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CHAPTER 1

Introduction

”From the elephant to butyric acid
bacterium – it is all the same!”

Dutch microbiologist Albert Jan
Kluyver. Die Einheit der Biochemie.

1926.

I magine a world in which we could build nanoscale ‘biological machines’ that
could robustly and reliably deliver a drug at the right time and the right spot

in our body. Imagine meticulously engineered microorganisms that could precisely
detect and kill cancer cells. Once these were scientific fantasies, but such biological
technologies are getting closer to becoming realities [DDP+16, EMS+17]. However
still serious hurdles are in the way. When dealing with biological entities, we do not
have the same level of mastery that engineers possess when they deal with electrical
circuits.

In fact, we would like to be able to process information by utilizing modular units
that can mimic the functional architectures that we see in electrical engineering. We
shall need units made of biomolecules that, through chemical reactions, can function
as switches, logic gates, frequency dividers, and oscillators. Such biological units are
currently being invented in the lab. Yet working with biomolecules is still inherently
difficult and the right architectural assembly of such biological units to achieve a
target response is largely unknown. Our knowledge of biology as the science of how
organisms work, and the advancement of technologies that mimic biology, are strongly
intertwined. With the former still being in development, the latter waits for clear
guidelines and design principles.

The mathematical approach to biology and medicine has a long history [Mur89].
Mathematical modeling has been used as a means to achieve a better understanding
of biological systems. Recently, due to the abundance of experimental data, it has
been possible for mathematical biology to move further in deciphering the complexity
of biology in general and cellular biology in particular [Alo06, PP15, Eis13].

‘Systems Biology’ is defined as an interdisciplinary approach to answer biological
questions, building upon a range of expertise for the design of experiments, the anal-
ysis of data, the construction of mathematical models, realizing computer simulations
and developing theoretical concepts and computational tools [BW15].

In this thesis, we present various mathematical investigations of biologically-
inspired questions, and we address these questions using the systems biology approach.
The questions are related to biochemical reactions in cellular biology, synthetic biol-
ogy, and pharmacology:
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1. Introduction

• Chapters 2, 3, 4, and 5 of this thesis are inspired by a biological behavior
called sensory adaptation. We can briefly define it as the continuous recal-
ibration of biological sensors as a response to the changes in their environ-
ment. We explore the capabilities of different classes of biochemical reaction
networks in showing sensory adaptation. Under certain constraints on the
structure and thermodynamics of these biochemical reactions, we prove that
the functionality is limited. We prove that those limitations can ba char-
acterized by properties of the graph of the reactions. We further show how
relaxing the constraints allows these networks to exhibit arbitrarily strong
adaptation.
• Finding design principles in Synthetic biology is the subject of the Chapter 6

of this thesis. We study a specific synthetic biology toolbox, called the PEN-
DNA toolbox [MPS+11], which is used to make DNA-based circuits that
mimick the cellular signaling pathways. We find general design principles in
terms of mathematical theorems that shed light on the global properties of
the toolbox. We also analyze different ways of reducing the complexity of
the mathematical models of this toolbox.
• Systems pharmacology, the quantitative and data integrated approach to the

study of the interaction of body with drugs, is the subject of the Chapter 7 of
this thesis. We deal with the mathematical modeling, fitting, and interpret-
ing of clinical trial data related to the blood glucose regulation in human.
We study the effect a new drug on the number of the glucagon receptors in
the liver as well as its effect on the action of the hormone glucagon in blood
glucose regulation.

The results of this thesis are mostly formulated in terms of mathematical theo-
rems. We interpret these results as general principles in systems biology. By doing
so, we demonstrate that mathematical theorems can be very beneficial and impor-
tant in studying biology of the cellular signaling systems. Of course, we are not the
first ones to showcase the role of rigorous mathematics in this field. Theorems and
relationships of Metabolic Control Analysis [VH02] are perfect examples in this sense;
they provide insight into how an organism lives in terms of all the fluxes through its
entire metabolic network [Wes07].

In the remainder of this chapter, first we will briefly explain the basics of mathe-
matical modeling of chemical reactions. Then we will introduce the three main topics
of this thesis.

1.1. Mathematical modeling of chemical reactions

Many of the mathematical models in cellular systems biology deal with the in-
teraction between biomolecules. The state variables in these models are usually the
concentration of chemical species. These concentrations change due to chemical reac-
tions that produce, degrade, or transform these biomolecules. They can also change
due to advection or diffusion, in which case, they depend on space as well as time. In
this thesis, however, we only deal with reactions happening in well-mixed solutions.
Hence no spatial effect is considered.

A chemical reaction network represents a model for the reactions between a set of
(bio)chemical species. The modeling leads to a set of ordinary differential equations

2



1. Introduction

of the type
ċ = NK(c), (1.1)

for the evolution of the concentrations of the species represented in the state vector
c ∈ Rn+. The matrix N is called the stoichiometric matrix and the vector K is the
vector of reaction rates. We will introduce both objects shortly. The modeling process
starts with a given graph representation of the events. For example we write

2X1 
 X2 +X3, X2 
 X3.

which means that in the first reversible reaction two molecules of species X1 turn into
a molecule of X2 and X3. We denote the rate of the first reaction by K+

1 > 0. The
reverse reaction transforms X2 and X3 into two molecules of X1 at a rate K−1 > 0.
The net reaction rate is K1 = K+

1 −K
−
1 which can be positive, zero, or negative. The

same can be said about the second reaction. We denote the concentration of all the
species by a vector c. We assume that at any point in time the rate of a single reaction
is a function of the concentration of all reactant species and not of the product species,
i.e., K1(c) =

(
K+

1 (c1(t))−K−1 (c2(t), c3(t))
)

and K2(c) =
(
K+

1 (c2(t))−K−2 (c3(t))
)
.

The set of equations (1.1) is a mathematical model based on a mass balance
principal for all the species. For example for the two reactions above we have

ċ =

−2 0
1 −1
1 1


︸ ︷︷ ︸

=:N

(
K1(c)
K2(c)

)
︸ ︷︷ ︸

=:K(c)

=

 −2K1(c)
K1(c)−K2(c)
K1(c) +K2(c)

 .

The numbers in front of the species in the reactions are called stoichiometric
coefficients. Together they are collected into a matrix called the stoichiometric matrix
N whose rows and columns correspond to species and reactions respectively. We
could alternatively construct N with four columns and K with four rows to account
for forward and backward reactions separately.

The reactions can be interpreted as a graph with the edges being the reaction
arrows and the nodes being the linear combinations of the species on each side of the
reactions. The example above would then be

C1 
 C2, C3 
 C4.

with C1 = 2X1, C2 = X2 + X3, C3 = X2, and C4 = X3. This graph has four nodes,
two edges, and it has two connected parts.

The rates of the reactions are represented in a column vector K(c). Different
choices for K are called rate laws. In this setting, we use the law of mass action,
proposed by Waage and Guldberg [WG64]. It states that the rate of the reaction is
proportional to the product of the concentration of reactants to the power of their
corresponding stoichiometric coefficient. For example for the first reaction above, we
have K+

1 = k+
1 c

2
1 and K−1 = k−1 c2c3. Here k±1 > 0 are called reaction rate constants.

In this thesis, we use systems of ODEs of the type (1.1) to study different types
of biological systems. In Chapters 2, 3, 4, and 5, we use ideas from Matroid Theory
and Chemical Reaction Network Theory (CRNT) to investigate a question about
sensory adaptation. CRNT deals with chemical reactions with mass-action kinetics,
and predicts the qualitative behavior of dynamical systems of the type (1.1) using

3



1. Introduction

only the properties of N and the graph-theoretical properties of the graph of the
reactions.

In the next section, we explain briefly the ideas and the mathematical results
related to sensory adaptation.

1.2. Sensory Adaptation

We first make the concepts related to sensory adaptation precise in the context
of input-output systems. Let the concentration vector c ∈ Rn+ evolve through an
ordinary differential equation of the type

ċ = NK(c, k). (1.2)
Here N is the stoichiometric matrix and K is a vector containing the reaction rates
that depend on the concentration vector c and the parameter vector k. One species,
say Xi, plays the role of an input; and some other species Xo, the output. We will
assume that there is a unique, locally attracting steady state c for each positive initial
datum c(0). In fact, for the systems we study later, this can be proved.

The simplest experiment one can do on such a system, and the experiment that
Chapters 3, 4, and 5 are based upon, is as follows. Prepare the system in its steady
state c; at time zero, make a step change in the input concentration ci to the new
constant value ci + ε; observe the evolution of the output component cεo(t).

addition of Xi
time

small when Precision is large

large when
Sensitivity is large

cεo(t)

Figure 1.1. The adaptation experiment. The system starts in
steady state, and the output co is constant. At time zero a small
amount of species Xi is added, leading to a small increase in concen-
tration ci. The system is no longer in steady state, and it evolves
towards a new steady state. Sensitvity is a measure of the maximal
deviation along the time course, and Precision is a measure of the
degree to which the new steady state is close to the previous one.

Definition 1.1 (Sensitivity and Precision). Given a reference steady state initial
datum c, define

u(t) := lim
ε→0

(cεo(t)− co) /co
ε/ci

,

then Sensitivity and Precision are defined as

S = sup
t≥0

u(t), and P = 1
u(+∞) .

High Sensitivity indicates that small changes in input ci lead to large swings in
output co. The appearance of the logarithms both for co and for ci means that relative
changes are measured. This is related to the fact that in the systems that we study,
both co and ci are concentrations, and mass-action kinetics makes the response to

4



1. Introduction

absolute changes dependent on the reference value. For Sensitivity, S > 1 is desirable
and we discuss the reasons in Section 4.4.

The Precision, on the other hand, refers to the degree to which the output settles
back to the original value at long times. High Precision indicates that the stationary
output changes little when the input changes—again, both measured in relative mag-
nitudes. Precision can be very high. In fact, infinite Precision would mean that the
system is absolutely robust to perturbations. Biochemical systems that have absolute
concentration robustness have been studied for various reasons [SF10].

Adaptation has been defined in various ways in the literature. We review these
definitions in Chapter 2. Here we say a system can perform adaptation if it is capable
of having arbitrarily high S and P simultaneously. By arbitrarily high, we mean that
we can adjust the parameters to have S and P as high as we want.

Given a chemical reaction network with input and output, its capability to show
adaptation is considered a qualitative behavior. By capability, we mean upper and
lower bounds on the maximum Sensitivity and Precision the system can attain. We
would like to investigate this for different classes of chemical reaction networks and
find out how these bounds depend on the properties of the class of choice. The fact
that the behavior of any chemical reaction network depends on some parameters of the
system, and that such parameters in real-life chemical systems are largely unknown,
inspires us to ask:

Can we find bounds on S and P that depend only on the structure of the reaction
network?

The answer to this mathematical question will help in understanding the costs
of performing adaptation through chemical reactions and we will discuss different
angles of this issue in Chapter 2. From the mathematical standpoint, we answer
the above question in two different settings. For mass-action systems there exists
a free energy functional associated to the system (1.2) that tells us if the system is
energy-dissipative or non-dissipative at any given parameter point.

1.2.1. Non-dissipative systems. In the Chapters 3 and 4 we consider a class
of non-dissipative chemical reaction networks, known as detailed-balanced systems,
and we characterize various bounds for S and P . Most of the results are parameter-
independent.

We prove that unimolecular reactions can have high Precision (Theorem 4.1)
but their Sensitivity is bounded by one (Theorem 4.11). We realize that the sharp
lower bound of Precision, or equivalently ’the maximal inverse Precision’, is an im-
portant quantity in studying Sensitivity. We prove that the maximal Sensitivity of a
given system is at least as large as the maximal inverse Precision over all subsystems
(Theorem 4.13) and can sometimes be larger (Example G).

We characterize the maximal inverse Precision of a given system in various com-
binatorial ways (Theorem 4.2). The ideas for the proof come from matroid theory.

Let us show though an example what the above results mean for a reaction
network. Consider

nX1 
 X2 +X3, X2 
 X3,

5



1. Introduction

when Xi = X1 (the input) and Xo = X2 (the output), we can prove the following
bounds

sup
(c,k)

P =∞ and sup
(c,k)

P−1 = n ≤ sup
(c,k)

S.

This means that by tuning the parameters, the Precision of this system can get
arbitrarily high. Moreover, the maximal value of Sensitivity for this particular systems
is at least as large as n. We show in Example B of Chapter 4 that these two can be
achieved simultaneously, meaning that this non-dissipative system can have arbitrarily
large S and P , by modifying not only the parameters but also the stoichiometry.

This way of achieving adaptation turns out to be costly; it needs large stoichiom-
etry (large stoichiometric coefficients or many reactions), large concentration ratios,
and/or large time scale ratios (Examples B and F in Chapter 4).

1.2.2. Dissipative systems. In Chapter 5 we move away from the detailed-
balance condition to study the class of dissipative systems. We would expect that
by breaking detailed-balance, which means that we allow energy dissipation in the
system, the quality of adaptation in mass-action systems improve. Therefore we asked
Is allowing energy dissipation in the systems enough to break the bounds on S and

P?
The situation for these systems is subtle and counter-intuitive. To our surprise, break-
ing detailed balance, i.e., allowing for energy dissipation at steady state, does not
necessarily remove the combinatorial bounds on S and P . We show that unimolec-
ular reaction networks have S < 1 even if the detailed-balance restriction is relaxed
(Theorem 5.13).

We show that the bounds are removed if, in addition to the dissipation of free
energy, the system can possess non-complex-balanced steady states (Example I in
Chapter 5).

The results in Chapters 3, 4, and 5 are accompanied by various examples through-
out the text to illustrate the ideas. Some of the results of these chapters are published
in [DGMPP16].

1.3. Synthetic biology with the PEN DNA toolbox

Synthetic biology is a field focused on engineering biological systems in order
to investigate natural biological phenomena or to perform specific tasks [ABKW06].
Synthetic biology is a fast growing field with potential impact on many aspects of
our lives. It has come up with various interesting ways to mimic cellular functions
and build information-processing units in an in vitro setting. Inspired by classical
engineering disciplines, a central role is played by ‘toolboxes’ of modular biomolecular
units. These units are easy to synthesize and the toolbox provide a platform for
assembling them.

Using these toolboxes requires some level of abstraction on how to design the
connectivity of these components in a standardized and (possibly) automated way.

Mathematical modeling has a vital role in synthetic biology. It serves as an
essential tool to bring the concept of a synthetic circuit to realization. We continue
this section by introducing a synthetic biology toolbox based on DNA, and then
we discuss the mathematical results related to modeling and design of DNA-based
circuits.

6



1. Introduction

1.3.1. The PEN DNA toolbox. In this thesis, we study a specific synthetic bi-
ology toolbox called The PEN DNA toolbox (Polymerase-Exonuclease-Nickase) [MPS+11].
In this toolbox, three types of basic processes are used: activation, inhibition, and
degradation. These processes mimic the reactions in cellular signaling pathways and
can be used to replicate the complex temporal behaviors in the living cells. The tool-
box allows a designer to mimic these basic processes without dealing with the full
complexity of the cell.

The building blocks of the PEN DNA toolbox are single strands of DNA whose
sequences can be chosen with freedom. These DNA strands are of two types: the
templates and the primers. The templates are twice the length of the primers. Each
template has an input and an output site. The input primer is the one that is designed
to bind to the input site of the template via the following reaction:

+

The resulting DNA molecule that is partially single-stranded and partially double-
stranded (a partial duplex) is extended to a fully double-stranded DNA by the enzyme
polymerase:

Pol.

The fully double-stranded DNA is recognized by an enzyme called nickase. Af-
ter nickase binds to a recognition site in the middle, it breaks the backbone of the
extended strand, leaving two separate primers on the template:

Nick.

After this nicking event, both primers can dissociate:

++

The two primers can also bind to other templates that are designed for them.
If we call the input primer P1 and the output primer P2, the overall reaction that

takes place is P1 → P1 + P2. On a more abstract level we say that the primer P1
activated the primer P2.

The input and output primer of a template can be the same, in which case we
call the template autocatalytic. A primer can also be designed to bind in the middle
of a template, with a small mismatch, that prevents any further elongation by the
polymerase.

+

This is called inhibition. Finally, the enzyme exonuclease degrades all primers but
not the templates. The total concentration of templates is thus conserved, whereas
the concentrations of primers change over time due to production and degradation.

Now that we have explained the basic elements of the toolbox, we can go further
with explaining what circuits look like. The modular nature of the PEN DNA toolbox
allows for an elegant graph representation of its reactions. This will come in handy in
showing the topology of the design. The ideas for designing circuits come from systems
biology and sometimes from electronics. For example, it is well-known that delayed
negative feedback can result in oscillations. In Figure 1.2 a PEN-based circuit based
on negative feedback architecture is shown. This circuit is based on three templates
and three primers. The first template is autocatalytic with primer P1. On the second

7



1. Introduction

template, primer P1 activates primer P2. On the third template, primer P2 activates
primer P3, and finally, primer P3 inhibits the first template. This circuit has been
successfully built in the lab [MPS+11].

P1 P2

P3
T1

T2

T3

Figure 1.2. The schematic graph representation of three-template
negative feedback oscillator. This graph representation simplifies 25
reactions from which 19 differential equations for the evolution of all
chemical species are derived.

In the design process, one challenge is to know whether a certain circuit is capable
of performing the desired function—for any set of parameters. Even if the circuit is
functional, it often is so only in a small subset of parameter space, which is not a
priori known. Parameter sampling of the model [vRMM+14] and experimental phase
diagrams [GBS+16] are current ways to address this challenge. These methods become
difficult and time-consuming as the size of the circuits grows. Moreover, the simplified
versions of the full model that have occasionally been used have not gone through
a rigorous analysis to check how well they approximate the full models. Therefore,
finding the parameter regions where a circuit is functional, and validating simplified
versions of the model, are challenges that need to be addressed. In summary, the
question that we ask in Chapter 6 is:
Can we find mathematical properties of PEN-based circuits that we can interpret as

design principles?
In what follows, we briefly explain the features of the models of PEN-based circuits,
the tools that we use to study them, and the results that we present later in Chapter 6.

1.3.2. Mathematical models of PEN-based circuits. We model the evolu-
tion of the concentration of all primers and templates with a set of ordinary differential
equations that are again of the type

ċ = NK(c, k).
Contrary to the models that we used to study sensory adaption, some of the reaction
rates in K(c, k) are modeled with competitive Michaelis-Menten kinetics, i.e., they
contain expressions of the type

V ci

K

(
1 +

∑
j

cj
Kj

) .
Hence we cannot use the results of CRNT since those are built upon properties

of mass-action kinetics. However, the modular construction of the reactions endows

8



1. Introduction

the stoichiometric matrix N with a particular structure. We will make use of this in
our study of global properties of PEN-based circuits.

In Chapter 6, we find that all PEN-based circuits have a trivial steady state in
which where the concentrations of all species are zero, except for the free templates
which are equal to their total concentrations. We show that the instability of this
steady state is strongly related to functionality. We construct a general structure for
the Jacobian around the trivial steady state. We use the structure of the Jacobian to
show conditions for its stability, which allows us to prove the following:

• We prove that without autocatalysis, the trivial steady state is globally
attractive (Theorem 6.4), implying that the presence and instability of au-
tocatalytic modules are essential to non-trivial functionality.

• We show that autocatalytic modules exhibit transcritical bifurcation as pa-
rameters vary (Theorem 6.6). This bifurcation results in an on-off behavior
which divides the parameter space into two subsets; in one subset we can
expect rich dynamics to occur and in the other not.

We also show that Michaelis-Menten approximations of PEN-based autocatalytic
modules show similar transcritical bifurcations as the full system. Thus explaining
the success of these approximations in mirroring the qualitative behavior of PEN-
based networks. However, these Michaelis-Menten models fail to recover oscillation
frequencies and the parameter regions of oscillation accurately. We also derive a
rigorous Tikhonov-Fenichel reduction of an autocatalytic module, and the difference
between this reduction and Michaelis-Menten approximations explains the discrep-
ancy in detailed predictions.

In Chapter 7 of this thesis, we move from in vitro to in vivo biology, and we
model the effect of a drug on human metabolism.

1.4. Blood glucose regulation and Systems Pharmacology of the glucagon

The concentration of glucose in the blood is precisely regulated. This concentra-
tion needs to stay in a narrow range otherwise the normal physiological functioning
of human body will be threatened. Two important players in the complex regulatory
system of the blood glucose concentration are hormones insulin and glucagon. In-
sulin enhances the uptake of blood glucose, whereas glucagon enhances the release of
glucose from the liver into the bloodstream. Glucagon acts through glucagon recep-
tors on the liver cell membrane. A potential way of reducing the blood glucose level,
therefore, is to limit the function of the glucagon receptor with a drug. This could
provide treatment options for diabetic patients.

The quantitative study of the interaction between drug and body is called phar-
macometrics. It deals with the effect of the body on the drug (pharmacokinetics) and
the response of the body to the drug (pharmacodynamics). The traditional meth-
ods in pharmacometrics are mostly empirical. The limitations that such empirical
methods impose have led to the creation of systems pharmacology [BRL10, vdGB11],
which can simply be defined as the combination of systems biology and pharmaco-
metrics. An essential part of any study in systems pharmacology is the fitting of data
to mathematical models. In Chapter 7, we propose a compartmental model for the
regulation of blood glucose concentration by hormones glucagon and insulin. We use
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1. Introduction

the model to interpret the data of the glucagon challenge test that we have from a
clinical trial performed in the Center for Human Drug Research in Leiden.

The glucagon challenge test is a standard clinical tool designed for studying the
role of glucagon in glucose regulation [VGB+14]. The test lasts six hours. The
first three hours is for stabilization and measurement of various basal values in each
subject. The second three hours of the test is designed such that the blood insulin
concentration remains constant and the blood glucagon concentration increases two-
to three-fold. This is accomplished by inhibiting the body’s own insulin and glucagon
secretion, while injecting these hormones into the bloodstream in a controlled manner
(see Figures 7.2 and 7.3).

We aim to model the homeostasis of glucose by insulin and glucagon. We require
that the model contain the dynamics of the glucagon receptor in the liver, and then by
using the model the the glucagon challenge data we would like to answer the following
question:

How does the glucagon receptor dynamics affect the time profile of glucose in the
challenge test?

A new generation of antisense drugs are emerging in the market [Cro07]. They
mostly act as an antagonist to a target receptor, but they differ from traditional drugs
because they function by preventing the expression of the receptor form a genetic level.
For studying the pharmacodynamics of such drugs, there is no systematic method
available.

The data of the glucagon challenge test is also available for subjects who have
been treated with a novel antisense drug (ISIS 325568). This enables us to study the
efficacy of the drug. In Chapter 7, apart from studying the dynamics of the glucagon
receptor, we also ask

How can we use the time course of the blood glucose concentration before and after
treatment, to study the efficacy of the drug?

In this thesis, we will show a methodology for integrating models and data for
the case of a novel glucagon-receptor antisense drug. We hope the same workflow can
be used to study drug efficacy of other antisense drugs as well.

1.4.1. Model, results, and interpretations. We develop a mathematical
model in terms of ordinary differential equations for the time evolution of the blood
concentration of glucose G, insulin I, glucagon E, the number of glucagon receptors r,
and the number of glucagon-bound receptors re on the surface of liver cells. We want
to check the hypothesis that the dynamics of the glucagon receptor have considerable
effect on the time profile of the blood glucose during the challenge test. To that end,
we model the dynamics of the glucagon receptor, considering that the glucagon recep-
tors participate in certain chemical reactions, through which they internalize, recycle,
bind, and unbind to glucagon (see Figure 7.4). Below we have shown the structure of
the model for the two different phases of the challenge test.

10



1. Introduction

From 0 to 3 hours

0 = (basal hepatic prod.)− (uptake),

0 = (basal secretion)− (clearance),

0 = (basal secretion)− (clearance),

0 = NK(r, re, E).

From 3 to 6 hours

dG
dt = (infusion) + (hepatic prod.)− (uptake),

dI
dt = (infusion)− (clearance),

dE
dt = (infusion)− (clearance),

d
dt

(
r
re

)
= NK(r, re, E).

The fitting problem that we deal with is as follows. We have a set of differential
equations for X ∈ Rn and

dX
dt = f(X, t, θ)

that depend on a set of parameters collected in a vector θ. We also have a set of
observations Yi at times t` for a subset of variables Xi. Now we would like the
parameter θ to be such that the solution of the differential equation matches the
data. For the model that we develop, this problem is especially challenging for a few
reasons. Firstly the model is nonlinear both in the variables and in the parameters.
Secondly the variability in the data is large, and finally there are variables in the
equation that are unmeasured. We use the method of Ramsay et al. [RHCC07] for
parameter estimation for differential equations.

We successfully fit the parameter of the model to the data for all the subjects. By
doing so we see that the glucagon receptor internalization happens at a fast timescale
and the amount of the receptors that internalize is sufficient to affect the action
of glucagon. Hence we observe how glucagon receptor internalization is a counter-
regulatory action against high levels of glucose. Moreover, by comparing before- and
after- treatment fitting data, we estimate the average relative decrease in the total
number of glucagon receptors in the liver. We show that this reduction is statistically
significant (p = 0.039).

1.5. Contents of this thesis

Systems biology has been successful in explaining biological phenomena as well
as assisting synthetic biology in engineering biological systems. In this arena, math-
ematical modeling plays a strong role. In this thesis, we showcase that successful
quantitative understanding of biology can help discovering general (design) princi-
ples in terms of mathematical theorems and methods, analogous to what we have in
physics and chemistry.

In this section, I briefly mention the content and the novelty of the results of this
thesis. For detailed discussions see the respective chapters.

1.5.1. Sensory adaptation, energy dissipation, and functionality. Chap-
ter 2 of this thesis serves as a brief introduction and a short review of the literature to
a biological behavior called sensory adaptation. We are interested in investigating the
relation between energy dissipation and the quality of functions, sensory adaptation
specifically, in chemical reaction networks. We approach the problem by first study-
ing non-dissipative systems, and determining whether at all and to which extent such

11



1. Introduction

systems can perform adaptation. To that end, in Chapter 3, we start by defining two
important quantities, in the context of input-output systems, that arise in the study
of adaptation: Precision and Sensitivity. We interpret systems capable of showing
arbitrarily high Precision and Sensitivity as adaptive. In Chapter 4, in a quest for
finding adaptive systems, we find different upper and lower bounds for Precision and
Sensitivity in non-dissipative system. This allows us to answer our question.

Non-dissipative systems can be adaptive, however that comes with ‘non-energetic’
costs. We find that arbitrarily high Sensitivity requires very big systems, with many
reaction and species. Also, arbitrarily high Precision needs extreme ratios between
the concentration of chemical species. Moreover, having high Sensitivity and Preci-
sion simultaneously requires very large time-scale separation between the reactions,
making adaptation speed quite slow.

Chapter 5 deals with a bigger class of chemical reaction networks that allow
for energy dissipation, namely the complex-balanced networks. We extend the main
result of the previous chapters to the complex-balanced networks and we show that
allowing for energy dissipation is not enough to remove the combinatorial bounds on
Sensitivity and Precision. We show how breaking the complex-balanced condition will
allow arbitrarily large Precision and Sensitivity for a small chemical reaction network.

1.5.2. Design principles for the PEN DNA toolbox. In Chapter 6, we
present a chemical reaction network formulation for the PEN-DNA toolbox. We
explore general properties of the circuits built with the toolbox, and we elaborate on
what those properties, stated in the form of theorems, mean as design principles. We
elucidate the central role of autocatalytic modules in PEN-based circuits, and how
the instability of these modules is a necessary condition for the functionality of the
circuits.

We further address a prevalent problem in studying chemical reaction networks:
reducing the complexity. We study different types of reduction techniques for the
system of ODEs that model the PEN-based circuits, and we discuss the success and
failure of these techniques in recovering different features of the circuits.

1.5.3. Dynamics of the glucagon receptor. Chapter 7 deals with systems
biology of the blood glucose homeostasis as well as a problem related to system
pharmacology of the glucagon receptor.

We propose a model for homeostasis of glucose by hormones glucagon and insulin.
This model contains a subsystem that models the internalization of the glucagon
receptor. Internalization is a mechanism in cell signaling, through which G-protein-
coupled receptors are taken from the surface of the cell to endosome. Using the
model, we interpret the data from the glucagon challenge test, and we successfully
show how the receptor internalization results in tolerance of the blood glucose to
glucagon-induced hyperglycemia.

We further use glucagon challenge test data obtained from subjects that have
been under treatment with a novel glucagon receptor anti-sense drug, which is aimed
at reducing the number of the receptors in the liver. We quantify the amount of
reduction in the number of receptors using the model and the data before and after
treatment. We estimate an average of 45 percent decrease in the number of receptors.
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CHAPTER 2

Sensory adaptation in a nutshell

2.1. Chemosensing

Cells need to sense changes in their environment and properly respond to them
in order to survive. The chemical reaction networks inside cells are also responsible
for sensing as well as transduction and processing of detected signals [AJL+].

Living cells are able to detect different types of signals such as mechanical, chem-
ical, and light, PH, or pressure-induced signals. A typical way for cells to learn about
their environment is through sensing of chemical concentrations. Chemosensing is
present across different scales and levels of complexity, from single cell organisms
like bacteria to the olfactory system of mammals. While some living organisms per-
form chemosensing exceedingly well, our knowledge of the underlying processes is in
a primitive state.

Many single-cell organisms exhibit a behaviour called chemotaxis. In this phe-
nomenon, the sensory system detects the local concentration gradient of chemoattrac-
tants or chemorepellents. This information then is processed via chemical reactions
and consequently the motility machinery of the organism drives it up or down the
gradient. A very well-known example of chemotaxis is seen in a bacterium called Es-
cherichia coli. E. coli is equipped with flagella that can produce hundreds of clock-wise
(CW) or counter-clockwise (CCW) rotations per second. As part of its food-finding
strategy, E. coli propels itself in a straight line through its environment, while mon-
itoring the concentration of e.g. glucose outside the cell. Depending on whether this
concentration increases or decreases during this ‘run’, it will continue to move, by
rotating the flagella CCW, for longer or shorter distances in that direction. The CW
rotation of flagella makes the bacterium stop and ‘tumble’. Upon tumbling, it turns
to a random new direction, and then starts a new run. This stochastic motion has a
bias in the direction of increasing concentration, and this is how the bacterium finds
its food (See Figure 2.1).
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2. Sensory adaptation in a nutshell

Figure 2.1. Chemotaxis of E. coli: the bacterium runs a longer
distance before tumbling if it is moving up the gradient, resulting in
a biased motion toward food source.

A bacterium’s ability to sense concentration during the run enables them to con-
verts the spatial information about stimuli concentration into temporal change of
input signal in their sensory system. For efficient processing of this signal, the bac-
terium has to convert small changes in stimuli concentration (a few percent up or
down) into large changes in behaviour: ie. it has to show large Sensitivity, in the
terminology that we define mathematically in the next chapter. At the same time the
sensing mechanism has to ‘reset’ or ‘zero itself’ after such a change, in order to be
ready for the next change in concentration: a simplified version of this will be called
Precision and will be studied in the next chapter. Most chemical reaction systems
do not show this combination of Sensitivity and Precision, but when they do, we call
them adaptive.

2.2. Sensory adaptation

The adaptation mechanism of E. coli is a very well-investigated subject [ASBL99,
TPM+08, Tu13]. Stimulus molecules bind to methyl-accepting chemoreceptors on
the membrane. Then the receptor-ligand complex triggers a downstream pathway
consisting of six Che proteins. One of these proteins interacts with the rotation
mechanism of the flagellar motors and causes tumbling. The tumbling frequency of E.
coli is very sensitive to the binding of ligands to the chemoreceptors. As the tumbling
frequency decreases, the pathway enhances the methylation of the chemoreceptors to
counter-regulate the effect of ligand binding to the receptor. This brings the tumbling
frequency back to its pre-stimulus level.

However, adaptation to input signals is not specific to E. coli. It is a universal
feature of sensory systems that there are mechanisms to reset the sensor after initial
response to the stimulus. Adaptation allows detection of a wide range of natural
input signal strengths, while the dynamic range of the sensor is narrow. For example
in retinal image processing, the intensity of ambient light can vary several orders
of magnitude, but the response strength of neural circuits spans a much narrower
range [BSB+97].
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2. Sensory adaptation in a nutshell

2.3. Logarithmic sensing

It has been shown in experiments and model simulations that E. coli senses the
relative changes in the stimulus concentration, instead of absolute changes [KJTW09].
The output of the sensory system of E. coli, i.e., the tumbling frequency of the bac-
terium, is proportional to ∆L/L, where L is the ligand (stimulus) concentration. This
behaviour, that is often called logarithmic sensing, is shared among many biological
sensory systems. This behaviour gives E. coli the capability to detect a wide range
of stimulus intensities, from nanomolar to molar concentrations, while the tumbling
frequency remains the same, near 10 per second, for a wide range of input signal
intensities [BB+72].

2.4. Schools of research on sensory adaptation

2.4.1. Adaptation in individual systems. The prevalence of sensory adap-
tation systems in living organisms has motivated many researchers to find the key
molecules and mechanisms behind such nontrivial behaviour. Other than E. coli,
there has been studies on adaptation mechanism of other bacterium like Rhodobacter
sphaeroides [HIS13] as well as other eukaryotic cells like amoebae and neutrophils [LI02].

2.4.2. Design principles. Within a cell there are many functions that are be-
lieved to be modulated by specific reaction networks. This suggests the idea of view-
ing chemical reaction networks as a union of small subnetworks or modules, just like
electric circuits. This idea implies that these modules work independently well and
their function wouldn’t get interrupted by being connected to other modules. Nev-
ertheless modularity in biology is a standpoint whose definition and validity is under
debate [Sau08, DNS08], its introduction to the field has been advantageous.

Besides the idea of modularity, there is a concept called ‘network motif’ in complex
biological networks. It basically means that complex networks consist of simpler and
smaller subnetworks that serve as the building blocks and are characterized by their
‘topology’. Network motifs are formally defined as: ”patterns of inter-connections
occurring in complex networks at numbers that are significantly higher than those
in randomized networks” [MSOI+02]. The word motif for these prevalent subgraphs,
comes from their analogy to the repeated patterns in art, architecture, or gene se-
quences.

At the time that network motifs were introduced to the field of systems biology, it
was already stablished that the robustness of adaptive system with respect to changes
in the parameters (enzyme concentrations or rate constants) can be attributed to the
wiring of the network [BL97]. It was observed that in adaptive systems there is
a feedback mechanism, very much like the ones in engineering control theory, that
allows for robust adaptation [YHSD00]. These observation arose a question:

Are there general principles that allow certain cellular functions?
In fact, generalization of rules in biology is a subject under debate and we won’t

elaborate on it here. However, we choose to distinguish between different types of
generality and look for design principles in systems biology [Gre14].

In an attempt to find general principles or network motifs capable of showing
sensory adaptation, Chao Tang et al. made a remarkable observation. In a high-
throughput computational screening study, they searched among all possible three
node enzymatic networks to find the ones that allow for sensory adaptation [MTES+09].
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2. Sensory adaptation in a nutshell

Surprisingly only two robust solutions appeared: a negative feedback loop with a
buffer node and an incoherent feedforward loop with a proportioner node, which are
shown in Figure 2.2. They generated 16038 system of ODEs that model two and
three-protein interaction networks. They assume that there is a fixed amount of ev-
ery protein present in the reaction which can be interconverted between active and
inactive forms by some other active enzyme in the network or by corresponding basal
enzymes. The activation and inactivation processes obeys Michaelis-Menten kinetics.
By numerically solving the equations of each network topology in 10000 random start-
ing concentration and rate constant, they were able to see which of and how frequent
these systems exhibits sensory adaptation.

Input Input

OutputOutput

Figure 2.2. Network motifs that are capable of showing adapta-
tion. Negative Feedback Loop with a Buffer Node and an Incoherent
Feedforward Loop with a Proportioner Node.

Many known mechanisms of adaptation or homoeostasis in living organisms fall
into these two categories. However it turns out that these two types of network
are not the only ones capable of preforming the task. By relaxing the assumptions
of the study by Tang et al., new motifs have been found. Adaptation by state-
dependent inactivation [FB09] assumes up to three states for some proteins in the
network, hence an even simpler mechanism for adaptation is found. Antithetic integral
feedback is another mechanism for adaptation in noisy environments [BGK16]. A
comparative analysis between these three studies, is presented in a review paper by
James Ferrell [Fer16].

2.4.3. Information theoretic aspects. It has been known at least since Szi-
lard [Szi29] and Landauer [Lan61] that practical information processing requires
the dissipation of free energy. In recent years interest has arisen in the applica-
tion of this idea to chemical and biochemical systems, and studies have been made
of the role of dissipation in decision making [QR05], concentration sensing [Tu08,
MS12, SNMW13, GtW13], signal transduction [LHW08, BS13], behaviour of oscil-
lators [WXW08, XZWW12, CWOT15], error correction [MHL12], sensory adapta-
tion [LSN+12, LT13, SGLH14, Lan15, BDGC15], and various others.

A common theme in these works is a focus on the relationship between the quality
of the processing on one hand and the magnitude of the dissipation on the other; in
most cases the conclusion is that dissipation ‘improves the situation’, in the sense of
leading to higher accuracy, speed, or reliability.
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However, much of the current literature is based on single examples, in which sim-
plified models are studied, and often the tuning of the amount of dissipation amounts
to a single scalar parameter. These results need careful mathematical scrutiny before
they can be generalized.

2.5. Our perspective

In fact, given an arbitrary chemical reaction system, there appear to be multiple
definitions of the ‘amount of dissipation’ at a given parameter point, which differ in
whether they apply only to a stationary point or also to dynamic states, whether they
include stochastic fluctuations, and whether they operate at a macroscopic or a mi-
croscopic level. This makes it difficult to compare results and make clear statements.

As a first step towards such clear statements, in this next two chapter we approach
the problem from the other end: we consider dissipation-free systems, and ask the
question to which extent these can or can not process information. We do this with
the information-processing example of sensory adaptation.

In the next two chapters we study such adaptive systems, and more precisely, we
ask the question:

To which extent can a non-dissipative system perform such adap-
tation?

This question is not only inspired by the general link between dissipation and
functionality, already mentioned above. In recent work, Lan, Tu, and co-authors
conclude that adaptive systems are necessarily dissipative [LSN+12, LT13]. If that
is the case, then the answer to the question above should be ‘not at all’. We will
elaborate on this issue in the Section 4.6 of Chapter 4.

In fact, the situation turns out to be different, and surprising: we will see that a
non-dissipative system is in fact perfectly capable of adaptation. However, there are
strong limitations, as we shall also see: such good performance requires an extreme
setup, in the sense that (a) certain ratios of steady-state concentrations have to be
large, (b) time-scale separation has to be significant, or (c) large networks are required.
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CHAPTER 3

Sensitivity and Precision in Detailed-Balance
Reaction Networks

3.1. Introduction

One of the features of adaptive response, as described in Chapter 2, is the robust-
ness to perturbations of the input signal. In this chapter will quantify this property
by defining a quantity called Precision. It captures the extent to which an adaptive
system is capable of coming back to prestimulus state; thus the higher the Precision,
the better is the quality of adaptation.

High Precision does not guarantee high quality adaptation. Imagine a system that
is totally insensitive to input perturbations. This system exhibits infinite Precision,
while it does not trigger any sensory response. Therefore we define another quantity
called Sensitivity that depends on the transient response of the system. We interpret
a good quality adaptation, as a response that has high Precision and high Sensitivity
at the same time.

In this and the next chapter we want to explore the capabilities of ‘non-dissipative’
systems in performing adaptive behaviour. In order to discuss what non-dissipative
systems can or can not do, one needs a proper definition of this class of systems.
In this thesis we define ‘non-dissipative’ systems as chemical reaction networks with
mass-action kinetics satisfying detailed balance. This is a delicate issue, however, and
we discuss it in more detail in Section 4.6 of Chapter 4.

3.2. Setup

In this section we give mathematical definitions of the objects that we will be
considering. We denote the natural numbers by N, the real numbers by R, and the
strictly positive real numbers by R+. We use ei to denote a unit vector with a 1 in
its ith entry and zeros elsewhere. We should note that we slightly deviate from the
common terminology of Chemical Reaction Network Theory.

3.2.1. Chemical reaction networks. A chemical reaction network is a set of
reversible reactions between chemical species Xs, s ∈ S,∑

s∈S
αsrXs 


∑
s∈S

βsrXs.

Here αsr and βsr are the stoichiometric coefficients, which we assume to be non-
negative real numbers. This leads to the following definition.

Definition 3.1 (Systems). A system is a triple (S,R,N ), where
• S is a finite set of species;
• R is a finite set of reactions;
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• N = β − α, α, β ≥ 0, is a stoichiometric matrix, an S × R matrix of real
numbers such that Nsr is the net increase or decrease of species s under
reaction r.

A kinetic system is a quadruple (S,R,N ,K), where K is a function that gives, for
each set of concentrations c = (cs)s∈S of the species, and for each reaction r ∈ R, the
net rate of transformation Kr(c) in that reaction.

For any kinetic system, the evolution of the concentrations of the species is given
by the ordinary differential equation1

ċs =
∑
r∈R
NsrKr(c) or ċ = NK(c). (3.1)

Example A. Consider the following reactions between species X1, X2, and X3:

2X1
k+

1


k−1

X2 +X3, X2
k+

2


k−2

X3.

For this system the species set S is {1, 2, 3}, the reaction set R is {1, 2}; the
stoichiometric matrix N and the kinetic function K are

N =

−2 0
1 −1
1 1

 , K(c) =
(
k+

1 c
2
1 − k−1 c2c3

k+
2 c2 − k

−
2 c3

)
=:
(
K1
K2

)
.

The dynamics of this reaction network is described by the ODE (3.1), which reads
for this systemċ1ċ2

ċ3

 =

 −2K1
K1 −K2
K1 +K2

 =

 −2k+
1 c

2
1 + 2k−1 c2c3

k+
1 c

2
1 − k−1 c2c3 − k

+
2 c2 + k−2 c3

k+
1 c

2
1 − k−1 c2c3 + k+

2 c2 − k
−
2 c3

 . (3.2)

1All quantities in this and the next chapter can be considered dimensionless, if necessary by
non-dimensionalization against standard SI units.
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Figure 3.1. A solution of equation (3.2), with parameters k+
1 =

2
45 , k−1 = 1, k+

2 = 0.1, k−2 = 0.01, and c(0) = (5, 5, 16)T . The
system reaches a steady state c = (15, 1, 10)T . The same solution
is plotted both against linear time (right) and logarithmic time
(left). The evolution contains multiple time scales; in the left
figure the behaviour at these different time scales is easier to
recognize, and for this reason we mostly use logarithmic time
axes below.

3.2.2. Mass-action and detailed balance.

Definition 3.2 (Mass-action, detailed-balance kinetics). A system (S,R,N ,K)
has mass-action detailed-balance kinetics if the functions Kr are of the form2

Kr(c) = kr

[(c
c

)αr
−
(c
c

)βr]
, (3.3)

where we write αr, βr for the column vector of α and β corresponding to reaction
r, and the notation cαr stands for the monomial

∏
s∈S c

αsr
s . The function (3.3) is

characterized by the parameters (c, k) ∈ RS+ × RR+ .

We often write (S,R,N , (c, k))3 for a system with mass-action detailed-balance
kinetics generated by this pair (c, k). From now on we assume all the systems have
mass-action detailed-balance kinetics.

Note that c = c is a stationary point for (3.3), but there typically are other
stationary points. This is related to the fact that when range(N ) is a subspace of RS ,
then the evolution (3.1) takes place in a subset.

2Mass-action kinetics are of the form

Kr(c) = k+
r c

αr − k−r cβr

and the structure (3.3) follows from the detailed-balance assumption that there exists a stationary
state c at which all reactions are in equilibrium. See e.g. [ÉT89].

3This 4-tuple does not completely determine α and β, only N = β − α, and therefore does not
contain enough information to characterize the full kinetics (3.3). The linearization of (3.3) at a
stationary point only depends on N = β − α, however, and since the Sensitivity and Precision are
defined in terms of this linearization, this contains the necessary information for our purposes.
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Definition 3.3 (Positive stoichiometric compatibility class). Let W = range(N ).
For any γ ∈ RS+, the positive stoichiometric compatibility class is the set

G(γ) :=
(
γ +W

)
∩ RS+.

The positive stoichiometric compatibility class is invariant under the evolution
of (3.1).

Example A (continued). For Example A, the range of N is the set (1, 1, 1)⊥,
implying that the ODE (3.2) admits the conservation law c1(t) + c2(t) + c3(t) =
c1(0) + c2(0) + c3(0). Consequently, the positive stoichiometric compatibility
classes are the sets

{ (c1, c2, c3) ∈ R3
+ : c1 + c2 + c3 = constant }.

Lemma 3.4 (Stationary states). For given (c, k) ∈ RS+ ×RR+ , there exists exactly
one stationary point of (3.1) in each positive stoichiometric compatibility class G(γ),
and this point is locally asymptotically stable. We indicate this stationary point by
ĉ[γ]. The mapping γ 7→ ĉ[γ] is a smooth mapping from RS+ to RS+; ĉ is the unique
solution of the equations

N T log ĉ[γ]
c

= 0, ĉ[γ] ∈ G(γ). (3.4)

Proof. The existence, uniqueness, and local attraction properties are well-known
in the field of chemical reaction theory; see e.g. [HJ72, Th. 6A]. The equation (3.4)
can be verified by inspecting (3.3) or by using the fact that free energy decreases
along a solution [HJ72, MM]. Finally, the smooth dependence follows from applying
the implicit function theorem to (3.4). �

Note that ĉ[γ] solves (3.4) iff Kr(ĉ[γ]) = 0 in (3.3). Given that ĉ[γ] is the unique
solution of (3.4), we conclude that equation (3.3) determines all stationary states
of the system. This also implies that at any stationary state all reactions are in
equilibrium, i.e., any stationary state is a detailed-balance point.

Remark 3.5 (Modifying c). Below we will consider systems described by param-
eters (c, k), and concentrate on linearizations at some stationary point ĉ[γ], which a
priori need not be equal to c. However, without loss of generality we can assume that
the stationary point equals c, by describing the same system by a new but equivalent
set of parameters (ĉ[γ], k̃), where

k̃r := kr

( ĉ[γ]
c

)αr
= kr

( ĉ[γ]
c

)βr
.

The equations (3.1)-(3.3) are identical for (c, k) and (ĉ[γ], k̃). We will therefore always
assume that the stationary point under consideration is c. �

Remark 3.6 (Independence of k). As long as k is a vector with strictly positive
components, ĉ[γ] is independent of k, as can be recognized from the absence of k
from (3.4). (If one of the components of k vanishes, however, this amounts to removing
a column from N , which modifies (3.4) and leads to a different equation. We will use
this idea below.) �
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3. Sensitivity and Precision in Detailed-Balance Reaction Networks

3.2.3. Precision and Sensitivity for detailed-balance reaction networks.
We now think of a chemical reaction network as an input-output system, and we
restrict ourselves to detailed-balance, mass-action kinetics networks. The input and
output variables are concentrations, indicated by i, o ∈ S, i 6= o.

The rest of this chapter is based on the following setup.

The adaptation experiment. Prepare the system in a steady
state c; at time zero, instantaneously add an amount of the input
species to the system, thus increasing ci; observe the evolution of
the output variable co (see Figure 1.1).

In this situation, the Sensitivity is defined4 as a normalized measure of the
strength of the response of co to the change in ci:

Definition 3.7 (Sensitivity, [MTES+09]). Given a detailed-balance, mass-action
system (S,R,N , (c, k)), and given a choice of input and output species i, o ∈ S with
i 6= o, the Sensitivity is defined as

S := lim
ε→0

log sup
t≥0

cεo(t)− log co

log cεi (0)− log ci
= lim
ε→0

log sup
t≥0

cεo(t)− log cεo(0)

log cεi (0)− log c0i
, (3.5)

where cε(t) is the solution of (3.1) with initial datum cε(0) = c+ εei and ε > 0.

This could also be written in shorthand notation as

S =
d log supt≥0 co(t)

d log ci(0) .

High Sensitivity indicates that small increases in input concentration ci lead to
large swings in output co. The appearance of the logarithms both for ci and for co
means that relative changes are measured. This is related to the fact that mass-
action kinetics makes the response to absolute changes dependent on the reference
value. (There is recent interest in networks providing exact fold-change responses,
which are sensitive to relative changes, but otherwise independent of the reference
value (e.g. [GSKA09]). This corresponds to the Sensitivity above being independent
of the parameter point c at which it is measured.) Logarithmic derivatives are also
used in Metabolic Control Analysis [HS12, FCB97].

The Precision, on the other hand, refers to the degree to which the output settles
back to the original value at long times:

Definition 3.8 (Precision, [MTES+09]). In the same context as Definition 3.7,
the Precision P is defined through its inverse,

P−1 := lim
ε→0

log cεo(+∞)− log co
log cεi (0)− log ci

= lim
ε→0

log cεo(+∞)− log cεo(0)
log cεi (0)− log c0i

. (3.6)

4This terminology follows [MTES+09]. Note however that the term ‘sensitivity’ also may re-
fer to the variation of a stationary state under variation of a parameter, as in ‘parameter sensi-
tivity’ [HS12] or more generally as the depedence of a model prediction on the assumptions and
parameters [SRA+08].
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3. Sensitivity and Precision in Detailed-Balance Reaction Networks

High Precision indicates that the stationary output changes little when the pa-
rameter point changes—again, both measured in relative magnitudes.

Since both Precision and Sensitivity are defined in terms of small-perturbation
limits, they have equivalent definitions in terms of a linearized version of equa-
tion (3.1).

Linearization: We linearize the ODE (3.1) at the stationary states cs = cs:

(Ac)ss′ := ∂(NK(c))s
∂cs′

∣∣∣∣
c=c

=
∑
r∈R
Nsr

∂Kr(c)
∂cs′

∣∣∣∣
c=c

Assuming mass-action kinetics, the the partial derivative of reaction rates K re-
duce to

∂Kr(c)
∂cs′

∣∣∣∣
c=c

= 1
cs′

(
αs′rk

+
r c

αr − βs′rk−r cβr
)

and this gives

(Ac)ss′ = 1
cs′

∑
r∈R

(βsr − αsr)(αs′rk+
r c

αr − βs′rk−r cβr ).

If we further assume the detailed-balance condition, we obtain

(Ac)ss′ = − 1
cs′

∑
r∈R
NsrkrNs′r. (3.7)

Because of the logarithmic derivatives, the most convenient form of this equation
arises by introducing a vector u(t) with

us(t) := (cεs(t)− cs) /cs
ε/ci

, s ∈ S,

then to leading order the function u solves the equation

u̇ = Au, Ass′ = − 1
cs

∑
r∈R
NsrkrNs′r. (3.8)

(The matrix A is the transpose of the Jacobian Ac of (3.1) around c). For given u(0),
the solution of this equation is given in terms of matrix exponential u(t) = etAu(0).

Lemma 3.9 (Alternative formulations of Precision and Sensitivity). Again in the
same context, let t 7→ u(t) be the solution of (3.8) with initial data u(0) = ei. The
Precision and Sensitivity then have the alternative formulations

P−1 = lim
t→∞

uo(t) = lim
t→∞

(etA)oi and S = sup
t≥0

uo(t) = sup
t≥0

(etA)oi. (3.9)

In addition, recalling the notation ĉ[γ] for the stationary state in the positive stoichio-
metric compatibility class containing γ, we have

P−1 = ci
co

lim
ε↓0

1
ε

(
ĉ[c+ εei]− c

)
o
. (3.10)

Proof. These formulas follow by direct manipulation. �
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3. Sensitivity and Precision in Detailed-Balance Reaction Networks

Example A (continued). First we demonstrate an adaptation experiment for a
small ε. Let us rewrite (3.2) with detailed balance mass action kinetics as shown
in (3.3),

d

dt

c1c2
c3

 =

 −2K1
K1 −K2
K1 +K2


where

K1 = k1

[
c21
c21
− c2c3
c2c3

]
, K2 = k2

[
c2
c2
− c3
c3

]
.

Fix (c, k) in the above ODE. We perturb the system by adding ε of X1 to the
system. The evolution is shown in Figure 3.2. Next, in the limit of small pertur-
bations, the matrix A in (3.8) is found to be

A =



−4k1

c1

2k1

c1

2k1

c1

2k1

c2
−k1 + k2

c2

k2 − k1

c2

2k1

c3

k2 − k1

c3
−k1 + k2

c3


.

The expressions (3.9) for Precision and Sensitivity imply that we can obtain these
two quantities by plotting the time trajectory of the corresponding entry in the
matrix exponential (etA)oi. In this example we take X1 to be the input and we
plot the three entries in the first column of (etA) in Figure 3.3.
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Figure 3.2. The solution of (3.2) in linear time (right) and
in logarithmic time (left) using the same parameters as in Fig-
ure 3.1, c = (15, 1, 10), k1 = k+

1 c
2
1 = k−1 c2c3 = 10, and

k2 = k+
2 c2 = k−2 c3 = 0.1. The initial condition is c(0) = c + εe1

with ε = 0.1.
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Figure 3.3. The solution of the equation u̇ = Au, u(0) =
(1, 0, 0)T , for the rescaled linearized concentrations u1, u2, u3 of
the species X1, X2, X3. The parameters are the same as in Fig-
ure 3.1, c = (15, 1, 10) and k = (10, 0.1).

In the graph above one can read off the Sensitivity and Precision: choosing
X2 as output, the Sensitivity is the maximal value of u2 over all time (about 1.44),
and the Precision is the limiting value of u2 as time tends to infinity (about 0.58).
Note that the choice of input variable i = 1 is encoded in the initial data for u,
and the choice of output variable o = 2 means that we measure u2.

3.3. Discussion

Certain cellular behaviors such as oscillation or bistability have clear regions of
existence in the parameter space. Biochemical adaptation, however, can exist on
a spectrum. By that we mean its existence depends on our definition of adaptive
behavior. For example, Precision is supposed to measure the degree to which the
output response settles back to its pre-excited value. One can set a minimum threshold
for Precision and say that a system has precise adaptation if its Precision is above
the assigned minimum. In [MTES+09] this minimum value is 10, but this could very
well be any other large enough number, depending on the particular application.

The sensitivity of an adaptive response has been quantified primarily for bacte-
rial chemotaxis [SPO97]. Sensitivity, sometime called gain in that context, is defined
as the change in motor bias with respect to the change in occupancy of the recep-
tors [TPM+08]. A more general definition of Sensitivity was given in [MTES+09] from
which Definition 3.7 in this chapter is derived. There is a subtle difference between
the two definitions.

In [MTES+09], the Sensitivity for a systems with output y(t) when the input
signal increases from I1 to I2 is defined as

S = (maxt(y(t))− y1)/y1
(I2 − I1)/I1

.

26



3. Sensitivity and Precision in Detailed-Balance Reaction Networks

There the input signal I is allowed to increase to an arbitrary amount. In fact they use
a 20 percent increase in the input signal in their search for adaptive systems. Therefore
in their definition, Sensitivity depends on the amount of increase in the input signal as
well as the specific parameter point at which the adaptation experiment is performed.
Our definition, however, is based on a very small perturbation of the input signals.

We now comment on some other aspects of this chapter:
Our definition of Precision and Sensitivity. Real-life adaptive systems are capable

of detecting the tiniest changes in the input signal, E-Coli for example, responds to
the changes of a few molecules in receptor occupancy [SBB86]. Therefore in this
chapter we quantified an adaptive response by defining two measures of performance
that are both defined in the limit of small perturbation of input signal. Other than
having biological relevance, small perturbations result in linearized systems that help
a lot in the analysis.

Relation between ‘adaptation’ and Precision and Sensitivity. In this thesis we
focus on Precision and Sensitivity as proxies for a more elaborate concept of adap-
tation. A better concept of adaptation might include (a) the persistence of ‘good’
behavior across a range of input concentrations, allowing for continuous tracking in
the direction of increasing concentration, (b) a measure of ‘temporary response’ that
measures not the instantaneous maximum of a concentration (like our Sensitivity)
but some quality of a downstream machinery that acts on this concentration, and (c)
the speed of adaptation or the time that it takes for a system to reset itself.

Definition of ‘non-dissipative’ systems. Detailed-balance, mass-action systems
are a natural choice for ‘non-dissipative’ systems. They can be considered thermody-
namically closed, and admit a free-energy functional F that drives the evolution in a
gradient-flow structure [GM13, MM]. In this context, one can identify ‘dissipation’
with the instantaneous decrease of F , and the system is therefore non-dissipative in
the sense that at all stationary points F is constant.

Despite these nice properties, this family does contain some weird specimens, such
as

X1 � 2X2, X2 � 2X1,

for which the stoichiometric subspace is the whole space of positive concentrations, and
which clearly can not be mass-conservative in the traditional sense. In our examples
we avoided such exotic species, and concentrated on systems that can be realized with
actual chemical systems.
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CHAPTER 4

Maximization of Sensitivity and Precision

4.1. Introduction

In this chapter we explore the capabilities of mass-action detailed-balance systems
in performing adaption. In Section 4.2 we start by defining variables for maximum
Sensitivity, Precision, and Inverse Precision. In Section 4.3 we investigate the Pre-
cision, and specifically prove bounds on the minimal Precision, or maximal inverse
Precision. Although we are interested in systems with large Precision, not small Pre-
cision, the concept of maximal inverse Precision plays a role in the study of Sensitivity
in Section 4.4. There we show that we can make systems with large Precision and
Sensitivity, by choosing the stoichiometry and the kinetic parameters in the right way.

The proof of Theorem 4.2, a combinatorial characterization of minimal Precision,
is inspired by matroid theory, and in Section 4.5 we explain this connection. We
conclude with a discussion of the results.

4.2. Maximization over parameters

As we mentioned in the Chapter 3, in much of this chapter we take the position
that the stoichiometry (S,R,N ) of a system is given, and we ask within which bounds
we can make Sensitivity and Precision vary by the freedom of choosing coefficients c
and k. This leads to the following three numbers:

maxS(S,R,N ) := sup{S : (c, k) ∈ RS+ × RR+
}
, (4.1a)

maxP(S,R,N ) := sup{P : (c, k) ∈ RS+ × RR+
}
, (4.1b)

maxInvP(S,R,N ) := sup
{
P−1 : (c, k) ∈ RS+ × RR+

}
. (4.1c)

The maximal inverse Precision plays a role in characterizing maximal Sensitivity (see
Section 4.4.3).

Example B (Arbitrarily large S and P ). We generalize Example A by replacing
2X1 with nX1 for some n ∈ N and a choice of X1 for input and X3 for output.

nX1
k+

1


k−1

X2 +X3, X2
k+

2


k−2

X3.

We want to explore the values of Precision and Sensitivity. Since the system is
small we are able to explicitly calculate the Precision directly from Definition 3.8
as follows. The stoichiometric matrix enforces that 2c1+nc2+nc3 is constant along
time trajectory of concentrations in every positive stoichiometric compatibility
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4. Maximization of Sensitivity and Precision

class. Therefore 2c1 +nc2 +nc3 = a, where a is a positive constant. Let cε be the
perturbed steady state when ε is added to X1 and then 2cε1 +ncε2 +ncε3 = a+ 2ε.
For both steady states we have K(c) = K(cε) = (0, 0)T . With these relations the
calculation of inverse Precision is straightforward:

P−1 = c1
c3

dcε3
dε

∣∣∣∣
ε=0

= 2n

4 + n2 c2
c1

+ n2 c3
c1

.

We observe that by choosing the ratio (c2 + c3)/c1 large enough, one can have
arbitrarily high Precision, i.e., maxP =∞.

This example is able to show Sensitivity arbitrarily close to n, i.e., maxS = n.
It is an easy exercise to show that the first reaction, as a subsystem, has P−1 =
n/(1 + c3/c2 + n2c3/c1), and consequently maxInvP = n. If we choose (c, k) in
such a way that the first reaction happens much faster than the second, then u3
can rise arbitrarily close to n and after some time that the second reaction takes
place, it comes down arbitrarily close to 0. Figure 4.1 shows the plot of u3 for
three values of n.
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Figure 4.1. Plot of u3 from the solution of the equation u̇ =
Au, u(0) = (1, 0, 0)T for three values of n. The parameters are
c = (102, 105, 10−2) and k = (10, 0.1).

4.3. Properties of the Precision

As described above, the aim of this chapter is to explore the degree to which
detailed-balance, mass-action systems can have large Sensitivity and large Precision.
In this section we focus on the Precision, and prove two main results. The first is
an explicit formula for homogeneous systems; the second is a characterization of the
minimal Precision in terms of the stoichiometry, which will be of use in Section 4.4.

We choose a system (S,R,N , (c, k)) endowed with mass-action detailed-balance
kinetics, and we fix an input species i ∈ S and an output species o ∈ S with i 6= o.

In some cases the Precision can be calculated explicitly. Example B above is an
instance of this; another instance is the class of homogeneous systems. A reaction
network is called homogeneous of order κ if for κ ∈ N fixed, all the reactions are of
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the type
κXs 
 κXs′ .

Each column of N in such reaction network consists of two nonzero elements with
values κ and −κ. Therefore (1, . . . , 1)N = 0, which implies that the sum of concen-
trations,

∑
s cs, is constant in each positive stoichiometric compatibility class.

We also need to introduce the concept of linkage class for a system. In general,
one can associate to each system, a directed graph whose nodes are reactants (or
products) and whose edges are associated with reactions. Each connected component
of this graph is called a linkage class. Systems may contain several linkage classes.
For example, the system in Example A has two linkage classes. Below we derive
an explicit formula for the Precision of homogeneous systems which contain single
linkage class.

Theorem 4.1 (Precision for homogeneous systems). If a reaction network is
homogeneous of some order κ and has a single linkage class, then for any input and
output

P =
∑
s cs
ci

. (4.2)

Example C. Unimolecular reactions are a good example of a homogeneous re-
action network. Below we present a reaction diagram between four species.
Letting X1 be the input, the inverse Precision for the three other species is
P−1 = 20/91 ≈ 0.22 (see (4.2)).
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Figure 4.2. Solution of u̇ = Au (left) with u(0) = (1, 0, 0, 0)T ,
c = (20, 50, 1, 20)T , and k = (5, 0.01, 5, 30, 0.1)T . The reaction
diagram (right).

Proof. Fix the parameters (c, k). Equation (3.3) implies that at any steady
state c̃, for a reaction involving species s and s′, the ratio c̃s/c̃s′ equals cs/cs′ and
thus is the same for each steady state. This, together with the assumption of single
linkage class for the network, implies that all steady states are multiples of each
other. On the other hand we have the positive stoichiometric compatibility classes
characterized by

∑
s cs = a for some positive constant a. In view of the definition of

Precision (following the notation of Section 3.2.3) we have
∑
s c
ε
s(∞) = a + ε. This
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can be written as
cεo(∞) = a+ ε∑

s

cεs(∞)
cεo(∞)

,

in which the denominator is a sum of constant steady state ratios, hence independent
of ε. Finally the inverse Precision is

P−1 = lim
ε→0

log cεo(∞)− log co
log cεi (0)− log ci

= ci
co

dcεo(∞)
dε

∣∣∣
ε=0

= ci∑
s cs

.

�

Note that the Precision for such a homogeneous network is always larger than one,
and can be made arbitrarily large by tuning c—specifically, by making the stationary
concentration of the input variable small with respect to the other concentrations.
This might seem like a good thing; however, we will see below that such a choice
makes it difficult to have high Sensitivity, and therefore ‘good’ systems do not choose
this route.

In fact, as we shall see in Section 4.4, there is a strong suggestion that having
high Sensitivity requires low Precision for a subsystem. Because of this reason, it
is interesting to consider lower bounds on Precision, or equivalently, upper bounds
on inverse Precision. In the rest of this section we characterize the maximal inverse
Precision for a given system (S,R,N ),

maxInvP(S,R,N ) := sup
{
P−1 : (c, k) ∈ RS+ × RR+

}
,

in terms of the stoichiometry of the system, ie. in terms of N .

The support of a vector x ∈ RS is supp(x) := {s ∈ S : xs 6= 0}. Considering a
linear space W ⊆ RS , we say that a vector w ∈ W is elementary if w is nonzero and
supp(w) is minimal in W , i.e., there exists no nonzero w′ ∈W with suppw′ $ suppw.
The orthogonal complement of W is

W⊥ := {u ∈ RS : u ⊥ w for all w ∈W}.

In the following theorem, maximal inverse precision is characterized in terms of ele-
mentary vectors of W and W⊥, where W := range(N ). Observe that if u ∈W⊥ and
c, c′ ∈ G(γ), then c′− c ∈W and hence uT c−uT c′ = uT (c− c′) = 0; so each u ∈W⊥
describes an invariant linear combination

∑
s∈S uscs of the positive stoichiometric

compatibility class G(γ).

Theorem 4.2 (Sharp upper bounds on inverse Precision). Fix a system (S,R,N )
and input and output species i, o ∈ S, and let W := range(N ). Then:

maxInvP := sup
{
P−1 : (c, k) ∈ RS+ × RR+

}
= sup

{
uo : u− ei = diag

(1
c

)
w, c ∈ RS+, w ∈W, u ∈W⊥

}
(4.3a)

= max{uo : u elementary in W⊥ with ui = 1, or u = 0} (4.3b)
= max{wi : w elementary in W with wo = −1, or w = 0} (4.3c)
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Recall Example A, where we already observed that W = range(N ) = (1, 1, 1)⊥,
and W⊥ = span{(1, 1, 1)}. Therefore all elementary vectors in W⊥ are multiples
of (1, 1, 1), and the characterization (4.3b) reduces to the maximum over two
elements:

max
{
u2 : u ∈ {(1, 1, 1), (0, 0, 0)}

}
= 1.

For (4.3c), the space W has three elementary vectors, up to scalar multiples,
which are (1,−1, 0), (0, 1,−1), and (1, 0,−1). Recall that the index of the input
variable is 1, and the index of the output variable is 2; therefore of these three
directions, the third does not appear in the maximum, since it can not be rescaled
to have wo = w2 = −1. The maxmimum in (4.3c) then reduces to

max
{
w1 : w ∈ {(1,−1, 0), (0,−1, 1), (0, 0, 0)}

}
= 1.

Example D. As an example where the alternative options u = 0 and w = 0 are
relevant, consider the single reaction

X1 +X2 � X3, i = 1, o = 2.
Here N = (−1,−1, 1)T , W = span{(−1,−1, 1)}, and W⊥ = (−1,−1, 1)⊥; there-
fore W has only the elementary vector (−1,−1, 1), up to scalar multiplication,
and (4.3c) reduces to

max
{
w1 : w ∈ {(−1,−1, 1), (0, 0, 0)}

}
= 0.

In this case W⊥ has elementary vectors (1,−1, 0), (1, 0, 1), and (0, 1, 1), so
that (4.3b) becomes

max
{
u2 : u ∈ {(1,−1, 0), (1, 0, 1), (0, 0, 0)}

}
= 0.

Indeed, the reaction has negative Precision for all positive values of c (since in-
crease in X1 always leads to decrease in X2.) In fact the inverse Precision takes
all values in (−1, 0), and therefore the maximal inverse Precision equals zero.

The maxima (4.3b) and (4.3c) may be evaluated by enumerating the elementary
vectors of a linear space. We will describe an algorithm for this in Section 4.5.

The rest of this section is devoted to the proof of this theorem, through a series
of lemmas. The first lemma provides the connection between inverse Precision on one
hand and the vectors u and w that appear in Theorem 4.2.

Lemma 4.3. For given c ∈ RS+, the conditions

u ∈W⊥, w ∈W, u = ei + diag
(1
c

)
w, (4.4)

uniquely determine the pair (u,w). Then

P−1 = uo. (4.5)
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As a consequence,

maxInvP = sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, w ∈W, c ∈ RS+

}
.

Proof. The existence of a u satisfying (4.4) will follow from the argument in the
next paragraph; here we show that u satisfying (4.4) is unique. If not, then there are
distinct u, u′ satisfying (4.4). Then v := u− u′ is a nonzero vector such that v ∈W⊥
and v ∈ diag( 1

c )W , so that diag(c)v ∈W , and consequently v ⊥ diag(c)v. Since c has
strictly positive components, this implies v = 0, a contradiction.

We now show (4.5). For each ε ≥ 0, write cε := ĉ[c+εei] for the unique stationary
state in the same positive stoichiometric compatibility class as c+εei. By Lemma 3.4,
cε is a smooth function of ε; we write v := dcε/dε

∣∣
ε=0, which is the vectorial rate

of change of the stationary state as we add component Xi. Again by Lemma 3.4,
N T log(cε/c) = 0, and by differentiating with respect to ε we find N T (v/c) = 0.
From ĉ[γ] ∈ γ + W follows ĉ[c + εei] − c ∈ εei + W , and therefore we find that v
satisfies the two equations

N T v
c

= 0, v ∈ ei +W.

Defining u := ci(v/c) = ci diag(1/c)v these can be rewritten as

N Tu = 0, u ∈ ci diag
(1
c

)
(ei +W ) = ei + diag

(1
c

)
W,

which is equivalent to (4.4). This also proves the existence of a solution to (4.4). The
fact that P−1 = uo (equation (4.5)) is then a direct consequence of (3.10). �

Remark 4.4 (Chemical interpretation of u and w). The proof of this lemma
illustrates the chemical interpretation of u and w. Both are defined in terms of a
curve of stationary states cε = ĉ[c + εei] generated by perturbing the system by
adding small amounts of Xi:

(1) u can be interpreted as the derivative of the vector function ε 7→ ci log cε

at ε = 0, i.e., ci times the rate of change of the vector of chemical
potentials of the species;

(2) w can be interpreted as the (infinitesimal) stoichiometrically admissi-
ble perturbation that connects the non-stationary point c+ εei with the
stationary point cε = ĉ[c+ εei]: w = ci limε→0 ε

−1(ĉ[c+ εei]− c− εei).
�

In the following lemmas we characterize the maximal inverse precision, where the
maximum is taken over all c ∈ RS+, in terms of elementary vectors in W and W⊥.
Lemmas 4.5, 4.7, and 4.8 together conclude the proof of Theorem 4.2.

Lemma 4.5.

sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, w ∈W, c ∈ RS+

}
≤ max{uo : u elementary in W⊥ with ui = 1, or u = 0}

Proof. The condition

u− ei = diag
(1
c

)
w for some w, u, c ∈ RS+ (4.6)
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4. Maximization of Sensitivity and Precision

implies for s 6= i that if ws > 0, then us > 0; if ws < 0, then us < 0; and if ws = 0,
then us = 0. Moreover, if ui(ui − 1) > 0, then

0 < uici(ui − 1) +
∑
s 6=i

uscsus = uT diag(c)(u− ei) = uTw = 0,

a contradiction. Hence 0 ≤ ui ≤ 1. Summarizing, we find that (4.6) implies

us


∈ [0, 1] if s = i
≥ 0 if ws > 0, s 6= i
≤ 0 if ws < 0, s 6= i
= 0 if ws = 0, s 6= i

(4.7)

So for fixed w ∈W , if wo = 0, then uo = 0 and then the supremum

sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, c ∈ RS+

}
(4.8)

is equal to zero and the statement of the lemma is trivial. Otherwise the supre-
mum (4.8) is bounded from above by

sup{uo : u ∈W⊥, u satisfies (4.7)}. (4.9)
This is a linear optimization problem. To complete the proof of this lemma, we

will argue that for each fixed w ∈ W , (4.9), and hence (4.8), is bounded from above
by

max{uo : u elementary in W⊥ with ui = 1, or u = 0}.
If the supremum in (4.9) equals +∞, then there exist u and v such that u+λv ∈W⊥
satisfies (4.7) for all λ > 0, with vo > 0 and vi = 0. But then wT v =

∑
s wsvs ≥

wovo > 0, contradicting that v ⊥ w. So the value of (4.9) is finite, and hence the
optimum is attained. Let u∗ be an optimal solution such that | supp(u∗)| is as small
as possible.

We show that u∗ = 0 or u∗ is an elementary vector. If not, then u∗ 6= 0 and
there is a nonzero vector v ∈W⊥ so that supp(v) $ supp(u∗), by the definition of an
elementary vector. We may assume that vo = 0; otherwise replace v with u∗ov− vou∗.
Then

max{uo : u = u∗ + εv, ε ∈ R, u satisfies (4.7)}
is attained by an optimal solution u∗∗ which satisfies one of the inequalities in (4.7)
with equality, such that u∗∗s = 0 where u∗s 6= 0 for some s. Since supp(u∗∗) ⊆
supp(u∗) ∪ supp(v) ⊆ supp(u∗) and u∗∗o = u∗o + εvo = u∗o, that would contradict the
choice of u∗ as an optimal solution of (4.9) with minimal support.

So u∗ is elementary, and it remains to show that u∗i = 1. If u∗i = 0, we have
0 = wTu∗ =

∑
s6=i wsu

∗
s, and hence u∗ = 0. Hence 0 < u∗i ≤ 1. If u∗i < 1, then

for a sufficiently small ε > 0, the vector (1 + ε)u∗ is a feasible solution of (4.9) with
((1 + ε)u∗)o > u∗o, contradicting the optimality of u∗. Hence u∗i = 1, as required. �

We need the following, essentially combinatorial fact on elementary vectors. For
any S ′ ⊆ S and R′ ⊆ R, let N [S ′,R′] denote the submatrix of N spanned by the
rows and columns in S ′ resp. R′.

Lemma 4.6. Let u∗ be elementary in W⊥ with i ∈ supp(u∗). Then there exist a
set S ′ ⊆ S, elementary vectors ws ∈ W for s ∈ S ′, and elementary vectors us ∈ W⊥
for s ∈ S \ S ′, such that
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4. Maximization of Sensitivity and Precision

• i 6∈ S ′, and supp(u∗) ⊆ S ′ ∪ {i};
• supp(ws) ⊆ (S \ S ′) ∪ {s} for each s ∈ S ′, and wss = 1; and
• supp(us) ⊆ S ′ ∪ {s} for each s ∈ S \ S ′, and uss = 1.

Proof. Consider the set U := supp(u∗) \ {i}. The rows of N [U ,R] are inde-
pendent, for if there were a linear dependency among these rows, then there would
exist a nonzero vector u′ ∈ ker(N T ) = W⊥ with supp(u′) ⊆ U , contradicting our
assumption that u∗ is elementary vector of W⊥.

Pick any maximal set S ′ ⊆ S so that U ⊆ S ′ and so that the rows of N [S ′,R] are
still independent. Then the rows of N [S ′,R] form a basis of the rowspace of N . Let
R′ ⊆ R be such that the columns of N [S,R′] are a basis of W . Then by applying
column operations to N [S,R′] (as in standard Gaussian elimination) we may obtain
a matrix N ′ ∼ N [S,R′] of the form

(R′
S ′ I
S ′′ X

)
.

That is, N ′[S ′,R′] = I, and as column operations do not change the column space,
range(N ′) = range(N ) = W . For each s ∈ S, let ws denote the unique column of N ′
with a 1 in the s-th row. Then wss = 1 and supp(ws) ⊆ (S \S ′)∪{s} by construction,
and moreover ws is elementary: any w ∈W is a linear combination of the columns of
N ′, so that if supp(w) ⊆ supp(ws), then w must be a scalar multiple of ws.

To obtain the vectors us, we construct the matrix N ′′ as

(
S ′ −XT

S ′′ I

)
,

using the matrix X := N ′[S ′′,R′]. Since (N ′)TN ′′ = 0 and rank(N ′) + rank(N ′′) =
|S ′|+ |S ′′| = |S|, the columns of N ′′ span W⊥. For each s ∈ S \ S ′, let us denote the
unique column of N ′′ with a 1 in the s-th row. Then uss = 1, supp(us) ⊆ S ′ ∪ {s},
and us is elementary as before. �

We comment on the relation with matroid theory in Section 4.5.

Lemma 4.7.

sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, w ∈W, c ∈ RS+

}
≥ max{uo : u elementary in W⊥ with ui = 1, or u = 0}

Proof. First, note that the supremum is necessarily nonnegative, since if (u,w)
is feasible in combination with some c ∈ RS+, then so is (αu,w) for any 0 < α < 1
(with a different choice of c). So it remains to show that if u∗ ∈W⊥ is an elementary
vector with u∗i = 1, then the supremum is at least u∗o. As we have already established
that the supremum is nonnegative, we may assume u∗o > 0.

To prove that the supremum is at least u∗o, it suffices to show that for any ε > 0,
there are u ∈W⊥, w ∈W such that ‖u− u∗‖ < ε and

u− ei = diag
(1
c

)
w, u ∈W⊥, w ∈W, for some c ∈ RS+.
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4. Maximization of Sensitivity and Precision

This condition is equivalent to

sign(us) = sign(ws) for all s 6= i, sign(ui − 1) = sign(wi), u ∈W⊥, w ∈W. (4.10)

We will construct such vectors u,w, using a set S ′ and vectors us and ws as in Lemma
4.6. Throughout, we will preserve that

sign(us) = sign(ws) for all s ∈ S ′ ∩ supp(w) (4.11)
sign(us) = sign(ws) for all s ∈ (S \ S ′ \ {i}) ∩ supp(u) (4.12)

sign(ui − 1) = sign(wi), u ∈W⊥, w ∈W. (4.13)

In each step, we increase the cardinality of | supp(u) ∩ supp(w)|, until we attain
supp(u) = supp(w). Then, we necessarily have (4.10).

We initialise by setting

u← (1− δi)u∗ for a small δi > 0, and w ← u∗owo. (4.14)

To see that (4.11) holds for this initial u,w, note that S ′∩supp(w) = S ′∩supp(wo) =
{o}, so that we need only verify that sign(uo) = sign(wo). Since woo = 1, we have
sign(wo) = sign(u∗owoo) = sign(u∗o) = sign(uo), as required. As supp(u) = supp(u∗) ⊆
S ′ ∪ {i}, condition (4.12) is vacuously satisfied by u,w. It remains to show (4.13),
that sign(ui − 1) = sign(wi). We have supp(u∗) ∩ supp(wo) = {i, o}, u∗ ⊥ wo, and
hence u∗owoo + u∗iwoi = 0; moreover u∗i = 1, u∗o > 0, and woo = 1, so that woi < 0. So
wi = u∗owoi < 0, and as u∗i = 1, we have ui−1 = −δ < 0. Hence sign(ui−1) = sign(wi),
as required.

In the general step, if there is an s ∈ supp(w) \ supp(u), we put

u← u+ δsus

where δs ∈ R is chosen such that sign(δs) = sign(ws) and with |δs| sufficiently small
to ensure that for each s′ 6= s with us′ 6= 0, the sign of us′ is unaltered. Then after
this step, we have s ∈ supp(w)∩ supp(u), and (4.11), (4.12), and (4.13) are preserved.
If there is an s ∈ supp(u) \ supp(w), we similarly put

w ← w + δsws

with sign(δs) = sign(us) and |δs| sufficiently small.
Since each δs may be chosen arbitrarily close to 0, we can ensure that in the final

stage

‖u− u∗‖ =
∥∥∥∥−δiu∗ +

∑
s∈S\S′\{i}

δsus
∥∥∥∥ < ε.

�

Lemma 4.8.

max{uo : u elementary in W⊥, ui = 1} =
max{wi : w elementary in W, wo = −1}

Proof. We first prove ‘≤’. Let u attain the maximum on the left. By Lemma
4.6, there is a set S ′ ⊆ S and vectors ws ∈W so that i 6∈ S, and supp(u) ⊆ S ′ ∪ {i},
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4. Maximization of Sensitivity and Precision

and supp(ws) ⊆ (S \ S ′) ∪ {s} for each s ∈ S ′, and wss = 1. Pick w := −wo. Then
wo = −1, and supp(u) ∩ supp(w) = {i, o}. As w ⊥ u , we have

wi − uo = wiui + wouo =
∑
s

wsus = 0

As w is elementary, w is a feasible solution of the maximum on the right. Hence ‘≤’.
Interchanging W with W⊥, and i with o, we obtain the converse inequality ‘≥’. �

This completes the proof of Theorem 4.2.

Example E. We illustrate the proof by considering a system with 6 species
S = {X1, . . . , X6} and reactions

X2 +X3 � X4, X2 + 2X5 � 2X3 +X6, 2X1 +X2 � X6.

The stoichiometric space W and its orthogonal complement W⊥ contain the
following elementary vectors:

W X1 X2 X3 X4 X5 X6

w1 0 1 1 −1 0 0
w2 0 1 −2 0 2 −1
w3 2 1 0 0 0 −1
w4 3 0 0 1 −1 −1
w5 0 3 0 −2 2 −1
w6 0 0 3 −1 −2 1
w7 1 0 1 0 −1 0
w8 2 0 −1 1 0 −1
w9 1 −1 0 1 −1 0

W⊥ X1 X2 X3 X4 X5 X6

u1 1 −2 2 0 3 0
u2 1 0 0 0 1 2
u3 1 −2 0 −2 1 0
u4 1 −2 −1 −3 0 0
u5 1 1 −1 0 0 3
u6 0 1 0 1 0 1
u7 0 1 −1 0 −1 1
u8 1 0 −1 −1 0 2
u9 0 0 1 1 1 0

These lists are complete, that is, each elementary vector of W (resp. W⊥) is
obtained by scaling one of the vectors wk (resp. uk). With input i = X1 and
output o = X5, inspection of both tables reveals that the maxima

max{uo : u elementary in W⊥, ui = 1} = 3 =
max{wi : w elementary in W, wo = −1} (4.15)

are attained by the elementary vectors u1 ∈W⊥ and w4 ∈W , respectively.
Using the algorithm of Lemma 4.7, we construct vectors u ∈ W⊥, w ∈ W , c

which are feasible in

sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, w ∈W, c ∈ RS+

}
and such that uo is arbitrarily close to the maximum u1

o = 3.
The vector u1 has supp(u1) = {X1, X2, X3, X5}, and we use S ′ =

{X1, X2, X3} in the algorithm. In the initial step, we put u ← (1 − δ5)u1, w ←
−3w4, where 0 < δ5 � 1. Then supp(u) = {X1, X2, X3, X5}, supp(w) =
{X1, X4, X5, X6}, and we have (uX1 − 1)wX1 > 0, and uX5wX5 > 0. To re-
pair that uX2 < 0 and wX2 = 0, we use the elementary vector w5 ∈ W with
supp(w5) ⊆ {X2} ∪ S ′. We have w5

X2
= 3 > 0, so we put w ← w − δ2w5 where

0 < δ2 � δ5. Then, we consider that uX4 = 0 and wX4 < 0, and add a small
multiple of u4 to compensate: u ← u + δ4u

4 with 0 < δ4 � δ2. Next, we have

38



4. Maximization of Sensitivity and Precision

uX3 > 0 and wX3 = 0, and so we add a small multiple of w6 : w ← w + δ3w
6

where 0 < δ3 � δ4. Finally, we repair that uX6 = 0 whereas wX6 > 0, and put
u← u+ δ6u

5 with 0 < δ6 � δ3.
We end up with

u = (1− δ5)u1 + δ4u
4 + δ6u

5 and w = −3w4 − δ2w5 + δ3w
6

where 0 < δ6 � δ3 � δ4 � δ2 � δ5 � 1. Constructing c by setting cs = ws/us
for s 6= i and ci = wi/(ui − 1), we obtain the feasible triple w, u, c as follows:

X1 X2 X3
w = −9 −3δ2 3δ3
u = δ′5 + δ4 + δ6 −2δ′5 − 2δ4 + δ6 2δ′5 − δ4 − δ6
c ≈ 9δ−1

5
3
2δ2

3
2δ3

X4 X5 X6
w = −3 + 2δ2 − δ3 3− 2δ2 − 2δ3 3 + δ2 + δ3
u = −3δ4 3δ′5 3δ6
c ≈ δ−1

4 1 δ−1
6

Here we abbreviated δ′5 := (1 − δ5), and the approximation of c is based on the
assumed relative magnitudes of the δs. The objective value of u0 = 3− 3δ5 tends
to the maximum 3 as δ5 ↓ 0, and at the same time c→ (∞, 0, 0,∞, 1,∞).

One way the construction of c above can be interpreted is as follows. The
optimum in (4.15) is achieved in u1 and w4. Focusing on the w-side of this
characterization, first note that each of the elementary vectors wi is uniquely
characterized by its support, up to multiplication by scalars, by the very defini-
tion of an elementary vector. Therefore the optimal vector w4 is characterized by
its zeros for coordinates X2 and X3. One can now force the system to follow w4

by choosing c such that c2 and c3 are much smaller than the other coordinates.
Although in a relative sense X2 and X3 participate in the reactions—as illustrated
by the values in the table above, which give u2 ≈ −2 and u3 ≈ 2—because of
the low background concentrations they play no role in terms of absolute con-
centrations (as illustrated by the low values of w). The end result is that the
system becomes similar to a single equation with stoichiometry w4, with small
perturbations of other reactions. The construction above makes this statement
concrete.

4.4. Properties of the Sensitivity

We now turn to the Sensitivity. In contrast to the Precision, the Sensitivity is
a dynamic property, that depends not only on the stationary state c but also on
the dynamic rates k. Our aim is, as before for the Precision, to find estimates from
above and below on the Sensitivity that depend on the stoichiometry but not on the
parameters c and k.

4.4.1. Upper bounds. Our first result gives a very general upper bound on
Sensitivity for all mass-action, detailed-balance systems.
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4. Maximization of Sensitivity and Precision

Theorem 4.9 (General upper bound on Sensitivity). Given a kinetic system
(S,R,N , (c, k)), we have the Sensitivity bound

S ≤
√
ci
co
.

Proof. Let u be the solution of (3.8) with initial datum ei. Set ys = us
√
cs.

Then y solves the equation

ẏ = Ayy, (Ay)ss′ = − 1√
cs

∑
r∈R
NsrkrNs′r

1√
cs′
, y(0) = ei

√
ci. (4.16)

Since Ay is symmetric and non-positive, it can be diagonalized with orthogonal ma-
trices, Ay = O−1ΛO, where Λ = diag(λ1, . . . , λI) is a diagonal matrix of non-positive
eigenvalues, and OT = O−1. Then etAy = O−1etΛO, and we calculate, writing ok for
the k-th column vector of O,

(eAyt)ss′ = (es, eAytes′) = (es, O−1eΛtOes′) = (Oes, eΛtOes′) = (os, eΛtos
′
).

Since the eigenvalues are non-positive, this latter expression is bounded in absolute
value by

|os|
∣∣ eΛtos

′ ∣∣ =
(∑
σ∈S

e2tλσ |os
′

σ |2
)1/2

≤

(∑
σ∈S
|os
′

σ |2
)1/2

= |os
′
| = 1.

By this calculation the solution y of (4.16) satisfies

sup
t≥0
|yo(t)| =

√
ci sup

t≥0

∣∣(etAyei)o∣∣ =
√
ci sup

t≥0

∣∣(etAy )io
∣∣ ≤ √ ci.

The result then follows from transforming back from y to u and applying (3.9). �

We will see in the examples below (e.g. Example G) that this bound is very far
from being sharp.

Remark 4.10 (Upper bound for normal systems). If A in (3.8) is normal, it is
orthogonally diagonalizable. Therefore by the same argument for Ay in the previous
theorem we have S = (etA)oi ≤ 1. �

Following the explicit formula for the Precision of homogeneous systems, one can
also prove a property of the Sensitivity of homogeneous systems:

Theorem 4.11 (Upper bound on Sensitivity for homogeneous systems). If the
system (S,R,N , (c, k)) is homogeneous of some order κ, then S ≤ 1.

Proof. We begin by introducing

kss′ :=
{
kr if Xs and Xs′ react,
0 otherwise,

and we can assume without loss of generality that each reacting pair s, s′ is only
connected by one reaction. Each column of N has only two nonzero entries, which
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implies that the intersection of supports of two different rows of N has at most one
element. Thus the matrix A in (3.8) reads

Ass′ = − 1
cs

∑
r∈R
NsrkrNs′r =


−κ

2

cs

∑
`∈S

ks` s = s′,

κ2kss′

cs
s 6= s′.

The matrix A has negative diagonal and nonnegative off-diagonal entries. Based on
this observation we proceed with the proof. Let I be the identity matrix, then for all
t ≥ 0 there exists λ < 0 such that tA − λI is element-wise nonnegative. We denote
this property by tA − λI < 0. Powers of such a matrix preserve the property. The
matrix exponential etA−λI is an infinite sum of elementwise nonnegative matrices,
hence etA−λI < 0. On the other hand the two matrices λI and tA− λI commute. By
the properties of matrix exponentials we obtain etA = eλIetA−λI = eλetA−λI < 0.

The matrix A has the property that the sum of the entries of each row is zero.
Let 1 = (1, . . . , 1)T , then A1 = 0 which implies that etA1 = 1. Each row sum of
nonnegative entries of etA is 1, therefore (etA)ss′ ≤ 1 for all s, s′. The alternative
formulation of Sensitivity (3.9) then completes the proof:

S = sup
t≥0

(etA)oi ≤ 1.

�

The value S = 1 is special, for the following reason. In some cases one can
concatenate, or ‘daisy-chain’ systems, by feeding the output of one system into the
input of another. We conjecture that the sensitivity of the chain can never exceed
the product of the sensitivities of the individual components. If this is true, then the
value S = 1 is critical; it only makes sense to daisy-chain components with S > 1.
Whether the conjecture is true or not, for some systems tuning of the parameters
allows one to approximately achieve product Sensitivity, as the next example shows.

Example F (Daisy chaining) We extend Example A to the following set of reac-
tions:

2X1
k1
� X2 +X3, 2X3

k2
� X4, 2X4

k3
� X5, X1

k4
� X2.

The parameters c and k are chosen to give rise to four separate timescales, as
shown in Figure 4.3. A perturbation in input X1 in the first reaction, which is
the fastest, results in a quick rise in X3. In the second reaction the species X3
behaves like an input and amplifies X4. Species X4 shows a Sensitivity near 2
relative to X3, and near 2 ·2 = 4 relative to X1. This chaining is further extended
by feeding X4 to X5, obtaining a Sensitivity close to 2 · 2 · 2 = 8 for X5 relative
to input X1. The final reaction is the slowest one, and X2 acts as a buffer whose
concentration is considerably larger than the other species. At the slowest time
scale, the last reaction reduces the initial rise in X1 and pushes back all the
species to a concentration very close to pre-stimulus level, thus creating a large
Precision.
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Figure 4.3. An example of routing the output of one sys-
tem into the input of a next system (‘daisy-chaining’), which
in this case allows one to achieve a total Sensitivity close
to the product of the individual sensitivities. Here c =
(10, 10.000, 0.01, 0.01, 0.001) and k = (1000, 10, 0.01, 0.001).

4.4.2. Intermezzo: subsystems. In Theorem 4.13 below we construct lower
bounds for the maximal Sensitivity by using properties of a subsystem and exploiting
the possibility of making the subsystem dynamics much faster than the dynamics in
the remainder of the system. We first study the relation between optimal Precision
and Sensitivity of a subsystem with that of the full system.

Definition 4.12 (Subsystems). (S,R1,N1) is a subsystem of (S,R,N ), notation
(S,R1,N1) ⊂ (S,R,N ), if R1 ⊂ R and N1 is the restriction of N to the columns
given by R1. We assume the systems have mass-action detailed-balance kinetics.

One can obtain a subsystem by requiring the rates kr of some of the reactions to
be zero. Note that this is different from letting them be nearly zero, since the stoichio-
metric freedom range(N ) is different in the two cases, and therefore the stationary
states are also different.

Theorem 4.13 (Precision and Sensitivity under taking subsystems). If (S,R1,N1)
is a subsystem of (S,R,N ) which is endowed with mass-action detailed-balance ki-
netics, then

• The maximal Sensitivity of the subsystem (over all choices of (c, k), as
in (4.1)) is less than or equal to the maximal Sensitivity of the full system,
and
• The maximal and minimal Precision of the subsystem may be smaller than,

equal to, or larger than in the full system.

Proof. For the purposes of Precision and Sensitivity, the two systems (the ‘sys-
tem’ and the ‘subsystem’) are both described by equations of the form (3.8). We can
take the same set R of reactions for both, if for the duration of this proof we allow
some of the parameters kr for the subsystem to be zero.

The behaviour of the Sensitivity now follows from the continuity properties of
ordinary differential equations. We write the solution of (3.8) with initial datum ei

42



4. Maximization of Sensitivity and Precision

as u(t; c, k) to emphasize the choice of parameters. For each ε > 0, we can find a
parameter point (c1, k1) for the subsystem (which implies that some of the k1

r are
zero), and a time t1 ≥ 0, such that

u(t1; c1, k1) ≥ maxS(S,R1,N1)− ε.
On the finite time interval [0, t1 + 1], solutions depend continuously on parameters,
implying that we can find strictly positive parameter points (c2, k2) for the full system
such that

sup
t∈[0,t1+1]

u(t; c2, k2) ≥ maxS(S,R1,N1)− 2ε.

Since ε > 0 is arbitrary, it follows that
maxS(S,R,N ) ≥ maxS(S,R1,N1).

A similar argument fails for the Precision, since the two limits t→∞ and kr ↓ 0
need not commute. As examples where the Precision of a system is larger or smaller
than the Precision of a subsystem, consider

• If we choose a system with finite Precision and a subsystem in which the
input and output species are no longer connected by any reactions, then the
output concentration is independent of the input concentration, implying
an infinite Precision, which is therefore larger than the Precision of the full
system.

• In Example F the Precision of the full system is high, while some of the
subsystems have low Precision.

�

4.4.3. Properties of the Sensitivity: lower bounds. Since supt≥0 c
ε
o(t) ≥

cεo(+∞), the inequality SP ≥ 1 always holds (compare the definitions of Sensitiv-
ity (3.5) and Precision (3.6)) and therefore maxS ≥ maxInvP. The next theorem
strengthens this property.

Theorem 4.14 (Maximal Sensitivity is bounded from below by the maximal
inverse Precision over all subsystems). Given a system (S,R,N ) endowed with mass-
action detailed-balance kinetics,

maxS(S,R,N ) ≥ max
{

maxInvP(S,R1,N1) : (S,R1,N1) ⊂ (S,R,N )
}
.

Proof. The proof of this theorem is very similar to that of Theorem 4.13. For
any (S,R1,N1) ⊂ (S,R,N ) and ε > 0, we choose a parameter point (c, k1) for
(S,R1,N1) (i.e., with k1

r = 0 whenever r ∈ R \ R1) such that
P−1(S,R,N , (c, k1)) = P−1(S,R1,N1, (c, k1)) ≥ maxInvP(S,R1,N1)− ε.

We then choose t1 > 0 such that
u(t1; c, k1) ≥ maxInvP(S,R1,N1)− 2ε.

Finally, using continuous dependence on parameters we choose a strictly positive
parameter point k2 such that

u(t1; c, k2) ≥ maxInvP(S,R1,N1)− 3ε.
Therefore

maxS(S,R,N ) ≥ maxInvP(S,R1,N1)− 3ε,
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4. Maximization of Sensitivity and Precision

and since ε > 0 and the subsystem (S,R1,N1) were arbitrary, the result follows. �

Example G (Sensitivity larger than maxInvP). We consider a chemical reaction
network with 6 species and three reactions:

X1 +X3
k1
� X6, X1 +X4

k3
� X5, X2 +X6

k2
� X5.

Choosing X1 to be the input and X6 the output, Theorem 4.2 gives maxInvP = 1.
Figure 4.4, however, shows a value for the sensitivity of about 1.13, which there-
fore exceeds maxInvP. A formal argument inspired by a numerical observation
suggests that the Sensitivity is bounded from above by 1 + e−2 ≈ 1.135, but
proving this bound remains open.
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Figure 4.4. Solution of u̇ = Au with u(0) = e1 and parameters
k = (0.1, 10, 104) and c = (104, 10−2, 104, 103, 1, 10−4). Here S ≈
1.13. Note that this number is much smaller than

√
ci/co = 104.

4.5. Matroid theory and the proof of Theorem 4.2

4.5.1. Matroids and the combinatorics of the stoichiometric space. The
proof of Theorem 4.2 was conceived with a certain matroid related to the stoichio-
metric matrix N in mind. Seeing that the entire argument could also be stated in
terms of linear algebra, we chose to avoid the use of this concept in our presentation
of the proof. We will give the matroid perspective here as an optional service to the
reader. We briefly describe the relevant matroid theory here, referring to the book of
Oxley [Oxl14] for a more detailed account and full proofs of the statements below.

Consider a finite set of vectors E ⊆ Rn and let

I := {X ⊆ E : X is linearly independent over R}.

Then I has the following three properties.
(I0) ∅ ∈ I
(I1) if X ∈ I and Y ⊆ X, then Y ∈ I
(I2) if X,Y ∈ I and |X| < |Y |, then there exists an e ∈ Y \X so that X∪{e} ∈ I.

A matroid is any pair M = (E, I) where E is a finite set and I is a set of subsets of
E satisfying the above three axioms. In this more abstract setting, we also call a set
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X ⊆ E independent if X ∈ I and dependent otherwise. A set B ⊆ E is called a basis
if B is an inclusion-wise maximal independent set, and C ⊆ E is a circuit if C is an
inclusion-wise minimal dependent set.

Let M = (E, I) be a matroid, and let B be the set of bases of M . Then the set

B∗ := {E \B : B ∈ B}

is the set of bases of another matroid M∗, the dual of M .
Given this elementary result in matroid theory, the proof of the following state-

ment is straightforward.

Lemma 4.15. If C0 is a circuit of M and e0 ∈ C0, then there is a basis B of M
such that

• C0 \ {e0} ⊆ B, and e0 6∈ B;
• for each e ∈ B, there is a circuit D of M∗ such that D ⊆ (E \B)∪{e}; and
• for each e ∈ E \B, there is a circuit C of M such that C ⊆ B ∪ {e}.

Proof. As C0 is a circuit of M , the set I := C0 \ {e0} is an independent set.
Let B be any inclusion-wise maximal set containing I. Then B is a basis of M . Since
B is independent, the circuit C cannot be fully contained in B, so e0 6∈ B. Since B
is maximal, the set B ∪ {e} is dependent for each e ∈ E \ B, and hence contains a
circuit C of M . By definition of the dual, E \ B is a basis of M∗. Since E \ B is a
maximal independent set of M∗, the set (E \ B) ∪ {e} is dependent in M∗ for each
e ∈ B, hence contains a circuit D of M∗. �

Given any r × E matrix A, define

IA := {X ⊆ E : the colums of A indexed by X are linearly independent}.

Then M(A) := (E, IA) is a linear matroid.

Lemma 4.16. Let A be an r×E matrix, and let M = M(A). Then C is a circuit
of M if and only if C = supp(x) for an elementary vector x ∈ ker(A).

Proof. A set X ⊆ E is dependent in M if and only if there is a linear dependency
among the columns of A pointed out by X, i.e., a nonzero vector x ∈ RE with Ax = 0
and supp(x) ⊆ X. �

The circuits of the dual of M(A) can be similarly characterized.

Lemma 4.17. Let A be an r×E matrix, and let M = M(A). Then D is a circuit
of M∗ if and only if D = supp(y) for an elementary vector x ∈ rowspace(A).

Now the stoichiometric matrix N is an S × R matrix, and thus the transpose
matrix N T is an R × S matrix. The matroid M = M(N T ) has ground set S and
divides the subsets of S in dependent and independent sets. With W := range(N ), the
circuits of M are the minimal supports of vectors u ∈ ker(N T ) = W⊥, and the circuits
of M∗ are the minimal supports of vectors w ∈ rowspace(N T ) = range(N ) = W .

Lemma 4.6 follows directly by applying Lemma 4.15 to M = M(N T ), C0 =
supp(u∗), and e0 = i.
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4.5.2. Computing the upper bound on the inverse precision. Let C be
a circuit of the stoichiometric matroid M = M(N T ). Finding a vector u ∈W⊥ with
C = supp(u) and ui = 1 is a matter of elementary linear algebra. Computing the
maximum

max{uo : u elementary in W⊥, ui = 1, or u = 0}
reduces to enumerating the collection of circuits of the stoichiometric matroid. In the
same vein, to determine

max{wi : w elementary in W, wo = −1, or w = 0},
it suffices to enumerate the circuits of M∗.

The number of circuits of a matroid on n elements can be exponential in n, and
so we cannot expect to enumerate the full set of circuits in polynomial time. Boros
et al. [BEGK03] describe a simple algorithm which will enumerate the circuits of a
matroid in incremental polynomial time. That is, there exists a polynomial p(n, k)
so that listing the first k circuits of a matroid M = (E, I) takes their algorithm
p(|E|, k) time. In a related paper [KBE+05], an algorithm is described which will
generate the circuits containing a fixed element in incremental polynomial time. For
our application, we would like to enumerate the circuits containing two fixed elements
of the ground set, but it appears to be an open problem whether this can be done
in incremental polynomial time. On the practical side, SAGE, the open-source com-
puter algebra system, implements several algorithms for enumerating the circuits of
a matroid.

Given that there are two ways to determine the upper bound, whose running
times will depend on the number of circuits of M or M∗, one would like to estimate
which one of these matroids has the least number of circuits.

It is straightforward that in in a matroid, any two bases have the same cardinality.
The rank of a matroid M is the cardinality of any basis of M . A matroid of rank r
on n elements may have as many as

(
n
r+1
)

circuits, the maximum being attained by
the uniform matroid of rank r.

The rank of the stoichiometric matrix M(N T ) equals r = rank(N ), and the rank
of its dual M(N T )∗ is n− r, where n = |S| is the size of the ground set. Taking the
maximum number of circuits of a matroid of rank r as a coarse estimate for the true
number of circuits, we expect that in general M(N T ) will have fewer circuits than
M(N T )∗ while 2r ≤ n.

4.6. Summary and Discussion

4.6.1. Summary. The analysis of this chapter is sparked by the question we
posed in the Chapter 2, To which extent can a non-dissipative system perform adap-
tation? We investigated this question by first defining ‘non-dissipative’ as ‘detailed-
balance, mass-action’ and ‘performing adaptation’ as ‘having high Sensitivity and
Precision’, and then deriving a number of rigorous results about such systems.

Concretely, we prove that
(1) Unimolecular reactions can have high Precision (Theorem 4.1) but their

Sensitivity is bounded by one (Theorem 4.11), even if the detailed-balance
restriction is relaxed (Theorem 5.13);

(2) The maximal inverse Precision of a given system can be characterized in
various combinatorial ways (Theorem 4.2);
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(3) The maximal Sensitivity of a given system is at least as large as the maximal
inverse Precision over all subsystems (Theorem 4.13) and can sometimes be
larger (Example G).

(4) By modifying not only the coefficients but also the stoichiometry, Precision
and Sensitivity can be made arbitrarily large (Examples B and F).

In this way we show that non-dissipative systems can be arbitrarily adaptive. This
does require ‘extreme’ systems however, in the sense of having large stoichiometry,
large concentration ratios, and/or large time scale ratios. Theorem 4.9 shows that
large concentration ratios are necessary for large Sensitivity. For the other two we
have no rigorous characterization, but the examples suggest that at least large stoi-
chiometry (Example B) or large time scale ratios (Example F) are necessary for good
performance.

4.6.2. Discussion. We now comment on a number of aspects of this work.

Role of matroid theory. The proof of the characterization of maximal inverse
Precision, Theorem 4.2, is formulated in linear-algebra terminology, but in fact the
ideas are inspired by matroid theory, as explained in Section 4.5. Matroid theory
arises in this context through the maximization over positive coefficients k and c, by
which equality constraints become replaced by sign constraints (Lemma 4.5 is a good
illustration of this). The framework of matroid theory provides a natural structure
in which to connect different characterizations of the same object, as illustrated by
Theorem 4.2, and for this reason has been used in other works on chemical reaction
networks [BBCQ04, MRS14, Rei14].

Role of definitions. The conclusion of this chapter, that non-dissipative systems
can perform arbitrarily effective adaptation, serves as an illustration that the rela-
tionship between dissipation and functionality that is often broadly claimed in the
literature requires very careful consideration; precise definitions are necessary, and at
this stage it is not quite clear how to best choose these definitions, in order to obtain
the clearest statements and most useful insight.

4.6.3. Comparison with [LSN+12, LT13]. The results of this thesis appear
to be in contradiction with remarks by Lan, Tu, and co-authors [LSN+12, LT13]
that e.g. ‘adaptation is necessarily a non-equilibrium process and it always costs
(dissipates) energy’ [LSN+12] or ‘the I1-FFL (Incoherent type-1 feed-forward loop)
network always operates out of equilibrium’ [LT13].

The discrepancy stems from a difference in definitions: both papers assume a type
of feedback that only exists in non-equilibrium systems. Consider, as an example, the
simple reaction A � B. From one point of view, this reaction encodes only positive
influence of A on B and vice versa, since starting from equilibrium, increasing A leads
to increase in B. From this point of view, a negative feedback mechanism can not
be built using equilibrium building blocks, since negative feedback would require a
negative influence. The systems of the present work, therefore, fall outside of the
scope of [LSN+12, LT13].

However, in this simple reaction one can also observe negative influence, through
the mechanism of redistribution. Consider for instance the following quantitative
version:

Ȧ = B − 10A, Ḃ = 10A−B.

47



4. Maximization of Sensitivity and Precision

(This corresponds to cA = 0.1, cB = 1, and k = 1 in the setup of this thesis). If,
starting from equilibrium A = 0.1, B = 1, we increase both A and B by the same
amount, then the reaction will redistribute the total additional amount in the ratio
10 : 1, as illustrated in Figure 4.5. This has the same qualitative effect as negative
feedback of B on A would have, as illustrated by the figure.
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Figure 4.5. Effective negative feedback in the reaction A� B.

This simple example allows us to explain how the non-dissipative systems of this
chapter have an effect very similar to the incoherent type-1 feed-forward loop (I1-FFL)
studied in [LT13]. Consider the following two systems:

X1

X3

X2

(a)

2X1

X3

X2

∗

(b)

Figure 4.6. (a) The I1-FFL from [LT13]; (b) Example A, reformatted.

The system on the left is such an incoherent feed-forward loop, depicted using the
traditional biochemical notation for positive and negative influence, while the system
on the right is that of Example A in Chapter 3, reformatted to resemble the system
on the left. The basis for the adaptive effect of the I1-FFL is the difference in time
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scale between the fast activation X1 → X3, which first leads to increase of X3, and
the slow inhibition X2 a X3, which reduces X3 again on a longer timescale.

We can recognize the same working principle in the system of Example A on the
right. An increase in input X1 leads to an increase in both X2 and ‘output’ X3; on the
slower time scale of reaction ∗, the redistribution effect just described then reduces
the value of X3.

To conclude, the apparent discrepancy between the results of Lan, Tu, and co-
authors on one hand and those of this study can be traced back to a focus on different
systems; the systems of this work lie outside of the scope of [LSN+12, LT13]. If the
systems of this work are taken into account, then it is clear that ‘good adaptive
performance’, in the sense of high Precision and Sensitivity, can be achieved perfectly
well in non-dissipative systems.
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CHAPTER 5

Precision & Sensitivity in complex-balanced
reaction networks

5.1. Introduction

In previous chapters, we defined the notion of Sensitivity and Precision for mass-
action detailed-balanced systems, and we also investigated the capabilities of this class
of chemical reaction networks in performing sensory adaptation. We observed that
although such non-dissipative systems are capable of showing high-quality adaption,
they face limitations. As a first step toward studying dissipative systems, in this
chapter, we will relax the condition of detailed-balance while still working with mass-
action kinetics. In this manner, we allow dissipative steady states in the system and
we can see the role of dissipation in achieving a high-quality adaptation.

Chemical reaction networks with mass-action kinetics have been very attractive to
mathematicians and subject to numerous theoretical investigations. In 1972 Martin
Feinberg, Fritz Horn and Roy Jackson built the foundation of an exciting field of
research known as Chemical Reaction Network Theory. In the three papers [Fei72a,
Hor72, HJ72] that they published, a certain property of mass-action systems called
complex-balanced was introduced which guaranteed existence and uniqueness of steady
states. In a complex-balanced equilibrium, the net input flux to every node of the
graph is equal to the output flux.

Mass-action detailed-balanced systems are a subset of the larger class of complex-
balanced chemical reaction networks. This class of chemical reaction networks does
not necessarily satisfy the condition of detailed-balance and allows for continuous
dissipation of free energy at steady state.

As the next step in exploring the relationship between dissipation and adaptation
in chemical reaction networks, we pose the following question:

Is breaking the condition of detailed-balance, hence allowing dissipation, enough for
having high quality adaptation without the limitations of detailed-balance systems?

We will see in this chapter that the class of chemical reaction networks that are
complex-balanced for all choices of rate constants and concentrations are subject to
the same limitations as detailed-balance systems are in performing adaptation. At
the end we show an example of a small system that is dissipative and non-complex-
balanced and very well capable of showing arbitrary high Precision and Sensitivity.
These findings elucidate the importance of both the structural properties and the
dissipation of energy in information processing tasks performed by chemical reaction
networks.
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5.2. Complex-balanced chemical reaction networks

We already defined chemical reaction networks with reversible reactions in Chap-
ter 3. Here we propose another variation of chemical reaction networks so that we
can introduce the notion of complexes and include irreversible reactions. A chemical
reaction network is a set of reactions between chemical species Xs, s ∈ S,∑

s∈S
αsrXs

kr−→
∑
s∈S

βsrXs.

Here αsr and βsr are the stoichiometric coefficients, which we assume to be non-
negative real numbers and kr > 0. We call the finite nonnegative combinations of the
species at each side of the reaction arrow a complex. Now we can define a system.

Definition 5.1 (Systems). A system is a triple (S,R, C), where
• S is a finite set of species;
• R is a finite set of reactions;
• C is a set of complexes C := {Cj , j ∈ 1, 2, · · · , nc}.

A kinetic system is a quadruple (S,R, C,K), where K is a function that gives, for each
set of concentrations c = (cs)s∈S of the species, and for each reaction r ∈ R, the net
rate of transformation Kr(c) in that reaction.

Given a system (S,R, C), it is useful to define the following objects:
• The stoichiometric matrix N := β − α, α, β ≥ 0, is an S ×R matrix of real

numbers such that Nsr is the net increase or decrease of species s under
reaction r.
• The C-graph is a directed graph with complexes as nodes and reactions as

edges.
• We define the matrix I to be the incident matrix of the C-graph, namely

a C × R matrix whose columns are in one-to-one correspondence with the
edges (reactions) of the C-graph. Each column of I contains two nonzero
elements, a 1 at the ith entry and a −1 at the jth entry whenever there is
an edge (a reaction) from Ci to Cj .
• The species-complex matrix Z is an S × C matrix whose columns repre-

sent complexes and whose rows shows the coefficient of each species in the
corresponding complex.

The above definitions suggest a decomposition of the stoichiometric matrix

N = −ZI.

For any kinetic system, the evolution of the concentrations of the species is given
by the ordinary differential equation 1

ċs =
∑
r∈R
NsrKr(c) or ċ = NK(c). (5.1)

We recall the following definition from Chapter 3 that is valid also in the setup
of this chapter.

1All quantities in this chapter can be considered dimensionless, if necessary by non-
dimensionalization against standard SI units.
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Definition 5.2 (Positive stoichiometric compatibility class). Let W = range(N ).
For any γ ∈ RS+, the positive stoichiometric compatibility class is the set

G(γ) :=
(
γ +W

)
∩ RS+.

5.2.1. Complex-balanced. We define systems with mass-action kinetics but
unlike Chapter 3 without the detailed-balance assumption. In these systems the
kinetic function K has the form

Kr(c) := k+
r c

αr , (5.2)
where cαr is the monomial

∏
cαsrs and kr is an arbitrary non-negative coefficient. We

denote the vector of rate constants by k = (kr)r∈R.

Definition 5.3. Given a system (S,R, C), a concentration c is called a complex-
balanced equilibrium point of (5.1) if it belongs to the set

χ = {c ∈ RS+ : IK(c) = 0}.
Remark 5.4. All detailed-balanced equilibria are necessarily complex-balanced

but the reverse is not true. �

Having defined a complex-balanced equilibrium point, we can define the corre-
sponding system.

Definition 5.5. A system (S,R, C) with mass-action kinetics and a given set
of rate constants is called a complex-balanced system if, all stationary points of the
system are complex-balanced equilibrium points.

When a system is complex-balanced, it has some nice properties.
Lemma 5.6 ( [HJ72]). Assume that a system (S,R, C) is given together with

a complex-balanced equilibrium (c) ∈ RS+ and rate constants k ∈ RR+ , then there
exists exactly one stationary point of (5.1) in each positive stoichiometric compatibility
class G(γ), and this stationary point is locally asymptotically stable as well as being
complex-balanced. We indicate this stationary point by ĉ[γ]. The mapping γ 7→ ĉ[γ]
is a smooth mapping from RS+ to RS+; ĉ is the unique solution of the equations

N T log ĉ[γ]
c

= 0, ĉ[γ] ∈ G(γ). (5.3)

5.2.2. Complex-balanced and deficiency of a network. The definition of a
complex-balanced system relies on the existence of one complex-balanced point. There
are graph theoretical and algebraic conditions that guarantee the complex-balanced
property of a system independent of the choice of rate constants. An important
quantity associated with the structure and graph of a system is called deficiency.

Definition 5.7. Deficiency of a system is defined to be
δ := dim(ker(Z) ∩ range(I)).

Remark 5.8. There is an alternative way of finding the deficiency of a network
due to Feinberg [Fei72b] which is more convenient than the above definition. For that
we define Linkage class to be any connected part of the C-graph. Let ` be the number
of linkage classes of a network which has nc complexes. Then

δ = nc − `− rank(N )
�
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The following theorem, known as zero deficiency theorem due to [Hor72], relates
deficiency to complex-balanced.

Theorem 5.9. A system (S,R, C) with mass action kinetics is complex-balanced
for all set of possible rate constants iff two conditions hold

• The deficiency of the system is zero.
• The C-graph is weakly reversible, i.e., of there is a path from complex Ci to

complex Cj in the graph, the reverse path also exists.

The importance of this theorem for this chapter lies in the fact that by checking
the two conditions for a system, we can explore all possible steady states and rate
constants while having properties of Lemma 5.6 at hand. We will make use of these
results in section 5.4.

Here we present some examples of zero deficiency networks that are complex-
balanced due to zero deficiency theorem.

Example H (Calculating deficiency)
1) The following unimolecular reaction diagram has 3 species, 3 complexes, 1
linkage class, and s = 2. Therefore δ = 3− 1− 2 = 0.

X1

k
+ 1

k
− 1

X2

k +2

k −2

X3
k−3

k+
3

2) There are five complexes and two linkage classes. The rank of N is 3. There-
fore δ = 5− 2− 3 = 0.

X1 +X4

k
+

1

k
−

1

X5
k +
2

k −
2

X2 +X6
k−3

k+
3

, X1 +X3
k+

4

k−4

X6

5.3. Precision and Sensitivity

In detailed-balance systems, we chose to perturb the system by adding a small
amount of a certain species. Although in non-detailed-balance systems there are more
choices for perturbation, here we stick to the same method. Definitions 3.7 and 3.8 for
Sensitivity and Precision do not rely on the assumption of detailed balance, whereas
in the alternative formulations in Definition (3.9), the matrix A appears and this
matrix owes its structure to the detailed-balance assumption. First we provide an
alternative formulation for non-detailed-balance systems.
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Lemma 5.10 (Alternative formulations of Precision and Sensitivity in non-de-
tailed-balance systems). Let t 7→ u(t) be the solution of u̇ = Âu with

Âss′ = 1
cs

∑
r∈R

(βsr − αsr)(αs′rkrcαr ),

and initial data u(0) = ei. The Precision and Sensitivity then have the alternative
formulations

P−1 = lim
t→∞

uo(t) = lim
t→∞

(etÂ)oi and S = sup
t≥0

uo(t) = sup
t≥0

(etÂ)oi. (5.4)

In addition, recalling the notation ĉ[γ] for the stationary state in the positive stoichio-
metric compatibility class containing γ, we have

P−1 = ci
co

lim
ε↓0

1
ε

(
ĉ[c+ εei]− c

)
o
. (5.5)

Proof. The proof is again a simple manipulation. �

5.4. Maximization of S and P in complex-balanced systems

In this section, we are interested to find out the maximal Sensitivity and inverse
Precision for complex-balanced systems. Despite all subtleties that exist in charac-
terizing a system as complex-balanced, we can say that given a system (S,R, C) with
mass-action kinetics, there are three possibilities

(1) The system doesn’t allow for a positive complex-balanced equilibrium at all.
(2) The system can have a positive complex-balanced equilibrium depending on

the choice of rate constants.
(3) The system always possesses a complex-balanced equilibrium independent

of the choice of rate constants. The zero deficiency theorem, Theorem 5.9
characterizes the set of all such systems. See Example H.

In the remainder of the chapter when we refer to complex-balanced systems, we mean
systems of type (3) above.

Similar to what we did in Chapter 4, we characterize the maximal inverse Preci-
sion for a given complex-balanced system, (S,R, C),

maxInvP(S,R, C) := sup
{
P−1 : (c, k) ∈ RS+ × RR+

}
.

5.4.1. Precision. The following lemma which was stated in Chapter 4, also
holds in the setup of this chapter.

Lemma 5.11. For given c ∈ RS+, the conditions

u ∈W⊥, w ∈W, u = ei + diag
(1
c

)
w, (5.6)

uniquely determine the pair (u,w). Then

P−1 = uo. (5.7)

As a consequence,

maxInvP = sup
{
uo : u− ei = diag

(1
c

)
w, u ∈W⊥, w ∈W, c ∈ RS+

}
.
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Proof. The proof of this lemma is exactly like the proof of its counterpart
Lemma 4.3 in Chapter 4. Noting that in this proof one should use the alternative
formulation for Precision in equation (5.4) and properties stated in Lemma 5.6. �

A direct consequence of Lemma 5.11 is that we see the main theorem of Chapter 4
is true for complex-balanced systems.

Theorem 5.12 (Sharp upper bounds on inverse Precision). Fix a complex-balanced
system (S,R, C) and input and output species i, o ∈ S, and let W := range(N ). Then:

maxInvP = sup
{
uo : u− ei = diag

(1
c

)
w, c ∈ RS+, w ∈W, u ∈W⊥

}
= max{uo : u elementary in W⊥ with ui = 1, or u = 0} (5.8a)
= max{wi : w elementary in W with wo = −1, or w = 0} (5.8b)

The assertion of Theorem 5.12 indicates that the combinatorial bounds on inverse
Precision that we saw on detailed-balance systems, persist when we generalize to
complex-balanced.

5.4.2. Sensitivity. We obtain a bound for reversible unimolecular reaction net-
works that do not necessarily satisfy detailed balance.

Theorem 5.13. In a reversible unimolecular reaction network we have S ≤ 1.

Proof. Reactions in such a network are of the type

Xs

ks′s


kss′

Xs′ .

with both rate constants ks′s and kss′ strictly positive when Xs and Xs′ react with
each other and we assume them to be zero otherwise. This allows to write the following
ODE for the evolution of each species.

ċs =
∑
`∈S

ks`c` −
∑
`∈S

k`scs.

Let us(t) = (cs(t)− cs)/cs, then u solves u̇ = Âu where

Âss′ =


−
∑
` k`s s = s′,

cs′
cs
kss′ s 6= s′.

We note that Â has negative diagonal and nonnegative off-diagonal elements, moreover
Â1 = 0. Showing that S = (etÂ)oi ≤ 1 is similar to the argument in Theorem 4.11. �

5.4.3. Breaking the condition of complex-balanced. Consider the follow-
ing example of how a small system that is not complex-balanced can achieve large
Sensitivity and Precision.
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Example I (Adaptation in non-complex-balanced systems). Consider a recep-
tor R, a ligand L, a phosphate group p, complexes Rp, RL, RLp, and Y (all
indexed from 1 to 7 respectively) that participate in reactions depicted in Fig-
ure 5.1. This system has deficiency equal to 1, and it doesn’t satisfy the condi-
tions of deficiency one theorem. Most importantly, it is capable of having positive
complex-balanced equilibriums.

Let L serve as input and RLp output of the network. Figure 5.1 shows how
in the absence of detailed balance a Sensitivity near 70 can be achieved. Note
that the detailed-balance version of the network has maxInvP = 1. In fact, if
we omit the last reaction, then with the same parameters an inverse Precision
near 70 is achieved. The last reaction acts as a feedback with delay and performs
the adaptation step. One can further increase the Precision by increasing the
concentration of Y and making sure that the last reaction is the slowest one.
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Figure 5.1. Plot of uL(t) and uRLp(t) obtained
from solving u̇ = Âu for u(0) = e2. Rate con-
stants are k+ = (10−3, 104, 10−3, 10−3, 1) and k− =
(17.7, 104, 10−5, 105, 3 · 10−5) and the steady state
c = (0.03, 3481.5, 0.042, 3481.5, 6.85, 0.3, 104)T .

5.5. Discussion

Having shown in previous chapters that the class of detailed-balance CRNs is ca-
pable of performing adaptation with certain limitations, in this chapter we analyzed
the larger class of complex-balanced chemical reaction networks. The CRNs in this
class are capable of having dissipative steady states. We wrongly expected that by
dissipating the right amount of energy these systems could become arbitrarily adap-
tive; in the sense that we can arbitrarily tune the Sensitivity and Precision of a small
system in this class by optimizing its parameters.

To our surprise, we found out that
• Unimolecular reaction networks out of equilibrium, which lie in the class of

complex-balanced CRNs, have Sensitivity bounded by 1. Which means that
they don’t perform any better compared to non-dissipative systems.
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5. Precision & Sensitivity in complex-balanced reaction networks

• Complex-balanced systems have the same combinatorial bounds that detailed-
balance systems possess (Theorem 4.2) on inverse Precision. We show this
in Theorem 5.12. This finding implies that to remove the bound on am-
plification part of an adaptive response, breaking detailed-balance is not
enough.

We further show a CRN in Example I that is capable of having a non-complex-
balanced steady state, and whose Sensitivity and Precision can be made arbitrarily
high by changing the parameters.

At the beginning of this research, we did not expect that the concepts of CRNT,
such as complex-balanced equilibrium and deficiency, appear in studying adaptation
as we defined it. After all, most studies concerned with CRNT have motivations
that are related to qualitative dynamics such as the number of equilibriums and not
related to thermodynamics of chemical reactions. However, the emergence of CRNT
in this thermodynamic-related study of chemical reaction networks shows that the
importance of this field and how fundamental its concepts are.
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CHAPTER 6

Design principles for the PEN DNA toolbox

6.1. Introduction

6.1.1. Synthetic Biological Circuits. The field of synthetic biology started
with the seminal papers of Collins on a genetic toggle switch in Escherichia coli [GCC00]
and Elowitz and Leibler on an oscillatory network of transcriptional regulators [EL00].
Research in synthetic biology aims for biologically-inspired solutions to problems at
a global scale. Among the schools of research in this field, the “bottom-up” ap-
proach tries to engineer new systems from scratch based on fundamental biological
principles [KE13]. This approach makes use of natural or engineered biomolecules as
building units. The top-down approach, however, starts from an existing cell or an
organism, and modifies them by adding foreign elements.

The PEN DNA toolbox (Polymerase-Exonuclease-Nickase, Dynamic Network As-
sembly toolbox) is a recent development in this bottom-up approach. It uses short
sections of single-stranded DNA as building blocks and uses enzymes to process these.
The toolbox consists of independent units called modules. Connecting these modules
allows for designing and building synthetic biochemical networks of arbitrary com-
plexity, enabling the engineering of elaborate information-processing units based on
nucleic acid chemistry [MPS+11].

In the design process of a certain circuit, one needs to know in advance whether
any given design is capable of performing a desired function, anywhere in parameter
space; this is a non-trivial question, that has received quite some attention [BRMPV16,
KHL13]. Even if the the circuit is capable of performing this function, then this is
typically the case only in a small subset of parameter space, which is not a priori
known and need not be practically achievable. To address these issues one relies on
mathematical models.

Two types of mathematical models have been formulated for the PEN DNA tool-
box, with the aim of explaining the origin of certain behaviors or providing design and
implementation guidance. One type consists of high-dimensional nonlinear dynamical
systems that describe the evolution of the concentrations of all chemical constituents,
and depend on many parameters [PFR12, vRMM+14]; the other type represents the
system using highly simplified, Michaelis-Menten (MM) type units [PFR12, FR13].

Currently, such simplified MM approximations are used to examine the general
range of functionality of a circuit. Parameter sampling [vRMM+14] and experimental
phase diagrams [GBS+16] have been reported as possible solutions to finding func-
tional parameter regions. These methods become difficult and time-consuming as the
size of the circuits grows. Moreover, the applicability of the simplified versions as
approximations of the full model has not been studied. Therefore developing better
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ways of finding the functional regions of the parameter space and validating simplified
versions of the full model, are challenges that need to be addressed.

In this chapter, in pursuit of finding design principles for the PEN DNA toolbox,
we first present a chemical reaction network formulation of the model. Then we
explore mathematical properties of the model with the purpose of associating these
properties to functionality of the circuits. By doing so we succeed in addressing some
of the issues related to the parameter space of the model and simplified versions. We
explicitly obtain the following results:

(1) All PEN-based circuits possess a trivial steady state, in which most con-
centrations are zero. We show that in the absence of autocatalysis, the
trivial steady state of any PEN-based circuit is locally attractive, even glob-
ally depending on the parameters. This implies that without autocatalysis,
PEN-based circuits are not capable of performing any non-trivial function.

(2) We show that an autocatalytic module, on its own, exhibits a transcritical
bifurcation; the trivial steady state can locally be stable or unstable de-
pending on the parameters. We characterize this dependence with a single
inequality in terms of the parameters that we call the stability condition for
the autocatalytic module.

(3) We study circuits that contain one autocatalytic module. We prove that
the stability of the trivial steady state of the full circuit is governed by the
stability condition for the autocatalytic module, independently of the other
modules.

(4) We show computational evidence that instability of the trivial state is a
necessary condition for functionality of negative-feedback oscillators. Hence
we provide conditions that divide the parameter space into two subsets: in
one subset we expect rich dynamical behavior to occur, and in the other we
do not.

(5) We also show that MM approximations of autocatalytic modules show sim-
ilar transcritical bifurcations as the full system. This explains the success
of these approximations in mirroring the qualitative behavior of PEN-based
circuits. However, we find that these MM models fail to accurately recover
oscillation frequencies and functional parameter regions.

(6) We also show a rigorous reduction of an autocatalytic module, and the
difference between this reduction and MM approximations explains the dis-
crepancy in detailed predictions.

6.2. The PEN DNA toolbox

The PEN DNA toolbox allows one to produce a tailor-made reaction network with
essentially unlimited freedom in choosing the network topology. The toolbox makes
use of a combination of pieces of single-strand DNA with DNA-processing enzymes.
Short single-strand pieces of DNA, called primers, are created and destroyed. Longer
strands called templates catalyze and regulate the creation; the exact makeup of these
templates characterizes the structure of the reaction network. Three enzymes, DNA
polymerase, exocuclease, and nickase provide the machinery to process the primers
and templates.

A PEN-based circuit consists of a number of modules, each containing a single
template. Figure 6.1 illustrates the function of a single module.
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• A template is a single stranded piece of DNA with a carefully chosen base-
pair sequence that matches two primer sequences, one after the other. A
primer Pj can bind to a template Ti at a location where the base-pair se-
quences match. The enzyme polymerase recognizes the partial duplex, de-
noted by ⇀

Ti, and extends it to a full double-stranded DNA, denoted by −⇀

T ,
by adding the matching nucleotides1. The resulting double-stranded DNA
has a nickase recognition site between the first primer and the extended one;
nickase binds to this recognition site and breaks the backbone of a single
strand, leaving two separate primers Pj and Pk attached to the template,
but no longer to each other. The two primers can now individually dissociate
from this form of the template, denoted by ⇀⇀

Ti , into solution. If Pj dissoci-
ates from ⇀⇀

Ti , it leaves the partial duplex denoted by ⇀

Ti and if Pk leaves ⇀⇀

Ti ,
we have ⇀

Ti. In this way the module implements the reaction Pj → Pj +Pk.2
Reactions r1 to r4 in Figure 6.1 show the association/dissociation of primers
to the template and reactions r5 and r6 show the polymerization and nicking
event respectively.

• In addition to the process described above, polymerase can also attach to
the nicked double strand ⇀⇀

Ti , and start adding nucleotides while progressively
forcing off the existing primer Pk; this is called strand displacement and is
depicted in reaction r7 in Figure 6.1. This reaction also leads to the global
reaction Pj → Pj + Pk, but with a different rate.

• The enzyme exonuclease indiscriminately degrades all the primers into their
constituting nucleotides, but the templates are protected against degrada-
tion.

• Finally, inhibition can also be implemented in this toolbox, by designing
template and primer sequences such that a certain primer can bind to a
target template with a mismatch, see reaction r̂1 in Figure 6.1. In this state
polymerase cannot bind and extend the primer, implying that the creation
of the new primer Pk is inhibited. We denote the inhibited form of the
template by T̂i. Inhibition generates two additional reactions; the inhibitor
primer can also bind to ⇀

Ti or ⇀

Ti (see reactions r̂2 and r̂3 in Figure 6.1) via a
toehold [vRMM+14], followed by displacement of the existing primer with
the inhibitor one.

1The DNA molecule has an intrinsic directionality, and the half-arrows in the shape of the
templates and the primers are indications of this directionality.

2This process is possible first because of the processivity property of polymerase; when it binds
to the primer-template complex, it doesn’t produce a partially polymerized duplex. Secondly, the
temperature of the solution allows for dissociation of primers from the template but it is below the
melting temperature of the two strands in the double-stranded form. Finally, templates are protected
against degradation by exonuclease by back bone modification [vRMM+14].
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Figure 6.1. Machinery of the PEN DNA toolbox. The reactions
r1 to r4 correspond to association/dissociation of primers. The en-
zymatic processes are polymerization (r5), nicking (r6), strand dis-
placement by polymerase (r7), and degradation of all primers by
exonuclease (r8). The reactions r1, r̂1, r2, r̂2, r3, r̂3, and r4 involve
primers that are not shown, in order to avoid clutter.

6.2.1. Circuit topology and graph representation. From the machinery of
the PEN toolbox for a single template we now turn to the higher level of interaction
between all primers and all templates. First we explicitly define and distinguish
between three types of its basic processes:

• Activation: We say that primer Pi activates primer Pk when there is a
template Ti on which Pj is extended by polymerase so that Pk is formed.
We call Pj the input primer and Pk the output primer.

• Autocatalysis When a primer produces another copy of itself on a tem-
plate, i.e., Pj = Pk, we call the process autocatalytic and we call the tem-
plate an autocatalytic one.

• Inhibition: We call a primer P` an inhibitor of a template Ti, when P`
binds to the template in such a way that the polymerase is prevented from
binding.

The modular nature of the PEN DNA toolbox allows for elegant graph repre-
sentations of its circuits. Depending on the application, different types of graphs
are useful. In one possible representation, primers and templates are represented as
nodes with different colours and the arrows completely describe the connections in
the circuit (See Figure 6.2). We call this the primer/template graph representation.
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Figure 6.2. Primer/template graph representation for (a) auto-
catalysis, (b) activation, and (c) inhibition.

Another useful representation of a PEN-based circuit is the activation/inhibition
graph for the primers (See Figure 6.3). In this representation, templates are the
edges. This graph shows the ‘network topology’ of the circuit more clearly than the
primer/template graph.

P1

T1

(a)

P1 P2
T1

(b)

P1 P2

P3

T1

(c)

Figure 6.3. Activation/Inhibition graph representation of (a) au-
tocatalysis, (b) activation, and (c) inhibition.

Note that the full activation/inhibition graph is not a graph in the usual mathe-
matical sense, since the inhibition arrows point to edges, not to nodes. However, the
‘activation graph’—in which the inhibition reactions have been omitted—is a directed
graph in the usual sense.

6.2.2. Designing a circuit. Designing a PEN-based circuit starts with deter-
mining its structure, typically in the form of its graph representation. For some basic
cellular functions such as bistability, oscillation, and adaptation there are well-known
graphs or ‘network topologies’ that are associated with these functions [MTES+09,
Tys02, MSOI+02, LLT13]. Designing graphs for more complicated functions requires
a mix of intuition with a trial-and-error approach to find the optimum graph.

The dynamical behavior of a circuit strongly depends on the rate of its reac-
tions. The rates depend on association/dissociation rate constants, total template
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concentrations, activity and concentration of enzymes, and initial concentration of all
species. Among these parameters, the dissociation rate constant between a primer
and a template depends on their matching sequence of nucleotides A, T, C, and G,
because the G-C pair has a higher binding energy than the A-T pair. Because there is
significant freedom in choosing the sequence, a wide range of primer-template affini-
ties can be realized; the value of koffP, the dissociation rate constant of primers, can
vary from 10−5 min−1 to 103 min−1, (see supplementary material of [vRMM+14]).

The qualitative behavior of a circuit can go through structural changes as its
parameters change. Therefore it can happen that a desired function can only be
observed in certain regions of the parameter space. These regions are not a priori
known. The current way of handling the issue is either by in silico sampling of the pa-
rameter space of the mathematical model [vRMM+14] or by producing experimental
bifurcation diagrams [GBS+16]. The computational approach, although conveniently
automated [vRMM+14], is time-consuming and the experimental approach is difficult
and costly.

In the next section we will present a chemical reaction network formulation for
PEN-based circuits. We use this formulation to prove results in Section 6.4.

6.3. Mathematical model of PEN-based circuits

Each circuit in the PEN DNA toolbox consists of templates and primers; let there
be n templates Ti, with i ∈ T = {1, . . . , n}, and m primers Pj , j ∈ P = 1, . . . ,m.
Associated to every template there is a unique input primer Pj , a unique output
primer Pk, and if desired by design, a unique inhibitor primer P` with j, k, ` ∈ P.
Every template can then be characterized by a quadruple (i, j, k, `). If a template
doesn’t have an inhibitor, we set ` = 0. We call the set of these n quadruples N .
This set fully describes the network.

Example A. In Section 6.5 we study the following two-template negative-
feedback oscillator. It consists of two primers and two templates; Figure 6.4 de-
picts two graph representations of this circuit. For this circuit we have T = {1, 2},
P = {1, 2}, and N = {(1, 1, 1, 2), (2, 1, 2, 0)}.

P1

P2

T1

T2

P T

(a)

P1 P2

T1

T2

(b)

Figure 6.4. Primer/template graph (a) and activation/inhibi-
tion graph (b) for the two-template negative feedback oscillator.
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As depicted in Figure 6.1, each template Ti can form the complexes ⇀

Ti,
⇀

Ti,
⇀⇀

Ti ,
−⇀

Ti, and the complex T̂i if it has an inhibitor P`. Given a quadruple (i, j, k, `) ∈ N
we introduce four reaction rates for association/dissociation of primers on template
Ti using mass-action kinetics:

ri1 := konPjPj · Ti − koffPj

⇀

Ti,

ri2 := konPjPj ·
⇀

Ti − koffPj

⇀⇀

Ti ,

ri3 := konPkPk · Ti − koffPk

⇀

Ti,

ri4 := konPkPk ·
⇀

Ti − koffPk

⇀⇀

Ti ,

(6.1)

where kon and koff are association and dissociation rate constants. The enzymatic
reactions,ri5 to ri8, are modeled using competitive Michaelis-Menten kinetics [Ron12].
The competition is necessary because the enzymes are generic, and therefore all tem-
plates and all primers compete for the same enzymes. The rates for polymerization,
nicking, and strand displacement reactions for template i, and for exonuclease for
primer j, are

ri5 := Vmaxpol
⇀

Ti

KMpol

(
1 +

∑
s∈T

( ⇀

Ts
KMpol

+
⇀⇀

Ts
KMpolSD

)) ,
ri6 := Vmaxnick

−⇀

Ti

KMnick

(
1 +

∑
s∈T

−⇀

Ts
KMnick

) ,
ri7 := VmaxpolSD

⇀⇀

Ti

KMpolSD

(
1 +

∑
s∈T

( ⇀

Ts
KMpol

+
⇀⇀

Ts
KMpolSD

)) ,
rj8 := VmaxexoPj

KMexo

(
1 +

∑
q∈P

Pq
KMexo

) .

(6.2)

Here Vmax and KM are Michaelis-Menten constants. When the template has an
inhibitor, i.e., ` 6= 0, the three rates for the inhibition process are

r̂i1 := konP`P` · Ti − koffP` T̂i,

r̂i2 := konP`P` ·
⇀

Ti − konPj

koffP`
koffPj

Pj · T̂i,

r̂i3 := konA`P` ·
⇀

Ti − konPk

koffP`
koffPk

Pk · T̂i.

(6.3)
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The time evolution of these complexes is as follows.

d
dt



Ti
⇀

Ti
⇀

Ti
⇀⇀

Ti
−⇀

Ti
T̂i

 =


−ri1 − ri3 − r̂i1

ri1 − ri4 − ri5 − r̂i2
−ri2 + ri3 − r̂i3

ri2 + ri4 + ri6 − ri7
ri5 − ri6 + ri7
r̂i1 + r̂i2 + r̂i3

 (6.4)

Primers connect different modules in a PEN-based circuit. One primer can serve
both as input and output on different templates. The equation for time evolution of
a primer is

dPq
dt =

∑
i:

(i,q,k,`)∈N

(
−ri1 − ri2 + r̂i2

)
+
∑
i:

(i,j,q,`)∈N

(
−ri3 − ri4 + ri7 + r̂i3

)
+
∑
i:

(i,j,k,q)∈N

(
−r̂i1 − r̂i2 − r̂i3

)
−rq8.

(6.5)

The last term models the degradation of the primer. Each of the other terms is
a sum over templates. The first and the second sums respectively correspond to the
reactions of a primer when it serves as input and output of different templates. The
third sum captures the role of a primer as inhibitor.

This formulation provides an algorithmic way to generate the model equations,
i.e., the set of differential equations (6.4) and (6.5) with rates defined in (6.1), (6.2), (6.3).
We use this formulation for proving general properties of PEN-based circuits in Sec-
tion 6.4.

6.4. Properties of PEN-based DNA circuits

In this section we state a series of theorems which will make connection between
the stability properties of steady states of a circuit to its capability of performing a
function.

6.4.1. Steady states. First a trivial but important property.

Lemma 6.1. Equations (6.4) and (6.5) preserve the total template concentrations
T tot
i := Ti + ⇀

Ti + ⇀

Ti + ⇀⇀

Ti + −⇀

Ti + T̂i, for each i ∈ T .

From a modelling point of view this should obviously be true, and it can be
checked by adding the rows of (6.4).

Every PEN-based circuit admits a trivial steady state as defined below. This can
be easily checked in equations (6.4) and (6.5).

Definition 6.2 (Trivial Steady State). The trivial steady state of a PEN-based
circuit is a point where the concentrations of all species are zero, except for the
concentration of the free templates which are equal to their total concentrations:

∀j ∈ P : Pj = 0,

∀i ∈ T : ⇀

Ti,
⇀

Ti,
⇀⇀

Ti ,
−⇀

Ti, T̂i = 0 and Ti = T tot
i .
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We start with circuits in which no primer activates itself directly or indirectly;
there is no autocatalytic module and no directed cycle in the activation/inhibition
graph of the circuit. We will analyze these two scenarios separately in the remainder
of this section.

We need to prove a lemma that we will use in the proof of the next theorem.

Lemma 6.3. In a PEN-based circuit, the sum of all primer concentrations grows
at most linearly in time, i.e., ∃C > 0 such that∑

q∈P
Pq(t) ≤ C(1 + t).

Also, if n(VmaxpolSD +Vmaxpol) < Vmaxexo holds, with n being the number of templates,
then the concentration of all primers will remain bounded.

Proof. If we use equation (6.5) to sum up the evolution equation of all primers,
we find

d
dt

∑
q∈P

Pq(t)

 =
∑
q∈P

∑
i:

(i,q,k,`)∈N

(
−ri1 − ri2

)
+

∑
q∈P

∑
i:

(i,j,q,`)∈N

(
−ri3 − ri4 + ri7

)
+
∑
q∈P

∑
i:

(i,j,k,q)∈N

(
−r̂i1

)
−
∑
q∈P

rq8. (6.6)

in which the terms related to strand replacement reactions (r̂i2 and r̂i3 in equation
(6.5)) cancel. Now we separate the positive terms in the right hand side of the above
equation to obtain the upper bound

d
dt

∑
q∈P

Pq(t)

 ≤∑
q∈P

∑
i:

(i,q,k,`)∈N

(
koffPq

⇀

Ti + koffPq

⇀⇀

Ti
)

+
∑
q∈P

∑
i:

(i,j,q,`)∈N

koffPq

⇀

Ti + koffPq

⇀⇀

Ti + VmaxpolSD
⇀⇀

Ti

KMpolSD

(
1 +

∑
s∈T

(
⇀

Ts
KMpol

+
⇀⇀

Ts
KMpolSD

))


+
∑
q∈P

∑
i:

(i,j,k,q)∈N

(
koffPq T̂i

)
.

We observe that the positive terms are all dependent on different forms of template
concentrations and not the primer concentrations. Given that those concentration are
all bounded by the total template concentration, we conclude that the whole right
hand side of the above inequality is bounded by a positive constant.

d
dt

∑
q∈P

Pq(t)

 ≤ C
which means that ∑

q∈P
Pq(t) ≤ C(1 + t).
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For the second part of the lemma, consider a primer, say Pq, and all forms of the
templates on which the primer is an input, an output, or an inhibitor,

σq :=
∑
s

(s,q,k,`)∈N

(⇀

Ts + ⇀⇀

Ts + −⇀

Ts
)

+
∑
s

(s,j,q,`)∈N

( ⇀

Ts + ⇀⇀

Ts + −⇀

Ts
)

+
∑
s

(s,j,k,q)∈N

T̂s.

If we sum the ODEs for Pq and σq we obtain
d
dt (Pq + σq) =

∑
s

(s,j,q,`)∈N

(rs5 + rs7) − rq8. (6.7)

Now let g(t) :=
∑
q∈P

Pq(t) and h(t) :=
∑
q∈P

σq(t). If we sum the equation (6.7) for all

primers q ∈ P we obtain
d
dt (g(t) + h(t)) =

∑
s∈T

(rs5 + rs7) − Vmaxexog(t)
KMexo + g(t) . (6.8)

By integrating (6.8) and then using the property
(rs5 + rs7) ≤ (VmaxpolSD + Vmaxpol)

(which follows from the definition of the two rates rs5 and rs7), we obtain
g(t) ≤ g(t) + h(t)

≤ C +
∫ t

0

(∑
s∈T

(rs5(τ) + rs7(τ) − Vmaxexog(τ)
KMexo + g(τ)

)
dτ

≤ C +
∫ t

0

(
n(VmaxpolSD + Vmaxpol) −

Vmaxexog(τ)
KMexo + g(τ)

)
dτ.

Suppose that the condition n(VmaxpolSD +Vmaxpol) < Vmaxexo holds. We want to show
that as t→∞, g(t) is bounded for all time. Now suppose the opposite, i.e., g(t)→∞
as t→∞. Then there exists a T > 0 such that the expression inside the last integral
above will be negative for all t > T . Then we can write∫ t

0

(
n(VmaxpolSD + Vmaxpol) −

Vmaxexog(τ)
KMexo + g(τ)

)
dτ ≤∫ T

0

(
n(VmaxpolSD + Vmaxpol) −

Vmaxexog(τ)
KMexo + g(τ)

)
dτ

for t > T . The integral on the right above is finite and we set it to be equal to a
constant C ′. This leads to the bound,

g(t) ≤ C + C ′,

for all t. This bound contradicts our assumption that g(t) → ∞ as t → ∞. There-
fore we conclude that under the condition n(VmaxpolSD + Vmaxpol) < Vmaxexo, g(t) =∑
q∈P

Pq(t) is bounded.

�

Theorem 6.4. If a PEN-based circuit with n templates has no autocatalytic tem-
plate and no directed cycle of activation in its graph, then its trivial steady state is
locally attractive.
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Proof. The proof of this theorem follows from the proof of Theorem 6.9 in
Section 6.8. Noting that here there are no autocatalytic templates or directed cycles
in the graph. �

We believe something stronger than local stability is true. We leave that as a
conjecture here.

Conjecture 6.5. If a PEN-based circuit with n templates has no autocatalytic
template and no directed cycle of activation in its graph, then its trivial steady state
is globally attractive if n(VmaxpolSD + Vmaxpol) < Vmaxexo.

Theorem 6.4 implies that autocatalysis has a crucial role in functional PEN-based
circuits, whether in its direct form (on a single template) or indirect form (through
a cycle of activation). Without autocatalysis, exonuclease will eventually degrade all
the primers; non-trivial steady states or periodic orbits cannot exist.

In the next section we continue by studying the behavior of a single autocatalytic
module and networks with a single directed cycle of activation.

6.4.2. Dynamics of the autocatalytic module. The autocatalytic module is
designed to replicate a certain primer. This process happens at a rate which depends
non-trivially on parameters and concentrations. The set of equations (6.5) and (6.4)
for the autocatalytic template read:

dT1

dt = −2konP1P1 · T1 + koffP1

(⇀

T1 + ⇀

T1
)

d⇀

T1

dt = konP1P1
(
T1 −

⇀

T1
)

+ koffP1

(⇀⇀

T1 −
⇀

T1
)
− Vmaxpol

⇀

T1

KMpol

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

)
d ⇀

T1

dt = konP1P1
(
T1 −

⇀

T1
)

+ koffP1

(⇀⇀

T1 −
⇀

T1
)

d⇀⇀

Ti
dt = konP1P1

(⇀

T1 + ⇀

T1
)
− 2koffP1

⇀⇀

T1 + Vmaxnick
−⇀

T1

Knick

(
1 +

−⇀

T1
KMnick

)
− VmaxpolSD

⇀⇀

T1

KMpolSD

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

)
d−⇀

T1

dt = Vmaxpol
⇀

T1

KMpol

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

) − Vmaxnick
−⇀

T1

Knick

(
1 +

−⇀

T1
KMnick

)
+ VmaxpolSD

⇀⇀

T1

KMpolSD

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

)
dP1

dt = −konP1P1
(
2T1 + ⇀

T1 + ⇀

T1
)

+ koffPk

( ⇀

Ti + ⇀

T1 + 2⇀⇀

T1
)

+ VmaxpolSD
⇀⇀

T1

KMpolSD

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

) − VmaxexoP1

KMexo

(
1 + P1

KMexo

) .

(6.9)

The primer undergoes a constant degradation process by exonuclease and this re-
action happens at a certain rate too. Intuitively speaking, one expects that the
competition between these two processes will lead to different types of behavior. The
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following theorem sheds light on this change in the qualitative behavior of the auto-
catalytic module.

Theorem 6.6. Consider a circuit consisting of a single autocatalytic template
T1, with single primer P1. The trivial steady state of this circuit is locally stable iff
T tot

1 < T crit
1 where

T crit
1 := KMpolSDVmaxexo(Vmaxpol + 2KMpolkoffP1)koffP1

KMexoNVmaxpol(VmaxpolSD + 2KMpolSDkoffP1)konP1

(6.10)

Moreover, the system exhibits a transcritical bifurcation as T tot
1 passes through this

bifurcation point.

Proof. The proof is given is Section 6.8 �

When T tot
1 > T crit, the autocatalytic module can either maintain a positive steady

state or the concentration of the primer grows unboundedly in time. We observe the
latter behavior computationally. The following lemma deals with the former bahavior
and we leave it as a conjecture.

Lemma 6.7. If an autocatalytic module, the system of odes (6.9), has a positive
steady state, it is unique and locally stable.

6.4.3. Unidirectional cycle of activation. The assumptions of Theorem 6.4
rule out the presence of directed cycles of activation in the circuit. This requirement
was needed to prove the local stability of the trivial state. As we will show, such
cycles are capable of maintaining a positive non-trivial steady state, similar to an
autocatalytic module. We now analyze the stability of the trivial steady state of the
simplest form of such cycles, shown in Figure 6.5.

P1

P2

T1

T2

P T

Figure 6.5. Unidirectional cycle of activation with two templates
and two primers.

Theorem 6.8. The trivial steady state of a directed cycle of activation consisting
of n templates and n primers is stable iff

n∏
s=1

T tot
s <

(
KMpolSDVmaxexo

KMexoNVmaxpol

)n∏
s:

(s,j,k,0)∈N

[
(Vmaxpol +KMpol

(
koffPj + koffPk

)
)koffPj

(VmaxpolSD +KMpolSD
(
koffPj + koffPk

)
)konPk

]

Proof. The proof is given in Section 6.8. �

The results presented in this section provide partial answers to the questions that
we posed in the introduction. For one, we are interested in better ways of finding
functional regions of the parameter space of a circuit. The on-off behavior of both
forms of autocatalysis—when considered on their own–suggests that such bifurcations
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might also happen when these basic autocatalytic circuits are connected to other
modules. If that is true, every autocatalytic circuit should bisect the parameter space
into two parts, only one of which would be interesting. We will explore this issue
more in the next section on negative-feedback oscillators.

6.5. Negative-feedback oscillators

Complex biochemical circuits keep track of time via oscillating sub-circuits. Build-
ing a synthetic oscillator that shows robust and sustained oscillation has been the aim
of many studies [MPS+11, KW11, SWVDM+15]. In this section we discuss the two
negative feedback oscillators whose activation/inhibition graph is shown in Figure 6.6.
The two-template negative feedback oscillator theoretically exists, but an experimen-
tal implementation is unlikely (see the discussion below). The three-template oscilla-
tor has been successfully built in the lab [MPS+11].

P1 P2

T1

T2
P1 P2

P3
T1

T2

T3

Figure 6.6. Two- and three-template oscillator

We analyze the stability of the trivial steady state of these two negative-feedback
oscillators using the following theorem.

Theorem 6.9. The trivial steady state of the set of equations (6.5) and (6.4) for
a PEN-based circuit that doesn’t contain a directed cycle of activation in its graph is
locally stable iff for all autocatalytic templates with (i, j, j, `) ∈ N we have Ti < T crit

i ,

T crit
i :=

KMpolSDVmaxexo(Vmaxpol + 2KMpolkoffPj)koffPj

KMexoNVmaxpol(VmaxpolSD + 2KMpolSDkoffPj)konPj

. (6.11)

(Note that the index j in the right hand side of above is implicitly determined by i.)

Proof. The proof is given in Section 6.8. �

The assertion of this theorem says that the same condition (compare with (6.10))
that ensures stability of the trivial state in a single autocatalytic template on its own,
turns out to also be the necessary condition for the stability of the trivial state of a
circuit that contains several autocatalytic templates among other types of templates.
In other words, for the PEN-based circuits described in Theorem 6.9, the conditions
that ensure the instability of the trivial steady state are solely determined by the
autocatalytic templates as if they function independent of other templates. We can
conclude that indeed the autocatalytic templates are the driving force in such PEN-
based circuits.

Another question that arises is whether the stability of the trivial state is related
to the emergence of oscillations. Note that Theorem 6.9 only ensures local stability of
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the trivial steady state; it does not rule out the existence of nontrivial steady states
or periodic orbits far from the basin of attraction of the trivial state. We performed
a numerical experiment on both type of oscillators to address this question. We kept
enzyme concentrations constant (see Table 1).

KMpol Vmaxpol KMpolSD VmaxpolSD KMnick Vmaxnick KMexo Vmaxexo

40 1200 3.5 40 30 80 200 120
nM nM/min nM nM/min nM nM/min nM nM/min

Table 1. Michaelis-Menten constants of enzymes used in parameter
sampling.

We chose the template concentrations and the primer dissociation rates as varying
parameters. The association rate constant is assumed to be a constant independent
of the sequence, see table 2.

konPj koffPj T tot
i

0.06 (6× 10−5, 6× 102) (10−2, 103)
nM−1min−1 min−1 nM

Table 2. Rate constants of primer/template binding used in pa-
rameter sampling. The association rate is assumed to be a constant
independent of the sequence, however the dissociation rate constant
can vary over 7 decades. An experimentally feasible range has been
chosen for the concentration of templates.

We sampled the parameter space of the two circuits and generated 104 random
parameters for each circuit. Then we numerically simulated the corresponding system
of ODEs to see in which parameter points oscillations occur. For both oscillators, only
the choices of parameters that satisfy T tot

1 > T crit
1 can exhibit oscillatory behavior as

depicted in Figures 6.7 and 6.8.
Another useful piece of information that we obtain from parameter sampling

is the ratio between the dissociation rates of two primers that bind to the same
template. Due to experimental limitations, this ratio should not be too large or too
small. For the two-template oscillator this ratio is quite large for parameter points
that show oscillation; all possible rations are larger than 1000 (see the right panel
of the Figure 6.7). This implies that experimental implementation of this circuit
is infeasible. The three-template oscillator has a more convenient distribution of
such ratios and in that sense it is an experimentally feasible circuit. In fact, it has
been realized [MPS+11] with ratios koffP1/koffP2 ≈ 2.9, koffP3/koffP2 ≈ 0.0026, and
koffP3/koffP1 ≈ 0.0024.
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Figure 6.7. Result of parameter sampling for the two-template os-
cillator. (Left) Phase diagram for the behavior of autocatalytic tem-
plate in terms of T tot

1 and koffP1 . The region below the black line
is where the trivial state is unstable. The blue points are the pa-
rameter points that lead to oscillations in a two-template oscillator.
(Right) Histogram of the ratio koffP2/koffP1 for all parameter points
that show oscillation. These results confirm that stable oscillation
requires the autocatalytic template to be unstable.

6.6. Reduced Models

The mathematical models of PEN-based DNA circuits are high-dimensional non-
linear ODEs; every template has 5 or 6 ODEs and every primer has its own differential
equation. As stated in the introduction, when designing a circuit, it is not at all clear
whether the particular design will show the target behavior. A simplified version of
the full model may answer this question quickly and having such a simplified model
is therefore highly desirable. In fact, Michaelis-Menten (MM) approximations have
been used successfully to predict and analyze the behavior of circuits showing bista-
bility [PFR12] and biochemical adaptation [vRMM+14]. This type of approximation
uses only one differential equation for every primer, and hence it has a significantly
smaller number of equations.

MM models of PEN-based circuits have the disadvantage, however, that they
are not the result of a rigorous model-reduction argument; instead, the derivation is
based on chemical intuition. Hence we do not know to what extent we can trust the
predictions. And indeed, as we will show, these models fail to correctly predict some
properties such as the frequency of oscillations.

In this section we focus on this question: what simplified models can one identify,
and what are their properties? To start with we compare the qualitative properties
of MM models with the properties of the full model presented in Section 6.4. Later in
this section we derive a rigorous reduction of the autocatalytic module and we discuss
how much information we lose in each reduction step.

6.6.1. Heuristic Michaelis-Menten reduction. Simplified models for the
PEN toolbox have been used as a means to better understand the qualitative be-
havior [PFR12, FR13]. These models use a Michaelis-Menten-type kinetics for DNA
amplification. More precisely, the polymerization, strand displacement, nicking event,
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Figure 6.8. Result of parameter sampling for the three-template
oscillator. (Up left) Phase diagram for the behavior of autocatalytic
template in terms of T tot

1 and koffP1 . The region below the black line
is where the trivial state is unstable. The blue points are the parame-
ter points that exhibit oscillations in a three-template oscillator. The
rest of the plots are histogram of the ratios between dissociation rate
of primers that bind to the same template for all parameter points
that show oscillation.

and dissociation of the primer are collapsed into one term. For example, if primer P1
activates itself, then the rate of production is

rP1→P1 := V1P1

K1 + P1
. (6.12)

Here it is not known how the MM constants V1 and K1 depend on the parameters of
the full system. Also, if there is an inhibitor P2 for the autocatalytic template that
produces P1, the rate will be defined by a competitive MM kinetics

rP1→P1 := V1P1

K1 + P1 + K1
K2
P2
. (6.13)

Now let us consider a single autocatalytic template experiment: primer P1 is
activated by itself and degraded by exonuclease. A heuristic MM model in this case
is a single ODE:

dP1

dt = V1P1

K1 + P1
− VeP1

Ke + P1
. (6.14)

Set µ1 := V1/Ve, µ2 := K1/Ke, and let f(P1) be the right hand side of (6.14). The
steady state in this system is P̄1 = Ke(µ2 − µ1)/(µ1 − 1) and the (one-dimensional)
Jacobian at zero is f ′(0) = (Ve/K1)(µ1 − µ2). Based on the values of these two
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Figure 6.9. Schematic plot of f(P1) in four different cases: (I) P1 =
0 is stable and the positive steady state is unstable. (II/III) P1 = 0 is
unstable/stable. (IV) P1 = 0 is stable and the positive steady state
is stable.

parameters we can identify four cases for the number and stability of (non-negative)
steady states. Figure 6.9 shows these four cases.

Just like the full equations of the autocatalytic template, we can show the exis-
tence of transcritical bifurcation in the simplified MM version as well. The two steady
states 0 and Ke(µ2 − µ1)/(µ1 − 1) exchange stability as the parameter µ1/µ2 passes
through 1. We can see the normal form of transcritical bifurcation in the first two
terms of the Taylor expansion of f(P1) around zero:

f(P1) = (Ve/K1)(µ1 − µ2)P1 − (Ve/K2
1 )(µ1 − µ2

2)P 2
1 +O(P 3

1 )
We observe how the ratio µ1/µ2 in the heuristic model and the ratio T tot/T crit in

the full model, see Theorem 6.6, affect the stability of the trivial (zero) steady state
as their values exceed 1. Although the MM approximations are built upon chemical
intuition, they both show similar type of bifurcations. That explains to some extent
the success of MM approximation in predicting the qualitative behavior of the full
model.

We now proceed with analyzing reduced MM models of two and three template
oscillators.

6.6.2. Michaelis-Menten model of oscillators. In this section we investigate
whether the MM models for the negative feedback oscillators are capable of predicting
the existence of periodic orbits. If yes, we would like to know the origin of oscillations
and the attainable frequency range.

A reduced model of the two-template oscillator based on MM approximation can
be written using expressions (6.12) and (6.13) for DNA amplification. Degradation
of primers is modeled by ordinary MM kinetics, implying that the competition for
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binding to exonuclease is being neglected here.

dP1

dt = V1P1

K1 + P1 + K1

K2
P2

− VeP1

Ke + P1
,

dP2

dt = V2P1

K2 + P1
− VeP2

Ke + P2
.

(6.15)

Let us first look at the Jacobian around the trivial steady state (0, 0),

J(0,0) =

(Ve/K1)(µ1 − µ2) 0
V2

K2
− Ve
Ke

 . (6.16)

This steady state is unstable iff µ1 > µ2; the same condition that ensures the instabil-
ity of the zero steady state of (6.14). It is also possible to show the same transcritical
bifurcation of for this system as well, but we do not do that here. Let us now move
on to the Hopf bifurcation and emergence of oscillations in this system. The Jaco-
bian around a steady state (P̄1, P̄2) is obtained by taking the partial derivatives and
incorporating the steady state relation between P̄1 and P̄2,

J =


Ve (V1 − Ve) P̄1

(Ke + P̄1)2
− K1V

2
e P̄1

K2V1(Ke + P̄1)2

V2K2

(K2 + P̄1)2
− VeKe

(K2 + P̄2)2

 . (6.17)

Hopf bifurcation happens when a pair of complex eigenvalues of the Jacobian,
around a steady state, cross the imaginary axis as one or a combination of parameters
are varied. For a 2 × 2 matrix, a necessary condition for that to occur is that the
sum J11 + J22 changes sign from negative to positive as parameters are changed.
Since J22 ≤ 0, we conclude that the necessary condition for emergence of oscillation
is J11 > 0, which reads µ1 > 1.

To demonstrate how a Hopf bifurcation emerges in this system, we show a nu-
merical example. We fix P̄1 = 0.01, P̄2 = 0.1, K1 = 100, Ve = 1, and V2 = 10. We
choose K2 to be our bifurcation parameter and as we change it, we set

Ke = 1
100K2 − 9 , V1 = 1000 +K2 + 104K2

4K2(25K2 − 2)

When K2 decreases from 0.5 to .1, eigenvalues of the Jacobian around (P̄1, P̄2) cross
the imaginary axis and oscillations emerge as depicted in Figure 6.10.
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0 0.01 0.02
0

0.1

0.2

0 0.01 0.02
0

0.1

0.2

↓ ↓

Figure 6.10. Hopf bifurcation in the system of equations (6.15) oc-
curs as parameters vary around the bifurcation point, K2 ≈ 0.14592.
The trajectory on the left is for K2 = 0.15 and the one in the right
is for K2 = 0.14. Below is the plot of complex eigenvalues λ, of the
Jacobian (6.17) as K2 decreases from 0.5 to 0.1

We have a similar MM model for the three-template oscillator whose activa-
tion/inhibition graph is depicted in Figure 6.6.

dP1

dt = V1P1

K1 + P1 + K1
K3
P3
− VeP1

Ke + P1

dP2

dt = V2P1

K2 + P1
− VeP2

Ke + P2
dP3

dt = V3P2

K3 + P2
− VeP3

Ke + P3

(6.18)

We give a numerical example of a Hopf bifurcation in this system. Fix (P̄1, P̄2, P̄3) =
(0.1, 1, 1), K1 = 100, Ve = 1, V2 = 10, and V3 = 9. We choose K3 to be our bifurcation
parameter and as we change it, we change the following parameters accordingly

Ke = 1
9(K3 − 8), K2 = (10K3 + 1)

90 , V1 = (9000 + 9009K3)
K3(10K3 − 71) .

As we decrease the value of K3 form 18 to 15, a Hopf bifurcation occurs as shown in
Figure 6.11.
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↓ ↓

Figure 6.11. Hopf bifurcation occurs in the system of equa-
tions (6.18) as parameters vary and the complex eigenvalues of the
Jacobian around (P̄1, P̄2, P̄3) cross the imaginary axis. The bifurca-
tion point is K3 ≈ 16.545, and the left and right trajectories are for
K3 = 17 and K3 = 16.3.

We observe that both set of differential equations (6.15) and (6.18) are capable
of oscillations. It is very probable that the origin of oscillations in the full models is
also Hopf bifurcation.

The set of equations (6.15) and (6.18) have this property that we can multiply
the parameters V1, V2, V3, and Ve by a positive constant α and still preserve the
oscillation, with a different frequency though. This multiplication by α is equivalent
to rescaling time by setting τ = αt, and then we have the original equations with
re-scaled time. This property implies that the frequency range and parameter regions
in which we can observe oscillation is unbounded.

Now if we look at the set of equations (6.5) and (6.4), we observe that we can have
the same scaling and preservation of oscillation if we multiply all the parameters kon,
koff , and Vmax by a constant α. The problem is that the value of kon for all primers is
fixed to be equal to 0.06 nM−1min−1 [vRMM+14]; they don’t change because of the
DNA sequences. This means that once we find a parameter point for oscillation, we
can not scale it to have another parameter point with a different frequency.

The discrepancy between the two models becomes more vivid when we realize that
the dependence of the MM parameter Vi and Ki, i = 1, 2, 3, on the actual parameters
of the full system is nontrivial and unknown. Therefore, in the MM model, we can
have oscillation given any concentration of the exonuclease, i.e., any values of Ve. But
in the full model, there is no guarantee for such observation.
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From this discussion we conclude that since there is no one-to-one mapping be-
tween the parameters of the full system and parameters of the corresponding MM
model, we can not use one to get precise information about frequency range and
oscillation range of the other.

In the next section we show a rigorous way of deriving a reduced model for
the autocatalytic module and we will discuss the differences with the heuristic MM
approximation.

6.6.3. Tikhonov-Fenichel reduction for autocatalytic module. In this
section we use the theory presented in [GW14] on quasi-steady state reduction. The
results are based on Tikhonov-Fenichel reduction for singularly perturbed systems.
This approach makes use of the presence of a small parameter ε in a set of differential
equations. The details of this theory are stated in Section 6.9.

We reduce the 6 equations for an autocatalytic module in the regime where en-
zymatic reactions are slower than association-dissociation reactions. Therefore we
multiply the rate of the enzymatic reactions, i.e., r5, r6, r7, and r8, by ε > 0 and
rewrite the set of equations (6.9) in the following form.

d
dt



P1
T1
⇀

T1
⇀

T1
⇀⇀

T1
−⇀

T1


︸ ︷︷ ︸

x

=


−1 0 −1
0 −1 0
0 1 −1
−1 1 0
1 −1 1
0 0 0


︸ ︷︷ ︸

M

 r1 + r2
r1 + r3
r3 + r4


︸ ︷︷ ︸

γ(x)

+ε


r7 − r8

0
−r5

0
r6 − r7

r5 − r6 + r7


︸ ︷︷ ︸

h1(x)

(6.19)

According to the theory presented in [GW14] (see Section 6.9), in the slow time
scale τ = εt, the above system of equation reduces to the set of differential equations

dx
dτ = [I6 −M[Dγ(x)M]−1Dγ(x)]h1(x).

where I6 is the identity matrix of size 6. The slow dynamics above occur on a manifold
V called the zero set and characterized by γ(x) = 0. Calculating the slow dynamics
and the zero set results in the following differential equations for P1 and −⇀

T1.

dP1

dτ = (2r6 + (r5 + r7)(−1 +KaP1P1))− (1 +KaP1P1) r8

1 +KaP1(P1 + ⇀

T1 + 2T1 + ⇀

T1)
,

d−⇀

T1

dτ = r5 − r6 + r7.

(6.20)

where KaP1 = konP1/koffP1 . The rest of the variables are calculated as a function of
P1 and −⇀

T1 in terms of algebraic expressions. Note that γ(x) = 0 reads

r1 + r2 = 0, r1 + r3 = 0, and r3 + r4 = 0,
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which given the expression of the rates
r1 = konP1P1 · T1 − koffP1

⇀

T1,

r2 = konP1P1 ·
⇀

T1 − koffP1

⇀⇀

T1,

r3 = konP1P1 · T1 − koffP1

⇀

T1,

r4 = konP1P1 ·
⇀

T1 − koffP1

⇀⇀

T1,

gives three equations for five variables P1, T1,
⇀

T1,
⇀

T1,
⇀⇀

T1. To add to these three equa-
tions, we note that the four rates r1, . . . , r4 by construction satisfy

konP1P1r1 − konP1P1r3 = koffP1r2 − koffP1r4.

Having four equations at hand, we can write a system of linear equations for the four
rates: 

1 1 0 0
1 0 1 0
1 0 0 −1

konP1P1 −koffP1 −konP1P1 koffP1



r1
r2
r3
r4

 = 0.

The matrix of coefficients is of full rank, therefore the only solution is r1 = r2 = r3 =
r4 = 0 and this gives

⇀

T1 = KaP1T1 · P1,
⇀

T1 = KaP1T1 · P1,
⇀⇀

T1 = K2
aP1

P 2
1 · T1. (6.21)

The concentration of T can be expressed in terms of the two slow variables by using
relations (6.21) and the conservation of template concentration

T1 = T tot
1 −

−⇀

T1(
1 + 2KaP1P1 +K2

aP1
P 2

1
) . (6.22)

In summary, the TF reduction gives the system of two differential equations (6.20)
for the two slow variables P1 and −⇀

T1. The equations depend on all the parameters of
the full model and T tot

1 . This reduction, although rigorous, lead to two differential
equations. This makes it difficult to compare it to the MM approximation of the
autocatalytic template. We now continue reducing the set of equation (6.20) in what
follows.

6.6.3.1. Further reduction. We can simplify one step further by assuming that
the equation for −⇀

T is in quasi-steady state and set r5− r6 + r7 = 0 which in extended
form is

Vmaxpol
⇀

T1

KMpol

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

) − Vmaxnick
−⇀

T1

Knick

(
1 +

−⇀

T1
KMnick

)
+ VmaxpolSD

⇀⇀

T1

KMpolSD

(
1 +

⇀

T1
KMpol

+
⇀⇀

T1
KMpolSD

) = 0

In this equation we first use (6.21) to obtain an equation in terms of P , T , and −⇀

T .
Then we use relation (6.22) to omit T . We now have an equation in terms of P and
−⇀

T which if we simplify, becomes a second degree polynomial in −⇀

T1. Assuming that
the combination of the parameters are such that a positive solution exists, we can
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implicitly express the concentration of −⇀

T only in terms of the primer concentration:
−⇀

T = g(P ).
Also, since we are dealing with fast binding of primers, we can further assume

that if there is enough primer in the solution, templates that have available bind-
ing sites will be present at very low concentrations, i.e. ⇀

T + 2T + ⇀

T � P . With
these assumptions we can elegantly simplify (6.21) and write the following differential
equation

dP1

dτ = r6 − r8 = Vmaxnickg(P1)
KMnick + g(P1) −

VmaxexoP1

KMexo + P1
. (6.23)

The difference between equation (6.14) and (6.23) is in the presence of the nonlin-
ear function g(P ) in the TF-reduced equation. This nonlinearity imposes a different
time scale on primer production compared to the MM-reduced version, and explains
why the MM approximation is too simplistic for recovering the dynamic features of a
response, such as the frequency range of oscillations.

6.7. Discussion

We now comment on different aspects of this work.

Autocatalysis: We showed that the main reason PEN-based circuits can maintain
their functions is the existence of autocatalytic modules in the form of autocatalytic
templates or directed cycles of activation (Theorem 6.4). This finding implies that in
large circuits, only the primers that have at least one of the following properties can
have a positive steady state:

I The primer is produced on an autocatalytic template.
II The primer is part of a directed cycle of activation.

III The primer is part of a directed chain of activation that stems from a primer of
type I or II above.

Reducing the size of the parameter space: We showed that for functionality of
the circuits it is essential that the trivial steady state be unstable. The transcritical
bifurcation of the trivial steady state is the reason for the change in stability and it
has implication for finding design principles. It identifies regions of the parameter
spaces in which we expect rich dynamics to occur. These regions are characterized
by stated in Theorems 6.8 and 6.9.

Reduced models: We show that Michaelis-Menten approximations of PEN-based
autocatalytic modules show similar transcritical bifurcations as the full system. This
explains the success of these approximations in mirroring the qualitative behavior
of PEN-based networks. However, these Michaelis-Menten models fail to accurately
recover oscillation frequencies and the parameter regions of oscillation. We also derive
a rigorous reduction of an autocatalytic module, and the difference between this
reduction and Michaelis-Menten approximations suggests that the MM models can
not be trusted when it comes to detailed dynamic predictions.

Applicability of Chemical Reaction Network Theory: The models that we pro-
posed for describing the dynamics of PEN-based circuits, contain Michaelis-Menten-
type expressions as well as mass-action expressions of polynomial type. This prevents
us from using the standard results of CRNT for proving existence, uniqueness, and
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stability of steady states. Even if we expand the enzymatic reactions to their original
form, we have reactions that would look like

P1 + exo
 P1exo→ exo.

The last step is indeed a one-way reaction that leads to the free form of the exonu-
clease. The problem that arises here, in the language of CRNT, is that the graph of
the complexes is not weakly reversible. Hence, deficiency theorems [Fei72b, HJ72] do
not apply here.

We have not investigated if the more recent theoretical results on application of
monotonic and toric dynamical systems in CRNT [DLAS07, CDSS09] are useful in
analyzing PEN-based circuits. That remains to be further studied.

6.8. Linearization, properties of the Jacobian, and proofs

6.8.1. Linearization around the trivial steady state. In a reaction network
with m primers and n templates among which h templates have inhibitor, we build
a vector of concentrations Y of the size 4n+ h+m, and we order the concentrations
as follows. The first 4 × n elements of Y are (⇀

Ti,
⇀

Ti,
⇀⇀

Ti ,
−⇀

Ti) for i = 1, · · · , n. The
next elements of the vector are the h concentration of inhibited versions of templates
and after that the concentration of m primers. Using the conservation law for each
template, we replace the free form by its primer-bound forms inside the reaction rates,
i.e., we set Ti = T tot

i − (⇀

Ti + ⇀

Ti + ⇀⇀

Ti + −⇀

Ti + T̂i) for i = 1, . . . , n. In this form, the
trivial steady state is a zero vector. Given the ordering of concentrations in vector Y,
the Jacobian around the trivial steady state has the following structure:

J =



4n︷ ︸︸ ︷
B1

. . .
Bn

h︷︸︸︷
0

m︷ ︸︸ ︷
E1
...
En

0 D̂ Ê

F1 · · · Fn F̂ D



. (6.24)

The matrices inside J are defined below:

• The leading submatrix of the Jacobian with size 4n×4n has a block diagonal
structure with n blocks. The ith block on the diagonal can be obtained from
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the set of equations (6.4). Given (i, j, k, `) ∈ N we obtain

Bi :=


−Vmaxpol

KMpol
− koffPj 0 koffPk 0

0 −koffPk koffPj 0
0 0 −VmaxpolSD

KMpolSD
− koffPj − koffPk

Vmaxnick
Knick

Vmaxpol
KMpol

0 VmaxpolSD
KMpolSD

−Vmaxnick
Knick

 ,
(6.25)

for i = 1 · · ·n.
• Given a quadruple (i, j, k, `) ∈ N , the matrices Ei, that are stacked on top

of each other in J , are 4×m matrices with only two nonzero entries,

if j 6= k, Ei :=



eij ↓ eik ↓

konPjT
tot
i 0

0 konPkT
tot
i

0 0
. . . 0 . . . 0 . . .


4×m

,

if j = k, Ei :=



eij ↓

konPjT
tot
i

konPjT
tot
i

0
. . . 0 . . .


4×m

.

where eij and eik are the only nonzero columns of Ei, corresponding to
Pj and Pk. If j = k, i.e., index i corresponds to an autocatalytic template,
the two nonzero entries appear in one column.

• The matrices Fi that are stacked in front of each other in J are m × 4
matrices with only four nonzero entries:

if j 6= k, Fi :=



...
f ij → koffPj 0 koffPj 0

...
f ik → 0 koffPk koffPk + VmaxpolSD

KMpolSD
0
...


m×4

,

if j = k, Fi :=


...

sj → koffPj koffPk koffPj + koffPk + VmaxpolSD
KMpolSD

0
...


m×4

,
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where f ij and f ik are respectively the only nonzero rows of Fi corresponding
to Pj and Pk. Again if j = k, i.e., index i corresponds to an autocatalytic
template, the two nonzero rows are added in one row.
• Given the quadruple (i, j, k, `) ∈ N with ` 6= 0 and si and s` being the the

indices of T̂i and P` in the vector Y , we define matrices Ê, F̂ , and D̂.
The matrix Ê is an h × m matrix with each row of having only one

nonzero entry,

(Ê)sis` = konP`T
tot
i .

The matrix F̂ is a an m× h matrix and only the rows that correspond
to an inhibitor primer P` have one nonzero element,

(F̂ )s`si = koffP` ,

and the rest of its elements are zero.
Finally the matrix D̂ is a diagonal matrix with diagonal entries

(D̂)sisi = −koffP` .

• The matrix D is a diagonal matrix with

Dss = −
∑
i:

(i,s,k,`)∈N

(
konPsT

tot
i

)
−
∑
i:

(i,j,s,`)∈N

(
konPsT

tot
i

)
−
∑
i:

(i,j,k,s)∈N

(
konPsT

tot
i

)
− Vmaxexo

KMexo
. (6.26)

Let Lp[M ] be the operator that takes a square matrix M and gives the pth leading
principal matrix of it, i.e., it gives the square submatrix constructed from the first
p rows and p columns of M . Given this definition, we state some properties of the
matrices inside J which will be helpful in exploring its stability properties. For that
purpose, we state two lemmas that we will use to prove stability of the Jacobian for
different type of circuits.

Lemma 6.10 (Equivalence of conditions D11 and J29 in [Ple77]). Let A be an
n×n matrix with Aij ≤ 0 for i 6= j. Then all eigenvalues of A have positive real part
iff all leading principal minors of A are positive.

Lemma 6.11. All leading principal minors of −Bi are positive.

Proof. By direct calculation we have

det (L1[−Bi]) = −(Bi)11 > 0,
det (L2[−Bi]) = +(Bi)11(Bi)22 > 0,
det (L3[−Bi]) = −(Bi)11(Bi)22(Bi)33 > 0,
det (L4[−Bi]) = (Bi)11(Bi)22(Bi)33(Bi)44︸ ︷︷ ︸

+

− (Bi)11(Bi)22(Bi)34(Bi)44︸ ︷︷ ︸
−

> 0.

�

84



6. Design principles for the PEN DNA toolbox

Proof of Theorem 6.6. Using the generic structure for the Jacobian in (6.24),
we have

J1 =


−Vmaxpol
KMpol

− koffP1 0 koffP1 0 konP1T
tot
1

0 −koffP1 koffP1 0 konP1T
tot
1

0 0 −VmaxpolSD
KMpolSD

− 2koffP1
Vmaxnick
KMnick

0
Vmaxpol
KMpol

0 VmaxpolSD
KMpolSD

−Vmaxnick
KMnick

0

koffP1 koffP1
VmaxpolSD
KMpolSD

+ 2koffP1 0 −Vmaxexo
KMexo

− 2konP1T
tot
1

 .
(6.27)

For local stability we need to show that all eigenvalues of J1 have negative real parts. This is true iff
all real parts of the eigenvalues of −J1 are positive. All off-diagonal entries of −J1 are non-positive.
Therefore by Lemma 6.10 this matrix has eigenvalues with positive real parts iff all leading principal
minors of −J1 are positive. The first four leading principal minors of −J1 are always positive as
shown in Lemma 6.11. Positivity of the fifth one, which is the determinant of −J1, determines the
stability. By Lemma 6.12 we have that det(−J1) > 0 iff

Vmaxexo

KMexo
>
Vmaxpol(VmaxpolSD + 2KMpolSDkoffP1 )konPj

KMpolSD(Vmaxpol + 2KMpolkoffP1 )koffP1
T tot

1

This inequality defines the critical template concentration stated in the theorem.
We show the existence of transcritical bifurcation by using the theorem of Sotomayor [Sot73].

Let us write the equations for the autocatalytic template in the form of

Ẏ = F (Y, µ),

with Y = (⇀

T1,
⇀

T1,
⇀⇀

T1,
−⇀

T1, P1)T and the bifurcation parameter µ representing T tot
1 . When T tot

1 =
T crit, the Jacobian above has one zero eigenvalue with right eigenvector V and left eigenvector W
that we calculate

V = µ0



2konP1KMpol
Vmaxpol(VmaxpolSD+2KMpolSDkoffP1 )

2konP1 (Vmaxpol(VmaxpolSD+KMpolSDkoffP1 ))
koffP1 (Vmaxpol(VmaxpolSD+2KMpolSDkoffP1 ))

konP1Vmaxpol
koffP1 (Vmaxpol(VmaxpolSD+2KMpolSDkoffP1 ))

VmaxexoKMnick
VmaxnickKMexoµ0

1
µ0

 ,

and

W =



−
−2KMpolKMpolSDk

2
offP1

−3VmaxpolKMpolSDkoffP1−VmaxpolVmaxpolSD

KMpolSDkoffP1 (Vmaxpol+2KMpolkoffP1 )
1

−
−4KMpolKMpolSDk

2
offP1

−VmaxpolSDKMpolkoffP1−3VmaxpolKMpolSDkoffP1−VmaxpolVmaxpolSD

KMpolSDkoffP1 (Vmaxpol+2KMpolkoffP1 )

−
−4KMpolKMpolSDk

2
offP1

−VmaxpolSDKMpolkoffP1−3VmaxpolKMpolSDkoffP1−VmaxpolVmaxpolSD

KMpolSDkoffP1 (Vmaxpol+2KMpolkoffP1 )
1


.

The conditions that we need to check for the existence of transcritical bifurcation, i.e, change of
stability of Y0 = (0, 0, 0, 0, 0), when the value of µ passes µ0 = T crit are

WTFµ(Y0, µ0) = 0,

WTDFµ(Y0, µ0)V 6= 0,

WT
(
D2F (Y0, µ0)(V, V )

)
6= 0.

(6.28)

Here the notation Fµ means the partial derivative with respect to µ, DF is the Jacobian of F , and

D2F (Y, µ)(V, V ) :=
∑
i,j

∂2F (Y, µ)
∂Yi∂Yj

ViVj .
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The first condition in (6.28) is satisfied because all entries of Fµ(Y0, µ0) are zero. The second
condition is also satisfied because

WTDFµ(Y0, µ0)V =
Vmaxexo

KMexo

1
µ0
.

For the third condition we calculate

WT
(
D2F (Y0, µ0)(V, V )

)
= −

1
k2k3k8k2

9p1 (2k6p1 + k2) (2k8p1 + k4) 2

(
16k3k

2
5k6k

3
8p

4
1

− 16k2k3k5k6k
3
8p

4
1 − 8k2

2k3k5k
3
8p

3
1 + 8k2k3k

2
5k6k

2
8p

3
1

+ 16k3k4k
2
5k6k

2
8p

3
1 − 16k2k3k4k5k6k

2
8p

3
1 + 32k1k2k3k5k6k

3
8k9p

3
1

+ 16k1k
2
2k5k7k

3
8k9p

3
1 − 16k1k3k4k5k

2
6k

2
8k9p

3
1 + 4k2k3k4k

2
5k

2
8p

2
1

− 8k2
2k3k4k5k

2
8p

2
1 + 8k2k3k4k

2
5k6k8p

2
1 − 4k2k3k

2
4k5k6k8p

2
1

+ 16k1k
2
2k3k5k

3
8k9p

2
1 + 16k1k2k3k4k5k6k

2
8k9p

2
1 + 24k1k

2
2k4k5k7k

2
8k9p

2
1

− 8k1k3k
2
4k5k

2
6k8k9p

2
1 + 2k2

2k3k4k
2
5k8p1 − 2k2

2k3k
2
4k5k8p1

+ 12k1k
2
2k3k4k5k

2
8k9p1 + 12k1k

2
2k

2
4k5k7k8k9p1 + 2k1k

2
2k

3
4k5k7k9

+ 2k1k
2
2k3k

2
4k5k8k9

)
in which we have used the following change of variables

k1 = konP1 , k2 = Vmaxpol, k3 = Vmaxnick, k4 = VmaxpolSD, k5 = Vmaxexo,

k6 = KMpol, k7 = KMnick k8 = kMpolSD, K9 = KMexo, and p1 = koffP1 .

The expression for WT
(
D2F (Y0, µ0)(V, V )

)
is well-defined because the denominator is positive. The

nominator is a polynomial, of degree less or equal to 4, in any of the parameters that we consider.
Hence it can be zero only in less or equal to 4 different combination of the parameters. Outside these
combinations the expression is non-zero.

�

Lemma 6.12. Suppose that a PEN-based circuit does not contain a directed cycle
of activation. Then there exists an ordering for concentrations of primers in Y such
that for p = 4n+ h+ 1, . . . , 4n+ h+m, if Yp is the concentration of a primer that is
not produced on any autocatalytic template we have

det (Lp[−J ]) =
(
Vmaxexo

KMexo

)
det (Lp−1[−J ]) ,

and if Yp is the concentration of a primer Pj that is produced on an autocatalytic
template with (i, j, j, `) ∈ N , we have

det (Lp[−J ]) =(
Vmaxexo

KMexo
−
Vmaxpol(VmaxpolSD + 2KMpolSDkoffPj)konPj

KMpolSD(Vmaxpol + 2KMpolkoffPj)koffPj

T tot
i

)
det (Lp−1[−J ]) .

Proof. Since we assume that there is no directed cycle of activation in the
circuit, it is possible to order the primers such that all output primers come after
their corresponding input primers in the vector of linearized concentrations Y . We
want to compute the determinant of Lp[−J ]. Before that we introduce four basic row
operations that we need in order to simplify the calculation of the determinant:

(i) Suppose Yp represents the concentration of a primer Pj that is not produced on
any autocatalytic template. If that primer Pj is an input to template Ti, we
add the rows of Lp[J ] that contain the first, third, and the forth row of Bi to
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the pth row. This process will zero f ij , change Dpp, and leave other elements of
the row intact as shown below

−



. . .
Bi

. . .

0

...
0 eij

...
0

· · · f ij · · ·
. . .

Dpp


−→ −



. . .
Bi

. . .

0

...
0 eij

...
0

· · · 0 · · ·
. . .

D̃ss


where

D̃pp = Dpp + konP jT
tot
i .

(ii) Suppose Yp represents the concentration of a primer Pk that is not produced on
any autocatalytic template and is an output of template Ti, with Yq representing
the corresponding input primer. Then it is easy to show that there exists a
linear combination of the four rows of Lp[J ] that contain Bi and the one row
corresponding to input primer that once added to the pth row, will zero f ik. This
row operation will change Dpp and keep the zeros on the lower diagonal of D
intact. There exists a linear combination of these five rows even when f ij has
been eliminated by prior row operations because the essential element that we
need is Dqq.

−



. . .
Bi

. . .

0

...
0 eij . . . eik

...
0

f ij
...

· · · f ik · · ·

. . .
Dqq

. . .
0 Dpp


−→

−



. . .
Bi

. . .

0

...
0 eij . . . eik

...
0

f ij
...

· · · 0 · · ·

. . .
Dqq

. . .
0 D̃pp
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where
D̃pp = Dpp + konPkT

tot
i

We note that the ordering of primers, as stated at the beginning of the
proof, is important for this row operation to work as intended. We could use
only the rows containing Bi for eliminating f ik, but due to presence of eij , that
would introduce nonzero entries on the lower diagonal of D and this doesn’t
help simplifying the calculation of the determinant.

(iii) In the case that Yp represents a primer Pj that is produced on an autocatalytic
template Ti, we can omit f ij using a linear combination of all the rows that
contain Bi. This operation will leave other off-diagonal elements of the pth row
intact, however it will change the diagonal element

D̃pp = Dpp +
(

2 +
Vmaxpol(VmaxpolSD + 2KMpolSDkoffPj)
KMpolSD(Vmaxpol + 2KMpolkoffPj)koffPj

)
konPjT

tot
i .

(iv) If Yp represents a primer P` that is an inhibitor to template Ti, then we can add
the row corresponding to T̂i to the pth row and get rid of the nonzero element
of F̂ in that row. This will only change Dpp and leave other elements of the row
unchanged. The row operation is depicted below.

−



B 0 E

0

. . .
−koff`

. . .

...
· · · konP`T

tot
i

...

F
...

· · · koff` · · ·

. . .
Dpp


−→

−



B 0 E

0

. . .
−koff`

. . .

...
· · · konP`T

tot
i

...

F
...

· · · 0 · · ·

. . .
D̃pp


with

D̃pp = Dpp + konP`T
tot
i

Now consider calculating det (Lp[J ]). We show that by iterative implementation
of a combination of row operations (i) to (iv), we can annihilate the element of F and
F̂ inside Lp[J ] while matrix D stays diagonal.

First we perform row operation type (i) on all the rows from 4n + h + 1 to p
of Lp[J ] that contain f ij . This step will specifically zero all the elements of the row
4n + h + 1 in F because the first primer is not produced on any template hence
does not contain f ik. Then with the help of this row we continue by performing row
operation type (ii) iteratively from row 4n+ h+ 2 to row p to eliminate all f ik. The
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remaining nonzero elements of F in transformed Lp[J ] correspond to autocatalytic
primers. Using row operation type (iii) for each of them will completely zero elements
of F . A series of row operations of type (iv) will zero all elements in F̂ .

If Yp corresponds to a primer that is not produced on any autocatalytic template,
we observe that after iterative implementation of the described row operations, the
three sums in equation (6.26) disappear and we obtain

D̃pp = −Vmaxexo

KMexo

and likewise if Yp represents the concentration of a primer that is produced on an
autocatalytic template, we obtain

D̃pp = −Vmaxexo

KMexo
+
(
Vmaxpol(VmaxpolSD + 2KMpolSDkoffPj)
KMpolSD(Vmaxpol + 2KMpolkoffPj)koffPj

)
konPjT

tot
i .

Another property of these series of row operations is that not only the determinant
of Lp[−J ] doesn’t change as a result of them, but also the determinant of Lp′ [−J ]
with p′ < p is preserved. This is because of the fact that for eliminating every element,
we use a linear combination of the upper rows.

After performing the row operations and in view of their properties, the determi-
nant of Lp[J ] calculated based on the last row is

det (Lp[−J ]) = D̃pp det (Lp−1[−J ]) .

and this proves the lemma. �

Proof of Theorem 6.9. The general structure of the Jacobian J around the
trivial steady state (for any PEN-based circuit) is given in the equation (6.24). All
eigenvalues of J have negative real parts iff all eigenvalues of −J have positive real
parts. All off-diagonal entries of −J are non-positive. Therefore by Lemma 6.10 this
matrix has eigenvalues with positive real parts iff all leading principal minors of −J
are positive. By Lemma 6.11 and given the block structure of the first (4n) × (4n)
leading principal matrix of −J it is easy to see that the first 4n leading principal
minors are positive. For p = 1, . . . , 4n, let p = 4q + s, with q ∈ {0, · · · , n − 1} and
s ∈ {1, · · · , 4}. Then

det (Lp[−J ]) =


det (Ls[−B1]) > 0 for q = 0,

det (Ls[−B1]) (
∏q
i=1 det(Bi)) > 0 for q > 0.

For p = 4n+ 1, · · · , 4n+ h, it is also easy to see that det (Lp[−J ]) > 0, given that D̂
is a diagonal matrix. The positivity of the remaining leading principal minors can be
checked in an iterative manner using Lemma 6.12 and the fact that L4n+h[−J ] > 0.
For p = 4n+ h+ 1, . . . , 4n+ h+m, if Yp is the concentration of a primer that is not
produced on any autocatalytic template we have

det (Lp[−J ]) =
(
Vmaxexo

KMexo

)
det (Lp−1[−J ]) ,
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and if Yp is the concentration of a primer Pj that is produced on an autocatalytic
template with (i, j, j, `) ∈ N , we have

det (Lp[−J ]) =(
Vmaxexo

KMexo
−
Vmaxpol(VmaxpolSD + 2KMpolSDkoffPj)konPj

KMpolSD(Vmaxpol + 2KMpolkoffPj)koffPj

T tot
i

)
det (Lp−1[−J ]) .

Therefore all leading principal minors of −J are positive iff for all (i, j, j, `) ∈ N we
have

Vmaxexo

KMexo
>
Vmaxpol(VmaxpolSD + 2KMpolSDkoffPj)konPj

KMpolSD(Vmaxpol + 2KMpolkoffPj)koffPj

T tot
i .

This defines the critical template concentrations and proves the theorem. �

Proof of Theorem 6.8. Let us assume, without loss of generality, that for s =
1, . . . , n − 1 the template Ts has input primer Ps and output primer Ps+1 and to
complete the cycle template Tn has input primer Pn and output primer P1. Now
consider the Jacobian J as presented in equation (6.24).

J =


B E

F D


.

We order the templates and the primers from 1 to n. Here B is the 4n×4n block
diagonal matrix consisting of Bs matrices as defined in (6.25) and

F =



f1
1 0 · · · 0 fn1
f1

2 f2
2 0 · · · 0

0 f2
3 f3

3
...

...
. . .

0 · · · 0 fn−1
n fnn


n×4n

, E =



e1
1 e1

2 0 · · · 0
0 e2

2 e2
3 · · · 0

0 e3
3

...
...

. . .
en1 · · · 0 0 enn


4n×n

,

Dss =


−Vmaxexo

KMexo
− konP1T

tot
1 − konP1T

tot
n for s = 1,

−Vmaxexo

KMexo
− konPsT

tot
s − konPsT

tot
s−1 for s = 2, . . . , n

.

We perform a series of row operations on −J to eliminate matrix F completely so
that the calculation of the determinant is simplified.

The first type of row operation eliminates all fss . We simply add the sum of
the rows of −J that contain the first, third and the forth row of Bs to the row
corresponding to Ps. In the second type of row operation we use a linear combination
of the rows containing Bs to eliminate fss+1 for s = 1, . . . , n−1 and the rows containing
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Bn to eliminate fn1 . The resulting matrix after these row operations is

J̃ =


B E

0 D̃


,

and is easy to show that

D̃ =



−Vmaxexo
KMexo

0 · · · 0 dn
d1 −Vmaxexo

KMexo
0 · · · 0

0 d2 −Vmaxexo
KMexo

...
...

. . .
0 · · · 0 dn−1 −Vmaxexo

KMexo


where

ds :=


VmaxpolSD+KMpolSD(koffPs+koffPs+1)
Vmaxpol+KMpol(koffPs+koffPs+1)

VmaxpolkonPs

KMpolSDkoffPs

T tot
s s = 1, . . . , n− 1,

VmaxpolSD+KMpolSD(koffPn+koffP1)
Vmaxpol+KMpol(koffPn+koffP1)

VmaxpolkonPn

KMpolSDkoffPn

T tot
n s = n.

In all the row operations that we performed, we used only the rows that were above
a certain row. This implies that the determinant of the leading principal matrices of
J̃ remain the same, i.e., det (Lp[J ]) = det

(
Lp[J̃ ]

)
for p = 1, . . . , 4n+ n.

Now we check the sign of all leading principal minors of −J to find conditions for
stability. The first 4n leading principal minors are positive because of Lemma 6.11
and the block diagonal structure of the matrix B. For the rest, we note that for
p = 4n+ s and s = 1, . . . , n− 1,

det (Lp[−J ]) = det
(
Lp[−J̃ ]

)
= det (−B) det

(
Ls[−D̃]

)
= det (−B)

(
Vmaxexo

KMexo

)s
> 0.

For the last determinant we have
det (−J) = det

(
−J̃
)

= det (−B) det
(
−D̃

)
= det (−B)

((
Vmaxexo

KMexo

)n
−

n∏
s=1

ds

)
,

which is positive iff (
Vmaxexo

KMexo

)n
>

n∏
s=1

ds
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and this condition reduces to
n∏
s=1

T tot
s <

(
KMpolSDVmaxexo

KMexoNVmaxpol

)n∏
s:

(s,j,k,0)∈N

[
(Vmaxpol +KMpol

(
koffPj + koffPk

)
)koffPj

(VmaxpolSD +KMpolSD
(
koffPj + koffPk

)
)konPk

]

�

6.9. Tikhonov-Fenichel Theory for quasi-steady state reduction
(from [GW14])

Tikhonov’s theorem deals with a system of ODEs in the presence of a small
parameter ε. We start by a system of equations

ẏ1 = εf(y1, y2) + ε2 · · · y1 ∈ D
ẏ2 = g(y1, y2) + ε · · · y2 ∈ G (6.29)

defined on an open set D × G ⊂ Rs+m with s + m = n. This form of writing the
equation is known as the Tikhonov standard form (in the fast time-scale t). Then in
the slow time-scale τ = εt we have

y′1 = f(y1, y2) + ε · · · y1 ∈ D
εy′2 = g(y1, y2) + ε · · · y2 ∈ G (6.30)

Let Z̃ := {(y1, y2) ∈ D ×G ; g(y1, y2) = 0} be non-empty and assume the linear
stability condition on the eigenvalues of the Jacobian D2g(y1, y2) (with respect to y2)
on Z̃.

Theorem 6.13 (Tikhonov [Tik52]). There exists T > 0 and a neighborhood of Z̃
such that all solutions starting in this neighborhood converge uniformly on [t0, T ] to
solutions of the reduced system on Z̃ given by

y′1 = f(y1, y2),
0 = g(y1, y2) (6.31)

as ε→ 0 for any t0 > 0.

The problem when applying the theorem to system of odes describing chemical
reactions is that they are of the type

ẋ = h0(x) + εh1(x) + ε2... x ∈ U ⊂ Rn, U open (6.32)
which requires coordinate transformation to fast and slow variables i.e., Tikhonov
standard form. The following proposition by Fenichel guarantees the existence of
such a transformation.

Theorem 6.14 (Fenichel [Fen79]). Let system (6.32) be given, and denote by Z
the zero set of h0. Let x0 ∈ Z and assime that there exists a neighborhood Ũ such
that Z ∩ Ũ is an s-dimensional submanifold of Rn. Then there exists an invertible
coordinate transformation to standard form (6.30) satisfying linear stability condition
in some neighborhood of x0, if and only if the following hold

• The rank of Dh0(x0) is equal to m and one has a direct sum decomposition
Rn = ker(Dh0(x0))⊕ range(Dh0(x0))
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• The nonzero eigenvalues of Dh0(x0) have real parts < 0.

In case of rational right hand side for equation (6.32) - which is relevant for many
models of chemical reactions - the following theorem from [GW14] is available. The
assumption is that h is rational. Hence the zero set of h0, denoted by V(h0) forms a
Zariski-open and dense subset of an algebraic variety 3.

Theorem 6.15 ([GW14]). Consider the system (6.32) with rational right-hand
side h, and let a ∈ Rn be a simple point of the zero set of h0, with m = dim(range(Dh0(a))).
(Thus locally the dimension of V(h0) equals s = n−m.) Assume moreover that there
is direct sum decomposition

Rn = kerDh0(a)⊕ rangeDh0(a).

Then the following hold
• There exists a Zariski-open neighbourhood Ua of a in Rn and a product

decomposition with matrices γ(x) ∈ R(x)m×1 and M(x) ∈ R(x)n×m such
that

h0(x) =M(x)γ(x), x ∈ Ua
with rank P (a) = r, rank Dγ(a) = r and

V(h0) ∩ Ua = V(γ) ∩ Ua
is a (n−m)-dimensional submanifold. The entries of γ may be taken as any
r entries of h0 that are functionality independent at a.

• The following system is defined in a Zariski-open neighborhood of a in Rn,
and admits a Zariski-open neighborhood U ⊂ V(h0) as an invariant set:

x′ = [In −M(x)A(x)−1Dγ(x)]h1(x)

with
A(x) := Dγ(x)M(x) ∈ R(x)m×m.

6.9.1. Example. Let us go through the reduction procedure with a simple ex-
ample. Consider the following unimolecular reaction network with a small parameter
ε.

X1

k
+ 1

k
− 1

X2

k +2

k −2

X3
εk+

4
X4

k−3

k+
3

The evolution is described by
ċ = −NR(c),

3Let K[x1, . . . , xn] be the polynomial ring in n variables, and regard a polynomial as a map from
Kn to K. A subset Y ⊂ K will be called Zariski-closed, or an affine algebraic variety if there exist
finitely many polynomials φ1, . . . , φr such that Y is the set of common zeros of these polynomials
in Kn, and we write Y = V (φ1, . . . , φr). The complement of a Zariski-closed set in Kn is called
Zariski-open.
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where

N =


1 0 −1 0
−1 1 0 0
0 −1 1 1
0 0 0 −1

 , R(c) =


r1
r2
r3
εr4

 :=


k+

1 c1 − k
−
1 c2

k+
2 c2 − k

−
2 c3

k+
3 c3 − k

−
3 c1

εk+
4 d

 (6.33)

For this system equation (6.32) reads

ċ =


r3 − r1
r1 − r2
r2 − r3

0

+ ε


0
0
−r4
r4

 = h0 + εh1 (6.34)

The zero set V(h0) = {c; r1(c) = r2(c) = r3(c)} and

Dh0(c) =


−k+

1 − k
−
3 k−1 k+

3 0
k+

1 −k−1 − k
+
2 k−2 0

k−3 k+
2 −k−2 − k

+
3 0

0 0 0 0

 (6.35)

which has rank 2. Therefore we should look for matrices γ(c) ∈ R(c)2×1 and M(c) ∈
R(c)4×2 such that h0(c) =M(c)γ(c). One choice is

M :=


1 0
0 1
−1 −1
0 0

 , γ(c) :=
(
r3 − r1
r1 − r2

)
(6.36)

which yields

Dγ(c) =
(
−k+

1 − k
−
3 k−1 k+

3 0
k+

1 −k−1 − k
+
2 k−2 0

)
(6.37)

The rank of M and Dγ are both equal to 2, hence the theorem holds. In slow time
scale τ = εt we have

c′ = h1 −M(x)(Dγ(x)M(x))−1Dγ(x)h1(x)
which simplifies to

c′ =


−a0
−b0
−c0

1

 k+
4 c3 (6.38)

with a0 = δa
∆ , b0 = δb

∆,c0 = δc
∆, ∆ = δa + δb + δc, and a0

b0
c0

 =

 k+
2 k

+
3 + k−1

(
k+

3 + k−2
)

k−3 k
−
2 + k+

1
(
k+

3 + k−2
)

k+
1 k

+
2 + k−3

(
k−1 + k+

2
)
 .

By looking at the graph of the reactions, we can interpret the results of the reduction
in the system of ODEs (6.38). The species X1, X2, and X3 equilibrate with each
other very fast. Also as we would expect, the slow one-way reaction X3 → X4, will
slowly deplete X1, X2, and X3. The rates of the depletion of these three and the rate
of accumulation of X4 is proportional on the concentration c3.
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CHAPTER 7

Mathematical modeling of the glucagon challenge
test

7.1. Introduction

The concentration of glucose in the human blood is regulated by many control
mechanisms since this concentration needs to remain in a very narrow range. Val-
ues outside this range can lead to serious health threats such as neural damages or
coma. The active regulation of glucose is an example of homeostasis: an ability of an
organism to actively regulate a property such that it remains at an almost constant
level. The complex interactions that exist between hormones and glucose result in
the homeostasis of blood glucose concentration.

Insulin and glucagon are two major hormones in the regulatory system of the
blood glucose. Insulin is secreted by the pancreas, especially when the blood glucose
is high. Insulin promotes the uptake of glucose from the blood into tissues. Glucagon
is also secreted by the pancreas due to low levels of blood glucose. It facilitates the
release of glucose from its glycogen storage in the liver into the bloodstream (See
Figure 7.1). When insulin secretion by the pancreas is insufficient, the patient is said
to suffer from Type 1 Diabetes Mellitus. Type 2 diabetes Mellitus occurs when the
body becomes resistant to insulin, and the unopposed action of glucagon results in
unhealthily high levels of blood glucose.

Glycogen Glucose

Takes glucose out of blood

Glucagon in 
blood

Insulin in 
blood

High blood glucose

Low blood glucose

Tissue cells

Releases glucose into blood

Activation
Transport

Figure 7.1. Schematic interaction of glucose, insulin, and glucagon
in the body.
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Mathematical models describing the interaction of insulin and glucose have been
extensively studied (see [PDBDG13] for a review). These studies help in understand-
ing and controlling Type 1 Diabetes in which having control over glucose intake and
insulin infusion is crucial. Mathematical modeling of the interaction between glucagon
and glucose, however, has only recently been investigated [FM10, HGO+13]. Under-
standing the action of glucagon is an essential step towards finding pharmaceutical
targets for treating Type 2 Diabetes.

In this chapter, we present a mathematical model in the form of a system of
ODEs. Our aim is two-fold. First, we want to interpret the data obtained from a
clinical experiment called the ‘glucagon challenge test’. We then use the mathematical
model to study the efficacy of a new drug aimed at treating Type 2 diabetes. This
chapter is structured as follows.

The next subsection is dedicated to describing the glucagon challenge test. Then
in Section 7.2 we present a compartmental model that describes the interaction be-
tween the concentration of glucose G, insulin I, and glucagon E in the blood:

dG
dt = QG(t)

VG
+ Fhgp(RE)− ViiG

Kii +G
− VidIG

Kid +G
,

dI
dt = QI(t)

VI
+ FI(t)− kdegII,

dE
dt = QE(t)

VE
+ FE(t)− kdegEE.

We derive these equations from a mass-balance principle. The functions QG(t),
QI(t), and QE(t) are the infusion 1 rates. The function Fhgp(RE) is the hepatic
glucose production rate that depends on the amount of glucagon-bound receptor on
the membrane of the liver cells. FI(t) and FE(t) are pancreatic secretion rates. The
negative terms are uptake or clearance of substances from the blood.

The compartmental model that was just described, depends on the concentration
of the glucagon-bound receptor. In Section 7.3, we develop a model that describes
the action of glucagon on the surface of the liver cells (hepatocyte membrane), where
glucagon binds to the glucagon receptor and forms the complex RE that triggers the
process of glycogen breakdown into glucose. The three differential equations

dR
dt = −konVh · E(t) ·R+ koffRE − k′inR+ krecRi,

dRE
dt = +konVh · E(t) ·R− koffRE − kinRE

dRi
dt = +kinRE + k′inR− krecRi,

.

model the changes in the amount of the free receptor R, the glucagon-bound receptor
RE (both on the surface of the liver cells), and the amount of the internalized receptors
inside the liver cells Ri, see Figure 7.5 for the reaction diagram. These three equations
for the receptors and the three compartmental ODEs are coupled to each other in two
ways. Firstly, we have assumed that the rate of binding of glucagon to its receptor,
konVh ·E(t)·R, is proportional to the concentration of glucagon in the blood. Secondly,
we assume that the hepatic glucose production rate, Fhgp, is a function of RE.

1Infusion is the slow and gradual process of injecting a fluid into the body through the veins.
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In Section 7.4, we use the data of the glucagon challenge test that was performed
on eight subjects at the Center for Human Drug Research in Leiden [VGB+14]. For
each subject, two data sets are available: one before treatment with the drug and one
after six weeks of treatment. We estimate the parameter of the above ODEs by using
a method proposed by Ramsay et. al. [RHCC07] to fit the data. We do the fitting
and parameter estimation for each data set, and we analyze the data to conclude the
efficacy of the drug.

In Section 7.5 we study the adaptation properties of the receptor system, and in
Section 7.7 we explain how the smooth profiling method in [RHCC07] works. In the
end, we present some discussion on the results of the chapter in Section 7.6.

7.1.1. The glucagon challenge test. The glucose-insulin-glucagon system or-
chestrates a complex physiological response. Understanding how different components
of this system work, requires a properly designed experimental setup to perturb the
system and then analyze its dynamic response. Depending on the type of the per-
turbation, the response will reveal certain features of the system. In virtue of this
‘control system’ view, the glucagon challenge test has been proposed as a standard
pharmacodynamic tool in pharmacological research related to glucose homeostasis
and metabolism [VGB+14].

Briefly, the glucagon challenge test is as follows. It lasts six hours; the first three
hours are aimed at stabilization and measurement of the baseline concentrations. In
the second three hours of the test, the endogenous pancreatic secretion of insulin
and glucagon are inhibited by somatostatin2 infusion. Simultaneously, the exogenous
infusion of insulin and glucagon are adjusted so that the concentration of blood insulin
remains constant and the concentration of blood glucagon level increases 2-3 fold (See
Figures 7.2 and 7.3). The data set that we use for this Chapter is from the glucagon
challenge test performed on 8 subjects [vDGM+15]. For each subject, the data set
include the following

• The measurement of the concentration of blood glucose, insulin, and glucagon
at times 135, 150, 165, 179, 195, 210, 225, 240, 255, 270, 285, 300, 315, 330,
345, and 360 minutes.

• The hepatic glucose production rate Fhgp and the blood glucose clearance
rate Rd both measured indirectly by using the concentration of isotope en-
riched glucose concentration [VGB+14].

Figure 7.3 shows the result of the glucagon challenge test, reported in [vDGM+15],
for one subject.

2Somatostatin is a hormone which inhibits the pancreatic secretion of glucagon and insulin.
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0 1 2 3 4 5 6

Infusion of somatostatin

Infusion of glucagon

Infusion of insulin

Infusion of glucose
Single injection of 

labeled glucose

hour

Stabilization

Figure 7.2. The timeline of the events during the glucagon chal-
lenge test is shown. Just before starting the experiment, labeled
glucose is injected. The first three hours is for stabilization and mea-
surement of the baselines. In the second three hours, the infusion
of somatostatin stops the secretion of insulin and glucagon by the
pancreas. Insulin infusion is adjusted to maintain the baseline con-
centration, and glucagon infusion is aimed to increase the baseline
concentration 2-3 fold.

Let us describe the physiological response of the body to the hormone glucagon.
Glucagon receptors are proteins sitting on the surface of liver cells (hepatocyte). Once
glucagon molecules bind to them, they trigger a biochemical pathway that releases the
glycogen stored in the liver in the form of glucose into the blood, a process known as
glycogenolysis. This form of glucose production is what we referred to as the Hepatic
Glucose Production (HGP) with the rate Fhgp already defined.

Although throughout the second half of the test the concentration of blood
glucagon is kept at a high level, after around 90 minutes, Fhgp starts to decay and
the blood glucose stops to rise with the initial slope. This can be interpreted as a
sign of the tolerance of the blood glucose to glucagon-induced hyperglycemia. This
indicates that there are naturally extra mechanisms to counter-regulate the positive
effect of glucagon on glucose release from glycogen pool in the liver.

One hypothesis that explains the source of this tolerance is the strong presence of a
process called receptor internalization: The rapid redistribution of G-protein-coupled
receptors from the membrane of the cell to endosomes through receptor-mediated
endocytosis [Koe04].

7.1.2. Quantitative assessment of drug efficacy. From the pharmacolog-
ical point of view, if the hepatic glucose production can be reduced in some way,
this would suggest a potential treatment for glucagon-induced hyperglycemia (high
blood glucose levels due to unopposed action of glucagon) in type 2 diabetes patients.
Therefore, drugs that can inhibit or reduce the action of glucagon are highly desired.
Consequently, the glucagon receptor in the liver is a potential pharmaceutical target.

The glucagon challenge test has successfully been used to show the proof of phar-
macology for a novel glucagon receptor anti-sense drug3 [vDGM+15]. The drug is
aimed at lowering the amount of glucagon receptor expression in the liver. With
fewer receptors, glucagon will have less chance to trigger the HGP. In the clinical trial
reported in [vDGM+15], healthy volunteers have undergone six weeks of treatments

3The drug (ISIS 325568), developed by Ionis Pharmaceuticals (known as Isis Pharmaceuticals
until December 2015), passed phase I clinical trials before its development was discontinued in favor
of a more potent second-generation compound.
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Figure 7.3. This figure shows the measured data obtained from
the glucagon challenge test on one subject, both before and after
treatment with the drug. The test lasts six hours. The first three
hours is for stabilization. In the next three hours, hormones are
infused intravenously. The plots are for the concentration of glucose
G, insulin I, glucagon E, the hepatic glucose production rate Fhgp,
and the glucose clearance rate (Rd).

with the drug. Glucagon challenge test has been performed on each subject both
before and after the treatment. After the treatment, the rise in the blood glucose
concentration is reduced by almost 1 g/L during the challenge test (see the top plot
in Figure 7.3).

Another point of investigation in this chapter is the quantitative assessment of
the efficacy of the glucagon receptor anti-sense drug.

To sum up, in this chapter, by combining mathematical modeling and data fitting
we want to answer the following two questions:

• How does the glucagon receptor internalization results in the tolerance of
glucose to glucagon-induced hyperglycemia?

• How can we use the time course of the blood glucose concentration before
and after treatment, to quantify the reduction in the number of glucagon
receptors due to the action of the drug?

In the next section, we continue by presenting a mathematical model for the
glucose-insulin-glucagon system. Then we will use the model to fit the glucagon chal-
lenge test data. By doing so, we obtain enough information to answer the questions
above.
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7.1.3. Earlier works. Many published physiological models of glucose home-
ostasis do not include the effect of glucagon on the dynamics of glucose concentration,
and the focus is merely on insulin. Here we briefly mention some of the very few cases
in which the effect of glucagon, as well as insulin, are included in the model. The
glucagon-extended minimal model in [HGO+13] is built upon the famous Bergman
minimal model [BBI+79]. Since the model is phenomenological, and the variables do
not include a hepatic glucagon concentration, it is not clear how one can couple the
dynamics of the glucagon receptor to it. Liu and Tang [LT08] have incorporated both
glycogen and glucagon into a detailed molecular model; for our purposes, however,
this model is too detailed and has too many unknown parameters. Even more detailed
whole-body models for glucose-insulin-glucagon interaction are given in [SWL+13]

7.2. Mathematical modeling the glucagon challenge test

We aim to develop a simple model that describes the interaction between the
blood concentration of glucose, insulin, glucagon, and different forms of glucagon
receptors on the live cell membrane during the glucagon challenge test.

As explained above, the glucagon challenge test consists of a stabilization period
of three hours followed by a pancreatic clamp period of another three hours. We
require that the model describes both periods and satisfies the following conditions:

(1) The model should include the effect of glucagon on the glucose dynamics.
(2) The model should contain the dynamics of the glucagon receptor so that we

can study the effect of the internalization and also the effect of the change
in the total concentration of the glucagon receptors due to the action of the
drug.

(3) During the first three hours, the model should possess stable steady states
for all the variables.

(4) In the second three hours of the test, the model should be able to fit the
data of for all subjects with reasonable accuracy.

Below we construct a model which is a coupling of a compartmental model with
a set of differential equations describing receptor dynamics. We will construct three
compartments, one each for glucose, insulin, and glucagon in the blood, with concen-
trations G [g/L], I [mU/L], and E [pM/L]. We couple this to a model of the dynamics
of the glucagon receptors in a representative liver cell, in terms of three concentrations
R, RE, and Ri, for the three forms of the receptor. The whole model is depicted in
Figure 7.4.

7.2.1. Insulin compartment. The rate of change of the concentration of in-
sulin in the blood is assumed to be due to infusion, pancreatic secretion, and clearance
from blood. Therefore we assume that the equation for the change in the concentra-
tion of insulin in the blood is

dI
dt = QI(t)

VI︸ ︷︷ ︸
infusion

+ FI︸︷︷︸
secretion

− kdegII︸ ︷︷ ︸
clearance

. (7.1)

We now define the terms in this equation. Secretion of insulin in the pancreas is
triggered by a high level of glucose in the blood. The secretion rate function in the
equation for insulin dynamics should be dependent on blood glucose concentration.
However, in the setup of the glucagon challenge test, we assume that in the first three
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hours the secretion rate is constant and then in the second three hours is equal to
zero, and hence this rate has no dependence on glucose. We denote the rate by FI(t),

FI(t) =
{
F I 0 < t < 3,
0 3 ≤ t < 6,

where F I is the basal secretion rate.
The clearance of insulin is assumed to be a first-order process with rate constant

kdegI. Finally, QI is the rate of infusion of insulin into the blood,

QI(t) =
{

0 0 < t < 3,
QI 3 ≤ t < 6,

and VI is the volume of distribution of insulin.

7.2.2. Glucagon compartment. Like insulin, the rate of change of the concen-
tration of glucagon in the blood is assumed to be due to infusion, pancreatic secretion,
and clearance from the blood. Therefore the equation is

dE
dt = QE(t)

VE
+ FE − kdegEE, (7.2)

where we have chosen the glucagon secretion rate function to be

FE(t) =
{
FE 0 < t < 3,
0 3 ≤ t < 6.

which is independent of G. We have also assumed that glucagon is degraded through
a first-order process with the rate constant kdegE and injected into the bloodstream
at a rate

QE(t) =
{

0 0 < t < 3,
QE 3 ≤ t < 6.

per unit time. Here VI is the volume of distribution of glucagon.
We should note that the data of the glucagon challenge test says little about the

dependence of the secretion rate of insulin and glucagon on glucose concentration
because these pancreatic secretions are effectively inhibited by somatostatin. We can
only estimate the basal value of these secretion rates, i.e., F I and FE .

7.2.3. Glucose compartment. The changes in the concentration of blood glu-
cose are due to its production in the body and its clearance from the blood. We
assume that during the glucagon challenge test, the only source of glucose production
in the body is the hepatic glucose production. The hepatic glucose production rate
Fhgp will depend on the glucagon receptor dynamics, and we discuss this in detail in
Section 7.3.

During the challenge test, there is a small amount of intravenous glucose infusion
at a rate

QG(t) =
{

0 0 < t < 3,
QG 3 ≤ t < 6.

We model the removal of glucose from the blood by two types of processes, insulin-
dependent and insulin-independent. The uptake of glucose into tissues is an insulin-
dependent process, whereas brain consumption and renal excretion are examples of
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insulin-independent processes. The data from the glucagon challenge test show that
the total clearance rate (the sum of the two) is affected very little as the glucose
level rises4. In view of this observation, we use Michaelis-Menten type expressions for
both terms to allow for sub-linear rates. The equation for the time course of glucose
concentration in the blood is therefore

dG
dt = QG(t)

VG
+ Fhgp −

ViiG

Kii +G
− VidIG

Kid +G
, (7.3)

with VG being the volume of distribution of glucose, Vii and Vid the maximum insulin-
independent (ii) and insulin-dependent (id) uptake rates, and Kii and Kid the corre-
sponding Michaelis-Menten constants.

We have now defined the three physiological compartments, for glucose, insulin,
and glucagon blood concentrations, and their dynamic equations, which have a large
number of as yet unknown constants. In Section 7.3 we add the equations for the
receptor dynamics. After that, in Section 7.4 we describe our parameter fitting.

7.2.4. Some comments on the modeling choices. The design of the glucagon
challenge test aims at full control over the concentration of hormones in the blood.
To that end, the endogenous secretion of hormones is (almost completely) shut down
by injecting somatostatin during the second three hours of the test, and the hormone
levels are maintained by infusion instead.

Because of this setup, we assume for the second part of the experiment a one-way
relationship between hormones and glucose: hormone concentrations affect glucose
dynamics but not vice versa. A mathematical consequence of this assumption is that
the equations for glucagon and insulin concentrations become exactly solvable; the
solutions are exponential functions.

In fact, somatostatin takes a short time, 3-4 minutes,5 to take full effect. A more
realistic assumption would, therefore, be to consider the dependence of these secretion
rate functions (FI and FE) on glucose during this short section of the second period.
This would require additional modeling of the injection of somatostatin and of the
interaction between somatostatin and the secretion processes. However, the data
that we have (taken every 15 minutes) have insufficient information about this short
period (3-4 minutes). This would mean that the corresponding parameters would not
be identifiable from our data. For this reason, we choose to assume that endogenous
hormone secretion instantaneously drops to zero.

In the next section, we will discuss the dynamics of the glucagon receptor and
how it affects the hepatic glucose production rate.

7.3. Dynamics of the glucagon receptor

The two research questions, presented in Section 7.1.1, that we aim to answer,
deal with the glucagon receptor and its role in glucose production. The hepatic
glucose production is mediated by the glucagon receptor. Glucagon receptors on the
surface of hepatocyte membrane trigger a cAMP-mediated pathway that transforms
and releases the stored liver glycogen into blood glucose. It has been shown that

4See the data points marked Rd in Figure 7.3, which change only little from the stabilization
period to the clamp period. Van Dongen also makes this observation [VGB+14, p. 271]

5Koos Burggraaf, personal communication
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Insulin Glucose Glucagon
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Glycogenolysis

Figure 7.4. The compartmental model for glucose homeostasis by
insulin and glucagon is shown below. The black arrows indicate trans-
port of substances and the blue arrows show how different processes
are activated. Insulin and glucagon are both secreted by the pancreas
and transferred to plasma. A small amount of these two hormones
are then extracted from the plasma by the liver. Insulin enhances
glucose storage in the liver (arrow 1) and uptake in tissues (arrow
3). Glucagon activates the release of glucose from the liver (arrow
2). Through a feedback mechanism, glucose affects secretion rate of
insulin (arrow 4) and glucagon (arrow 5). The glucagon molecules
that are extracted by the liver, participate in a set of biochemical
reactions that involve the glucagon receptors on the membrane of
the liver cells. The diagram above shows: association/dissociation
with the rate constants kon and koff , internalization with the rate
constants kin and k′in, and recycling with the rate constant krec.
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glucagon receptors internalize after stimulation with glucagon [KNM+08]. If the
stimulation is acute (around 30 minutes), then the internalized receptors are rapidly
recycled back to the surface of the liver cells. However, after the chronic stimulation
(around 5 hours), the internalized receptors are degraded. See Figure 7 in [KNM+08].

G-protein-coupled receptors go through desensitization and consequent internal-
ization to ensure proper spatiotemporal regulation of signal transduction in case acute
or chronic stimulation occurs [Koe04]. Depending on the pathway two types of de-
sensitization are recognized; homologous when the specific ligand of the receptor is
responsible for the decrease in responsiveness and heterologous when the desensitiza-
tion pathway is independent of the specific ligand. The glucagon receptor internalizes
in both ways [KNM+11].

Given the information available on the behavior of glucagon receptor, we simplify
all the processes into some basic reactions presented in Figure 7.4. The reactions
include the binding of glucagon to its receptor, the internalization of both glucagon
receptor R and glucagon-bound receptor RE, and recycling of the glucagon receptor.

The dynamics of the glucagon receptor has only recently been considered in
mathematical models of glucose homeostasis. Liu and Tang [LT08] incorporated a
phenomenological model of receptor dynamics into a physiological model for glucose
homeostasis. Their model for the glucagon receptor compartment is a heuristic simpli-
fication of a more extended model for insulin receptor presented in [SSQ02]. Sumner
et al. [SHS+12] presented a model for liver glucose homeostasis. They assumed a
simple G-protein-coupled receptor model for the receptor compartment. Their model
does not cover the receptor internalization and recycling events. In a study by Schaller
et al. [Sch14] a whole-body model for the glucose-insulin-glucagon interaction is pre-
sented. The glucagon receptor is modeled as a simple G-protein coupled receptor with
internalization and recycling. Apart from the fact that the model does not possess a
state variable for the glucagon-bound receptor on the membrane of the liver cells, the
model that we develop is very similar to the one presented in [Sch14, p. 40].

Here we aim to propose a simple model for the dynamics of the glucagon receptor,
based on the reactions depicted in Figure 7.4.

7.3.1. Modeling the receptor dynamics. The reactions involved in model-
ing the receptor dynamics are summarized in Figure 7.5. Glucagon in the hepatocyte
binds to the glucagon receptor on the surface of the hepatocyte membrane. We as-
sume that this binding happens at a rate that is proportional to both the amount
of the glucagon molecules in the hepatic interstitial space, denoted by Eh, and the
amount of surface receptors R. Then the glucagon-bound receptor, RE, dissociates
and internalizes via the two first-order processes with rate constants koff and kin re-
spectively. The internalized receptors Ri recycle back to the surface of the hepatocyte
membrane with the rate constant krec. The free receptors also internalize at a rate
k′inR.
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Figure 7.5. Reaction diagram for receptor binding, internalization,
and recycling of glucagon receptor.

Besides the reaction rates, we make the following modeling assumptions:

(1) The concentration of glucagon in the hepatic interstitial space, i.e., around
glucagon receptors, is instantaneously equilibrated with the concentration
of glucagon in the blood. We thus assume that

Eh(t) = Vh · E(t),

where Vh can be regarded as the volume of the hepatic interstitial space. It
is assumed to be a different constant for every subject, and we will estimate
it later. We should note that Vh has the units of volume (liter), since E
has the unit (pM/L) and Eh, the total amount of glucagon molecules in the
hepatic interstitial space, has the unit of (pM).

(2) We assume that the binding of glucagon molecules to the glucagon receptor
does not affect the concentration of glucagon in the blood. We are assuming
that very few glucagon molecules bind to very effective receptors. Therefore
the model of the receptor, equations (7.4), the concentration of glucagon
Eh(t) acts only as a time-dependent input function, and the dynamics of
the glucagon compartment does not depend on the receptor dynamics.

(3) We assume that synthesis rate of new receptors is equal to the degradation
rate. Therefore we have conservation of the total number of receptors, i.e.,
R+RE +Ri = Rtot.

The equations for the time change of the concentration of the three forms of the
glucagon receptor are

dR
dt = −konVh · E(t) ·R+ koffRE − k′inR+ krecRi

dRE
dt = +konVh · E(t) ·R− koffRE − kinRE

dRi
dt = +kinRE + k′inR− krecRi

. (7.4)

The conservation of the total amount of receptors enables us to describe the
receptor dynamics with only two differential equations for R and RE. Now we scale
the concentrations of R, RE, and Ri with Rtot and introduce

r = R

Rtot , re = RE

Rtot , ri = Ri
Rtot .
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The reason for this choice of scaling lies in parameter identifiability issues that we
will discuss later. After scaling, the equations for the receptor are

dr
dt = −konVh · E(t) · r + koffre − k′inr + krec(1− r − re),

dre
dt = +konVh · E(t) · r − koffre − kinre.

(7.5)

For a given constant concentration of glucagon, E, the receptor compartment always
possesses a unique attracting steady state (r, re)

r = (koff + kin) krec

(k′in + krec)(koff + kin) + (kin + krec)konVhE
,

re = kreckonVhE

(k′in + krec)(koff + kin) + (kin + krec)konVhE

(7.6)

7.3.2. The hepatic glucose production rate. The Hepatic glucose produc-
tion is known to be activated by glucagon and inhibited by insulin. In the setup of
glucagon challenge test, the concentration of insulin in the blood is kept almost the
same throughout the test. Therefore we cannot study the dependence of Fhgp on the
blood insulin concentration. Fhgp, however, should be a function of the glucagon-
bound receptor, RE, since this species is the one that activates the cAMP-mediated
pathway of glycogenolysis. In fact, for G-protein-coupled receptors, there exists a
variety of empirical and mechanistic models that relate the ‘rate of response’ to the
concentration of agonist-bound receptor [RGG14]. We have investigated three differ-
ent possibilities for this rate:

• A linear dependence, bG + V1RE.
• A Michaelis-Menten-type expression bG + V1RE

K1 +RE
.

• A Hill-type expression of the form bG + V1(RE)n

Kn
1 + (RE)n for n = 2.

Among these three rates, the Hill-type expression gave the best fitting to the data.
We fixed the Hill coefficient n to be equal to 2. The reason we did not estimate
this coefficient was that the model would become very nonlinear with respect to the
parameter. That would be problematic because the parameter estimation method
that we have chosen works best for systems that are linear in their parameters.

Now let us rewrite the expression for Fhgp. Using the rescaled concentration

re = RE

Rtot we obtain

Fhgp = bG + V1r
2
e

K ′21 + r2
e

,

where K ′1 = K1/R
tot.
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7.3.3. The full model. We can now write the full set of equations as
dG
dt = QG(t)

VG
+ bG + V1r

2
e

K ′21 + r2
e

− ViiG

Kii +G
− VidIG

Kid +G
,

dI
dt = QI(t)

VI
+ FI − kdegII,

dE
dt = QE(t)

VE
+ FE − kdegEE,

dr
dt = −konVh · E · r + koffre − k′inr + krec(1− r − re),

dre
dt = +konVh · E · r − koffre − kinre.

. (7.7)

It will be convenient to distinguish between the two forms of the above equations
during the challenge test: The first three hours of steady state without any infusion,
and the second three hours with infusion and clamped hormone secretion.

From 0 to 3 hours

0 = bG + V1re
2

K ′21 + re
2 −

ViiG

Kii +G
− VidIG

Kid +G
,

0 = F I − kdegII,

0 = FE − kdegEE,

r = 1

(k′in + krec) + kin + krec

koff + kin
konVhE

,

re = konVhE

(koff + kin)r.

(7.8)

From 3 to 6 hours

dG
dt = QG

VG
+ bG + V1r

2
e

K ′21 + r2
e

− ViiG

Kii +G
− VidIG

Kid +G
,

dI
dt = QI

VI
− kdegII,

dE
dt = QE

VE
− kdegEE,

dr
dt = −konVh · E · r + koffre − k′inr + krec(1− r − re),

dre
dt = +konVh · E · r − koffre − kinre.

(7.9)

The steady state equations give relations between parameters and the basal con-
centrations G, I, E, r, and re. The basal concentrations are fit to the data of 0 to
3 hours. Therefore we have five relations between the parameters. When fitting the
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data for the second three hours to the ODEs, we require that these five relations
continue to be satisfied. The setup of the challenge test is such that these basal
concentrations serve as initial conditions for the differential equations on the right.

We impose another requirement for the fitting. We obtain the basal hepatic
glucose production rate, denoted by Fhgp, by averaging the data of Fhgp for the first
three hours of the test. We then require that at the steady state phase, the production
terms and the disappearance terms in the glucose equation satisfy

Fhgp = bG + V1re
2

K ′21 + re
2 = ViiG

Kii +G
+ VidIG

Kid +G
. (7.10)

Now that we have developed the model, we proceed with fitting the model and
estimating the parameters for each data set that we have.

7.3.4. Parameter identifiability. Before performing any parameter fitting rou-
tine on a mathematical model in terms of ODEs, one needs to make sure that the
parameters of the model can be uniquely determined from the available measure-
ments. Parameter identifiability is defined as the capability to uniquely obtain the
parameters of a system from input-output measurements. We want to perform such
analysis on the set of equations (7.9). We note that the equations for I and E are de-
coupled from the rest. The forms of these two equations are simple and identifiability
of parameters follows easily. The parameters kdegI and kdegE are identifiable and we
will estimate them. The two infusion rates QI and QE are known and we chose to
keep the volumes of distribution VE and VI the same for all the subjects, see Table 1.

For the rest of the equations, namely the equations for G, r, and re, we use
the Mathematica package presented in [KAJ12] to perform structural identifiability
analysis. The concentrations of glucagon E(t) and insulin, denoted by Ins(t) in the
code, act as input functions to the system. The measured variable is G(t). The initial
conditions for r and re are symbolically stated in terms of the parameters according
to (7.8). The code and its output are as follows.

In[119]:= Clear["Global`"];

Needs["IdentifiabilityAnalysis`"];

deq = G'[t] ⩵ QG / VG + bG +
V1 * (re[t])^2

(K1 / Rtot)^2 + (re[t])^2

-
Vii * G[t]

Kii + G[t]
-
Vid * Ins[t] * G[t]

Kid + G[t]
, G[0] ⩵ Gss,

r'[t] ⩵ -kon * Vh * Ε[t] * r[t] + koff * re[t]

- kpin * r[t] + krec * (1 - r[t] - re[t]),

r[0] ⩵
1

(kin + kpin) +
kin+krec

koff+kin
kon * Vh * Ess

,

re'[t] ⩵ kon * Vh * Ε[t] * r[t] - koff * re[t] - kin * re[t],

re[0] ⩵
kon * Vh * Ess

koff + kin
*

1

(kin + kpin) +
kin+krec

koff+kin
kon * Vh * Ess

;

params = {QG, VG, bG, V1, K1, Rtot, Vii, Kii, Vid,

Kid, Vh, kon, koff, kpin, krec, kin, Gss, Ess};

iad = IdentifiabilityAnalysis[{deq, G[t]}, {G, r, re}, params, t, {Ins, Ε}];

iad["IdentifiableQ"]

iad["NonIdentifiableParameters"]

iad["DegreesOfFreedom"]
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Out[1]= False

Out[2]= {bG, K1, kon, QG, Rtot, VG, Vh}
Out[3]= 4

The result says that the model is not identifiable currently. The 7 unidentifiable
parameters are shown with the additional information that there are four degrees of
freedom in the unidentifiable parameters. To resolve that issue we note that the three
parameters QG, VG, and bG appear together in only one place. One degree of freedom
is for the ratio QG/VG and one other is for the sum QG/VG + bG. Since the value
of QG is and VG are known, these two degrees of freedom are resolved. The third
degree of freedom comes because kon and Vh always appear together in terms of the
product konVh. If we fix the value of kon this degree of freedom will also be resolved.
Finally the last degree of freedom comes from the ratio K1/R

tot. Since we do not
have information for the values of these two parameters, we introduced K ′1 = K1/R

tot

and we will estimate this scaled parameter instead.
Now we replace K1/R

tot by K ′1 and fix the value of kon, QG, and VG and check
the identifiability of the system again.

In[149]:= Clear["Global`"];

Needs["IdentifiabilityAnalysis`"];

QG = .24; VG = 4.44; kon = 6 * 10^-5;

deq = G'[t] ⩵ .24 / 4.44 + bG +
V1 * (re[t])^2

(Kp1)^2 + (re[t])^2

-
Vii * G[t]

Kii + G[t]
-
Vid * Ins[t] * G[t]

Kid + G[t]
, G[0] ⩵ Gss,

r'[t] ⩵ -kon * Vh * Ε[t] * r[t] + koff * re[t]

- kpin * r[t] + krec * (1 - r[t] - re[t]),

r[0] ⩵
1

(kin + kpin) +
kin+krec

koff+kin
kon * Vh * Ess

,

re'[t] ⩵ kon * Vh * Ε[t] * r[t] - koff * re[t] - kin * re[t],

re[0] ⩵
kon * Vh * Ess

koff + kin
*

1

(kin + kpin) +
kin+krec

koff+kin
kon * Vh * Ess

;

params = {bG, V1, Kp1, Vii, Kii, Vid,

Kid, Vh, koff, kpin, krec, kin, Gss, Ess};

iad = IdentifiabilityAnalysis[{deq, G[t]}, {G, r, re}, params, t, {Ins, Ε}];

iad["IdentifiableQ"]

iad["NonIdentifiableParameters"]

iad["DegreesOfFreedom"]

Out[4]= True

Out[5]= {}
Out[6]= 0

The model is now identifiable. However this means that if there are many mea-
surements available, we can determine the parameters. Since we do not have a lot
of measurements, we help the parameter fitting routine by choosing to fix some more
parameters of the model in the next section.
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7.4. Model fitting and parameter estimation

During the glucagon challenge test, it is impossible to directly measure concentra-
tions of substances in the liver. Nevertheless, we hope to obtain an estimate for such
concentrations by combining mathematical modeling with the data from the blood
concentrations of glucose, insulin, and glucagon. The data fitting is challenging due
to the presence of unmeasured variables in the set of differential equations.

Due to parameter identifiability issues that were discussed, it is not possible in
our setting to estimate the total number of glucagon receptors from the current model
and data. What we can estimate is K ′1 = K1/R

tot. In [LT08] and later studies the
total amount of the glucagon receptors are taken to be equal to the total amount of the
insulin receptors reported in [SSQ02] and it is about 1 pM. This estimate of the total
number of glucagon receptors assures us about our assumption that concentration of
glucagon in blood, which is about 14.3 pM per liter, does not change considerably
when glucagon binds to its receptor on the surface of the liver cells.

To address the issues of parameter identifiability and to help the parameter fitting
routine, we set some of the parameters to be constants reported in previous studies.
The rate constants of the binding of glucagon to its receptor are taken from [Ron76]
to be kon = 6 × 10−5 pM−1min−1 and koff = 0.24 min−1. Therefore the equilibrium
dissociation constant is Kd = 4000 pM. We will assume that recycling rate of glucagon
receptor is equal to the recycling rate of insulin receptor krec = 0.003 min−1 as
reported in [SSQ02]. In [Sch14, p. 120] this value is obtained by fitting and is reported
to be 0.01 min−1. We will consider the former value for the fitting in this chapter.

We use the smoothing approach proposed by Ramsay et. al. [RHCC07] to es-
timate some of the parameters inside the set of differential equations (7.7). For the
three parameters, kon, koff , and krec we used the literature values as discussed, and
we kept them equal to the same constant for all subjects. During the estimation
procedure, two of the parameters, k′in and Kii, collapsed to zero. Therefore we set
them to be zero for all subjects. The infusion rates and the volumes of distribution
are also equal for all subjects and presented in Table 1.

Table 1. The values of infusion rates and the volumes of distribu-
tion obtained from [Don15]

QG QI QE VG VI VE
0.24 g/hour 480 mU/hour 4134.7 pM/hour 4.44 L 1.52 L 19.6 L

For every subject, we performed the parameter estimation twice: once with before
treatment data, and once with after treatment. During the parameter estimation, we
required that the steady state equations as well as the relation (7.10) are satisfied.
The details of the estimation method are explained in Section 7.7, and the results of
parameter estimation are presented in Table 3. A plot of the solution of the ODEs
using the average parameters is shown in Figure 7.6 and the individual fittings are
depicted in Section 7.7.

7.4.1. Analysis of the data. The fitted parameters for both before and after
treatment are presented in Table 3. To find out which parameters were affected by the
treatment, we performed the Wilcoxon signed-rank test for the data of each parameter
separately. The Wilcoxon signed-rank test is used to compare the distribution of
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paired observations. The null hypothesis, in this case, is that the difference between
the median of the two data sets is zero. We have calculated the p-values of the test for
each parameter, see the last row in Table 3. Only for the parameter K ′1 the p-value
is less than 0.05 (p = 0.0391). As this parameter is inversely proportional to the
total number of receptors, we might infer that the drug has effectively changed the
number of the receptors. For other parameters, we can not reject the null hypothesis.
Therefore we can not conclude that the drug had an effect on them.

We recall that K ′1 = K1/R
tot. If we assume that K1 does not change considerably

after treatment with the drug, i.e., (K1)before = (K1)after, we can calculate the relative
change in the total number of receptors denoted by ∆:

∆ =
(Rtot)before − (Rtot)after

(Rtot)before

=

(
Rtot

K1

)
before

−
(
Rtot

K1

)
after(

Rtot

K1

)
before

=
(K ′1)−1

before − (K ′1)−1
after

(K ′1)−1
before

We calculate the average value ∆ in two different ways. First we calculate the value
of ∆ for each subject separately, see Table 2. In this way, the average value is
AV (∆) = −0.2803.

Table 2. The measured values of ∆ for each subject.

Subject S30 S31 S32 S33 S35 S36 S38 S40
∆ −0.42 0.38 0.40 −0.33 −0.21 −0.73 −0.37 −0.94

We can also use the average values of K ′1 from table 3 and calculate

(AV [(K ′1)after])
−1 − (AV [(K ′1)before])−1(

AV
[
(K ′1)before

])−1

= 98.2415− 179.6945
179.6945

= −0.4533.
In this way, we predict 45 percent decrease in the total number of glucagon receptors.
Both ways of calculating the relative change in the total number of glucagon receptors
show a significant decrease after treatment.

In table 2, we observe that for subjects 31 and 32 the value of ∆ has even increased,
implying that the amount of glucagon receptors have increased after treatment with
the drug. This implication is of course not true given that we see in the after treatment
data that the glucose levels have decreased during the test. The reason we see this
increase is because of our choice of the model and the limitations of the parameter
fitting algorithm that we have used.

The fitted value of bG for after treatment data of these two subjects is 0.41 and
0.1 which are orders of magnitude higher than the values of this parameter for other
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subjects. This discrepancy is the result of our choice to fix the hill coefficient to 2
and compensate for it by adding bG to the hepatic glucose production rate Fhgp. We
observed that by setting the parameter bG to 0 for these two subjects, the fitting
does not get close enough to the data. We could avoid this problem by choosing to
estimate the hill coefficient, however that would make our model too nonlinear and
the parameter fitting algorithm would fail to fit the data.

7.5. Adaptation properties of the receptor system

Receptor internalization results in desensitization of the receptor to its agonist.
This biological phenomenon is very similar to sensory adaptation discussed in Chap-
ter 2. It would be instructive to study the receptor system and see under what
conditions the desensitization is intensified. Let us rewrite the system of differential
equations (7.5) representing the receptor dynamics.

dr
dt = −konVh · E(t) · r + koffre − k′inr + krec(1− r − re),

dre
dt = +konVh · E(t) · r − koffre − kinre.

We can view this as an input-output system that receives an input E(t) and has an
output that is a function of re, namely the hepatic glucose production rate Fhgp(re).
For a constant input signal E, the steady state value of glucagon-bound receptor is

re = Ṽ E

K̃ + E
, (7.11)

with

Ṽ = krec

(kin + krec) , and K̃ = (k′in + krec)(koff + kin)
(kin + krec)konVh

.

This steady state becomes almost independent of the concentration of the input
signal as the ratio K̃/E becomes very smaller than 1.

Now we will discuss the adaptation properties of this system. Suppose that the
receptor system is in steady state (r1, re1) for a signal E1. Then a step increase in
the concentration of signal to a new level E2 forces the system to go to a new steady
state (r2, re2), in spirit of the adaptation experiment explained in Chapter 1.2. The
adaptation error, or the inverse Precision, is

P−1 = (re2 − re1)/re1
(E2 − E1)/E1

= K̃/E2

1 + K̃/E2
,

and clearly this quantity is very small when K̃/E2 � 1.

7.6. Discussion

In this chapter, we started by describing the interaction between glucose and two
associated regulatory hormones: insulin and glucagon. Understanding the mecha-
nisms involved in the complex dynamics of these three will help in designing better
ways to treat diabetes. We specifically focus on a recent pharmacodynamic tool,
namely the glucagon challenge test, which is a standardized way of measuring the
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effect of glucagon on hepatic glucose release [vDGM+15]. We propose a mathemati-
cal model for glucose-insulin-glucagon interaction, and we used that to fit the clinical
trial data obtained from glucagon challenge test.

The model contains a subsystem for the glucagon receptors on the surface of
the liver cells. This enabled us to answer the two questions that we posed in the
introduction. First, we wanted to show how the glucagon receptor internalization
results in the tolerance against glucagon-induced hyperglycemia. In Figure 7.6, where
the average response is depicted, we observe that in the second three hours of the test
there is a decrease in the amount of free receptor on the surface of the liver cells;
around 15 percent for before treatment data and 8 percent for after treatment data
which is significant. Most of these free receptors first bind to the glucagon molecules
and then internalize very fast. A small portion stays bounded. The time course of the
concentration of re and the value of Fhgp(re) show an initial rise due to the abundance
of glucagon followed by a slow decay due to internalization. The average values for
the internalization rate kin, 21.022 1/hour for before treatment and 12.05 1/hour for
after treatment, implying that the internalization process happens quite fast.

The second question dealt with the quantitative assessment of the efficacy of
a novel antisense drug aimed at blocking the production of the glucagon receptor.
By fitting and comparing the data of the glucagon challenge test before and after
treatment with the drug, we found around 45 percent, on average, decrease in the
number of glucagon receptors in liver cells.

We now comment on some aspects of this work.
The size of the model. We claim that the set of equations (7.7) describe the least

complex model that is (a) based on the physiology of glucose homeostasis, (b) based
on the biochemistry of glucagon receptor, and (c) can successfully fit the data of the
glucagon challenge test. By using simpler kinetics for the rates or by modeling with
fewer equations, we will violate some of the three conditions that we require for out
modeling.

The glucagon receptor compartment. We introduced three basic reactions – namely
binding, internalization, and recycling – to represent the complex systems biology of
glucagon receptor. Our model is complex enough to describe the data, yet not too
complex to encounter parameter identifiability issues. In case more data on the ac-
tion of glucagon receptor is available, the model should be improved to include more
details such as the binding of glucagon to GLP-1 receptor [ND17], or different modes
of internalization of the glucagon receptor [KNM+11].

The smooth profiling method. ODE parameter inference is notoriously difficult
computationally. The smooth profiling method was chosen because it can handle
problems with unmeasured components. However, the method requires extensive
tuning of control parameters w and λ. We had to tune these parameters for each
separate fit. We did not use the method in a mixed effect setting where all data
are treated at once. Other approached such as Bayesian approach could provide a
convenient framework for dealing with mixed effect models, and that remains for
future work.

Applicability of this study. The glucagon challenge test together with the model
and the data fitting procedure presented in this chapter can be used to study the
efficacy of any glucagon receptor antisense drug. Moreover, the model presented
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Table 3. Estimated parameters obtained via smooth profiling method are
shown. Every subject has undergone two challenge tests, six weeks apart,
one before treatment with drug and one after treatment. The average and
the standard deviation of the estimated parameters are also calculated. The
last row shows the p-values obtained from comparing the before and after
parameters using the Wilcoxon signed rank test. The parameters that are
fixed for all subjects are kon = 6 × 10−5 pM−1min−1, koff = 0.24 min−1

krec = 0.003 min−1, and k′in = Kii = 0.
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7. Mathematical modeling of the glucagon challenge test

here, or some extension of it, can be incorporated into recently developed models of
artificial pancreas [REKS+14].

7.7. Smooth Profiling method

In this chapter, we used the parameter estimation method proposed by Ram-
say et. al. [RHCC07], and we extensively used the MATLAB functions written by
Giles Hooker [Hoo06]. The proposed method for parameter estimation of differential
equations is basically a collocation method. Given a set of differential equations for
X ∈ Rn and

dX
dt = f(X, t, θ)

that depend on a set of parameters represented in a vector θ, we have a set of ob-
servation Yi at times t` for a subset of variables Xi. The approximation X̂(t) of the
state variable X(t) is expressed in the form of an expansion

X̂i(t) =
Ki∑
k=1

cikφik(t),

where Ki is the number of basis functions chosen for Xi, and the basis functions φ
are chosen in a manner that they can capture the time variation in the data. The
method of Ramsay et. al. tries to find an estimation for all coefficients c and all
parameters θ. For that, a two-stage optimization procedure, the so-called inner and
the outer optimizations, are performed.

In the inner optimization, the parameters are kept fixed and the coefficients are
found in such a way that the functional

G(X̂, θ, λ) :=
n∑
i=1
{wi‖Yi − X̂i‖2 + λi

∫ (
dX̂/dt− f(X̂, t, θ)

)2
dt} (7.12)

is minimized. The parameters wi and λi allow tuning the degree of fidelity to data
and to the differential equation. The values of these control coefficients that has been
used for fitting are presented in Table 4 Once the coefficients c are determined from
the inner optimization, the parameters θ are varied to minimize

J(θ, λ) =
n∑
i=1
‖Yi − X̂i(t`|θ)‖2 (7.13)

which measures the distance between the data and the approximation. Each time
θ varies in the outer optimization, X̂ is re-estimated from the inner optimization.
Minimization of (7.13) is performed via a Gauss-Newton procedure.
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7. Mathematical modeling of the glucagon challenge test

Table 4. The values of control coefficients λ and w in the inner
optimization problem (7.12) for each fit.

Subject λ1 λ2 λ3 λ4 λ5 w1 w2,3,4,5
S30 before 2800 10 10 700 900 20 1
S30 after 4000 10 10 500 100 10 1
S31 before 2800 10 10 700 900 10 1
S31 after 4000 10 10 500 100 10 1
S32 before 2800 10 10 700 900 100 1
S32 after 4000 10 10 1000 800 100 1
S33 before 224000 800 800 56000 72000 10 1
S33 after 2800 10 10 700 900 100 1
S35 before 224000 800 800 56000 72000 10 1
S35 after 4000 10 10 1000 800 1 1
S36 before 8000 100 100 7000 9000 100 1
S36 after 900000 5000 5000 500000 500000 10 1
S38 before 1000 10 10 1000 1800 100 1
S38 after 1000 10 10 1000 800 100 1
S40 before 7200 40 40 4000 4000 1 1
S40 after 7200 40 40 4000 4000 1 1
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Figure 7.6. The plot of the solution to the model with average
parameters in Table 3, before and after treatment.
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Summary

In Pursuit of Mathematical Principles in Systems Biology

This Thesis deals with the application of mathematics in the field of systems
biology. In the first part of this thesis, we study two specific measures of quality
of chemical reaction networks, Precision and Sensitivity. The two measures arise
in the study of sensory adaptation, in which the reaction network is viewed as an
input-output system. Given a step change in input, Sensitivity is a measure of the
magnitude of the response, while Precision is a measure of the degree to which the
system returns to its original output for large time. High values of both are necessary
for high-quality adaptation. We focus on reaction networks without dissipation, which
we interpret as detailed-balance, mass-action networks. We give various upper and
lower bounds on the optimal values of Sensitivity and Precision, characterized in
terms of the stoichiometry, by using a combination of ideas from matroid theory and
differential-equation theory. Among other results, we show that this class of non-
dissipative systems contains networks with arbitrarily high values of both Sensitivity
and Precision. This good performance does come at a cost, however, since certain
ratios of concentrations need to be large, the network has to contain many species
and reactions, or the network should show strongly different time scales.

In the second part of this thesis, we deal with qualitative behavior of DNA cir-
cuits. Synthetic biology has came up with various interesting ways to mimic cellular
functions and build information-processing units in an in vitro setting. One recent
approach, the PEN DNA toolbox, has shown promising results in the engineering of
synthetic enzyme-driven DNA circuits with arbitrary complexity in a modular fash-
ion. This toolbox comes with a mathematically tractable model, however the math-
ematical model depends on many parameters. In this part of the thesis we explore
mathematical properties of the PEN toolbox models with the purpose of associating
these properties to functionality of the circuits. We find that all PEN-based circuits
have a trivial steady state and that, more importantly, the instability of this steady
state is strongly related to functionality. We prove that without autocatalysis, the
trivial steady state is globally attractive, implying that the presence and instabil-
ity of autocatalytic modules are essential to non-trivial functionality. We show that
autocatalytic modules exhibit transcritical bifurcation as parameters vary. This bi-
furcation results in an on-off behavior which divides the parameter space into two
subsets; in one subset we can expect interesting dynamics to occur and in the other
not. We also show that Michaelis-Menten approximations of PEN-based autocatalytic
modules show similar transcritical bifurcations as the full system. This explains the
success of these approximations in mirroring the qualitative behavior of PEN-based
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networks. However, these Michaelis-Menten models fail to accurately recover oscilla-
tion frequencies and the parameter regions of oscillation. We also derive a rigorous
reduction of an autocatalytic module, and the difference between this reduction and
Michaelis-Menten approximations explains the discrepancy in detailed predictions.

In the last chapter of this thesis we develop a bihormonal model for glucose
homeostasis. Regulation of blood glucose level, is the result of complex interactions
between hormones and glucose. Hormones such as insulin and glucagon regulate the
various processes related to release, storage, and uptake of glucose. In collaboration
with pharmacologists in Center for Human Drug Research in Leiden we developed
a new bi-hormonal model for glucagon challenge test. This test shows that there
are extra mechanisms to counter regulate the positive effect of glucagon on glucose
release from liver. The hypothesis is that at high concentration of glucagon, the
glucagon receptor internalizes and its effect becomes measurably important. In this
chapter we check this hypothesis using clinical data and mathematical modeling of the
underlying physiology and biochemistry. Moreover we use our modeling techniques
to predict the reduction in the total concentration of glucagon receptors in the liver
after treatment with a novel drug aimed for treating type 2 diabetes. In this chapter
we use differential equations for modeling and we use a smooth profiling method for
parameter estimation.
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Multi-objective optimization framework to obtain model-based guidelines for

133



tuning biological synthetic devices: an adaptive network case. BMC systems
biology, 10(1):27, 2016.

[BS13] John P Barton and Eduardo D Sontag. The energy costs of insulators in
biochemical networks. Biophysical journal, 104(6):1380–1390, 2013.

[BSB+97] William Bialek, S M Smirnakis, Michael J Berry Ii, D K Warland, and
Markus Meister. Adaptation of retinal processing to image contrast and
spatial scale, 1997.

[BW15] Tobias Breidenmoser and Olaf Wolkenhauer. Explanation and Organizing
Principles in Systems Biology. pages 249–264, 2015.

[CDSS09] Gheorghe Craciun, Alicia Dickenstein, Anne Shiu, and Bernd Sturmfels.
Toric dynamical systems. Journal of Symbolic Computation, 44(11):1551–
1565, 2009.

[Cro07] Stanley T Crooke. Antisense drug technology: principles, strategies, and
applications. CRC Press, 2007.

[CWOT15] Yuansheng Cao, Hongli Wang, Qi Ouyang, and Yuhai Tu. The free-energy
cost of accurate biochemical oscillations. Nature Physics, 2015.

[DDP+16] M Omar Din, Tal Danino, Arthur Prindle, Matt Skalak, Jangir Selimkhanov,
Kaitlin Allen, Ellixis Julio, Eta Atolia, Lev S Tsimring, Sangeeta N Bhatia,
et al. Synchronized cycles of bacterial lysis for in vivo delivery. Nature,
536(7614):81, 2016.

[DGMPP16] Tom De Greef, Saeed Masroor, Mark A Peletier, and Rudi Pendavingh. Pre-
cision and sensitivity in detailed-balance reaction networks. SIAM Journal
on Applied Mathematics, 76(6):2123–2153, 2016.

[DLAS07] Patrick De Leenheer, David Angeli, and Eduardo D Sontag. Monotone chem-
ical reaction networks. Journal of mathematical chemistry, 41(3):295–314,
2007.

[DNS08] Domitilla Del Vecchio, Alexander J Ninfa, and Eduardo D Sontag. Mod-
ular cell biology: retroactivity and insulation. Molecular systems biology,
4(161):161, 2008.

[Don15] Maria Gertrud Jobina van Dongen. Exploring the role of glucagon in
glucose homeostasis. PhD thesis, Department Endocrinology, Faculty of
Medicine/Leiden University Medical Center (LUMC), Leiden University,
2015.

[Eis13] Martin Eisen. Mathematical models in cell biology and cancer chemotherapy,
volume 30. Springer Science & Business Media, 2013.

[EL00] Michael B Elowitz and Stanislas Leibler. A synthetic oscillatory network of
transcriptional regulators. Nature, 403(6767):335–338, 2000.

[EMS+17] Wouter Engelen, Lenny HH Meijer, Bram Somers, Tom FA De Greef, and
Maarten Merkx. Antibody-controlled actuation of dna-based molecular cir-
cuits. Nature Communications, 8, 2017.
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