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Computing the Fréchet Distance between Real-Valued Surfaces

Kevin Buchin∗ Tim Ophelders∗ Bettina Speckmann∗

Abstract

The Fréchet distance is a well-studied measure for the similarity of shapes. While efficient
algorithms for computing the Fréchet distance between curves exist, there are only few results
on the Fréchet distance between surfaces. Recent work has shown that the Fréchet distance
is computable between piecewise linear functions f and g : M → Rk with M a triangulated
surface of genus zero. We focus on the case k = 1 and M being a topological sphere or disk
with constant boundary. Intuitively, we measure the distance between terrains based solely
on the height function. Our main result is that in this case computing the Fréchet distance
between f and g is in NP.

We additionally show that already for k = 1, computing a factor 2− ε approximation of
the Fréchet distance is NP-hard, showing that this problem is in fact NP-complete. We also
define an intermediate distance, between contour trees, which we also show to be NP-complete
to compute. Finally, we discuss how our and other distance measures between contour trees
relate to each other.
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2 1 Introduction

1 Introduction

Figure 1: Two pictures that can
continuously deform into each
other.

The problem of measuring the similarity between shapes has
recently gained much attention. While many measures have
been defined, algorithms to compute such measures have been
found for only a few of them. We consider the problem of com-
paring real-valued functions f : M → R on surfaces, focusing
in particular on spheres and disks of constant boundary, i.e.,
f(x) = f(x′) for all x, x′ ∈ ∂M . The kind of similarity we
investigate is that under continuous deformations of surfaces,
such as in Figure 1. Here shapes that can be deformed into
each other have distance 0, otherwise, shapes have some
meaningful positive distance. Two natural computational
problems arise for each measure, namely deciding whether two images have distance 0, and the
more general problem of computing the distance between two images.

Major applications of computing such measures are in the comparison of medical imagery.
For example, when comparing two MRI or CT scans of lungs, the images are often not aligned
due to breathing and gravity. It is important to align the images through deformation to locate
differences. A problem with similar use cases is elastic image matching, which is known to be
NP-complete [27]. In practice, this problem is currently approached using various heuristics [34].

Definitions, background and results. Given two functions f : M → Rk and g : M → Rk with
common parameter space M , their Fréchet distance [23, 24] is defined as

dF (f, g) = inf
µ : M→M

sup
x : M

d(f(x), g ◦ µ(x)),

where µ : M →M ranges over orientation preserving homeomorphisms and d(·, ·) is the underlying
norm of Rk. Essentially, the Fréchet distance captures the similarity between two functions
by realigning their parameter spaces to minimize the maximum difference in function value of
aligned points. It is often assumed that f and g are piecewise-linear functions.

Efficient algorithms for computing dF (f, g) exist for Lp norms if f and g are polylines [5], so
if M = [0, 1] or M = S1 for closed polylines. The computational complexity of this case is well
understood with a significant amount of recent work addressing the fine-grained complexity of
this case and its variants [1, 10, 13, 15]. Considerable progress has also been made recently on the
problem of approximating the Fréchet distance between polylines [11, 21]. With many efficient
algorithms at hand the Fréchet distance between polylines has found numerous applications,
with recent work particularly focusing on geographic applications such as map-matching tracking
data [9] and moving objects analysis [12].

The computational complexity in the case that f and g : M → Rk are (triangulated) surfaces
is much less understood. The problem is known to be NP-hard [26] also when k = 2 [14, 17].
But it is not known whether it is actually in NP, in fact until recently it was only known to be
upper semi-computable for surfaces in Rk [4, 18]. Recently, the first computability result [30] for
surfaces of genus 0 was found, including an exponential time approximation algorithm.

We show that for k = 1, the problem is in NP if M is a topological sphere or disk with
constant boundary. Additionally, we show that already for k = 1 computing the Fréchet distance
is NP-hard. Even for this case, no efficient constant-factor approximation algorithms have been
found so far, and we show that computing a factor 2− ε approximation is NP-hard.

In previous work, a few variants on the comparison of surfaces under the Fréchet distance have
been investigated. For instance, there are efficient algorithms for computing the Fréchet distance
with certain constraints on the homeomorphisms µ [17] and for computing the weak Fréchet
distance [4] between triangulated surfaces homeomorphic to the disk. The Fréchet distance can
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Computing the Fréchet Distance between Real-Valued Surfaces 3

be computed in polynomial time for simple polygons (including interior) in the plane [16], even
if they have one [14] or more holes [29]. An efficient constant factor approximation exists for
so-called folded polygons, which need not lie in the plane [19].

In addition to our results on surfaces (Section 3), we define a suitable similarity measure
between contour trees, which we show to be NP-complete to compute as well (Section 2). Recently,
other measures [6, 7, 8, 20, 28] such as the interleaving distance or functional distortion distance
have been investigated for contour trees. In particular, it is expected that the interleaving
distance and the functional distortion distance are equal, but so far it has been proven only
that they differ by at most a constant factor. For computing the interleaving distance, no
efficient exact algorithms are known. We also show a relation to the Gromov-Hausdorff distance
between trees, for which an NP-hardness proof was recently found [2]. The same paper proposes
polynomial-time approximation algorithms with an approximation ratio of O(min(n,

√
rn))

(where r is the length ratio between the longest and shortest edge) for the Gromov-Hausdorff
and interleaving distances. We highlight how the Fréchet distance and weak Fréchet distance
differ from these measures in Section 5.

Outline. Our main result is the NP-completeness of the Fréchet distance between R-valued
surfaces. Because of its combinatorial complexity, we start by defining a combinatorially simpler
problem, the contour tree distance. The contour tree distance is a similarity measure related to
the Fréchet distance, that abstracts from the geometric representation of the matching µ. As
such, the contour tree distance is a lower bound on the Fréchet distance.

We show that the contour tree distance is in NP using properties of the freespace diagram,
which is a commonly used tool in algorithms for computing the Fréchet distance between curves.
Using extensions of the freespace diagram, valid matchings between contour trees can be analyzed
easily. Nonetheless, it turns out that approximating the contour tree distance within a factor 2
is NP-hard by a reduction from the NP-hard problem Exact Cover by 3-sets.

Using specific properties of the matchings used in this reduction, these matchings can be
extended to matchings µ between surfaces. A reduction from the contour tree distance to the
Fréchet distance between R-valued surfaces then shows that approximating the Fréchet distance
within a factor 2 is also NP-hard. However, not all matchings between contour trees have an
extension to a matching between surfaces, as discussed in Section 4.

To show that computing the Fréchet distance is in NP, we make use of a polynomial amount
of information of a matching µ. Using this information, we can represent a matching as an Euler
diagram, which can be recognized in NP.

2 Contour tree distance

The Reeb graph [31] of a function f : M → R is the quotient space M/∼f where a ∼f b if and
only if a and b are in the same connected component of the level set f−1(f(a)). Denote by Rf
the corresponding quotient map. Because f associates a single real number to each equivalence
class of ∼f , the resulting Reeb graph has a natural R-valued function associated with it, namely
the (unique) function f ′ : M/∼f → R satisfying f ′ ◦ Rf = f . If M is the disk or the 2-sphere,
the Reeb graph forms a tree called a contour tree.

For the sake of compact representation, in this paper we assume each surface to be triangulated,
to form a simplicial 2-complex. Moreover, we assume without loss of generality that function
values along edges of Reeb graphs are interpolated linearly between the values of the vertices
at their endpoints. In this representation, the contour tree of a surface with n faces has
complexity O(n) and can be computed in O(n log n) time [35]. Intuitively, the contour tree has
a vertex for each minimum, maximum and saddle point, and edges between ‘adjacent’ vertices.

Based on the Fréchet distance between f and g, we derive a computationally simpler measure
that abstracts from the realizability of the matching µ between spheres or disks. Throughout
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4 2 Contour tree distance

this paper, we use the notation X = M/∼f and Y = M/∼g for the contour trees of f and g,
respectively. We shall denote the vertex set of X by V (X) and its edge set by E(X). With slight
abuse of notation, we reuse function names f and g for the natural R-valued functions associated
with the contour trees X and Y. Our distance measure dC compares the contour trees X and Y
of f and g. We define the contour tree distance dC as

dC (f : X→ R, g : Y→ R) = inf
τ∈M(X,Y)

sup
(x,y)∈τ

|f(x)− g(y)|,

where τ ⊆ X× Y is drawn from some class of matchings M(X,Y), defined below. So τ defines
a correspondence between contour trees, such that (x, y) ∈ τ if some points on contours x
and y were matched by a corresponding matching µ on M . Denote τ(x) = {y | (x, y) ∈ τ}
and τ−1(y) = {x | (x, y) ∈ τ}. The class M(X,Y) captures the essential (but not all) properties
of an orientation preserving matching µ. We define M(X,Y) as the set of matchings τ for which
the following properties hold:

1. τ is a connected subset of X× Y;

2. τ(x) is a nonempty subtree of Y for each x ∈ X;

3. τ−1(y) is a nonempty subtree of X for each y ∈ Y.

a

b

c

d

e

f

1

2

3

4

5

6

a1

c3
c4

d4
d3

b2

e5

f6

Figure 2: Two trees (left)
and a matching (right).

Here, the term subtree is used to denote a connected subset of a tree,
not necessarily containing leaves of that tree. By Conditions 2 and 3,
each connected set matches with a connected set, and Condition 1
ensures continuity. Let x  X x′ denote all (possibly backtrack-
ing) paths from x to x′ in the underlying space X. The following
properties can be derived immediately:

1. τ(X) = Y and τ−1(Y) = X;

2. for each pf : x X x
′, some path p : (x, y) X×Y (x′, y′), whose

projection onto X equals pf , satisfies p ⊆ τ ;

3. for each pg : y  Y y
′, some path p : (x, y) X×Y (x′, y′), whose

projection onto Y equals pg, satisfies p ⊆ τ ;

4. if {(x, y), (x′, y)} ⊆ τ then p× {y} ⊆ τ for some p : x X x
′;

5. if {(x, y), (x, y′)} ⊆ τ then {x} × p ⊆ τ for some p : y  Y y
′.

An example of a matching between two trees is shown in Figure 2. The two-dimensional patch
illustrates a many-to-many correspondence. For a matching µ : M → M between surfaces f
and g, define τµ to be the corresponding matching between the Reeb graphs of f and g:

τµ = {(Rf (x),Rg ◦ µ(x)) | x ∈M}.

By Lemma 1 we have for each orientation preserving homeomorphism µ, that the matching τµ ∈
M(X,Y), and hence that dC (f, g) ≤ dF (f, g). On the other hand, a matching τ ∈ M(X,Y)
does not need to correspond to an orientation preserving homeomorphism on M . We give an
example of such a matching in Section 4.

Lemma 1 τµ ∈M(X,Y) for any orientation preserving homeomorphism µ : M →M .

4



Computing the Fréchet Distance between Real-Valued Surfaces 5

Proof. Consider such a matching µ. We show all three conditions of M(X,Y) for τµ. The
set {(x, y) | µ(x) = y} is a connected subset of S2 × S2. Hence its image under the quotient
map (x, y) 7→ (Rf (x),Rg(y)) is connected, so Condition 1 holds. Because µ is a homeomorphism
on a connected set, τµ(x) is connected, and by surjectivity of τ−1

µ nonempty. So, τµ(x) ⊆ Y and
symmetrically τ−1

µ (y) ⊆ X is a nonempty subtree. �

Corollary 1 dC (f, g) ≤ dF (f, g).

To test whether the contour tree distance between two trees is zero, one only needs to test
whether the trees are equal. We represent trees canonically by exhaustively removing degree 2
vertices that lie on the line segment connecting the two adjacent vertices, and replacing them by
a single edge between those vertices. This reduces the problem of testing a contour tree distance
of zero to labeled unordered unrooted tree isomorphism, which can be solved in linear time [3].

It should be noted that the contour tree distance and Fréchet distance between trees are
different problems. In fact, one major limitation of the Fréchet distance for trees is that non-
homeomorphic trees have infinite Fréchet distance. Nonetheless, an O(n5/2) time algorithm [14]
for computing the Fréchet distance between trees has been found.

2.1 Free space diagrams

0
ε

X, f Y, gτ

Figure 3: Trees X and Y
with an ε-matching τ .

0
ε

−ε
Fε

{

X× Y, f − g

Figure 4: Matching τ in the
freespace Fε.

We consider the decision problem that asks whether the contour
tree distance between two R-valued trees is at most ε. The free
space diagram is a commonly used data structure in algorithms for
computing the Fréchet distance. We can also formulate a freespace
in relation to the contour tree distance. Define the ε-freespace Fε
of f and g to be the set of pairs in the product of the parameter
spaces whose respective images are at most ε apart:

Fε = {(x, y) ∈ X× Y | |f(x)− g(y)| ≤ ε}.
Define an ε-matching to be a matching τ ∈ M(X,Y) for which
all (x, y) ∈ τ satisfy |f(x)−g(y)| ≤ ε. Then an ε-matching τ ⊆ Fε
exists if (and only if) the answer to the decision problem is yes.
The contour tree distance is the minimum value of ε for which
an ε-matching exists. In Figure 4, a product parameter space
containing the ε-matching of Figure 3 is drawn in green as a
projection from four-dimensional space.

Without loss of generality, assume function values along edges
of X and Y to be interpolated linearly. A commonly used property
of the freespace is that for each edge ex ∈ E(X) and edge ey ∈
E(Y), the face ex × ey ∈ E(X)×E(Y) has a convex intersection
with the freespace Fε (see Lemma 2, originally proven in [5]).
An important consequence of this lemma which we will see in
Section 2.2 is that given only information about the intersection of
the ε-freespace with the four edges bounding such a face, sufficient
information about the interior of the face can be derived to decide
whether an ε-matching exists.

Lemma 2 For an edge ex ∈ E(X) and an edge ey ∈ E(Y) on which the respective functions f
and g are linear, the face F = ex × ey has a convex intersection with Fε for any ε.

Proof. The map (x, y) 7→ f(x)− g(y) is affine when restricted to domain F . The preimage of a
convex set (the ε-ball) under an affine map is convex. Intersecting this convex preimage with
the convex set F yields again a convex set. Hence F ∩ Fε is convex. �

5



6 2 Contour tree distance

Let ε be the value of the contour tree distance, then ε is the minimum value for which all
constraints of M(X,Y) can be satisfied by some matching τ . This means that ε is the minimum
value for which either some vertex (x, y) ∈ V (X)× V (Y) lies in Fε, or for two (not necessarily
distinct) edges e1, e2 ∈ V (X)×E(Y) or e1, e2 ∈ E(X)×V (Y) of X×Y, the sets e1∩Fε and e2∩Fε
contain points with the same y- or x-coordinates, respectively. In case ε is such minimum value,
we call ε a critical value, and there are only O(n3) of them. For two functions f and g the O(n3)
critical values of ε can each be computed in constant time. However, determining which of those
critical values determines the contour tree distance is NP-hard as shown in Section 2.3. First we
show that computing the contour tree distance is in NP.

2.2 Contour tree distance in NP

x τ(x)

X Y

Figure 5: A subtree τ(x)
of Y (green) matched
with a vertex x of X.

We show that given only a polynomial amount of information about
an ε-matching τ , it can be verified in polynomial time that an ε-
matching τ ′ ∈ M(X,Y) exists. The information we use is for each
vertex x of X the endpoints and vertices of the corresponding sub-
tree τ(x) of Y, and for every vertex y of Y the endpoints and vertices
of the corresponding subtree τ−1(y) of X. This set of points Pτ is
defined more formally in Equation 1. To illustrate, if vertex x maps
to the subtree τ(x) of Y shown in Figure 5, then exactly the four
bullets of Y drawn in green will appear paired with x in Pτ . For any
matching τ ∈ M(X,Y), there are only O(n2) points in the set Pτ .
However, it should be noted that such points give no information
about the behavior of τ in the interior of faces of X× Y.

Pτ = {(x, y) | x ∈ V (X) ∧ y ∈ ∂(τ(x))} ∪ {(x, y) | y ∈ V (Y) ∧ x ∈ ∂(τ−1(y))} ∪
(τ ∩ (V (X)× V (Y))), where ∂ is the boundary operator.

(1)

Let CH (P ) be the convex hull (including its interior) of a point set P . For a given set Pτ ,
derive τ ′ using Equation 2; such that for each face F , τ ′ consists of the convex hull of F ∩ Pτ .
In Lemma 3, we show that τ ′ is a valid ε-matching if Pτ is derived from an ε-matching τ .

τ ′ =
⋃

F∈E(X)×E(Y)

CH (F ∩ Pτ ). (2)

Lemma 3 If τ ∈M(X,Y) is an ε-matching, then τ ′ derived from Pτ is an ε-matching with τ ′ ∈
M(X,Y).

Proof. If τ was an ε-matching, then by Lemma 2, τ ′ is a subset of Fε. It remains to verify the
three conditions of M(X,Y) for τ ′. Any face of X× Y will contain at most one component of τ
by convexity. We show that all nonempty faces are connected, indeed the intersection of the
boundary of a face with τ ′ is the same as that with τ . Hence τ ′ cannot have more components
than τ . Then because τ is connected, τ ′ must also be connected, satisfying Condition 1.

For each vertex x ∈ V (X), we know that τ ′(x) is a nonempty tree. We show that this holds
even if x is internal to some edge ex ∈ E(X). Because τ ′ is connected and has nonempty trees at
the endpoints of ex, the set τ ′(x) cannot be empty. So suppose for contradiction that τ ′(x) has
multiple components, then because the interior of each face is convex, we must have y /∈ τ ′(x)
for some vertex y ∈ τ(x) which is not possible. So Condition 2 and by a symmetric argument
Condition 3 holds. �

Therefore, if ε is the contour tree distance, a set Pτ of polynomial size exists, whose derived τ ′ is
an ε-matching. Given Pτ , it is easily tested whether for its derived τ ′, the properties required
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Computing the Fréchet Distance between Real-Valued Surfaces 7

by M(X,Y) are satisfied. Moreover, as a consequence of Lemma 2, it can be verified that τ ′ is
an ε-matching by checking that |f(x)− g(y)| ≤ ε for all (x, y) ∈ Pτ . Hence, Theorem 1 follows.

Theorem 1 Deciding whether the contour tree distance between X and Y is at most ε is in NP.

Remark. The proof that the contour tree distance is in NP extends to trees X and Y in
higher dimensions. Specifically, if f : X → Rk and g : Y → Rk, then computing dC (f, g) =
infτ∈M(X,Y) sup(x,y)∈τ ‖f(x)− g(y)‖p is also in NP for Lp norms ‖ · ‖p.

2.3 NP-hardness

We show that approximating the contour tree distance between R-valued trees within factor 2 is
NP-hard by a reduction from the NP-hard problem Exact Cover by 3-sets [25].

Definition 1 Exact Cover by 3-sets (X3C)
Input: A set S of m subsets of {1, . . . , k}, each of size 3.
Output: Does a subset (consisting of k/3 triples) of S partition {1, . . . , k}?

We introduce the gadgets used in our reduction in Figure 6. For this, define a zig-zag of radius r
centered at position p along a segment [a, b] to be a path visiting vertices at positions a, p+r, p−r
and b, in that order. Gadget Y ∗ is a long segment from position 0 to position 6k + 6. Gadget Yl
(with l ∈ {1, . . . , k}) is a path from position 1 to 6k+6 with a zig-zag of radius 2 around position 6l.
Similarly, gadget Xi,j (i ∈ {1, . . . ,m}, j ∈ {1, 2, 3}) has a zig-zag around position 6 · s(i, j), but
with radius 1. The function s aligns the center of the zig-zag of Xi,j with that of Ys(i,j), such
that gadget Xi,j has a contour tree distance of 1 to Y ∗ and Ys(i,j), but a contour tree distance
of 2 to any gadget Yl with l 6= s(i, j).

}
2}1

0

6k + 6

6l − 2

1

6l

6l + 2

YlXi,j Y
∗

Figure 6: Gadgets.

0

1

︷ ︸︸ ︷

y1 . . . yk

︷ ︸︸ ︷

︸︷︷︸

︸︷︷︸

xi,2
xi,3

xi,1

y∗

y∗
y∗ 2︸ ︷︷ ︸

m− k
3

m

Figure 7: Gadgets are connected to form trees f (blue) and g (red).

The function s can be configured such that each triple of gadgets (Xi,1, Xi,2, Xi,3) corresponds
to one of the m subsets of S. We connect the three elements of each triple at a common vertex
at position 1, and finally connect all triples at a common vertex at position 2 (blue in Figure 7)
to form tree f : X→ R.

Similarly, each gadget Yl corresponds to an element of {1, . . . , k}, and all Yl are connected to a
common vertex at position 1. The idea is that to obtain a low contour tree distance, k/3 triples
of f must match the Yl gadgets exactly; then what remains in f are m− k/3 triples that must
be matched elsewhere. Each such unmatched triple of f will then be forced to match with three
copies of Y ∗, connected at a vertex at position 0 to form a so called Y ∗-triple. We use m− k/3
such Y ∗-triples, each connected to the Yl gadgets at position 1 to form tree g : Y → R. In
Lemma 4, we use a solution to X3C to derive a matching using only many-to-one correspondences
between f and g, even though many-to-many correspondences are permitted by M(X,Y).

7



8 3 Surfaces

Lemma 4 dC (f, g) ≤ 1 if S admits a solution to X3C, even if only many-to-one correspondences
are allowed.

Proof. Consider the correspondence (as given by a solution to X3C) between gadgets Xi,j of f
and gadgets Yl of g, and let each Y ∗-triple correspond to an unused (Xi,1, Xi,2, Xi,3)-triple of f .
Then each individual gadget has distance at most 1 to the corresponding gadget of the other
tree. The connections between gadgets (see Figure 7) also have a correspondence of distance
at most 1 by matching connections of f that are part of the solution with the vertex of g at
position 1 and matching remaining connections with connections to Y ∗-triples. �

Lemma 5 dC (f, g) ≥ 2 unless S admits a solution to X3C.

Proof. Assume instead that dF (f, g) < 2, then for some matching τ between f and g, the
distance between all matched points is less than 2.

The endpoint End(xi,j) at position 6k + 6 for each gadget Xi,j of f must be matched to a
connected component of the preimage of (6k + 4, 6k + 8) under g. Since gadgets are connected
only in the interval [0, 2] which is disjoint from (6k+ 4, 6k+ 8), each such component corresponds
to a single gadget of g. Therefore each Xi,j is matched with a single gadget of g. By a symmetric
argument, the endpoint of each gadget of g is matched with a single gadget of f . Hence, a
one-to-one correspondence between gadgets of f and g exists.

Now suppose two gadgets X = Xi,j and X ′ = Xi′,j′ of different triples (i.e. i 6= i′) correspond
to two gadgets of the same Y ∗-triple. Then each path connecting X and X ′ contains a point
at position 2 which must be matched with the vertex at 0 that connects the two Y ∗ gadgets,
yielding a contradiction. Thus, each triple (Xi,1, Xi,2, Xi,3) corresponds either to a single Y ∗-
triple, or three Yl gadgets. Suppose Xi,j corresponds to Yl with l 6= s(i, j), then the zig-zag
of Yl corresponds to a monotone path (without a zig-zag) of Xi,j . Let the vertices of Yl
at positions 6l + 2 and 6l − 2 be denoted v+ and v− respectively. By continuity of τ , we
have 6l < f(τ−1(v+)) ≤ f(τ−1(v−)) < 6l, which is impossible. Hence, the contour tree distance
between f and g is at least 2 if S admits no solution to X3C. �

Combining these lemmas with Theorem 1 we obtain Theorem 2.

Theorem 2 Computing a (2− ε)-approximation of the contour tree distance is NP-complete,
even if only many-to-one correspondences are allowed.

3 Surfaces

We wish to use the fact that computing the contour tree distance is in NP to prove that the
Fréchet distance between R-valued surfaces is also in NP. We will consider two surfaces: the
disk [0, 1]2 and the sphere S2. It turns out that not all matchings between the contour trees X
and Y can be realized as orientation preserving homeomorphisms on the sphere. An example of
such a matching is described in Section 4. In the case of the disk, the boundaries must also be
matched, which imposes additional constraints on the matching of the interiors.

We show in Section 3 that a polynomial amount of information about an ε-matching τ between
contour trees is sufficient to decide in NP whether an ε-matching µ on the disk exists. We use
this to prove that the Fréchet distance between R-valued spheres or disks with constant boundary
is in NP. For this we use properties of Euler diagrams, which are described in Section 3.1. The
relation between matchings and Euler diagrams is discussed in Section 3.2, and how Euler
diagrams can be used to derive matchings is discussed in Section 3.3.
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3.1 Euler diagrams

An Euler diagram is a set of topological disks, drawn in the plane to capture relations such as
overlap or containment between them. There are eight possible such relations [22], namely Rel =
{disjoint, equal, inside, contains, covered, cover,meet, overlap}, whose meanings are as follows.

disjoint(a, b) ≡ a ∩ b = ∅;
equal(a, b) ≡ a = b;

inside(a, b) ≡ a ⊆ b and ∂a ∩ ∂b = ∅;
contains(a, b) ≡ inside(b, a);

covered(a, b) ≡ a ⊆ b and ∂a ∩ ∂b 6= ∅;
cover(a, b) ≡ covered(b, a);

meet(a, b) ≡ a ∩ b ⊆ ∂a ∩ ∂b 6= ∅;
overlap(a, b) ≡ a 6⊆ b and b 6⊆ a.

For a set S of n elements, a topological expression [33, 36] on S is a function P : S × S → Rel .
We say a topological expression P on S is satisfiable if and only if there is an Euler diagram of
disks {D(i) | i ∈ S}, such that for any i, j ∈ S, the relation between D(i) and D(j) is as given
by P(i, j). It was shown by Schaefer, Sedgwick and Štefankovič [32] that deciding whether a
topological expression P on n elements is satisfiable (by an Euler diagram in the plane) is in NP.

3.2 Euler diagrams from matchings

We show that deciding whether the Fréchet distance between R-valued surfaces f and g : M → R
is at most ε is in NP if M is a sphere. First consider the case where M = [0, 1]2 is a topological
disk and that the boundary of f as well as g has a constant function value, so f(p) = f(q)
and g(p) = g(q) for all p, q ∈ ∂M .

Define a refinement of a contour tree X to be a tree homeomorphic to X, whose edges are
subdivided using extra vertices. Assume that X and Y both have a vertex (or add it otherwise)
for the contour containing the boundary, which we treat as the root of the trees. We assume
edges of rooted trees are directed away from the root.

For a vertex v of X with d outgoing edges, R−1
X (x) is a region homotopic to a d-holed disk

on M . We index the boundary components of such a vertex by v and each of its outgoing
edges, so that the set W (X) = V (X) ∪ E(X) of vertices and edges indexes all boundary
components {cw | w ∈ W (X)} of vertices of X. For a matching µ : M →M , for w ∈ W (X) we
are interested in the corresponding subtrees ρ(w) = RY ◦ R−1

X (cw) on Y, and for w ∈W (Y) we
are interested in the subtrees ρ−1(w) = RX ◦ µ−1(cw) on X. We can derive ρ given µ : M →M ,
and refine X into X′ by adding vertices along edges at

⋃
y∈W (Y) ∂ρ

−1(y) and refine Y into Y′

by adding vertices at
⋃
x∈W (X) ∂ρ(x). Since ∂ρ−1(y) and ∂ρ(x) have O(n) points per y ∈W (Y)

or x ∈W (X), trees X′ and Y′ have O(n2) vertices.
For a vertex x ∈ V (X′) of a rooted tree, let sub(x) ⊆ X be the subtree rooted at x, and for

an edge e = (x, x′) ∈ E(X) from x to x′, let sub(e) = (e ∪ sub(x′)) \ {x}. For each i ∈ W (X′),
there is a disk Dµ(i) = R−1

f (sub(i)) ⊆ M , and for each i ∈ W (Y′), there is a disk Dµ(i) =

µ−1(R−1
g (sub(i))) ⊆M . We can now derive an Euler diagram from µ with O(n2) disks {Dµ(i) |

i ∈ W (X′) ∪W (Y′)}. The corresponding topological expression, call it Pµ, consists of O(n4)
relations between these disks.

We capture the general structure of such expressions later, when we define topological
expressions respecting τµ. For that, we first capture the structure of topological expressions for
the disks of a single tree X′, by saying a topological expression P on S ⊇W (X′) respects X if

9



10 3 Surfaces

1. for all e = (i, j) ∈ E(X′), P(i, e) = contains and P(e, j) = contains;

2. for all e = (i, j) ∈ E(X′) and e′ = (i, j′) ∈ E(X′) with e 6= e′, P(e, e′) = disjoint.

For a satisfiable topological expression respecting X, the drawing of the disks of W (X′) is
the same (up to orientation preserving homeomorphism) for any satisfying Euler diagram Φ.
Let {D(i) | i ∈ S} be the disks of such an Euler diagram Φ. Then, for x ∈ V (X′), define φx
as the closed region bounded by ∂D(x) and

⋃
e=(x,x′)∈E(X′) ∂D(e), which is a disk with a hole

for each outgoing edge of x. For e = (x, x′) ∈ E(X′), define φe as the closed annulus bounded
by ∂D(e) and ∂D(x′). Denote φV (X′) =

⋃
x∈V (X′) φx and φE(X′) =

⋃
e∈E(X′) φe.

We say a topological expression P on W (X′)∪W (Y′) respects a matching τ ∈M(X,Y) if the
following conditions hold.

1. P respects both X and Y;

2. P(root(X′), root(Y′)) = equal;

3. for x ∈ V (X′) and y ∈ V (Y′), φx intersects φy only if y ∈ τ(x) (and x ∈ τ−1(y));

4. for each component of ∂φx with x ∈ V (X′), it intersects φy for some y ∈ V (Y′);

5. for each component of ∂φy with y ∈ V (Y′), it intersects φx for some x ∈ V (X′);

Any matching µ has an Euler diagram satisfying a topological expression respecting τµ.
Because we only use a polynomial amount of information about τ , and intersection relations

between φx and φy can be formulated as topological expressions, it can be tested in NP that a
topological expression respects τ , and by [32] that it is satisfiable.

3.3 Matchings from Euler diagrams

Call a matching µ an ε-matching if |f(p)− g(µ(p))| ≤ ε for all p ∈M . We show that there is
some ε-matching µ for any satisfiable topological expression respecting some ε-matching τ . For
this, let Φ be an Euler diagram satisfying a topological expression respecting ε-matching τ .

Let M ′ = D(root(X′)) = D(root(Y′)). We construct functions f ′ and g′ : M ′ → R
with dF (f ′, f) = 0 and dF (g′, g) = 0, such that ∆(M ′) ≤ ε where ∆(M ′) = supp∈M ′ |f ′(p)−g′(p)|.

Start by assigning f ′(p) = f(x) for p ∈ φx for x ∈ V (X′). Also assign g′(p) = g(y) for p ∈ φy
for y ∈ V (Y′). Then ∆(φV (X′) ∩ φV (Y′)) ≤ ε because φx and φy intersect only if f(x)− g(y) ≤ ε.

Next, we define g′ on ∂D(i) for each i ∈ W (X′). By construction, ∂D(i) intersects φV (Y′)
for any i ∈ W (X′), so g′ is already defined for some point on ∂D(i). We can hence assign g′

to all points on ∂D(i) by linear (arc length parameterized) interpolation between the points
of φV (Y′) ∩ ∂D(i). Because f ′ is constant on ∂D(i), we have by interpolation that ∆(∂D(i)) ≤
∆(φV (Y′) ∩ ∂D(i)) ≤ ε. Assign f ′ analogously to ∂D(i) for each i ∈W (Y′).

Let F be the faces ofM ′\⋃i∈W (X′)∪W (Y′) ∂D(i). Now, f ′ remains to be assigned for faces F ∈ F
with F ⊆ φe for e ∈ E(X′) (and g′ remains to be assigned for faces with e ∈ E(Y′)). Consider
such face F ⊆ φe = φ(x,x′), then f ′ is already assigned on the boundary ∂F . If ∂D(j) ⊆ φe
for j ∈W (Y′), then by construction, ∂D(j) touches at least one component (∂D(e) or ∂D(x′))
of ∂φe. Therefore, each component of ∂F touches at least one component of ∂φe. Moreover,
because both ∂D(e) and ∂D(x′) are connected, at most one component of ∂F touches ∂D(e),
and at most one component of ∂F touches ∂D(x′). Hence, ∂F has at most two components.

Consider the arcs of ∂F \ ∂φe and observe that, because one can draw at most one path
between the boundaries of an annulus without disconnecting it, at most two arcs connect ∂D(e)
and ∂D(x′). Therefore, ∂F has either zero or two arcs on which f ′ is not constant. Similarly, g′

is not constant for zero or two arcs of ∂F \ ∂φE(Y′), and F ⊆ φE(Y′) if such arcs exist.
Based on this, we distinguish the following four cases, illustrated in Figure 8.
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(a) (b) (c) (d)

FF
FF

∂D(e)

∂D(x′)

φe

Figure 8: Possibilities for face F ⊆ φe=(x,x′).

(a) ∂F touches at most one component of ∂φe (and hence ∂F has one component);

(b) ∂F has one component and touches both components of ∂φe, and g is interpolated on
both components of ∂φe;

(c) ∂F has one component and touches both components of ∂φe, and g is interpolated on ∂F
on at most one component of ∂φe;

(d) ∂F has two components (each touching a distinct component of ∂φe).

In case (a), the value of f ′ is constant along ∂F , and we assign the same value for f ′ in the
interior of F . We will see that the values of g′ (which are assigned symmetrically) in the interior
of F are values that are also assigned to g′ on the boundary of F , so we have ∆(F ) ≤ ∆(∂F ).

Consider the cases (b) and (c), where ∂F has two (interpolated) arcs, call them α0 and α1,
both starting on ∂D(e) and ending on ∂D(x′). We find two simple non-intersecting paths βx
and βx′ in F , where βx connects the start points of α0 and α1, and βx′ connects the end points
of α0 and α1. We assign f(x) to f ′ on βx, and f(x′) to f ′ on βx′ . The paths βx and βx′ divide F
into three components: a component Cx with f ′(p) = f(x) for p ∈ ∂Cx, a component Cx′

with f ′(p) = f(x′) for p ∈ ∂Cx′ , and finally a component Ce bounded by α0, α1, βx and βx′ .
We assign x for f ′ on the interior of Cx, x′ for f ′ on the interior of Cx′ , and interpolate Ce

using the second argument of an arbitrary parameterization π : [0, 1]× [0, 1]→ Ce, with π(0, t) =
α0(t), π(1, t) = α1(t), π(·, 0) = βx and π(·, 1) = βx′ . See Figure 9.

If g′ has a constant value for F , then clearly ∆(F ) ≤ ∆(∂F ), so assume F ⊆ φe′ for e′ = (y, y′) ∈
E(Y′). In case (b), we have ∆(F ) ≤ ∆(∂F ) because each of (f(x), g(y)), (f(x′), g(y)), (f(x), g(y′)),
and (f(x′), g(y′)) appear as values for (f ′(p), g′(p)) for points p on ∂F , so interpolation will not
exceed the maximum difference. To ensure ∆(F ) ≤ ∆(∂F ) in case (b), we must be careful in
choosing Ce which interpolates f ′ and at the same time Ce′ which interpolates g′ in F . Since in
case (b), interpolation of f ′ occurs on a single component of ∂φe′ , and interpolation of g′ occurs
on a single component of g′, we can choose β0 and β1 in such a way that Ce does not intersect Ce′ ,
such that the interpolation of f ′ occurs in a region where g′ is constant and vice-versa. Doing so,
differences between f ′ and g′ never exceed their difference at the boundary, so ∆(F ) ≤ ∆(∂F ).

(a) (b) (c) (d)

Figure 9: Disks Ce (and Ce′) interpolating f ′ (and g′) in F for the four cases of Figure 8.

11



12 3 Surfaces

Lastly consider case (d), where F is an annulus, and on each boundary component, f ′ and g′

are constant. By interpolating f ′ and g′ between their value on each boundary component using
the second argument of a parameterization π : S1 × [0, 1]→ F , we ensure ∆(F ) ≤ ∆(∂F ).

Theorems 3 and 4 follow.

Theorem 3 Deciding whether the Fréchet distance between two R-valued disks with constant
values at their boundaries is at most ε is in NP.

Proof. Observe that for x ∈ V (X′), φx has the constant value f(x) for f ′. Moreover, for each e =
(x, x′) ∈ E(Y′), φe interpolates f ′ between f(x) and f(x′), so dF (f, f ′) = 0. Similarly, dF (g′, g) =
0. Hence, if a topological expression on W (X′) ∪W (Y′) respecting ε-matching τ is satisfiable,
then dF (f, g) ≤ ε. Moreover, because such a topological expression exists for any ε-matching µ,
deciding whether dF (f, g) < ε is in NP. �

Theorem 4 Deciding whether the Fréchet distance between two R-valued spheres is at most ε
is in NP.

Proof. Consider an ε-matching between the two spheres, and puncture one sphere at an arbitrary
point, and puncture the other sphere at the matched point. The resulting surfaces are disks with
constant values at their boundaries, and by Theorem 3 we can test in NP whether an ε-matching
for the disks exists, in which case there is also an ε-matching between the spheres (because the
boundaries of the disks must be aligned). �

3.4 NP-hardness

The contour tree distance is closely related to the Fréchet distance between surfaces because
every R-valued tree is the contour tree of some R-valued surface. To construct such a surface from
a contour tree, replace each edge of the tree by a cylinder and each degree d vertex by a sphere
with d holes (one for each edge). The resulting surface is a topological sphere, representable as a
simplicial 2-complex with linearly many triangles. Consider f and g : S2 → R to be R-valued
spheres with contour trees X and Y.

Lemma 6 Any many-to-one matching τ : X→ Y between contour trees of R-valued spheres f
and g can be lifted into an orientation preserving matching µ : S2 → S2, satisfying Rg◦µ = τ ◦Rf .

Proof. Assume τ is a many-to-one matching and denote by Cf (x) = R−1
f (x) the contours in the

preimage of x ∈ X under the quotient map Rf of the contour tree. For any degree d point y ∈ Y,
consider its preimage X = τ−1(y). There are d components in X\X. We define µ to match Cf (T )
and Cg(y) (both homeomorphic to d-holed spheres) by matching the boundary components as
given by τ , so the interior of Cf (T ) is automatically matched to the interior of Cg(y). Because τ
is continuous, and τ−1(y) and τ−1(y′) have an empty intersection for distinct y and y′ ∈ Y, this
defines an orientation preserving homeomorphism µ between surfaces f and g. �

Corollary 2 If τ is a many-to-one ε-matching between the contour trees X and Y of R-valued
spheres, then dF (f, g) ≤ ε.

To prove NP-hardness for surfaces, we reuse the construction of the contour tree distance. Take X
and Y to be the trees with functions f and g as constructed in Section 2.3, and construct R-valued
spheres with these trees as contour tree. To illustrate, f and g might be the contour trees of the
surfaces depicted in Figure 10.
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Figure 10: Two surfaces with color-coded function values. These surfaces are the result of the
reduction from X3C with input S = {{2, 4, 6}, {3, 4, 5}, {1, 3, 4}, {2, 5, 6}, {1, 2, 3}, {1, 2, 5}}.

Theorem 5 Computing a factor (2−ε)-approximation of the Fréchet distance between R-valued
spheres is NP-hard.

Proof. By Lemma 5 and Corollary 1, dF (f, g) ≥ dC (f, g) ≥ 2 if S admits no solution to X3C.
By Lemma 4 and Corollary 2, dF (f, g) ≤ dC (f, g) ≤ 1 if S admits a solution to X3C. So
approximating the dF (f, g) for R-valued spheres within factor 2 is NP-hard. �

Because the matching constructed in Lemma 4 always matched the two connection vertices, we
can puncture the constructed surfaces at these vertices to obtain Corollary 3.

Corollary 3 Computing a factor (2−ε)-approximation of the Fréchet distance between R-valued
disks is NP-hard.

4 An unrepresentable matching

x1,1 x6,3. . .

y1,1 y9,2. . .

Figure 11: Left: trees X and Y; middle: the corresponding surfaces; right: a matching in which
a subtree of Y must intersect an additional subtree of X (highlighted in green).

Consider the two rooted trees X and Y in Figure 11. The leaves of X are labeled xi,j
(i ∈ {1, . . . , 6}, j ∈ {1, 2, 3}) and the leaves of Y are labeled yk,l (k ∈ {1, . . . , 9}, l ∈ {1, 2}). For
both trees, leaves with the same i or k are grouped in subtrees. Based on the complete bipartite
graph K3,3 with vertices v1, . . . , v6 and edges e1, . . . , e9, we construct a matching τ between

13



14 5 Related measures

those subtrees as follows. For an edge ek = (vi, vi′) of K3,3, match the path from yk,1 to yk,2
with the path between unused vertices xi,j and xi′,j′ . Match the edge from the root to group i
of X with the edges of Y from the root to the three groups that match with xi,1, xi,2 and xi,3.
Edges in the top layer of the tree are matched in a many-to-many fashion, whereas edges of the
bottom layer are matched using linear interpolation. Then τ ∈ M(X,Y) does not match any
path from yk,1 to yk,2 (of edge ek = (vi, vi′)) with any group of X not containing any xi,j or xi′,j′ .
However, because K3,3 is not a planar graph, this matching cannot be realized on the sphere, as
illustrated in Figure 11.
It therefore seems that the Fréchet distance between R-valued spheres is more discriminative
than the contour tree distance. However, this example merely shows that we cannot lift any ε-
matching between contour trees to one between spheres; a different matching on spheres (such
as in Figure 11) can still be an ε-matching. We have not found any instances (on spheres) for
which the Fréchet distance is strictly greater than the contour tree distance.

5 Related measures

While the Fréchet distance is applicable to a broad class of functions, the functional distortion
distance and interleaving distance specialize on Reeb graphs, and can be used to compare R-
valued functions. They are closely related to the Gromov-Hausdorff distance. The functional
distortion distance dD(f, g) between Reeb graphs f : X→ R and g : Y→ R is defined as

dD(f, g) = inf
Φ,Ψ

max{D(Φ,Ψ), ‖f − g ◦ Φ‖∞, ‖g − f ◦Ψ‖∞}, with

D(Φ,Ψ) = sup
(x,y),(x′,y′)∈C(Φ,Ψ)

1

2
|heightf (x, x′)− heightg(y, y

′)|, and

C(Φ,Ψ) = {(x, y) ∈ X× Y | Φ(x) = y or x = Ψ(y)},

where Φ: X→ Y and Ψ: Y→ X are continuous maps, and

heightf (x, x′) = inf
π : x Xx′

max
x′′∈π

f(x′′)− min
x′′∈π

f(x′′)

is the length of the image (which is an interval) under f of the path in X from x to x′ that
minimizes this length. In the case of trees, this will be that of the unique simple path connecting x
and x′.

Another measure is the weak Fréchet distance dwF , which requires matchings to be surjective
but—in contrast to the Fréchet distance—does not require the matching to be a homeomorphism.
As such, it can compare trees that are not homeomorphic.

1

−1

0

dC = 1 dwF = 1 dD = 1 dC = 2 dwF = 0 dD = 1X Y X′ Y′

Figure 12: A comparison of the contour tree distance dC , weak Fréchet distance dwF and
functional distortion distance dD for small trees. Correspondences in green, Φ in orange, Ψ in
purple.

We highlight how the functional distortion distance, the weak Fréchet distance and the contour
tree distance differ using small instances in Figure 12. Perhaps surprising is that the functional
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distortion distance between X′ and Y′ is 1 instead of 2. This is because the term D(Φ,Ψ) is
only half the difference in height between pairs of matched points, so by ensuring the difference
in function value of matched points is at most half the difference in height between any two
points, we achieve a distance of 1. It therefore seems that the contour tree distance is more
discriminative than the functional distortion distance, and both are much more discriminative
than the weak Fréchet distance.

6 Discussion

We have shown that computing the Fréchet distance between R-valued surfaces is NP-complete
if the surfaces are spheres or disks with constant boundary. The question whether the Fréchet
distance is in NP for higher genus surfaces remains open. Using our techniques, the main
bottleneck for this is that the string graph recognition problem is only known to lie in NEXP
on higher genus surfaces [32], and it is therefore unknown whether Euler diagrams on arbitrary
surfaces can be recognized in NP. So extensions of the techniques used in this paper might only
show that the Fréchet distance is in NEXP for R-valued surfaces of higher genus. Finally, we
are interested in an efficient constant-factor approximation algorithm for the Fréchet distance or
the contour tree distance, and whether these measures are equivalent on R-valued spheres.
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realistic curves in near linear time. Discrete Comput. Geom. (DCG), 48(1):94–127, 2012.

[22] Max J. Egenhofer. Reasoning about binary topological relations. In Sympos. on Spatial
Databases, pages 141–160, 1991.
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