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Summary

Flame stretch plays an important part in the dynamics of premixed flames as it alters the mass

burning rate and the flame temperature. In combustion literature, we find two definitions of flame

stretch viz. area-based flame stretch and mass-based stretch. Area-based stretch, defined as

the time relative change in flame surface area, is the traditional way of defining flame stretch.

The mass-based stretch was introduced by de Goey et al. [11] and is defined as the time relative

change of mass inside a flame control volume. Area-based stretch views flame as a thin surfaced

chemical phenomenon and mass-based stretch views flame as a reactive zone with finite thickness.

By the virtue of its definition, mass-based stretch not only incorporates area-based stretch, but

it also incorporates potential stretch effects arising due to flame thickness variations and density

variations.

In this thesis, we not only prove the existence of the above mentioned stretch effects but we

also quantify them and incorporate them in approximating the mass burning rate of the flame.

These extra stretch effects are defined as time relative change in thickness and density of the

flame control volume. Therefore, their presence can be ascertained only by simulating unsteady

flames. Therefore, for this research we considered unsteady premixed counterflow twin flat flame

configuration. A counterflow flat flame is already a stretched flame because it undergoes flow

straining but doesn’t have an curvature effects. The unsteadiness in such flames was bought about

by oscillating the applied strain rate at the boundary. In the first part, we considered unsteady

lean methane-air counterflow flames without any preferential diffusion as to avoid complications

arising due to the later. It is found that unsteady stretch effects arising due to flame thickness

variations become significant with increase in strain frequencies. With the inclusion of these

unsteady stretch effects in the mass-based stretch, we were able to approximate the mass burning

rate of these using integral analysis. In the second part, we studied lean methane-hydrogen-air

counterflow flames with preferential diffusion and oscillating strain rate. With the help of integral

analysis and mass-based stretch we were not only able to approximate the mass-burning rate but

also were able to model its oscillating behaviour very accurately.

This research serves as a start point in analysing such unsteady stretch effects. It shows

that, under certain conditions, one cannot ignore the thickness stretch and density stretch while

modelling turbulent flames.

Keywords: Counterflow premixed twin flame, stagnation plane, mass-based stretch, area-based

stretch, thickness stretch, density stretch, applied strain rate, mass burning rate, integral analysis,

steady strain rate, oscillating strain rate, applied strain jump, state vector components, specific

enthalpy, element mass-fractions, species mass-fractions, resonance.
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Chapter 1

Introduction

1.1 The study of combustion

Ever since the process of formation of our good old Mother Earth about 4 billion years ago,

combustion has always played the forefront role in her development. The related chemical reactions

are associated with release of energy and are called exothermic reactions. The energy released from

these reactions is mostly in the form of heat, which when harnessed can be utilised to carry out

work. Many of these exothermic reactions are fast and violent and are generally accompanied by

light emissions, which in common terms is called fire. Ancient man first harnessed fire for food,

warmth and safety and since then, fire has become an inseparable part of his evolution. One of

the very early usages of fire was found in metallurgy, e.g. the Indian lost wax technique [1], but

at the beginning of the Common Era, fire found its first usage in mechanical work in the form

of Hero’s engine [2]. With the advent of the industrial revolution, burning of solid substances,

e.g., coal became even more needful for rapid industrialisation. In the middle of the 19th century,

the discovery of oil introduced many ways of burning and harnessing the reaction heat of these

substances. Present world without coal, oil and natural gas is unimaginable as most of our energy

needs depend on these combustible substances.

Combustion is an oxidation reaction, which in layman’s terms implies that a species while

reacting gains oxygen. In most instances, burning substances use molecular oxygen for combustion,

but the supply of oxygen can come from other media as well, e.g., red fuming nitric acid (for rocket

propulsion). Thus, the substance which supplies oxygen for combustion is called the oxidiser, and

the substance which gets oxidised in this process is called fuel. The fuels that we use now for our

energy and transportation are primarily hydrocarbons which were formed due to pressure and heat

on the fossilised micro-organisms, hence the name fossil fuels. The main fossil fuels viz. coal,

petroleum and natural gas form the bulk of our energy sector, and are consumed in increasing

quantities due to our raising energy needs [3]. Oxidation of hydrocarbons results in carbon dioxide

and water as the main products. During the combustion phase we also have oxidation of nitrogen

due to the presence of N2 in air.

Everything is good in appropriate quantities, is an age-old saying which is also true

in the case of combustion. Due to heavy energy consumption, we released all these combustion

by-products into the environment and polluted it thus causing a change in the climatic fabric of

the entire world. It is also true that fossil fuel reserves are not infinite in nature and someday will

Investigation of unsteady stretch effects using premixed counterflow flames 1



(a) Laminar premixed flame∗ (b) Turbulent premixed flame∗

(c) Non-premixed flame∗∗

Figure 1.1: Different types of combustion regimes based on the flow nature and the mixing of
fuels. Pictures courtesy of www.gailvoice.com a, b and www.hpcomb.kaust.edu.sa c.

get depleted. This has resulted in extensive research in zero-emission combustion concepts, where

the focus is on obtaining efficient combustion by burning a variety of fuels with low emission of

pollutants [4].

The phenomenon of combustion can also be classified as detonation or deflagration. Deton-

ation can be broadly referred to as a combustion shock-wave travelling at supersonic speed and

deflagration is when the combustion phenomenon propagates as a rarefaction wave at subsonic

speeds [3, 5]. In most of the normal industrial and domestic uses, only deflagration occurs. In

combustion terminology, this deflagration wave is referred to as a flame. Flames form the most

important part of combustion as it is the region where the major conversion of chemical energy

into heat takes place. As the flame mostly forms a thin layer where the chemical reactions and

the exchange of mass take place, any change in the structure inside the flame region will have

direct consequences on the combustion and vice-versa [6]. Hence, much combustion research is

also targeted on finding as to how the flame behaves in a given environment. In the 20th century

most of the work which was done in this field was experimental and hence was subject to the lim-

itations of laboratory conditions [7]. This time also saw the emergence of mathematical modelling

the combustion phenomenon, but it was not till the advent of high performance computing that

mathematical models could be translated into proper numerical simulations. Hence it has now

become feasible to simulate combustion phenomena and predict the properties of a flame.

A flame inside a combustible system can broadly be classified in the following ways;



1. The pattern in which the fuel and oxidiser mix: premixed or non-premixed flames,

2. The flow pattern with which the flame interacts: laminar or turbulent.

1) The mixing of fuel with any kind of oxidiser at the time of combustion is called a non-

premixed combustion regime, where the rate at which the fuel burns is controlled by the rate

of mixing of fuel and oxidiser. A non-premixed flame is characterised by an exothermic process

which happens at the mixing interface of fuel and oxidiser which entered the combustion chamber

separately. These flames are typically found inside diesel engines and jet engines and they are

characterised by a yellow-orange colour due to soot formation (Fig. 1.1c). When the mixing of fuel

and oxidiser happens well before the combustion chamber the gas mixture becomes homogenous.

Combustion of such a mixture is known as premixed combustion and it needs a high ignition

temperature to start it. In premixed combustion the burning rate is controlled by diffusion and

chemical reactions. This kind of premixed burning regimes are found in Otto Engines (SI engines)

and land-based gas-turbine power generators. Examples of flames in a premixed combustion

regime are shown in Fig. 1.1a and Fig. 1.1b. Premixed flames offer the prospect of burning fuel in

a lean manner, which increases the efficiency and reduces NOx emissions of combustors, hence a

lot of research is conducted on premixed combustion [8]. The main disadvantages of a premixed

flame are dangers of explosions and combustion instabilities [9].

2) Laminar flames have been studied in an extensive manner in laboratories as they can provide

the most detailed information about combustion chemistry and various physical effects that act

upon the flame [7]. Turbulent flames on the other hand are found in almost every real combustor.

In turbulent combustion a number of physical and chemical mechanisms have been identified

and discovered, yet it remains a challenge to predict which mechanism dominates under what

conditions [10]. The non-linear coupling which exists between different time and length scales in

turbulent combustion makes it hard to develop a common foundation for modelling it. In many

applications though, the turbulent length scales are larger than the flame thickness, so that a

laminar flame structure is embedded in a turbulent flow. This structure, however, is perturbed by

turbulence. The laminar flame is also a non-linear multi-scale phenomenon due to the chemistry

and diffusion processes. If we analyse the effects of various physical disturbances on a premixed

laminar flame, it will not only lead to characterising the combustion process of the mixture but

also helps in modelling turbulent combustion in an accurate manner. This is going to be the main

theme of this thesis in which we shall explore the flow related effects that influence the premixed

flame characteristics.

1.2 Premixed laminar flames: basic notations

In combustion, heat release is accompanied by formation, dissociation and interaction of various

chemical species which form a complex gas mixture. One way of quantifying this gas mixture is

by defining species mass fractions Yi, where i indicates the i
th chemical species. The species mass

fractions Yi play a central role in defining various combustion characteristics and terminologies

[8, 11] . The species mass fraction of a particular chemical species is defined as the ratio between

the specific species mass and the specific total mass of the mixture:

Yi =
ρi
ρ
, (1.1)
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Figure 1.2: Spatial structured of a laminar flame with profiles of CH4, O2, H2O, CO, reaction
rate, and temperature in a computed, one-dimensional premixed methane-air flame.

where ρi is the mass density of the ith chemical species and ρ is the density of the total mixture of

the system. If we consider Ns as the total number of chemical species present in the combustion

system then,
Ns∑

i=1

Yi = 1, (1.2)

which implies
Ns∑

i=1

ρi = ρ.

Figure 1.2 represents how chemical species behave in a typical one-dimensional premixed

methane-air flame structure. On the left-side (upstream) we can see the unburnt fuel (CH4)

and oxidiser (O2) whose mass fractions decrease as they are consumed and the products CO2

and H2O are formed at the position of the flame. While the chemical species get formed and

destroyed, the number of atoms of a particular element is always conserved. Thus it is convenient

to introduce the element mass fractions Zm which are defined as the total mass of atoms of the

mth-element per unit mass of the gas mixture and it is mathematically given as;

Zm =Mm

Ns∑

i=1

bmi
Yi
M̄i

. (1.3)

In the above expression, bmi is the number of atoms of the mth-element in the ith-species and Mm

and M̄i are the molecular weights of the mth element and ith species respectively.

The above mentioned quantities will be referred to in a frequent manner in this thesis. Before

we proceed to model combustion conservation equations, we need to introduce the concept of

stoichiometric ratio ν, and equivalence ratio φ which form the basis for any form of combustion

study [8]. The generalised global chemical reaction for a hydrocarbon-air mixture is given as,

CxHy + a O2 −−−−−−→ b CO2 + c H2O.

Based on the above reaction equation we can define the stoichiometric ratio ν as the ratio of



fuel and oxygen required for full conversion into carbon dioxide and water. It depends upon the

atomic composition of the fuel. For completely burning 1 molecule of fuel (CxHy) in the reaction

we require a = x+ y/4 molecules of oxygen. The term widely used in combustion literature is the

mass-stoichiometric ratio ν [8] and for the above chemical reaction it is given by,

υ =
MO2

MCxHy

(

x+
y

4

)

. (1.4)

When the fuel-oxidiser concentrations differ from the stochiometric value, the composition is char-

acterised by the equivalence ratio φ, which is defined as;

φ =

(
YF/YO

)

(
YF/YO

)

st

= ν

(
YF
YO

)

. (1.5)

In the above equation, (YF/YO) is the ratio of mass-fractions of fuel and oxidiser and
(
YF/YO

)

st

is the ratio of mass-fractions of fuel and oxidiser in a stoichiometric mixture. When φ < 1, it

means that oxidiser is in higher concentration than fuel and such a mixture is referred to as a fuel

lean-mixture. If φ = 1, then we have a stochiometric mixture. With the equivalence ratio φ > 1

we have a rich-mixture.

A premixed flame propagates into the unburnt fuel-air mixture relative to the main mass flow

[12]. Being self-sustained in its character, the premixed flame also has a certain quasi-steady

spatial structure [6]. In case of a one-dimensional premixed adiabatic flame, we can lucidly define

the speed at which the flame propagates into the unburnt fuel mixture [13]. This speed is referred

to as the adiabatic laminar burning velocity s0L and is an intrinsic property of the combustible

mixture [5]. It also becomes viable to define a flame front and characteristic flame thickness lF [3].

Laminar premixed flames are used in different ways for understanding and modelling combustion

concepts [8, 7, 14]. The laminar premixed flames contain vital information on the chemical kinetics

and species transport properties [7].

1.3 Laminar burning velocity and flame structure

As mentioned in the previous section, a laminar premixed flame is a deflagration wave with

a velocity known as the laminar burning velocity s0L. Thus, an unperturbed steady adiabatic

premixed 1-D flame stabilizes in a plug flow with velocity v, at a point where the laminar burning

speed is equal to the flow speed in the opposite direction, i.e., s0L = −v [8, 3]. Experimentally it

was found that,

s0L = s0L (pu, Tu, φ) , (1.6)

where pu, Tu, φ are pressure, temperature and the equivalence ratio of the unburnt mixture for

a specified fuel/oxidiser mixture, respectively [15, 16, 5]. In fact s0L is an intrinsic and a unique

property of a particular fuel-air mixture specified to the above mentioned condition [6]. The

laminar burning velocity s0L, gives insights into the controlling chemical kinetic mechanism [17,

18]. It is also used in developing one-dimensional models for Spark-Ignition (SI) engines in the

automotive industry [19].

For a lean-flame setup, experiments, mathematical asymptotic methods and numerics have

consolidated a mathematical expression for the laminar burning velocity;
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Figure 1.3: Computed laminar burning velocity sL, flame thickness lF and adiabatic Temperature
Tb at the burnt side as a function of equivalence ratio φ.

ρus
0
L =

√

ρuAD exp
(
−Ea/RTb

)
, (1.7)

where D is a typical diffusion constant, A is the frequency factor of a chemical reaction, ρu is

the unburnt mixture density, Tb is the temperature of the burnt mixture, R is the universal gas

constant and Ea is the activation energy [7, 5, 3]. s0L depends on the unburnt gas temperature as

Tb depends on the latter [8]. For lower alkanes viz. methane, ethane and propane etc. it was found

that an increase in pressure decreases s0L [6, 20]. Changes in equivalence ratio φ affect Tb and this

in turn affects the value of s0L [6]. Figure 1.3a shows that s0L of a methane-air flame peaks around

the value of φ = 1.05 but decreases if the fuel-air mixture becomes richer or leaner from this value

because of decreasing values of Tb. The plot of Tb vs φ for a methane-air flame in Fig. 1.3c reveals

that Tb also peaks close to the point where the fuel-air ratio is stoichiometric and decreases when

the combustible mixture becomes leaner or richer. The reason being, that for both lean and rich

case, a lot of heat is lost in heating up the excess reactants and hence the burnt gas temperature

decreases [6].

A premixed flame structure can be considered as a thin layer which separates the unburnt

and burnt mixtures in a thermodynamic equilibrium as seen in Fig. 1.2 [6].The next level involves

assuming that the reaction between reactants is activated only when the gas-temperature is close

to its maximum, this consideration is used to derive Eq. (1.7) and also to study the flame structure.
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This assumption leads to the development of the mathematical flame theory known as the large

activation energy asymptotics (LAEA) [21]. This theory helps us to divide the flame front as shown

in Fig. 1.2. The figure reveals that as the unburnt mixture approaches the flame, it gradually gets

heated up through conduction from the heat release region. As soon as the temperature of the gas

mixture approaches Tb, reactions are activated and the reactants are depleted in a thin reaction

sheet [8]. The region in which the reactants are heated up is named the preheat zone. It must

be pointed out that the reaction sheet is considered much thinner compared to the preheat zone

(Fig. 1.2). High activation energy values of chemical reactions imply high temperatures for the

reaction to proceed [10]. Therefore the preheat zone is thicker than the reaction zone as the

reactants have to be heated to a very high temperature for the reaction to take place. Further

level of complexity in the flame structure can be obtained by zooming into the above mentioned

reaction sheet with its characteristic length lr [6]. In the reaction zone, reaction and diffusion

are dominant, and in the preheat zone convection and diffusion are dominant. Conservation of

mass enables us to define the constant burning mass flux as m0
b = ρus

0
L which we call the mass

burning rate. This quantity is also used extensively in combustion literature to study premixed

combustion phenomena [11, 22]. In this research we shall make use of the mass burning rate for

comparing premixed methane-air flames.

We shall now briefly discuss the characteristic length of a premixed flame based on large

activation energy asymptotics. The mathematical relation between the large adiabatic laminar

burning velocity s0L and the flame thickness lF as obtained from the convection-diffusion balance

in the preheat zone is given as follows [3],

lF =
D

s0L
, (1.8)



where the diffusion constant is given by D = λ
ρucp

. λ is the heat-diffusivity and cp is the heat

capacity of the fuel-air mixture at constant pressure. Eq. (1.8) shows that for an unperturbed

flame, the flame thickness is inversely proportional to the laminar burning velocity and this is

verified in Fig. 1.3b.

Having defined the two characteristic properties of a premixed laminar flame, we shall now

proceed to discuss briefly about how the unperturbed laminar flame behaves under various flow

conditions. By using the parameters of an unperturbed laminar flame as a basis, Borghi [23]

has given a comprehensive view about the different premixed combustion regimes as shown in

Fig. 1.4. By plotting such combustion regimes we can study the physical mechanisms which

control the turbulent combustion and predict the local structure of the premixed turbulent flame

under certain conditions [8]. A turbulent flow is characterised by occurrence of eddies with different

length scales depending on the amount of kinetic energy they dissipate [10]. Based on these eddies,

the combustion regime can be classified by means of the turbulent Reynolds number ReT, which

is defined as

ReT =
v′

s0L

lT
lF
. (1.9)

Eq. (1.9) shows that the turbulent Reynold’s number gives us a yardstick to judge as to how the

root-mean-square velocity fluctuation v′ and integral length scale lT of the eddies interact with

the characteristic properties of an unperturbed laminar flame. Eddies have only a finite lifetime

and their interaction with the flame front causes a lot of instantaneous effects with respect to

burning velocity and flame structure[12]. The smallest eddy structures found in a turbulent flow

are the Kolmogrov eddies and might become comparable to the flame’s length and time scales

[10]. Hence, it becomes logical to compare the Kolmogorov eddy velocity scale and the laminar

burning speed of the flame [13, 6]. For this purpose we define the turbulent Karlovitz number as,

Ka =

(

v
′

K

s0L

)2

, (1.10)

where v′K is the Kolmogorov eddy velocity.

Fig. 1.4 reveals that ReT = 1 and Ka = 1 are the lines which represent the boundaries of

different premixed combustion regimes[10]. ReT = 1 separates the turbulent flame regime(ReT >

1) from the laminar flame regime (ReT < 1) in Fig. 1.4. In the wrinkled flamelets regime the

turnover velocity v′ of the large eddies doesn’t match up against the laminar burning velocity.

This allows the laminar structure of the flame to dominate and propagate over corrugations due

to turbulence. The region characterised by ReT > 1, Ka < 1 and v′ > s0L is the region of the

corrugated flame. In this region the flame front gets attached to these eddies inside which the flow

is quasi-laminar and therefore the flame largely holds on to its laminar structure [15]. This regime

is dominated by a kinematic relation between the advancing laminar flame and the turbulent

eddies. Here the larger eddies with v′ > s0L push the flame front around and cause substantial

corrugation. The region of ReT > 1 and Ka > 1 can be divided into two regimes based on whether

the Kolmogorov eddies can penetrate the reaction zone or not. When the smallest eddies of size

η are larger than the reaction zone thickness lr the eddies don’t penetrate into the reaction zone,

but they enter the preheat zone and increase scalar mixing. In the thin reaction zone, the eddy

size is comparable to the reaction zone but the combustion occurs in a continuous layer[15]. When



the eddy size becomes even smaller compared to the thickness of the reaction zone, we enter the

region of the broken reaction zones. This region is characterised by flow structures disturbing the

reaction zone and the combustion takes place in a distributed manner rather than a continuous

layer [15].

From the above discussion we can derive the conclusion that for most of the combustion

regimes the flame maintains its laminar structure but it is disturbed by impinging eddies. Such

disturbances can lead to hydrodynamical and diffusional-thermal instabilities in the flame front

[6]. Hence it becomes important to study the characteristics of laminar flames which are subjected

to external disturbances.

1.4 Importance of flame stretch

Accurate modelling of turbulent combustion has always been a challenge faced by the combustion

community [24]. The fact that a premixed flame retains its laminar structure for turbulent eddies

that are larger than the flame thickness, forms the foundation for laminar flamelet methods for

modelling turbulent combustion [10, 25, 26]. In flamelet methods, a turbulent flame is considered

as an ensemble of laminar flamelets. The G-equation method developed by Pitsch[27], and the

Flamelet Generated Manifold (FGM) method developed by van Oijen[28] are some examples which

represent the flamelet philosophy. In the flamelet approach the laminar flame is embedded in a

turbulent flow as in Fig. 1.5 and it has a similar structure to a dynamically stretched laminar

flame [29].

In literature, flame stretch is traditionally defined as the effect of flow straining and/or flame

curvature on the flame [3]. When a combustion wave traverses in a flow field, flame surface is

produced or destroyed. Hence, Karlovitz et al.[30] quantified flame stretch as the relative rate of

change of flame surface area. The interaction between turbulent eddies and the flame front can be

viewed as stretch rate changing flame surface area and flame curvature [29, 31, 32] as schematically

shown in Fig. 1.5. Flame stretch not only changes the laminar burning velocity but also changes

the flame temperature Tb because it affected by differences in diffusivity of the species [6]. As the

flame maintains its laminar structure locally for most of the combustion regimes, flame stretch

can also be used to determine the local turbulent velocity of a turbulent flame [33, 34]. Hence,

in flamelet methods it becomes possible to include full chemical mechanisms while modelling

turbulent combustion [10, 24].

Apart from its usefulness in modelling turbulent flames, flame stretch also plays an important

role in the experimental measurement of s0L [7]. It so happens that the unstretched adiabatic

laminar premixed flame is one of the few flames where one can unambiguously define and measure

the laminar burning velocity [5]. There are some new methods which can generate a nearly

perfect adiabatically flat unstretched flame [36], but in general it is very difficult to obtain such

unstretched conditions for experimental measurements [37]. Experiments also helped in confirming

the following theories about the effects of flame stretch on laminar burning velocity [38],

1. Stretching changes laminar burning velocity,

2. It can change the flame temperature,



(a) DNS simulations (reproduced with permission of [35]).

sL

Burnt

Unburnt

Flame front

(b) Schematic Representation.

Figure 1.5: Kinematic interaction between an eddy vortex and a turbulent flame front resulting
in thin layers, called strained laminar flamelets.

3. It can extinguish the flame.

In almost every combustion text-book, flame stretch is defined as the sum of two parts, one

related to the tangential (to the surface) divergence of the flow velocity vector v and another to

the divergence of the unit normal vector n to the flame surface in a homogenous flow [32]. Hence,

stretching of a self propagating flame front results from the strain rate of a spatially non-uniform

flow represented by the tangential divergence and a curved flame in a homogenous flow. The effects

of flow straining is felt on the flame thickness as a whole, thus affectingmb [31]. Flow straining also

influences diffusion of species and can make the flame locally richer or leaner leading to changes in

heat release and flame temperature[39]. The effects of curvature on a premixed flame are similar

to that of flow straining [3]. Apart from flat flames, curvature and flow straining together affect

the dynamics of the premixed flame and we would like to mention a few types of premixed flames

which are stretched and used extensively in combustion research. The stagnation flame with a

single flame configuration and twin flame configuration(counterflow) is a type of flat flame with

pure flat straining effects and this flame has been researched extensively both experimentally and

numerically in the world of combustion [40, 41, 42]. For studying the curvature effects, spherical

premixed flames form a vital tool [43]. The most commonly studied Bunsen flame is an example

of a flame tip, where we find curvature and flow straining both acting together[3]. All the above

mentioned flames are used in the measurement of the laminar burning velocity.

While we spoke about the constituents of flame stretch in the previous paragraph, we shall

now summarise the modelling approaches taken towards the flame stretch phenomenon. There has

been constant effort to establish a proper mathematical relationship between flame stretch and

mass burning rate [3, 8]. The LAEA method proves, albeit under strict restrictions, that there

exists a linear relation between sL and flame stretch rate [37, 44]. The linear relation holds true

only for small strain and curvature terms [3]. However, for strongly stretched flames the relation

is no longer linear [37]. This theory is elegant in terms of resolving stretch, but it falls short as it



doesn’t incorporate the realistic chemical kinetics and high values of stretch rates. It was found

by Buckmaster [45] that variations of stretch rate in the preheat zone also affect the mass burning

rate. Chung et al. [46] founded the idea of integral analysis to model m0
b including complex

chemistry. This model includes the flame stretch effects through the entire length of the flame

front. This formed the basis for de Goey et al. [11] to introduce the concept of mass-based stretch

rate, which incorporates the existing definition of flame stretch along with the effects of thickness

variation and density variations across the flame. With the help of this mass-based stretch rate

and integral analysis de Goey et al. [22] derived the one-dimensional Strongly Stretched Flamelet

Equations (SSFE) which are used to calculate the mass burning rate of highly stretched flames

[47, 48]. De Goey et al. [49] have also shown that effects of thickness variations and density

variations cannot always be neglected. Thus the theory put forward by de Goey et al. [22] is more

complete as it includes variations in the flame structure and detailed chemistry. Hence, in this

specific study we shall be looking at flames from the point of view of mass-based stretch rate.

1.5 Inspiration behind this study

We have seen that premixed flames in a turbulent flow are stretched flames and they have been

extensively studied [6]. However, it is important to realise that in turbulent combustion most of

the effects are transient in nature [8, 50]. A turbulent flow already has an evolving strain rate field,

which is responsible for instantaneous generation and destruction of flame surface area. Thus, we

can assume that the local stretch rate in a turbulent flame is always unsteady [29]. Though a lot

of work has been done on flames under influence of unsteady strain rates [35, 51, 52], for most

of the turbulent premixed combustion modelling steady flamelets are being utilised. It should be

mentioned though for modelling non-premixed turbulent combustion, unsteady diffusion flamelets

have been used extensively[53, 54, 42]. For premixed flames, Echekki et al. [55] made it clear

that unsteady straining introduces additional time scales associated with the imposed strain rate.

When the time scale of the unsteady strain rate starts interfering with the diffusive time scales

and chemical time scales we can see its effect on the mass burning rate and flame temperature

[35]. Most of the transient combustion processes in gas-turbines and internal combustion engines

exhibit flow perturbations, part of which can be modelled based on laminar flame’s interaction

with oscillating strain rate [56, 57, 58]. As these oscillating unsteady strain rates will affect

the combustion process, it is necessary to model the unsteady flame phenomena for accurately

predicting emissions and fuel consumption rates [59, 60, 61].

The usage of stagnation flows for analysing both premixed and diffusion flames is more than

half a century old [62]. Premixed stagnation flames are usually created either by impinging the

unburnt gas mixture against a barrier or by impinging two identical symmetric jets of unburnt gas

mixtures against each other [7]. The latter is named as a counterflow twin-flame configuration and

has advantages as there is no loss of heat to the walls and the flames are almost flat in nature [5].

In the rich spectrum of turbulent flow-flame interactions, the effect of pure rigid body rotation

of twin vortices on the flame front leads to straining of the flame front and can be modelled

locally as an unsteady counterflow flame [29, 63]. In a turbulent flame, the local equivalence ratio

may fluctutate with time and thus affecting the flame which can be modelled by using unsteady

counterflow flames[64, 65].

An axisymmetric counterflow flat flame is a one-dimensional purely strained flame, whose



strain rate can be mathematically modelled by the hydrodynamic momentum equation [66, 51].

The counterflow flame in its steady form is extensively used to determine s0L experimentally [67, 68].

Counterflow flames are also used in non-premixed flamelet methods because of the simplicity of

geometry [24, 69]. The importance of unsteady premixed flames and the simple geometry of the

counterflow flames form the basis of studying unsteady counterflow flames in this thesis. The first

step in introducing unsteadiness into counterflow flames is to bring in periodic oscillations in the

velocity of the mass flow. This is achieved by an oscillating strain rate at the inlet of the unburnt

mixture. Stahl et al. [51] provided the mathematical model for the unsteady flow straining in a

counterflow flame. An oscillating counterflow flame exhibits non-linear behaviour based on the

frequencies of strain oscillations [52]. It was found that the flame behaves quasi-steady when the

strain frequency is low, and stops responding to high frequencies with a development of phase lag

[57, 59, 52, 56].

Analytical models, which are simplified, reveal the parameters which control the nature of

counterflow flames [57]. From the previous section it emerges that we have two analytical methods

viz. asymptotic methods [70] and integral analysis [24]. Our research will be based on the strongly

stretched flamelet equations (SSFE) and the integral analysis method as they provide a good

basis for studying the flame response. In this research oscillating counterflow flames will be

analysed through the use of mass-based stretch, which incorporates additional unsteady stretch

effects. We first introduce the theory behind mass-based stretch along with the modelling of

strain rate for counterflow flames. This is followed by the study of oscillating counterflow flames

with unity-Lewis numbers, where we will establish the presence of unsteady stretch effects due to

thickness and density variations. Based on the conclusions derived on the existence and behaviour

of unsteady stretch effects, we shall use integral analysis methods to approximate the changes in

mass burning rate of oscillating counterflow flames. The final discussion will be on the modelling

of oscillating counterflow flames with non-unity Lewis numbers with preferential diffusion effects.

In that chapter, we shall use methane-hydrogen air flames because of high diffusivity of hydrogen.

SSFE along with integral analysis can be used to determine diffusion phenomena of element mass-

fractions and enthalpy for steadily stretched flames [71] and in this study we extended the approach

to include unsteady counterflow flames, where we can describe the effects of preferential diffusion

on the mass-burning rate.

Based on these studies, we will show how the mass-based stretch rate gives further insights into

the dynamics of a stretched flame. Finally, the goal of this study is to show that unsteady stretch

effects arising out of thickness and density variations cannot be ignored and must be incorporated

in the study of unsteady premixed flames.



Chapter 2

Mathematical Model

This chapter will form the mathematical foundation for our research on premixed oscillating coun-

terflow flames. Here we shall introduce the general combustion process in a mathematical manner

involving the conservation equations describing the physics of reacting flows. These equations

can be solved numerically if they are given with appropriate boundary conditions and initial val-

ues. Because of the very small thickness of the laminar flame front in comparison to the length

scales of the system, one needs to consider a very fine mesh and short time steps which make the

computation very expensive. However, modelling of laminar flames is important so that we can

use it for turbulent combustion simulation subsequently[3]. Therefore, it is key to model laminar

combustion by translating the conservation equations in a pseudo one-dimensional form so that we

can use analytical and numerical tools effectively to study the complex coupling between the flow

and the chemistry inside a flame[11]. By introducing flame stretch we can reduce the conservation

equations to a quasi one-dimensional form[48]. The traditional flame stretch formulation, which

is defined as the relative rate of change of the flame surface area, contains flow straining and

curvature[30], and we shall call it the area-based flame stretch rate Kσ. In this chapter we shall

give a brief mathematical explanation about Kσ and its effect on premixed laminar flames. To

reduce the governing equations of combustion to a quasi one-dimensional form we use a suitable

flame based coordinate system. The quasi one-dimensional governing equations constitute the

Strongly Stretched Flamelet Equations(SSFE) and it is brought about by using the mass-based

stretch rate KM. The mass-based stretch rate is defined as the relative rate of change of mass

inside a control volume as defined by the flame-based coordinate system. The integral analysis

method will be applied to SSFE by integrating the set of equations through the entire flamefront

which gives us a relation for the mass-burning rate mb for stretched laminar flames. Finally we

conclude this chapter with a description of the numerical solver viz. CHEM1D[72] which will be

used to simulate oscillating counterflow flames.

2.1 The governing equations

The mathematical model for combustion is based on the governing equations of mass, momentum,

and energy and a description can be found in any standard combustion textbook [5, 6, 3]. A

description of combustion phenomena demands conservation equations being modelled on the

basis of reacting gases, chemical kinetics and transport models of gaseous species and heat. In this
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section, based on the physics and chemistry, the mathematical model presenting laminar premixed

combustion is listed as follows i.e.,

∂ρ

∂t
+∇ · (ρv) = 0, (2.1a)

∂(ρv)

∂t
+∇ · (ρvv) = −∇p+∇ · T , (2.1b)

∂ (ρYk)

∂t
+∇ · (ρvYk) +∇ · (ρV kYk) = ω̇k, k ∈ [1, Ns − 1] , (2.1c)

∂ (ρh)

∂t
+∇ · (ρvh) = −∇ · q − T : (∇v) + ∂p

∂t
+ v · ∇p, . (2.1d)

Eqs. (2.1a) and (2.1b) are the continuity and momentum equations, respectively, where ρ, p and v

are the mass density, pressure and flow velocity, and T is the stress tensor. As combustion involves

the consumption and formation of chemical species, it is compulsory to model the behaviour of

the species mass-fractions Yk, see Eq.(2.1c). The velocity of individual species is a vector sum of

the flow velocity v and the diffusion velocity V k of that particular species. At the right hand side

of the species conservation Eq. (2.1c), ω̇k represents the chemical source term with contributions

from all reactions in the mixture. The set of governing equations is completed by the balance

equation for specific enthalpy h in Eq.(2.1d). The above set of equations is closed by proper

models for the heat flux q, stress tensor K, diffusion velocities V k, two equations of state and a

description of the chemical reactions. Also here we restrict ourselves to low-velocity deflagrations

which implies that the pressure is constant. Therefore terms involving pressure in Eq. (2.1b) and

all viscous forces are neglected. This constant pressure approximation is valid for the deflagration

regimes of combustion as the combustion wave travels at a speed much lower than the speed of

sound and is known as the Combustion Approximation [45].

2.1.1 The equations of state

In this thesis, all the individual gases in a combustion system are treated as an ideal gas. In

Eq.(1.6), we also mentioned that intrinsic properties of a flame are controlled by pressure and

temperature. The hydrodynamic pressure can be considered as the sum of all the partial pressures

of the gases present in the combustion system, i.e.

p =

Ns∑

i=1

pi =
ρRT

M
, (2.2)

where M =
∑Ns

i=1 Yi. The caloric equation of state specifies the specific enthalpy h as a function

of the temperature T and species Yk, and is given by,

h =

Ns∑

k=1

hkYk, (2.3)



where hk is the specific enthalpy of the kth species. hk is related to the formation enthalpy and

temperature in the following manner;

hk = h∗k +

∫ T

T∗

cpk(T )dT, (k = 1, 2, . . . , Ns) (2.4)

with h∗k the species enthalpy density of formation at a certain reference temperature T ∗ and cpk
the specific heat at constant pressure of species k.

2.1.2 Transport models and chemistry

We shall now focus our attention on the commonly used transport models in numerical combustion

[3]. The diffusion velocities V k, heat flux q and stress tensor T are the terms for which we need to

specify the transport models. Species diffusion in combustion is usually modelled based on Fick’s

law, and the diffusion velocity of kth species in the mixture is given by;

V k = −Dk

Yk
∇Yk, (k = 1, Ns − 1) , (2.5)

where Dk is the mixture-averaged diffusion coefficient [73]. The Lewis number Lek compares the

diffusion rate of heat and trace species k and is the ratio of thermal diffusivity λ/ρcp and species

mass diffusion Dk:

Lek =
λ

ρDkcp
, n ∈ [1, Ns − 1] , (2.6)

where cp is the specific heat capacity at constant pressure. Because of conservation of mass, there

is no net transport due to species diffusion, thus;

Ns∑

k=1

YkV k = 0. (2.7)

The diffusion velocities given by Eq. (2.5) are rewritten using Eq. (2.6) as;

V k = − λ

ρcpLekYk
∇Yk, k ∈ [1, Ns − 1] . (2.8)

We now formulate the model for the heat flux q as [5];

q = −λ∇T +

Ns∑

k=1

ρV kYkhk. (2.9)

Using Eq.(2.5) we can rewrite Eq. (2.9) as

q = − λ

cp
∇h− λ

cp

Ns∑

i=1

(
1

Lek
− 1

)

hk∇Yk. (2.10)

For the momentum transport model we assume the gas mixture behaves like a Newtonian fluid

and model the viscous stress tensor T with Stokes’s law of friction [5]:

T = µ

(

∇v + (∇vT)− 2

3
(∇ · v)I

)

. (2.11)



Here µ is the dynamic viscosity of the mixture. The chemical source term ω̇k for a species k in a

combustion reaction containing Nr reactions is given by;

ω̇k =Mk

Nr∑

l=1

(

ξ
′′

kl − ξ
′

kl

)

rl, k ∈ [1, Ns] . (2.12)

ξ
′′

kl, ξ
′

kl are the molar stoichiometric coefficients of species k in reaction l, and rl is the molar

reaction rate of reaction l which is written as,

rl = kfl

Ns−1∏

m=1

[
ρYm
Mm

]ξ
′

km

− kbl

Ns−1∏

m=1

[
ρYm
Mm

]ξ
′′

km

. (2.13)

kfl and k
b
l are the forward and backward reaction rate coefficients respectively. These reaction rate

coefficients satisfy an Arrenius expression represented by [73]

kl = AcT
β exp

(−Ea
R0T

)

, (2.14)

where Ac the reaction rate constant, β the temperature exponent, Ea the activation energy and

R0 the universal gas constant.

2.1.3 The Combustion Equations and Modelling

Since we have now defined our transport models and state equations, it becomes possible to

formulate the final form of the conservation equations [73].

∂ρ

∂t
+∇ · (ρv) = 0, (2.15a)

∂(ρv)

∂t
+∇ · (ρvv) = −∇p+∇ · T , (2.15b)

∂ (ρYk)

∂t
+∇ · (ρvYk)−∇ ·

(

λ

Lekcp
∇Yk

)

= ω̇k, k ∈ [1, Ns − 1] , (2.15c)

∂ (ρh)

∂t
+∇ · (ρvh)−∇ ·

(

λ

cp
∇h
)

= ∇ · Jh. (2.15d)

Jh is the enthalpy diffusion flux given by,

Jh =

Ns∑

k=1

(
1

Lek
− 1

)(

λ

cp
hk∇Yk

)

. (2.16)

Apart from the above set of governing equations it is also important to consider the conservation

of element mass-fractions Zm which were defined in Eq.(1.3). This is because elemental mass

is conserved during a chemical reaction. Therefore conservation equations of the element mass-

fractions will have no chemical source term. The conservation equations for Zm can be written

as;

∂ (ρZm)

∂t
+∇ · (ρvZm)−∇ ·

(

ρ
λ

cp
∇Zm

)

= ∇ · JZm
. (2.17)



The diffusion flux of the element mass-fractions is given by,

JZm
=

λ

cp

Ns∑

i=1

(
1

Lei
− 1

)

bmi∇Yi, m ∈ [1, Ne − 1] . (2.18)

2.2 Area-based stretch

Our work is based on the mass-based stretch rate as introduced by de Goey et al. [11, 22] and

will be explained in detail in the upcoming sections of this chapter. Therefore, we would like to

present here a brief mathematical introduction of the traditional area based stretch as introduced

by Karlovitz et al. [30]. They describe the flame stretch phenomenon as the interaction between

the gas flow and the flame front which leads to creation or destruction of additional flame surface

area. Thus the traditional flame stretch phenomenon is quantified as the relative rate of change

of local flame surface area, i.e.

Kσ =
1

σ

dσ

dt
, (2.19)

where σ is the local flame surface area. This fractional rate of change of a flame surface element

is further split into its constituents viz. curvature and flow straining [74]. Hence, Eq. (2.19) can

be further split into;

Kσ = sLκ+Ks, (2.20)

where κ is the flame curvature, Ks is the flow strain rate. The flame curvature κ, measures the

spatial change of unit normal to the area element which in the direction of the burnt gas mixture

and is written as;

κ = −∇ · n. (2.21)

The RHS term in Eq. (2.21) is related to the flame surface radii of curvature R1 and R2 as shown

in Fig. 2.1.Therefore the curvature term κ is given by [3],

κ =
1

R1
+

1

R2
. (2.22)

R2

R1

n

Flame sheet

a2

a3

Figure 2.1: Representation of Area-based stretch in terms of strain rate and curvature of a flame
surface



The strain rate term Ks originates from the interaction between the flow velocity field and the

flame surface [30, 74] and is mathematically expressed as

Ks = −n ·E · n, (2.23)

where the strain tensor E is given by,

E =
1

2

(

∇v +∇vT
)

. (2.24)

When we substitute the expression for E in Eq. (2.23), the expression for strain rate opens up

into its components as,

Ks = − (v · n)κ+∇t·v. (2.25)

The first term in Eq. (2.25) is a quantification of the effect of gas flow on the curvature of the flame

surface and the second term measures the spatial change of gas velocity along the flame surface.

∇t is the gradient operator along the flame sheet spanned by unit tangent vectors [a2, a3]. The

change in velocity along the flame surface stretches or contracts the flame surface and hence is

called as tangential strain. It literature the first term of Eq. (2.25) is generally taken as part of

the flame curvature expression. The velocity of the flame front with respect to the flow velocity

is given by

vf = v − sdn, (2.26)

where sd is the flame displacement speed. The laminar burning speed is the flame displacement

speed at the unburnt side, i.e. sL = sd,u.

The relation between Kσ and stretched laminar burning velocity sL is very difficult to eval-

uate experimentally and numerically [3] and only theory based on asymptotic methods gives a

mathematical relation between the two albeit under restricted assumptions [75, 76, 50]. Under the

conditions of small strain and curvature effects, it was found that only Kσ controls flame surface

and consumption speeds in a linear manner [5] i.e.,

sd
s0L

= 1−MKa. (2.27)

M is the known as the Markstein number and Ka = Kσδ/s
0
L is the Karlovitz number which is a

non-dimensional measure of stretch. From the various expressions for the Markstein number, we

shall present the one obtained by Clavin et al.[77] for a constantly stretched free flame under the

conditions of constant viscosity, φ < 1, single-step chemistry, and high activation energy. For this

scenario, the flame thickness is considered negligible as the flame front is considered as a flame

sheet. With these restrictions the Markstein number reads as follows;

M =
Tb

Tb − Tu
ln

(
Tb
Tu

)

+
1

2
β (LeF − 1)

Tb
Tb − Tu

∫ Tb−Tu
Tu

0

ln(1 + z)

z
dz. (2.28)

The measure of activation energy in Eq. (2.28) is given by β = (Tb − Tu)Ta/T
2
b where Ta is

the activation temperature. The Markstein number dictates the stability of the flamefront and

negative M may give rise to front instability and cell formation [5]. Though obtained under severe

restrictions, Eq. (2.27) and Eq. (2.28) are used extensively for modern flame studies including

experimental research to obtain the laminar burning velocity [7]. Obtaining the Markstein number



for every individual flame is very difficult as there is no centralised way of evaluating it and is

a topic of controversy [78, 70, 79]. Eq. (2.28) is restricted to a flame sheet and it cannot be

extended to include flames with finite thickness, therefore we need to use the integral approach

presented by Chung et al. [46]. Using Kσ, people have managed to obtain expressions for mb for

highly stretched steady flames [48]. In this current research we shall incorporate unsteadiness in

form of strain oscillations in a premixed counterflow flame setup. We consider these counterflow

flames having a finite thickness. Therefore, we will use the integral analysis to approximate the

mass burning rate for a counterflow flame. Thus, our next discussion will be to introduce flamelet

coordinates and approximate the mass-burning rate based on integral analysis.

2.3 Mass-based flame stretch rate

2.3.1 Flame coordinates and kinematics

The main reason behind introducing a flame based coordinate system is to derive a local one-

dimensional mathematical model. A premixed flame is defined as the region in space where a

suitable combustion variable Y changes monotonically(∇Y 6= 0) from the unburnt value (Yu),

to the burnt value (Yb) [11]. The combustion variable Y is called the progress variable, e.g. a

species mass fraction Yk, temperature T , density ρ etc. The restriction of non-zero gradient of the

progress variable inside the flame region results in flame iso-surfaces which are associated with a

time dependent coordinate system, ξ = (ξ1, ξ2, ξ3). These iso-surfaces are defines as:

Y(x1, x2, x3, t) = Y(ξ1), ∂x

∂ξ1
·

∂x

∂ξα
= 0, (α = 2, 3) for Y(ξ1) ∈ (Yu,Yb). (2.29)

Hence, coordinate surfaces ξ1 = const concide with flame surfaces and the ξ1-coordinate is ortho-

gonal to the flame iso-surfaces Y = const. The curvilinear coordinates (ξ2, ξ3) lie on the flame

surface and are not necessarily orthogonal and we refer to the ξ1-coordinate lines as flamelets

(Fig. 2.2). While defining the flame coordinates we must note that this system doesn’t exist in

the burnt and unburnt gas mixtures. For a time dependent flame, the flame surfaces will move in

the spatial domain, resulting in a time dependent coordinate system, ξ = ξ(x, t) where the time

variable τ = t corresponds to the curvilinear coordinate system.

For a given flame surface Y(x, t) = Y0 (Yu ≤ Y0 ≤ Yb), the propagation velocity vf is given

by

vf := v − sdn, n :=
∇Y
|∇Y| , (2.30)

with sd the flame displacement speed of that flame surface, and n the unit normal vector directed

towards the burnt gas mixture. Thus, in the context of flamelets, a flame front is the collection of

flame surfaces, whose individual motion is described by the kinematic condition;

∂Y
∂τ

:=
∂Y
∂t

+ vf ·∇Y = 0. (2.31)

When defining Eq. (2.29) for the flame iso-surfaces (Y = Const) is differentiated with respect to

τ , the resulting relation reads;



ξ2

ξ1

Figure 2.2: Representation of a laminar flamelet in a turbulent flame and the flame coordinate
system.[47]

∂Y
∂τ

:=
∂Y
∂t

+
∂x

∂τ
·∇Y = 0, (2.32)

where ∂x
∂τ

is the velocity of the moving system. The relation (vf − ∂x
∂τ

) · ∇Y = 0 indicates that

the components of vf and
∂x
∂τ

normal to the flame surface are equal. The tangential component is

not determined by (2.29), hence for simplicity we choose aα·(v − ∂x
∂τ

) = 0 (α = 2, 3) as shown

in Fig. 2.1. This choice implies, ∂x
∂τ

= vf and d
dt = ∂

∂τ
. With this choice the flamelet coordinate

system is moving with velocity vf with respect to the Cartesian coordinates, the motion of the

iso-surfaces can be formulated by substituting Eq. (2.30) in Eq. (2.31) and we can write it as

∂Y
∂t

+ v ·∇Y = sd|∇Y| . (2.33)

With this introduction of the flame based curvilinear cooordinate system, we can reformulate the

conservation laws into this system. However, the internal structure of the flame changes due to

unsteady effects (given by partial derviatives with respect to τ), flame curvature and flame strain.

2.3.2 Mass-based stretch rate

We discussed the area-based stretch rate Kσ and its effects when the flame is considered as a

gas-dynamic discontinuity [44]. In our approach, a flame has a finite thickness and each flame

iso-surface will be subjected to flame stretch, and hence we need to extend the definition of flame

stretch to incorporate the entire thickness of the flame including the pre-heat zone [28, 22, 11].

A flame of finite thickness can be defined as a chemical process enclosed between the iso-surfaces

Y(x, t) = Yu, and Y(x, t) = Yb, and a flame path x = x(ξ1) is the curve going through the entire

flame from the unburnt side to the burnt side in the direction of the normal n, and satisfies the

initial value problem,



dx

dξ1
= C(ξ1)n, ξ1u < ξ1 < ξ1b, x(ξ1u) = xu (2.34)

where C is some function which depends on the flame coordinate ξ1 only.

So far, we discussed the dependence of the mass-burning rate on Kσ, but now we like to study

the mass-burning rate when a flame is considered a collection of flame iso-surfaces. Hence the

mass-based stretch rate KM, is defined as the fractional rate of change of the mass M(t) contained

in an infinitesimal small control volume Ω(t) moving in the flame with the velocity vf , i.e.,

KM :=
1

M

d

dt
M, M(t) =

∫

Ω(t)

ρdV. (2.35)

This implies,

∫

Ω(t)

ρKMdV =
d

dt

∫

Ω(t)

ρdV. (2.36)

By applying Reynolds’ transport theorem[22] Eq. (2.36) can be written as,

∫

Ω(t)

ρKMdV =

∫

Ω(t)

(
∂ρ

∂t
+∇ · (ρvf)

)

dV. (2.37)

We thus get the following expression for the mass based stretch KM

ρKM =
∂ρ

∂t
+∇ · (ρvf). (2.38)

When combined with the continuity equation and using relation (2.30) the expression for KM

becomes

ρKM = −∇ · (mn), (2.39)

with m = ρsd the mass burning flux relative to the flame surfaces. When we rewrite expression

(2.39) in the flamelet coordinates (ξ, τ), the mass-based stretch rate can be written as,

KM :=
1√
g

∂
√
g

∂τ
+

1

ρ

∂ρ

∂τ
. (2.40)

In Eq. (2.40)
√
g = h1σ is the Jacobian of the coordinate transformation x 7→ ξ with h1 :=

∣
∣
∣
∂x
∂ξ1

∣
∣
∣

the arc-length parameter and σ the flame surface area.

In Eq. (2.37) dV :=
√
g dξ1dξ2dξ3 is the volume element, dS := σ dξ2ξ3 is the area element

of a flame surface Y = const, and ds := h1 dξ1 is the arc-length element. Hence, the components

that make up the mass-based stretch rate KM, can be expressed as follows;

KM :=

Kσ , area stretch
︷ ︸︸ ︷

1

σ

∂σ

∂τ
+

KTh, thickness
︷ ︸︸ ︷

1

h1

∂h1
∂τ

+

Kρ, density
︷ ︸︸ ︷

1

ρ

∂ρ

∂τ
. (2.41)

As mentioned before d
dt = ∂

∂τ
in the flamelet coordinates, hence the area based stretch rate in

the flamelet coordinates is Kσ = 1
σ
∂
∂τ

(σ). The mass-based stretch rate not only contains the

traditional area-based stretch rate, but also additional unsteady terms KTh = 1
h1

∂
∂τ
h1, describing



the fractional rate of change of flame thickness, and 1
ρ
∂
∂τ
ρ, the fractional rate of change of the

density. The change in control volume can be regarded as sum of the changes of surface area and

flame thickness. The changes in flame thickness and density can be attributed to the changes

in mass of a small flame control volumes moving with speed vf . These contributions are not

captured by the traditional area-based stretch rate. In this study, the contribution of changing

flame thickness and densities to the stretch rate and flame dynamics will be investigated through

an unsteady counterflow twin flame.

When Eq. (2.39) is written in flamelet coordinates, we obtain

ρKM = − 1√
g

∂

∂ξ1

(√
gm1

)

, (2.42)

wherem1 is the contravariant component of the vectorm := mn, andm = ρsL, m
α = 0 (α = 2, 3).

Using ds = h1dξ, the above equation can be rewritten as

ρKM = − ∂

∂s
(σm) , (2.43)

thus confirming that the mass-based stretch rate KM determines the change in mass along the

flamelet.

2.3.3 Combustion equations in flame coordinates

In the previous two sections we introduced the concepts of flamelet based coordinate system (ξ, τ)

and mass-based stretch rate KM, and in this subsection we will formulate the combustion equations

in the flamelet coordinate system. The progress variable Y, as discussed before, can be either a

species mass fraction Yi, the temperature T , density ρ etc. satisfying the condition of monotonicity.

The equation which governs the progress variable Y can be written as;

∂

∂t
(ρY) +∇·(ρvY) −∇·

(

1

LeY

λ

cp
∇Y
)

= ωY . (2.44)

Combining the kinematic condition (2.32) with the above equation and rewriting it in the flamelet

coordinates, we obtain the quasi-one dimensional form of this equation, i.e.

∂

∂ξ1
(
√
gm1Y)− ∂

∂ξ1

( √
g

LeY

λ

cp
g11

∂

∂ξ1
Y
)

=
√
g (ωY − ρKMY) , (2.45)

where
√
g is the Jacobian of the transformation (x, t) 7→ (ξ, τ) and g11 is the first component

of the contravarient metric tensor of the transformation. This quasi-one dimensional equation

additionally is based on the relations mα, g1α = 0, and ∂Y/∂ξα = 0 for α = 2, 3, where mα :=

ρaα · (v − vf). Using ds = h1dξ1 as arclength in (2.45) we get the final form of the progress

variable equation in flamelet coordinates

∂

∂s
(σmY) − ∂

∂s

(

σ

LeY

λ

cp

∂

∂s
Y
)

= σ (ωY − ρKMY) . (2.46)

Hence the one-dimesional conservation Eq. (2.46) for the progress variable depends only on the

ξ1-coordinate normal to the flame surface. All the unsteady terms and transport along the flame



surfaces are gathered into one term viz. σρKMY. When all the conservation Eq. (2.15) are

re-written in the flamelet coordinates of the progress variable, then the resulting quasi-one dimen-

sional equations are referred as the Strongly Stretched Flamelet Equations(SSFE), and they read

as follows [48],

∂

∂s
(σm) = −σρKM, (2.47a)

∂

∂s
(σmY)− ∂

∂s

(

1

LeY

λ

cp

∂

∂s
Y
)

= σ (ωY − ρKMY) , (2.47b)

∂h

∂τ
+

∂

∂s
(σmh)− ∂

∂s

(

σ
λ

cp

∂h

∂s

)

− ∂

∂s
(σJh·n) = σ (−ρKMh+Qh) , (2.47c)

∂Yi
∂τ

+
∂

∂s
(σmYi)−

∂

∂s

(

σ
1

Lei

λ

cp

∂Yi
∂s

)

= σ (ωi − ρKMYi +QYi
) . (2.47d)

(2.47e)

Following the SSFE the formulation of the element mass-fraction Zj reads,

∂Zj

∂τ
+

∂

∂s
(σmZj)−

∂

∂s

(

σ
λ

cp

∂Zj

∂s

)

− ∂

∂s

(
σJZj

·n
)
= σ

(
−ρKMZj +QZj

)
. (2.48)

In the SSFE formulation of enthalpy and element mass fractions Jh and JZj
are the preferential

diffusion fluxes of enthalpy and element mass-fraction Zj . It is observed that, like the progress

variable equation (Eq. (2.47b)), the mass balance equation (Eq. (2.47a)) is a steady one. Other

flamelet equations have a time derivative because of the unsteady behaviour of the corresponding

variables with respect to Y. If any variable in the flamelet coordinates has a steady behaviour,

it means that it has the same transient behaviour as Y. The terms Qh, QYi
, and QZj

describe

transport of the corresponding variables along the flame surfaces as the iso-surfaces of h, Yi, and

Zj don’t always coincide with the iso-surfaces of Y [48]. These are given by

Qh = ∇t·
(

λ

cp
∇th

)

+∇t·Jh, (2.49a)

QYi
= ∇t·

(

1

Lei

λ

cp
∇tYk

)

, (2.49b)

QZj
= ∇t·

(

λ

cp
∇tZj

)

+∇t·JZj
, (2.49c)

where ∇t· and ∇t are divergence and gradient operator respectively, which are restricted to the

flame surfaces. The Q-terms in (2.49) describe conduction/diffusion along the flame surfaces and

are usually small. This description of the flame as a function of the arc-length s along the flame

paths, resolves the internal structure of the flame.



2.3.4 Integral analysis of the combustion equations

In this section we shall derive an expression for the mass burning ratemb of stretched flames using

the SSFE system (2.47)[22, 48]. We solve this system by using the Integral Analysis method,

introduced by Chung et al.[46]. In this method we integrate the SSFE system with respect to

arc-length s from the unburnt to the burnt mixture. A stretchless flame is very difficult to obtain

physically in the laboratory but becomes important as all the stretch terms are zero. In order to

obtain the mass burning rate of stretched flames, the first step is to derive the expression for the

mass burning rate m0
b of a stretchless flame.

2.3.4.1 Mass burning rate of the steady stretchless adiabatic flame

For deriving the expression for the mass burning rate of an adiabatic stretchless flame, all the

stretch terms in Eq. (2.47) vanish, and the SSFE system along with the progress variable equation

takes the following form

∂

∂s
(σm0) = 0, (2.50a)

∂

∂s
(σm0Y0)− ∂

∂s

(

1

LeY

λ

cp

∂

∂s
Y0

)

= σ (ωY0) , (2.50b)

∂

∂s
(σm0h0)− ∂

∂s

(

σ
λ

cp

∂h0

∂s

)

− ∂

∂s

(

σJ 0
h ·n
)

= σ
(

Q0
h

)

, (2.50c)

∂

∂s
(σm0Y 0

i )−
∂

∂s

(

σ
1

Lei

λ

cp

∂Y 0
i

∂s

)

= σ
(

ω0
i +Q0

Yi

)

, (2.50d)

∂

∂s
(σm0Z0

j )−
∂

∂s

(

σ
λ

cp

∂Z0
j

∂s

)

− ∂

∂s

(

σJ 0
Zj
·n
)

= σ
(

Q0
Zj

)

. (2.50e)

We integrate Eq. (2.50) across the flame along a flame path, such that we can safely assume the

vanishing of all diffusive fluxes in the unburnt and burnt gases. The superscript ′0′ indicates

the stretchless solution of SSFE, and the subscripts ’u’ and ’b’ denote the values of a variable in

unburnt and burnt gases, respectively. Therefore we find after integration from su to sb that,

(σm0)b = (σm0)u, (2.51a)

(σm0h0)b = (σm0h)u, (2.51b)

(σm0Z0
j )b = (σm0Zj)u. (2.51c)

From (2.51) we conclude that mass, enthalpy, and element mass composition are conserved

over the length of the flame. From this knowledge, we can conclude that stoichiometry of the

unburnt side is equal to the stoichiometry at burnt side and the temperature equals the adiabatic

temperature of the flame. In order to derive an expression for the mass burning rate m0
b of the

stretchless flame, we consider Eq. (2.50b) for Y0, which can be written as follows,

F(s)− ∂

∂s
H(s) = S(s) (2.52)



where the terms are,

F(s) =
∂

∂s
(σm0Y0), H(s) = σ

1

LeY

λ

cp

∂

∂s
Y0, S(s) = σω0

Y . (2.53)

Multiplication of Eq. (2.52) with H(s) and integrating the resulting equation from su to sb cancels

off the diffusion term 1
2
∂
∂s

(
H2
)
and leads to the following equation,

∫ sb

su

F(s)H(s)ds =

∫ sb

su

H(s)S(s)ds. (2.54)

The integrals in Eq. (2.54) go through the entire thickness of the flame region, but when Eq. (2.52)

is integrated only inside the pre-heat zone, the source term S(s) is smaller than the convective

and diffusive terms, i.e. |S(s)|≪ |H(s)|, and we get;

H(s) ≈
∫ s

su

F(y)dy. (2.55)

Inserting the above approximation in Eq. (2.54) we obtain,

∫ sb

su

F(s)

(
∫ s

su

F(y)dy

)

ds =
1

2

(
∫ sb

su

F(s)ds

)2

≈
∫ sb

su

H(s)S(s)ds. (2.56)

The above equation is an approximation based on the assumption that the reaction zone

dominated by source terms is much thinner than the preheat zone. Hence for an infinitely thin

reaction zone Eq. (2.56) is an exact relation. The integrals in Eq. (2.56) can be evaluated as

∫ sb

su

F(s)ds = (σm0)b

(

Y0
b − Yu

)

, (2.57a)

∫ sb

su

H(s)S(s)ds =
∫ Y

0
b

Yu

σ2 1

LeY

λ

cp
ωYdY, (2.57b)

and can be subsituted into Eq. (2.56) to approximate the mass burning rate as:

m0
b

(

Y0
u , h

0
b , Z

0
j,b

)

≈ 1
∣
∣Y0

b − Y0
u

∣
∣

√

2

∫ Yb

Yu

(
σ

σb

)2
1

LeY

λ

cp
ωYdY . (2.58)

When we have an inifinitely thin reaction layer, the factor σ/σb becomes unity and the RHS of

Eq. (2.58) becomes equal to the mass burning rate of a flat adiabatic stretchless flame. Eq. (2.58)

shows that unless the pre-heat zone is disturbed by flame stretch, the mass burning rate of a

premixed flame is independent of curvature due to the inifinitely thin reaction layer. The term
1

LeY
λ
cp
ωY is a function of all flame variables Yi(i = 1, 2, . . .Ns) and T , hence m0

b depends on

enthalpy h0b and element mass fractions Z0
j,b.

2.3.4.2 Mass burning rate of stretched flames

This subsection is dedicated to derive an expression for the mass burning rate if stretch terms are

included. Integrating the mass equation Eq. (2.47a) through the flame gives,

(σm)b − (σm)u = −
∫ sb

su

σρKMds. (2.59)



Integrating the enthalpy and element mass fractions equations from Eq. (2.47) through the flame

thickness results in

hb − hu =
1

σmb

∫ sb

su

σρ

(

KM(h− hu)−
∂h

∂τ

)

ds, (2.60a)

Zj,b − Zj,u =
1

σmb

∫ sb

su

σρ

(

KM(Zj − Zj,u)−
∂Zj
∂τ

)

ds. (2.60b)

The mass burning rate is evaluated in the same fashion as was done for the stretchless mass

burning rate, using the progress variable equation Eq. (2.46), with the convective term F is now

given by

F(s) =
∂

∂s
(σmY) + σρKMY, (2.61)

H, and S are the same as defined in (2.53). In the previous subsection we mentioned that the

mass burning rate depends on the enthalpy hb, and element mass fractions Zj,b at the burnt gas,

hence we introduce the state vector ψb ≡
(
hb, Zj,b

)
. The mass burning rate of a stretched flame

thus can be approximated as

mb(ψb) +
1

σb

∫ sb

su

σ(s)ρ(s)KM(s)Ỹ(s)ds = m0
b(ψb), (2.62)

where m0
b has the same approximate expression as the given RHS of Eq. (2.58) and can be

interpreted as mass burning rate of a stretchless flame whose burnt side is associated with the

state vector ψb. Relation (2.62) can be rewritten as

mb(ψb)

m0
b(ψb)

= 1− KaY
LeY

, (2.63)

where KaY is the Karlovitz integral and it is given by:

KaY =
LeY

σbm0
b (ψb)

∫ sb

su

σ(s)ρ(s)KM(s)Ỹ(s)ds. (2.64)

The expression (2.64) is the weighted mass flow rate along the flame surfaces scaled with the mass

flow rate normal to the flame surfaces. Though Eq. (2.63) and Eq. (2.64) give us the opportunity

to calculate mb, it is very difficult to use these directly due to the complicated nature of ωY

and Y. Since mb is a function of ψb, one needs to solve the enthalpy and element mass-fraction

equations in order to obtain mb. However, we now have an expression which accounts for the

flame dynamics through the entire thickness of the flame, and which will allow us to explore

possibilities of calculating time dependent mass burning rates which may arise from unsteady

flow fields represented by KM. Equations which govern the specific enthalpy h, and the elemental

mass fractions Zj have no source terms, thus we call them conserved variables. Integral analysis

also allows us to incorporate the flame thickness variations and density variations in the form of

mass-based stretch.



2.3.4.3 Approximation of mass-burning rate

Equation (2.63) is obtained with the assumption that the reaction layer is thin and that the diffu-

sion fluxes are zero at the unburnt and the burnt sides. Hence, there are no prinicple restrictions

on the stretch rate, flame curvature, reaction mechanism etc. In the rest of the study we are going

to consider planar flames, i.e. σ = σb = 1, thus focusing only on effect of flow straining on flame

dynamics. To get a linear expression for the mass burning rate of a stretched flame we assume a

stretched flame, such that

m0
b(ψb) = m0

b(ψ
0
b) +

∂m0
b(ψ

0
b)

∂ψ0
b

∆ψb + h.o.t, (2.65)

and the following expression is obtained[48];

mb

m0
b

≈ 1− KaY
LeY

+∆hb
∂

∂h0b

(

ln m0
b

)

+

Ne−1∑

j=1

∆Zj,b
∂

∂Z0
j,b

(

ln m0
b

)

, (2.66)

where ∆hb, and ∆Zj,b are the changes in enthalpy and element mass fractions at the burnt side

with respect to the same variables of a stretchless flame, and they are defined as

∆h(s) = h(s)− h0(s), (2.67a)

∆Zj(s) = Zj(s)− Z0
j (s). (2.67b)

The terms ch = ∂
∂h0

b

(
ln m0

b

)
and cj = ∂

∂Z0
j,b

(
ln m0

b

)
are known as sensitivity coefficients and

are obtained using a sequence of adiabatic stretchless flat flame solutions by changing the input

conditions [48]. These coefficients will be further discussed in detail with their values in Chapter

4 where counterflow flames with non-unity Lewis numbers are studied. The expression (2.66) for

the mass burning rate is restricted to weakly stretched flames. The accuracy of this linearisation

is dependent on how well (2.67a) and (2.67b) are approximated[71].

This concludes an overview of the mathematical modelling of premixed flames. To summarise,

in above sections, we first gave the conservation equations for premixed flames. Then, we followed

these with the description of different types of stretch rate viz. Kσ and KM along with introduction

of the flamelet coordinates. Based on KM and flamelet coordinates we reduced the conservation

equations to the quasi one-dimensional Strongly Stretched Flamelet Equations. By applying the

integral analysis approach to the SSFEs we were able to include preferential diffusion and obtain

an expression for the mass-burning rate of a premixed laminar stretched flame.

2.4 Numerical solver

In our study, we will simulate oscillating premixed counterflow flames in CHEM1D, a one-dimensional

code developed using FORTRAN-90 at Eindhoven University of Technology[72]. It plays a central

role in the Flamelet Generated Manifold(FGM) technique, which is a flamelet based reduction

model[15, 54, 71]. CHEM1D solves the conservation equations Eq. (2.15) for different kinds of

laminar flames. The transport models for species diffusion and heat flux are solved using Eq. (2.5)

and Eq. (2.9). CHEM1D accepts chemical reaction rates that are in the form of Eq. (2.13) for



resolving chemistry and it accepts chemical models in CHEMKIN format [72].

The spatial co-ordinates are discretised using a second order finite volume scheme in CHEM1D.

For a smooth transition from the upwind scheme to the central difference scheme the conservation

equations are integrated over the control volume using Thiart’s scheme. CHEM1D applies the

weighted function gridding strategy for adaptive grid generation so that points are concentrated

in the region of high activity. Time integration of the semi-discretised system is performed with

the second order backwards difference scheme. It also uses the modified Newton method as the

Non-linear solver to solve the fully discretised system. This puts extra weight on choosing a good

initial guess for the solution to converge.

With this we conclude this chapter in which we have given a complete overview of the main

combustion and mathematical concepts which we shall be using in the forthcoming chapters for

studying flame stretch.



Chapter 3

Unsteady counterflow

premixed flames with Le = 1

Part of this chapter has been published in Combustion Theory and Modelling, Effect of flame

thickness variation on the mass burning rate of premixed counterflow flames with an oscillating

strain rate, vol 20 no. 1, 173-188, February 2016.

3.1 Introduction

With the mathematical pre-requisites explained in Chapter 2, we begin our study of counterflow

premixed flames. Chapter 1 illustrated the importance of the counterflow flame in combustion

research because it is a stretched flame and has a simple geometry [3]. A counterflow premixed

flame is a type of stagnation flame where the stagnation plane is created by two opposing impinging

gas flows [57]. There are several types of premixed counterflow flames, e.g., [66],

• Flame generated by opposing flows of fuel-air mixture and hot combustion products,

• Flame generated by a fuel-air mixture jet impinging on a plate.

• Twin flames generated by two identical opposing jets of fuel-air mixtures.

For the third kind of flow, there are two flames generated on either side of the stagnation plane

at an offset distance and hence it is also known as counterflow twin flame [3, 28, 80]. This twin

flame configuration leads to symmetry in the stagnation plane (Fig. 3.1) and has been used often

in the laboratory [57, 81]. Also, the twin flame configuration is most sensitive to changes in flow

characteristics as compared to the other counterflow configurations which are also sensitive to the

temperature of the plate and combustion products [3]. Therefore, we will consider the twin flame

configuration for our studies.

In this thesis, all flames considered are assumed to be flat as we study only effects of flow

straining on flames. A flat counterflow flame is considered a strained flame because of the chan-

ging velocity along the flame surfaces [3]. Because of the symmetry about the flow axis and the
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stagnation plane, the counterflow flame can be reduced to a quasi one-dimensional flame depending

on the x-coordinate (main flow direction) only [6]. Dixon-Lewis et al. [66] developed a mathemat-

ical model for strain in a counterflow configuration by solving the momentum equation of a steady

flame. Stahl et al. [51] extended this mathematical model to also include unsteady counterflow

flames. Because of the above mentioned advantages, counterflow twin flames have been used to

study effects of flow straining on the flame behaviour [52], in particular on the laminar burning

velocity s0L, and also for modelling turbulent combustion [24].

Owing to the strong coupling between various aspects of combustion, it becomes a huge task

to study the effects of flow non-uniformities on the flame [56, 57]. It is not only possible to study

the effects of strain rate on flame behaviour but is also possible to introduce unsteadiness in the

mass flow by changing the strain rate with respect to time [59]. The most observable effect of an

oscillating strain rate is the movement of the flame with respect to the stagnation plane [82]. Saitoh

et al. [82] experimentally found that the amplitude of the flame oscillation in space decreases with

increasing oscillation frequency and there is a phase lag between the flame and strain oscillations.

Huang et al. [52] successfully modelled the oscillations of the flame position for weakly strained

counterflow flames by assuming the flame to be a discontinuity. Im et al. [59] reported that the

amplitude of the mass burning rate oscillations increased initially with increasing frequency and

then after a certain frequency, the amplitude started decreasing. Cuoci et al. [56] and Plaia [57]

came to the conclusion that a counterflow flame can survive extinction even if the oscillating strain

rate becomes instantaneously higher than the steady extinction limit. All these findings indicate

to the presence of unsteady stretch effects and hence in this thesis unsteady counterflow flames

are studied using the mass based stretch rate and the integral analysis introduced in Chapter 2.

In this chapter we consider premixed counterflow flames with all the species having unity

Lewis numbers. This is done so that we can concentrate on studying the unsteady stretch effects

without the added complication of preferential diffusion which will be discussed in Chapter 4.

The foundation is laid by discussing the numerical setup for the counterflow flame along with the

flow straining model developed by Stahl et al. [51]. This is followed by a discussion of steady

counterflow flames, where we model the mass burning rate and flame position using integral

analysis and compare results with the ones obtained numerically. Sudden changes in the applied

strain in the form of a step function is the first unsteadiness introduced in this chapter. The main

aim of this discussion is to study the flame movement and to understand different time scales that

couple the counterflow flame and flow straining. As the next logical step, the counterflow flame

is subjected to applied strain oscillations and its behaviour in terms of flame position is analysed.

This is followed by demonstrating the existence of unsteady stretch effects which arise due to

the variations in flame thickness and density. We then compare these unsteady stretch effects

temporally and spatially to understand their characteristics. Finally, we show that inclusion of

unsteady stretch effects in the integral analysis can model the mass burning rate of the oscillating

counterflow flame.

3.2 Numerical setup for premixed counterflow flames

In this section we will describe the geometric profile of the counterflow flame along with its

assumptions and boundary conditions. We shall also explain the numerical setup as used in

CHEM1D to simulate the counterflow flames.



3.2.1 Counterflow flame geometry

In order to study the unsteady stretch effects arising due to time-dependent motion of the flame we

have chosen the premixed counterflow flame configuration as shown in Fig. 3.1. This configuration

is also referred to as twin flame configuration and has a flow stagnation plane at the y-axis due

to the impinging gas mixtures. The advantage of having such a symmetric configuration about

the stagnation plane allows us to reduce the domain of study to one half i.e., x ≤ 0. Because of

symmetry in the stagnation plane and around the x-axis the velocity field only depends on the

axial coordinate x at least close to the x-axis. Therefore, the entire counterflow flame configuration

can be reduced to a one dimensional phenomenon. This makes it possible to model counterflow

flames in CHEM1D using the set of Eqs. (2.15) with an additional equation for the strain rate.
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Figure 3.1: Schematic overview of premixed counterflow twin flame configuration.

3.2.1.1 Strain equation and boundary conditions

The strain profile a(x, t) of a counterflow configuration is obtained by solving the momentum

equations using the conditions mentioned previously. For determining the local strain a in the

flame region, CHEM1D solves the following hydrodynamic strain equation [66, 51],

∂

∂t
a+ u

∂

∂x
a− 1

ρ

∂

∂x

(

µ
∂

∂x
a

)

=
J

ρ
− a2, (3.1a)

J = ρina
2
in + ρin

dain
dt

. (3.1b)

In Eq. (3.1a) µ is the dynamic viscosity, ρin is the density at the inlets x = ±L and J is the

tangential pressure gradient which depends on the applied strain ain and its time derivative. For

a steady counterflow flame, the time derivative of the local strain in Eq. (3.1a) and the time

derivative of the applied strain in Eq. (3.1b) cancel.



The domain of numerical simulation is −L < x < L where CHEM1D simulates for the coun-

terflow flame. Because of the symmetry about the stagnation plane, only the left region x ≤ 0 is

used for post-processing. CHEM1D solves Eqs. (2.15) for a premixed counterflow flame with the

following initial conditions,

h(x, 0) = h0(x), (3.2a)

Yi(x, 0) = Yi,0(x), i = 1, . . .Ns, (3.2b)

a(x, 0) = a0(x), (3.2c)

where h0(x), Yi,0(x), a0(x) are the enthalpy, species mass-fractions and strain rate for the steady

flame at t = 0 with ain = a0(±L). The boundary conditions are,

Yi(±L, t) = Yi,u i = 1, . . .Ns, (3.3a)

h(±L, t) = hu, (3.3b)

a(±L, t) = ain(t), (3.3c)

u(0, t) = 0. (3.3d)

In this chapter we shall consider counterflow flames with steady and unsteady strain rates, and

this is accordingly specified by changing the boundary condition (3.3c).

3.2.1.2 Modelling conditions

For our research, all the counterflow test flames are lean methane-air flames with equivalence ratio

φ ≤ 1 because we want to avoid complications arising from fuel that is not burnt completely. The

main aim of this study is to analyse the unsteady stretch effects that arise due to time dependent

variations of the strain rate. Furthermore in order to avoid geometric complexities arising due

to curvature we consider flat flames (σ = 1). The theoretical condition of Lei = 1 is a good

approximation for methane-air flames as the effective Lewis number of such flames is close to

unity.

As mentioned previously we are using a low-Mach number approximation, hence for our simu-

lation we prescribe CHEM1D to maintain a constant pressure at P = 1 atm. This study excludes

acoustics. For the entire analysis we use the DRM19 chemical mechanism which is a reduced

chemical mechanism from the GRI3.0 mechanism and involves 19 species and 84 reactions in total

[83]. This chemical mechanism was chosen because it allows for relatively low computational time

and also provides accurate modelling of the chemistry involved with lean methane-air flames. For

most of the cases the temperature at the inlet was set at Tin = 300 K and the equivalence ratio

was set to φ = 0.8.

CHEM1D uses an adaptive gridding technique as combustion modelling involves high variations

in temperature/species gradients. This is the reason why CHEM1D ensures a high grid point

density inside the reaction zone. In the process of post-processing it is essential to evaluate

gradients of certain quantities. Hence it is necessary to have a sufficient number of grid points for

accuracy. With this knowledge, it was decided to use N = 800 as the total number of grid points

for counterflow flames because this value provides an optimum balance between post-processing

accuracy and computational time. CHEM1D uses a dynamic time-stepping algorithm for time



integration [72]. Our analyses involve unsteady flames having a sudden rise in strain values or strain

oscillations at high frequencies and it was found that the step size in the interval ∆t ∈ [10−9, 10−7] s

gives a convergent solution. The condition for solver convergence was selected as ‖R‖ ≤ 10−10,

where R is the residual vector of all variables at all grid points [72].

3.3 Progress variable and the flame region

In Chapter 2, we defined the flame-region and flamelet coordinate system using Eq. (2.29) based

on a suitable progress variable Y which has a non-zero gradient. In our entire study the mass

fraction of methane, YCH4
, is chosen as the progress variable Y. Figure 3.2 shows the scaled

methane mass fraction YCH4
in a counterflow flame whose applied strain rate is constant in time

and it can be seen that inside the flame region YCH4
is strictly monotonic. We choose the unburnt

and the burnt side in such a manner that the progress variable Y is monotonic and the diffusion

fluxes are negligible.
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Figure 3.2: Scaled profiles of progress variable Y∗ = Y/Yin and heat release rate ∆H∗ =
∆H/∆Hmax indicating the positions of unburnt side (u), maximum heat (mh), and burnt side
(b) of a steady counterflow flame with a steady applied strain of ain = 620 s−1 and φ = 0.8.

In order to implement the condition of no diffusion fluxes and maintaining the monotonicity of

the progress variable the position of the unburnt side (u), maximum heat release (mh) and burnt

side (b) were chosen after careful analysis of the profile of YCH4
. After calculating the gradient

of Y, the unburnt side was chosen at the point upstream where the gradient of Y is 20% of its

maximum absolute value and the burnt side(b) is the point downstream where the gradient of Y is

20% (Figure 3.2). The region between the maximum heat release point and burnt side is referred

to as the reaction zone here the fuel is oxidised in fast chemical reactions. In reality, reactions

occur in the complete region where the heat-release is non-zero.



3.4 Flames with constant inlet strain

We apply the unsteadiness to a counterflow flame by changing velocity at the nozzle with respect to

time which also changes ain . In order to study the unsteady effects in a time-dependent counterflow

flame we first need reference values for different characteristics of the flame-flow interaction. In

this section we keep the applied inlet strain constant in time and for each simulation we increase

the value of ain in steps of 10 s−1 till the flame extinguishes. By simulating steady counterflow

flames with different but constant values of ain one can study the effect of strain rate on progress

variable Y, flame position xmh, flame thickness δf = xb − xu, flame temperature Tf , mass-burning

rate mb and flame extinction. It also provides a starting point for investigating unsteady stretch

effects involving flame thickness and density.

3.4.1 Profiles of flame variables for constant strain.

In a steadily stretched counterflow flame the applied inlet strain is constant in time but the strain

rate in the entire domain is not constant as ρ = ρ(x) is space dependent (see Figure 3.3). The

strain profile for a steady counterflow flame is obtained by solving the steady form of Eq. (3.1)

subject to the boundary condition ain(±L) = C. Also, Eq. (3.1b) reduces to J = ρinC
2, with

C = Const.

Before we study the effect of applied strain on flame position, flame thickness, and the mass-

burning rate in detail we shall have a glance at the profile of the strain rate and the mass flow

profile inside a steady counterflow flame. We begin our analysis of the steady counterflow flame

with Figure 3.3, where we plotted the steady strain rate a as a function of x for two different

values of ain. It can be seen that a = ain is a constant in space till we reach the flame region,

and further, due to the decrease in the fluid density, a starts to increase in a monotonic manner

while reaching a maximum at the stagnation point x = 0 [66]. One can observe for the case of

ain = 520 s−1 that not only the flame position is further from the stagnation point compared to

the profile of ain = 1020 s−1 but the gradient of the strain rate is also smaller. This also effectively

means that as the flame front comes closer to the stagnation point with increasing ain, for most of

the domain a = ain. The steeper gradient which is observed in the profile of a with higher applied

strain, is because of the increase in J which increases quadratically with the steady applied strain

ain [48, 66, 84]. The heat release profiles show that for ain = 520 s−1 the maximum heat release

rate hardly changes but is slightly smaller than that for ain = 1020 s−1.

For the steady case, vf = 0 for all flame surfaces through the entire thickness of the flame, so

u = sL. This is because the flame is steady at each point and it is appropriate to study the mass

flow rate as a function of x for different values of steady applied strain. The plot of the mass

flow rate m = ρu scaled with the unstretched mass burning rate m0
b as in Figure 3.4 reveals that

closer to the inlet (x = −L) the mass flow rate is not only higher than m0
b but also the difference

increases with increasing steady ain. In general, the mass flow rate for both cases plotted here has

a linearly decreasing profile up to the flame position followed by a small non-linear profile inside

the flame region which is again followed by a near linear profile upto the stagnation point. The

increase in ain not only makes the flow at the inlet higher but also makes the gradient of the mass

flow before the flame higher. This also implies that for ain = 1020 s−1 the flame position stabilizes

further downstream, closer to the stagnation plane than a flame with ain = 520 s−1.

The linear decrease of the mass flow rate with respect to x in Figure 3.4 before the flame front
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Figure 3.4: Spatial profile of the numerical and model predicted mass flow rate ρu in a counterflow
flame.

shows that the velocity field v is a linear function of x before the flame front. We also noted that

the increase in slope in the unburnt region of the mass flow is dependent on ain. The slope is

equal to ain which becomes vital for modelling purposes. We use Eq. (2.47a) in order to develop a

linear approximation for the mass flow rate in the cold-flow part of the counterflow flame. We use

the approximation KM = ain, ρ = ρin and σ = 1, which leads to the following reduced equation,

ρin
∂u

∂x
= −ρinain. (3.4)

We can now integrate Eq. (3.4) and use the value of the flow velocity at the inlet obtained from

the numerical simulation as our boundary condition, i.e. u(−L) = uin. Integration yields a linear

relation for the mass flow rate given by, ρu = ρin
(
−ain(x+ L) + uin

)
. In Figure 3.4 it can be seen

that the plot of the ρu/m0
b model (dashed lines) is equal to the numerical mass flow rate in the

upstream part. The deviation of the numerically computed ρu from the linear model occurs only

in the flame region due to the rapid change in density. The main drawback of this approximation

is that it uses the mass flow rate at the inlet.

Previously we discussed the profiles of strain rate and their effect on the mass flow rate. Here
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we will focus on the effect of the strain rate on a selection of combustion variables viz. methane,

oxygen mass-fractions, density and temperature. In Figure 3.5 we plot the profiles of these variables

against x for varying values of steady ain including one close to the flame extinction strain rate,

ain = 2020 s−1. The origin of the x-axis is shifted to the point of maximum heat release (mh) as

defined previously using methane as the progress variable so that we can compare profiles of the

variables at different strain rates. In all sub-figures of Figure 3.5, it can be seen that with increase

in strain rate the flame is compressed at the unburnt side. We can infer that an increase in applied

strain not only pushes the flame towards the stagnation plane but also reduces its thickness [57].

The profiles of all the variables within the reaction-zone follow almost the same path along the

spatial axis. This implies that the reaction-zone is largely untouched by the variations in strain

rate and thus is independent of the latter. Hence, changes in the flame thickness which happen

due to flow straining occur mostly inside the pre-heat zone.

3.4.2 Flame position and flame thickness of a steady counterflow flame

We saw that with increasing ain the mass flow at the inlet boundary increases and the flame

stablizes further downstream closer to the stagnation plane. In this section, we shall use this

observation to study the flame position and the flame thickness.

The generalised version of the linear model of the mass flow rate in the previous sub-section
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Figure 3.6: Position of the flame(a), and the flame thickness δf = |xb − xu| (b) of counterflow
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can be written as ρu = −ρinainx+C with C being the intercept constant. For simplicity, we shall

assume that the profile of the mass flow rate passes through the origin, therefore ρu = −ρinainx.
Thus at the flame position xmh, we can write the model as mb = −ρinainxmh. As mb is close to

a constant we can make an estimate that the flame position xmh is proportional to 1/ain. The

numerically calculated flame position xmh of the flame is plotted against 1/ain in Figure 3.6a. We

can see that the flame position xmh decreases linearly with respect to the inverse of the applied

strain. As the flame position is shown to depend linearly on 1/ain, it can be seen that for small

changes in ain at low values of strain results in large displacement of the flame and at higher strain

rates, even for large change in ain the flame displacement is small.

De Goey and ten Thije Boonkkamp [48] analysed the mass-burning rate mb of a steady coun-

terflow flame and obtained an analytical solution for the strain rate for low values of ain. They

assumed the dynamic viscosity in Eq. (3.1a) to be a constant, replaced the mass-burning rate by

m0
b and ρ is replaced by ρ0b. Using asymptotic analysis along with these assumptions an algebraic

expression for the flame position xmh with respect to the stagnation plane at x = 0 is obtained

and it is given by,

xmh = −arctan
√
θ√

θ

s0L
ain

. (3.5)

In the above equation θ = (ρ0u − ρ0b)/ρ
0
b is known as the expansion parameter. Figure 3.6a shows

that the flame position model given by Eq. (3.5) is able to reproduce the trend shown by flame

position xmh with increasing strain rate. More importantly, the model shows that the slope of

the numerically calculated flame position is the same as that of the model. Thus, we can say

that the flame position is almost solely dependent on the expansion factor θ, the unstretched

laminar burning speed s0L and the applied strain ain. The slope of the plot in Figure 3.6a is

−
(

arctan
√
θ/
√
θ
)

s0L. This model assumes a finite pre-heat zone but assumes a negligibly thin

reaction zone, hence we can see that there is a deviation between the model and the numerical

simulations due to the neglect of reaction zone thickness.

In the plots of Figure 3.5 we observed that the temperature and density have a steeper gradient

as the strain rate increases. Thus, we can predict that the flame thickness δf reduces with increasing

ain. In fact, the flame thickness δf is a linearly decreasing function of ain as shown in Figure 3.6b,
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in contrast to flame position which is linear with respect to 1/ain. As the flame thickness becomes

a time dependent entity when ain = ain(t), the relative rate of change of the flame thickness will

give an indication to the existence of thickness stretch KTh.

3.4.3 Integral analysis of steady counterflow flames

In a flat steady unity-Lewis counterflow flame with KM = a(x), the expression for the Karlovitz

integral assumes the following form

KaY =
1

m0
b

∫ xb

xu

ρ(x)a(x)Ỹ(x)dx. (3.6)

With this expression it is now possible for us to compare the numerically obtained mass-burning

rate mb of a counterflow flame with the one approximated using Eqs. (2.63) and (3.6) and validate

the integral analysis method for steady counterflow flames. This study also forms the basis for

analysing the dynamics of oscillating counterflow flames in terms of mass-burning rate and the

mass-based stretch rate.

A glance at Figure 3.7 reveals that with an increase in the applied strain rate the mass burning

rate of the flame decreases. From this figure the main conclusion is that Eq. (2.63) is able to

predict the mass burning rate of steady counterflow flame accurately even for flames with applied

strain rates close to the extinction point. A closer observation reveals that the mass-burning

rate predicted by integral analysis is in excellent agreement till the steady applied strain ain =

1320 s−1(Ka = 0.38) but above this value of ain the exact mb deviates slightly from the integral

analysis estimation. This deviation is caused by the presence of non-zero diffusion fluxes at the

flame edges which appear because of the proximity of the flame on the other side of the stagnation

plane. In the previous chapter, while deriving the expression for mass-burning rate through integral

analysis we assumed that the reaction zone has a negligible thickness and in Figure 3.6b we showed

that with an increase in ain the flame thickness δf decreases. This slight deviation of the exact

mass burning rate from the prediction of the integral analysis can be attributed to this fact that at

higher strain rates the reaction zone thickness becomes comparable to the thickness of the preheat



zone.

3.5 Flames with an applied strain jump

3.5.1 Introduction and the numerical setup

The next step will be to study the dynamic response of a counterflow flame to a time dependent

applied strain rate ain(t). We like to know how the counterflow flame behaves in an environment

where the strain rate changes its value suddenly. This study will allow us to observe the nature

of the flame’s reaction time and will reveal the time scales associated with unsteady counterflow

flames and its coupling with flow straining. The main goal will be to observe the movement of

the flame and based on that investigate the effect of suddenly varying strain rate on the flame

behaviour.

To carry out this study we apply a step-function or a Heaviside profile to the applied inlet strain

rate ain, thus changing the boundary condition (3.3c). The applied strain rate at the boundary is

now written as, ain(t) = a0 +∆aH(t), where H(t) is the Heaviside function given by

H(t) =







0 if t ≤ 0,

1 if t > 0.
(3.7)

The tangential pressure gradient J in Eq. (3.1b) has the term dain
dt

, which becomes indeterminate

for the case of a strain jump. That is why in order to simulate a strain jump, we had to approximate

the Heaviside strain in the following manner. Firstly, a steady flame for given steady value of

ain = a0 was simulated. Then, this flame was subjected to a quarter-cycle of an oscillating strain

rate which is oscillating at a very high frequency in the order of ω = 108 Hz. At quarter-cycle the

applied strain rate reaches ain = a0 +∆a at which we stop the strain variation and let the flame

respond to the new flow conditions. It must be mentioned that any further increase in frequency

beyond ω = 108 Hz does not have any impact in the evolution of strain profile.

3.5.1.1 Test cases for Heaviside strain jump

For our test cases, we consider both a positive strain jump (∆a > 0), and a negative strain jump

(∆a < 0). This is carried out so that we can understand how the counterflow flame responds while

advancing towards and retreating from the stagnation plane. Keeping this in mind, we selected

the two counterflow flames with the following Heaviside strain parameters,

1. a0 = 520 s−1, ∆a = 200 s−1,

2. a0 = 720 s−1, ∆a = −200 s−1.

This ensures that the initial strain rate of flame-1 will be equal to the final strain rate of flame-2

and vice-versa.

The position of the flame’s burnt side xb is plotted with respect to time in Figure 3.8 in order

to study the response of the flame to the applied strain jump. The initial observation is that

the flame immediately responds to the sudden strain jump but it needs time to reach the new

steady state. It can be seen that for ∆a > 0 the flame proceeds towards the stagnation plane and
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Figure 3.8: Unscaled and scaled burnt side position of the flame vs time for the positive Heaviside
strain ain = 520 + 200H(t), and negative Heaviside strain ain = 720− 200H(t).

for ∆a < 0 the flame retreats from the stagnation plane. The plots also reveal that the flame’s

response to the positive strain jump is different from that of the negative strain jump. From the

scaled position plot in Figure 3.8b it can be observed that the flame with the positive strain jump

responds faster than the flame with the negative strain jump. We shall successively study the effect

of a positive and negative strain jump one by one. In Figure 3.8a the flame position advances

rapidly towards the stagnation plane initially, but then the rate of approach slows down and the

flame position asymptotically converges to the steady state position. The response of the flame

position to the negative strain jump is different in character from its positive counterpart. Initially

the flame position rapidly recedes from the stagnation plane, but unlike its positive counterpart

behaviour the flame position overshoots its new steady position and then asymptotically advances

back to its destined steady position.

In order to understand the flame’s response shown in Figure 3.8, we need to study the evolution

of the strain rate and the mass flow rate in time. To carry out this research, we plot the spatial

profile of the strain rate and the mass flow rate of the counterflow flame at different time instances.

We first consider Figures 3.9a and 3.9b to study the behaviour for ∆a > 0. As seen in Figure

3.9a, the sudden change in ain is felt throughout the entire domain owing to the low-Mach number

approximation. At t = 0+[s], the strain rate shows a profile different from its steady counterpart

at t = ∞ in the flame region. We also see that the flame front (xmh) at t = 0+ is still in its

initial position (t = 0). The strain profile has a much steeper gradient in the flame region and

a much higher value at the stagnation plane than its steady counterpart at t = ∞. Initially,

the profile of the strain rate advances towards the steady profile and decreases the gradient very

quickly and then slows its pace to attain the steady profile. The same can also be said about

the mass flow in Figure 3.9b, where at t = 0+ the mass flow rate has a higher value at the inlet

compared to the steady case and then shows a sharp decreasing gradient in the flame region. As

the time progresses, the strain rate profile approaches its steady state and the mass flow rate at

the approaches the steady value in the whole domain.

The results of the negative strain jump on the strain rate and mass flow rate profiles are plotted

in Figure 3.9c and 3.9d, respectively. Like its positive counterpart, the sudden decrease of ain is

felt throughout the entire domain. The profile of the strain rate at t = 0+ shows a steep negative

gradient at the flame position and as we approach the stagnation point the strain profile increases.
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Figure 3.9: Spatial profiles of strain and mass flow of counterflow flame at different time instances
with ain = 520 + 200H(t) and ain = 720− 200H(t). The black circles indicate the location of the
maximum heat release point.



It should also be noted that the value of the strain rate at the stagnation point when t = 0+ is

also smaller than its steady counterpart at t = ∞. With the progress of time, the flame recedes

from the stagnation plane and we can see that the negative gradient of the strain rate in the flame

region vanishes rapidly to become positive and eventually attains the steady state. This behaviour

of the strain rate is directly reflected by the way the mass flow rate behaves to this sudden change

of ain. At the instant when ain decreases, the mass flow rate becomes negative and a steep positive

gradient appears, as we approach the stagnation plane. This negative mass flow rate implies that

the direction of the mass flow has been reversed locally. Moreover, like the strain rate, the mass

flow rate eventually becomes positive and attains its steady profile.

To explain the advancing and retreating motion of the counterflow flame, we need Eq. (2.30)

which describes the motion of the flame iso-surfaces. At t = 0, when ain(t) = a0 the flame is

steady thus the flow speed u is equal to the local laminar burning speed sL. At t = 0+, when

ain(t) = a0 + ∆a, the flow speed u becomes very large compared to the local laminar burning

speed sL, thus we have vf > 0. This net positive velocity causes the flame to move towards the

stagnation plane till the point where vf eventually to converge to 0 and u = sL. Similarly, when

∆a < 0 is applied at t = 0+, vf < 0, thus causing the flame to recede from the stagnation plane.

We see that the mass flow rate remains negative for some finite period of time in Figure 3.9d,

and this causes the flame to overshoot the destined steady position, and as the mass flow becomes

positive near the flame region vf again becomes positive and thus eventually causing the flame to

return to its desired steady position.

3.5.2 Effect of changing ∆a, a0

Previously, we showed as to how a counterflow flame responds to positive and negative applied

strain jumps. We concluded that the counterflow flame needs a finite time to respond and adjust to

suddenly changing strain rates. In this study, our main aim is to qualitatively and quantitatively

show to what extent the flame dynamics depends on a0, ∆a. In a counterflow flame with negative

strain jump, we observed that the response of the flame in terms of flame position is complex.

Therefore, we limit this current study to counterflow flames with positive strain jumps and model

them.

In order to understand the time scale of the response of the flame position to a sudden jump

in the applied strain rate, we derive a simple model that is based on the kinematic equation for

the iso-surface corresponding to the burnt side of the flame. The movement of the position of this

iso-surface xb is governed by,
dxb
dt

= ub − sL, (3.8)

with ub the gas velocity and sL is the burning velocity(displacement speed) at the burnt side.

Ignoring stretch effects, the burning velocity can be approximated by s0L. The gas-velocity is

approximated by ub = −astxb, where ast is the strain rate at the stagnation plane. Substituting

these velocities in Eq. (3.8) gives
dxb
dt

= −astxb − s0L. (3.9)

Since the strain rate at the stagnation plane is unknown, it will be approximated as

ast ≈ ain

√
ρin
ρst

= ain
√
θ + 1 (3.10)



which is exact for the steady case [24]. The inlet strain rate ain is given by the step function

ain(t) =







a0 if t = 0,

a0 +∆a if t > 0.
(3.11)

Equation (3.9) can be solved for the initial condition xb(0) = xb,0. This yields an expression for

the normalised flame position

x∗b =
xb − xb,∞
xb,0 − xb,∞

= exp(−astt) = exp[−(a0 +∆a)
√
θ + 1t], (3.12)

where xb,∞ = −s0L/(a0 + ∆a) is the final position of the flame under influence of strain jump.

Equation (3.12) indicates that the time scale of the response

τm =
1

ast
=

1

(a0 +∆a)
√
θ + 1

, (3.13)

depends on the final strain rate a∞ = a0 + ∆a and expansion factor θ, but is independent of

s0L. This rather simple model is validated against results of numerical simulations in the following

section.
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Figure 3.10: Flame position vs time: Numerical vs Model Approximation for the Heaviside strain
with constant a0 = 520 s−1 and ∆a = 200, 500 s−1.

Figure 3.10 plots the trajectories of the position of the iso-surface associated with the burnt

side of two counterflow flames subjected to strain jump with a0 = 520 s−1, ∆a = 200, 500 s−1. It

shows both the numerically obtained burnt side position xb and modelled burnt side xb based on

Eq. (3.9). It is apparent that for ∆a = 500 s−1 the flame has to travel further downstream towards

the stagnation plane compared to its ∆a = 200 s−1 counterpart. We also observe that the flame

subjected to a higher ∆a has a faster response time. It can be seen that both the numerical results

and the mathematical model agree on these observations. But it is also visible that the model

underpredicts the final position of the burnt side and the results become worse with increasing

∆a. In terms of response time, the model predicts a slower response time compared to that of

the numerical results. This can be demonstrated by comparing the numerically calculated final
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Figure 3.11: Scaled flame position vs time: Numerical plot for the Heaviside strain with varying
a0 and ∆a.

Cases Numerical Model

a0 = 520 s−1, ∆a = 200, 500 s−1 1.35 1.41
∆a = 200 s−1, a0 = 220, 520 s−1 1.62 1.7

Table 3.1: Ratio of numerically calculated flame response times τ∞ and model based response
times τm for cases shown in Fig. 3.11.

time τ∞ and the model response time τm given in Eq. (3.13) for ∆a = 200 s−1. For this case

τ∞ ≈ 10−3 s−1 and τm ≈ 2 × 10−3 s−1. Therefore, the model predicts the trends qualitatively

but fails quantitatively to predict the flame response. Yet the model gives us useful insights into

the different factors which control the flame response to a strain jump. Hence, in the upcoming

discussion we shall use the model based flame response time τm to compare flames subjected to

strain jumps with varying ∆a and a0.

In Fig. 3.11, we plot the numerically calculated scaled position of the burnt side

x∗b = (xb(t)− xb,∞)/(xb(0)− xb,∞) for Heaviside strain with varying a0 and ∆a. For the plots in

Fig. 3.11a, a0 = 520 s−1 is held constant and ∆a is changed. We find that the flame subjected to

higher ∆a in the strain jump has a faster response time (Figu. 3.11a). This is because, when ∆a

increases, there is also an increase in the difference between the mass flow rate ρu and the mass

burning rate mb at time t = 0+. This causes vf to become large and hence the flamefront moves

with a higher velocity towards the stagnation plane. In Fig. 3.11b, we plot the scaled burnt side

position x∗b for a constant ∆a and varying a0. It is visible that the flame’s response time decreases

with increasing a0. If a0 itself is large, then a flame in terms of flame position has to travel shorter

distances.

We now define the flame’s immediate response time τ as the time taken by the flame from

x∗b = 1 to x∗b = 0.6. Fig. 3.11 shows that the immediate response time of a flame subjected to a

strain jump depends on a0 and ∆a. Therefore for a given set of a0 and ∆a we shall represent the

immediate flame response time as τ = τa0,∆a. In Table 3.1 we compare the ratio of the numerically

obtained flame response times τ and the ratio of τm as given Eq. (3.13) for flames with different

∆a and a0. For both cases, we see that the numerically obtained ratios of flame response times is

almost equal to the modelled flame response times. From Eq. (3.13), we know that τ depends only

on the final strain rate final strain rate ain = a0 +∆a. Therefore we can say that the immediate
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flame response τ = f(a0 +∆a).

To consolidate on the finding that the immediate flame response time τ is a function of the

final strain rate ain = a0 + ∆a, we simulated two flames subjected to a strain jump such that

their final strain ain = a0 +∆a is the same but a0 and ∆a are different. Fig. 3.12 plots the scaled

burnt side position for two such flames whose final strain rate is the same, i.e. ain(∞) = 720 s−1.

From the figure we see that, τ220,500 = τ520,200. Hence we can conclude that the flame’s immediate

response τ = f(a0 + ∆a). On the other hand, although the immediate response times of these

two flames are the same the time taken by the flame to reach the steady state does depend on a0

and ∆a. This is illustrated in Fig. 3.12, where the flame with higher a0 reaches the steady state

faster than flame with a0 = 220 s−1.

3.5.3 Concluding remarks and importance

We would like to sum up the main observations in the analysis of counterflow flames under the

influence of sudden strain jump. The immediate take away conclusion is that the counterflow

flame takes a finite time to adjust to sudden changes in applied strain. The main reason for the

flame to change its position is because of the imbalance between the mass flow rate ρu and the

mass burning rate mb. We see that the response of the flame to positive and negative strain

jump are different and the response to the positive strain jump is slightly faster than the negative

strain jump. It is also visible that for a negative strain jump the flame overshoots the intended

final position and recovers back to attain it. The response time of the counterflow flame to the

strain jump depends on the choice of a0 and ∆a. The simple mathematical model described by

Eq. (3.9) is able to qualitatively predict the trends of flame response to strain jump in terms of

flame position and response time but fails quantitatively. However, based on the study conducted

on immediate response time of the flames, the model is clearly able to describe that the immediate

response time of the flame τ depends on the final strain rate ain = a0 +∆a.



3.6 Flame with oscillating strain rate

3.6.1 Introduction and numerical setup

The previous studies on steady counterflow flames and counterflow flames with applied Heaviside

strain jump form the basis for the study on oscillating counterflow flames. We shall carry out an

extensive analysis on oscillating counterflow flames in order to study the existence and nature of

unsteady stretch effects which originate due to changes in flame thickness and density.

We know that the time-dependent strain rate has a different profile compared to steady strain

profile because the tangential pressure parameter J has a non-zero term ρin
dain
dt . Similar to the

case of a Heaviside strain jump we shall introduce oscillating flow perturbations in a counterflow

flame setup by varying the applied inlet strain in a sinusoidal manner. A cosine function is used

instead of a sine function to impart strain oscillations so that J in Eq. (3.1b) is continuous at

t = 0. Thus the boundary condition given by Eq. (3.3c) reads

ain(t) = ā−∆a cos(ωt). (3.14)

To study the effects of oscillating strain on a counterflow flame we consider the counterflow

flame with the inlet strain parameters ā = 620 s−1 and ∆a = 100 s−1 but with a various applied

strain frequency ω. Thus at ωt = 0, the applied strain ain = ā−∆a = 520 s−1 and at ωt = π the

applied strain at the inlet will be ain = ā+∆a = 720 s−1. In the previous study we saw that the

flame has a finite response time to suddenly changing strain rate. We change the applied strain

frequency from ω = 10 Hz to ω = 5×103 Hz in order to study unsteady stretch effects over a wide

spectrum of frequencies.

3.6.2 Dynamics of flame iso-surfaces and flame thickness

Flame iso-surfaces are initialised at time t = 0 using the steady counterflow flame solution with an

applied strain rate of ain = ā−∆a = 520 s−1. Thus, the iso-surfaces correspond to the progress

variable values Y1 = Yu > Y2 > . . . > Ymh > . . . > YN = Yb of the steady flame and their

starting positions are xu(0) < x2(0) < . . . < xmh(0) < . . . < xb(0). The position xk(t) of a given

iso-surface at time t is obtained by solving the equation Y (xk, t) = Yk using spline interpolation.

To define a flame control volume Ω(t), two iso-surfaces are necessary, e.g. Yj and Yk with j < k

and the ”thickness” of this control volume is given by δjk =
∣
∣xk(t)− xj(t)

∣
∣. It is important to

study the motion of xk(t) of a flame iso-surface Yk, as it will reveal effects arising from flame-strain

interactions. Y(xb, t) = Yb is the iso-surface at the burnt side of the counterflow flame, and is

chosen for studying the flame-strain interactions.

Figure 3.13 contains the plots of the scaled position x∗b(t) = xb(t)/xb(0) and scaled applied

strain rate a∗in(t) =
ain(t)
ain(0)

and the plots of the flame position xb(t) as a function of 1/ain for various

strain frequencies ω. The iso-surface position responds to the oscillating strain in a more or less

expected manner for all frequencies and its motion is explained in the previous study. During

the increase of ain(t) the iso-surface speed vf > 0 due to which the flame is propelled towards

the stagnation flame and during the decrease of ain(t), vf < 0 causing the flame to recede from

the stagnation plane. The behaviour of the flame for ω = 10 Hz is plotted in Fig. 3.13a, 3.13b.

We note that the oscillation of the flame position completely follows the trajectory of its steady

counterpart and that there is almost no delay in the flame response since ω < 1/τ . This implies
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Figure 3.13: Scaled position x∗b(t) of the flame iso-surface Y(xb, t) = Yb as a function of time(a,c,e)
and position xb(t) as a function of 1/ain(b,d,f) for varying values of strain frequency ω.



that Eq. (3.5) can still determine the position of the oscillating flame. The conclusion is that a

flame with a strain oscillation of ω = 10 Hz behaves like a steady counterflow flame, hence we can

call it a quasi-steady flame.

The plots of the flame position for a strain oscillation of ω = 100 Hz are shown in Fig. 3.13c and

Fig. 3.13d. One small phase lag develops between the applied strain ain and the flame iso-surface

position. Though xb(t) almost follows the path of the steady flame, it now has a symmetric and

slender elliptic trajectory in the xb − 1/ain space. Yet for all practical purposes the flame with

ω = 100 Hz can still be categorised as a quasi-steady flame as ω < 1/τ and the major axis of the

elliptic trajectory overlaps the steady line. The further increase in strain frequency to ω = 103

Hz makes the strain oscillation cycle quicker and comparable to the flame’s response time to

unsteady applied strain as observed in the previous section. This reflects as to how xb(t) behaves

as a function of time and 1/ain as shown in, Fig. 3.13e and Fig. 3.13f. Here we can notice that

xb(t) not only has a sizable phase lag with the applied strain but also takes almost one complete

oscillation of ain to attain a limit cycle. The amplitude of the flame iso-surface oscillation about

its mean position has also decreased to a large extent and also its elliptic trajectory (Fig. 3.13f)

is prominent along with a tilt with respect to the plot of the steady counterflow flame.

Because the flame takes a finite time to respond to changing strain rate, at ω = 103 Hz there

is a considerable phase lag between the applied strain and the iso-surface position. The applied

strain ain(t) now oscillates at such a frequency that the mass flow changes its spatial profile

and direction before the flame can reach either ends in terms of flame position. Therefore, the

oscillation amplitude of xb(t) is small compared to the previous cases. In the previous section

on Heaviside strain rate jumps we noted that the flame’s response to positive and negative strain

jump is different as the strain profile and the mass flow profile is different. This explains the

reason why xb(t) in its limit cycle has two different trajectories for waxing and waning of ain(t)

and thus making it non-symmetric.

We thus can conclude that with the increase in the strain frequency ω the phase lag between

the positions of the flame iso-surfaces and the applied strain will increase. An increase in ω also

means that the amplitude of oscillation of the iso-surface position will decrease. Therefore, we

can say that at O(103) Hz frequencies of ain the flame will behave like a low-pass filter and after

a finite number of applied strain oscillating periods the flame will move and attain a limit cycle

about its mean position oscillating with small amplitude.

With increasing frequency, one period of the oscillating strain rate can be considered as a

combination of both positive and negative strain jump. In the previous section, we observed that

the flame response time is a function of the final strain rate, i.e. τ = f(a0 + ∆a). Therefore, if

the period of strain rate oscillation 1/ω is larger than the flame response time, we say that flame

is quasi-steady and the applied frequency is low. In Fig. 3.8b, we see that the flame response

time for both positive and negative strain jump is τ = O(10−3). Also, we see that around this

time of t = 10−3 s, the flame under negative strain jump overshoots the intended final position.

Therefore, we see that for ω = 103 Hz, the period of strain oscillation is now comparable to the

flame response times. Hence, the flame doesn’t get adequate time to respond to the oscillating

strain rate and the flame response becomes asymmetric and it looses the quasi-steadiness that is

observed in ω = 10, 102 Hz. This study gives us an understanding as to when the flame becomes

unsteady of an applied strain oscillation, and thus helps in predicting the presence of unsteady

stretch effects occurring due to variations in flame thickness and density.

The thickness δf of the control volume Ω(t) bounded by the iso-surfaces Y = Yu, and Y = Yb
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is analysed for studying the effects of oscillating strain. Since the iso-surfaces under consideration

correspond to the unburnt side and the burnt side, respectively, the thickness of the control volume

Ω(t) corresponds to the flame thickness. Figure 3.14 plots the response of the scaled flame thickness

variations for varying frequency of the strain rate and we can see that the thickness fluctuation also

follows the same pattern as that of the fluctuation of the iso-surface Y(xb, t) = Yb. Comparing

Fig. 3.13 and Fig. 3.14 it can be seen that the flame thickness oscillations are in counterphase

with the applied strain. This can be explained from Fig. 3.6b where we observed that the steady

flame thickness is an almost linear function of the applied strain. We also find that for the strain

frequencies of ω = 10 Hz and ω = 100 Hz the amplitude of flame thickness oscillations is also

the same. This information combined with the analyses of the flame iso-surface oscillations we

can further ascertain that for a strain frequency up to ω = 100 Hz the counterflow flame behaves

quasi-steadily. Observation also shows how, with the increase in strain frequency, the amplitude of

thickness oscillation decreases along with the advent of a phase lag. The reason for this behaviour

is the same as discussed for the flame iso-surface oscillations.

3.6.3 Thickness stretch and density stretch in an oscillating counterflow

flame

The thickness stretch KTh = 1
h1

∂h1

∂t
can be estimated by approximating the 2nd term in Eq. (2.41).

A suitable sequence of control volumes in the flame region is defined as the intervals between two

adjacent flame iso-surfaces which were initialised at t = 0, i.e. Ωi(t) ≡ [xi(t), xi+1(t)]. Hence, with

this setup one can define the sequence of thicknesses δi(t) of the control volumes Ωi(t), which is

further used to approximate the thickness stretch rate KTh:

δi(t) = xi+1(t)− xi(t), u = 1 < · · · < i < i+ 1 < . . . < b = N. (3.15)

A similar sequence of densities ρi(t) at the center of every control volumes Ωi(t) can be obtained
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Figure 3.15: Spatial profiles of strain rate a, thickness stretch rateKTh, and mass-based stretch rate
KM inside an oscillating counterflow flame with ā = 620 s−1, ∆a = 100 s−1 and inlet frequencies
ω = 10 Hz, 102 Hz, 103 Hz, and 5 × 103 Hz, along with the steady mean strain profile (ain = ā)
indicated by the thick line.

to approximate the density stretch Kρ. The first order difference approximation for the time

derivative is used to approximate the thickness stretch KTh and density stretch rate Kρ as follows:

KTh(xi, t
n) =

δni − δn−1
i

(tn − tn−1)δni
, (3.16a)

Kρ(xi, t
n) =

ρni − ρn−1
i

(tn − tn−1)ρni
. (3.16b)

In our simulations we use a maximum time-step of ∆t = 10−8 s and therefore using the first-order

forward difference is accurate enough to evaluate the time derivative. Figure 3.15 plots the spatial

profiles of the strain rate a, thickness stretch KTh, and the mass-based stretch KM for varying

inlet strain frequencies for two time instances after the oscillating counterflow flame has attained

a steady oscillating cycle about the steady mean strained flame. The origin has been shifted to

the position of the iso-surface Y = Ymh and the time instances correspond to the points where

the applied strain rate ain(t) attains its maximum (ωt = π) and minimum (ωt = 0). In the

following sections, we shall describe the spatial and temporal profiles of the thickness stretch KTh

and mass-based stretch KM.



3.6.3.1 Spatial profiles of various stretch rates in an oscillating flame

We start with the applied strain frequency ω = 10 Hz and Fig. 3.15a sketches the profiles of

KM, a and KTh as functions of x. From the previous study on the flame iso-surface position we

know that the flame with strain frequency of ω = 10 Hz responds in a quasi-steady manner. This

implies that KM ≈ a for the entire period of strain oscillations. This finding is clearly reflected

in Fig. 3.15a where we also observe that KTh is almost zero inside the flame region for the entire

duration of the oscillations. The profiles of mass-based stretch and strain rate are almost the same

through the entire thickness of the flame. For a frequency of ω = 102 Hz, our study on the flame

position revealed that except for an elliptic flame position trajectory, the counterflow flame can

be considered as quasi-steady for all practical purposes. In Fig. 3.15b we can observe that KTh

is almost zero at every position in the flame. Only close to the unburnt side of the flame we can

see KTh having small non-zero values. The profiles of KM and a are found to be almost the same,

thus confirming the fact that the flame is quasi-steady with KM ≈ a.

With the strain frequency increasing to ω = 103 Hz we noted in Fig. 3.13f, how the flame

position oscillates in a non-linear elliptic manner. Thus, at this strain frequency we can be assured

that the flame will not behave in a quasi-steady manner. The various stretch/strain effects felt

inside the flame oscillating with ω = 103 Hz are plotted as function of x in Fig. 3.15c. The

thickness stretch is not only small but KTh = O(∆a) s−1 close to the unburnt side. The same KTh

reduces to zero in the reaction zone of the flame. It can also be seen that KTh is in counter-phase

with the strain rate throughout the flame. At the unburnt side KM is equal to the spatial profile

of the strain rate of the mean steady flame with ā = 620 s−1. A strain frequency ω = 5× 103 Hz

means that the flame response will be further muted and like in the case of ω = 103 Hz, we expect

a prominent presence of KTh. Figure 3.15d reveals that the profile of KTh for ω = 5 × 103 Hz

significantly counters the strain rate a in the entire flame region. Due to the significant presence

of KTh, KM has a reduced amplitude of oscillations, and near the unburnt side it has the same

value as the steady strain rate profile corresponding to ā = 620 s−1.

3.6.3.2 Time profiles of various stretch rates in oscillating flames

The temporal profiles of KM, a, KTh, and Kρ at the unburnt side of the flame are plotted for

various applied strain frequencies ω ≥ 102 Hz in Fig. 3.16. For all the applied strain frequencies

studied, Kρ was found to be negligible for the entire duration of strain oscillations and through the

entire flame region. For ω = 102 Hz the profiles of stretch and strain rate are plotted as functions

of time in Fig. 3.16a and it can be observed that the strain rate a(t) oscillates about the steady

strain rate ā. KTh is observed to have a small presence oscillating in counter-phase with the strain

rate and KM almost has a similar profile as that of the strain rate a(t). The temporal profiles of

the various stretch/strain rates for ω = 103 Hz, as plotted in Fig. 3.16b, show that while the strain

rate oscillates about its mean position, KTh is significantly countering the strain rate. It can also

be seen that KTh takes one complete oscillation period to attain a limit-cycle. KM oscillations have

a lower amplitude compared to the strain rate and lag in phase to the latter. In the limit-cycle,

it can also be seen that when the strain attains its maximum/minimum value, KTh also attains

its counter-phase minimum/maximum and the resultant KM is getting closer to the strain rate

of the steady flame with ain = ā. Also for ω = 2 × 103 Hz, KTh takes one complete oscillation
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Figure 3.16: Temporal profiles of strain rate a, density stretch rate Kρ, thickness stretch rate KTh

and mass-based stretch rate KM at the unburnt side (ā = 620 s−1, ∆a = 100 s−1) with frequencies
ω = 102 , 103 , 2× 103 Hz, and 5× 103 Hz.
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Figure 3.17: Scaled mass burning rate at the burnt side of the oscillating counterflow flame vs
time for varying frequencies(ā = 620 s−1, ∆a = 100 s−1).

of the strain rate to attain the steady oscillating cycle as shown in Fig. 3.16c. The cumulative

mass-based stretch rate KM, after attaining the limit-cycle, almost has a constant temporal profile

equal to the strain rate of the steady flame with ain = ā. Finally, for the case, ω = 5× 103 Hz, it

is observed in Fig. 3.16d that, many oscillations are needed for KTh to attain the limit cycle, and

KM is virtually constant and is equal to the strain rate of the steady flame with ain = ā.

It was found that for the strain frequencies at which the oscillating counterflow flame behaves

quasi-steadily there are negligible unsteady stretch effects. This study also establishes that when

the strain oscillation cycle becomes faster due to an increase in ω and becomes comparable to the

flame’s response time-scale 1/ain, the counterflow flame interacts with the changing strain rates

by way of a counter stretch which originates from the oscillations in the flame thickness. We

also noted that the unsteady density stretch Kρ is virtually zero for the entire spectrum of strain

frequencies analysed in this study. We observed that with increasing strain frequency the thickness

stretch KTh becomes comparable to the applied strain in magnitude in such a manner that the

cumulative mass-based stretch rate KM slowly becomes equal to the strain profile corresponding

to the mean steady applied strain ain = ā. Figures 3.15d and 3.16d have demonstrated that for a

strain oscillation frequency of ω = 5× 103 Hz, KM has attained the mean steady strain profile at

the unburnt side. Therefore, an increasing applied strain frequency ω will result in an increase in

KTh and through an increasing part of the flame, KM will start attaining the mean steady strain

rate profile thus decreasing the amplitude of KM oscillations.

3.6.4 Integral analysis of oscillating counterflow flames

As it was shown that the thickess stretch KTh is no more a negligible parameter at high frequencies,

it becomes necessary to study its effect on the mass burning rate mb. In many previous studies,

the laminar burning speed of oscillating counterflow flames was studied using local strain rates,

but in this study KTh will be included in the calculation of mb using integral analysis.

Before we delve into approximating the mass-burning rate of oscillating counterflow flames

using integral analysis we observe the behaviour of their mass burning rate mb separately. For

carrying out this study we plot mb/m
0
b of oscillating counterflow flames for varying frequencies



of the applied strain in Fig. 3.17. We can see that with the initial rise in strain frequency from

ω = 102 Hz to ω = 103 Hz the amplitude of the oscillating mb increases. Further increasing the

frequency to ω = 5× 103 Hz we see that the amplitude of the mass burning rate starts to decrease

again. This ”strange” behaviour of the mass burning rate was also observed by Im et al. [59].

It has been demonstrated that for a steady counterflow flame where KM = Kσ = a the integral

analysis is able to predict the mass burning rate quite accurately. Eq. (2.63) also holds for strain

rates which are time dependent and thus theoretically it should be able to approximate the mass

burning rate of the oscillating counterflow flames too. To investigate unsteady stretch effects and

their effect on the mass burning rate, we shall estimate mb with two different Karlovitz integrals,

viz.

KaM =
1

m0
b

∫ xb

xu

ρ(x)KM(x)Ỹ(x)dx, (3.17a)

Kaσ =
1

m0
b

∫ xb

xu

ρ(x)Kσ(x)Ỹ(x)dx. (3.17b)

Kaσ uses the area-based stretch Kσ = a to measure the mass-burning rate whereas KaM

incorporates all the unsteady stretch effects. We start our comparative study by plotting the

numerical mass burning rate against Kaσ and KaM in Fig. 3.18. It must be noted that the plot

of the mass burning rate vs the Karlovitz integral was carried out for only one complete cycle of

mass burning rate oscillations after it attained its limiting cycle. We have shown that for strain

frequencies ω ≤ 102 Hz, the flame behaves like a quasi-steady flame in terms of flame position.

Figure 3.18a shows the mass burning rate of the flame oscillating with ω = 102 Hz. We can see

that the mass burning rate plotted against both Kaσ and KaM follows the same steady path, since

KM = Kσ as evident from Fig. 3.15b. This proves that the integral analysis works accurately

for such oscillating flames. We can thus use Eq. (2.63) for a qualitative study of the relation

between mass burning rate and Karlovitz integral. Figure 3.17 shows that the amplitude of the

mass burning rate oscillations initially increases with increasing frequency but after a certain point

the amplitude starts decreasing. We shall use this information in Eq. (2.63) to get an idea about

the amplitude of the oscillating Karlovitz integral Ka and then compare it with the range of Kaσ

and KaM plotted in the figures.

For a frequency of ω = 103 Hz, we see in Fig. 3.18b that the amplitude of oscillations of

both KaM and Kaσ is larger than the corresponding steady range of Ka. This means that the

amplitude of mb(t)-oscillation will also be larger. This is in perfect agreement with Fig. 3.17

where we saw that the amplitude of mb-oscillations initially increases with increasing frequency.

However, the plot of mb/m
0
b vs KaM lies on the line with slope −1 whereas the plot of mb/m

0
b vs

Kaσ shows an elliptic path whose major axis is tilted from the line with slope −1. In Fig. 3.18c,

the amplitude of the mass burning rate has decreased slightly for ω = 2 × 103 Hz compared to

the previous strain frequency. In accordance with Eq. (2.63), we see with decreasing amplitude of

mb/m
0
b oscillations even the amplitude of KaM-oscillations has decreased and the plot of mb/m

0
b

vs KaM lies on the line of slope −1. However, the plot of mb/m
0
b vs Kaσ again shows an elliptic

trajectory which is tilted further from the line of slope −1. Also, the amplitude of Kaσ-oscilations

has increased. For ω = 5×103 Hz we know that mb has a very much reduced amplitude compared

to the case ω = 103 Hz which is visible in Fig. 3.18d. Simultaneously, we observe that KaM has

a low amplitude and Kaσ now has a much larger amplitude than for the lower frequencies. Even
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Figure 3.18: Scaled numerical mass burning rate vs calculated Kaσ and KaM for varying frequencies
of applied strain.

though the trajectory of mb/m
0
b vs KaM is slightly elliptic, its major axis lies on the line with

slope −1. The elongated elliptic trajectory of mb/m
0
b vs Kaσ has a tilt which has made it almost

parallel to the horizontal axis. The amplitude of KaM-oscillations, like the amplitude of the mass

burning rate oscillations, initially increases and then decreases with increase in frequency, but the

amplitude of Kaσ continues to increase with increasing frequency. Therefore, we can conclude

that KaM will be able to approximate the mass burning rate more accurately than Kaσ.

In Fig. 3.19 we used KaM and Kaσ to approximate the mass burning rate using Eq. (2.63).

We have plotted the numerical and the approximated values of the mass burning rate against

time so that we can compare which Karlovitz integral gives an accurate prediction of the mass

burning rate. For the frequency of ω = 102 Hz we see in Fig. 3.19a that the mass burning rates

approximated by both KaM and Kaσ accurately model the numerical mass burning rate. When

the strain rate oscillates with ω = 103 Hz we observe in Fig. 3.19b that the estimation of Kaσ

begins to worsen, but the estimation of the mass burning rate based on KaM gives an accurate

agreement with the numerical mb. Figures 3.19c and 3.19d show that for ω = 2 × 103 Hz and

ω = 5× 103 Hz the estimation of mass burning rate based on Kaσ worsens even further. For both

these high frequency values the approximation of the mass burning rate by KaM quite accurately

estimates the numerical mass burning rate in terms of amplitude and phase.

The study on the flame position revealed that for an applied strain frequency ω ≤ 102 Hz the

oscillating flame behaves like a quasi-steady flame. We showed that with the increase in frequency

of the applied strain the flames motion starts to behave like a low-pass filter. When we studied

various stretch and strain profiles inside the flame region we found that for quasi-steady flames the
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Figure 3.19: Comparison of the scaled mass burning rate(numerical) mb at the burnt side with
the results from integral analysis with KaM and Kaσ for different applied strain frequencies.

presence of KTh is negligible. With the increase in applied strain frequency, KTh increases and is

in counterphase to the strain rate at any given location. At really high frequencies, colder points

inside the flame region experience just the net KM = ā. Next, we approximated the mass burning

rate using the integral analysis based on mass-based stretch and area-based stretch to compare

the results. It was shown that by using area-based stretch rate in the calculation of the Karlovitz

integral we can approximate mb of quasi-steady oscillating flames quite well. Furthermore, if we

use the entire mass-based stretch including KTh we can approximate the mass burning rates of

oscillating counterflow flames better for a wide spectrum of frequencies. Thus the study of integral

analysis not only shows the existence of unsteady thickness stretch, but also clearly makes a point

that the mass-based stretch predicts the flame dynamics better than the traditional area based

stretch.

In Fig. 3.20, we plot the amplitude of mb/m
0
b oscillations and compare it with the oscillations

of 1 − KaM and 1 − Kaσ for two different values of ā. For ease of notation we refer to the

amplitude as A(mb(t)/m
0
b) and we plot the amplitudes for the following set of frequencies, viz.

ω = 102, 103, 2× 103, and 5× 103 Hz. At low frequency of ω = 102, for both cases of ā, we see

that 1 − KaM and 1 −Kaσ is able to approximate A(mb(t)/m
0
b). We observe that, with increase

in strain frequency, the prediction of 1 − Kaσ becomes worse. On the other hand, the amplitude

of 1 − KaM is able to approximate A(mb(t)/m
0
b) in a better way. It is also able to predict the

numerical trend of the mass burning rate. A(mb(t)/m
0
b) first increases with increase in ω, but after

a certain frequency A(mb(t)/m
0
b) starts to decrease. 1−KaM not only captures this ”resonance”

behaviour of the oscillating mass burning rate but is also able to predict the resonant frequency

for both cases. This resonance behaviour of the mass burning rate needs to be investigated further



0 1000 2000 3000 4000 5000

0.08

0.1

0.12

0.14

0.1�

ω

A
(m

b
(t
)/
m
0 b
) Numerical

1− KaM
1− Kaσ
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and can be taken up as future work.

3.7 Concluding summary

We laid the foundation of the mass-based stretch theory which accounts for unsteady stretch

effects due to variations in thickness and density. We then proceeded to study premixed flat

counterflow flames which by definition are stretched flames owing to the flow straining. After giving

the numerical setup, we studied the counterflow flame behaviour for three different variations of

applied inlet strain ain viz. steady strain, strain jump, and oscillating strain. In the case of steady

ain we showed that the position of the flame is linearly proportional to a−1
in and also depends on

the expansion factor θ and the unstretched laminar burning speed s0L. We also showed that the

integral analysis is able to predict the mass burning rate of steady counterflow flames accurately

even for very high strain rates.

The next study concentrated on counterflow flames having suddenly varying ain. The sudden

jump in applied strain was achieved by changing it according to the Heaviside function. In this

section of study we concentrated on understanding the flame behaviour based on the motion of

its position. We found that the flame has a finite response time to suddenly varying strain rate

and it depends on various parameters of the applied inlet strain. We showed that the flame moves

towards the stagnation plane for a positive strain jump and recede for a negative strain jump and

showed that these two motions are not symmetric in nature. We developed a simple mathematical

model to predict the motion of the flame position under the influence of Heaviside strain. We

found that this model underpredicts the flame’s final position, and overpredicts the reaction time,

but it accurately predicts the trends of the counterflow flame for different conditions.

This was followed by our main study on the behaviour of flames subject to oscillating ain. Using

the analysis of the flame position we showed that the counterflow flame behaves like a quasi-steady

flame for low frequencies of the applied strain. For high frequencies of strain oscillations we found

that the flame develops a phase lag with respect to ain and has a reduced amplitude of oscillations

in terms of flame position. At high frequencies, the flame stops responding to the applied strain

oscillations and behaves as a low-pass filter. We then studied the unsteady effects of thickness and

density variations. The response of flame iso-surfaces in a counterflow flame to an oscillating strain

rate, results in the formation of thickness stretch KTh. At low frequencies, the flame behaves quasi-

steadily and there is negligible amount of KTh but for frequencies above ω ≈ 103Hz, thickness



stretch was found to be significant and in counter-phase to the strain profile. It was found that

the unsteady stretch due to density variations is always negligible for the range of frequencies

analysed.

It was seen that the amplitude of mass burning rate variations initially increases with increasing

frequency and after a point any further increase of ω leads to decrease in the amplitude of mb

oscillations. We carried out the integral analysis study in order to approximate the mass burning

rate of the counterflow oscillating flame. We showed that by incorporating KTh in our calculations

we predict the mass burning rate more accurately than by using just the strain rate. We also

showed that by using the cumulative KM we can predict the entire behaviour of mass burning rate

accurately. Further studies on the resonant nature of the mass burning rate oscillations can be

investigated in the future.



Chapter 4

Preferential diffusion effects

in unsteady stretched flames

4.1 Introduction

In the previous chapter, we used unity-Lewis number counterflow flames to show the existence of

the unsteady thickness stretch rate. By accounting for thickness stretch KTh in mass-based stretch

KM, we showed that the mass burning rate can be modelled accurately using integral analysis. In

general, gas mixtures can have non-unity Lewis numbers, i.e. Lei 6= 1. Therefore, in this chapter

we extend our analysis to oscillating counterflow flames with non-unity Lewis numbers. We choose

to study the CH4/H2 fuel-air premixed flames in a counterflow setup as LeCH4
= 0.98, LeH2

= 0.3

(See Appendix A). Because of this large difference in Lewis numbers of methane and hydrogen,

this will have a large impact in terms of flame dynamics. Also, addition of H2 makes the flame

burn leaner compared to a pure methane-air flame. This particularly is useful applications such

as gas-turbines in power stations as leaner flames have reduced emissions and for high thermal

efficiency [85]. However, it may suffer from local extinction, emission of unburnt hydrocarbons

and pre-ignition [86].

From Chapter 2 we know that the Lewis number of the ith species is the ratio of thermal

diffusion λ/cp and mass diffusion ρDi coefficients. The case of Lei 6= 1 not only implies that the

heat in the system diffuses at a different rate than the mass of the ith-species but also implies

that each singular species diffuses at a different rate compared to the other [71]. In a combustion

system, each species has a different Lewis number leading to a different rate of diffusion for

each species. The combined effect of varied mass diffusion rate along with the thermo-diffusive

effects of individual species is known as preferential diffusion [71]. Moreover, in a stretched flame,

preferential diffusion changes the local flame temperature and local stoichiometry which influences

the mass burning rate [30, 46, 63, 71].

To demonstrate the effect of preferential diffusion in a stretched flame we analyse the profiles

of hydrogen element mass-fractions ZH of different methane-hydrogen-air flames. In Fig. 4.1, we

compare the spatial profiles of ZH of a unity-Lewis number stretchless flame, a non-unity Lewis

number (LeCH4
= 0.98, LeH2

= 0.3) stretchless flame and a non-unity Lewis number flame which

is stretched at a constant value of a = 250 s−1. In the stretchless flame with Lei = 1, we see

Investigation of unsteady stretch effects using premixed counterflow flames 59
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Figure 4.1: Hydrogen element mass-fraction profiles of stretchless methane-hydrogen-air flames
(40%H2) with Lei = 1 and Lei 6= 1 and of a constant stretch methane-hydrogen-air flame (40%H2)
with a = 250s−1 and Lei 6= 1 .

that the hydrogen mass-fraction ZH is constant through the flame as the masses of all H-atom

containing species diffuse at the same rate. For a stretchless flame with Lei 6= 1, we see that

the spatial profile of hydrogen mass-fraction ZH is not a constant anymore in the flame front but

the amount is conserved (ZH,u = ZH,b). This is because of the different diffusion rates of the

individual species carrying the element hydrogen. Finally, for a flame which is stretched at a

constant stretch rate of a = 250 s−1 and has preferential diffusion (Lei 6= 1), we see that neither

ZH is constant nor the total amount of ZH is conserved (ZH,u 6= ZH,b). This is because there is a

local transport of hydrogen element mass-fraction ZH along the flame surfaces [71, 91]. Depending

on the interaction with flame stretch, element mass-fractions Zj and specific enthalpy h can get

added into or leak away from the one-dimensional flame system. In case of hydrogen element

mass-fraction, we see in Fig. 4.1 that due to positive stretch the profile of ZH shows H-element

concentration is increasing, resulting in ZH,b > ZH,u. We must remind the reader that in this one

dimensional system ZH is not conserved but that it is conserved globally [71]. These observations

of non-constant and non-conserved element mass-fractions for hydrogen holds true for carbon ZC,

oxygen ZO and to the specific enthalpy h. This is because all these state vector components

ψi have similar governing equations as given by Eq. (2.47c) and Eq. (2.48) [22]. In case of the

above discussed stretched methane-hydrogen-air flame, we see that ZH,b > ZH,u. Therefore, with

positive stretch the local fuel-air mixture becomes richer in the flame front (x − xmh > 0.1) than

the unburnt side, i.e. φ > φu. For lean flames this results in higher burning rates compared to the

stretched methane-air flames.

Addition of H2 enhances the rate of oxidation, resulting in thinner flame zones and increases

the stretchless mass burning rate m0
b compared to the stretchless mass burning rate m0

b of a pure

methane-air flame [67, 58, 87]. In Chapter 3 we learnt that for any unity-Lewis number Lei = 1

steady flame, the plot mb/m
0
b vs Karlovitz integral Ka is a linearly decreasing line. The addition

of H2 to a stretched methane-air flame along with preferential diffusion will not only make the

relation between mb/m
0
b vs Karlovitz integral Ka non-linear but also for a given stretch rate a

the mass burning rate mb will be higher compared to its stretched pure methane-air counterpart

[71, 87]. Addition of hydrogen increases the stretchless mass burning rate m0
b and hence to higher



extinction strain rates for counterflow flames as they will stabilise further upstream compared to

methane-air flames [86].

In this chapter, we shall analyse lean oscillating CH4/H2-air counterflow flames on the basis of

results obtained from Chapter 3. The diffusive fluxes of enthalpy Jh, and element mass fractions

JZm
, will be important depending upon the Lewis numbers of the individual species. Oscillating

counterflow flames with hydrogen addition have been studied both experimentally [57, 88] and

numerically [85, 56]. Similar to oscillating CH4-air counterflow flames, CH4/H2-air counterflow

flames behave in a quasi-steady manner for low frequencies of strain oscillations and stop respond-

ing to high frequencies [89]. In a manner similar to the oscillating CH4-air counterflow flames, the

convective fluxes in a oscillating CH4/H2-air counterflow flame show a resonance like phenomena

[59]. As the frequency of strain oscillation increases the diffusion of species becomes attenuated

because the flame doesn’t get adequate time to respond to the strain fluctutations [53, 56]. There-

fore, at higher frequencies of strain, all flame parameters, including the enthalpy change, and

change in mass-fractions asymptotically approach their respective values corresponding to a flame

with mean stretch rate [53, 56, 90].

For our study, two lean (φ = 0.7) CH4/H2-air counterflow flames with 20% and 40% H2 in

fuel composition were simulated where the Lewis numbers of the individual species are non-unity

but constant. Van Oijen et al. [87] have successfully used non-unity but constant Lewis number

for studying the mass burning rate of methane-hydrogen-air free flames. The CHEM1D solver

parameters, boundary conditions and chemical mechanism are all the same as in Chapter 3. We

start the analysis by comparing the numerical computed flame position and the flame position

obtained by the model of de Goey and ten Thije Boonkkamp [48]. We then study the numerical

mass burning rate of the steady counterflow flame and we follow it with the study of the change

in enthalpy ∆h and element mass-fractions ∆Zj at the burnt side of the flame. This allows us

to explain the non-linear relationship between mb and the Karlovitz integral Ka. The model

for the mass burning rate as derived by de Goey and ten Thije Boonkkamp [48] is extended

to approximate the mass burning rate of steady counterflow flames for very large values of flow

strain. This is followed by a study of ∆h and ∆Zj and finally the mass burning rates of the

oscillating CH4/H2-air counterflow flames and model them based on Eq. (2.66). In this research

we shall study as to how in an unsteady methane-hydrogen-air counterflow flame, the oscillations

of element mass-fractions ∆Zj and specific enthalpy ∆h affect the unsteady mass burning rate by

incorporating the mass-based stretch rate effects discussed in the previous chapter.

4.2 Steady methane-hydrogen-air counterflow flames

We begin our analysis by studying counterflow flames with Lei 6= 1 for steady values of the

applied strain ain. Similar to Section-3.4, we increase the applied strain in steps of 10 s−1 from

ain = 100 s−1 till the flame extinguishes. In this current study our aim is not only to study the

mass burning rate but also to show its dependence on the local enthalpy and element composition.

Hence, the main emphasis is on the changes in hb and Zj,b at the burnt side brought about by the

steady applied strain. Based on this study we shall also model change in enthalpy and element

mass fractions which will help us in the approximation of the mass burning rate.
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4.2.1 Flame position modelling

The mathematical model (Eq. (3.5)) which approximates the flame position and accurately predicts

the slope of the linear relation between xb and 1/ain for a unity-Lewis number flame was also used

to model the position of the CH4/H2 steady counterflow flame.

For non-unity Lewis number flames as well, Fig. 4.2 shows that the flame position is almost a

linear function of 1/ain. Figure 4.2 also reveals that the model accurately predicts the linear

relation between flame position and 1/ain. We can model the slope of flame position vs 1/ain

using Eq. (3.5). In Figure 4.2 we used s0L and θ of unstretched free flames with 20% and 40%

H2 addition. This results in the conclusion that the flame position is mainly a function of m0
b

and the expansion factor θ. We see that the 40% H2 counterflow flame stablises further away

upstream from the stagnation plane compared to the 20% H2-flame because s0L for 40% H2-flame

is larger than s0L for 20% H2-flame [86]. From the previous chapter we know that an increase in

applied strain ain in a counterflow twin flame configuration makes the flame fronts move towards

the stagnation plane from either side. This implies that at a certain applied strain rate ain the

counterflow flames are so close to the stagnation plane that they quench. Because of this, the

40% H2-flame which stabilizes further away than the 20% H2-flame, has a higher extinction strain

rate. The model given by Eq. (3.5) captures the trends of the flame position but is not accurate

enough to predict the flame position quantitatively.

4.2.2 Profiles of methane and hydrogen mass-fractions in counterflow

flames

Figure 3.5 shows how various combustion variables behave for changing values of steady applied

strain rate. In this section, we shall only plot the spatial profiles of the fuel components because

of the addition of H2 to the fuel. The other spatial profiles are similar to that in Fig. 3.5.

Figure 4.3 shows the profiles of the mass fractions of methane and hydrogen for ain ranging

from weak to almost extinction strain rates, along with the methane and hydrogen profiles of an

unstretched free methane-hydrogen flame. Also, for all flames considered in Fig. 4.3 the origin
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for different values of ain in a steady counterflow
flame with 20% and 40% Hydrogen concentration and Lei 6= 1.



is shifted to the point of maximum heat release for better comparison purposes. For both cases,

we see that the mass fraction of hydrogen starts to decrease further upstream than the methane

mass fraction because of the higher diffusion rate of hydrogen. Compared to the profiles of YH2
,

the profiles of YCH4
reveal that methane reacts at a faster rate and gets consumed completely for

both cases. The spatial profiles of YH2
as plotted in Figures 4.3b and 4.3d show that for both test

cases the hydrogen is not consumed completely and there is residual molecular hydrogen at the

burnt side which gets consumed slowly. We can also see that as ain increases there is an increase

in the concentration of hydrogen at the stagnation plane.

We shall now try to analyse the observations made using Fig. 4.3. For both 20% H2 and

40% H2-flames the oxidation length of YH2
is larger than that of YCH4

. For the unstretched case

in both flames, we see that the diffusion length of H2 is LH2
≈ 0.24 cm and the diffusion length

of CH4 is LCH4
≈ 0.07 cm. The diffusion length of a species is the length in the spatial domain

where the species concentration changes completely. Thus, the ratio of diffusion lengths of H2 to

CH4 is LH2
/LCH4

≈ 3.4. This is to be expected because, hydrogen diffuses 3.4 times faster than

methane as LeH2
= 0.3 and LeCH4

= 0.98. We must note that this ratio remains almost a constant

even for counterflow flames and is independent of the applied strain rate ain.

The increase in H2 concentration at the burnt side with increasing applied strain rate can be

explained in the following manner. At the stagnation plane, due to symmetry, dYi

dx = 0 at x = 0 for

all species. As the axial gradient is zero at the stagnation plane, the spatial profiles of all species

will be flat and parallel to the x-axis at x = 0. Figure 4.2 clearly shows that as the applied strain

ain increases both the flames in the counterflow twin flame configuration come closer towards the

stagnation plane. As discussed in the previous paragraph the diffusion length of YH2
profile is

also long but is forced to flatten out at the stagnation plane. Therefore, we get an increase in

concentration of molecular hydrogen at the burnt side.

4.2.3 Analysis and modelling of the mass burning rate of steady coun-

terflow flames

The main goal of this sub-section is to study and model the mass burning rate of steady counterflow

methane-hydrogen flames based on integral analysis as a reference for the unsteady cases. First

we begin by studying the numerically calculated mass burning rates of both CH4/H2 flames for

different applied strain rates. This will be followed by the study of the changes in enthalpy and

element mass fractions for different steady applied strain rates. We will then model the mass

burning rate of steady flames based on Eq. (2.66) by taking these variations into account.

4.2.3.1 Mass burning rate of CH4/H2-flames.

For both flames, we have plotted the numerically computed mass burning rate in Fig. 4.4 as a

function of the Karlovitz integral. The line mb/m
0
b = 1−Ka serves as a reference of unity-Lewis

Lei = 1 flame behaviour. A quick glance at the plots immediately reveals that the mass burning

rate decreases with increasing ain. We now analyse the behaviour of mb/m
0
b in detail starting with

low values of ain. For 20% H2-flames, the mass burning rate is a linear function of the Karlovitz

integral when the applied strain is weak, i.e. Ka < 0.1. The plot of mb/m
0
b for low strain rates

is also close to the unity-Lewis number line of mb/m
0
b = 1 − Ka. For Ka > 0.1, the relation

between Karlovitz integral and mass burning rate becomes non-linear. In fact, in comparison to
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Figure 4.4: Scaled mass burning rate mb/m
0
b vs Karlovitz integral Ka in a premixed CH4-H2

counterflow flame.

the 1−Ka line, the mass burning rate decreases much slower with an increase in Ka. Also, close

to extinction, mb/m
0
b is higher compared to the line of mb/m

0
b = 1−Ka.

It is clear from the plot that for the 40% H2-flame, the mass burning rate is also a non-linearly

decreasing function of the Karlovitz integral. As pointed out in literature, we can see that an

increase in H2-concentration increases the mass burning rate [91]. This is also visible in Fig. 4.4,

where we see that for any particular applied strain rate ain the ratio mb/m
0
b is higher for 40% H2-

flame compared to the 20% H2 flame. We know form Eq. (2.58) that the mass burning rate mb

is a function of the state vector ψb. Therefore, in the following study we will discuss as to how

the state vector components ψi, i.e. enthalpy and element mass-fractions, change in counterflow

flames for different values of the applied strain rate ain. Furthermore, we shall also discuss their

impact on the mass burning rate of the counterflow flames.

4.2.3.2 Analysis of enthalpy/element mass fractions.

The non-linear behaviour of mass burning rates of steady CH4/H2 counterflow flames in relation

to the Karlovitz integral was attributed to the changing conditions of ψb with varying ain. We

shall now study the changes in the state vector components ∆ψj,b = ψj,b − ψ0
j,b multiplied with

their sensitivity coefficients cj = ∂
(
lnm0

b

)
/∂ψj,b. These sensitivity coefficients are determined

numerically by simulating a sequence of unstretched flames. A detailed discussion is given in de

Swart et al. [71]. The sensitivity coefficients for a methane-air flame with φ = 0.7 are given in

Table 4.1. These coefficients for φ = 0.7 were obtained by interpolating the coefficient values

for φ = 1, 0.8, and 0.6 which are given in van Oijen et al. [87]. Furthermore, these sensitivity

coefficients for methane-air flames have successfully used for approximating the mass burning rate

of methane-hydrogen-air flames with constant strain rate by van Oijen et al. [87]. Therefore, in

our study we have used the same coefficients for our study of methane-hydrogen-air counterflow

flame.

The numerically computed state vector components ψj,b are plotted in Figure 4.5 as cj∆ψj,b so

that we can directly see their variations with respect to the applied strain ain. cO∆ZO,b is almost

constant and has a negligible value for both the test flames for all applied strain rates. Thus a



ψj,b cj

ZC 7.3× 10
ZH 3.0× 102

ZO 3.5
h [J/kg] 3.0

Table 4.1: Sensitivity coefficients cj = ∂
(
lnm0

b

)
/∂ψj,b.
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Figure 4.5: Changes in enthalpy and element mass fractions in methane-hydrogen premixed coun-
terflow flames versus Karlovitz integral.

lean fuel-air mixture ensures that we see negligible changes in cO∆ZO with increasing ain. This

means that mb of a lean counterflow flame is less sensitive to the amount of oxidiser. The changes

in cCZC,b for both the test flames are seen to be substantial. It can be seen that with increasing

values of ain there is an increase in cCZC,b locally. Thus, the flame becomes locally richer at the

burnt side with the increase in applied strain rate, which increases the mass burning rate mb.

Depending on the percentage of hydrogen, the changes in cHZH,b and chhb have different

profiles with respect to each other in Figures 4.5a and 4.5b. The plot of ch∆hb for the 20% H2-

flame in Figure 4.5a shows a decreasing profile with increasing ain and counters the increasing

cC∆ZC,b profile. For Ka ≤ 0.1, ∆hb linearly decreases with increasing Karlovitz integral Ka,

but for Karlovitz integral Ka > 0.1 this decrease becomes non-linear. For values of Ka ≤ 0.1,

cH∆ZH,b decreases with increase in Ka. With further increase in Ka, cH∆ZH,b becomes almost

parallel to the horizontal axis about the zero mark. Therefore, overall for the 20% H2-flame,

cH∆ZH is negligible. Hence, for the 20% H2-flame, the mass burning rate will be most affected by

the changes in ZC,b and enthalpy hb at the burnt side.

For the 40% H2-flame the profile of cH∆ZH,b is an increasing non-linear function with increase

in Ka as shown in Figure 4.5b. ch∆hb almost has a flat profile with increasing Ka, but as we

approach the extinction strain rate, ch∆hb decreases sharply with increasing Ka. These behaviours

displayed by changes in cHZH,b and chhb will surely influence the mass burning rate of the 40% H2-

flame. In our forthcoming analysis we shall show that the nature of cj∆ψj,b as discussed here

makes the mass burning ratemb of methane-hydrogen-air counterflow flames a non-linear function

of Ka.
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4.2.3.3 Approximating the mass burning rate with numerical vales of ∆ψj,b

In the previous analysis we studied the change in the state vector components ψj,b and deduced

which particular component is most important. In this section, we would like to substantiate this

claim by approximating the mass burning rate with Eq. (2.66). With this analysis we aim to

achieve two important things, viz. show how the state vector components affect the mass burning

rate and to prove that Eq. (2.66) works accurately for high values of ain in case of lean premixed

counterflow flames.

We plot the approximated and the numerical mb/m
0
b behaviour versus Karlovitz integral Ka

in Fig. 4.6. The results depict that the approximation given by Eq. (2.66) of the mass burning rate

predicts the mass burning rate of the methane-hydrogen counterflow flame accurately up to high

values of ain. This is an achievement for a linear approximation which was developed for weakly

stretched flames, but can be applied directly to counterflow flames with high ain. Equation (2.66)

is also able to predict the non-linearity in the numerically evaluated mass burning rate, and this

allows us to study the contribution of various state vector components. For the 20% H2-flame,

ch∆hb in Figure 4.5a is negative and decreases with increase in Ka. Therefore, in Eq. (2.66), it

negates the influence of cC∆ZC,b. We noticed that, for Ka < 0.1, the mass burning rate decreases

linearly versus increasing Ka. This is because both cC∆ZC,b and ch∆hb are linear functions of

the Karlovitz integral Ka for low strain rates. The non-linear and gentle decrease of mb for higher

strain rates (Ka > 0.1) is due to ch∆hb becoming a non-linear function of increasing strain.

For the 40% H2-flame, the mass burning rate decreases with a smaller gradient than the

20% H2-flame because of preferential diffusion of hydrogen. cC∆ZC,b and cH∆ZH,b are increasing

functions of Ka and act as a counter to the 1 − Ka term in Eq. (2.66). The non-linearity in the

cH∆ZH,b term causes the mass burning rate to decrease non-linearly against increasing Ka. The

sharp decrease of ch∆hb into negative values for very high strain rates makes the mass burning

decrease non-linearly even further. In conclusion, we can say that the magnitude, sign and also the

profile of the change in state vector components affect the mass burning rate of a lean premixed

methane-hydrogen counterflow flame. This also means that by modelling cj∆ψj,b accurately one



can approximate the mass burning rate as explained by de Swart et al. [71].

4.2.3.4 Modelling the mass burning rate mb by extrapolating weak stretch values of

cj∆ψj,b

With the discussions on the terms influencing the mass burning rate of methane-hydrogen flames

wrapped up, we would like to present a mathematical model to approximate the mass burning

rate mb. Our aim here is to study the feasibility of using weakly stretched and unstretched profiles

of profiles of the state vector components i.e., ψ0
j,b to approximate cj∆ψj,b for strongly stretched

flames. De Swart et al. [71] give an expression for the change in state vector components for

weakly stretched flames using the state vector components ψ0
j of unstretched flames. For example,

we present the relations for the specific enthalpy by integrating Eq. (2.47c) and Eq. (2.50c) through

flame and at any point inside the flame region we get,

h0(x)− hu =
D0
h

m0
(4.1a)

h(x)− hu = − 1

m

∫ x

xu

ρKM(h− hu)dx+
Dh
m

(4.1b)

where Dh is the diffusive enthalpy flux given by;

Dh =
∂

∂x

(

λ

cp

∂h

∂x

)

− ∂

∂x
(Jh·n) +Qh. (4.2)

For the stretchless counterpart D0
h also has a similar expression as Eq. (4.2) with unstretched

flame values. While subtracting Eq. (4.1b) from Eq. (4.1b), we assume a weakly stretched flame

(Ka < 0.1) such that Dh ≈ D0
h. Therefore, the change in state vector components like enthalpy

can be obtained as,

∆hb ≈ − 1

m0
b

∫ xb

xu

ρ0KM(x)
(

h0(x)− hu

)

dx. (4.3)

In case of a weakly stretched flame with a constant stretch rate the above equation can be further

simplified as,

∆hb ≈ − a

m0
b

∫ xb

xu

ρ0
(

h0(x) − hu

)

dx = ChKa. (4.4)

In Eq. 4.4, KM(x) = a, is the constant applied strain acting throughout the flame and the integral

evaluated is a constant Ch.
Therefore, for weakly stretched flames we can say that ∆hb is a linear function of the Karlovitz

integral Ka and the same analysis can be extended to ∆Zj,b approximations too. We would like

to extend this linear approximation to stronger values of applied strain ain to check as to how far

this linear model can be used to approximate the mass burning rate. With this background we can

write the change in state vector components of a counterflow flame as: ∆ψj,b =
(

d∆ψj,b

dKa |Ka=0

)

Ka.

Using this linear extrapolation we will approximate the mass burning rate using Eq. (2.66) as

follows;
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mb

m0
b

≈ 1− Ka

LeY
+



ch
d∆hb
dKa

+

Ne−1∑

j=1

cj
d∆Zj,b

dKa



Ka. (4.5)

For calculating the slopes d∆hb

dKa and
d∆Zj,b

dKa we need to compute ∆ψj,b for at least two flames. The

accuracy of Eq. (4.3) is on the order of 1% for weakly stretched flame whose Karlovitz integral

Ka ≤ 0.1 [71]. Therefore, in order to calculate the slopes we first evaluate ∆ψj,b using Eq. (4.3)

for a very low value of ain = 120s−1, where Ka = 0.03 for the 20% H2-flame and Ka = 0.02

for the 40% H2-flame. For the second value of ∆ψj,b, we see in Fig. 4.7 that as Ka approaches

0, by definition ∆ψj,b approaches 0. Therefore, we choose the origin as our other point and
d∆hb

dKa = ∆hb(120 s−1)/Ka(120 s−1) and
d∆Zj,b

dKa = ∆Zj,b(120 s−1)/Ka(120 s−1).

We shall first present a comparative study of the approximated and numerically computed

cj∆ψj,b in Fig. 4.7. For both cases, cC∆ZC,b and cO∆ZO,b are approximated quite accurately

even for large values of ain. The approximation predicts ch∆hb accurately for low strain rates,

but for higher values of Ka it underpredicts and cannot capture the non-linearity for both cases.

For the 20% H2-flame, cH∆ZH,b is approximated accurately for Ka ≤ 0.1, but it underpredicts the

change in element hydrogen for higher Ka. The numerical profile of cH∆ZH,b for the 40% H2-flame

is non-linear, therefore the approximation overpredicts its values right from the start. Therefore,

we can postulate that the mass burning rate approximation for the 20% H2-flame will be better

than for the 40% H2-flame. Since this is a linear extrapolation of the weak stretch we can be sure

that it will not be able to capture the non-linearity of the mass burning rate in both cases.

The mass burning rate approximation Eq. (4.5) is plotted in Fig. 4.8. For 20% H2-flame, the

approximation is able to predict the mb/m
0
b accurately upto Ka ≈ 0.2 but then it starts under-

predicting as the non-linearity sets in. The major reason for the approximation to underpredict,

is because our model underpredicted cH∆ZH,b for higher strain rates. For the 40% H2-flame, as

cH∆ZH,b is highly overpredicted we see that the model is inaccurate in its approximation of the

mass burning rate. Qualitatively this model captures the trend of increasing mass burning rate

with addition of H2. We now compare Fig. 4.8 with Fig. 4.6 where the mass burning rate of

the counterflow flame is approximated using Eq. (2.66) with numerically evaluated ∆ψj,b. It is

clear that, Eq. (2.66) approximates the mass burning rate better than Eq. (4.5). Therefore, the
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main conclusion is that we need better models which can approximate ∆ψj,b more accurately.

In our study of oscillating methane-hydrogen counterflow flame we shall not carry forward this

linear mathematical model given by Eq. (4.5) but we shall continue to use Eq. 2.66 for calculating

unsteady mass burning rate using full numerical profiles of unsteady ∆ψj .

4.3 Oscillating methane-hydrogen counterflow flames

The previous section showed that addition of hydrogen to the fuel changes the character of the

counterflow flames. Due to preferential diffusion and steady flow straining, the mass burning

rate responds in a non-linear way to the changes in Karlovitz integral. This is caused by the

state vector components, viz. enthalpy/element mass fractions, which are no longer conserved

and change with ain. By incorporating these changes in the state vector components we can

accurately approximate the mass burning rate of steady methane-hydrogen counterflow flames

even for very large flow straining. In the following study we will carry out a similar study on

unsteady methane-hydrogen-air premixed counterflow flame subjected to an oscillating applied

strain rate ain(t). The analysis will be focused on oscillations in the state vector components

cj∆ψj,b and their effects on the mass burning rate of oscillating counterflow flames.

In this section, we consider two oscillating flames with an equivalence ratio of φ = 0.7, one with

20% H2 and another with 40% H2 in fuel composition. We choose ā = 1220 s−1, ∆a = 3× 102 s−1

and the frequency ranging from ω = 102 Hz to ω = 5 × 103 Hz for both oscillating flames. For

the 20% H2 oscillating flame, the mean strain rate of ā = 1220 s−1 gives Ka = 0.4 and can be

considered high. For the 40% H2 oscillating flame the mean strain rate of ā = 1220 s−1 belongs to

the moderate strain class as Ka = 0.27. The values of ā and ∆a were chosen in such a manner that

the oscillating flames are neither in the weak stretch (Ka ≤ 0.1) regime nor near the extinction

strain rate.

The discussion in Chapter 3 on oscillating unity-Lewis number methane-air counterflow flames

provides us with a strong foundation to extend the study. An oscillating counterflow flame behaves
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like a quasi-steady flame for low frequencies of ain, and as ω increases it starts behaving like a low-

pass filter and starts to show an attenuated oscillation in terms of flame position. The mass burning

rate initially increases with increase in applied strain frequency and after a certain frequency any

further increase in ω results in a decrease of mb. The unsteady thickness stretch KTh is negligible

for low ω but for high frequencies it becomes comparable to the applied strain in magnitude

and is in counterphase to it. With inclusion of KTh in KM, the mass burning rate of oscillating

flames was approximated quite accurately using integral analysis. Therefore, before we begin our

analysis on cj∆ψj,b of oscillating methane-hydrogen-air premixed counterflow flames, we would

like to ascertain whether thickness stretch KTh still plays a vital role in the mass-based stretch

KM and the mass burning rate.

To validate the existence of thickness stretch in oscillating methane-hydrogen-air counterflow

flames, we carried out the following exercise. In Fig. 3.20, we showed using the amplitude of mass

burning rate oscillations A(mb(t)/m
0
b) that the integral analysis done using mass-based stretch

KM is more accurate than compared to the same done using area-based stretch Kσ. We carried

out similar study where we approximated mb(t)/m
0
b of oscillating methane-hydrogen-air flame

using Eq. (2.66) where the Karlovitz integral was evaluated using both mass-based stretch KM

(Eq. 3.17a) and area-based stretch Kσ (Eq. (3.17b)). We used the numerically computed state

vector components cj∆ψj,b(t) in Eq. (2.66) to evaluate mb(t)/m
0
b. Figure 4.9 shows the amplitude

of oscillation A(mb(t)/m
0
b) for the scaled mass burning rate for 40% H2-flame. It is very clear that

the approximation ofmb(t)/m
0
b done using mass-based stretchKM is accurate than that done using

area-based stretch Kσ. Similar to the oscillating unity-Lewis methane-air flame, A(mb(t)/m
0
b)

shows the ” resonance ” like behaviour which is also captured by integral analysis done using KM.

Therefore, as thickness stretch KTh plays an important part in oscillating methane-hydrogen-air

counterflow flame all upcoming discussions on oscillating cj∆ψj,b(t) and mass burning rate will

be done using mass-based Karlovitz integral KaM. We must note that, Fig. 4.9 deals only with

the amplitude of mass burning rate oscillations and the nature of mb(t)/m
0
b oscillations will be

discussed later.
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Figure 4.10: cC∆ZC,b and ch∆hb versus Ka for 20% H2 oscillating flame. The blue line with
symbols indicates the changes in steady flame.

4.3.1 The effect of oscillating strain rate on the state vector ψb

The element mass fractions, ZC,b, ZH,b and specific enthalpy hb changed due to preferential

diffusion and flow straining in the steady case. Specifically, for the 20% H2-flame cC∆ZC,b and

ch∆hb changed significantly whereas for the 40% H2-flame cC∆ZC,b, cH∆ZH,b changed the most.

∆ZO,b had negligible changes when compared to the other state vector components. Therefore,

in this discussion we shall study the oscillations of cC∆ZC,b and ch∆hb for the 20% H2-flame and

cC∆ZC,b and cH∆ZH,b for the 40% H2-flame.

Time dependent cC∆ZC,b and ch∆hb for 20% H2 oscillating flame are plotted against an

oscillating Karlovitz integral in Figure 4.10. For ω = 102 Hz, cC∆ZC,b shows an elliptic path with

the major axis having the same slope as the line of the steady flame. For the same frequency, the

oscillating ch∆hb has a skewed elliptic path following the non-linear decreasing curve of the steady

ch∆hb line. With an increase in ω, the major axes of cC∆ZC,b and ch∆hb starts tilting to become

parallel to the horizontal plane cC∆ZC,b = Constant and ch∆hb = Constant respectively. The

amplitude of the fluctuations in cC∆ZC,b and ch∆hb starts to decreases with increasing frequency

and tends towards the values of the steady effective average of ā = 1.2× 103 s−1 (Ka = 0.4).

Figures 4.11a and 4.11b are the plots of oscillating cC∆ZC,b and cH∆ZH,b of the 40% H2-

flame versus Ka for various values of ω. The behaviour of the oscillating cC∆ZC,b and cH∆ZH,b

ellipses are similar to that exhibited by the state vector components in the 20% H2-flame. This

confirms that with increasing strain frequency, cj∆ψj,b(t) approaches cj∆ψj,b(ā) which for the

40% H2-flame is Ka = 0.27. We also note that the rate of tilt of the major axis for ∆ZH,b is faster

than that of ∆ZC,b. This means that ∆ZH,b stops responding to oscillating strain at a lower

frequency compared to ∆ZC,b. This is because, faster the diffusion of species/elements, quicker is

the attenuation of oscillations. A detailed explanation has provided by Cuoci et al. [56].

The above mentioned observations on the oscillations of ∆ψj,b give insight into how enthalpy

and element mass-fractions are affected by preferential diffusion and oscillating strain. For low

frequencies of the applied strain rate, the elements and enthalpy diffuse preferentially almost in

the same manner as in a steady flame. With increase in frequency, the diffusion of enthalpy and

elements no longer responds to oscillating strain rate and they tend towards the diffusion rate of the

steady flame with the average mean strain ā. This is because the time scale of the strain oscillation
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Figure 4.11: cj∆Zj,b variations vs Ka for the elements of carbon and hydrogen in 40% H2 oscil-
lating flame. The faint blue line with symbols indicate the path of the steady flame.

becomes smaller than the time scale of diffusion of enthalpy and elements [53, 59]. Therefore we

can hypothesize that for higher frequencies of strain oscillations in a methane-hydrogen counterflow

flame with non-unity Lewis numbers will only be subjected to the ”mean” preferential diffusion

effects.

4.3.2 Mass burning rate of oscillating methane-hydrogen counterflow

flames

The final aim of this study is to analyse the mass burning rate of methane-hydrogen counterflow

flames with preferential diffusion. In Section 4.2 we presented the non-linear behaviour of the

mass burning rate against the Karlovitz integral for steady flames. We presented also mathem-

atical models not only to estimate mb but also to investigate the individual contribution of the

preferential diffusing state vector components. In this particular part of the study we shall present

the numerically calculated mb/m
0
b and also an estimate according to Eq. (2.66) for comparison.

For both test cases, and for the frequencies analysed we present the numerical and the math-

ematically modelled mass burning rate in Fig. 4.12. To study the mass burning rate oscillations of

the counterflow flames in detail, we have zoomed into the region of oscillation of the mass burning

rate in Fig. 4.12. At the outset, we would like to state that in terms of amplitude, the oscillations

of the mass burning rate are very similar to that of the unity-Lewis number flame, which shows

a resonance like phenomenon. Therefore in this study, we present only two frequencies which are

relatively low and high, viz. ω = 102 Hz and ω = 2×103 Hz. The profiles of numerical mb/m
0
b are

elliptic and non-linear but they follow the steady curve for both the fuel mixtures for the applied

strain frequency of ω = 102 Hz. By using the numerical profiles of the state vector components

∆Zj,b and ∆hb we are able to model this behaviour of the mass burning rate oscillations for both

cases as portrayed in Fig. 4.12a and Fig. 4.12b.

At the frequency of ω = 2 × 103 Hz, mb/m
0
b starts to oscillate with a larger amplitude for

both cases as shown in Figures 4.12c and 4.12d. The major axes of the elliptic trajectories of

mb/m
0
b of both flames show a major deviation in the behaviour of mass burning rate oscillations

as compared to the steady curve. The major axes of the ellipses are aligned with the slope of

the line of mb/m
0
b = 1 − Ka for the case Lei = 1. The model also predicts this alignment of the
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major axes of the mass burning rate oscillations quite accurately and almost gets the amplitude of

oscillation right. For both flames, we see that the numerical and the modelled mass burning rate

have become parallel to the line with slope −1. Because for higher frequencies, the oscillations

of enthalpy and element mass fractions have flat elliptic trajectories about the mean position,

the flame only feels the mean preferential diffusion. For the 40% H2-flame, the model predicts

that the maximum value of mb/m
0
b > 1 whereas the numerical results say that mb/m

0
b ≈ 1 for a

certain time instant during flame oscillation. Therefore, we can say that an oscillating counterflow

flame with oscillating strain rate behaves like a low-pass filter at higher frequencies and its mass

burning rate oscillation in the mb/m
0
b vs Ka plane behaves locally like mb/m

0
b = C−Ka. This is

because, at high frequencies, both the flames have constant preferential diffusion rate equivalent

to the mean stretch through the entire amplitude of oscillations. Another take away point of

this discussion is that, by incorporating mass-based stretch KM and the numerical state vector

components cj∆ψj,b in Eq. (2.66), we are not only able to approximate the amplitude of the

mass burning rate oscillations but also to model the behaviour of mass burning rate oscillations

to become parallel to the line with slope −1.

4.4 Concluding summary

In this chapter, we have utilised the findings of Chapter 3 and applied them to methane-hydrogen

counterflow flames with 20% H2 and 40% H2 and with significant preferential diffusion effects.

Before we began the study on oscillating methane-hydrogen flames, we extensively discussed

steady methane-hydrogen flames. At the outset, by modelling the flame position of steady flames

using Eq. (3.5), we showed that the flame position depends on the unstretched laminar burning

speed s0L and the expansion factor θ. With this result we can conclude that the model for the

flame position developed by de Goey and ten Thije Boonkkamp [48] is not restricted to weakly

stretched flames with unity-Lewis numbers. We investigated as to how changes in the state vector

components ∆ψj,b affect the mass burning rates of the steady flames. For the 20% H2-flame,

∆ZC,b and ∆hb contributed mainly to the preferential diffusion effects which made mb a non-

linear function of Ka. On the other hand, for the 40% H2-flame ∆ZC,b and ∆ZH,b contributed

mostly to the preferential diffusion effect. We were able to predict the individual contributions

of the state vector components, and we were able to approximate the mass burning rate quite

accurately using the numerical solutions of ∆ψj,b in Eq. (2.66). We concluded that accurate

models of ∆ψj,b at higher Karlovitz integral values are needed for modelling the mb.

We started the analysis of oscillating flames, by studying the nature of oscillating cj∆ψj,b for

different frequencies of strain rate. For low frequencies, ∆ψj,b behaved in an elliptic non-linear

manner but their major axes lie steady-strain curve. With increase in ω, the major axes of cj∆ψj,b

oscillations in the cj∆ψj,b vs Ka plane are tilted parallel to horizontal-axis at the mean strain

ā position. Because with further increase in strain frequency it became clear that ∆ψj,b was

tending towards the mean effective strain ā which concurs with the literature [56, 59, 53]. It was

also noticed that the rate of tilting depended upon the individual components ψj . Finally, we

studied the mass burning rate of the oscillating flames for low and high frequencies, where we

found that the amplitude behaves in the same manner as a unity-Lewis counterflow flame. At

higher frequencies, the mass burning rate oscillations become parallel to the line with slope −1,

indicating that it behaves like a pseudo-unity-Lewis flame. Based on Eq. (2.66), we have also



modelled the mass burning rate and this model is able to approximate the mass burning rate and

also capture the tilt of the major axis in the mb/m
0
b vs Ka plot. This result is in concurrence with

the findings in DNS that fast oscillating flames have the same preferential diffusion of the flame

having the mean effective stretch [90, 92].



Chapter 5

Conclusions

We began our research based on the importance of flame stretch dominating the dynamics of

premixed flames by influencing the mass burning rate and flame temperature. The traditional

area-based flame stretch Kσ, accounts for the flow straining Ks, and the flame curvature κ. It

needs to be re-stressed that most of the time, for modelling turbulent flames with time evolving

strain rate and curvature, steady flamelets are used and additional unsteady stretch effects are

not considered. De Goey et al. [11] introduced the mass-based stretch KM for flames with finite

thickness which, apart from containing area-based stretch, also includes terms of thickness stretch

KTh and density Kρ. In order to study the existence and the nature of these additional unsteady

stretch effects, we focused on the interaction between unsteady flow straining and a premixed

flame. Therefore, we chose lean premixed counterflow twin flat flames under the influence of an

oscillating applied strain rate ain and analysed their behaviour based on mass-based stretch KTh

and integral analysis. We would now like to conclude by stating the inferences made through this

study along with their implications and potential future work.

In the first part of this thesis, we considered unity-Lewis number counterflow methane-air

flames so that we can exclusively study unsteady stretch effects without any additional effects due

to preferential diffusion of species and heat. By studying the interaction of counterflow flames to

oscillating applied strain ain down to the detail of flame iso-surfaces and control volumes, we have

not only quantified thickness stretch KTh and density stretch Kρ but also studied their nature and

effects in depth. When the applied strain oscillation frequency ω < 1/τ , where τ is the flame’s

response time, the flame is considered quasi-steady because the flame’s ability to adapt its position

to the instantaneous strain rate. For such cases, we find that unsteady thickness stretch and

density stretch are negligible and can be ignored. As the strain frequency ω increases and becomes

comparable or higher than 1/τ , the flame is not quick enough to follow the strain oscillations and its

trajectory becomes non-symmetric and elliptic in nature. It is at these frequencies that unsteady

stretch effects start to become significant and alter the overall mass-based stretch profile. Among

the unsteady stretch effects, the density stretch Kρ was found to be negligible through the entire

range of frequencies analysed because the relative change of density in every flame control volume

is small. On the other hand, the thickness stretch KTh keeps increasing with increasing strain

frequency and is in counter-phase to the strain profile inside the flame. Therefore, as ω increases

the oscillations of the total mass-based stretch as felt by the flame starts to decrease and at high

frequencies the profile of the mass-based stretch KM becomes almost equal to the strain profile
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of the steady counterflow flame whose applied strain is the mean of strain rate oscillation, i.e.,

ain = ā.

After studying the nature of these unsteady stretch effects, we proceeded to study the mass

burning rate of oscillating counterflow flames and we modelled them using integral analysis. The

amplitude of the mass burning rate oscillations shows a resonance like phenomenon, where ini-

tially it increases with increasing frequency and after a certain point it decreases with increasing

frequency. Integral analysis with the inclusion of thickness stretch in mass-based stretch is able

to model the mass burning rate oscillations quite accurately and therefore it also captured the

resonance phenomenon. Based on this work on unity-Lewis oscillating counterflow flames, we can

imply that while modelling flames with time evolving strain rate it is essential to consider the

presence of unsteady stretch effects as using them we are successfully able to model their mass

burning rate. Based on this foundation, the next study involved studying methane-hydrogen-air

counterflow flames in which there were no restrictions on preferential diffusion as Lei 6= 1 for

all species. Compared to the unity-Lewis number flame, the mass burning rate oscillations of

Lei 6= 1 flames become non-linear even for low frequencies because the change in state vector

component ∆ψj,b, describing variations in element mass-fractions and enthalpy, themselves dis-

play non-linearity. At much higher frequencies, the mass burning rate oscillations reveal that the

flame is not under influence of preferential diffusion oscillations, but just of the mean preferential

diffusion effect. Equation (2.66), which till now has been used only for weakly stretched steady

flames, was not only able to approximate the mass burning rate oscillations accurately, but also

captured the latter’s behaviour for higher stretch rates. This allowed us to determine as to which

state vector components influenced the mass burning rate oscillations the most. For e.g., in the

CH4/H2-air flames that were analysed in this thesis, the changes in carbon element mass-fractions

∆ZC, hydrogen element mass fraction ∆ZH and the specific enthalpy ∆h were found to influence

mass burning rate the most. It is because of the insensitivity of ∆ψj,b to stretch rate at high fre-

quencies that the flame feels only the mean preferential diffusion. This was shown using Eq. (2.66)

and the numerical profiles of ∆ψj . Therefore, in a turbulent premixed flame, if eddy-flame inter-

actions leads to fast oscillating changes in the turbulent stretch κT, then using the above findings,

we can use only a single flamelet having the averaged turbulent flame strain κ̄T instead of using

flamelets with whole range of oscillating strain.

In the process of studying and modelling oscillating counterflow flames, we built our basis

by studying steady counterflow flames and counterflow flames with sudden strain jump. This

combined study of steady and unsteady counterflow flames has given raise to potential future

research questions which can go a long way in the modelling of premixed combustion. They are

listed as follows,

• The asymptotic model (Eq. 3.5) which approximates the counterflow flame position was de-

rived by de Goey and ten Thije Boonkkamp [48] for weakly stretched counterflow flames.

Figure 3.6a showed that without changing the model, it can accurately calculate the slope

of the line xmh vs 1/ain till the extinction point. Therefore, this model has the potential to

be further refined to accurately describe the flame position with respect to the stagnation

plane. In the model, we only use the expansion factor θ, the stretchless laminar burning

velocity s0L and the applied strain ain. Therefore, if the flame position and the expansion

factor θ are calculated experimentally for a counterflow flame with a given applied strain

ain, we can potentially calculate s0L.



• A counterflow flame subject to a sudden strain jump helped us to understand the flame’s

response time to a change in applied strain rate ain. In Eq. (3.9), we used a linear model

for estimating the flow velocity at the burnt side. We were only able to capture, the flame

trends for a positive strain jump and failed quantitatively. If the flow velocity is modelled

accurately for both positive and negative strain jump, we will be able to establish an ac-

curate value for the flame response time τ . This information can be used in modelling

turbulent flames as determining flame response time τ of the local flamelets will give us an

idea as to how the flame will respond to the instantaneous turbulent strain rate at that point.

• Irrespective of unity-Lewis, or non-unity Lewis numbers, the mass burning rate mb showed a

resonance like phenomenon with increasing strain frequency. This thesis just forms the basis

for further studies into unsteady stretch effects. Therefore, going deep into understanding

the nature of this ”resonance” phenomenon was not feasible. Preliminary analysis showed

that the resonance peak of this mass burning rate oscillations may depend on the values of

the applied strain ain viz., ā, ∆a. It may also depend on the flame’s response time scale τ .

Therefore, a further analysis is required in understanding this phenomenon.

• Equation (2.66) approximated the mass burning rate mb quite accurately for steady and

unsteady non-unity Lewis number counterflow flames using the full numerical profiles for

the change in state vector components ∆ψj,b. An accurate modelling of ∆ψj can help in

estimating mb/m
0
b without using the numerical values.

• Finally, a similar study conducted on both unity Lewis-number and non-unity Lewis number

flames which are under the influence of oscillating flame curvature would be interesting.

This will help in determining the nature of these unsteady effects and will complete our

understanding of the same.



Bibliography

[1] M. V. Krishnan, Cire Perdue Casting in India. Kanak Publications, 1976. 1

[2] “www.ancient-origins.net/ancient-technology/ancient-invention-steam-engine-hero-

alexandria-001467.” 1

[3] D. V. T. Poinsot, Theoretical and Numerical Combustion. R. T. Edwards, second edition ed.,

2005. 1, 2, 5, 6, 7, 9, 10, 13, 15, 17, 18, 29

[4] S. Kimura, O. Aoki, Y. Kitahara, and E. Aiyoshizawa., “Ultra-clean combustion technology

combining a low-temperature and premixed combustion concept for meeting future emission

standards,” SAE International, 2001. 2

[5] F. A. Williams, Combustion Theory. The Benjamin/Cummings Publishing Company, second

edition ed., 1985. 2, 5, 6, 9, 11, 13, 15, 18

[6] C. K. Law, Combustion Physics. Cambridge University Press, 2006. 2, 5, 6, 7, 8, 9, 11, 13,

30

[7] E. F. N., N. Hansen, Y. Ju, K, Kohse-Höninghaus, C. K. Law, and F. Qi, “Advances and

challenges in laminar flame experimets and implications for combustion chemistry,” Progress

in Energy and Combustion Science, 2014. 2, 3, 5, 6, 9, 11, 18

[8] A. Lipatnikov, Fundamental of premixed turbulent combustion. CRC Press, Taylor and Francis

Group, 2013. 3, 4, 5, 6, 7, 8, 10, 11

[9] H. Pitsch, “Laminar premixed flames: Kinematics and burning velocity..” CEFRC Combus-

tion Summer School, 2014. 3

[10] N. Peters, Turbulent Combustion. Cambridge University Press, Cambridge, 2000. 3, 7, 8, 9

[11] L. P. H. de Goey and J. H. M. ten Thije Boonkkamp, “A mass-based definition of flame stretch

for flames with finite thickness,” Combustion Science and Technology, vol. 122, pp. 399–405,

1997. vv, 3, 7, 11, 13, 17, 19, 20, 77

[12] J. D. Buckmaster and G. S. S. Ludford, Lectures on Mathematical Combustion. Society of

Industrial and Applied Mathematics, 1983. 5, 8

[13] J. F. Griffiths and J. A. Bernard, Flame and Combustion. Springer Science and Business

Media, 1995. 5, 8

80 Investigation of unsteady stretch effects using premixed counterflow flames



[14] S. B. Pope, “Turbulent premixed flames,” tech. rep., Annual reviews of fluid mechanics, 1987.

5

[15] L. P. H. de Goey, J. A. van Oijen, and D. J. E. M. Roekaerts, “J. m. burgerscentrum course

on combustion.” Technische Universiteit Eindhoven, September 2010. 5, 7, 8, 9, 27

[16] F. E. Marble, “Flame theory and combustion technology,” Journal of the Aeronautical Sci-

ences, 1956. 5

[17] G. Dixon-Lewis, “Flame structure and flame reaction kinetics. i. solution of conservation

equations and application to rich hydrogen-oxygen flames,” Proceedings of the Royal Society

of London, 1967. 5

[18] J. Warnatz, “The structure of laminar alkane-, alkene, acetylene flames,” Symposium of Com-

bustion Institute, 18:845-56, 1981. 5

[19] F. Lindstrom, H. Angstrom, G. Kalghathgi, and C. E. Moller, “An empirical si combustion

model using laminar burning velocity correlation.,” SAE International, 2005. 5

[20] I. Glassman, Combustion. Associated Press, 1996. 6

[21] Y. B. Zeldovich, J. P. Ostriker, G. I. Barenblatt, and R. A. Unyaev, Selected works of Yakov

Borisovich Zeldovich. Princeton University Press, 1993. 7

[22] L. P. H. de Goey and J. H. M. ten Thije Boonkkamp, “A flamelet description of premixed

laminar flames and the relation with flame stretch,” Combustion and Flame, vol. 72, pp. 325–

336, 1999. 7, 11, 17, 20, 21, 24, 60

[23] R. Borghi, “Turbulent combustion modelling,” Progress in Energy and Combustion Science,

1988. 8

[24] J. A. van Oijen and L. P. H. de Goey, “Modelling of premixed counterflow flames using the

flamelet-generated manifold method,” Combustion Theory and Modelling, vol. 6, pp. 463–478,

2002. 9, 12, 30, 43

[25] J. Warnatz, U. Maas, and R. W. Dibble, Combustion: Physics and Chemical Fundamentals,

Modeling and Simulation. Springer-Verlag, Heidelberg, 2006. 9

[26] N. Darabiha, S. M. Candel, and F. E. Marble, “The effect of strain rate on a premixed laminar

flames,” Combustion and Flame, 1986. 9

[27] H. Pitsch, “A g-equation formulation for large eddy simulation of premixed turbulent com-

bustion,” Center for turbulent research: Annual Research Briefs, 2002. 9

[28] J. A. van Oijen and L. P. H. de Goey, “Modelling of premixed laminar flames using flamelet-

generated manifolds,” Combustion Science and Technology, 2007. 9, 20, 29

[29] A. M. Steinberg, J. F. Driscoll, and S. L. Ceccio, “Turbulence-flame interactions- the mech-

anisms of flame strain and wrinkling,” in 44th AIAA/ASME/SAE/ASEE Joint Propulsion

Conference and Exhibit, 2008. 9, 11

[30] B. Karlovitz, D. W. Denniston, H. D. Knapschaefer, and F. Wells, “Studies on turbulent

flames,” Fourth Symposium of Institute of Combustion, 1953. 9, 13, 17, 18, 59



[31] P. A. Libby and F. A. Williams, “Structure of lamnar flamelets in premixed turbulent flames,”

Combustion and Flame, 1982. 9, 10

[32] S. B. Pope, “Evolution of surfaces in turbulence,” International Journal of Engineering Sci-

ences, vol. 26, no. 5, pp. 445–469, 1988. 9, 10

[33] R. G. Abdel-Gayed, K. T. Al-Khishali, and D. Bradley, “Turbulent burning velocities and

flame straining in explosions,” Proceedings of the ROyal Society of London. Series A, Math-

ematical and Physical, 1984. 9

[34] R. G. Abdel-Gayed, D. Bradley, and M. Lawes, “Turbulent burning velocities: A general

correlation in terms of straining rates,” Proceedings of the Royal Society of London. Series

A, Mathematical and Physical, 1987. 9

[35] Y. Marzouk, “Unsteady strained flames: Fundamentals and numerical modelling.” Lectures

in Fundamentals and Modelling in Combustion, April 2001. 10, 11

[36] K. J. Bosschaart, Analysis of the Heat Flux Method for Measuring Burning Velocities. PhD

thesis, Eindhoven University of Technology, 2002. 9

[37] J. H. Tien and M. Matalon, “On the burning velocity of stretched flames,” Combustion and

Flame, vol. 84, no. 238-248, 1991. 9, 10

[38] J. M. C. Mendes-Lopes and H. Daneshyar, “Influence of strain fields on flame propagation,”

Combustion and Flame, 1985. 9

[39] N. Peters, Modelling of Chemical Reaction Systems: Large activation energy asymptotics.

Springer-Verlag, Heidelberg, 1981. 10

[40] A. M. Klimov, “Laminar flames in turbulent flows,” Prikladnoy Mekhaniki i Tekhnicheskoy

Fiziki Zhurnal, 1963. 10

[41] S. G. Davis and G. Searby, “The use of counterflow flames for the evaluation of burning

velocities and stretch effects in hydrogen/air mixtures,” Combustion Science and Technology,

vol. 174, pp. 93–110, 2002. 10

[42] C. Petrov and A. Gonheim, “The transient response of strained laminar-premixed flames,”

Combustion and Flame, vol. 102, pp. 401–437, 1995. 10, 11

[43] N. Chakraborty and R. S. Cant, “Influence of lewis number on curvature effects in turbulent

premixed flame propagation in the thin reaction zone regime,” Physics of F, 2005. 10

[44] M. Matalon and B. J. Matkowsky, “Flames as gasdynamic discontinuities,” Journal of Fluid

Mechanics, 1982. 10, 20

[45] J. D. Buckmaster, The Mathematics of Combustion. SIAM, 1985. 11, 14

[46] S. H. Chung and C. K. Law, “An integral analysis of the structure and propagation of stretched

premixed flames,” Combustion and Flame, vol. 72, pp. 325–336, 1996. 11, 19, 24, 59

[47] Combustion Institute, Propagation, dynamics and control of laminar premixed flames, vol. 33,

2011. 11, 20



[48] L. P. H. de Goey and J. H. M. ten Thije Boonkkamp, “Mass burning rate of premixed stretched

flames: integral analysis versus large activation-energy asymptotics,” Journal of Engineering

Math, vol. 62, pp. 67–64, 2008. 11, 13, 19, 23, 24, 27, 34, 37, 61, 75, 78

[49] L. P. H. de Goey, R. M. M. Mallens, and J. H. M. ten Thije Boonkkamp, “An evulation

of different ccontributions to flame stretch for stationary premixed flames,” Combustion and

flames, 1997. 11

[50] P. Clavin, “Dynamic behaviour of premixed flame fronts in laminar and turbulent flows,”

Progress in Energy and Combustion Science, 1985. 11, 18

[51] G. Stahl and J. Warnatz, “Numerical investigation of time-dependent properties and ex-

tinction of strained methane- and propane-air flamelets,” Combustion and Flame, vol. 85,

pp. 285–299, 1991. 11, 12, 30, 31

[52] Z. Huang, J. K. Bechold, and M. Mathalon, “Weakly stretched premixed flamee in oscillating

flows,” Combustion Theory and Modelling, 1998. 11, 12, 30

[53] F. N. Egolfopolous and C. S. Cambell, “Unsteady counterflow strained diffusion flame: Dif-

fusion limited response,” Journal of Fluid Mechanics, 1996. 11, 61, 73, 75

[54] E. Abtahizadeh, Numerical study of Mild Combustion from laminar flames to large eddy

simulations with flamelet generated manifold. PhD thesis, Technische Universiteit Eindhoven,

2014. 11, 27

[55] T. Echekki and J. H. Chen, “Unsteady strain rate and curvature effects in turbulent premixed

methane-air flames,” Combustion and Flame, vol. 105, pp. 358–372, 1996. 11

[56] A. Cuoci, A. Frassoldati, T. Faravelli, and E. Ranzi, “Extinction of laminar, premixed,

counter-flow methane/air flames under unsteady conditions: Effect of h2 addition,” Chemical

Engineering Sciences, vol. 93, pp. 266–276, 2013. 11, 12, 30, 61, 72, 75

[57] J. M. Plaia, Response of premixed hydrocarbon flames with an without hydrogen addition to

steady and oscillatory strain rates. PhD thesis, University of Maryland, 2005. 11, 12, 29, 30,

36, 61

[58] Combustion Institute, Dynamic flammability limits of methane-air premixed flames with mix-

ture composition fluctuations, 2002. 11, 60

[59] H. G. Im, J. K. Bechtold, and C. K. Law, “Response of counterflow premixed flame to

oscillating strain rates,” Combustion and Flame, vol. 105, pp. 358–372, 1996. 11, 12, 30, 54,

61, 73, 75

[60] S. R. Turns, An introduction to Combustion. Mcgraw Hill, 2000. 11

[61] K. Koenig and U. Maas, “Investigation of the dynamics of periperiodic perturbed counter-flow

flames,” Proceedings of the European Combustion Meeting, 2005. 11

[62] R. F. Simmons and H. G. Wolfhard, “Some limited oxygen concentrations for diffusion flames

in air diluted with nitrogen,” Combustion and Flame, 1957. 11



[63] D. C. Hayworth and T. J. Poinsot, “Numerical simulations of lewis number effects in turbulent

premixed flames,” Journal of Fluid Mechanics, 1992. 11, 59

[64] C. Schrodinger, C. O. Paschereit, and M. Oevermann, “Numerical studies on impact of equi-

valence ratio oscillations on lean premixed flame characteristics and emissions,” in Seventh

International conference on computational fluid dynamics, 2012. 11

[65] T. L. Shreekrishna, S. Hemachandra, “Premixed flame response to equivalence ratio perturb-

ations,” Combustion Theory and Modelling, 2000. 11

[66] Combustion Institute, Structure of laminar flames, 1990. 12, 29, 30, 31, 34

[67] C. K. Wu and C. K. Law, “On determination of laminar flame speeds from stretched flames,”

Proceedings of Combustion Institute, 1985. 12, 60

[68] J. Sato, “Effects of lewis number of extinction behaviour of premixed flames in a stagnation

flow,” Proceedings of Combustion Institute, 1982. 12

[69] H. Bongers, J. A. van Oijen, L. M. T. Somers, and L. P. H. de Goey, “The flamelet generated

manifold method applied to steady planar partially premixed counterflow flames,” Combustion

Science and Technology, 2007. 12

[70] D. Bradley, P. H. Gaskell, and X. J. Gu, “The modelling of a aerodynamic strain rate and

flame curvature effects in premixed turbulent combustion,” in Twenty-Seventh International

Symposium on combustion, 1998. 12, 19

[71] J. A. M. de Swart, G. A. Groot, J. A. van Oijen, J. H. M. ten Thije Boonkkamp, and L. P. H.

de Goey, “Detailed analysis of the mass burning rate of stretched flames including preferential

diffusion effects,” Combustion and Flame, vol. 145, pp. 245–258, 2006. 12, 27, 59, 60, 65, 68,

69

[72] L. M. T. Somers, The simulation of flat flames with detailed and reduced chemical models.

PhD thesis, Technische Universiteit Eindhoven, 1994. 13, 27, 28, 33

[73] S. Delhaye, Incorporating unsteady flow-field effects in flamelet-generated manifolds. PhD

thesis, Technische Universiteit Eindhoven, 2005. 15, 16

[74] M. Matalon, C. Cui, and J. K. Bechtold, “Hydrodynamic theory of premixed flames: effects of

stoichiometry, variable transport coefficients and arbitrary reaction orders,” Journal of Fluid

Mechanics, 2003. 17, 18

[75] J. Buckmaster and D. Mikolaitis, “The premixed flame in a counterflow,” Combustion and

Flame, 1982. 18

[76] F. A. Williams, “Progress in knowledge of flamelet structure and extinction,” Progress in

Energy and Combustion Science, 2000. 18

[77] P. Clavin and G. Joulin, “Premixed flames in large scale and high intensity turbulent flow,”

Journal of Physique Lettres, 1983. 18

[78] G. Serby and J. Quinard, “Direct and indirect measurements of markstein numbers of pre-

mixed flames,” Combustion and Flame, 1990. 19



[79] C. L. C.J. Sung, “Structural sensitivity, response, and extinction of diffusion and premixed

flames in oscillating counterflow,” Combustion and Flame, vol. 123, pp. 375–388, 2000. 19

[80] R. W. Tatcher and E. A. Saraiah, “Steady and unsteady propagation in a premixed counter-

flow,” Combustion Theory and Modelling, 2007. 29

[81] H. Tsuji, “Experimental studies of near limit flames using counterflow flame techniques,”

ASME-JSME Thermal Engineering Joint Conference Proceedings, 1983. 29

[82] Y. O. T. Saitoh, “Unsteady behaviour of diffusion flames and premixed flames for counterflow

geometry,” Combustion Science and Technology, vol. 12, no. 135-146, 1976. 30

[83] A. Kazakov and M. Frenklach, “Reduced reaction sets based on gri-mech 1.2.” 32, 86

[84] The Combustion Institute, A Computational model of the structure and extinction of strained

opposed flow premixed methane-air flames, 1988. 34

[85] H. G. Im and J. H. Chen, “Preferential diffusion effects on the burning rate of interacting

turbulent premixed hydrogen-air flames,” Combustion and Flame, 2002. 59, 61

[86] G. S. Jackson, R. Sai, J. S. Plaia, C. M. Boggs, and K. T. Kiger, “Inflence of h2 on the

response of lean premixed flames to high strained flows.,” Combustion and Flame, 2003. 59,

61, 62

[87] J. van Oijen, A. Donini, R. J. M. Bastiaans, J. H. M. ten Thije Boonkkamp, and L. P. H.

de Goey, “State-of-the-art in premixed combustion modelling using flamelet generated man-

ifold,” Progress in Energy and Combustion Science, 2016. 60, 61, 65

[88] F. Zhang, T. Zirwes, P. Habisreuther, and H. Bockhorn, “Effect of unsteady stretching on

the flame local dynamics,” Combustion and Flame, 2016(In press). 61

[89] R. Sankaran and H. G. Im, “Effect of hydrogen addition on the flammability limit of stretched

methane/air premixed flame,” Proceedings of the third joint meeting of the U. S. Sections of

The Combustion Institute, 2003. 61

[90] A. J. Aspden, M. S. Day, and J. B. Bell, “Lewis number effects in distributed flames,”

Proceedings of Combustion Institute, 2011. 61, 76

[91] J. van Oijen, R. J. M. Bastians, and L. P. H. de Goey, “Modelling preferential diffusion

effects in premixed methane-hydrogen-air flames by using flamelet-generated manifold,” Fifth

European Conference on Computational Fluid Dynamics, 2010. 60, 65

[92] A. J. Aspden, M. S. Day, and J. B. Bell, “Characteriflames of low lewis number,” Proceedings

of the Combustion Institute 33, 2011. 76



Appendix A

Lewis numbers of species in

DRM19 mechanism

Species Lewis Number, Le
H2 0.30
H 0.18
O 0.71
O2 1.104
OH 0.72
H2O 0.83
HO2 1.09
CH2 0.97

CH2 (S) 0.97
CH3 0.99
CH4 0.98
CO 1.09
CO2 1.36
HCO 1.25
CH2O 1.28
CH3O 1.32
C2H4 1.31
C2H5 1.43
C2H6 1.44
N2 1.09
Ar 1.11

Table A.1: List of Lewis number used in DRM19 mechanism [83].

86 Investigation of unsteady stretch effects using premixed counterflow flames



Curriculum Vitae

Akshay Ganesh Iyer was born on September 4, 1986 in Mumbai, India. He finished his schooling

from Ram Nivas Ruia Junior College, Matunga, Mumbai under the Maharashtra State Education

Board curriculum. He then studied Mathematics at the Sri Sathya Sai Institute of Higher Learning,

Prasanthi Nilayam, India. He obtained his bachelor’s and master’s degree in 2007 and 2009

respectively. Subsequently he pursued a Master’s degree in Industrial and Applied Mathematics

at Eindhoven University of Technology, Netherlands and graduated in 2011 with a master thesis

titled, ’Acoustics of slowly varying inlet ducts with arbitrary cross-section’.

In 2011 he started his Ph. D Project at Eindhoven University of Technology under the super-

vision of prof.dr. L.P.H. de Goey. The results obtained during this research are presented in this

dissertation. This Ph. D position was funded by the STW award which was presented to prof.dr.

L.P.H. de Goey in 2010.



Acknowledgement

At the outset I would like to thank all my committee members for taking their valuable time for

reading and approving my thesis. The guidance provided by Philip, Jeroen and Jan was immense

and I owe them a deep sense of gratitude. I would also like to thank TU/e as a whole for giving me

this wonderful opportunity to progress in my academic ambition. I would also like to acknowledge

the contribution of Mv. Marjan Dijk, who has answered all my little and big administrative doubts.

I would like to thank all my combustion colleagues who have enriched my PhD experience in TU/e.

A special thanks also to NWO (STW) group which made this fundamental study on premixed

flames possible.

As a young boy, I was lucky to be nurtured by teachers who have withstood all my tantrums

and questionnaires. This thesis is a small token of gratitude to their tireless effort. The acknow-

ledgment will be incomplete without mentioning the names of Smt. Stella Mendonca, Smt. Uma

Sapre, Smt. Kamala Prasad, Smt. Shilpa Atlaye, Smt. Lata Skariah, Mr. S. Murali Iyengar. If it

was not for their motivation and guidance, this journey of mine would have ended long time ago.

I would like to also acknowledge the contribution of Shri. S. Sivaraman who gave me the nectar

of Organic Chemistry in my pre-university days.

It is in University, that a boy becomes a man. It was in Sathya Sai Institute of Higher

Learning that I decided to go mathematical for my mechanical questions. My humble gratitude

to the professors and lecturers who moulded my ambition and gave it a path. Dr. K.S. Narahari,

Dr. N. Sundaresan, Shri. Rajkumar Jain, Shri. K. Gopinath, Dr. Pallav Kumar Baruah, Dr. Shiva

Shankar Sai, Shri. Sanjay Sahni, Shri. Jayakumar, Dr. V. Chandrashekar, Shri. R. Subramanian,

Dr. K Ravikumar, Shri. N. Niranjan, Shri. M.G. Nandagopal, Dr. K.S. Umesh and Dr. Oraganti

Sitarama Krishnaswamy Subramania Shastry are some of the names of my university teachers

who have played vital role in shaping me.

In the darkest of hours, I discovered true friends who helped me to re-discover myself. This

thesis is also the award of faith and love that Dr. Manohar Kashmira and Dr. Nidhi Gupta

showered on my wife and me. Their timely mental support was the tonic which was needed during

my struggling period. I must also mention, Dr. S. Subramanian, Dr. Kiran Thumma, Dr. Kavita

Muthukrishnan, Dr. Ramachandra Rao, Smt. Aarti Rao, Dr. Upanshu Sharma, and Mr. Srivatsa

Prakash Bhat who still provide me with valuable suggestions in Netherlands sojourn. Its because

of Dhr. Ton Gondrie and Mv. Harriet Gondrie that I picked up the Dutch language and cleared

my Inburgerings examen. A special shout out to Dr. Deepak Pant & family and Dr. Satyajit

Wattamwar & family.

The culmination of this thesis is the most satisfying gift that I can give to my beloved wife,

Neha and to our bundle of joy, Vishwesh. My wife has stood by me like a rock, by taking

88 Investigation of unsteady stretch effects using premixed counterflow flames



APPENDIX A. LEWIS NUMBERS OF SPECIES IN DRM19 MECHANISM

pragmatic and rational decision during the course of my PhD. This thesis is also the fruition of

the prayers of my parents, Mrs. Kamakoti Iyer and Dr. Ganesh Iyer and of my sister Dr. Vaishnavi

Iyer. I believe that its because of my mother’s love for mathematics and my father’s passion for

jet engines empowered me to pursue numerical combustion. Finally I would like to dedicate this

thesis to my spiritual guru, Bhagawan Sri Sathya Sai Baba, my role model His Excellency Dr. Avul

Pakir Jainulabdeen Abdul Kalam (11th President of Republic of India), and to the ManWho Knew

Infinity, Srinivasa Ramanujan.

Investigation of unsteady stretch effects using premixed counterflow flames 89


	Contents
	Introduction
	The study of combustion
	Premixed laminar flames: basic notations
	Laminar burning velocity and flame structure 
	Importance of flame stretch
	Inspiration behind this study

	Mathematical Model
	The governing equations 
	The equations of state
	Transport models and chemistry
	The Combustion Equations and Modelling

	Area-based stretch
	Mass-based flame stretch rate
	Flame coordinates and kinematics
	Mass-based stretch rate
	Combustion equations in flame coordinates
	Integral analysis of the combustion equations

	Numerical solver

	Unsteady counterflow premixed flames with Le=1
	Introduction
	Numerical setup for premixed counterflow flames
	Counterflow flame geometry

	Progress variable and the flame region
	Flames with constant inlet strain
	Profiles of flame variables for constant strain.
	Flame position and flame thickness of a steady counterflow flame
	Integral analysis of steady counterflow flames

	Flames with an applied strain jump
	Introduction and the numerical setup
	Effect of changing a, a_0
	Concluding remarks and importance

	Flame with oscillating strain rate
	Introduction and numerical setup
	Dynamics of flame iso-surfaces and flame thickness
	Thickness stretch and density stretch in an oscillating counterflow flame
	Integral analysis of oscillating counterflow flames

	Concluding summary

	Preferential diffusion effects in unsteady stretched flames
	Introduction
	Steady methane-hydrogen-air counterflow flames
	Flame position modelling
	Profiles of methane and hydrogen mass-fractions in counterflow flames
	Analysis and modelling of the mass burning rate of steady counterflow flames

	Oscillating methane-hydrogen counterflow flames
	The effect of oscillating strain rate on the state vector _b
	Mass burning rate of oscillating methane-hydrogen counterflow flames

	Concluding summary

	Conclusions
	Bibliography
	Appendix 1
	Lewis numbers of species in DRM19 mechanism

