this paper, a discussion of some caveats is in order. First, the 

empirical evidence is limited to two data sets only. This should not be a problem in the 

sense that almost all papers are based on a single data set. It does mean that the paper 

signals the potential value of the proposed elaborated models. Additional replications 

are required to more fully assess their relevance and predictive power relative to 

conventional random regret minimization and other choice models in the same and 

other choice domains. Secondly, it should be emphasized that we have logically 

deducted the form of the psycho-physical mapping function and only provided 
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evidence that the inclusion of the suggested functional form in the regret minimization 

models leads to a better representation of the data compared to models based on the 

(generalized) Weber law. However, it should be realized that this evidence is only 

based on our interpretation of the deducted mathematical expression. It cannot be 

differentiated between the interpretation based on the nature of individuals’ perception 

and the identical form representing the regret function. Hence, it is critically important 

in future studies to explicitly collect perceptual data to validate the models, not only in 

terms of the representation of the data, but also in terms of construct validity. Finally, 

our comparison has been confined to the classic random regret minimizing choice 

models. There is no reason why the inclusion of perception should be restricted to these 

choice models. It would be interesting to examine incorporating the mapping function 

into the other types of reference-dependent models (e.g. Kivetz et al., 2004; De Borger 

and Fosgerau, 2008), and also in random utility maximization models for that matter. 
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Appendix 4-A: derivation of elasticities 

In this appendix, the elasticities of the classic regret specifications and variants that 

incorporate psycho-physical mapping functions are derived. The derivation draws 

partly on Hensher et al., (2013) and van Cranenburgh and Prato (2016). 
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From equations 4.15 to 4.19, 
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If alternative l is the chosen alternative i, equation 4.20 gives the elasticity. Otherwise, 

if alternative l is the non-chosen alternative j, it indicates cross elasticity. 

 

A.1. RRmax-based specifications 

The elasticity of the original regret specification (Chorus et al., 2008) can be 

formulated as: 
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 ii) WRRmax specification 
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 ii) GWRRmax specification 
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 ii) RGWRRmax specification 
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(    is a positive and sufficient small number such as 
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1) if alternative i is not the best non-chosen alternative compared to alternative j, 
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2) if alternative i is the best non-chosen alternative compared to alternative j, 

   and ( ) 0k ink jnkX X   , 

 

 i) RRmax specification 

 

                                                      

3   When both alternatives are same, it is mathematically difficult to derive the analytical derivatives. 

Therefore, we apply a numerical approach to approximate the derivatives. 
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 ii) WRRmax specification 
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 iii) GWRRmax specification 
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 iv) RGWRRmax specification 
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A.2. RRlog-based specifications 

 

The elasticity of the logarithmic regret specification (Chorus, 2010) can be derived as: 
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 i) RRlog specification 
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 ii) WRRlog specification 
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 iii) GWRRlog specification 
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 iv) RGWRRlog specification 
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 ii) WRRlog specification 
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 iii) GWRRlog specification 
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 iv) RGWRRlog specification 
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CHAPTER 5  

Asymmetric Impact of Perception 

 
5.1 Motivation 

In the previous chapters, it is shown that individuals’ perception of attribute difference 

is non-linear (Chapter 3), and varies with respect to attribute intensity (Chapter 4). In 

further developing this line of work, in this chapter, we allow that the psycho-psychical 

mapping function is asymmetric. The existence and nature of asymmetry between 

small and large intensities around the referenced attribute intensity is investigated. 

The remainder of this chapter is organized as follows. First, the general decision-

making process and its adaptation to regret-based models will be described. Next, 

previous research on the perception of attribute differences in regret-based choice 

models (Chapters 3 and 4) will be briefly summarized. Then, the asymmetrical function 

will be proposed. In addition, the estimation and validation results for two case studies 

will be discussed. This chapter is completed with a discussion of results and avenues of 

future research. 

 

 

5.2 Asymmetric impact of perception 

The proposed function in equation 4 is generally truncated by attribute range, and 

represents non-symmetric perception. The relationship between attribute intensity and 

the value of the power coefficient is symmetric around the Weber point. That is, the 

marginal change in perception for an attribute difference is the same for the same 

increase respectively decrease from the Weber point. Therefore, the function represents 

a non-linear relationship with objective attribute differences and a symmetric response 

around the Weber point. However, in many real settings, individuals’ response may be 

asymmetric to a certain central point. Therefore, in this section, asymmetric perception 

around the Weber point is introduced and the property is explained.  
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As discussed in Chapter 4, the candidates should have a peak, and restricted to have 

values between zero and one. Among the possible candidates, to represent an 

asymmetric relationship, at least two parameters are required. The proposed function 

minimizing number of parameters is shown in equation 5.1. Note that since this 

proposed function requires the same number of parameters to the symmetric 

relationship in Chapter 4, it provides a balance to compare between symmetry and 

asymmetry.   

 

exp(1)*exp( *( ))*exp( 1*exp( *( )))ink k ink k k ink ka X b a X b                                 (5.1) 

 

Figure 5.1 describes how both parameters affect the shape of asymmetry. First, 

parameter  decides the degree of asymmetry: If it is estimated positive, individuals’ 

perception is more sensitive to the attribute intensities smaller than the Weber point. 

The graph of the power coefficient is skewed on the right side of the Weber point.  

Otherwise, if it is estimated negative, individuals’ perception is more sensitive to 

attribute intensities larger than the Weber point. The graph of the power coefficient 

regarding to attribute intensity is also skewed on the left side of the Weber point. In 

addition, if the absolute value of  is close to zero, the shape of the graph becomes 

flat and symmetric, meaning that individuals perceive attribute differences following 

the Weber’s law for most attribute intensities. When the absolute value of  becomes 

larger, individuals’ perception is only sensitive around the Weber point, and the 

perception is similar to the objective difference. 

 

 
Figure 5.1 Asymmetric effect of perception by attribute intensity  
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Second, parameter  directly indicates the location of the Weber point 

1ink k ikX b    . Since the intensity should be zero or positive, the range of the 

parameter  is also restricted to the positive domain. 

 

5.3 Empirical evidence 

In this section, the existence and nature of non-linear, asymmetric perception of 

attribute differences is empirically tested, using two different data sets. The first data 

set is about the choice of transportation mode in a revealed preference setting. The 

second data set concerns a stated choice experiment about choice of parking location. 

The proposed asymmetric range-varying variation of the GWRRM (ARGWRRM) is 

applied to the two original regret specifications: i) ARGRRmax based on RRmax 

model (equation 5.6), ii) ARGRRlog based on RRlog model (equation 5.7).   
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                        (5.7) 

 

For each data set, the proposed ARGWRRM models are compared with the RGWRRM 

(discussed in Chapter 4). To compare the goodness-of-fit of the models, Ben-Akiva & 

Swait’s test (1986) for non-nested choice models is used. In addition, the Bayesian 

Information Criterion (Schwarz, 1978) is calculated, and a K-fold cross-validation test 

was conducted for each model and data set. The aim of the analyses is to investigate 

whether the models that allow for asymmetric mapping of objective attributes into 

perceived values significantly outperform the models incorporating the symmetric 

functions. 

 

5.3.1 Study 1: revealed choice data 

5.3.1.1 Data 

For the first case study, the MON (Mobiliteit Onderzoek Nederlands – the Dutch 

National Travel Survey) data were used  (for a detailed description, see Chapter 

3.5.2.1). 

 

kb

kb
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5.3.1.2 Estimation results 

Table 5.1 shows the estimation results and the difference in predictive performance 

between symmetric and asymmetric perception based on both the original (Table 5.1-a) 

and the logarithmic (Table 5.1-b) regret specifications. All parameters are statistically 

significant at the 95 percent confidence level. Their signs are consistent with theoretical 

expectations. The asymmetric perception of objective attribute differences shows better 

prediction power for both specifications. The improvements are statistically significant 

according to Ben-Akiva and Swait’s test (1986): The probability that the symmetric 

perception function outperforms the asymmetric perception function is zero for the 

original regret specification , and the logarithmic regret 

specification . In addition, the BIC values of the asymmetric 

perception function are lower than the BIC values for the symmetric perception 

function. This means that the asymmetric representation of the perception of objective 

attribute differences improves the performance of the regret-based choice models, 

compared to the symmetric function. 

Figure 5.2 shows the symmetric and asymmetric perception function for attribute 

differences. First, whereas the symmetric perception function represents the same 

variation for higher and smaller attribute intensity relative to the Weber point, where 

the power coefficient is equal to one, the asymmetric perception function indicates that 

individuals become less sensitive to smaller intensity, and more sensitive to higher 

intensity for both travel time and distance for both original and logarithmic regret 

specifications. Second, the estimated Weber point for the asymmetric function equals 

(0.5036/0.0121=42) for the symmetric function, and 47 for the asymmetric function in 

case of the original regret specification; for the logarithmic specification of the random 

regret model, the estimated Weber point is 0.4844/0.0107=45 for the symmetric 

function, and 54 for the asymmetric function for travel time. As for travel distance, the 

Weber point is 0.3577/0.0163=22 for the symmetric function, and 21 for the 

asymmetric function in case of the original regret specification. The corresponding 

values are 3382/0.0196=23 and 21 for the logarithmic regret specification. 

 

5.3.1.3 Validation results 

The models estimated in this first case study were also validated using the K-fold 

cross-validation method. To that end, the data were randomly split into six different 

subsets. The models were estimated by pooling five of these subsets. The estimated 

model was then used to predict the observations of the remaining subset. By repeating 

this procedure six times, each subset is used for validating the model once. 

  

( ( 2.763) 0)p  

( ( 3.190) 0)p  
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Table 5.1 Summary of estimation results: comparison between of symmetric and 

asymmetric perception - study 1 
(a) based on RRmax 

(b) based on RRlog 

(a) 

Mode choice 
RRmax-based 

RGRRmax ARGRRmax 

Taste weight   

Travel time 

(t-value) 

-0.3746 

(-8.63) 

-0.3592 

(-6.67) 

Travel distance 

(t-value) 

-2.6971 

(-7.88) 

-2.2748 

(-10.34) 

Symmetry   

_travel time 

(t-value) 

0.0121 

(5.28) 
 

_ travel time 

(t-value) 

0.5036 

(2.99) 
 

_travel distance 

(t-value) 

0.0163 

(2.12) 
 

_ travel distance 

(t-value) 

0.3577 

(3.84) 
 

Asymmetry   

_travel time 

(t-value) 
 

0.0156 

(5.95) 

_ travel time 

(t-value) 
 

47.2513 

(3.62) 

_travel distance 

(t-value) 
 

0.0208 

(7.73) 

_ travel distance 

(t-value) 
 

20.6426 

(3.80) 

Model Fit   

Final log-likelihood -976.569 -972.622 

Rho-squared 0.232 0.235 

Adj. Rho-squared 0.228 0.231 

BIC 1995.465 1987.571 
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(b) 

Mode choice 
RRlog-based 

RGRRlog ARGRRlog 

Taste weight   

Travel time 

(t-value) 

-0.1496 

(-5.66) 

-0.1325 

(-7.71) 

Travel distance 

(t-value) 

-2.3291 

(-8.09) 

-1.8945 

(-12.65) 

Symmetry   

_travel time 

(t-value) 

0.0107 

(3.13) 
 

_ travel time 

(t-value) 

0.4844 

(2.45) 
 

_travel distance 

(t-value) 

0.0149 

(2.77) 
 

_ travel distance 

(t-value) 

0.3382 

(2.09) 
 

Asymmetry   

_travel time 

(t-value) 
 

0.0141 

(11.36) 

_ travel time 

(t-value) 
 

54.1136 

(6.46) 

_travel distance 

(t-value) 
 

0.0196 

(9.35) 

_ travel distance 

(t-value) 
 

21.1071 

(5.50) 

Model Fit   

Final log-likelihood -1005.732 -1000.864 

Rho-squared 0.209 0.213 

Adj. Rho-squared 0.205 0.209 

BIC 2053.791 2044.055 
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(b-1) 

 

 

 

 
(b-2) 

Figure 5.2 Comparison of symmetric and asymmetric perception of objective attribute 

differences - study 1 

(a-1) Travel time based on RRmax formulation 

(a-2) Travel distance based on RRmax formulation 

(b-1) Travel time based RRlog formulation 

(b-2) Travel distance based on RRlog formulation 
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(a) 

 

 

 
(b) 

Figure 5.3 2-norms values for K-fold cross-validation test: Comparison of symmetric 

and asymmetric perception of objective difference - study 1 

(a) RRmax-based: RGRRmax vs. ARGRRmax 

(b) RRlog-based: RGRRlog vs. ARGRRlog 
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Figure 5.3 shows the results of the cross validation test using the value of the 2-

norms statistic for all models. Akin to the estimation results for the full data set, the 

results of the 6 fold cross-validation test indicate that the asymmetric perception 

function of objective attribute differences is superior to the symmetric perception 

function for both regret model specifications, except for small fluctuations. Therefore, 

the results of the first case study reinforce the findings that the asymmetric 

representation of the perception of objective attribute differences improves the 

predictive power of the regret-based choice models. 

 

 

Table 5.2 Choice elasticities - study 1 
(a) RRmax-based 

(b) RRlog-based 

 
(a) 

 RGWRRmax ARGWRRmax 

 Travel time Travel dist. Travel time Travel dist. 

Car -0.84 -0.55 -1.12 -0.78 

Bike -1.30 -1.96 -1.16 -2.24 

Walk -3.14 -4.63 -2.79 -4.20 

 
 

(b) 

 RGWRRlog ARGWRRlog 

 Travel time Travel dist. Travel time Travel dist. 

Car -1.42 -0.76 -1.90 -1.25 

Bike -1.80 -2.24 -1.77 -2.91 

Walk -3.46 -4.91 -3.02 -4.77 
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Table 5.3 Summary of estimation results: comparison symmetric and asymmetric 

perception - study 2 

(a) based on RRmax 

(b) based on RRlog 

(a) 

Parking choice 
RRmax-based 

RGRRmax ARGRRmax 

Taste weight   

Parking costs 

(t-value) 

-0.0626 

(-7.05) 

-0.0641 

(-6.31) 

Parking distance 

(t-value) 

-0.4120 

(-8.13) 

-0.3065 

(-9.24) 

Parking chance 

(t-value) 

0.1528 

(3.06) 

0.1392 

(3.11) 

Symmetry   

_ parking distance 

(t-value) 

0.0042 

(1.68) 
 

_ parking distance 

(t-value) 

0.9313 

(4.49) 
 

_ parking chance 

(t-value) 

0.0351 

(2.61) 
 

_ parking chance 

(t-value) 

2.8139 

(1.85) 
 

Asymmetry   

_ parking distance 

(t-value) 
 

0.0048 

(3.36) 

_ parking distance 

(t-value) 
 

208.4690 

(2.94) 

_ parking chance 

(t-value) 
 

-0.0405 

(2.55) 

_ parking chance 

(t-value) 
 

81.2961 

(1.70) 

Model Fit   

Final log-Likelihood -382.281 -378.309 

R-squared 0.405 0.411 

Adj. R-squared 0.394 0.400 

BIC 809.163 801.219 
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(b) 

Parking choice 
RRlog-based 

RGRRlog ARGRRlog 

Taste weight   

Parking costs 

(t-value) 

-0.0580 

(-8.11) 

-0.0585 

(-8.02) 

Parking distance 

(t-value) 

-0.0113 

(-4.16) 

-0.0102 

(-4.25) 

Parking chance 

(t-value) 

0.0128 

(2.77) 

0.0122 

(3.94) 

Symmetry   

_ parking distance 

(t-value) 

0.0037 

(3.48) 
 

_ parking distance 

(t-value) 

1.0231 

(1.46) 
 

_ parking chance 

(t-value) 

0.0324 

(2.22) 
 

_ parking chance 

(t-value) 

2.5480 

(1.83) 
 

Asymmetry   

_ parking distance 

(t-value) 
 

0.0053 

(2.63) 

_ parking distance 

(t-value) 
 

236.1272 

(2.56) 

_ parking chance 

(t-value) 
 

-0.0335 

(3.49) 

_ parking chance 

(t-value) 
 

76.2961 

(1.64) 

Model Fit   

Final log-Likelihood -399.760 -395.145 

R-squared 0.378 0.385 

Adj. R-squared 0.367 0.374 

BIC 844.121 834.891 
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(b-1) 

 

 

 

 
(b-2) 

 

Figure 5.4 Comparison of symmetric and asymmetric perception of objective 

difference - study 2 
(a-1) Parking distance based on RRmax formulation 

(a-2) Parking chance based on RRmax formulation 

(b-1) Parking distance based on RRlog formulation 

(b-2) Parking chance based on RRlog formulation 
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(a) 

 

 

 
(b) 

 

Figure 5.5 2-norms values for K-fold cross-validation test: comparison of symmetric 

and asymmetric perception of objective difference - study 2 

(a) RRmax specification 

(b) RRlog specification 
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Table 5.4 Choice elasticities - study 2 
(a) RRmax-based 

(b) RRlog-based 

 
(a) 

 RGWRRmax ARGWRRmax 

 Parking dist. Parking chan. Parking dist. Parking chan. 

alt. 1 -2.01 +1.25 -1.49 +1.11 

alt. 2 -2.55 +1.04 -1.66 +0.87 

alt. 3 -1.74 +1.36 -1.03 +1.08 

 
 

(b) 

 RGWRRlog ARGWRRlog 

 Parking dist. Parking chan. Parking dist. Parking chan. 

alt. 1 -2.79 +1.64 -2.39 +1.53 

alt. 2 -3.10 +1.35 -2.56 +1.22 

alt. 3 -2.40 +1.83 -1.99 +1.71 

 

Figure 5.3 shows the results of the cross validation test using the value of the 2-

norms statistic for all models. Akin to the estimation results for the full data set, the 

results of the 6 fold cross-validation test indicate that the asymmetric perception 

function of objective attribute differences is superior to the symmetric perception 

function for both regret model specifications, except for small fluctuations. Therefore, 

the results of the first case study reinforce the findings that the asymmetric 

representation of the perception of objective attribute differences improves the 

predictive power of the regret-based choice models. 

 

5.3.1.4 Elasticities 

The derivation of elasticities for the ARGWRRM is attached in Appendix 6-A. The 

detailed results are reported in Table 5.2: 
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i)   With respect to travel time, whereas asymmetric perception derives higher elasticity 

for car, for bike and walk elasticities are lower.   

 

ii) With respect to travel distance, while asymmetric perception shows higher 

elasticities for car and bike, the elasticity is lower for walking. 

 

iii) The differences in elasticities between symmetric and asymmetric perception are 

slightly larger for the RRlog-based specifications. 

 

 

5.3.2 Study 2: stated choice data 

5.3.2.1 Data description 

The data used in the second case study is based on a stated choice experiment in 

context of parking choice behavior (Waerden et al., 2012). Three alternative parking 

locations included three generic variables: 1) Parking costs, 2) Distance between 

parking facility and final destination(s), 3) Chance of an available parking space. Each 

variable was categorized into three levels: 1) Parking costs were labeled Free, 20 euro 

per month, and 40 euro per month, 2) Distance was varied in terms of 50 meters, 250 

meters, and 450 meters, 3) Parking chances were 10 percent, 50 percent, 90 percent 

respectively.  The survey is based on an orthogonal fractional factorial design. A total 

of 195 participants completed the choice experiment. 

5.3.2.2 Estimation results 

The detailed estimation results and the difference in predictive performance between 

the symmetric and asymmetric perception functions are shown in Table 5.3.  In the 

case of the original regret specification (Table 5.3-a), the signs of all parameters are 

consistent with theoretical expectations, and statistically significant at the 95 percent 

significance level, except for parameter γ for parking distance and parameter δ for 

parking chance when using a symmetric perception function, and parameter b for 

parking chance when using the asymmetric function. The asymmetric perception of 

objective attribute differences shows better performance: Based on Ben-Akiva & 

Swait’s test (1986), the probability that the symmetric perception of objective attribute 

differences outperforms the asymmetric perception function is zero 

. Also, the BIC value is lower for the asymmetric perception of 

objective attribute differences.  

In the case of the logarithmic regret specification (Table 5.3-b), all signs are 

consistent with theoretical expectations, and they are statistically significant at the 95 

( ( 2.777) 0)p  
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percent significance level, except for parameter δ for parking distance and parking 

chance when using the symmetric function, and parameter b for parking chance when 

using the asymmetric perception function. The asymmetric perception of objective 

attribute differences shows better predictive power: Ben-Akiva & Swait’s test (1986) 

shows that the probability that the symmetric perception function is superior to the 

asymmetric perception function is zero ( ( 3.000) 0)p   . These results reveal that 

the individuals in this survey asymmetrically perceive objective attribute differences. 

Figure 5.4 shows how individuals perceive objective attribute differences with 

respect to power coefficient . Note that, as discussed, as the value of the power 

coefficient is close to one, individuals’ perception of objective attribute differences is 

closer to Weber’s law. Otherwise, when the value of the power coefficient is close to 

zero, individuals perceive objective attribute differences perfectly.  

In both regret specifications, compared to the symmetrical function, individuals 

are less sensitive for smaller attribute intensities for parking distance by using the 

asymmetric function: When parking distance intensity is 50 meters, smaller than 

Weber’s point (power coefficient is equal to 1), the power coefficient is about 0.593 in 

the original regret specification and 0.498 in the logarithmic specification for 

symmetric perception, whereas it is 0.795 in the original regret specification, and 0.696 

for the asymmetric perception. Otherwise, individuals are more sensitive for higher 

intensities: When parking distance intensity is 450 meters, higher than the Weber point, 

the power coefficient is about 0.409 in the original regret specification and 0.663 in the 

logarithmic specification for symmetric perception, whereas it is 0.356 in the original 

regret specification, and 0.373 in the RRlog for asymmetric perception.  

However, for parking chance, individuals are more sensitive to smaller intensities: 

When parking change intensity is 50 percent, smaller than the Weber point, symmetric 

perception estimates a power coefficient of 0.326 for the original regret specification 

and 0.498 for the logarithmic specification, while asymmetric perception indicates a 

power coefficient of 0.587 for the original regret specification and 0.564 for the 

logarithmic specification. In contrast, they are less sensitive for a higher chance of 

parking intensity: When parking change intensity is 90 percent, higher than Weber 

point, symmetric perception generates a power coefficient of 0.887 in case of the 

original regret specification, and 0.873 for the logarithmic specification, whereas 

asymmetric perception derives a power coefficient of 0.913 in for the original regret 

specification and 0.873 for the logarithmic specification.  

In case of the original regret specification (Figure 5.4-a), the Weber point of 

parking distance is estimated at about 222 meter by the symmetric function 

(0.9313/0.0042=221.74), and at about 208 meter by the asymmetric function. For 

parking chance, the Weber point is about 80% for the symmetric function 

(2.8139/0.0042=80.17), and 76% for the asymmetric function. Similarly, in case of the 

ik
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logarithmic specification (Figure 4-b), the symmetric function indicates that the Weber 

point is about 277 meter (1.0231/0.0037=276.51) for parking distance and 79% 

(2.5480/0.0324=78.64) for parking chance, and for the asymmetric function the Weber 

point at about 236 meter for parking distance, and 76% for parking chance. 

 

5.3.2.3 Validation results 

A K-fold cross-validation test was conducted to validate the estimation results. In total, 

5 subsets (K = 5) were constructed, randomly assigning the respondents to the subsets. 

Of the 5 subsets, 4 subsets were used to estimate the models, while the one remaining 

subset was used to validate the estimation results. This process is repeated 5 times 

using all subsets as validation data. 

Figure 5.5 shows the 2-norms values of the symmetric and asymmetric versions of 

both specifications. The results of the 5 fold cross-validation test indicate that the 

asymmetric version outperforms the symmetric version for both the RRmax 

specification (Figure 5.5-a), and the RRlog specification (Figure 5.5-b). These results 

reinforce the conclusion of the estimation results. 

 

5.3.2.4 Elasticities 

Table 5.4 shows the results of the comparison of elasticities between symmetric and 

asymmetric perception: 

 

i)   Parking distance is the attribute with the higher elasticity for both specifications. 

 

i)   Asymmetric perception shows a lower elasticity than symmetry, and the difference 

is larger for parking distance than parking chance. 

 

ii) The difference in elasticities between symmetric and asymmetric perception is 

slightly larger in the RRmax-based specifications. 

 

 

5.4  Conclusions and discussion 

Behaviorally, the concept of regret is based on the premise that individuals compare 

choice alternatives on an attribute-by-attribute basis. Because people’s perception of 

reality is imperfect, assuming that choices are based on perceptions of reality rather 

than on reality itself may improve the predictive performance of regret-based choice 

models.  
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Although the classic Weber law produced appealing results, a closer examination 

of the literature on perception revealed that the form of the functional relationship 

between objective attribute values and their perception varies considerably, dependent 

on the nature of the perception. It seems that the perception of attributes such as 

distance and travel time varies around a reference point. From a modeling perspective, 

rather than estimating some a priori assumed function, it is better to estimate a flexible 

function. 

To explore this idea, in this chapter, a general asymmetric nonlinear function 

about the relationship between perceived and actual attribute differences is formulated, 

and incorporated into classic random regret minimization models. The empirical results 

in the context of mode choice based on revealed choice data and in the context of 

parking choice based on stated choice data consistently shows that individuals’ 

perception of attribute differences is asymmetric and non-linear around a reference 

point (in this study called Weber point). Compared to a symmetric function, the 

proposed asymmetric function reveals that individuals are less sensitive to smaller 

attribute intensities, and more sensitive to higher intensities for travel time, travel 

distance, and parking distance, whereas they are more sensitive to smaller attribute 

intensities and less sensitive to higher intensities for the chance of finding a parking 

space. Therefore, our conclusion is that individuals’ psycho-physical mapping of 

physical (objective) differences is non-linear (Chapter 3), and further that the mapping 

function is range-varying (Chapter 4). The variation is asymmetric rather than 

symmetric. 
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Appendix 5-A: derivation of elasticities for 

ARGRRM 

From Appendix 4-A, the general elasticities of regret specifications are derived. 
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In this appendix, the elasticities of ARGRRM models are derived.  

 

A.1. ARGRRmax specification 
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3) when 
'( ) 0k j nk inkX X   ,4 

 

                                                      

4   When both alternatives are same, it is mathematically difficult to derive the analytical derivatives. 

Therefore, we apply a numerical approach to approximate the derivatives. 
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1) if alternative i is not the best non-chosen alternative compared to alternative j, 
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3) if alternative i is the best non-chosen alternative compared to alternative j, 

   and ( ) 0k ink jnkX X   , 
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A.2. ARGRRlog specification 
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CHAPTER 6  

Attribute Difference Tolerance 

 
6.1 Motivation 

Choice modeling addresses one fundamental question: What is the probability that a 

decision maker chooses a choice alternative with a particular attribute profile in a 

particular decision context? In attempting to find accurate and valid answers to this 

question, this field of research has put forward various theoretical frameworks and a 

large set of model specifications. The answer of classic economic theory is based on 

the assumption of rational economic agents who (i) systematically examine all options, 

(ii) have full and perfect knowledge of the attributes of the choice alternatives, (iii) 

evaluate their costs and benefits on a single scale of utility, and (iv) choose the 

alternative that maximizes their utility (e.g. Von-Neumann and Morgenstern, 1944). 

Random utility models that are based on this set of axioms have dominated both 

academic and applied choice modeling in transportation research since their 

introduction (McFadden, 1974). At the same time, there has been a constant stream of 

attempts to formulate choice models that are based on less rigorous assumptions that 

better capture particular choice mechanisms. Many of these attempts can be viewed as 

models of bounded rationality (Rasouli and Timmermans, 2015) either because they 

suggested simplified decision rules or added affective components to the model. 

The random regret minimization models are an example of model based on 

alternate assumptions about choice behavior. These models assume that individuals 

minimize the amount of regret, which is defined as a function of attribute differences. 

However, all regret model specifications assume that individuals experience regret 

even for the smallest positive attribute difference between the foregone alternative(s) 

and the considered/chosen alternative. There are several reasons why this assumption 

may be too rigorous. First, people may be unable to perceive small attribute differences 

and/or be unaware of small attribute differences. Second, people may exhibit bounded 

rational behavior in some decision contexts, which is reflected in a simplification of the 
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choice problem. Rasouli and Timmermans (2015) argued that one simplification 

strategy is to ignore small differences between attributes and/or choice alternatives. 

When the attribute difference between two alternatives is small (below a certain 

threshold), individuals may not discriminate between the two alternatives on that 

attribute and/or judge both are the same. In that case, the difference does not affect the 

decision-making outcome. 

Bounded rationality in the sense of ignorance of small differences has been 

widely discussed in psychology and economics. Simon (1955) pointed out that when 

individuals make decisions, their rationality is bounded due to the cognitive limitations 

of their minds, the tractability of the decision problem, and the time available to make 

the decision. Kahneman (2003) argued that individuals’ architecture of cognition has 

biological limitations, which prevents them making a perfect (rational) choice. There is 

a consistent body of knowledge in a variety of disciplines across a diverse set of topics, 

suggesting that individuals are insensitive to small attribute (stimuli) differences, either 

because they cannot perceive the differences or because they are indifferent in that 

attribute range. In biology, Clark (1933) showed that the bactericidal rate of a 

combination of drugs on a cell is the same as the rate of the more active drug if the 

increase of the less active drug is under a certain threshold. In psychology, Thurstone 

(1927) argued that individuals do not discriminate between stimuli that have a small 

difference, called the law of comparative judgment. Later, Coombs et al. (1970) 

proposed the concept of thresholds of perception, called just noticeable differences, to 

indicate that individuals do not perceive a difference if a change of a stimulus is below 

a certain threshold. In economics, Quandt (1956) argued that individuals are insensitive 

to small differences in the quantity of a product consumed. He proposed an indifference 

band surrounding the utility derived from a commodity. Georgescu-Roegen (1958) 

argued that individuals perceive the difference between two commodities only when 

attribute differences exceed some necessary minimum. These are just a few examples; 

several others could be given. 

In behavioral choice modeling, indifference thresholds have been applied in 

utility-maximization models by adding a threshold parameter to the deterministic utility 

function. This means that if the (deterministic) utility difference between two 

alternatives does not exceed the threshold, people are indifferent between the two 

choice alternatives, and choice probabilities are 50%. Krishnan (1977) called this 

threshold the minimum perceivable difference. Later, Lioukas (1984) extended the 

approach to multi (three) alternatives choice sets.  

Although the concept of indifference found less attention, it did not go unnoticed 

in transportation studies. Mahmassani and Chang (1986) proposed the concept of 

indifference band reflecting individuals’ aspiration level. Then, the equilibrium status 

with the indifference band is called boundedly rational user equilibrium (BRUE). They 
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argued that the existence of a BRUE is not guaranteed, depending on the specific 

decision rule followed by users and the characteristics of the transportation system. 

Cantillo, Heydecker, and Ortuzar (2006) proposed a flexible method to estimate the 

effects of attribute indifference in dynamic choice contexts, i.e. choices that involve a 

change in attribute values. They assumed that if the change in attribute values is below 

a certain threshold, individuals do not perceive the change, and therefore will not 

change their behavior. Their model offers an interesting approach to the inertia that is 

often found in behavioral change studies. Later, Cantillo, Amaya, and Ortuzar (2010) 

proposed a stochastic indifference threshold model. They showed that individuals 

perceive and/or consider two alternatives as the same in stated preference experiments 

if the utility difference is smaller than a certain (stochastic) threshold. Recently, 

Obermeyer, Treiber, and Evangelinos (2015) tested the empirical performance of 

indifference thresholds for diverse types of non-linear (deterministic) utility functions. 

They found that the indifference thresholds reduce the corresponding value of time. 

Although all these studies provide some interesting and relevant results, the 

solution they share is rather specific. The question arises how the indifference 

thresholds can be flexibly applied to many different settings such as linear-additive but 

non-identical and/or non-independent error terms such as the Generalized Extreme 

Value (GEV) family of models (e.g. McFadden, 1978) and non-additive (multiplicative) 

error terms (e.g. Castillo, Menéndez, Jiménez, and Rivas, 2008). In addition, because 

the inclusion of a threshold in the choice probability function requires complex 

computation, most applications have focused on binary choice sets. Only Lioukas 

(1984) extended the problem to choice sets with three alternatives, but still it is difficult 

to extend the model to large sized choice sets (e.g. route choice). Therefore, as a 

solution for this problem, in this chapter it will be suggested to apply the indifference 

threshold to the deterministic function rather than the choice probability function. It 

allows flexibly representing indifference perception and/or judgment in many different 

settings. 

In this chapter, this notion is considered in the context of regret-based choice 

models. Because regret-based choice models involve an attribute-by-attribute 

comparison of choice alternatives it seems more logical to apply this notion at the 

attribute level. In the context of regret, the notion of attribute indifference refers to the 

situation that individuals do not feel any regret when the chosen alternative is slightly 

inferior to the non-chosen (foregone) alternative on a particular attribute.  

To articulate this specific meaning, in the remainder of this chapter, the term 

attribute difference tolerance will be used. The concept indicates that individuals 

tolerate that one or more foregone alternatives better perform on the attribute of interest 

(i.e. the difference does not trigger any regret) as long as the attribute difference does 
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not exceed a certain tolerance threshold. Only if one of the foregone choice alternatives 

outperforms the chosen alternative beyond the tolerance threshold, regret is generated. 

Therefore, RRM models that incorporate attribute tolerance thresholds are 

formulated, and their performance is tested against the classic model specifications. 

Models with deterministic and stochastic thresholds are tested. The deterministic 

models assume that individuals are perfectly homogeneous, whereas the stochastic 

models allow for heterogeneity in individuals’ attribute tolerance thresholds. The 

various model specifications are estimated using both revealed and stated choice data. 

The models will be compared against each other and against the original formulations 

of the random regret minimization models. In addition, K-fold validation tests will be 

applied, and elasticities will be compared.  

The remainder of this chapter is organized as follows. First, the proposed regret 

models based on attribute difference tolerance will be outlined. Next, the properties of 

the proposed models will be discussed. Finally, the estimation and validation results 

and the results of the elasticity analysis using revealed choice data on transportation 

mode choice and stated choice data on shopping center choice will be discussed. The 

chapter is completed with an interpretation of the results and a discussion of avenues of 

future research. 

 

 

6.2 Incorporating tolerance thresholds 

As discussed, it is assumed that individuals are tolerant within certain attribute 

differences. Therefore, attribute-level regret is generated only when the chosen 

alternative is inferior to the (best) non-chosen one on that attribute, and the attribute-

level difference exceeds the tolerance threshold. Attribute-level regret is not generated 

if the attribute-level difference is smaller than the threshold, even if the non-chosen 

alternative outperforms the chosen one on that attribute. More specifically, individuals 

start to feel regret when the inferiority of the chosen/considered alternative compared to 

the non-chosen alternative on a certain attribute k exceeds a certain threshold 

. In this case, the reference 

point of regret is moved from  to  due to the attribute 

difference tolerance. Therefore, the tolerance thresholds can be incorporated into the 

RRmax model as follows: 

 

                                                                  (6.1) 

 

Figure 6.1 shows the attribute-level function of the RRmax model incorporating the 

tolerance threshold. Compared to the original formulation, the tolerance threshold 
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moves the graph to the right. Note that the sign of the tolerance threshold should be the 

same as the sign of the regret weight: if the regret weight is positive, the tolerance 

threshold moves the regret function to the right otherwise it moves to the left. 

The tolerance thresholds can be incorporated into the RRlog specification in a 

similar way.  Equation 6.2 for the RRlog model incorporating tolerance thresholds 

gives the result: 

 

                                                                (6.2) 

 

 
(a) 

 

 
(b) 

Figure 6.1 RRmax specification that incorporates tolerance threshold 

(a) when regret weight  has a positive value 

(b) when regret weight  has a negative value 
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(a) 

 

 

 

 

 
(b) 

Figure 6.2 RRlog specification that incorporates tolerance threshold 

(a) when regret weight  has a positive value 

(b) when regret weight  has a negative value 
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(a) 

 

 
(b) 

Figure 6.3 Route choice probabilities in the random regret minimization models and 

for the tolerance threshold specifications in binary choice sets 
(a) RRmax-based specification 

(b) RRlog-based specification 
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(a) 

 

 

 

 

 

 
(b) 

Figure 6.4 Route choice probabilities in the random regret minimization models and 

for the tolerance threshold specifications in multi-alternatives choice sets 
(a) RRmax-based specification 

(b) RRlog-based specification 
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Figure 6.2 represents the attribute-level regret function of the logarithmic regret 

model incorporating tolerance thresholds. Due to the effect of the tolerance threshold, 

compared to the logarithmic regret function, the regret function moves parallel to the 

right when the regret weight is positive, and parallel to the left otherwise.  

The tolerance threshold  of chosen alternative i for attribute k for individual n 

is assumed to be a percentage of the attribute value  of the chosen alternative. 

 

                                                                                                                (6.3) 

 

where 𝛿𝑘 is a threshold ratio. 

As discussed in Figures 6.1 and 6.2, the sign of beta  and tolerance  should 

be consistent. This implies that the sign of beta  and threshold ratio  should also 

be consistent. Therefore, a binary variable in the threshold ratio is proposed to 

represent this consistency. 

 

                                                                                                                   (6.4) 

 

where  is binary variable when , otherwise , and  threshold 

parameter to be estimated, expected to have zero or positive value. 

If parameter  is estimated as a fixed value, the tolerance threshold is 

deterministic. This means that if the error terms of the regret functions are assumed to 

be IID-Gumbel distributed, the choice probability can be derived as follows and 

estimated using maximum likelihood estimation. 

 

                                                                                                (6.5) 

 

                                                                 (6.6) 

 

where  is the likelihood and  the log likelihood function.  is 1 if individual n 

chooses alternative i and 0 otherwise;  are respectively the vector of regret 

weights and tolerance thresholds.  

Alternatively, the threshold parameters may be stochastic. 
 

                                                                                                               (6.7) 
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where  is the mean tolerance threshold value, and represents individual 

deviations following a certain distribution with mean μ and variance . Then, if the 

error terms are assumed to follow a mixture of the IID-Gumbel distribution and the 

distribution for the stochastic threshold as in the random coefficients model, the choice 

probability can be derived using maximum simulated likelihood estimation as follows: 

 

                                                                                  (6.8) 

 

                                                                                (6.9) 

 

Tolerance thresholds  are assumed to be distributed with density , where  

refers collectively to the parameters of the distribution (generally mean and standard 

deviations of ). As discussed, since the threshold parameter should be non-negative, 

it is assumed that the tolerance threshold parameters follow a lognormal distribution. 

Since the computation in equation 6.8 involves complex integrals with respect to 

distributions , it is difficult to solve analytically. Therefore, the probabilities are 

approximated through simulation for any given value of δ (Train, 2009): 1) Draw a 

value of  from , and label it  with the subscript  referring to the first 

draw.  2) Calculate  with this draw. 3) Repeat steps 1 and 2 many 

times, and average the results. This average is the simulated probability: 

 

                                                                                         (6.10) 

 

where  is a certain number of draws estimating threshold parameters, and  is 

unbiased estimator of . 

 

                                                            (6.11) 

 

where  is the simulated likelihood function and  is the simulated log 
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The elasticity of the classic random regret minimization models and the proposed 

random regret minimization models incorporating tolerance thresholds can be derived 

as shown in Appendix 6-A. The elasticity of random regret minimization models 

indicates the relationship between a one per cent change in the level of the attribute and 

the percentage change in the probability of choosing the alternative. Since regret is 

generated in comparison with non-chosen alternative(s), the elasticity of random regret 

minimization models depends on the relative performance of the best non-chosen 

alternative (original regret specification) or all non-chosen alternatives (logarithmic 

regret specification) in the choice set. Whereas the elasticity of classic random regret 

minimization models depends on the regret weight and attribute level difference, the 

elasticity of the proposed random regret minimization models incorporating tolerance 

thresholds is also affected by the tolerance threshold parameter. Further discussion of 

the elasticity can be found in the Appendix 6-A. 

 

 

6.3 Properties of threshold models 

In this section, we will discuss how the thresholds affect the choice probabilities. The 

effect is analyzed for both binary and multi (three) alternatives choice sets. For the sake 

of simplicity, choice is assumed to depend only on one attribute  (travel time). 

 

6.3.1 Binary choice set 

Assume two alternative routes between an origin and a destination. The travel time of 

route A is varies from 10 to 40 minutes, and the travel time for route B is fixed at 20 

minutes. Let the regret weight for the regret of travel time be equal to -1 for all models, 

and the deterministic tolerance threshold parameter  be fixed at -0.2. Figure 6.3 

shows the choice probability as a function of the change in travel time of route A in the 

random regret minimization models and the corresponding specifications incorporating 

the tolerance thresholds. The variants with a tolerance threshold predict lower market 

shares for the best alternative, and higher market shares for the non-best alternative in 

the choice set. Note that both the original and the logarithmic regret models predict the 

same predictive market share as the linear additive random utility model in case of 

binary choice sets (Chorus et al., 2008; Chorus, 2010).  

In case of the original RRmax specification (Figure 6.3-a), the regret for each 

alternative route is as follows: 

 

                                              (6.12) 

 

k

max[0, 1*( )] max[0, 1*(20 )]A Bt At AtR x x x     
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                                              (6.13) 

 

By incorporating attribute difference tolerance, 

 

                   (6.14) 

 

                           (6.15) 

 

 When the travel time of route A is between 10 and 16 minutes, route A is superior 

to route B, implying that individuals do not feel regret when choosing route A 

( 0, 6.12)AR equation , whereas when they choose route B, they feel regret 

( 0, 6.13)BR equation . As route A becomes faster, 

individuals feel more regret. However, when incorporating the tolerance threshold, 

although individuals still do not feel regret for route A ( 0, 6.14)AR equation , 

regret for route B becomes smaller for the same travel time difference 

( 0, 6.15)BR equation . Therefore, the difference between choice probabilities 

to choose each route also becomes smaller.  

 

 If the travel time for route A is between 16 and 20 minutes, route A is still 

superior to route B. Therefore, whereas regret for route A is zero 

( 0, 6.12)AR equation , individuals feel regret when they consider route B

( 0, 6.13)BR equation . By considering travel time difference tolerance, 

individuals still do not feel regret for route A ( 0, 6.14)AR equation . Also, 

individuals do not feel regret for route B since the travel time difference between 

routes B and A is within the tolerance ( 0, 6.15)BR equation . Therefore, the 

probabilities of choosing each route are the same in this range. 

 

 When the travel time of route A is between 20 and 25 minutes, route B is superior 

to route A. Therefore, while individuals feel regret when choosing route A 

( 0, 6.12)AR equation , they do not feel regret when choosing route B

( 0, 6.13)BR equation . By incorporating travel time difference tolerance, 

individuals do not feel regret when choosing Route A , 

while also the regret for route B is still zero ( 0, 6.15)BR equation . Therefore, 

route A and route B have the same market share (50% respectively).  

 

 If the travel time for route A is between 25 and 40 minutes, route B is still 

superior to route A, implying that regret for route A is positive 

max[0, 1*( )] max[0, 1*( 20)]B At Bt AtR x x x     

max[0, 1*{( ) 0.2* }] max[0, 1*(20 0.8* )]A Bt At At AtR x x x x      

max[0, 1*{( ) 0.2* }] max[0, 1*( 16)]B At Bt Bt AtR x x x x      

( 0, 6.13)BR equation

( 0, 6.14)AR equation
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( 0, 6.12)AR equation , and regret for route B is zero ( 0, 6.13)BR equation . 

Incorporating the travel time tolerance diminishes the amount of regret for route 

A ( 0, 6.14)AR equation while regret for route B still remains zero 

( 0, 6.15)BR equation . Therefore, the gap between the choice probabilities of 

choosing each route becomes smaller. 

 

The regret for each alternative route based on the RRlog specification is as follows: 

 

                                  (6.16) 

 

                                  (6.17) 

 

Then, regret incorporating attribute difference tolerance is: 

 

          (6.18) 

 

                (6.19) 

 

Since the attribute-level regret function in the logarithmic specification is an 

approximation of the attribute-level regret function in the original specification, when 

travel time of route A is between 16 minutes and 25 minutes, choice probabilities for 

both routes are approximately similar rather than exactly the same (Figure 6.3-b). 

 

6.3.2 Multi-alternative choice set 

To represent how attribute difference tolerance affects choice probabilities in multi-

alternatives choice sets, an additional alternative route C is added to the previous 

choice set. Assume the travel time of route C is fixed at 25 minutes. The choice 

probabilities for the three routes are presented in Figure 6.4 for changing travel times of 

route A for the random regret minimization models and the corresponding 

specifications incorporating tolerance thresholds. As in the case of binary choice sets, 

incorporating tolerance thresholds reduces the market share of the best alternative in 

the choice set, increasing the market share of the non-best alternatives. In case of the 

original regret specification (Figure 6.4-a), 

 

 If the travel time of route A is between 10 and 20 minutes, route A is the best 

alternative in the choice set. Therefore, the regret when choosing route A is 

zero: 

 

ln(1 exp( 1*( ))) ln(1 exp( 1*(20 )))A Bt At AtR x x x       

ln(1 exp( 1*( ))) ln(1 exp( 1*( 20)))B At Bt AtR x x x       

ln(1 exp( 1*{( ) 0.2* )) n(1 exp( 1*(20 0.8* ))A Bt At At AtR x x x x        

ln(1 exp( 1*{( ) 0.2* )) ln(1 exp( 1*( 16)))B At Bt Bt AtR x x x x        
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.  

 

The regret when choosing route B is:   

 

, 

 

and the regret associated with route C is: 

 

. 

 

 Considering the tolerance threshold, if the travel time of route A is between 10 

and 16 minutes, route A is still the best alternative in the choice set:  

 

. 

 

However, due to the attribute difference tolerance, individuals also do not feel 

regret when choosing route B: 

 

. 

 

Individuals only feel regret when they choose route C: 

 

. 

 

Therefore, routes A and B have the same choice probability when the travel 

time of route A is between 16 and 20 minutes. 

 

 Otherwise, when the travel time of route A is between 20 and 40 minutes, 

route B is the best alternative in the choice set. Therefore, the regret for each 

route alternative is: 

 

1) , 

2) , and 

3) . 

 

 However, if we consider attribute difference tolerance, when the travel time of 

route A is between 20 and 25 minutes, individuals experience the same 

amount of regret for route A and B: 

 

max[ , ] max[max(0, 1*(20 )),max(0, 1*(25 ))] 0A AB AC At AtR R R x x      

max[ , ] max[0, 1*( 20)] 1*( 20)B BA BC BA At AtR R R R x x       

max[ , ] max[0, 1*( 25)] 1*( 250)C CA CB CA At AtR R R R x x       

max[ , ] 0A AB ACR R R 

max[ , ] max[0, 1*(( 20) 0.2*20)] 0B BA BC BA AtR R R R x      

max[ , ] max[0, 1*(( 25) 0.2*25)] 1*( 20)C CA CB CA At AtR R R R x x        

max[ , ] max(0, 1*(20 )) 1*(20 )A AB AC AB At AtR R R R x x       

0BR 

max[ , ] max(0, 1*(20 25)) 5C CA CB CBR R R R     
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, and 

, in addition, 

, and 

. 

 

Therefore, the regret for all three routes is the same and the probability of 

choosing each of the three routes is 33.3%. 

 

 If the travel time of route A is between 25 and 40 minutes, individuals still 

feel no regret for route B and C: , but route A becomes the 

worst option in the choice set: 

 

 

 

The difference in choice probability between the original and the logarithmic 

specifications stems mainly from the definition that the amount of regret only depends 

on the best non-chosen alternative in the original regret specification, while the amount 

of regret depends on all non-chosen alternatives in the logarithmic regret specification. 

Therefore, in the case of the logarithmic regret specification (Figure 6.4-b), if the travel 

time of route A is between 10 and 20 minutes, route A is the best alternative in the 

choice set and thus has the highest choice probability.  

Otherwise, if the travel time of route A is between 20 and 40 minutes, route B is 

the shortest route and has the highest choice probability. By considering attribute 

difference tolerance, route A and route B shows similar market shares if the travel time 

of route A is 20 minutes. Whereas route B and route C are predicted to have the same 

market share in the original regret specification when the travel time of route A is more 

than 20 minutes, route B is predicted to be the better option in the logarithmic regret 

specification. This is because while regret only depends on the shortest path (route B) 

in the original regret specification, regret is also based on the non-shortest path (route 

A) in the logarithmic regret specification, and the regret generated from the comparison 

with route A is higher for route C. 

max(0, 1*(20 ) 0.2* ) 0AB At AtR x x    

max(0, 1*( 20) 0.2*20) 0BA AtR x    

max(0, 1*(25 20) 0.2*20) 0BCR     

max(0, 1*(20 25) 0.2*25) 0CBR     

0BC CBR R 

max[ , ] max(0, 1*(20 )) 1*(20 )A AB AC AB At AtR R R R x x       
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Table 6.1 Summary of estimation results of regret models: specification incorporating deterministic threshold – case study 1 

Mode choice 

Random regret minimization models 

RRmax-based RRlog-based 

Classic 

formulation 

Deterministic 

threshold 

Classic 

formulation 

Deterministic 

threshold 

Travel time (t-value) -0.115 (-14.97) -0.147 (-7.63) -0.0711 (-14.02) -0.106 (-11.13) 

Travel distance  (t-value) -0.522 (-13.01) -0.871 (-4.43) -0.356 (-12.81) -0.624 (-13.05) 

Deterministic threshold 

_travel time (t-value) 
 0.303 (5.12)  0.330 (4.82) 

Deterministic threshold 

_travel distance  (t-value) 
 0.364 (3.75)  0.407 (6.86) 

Rho-squared 0.202 0.236 0.187 0.217 

Adj. Rho-squared 0.200 0.233 0.185 0.214 

Final log-Likelihood -1015.838 -971.864 -1034.352 -996.279 

BIC 2045.604 1971.585 2082.632 2020.415 
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Table 6.2 Summary of estimation results of regret models: specification incorporating deterministic threshold – case study 1 

Mode choice 

Random regret minimization models 

RRmax-based RRlog-based 

Classic 

Formulation 

Deterministic 

threshold 

Classic 

formulation 

Deterministic 

threshold 

Travel time (t-value) -0.115 (-14.97) -0.163 (-12.36) -0.0711 (-14.02) -0.138 (-13.43) 

Travel distance  (t-value) -0.522 (-13.01) -0.918 (-10.75) -0.356 (-12.81) -0.870 (-11.26) 

Deterministic threshold 

_travel time (t-value) 
 0.394 (7.37)  0.413 (6.65) 

Deterministic threshold 

_travel distance  (t-value) 
 0.515 (5.82)  0.642 (3.39) 

Rho-squared  0.462 (5.53)  0.523 (7.07) 

Adj. Rho-squared  0.750 (4.32)  0.837 (5.06) 

Final log-Likelihood 0.202 0.280 0.187 0.254 

BIC 0.200 0.276 0.185 0.249 

Travel time (t-value) -1015.838 -915.485 -1034.352 -948.788 

Travel distance  (t-value) 2045.604 1872.755 2082.632 1939.361 
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(a) 

 
(b) 

Figure 6.5 2-norms values for K-fold cross-validation test: comparison of classic regret 

formulations and their variants incorporating deterministic tolerance thresholds - case 

study 1 
(a) RRmax-based specification 

(b) RRlog-based specification 
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(a) 

 

 
(b) 

Figure 6.6 2-norms values for K-fold cross-validation test: comparison of classic regret 

formulations and their variants incorporating stochastic tolerance thresholds - case 

study 1 
(a) RRmax-based specification 

(b) RRlog-based specification 
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Table 6.3 Elasticities: comparison between classic formulations and variants that include a deterministic threshold - study 1 

(a) RRmax-based specification 

(b) RRlog-based specification 

Mode choice 
RRmax-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.45 -1.26 -2.94 -0.23 -0.84 -1.39 

Travel distance -0.60 -1.53 -3.05 -0.41 -1.14 -1.58 

(a) 

Mode choice 
RRlog-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.87 -1.54 -3.23 -0.47 -1.21 -1.80 

Travel distance -1.22 -2.01 -3.34 -0.72 -1.61 -1.93 

(b) 
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Table 6.4 Elasticities: comparison between classic formulations and variants that include a stochastic threshold - study 1 

(a) RRmax-based specification 

(b) RRlog-based specification 

Mode choice 
RRmax-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.45 -1.26 -2.94 -0.15 -0.51 -0.67 

Travel distance -0.60 -1.53 -3.05 -0.24 -0.73 -1.03 

(a) 

Mode choice 
RRlog-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.87 -1.54 -3.23 -0.27 -0.69 -1.05 

Travel distance -1.22 -2.01 -3.34 -0.43 -0.85 -1.29 

(b) 
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Table 6.5 The Kolmogorov-Smirnov test for elasticity difference:  comparison between classic formulations and variants that include a 

deterministic threshold - study 1 
(a) RRmax-based specification 

(b) RRlog-based specification 

Attributes Travel time Travel distance 

Alternatives Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Dichotomous index
5
 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(a) 

Attributes Travel time Travel distance 

Alternatives Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Dichotomous index 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(b) 

                                                      

5   “1” in the dichotomous index means rejection of null hypothesis and “0” means acceptance of null hypothesis 
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Table 6.6 The Kolmogorov-Smirnov test for elasticity difference:  comparison between classic formulations and variants that include a 

stochastic threshold - study 1 
(a) RRmax-based specification 

(b) RRlog-based specification 

 

Attributes Travel time Travel distance 

Alternatives Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Dichotomous index 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(a) 

Attributes Travel time Travel distance 

Alternatives Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Dichotomous index 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(b) 
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6.4 Applications 

In order to examine whether the incorporation of the tolerance thresholds improves the 

predictive performance of these classic random regret minimization models, both a 

revealed preference and a stated preference data set were used. The revealed preference 

data is about mode choice behavior in the Province of Noord Brabant in the 

Netherlands, while the stated preference data is about hypothetical shopping center 

choice behavior.  

Two analyses were conducted on each data set: (i) a comparison of the random 

regret minimization model incorporating deterministic thresholds against the two 

original specifications; (ii) a comparison of the random regret minimization models 

incorporating stochastic thresholds against their original specifications. 

Matlab R2015a was used to develop the code to estimate the various models. Log 

likelihood values were calculated to compare the goodness-of-fit of the models. 

Because it is necessary to compare non-nested models with different numbers of 

estimated parameters, Ben-Akiva & Swait’s test (1986) for non-nested choice models 

was applied. Since this test is based on Akaike's Information Criterion (AIC), which is 

well known to be likely biased toward preferring the larger (number of parameters) 

model if the sample size is big enough, the Bayesian Information Criterion (BIC) 

(Schwarz, 1978) of each model was also calculated. 

In addition to the comparison of model performance, a K-fold cross-validation 

test was conducted for each case. The validation test requires splitting the data into K 

subsets, estimating the models using K-1 subsets, and testing the model using the 

remaining subset. This process is repeated K times since each subset should be used as 

a test set once. The 2-norms statistic, which quantifies the distance between predicted 

and observed choices (Cherchi and Cirillo, 2010), was used in this test.  

Moreover, elasticities of classic regret models and their variants with tolerance 

thresholds were compared to examine how attribute difference tolerances affect choice 

probabilities. The Kolmogorov-Smirnov test (Kolmogorov, 1933; Smirnov, 1948) was 

applied to test the significance of the differences between elasticities. The null 

hypothesis of this test is that the two samples are drawn from the same distribution. 

 

6.4.1 Study 1: revealed preference data 

6.4.1.1 Data description 

For the first case study, the MON (Mobiliteit Onderzoek Nederlands - the Dutch 

National Travel Survey) data, collected in 2009, was used to estimate the regret models 

(for the detail description, see Chapter 3.5.2.1).  
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6.4.1.2 Incorporating stochastic thresholds 

The original formulations were also compared with the specifications that incorporate 

stochastic attribute tolerance thresholds. The estimation results are shown in Table 6.2. 

All estimated coefficients are statistically significant at the 95 percent significance 

level and the signs are in anticipated direction. The mean stochastic threshold is smaller 

for travel time than for travel distance, which implies that individuals are more 

sensitive to a small change in travel time than in travel distance. The standard deviation 

of the stochastic threshold is larger for travel distance than for travel time. This implies 

that respondents vary more in their tolerance for travel distance. By incorporating 

stochastic tolerance thresholds, the predictive power is improved for both specifications. 

The improvement is higher when stochastic thresholds are included, compared to 

incorporating deterministic thresholds. 

The results of the non-nested choice model test (Ben-Akiva & Swait, 1986) 

clearly indicate that incorporating stochastic thresholds improves the predictive power 

of the considered regret models: the probability that the original regret model 

outperforms the model incorporating stochastic tolerance thresholds is zero 

 and the probability that the logarithmic specification is superior 

to the corresponding stochastic threshold model is also zero . 

BIC indicates that the inclusion of stochastic tolerance thresholds better predicts 

individual choice behavior in the data used. The value of BIC is much lower for the 

models with the stochastic tolerance thresholds. Therefore, all criteria for model 

selection consistently show that incorporating stochastic tolerance thresholds 

significantly improves the performance of the classic random regret minimization 

models, at least for the current data. 

 

6.4.1.3 Validation tests 

The models estimated in this first study were also validated using the K-fold cross-

validation method. To that end, the data were randomly split into six different subsets. 

The models were estimated by pooling five of these subsets. The estimated model was 

then used to predict the observations of the remaining subset. By repeating this 

procedure six times, each subset is used for validating the model once.  

Figure 6.5 shows the results of the cross validation test using the value of the 2-

norms statistic to compare the models incorporating deterministic tolerance thresholds 

against their classic counterparts. Result demonstrates that the estimated parameters do 

not differ much between the subsets used for model estimation. The overall conclusion 

is the same as in case of the first case study: The models incorporating deterministic 

tolerance thresholds consistently show better performance than their classic 

counterparts in terms of the 2-norms statistic.  

( ( 13.761) 0)p  

( ( 12.603) 0)p  
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Each regret specification and its variant representing stochastic tolerance for small 

attribute difference were subjected to the cross-validation test. The validation results 

using the 2-norms statistic are shown in Figure 6.6. In every case, the variants 

incorporating stochastic tolerance thresholds show a lower value of the 2-norms 

statistic than their corresponding classic formulations. This means that stochastic 

tolerance thresholds improve the predictive power of the random regret minimization 

models. The improvement represented by the difference between the values of the 2-

norms statistic is larger for the stochastic tolerance thresholds than for the deterministic 

tolerance thresholds.  

The results reinforce the findings of the first case study. Incorporating attribute 

difference tolerance for small attribute differences improves the predictive power of the 

random regret minimization models. 

 

6.4.1.4 Elasticity analysis 

First, the elasticities of the classic regret formulations with the deterministic tolerance 

thresholds based variants (Table 6.3) and the models incorporating stochastic tolerance 

thresholds (Table 6.4) are compared. In every case, both deterministic and stochastic 

tolerance thresholds decrease the elasticities of the random regret minimization models. 

For example, in the classic regret formulations a 1% increase in the travel distance 

decreases the probability of choosing alternative 3 (walk) by 3.05% for the original 

regret specification and by 3.34% for the logarithmic regret specification. However, by 

incorporating deterministic tolerance thresholds, the decrease becomes 1.58% for the 

original regret specification and 1.93% for the logarithmic regret specification. Further, 

it is only 1.03% for the original regret specification and 1.29% for the logarithmic 

regret specification by stochastic tolerance thresholds. This is because the tolerance 

thresholds decrease the marginal effect of an attribute on regret (see Appendix 6.A).  

The probability of choosing alternative 3 (walk) is highly elastic, whereas the 

probability of choosing alternative 1 (car) is more robust. This may be related to the 

properties of the alternative itself. Walking trips have relatively short travel times and 

distance. Therefore, if travel time and distance increase, individuals easily consider 

other alternatives. By contrast, car trips have relatively long travel times and travel 

distance. Therefore, a small change in travel time and distance only has a small effect. 

Second, to investigate the significance of elasticity differences between classic 

formulations and the specifications including deterministic tolerance thresholds (Table 

6.5), and between classic formulations and the variants incorporating stochastic 

tolerance thresholds (Table 6.6), Kolmogorov-Smirnov tests were conducted. The 

results show that in every case the null hypothesis that two samples (elasticities) are 

drawn from the same distribution is rejected for both the deterministic and stochastic 

thresholds. This means that the differences in elasticity are all significant at the 95% 
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confidence level. That is, deterministic tolerance statistically decreases the elasticity in 

random regret minimization models. 

 

6.4.2 Study 2: stated preference data 

6.4.2.1 Data description 

The second case study is based on a stated choice experiment constructed to analyze 

consumer choice of shopping center (for a detailed description, see Chapter 3.4.1.1). 

 

6.4.2.2 Incorporating deterministic thresholds 

This section discusses the estimate and validation results of incorporating deterministic 

thresholds into the classic random regret minimization models. Table 6.7 shows the 

detailed estimation results. The t-values indicate that all parameters, except for the 

deterministic threshold for the number of shops, are statistically significant at the 95 

percent significance level. Their signs are consistent with theoretical anticipations. The 

t-value of the deterministic threshold for number of shops is estimated as zero. 

Therefore, it is not listed in the table. By considering the attribute difference tolerance, 

the absolute values of the regret weights for the attributes are slightly increased. The 

deterministic thresholds for travel time are estimated around -0.2 in both models, which 

is smaller than the tolerance thresholds for parking fee (over 0.3). This implies that 

individuals are more sensitive to attribute-level differences for travel time than for 

parking fee.   

With respect to the rho-squared, incorporation of deterministic tolerance 

thresholds improves the predictive power of random regret models. This is in line with 

the test for the non-nested choice models proposed by Ben-Akiva & Swait (1986). The 

probability that the original regret model outperforms its specification with the 

deterministic thresholds is zero (𝑝 ≤ (−13.608) ≅ 0), and the probability that 

logarithmic specification is superior to the inclusion of deterministic thresholds is also 

zero . In addition, the BIC values consistently indicate that 

incorporating deterministic tolerance thresholds improves the predictive ability of the 

random regret minimization models. 

 

6.4.2.3 Incorporating stochastic thresholds 

Table 6.8 shows the estimation results and the difference in predictive performance of 

the original formulations and their specifications incorporating stochastic thresholds. It 

shows that including stochastic tolerance thresholds increases the absolute values of 

regret weights. The absolute mean stochastic threshold for travel time is smaller than 

( ( 12.967) 0)p  
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for parking fee, which implies that individuals are more sensitive to smaller attribute 

differences for travel time. The standard deviation of travel time is smaller than for 

parking fee. This indicates that travelers differ less in their tolerance about travel time, 

compared to parking fee. Again, the improvement is higher for the stochastic tolerance 

thresholds than for the deterministic tolerance thresholds. 

The results of the non-nested choice model test (Ben-Akiva & Swait, 1986) reveal 

that the specifications based on stochastic tolerance thresholds better predict observed 

choice behavior than the classic formulations. The probability that the original regret 

model is superior to its specification based on the stochastic thresholds is zero (𝑝 ≤ 

(−17.869) ≅ 0), and the probability that the logarithmic specification outperforms its 

specification based on stochastic thresholds is also zero . The 

stochastic thresholds decrease the BIC value in both regret specifications, meaning 

better predictive performance of this specification. 

 

6.4.2.4 Validation tests 

A K-fold cross-validation test was conducted to validate the estimation results. In total, 

11 subsets (K=11) were constructed, randomly assigning the respondents to the subsets. 

Of the 11 subsets, 10 subsets were used to estimate the models, while the one 

remaining subset was used to validate the estimation results. This process is repeated 

11 times using all subsets as validation data.  

First, the validation test results comparing the classic regret formulations and their 

variants incorporating deterministic tolerance thresholds are shown in Figure 6.7. It 

demonstrates that the variants incorporating stochastic tolerance thresholds perform 

better in predicting observed choice behavior. This means that when attribute-level 

regret is generated only when the chosen alternative is inferior to the non-chosen one 

for that attribute, and the attribute-level difference exceeds an attribute threshold, the 

model outperforms the current regret-based choice models. Compared to the classic 

formulations, the value of 2-norms is consistently lower for the model specifications 

incorporating deterministic tolerance thresholds. 

Second, the 11-fold cross-validation test was applied to the variants incorporating 

stochastic tolerance thresholds. The parameters are similar and the goodness-of-fit of 

the models is almost constant across training sets. The values of the 2-norms are shown 

in Figure 6.8. The regret specifications with stochastic tolerance thresholds show much 

lower values for the 2-norms than the classic regret formulations.  

 

( ( 16.116) 0)p  
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Table 6.7 Summary of estimation results of regret models: Specification incorporating deterministic threshold – case study 2 

Mode choice 

Random regret minimization models 

RRmax-based RRlog-based 

Classic 

formulation 

Deterministic 

Threshold 

Classic 

formulation 

Deterministic 

threshold 

Travel time (t-value) -0.0592 (-36.45) -0.0722 (-7.97) -0.0371 (-34.31) -0.0503 (-9.91) 

Parking fee  (t-value) -1.342 (-25.67) -1.565 (-7.75) -0.810 (-22.99) -1.027 (-4.46) 

Number of shops (t-value) 0.0099 (12.23) 0.0128  (8.86) 0.0073 (14.18) 0.0096 (11.39) 

Deterministic threshold 

_travel time (t-value) 
 0.214 (6.87)  0.225 (3.95) 

Deterministic threshold 

_parking fee  (t-value) 
 0.372 (4.45)  0.390 (5.52) 

Rho-squared 0.327 0.349 0.317 0.337 

Adj. Rho-squared 0.326 0.348 0.316 0.336 

Final log-Likelihood -2863.021 -2769.130 -2907.148 -2821.616 

BIC 5750.827 5579.568 5839.081 5684.540 
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Table 6.8 Summary of estimation results of regret models: Specification incorporating stochastic threshold – case study 2 

Mode choice 

Random Regret Minimization Models 

RRmax-based RRmax-based 

Classic 

formulation 

Deterministic 

threshold 

Classic 

formulation 

Deterministic 

threshold 

Travel time (t-value) -0.0592 (-36.45) -0.0781 (-13.04) -0.0371 (-34.31) -0.0589 (-10.31) 

Parking fee  (t-value) -1.342 (-25.67) -1.709 (-8.48) -0.810 (-22.99) -1.156 (-8.15) 

Number of shops (t-value) 0.0099 (12.23) 0.0139 (7.13) 0.0073 (14.18) 0.0126 (11.43) 

Stochastic threshold 

_travel time_mean  (t-value) 
 -0.296 (-4.46)  -0.364 (-5.23) 

Stochastic threshold_travel time 

_ standard deviation  (t-value) 
 0.353 (5.54)  0.511 (5.25) 

Stochastic threshold 

_parking fee_mean (t-value) 
 -0.476 (-5.23)  -0.517 (-4.39) 

Stochastic threshold_parking fee_ 

standard deviation (t-value) 
 0.521 (3.85)  0.622 (8.14) 

Rho-squared 0.327 0.366 0.317 0.349 

Adj. Rho-squared 0.326 0.364 0.316 0.347 

Final log-Likelihood -2863.021 -2697.236 -2907.148 -2770.693 

BIC 5750.827 5452.303 5839.081 5599.217 



Chapter 6. Attribute Difference Tolerance 

 135 

 

 
(a) 

 

(b ) 

 

Figure 6.7 2-norms values for K-fold cross-validation test: comparison of classic regret 

formulations and their variants incorporating deterministic tolerance thresholds - case 

study 2 
(a) RRmax-based specification 

(b) RRlog-based specification 
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(a) 

 

 

 
(b) 

Figure 6.8 2-norms values for K-fold cross-validation test: comparison of classic regret 

formulations and their variants incorporating stochastic tolerance thresholds - case 

study 2 
 (a) RRmax-based specification 

(b) RRlog-based specification
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Table 6.9 Elasticities: comparison between classic formulations and variants that include a deterministic threshold - case study 2  
(a) RRmax-based specification 

(b) RRlog-based specification 

Shopping location choice 
RRmax-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3  

Travel time -1.15 -1.24 -1.39 -0.68 -0.87 -1.10 

Parking fee -1.58 -1.77 -1.84 -1.06 -1.23 -1.56 

(a) 

Shopping location choice 
RRlog-based specification 

Classic formulation Deterministic threshold 

Attributes Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Travel time -1.53 -1.65 -1.89 -1.12 -1.25 -1.57 

Parking fee -1.65 -1.84 -2.15 -1.39 -1.56 -1.90 

(b) 
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Table 6.10 Elasticities: comparison between classic formulations and variants that include a stochastic threshold - case study 2  
(a) RRmax-based specification 

(b) RRlog-based specification 

Shopping location choice 
RRmax-based specification 

Classic formulation Stochastic threshold 

Attributes Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Travel time -1.15 -1.24 -1.39 -0.43 -0.59 -0.81 

Parking fee -1.58 -1.77 -1.84 -0.91 -1.11 -1.37 

(a) 

Shopping location choice 
RRlog-based specification 

Classic formulation Stochastic threshold 

Attributes Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Travel time -1.53 -1.65 -1.89 -1.04 -1.11 -1.36 

Parking fee -1.65 -1.84 -2.15 -1.23 -1.35 -1.70 

(b) 
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Table 6.11 The Kolmogorov-Smirnov test for elasticity difference:  comparison between classic formulations and variants that include a 

deterministic threshold – case study 2 

(a) RRmax-based specification 

(b) RRlog-based specification 

Attributes Travel time Parking fee 

Alternatives Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Dichotomous index 1 1 1 1 1 0 

P value 0 0 0.0014 0 0.0008 0.1836 

(a) 

Attributes Travel time Parking fee 

Alternatives Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Dichotomous index 1 1 1 1 1 0 

P value 0 0 0.0029 0 0.0012 0.2113 

(b) 

  



Part I. Perception and Judgment 

 140 

 

Table 6.12 The Kolmogorov-Smirnov test for elasticity difference:  comparison between classic formulations and variants that include a 

stochastic threshold – case study 2 
(a) RRmax-based specification 

(b) RRlog-based specification 

Attributes Travel time Parking fee 

Alternatives Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Dichotomous index 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(a) 

Attributes Travel time Parking fee 

Alternatives Alt. 1 Alt. 2 Alt. 3 Alt. 1 Alt. 2 Alt. 3 

Dichotomous index 1 1 1 1 1 1 

P value 0 0 0 0 0 0 

(b) 

 

 

 

 

 

 

 



Chapter 6. Attribute Difference Tolerance 

 141 

6.4.2.5 Elasticity analysis 

This section discusses the elasticities of the classic regret formulations and the 

specifications incorporating tolerance thresholds. Since the attribute difference 

tolerance is not significant for the attribute “number of stores”, only the elasticity of 

travel time and parking fee was analyzed. First, the elasticities of the deterministic 

tolerance thresholds models (Table 6.9) and the stochastic tolerance thresholds models 

(Table 6.10) were compared with the classic regret formulations. Similar to the first 

case study, elasticities decrease by incorporating tolerance thresholds in all cases. 

Compared to the first case study, the elasticities of a certain attribute are more similar 

across choice alternatives. This is due to the fact that the alternatives are unlabeled. 

More specifically, choice probabilities of the random regret minimization models are 

more sensitive to a 1% change in parking fee than to the same change in travel time. 

In addition, the Kolmogorov-Smirnov test was conducted to test the significance 

of elasticity differences between the classic formulations and the deterministic 

tolerance thresholds formulations (Table 6.11), and between the classic formulations 

and stochastic tolerance thresholds variants (Table 6.12). The tests indicate that while 

the decrease in elasticities for the stochastic tolerance thresholds models is statistically 

significant at the 95% confidence level in all cases, the decrease in elasticities for the 

deterministic tolerance thresholds models has one exception: the decrease in elasticity 

of alternative 3 for parking fee is not significant for both formulations. 

 

 

6.5 Conclusions and discussion 

Recently, random regret minimization models have been introduced in the 

transportation research community as an alternative to expected/random utility 

maximization models. Random regret minimization models are based on the behavioral 

principle that individuals choose the alternative that minimizes their (anticipated), 

where regret is defined as a function of attribute differences between the considered 

choice alternative and one or more non-chosen choice alternatives in an individual’s 

choice set.  

Current random regret minimization models have assumed that the amount of 

regret is a continuous function of attribute differences. Even the smallest positive 

difference between a foregone alternative and the chosen/considered alternative is 

assumed to create some degree of regret. However, in contexts other than travel choice, 

there is evidence that individuals may be insensitive to small attribute differences. 

Related to the very nature of the concept of regret, individuals may tolerate some small 

attribute differences between the chosen alternative and one or more outperforming 

non-chosen alternatives. In this chapter, therefore, tolerance thresholds are incorporated 
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in random regret minimization models. Technically, whereas indifference thresholds 

have been included in random utility maximization models in the function mapping 

utilities into choice probabilities, this study applied tolerance thresholds to the 

attribute-level deterministic function of random regret minimization models. It implies 

a difference in behavioral interpretation. 

The new models assume that regret is generated when the chosen alternative is 

inferior to one or more non-chosen alternatives with respect to a certain attribute and 

the attribute difference between two alternatives exceeds a certain threshold. Two types 

of thresholds were tested: deterministic or stochastic. The thresholds affect choice 

probabilities: the market share of the best alternative in the choice set is reduced, while 

the non-best alternatives have increased market shares. 

It should be emphasized that the indifference thresholds in random utility 

maximization models have been developed based on the strict assumption that error 

terms are linear-additive, and identically independently distributed. The approach needs 

further elaboration for different assumptions about the error terms of the choice 

alternatives and in case of a large number of alternatives in the choice set. In contrast, 

in our approach, since the tolerance thresholds are incorporated in the deterministic 

regret function, they can be flexibly applied to diverse assumptions about the error 

terms and to large choice sets. 

The results of two case studies, one based on stated choice data, the other on 

revealed choice data, provide evidence for the existence of tolerance thresholds for 

some attributes (travel time, travel distance, parking fee), not for others (number of 

stores). In this context, particularly for the stated choice data, it cannot be ruled out that 

the significance or non-significance of the thresholds is strongly influencing by the 

spacing of attribute levels. In the current case study, the selected number of stores is 

indicative of a hierarchy of shopping centers. It can be related to the individuals’ nature 

of processing the attribute. In addition, inclusion of tolerance thresholds decreases the 

elasticities, implying that the effect of transportation policy can be overestimated if 

researchers do not consider the attribute difference tolerance.  

The incorporation of tolerance thresholds (both deterministic and stochastic) 

convincingly and consistently improves the predictive power of the random regret 

minimization models. More specifically, the inclusion of stochastic thresholds shows 

the best performance in predicting choice behavior. Therefore, it may be crucial to 

allow for tolerance thresholds in future studies representing regret-minimization 

behavior. If there is evidence of indifference, the model will demonstrate improved 

performance. If there is no indifference, the estimated threshold will be close to zero 

and the model will collapse into the original model specification. 
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Appendix 6-A: derivation of elasticities 

In this appendix, the elasticities of variants of classic regret formulations that include 

the tolerance thresholds are derived.  

 

A.1. Variants with tolerance thresholds 

A.1.1. Variants based on the RRmax specification 

Considering equation 6.1, the elasticity of the original regret specification with  

tolerance thresholds can be expressed as: 
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2) if alternative i is the best non-chosen alternative compared to alternative j, 
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3) if alternative i is the best non-chosen alternative compared to alternative j, 
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4) if alternative i is the best non-chosen alternative compared to alternative j, 
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A.1.2. Variants based on the RRlog specification 

The elasticity of the logarithmic regret specification with tolerance thresholds can be 

expressed as: 
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CHAPTER 7  

Accounting for Cognitive Effort6
 

 
7.1 Motivation 

As discussed in Chapter 2, the fundamental proposition of regret models is that 

individuals minimize the amount of regret they anticipate when choosing among choice 

alternatives, where regret is defined as a function of attribute differences between the 

chosen/considered choice alternative and the best or all non-chosen alternatives in an 

individual’s choice set. Behaviorally, the interpretation of regret depends on the choice 

situation. In case of decision-making under uncertainty, individuals are assumed to 

hold beliefs about the state of the world with respect to the attribute values/levels of the 

choice alternatives. That is, they attach subjective probabilities to the possible 

realizations of the attributes of the various choice alternatives. Attribute-level regret is 

generated when the chosen alternative turns out to be outperformed by one or more 

foregone alternatives on the relevant attribute after all.  

Dependent on underlying assumptions, regret can be generated by experience or 

mental inspection. Experienced regret occurs when indeed after the actual choice (or 

consumption) an individual realizes a foregone alternative outperforms the chosen 

alternative on one or more attributes (e.g. Schneider de Carvalho et al., 2016). 

Alternatively, regret is generated when individuals mentally process the attributes of 

the choice alternatives and the probability of their joint occurrence and cognitively 

assess the amount of regret should the considered alternative be outperformed by one 

or more other choice alternatives on one or more attributes. 

In case of decision-making under certainty, individuals are assumed to have 

perfect information about the choice alternatives. Thus, the above behavioral 

mechanisms and interpretation have no theoretical foundation for the case of decision-

                                                      

6  This chapter is based on Jang, S., S. Rasouli, & and H.J.P. Timmermans. (2017) Accounting for cognitive 

effort in random regret-only models: effect of attribute variation and choice set size. Environment and 
Planning B, in press. 
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making under certainty. Rather, under conditions of certainty, regret-based models turn 

into context-dependent choice models of semi-compensatory decision-making in which 

the composition of the choice set influences the probability of choosing an alternative. 

The assessment of regret involves a direct comparison of attribute levels across choice 

alternatives. Behaviorally, only the notion of cognitively assessing the amount of regret 

has a meaning in this context. One might use the term anticipated regret to denote the 

choice under certainty context and expected regret when referring to the situation of 

choice under uncertainty. 

Regardless of these distinctions, the attribute regret function plays a central role in 

regret-based choice models. Several specifications of the attribute regret function have 

been suggested in the literature. Chorus et al. (2008) defined attribute level regret 

proportional to the attribute difference between the considered alternative and the non-

chosen alternative. The total amount of regret of the considered alternative is assumed 

to be equal to the maximum of binary (pairwise) regrets, which are calculated as the 

sum of attribute regrets. Later, for computational convenience, Chorus (2010) 

suggested two changes to this original specification. First, to solve computational 

problems associated with the original specification, he suggested a logarithmic 

approximation of the original regret function. Second, he proposed defining the total 

amount of regret for the chosen alternative in terms of the sum of the binary regrets 

over all non-chosen alternatives. 

Because the assessment of regret is assumed stochastic, additional assumptions 

about the error terms of the regret function are required to predict choice probabilities. 

Following random utility theory, prior research has invariantly and without much 

motivation conveniently assumed that the negatives of the error terms of the random 

regret functions are independently and identically Gumbel distributed (IID). This 

assumption means that the random regret model mathematically assumes the same 

functional relationship between the behavioral mechanism and choice probabilities as 

assumed in the equivalent multinomial logit model with minus regret as its argument. 

This practice implies that errors in regret models are assumed independent of the 

magnitude of attribute differences between pairs of choice alternatives and that the 

scales of the binary regrets are the same. 

This chapter is based on the contention that while the assumption of identically 

and independently distributed error terms may be behaviorally realistic for applications 

of basic random utility (MNL) models to particular choice problems in the sense that 

individuals judge the utility of a choice alternative by cognitively applying their 

preference function, which is supposed to depend on tastes only, to the attribute profile 

of the choice alternative, it may be more difficult to defend in the context of random 

regret minimization choice models. First, because the essence of the concept of regret 

inherently involves the paired comparison of choice alternatives, it seems reasonable to 
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argue that the amount of regret is cognitively easier to assess when the alternatives 

differ widely in their attribute values, whereas it is more difficult to discriminate 

between highly similar alternatives. This difference in attribute-levels between different 

pairs of alternatives may cause heteroscedasticity in assessing the amount of regret. It 

seems paramount, therefore, to allow for heteroscedasticity in error terms when 

estimating these regret choice models. Ignoring such heteroscedasticity may lead to 

biased forecasting results
7
. 

Second, since regret-based choice models involve semi-compensatory decision 

rules, attribute-level regret only occurs when the attribute value of the chosen 

alternative is inferior to the attribute value of the non-chosen alternative. The emotion 

when the chosen alternative outperforms the non-chosen alternative, called rejoice, 

does not affect the choice in pure regret-only choice models
8
.  

In contrast, if the chosen alternative is inferior to the non-chosen alternative, 

individuals need to assess their amount of regret by processing attribute-level 

differences and converting these into amounts of regret. Therefore, the amount of 

cognitive effort to assess their amount of regret inherently differs between choice 

alternatives. 

To explore this issue, in this study, we assume that the generation of error in 

regret-based choice models is proportional to the cognitive effort, required to compare 

alternatives and feel regret. Previous research on RUMs has also introduced flexible 

error terms (Swait and Adamowicz, 2001; DeShazo and Fermo, 2002; Arentze et al., 

2003; Caussade et al., 2005). Whereas these studies captured the amount of task 

complexity (or cognitive effort) in terms of parameterized error terms (scale factors), 

reflecting properties of the experiment design, now we present it in regret that is 

captured in terms of pairwise choice situations. Two factors are considered: (1) 

attribute variation; (2) number of paired comparisons to judge the amount of regret. 

More cognitive effort may cause a higher degree of randomness in the judgments, 

which will be reflected in a higher variance of the error terms. This higher variance of 

the error terms mathematically leads to a decreasing scale factor (Ben-Akiva and 

Lerman, 1985). To accommodate these factors, the commonly used assumption of IID 

                                                      

7  Of course, there may be other reasons to relax the assumption of IID error terms. One reason that has 

received a considerable amount of research is task complexity in stated choice experiments. Note that this 
research is not concerned with the utility function per se. However, several properties of the measurement 

task may have biasing effects on the measurement of utility. Ideally, researchers should control 

experimentally for any such biasing effects. Alternatively, and sometimes additionally, biasing effects caused 
by the measurement task are captured by introduced parameters in the utility function and/or decision rule). 

Some peers may consider the MNL model just a statistical model without the association that it describes a 

behavioral process. For those readers taking this perspective, the reasoning is not relevant. 

 
8 It should be emphasized that this chapter focuses on regret-only choice models. More recently, several 
authors (e.g. Chorus, 2014; Van Cranenburgh et al., 2015) suggested combined regret-rejoice models.  

 



Part II. Error Generation 

 150 

errors is replaced with the assumption of flexible heteroscedastic error terms. More 

specifically, heteroscedastic, flexible scaling versions of the random regret models are 

developed and tested. 

In describing the research effort, the remainder of this chapter is organized as 

follows. First, the amount of cognitive effort in paired comparisons of choice 

alternatives in regret choice models will be formally defined. Next, the effect of 

cognitive effort in regret models in two empirical studies will be investigated. The first 

study is a stated choice experiment of shopping destination choice, while the second 

study involved revealed preference data of transport mode choice. These data sets are 

also used to compare RUM models. The chapter is completed with a discussion of the 

results of the model estimations and an identification of avenues of future research. 

 

 

7.2 Model formulation 

7.2.1 General assumptions 

As discussed in Chapter 2, regret for chosen alternative can be defined against i) the 

best non-chosen alternative (RRmax) or ii) all non-chosen alternatives (RRsum, RRlog). 

This chapter focuses on the second definition. Then, total regret is: 

 

                                                                                                         (7.1) 

 

where is a scale factor which is inverse proportional to the variance of the error term. 

Since the assumptions about the error terms in random regret models are the same as 

those underlying the utility-based multinomial logit model, the scale factor is 

normalized to one, and the variance of the error term is assumed to be  (Ben-Akiva 

and Lerman, 1985). This normalization means that the scale is constant for any 

summation of binary regrets and that consequently errors are independent of any 

attribute differences between pairs of choice alternatives.  

From a behavioral perspective, random utility theory assumes that individuals 

have stochastic preferences and assess the amount of utility they will derive from their 

choice of an alternative by processing the attribute profiles of choice alternatives. The 

assumption that utility is based on tastes only behaviorally means that deriving utility, 

unlike regret, does not involve any direct comparison of choice alternatives. The fact 

that choice probabilities in the MNL model depend only on utility differences, which 

under some conditions can be decomposed into attribute differences, is not based on a 

behavioral mechanism, but is rather a mathematical property of the model that stems 

from the combination of the behavioral principle of utility maximization and statistical 
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assumptions about the distribution of the error terms. Utilities are context-independent. 

Thus, it assumes that each time a preference function is activated, utility values may 

differ from the mean utility value, the probability being reflecting in the Gumbel 

distribution. Because this judgment only involves the considered choice alternative, 

behaviorally it seems plausible to assume errors are independently and identically 

distributed under identical cognitive representations and distinctive choice alternatives. 

However, the concept of regret by definition involves a comparison of alternatives and 

hence the assumption of IID error terms should be put under scrutiny. 

First, if the attribute values of alternatives differ widely, it does not require much 

cognitive effort to compare the choice alternatives and arrive at a judgment. Thus, one 

may postulate that larger attribute differences (higher variance) lead to relatively less 

cognitive effort to judge the amount of regret. Vice versa, it is more difficult to 

discriminate between highly similar alternatives (e.g. Dellaert et al., 1999; Shugun, 

1980). A higher cognitive effort causes higher randomness (variance of error term) to 

assess the amount of regret, implying a smaller scale factor in the random regret model. 

Thus, one may postulate that smaller attribute differences (less variance in attribute 

levels values) require more cognitive effort to judge the amount of regret in comparing 

choice alternatives. 

For instance, if the travel time of the chosen alternative is 10 minutes, and that of 

a non-chosen alternative is 11 minutes, it would be difficult to cognitively quantify the 

amount of regret when choosing the inferior alternative. However, if the travel time of 

the non-chosen alternative is 60 minutes, it is easy to assess the amount of regret. In 

any case, the varying attribute differences between pairs of alternatives may cause 

heterogeneity in regret-based choice models. 

Another reason to assume that the variances of the error terms are not constant 

across choice alternatives is that the required number of comparisons differs for 

different choice alternatives. A larger number of comparisons implies more cognitive 

effort (Caussade et al., 2005), which may be reflected in the structure of the error terms. 

In this context, it should be realized that individuals are assumed to cognitively judge 

the amount of attribute-level regret only when the attribute value/level of the chosen 

alternative is inferior to that of the non-chosen alternative. When the chosen alternative 

outperforms the non-chosen alternative, individuals are not triggered to assess the 

amount of regret, and hence less cognitive effort is involved. That is, under these 

conditions individuals do not have to consider the exact attribute-level difference for 

the attribute in the pair of alternatives.  

Thus, the amount of cognitive effort is higher for the inferior choice alternatives. 

This differential cognitive effort in assessing regret may cause heterogeneity in the 

error terms of the regret functions. Ignoring such heteroscedasticity may insufficiently 
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capture the very nature of regret-based decision processes and lead to lower predictive 

power of the choice model.  

Therefore, our hypothesis is that in regret based functions, the cognitive effort in 

comparing pairs of choice alternatives differs across alternatives and should therefore 

be captured in the model specification as shown in Figure 7.1. 

 

7.2.2 Cognitive effort and error terms in pairwise 
comparisons 

Considering this discussion, it would be relevant to formulate paired comparison 

random regret models, which take into account two factors that may violate the 

commonly used assumption of homoscedastic error terms: (1) attribute variation; (2) 

differential number of attribute-level regret assessments. Smaller attribute differences 

and the assessment of a larger number of attribute-level regrets cause higher 

randomness. To account for these effects, a flexible heteroscedastic scale factor in 

random regret models is introduced, defined as an exponential function of a constant 

scale factor, corrected for the effects of these two factors. 

 

                                                                                                        (7.2) 

 

where  is the scale factor for alternative i for the choice situation that individual n 

faces in the random regret model. The parameter , fixed across alternatives, is used 

to transform cognitive effort into the scale factor. It should be zero or negative since 

larger cognitive effort causes larger error variance and a smaller scale factor. If it is 

zero, or estimated to be insignificantly different from zero, the scale factor becomes 

one, indicating homoscedastic scales for the random regret models. Otherwise, if it is 

negative, it indicates heteroscedastic scales for the random regret models. Smaller 

value (larger absolute value) of the parameter  implies the scale factor is more 

sensitive to cognitive effort. 

The total amount of cognitive effort  for individual n to judge the amount of 

regret induced by attribute k by comparing alternatives i and j is measured as follows 

 

                                                                                (7.3) 

 

Parameter  represents the cognitive effort needed to transform attribute-level 

differences into assessments of regret on the scale of the regret function. This 

parameter must be negative since the amount of effort is assumed to increase with 

decreasing attribute-level differences.  

exp( * )in ine 

m
in





ijnke

exp( *| |)*ijnk k jnk ink ijnke x x Y 

k



Chapter 7. Accounting for Cognitive Effort 

 153 

Figure 7.2 shows the effect of variation in  on the amount of cognitive effort. 

The graph shows that the larger the attribute-level difference, the lower the cognitive 

effort required assessing the amount of regret. The larger the weight , the higher the 

amount of effort required for the same attribute-level difference. Indicator variable  

captures the effect of a differential number of regret assessments: 
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                                                                                   (7.4) 

 

Note that if the multiplication of the taste parameter and attribute-level difference 

 is positive, then the value of the indicator variable is one, implying the 

choice alternatives need to be compared to assess the amount of regret. On the other 

hand, if the multiplication between the taste parameter and attribute-level difference 

 is negative or zero, the value of the indicator variable is zero, implying 

a comparison of alternatives is not needed because regret is not invoked. 

The marginal effect, which is the variation in cognitive effort subject to one unit 

increase/decrease in attribute value difference, if , equals: 
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                             (7.5) 

 

The effect of cognitive effort in binary choice sets and a single attribute can be 

extended to the case of multiple attributes, multi-alternative choice sets following the 

definition of regret. In case of binary, multi-attribute choice sets, the effect of cognitive 

effort in terms of the amount of cognitive effort to compare alternative i to alternative j 

on multiple attributes can be defined as the summation the amount of effort under the 

binary, single attribute case across attributes as shown in equation 7.6. 

 

                                                                         (7.6) 

 

To further generalize the equation to multi-alternative choice sets, equation 7.6 should 

be summed across all paired comparison for alternative i to assess the amount of regret. 
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                                                                 (7.8) 

 

In the remaining of this chapter, we assume that the parameterized scale factor is not 

strongly correlated with the taste weight. Our empirical analyses support this 

assumption. Nonetheless, every scale-parameterized model may encounter problems of 

identification. Further research may explore this issue using simulation. 

 

 

 
Figure 7.1 Comparing pairs of alternatives and task complexity 

 

 

 
Figure 7.2 Task complexity by variation of attribute-level difference 
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7.3 Empirical analyses 

In this section, the flexible heteroscedastic paired random regret model representing 

cognitive effort is empirically tested, and compared with the performance of 

conventional random regret models with a homoscedastic scale factor as expressed in 

RRsum and RRlog. In addition, random regret models are compared with their 

behavioral counterpart, homoscedastic and heteroscedastic linear additive RUM models. 

As discussed, the proposed scale function is based on the imposed behavioral process 

in random regret models, which is based on a comparison of choice alternatives. In 

contrast, linear RUM models assume: (1) independent and separate evaluation of 

choice alternatives; (2) a fully-compensatory decision rule. Therefore, the proposed 

scale function cannot be applied to the linear addictive RUM models. Instead, the well-

known heteroscedastic version of RUMs, called the heteroscedastic extreme value 

(HEV) model (Bhat, 1995) is used. Consequently, caution is in order to interpret any 

differences in performance between the models. 

The conventional linear additive RUM model can be expressed as: 

 

                                                                          (7.9) 

 

In the logit structure, if the error terms are assumed to be identically and independently 

Gumbel distributed, the choice probability can be computed as: 

 

                                                                                                 (7.10) 

 

With the homoscedastic (normalized) scale factor (  across individuals and 

alternatives), the variance of the error term is . In the HEV RUM, the error terms 

are assumed to be mutually independent Extreme Value distributed but are allowed to 

have differing variances. As a result, if the scale factor of one alternative is fixed as one, 

then the scale factor of other alternatives has a relative value. 

To compare the goodness-of-fit of (1) the homoscedastic and heteroscedastic 

random regret models, (2) the homoscedastic and heteroscedastic RUM models, (3) the 

homoscedastic random regret model and the RUM model, (4) the heteroscedastic 

random regret model and the RUM model, Ben-Akiva & Swait’s test (1986) for non-

nested choice models is applied. 

The models were estimated using Biogeme 2.3 (Bierlaire, 2003). The explanatory 

variables of the model were pre-processed to incorporate the outcome of the ‘‘max 
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operator’’ in the maximum likelihood calculations. Two data sets (a stated choice 

experiment and a revealed choice survey) were used to examine the formulated models. 

 

7.3.1 Case study I: stated choice experiment 

7.3.1.1 Data description 

The empirical data used in the first case study are based on a stated choice experiment 

constructed to analyze consumer choice of shopping center (for a detailed description, 

see Chapter 3.4.1.1). 

 

7.3.1.2 Estimation results 

Both homoscedastic and (flexible) heteroscedastic scale factors were applied to both 

the linear random utility and the random regret models. Table 7.1 shows the estimation 

results of the RRsum model. All coefficients of both models are statistically significant 

at the 95% significance level and their signs are in anticipated direction. More 

importantly, the table shows that the inclusion of cognitive effort improves the 

predictive power of the random regret model. According to Ben-Akiva & Swait’s test 

(1986) for non-nested choice models, the probability that the original formulation with 

a homoscedastic scale factor is superior to the specification with the heteroscedastic 

scale factor is zero . Therefore, it can be concluded that the 

suggested regret model, which includes cognitive effort, shows a significantly better 

performance than the original formulation with a homoscedastic scale factor. 

The absolute values of the parameters for the attributes are larger in the 

heteroscedastic regret model. The absolute value of the parameter for parking fees is 

the largest. Thus, these estimated parameters suggest that parking fee is the most 

influential attribute in the choice process. The attribute range of parking fee, which is 

relatively small compared to travel time and number of stores, may have affected this 

result. All weights  are estimated larger than minus one. The absolute values of 

weight for travel time have the smallest value of all weights, meaning that travel time 

requires more effort to judge regret compared to other attributes when the attribute-

level difference is the same. 

Table 7.2 shows the variation in cognitive effort if the attribute-level difference is 

decreased with one unit. As shown in equation 7.5, this happens when the 

multiplication of the taste parameter and attribute-level difference is positive. The 

amount of effort to compare travel time is increased with 2.5% for travel time, 7.2% for 

parking fee, and 9.2% for number of stores. Concerning the shape of the graph in 

Figure 7.2 as a function of parameter , results indicate that individuals are more 

( ( 19.46) 0)p  
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sensitive to small differences in the attribute values when  is smaller reflected by the 

larger first derivative (the slope of the tangent) in Figure 7.2. In other words, while  

is larger for travel time, which makes the cognitive assessment of regret more difficult 

for this attribute compared to the others, the cognitive effort related to this attribute is 

less sensitive to the small reductions/increases in attribute values. 

Table 7.3 shows the detailed estimation results for the RRlog model. All 

estimated parameters are statistically significant at the 95% significance level and their 

signs are consistent with intuition. The representation of cognitive effort in the paired 

comparisons to generate regret improves the model fit. The improvement is statistically 

significant according to Ben-Akiva & Swait’s test (1986). The probability that RRlog 

with a homoscedastic scale is superior to its heteroscedastic version is zero 

. Thus, the application of the heteroscedastic scale factor 

representing cognitive effort improves the performance of both random regret 

minimization models (RRsum and RRlog). 

 

Table 7.1 Estimation results – RRsum – stated choice experiment 

Shopping location choice 
RRsum 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0390 (-33.34) -0.113 (-18.04) 

Parking fee (t-value) -0.741 (-22.42) -2.20 (-14.86) 

Number of stores (t-value) 0.00638 (12.56) 0.0108 (15.01) 

_scale (t-value)  -0.0160 (-10.21) 

_travel time (t-value)  -0.0250 (-14.64) 

_ parking fee (t-value)  -0.0692 (-8.13) 

_ number of stores (t-value)  -0.0876 (-53.23) 

Rho-squared 0.305 0.352 

Final log-likelihood -2954.570 -2758.120 

 

Table 7.2 Variation in cognitive effort: unit decrease in attribute-level difference  

– RRsum – stated choice experiment 

Shopping location choice Travel time Parking fee 
Number 

of stores 

Variation in cognitive effort (%) +2.53 +7.17 +9.16 
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k
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Table 7.3 Estimation results – RRlog – stated choice experiment 

Shopping location choice 
RRlog 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0371 (-34.31) -0.0962 (-20.53) 

Parking fee (t-value) -0.810 (-22.29) -2.024 (-16.36) 

Number of stores (t-value) 0.00730 (14.18) 0.0112 (15.65) 

_scale (t-value)  -0.0204 (-8.24) 

_travel time (t-value)  -0.0210 (-11.95) 

_ parking fee (t-value)  -0.0657 (-10.36) 

_ number of stores (t-value)  -0.0913 (-35.81) 

Rho-squared 0.317 0.355 

Final log-likelihood -2907.148 -2743.253 

 

As in the RRsum formulation, the heteroscedastic scale makes the taste weights 

larger, and parking fee is still the most influential attribute. The parameter  for each 

attribute has a negative value, and is larger than minus one. Still, the cognitive effort 

for travel time requires larger cognitive effort in realizing the attribute level difference. 

   Table 7.4 represents how cognitive effort is increased when the attribute-level 

difference is decreased with one unit. The unit decrease in the attribute-level difference 

increases the cognitive effort: 2.1% for travel time, 6.8% for parking fee, and 9.6% for 

number of stores. This implies that individuals are less sensitive to small 

reductions/increases in attribute values for travel time. 

Table 7.5 represents the estimation results for the homoscedastic and 

heteroscedastic linear additive RUMs. All estimated parameters are statistically 

significant at the 95% significance level and their signs are conform theoretical 

expectations. The heteroscedastic scale significantly improves the predictive power of 

the RUM. The probability that the homoscedastic RUM is superior to the 

heteroscedastic model is zero .  

 

Table 7.4 Variation in cognitive effort: unit decrease in attribute-level difference  

– RRlog – stated choice experiment 

Shopping location choice Travel time Parking fee 
Number 

of stores 

Variation in cognitive effort (%) +2.06 +6.79 +9.56 
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Table 7.5 Estimation results – RUM – stated choice experiment 

Shopping location choice 
RUM 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0570 (-36.43) -0.0584 (-32.66) 

Parking fee (t-value) -1.3793 (-26.09) -1.520 (-21.14) 

Number of stores (t-value) 0.0124 (15.22) 0.0120 (13.45) 

Scale_first alt. (t-value) 1.00 (fixed) 1.00 (fixed) 

Scale_second alt. (t-value) 1.00 (fixed) 1.02 (59.60) 

Scale_third alt. (t-value) 1.00 (fixed) 1.12 (57.46) 

Rho-squared 0.349 0.350 

Final log-likelihood -2769.813 -2764.528 

 

Ben-Akiva & Swait’s test also indicates that the RUM outperforms both RRsum 

and RRlog based on the homoscedastic scale. The probability that RRsum is superior to 

RUM is zero  and the probability that RRlog outperforms RUM is 

also zero . However, and supportive of our reasoning, the 

comparison of the heteroscedastic RUM and the random RRM indicates that the RRM 

outperform the RUM. Based on Ben-Akiva & Swait’s test, the probability that the 

heteroscedastic RUM outperforms the heteroscedastic RRsum is zero 

, and the probability that the heteroscedastic RUM outperforms the 

heteroscedastic RRlog is also zero . Therefore, the proposed scale 

function effectively represents cognitive effort. 

  

7.3.1.3 Predicted market shares and elasticities 

Observed and predicted market shares for three shopping centers are shown in Table 

7.6. Clearly, the heteroscedastic scale makes the difference between the observed and 

predicted market smaller in both random regret and RUMs. The market shares for 

alternatives 1 and 2 are over-predicted, while the market share for alterative 3 is under-

estimated in every model. However, with the heteroscedastic scale, the market shares 

for alternatives 1 and 2 albeit still over-predicted, are closer to the observed market 

shares. Similarly, the market share for alternative 3 is still underestimated, but the 

difference also becomes smaller. 

Considering the root mean square error (RMSE) in equation 7.11, with the 

homoscedastic scale, the predicted market share of the RUM is closer to the observed 

market share than the predicted market shares based on the random regret models 

(RMSE: 8.69 for RUM, 12.59 for RRsum, 11.51 for the RRlog). 

( ( 19.35) 0)p  

( ( 16.50) 0)p  

( ( 3.87) 0)p  

( ( 6.37) 0)p  
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                         (7.11) 

 

However, with the heteroscedastic scale, the predicted market share of the random 

regret models is closer to the observed market share than the predicted share based on 

the RUM (RMSE: 7.83 for the RUM, 7.22 for the RRsum, 6.89 for the RRlog). These 

results support our conclusion that the proposed scale function effectively represents 

cognitive effort in paired comparisons of alternatives in random regret models.  

Table 7.7 summarizes the mean elasticities of the three attributes. With the 

homoscedastic scale, the linear additive RUM shows the lowest change in all attributes 

as a function of a unit of change in attribute values, compared to the random regret 

models. For instance, if the travel time is increased one unit, the probability of 

choosing the alternative decreases by 1.10% in the RUM, while the decrease is higher 

for RRsum (1.82%), and RRlog (1.69%). 

The heteroscedastic scale decreases the elasticity in all models. Moreover, the 

heteroscedastic scale makes the elasticity of each model become similar. For example, 

when travel time is increased one unit, the probability of choosing the alternative 

decrease by 1.04% in RUM. The change of choice probability is slightly higher for 

RRsum (1.17%), and RRlog (1.11%).  

 

7.3.2 Case study II: revealed choice survey 

7.3.2.1 Data description 

The second case study is based on the 2009 MON (Mobiliteit Onderzoek Nederlands - 

the Dutch National Travel Survey) data. A detailed description of this data set can be 

found in Chapter 3.5.2.1. 

 

7.3.2.2 Estimation results 

The heteroscedastic scale values are applied to both the random regret and RUMs, and 

compared to the homoscedastic scale models. The estimation results of RRsum are 

shown in Table 7.8. All signs of the coefficients are in anticipated direction, and the 

values of the estimated coefficients are statistically significant at the 95% significance 

level. As in the first case study, the inclusion of the heteroscedastic scale factor to 

capture the amount of cognitive effort significantly improves the predictive power of 

the choice models. The improvement in the predictive ability of the models is 

statistically significant according to Ben-Akiva & Swait’s test. The probability that the 

homoscedastic pure RRM is superior to its heteroscedastic version is zero 

.  ( ( 10.75) 0)p  
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Table 7.6 Observed and predicted market shares – stated choice experiment 

Shopping 

location 

choice 

Observed 

market 

share (%) 

Predicted market share (%) 

RRsum RRlog RUM 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Alt. 1 35.67 42.15 38.97 40.63 38.35 39.36 39.65 

Alt. 2 35.38 39.05 37.96 39.81 38.32 38.78 37.72 

Alt. 3 28.95 18.80 23.07 19.56 23.33 21.86 22.63 

 

Table 7.7 Mean elasticity of attributes – stated choice experiment 

Shopping 

location 

choice 

RRsum RRlog RUM 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Travel 

time 
-1.82 -1.17 -1.69 -1.11 -1.10 -1.04 

Parking 

fee 
-2.14 -1.35 -1.88 -1.17 -1.23 -1.02 

Number 

of stores 
0.92 0.53 0.79 0.42 0.45 0.26 
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Table 7.8 Estimation results – RRsum – revealed choice data 

Mode choice 
RRsum 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0614 (-14.10) -0.415 (-8.33) 

Travel distance (t-value) -0.325 (-12.56) -2.85 (-11.83) 

_Scale (t-value)  -0.0273 (-16.21) 

_Travel time (t-value)  -0.0637 (-3.52) 

_ Travel distance (t-value)  -0.164 (-9.06) 

Rho-squared 0.204 0.251 

Final log-likelihood -1012.287 -953.418 

 

Table 7.9 Variation in cognitive effort: unit decrease in attribute-level difference – 

RRsum – revealed choice data 

Mode choice Travel time Travel distance 

Variation in cognitive effort (%) +6.58 +17.82 

 

Incorporating cognitive effort in the pure RRM model increases the absolute value 

of the parameters. The absolute value of the parameter for travel distance is larger than 

the one for travel time, implying that travel distance is a more influential attribute. This 

can be interpreted as an effect of attribute range. The attribute range of travel distance 

is smaller than that of travel time. 

The cognitive effort weights for all attributes  are estimated larger than minus 

one. The weight for travel time is larger than the one for travel distance. This means 

that more cognitive effort is required to assess regret related to travel time compared to 

travel distance when the attribute-level difference is the same. 

The variation in cognitive effort when attribute-level differences are decreased 

with one unit is shown in Table 7.9. This variation is based on equation 7.14. When the 

multiplication of the taste parameter and the attribute-level difference is positive, and 

attribute-level difference is decreased with one unit, the cognitive effort to compare 

travel time is increased with 6.6%. 

In the case of travel distance, this increase is 17.8%. As shown in Figure 7.2, 

individuals are relatively more sensitive to the attribute differences, which have a 







k
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smaller . Compared to the stated choice experiment, the marginal cognitive effort is 

relatively large in the revealed choice study. For instance, for travel time, it is 6.6% in 

the revealed choice survey, but only 2.5% in the stated choice experiment. This 

difference may be interpreted as reflecting different features of the respondents 

participating in the two data collections. Alternatively, the difference may be 

interpreted to reflect the actual difference in cognitive effort due to differences in the 

actual tasks and corresponding choice process. In the stated choice experiment, all 

attribute levels of all alternatives are neatly arranged in the questionnaire. Thus, 

respondents can easily process the information and compare the pairs of choice 

alternatives. In contrast, in the revealed preference survey, the actual question (task) 

requires respondents to first retrieve the attribute levels for all alternatives from their 

memory. Thus, the process of providing the information in the revealed choice survey 

to compare the pair of alternatives is more complex and requires more cognitive effort. 

The detailed estimation results for the classical RRM are shown in Table 7.10. 

Each estimated parameter value is statistically significant at the 95% significance level 

and the signs agree with anticipated directions. Again, the heteroscedastic model 

representing cognitive effort in paired comparisons to generate regret improves the 

predictive power of the random regret model, and the improvement is statistically 

significant. The probability that the homoscedastic pure RRM is superior to its 

heteroscedastic version is zero . Therefore, the scale function 

proposed in this study effectively enhances the predictive power of both the pure and 

classic RRM, for both the stated and the revealed preference data. The weight  for 

travel time is larger than the one for travel distance. This means that more cognitive 

effort is required to assess regret of travel time. 

The increase of cognitive effort in the classic RRM when the attribute-level 

difference is decreased with one unit is shown in Table 7.11. The increase is larger for 

travel distance (14.00%) than for travel time (3.68%). This implies that the cognitive 

effort for travel distance is more sensitive to the attribute change.  

Table 7.12 shows the estimation results of the homoscedastic and heteroscedastic 

linear additive RUMs. All estimated parameters are statistically significant at the 95% 

significance level and their signs correspond to our theoretical expectations. Based on 

Ben-Akiva & Swait’s test, the probability that the homoscedastic RUM outperforms 

the heteroscedastic RUM is zero . The first case study (stated choice 

experiment) showed similar scale values (1.00, 1.02, 1.12) for each alternative in the 

HEV model. There is evidence of a small improvement from the homoscedastic to the 

heteroscedastic scale. However, this second case study (revealed choice survey) shows 

more different scale values for each alternative in the HEV model (1.00, 1.26, 1.68). 

Also, the scale for ‘‘bike’’ and ‘‘walk’’ modes is relatively larger than for ‘‘car’’ mode.  

k

( ( 10.27) 0)p  

k

( ( 4.28) 0)p  
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Table 7.10 Estimation results – RRlog – revealed choice data 

Mode choice 
RRlog 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0711 (-14.02) -0.436 (-8.93) 

Travel distance (t-value) -0.356 (-12.81) -2.87 (-10.55) 

_Scale (t-value)  -0.0362 (-10.36) 

_Travel time (t-value)  -0.0596 (-3.77) 

_ Travel distance (t-value)  -0.131 (-8.08) 

Rho-squared 0.187 0.230 

Final log-likelihood -1034.352 -979.720 

 

Table 7.11 Variation in cognitive effort: unit decrease in attribute-level difference – 

RRlog – revealed choice data 

Mode choice Travel time Travel distance 

Variation in cognitive effort (%) +3.68 +14.00 

 

This means the variance of error is smaller for the ‘‘bike’’ and ‘‘walk’’ modes 

considering that the variance of the error term is inversely proportional to the square of 

the scale factor. This may be because the ‘‘bike’’ and ‘‘walk’’ modes have a smaller 

travel time and travel distance compared to the ‘‘car’’ mode. 

With the homoscedastic scale, the RUM outperforms both random regret models. 

The probability that the RRsum model outperforms the RUM is zero 

 and the probability that the RRlog model is superior to the RUM is 

also zero . However, with the heteroscedastic scale, both RRM are 

superior to the RUM. The probability that the heteroscedastic RUM outperforms the 

heteroscedastic pure RRM is zero , and the probability that the 

heteroscedastic RUM outperforms the heteroscedastic classic RRM is also zero 

. Therefore, the proposed scale function effectively represents 

heteroscedasticity.  







( ( 6.38) 0)p  

( ( 9.16) 0)p  

( ( 7.52) 0)p  

( ( 2.66) 0)p  
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Table 7.12 Estimation results – RUM – revealed choice data 

Mode choice 
RUM 

Homoscedastic scale Heteroscedastic scale 

Travel time (t-value) -0.0572 (-14.27) -0.0935 (-16.90) 

Travel distance (t-value) -0.114 (-15.91) -0.615 (-4.80) 

Scale_car (t-value)  1.00 (fixed) 

Scale_bike (t-value)  1.26 (22.63) 

Scale_walk (t-value)  1.68 (29.66) 

Rho-squared 0.220 0.228 

Final log-likelihood -991.977 -983.820 

 

7.3.2.3 Predicted market shares and elasticities 

Table 7.13 shows the comparison between observed and predicted market shares for 

three transport modes. As in the first case study, the difference between observed and 

predicted market shares is reduced if a heteroscedastic scale factor is introduced. The 

RMSE indicates that the RUM better predicts market shares than the random regret 

models based on the homoscedastic scale (RMSE: 8.10 for RUM, 8.61 for the RRsum, 

11.30 for the RRlog). However, by introducing the heteroscedastic scale, the random 

regret models better predict market shares than the RUM (RMSE: 6.40 for the RUM, 

2.44 for the RRsum, 6.00 for the RRlog).  

The mean elasticities for travel time and travel distance are shown in Table 7.14. 

As in the first case study, the RUM shows the lowest drop in the choice probability for 

both attributes for the model with the homoscedastic scale. For example, one unit 

increase in travel distance decreases the choice probability by 1.65% for the RUM, 2.35% 

for the RRsum model, and 2.19% for the RRlog model. 

With the heteroscedastic scale, the RUM still shows the lowest drop in the choice 

probability, but the difference between the elasticities of the models becomes very 

small. In the case of travel time, the mean elasticities of the three models are all around 

a decrease of 1.40%. 
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Table 7.13 Observed and predicted market shares – stated choice experiment 

Mode 

choice 

Observed 

market 

share (%) 

Predicted market share (%) 

RRsum RRlog RUM 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Alt. 1 

(car) 
40.59 41.76 38.76 42.13 40.23 41.55 41.14 

Alt. 2 

(Bike) 
32.64 38.08 34.23 39.75 37.05 37.83 36.86 

Alt. 3 

(Walk) 
26.77 20.16 27.01 18.12 22.72 20.62 22.00 

 

Table 7.14 Mean elasticity of attributes – stated choice experiment 

Mode choice 

RRsum RRlog RUM 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Homoscedastic 

scale 

Heteroscedastic 

scale 

Travel time -2.06 -1.42 -1.88 -1.40 -1.51 -1.33 

Travel distance -2.35 -1.66 -2.19 -1.45 -1.65 -1.27 
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7.4 Conclusions and discussion 

This chapter is based on the contention that the commonly used assumption of 

homoscedastic error terms in random regret models may not hold because the cognitive 

effort in assessing the amount of regret, and therefore the degree of randomness in 

judgments, differs between pairs of alternatives. To account for this effect, a flexible 

heteroscedastic version of random regret-only models is suggested, in which cognitive 

effort is based on attribute-level similarity (attribute variation) and the number of 

paired comparisons to judge the amount of attribute-level regret.  

Two empirical applications demonstrate that two types of regret functions 

(RRsum and RRlog) better predict choice behavior if the degree of cognitive effort to 

compare choice alternatives is taken into account. The results indicate that while the 

homoscedastic random regret model is inferior to the homoscedastic RUM, the random 

regret model outperforms the RUM if we allow for flexible heteroscedastic scales. 

Therefore, it can be concluded that the proposed scale function effectively represents 

the differential cognitive effort in the paired comparisons of alternatives in random 

regret models. If these results would be replicated in future research using different 

data sets, inclusion of attribute variation in random regret models is highly 

recommended. 

 
  



Part II. Error Generation 

 168 

 



Chapter 8. Measurement Error 

 169 

 

 

CHAPTER 8  

Measurement Error9 

 
8.1 Motivation 

The so-called uncertainty problem is an important issue in transportation studies (Ben-

Akiva and Bierlaire, 1999; Brownstone et al., 2000; Hensher and Green, 2003; Hess et 

al., 2005; Bhatta and Larson, 2011; Walker et al., 2011; Guevara and Polanco, 2016). 

Researchers usually face many sources of uncertainty when they estimate discrete 

choice models to analyze travel behavior and predict travel demand. In an extension of 

random utility theory (Luce, 1959), Manski (1973) identified four main sources of 

uncertainty: 1) measurement errors, 2) unobserved individual characteristics (so called 

“unobserved taste variations”), 3) unobserved alternative attributes, 4) proxy or 

instrumental variables. Those sources of uncertainty cause bias in model results and 

may thus prevent researchers formulating the right transport policy recommendations. 

Measurement error is one of the main sources of uncertainty. It, for example, 

occurs when network models are used to measure level of service variables, such as 

travel time and costs, at the individual level. Since the level-of-service variables in 

network models are obtained from the centroids of two zones, this approach leads to 

imprecise results in representing individual behavior and introduces measurement error. 

As argued by McFadden (2000), these zone-based values from network models may 

cause systematic bias in disaggregate choice models. 

Random utility models have dominated discrete choice modeling for several 

decades. These models are based on the principle that individuals choose an alternative 

that maximizes their utility. The error terms in these models represent various sources 

of uncertainty. More recently, random regret choice models have been introduced in the 

travel behavior research community to provide an alternative to expected/random 

                                                      

9  This chapter is based on Jang, S., S. Rasouli and H.J.P. Timmermans. (2017), Bias in random regret 

models due to measurement error: formal and empirical comparison with random utility model. 

Transportmetrica A, 13(5), 405-434. 
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utility models (Chorus, Arentze, and Timmermans 2008a, 2008b; Chorus 2010, De 

Moraes Ramos, Daamen, and Hoogendoorn 2011; Chorus 2012a; Kaplan and Prato 

2012; Chorus, Rose, and Hensher 2013; Hensher, Green, and Chorus 2013; Boeri and 

Masiero 2014). Random regret models are based on the behavioral principle that 

individuals choose the alternative that minimizes their regret, where regret is defined as 

a function of attribute differences between the considered choice alternative and one or 

more non-chosen choice alternatives in an individual’s choice set. The model, therefore, 

assumes a semi-compensatory decision-making process. Unobserved regret is defined 

identically to (the negative of) unobserved utility. Standard regret models have been 

derived from the assumption that the error terms are identically and independently 

Gumbel distributed to obtain close form logistic expressions of choice probabilities.  

The question addressed in this chapter is how measurement error may violate the 

IID assumption in regret models and the extent to which ignoring such a violation will 

bias parameter estimates. More specifically, the chapter is motivated by the thought 

that measurement error may differently affect random utility and random regret models 

because of their fundamental difference: the multinomial logit model is based on the 

behavioral postulate that individuals derive utility by processing the attributes of each 

choice alternative independently and separately, whereas regret-based choice models 

are based on the behavioral contention that individuals assess regret by systematically 

comparing choice alternatives. Unless these models are viewed as straightforward 

statistical models, these behavioral differences should be represented in the structure of 

the models. That is, the variance of the error terms in these models may be differently 

affected by the degree of uncertainty, causing different scale factors in these discrete 

choice models. Compared to the (linear additive) random utility model, the comparison 

of alternatives in random regret models accumulates measurement error. This, in turn 

may cause an increase in the variance of the error terms and a decreasing scale factor. 

Since the change in scale factor is normally not considered, it may lead to a larger bias 

in the estimated parameters of random regret models. 

In this chapter, we formally and empirically analyze how measurement error 

affects bias in regret-based and utility-based choice models. Following previous studies 

(Green 2003; Gujarati 2003; Bhatta and Larsen 2011), it is assumed that measurement 

error is normally distributed and linearly incorporated in the level of service variables. 

Since to the best of our knowledge random regret models have mainly been specified 

assuming IID error terms, we compare random regret models with the multinomial 

logit model, which is based on the same assumptions about the error terms. 

The remainder of this chapter is organized as follows. First, the influence of 

measurement error in both types of choice models is formally analyzed. Next, the 

results from our formal analysis are complemented by providing empirical evidence 

using revealed choice data. Then, we will discuss how the bias can be expressed in the 
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error terms to better represent true choice behavior. The chapter is completed with a 

discussion of the results and avenues of future research. 

 

8.2 Formal analysis 

Consider a multi-alternatives choice set in which each of the choice alternatives i is 

characterized in terms of two variables - travel time and travel distance  for each 

individual n. Assume that the true utility is linear additive as formulated in equation 8.1. 

 

                                                                               (8.1) 

 

In this chapter, we assume that the error terms  are identically and independently 

Gumbel distributed with a scale factor being equal to 1. The principle of utility 

maximization then results in the multinomial logit choice model. 

Random regret models are based on the same assumptions about the error terms 

and the scale factor. Two basic types of random regret models have been introduced in 

the literature. As discussed in Chapter 2, the various versions of random regret models 

can be summarized as follows (Rasouli and Timmermans, 2014, 2016; Hensher, Rose 

and Green, 2015): 

 

             (8.2) 

 

                (8.3) 

 

  (8.4) 

 

where j is the non-chosen alternative(s). 

In the remainder of this chapter, since it is difficult to mathematically define the 

effect of measurement error for the logarithmic and exponential functions in RRlog, we 

focus on the effect of measurement error in RRmax and RRsum. However, if we accept 

Chorus (2010, 2012) argument that RRsum and RRlog are almost similar, the effect of 

measurement error may also be similar for both models.  

Let us discuss how measurement error affects regret by simple example. Assume 

two alternative routes between an origin and a destination. The true travel time of route 

A is 5 minutes, while the travel time of route B is 10 minutes. Assume that the taste 

weight for it is -1 for all regret and utility models, and that the measurement error of 

tx dx

int in in

true true true true true true

in t d dU x x    

in

true

nt int n in inmax max[max{0, ( )} max{0, ( )}]true true true true true true

in t j d j d d
j i

RR x x x x  


    

nt int n in in[max{0, ( )} max{0, ( )}]true true true true true true

in t j d j d d

j i

RRsum x x x x  


    

nt int n in inlog [log{1 exp{ ( )} log{1 exp{ ( )}]true true true true true true

in t j d j d d

j i

RR x x x x  
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travel time is normally distributed with variance is 1, fixed across alternatives and 

individuals. 

Table 8.1-a shows the change in the amount of regret and utility due to the 

introduction of measurement error in binary choice sets. Note that RRmax and RRsum 

differ by definition in multi-alternatives choice sets. This means that both regret models 

derive the same results in binary choice sets.  In case of a linear additive utility function, 

measurement error changes the utility of the choice alternatives. The variation is 

constant across alternatives, meaning that the IID assumption still holds in the random 

utility model.  However, the regret function of the random regret models (RRmax and 

RRsum) is differently affected by the introduction of measurement error. The best 

alternative in the choice set (Route A) does not have any regret and is not affected by 

measurement error. However, the non-best alternative is highly affected by 

measurement error considering that the subtraction of two normal distributions is 

another normal distribution, and the variance is the sum of both variances. The degree 

of variation is higher than in case of utility. This result raises concerns about the 

commonly made assumption underlying random regret models that the error terms are 

independently and identically distributed. According to the textbooks about discrete 

choice modeling (e.g. Ben-Akiva and Lerman, 1985), choice behavior is decided by 

differences in the (deterministic) utility. However, it should not be forgotten that this 

property only holds if the IID assumption about error terms is valid. Therefore, the 

inherent comparison of choice alternatives implies that measurement error leads to non-

IID error terms, and therefore choice probabilities in random regret models are not 

decided by differences in (deterministic) regret. 

  Consider additional route C with 15 minutes travel time in the choice set. Now 

both regret models (RRmax and RRsum) produce different results. Table 8.1-b shows 

that the choice alternatives according to the (linear additive) utility model still have 

identical variance due to measurement error, while the alternatives in both regret 

models exhibit non-identical variance. The difference is higher in RRsum than RRmax. 

More specifically, the variance of the worst alternative is increased most in RRsum. 

This implies that in the context of departure time and route choice decisions (many 

alternatives in the choice set), the non-identical variance of errors among alternatives 

may be very high in the RRsum model. 

 

8.2.1 (Linear additive) random utility model 

Assume measurement error occurs in travel time, and is fixed across alternatives and 

individuals. 

 

                                                                                 (8.5) 

 

2

int int , ~ (0, )   true

it it tx x N
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Substituting measurement error in travel time then gives 

 

                                                                       (8.6) 

 

The identically and independently distributed (IID) error terms imply that the scale 

factor, which is inversely proportional to the variance of the error term, is normalized 

and assumed to be equal to one following the basic assumption of the random utility 

model (Ben-Akiva and Lerman 1985). Then, the variance of error terms is . 

However, since the measurement error is not a fixed value, but is represented as a 

distribution, it causes a change in the variance of the error term and scale factor as 

shown in equation 8.7. 

 

                                                        (8.7) 

 

By the rules of variance, 

 

                                                                                          (8.8) 

 

Since  represents the difference between a Gumbel and a normal 

distribution, it does not follow an extreme value distribution. To overcome this 

difficulty, we use an approximation (e.g. Guevara and Ben-Akiva, 2012) in which 

 is Gumbel distributed, and the variance is a summation of variances in 

each component . Thus, in this case, the variance is given by 

. Since the change in variance of the error terms due to measurement 

error in equation 8.7 is generally not considered in the model estimation 

, the estimated parameters are biased  as shown in 

equation 8.9.
 10

 

 

                                                                                         (8.9) 

 

                                                      

10  If measurement error 
it is correlated with errors in

true , it causes endogeneity. In that case, the error terms 

are not independent anymore. In this study, to keep the independence assumption of the multinomial logit 

model, we  assume that the measurement error does not cause endogeneity. 
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Table 8.1 Effect of measurement error 
(a) Binary choice Set 

(b) Multi-alternatives choice set 

(a) 

  U RR 

True travel time 
Route A -5 + ε 0 +  ε  

Route B -10 +  ε  5 +  ε  

Travel time 

with measurement 

error 

Route A -5+(ε+N(0,1)) 0 +  ε  

Route B -10+(ε+N(0,1)) 5 +(ε+N(0,2)) 

 

(b) 

  U RRmax RRsum 

True 

travel time 

Route A -5 + ε 0 + ε 0 + ε 

Route B -10 + ε 5 + ε 5 + ε 

Route C -15 + ε 10 + ε 15 + ε 

Travel time 

with 

measurement 

error 

Route A -5 + (ε+N(0,1)) 0 + 휀 0 + ε 

Route B -10 + (ε+N(0,1)) 5 + (ε+N(0,2)) 5 + (ε+N(0,2)) 

Route C -15 + (ε+N(0,1)) 10 + (ε+N(0,2)) 15 + (ε+N(0,4)) 

 

 

Likewise, if measurement error only occurs in travel distance , and is fixed  

 

                                                                                       (8.10) 

 

Then, the true utility can be generalized as 

 

                                                     (8.11) 

 

then, the variance of error terms is . The estimated parameters are 

generally biased by ignoring the change in variance in error terms due to measurement 

error: 

 

                                                                                     (8.12) 
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8.2.2 Random regret models 

8.2.2.1 RRmax 

In the case of regret, the model with measurement error in travel time can be 

represented as 

                               (8.13) 

 

While measurement error invariably affects the error terms in the linear additive utility, 

it differently affects the error terms in regret models due to the semi-compensatory 

decision rule represented by the max operator. Assume the sign of attribute-level 

differences and the best non-chosen alternative is not affected by measurement error. 

That is, measurement error is too small to change. 

If the value of the multiplication of the parameter and the true attribute-level 

difference is positive , then the true attribute-level regret is also 

positive , and the error terms in the regret model are fully 

affected by measurement error. This means that the multiplication of the parameter and 

attribute-level difference with measurement error is still positive , 

and that the value of attribute-level regret differs from true attribute-level regret by 

measurement error .  

The subtraction of two normal distributions is another normal distribution, and the 

variance is the sum of both variances . Therefore, the change 

in error term due to measurement error when the true attribute-level regret is positive 

can be generalized as expressed in equation 8.14. 

 

       (8.14) 
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difference is positive, the bias in the original random regret model due to measurement 

error is larger than the bias in the linear additive random utility model. 

If the value of the multiplication of the parameter and true attribute-level 

difference is negative , then the true attribute-level regret becomes 

zero because . Assuming that the value of measurement 

error difference is negligible compared to the attribute value difference multiplication 

of the parameter and attribute-level difference with measurement error would be 

negative , the attribute-level regret with measurement error is still 

zero: . This means that the error terms in the original regret 

model are not affected by measurement error under this condition. 

 

                                    (8.15) 

 

The error term  is still Gumbel distributed with zero mean and variance 𝜋2/6. 

Thus, if the value of the multiplication of the parameter and the true attribute-level 

difference is negative, the bias in the original random regret model due to measurement 

error is smaller than the bias in random utility models. 

If the value of the multiplication of the parameter and true attribute-level 

difference is zero , which can only happen if the parameter is zero 

and/or the two choice alternatives have the same travel times, then the true attribute-

level regret is also zero . The multiplication of the 

parameter and attribute-level difference with measurement error can be positive or 

negative. If positive, the bias is the same as in the case of positive attribute-level regret 

. If negative, there would be no bias because 

attribute-level regret is still zero . Since the normal 

distribution is symmetric around the zero mean, attribute-level regret would be positive 

with a 50 percent probability, or negative with a 50 percent probability. Therefore, 

equation 8.13 can be generalized to: 
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where, . 

Therefore, the error term with measurement error  is 

approximately Gumbel distributed with zero mean and variance . 

Thus, if the parameter is equal to zero and/or the choice alternatives have identical 

travel times, the bias due to measurement error is the same in random regret models as 

in the corresponding linear additive random utility model. 

As shown above, the variance of the error terms in the regret model depends on 

the true attribute-level regret. This can be summarized as 

 

                                      (8.17) 

 

if  ,  

 

if  ,  

 

if  ,  

 

The variation of error terms implies heterogeneous error terms across individuals and 

alternatives in the regret model under measurement error. This means that the 

assumption of independently and identically distributed error terms is no longer valid 

when measurement error occurs. 

The bias in estimated parameters occurs because the change in the variance of the 

error terms due to measurement error is ignored: 

 

               (8.18) 

 

Likewise, if measurement error only occurs in travel distance, the true regret model 

with measurement error can be generalized according to equation 8.19. 
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if  ,  

if  ,  

 

if  ,  

 

Because the change in variance in error terms due to measurement error is not 

considered, the estimated parameters are biased. 

 

             (8.20) 

 

8.2.2.2 RRsum 

The RRsum model with measurement error in travel time can be expressed as 

 

                           (8.21) 

 

Assume three alternatives in the choice set: the chosen alternative i and two non-chosen 

alternatives j1 and j2. If the value of the multiplication of the parameter and the true 

attribute-level difference is positive with respect to the comparison to both non-chosen 

alternatives  and , then attribute-level regrets 

are also positive and , and 

the error terms in the regret model are fully affected by measurement error. This 

indicates that the value of attribute-level regret differs from true attribute-level regret 

by measurement error . Therefore, the change in error 

term due to measurement error when the true attribute-level regret is positive can be 

generalized as expressed in equation 8.22. 
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If the value of the multiplication of the parameter and the true attribute-level difference 

is positive from the comparison with non-chosen alternative j1 , 

and zero from the comparison with non-chosen alternative j2 , 

then the error terms in RRsum can be expressed as 

 

                                 (8.23) 

 

where, . 

 

If the multiplication of the parameter and the true attribute-level difference is positive 

for the comparison with the non-chosen alternative j1 , and 

negative for the comparison with the non-chosen j2 , then the 

error terms are only affected by measurement error from the comparison with non-

chosen alternative j1. Equation 8.23 shows the change in the error term due to 

measurement error in RRsum. 

 

                                             (8.24) 

 

where, . 

 

If the multiplication of the parameter and the true attribute-level difference is zero for 

the comparison with non-chosen alternative j1 , and positive for 

the comparison with non-chosen j2 , the error term is 
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where, . 

If both multiplications of the parameter and the true attribute-level difference are zero 

for the comparison with non-chosen alternatives  and 

, then the error terms in RRsum can be expressed as 

                            (8.26) 

 

where, . 

 

If the multiplication of the parameter and the true attribute-level difference is zero for 

the comparison with non-chosen alternative j1 , and negative for 

the comparison with non-chosen alternative j2 , the error terms 

affected by measurement error are 
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then the error term in RRsum can be expressed as 
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where, . 

 

If the multiplication of the parameter and the true attribute-level difference is negative 

for the comparison with non-chosen alternative j1 , and zero for 

the other comparison, the error term affected by measurement error is 

                                             (8.29) 

 

where, . 

 

If both multiplications of the parameter and the true attribute-level difference are 

negative  and , the error terms in RRsum 

are not affected by measurement error as shown in equation 8.30. 

 

                                             (8.30) 

 

As shown above, the variance of the error terms in the regret model depends on the true 

attribute-level regret. This can be summarized as 
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if   and , 

     
 

 

if   and , 
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if   and , 

       

 

if   and , 

       

 

if   and , 

       

 

The bias in estimated parameters occurs because the change in the variance of the error 

terms due to measurement error is ignored: 
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                                              (8.33) 
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Thus, the results of our formal analysis indicate that the basic assumption of 

independently and identically distributed (IID) error terms among alternatives and 

individuals can be formally valid in (linear additive) random utility models when 

measurement error occurs. However, the assumption is difficult to justify for random 

regret models because for these models it can be logically deducted that error terms are 

heterogeneous across alternatives and individuals due to the semi-compensatory 

decision rule and the comparison of alternatives. 

 

 

8.3 Empirical evidence 

Having examined the issue of uncertainty formally, we continue by investigating 

empirically how measurement error causes bias in estimated parameters of both the 

utility-based MNL and original regret-based discrete choice models. Following 

previous research (Bhatta and Larsen, 2011), we assume the raw revealed choice data 

are the true data excluding any bias, and generate random measurement error in one or 

more variables. Also the variance of measurement error is assumed to correspond to the 

portion of the variance of each variable. In total, five scenarios for the standard 

deviation of the measurement error, ranging from 10% to 50% of the standard 

deviation of each variable at 10% intervals, are used. The standard deviation of travel 

time is 7.52, and larger than the standard deviation of travel distance (7.13). To 

moderate the effect of randomness, we generated 10 normalized random numbers, and 

used the average value. Parameters estimated from the true data and the data containing 

measurement error were compared to analyze the bias in the estimated parameters. 

 

8.3.1 Data description 

For the empirical study, the MON (Mobiliteit Onderzoek Nederlands - the Dutch 

National Travel Survey) data, collected in 2009, were used to estimate the regret 

models (for a detailed description, see Chapter 3.5.2.1).  

 

8.3.2 Estimated bias 

The estimation results for the linear additive random utility model and both random 

regret models (RRmax and RRsum), assumed to represent the true model, are shown in 

Table 8.2. All coefficients are statistically significant at the 95 percent confidence level 

and their signs are in anticipated direction. 
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8.3.2.1 Estimated measurement error in travel time 

First, we generated measurement error in travel time only. The bias in both parameters 

due to measurement error in the travel time variable is presented in Figure 8.1. The bias 

in the parameter for travel time (Figure 8.1-a) shows that the bias in all random utility 

and random regret models increases with an increasing standard deviation of the 

measurement error. When the variance of the measurement error is small (Scenario 1), 

the bias in both parameters is also small and similar in size.  

 However, as the variance of the measurement error increases, the parameters of 

the random regret model are increasingly more biased. In scenario 5 (50% variance for 

the travel time variable), it is almost 30% in RRmax, even 40% in RRsum, while the 

parameter for travel time in the linear additive random utility model is only downward 

biased about 20%, This empirical evidence shows that the bias due to measurement 

error in the linear additive random utility model and random regret models differ. This 

is similar to the bias in travel distance (Figure 8.1-b). 

Theoretically, the degree of bias should be the same for both variables. However, 

bias largely occurs in the parameter for travel time. This may reflect a correlation 

between measurement error (in the time variable) and the distance variable and/or 

correlation between time and distance variables. The coefficient of correlation between 

the two variables is 0.451, which is substantial. 

 

Table 8.2 Estimation results for the basic models 

Mode choice U RRmax RRsum 

Travel time 

(t-value) 

-0.1143 

(-15.90) 

-0.1152 

(-14.97) 

-0.0614 

(-14.10) 

Travel distance 

(t-value) 

-0.5724 

(-14.26) 

-0.5222 

(-13.01) 

-0.325 

(-12.56) 

Rho Squared 0.220 0.202 0.204 

Final Likelihood -992.114 -1015.838 -1012.287 
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(a) 

 

 

 
(b) 

 

Figure 8.1 Bias in parameters due to measurement error in travel time 

: normalized scale factor 
(a) travel time 

(b) travel distance 
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(a) 

 

 

 
(b) 

 

Figure 8.2 Bias in parameters due to measurement error in travel distance: normalized 

scale factor 
(a) travel time 

(b) travel distance 
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Table 8.3 Mean elasticity of attributes by measurement error 

Model Variable 

Measurement error 

0% 10% 20% 30% 40% 50% 

U 

Travel 

time 
-1.56 -1.58 -1.63 -1.70 -2.08 -2.32 

Travel 

distance 
-1.92 -1.93 -1.98 -2.04 -2.24 -2.53 

RRmax 

Travel 

time 
-1.72 -1.77 -1.90 -2.05 -2.31 -2.66 

Travel 

distance 
-2.15 -2.18 -2.24 -2.36 -2.57 -2.86 

RRsum 

Travel 

time 
-1.93 -2.01 -2.18 -2.40 -2.75 -3.17 

Travel 

distance 
-2.30 -2.39 -2.62 -2.79 -3.06 -3.42 

 

 

Table 8.4 Predictive power by measurement error 

Final 

Log-

likelihood 

Measurement error 

0% 10% 20% 30% 40% 50% 

U -992.114 -994.773 -1000.358 -1008.855 -1020.930 -1038.265 

RRmax -1015.838 -1018.661 -1026.375 -1039.242 -1062.385 -1097.028 

RRsum -1012.287 -1015.783 -1025.053 -1042.559 -1065.014 -1107.327 
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8.3.2.2 Estimated measurement error in travel distance 

In a second analysis, measurement error was generated in travel distance only. Figure 

8.2 shows the bias in both parameters due to measurement error in the travel distance 

variable. It reveals that the bias in both models increases with increasing standard 

deviation of the measurement error. Since the variance and value of the parameter for 

the travel distance variable are smaller compared to the travel time variable, the bias is 

also smaller. The bias in the parameters is larger again in the random regret models, 

compared to the linear additive random utility model. Also, RRsum still shows a higher 

bias than RRmax. 

 

8.3.2.3 Mean elasticity 

Table 8.3 shows the change in mean elasticity of attributes by measurement error in all 

random utility and random regret models. In the raw data (assumed without 

measurement error), when travel time for an alternative is increased with one unit, the 

choice probability is reduced by 1.56 percent on average according to the linear 

additive random utility model, while it is 1.72 per cent for RRmax, and 1.93 per cent 

for RRsum. In the case of an increasing travel distance of one unit for an alternative, 

the probability of choosing the alternative reduces with 1.92 per cent according the 

linear additive random utility model. This value is higher for RRmax (2.15 per cent) 

and RRsum (2.30 per cent). A higher variance of the measurement error leads to a 

higher decline in the choice probability: When the variance is 50% of the variance of 

the variable, the decline in choice probability is 2.32 per cent for the linear additive 

random utility model, 2.66 per cent in RRmax, and 3.17 per cent in RRsum. Also, there 

is 2.53 per cent decrease in the linear additive random utility model, 2.86 per cent 

decrease in RRmax, and 3.42 per cent in RRsum for travel distance. The bias in the 

parameters is larger again in the random regret models, compared to the linear additive 

random utility model. Also, RRsum still shows a higher bias than RRmax.  

Table 8.4 shows the details of the changes in predictive performance of each 

model due to the introduction of measurement error. The higher variance of 

measurement error, the lower the final log-likelihood value in the linear additive 

random utility model and both random regret models. That is, as the variance of 

measurement error is increasing, the predictive power of the models becomes worse. 

 

 

8.4 Scaling approach 

The results of the empirical analyses thus confirm our theoretical contention that 

measurement error introduces bias in the linear additive random utility model and in 
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both random regret models (RRmax and RRsum), but that the bias is higher in random 

regret models. As shown in the formal analysis, while the variance of the error terms in 

the linear additive random utility model is formally the same across alternatives and 

individuals, it differs in the random regret models because of comparison of 

alternatives and semi-compensatory decision rule leading to non-identical error terms 

in the random regret models. Moreover, the bias differs between the linear additive 

random utility and regret models: the bias is larger in the random regret models. 

Therefore, in this section, we allow varying scale factors in the models, applying a 

homogeneous and heterogeneous approach to reflect bias due to measurement error.  

Since the variance of the error term is inversely proportional to the square of the 

scale factor, the change in variance can be expressed as a change of the scale factor. As 

we discussed in the formal analysis section, we assume the difference between a 

Gumbel and a normal distribution is Gumbel distributed, and the variance of the error 

terms is increased. Then, the scale factor is decreased (equations 8.34 and 8.35). If 

 

                                                                                  (8.34) 

 

then,  

 

                                                                                                      (8.35) 

 

8.4.1 Homogeneous scale parameters in both models 

Since the error terms in the random regret model are assumed to be independently 

identically (negative) Gumbel distributed, as in the linear additive random utility model, 

we assume that the bias due to measurement error in the random regret models is the 

same as in the linear additive random utility model. Therefore, the scale parameters are 

homogeneous in the random regret model across individuals and alternatives. 

 

8.4.1.1 Homogeneous change of scale factor by measurement 

error 

In the case of measurement error occurring in travel time only, the variance of the error 

terms in the linear additive random utility model changes from  to 

 as shown in the formal analysis. Therefore,  
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                                                                  (8.36) 

 

If measurement error only occurs in travel distance, the changed scale can be computed, 

following the same logic, using equation 8.35. 

 

                                                                  (8.37) 

Likewise, if measurement error occurs in both variables, the variance of the error terms 

equals , and the changed scale factor can be derived as 

 

                                            (8.38) 

 

These changes in the scale factor in equations 8.36, 8.37, and 8.38 are applied to the 

MNL linear additive random utility model and the random regret models. 

 

8.4.1.2 Measurement error in travel time 

Based on the data with measurement error in travel time, the scale factor was calculated 

using equation 8.35. Figure 8.3 shows the bias in the models when considering the 

change in the scale factor. Compared to Figure 8.1, Figure 8.3 shows that the bias 

decreases substantially in all models and all scenarios when taking the change in the 

scale factor into account. For the linear additive random utility model, the bias is less 

than 10 per cent across all scenarios. The parameters are slightly upward biased when 

the standard deviation of measurement error is small. Bias increases with an increasing 

standard deviation of measurement error.  

For the random regret models, while the bias is close to zero when the standard 

deviation of measurement error is small, it is increasing with an increasing standard 

deviation of the measurement error. The bias is much higher in RRsum than RRmax. 

All parameters are downward biased. Theoretically, after introducing the variance of 

the scale factors, the bias should be zero and the value of the estimated parameters 

should be equal to the true parameters. The difference may be caused by correlations 
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between the variables, and the approximation of the scale factor due to the mixture of 

the Gumbel and the Normal distribution. In addition, we assumed the base model is the 

true model meaning that the input data is unbiased, but the input data may already be 

biased. 

 

8.4.1.3 Measurement error in travel distance 

We estimated parameters, taking into account the scale factor, using equation 36, with 

measurement error in travel distance, and compared the results with the parameters 

based on the normalized scale factor. As shown in Figure 8.4, we can closely 

approximate the true parameter in the linear additive random utility model by 

considering the change in the scale factor in the estimation process. The bias is only 

around 5%. In case of the random regret models, the estimated parameters are also 

close to the true parameters when the standard measurement error is small (Scenario 1 

and 2). However, the bias is increasing when the standard deviation of measurement 

error becomes larger (Scenario 5). Still the bias is larger in RRsum than RRmax. This 

implies that the heterogeneity (non-identicalness) between error terms is higher in 

RRsum. 

 

8.4.2 Heterogeneous scale parameters in random regret 

model 

The results of the previous theoretical and empirical analyses suggest that the 

introduction of heterogeneous error terms in random regret models across alternatives 

and individuals may be needed to correct for bias due to measurement error. In this 

section, we report the estimation results allowing for a heterogeneous scale parameter 

and compare the resulting bias in the random regret model against the homogeneous 

case.  

 

8.4.2.1 Heterogeneous change of the scale factor due to 

measurement error 

If measurement error only occurs in travel time, based on equation 8.17 and 8.31, the 

scale factor is equal to 
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for the RRsum: 

 

 if   and , 

                    
 

 

 if   and , 

                     

 if   and , 

                     
 

 

 if   and , 

                     
 

 

 if   and , 

                     
 

 

 if   and , 

                     
 

 

 if  
1 n in( ( ) 0)true true true

d j d dx x    and 
2 n in( ( ) 0)true true true

d j d dx x   , 

                     
2

2 2var( ) ( ) *2
6

true

in d d


     

n intmax max{0, ( ) 0true true

t j t
j i

x x

   

2
2 2var( ) ( ) *2

6

true

in t t


   

n intmax max{0, ( ) 0true true

t j t
j i

x x

   

2
2 2var( ) ( ) *

6

true

in t t


   

n intmax max{0, ( ) 0true true

t j t
j i

x x

   

2

var( )
6

in


 

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *4

6

true

in t t


   

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *3

6

true

in t t


   

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *2

6

true

in t t


   

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *3

6

true

in t t


   

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *2

6

true

in t t


   

1 nt int( ( ) 0)  true true true

t jx x
2 nt int( ( ) 0)  true true true

t jx x

2
2 2var( ) ( ) *

6

true

in t t


   



Part II. Error Generation 

 194 

 if   and , 

                     
 

 

 if   and , 

                      

 

Likewise, based on measurement error only in travel distance, using equation 8.19 and 

8.33, the scale factor is 
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8.4.2.2 Measurement error in travel time 

Similar to the analyses reported in the previous sections, we first report the case in 

which measurement error occurs only in travel time. The comparison of bias in the 

random regret models with a homogeneous (equation 8.36) and heterogeneous scale 

factor (equation 8.39) is shown in Figure 8.5. When the standard deviation of 

measurement error is small, the estimated parameters with a heterogeneous scale factor 

are similar to the parameters with homogenous error terms, and close to the true 

parameters. However, when the measurement error becomes larger, the estimated 

parameters with a heterogeneous scale factor are still close to the true parameters (the 

maximum bias is around 10 percent), whereas we saw evidence of increasing bias for 

the model with a homogenous scale factor. 
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(a) 

 

 

 

 

 

 

 

 
(b) 

Figure 8.3 Bias in parameters due to measurement error in travel time 

: homogeneous scale factor 
(a) travel time 

(b) travel distance 
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(a) 

 

 

 

 

 

(b) 

Figure 8.4 Bias in parameters due to measurement error in travel distance 

: homogeneous scale factor 
(a) travel time 

(b) travel distance 
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(c) 

 

 
(d) 

Figure 8.5 Bias in parameters due to measurement error in travel time 

: homogeneous and heterogeneous scale factor in regret 
(a) RRmax: travel time 

(b) RRmax: travel distance 

(c) RRsum: travel time 

(d) RRsum: travel distance 
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(c) 

 

 

(d) 

Figure 8.6 Bias in parameters due to measurement error in travel distance 

: homogeneous and heterogeneous scale factor in regret 
(a) RRmax: travel time 

(b) RRmax: travel distance 

(c) RRsum: travel time 

(d) RRsum: travel distance 
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8.4.2.3 Measurement error in travel distance 

Next, we examine the case of measurement error in travel distance only. Figure 8.6 

shows the difference in bias in the random regret model allowing for respectively a 

homogeneous (equation 8.37) and heterogeneous (equation 8.40) scale factor. Since the 

standard deviation of travel distance is smaller than the standard deviation of travel 

time, the bias is also smaller. Therefore, the bias is within 10 percent in all scenarios 

for both assumptions about the scale factor in the random regret models. However, 

allowing for heterogeneous scale factors, the bias is smaller when the standard 

deviation of measurement error is larger. 

By comparing bias in the parameters of the random regret models based on 

respectively homogeneous and heterogeneous error terms, our findings suggest that 

bias increases with increasing measurement error in case of a homogenous scale factor 

but not that much once the scale parameter is estimated in an heterogeneous way, i.e., 

introducing heterogeneous scale factors reduced the bias. The bias in the random regret 

models with heterogeneous scale factors is around 5 per cent, which is in the same 

order of magnitude as for the linear additive random utility model with a homogenous 

scale factor. Therefore, we argue that the error terms in the linear additive random 

utility model are still independently identically Gumbel distributed, even though 

measurement error occurs. However, the error terms in the random regret model are no 

longer independently and identically Gumbel distributed. The measurement error 

causes heterogeneity into the random regret models. Moreover, the heterogeneity is 

higher when the amount of regret is defined against all non-chosen alternatives 

(RRsum), compared to when the amount of regret is defined only against the best non-

chosen alternative (RRmax). 

 

 

8.5 Conclusions and discussion 

Random regret choice models have recently been introduced in the travel behavior 

research community as an alternative to random utility models. Their popularity has 

rapidly increased and evidence of their outperformance in some choice contexts has 

been documented. Reactions of conference audiences and reviewers suggest a need for 

a more fundamental discussion of the difference between random utility and random 

regret models. Recent theoretical progress and empirical evidence supports the 

relevance of elaborating regret-based choice models in travel behavior research and 

critically examining common practice. 

This chapter has addressed a commonly made assumption in the specification of 

the random regret models, which has hitherto gone untested. Commonly made 

assumptions regarding the error terms of the regret function in the estimation of these 
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models have not received much critical reflection. Rather, mainly for ease of estimation, 

it has been commonly and conveniently assumed that the negative of the errors are 

independently and identically Gumbel distributed, following the assumptions 

underlying the multinomial logit model. 

In this chapter, the validity of this assumption, both theoretically and empirically, 

has been critically assessed for the case of measurement error. It has shown that the 

assumption of independently and identically distributed error terms in the original 

random regret model should be more critically judged compared to linear additive 

random utility model in the sense that while the bias due to measurement error 

introduced in the linear additive random utility model is homogeneous, the bias in the 

random regret models is heterogeneous. More specifically, the heterogeneity among 

individuals is higher when regret is defined against all non-chosen alternatives, 

compared to the situation that regret is defined only against the best non-chosen 

alternative. This result seems reasonable considering the different decision processes 

underlying random utility and random regret models. While the decision process in the 

multinomial logit model is based on the assumption that individuals derive a utility by 

processing the attributes of each choice alternative independently and separately, the 

decision process in the original random regret model assumes that individuals assess 

regret by systematically comparing choice alternatives. Moreover, while utility is 

generated based on a full-compensatory decision rule, regret is generated through a 

semi-compensatory decision rule represented by the max-operator (regret is only 

generated when the chosen alternative is inferior to the non-chosen alternative).  

The implications of this finding for travel demand forecasting are straightforward. 

In case researchers are willing to assume that measurement error is negligible, common 

practice in the assumptions about the distributions of the random components of the 

regret function is defendable. However, if these assumptions are not realistic, the 

variance of the errors of the choice alternatives of the random regret models will be 

heterogeneous not only across alternatives but also across individuals with respect to 

their choice set composition. Consequently, the assumptions of independently and 

identically Gumbel distributed error terms, currently applied in random regret models, 

may misrepresent individual’s behavior, and lead to false policy recommendations.  

Thus, if researchers have reason to believe that measurement error is substantial or 

wish to avoid the rigorous assumptions of IID distributed error terms to start with, the 

use of heterogeneous scale factors in estimating the parameters of random regret 

models is advisable to avoid biased estimates. 

To complete this chapter, some limitations should be made explicit. First, the 

current study is based on the original random regret models, RRmax and RRsum. Our 

assumption is that the kind of results obtained for RRsum is similar to the smooth 

version of the regret function (RRlog) when we accept the argument that the RRlog and 
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RRsum are almost similar (Chorus, 2010; 2012). However, formal and empirical 

analyses are still needed for RRlog. A similar analysis is warranted for the logarithmic 

approximation (van Cranenburg et al., 2015) of regret choice models.  Second, a single 

study can just provide limited evidence. Although not very popular, replicative studies 

using different data sets and different choice problems are needed to better understand 

the importance of using more sophisticated specifications and estimation methods. 

Thirdly, the current study is based on the assumption of normally distributed error 

terms. Some researchers will object against this distribution for domain-restricted 

variables, which strictly speaking is justified although sometimes ignorable in practice. 

It would be interesting in further research to replicate the current study for the 

asymmetric case of measurement error and corresponding distributions of error terms. 

Finally, it would be relevant to examine any effects of endogeneity (Hensher and Green, 

2015) in random regret choice models. 

 



Chapter 9. Omitted Variables 

 205 

 

 

CHAPTER 9  

Omitted Variables 

 
9.1 Motivation 

Discrete choice models have found many applications in travel demand forecasting, 

replacing traditional aggregate transport demand models. The imposed dominant 

decision rule has been the principle of utility maximization, which postulates that 

individuals derive a utility from their choice of an alternative, and choose the 

alternative that maximizes their utility. It reflects the notion of rational behavior. 

However, in reality, individuals do not necessarily possess complete information about 

all attributes influencing utility. Therefore, error terms, representing the stochastic 

nature of the utility function, are introduced in the utility function. This is one 

interpretation of the random utility maximization (RUM) model. Different choice 

models can be distinguished based on different assumptions about the variance-

covariance matrix. The most common assumption is that error terms are identically and 

independently, Gumbel distributed (IID-Gumbel). This assumption results in the 

multinomial logit (MNL) model (McFadden, 1974).  

Recently, regret-based choice models (Chorus, Arentze, and Timmermans, 2008) 

have attracted the attention of several scholars in transportation research as an 

alternative for the utility-based choice models. Based on seminal regret theory (Loomes 

and Sugden, 1982, 1983, 1987; Bell, 1982; Quiggin, 1994), the imposed decision rule 

is regret avoidance (minimization) instead of utility maximization, where regret is 

defined as a negative emotion that stems from the comparison of alternatives. Whereas 

regret theory generally assumed regret is deterministic, regret-based choice models 

assume that total regret is stochastic (Chorus, Arentze, and Timmermans, 2008). 

Choice probabilities are then derived by assuming that the error terms are IID Gumbel 

distributed under the principle of regret minimization. The resulting model has been 

called the random regret minimization (RRM) model.  

After its introduction, the focus of research on regret models concerned the 

provision of empirical evidence of the performance of the random regret minimization 
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model relative to the MNL model (e.g. Chorus, 2012a; Boeri and Masiero, 2014) and 

the formulation and empirical test of improved or elaborated models (e.g. Chorus, Rose, 

and Hensher, 2013). This work suggested alternatives for the specification of the regret 

function; assumptions about the error terms were not critically assessed. Therefore, in 

this chapter, in line with previous chapter, the specification of the error terms in classic 

random regret minimization models is examined. 

Manski (1973) identified four main sources of error terms: 1) measurement errors, 

2) omitted (relevant) attributes, 3) unobserved individual characteristics (“unobserved 

taste variations”), 4) proxy or instrumental variables. These sources of error may cause 

bias in model results and may thus prevent researchers formulating the right transport 

policy recommendations.  

Among these possible sources of error, omission of relevant variables introduces 

bias in model parameters, and may lead to incorrect inferences (Washington, Karlaftis, 

and Mannering, 2010). For a variety of reasons, the number of variables included in the 

deterministic part of the utility/regret function is limited. First, the principle of 

parsimony is still widely adopted in travel behavior research. A simple equation with 

few variables is still seen as the hallmark of academic research. Secondly, many 

models of travel demand are estimated from secondary data sets, which tend to contain 

general-purpose variables of limited scope and depth. Consequently, researchers have 

no choice but to accept and use the available data. Thirdly, even when researchers 

know that a larger set of variables is potentially influential to the phenomenon under 

investigation, budget constraints and/or (un)justified concerns about survey length and 

complexity reduce the number and kind of explanatory variables.  

The most common way to dampen the effect of omitted variables in RUM models 

is to use alternative specific constants (ASCs) (e.g. Tardiff, 1978; Ben-Akiva and 

Lerman, 1985). This implies that the effect of omitted variables in RUM models is 

alternative-specific, and the ASCs represent the average effect of the omitted 

variable(s). However, the use of ASCs is still disputed. For instance, Hensher et al. 

(2015) mentioned that a data set with labeled alternatives is preferred over one where 

the alternatives are not defined in terms of a label (called unlabeled alternatives), 

because the labeled alternatives enable us to study the important role of ASCs. When 

alternatives are unlabeled, they have no utility over and above the characteristics 

attributed to them in the experiment. Also, Cranenburgh and Prato (2016) showed that 

including ASCs in the model specification does not help capturing the effect of omitted 

attributes for RRM models in the context of unlabeled data sets.  

The detailed effect of omitted variables in random regret minimization models has 

not received much attention yet. To the best of our knowledge, only Cranenburgh and 

Prato (2016) examined the problem and argued that (choice set specific) ASCs are 

necessary for the RRM to achieve consistent parameter estimates. Considering the 
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definition of ASCs, even if it is choice set specific, it implies that the error (unobserved 

regret) by omitted variables is specific for each alternative. However, realizing that the 

very notion of regret is based on a systematic comparison of alternatives, the question 

is whether their suggested approach can sufficiently offset the effect of omitted 

variables in random regret minimization models as ASCs do in random utility 

maximization models. 

This chapter, therefore, investigates whether/how omitted variables differently 

affect (linear-additive) RUM and RRM models. Since the behavioral underpinnings of 

these models differ, the bias caused by omitted variables in RRM is also expected to be 

different from RUM. It will be shown that, whereas the errors caused by omitted 

variables in RUM are alternative-specific and independent, errors in RRM are specific 

for pairs of chosen and non-chosen alternatives, and correlated with each other. 

Furthermore, it will be explored how these effects can be more effectively cancelled in 

RRM models.  

 

 

9.2 Formal analysis 

In this section, we formally compare how the effect of omitted variables differs 

between RUM and RRM. Each variable is assumed to be independent (there is no 

endogeneity from omitted variables). 

 

9.2.1 Random utility maximization models 

According to random utility theory (Luce, 1959), researchers have commonly assumed 

that utility consists of two components: a deterministic and a random part. 

Consequently, the total utility of alternative i of individual n can be formulated as: 

 

                                                                                                              (9.1) 

 

The deterministic utility  is generally expressed as a linear-additive function of 

observed attributes. Assume a binary choice set, which includes only a single variable 

(k = 1). The (deterministic) attribute-level utility of individual n for alternative i can 

then be formulated as 

 

                                                                                                    (9.2) 

 

Then, extending the example to multi-attribute choice alternatives (k = 1, 2, 3, ∙∙∙, K), 

the deterministic utility is defined as the sum of attribute-level utilities. 
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                                                                                                    (9.3) 

 

Based on the logit structure with identical and independent Gumbel distributed error 

terms, since (linear-additive) random utility models assume that individuals assess each 

alternative independently and separately, any additional alternative in the choice set 

does not affect the utility and choice odds. This property is called the Independence of 

Irrelevant Alternatives (IIA) property (Arrow, 1951).  If the Kth variable is omitted 

from the utility specification, 

 

                                                                                             (9.4) 

 

where  is the error generated by the omitted variable. If the omitted relevant variable 

is not correlated with the explanatory variables , the effect of the 

omitted relevant variable can be represented as a certain amount. 

 

                                                                                                                 (9.5) 

 

As shown in equation 9.5, the error generated by omitted variable(s) is alternative-

specific. Since the utility of an alternative only depends on its own attribute values, the 

effect of omitted variables is also alternative-specific. Therefore, alternative specific 

constants (ASCs) have been proposed to represent the average effect of the omitted 

variable(s) (Tardiff, 1978; Train, 2009; Ortuza and Willumsen, 2011). 

 

                                                                                        (9.6) 

 

Based on the assumption that error terms are identically, independently Gumbel 

distributed (IID-Gumbel), the probability of choosing an alternative can be derived 

using maximum likelihood estimation: 
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where  is the likelihood function and  is the log likelihood function.  is 1 if 

individual n chooses alternative i and 0 otherwise. 

To normalize the effect of ASCs, one of the ASCs is set to zero. Then, the ASCs 

can be interpreted as a difference between utilities, relative preference between 

alternatives, when everything else is equal (Ben-Akiva and Lerman, 1985). 

 

                                                               (9.9) 

 

9.2.2 Random regret minimization models 

Similar to RUM, RRM assume that total regret is composed of deterministic regret and 

an error term: 

 

                                                                                                          (9.10) 

 

Several (deterministic) regret functions have been suggested in the literature. As 

discussed in Chapter 2 and 8, the classic versions of random regret minimization 

models are RRmax (Chorus, Arentze and Timmermans, 2008), RRsum (Rasouli and 

Timmermans, 2014, 2017), and RRlog (Chorus, 2010). All these regret specifications 

assume that regret is a linear function of objective attribute-level differences. Therefore, 

the regret function can be generalized as: 

 

                                                                                        (9.11) 

 

where, f is an attribute-level regret function, which can be  

or , and  is a function to represent the amount of regret 

in multi-alternative choice sets. If regret only depends on best non-chosen alternative: 

; if regret is defined against all non-chosen alternatives: . 

The negative of the error terms  in equation 9.10 are generally assumed 

IID-Gumbel. In this case, the probability of choosing an alternative can be derived 

using maximum likelihood estimation: 
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Later, Cranenburgh and Prato (2016) asserted that (choice set specific) ASCs are 

necessary for the labeled choice alternatives but not useful for unlabeled choice 

alternatives. Then, the choice probability equals: 

 

                              (9.13) 

 

However, whereas regret is generated by comparison of attribute values between 

alternatives, the ASCs imply that the bias by omitted variables is alternative specific. 

This seems conceptually inconsistent.  

Let us explore how omitted variables formally affect the generation of regret. 

Assume a binary choice set including only a single variable (k = 1). The (deterministic) 

attribute-level regret of individual n for alternative i can then be formulated as 

 

                                                                                                 (9.14) 

 

Then, extending to multi-attributes choice alternatives (k = 1, 2, 3, ∙∙∙, K), the 

deterministic regret is defined as the summation of attribute-level regrets. 

 

                                                                                              (9.15) 

 

If the Kth variable is omitted from the choice set, it directly affects the comparison of 

two multi-attribute alternatives. 

 

                                                                                     (9.16) 

 

where,  is the error generated by the omitted variable in the comparison of chosen 

alternative i and non-chosen alternative j.   

In multi-alternatives choice sets, the regret of the chosen alternative i with omitted 

variable(s) is: 

                                                                               (9.17) 
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The error cause by omitted variable(s) in RRM is formally different. Whereas the error 

in RUM is alternative-specific, it is pair of alternatives specific in RRM. While the 

error in RUM is independent of omitted variables for non-chosen alternatives, it is 

correlated with omitted variables for (at least one) other alternatives in RRM. This is 

because regret is generated from the comparison of alternatives. Therefore, the error by 

omitted variables can be formulated as: 

 

                                                                                                  (9.18) 

 

These correlations can be represented using an error components structure. For the 

identification, let us define  as an average effect of omitted variable(s) on the 

comparison of alternative i and j for individual n . Then, total regret can be 

generalized as: 

 

                                                                      (9.19) 

 

For a better understanding, assume three alternatives 1, 2, 3 with two attributes a, b in 

the choice set. Then, assume regret is generated based on the RRsum model. 
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                           (9.22) 

 

Assume attribute b is omitted,  
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                                                        (9.24) 

 

 

 

 

                                                        (9.25) 

 

 

 

 

Then, if we assume error terms  are IID-Gumbel distributed, the probability of 

choosing an alternative can be derived as 

 

              (9.26) 

 

where,   is assumed to be distributed with density ,  refers to the 

parameters of the distribution (generally mean and standard deviations of ).  

Since the choice probability in equation 26 is obtained by solving multiple 

integrals, it causes higher complexity in computation. The alternative way is to 

simulate the average probability, called the maximum simulated likelihood estimator 

(Train, 2009). 
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Therefore, we can conclude that the classical ASCs are formally not suitable to 

represent the errors introduced by omitted variables in RRM. Since regret is generated 

from pairwise comparisons, the omitted variable(s) causes specific bias in pairs of 

alternatives, even correlation between alternatives. More precisely, the omitted 

variable(s) for alternative 1  causes bias for other alternatives 2 and 3. Likewise 

the omitted variable(s) for alternative 2  and 3 also cause errors in 

alternative 1. Therefore, the errors due to omitted variables for the chosen alternative 

are correlated with the errors of the other non-chosen alternatives. This is consistent for 

the other regret formulations, RRmax and RRlog, since all regret specifications are 

based on pairwise comparisons
11

. 

The fact that regret is assumed generated by pairwise comparisons implies that the 

deterministic (or systematic) regret for the chosen alternative is correlated with omitted 

variables for other non-chosen alternatives. By using an error components structure, 

total regret with an omitted variable can be formulated as: 

 

          (9.29) 
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                                                                                 (9.32) 

 

Therefore, as shown in equation 9.32, the omitted variable causes positive covariance 

between alternatives, and thus error terms become dependent.  

 

                                                      

11  Note that since regret-based choice models represent semi-compensatory behavior (Chorus et al., 2008; 

Chorus 2012b), if the chosen alternative is superior to the non-chosen alternatives with respect to a certain 

attribute b for individual n, then the omission of attribute b does not cause any error in the regret for the 
chosen alternative. However, if we also consider rejoice, the counterpart of the concept of regret, in the 

decision-making process, the omission also causes error in rejoice, and bias in parameters would be larger. 
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9.3 Empirical evidence 

In this section, the effect of omitted variables on the bias in RRM and (linear-additive) 

RUM is empirically explored. Since the purpose of this chapter is to analyze how the 

effect of omitted variables differs between utility and regret, in particular, this chapter 

focuses on the issue of the effect of omitted variables for labeled choice alternatives. 

Two labeled data sets about transportation mode choice based on orthogonal stated 

choice experiments are used. The following analyses are conducted for both the RRM 

and RUM models: (i) the effect of an omitted variable (bias in parameters) is compared 

for both models; (ii) the effect of ASCs on mitigation of such error is examined; (iii) 

the effect of the proposed error components structure for bias reduction in the 

parameters of RRM is investigated, and (iv) the bias in the estimation results is 

determined by randomly splitting the data into K subsets. K-1 subsets are used to 

estimate the model (each subset is excluded once), and the bias in parameters is 

compared across subsets. Finally (v), the change of elasticity by omitted variable is 

discussed. 

 

9.3.1 Data description 

The data used in this chapter were collected in Beijing, China in March 2015 to analyze 

travel demand for electronic bikes compared to the other travel modes. Respondents 

were recruited from an existing large panel in Beijing. A pilot study involving a sample 

of 300 respondents was conducted to establish the priors for generating the efficient 

experimental designs. The main survey was administered in the form of an online 

questionnaire. A random sample was drawn from this panel except that controls on the 

characteristics of the respondents were implemented to obtain a representative sample.  

Data were collected under a total of six scenarios. Two of these scenarios are used 

in this section. Each respondent was asked to choose his/her preferred transportation 

mode from choice sets consisting of two or three alternatives. Since RRM generates the 

same output as RUM in binary choice sets, only respondents faced with three 

alternatives were extracted. 

 

9.3.2 Case study I 

The first case study is about mode choice among alternatives labeled as E-bike, Car, 

and Bus. An orthogonal fractional factorial choice set design was constructed to 

systematically vary the attributes within and between modes. A total of 297 participants 

indicated for 9 choice sets their preferred transportation mode. The attribute levels are 

shown in Table 9.1-a. 
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Table 9.2 shows the estimation results of the full model and the curtailed models 

with an omitted variable. Each variable was omitted once. The same error components 

structure for utility was applied. However, all parameters in the error components are 

estimated as zero and t-values are also zero. This implies that the error caused by 

omitted variables is correlated between alternatives in RRM, not in RUM. Therefore, 

they are not reported.  

The omission of a variable causes a significant downward bias for all taste 

parameters, and a decrease in the predictive power of both RUM and RRM (RRsum) 

models in all cases. The inclusion of ASCs partly offsets the effect of the omitted 

variable in both RUM and RRM. The parameter value and predictive power of the 

models become close to the values for the full model. Also, the proposed error 

components structure brings the parameter values in RRM closer to the parameter 

values of the full model.   

Figure 9.1 shows the biases for each variable in both cases (omission of travel 

cost and time respectively), where bias is defined as shown in equation 9.33. The 

omission of a variable causes a significant downward bias for all taste parameters, and 

a decrease in the predictive power of both RUM and RRM (RRsum) models in all cases. 

The inclusion of ASCs partly offsets the effect of the omitted variable both RUM and 

RRM. The parameter value and predictive power of the models become close to the 

values in the full model. Also, the proposed error components structure brings the 

parameter values in RRM closer to the parameter values of the full model.   

 

with omitted variable from full model
Bias(%) *100

from full model

 




                                 (9.33) 

 

By definition, if the bias is zero, the parameter is unbiased. If it is positive, the bias will 

be upward. Similarly, a negative value indicates a downward bias. First, the omission 

of a variable causes a significant downward bias for all taste parameters, and a decrease 

in the predictive power of both the RUM and RRM (RRsum) models in all cases.  

The bias is larger when omitting travel cost than omitting time in both RUM and 

RRM. Also, the bias in parameters is larger in the RRM than RUM model: 1) whereas 

the omission of travel cost causes about -18 percent bias in the parameter for travel 

time in RUM, it generates about -24 percent bias in the RRM model.  2) while omitted 

travel time brings about -8 percent bias in the parameter for travel cost in the RUM 

model, it generates -11 percent bias in the RRM model. This implies that the 

parameters of the RRM model are less robust to the presence of omitted variable(s), 

compared to the traditional linear-additive RUM model. 

 



Part II. Error Generation 

 216 

Table 9.1 Attribute levels
12

 
(a) – First case study 

(b) – Second case study 

(a) 

 E-Bike Car Bus 

Travel 

time 

Main time (50, 70, 90) (20, 30, 40) (20, 35, 50) 

Possible delay (0 : fixed) (0, 30, 60) (0, 30, 60) 

Access time (0 : fixed) (0 : fixed) (5, 10, 15) 

Egress time (0 : fixed) (5 : fixed) (5, 10, 15) 

Parking search time (0 : fixed) (5 : fixed) (0 : fixed) 

Transfer time (0 : fixed) (0 : fixed) (0, 10, 20) 

Travel 

cost 

Main cost (1, 2, 3) (10, 20, 30) (2, 6, 10) 

Parking cost (0 : fixed) (0, 15, 30) (0 : fixed) 

 

(b) 

 E-Bike Taxi Metro 

Travel 

time 

Main time (50, 70, 90) (20, 30, 40) (20, 30, 40) 

Possible delay (0 : fixed) (0, 30, 60) (0, 10, 20) 

Waiting time (0 : fixed) (0, 15, 30) (0 : fixed) 

Access time (0 : fixed) (0 : fixed) (5, 12, 19) 

Egress time (0 : fixed) (0 : fixed) (5, 12, 19) 

Transfer time (0 : fixed) (0 : fixed) (0, 10, 20) 

Travel cost (1, 2, 3) (40, 60, 80) (2, 7, 12) 

                                                      

12 Unit: Time (minute) / Cost (Yuan) 
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Table 9.2 Estimation results – first case study 
(a) Omit travel cost 

(b) Omit travel time 

 

(a) 

 

U RRsum 

Full Omit travel cost Full Omit travel cost 

Basic Basic +ASCs Basic Basic +ASCs +EC 

Travel Time(t-value) -0.0318(-28.43) -0.0261(-25.59) -0.0300(-23.10) -0.0152(-23.07) -0.0116(-20.23) -0.0134(-19.53) -0.0143(-17.06) 

Travel Cost(t-value) -0.0356(-21.59)   -0.0222(-26.90)    

ASC_2(t-value)   -1.01(-19.88)   1.12(21.58)  

ASC_3(t-value)   -0.762(-13.25)   0.939(16.86)  

EC_12s13
(t-value)       1.163(3.91) 

EC_12s14
(t-value)       0.0412(2.79) 

EC_13(t-value)       1.206(2.34) 

EC_13s(t-value)       0.0366(1.49) 

EC_23(t-value)       0.975(1.61) 

EC_23s(t-value)       0.0791(3.77) 

Final log-likelihood -2237.516 -2595.184 -2283.625 -2253.941 -2699.152 -2366.858 -2302.194 

Rho-squared 0.238 0.116 0.222 0.232 0.081 0.194 0.216 

Adj. Rho-squared 0.237 0.116 0.221 0.232 0.081 0.193 0.214 

                                                      

13 Mean of error component for comparison alternative 1 and 2 

14 Standard deviation of error component for comparison alternative 1 and 2 
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(b) 

 

U RRsum 

Full Omit travel cost Full Omit travel cost 

Basic Basic +ASCs Basic Basic +ASCs +EC 

Travel Time (t-value) -0.0318(-28.43)   -0.0152(-23.07)    

Travel Cost (t-value) -0.0356(-21.59) -0.0328(-20.52) -0.0349(-14.96) -0.0222(-26.90) -0.0197(-24.47) -0.0211(-14.57) -0.0217(-13.66) 

ASC_2 (t-value)   -0.495(-15.12)   0.361(-13.93)  

ASC_3 (t-value)   -1.04(-19.21)   0.942(17.72)  

EC_12s (t-value)       0.275(1.92) 

EC_12s (t-value)       0.0931(4.42) 

EC_13 (t-value)       0.409(3.30) 

EC_13s (t-value)       0.0661(1.39) 

EC_23 (t-value)       0.870(3.94) 

EC_23s (t-value)       0.0938(1.84) 

Final log-likelihood -2237.516 -2556.733 -2433.594 -2253.941 -2582.226 -2470.931 -2433.569 

Rho-squared 0.238 0.129 0.171 0.232 0.121 0.159 0.171 

Adj. Rho-squared 0.237 0.129 0.170 0.232 0.120 0.158 0.169 
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(a) 

 

 

 
(b) 

Figure 9.1 Bias by omitted variable – first case study 
(a) Omission of cost 

(b) Omission of time 
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Table 9.3 Elasticities – first case study 

   Travel time Travel cost 

U 

Full Basic -0.501 -0.629 

Omit travel cost 

Basic -0.963 - 

+ASC -0.784 - 

Omit travel time 

Basic - -0.945 

+ASC - -0.752 

RRsum 

Full Basic -0.674 -0.931 

Omit travel cost 

Basic -1.210 - 

+ASC -0.988 - 

+EC -0.833 - 

Omit travel time 

Basic - -1.396 

+ASC - -1.115 

+EC - -0.990 
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Second, the inclusion of ASCs offsets the effect of omitted variables for both 

RUM and RRM models: The bias in parameters is decreased, and prediction power is 

improved. However, the bias is still larger in the RRM model: 1) while about -6 percent 

bias in the parameter for travel time is generated in the RUM model, there is about -12 

percent bias in the RRM model. 2) whereas about -2 percent bias appears in the 

parameter for travel cost in the RUM model, about -5 percent is shown in the RRM 

model. These findings imply that the ASCs are not effective to offset the effect of 

omitted variables in the RRM model as much as in the RUM model. This is because, as 

discussed, the effect of the omitted variable is rather specific for a comparison of 

alternatives. 

Finally, the error components structure, which considers possible correlations 

between alternatives by omitted variables, decreases the bias in the RRM model. The 

bias becomes about -6 percent for travel time (by omission of travel cost), and about -2 

percent for travel cost (by omission of travel time). These degrees of bias are similar to 

the case of utility with ASCs. Thus, it can be concluded that the proposed error 

components structure effectively cancels out the bias in the regret parameters. 

Table 9.3 shows how omitted variable affects elasticities
15

. First, travel cost 

shows higher elasticities then travel time when considering both attributes. This implies 

that respondents in this data set are more sensitive to increase of travel cost than travel 

time. Second, omission of an attribute increases elasticities by remained attribute in all 

cases. This implies that the effect of transportation policy can be exaggerated when 

analyst omit a relevant attribute(s). Further elasticity analysis implies that the effect of 

transportation policy may become smaller when considering the attribute difference 

tolerance. In addition, the effect would be quite different at individual level depending 

on travel purpose. The increase is higher when travel costs are omitted. Third, the 

elasticities of regret is higher than utility. Fourth, inclusion of ASCs decreases the 

elasticities. Fifth, inclusion of proposed error components more decrease the elasticities 

in regret than inclusion of ASCs.    

 To validate the results, in total 9 subsets were constructed, randomly assigning 

the choice tasks to the subsets. Of the 9 subsets, 8 subsets were used to estimate the 

models, and then the biases were compared. This process is repeated 9 times by 

excluding each subset once. 

Figure 9.2 shows how bias varies between the 9 subsets. Akin to the estimation 

results for the full data set: i) bias is consistently larger in RRM than RUM. ii) ASCs 

effectively decrease the bias by omitted variables; however, the bias is still larger in 

RRM. iii) the proposed error components structure more effectively decreases the bias 

                                                      

15 For a derivation of elasticities for the RRsum model, see van Cranenburgh and Prato (2016). 
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due to omitted variables than the ASCs in the RRM. Thus, it can be ruled out that a 

peculiar subset or a peculiar respondent causes the reduced bias for RUM and/or RRM. 

 

9.3.3 Case study II 

The data set used in this second case is about mode choice among E-bike, Taxi, and 

Metro. An orthogonal fractional factorial design was constructed to independently vary 

the attributes within and between modes. A total of 332 participants provided their 

preferred choice for 9 choice sets. The attribute levels are shown in Table 9.1-b. 

The detail estimation results of the full and curtailed models are shown in Table 

9.4. Travel time and cost are once omitted respectively. Again, the error components 

proposed for the RRM in this study are not valid for the RUM (all parameters in the 

error components are estimated as zero and t-values are also zero), and therefore not 

reported. Similar to case study I, the omitted variables cause a downward bias for all 

taste parameters. The ASCs partly cancel out the effect of omitted variables for both 

RUM and RRM. Further, applying the proposed error components makes the 

parameters in the RRM more robust. 

Figure 9.3 shows the bias (equation 9.33) in the parameters of both the RUM and 

RRM models. First, the omission of a variable causes a downward bias, and a lower 

predictive power of the models. The bias is smaller than in case study I. Still the bias is 

always larger in the RRM than in the RUM model: 1) while about -19 percent bias is 

found for the parameter of travel time (by omission of travel cost) in the RUM model, 

it is about -21 percent for the RRM model. 2) whereas about -9 percent bias is 

generated for the travel cost parameter (by omission of travel time) in the RUM model, 

it is about -11 percent for the RRM model. Moreover, representation of ASCs 

decreases bias in both the RUM and RRM models. However, the bias are still larger in 

the RRM model: 1) whereas the bias in the parameter for travel time becomes about -3 

percent in the RUM model, it becomes about -6 percent in the RRM model. 2) while 

the bias in the parameter for travel cost decreases to -2 percent in the RUM model, it is 

about -4 percent for the RRM model. The proposed error components structure almost 

offsets the effect of the omitted variable: the bias in the parameter for travel time (by 

omission of travel cost) becomes -2 percent, and -1 percent for travel cost. These 

results are similar or even better, compared to ASCs in RUM.  

The elasticities by omitted variable are shown in Table 9.5. The overall tendency 

is similar to the first case study. The difference is that the elasticities are higher in this 

second case study in all cases. In addition, even considering the correction term (ASCs 

and EC), elasticities are higher than considering all alternatives in the first case study. 

However, in this second case study, considering the proposed EC for omitted travel 

cost, the elasticities become lower than considering both travel time and travel cost. 
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(b)-1 

 

 

 

 
(b)-2 

Figure 9.2 Validation of bias – first case study 
(a) Omission of cost 

(a)-1 case of utility 

(a)-2 case of regret 

(b) Omission of time 

(b)-1 case of utility 

(b)-2 case of regret 
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Table 9.4 Estimation results – second case study 
(a) Omit travel cost 

(b) Omit travel time 

 

(a) 

 

U RRsum 

Full Omit travel cost Full Omit travel cost 

Basic Basic +ASCs Basic Basic +ASCs +EC 

Travel time (t-value) -0.0263(-19.39) -0.0215(-19.11) -0.0256(-19.11) -0.0141(-19.41) -0.0112(-18.69) -0.0133(-20.45) -0.0137(-16.31) 

Travel cost (t-value) -0.0301(-24.56)   -0.0161(-24.42)    

ASC_2 (t-value)   -1.77(-24.28)   1.85(24.41)  

ASC_3 (t-value)   -1.61(-13.94)   1.40(13.45)  

EC_12s (t-value)       0.775(2.37) 

EC_12s (t-value)       0.0607(1.41) 

EC_13 (t-value)       0.529(4.18) 

EC_13s (t-value)       0.0736(2.21) 

EC_23 (t-value)       0.840 (3.05) 

EC_23s (t-value)       0.104(1.66) 

Final log-likelihood -2598.166 -3085.064 -2651.352 -2589.253 -3094.303 -2665.836 -2636.985 

Rho-squared 0.209 0.060 0.192 0.211 0.057 0.188 0.197 

Adj. Rho-squared 0.208 0.060 0.191 0.211 0.057 0.187 0.195 
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(b) 

 

U RRsum 

Full Omit travel cost Full Omit travel cost 

Basic Basic +ASCs Basic Basic +ASCs +EC 

Travel time (t-value) -0.0263(-19.39)   -0.0141(-19.41)    

Travel cost (t-value) -0.0301(-24.56) -0.0274(-24.59) -0.0295(-21.99) -0.0161(-24.42) -0.0145(-24.37) -0.0155(-22.15) -0.0159(-18.51) 

ASC_2 (t-value)   -1.12(-15.65)   1.18(15.42)  

ASC_3 (t-value)   -1.40(-14.52)   1.49(-14.24)  

EC_12s (t-value)       0.372(3.61) 

EC_12s (t-value)       0.0511(2.09) 

EC_13 (t-value)       0.409(2.24) 

EC_13s (t-value)       0.0277(1.90) 

EC_23 (t-value)       0.424(1.79) 

EC_23s (t-value)       0.0527(3.81) 

Final log-likelihood -2598.166 -2804.771 -2707.382 -2589.253 -2795.345 -2736.755 -2694.904 

Rho-squared 0.209 0.146 0.175 0.211 0.148 0.166 0.179 

Adj. Rho-squared 0.208 0.145 0.174 0.211 0.148 0.165 0.177 

 

 



Chapter 9. Omitted Variables 

 227 

 

 
(a) 

 

 

 

 

(b) 

Figure 9.3 Bias by omitted variable – second case study 
(a) Omission of cost 

(b) Omission of time 
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Table 9.5 Elasticities – second case study 

   Travel time Travel cost 

U 

Full Basic -0.613 -0.775 

Omit travel cost 
Basic -1.360 - 

+ASC -1.049 - 

Omit travel time 
Basic - -1.134 

+ASC - -0.956 

RRsum 

Full Basic -0.745 -0.981 

Omit travel cost 

Basic -1.592 - 

+ASC -1.208 - 

+EC -1.077 - 

Omit travel time 

Basic - -1.402 

+ASC - -1.163 

+EC - -0.929 

 

Figure 9.3 shows the bias (equation 9.33) in the parameters of both the RUM and 

RRM models. First, the omission of a variable causes a downward bias, and a lower 

predictive power of the models. The bias is smaller than in case study I. Still the bias is 

always larger in the RRM than in the RUM model: 1) while about -19 percent bias is 

found for the parameter of travel time (by omission of travel cost) in the RUM model, 

it is about -21 percent for the RRM model. 2) whereas about -9 percent bias is 

generated for the travel cost parameter (by omission of travel time) in the RUM model, 

it is about -11 percent for the RRM model. Moreover, representation of ASCs 

decreases bias in both the RUM and RRM models. However, the bias are still larger in 

the RRM model: 1) whereas the bias in the parameter for travel time becomes about -3 

percent in the RUM model, it becomes about -6 percent in the RRM model. 2) while 

the bias in the parameter for travel cost decreases to -2 percent in the RUM model, it is 

about -4 percent for the RRM model. The proposed error components structure almost 

offsets the effect of the omitted variable: the bias in the parameter for travel time (by 

omission of travel cost) becomes -2 percent, and -1 percent for travel cost. These 

results are similar or even better, compared to ASCs in RUM.  

The elasticities by omitted variable are shown in Table 9.5. The overall tendency 

is similar to the first case study. The difference is that the elasticities are higher in this 

second case study in all cases. In addition, even considering the correction term (ASCs 

and EC), elasticities are higher than considering all alternatives in the first case study. 

However, in this second case study, considering the proposed EC for omitted travel 

cost, the elasticities become lower than considering both travel time and travel cost. 
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The estimation results in this second case study were also validated. The data 

were randomly split into 8 different subsets, and estimated pooling 7 of these subsets 

(each subset was excluded once respectively), and then comparing the bias. The details 

of the variations in bias are shown in Figure 9.4. The results from 8 combinations of 

subsets are consistent with the estimation results from the full dataset: The proposed 

error components structure effectively offsets bias by omitted variables in RRM, 

similar to ASCs in RUM.   
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(b)-2 

 

Figure 9.4 Validation of bias – second case study 
(a) Omission of cost 

(a)-1 case of utility 

(a)-2 case of regret 

(b) Omission of time 

(b)-1 case of utility 

(b)-2 case of regret 
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9.4 Conclusions and discussion 

Regret-based choice models have attracted the attention of several scholars in 

transportation research as an alternative to traditional utility-based choice models. The 

behaviorally distinctive property of regret-based choice models is that choices are 

based on an attribute-by-attribute comparison of choice alternatives in terms of regret. 

For the ease of computation, the regret-based choice models have been mainly 

developed based on the assumption that unobserved regrets are identically and 

independently Gumbel distributed as is commonly assumed in the multinomial logit 

(MNL) model.  

Through formal analysis, it was shown that whereas the effect of omitted 

variables in the (linear-additive) RUM model is alternative specific, it is correlated 

between alternatives in the RRM model. This implies that the ASCs are suitable to 

represent the average effect of omitted variable in (linear-additive) RUM models, not in 

RRM models. This seems reasonable considering that attribute-level regret is defined 

in the comparison of alternatives, implying that the regret is correlated, and the errors 

are also correlated. Therefore, an error component structure to consider the effect of 

omitted variables in RRM models is proposed. By using two empirical data sets, the 

effect of omitted variables is tested. The results are consistent with the formal analysis: 

1) the omitted variable causes a downward bias in both (linear-additive) RUM and 

RRM models. 2) The bias is larger in RRM than in (linear-additive) RUM models, 

which means that the RRM models seem more sensitive to the presence of omitted 

variables. 3) The inclusion of ASCs partly cancels out the effect of omitted variables, 

but the bias is still larger in the RRM model. 4) The proposed error components 

structure effectively cancels out the effect of omitted variables.  

A few valuable directions for further research can be identified. First, the current 

empirical analysis is only based on the RRsum model. However, as shown in the 

formal analysis, since regret is defined in the comparison of alternatives in all regret 

models, omitted variables cause correlation between error terms in all these models, 

only the degree of correlation is different. Therefore, it would be interesting in future 

research to examine how correlations introduced by omitted variables differ for the 

different specifications of regret. Second, Cranenburgh and Prato (2016) showed that 

the effect of omitted variables depends on choice set composition. Since the proposed 

error components structure for regret can easily represent the choice set composition 

effect, empirical analysis of data with difference choice set composition would be 

worthwhile to conduct. Third, in this study, the present analysis was based on 

orthogonal fractional factorial experimental designs. However, if orthogonality is 

violated, as in revealed preference studies and D-optimal non-orthogonal stated choice 

experiments, the omitted variable causes endogeneity. In this case, since the MNL 

structure is not correct not only in RRM models but also (linear-additive) RUM models, 
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more complex assumptions about error terms are necessary. Whereas current 

methodologies have been developed to consider endogeneity in (linear-additive) RUM 

models such as the BLP method (e.g. Berry et al., 1995) and the control function 

method (e.g. Hausman, 1978), the issue of how to consider endogeneity in RRM 

models needs further investigation. 
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CHAPTER 10  

Error Distribution Assumptions 

 
10.1 Problem statement 

Recently introduced regret-based choice models in transportation research have 

invariably and uncritically adopted the assumption of independently and identically 

distributed error terms.  However, the assumptions about the error terms of random 

regret choice models were never systematically scrutinized. Chorus (2012) argued that 

measurement errors cause negative correlations between random errors, and omitted 

variables generate positive correlations. Although it seems unlikely that the two 

sources of correlation will completely cancel each other out, it also seems unlikely that 

one of the two sources will strongly dominate (causing positive or negative correlations 

in random errors). The remaining random behavior leads to the IID errors. The question 

then is whether the assumption of IID-Gumbel distributed error terms can be logically 

deduced from the concept of regret and the underlying behavioral process that leads to 

this negative emotion.  

In previous chapters, we showed that errors are differently generated by each 

source of the error terms: i) whereas measurement error causes identical errors in 

(linear-additive) utility-based choice models, it generates non-identical errors in regret-

based choice models (Chapter 8), ii) whereas an omitted variable causes independent 

error terms in (linear-additive) utility-based choice models, it generates non-

independent errors in regret-based choice models (Chapter 9). Therefore, the 

conventional IID-Gumbel assumption underlying the error terms is difficult to defend 

for regret. The regret-based choice models require non-identical, dependent error terms.  

These differences stem logically from the theoretical foundations of the concepts 

of utility and regret. Behaviorally, utility theory is based on the premise that individuals 

process the attributes of a single alternative independently and separately, according to 

a preference function, to derive the utility and then choose the alternative that 

maximizes their utility. Under the principle of homogeneous taste parameters, the 

assumption of identical and independent error terms is defendable. However, the 
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decision process underlying the original regret-based choice model assumes that 

individuals assess regret by systematically comparing choice alternatives. Moreover, 

while utility is commonly represented in terms of a full-compensatory decision rule, 

regret is generated through a semi-compensatory decision rule. 

In this chapter, a solution considering the non-identical, dependent errors for 

regret-based choice models are proposed. First, non-identical error terms to reflect 

measurement error are proposed. Second, an error components structure is proposed to 

consider dependent errors due to omitted variables. Finally the proposed error terms are 

empirically compared with the conventional IID-Gumbel error terms for both utility- 

and regret-based choice models. The chapter is completed with a discussion of the 

results and an identification of avenues of future research. 

 

 

10.2 Error specification for regret-based choice   

 models 

Based on the diagnosis in Chapters 8 and 9, it can be concluded that regret-based 

choice models are more sensitive to sources of errors than utility-based models. In this 

section, solutions are proposed to better represent the error terms. 

 

10.2.1 Multiplicative error terms –  

      allowing for non-identical error terms    

Castillo et al. (2008) proposed the Weibit model for multiplicative error terms, which 

are independently Weibull distributed. Since the Weibit model allows non-identical 

errors between alternatives, it may be a candidate distribution to account for possible 

non-identical error terms due to measurement error. Moreover, the assumption of 

multiplicative errors is appealing because we can guarantee that regret is non-negative 

(Rasouli and Timmermans, 2017). Thus, assuming that 

 

                                                                                                             (10.1) 

 

where  is assumed to be independently Weibull distributed. Then, the choice 

probability of the Weibit model equals 

 

in*in inU V 

in
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                      (10.2) 

where ,   is the shape parameter, which is expected to be non-negative,  and
16

 

                         (10.3) 

 

where . For more details about the derivation of choice probabilities in the 

Weibit model, see Castillo et al. (2008), and Fosgerau and Bielaire (2009). 

Likewise, to represent regret minimization, if we assume that the inverse of the 

error terms are independently Weibull distributed  

 

                                                                                                          (10.4) 

 

Let define , where  is assumed to be independently Weibull distributed. 

The inverse of the Weibull distribution is mathematically equivalent to the Frechet 

distribution. Therefore,  in equation 10.4 is independently Frechet distributed. 

Therefore, in this study, we define the multiplicative error structure for regret as a 

multinomial Frechit (MNF) model. Then, the choice probability for regret-based choice 

models can be expressed as: 

 

 

                                                                                     (10.5) 

 

Considering that regret is based on semi-compensatory behavior, it should have non-

negative value. Therefore based on equation 10.3, 

 

                                                      

16 the location parameter in Weibull disribution is assumed to be zero.  
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                                                                                                     (10.6) 

 

To illustrate, assume five alternatives in a choice set. Regret equals , , 

, , . Therefore, alternative 1 is the best option and alternative 5 is 

the worst option in this choice set. Assuming the shape parameter is equal to 1, the 

probability of choosing the best alternative 1 and the worst alternative 5, according to 

the commonly used Logit structure, is respectively as: 

 

                          (10.7) 

 

                          (10.8) 

 

However, using the Frechit structure, assuming the shape parameter  is one, the 

choice probabilities equal: 
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1 1 1 1 1

1 2 3 4 5
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                                                                        (10.9) 

 

1

1

5 0.0876
1 1 1 1 1

1 2 3 4 5

FrechitP  

   

                                                                      (10.10) 

 

Therefore, for this example, the Frechit structure predicts a lower choice probability for 

the best alternative and a higher choice probability for the worst alternative than the 

Logit structure. 
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Table 10.1 Estimation results 

 Utility Regret  (Rsum) 

 Logit Weibit Weibit+EC Logit Frechit Frechit+EC 

Travel time 

(t-value) 

-0.0572 

(-14.27) 

-0.0407 

(-15.36) 

-0.0310 

(-12.11) 

-0.0614 

(-14.10) 

-0.0433 

(-14.85) 

-0.0296 

(-12.23) 

Travel distance 

(t-value) 

-0.114 

(-15.91) 

-0.102 

(-15.79) 

-0.0924 

(-10.20) 

-0.325 

(-12.56) 

-0.305 

(-12.40) 

-0.167 

(-11.77) 

EC_12 

(t-value) 
  

0.0126 

(2.31) 
  

0.837 

(3.02) 

EC_12s 

(t-value) 
  

0.0314 

(1.26) 
  

0.0531 

(1.51) 

EC_13 

(t-value) 
  

0.00 

(fixed) 
  

0.158 

(1.65) 

EC_13s 

(t-value) 
  

0.00 

(fixed) 
  

0.0266 

(4.24) 

EC_23 

(t-value) 
  

0.0301 

(4.15) 
  

1.463 

(4.77) 

EC_23s 

(t-value) 
  

0.0297 

(1.07) 
  

0.0154 

(2.89) 

Final log-likelihood -991.977 -983.715 -979.528 -1012.287 -985.401 -951.488 

Rho-squared 0.220 0.227 0.230 0.204 0.225 0.252 

Adj. Rho-squared 0.219 0.225 0.227 0.203 0.224 0.246 



Chapter 10. Error Distribution Assumptions 

 238 

10.2.2 Error components structure –  

      allowing for non-independent error terms 

Errors caused by omitted variables for the chosen alternative may be correlated with 

non-chosen alternatives. The following specification allows the inclusion of possible 

correlation between the error terms (for the fundamental backgrounds, see Chapter 9). 

 

in[ ( ) ]in j jnk k ijn

k j i

R g f x x 


                                                                            (10.11) 

 

where  is  an average effect of omitted variable(s) on the comparison of alternative 

i and j for individual n , which  is assumed to be log-normally distributed 

with density ;  refers to the parameters of the distribution (generally mean 

and standard deviations of ). Then, the probability of choosing an alternative can be 

derived using simulated maximum likelihood estimation assuming the Frechit structure: 
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10.2.3 Empirical evidence 

In this section, we will investigate how the proposed error structure performs 

empirically. We use a revealed preference data set about mode choice behavior. Only 

two level-of-service variables (travel time and distance) are considered. Because the 

attribute values were derived from the centroids of zones, the values include 

measurement error. Of primary interest is the question whether the random regret 

minimization model with the proposed error structure better reproduces the data than 

the classic random regret minimization model. Individuals are assumed to experience 

regret based on RRsum. In addition, we conduct a similar analysis for the (linear-

additive) utility-maximization model. To ensure a fair comparison between Logit and 

Weibit structures, we fixed the scale parameter  in the Logit structure to one, while 

the shape parameter  is one in the Weibit structure. Empirical support for our 
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argument would be obtained if the postulated error structure improves the regret model 

more than the utility model. 

 

10.2.3.1  Data description 

For the empirical study, the MON (Mobiliteit Onderzoek Nederlands - the Dutch 

National Travel Survey) data, collected in 2009, was used to estimate the regret models 

(for a detailed description of the data used, see Chapter 3.5.2.1).  

 

10.2.3.2 Estimation results 

Table 10.1 shows the estimation results for different assumptions about the error terms. 

First, the Frechit structure (multiplicative error terms following the Frechit distribution) 

shows better performance than the commonly used Logit structure (additive error terms 

following the Gumbel distribution) for both the utility-based and regret-based choice 

models in terms of the final log-likelihood value. To statistically analyze the difference 

in goodness-of-fit between (1) logit and Frechit, and (2) utility-based and regret-based 

models, Ben-Akiva & Swait’s test for non-nested choice models was applied.  

The proposed Frechit structure for regret improves the prediction power: the 

probability that the commonly used Logit structure outperforms the proposed Frechit 

structure is zero for regret-based choice models .  

The multiplicative error terms, Weibit structure for utility, also improves the 

predictive power of the model: the probability that the Logit structure outperforms the 

Weibit structure for the utility model is zero , but it is less than for 

the regret model. Therefore, whereas utility shows better performance than regret for 

the logit structure, the probability that the regret-based model outperforms the utility-

based model is zero . We cannot conclude that the utility-based 

model statistically outperforms the regret-based model with the Frechit structure for the 

error terms. The probability that the regret-based model is superior to the utility-based 

model is not zero .  

Second, the error components structure that accounts for possible correlation 

between alternatives shows better performance for regret than for utility: whereas both 

utility and regret models show similar performance without error components, regret 

shows better performance than utility with error components. To statistically compare 

the effect of the error component structure between the utility-based and regret-based 

models, we use the Bayesian Information Criterion (BIC). The BIC value for the 

utility-Weibit model is -2*-979.528+6*ln(1158)=2001.383, which is higher than the 

value for the error components structure in the regret-Frechit model, which equals -2*-

951.488+8*ln(1158)=1959.412. Our previous formal analysis showed that the effects 

( ( 7.306) 0)p  

( ( 4.065) 0)p  

( ( 6.373) 0)p  

( ( 1.836) 0)p  
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of omitted variables are independent in (linear-additive) utility-based models. However, 

the empirical results indicate that the errors are correlated. This correlation can be 

interpreted to reflect the inherent correlation in the raw data set. The mean of each error 

component, indicating the degree of correlation between alternatives, is always larger 

in the regret-based model. Therefore, these empirical results indicate, at least for the 

used data set, that using a Frechit error components structure represents a better 

specification of the error terms in the considered random regret minimization model 

than the commonly used assumption of IID Gumbel distributed error terms. 

 

 

10.3 Conclusions and discussions 

Recently, regret-based choice models have been introduced in the transportation 

research community as an alternative to expected/random utility models. Progress 

focused on the formulation of alternative specifications of the regret function and the 

development of regret-rejoice choice models. The assumptions about the error terms of 

the random regret minimization models, however, went unchallenged. Following the 

derivation of the MNL model, the error terms of random regret minimization models 

have been commonly assumed to be identically and independently Gumbel distributed.   

This study has provided both theoretical and empirical evidence that this 

assumption is difficult to defend when the process that generates regret is considered. 

In addition, we argued and provided empirical evidence that the Frechit specification of 

error terms reflects a more valid set of assumptions about the error terms of the random 

regret minimization models, included in this study. 

Future research should, therefore, examine whether the current findings generalize 

to other regret and regret-rejoice models and to other data sets. Another extension of 

this line of research may be to parameterize the error structure. The effect of 

endogeneity on our findings should also be critically assessed. 

The implication of the findings of our study for future applications of the 

considered regret models is that the Frechit specification is preferable to the classic 

specification. The current choice specification of the classic random regret 

minimization models can only be justified on practical grounds. 
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CHAPTER 11  

Effect of Positive and Negative 

Emotions 

 
11.1 Problem statement 

The most common assumption underlying models of choice behavior is that individuals 

are rational economic agents. Individuals are assumed to behave such as to maximize 

their (net) utility by considering the benefits and costs associated with each alternative. 

Therefore, random (expected) utility maximization (RUM) models have dominated 

choice behavior analysis under both conditions of certainty and uncertainty for many 

decades.  

Despite its popularity, many empirical studies in a variety of decision domains 

have provided evidence of violations of the axiom of utility maximization. Reviewing 

research on consumer decision-making in marketing and consumer science, Bettman et 

al. (1998) argued that the choice of an alternative critically depends on the goals of the 

decision maker, which he categorized into four categories: i) minimizing the experience 

of negative emotions (regret or disappointment or both), ii) maximizing the accuracy of 

the decision, iii) minimizing the cognitive effort required for making a decision, iv) 

maximizing the ease of justifying the decision.  

Emotion-based choice is well founded in regret theory (Loomes and Sugden, 1982; 

Bell, 1982). Regret is defined as a negative emotion that is triggered when the chosen 

alternative turns out to be inferior to one or more foregone alternatives. Regret theory 

argues that individuals avoid regret when they make a decision. Subsequent research in 

consumer science (e.g. Zeelenberg, 1999; Humphrey, 2004; Connolly and Reb, 2005; 

Diecidue et al., 2012; Nasiry et al., 2012), economics (e.g. Quiggin, 1990; Simonson 

1992; Irons and Hepburn, 2007; Sarver 2008; Bleichrodt et al., 2010; Bleichrodt and 

Wakker, 2015; Diecidue and Somasumdaram, 2017), and brain science (e.g. Coricelli 

et al., 2005; 2007; Chandrasekhar et al., 2008; Chua et al., 2009; Nicolle et al., 2011; 

Blakemore and Robbins, 2012; Steiner and Redish, 2014; Frydman and Camerer, 2016) 
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have provided ample evidence derived from diverse empirical experiments that 

individuals tend to avoid regret.  

Chorus et al. (2008) introduced regret theory in travel behavior analysis, 

proposing their random regret minimization (RRM) model. A behaviorally distinctive 

feature of regret-minimization models is that individuals are assumed to compare 

alternatives on an attribute-by-attribute basis in terms of regret, and then choose the 

alternative that minimizes overall regret. Because travel behavior tends to involve a 

larger number of alternatives and attributes compared to lottery experiments, the typical 

domain of regret models, they added assumptions to allow generalization of regret-

based models to multi-attribute, multi-alternative choice problems. First, whereas 

regret theory proposed a modified utility function considering both utility and regret, 

their RRM model was based only on the regret function. Second, they introduced an 

error term in the regret function, and following the MNL model, assumed that the 

negative of the error terms are identically, independently, Gumbel distributed (IID), 

implying that the assumption of regret minimization yields a logit-type choice model. 

Third, while classic regret theory only addressed decision-making under uncertainty, 

RRM models were developed for both uncertain and certain conditions. In a subsequent 

paper, Chorus (2010) proposed a logarithmic function as an approximation of the 

original regret function to avoid the non-smooth likelihood function. This function was 

the basis for various subsequent generalizations and interpretations. 

 The concept of regret as an alternative to the concept of utility to predict human 

choice behavior led to an upsurge of applications and several extensions of the model 

under both certain (e.g. Chorus et al. 2009; Chorus and de Jong 2011; Hess et al., 2012; 

Kaplan and Prato 2012; Beck et al. 2013; Chorus et al. 2013; Hensher et al. 2013; Boeri 

and Masiero 2014; Prato 2014; Jang et al., 2017a, 2017e), and uncertain conditions (e.g. 

De Moraes Ramos et al. 2011; Chorus 2014a). Furthermore, the logarithm version of 

the model found application in environmental studies (Thiene et al. 2012) and health 

economics (de Bekker-Grob and Chorus 2013). 

The original specification of the RRM model assumed that individuals only 

consider regret when making decisions. While it is of interest to investigate to what 

extent this simple mechanism can explain choice behavior, the assumption may be too 

extreme. Therefore, several alternative specifications have been introduced in the 

literature to achieve a more balanced representation of different mechanisms 

influencing the decision-making process. Two general approaches can be identified: i) 

the formulation of hybrid models that combine utility and regret (Chorus et al., 2013; 

Hess and Stathopoulos, 2013; Leong and Hensher, 2015), and ii) the inclusion and 

representation of positive emotions, the counterpart concept of regret, called rejoice, in 

the model specification (Chorus, 2014c). These alternative approaches differ in their 

assumptions how attributes are processed. 
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This chapter focuses its attention to the second stream of research: the rejoice 

formulations. It addresses several issues in the current model specifications and offers 

alternatives. A first fundamental issue is whether rejoice necessarily always affects 

decision-making processes. The specification of the generalized regret (-rejoice) model 

implies that rejoice is assumed to always have an effect on the decision-making process 

for all attributes (Chorus, 2014b; 2014c). Later, van Cranenburgh, et al. (2015) argued 

that the question whether rejoice has an effect depends on the specific data set under 

investigation. That is, if the scale factor in their model is very small, rejoice does not 

have an effect; otherwise it does. In this chapter, we argue that the effect of rejoice on 

decision-making process may vary from attribute to attribute. That is, rejoice may have 

an effect for some attributes, not for others.  

A second fundamental question in extending RRM models to the rejoice domain 

is whether and how rejoice affects the decision-making process compared to regret. 

One of the best-known principles to account for reference-dependent choice behavior is 

loss aversion (e.g. Tversky and Kahneman, 1991). It states that loss (regret) looms 

larger than gain (rejoice). The specification of current regret-rejoice models has been 

explicitly motivated by this principle. Chorus (2014c), in defending the parameter 

weight of the generalized regret model, argued that for negative values of the regret 

weight, a concave (as opposed to convex) regret function is obtained. This shape 

implies that regret is less important than ‘rejoice’, which runs against the empirically 

very well established notion of loss aversion. Furthermore, the negative values of the 

regret weight are undefined since the log function is only defined for positive 

arguments.  

Indeed, there is a substantial amount of evidence, particularly concerned with 

monetary gains and losses, in support of the principle of loss aversion. However, there 

is also substantial evidence in psychology that the principle of loss aversion is violated 

in many real-world settings: sometimes individuals are neutral between loss and gain 

(e.g. Novemsky and Kahneman, 2005), sometimes they are even more sensitive to gain 

than loss (e.g. Weber and Champman, 2005; Harinck et al., 2007; Hayden and Platt, 

2007; Hayden et al., 2008; Scholer et al., 2010; Heilbronner and Hayden, 2013; Madan 

et al., 2016). Furthermore, as shown in original RRM models, individuals sometimes 

make a decision only to avoid negative feelings (e.g. Luce, 1998; Coricelli et al, 2005; 

Tronvoll, 2011; Malone and Lusk, 2017), sometimes to experience positive feelings 

(e.g. Messick and Thorngate, 1967, Previte et al., 2015; Datu, 2016). Therefore, the 

existing specifications of a regret-rejoice model, which a priori can only capture the 

principle of loss aversion, has the potential weakness that it cannot detect whether the 

principle is invalid for the data at hand. In this chapter, we therefore argue it is 

preferable to formulate more flexible specifications of regret-rejoice models that can 

accommodate different choice mechanisms.  
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Third, it is well-known that marginal utility is dominantly decreasing with 

increasing attribute intensity (e.g. Tversky and Kahneman, 1991). If it would equally 

apply to attribute differences, marginal regret would also be dominantly decreasing 

with increasing attribute differences. However, all previous regret-based choice models 

restrict marginal regret to be (almost) constant. In this chapter, we therefore propose 

regret-rejoice models that allow variation in marginal regret with respect to attribute 

differences.  

The remainder of the chapter is organized as follows. We will first summarize the 

development of regret-based choice models as they have been formulated in 

transportation research. Next, we will propose new regret-rejoice models. Then, we 

will discuss how the model properties differ from the models, originally introduced in 

transportation research. This is followed by a discussion of estimation and validation 

results of two case studies, respectively pertaining to the choice of shopping center and 

transportation mode choice. The chapter is completed with a discussion of avenues of 

future research. 

 

 

11.2 Extension of regret: combination with utility 

To mitigate the extreme assumption underlying RRM models that the decision-making 

process depends only on feelings of regret, several alternative formulations have been 

proposed. Some of these models allow for heterogeneity in decision rules (e.g. Hess 

and Stathopoulos, 2013), combining utility maximization and regret minimization 

decision rules. Alternatively, Chorus et al. (2013) assumed that some attributes are 

processed based on the principle of utility maximization, while other attributes are 

processed according to the principle of regret minimization. That is, their random 

modified utility maximization (RMUM) model can be expressed as 

  

                                                                                                         (11.1) 

 

Adding an error term, the random modified utility function becomes 

 

                                                                                                 (11.2) 

 

Assuming that the error terms are identically, independently, Gumbel distributed, 

choice probabilities can be derived as: 
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As an alternative approach, Leong and Hensher (2015), inspired by Tversky and 

Simonson (1993) and Kivetz et al. (2004), assumed that each attribute is processed by 

both utility maximization and relative advantage. Their model can be expressed as 

 

                                                                                  (11.4) 

 

When the error terms are identically, independently, Gumbel distributed, the 

probability of choosing alternative i is 

 

                                                                                                    (11.5) 

 

                                                                                                  (11.6) 

 

The relative advantage of an alternative is assumed to equal the ratio of advantage and 

the sum of advantage and disadvantage. They defined disadvantage using the 

deterministic function of RRlog, while advantage is assumed to be symmetric to 

disadvantage. Thus, relative advantage was defined as shown in equation 11.7. 
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Another set of models incorporates the concept of rejoice into the random regret 

minimization models. Chorus (2014c) suggested a more flexible logarithmic function 

of regret. Instead of using “1” in the logarithmic function expressed in equation 11.8, 

an attribute-specific parameter, called regret-weight was introduced. 

 

                                                                  (11.8) 

 

In this chapter, this model will be referred to as the generalized RRlog (GRRlog). A 

binary logit function (equation 11.9) is used to restrict the regret-weight between 0 and 

1. If , the attribute is processed based on the principle of regret minimization; if 

, when rejoice is symmetric to regret, the attribute is processed based on the 

principle of utility maximization.  
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                                                                                                         (11.9) 

 

where k  is an additional parameter to help explain the determinants of regret 

minimization versus utility maximization behavior for different attributes. 

A potential problem with this specification is that even if different regret weights 

kr  provide different amounts of rejoice across attributes, rejoice always converges to 

ln( )kr for large attribute-level differences [ ( ) ]k jk ikx x    due to the shape of the 

logarithmic function. Even if the correction term –ln(2) is applied, rejoice still 

converges to a constant:   ln( ) ln(2) ln( )
2

k

k

r
r   . 

More recently, van Cranenburgh et al. (2015) proposed a scaled RRlog, called 

μRRM. In this chapter, this model will be called μRRlog. They started from the fact 

that the effect of regret and rejoice for the same attribute-level difference is quite 

different according to the size of the taste weight due to the shape of the logarithmic 

attribute-level regret function. They assumed that the scale factor is homogeneous 

across alternatives and attributes, but the value may differ for different data sets. 

 

                                                       (11.10) 

 

They argued that the μRRlog model is a mixture of different types of choice models: i) 

when the scale factor goes to a large value, the model approximately describes utility 

maximization behavior. ii) when the scale factor approximates zero, the model implies 

the RRsum specification. iii) when the scale factor is one, the model represents the 

RRlog specification. 

 

 

11.3 Regret-rejoice specifications 

In this section, different new types of rejoice specifications are formulated to avoid a 

number of limitations of the existing regret-rejoice models. First, we wish to relax the 

assumption that rejoice always has an effect in the decision-making process. In the 

logarithmic-based regret models (RRlog, GRRlog), this effect is represented by the 

regret weight. In the μRRlog model, only if the scale factor is very small, rejoice do not 

have an effect across all attributes; otherwise, it has some effect across all attributes. 

The model does not allow the effect of rejoice (and of regret for that matter) to vary 
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across attributes. However, since regret-rejoice is a combination of attribute-level 

regret-rejoice, we argue that the effect of rejoice may differ between attributes.  

Second, we wish to relax the property of loss aversion. Due to the shape of the 

regret function (convexity) in previous regret-rejoice models, the amount of rejoice 

approximates a certain, fixed value for large attribute-level differences, implying that 

regret looms larger than rejoice based on the principle of loss (regret) aversion (e.g. 

Tversky and Kahneman, 1991). However, while the amount of empirical evidence on 

loss aversion is overwhelming, there is also substantial evidence in psychology that the 

principle of loss aversion is violated in many decision contexts: sometimes individuals 

are neutral between loss and gain (e.g. Novemsky and Kahneman, 2005), sometimes 

they are even more sensitive to gain than loss (e.g. Weber and Champman, 2005; 

Harinck et al., 2007; Hayden and Platt, 2007; Hayden et al., 2008; Scholer et al., 2010; 

Heilbronner and Hayden, 2013; Madan et al., 2016).  

Furthermore, decisions of individuals are sometimes triggered to avoid negative 

feelings (e.g. Luce, 1998; Coricelli et al, 2005; Tronvoll, 2011; Malone and Lusk, 

2017), sometimes to experience positive feelings (e.g. Messick and Thorngate, 1967, 

Previte et al., 2015; Datu, 2016). Therefore, existing regret-rejoice models, which a 

priori can only capture the principle of loss aversion, are weak in detecting whether the 

principle is invalid for the data at hand.  

Third, we wish to relax the assumption of (almost) constant marginal utility. 

There is ample empirical evidence that marginal utility is dominantly decreasing with 

increasing attribute intensity (e.g. Tversky and Kahneman, 1991). If this finding would 

equally apply to attribute differences, marginal regret would also be dominantly 

decreasing with increasing attribute difference. However, all discussed regret-based 

choice models restrict marginal regret to be (almost) constant. 

 

11.3.1 First proposal: converging rejoice formulation 

The first way to represent rejoice in random regret models is based on the assumption 

that rejoice is linearly increasing for small attribute differences, and then converges to a 

certain value for larger attribute differences. 

 

                                                                           (11.11)  

 

Figure 11.1 represents the attribute-level regret-rejoice formulation of equation 11.11. 

The convex regret-rejoice function implies that individuals are neutral for regret and 

rejoice for small attribute differences. However, for large attribute differences, whereas 

regret is continuously increasing, rejoice converges to a maximum value when 

, representing loss (regret) aversion behavior. Parameter  which 
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indicates the converging (maximum) value of rejoice, should be less than or equal to 

zero. Therefore, the effect of rejoice depends on parameter . If  is estimated to be 

insignificantly different from 0, rejoice does not affect the evaluation of alternatives, 

implying the original attribute level regret function as shown in equation 1. Otherwise, 

if  has a certain negative value, rejoice has an effect in the decision-making process: 

a larger negative value of  implies stronger rejoice-dependent behavior. 

 This attribute-level regret can be defined in multi-alternatives choice sets based 

on the both RRmax and RRsum as shown in equations 11.12 and 11.13. 

 

                                                 (11.12)  

 

                                                       (11.13)  

 

When we define regret-rejoice associated with the chosen alternative against all non-

chosen alternatives as shown in equation 11.13, a smooth approximation of the model 

is the GRRlog (Chorus, 2014c). In addition, if parameter  has an extreme negative 

value , regret and rejoice are fully symmetric for attribute-level differences, 

implying the homogeneous relative utility model (Zhang et al., 2004). 

Then, if the negatives of the error terms are assumed to be independently, 

identically Gumbel distributed, the probability of choosing alternative i under the 

principle of regret-rejoice minimization (rejoice-regret maximization) is derived as  

 

                                                                                  (11.14) 

 

11.3.2 Second proposal: linear rejoice formulation  

Within the range of the converging rejoice value, the regret-rejoice function can 

represent only pure regret minimization, regret behavior, and at most neutral behavior. 

Therefore, to provide more flexibility, including rejoice seeking behavior and pure 

rejoice maximization behavior, we propose a linear regret-rejoice formulation. 

Rejoice is assumed to increase linearly with attribute differences:   
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Figure 11.1 Attribute-level regret-rejoice function when rejoice is converging for large 

attribute level difference (taste weight is assumed to be positive) 
 

Note that because of their definition, the sign of rejoice weight  should be the 

same as the sign of the regret weight  for a certain attribute k. In addition, 

individuals are assumed to evaluate an alternative in terms of the difference between 

regret and rejoice. Therefore, attribute-level regret-rejoice is formulated as 

 

                             (11.16) 

 

This assumption is similar to the generalized utility model proposed by Inman et al. 

(1997) under risky conditions with a single-attribute in binary choice sets. In this 

chapter, we apply the assumption under riskless conditions with multi-attributes in 

multi-alternatives choice sets. 

Figure 11.2 shows the attribute-level regret-rejoice formulation. The difference 

between regret and rejoice only depends on their taste weights. This attribute-level 

regret-rejoice formulation represents flexible reference-dependent preferences, 

dependent on the ratio
17

 of the taste weights for regret and rejoice , which 

can be interpreted as the degree of loss aversion (higher value of ratio means higher 

degree of loss aversion): 1) If the taste weight for rejoice is very close to zero or 

estimated to be insignificantly different from zero , the regret-rejoice 

model represents the pure regret-minimization model; 2) If the absolute taste weight for 

                                                      

17 Note that since the taste weight for regret and rejoice should have the same signs by definition, the ratio of 

the taste weights for regret and rejoice should be non-negative. 
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regret is larger than for rejoice , regret looms larger than rejoice, 

indicating regret-averse behavior; 3) If the taste weights are the same , 

individuals are neutral between regret and rejoice. This implies the homogeneous 

relative utility model (Zhang et al., 2004). Chorus (2014c) showed that when regret-

rejoice is defined against all non-chosen alternatives, this neutral behavior generates the 

same choice predictions as under (linear-additive) utility maximization behavior when 

considering the number of alternatives in choice set; 4) If the absolute taste weight for 

regret is larger than for rejoice , regret looms smaller than rejoice, 

indicating rejoice-seeking behavior; 5) If the taste weight for regret is very close to zero 

or estimated to be insignificantly different from zero , the regret-rejoice 

model represents the pure rejoice-maximization model. 

When the utility of  is monotonically increasing in x, rejoice is generated 

when the attribute-value of the chosen alternative is larger than the attribute value of 

the non-chosen one . On the other hand, when the utility is monotonically 

decreasing, rejoice is generated when the attribute-value of the chosen alternative is 

smaller than that of the non-chosen one . Rejoice is also generated by the 

semi-compensatory decision rule expressed by the min operator. Since rejoice is the 

counterpart of regret, rejoice is represented as a negative value, whereas regret has a 

positive value. Note that the taste weights for regret  and rejoice  are expected 

to have the same sign for a certain attribute k. 

According to the additivity assumption of attribute-level regrets, 

 

 
Figure 11.2 Attribute-level regret-rejoice function when rejoice is linearly increasing 
(taste weight is assumed to be positive: Red line - case of loss (regret)-aversion behavior, Green 

line - case of neutral behavior, Blue line - case of gain (rejoice)-seeking behavior)  
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                                                                                        (11.17) 

 

Then, this regret-rejoice model can also be defined for multi-alternative choice sets: 1) 

RRmax-based (equation 11.18), and 2) RRsum-based (equation 11.19). 

 

                                                                                            (11.18) 

 

                                                                                               (11.19) 

 

Assuming that the negatives of the error terms are identically and independently 

Gumbel distributed, the principle of random regret minimization leads to the choice 

probability, expressed in equation 11.20. 

 

                                                                                         (11.20) 

 

11.3.3 Third proposal: varying marginal sensitivity  

The linear assumptions about regret and rejoice imply that the marginal sensitivity of 

attribute-level differences is constant within the regret/rejoice domain. For example, the 

attribute-level linear regret-rejoice formulation in equation 30 assumes that the 

marginal effect of attribute-level differences is  across the regret domain, and   

across the rejoice domain. However, this assumption may be invalid in some decision 

contexts. The logarithmic version of regret assumes that the sensitivity is increasing in 

the regret domain due to its convex shape. It is well-known that the marginal sensitivity 

with respect to attribute value is often not constant: it is dominantly decreasing and 

sometimes even increasing (e.g. Levy and Levy, 2002).  

Therefore, we propose a regret-rejoice formulation that allows capturing these 

varying sensitivities. Regret and rejoice are defined using power coefficients ( RG

k  and 

RJ

k ) to capture the marginal sensitivity effect, as shown in equations 11.21 and 11.22. 

 

max[0,{ ( )} ]; ( ) 0
RG
kRG RG RG

ijnk k jnk ink k jnk inkx x if x x
                                       (11.21) 

 

max[0,{ ( )} ]; ( ) 0
RJ
kRJ RJ RJ

ijnk k ink jnk k ink jnkx x if x x
                                       (11.22) 

 

( )RG RJ

ijn ijnk ijnk

k

RGJ   

max[ ]in ijn
j i

RGJ RGJ




[ ]in ijn

j i

RGJ RGJ




exp( ( ) )

exp( ( ) )

in

in

jn

j

RGJ
P

RGJ






RG

k
RJ

k



Part III. Issues in Rejoice 

 254 

 
(a) 

 

 

 
(b) 

Figure 11.3 Attribute-level regret-rejoice function representing marginal sensitivity 

(taste weight is assumed to be positive) 
(a) decreasing marginal sensitivity 

(b) increasing marginal sensitivity 
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Since the power coefficients ( RG

k  and RJ

k ) should be non-negative, we use an 

exponential transformation: 

 

exp( )RG RG

k k                                                                                                        (11.23) 

 

exp( )RJ RJ

k k                                                                                                        (11.24) 

 

If parameter  is estimated to be negative, it indicates that individuals’ marginal 

sensitivity with respect to attribute differences of attribute k is decreasing. Otherwise, if 

it is positive, marginal sensitivity is increasing. If it is estimated to be insignificantly 

different from zero, it indicates the absence of variation in marginal sensitivity, and 

hence the functions of regret and rejoice become linear as shown in equation 11.16. 

Based on equations 11,23 and 11.24, if parameter  is negative, a smaller value of  

means that the marginal sensitivity is more decreasing with increasing attribute 

differences. Otherwise, when parameter  is positive, a higher value of  means that 

the marginal sensitivity is more increasing with increasing attribute differences. 

Figure 11.3 represents the attribute-level regret-rejoice formulation incorporating 

variation in marginal sensitivity. If the marginal sensitivity is decreasing (Figure 11.3-

a), parameters  and  are negative, and the regret-rejoice formulation shows an 

S-shape curve. Otherwise, when the marginal sensitivity is decreasing (Figure 11.3-b), 

parameters  and  are positive, and the regret-rejoice formulation shows a 

reverse S-shape curve.   

 

 

11.4 Model properties 

11.4.1 Binary choice sets 

In this section, it will be shown the proposed models generate different results 

compared to the pure regret-minimization models (RRmax, RRsum). Let us assume a 

binary condition with alternative routes A and B. Note that under these conditions the 

original regret model generates the same output as the linear-additive random utility 

maximization models (Chorus et al., 2008). The travel time of route A varies from 10 

to 40 minutes, while the travel time for route B is fixed at 20 minutes. Let the regret 

weight for travel time be equal to -0.1. 

Assume rejoice is converging, whereas regret is linearly increasing as shown in 

equation 11.11. Then, the converging value of rejoice is varied as . 

k

k k

k k
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 If the travel time of route A is smaller than 30 minutes, route A is the shortest path. 

Therefore, individuals feel rejoice when considering route A, and regret 

considering route B. 

 

 Otherwise, when the travel time of route A is higher than 30 minutes, route B is 

the shortest path. Individuals feel regret when considering route A, and rejoice 

considering route B. 

 

 Whereas regret varies linearly, rejoice is affected by the attribute range. 

 

 When the converging value of rejoice is zero , the model is equivalent to 

the RRmax model. Note that the original regret model generates the same choice 

probability as the linear-additive random utility maximization model (Chorus, et 

al., 2008) under the specified conditions.  

 

 When the converging value of rejoice is one ,  

o If the travel time of route A is smaller than 20 minutes, rejoice for route A 

is constant since it already converged to its maximum value: 

 

       ( ) max[ , ( )] max[ 1, 0.1*(20 )] 1An t t Bnt Ant AntRG RJ x x x           

 

o Otherwise, when the travel time of route A is between 20 and 30 minutes,  

rejoice for route A varies linearly: 

 

       
( ) max[ , ( )] max[ 1, 0.1*(20 )]

0.1*(20 )

An t t Bnt Ant Ant

Ant

RG RJ x x x

x

       

  
 

 

o  If the travel time of route B is between 30 and 40 minutes, rejoice for 

route A is varies linearly:  

 

       
( ) max[ , ( )] max[ 1, 0.1*( 20)]

0.1*( 20)

Bn t t Ant Bnt Ant
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RG RJ x x x
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o  If the travel time of route B higher than 40 minutes, rejoice for route A is 

constant: 

 

     
( ) max[ , ( )] max[ 1, 0.1*( 20)] 1Bn t t Ant Bnt AntRG RJ x x x         
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 When the converging value of rejoice is two , regret and rejoice always 

vary linearly: 

( ) max[ , ( )] max[ 2, 0.1*(20 )] 0.1*(20 )An t t Bnt Ant Ant AntRG RJ x x x x            

 

   

( ) max[ , ( )] max[ 2, 0.1*( 20)] 0.1*( 20)Bn t t Ant Bnt Ant AntRG RJ x x x x            

 

 When higher converging values of rejoice than two  do not have any 

effect on the choice probability, compared to the case when the converging value 

of rejoice is two . 

 

Figure 11.4 shows that the variation in the converging value of rejoice affects the 

probability of choosing route A. Incorporating rejoice increases the probability of 

choosing the shortest path. As the maximum converging value of rejoice ( )t  

increases, the probability of choosing the shortest path also increases. Now assume 

rejoice is varied linearly as shown in equation 11.16. Then, the rejoice weight for the 

travel time ( )RJ

k  is varied as 0 (pure regret minimization behavior), -0.05 (regret-

aversion behavior), -0.1 (regret-aversion behavior), -0.2 (rejoice-seeking behavior), and 

-1.0 (close to pure rejoice maximization behavior).  Figure 11.5 shows the effect of 

rejoice on the probability of choosing route A. An increasing rejoice weight, meaning a 

decrease in the degree of loss aversion (b
k

RG / b
k

RJ ) , generates a higher probability of 

choosing the shortest route. When the rejoice weight is -1.0 (close to pure rejoice 

maximization behavior), the choice behavior is very close to the deterministic decision-

making process (e.g. shortest path algorithm).  

Then, assume travelers’ marginal sensitivity of travel time differences varies. The 

power coefficients vary ( RG

k  and RJ

k ) between 0.5, 1, and 1.5, while the taste weights 

for regret and rejoice are fixed at -0.1, and -0.05 respectively 0.1; 0.05RG RJ

k k     . 

Figure 11.6 shows how variation in marginal sensitivity affects the probability of 

choosing route A. If the marginal sensitivity is decreasing ( 0.5RG RJ

k k   ), the 

probability of choosing route A is less sensitive to changes in the travel time of route A 

when the travel time difference between route A and B is higher, while it is very 

sensitive to changes in the travel time of route A when the travel times of routes A and 

B are similar.  Otherwise, if the marginal sensitivity is decreasing ( 1.5RG RJ

k k   ), 

the probability of choosing route A is more sensitive to changes in the travel time of 

route A when the travel time difference between routes A and B is higher. It is less 

( 2)t  

( 2)t  

( 2)t  
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sensitive to changes in the travel time of route A when the travel times of route A and 

B is similar.   

 

 

Figure 11.4 Choice probability to choose route A by variation of converging value of 

rejoice 

 

 

 

Figure 11.5 Choice probability to choose route A by variation of rejoice weight 
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Figure 11.6 Choice probability to choose route A by variation in marginal sensitivity 

 

 

 

Figure 11.7 Choice probabilities for regret-only model and converging rejoice model 

(ρ=-1, the latter in dotted lines) in compromise choice set 
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11.4.2 Compromise effect 

One of the motivations underlying the formulation of random regret minimization 

models was to formulate a model that can capture empirically observed compromise 

effects. A compromise effect indicates that an individual is more likely to choose the 

middle option in a choice set rather than the extreme options. In many decision 

contexts, individuals have been observed to avoid extremes. 

In this section, we analyze how the proposed models capture compromise effects. 

The example of the compromise choice set is taken from Chorus (2012). Assume a 

choice situation between three alternatives (A, B, and C), which are described in terms 

of two attributes and . The taste weights of regret for the attributes are assumed to 

be same . The alternatives A and C take on relatively extreme 

positions on the two attributes, whereas alternative B is a compromise alternative: 

A={1,3}, B={2+Δ, 2-Δ}, C={3, 1} (Δ is varying between -1 and 1). Regret is assumed 

defined against all non-chosen alternatives. 

Figure 11.7 shows how choice probabilities differ between the regret-only model 

and the converging rejoice model (ρ = -1). First, the regret-only model shows that 

individuals prefer to choose alternative B, even if the utilities of all alternatives are the 

same. This is called the compromise effect or extremeness aversion (e.g. Simonson and 

Tversky, 1992). This effect is strongest when Δ is zero. Second, incorporation of 

rejoice decreases the choice probabilities of compromise alternative B. Only when Δ is 

zero, the compromise effect is the same as for the regret-only model. This is because 

the choice probability only depends on the regret difference (the regret in regret only 

model is ; regret in the converging rejoice model is 

). 

Figure 11.8 shows the choice probabilities for the regret-only model and the linear 

rejoice model. First, we explore how the compromise effect is changed in a regret-

aversion context . By incorporating rejoice, individuals prefer less to 

choose compromise alternative B than in the regret-only model. However, compared to 

extreme alternatives A and C, the compromise alternative B still has the highest choice 

probability (Figure 11.8-a). Second, when individuals are neutral between regret and 

rejoice, the same sensitivity to attribute differences is observed in the regret and rejoice 

domains ; there is no compromise effect. Individuals have the same 

preference for the three alternatives (Figure 11.8-b). Third, when rejoice looms larger 

than regret , individuals prefer extreme alternatives A or C. The 

compromise alternative B has the lowest choice probability in the choice set (Figure 

1x 2x

1 2( 1)RG RG  

3, 2, 3A B CRG RG RG  
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11.8-c). This is the opposite of the compromise effect, called extremeness seeking. 

Gourville and Soman (2007) reported empirical evidence of extremeness seeking 

behavior. In marketing, such behavior is more likely when choice sets are non-

alignable, making trade-offs more complicated (for a more detailed discussion, see 

Leong and Hensher, 2012). 

 

 

 
(a) 

 

 
(b) 
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(c) 

 

 

 

 
(d) 

Figure 11.8 Choice probabilities for regret-only model and linear rejoice model in 

compromise choice set 
(a) regret-aversion (the latter in dotted lines) in linear rejoice 

(b) neutral (the latter in dotted lines) in compromise choice set in linear rejoice 

(c) rejoice-seeking (the latter in dotted lines) in linear rejoice 

(d) rejoice-only (the latter in dotted lines) in linear rejoice 
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(a) 

 

 

 
(b) 

Figure 11.9 Choice probabilities for constant marginal sensitivity and varying marginal 

sensitivity in compromise choice set 
(a) decreasing marginal sensitivity (the latter in dotted lines) 

(b) increasing marginal sensitivity (the latter in dotted lines) 
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Finally, we examine the rejoice-only model . 

While the regret-only model represents higher extremeness aversion, the compromise 

alternative B has a much higher choice probability (more than 40 percent). The rejoice-

only model represents higher extremeness seeking behavior; the compromise 

alternative B has a much lower choice probability (< 20 percent). Therefore, we can 

argue that the effect of regret (negative emotion) and rejoice (positive emotion) 

depends on individuals’ personality when making a choice. If they prefer to avoid 

extreme alternatives (extremeness aversion, compromise effect), the decision-making 

process depends more on regret than rejoice, even only on regret. Otherwise, if they 

prefer to seek extreme alternatives (extremeness seeking), the decision-making process 

depends more on rejoice than regret, even only on rejoice. 

Therefore, it can be concluded that a compromise choice is induced when the 

decision-making process only depends on negative emotion (regret) or when negative 

emotion (regret) has a higher effect than positive emotion (rejoice) in the decision-

making process. Otherwise, when the decision-making process only depends on 

positive emotion (rejoice), or when positive emotion (rejoice) has more effect than 

negative emotion (regret), individuals tend to choose extreme alternatives. As 

discussed, the emotions depend on the decision context.    

Figure 11.9 shows how choice probabilities change as a result of variation in 

marginal sensitivity. Based on regret-aversion , the case of 

decreasing marginal sensitivity  and increasing marginal sensitivity 

 are examined. The tendency is that when marginal sensitivity is 

decreasing (Figure 11.9-a), the compromise effect becomes less pronounced, whereas it 

is becomes more pronounced when marginal sensitivity is increasing (Figure 11.9-b). 

 

 

11.5 Empirical evidence 

In this section, the ability of the model specifications to reproduce observed choice 

probabilities is empirically assessed and their performance is compared. Two data sets 

are used. The first data set concerns revealed transport mode preferences in the context 

of individuals’ daily travel behavior. The second data set is about stated shopping 

preferences for hypothetical shopping centers. 

Because Ben-Akiva & Swait’s test (1986) is based on Akaike's Information 

Criterion (AIC), which tends to prefer the larger (number of parameters) model if the 

sample size is big enough, the Bayesian Information Criterion (Schwarz, 1978) is also 

calculated. In addition, a K-fold cross-validation test was conducted for each model and 

data set. The 2-norms statistic was used in this test. 
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11.5.1 First case study: revealed preference 

11.5.1.1  Data description 

For the first case study, the MON (Mobiliteit Onderzoek Nederlands - the Dutch 

National Travel Survey) data, collected in 2009, was used to estimate the regret models 

(for a detailed description, see Chapter 3.5.2.1).  

 

11.5.1.2  Estimation results 

Table 11.1 compares the model fit of the proposed regret-rejoice models and previous 

regret-based choice models (RRmax, RRsum, RRlog, GRRlog)
18

. All the proposed 

regret-rejoice models outperform these previously suggested regret-based choice 

models. The final likelihood value is lower and the Ben-Akiva & Swait test (1986) for 

non-nested choice models based on adjusted rho-squared supports this conclusion. 

The detail estimation results of the existing and proposed regret-rejoice models 

are shown in Table 11.2. All t-values indicate the parameters are statistically significant 

at the 95 % significance level. Their signs are consistent with theoretical anticipations. 

Common for all specifications, rejoice has a significant effect in the decision-making 

process for both attributes, travel time and travel distance. 

 

11.5.1.2.1 Regret-rejoice against the best non-chosen alternative 
When regret-rejoice associated with the chosen alternative is defined against the best 

non-chosen alternative (Table 11.2), the converging rejoice model outperforms the 

RRmax model. The probability that RRmax outperforms the converging rejoice model 

is zero  according to Ben-Akiva & Swait’s test (1986) for non-

nested choice models. Whereas regret increases linearly, for travel time rejoice 

increases until 2.3144 and then converges. For travel distance, rejoice increases until 

0.4950 and then converges. High t-statistic values for parameter  for both travel time 

and travel distance indicate the influence of rejoice in the choice process. 

The second proposed model, the linear rejoice formulation, shows better 

performance than the RRmax, and converging rejoice model. Based on Ben-Akiva & 

Swait’s test (1986) for non-nested choice models, the probability that the original regret 

model is superior to the linear regret-rejoice model is zero  and 

the probability that the converging rejoice model is superior to the linear regret-rejoice 

                                                      

18  We unsuccessfully tried to estimate μRRlog with the scale parameter. Since this implies that the μRRlog 

collapses into logarithmic regret model, we do not reported the results of RRlog in this study. 
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model is zero . This may be due to the expression of rejoice for 

large attribute-level differences. The regret parameters are higher than the rejoice 

parameters, indicating loss aversion behavior. The degree of loss aversion, measured in 

terms of the ratio of the parameters of regret and rejoice, is  

for travel time and for travel distance. Therefore, the degree 

of loss aversion is higher for travel distance. We can interpret this finding to indicate 

that individuals avoid regret more when they consider travel distance compared to 

travel time. Compared to the converging rejoice formulation, whereas rejoice is smaller 

for low superiority, it is larger for high superiority. 

The third proposed regret-rejoice model, incorporating varying marginal 

sensitivity, outperforms the original regret model and the converging rejoice model 

(Figures 11.10-a and 11.10-b). The probability that the RRmax model is superior to the 

varying marginal sensitivity regret-rejoice model is zero . The 

probability that the converging rejoice model is superior to the varying marginal 

sensitivity regret-rejoice model is zero , and the probability that 

the linear regret-rejoice model outperforms the varying marginal sensitivity regret-

rejoice model is also zero . All t-statistic values indicate that the 

estimated values are statistically significant.  

The estimated parameters for variation in marginal sensitivity (ξ) are all negative, 

implying that individuals’ marginal sensitivities are decreasing with increasing attribute 

differences for both attributes and for both regret and rejoice: 1) the value of parameter 

ξ is lower for rejoice than regret for both attributes. This implies that the marginal 

sensitivity is more decreasing with increasing superiority than increasing inferiority; 2) 

the value of parameter ξ is lower for travel distance than travel time for both regret and 

rejoice. This indicates that the marginal sensitivity is more decreasing with increasing 

travel distance differences than increasing travel time differences. Thus, the estimation 

results represent loss (regret) aversion behavior. The degree of loss aversion, measured 

as the ratio of the parameters for regret and rejoice, is  for 

travel time and  for travel distance. Therefore, allowing for 

varying marginal sensitivity suggests slightly higher loss aversion behavior. 
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11.5.1.2.2 Regret-rejoice against all non-chosen alternatives 

When regret-rejoice for the chosen alternative is defined against all non-chosen 

alternatives (Table 11.3), the converging rejoice model formulation outperforms 

RRsum. Based on Ben-Akiva & Swait’s test (1986) for non-nested choice models, the 

probability that the RRsum model outperforms the converging rejoice model is zero 

. Rejoice for travel time increases until 1.6430 and then 

converges. For travel distance, it increases until 0.3616 and then converges. 

These maximum rejoice values are lower than the values when regret-rejoice for 

the chosen alternative is defined against the best non-chosen alternative only. In case of 

the linear regret-rejoice model, the predictive power of this model is superior to the 

RRsum model, and the converging rejoice model. The probability that that the RRsum 

model is superior to the linear regret-rejoice model is zero , 

while the probability that the converging rejoice model is superior to the linear regret-

rejoice model is zero , based on Ben-Akiva & Swait’s test (1986). 

However, the predictive power of the linear regret-rejoice model against all non-chosen 

alternatives is slightly lower than the corresponding model against the best non-chosen 

alternative only. Again, the linear regret-rejoice model shows loss (regret) aversion 

behavior. 

The degree of loss aversion, measured in terms of the ratio of the parameters for 

regret and rejoice, is  for travel time and  

for travel distance. Compared to the previous case when regret-rejoice was defined 

against the best non-chosen alternative only, the degree of loss aversion is larger for 

travel time but the degree becomes slightly higher when regret-rejoice is defined 

against all non-chosen alternatives. Compared to the converging rejoice model, the area 

of rejoice is much wider. 

As for the third proposed regret-rejoice model, which allows for varying marginal 

sensitivity, its predictive power is higher than for the modified original regret model, 

and the other two newly proposed regret-rejoice specifications. The probability that the 

modified original regret model outperforms the varying marginal sensitivity regret-

rejoice model is zero . The probability that the converging 

rejoice model is superior to the varying marginal sensitivity regret-rejoice model is 

zero , and the probability that the linear regret-rejoice model 

outperforms the varying marginal sensitivity regret-rejoice model is also zero 

. As in the case that regret-rejoice is defined against the best 

non-chosen alternative only, the estimated parameters for variation in marginal 

sensitivity (ξ) are all negative, implying that individuals’ marginal sensitivities are 
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decreasing with increasing attribute differences for both attributes and for both regret 

and rejoice. The value of parameter ξ is lower for rejoice than regret for both attributes 

and the value of parameter ξ is lower for travel distance than travel time for both regret 

and rejoice. The value of parameter ξ is lower when regret and rejoice are defined 

against all non-chosen alternatives, implying a higher increase in marginal sensitivity 

than against the best non-chosen alternative. 

 

11.5.1.3  Validation results 

To validate the estimation results, the K-fold cross validation test was applied. Splitting 

the data randomly into six different subsets, the models were estimated pooling five 

subsets, and using the sixth subset for validation. By repeating this procedure six times, 

each subset is used for validating the model once. 

Figure 11.11 shows the results of the cross-validation test. Figure 11.11-a is based 

on the definition of regret-rejoice against the best non-chosen alternative only. Figure 

11.11-b is based on the definition of regret-rejoice against all non-chosen choice 

alternatives. Generally, estimation results across the five subsets are similar to the 

estimation results of the full data set. Although a few fluctuations can be observed, the 

newly proposed regret-rejoice models show better performance than the existing regret-

rejoice models. 

 

Table 11.1 Comparison of model fit among flexible regret-rejoice models –  

first case study 

Mode choice 

Final 

log-

likelihood 

Rho-

squared 

Adj. 

Rho-

squared 

Proposed 

regret-

rejoice 

models 

RRmax-

based 

Converging rejoice -984.635 0.226 0.223 

Linear rejoice -958.774 0.246 0.243 

Variation in 

marginal sensitivity 
-905.054 0.289 0.282 

RRsum-

based 

Converging rejoice -987.335 0.224 0.221 

Linear rejoice -965.394 0.241 0.238 

Variation in 

marginal sensitivity 
-915.837 0.280 0.274 

RRmax -1015.838 0.202 0.200 

RRsum -1012.287 0.204 0.203 

RRlog -1034.352 0.187 0.185 

GRRlog -990.175 0.222 0.219 
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Table 11.2 Estimation results of converging rejoice models against the best non-chosen alternative – first case study 

Mode choice 

RRmax-based 

Previous 

regret model 
Proposed regret-rejoice models 

Original regret Converging Rejoice Linear Rejoice 
Variation 

in marginal sensitivity 

β_regret_travel time (t-value) -0.1152 (-14.97) -0.0913 (-23.58) -0.0927 (-22.11) -0.0802 (-4.52) 

β_regret_travel distance (t-value) -0.5222 (-13.01) -0.2661 (-17.38) -0.2814 (-14.31) -0.2293 (-3.46) 

ρ_rejoice_travel time (t-value)  -2.3441 (-5.34)   

ρ_rejoice_travel distance (t-value)  -0.4950 (-7.29)   

β_rejoice_travel time (t-value)   -0.0712 (-3.52) -0.0640 (-2.82) 

β_rejoice_travel distance (t-value)   -0.1729 (-4.78) -0.1431 (-2.26) 

ξ _regret_travel tme (t-value)    -0.0843 (-5.41) 

ξ _regret_travel distance (t-value)    -0.3057 (-7.62) 

ξ _rejoice_travel time (t-value)    -0.1563 (-10.21) 

ξ _rejoice_travel distance (t-value)    -0.3366 (-8.97) 

Final log-likelihood -1015.838 -984.635 -958.774 -905.054 

Rho-squared 0.202 0.226 0.246 0.289 

Adj. Rho-squared 0.200 0.223 0.243 0.282 
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Table 11.3 Estimation results of converging rejoice models against all non-chosen alternatives – first case study 

Mode choice 

RRsum-based 

Previous 

regret model 
Proposed regret-rejoice models 

Original regret Converging Rejoice Linear Rejoice 
Variation 

in marginal sensitivity 

β_regret_travel time (t-value) -0.0614 (-14.10) -0.0426 (-23.14) -0.0445 (-21.69) -0.0397 (-5.34) 

β_regret_travel distance (t-value) -0.3250 (-12.56) -0.1491 (-16.52) -0.1707 (-15.50) -0.1362 (-3.18) 

ρ_rejoice_travel time (t-value)  -1.6430 (-5.02)   

ρ_rejoice_travel distance (t-value)  -0.3616 (-6.53)   

β_rejoice_travel time (t-value)   -0.0327 (-4.31) -0.0296 (-3.45) 

β_rejoice_travel distance (t-value)   -0.1014 (-3.90) -0.0832 (-2.89) 

ξ _regret_travel time (t-value)    -0.1255 (-5.04) 

ξ _regret_travel distance (t-value)    -0.3411 (-6.39) 

ξ _rejoice_travel time (t-value)    -0.1861 (-8.75) 

ξ _rejoice_travel distance (t-value)    -0.3785 (-8.42) 

Final log-likelihood -1012.287 -987.335 -965.394 -915.837 

Rho-squared 0.204 0.224 0.241 0.280 

Adj. Rho-squared 0.203 0.221 0.238 0.274 
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Table 11.4 Direct choice elasticities: Comparison between previous regret model and proposed regret-rejoice models – first case study 
(a) against the best non-chosen alternative 

(b) against all non-chosen alternatives 

Mode choice 
Against the best non-chosen alternative (RRmax-based) 

Previous regret model Proposed regret-rejoice models 

Attributes Original Regret Converging Rejoice Linear Rejoice 
Variation 

in marginal sensitivity 

Travel time -1.55 -1.51 -1.42 -1.44 

Travel distance -1.73 -1.60 -1.49 -1.55 

(a) 

Mode choice 
Against all non-chosen alternatives (RRsum-based) 

Previous regret model Proposed regret-rejoice models 

Attributes Original Regret Converging Rejoice Linear Rejoice 
Variation 

in marginal sensitivity 

Travel time -2.06 -1.79 -1.66 -1.71 

Travel distance -2.35 -2.02 -1.83 -1.99 

(b) 
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(a) 

 

 

 

 
(b) 

Figure 11.10 K-fold cross-validation test – first case study 

(a) definition against the best non-chosen alternative 

(b) definition against all non-chosen alternatives 
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The model, which allows for varying marginal sensitivity of regret-rejoice 

consistently shows the best result.  

 

11.5.1.4  Elasticity analysis 

Table 11.4 shows the mean direct elasticity for each variable. It indicates that compared 

to only considering regret in decision-making process, in all cases, inclusion of rejoice 

results in a lower elasticity. The variation is higher for travel distance than travel time, 

and the variation is much higher when regret-rejoice is defined against all non-chosen 

alternatives (Table 11.4-b) than against the best non-chosen alternative only (Table 

11.4-a). Moreover, the linear regret-rejoice model shows a lower elasticity than the 

converging rejoice model. Elasticity is slightly higher for the varying marginal 

sensitivity regret-rejoice model. 

 

11.5.2 Second case study: stated preference data 

11.5.2.1 Data description 

The second case study is based on a stated choice experiment constructed to analyze 

consumer choice of shopping center (for a detailed description, see Chapter 3.4.1.1). 

 

11.5.2.2 Estimation results 

Table 11.5 shows model fits to compare the proposed regret-rejoice models and 

existing regret-based choice models. The proposed models are generally superior to the 

existing models. The only exception is the converging rejoice model defined against all 

non-chosen alternatives. This model has a higher final-likelihood value than the 

generalized logarithmic regret model. However, since the difference between the final-

likelihood values is small, statistically we cannot, say which model is better. 

Table 11.6 shows the estimation results for the classic and newly proposed regret-

rejoice models
19

. Whereas regret is effectively processed for all three variables, rejoice 

is only valid for parking fee. This implies that while regret for the chosen alternative 

always has an effect on the decision-making process, rejoice for the chosen alternative 

has an effect only for parking fee. Thus, whereas respondents considered negative 

emotions for all attributes, they considered a positive emotion only for the most 

important attribute in choosing between the hypothetical shopping centers. With the re-

estimation, fixing non-significant parameters are 0, all parameters are significant at the 

95 % significance level. Their signs are consistent with theoretical anticipations.  

 

                                                      

19  The scale factor in the μRRlog (van Cranenburgh et al., 2015) is also not identifiable in this data set. 
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11.5.2.2.1 Regret-rejoice against the best non-chosen alternative 

When regret-rejoice for the chosen alternative is defined against the best non-chosen 

alternative (Table 11.6), the proposed converging rejoice model is superior to the 

RRmax model. The probability that the RRmax model outperforms the converging 

rejoice model rejoice is zero  based on Ben-Akiva & Swait’s test 

(1986) for non-nested choice models. While regret is linearly increasing with 

increasing inferiority, rejoice for parking fee is converging to 0.6015 even for high 

superiority. Considering that the parking fee levels are 0.5, 1.0, 1.5, 2.0 euros, and 

therefore parking fee differences are 0, 0.5, 1.0, 1.5, rejoice still increases when the 

difference is between 0 and 0.5 (  

). However, when the difference is between 0.5 and 1.0 rejoice has already 

reached its converging value. Further, when the difference is even 1.5, rejoice is the 

same  

The second proposed linear rejoice model outperforms the RRmax model and the 

converging rejoice model. Ben-Akiva & Swait’s test (1986) indicates that the 

probability that RRmax is superior to the linear regret-rejoice model is zero 

, and the probability that the converging rejoice model is 

superior to the linear regret-rejoice model is zero . Compared to 

the first case study, the difference between the linear and converging rejoice model is 

smaller. This may be related to the attribute range. More specifically, when the range of 

attribute differences is wider (first case), the area (extent) of rejoice is quite differently 

represented by the models (area of rejoice is much wider with linear rejoice). However, 

when the attribute range is smaller, the representation of rejoice differs between the 

models, but the area of rejoice is similar. For the parking fee, the ratio between regret 

and rejoice weights is higher than one , indicating loss (regret) aversion 

behavior. The degree of loss aversion is . Considering parking 

fee, rejoice is linearly increasing until , which is larger 

than the converging value in the first proposed model.  

The third proposed regret-rejoice model incorporating variation in marginal 

sensitivity is superior to the RRmax model and all other proposed regret-rejoice models. 

The probability that RRmax is superior to the varying marginal sensitivity regret-

rejoice model is zero , the probability that the converging rejoice 

model outperforms the varying marginal sensitivity regret-rejoice model is zero 

, and the probability that the linear regret-rejoice model 

outperforms the varying marginal sensitivity regret-rejoice model is also zero 

( ( 9.1963) 0)p  

max[-0.6015,-0.9646*0.5]= max[-0.6015,-0.4732]=

-0.4732

max[-0.6015,-0.9646*1.5]= max[-0.6015,-1.4196]= -0.6015

( ( 10.4690) 0)p  

( ( 5.8336) 0)p  

1
RG

c

RJ

c






0.9299
1.4206

0.6546

RG

c

RJ

c






 


max[0, 0.6546*1.5] 0.9819   

( ( 14.1133) 0)p  

( ( 11.1182) 0)p  
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. All t-statistic values for the variation in marginal sensitivity ξ 

are statistically significant, meaning that the marginal sensitivity for attribute 

differences varies. The estimated parameter values are all negative, implying that 

individuals’ marginal sensitivities are decreasing with increasing attribute differences 

for both attributes and for both regret and rejoice. Compared to the first case study, the 

values are lower, implying higher variation in marginal sensitivity. The degree of loss 

aversion for parking fee, measured as the ratio of parameters for regret and rejoice, is 

. Therefore, as in the first case study, inclusion of variation in 

marginal sensitivity generates slightly higher loss aversion behavior. Therefore, by 

incorporating variation in marginal sensitivity, the shape of the regret-rejoice function 

shows a symmetric S-shaped curve. 

 

11.5.2.2.2 Regret-rejoice against all non-chosen alternatives 

When regret-rejoice for the chosen alternative is defined against all non-chosen 

alternatives (Table 11.7), as in the previous case study, all proposed regret-rejoice 

models are superior to the RRsum model specification: i) the rejoice converging regret-

rejoice model outperforms RRsum. According to Ben-Akiva & Swait’s test (1986) for 

non-nested choice models, the probability that the RRsum is superior is zero 

. Rejoice for parking fee increases until 0.3331, which is lower 

than for the model defined against the best non-chosen alternative. The second linear 

rejoice model is superior to the RRsum model and converging rejoice model: The 

probability that the RRsum model is superior to the linear rejoice model is zero 

, and the probability that the converging rejoice model is 

superior to the linear rejoice model is zero  based on Ben-Akiva 

& Swait’s test (1986) for non-nested choice models. As in the case of the best non-

chosen alternative, the difference between the linear rejoice model and converging 

rejoice model is small. Compared to the converging rejoice model, whereas rejoice is 

lower for small superiority, it is higher for large superiority. The degree of loss 

aversion, measured as the ratio of parameters for regret and rejoice, is 

for parking fee, which is slightly lower than for the case 

where regret is defined against the best non-chosen alternative. The varying marginal 

sensitivity regret-rejoice model shows the best performance: i) The probability that 

RRsum outperforms the varying marginal sensitivity regret-rejoice model is zero 

, ii) the probability that the converging rejoice model is superior 

to the varying marginal sensitivity regret-rejoice model is zero , 

( ( 9.4649) 0)p  

1.1387
1.6638

0.6844
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c
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( ( 12.6746) 0)p  

( ( 13.3289) 0)p  
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and iii) the probability that the linear regret-rejoice model outperforms the varying 

marginal sensitivity regret-rejoice model is also zero .  

 

11.5.2.3  Validation results 

The K-fold cross validation is conducted to validate the estimation results. In total, 11 

subsets (K = 11) were constructed, randomly assigning the respondents to the subsets. 

Of the 11 subsets, 10 subsets were used to estimate the models, while the one 

remaining subset was used to validate the estimation results. This process is repeated 

11 times using all subsets as validation data. 

The results of the cross-validation test are shown in Figure 11.11. They quantify 

the predictive success of the estimated model. Akin to the estimation results for the full 

data set, the results of the 11 fold cross-validation test indicate that the inclusion of 

rejoice is always better than only considering regret. Although a few fluctuations can 

be observed, the linear regret-rejoice model is better than the converging rejoice model, 

and the incorporation of variation in the marginal sensitivity produces the best results. 

 

Table 11.5 Comparison of model fit among flexible regret-rejoice models - 

second case study 

Shopping center choice 

Final 

log-

likelihood 

Rho-

squared 

Adj. 

Rho-

squared 

Proposed 

regret-

rejoice 

models 

RRmax-

based 

Converging 

rejoice 
-2831.630 0.334 0.333 

Linear rejoice -2805.773 0.340 0.339 

Variation in 

marginal 

sensitivity 

-2756.184 0.352 0.350 

RRsum-

based 

Converging 

rejoice 
-2876.363 0.323 0.323 

Linear rejoice -2865.766 0.326 0.325 

Variation in 

marginal 

sensitivity 

-2823.029 0.336 0.334 

RRmax -2863.021 0.327 0.326 

RRsum -2954.570 0.305 0.304 

RRlog -2907.148 0.317 0.316 

GRRlog -2874.925 0.324 0.323 

( ( 8.5187) 0)p  
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Table 11.6 Estimation results of converging rejoice models against the best non-chosen alternative – second case study 

Mode choice 

RRmax-based 

Previous 

regret model 
Proposed regret-rejoice models 

Original regret Converging rejoice Linear rejoice 
Variation 

in marginal sensitivity 

β_regret_travel time (t-value) -0.0592 (-36.45) -0.0481 (-34.11) -0.0602 (-33.60) -0.1567 (-25.71) 

β_regret_parking dee (t-value) -1.3415 (-25.67) -0.9646 (-22.67) -0.9299 (-21.69) -1.1387 (-20.82) 

β_regret_number of stores (t-value) 0.0099 (12.23) 0.0074 (14.05) 0.0109 (-14.92) 0.0113 (10.41) 

ρ_rejoice_ parking fee (t-value)  -0.6015 (-6.02)   

β_rejoice_ parking fee (t-value)   -0.6546 (-5.55) -0.5844 (-4.07) 

ξ _regret_travel time (t-value)    -0.2368 (-7.44) 

ξ _regret_ parking fee (t-value)    -0.1951 (-3.26) 

ξ _ regret_number of stores (t-value)    -0.4646 (-4.96) 

ξ _ rejoice_ parking fee (t-value)    -0.2202 (-3.01) 

Final log-likelihood -2863.021 -2822.630 -2805.773 -2756.184 

Rho-squared 0.327 0.336 0.340 0.352 

Adj. Rho-squared 0.326 0.336 0.339 0.350 
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Table 11.7 Estimation results of converging rejoice models against all non-chosen alternatives – second case study 

Mode choice 

RRsum-based 

Previous 

regret model 
Proposed regret-rejoice models 

Original regret Converging rejoice Linear rejoice 
Variation 

in marginal sensitivity 

β_regret_travel time (t-value) -0.0390 (-33.34) -0.0394 (-33.39) -0.0392 (-33.54) -0.0847 (-22.94) 

β_regret_parking dee (t-value) -0.7408 (-22.42) -0.4915 (-24.89) -0.4346 (-22.28) -0.5291 (-18.94) 

β_regret_number of stores (t-value) 0.0064 (12.56) 0.0065 (12.62) 0.0068 (12.99) 0.0079 (9.35) 

ρ_rejoice_ parking fee (t-value)  -0.3331 (-7.12)   

β_rejoice_ parking fee (t-value)   -0.3102 (-11.36) -0.4303 (-6.61) 

ξ _regret_travel time (t-value)    -0.2584 (-3.95) 

ξ _regret_ parking fee (t-value)    -0.2176 (-2.60) 

ξ _ regret_number of stores (t-value)    -0.4716 (-2.24) 

ξ _ rejoice_ parking fee (t-value)    -0.2820 (-3.89) 

Final log-likelihood -2954.570 -2876.363 -2865.766 -2823.029 

Rho-squared 0.305 0.323 0.326 0.336 

Adj. Rho-squared 0.304 0.323 0.325 0.334 
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Table 11.8 Direct choice elasticities: Comparison between previous regret model and proposed regret-rejoice models – second case study 
(a) against the best non-chosen alternative 

(b) against all non-chosen alternatives 

 

Mode choice 
Against the best non-chosen alternative (RRmax-based) 

Previous regret model Proposed regret-rejoice models 

Attributes Original regret Converging rejoice Linear rejoice 
Variation 

in marginal sensitivity 

Parking fee -1.73 -1.60 -1.49 -1.55 

(a) 

Mode choice 
Against all non-chosen alternatives (RRsum-based) 

Previous regret model Proposed regret-rejoice models 

Attributes Original regret Converging rejoice Linear rejoice 
Variation 

in marginal sensitivity 

Parking fee -2.14 -2.08 -2.05 -2.06 

(b) 
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(a) 

 

 

 
(b) 

Figure 11.11 K-fold cross-validation test – second case study 

(a) definition against the best non-chosen alternative 

(b) definition against all non-chosen alternatives 
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11.5.2.4  Elasticity 

Table 11.8 shows the mean elasticity of the models. Since rejoice is valid only for 

parking fee in this second case study, we only report the results for parking fee. Similar 

to the first case study, incorporating rejoice in the model causes a lower elasticity. 

However, the difference is smaller. In addition, the decrease is higher when regret-

rejoice is defined against all non-chosen alternatives. Finally, the linear regret-rejoice 

model has a smaller elasticity than the converging rejoice model. However, the model 

with varying marginal sensitivity has a slightly lower elasticity.  

 

 

11.6 Conclusions and discussions 

While the first regret-based choice models introduced in transportation research were 

regret-only models, later generalizations of the logarithmic approximation of the 

original model was interpreted to include the concept of rejoice. Rejoice represents a 

positive emotion that is triggered when the chosen alternative turns out to be better than 

one or more non-chosen choice alternatives.  

We theoretically argued particular limitations of these regret-rejoice models. 

References to a substantial amount of empirical work were used to argue that existing 

models do not allow capturing particular types of rejoicing behavior. To relax these 

limiting assumptions underlying current regret-rejoice choice models, we formulated 

three alternative model specifications and empirically demonstrated that the newly 

formulated models indeed significant outperform the considered existing regret-rejoice 

models. Further to pure regret minimization behavior, loss (regret) aversion behavior, 

and neutral behavior, the proposed linear regret-rejoice models can represent more 

flexible behavior including gain (rejoice) seeking behavior and pure rejoice 

maximization behavior. Moreover, we proposed a regret-rejoice model that allows for 

variation in marginal sensitivity across attribute differences. Finally, we derived 

elasticities of the proposed regret-rejoice models.  

The empirical results indicate that while regret is significant for all attributes in 

both data sets, rejoice is only significant for one attribute (parking fees) in the stated 

choice data. Like any other study, this is study is not without limitations. Although we 

have provided empirical evidence of the superiority of the newly formulated regret-

rejoice models, people differ in terms of the principles underlying their choice behavior. 

Moreover, the same people may apply different principles in different decision contexts. 

Hence, the performance of models typically depends on the given data set. It implies 

that further application of the model to different data sets and decision contexts is 

needed. However, the current results should suffice to add the formulated models to the 

menu of available models. 
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Appendix 11-A: derivation of elasticities 

The following derivations draw in part on Hensher et al., (2013) and van Cranenburgh 

and Prato (2016). 
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                                                                                            (11.30) 

 

From equations 11.27 to 11.30, 

 

                                                                      (11.31) 

 

If alternative l is the chosen alternative i, equation 11.31 gives the elasticity. Otherwise, 

if alternative l is the non-chosen alternative j, it indicates the cross elasticity. 

 

A.1. RRmax specification 

The elasticity of the original regret specification (Chorus et al., 2008) can be 

formulated as: 
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where,  is a positive and sufficient small number such as  

 

Similarly, we can obtain  from, 

 

1) if alternative i is not the best non-chosen alternative compared to alternative j, 

 

                                                                                                                 (11.36) 

 

2) if alternative i is the best non-chosen alternative compared to alternative j, 

   and , 

 

                                                                                                              (11.37) 

 

3) if alternative i is the best non-chosen alternative compared to alternative j, 

   and , 

 

                                                                                                                 (11.38) 

 

4) if alternative i is the best non-chosen alternative compared to alternative j, 
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A.2. Regret-rejoice models: RRmax-based 

 

A.2.1 Converging rejoice 
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 can be derived as: 

1) when , 
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4) if alternative i is the best non-chosen alternative compared to alternative j, and 
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A.2.2 Linear rejoice 
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Similarly,  can be derived as: 

 

1) if alternative i is not the best non-chosen alternative compared to alternative j, 
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A.2.3 Variation in marginal sensitivity 

The elasticity of the third proposed variation in marginal sensitivity can be formulated 
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 can be expressed as: 

 

1) when , 
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                                                                                   (11.62) 

 

4) if alternative  i  is the best non-chosen alternative compared to alternative  j, and 
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A.3. RRsum specification 

The elasticity of the modified original regret model can be formulated as: 
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Similarly, we can obtain  from, 

 

1) if alternative i is the best non-chosen alternative compared to alternative j, 
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2) when , 
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 can be derived as: 
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                                                        (11.84) 

 

A.4.3 Variation in marginal sensitivity 

The elasticity of the third proposed variation in marginal sensitivity can be formulated 

as: 
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CHAPTER 12  

Tolerance and Indifference Bands20 

 
12.1 Introduction 

Different disciplines have developed different concepts and modelling approaches to 

predict individual choice behavior. Dominant in economic theory has been the concept 

of (expected) utility, which states that individuals choose the alternative that maximizes 

the utility they derive from the attributes of the choice alternative. (Expected) utility 

theory (Von-Neumann and Morgenstern, 1944) has been the foundation of many 

discrete choice models that have been applied in transportation research and many 

other fields of application (McFadden, 1974). 

Although utility maximizing models have produced adequate results when 

forecasting individual choice behavior and aggregate market shares, several researchers 

have argued that in many cases observed choices do not reflect the maximization of 

utility. It led to a quest in behavioral economics and other decision sciences for models 

that are based on concepts other than utility and decision rules different from utility-

maximization to move away from models of purely rational behavior.  

One of these alternative approaches is based on the principle of regret-

minimization behavior, based on the regret theory (Loomes and Sugden, 1982; Bell, 

1982). It contends that individuals experience regret when they realize the choice they 

made is not the best possible choice they could have made. Consequent experiments 

have demonstrated that the negative emotion of regret significantly affects decision-

making process. Balancing random utility maximization (RUM) model, regret-based 

choice models have also been called random regret minimization (RRM) models. 

Both conventional RRM and RUM are based on the postulate that individuals are 

rational economic agents in the sense that they discriminate even the smallest 

                                                      

20  This chapter is based on Jang, S., S. Rasouli, & H.J.P. Timmermans (2018) Tolerance and indifference 

bands in regret-rejoice choice models: extension to market segmentation in the context of mode choice 

behavior. Transportation Research Record, in press. 
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differences between alternatives. Under various circumstances, this postulate may not 

be valid (Simon, 1955). Kahneman (2003) argued that cognitive processes are bounded 

by biological limitations that prevent individuals to make perfect (rational) choices. 

Rasouli and Timmermans (2015) argued that bounded rationality triggers individuals to 

use simplifying decision rules. Ignoring small attribute differences in judgmental 

processes is one example of simplifying decision rules.  

There is a consistent body of knowledge, accumulated in a variety of disciplines 

across a diverse set of topics, suggesting that individuals are insensitive to small 

attribute differences, either because they cannot perceive the differences or because 

they are indifferent in that attribute range. For instance, Georgescu-Roegen (1958) 

argued that individuals perceive differences between two commodities only when 

attribute differences exceed some necessary minimum. Coombs et al. (1970) proposed 

the concept of thresholds of perception, called just noticeable differences, to indicate 

that individuals do not perceive a difference if a change of a stimulus is below a certain 

threshold. 

In discrete choice modeling, the principle of indifference has been operationalized 

by adding an indifference threshold to the deterministic utility difference of choice 

alternatives in calculating the probability of choosing an alternative under the 

assumption of utility maximizing behavior (Krishnan, 1977; Cantillo et al., 2010; 

Obermeyer et al., 2015). If the deterministic utility difference between two alternatives 

is below a certain threshold, individuals are assumed to perceive and/or judge the two 

alternatives as being the same. However, it has not been realized that incorporating 

indifference thresholds in RUM should satisfy two assumptions. First, the error terms 

should be independent of the deterministic utility value. Second, the error terms should 

be identically and independently Gumbel distributed. If we assume multiplicative error 

terms (Castillo et al., 2008; Fosgerau and Bierlaire, 2009), or if the error terms are not 

Gumbel distributed, the thresholds are difficult to apply. Even if these conditions are 

met, due to the complex dependencies of indifference thresholds between utilities, it is 

very difficult to extend the model to a large number of alternatives in a choice set. 

In the context of regret, insensitivity can be interpreted as individuals being 

tolerant about small attribute differences. Regret is only felt if the chosen alternative is 

outperformed by some margin. In chapter 6, attribute tolerance was incorporated in 

deterministic regret functions. This specification can be easily applied to any type of 

error terms. The tolerance-based regret models outperformed their conventional 

counterparts for two data sets. This positive finding stimulates exploring the 

application of this idea to more complex choice models. 

In this chapter, tolerance thresholds in mixed regret/rejoice choice models are 

estimated. The models assume that individuals experience the negative emotion of 

regret for inferior attributes and rejoice for superior attributes (Chorus, 2014c; Leong 
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and Hensher, 2015; van Cranenburgh et al., 2015). Thus, the model is extended and it 

is tested whether the notion of thresholds applies to both negative and positive 

emotions that are triggered by attribute differences. Do individuals apply an 

indifference/tolerance band around the reference point of identical attribute values 

between pairs of alternatives? (Gupta and Cooper, 1992; Kalyanaram, and Little, 1994; 

Helson, 1964; Woodruff et al., 1983) Do people tolerate a small loss (regret) and are 

they indifferent to a small gain (rejoice)? Is the band asymmetric between regret and 

rejoice? In addition, we conduct a market segmentation analysis based on trip purpose. 

When punctuality is required for a trip, such as a work-related trip, individuals may 

allow quite a small tolerance for attribute differences. In contrast, if they have time to 

spare, such as in case of non-work-related trips, they may be more tolerant.  

The regret-rejoice model incorporating tolerance thresholds will be compared 

against the original regret-rejoice model using revealed choice data about mode choice. 

In addition to comparing the predictive performance of the models, K-fold validation 

tests will be conducted. Further, to examine the effect of trip purpose, a market 

segmentation is applied, and the thresholds between segments are statistically 

compared. For further insights for transportation policy, elasticities will be compared in 

each case. 

In the remainder of this chapter, first the proposed attribute indifference and 

tolerance models will be outlined. Then, the estimation and validation results will be 

discussed and the results of the market segmentation will be reported. The chapter is 

completed with a discussion of the main findings and avenues of future research. 

 

 

12.2 Tolerance thresholds in regret-rejoice      
models 

In this study, to incorporate thresholds in the rejoice function, the linear regret-rejoice 

model, discussed in Chapter 11, is used. For a better understanding, the min operator 

instead of the max operator is used in the rejoice function. 

 

max[0, ( )]RG RG

ijnk k jnk inkx x                                                                                    (12.1) 

 

min[0, ( )]RJ RJ

ijnk k jnk inkx x                                                                                    (12.2) 

 

( )RG RJ

ijn ijnk ijnk

k

RGJ                                                                                              (12.3) 

 

How can the indifference/tolerance threshold be incorporated in the regret-rejoice 

model? In the regret domain, individuals feel regret when the attribute difference 
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between the chosen and non-chosen alternative exceeds a certain tolerance threshold 

(Figure 12.1): 

 

( ) | 0RG RG

jnk ink k kx x                                                                                          (12.4) 

 

( ) | 0RG RG

jnk ink k kx x                                                                                          (12.5) 

 

Similarly, individuals feel rejoice iff:  
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Therefore, the band defined by the indifference and tolerance thresholds equals:  
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k jnk ink k k kx x                                                                      (12.9) 

 

Within this band, individuals do not feel any negative (regret) or positive (rejoice) 

emotions for the chosen alternative from the comparison with the non-chosen 

alternative(s). The thresholds can be incorporated as: 

 

max[0, (( ) )]RG RG RG
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These model are labeled as the RRmax-based or RRsum-based models: 
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The thresholds may depend on the attribute value of the chosen alternative: If someone 

travelled for 10 minutes, and the travel time of the non-chosen route turned out to be 5 

minutes, individuals feel regret for the 5 minutes travel time difference. However, 

when someone travelled for 120 minutes, and the non-chosen route turned out to be 

115 minutes, individuals feel less or no regret for the 5 minutes less travel time. This is 

similar to the case when the travel time of the chosen alternative is less: Individuals 

feel less or no rejoice for the same travel time difference when the travel time for the 

chosen alternative is large enough. Therefore, we assume that the threshold 
ink  of 

chosen alternative i for attribute k and individual n is a percentage of the attribute value 

inkx  of the chosen alternative. 

 

RG RG

k k inkx                                                                                                           (12.16) 

 

RJ RJ

k k inkx                                                                                                           (12.17) 

  

where RG

k  in equation 12.16 is the threshold ratio for regret and RJ

k  in equation 

12.17 is the threshold ratio for rejoice. RG

k  in equation 12.16 is the threshold ratio for 

regret and RJ

k  in equation 12.17 is the threshold ratio for rejoice. As shown in Figure 

12.1, it is expected that the threshold parameters have the same sign as taste weights: 
RG

k  should have the same sign as RG

k , and the sign of RJ

k  should be the same as 

the sign of RJ

k . 

 

RG RG RG

k k kY                                                                                                           (12.18) 

 

RJ RJ RJ

k k kY                                                                                                           (12.19) 

 

where RG

kY  and RJ

kY are binary variables for regret and rejoice respectively: when 

0; 1RG RG

k kY   , otherwise 1RG

kY   , similarly when 0; 1RJ RJ

k kY   , otherwise 

1RJ

kY   . In addition, ,RG RJ

k k   are threshold parameters for regret and rejoice to be 

estimated, expected to be equal to or larger than zero. 

The threshold parameters z
k

RG,z
k

RJ  can be deterministic or stochastic. Since it was 

found that stochastic tolerance thresholds for regret show better performance than 

deterministic thresholds in chapter 6, we assume that the threshold parameters are 

stochastic. Stochastic thresholds represent heterogeneity in tolerance for regret and 

attribute indifference for rejoice. 
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_
RG RG RG

k k nk                                                                                                          (12.20) 

 

_
RJ RJ RJ

k k nk                                                                                                          (12.21) 

 

where, 
_
RG

k   and  
_
RJ

k  are the mean threshold values for regret and rejoice, and  

RG

nk   and RJ

nk  represent individual deviations following a certain distribution with 

zero mean and variance 2( )RG

nk   and  2( )RJ

nk   respectively. 

Then, if the error terms are assumed to follow a mixture of IID-Gumbel 

distribution and the distribution of the stochastic threshold is represented as in the 

random coefficients model, the choice probability can be derived using maximum 

simulated likelihood estimation:  

 

( , ) ( | ) ( | )RG RJ RG RG RJ RJ RJ RG

in inP L f f d d                                               (12.22) 

 

exp( | , )
( , )

exp( | , )

RG RJ

RG RJ in

in RG RJ

jn

j C

R
L

R

 
 

 






                                                              (12.23) 

 

Thresholds ( , )RG RJ   are assumed to be distributed with density 

( | ), ( | )RG RG RJ RJf f    , where RG , RJ  respectively refer to the threshold 

parameters of the distribution (generally mean and standard deviations of  ) for regret 

and rejoice. 

Since the computation of equation 26 involves complex integrals with respect to 

distributions ( ), ( )RG RJf f  , the equation is difficult to solve analytically. Therefore, 

the probabilities are approximated through simulation for any given value of RG  and  

RJ  (Train, 2009): 1) Draw a value of RG  and RJ  from ( )RGf   and ( )RJf    

respectively, and label them RG  and RJ with t subscript , 1r   referring to the 

first draw. 2) Calculate 
exp( | , )

exp( | , )

RG RJ

in

RG RJ

jn

j C

R
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 using this draw. 3) Repeat steps 1 and 2 

R times, and average the results. This average is the simulated probability: 
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                                                                                         (12.24) 



Chapter 12. Tolerance and Indifference Bands 

 301 

where R  is a certain number of draws estimating threshold parameters, and 
^

inP  is 

unbiased estimator of  
inP . 

 

 

(a) 

 

 

(b) 

Figure 12.1 Regret-rejoice specification that incorporates tolerance threshold 

(a) when taste weight for regret ( )RG

k  and rejoice ( )RJ

k  have positive values 

(b) when the taste weights for regret ( )RG

k  and rejoice ( )RJ

k  have negative values 
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where, 
*SL  is the simulated likelihood function and 

*ln SL  is the simulated log 

likelihood function. iny  is 1 if individual n chooses alternative i and 0 otherwise.  

 

 

12.3 Empirical evidence 

In order to examine whether the inclusion of tolerance and indifference thresholds 

improves the predictive performance of the regret-rejoice model, a revealed preference 

data set about mode choice behavior in the Noord Brabant area in the Netherlands was 

used. Log likelihood values were calculated to compare the goodness-of-fit of the 

models. Because we need to compare non-nested models with different numbers of 

estimated parameters, we applied Ben-Akiva & Swait’s test (1986) for non-nested 

choice models. In addition, a K-fold cross-validation test was conducted for each case.  

Further, elasticities were compared to examine how attribute difference thresholds 

affect choice probabilities. The elasticity of the original regret-rejoice choice model and 

the proposed variant incorporating tolerance thresholds can be derived as shown in 

Appendix A. The elasticity of regret-rejoice model indicates the relationship between a 

one percent change in the level of the attribute and the percentage change in the 

probability of choosing the alternative. 

In addition, we assume that attribute difference thresholds are affected by trip 

purpose. When the purpose requires punctuality (e.g. commute trip), travelers may be 

very sensitive even to the smallest travel time differences, whereas for other trip 

purposes they may be more insensitive to small travel time differences. Therefore, we 

conduct market segmentation analysis by trip purpose, and compare the tolerance and 

indifference thresholds. 

 

12.3.1 Data description 

For the empirical study, the MON (Mobiliteit Onderzoek Nederlands - the Dutch 

National Travel Survey) data, collected in 2009, were used to estimate the random 

regret minimization models (for a detailed description, see Chapter 3.5.2.1). The data 

collected to the Province of Noord-Brabant were selected for the purpose of model 

estimation and assessment of the performance of the newly introduced models against 

existing models. 
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12.3.2 Estimation results 

In this section, we focus on the RRsum-based regret-rejoice model incorporating 

attribute difference tolerance (equation 12.14). Table 12.1 shows the estimation results 

and the difference in predictive performance of the original regret-rejoice model and 

the specification based on stochastic thresholds for both regret and rejoice. All 

parameters are statistically significant at the 95 per cent significance level. Their signs 

are consistent with theoretical expectations. Whereas the mean stochastic threshold is 

larger for rejoice than regret for travel time, it is smaller for rejoice than regret for 

travel distance. This means that individuals seem more sensitive to loss (regret) than 

gain (rejoice) for small travel time differences, but more sensitive to gain (rejoice) than 

loss (regret) for small travel distance differences. 

Furthermore, the band for travel time ( 0.203* 0.247* )int jnt int intx x x x     

suggests that if the chosen alternative has a travel time of 10 minutes, and the travel 

time of a non-chosen alternative is between 8 and 12.5 minutes, they perceive or judge 

the difference as irrelevant. Likewise, the band for travel distance 

( 0.320* 0.301* )ind jnd ind indx x x x     indicates that if the travel distance of the 

chosen alternative is 10 km, and the distance of a non-chosen alternative is between 6.8 

and 13.0 km, the difference is not perceived or judged as significant and both 

alternatives are considered equal.   

Based on Ben-Akiva & Swait’s test for non-nested choice models, we can 

conclude that the tolerance band significantly improves the predictive power of the 

model. The probability that the original regret-rejoice model is superior to the 

specification incorporating stochastic tolerance thresholds is zero ( ( 12.444) 0)p   . 

This result is also supported by BIC. The BIC of the threshold specification is 

1835.437, which is lower than the BIC value of original regret-rejoice model 

(1959.006). 

 

12.3.3 Validation results 

Figure 12.2 shows the results of the cross validation test using the value of the 2-norms 

statistic to compare the original regret-rejoice formulation and its variant incorporating 

stochastic thresholds. Recall that a smaller value of the 2-norms statistic is indicative of 

a better goodness-of-fit. The reason is that it calculates the distance between predicted 

and observed market shares of choice alternatives in terms of the square root of squared 

absolute differences. Results demonstrate that the estimated parameters do not differ 

much between the subsets used for model estimation. The model incorporating 

stochastic tolerance thresholds consistently shows better performance than its original 

counterpart in terms of the 2-norms statistic. 
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Table 12.1 Summary of estimation results of regret-rejoice models: specification 

incorporating stochastic thresholds  

Mode choice 

Regret-rejoice model 

Original 

formulation 

Stochastic  

thresholds 

Taste Weight   

Travel time_regret (t-value) -0.0445 (-21.69) -0.0548 (-17.59) 

Travel distance_regret  (t-value) -0.171 (-15.50) -0.247 (-16.02) 

Travel time_rejoice (t-value) -0.0327 (-4.31) -0.0364 (-3.78) 

Travel distance_ rejoice  (t-value) -0.101 (-3.90) -0.129 (-4.43) 

Tolerance Threshold   

Tolerance threshold 

_travel time_regret_mean  (t-value) 
 0.203 (3.94) 

Tolerance threshold_travel time 

_regret_standard deviation  (t-value) 
 0.966  (3.27) 

Tolerance threshold_travel distance 

_regret_mean (t-value) 
 0.320 (4.09) 

Tolerance threshold_travel distance 

_regret_standard deviation (t-value) 
 1.145 (2.92) 

Tolerance threshold_travel time 

_rejoice_mean  (t-value) 
 0.247 (5.26) 

Tolerance threshold_travel time 

_rejoice_standard deviation  (t-value) 
 1.022 (3.31) 

Tolerance threshold_travel distance 

_rejoice_mean (t-value) 
 0.301 (4.55) 

Tolerance threshold_travel distance 

_ rejoice_standard deviation (t-value) 
 1.488 (4.79) 

Model Fit   

R-squared 0.241 0.312 

Adj. R-squared 0.238 0.302 

Final log-likelihood -965.394 -875.392 

BIC 1959.006 1835.437 
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Figure 12.2 2-norms values for K-fold cross-validation test: comparison of original 

regret-rejoice formulation and its variants incorporating stochastic tolerance thresholds 

 

 

Table 12.2 Observed and predicted market shares 

Mode choice 

Observed 

market share 

(%) 

Predictive market share (%): regret-rejoice model 

Original formulation Stochastic thresholds 

Alt. 1 (car) 40.59 38.50 39.03 

Alt. 2 (bus) 32.64 36.12 34.06 

Alt. 3 (walk) 26.77 25.38 26.91 

RMSE - 4.29 2.11 

 

 

12.3.4 Market shares 

The comparison between observed and predicted market shares is shown in Table 12.2. 

Considering attribute difference tolerance improves the goodness-of-fit of the regret-

rejoice model.  Without considering attribute difference tolerance, the market shares of 

alternatives 1 (car) and 3 (walk) are under-estimated, while the market share of 

alterative 2 (bus) is under-estimated. However, by considering attribute difference 

tolerance, the differences become smaller, and are even over-estimated for alternative 3.  

By considering attribute difference tolerance, the value of the RMSE decreased 

(original formulation: 4.29, incorporating thresholds: 2.11). This finding indicates that 

inclusion of attribute difference tolerance generates predicted market shares that are 

closer to observed market shares. 
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Table 12.3 Elasticities: 
(a) Comparison between original regret-rejoice formulations and variant that includes stochastic thresholds 

(b) Comparison between market segments 

(a) 

Mode choice 
Regret-rejoice model 

Original formulation Stochastic thresholds 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.66 -1.45 -2.87 -0.26 -0.64 -0.88 

Travel distance -0.91 -1.56 -3.01 -0.37 -0.75 -0.97 

 

(b) 

Mode choice 
Regret-rejoice model with stochastic thresholds 

Work-related segment Non-work-related segment 

Attributes Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) Alt. 1 (Car) Alt. 2 (Bike) Alt. 3 (Walk) 

Travel time -0.48 -1.14 -2.09 -0.11 -0.35 -0.51 

Travel distance -0.73 -1.21 -2.32 -0.20 -0.42 -0.55 
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Table 12.4 Summary of estimation results of market segmentation: regret-rejoice 

specification incorporating stochastic thresholds  

Mode choice 

Regret-rejoice with Stochastic 

Threshold 

Work-related 

segment 

Non-work-

related  

segment 

Taste Weight   

Travel time_regret (t-value) -0.0692 (-22.27) -0.0363 (-15.34) 

Travel distance_regret  (t-value) -0.284 (-16.63) -0.178 (-12.76) 

Travel time_rejoice (t-value) -0.0477 (-5.59) -0.0231 (-3.86) 

Travel distance_ rejoice  (t-value) -0.175 (-3.94) -0.084 (-6.85) 

Tolerance Threshold   

Tolerance threshold_travel 

time_regret_mean  (t-value) 
0.061 (2.85) 0.325 (5.07) 

Tolerance threshold_travel 

time_regret_standard deviation 

(t-value) 

0.294 (3.66) 0.587 (3.21) 

Tolerance threshold_travel 

distance_regret_mean (t-value) 
0.202 (4.77) 0.373 (4.59) 

Tolerance threshold_travel 

distance_regret_standard deviation 

(t-value) 

0.498 (2.50) 0.629 (3.31) 

Tolerance threshold_travel 

time_rejoice_mean  (t-value) 
0.128 (3.64) 0.356 (2.73) 

Tolerance threshold_travel time_ 

rejoice _standard deviation  (t-value) 
0.272 (2.91) 0.804(2.86) 

Tolerance threshold_travel distance_ 

rejoice _mean (t-value) 
0.194 (2.26) 0.339 (2.45) 

Tolerance threshold_travel distance_ 

rejoice_standard deviation (t-value) 
0.547 (1.81) 1.013 (1.27) 

Model Fit   

Number of Observations 605 553 

R-squared 0.307 0.353 

Adj. R-squared 0.289 0.334 

Final log-Likelihood -460.331 -392.875 
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12.3.5 Elasticity 

To analyze the effect of attribute difference tolerance on changes in the travel demand 

of each mode, the elasticities of the original regret-rejoice formulation and the regret-

rejoice model with the thresholds are shown in Table 12.3-a. The stochastic thresholds 

decrease the elasticities of the regret-rejoice model in every case. This is because it is 

assumed that individuals feel regret or rejoice for small attribute differences in the 

original regret-rejoice model, but not in the model with the stochastic thresholds. For 

example, whereas a 1% increase in travel distance decreases the probability of 

choosing alternative 3 (walk) by 3.01% in the original regret-rejoice model, it only 

decreases by 0.97% when incorporating the stochastic tolerance threshold. These 

results provide relevant insights for transportation policy. For instance, policy makers 

believe that if they impose a penalty to car traffic (increasing travel time by car), the 

market share of public transport would be increasing, even for small increases in travel 

time. However, these expectations are ill-founded as the existence of thresholds implies 

that the market share of public transportation would be increasing much less than 

expected, or may even not change at all. 

Table 12.3-b shows the elasticities of each segment when considering attribute 

difference tolerance in regret-rejoice models. The elasticities of work-related segments 

are higher than non-work-related segments. This means that when individuals travel for 

a work-related purpose, they are more sensitive to changes in attribute values. This 

implies that when the travel time by car increases, many travelers will use public 

transportation when they travel for a work-related purpose. However, if the increase is 

small, most travelers will use the car for travel with a non-work-related purpose.  

 

12.3.6 Market segmentation 

Even when stochastic tolerance thresholds are used, individuals’ tolerance may be quite 

different, dependent on travel purpose. Individuals may be more sensitive to small 

travel time differences during the work commute than during non-work travel. 

Therefore, an analysis of attribute difference tolerance with market segmentation will 

provide more insight into traveller behavior. To examine whether thresholds vary by 

trip purpose, we differentiate between work and non-work trip purposes. The work-

related segment includes business, and education with a total of 605 trips, equaling 

52.25% of all trips. The non-work-related segment includes other purposes such as 

recreation, shopping, and touring with 553 trips (47.75%).  

Table 12.4 shows the estimation results of this market segmentation. All 

parameters are significant at the 95 per cent level, except for the standard deviation of 

the tolerance threshold for travel distance for both segments. To validate the market 

segmentation, a log likelihood ratio test (Ben-Akiva and Lerman, 1985) is applied. The 
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null hypothesis is that there are no differences between parameter values, which would 

mean that the market segmentation is not valid. 
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where  is the final log likelihood value for the full data set (-875.392 – Table 1), 

is the final log likelihood value for each segment (-460.331 and -392.875 - 

Table 4). Therefore, . Considering  

 with 12 degrees of freedom, the null hypothesis is rejected. Therefore, 

the proposed market segmentation is statistically valid. 

The absolute values of the taste weights for regret and rejoice are always larger 

for the work-related segment. This means that individuals are more sensitive to travel 

time and travel distance differences when their purpose is work-related. To check 

whether the parameters are statistically different, an asymptotic t-test is applied: 

 

^ ^
1 2

^ ^
1 2var( ) var( )

k k

k k

t
 

 






                                                                                        (12.27) 

 

where  is the estimated parameter for attribute k for the first segment, is 

estimated parameters for attribute k for the second segment, is the variance of 

the  and is the variance of the . The result for the weight of travel time for 

regret is: . Therefore, we can conclude that the taste 

weight of travel time for regret is statistically different between the segments at the 95% 

confidence level. Likewise, the result of the asymptotic t-test for travel distance for 

regret, travel time for rejoice, and travel distance for rejoice are -4.81, -2.36, -1.97. The 

null hypothesis is rejected at the 95% confidence level in every case, indicating that all 

taste weights for travel time and travel distance are statistically different between the 

segments for both regret and rejoice. 

In the work-related segment, travelers are more sensitive to small travel time 

differences than travel distance differences. Particularly, they are quite sensitive to 

small travel time differences in the regret domain: The mean stochastic tolerance 

threshold is only 0.061. Consequently, when individuals travel for a work-related 
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purpose, they want to avoid any delay in arrival times. Therefore, when their chosen 

mode is slightly inferior to the non-chosen mode, they immediately feel regret. 

Conversely, when the chosen mode is slightly superior to the non-chosen mode, 

they immediately feel rejoice, but the indifference threshold is larger than the tolerance 

threshold: The mean stochastic indifference threshold is about 0.128. For travel 

distance, the threshold is more similar for regret and rejoice (it is slightly larger for 

regret): The mean stochastic tolerance threshold is 0.202 for regret and the stochastic 

indifference threshold is 0.194 for rejoice.  

In the non-work-related segment, the thresholds are larger than for the work-

related segment, and relatively similar across attributes for both regret and rejoice: all 

mean stochastic thresholds are around 0.35. This means that when individuals travel for 

a non-work-related purpose, they exhibit higher indifference and tolerance for attribute 

differences, and the thresholds do not differ much for loss (regret) and gain (rejoice). 

Furthermore, the standard deviation of the threshold is always higher for non-work-

related trips, implying that when individuals travel for a non-work activity, their 

tolerance is more heterogeneous than in case of a work-related purpose. Compared to 

the whole data set, the heterogeneity (standard deviation) of tolerance for each attribute 

is smaller in each segment in all cases. This is reasonable because similar respondents 

are assigned to each group, and therefore their tolerance tends to be more similar. 

 

 

12.4 Conclusions and discussion 

The regret-rejoice models that have been introduced in transportation research have in 

common the assumption that both the regret and rejoice function are continuous in 

attribute differences. However, in contexts other than travel choice, there is evidence 

that individuals may be insensitive to small attribute differences. Related to the very 

nature of the concepts of regret and rejoice, individuals may tolerate or be indifferent 

between small attribute differences between the chosen alternative and one or more 

non-chosen alternatives. In this study, we therefore incorporate tolerance and 

indifference thresholds in regret-rejoice choice models. Then, we explore two main 

issues using empirical data: 1) How individuals’ tolerance differs between loss (regret) 

and gain (rejoice) 2) How individuals’ tolerance differs by market segmentation.  

 Empirical results based on revealed mode choice data support the hypothesis that 

individuals are insensitive to small attribute differences in both the regret and rejoice 

domain, at least for this data. The sensitivity, however, depends on the attribute and is 

asymmetric between regret and rejoice. Moreover, indifference and tolerance 

thresholds vary by trip purpose. When individuals have a trip purpose related to work, 

they are less tolerant for small attribute differences, especially when they feel regret for 

travel time. However, when they travel for a work-related purpose, they are less 
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sensitive to attribute differences, and the sensitivity differs across attributes for both 

regret and rejoice. These results imply that the effect of transportation policy may 

become smaller when considering attribute difference tolerance. In addition, the effect 

would be quite different at the individual level, depending on travel purpose.  

 The suggested approach, which is based on the inclusion of attribute difference 

thresholds in the pairwise comparison of choice alternatives, solves the typical 

limitations of models, which define thresholds at the level of overall utility. The 

approach is scalable to choice problems involving large choice sets. Still, some 

interesting and relevant research questions remain for future work. The current model 

assumes that the thresholds are proportional to attribute differences. However, our 

previous research has provided evidence that regret models based on perceptual 

differences that account for attribute variation, outperform conventional regret models. 

Hence, it would be potentially valuable to more critically examine the specification of 

indifference and tolerance thresholds. Would a specification in perceptual space be 

better than the current specification in attribute space? Should the specification be 

made a function of (perceived) attribute variation? We plan to explore these issues in 

future research. 
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CHAPTER 13  

Conclusions and Discussion 

 

Whereas utility maximization models have dominated transportation research, during 

the past decades, their behavioral validity in particular decision contexts has been 

questioned. Several limitations of utility maximization models have been identified and 

alternative approaches have been proposed, such as bounded rationality (e.g. Simon, 

1955), and context-dependent behavior (Simonson and Tversky, 1992). To explain 

violations of utility maximization, transportation researchers have suggested alternative 

decision rules such as attitude-based rules (Fuji and Gärling, 2003), relative utility 

maximization (Zhang and Timmermans, 2004), decision tree approaches (Arentze and 

Timmermans, 2007), regret minimization (Chorus et al., 2008), non-compensatory 

decision rules (Zhu and Timmermans, 2010), reference-dependent utility maximization 

rules (Stathopoulos and Hess, 2012), decision heuristics (Leong and Hensher, 2012), 

and the relative advantage maximization rule (Leong and Hensher, 2014).  

In particular, the regret minimization rule (Chorus et al., 2008) has received much 

attention lately from transportation researchers. The key difference with the traditional 

(linear-additive) utility maximization rule is that the evaluation of alternatives is based 

on the attribute-by-attribute comparison of the considered/chosen alternative with one 

or more other choice options. Therefore, choices are based on judgments of attribute 

differences rather than on the attribute values themselves. 

Motivated by recent developments in regret-based choice modeling and rapidly 

increasing popularity of this approach, this dissertation aims at a better representation 

of regret-based decision-making processes and the consequent provision of more 

profound behavioral insights. The benchmark is the original regret-based, introduced in 

transportation research in Chorus, et al. (2008). More specifically, this dissertation 

considers three types of elaborations. First, part I examines better behavioral 

representations of the decision-making process by incorporating perception. Chapter 3 

borrows the concept of the Weber law and formulates regret-based models for linear as 

well as non-linear relative attribute differences. Results show that the non-linear 

specification significantly better predicts the observations. The proposed models relax 
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an important limitation of current travel choice models, called homogeneous perception 

variance (Sheffi, 1985). 

After incorporating psycho-physical relationships into regret-based choice models, 

Chapter 4 proposes the concept of Weber zone. The concept states that if attribute 

intensity is within a certain range, the perception of attribute differences is a function of 

attribute intensity. If attribute intensity is outside this range (i.e. it is too small or too 

large), perception is closer to objective differences. A mathematical function based on 

exponential and quadratic equations is proposed. The results of Chapter 4 show that 

incorporating a range-varying psycho-physical mapping function to capture the 

transformation of physical attributes into perceived attributes improves the predictive 

power of regret based models.  

To relax the possible limitation of a symmetrical function, in Chapter 5 a new 

asymmetric function is examined. Results indicate that travelers’ perceived attribute 

differences are non-linear and vary by attribute intensity. Moreover, the findings 

suggest that travelers are more sensitive to higher intensities of some attributes (travel 

time, travel distance, and parking distance), while they are more sensitive to smaller 

attribute intensities for other attributes (chance of finding parking space).  

Chapter 6 examines whether travelers are insensitive to small attribute differences, 

either because they cannot perceive the differences or because they are indifferent in 

that attribute range. To represent insensitivity to small differences, new regret models 

are proposed by incorporating thresholds that capture attribute difference tolerance. 

Two types of thresholds were tested: deterministic and stochastic. The results of 

Chapter 6 show that travelers indeed demonstrate attribute difference tolerance, except 

for number of stores. Moreover, the tolerance is individual-specific (represented by 

stochastic thresholds). It is shown that the effect of transportation policy can be 

overestimated if researchers do not consider attribute difference tolerance. 

Part II concerns unobserved regret. Regret-based choice models have invariably 

assumed independently and identically Gumbel distributed error terms. However, 

considering the fundamental difference between utility and regret, different processes 

may cause errors. The idea is that cognitive effort in pairwise comparisons affects the 

generation of regret. The pairwise comparisons process involves differential cognitive 

effort, leading to heteroscedastic errors. Therefore, in Chapter 7, a cognitive effort 

function was proposed and empirically tested. The results of Chapter 7 showed that the 

proposed scale function seems to effectively represent the differential cognitive effort 

in paired comparisons of alternatives and therefore improves the performance of regret-

based models in two case studies. 

Next, we considered general sources of error affecting unobserved regret. Chapter 

8 considered measurement error. Based on revealed choice data, it was shown that, for 

the current logit structure with identical error terms, the bias in regret differs from the 
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bias in utility. A scaling approach was proposed considering non-identical error terms 

to dampen the bias in parameters.  

Chapter 9 considered omitted variables. Formal analysis clearly showed that   

whereas omitted variables generate independent unobserved utilities, they cause 

dependent unobserved regrets. Therefore, an error components structure was proposed 

to consider the non-independence (correlation) of choice alternatives due to omitted 

variables. 

Chapter 10 suggested a solution for the findings of Chapters 8 and 9. Since regret 

is a more complex function than utility, unobserved regrets are generated in a more 

complex manner, including non-identically, and non-independently distributed errors. 

To consider the heteroscedasticity, multiplicative error terms, defined in terms of a 

Frechit structure, were proposed.  With the error components structure to consider the 

non-independence, the results showed that the proposed specification leads to a more 

correct representation of regret-minimization behavior. The fundamental difference 

with existing regret-based models is that the assumed decision-making process is 

theoretically linked to the error specification. 

Finally, this dissertation addressed a recent issue in regret-based choice models: 

the effect of rejoice. Chapter 11 started from three fundamental questions: i) whether 

rejoice affects decision-making processes; ii) if and how rejoice differently (or 

similarly) affects the decision-making process compared to regret; iii) whether 

marginal regret-rejoice varies with increasing attribute difference. By proposing several 

alternative formulations, and conducting comparative analyses, the conclusion is that i) 

the effect of rejoice on the decision-making process depends on the attribute, ii) the 

proposed linear rejoice specification shows better predictive performance than existing 

formulations, iii) the model with varying marginal sensitivity significantly outperforms 

the models with constant sensitivity and (iv) similar to marginal utility, marginal 

regret/rejoice varies (dominantly decreasing) with increasing attribute differences. 

Chapter 13 extends the concept of attribute difference tolerance, proposed in 

Chapter 6, to regret-rejoice models, using the concept of indifference bands. The 

analysis is also extended to market segmentation, showing that when individuals have a 

trip purpose related to work, they are less tolerant for small attribute differences, 

especially when they feel regret for travel time. However, when they travel for a non-

work-related purpose, they are less sensitive to attribute differences, and the sensitivity 

is different across attributes for both regret and rejoice. 

In conclusion, considering the relative performance of the suggested model 

improvements and alternatives, this dissertation has successfully provided an extended 

framework for regret-based travel behavior modeling. The proposed extended 

framework can be further extended and/or applied in future research. First, the 

proposed issues in this dissertation can be simultaneously considered. For instance, the 
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non-linear perception mapping function discussed in Chapters 3, 4, and 5 may be 

combined with the concept of attribute difference tolerance introduced in Chapter 6. In 

addition, the non-linear perception function introduced in Chapters 3, 4, and 5 and the 

Frechit structure of Chapter 10 may be combined.  

Second, Chapters 6 and 12 show that attribute difference tolerance differs 

between travelers. Chapter 12 showed that trip purpose is one of the components of this 

heterogeneity. However, future research is needed to better disentangle the various 

sources of heterogeneity. 

Third, regret-based choice models have rarely been discussed in the context of 

route choice with route overlap. Only Prato (2014) discussed this issue using utility-

based correction terms. Pure regret-based models of the route overlap problem can be 

developed. Also, the proposed alternatives in this dissertation can be applied to route 

choice. However, due to the concept of pairwise comparisons in regret, assignment 

based on regret is not easy. It requires much more computational time.  

Fourth, very recently, some transportation researchers have worked on regret-

based activity-travel scheduling systems. The framework, proposed in this dissertation, 

will provide a better interpretation of the real scheduling process.  

Finally, as discussed in Chapter 2, the definition of regret in multi-alternatives 

choice sets is needs further study. It seems relevant to consider the discrimination 

between choice alternatives as a function of the distribution of the choice alternatives in 

attribute space. There is a paucity of literature that systematically investigates the 

relevance of various regret model specifications as a function of the complexity of the 

choice task and the decision context.  
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