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Societal summary

Many devices around us such as, for example, mobile phones, smart cars, drones,
medical equipment and robots, could not exist without feedback control systems.
Feedback control systems play a crucial role in devices meeting their safety and
performance requirements by adjusting their behavior as needed. To accurately
determine the status of a device and ensure its proper behavior, it is essential to
extract relevant information from sensor measurements. For example, information
about the position of a robot. Obtaining high accuracy information is especially
relevant in the context of high-tech systems, such as industrial manufacturing
devices. In this context, we witness the trend of a rapid growth in the number
and complexity of sensors that is needed to accurately control the devices. For
example, in electron microscopes and many other systems, cameras are used
for measurements increasingly often, which generates a large amount of data
since each pixel can be considered as a separate sensor. Data-intensive sensing
is the term used for measurements that generate large amounts of data. For
many control systems, the large amount of data typically requires processing to
obtain useful information. While the increased amount of information benefits
the control system, the large flow of data unfortunately leads to negative effects
in the control loop, such as large (random) delays, measurement inaccuracies,
and possible absence of information.

In this dissertation, several methods to deal with the effects of data-intensive
sensing are proposed and analyzed. In particular, we create mathematical
models of the device behavior with the effects of data-intensive sensing and
data-processing included. Those models are subsequently used in control design.
The design trade-offs in control systems with data-processing and in systems with
shared hardware resources are studied and new control algorithms are developed.
The potential of these methods is demonstrated in the context of two different
applications. To illustrate the relevance for many vision-based systems, a robot
that localizes itself using a camera is used to validate the methods. Additionally,
the proposed control design algorithms are applied to an image-based feedback
simulator of an industrial electron microscope. The latter application supports
research and development in life sciences, electronics manufacturing, material
sciences, and nanotechnology.
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Summary

DATA-INTENSIVE FEEDBACK CONTROL

Switched Systems Analysis and Design

In the current and next generations of high-tech systems, there is a rapid
increase in the complexity and number of sensors that are used for feedback control
purposes. Prime examples where such data-intensive sensing is found are vision-
based robotics, autonomous vehicles with a multitude of (environmental) sensors,
electron microscopes and medical robots with image-based control, and big-
data control of large-scale systems. Unfortunately, the data-processing methods
that distill information from measurement data result typically in undesirable
effects, such as large delays, measurement inaccuracies, and possible absence
of information. These effect can have negative or even disastrous consequences
for the performance of controlled systems when ignored, or lead to conservative
designs when using worst-case models for control design. As such, there is a
strong need for methodologies that incorporate the presence of data-processing
methods and their characteristics in the design of such data-intensive (control)
applications. Inspired by this need, we present in this thesis a framework to model
data-processing methods with parameters representing the above-mentioned
undesirable effects, and an optimization-based control design approach for control
loops that include these data-processing methods. The main contributions of
this thesis can be summarized as follows.

First, we propose to depart from the state-of-practice control design approach
in which typically one single processing method with an appropriate compromise
between the undesirable effects is selected. Instead of settling for a compromise
using only one fixed processing method, we propose to break the design trade-off
by switching online between several data-processing methods having different
characteristic parameters. By using a novel switching policy, which is based on
dynamic programming, we can formally guarantee a performance improvement
compared to the case when a single processing method is used.

Second, we propose and analyse control strategies to cope with stochastic
delays in control loops, particularly actuation delays. We consider three strategies
for control, namely event-driven control, which uses information distilled from
measurement data directly when it becomes available, and deadline-driven control,
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xii Summary

which uses data at a deadline or omits it after the deadline, and event-driven
control with a deadline, which combines the principles of the first two strategies.
Moreover, we unified these strategies in a switching policy that selects online
which of the strategies to adopt, leading to guaranteed better performance than
any separate strategy. To obtain further performance improvement, an online
deadline optimization procedure is proposed.

Third, we research resource-aware design and implementation of control
algorithms on hardware, in particular, we study the case when the control
algorithm is regularly not allowed access to the hardware resources. For systems
in which resource access patterns are unknown but satisfy (m, k)-firmness, which
means that a control algorithm can be executed at least m times in each window
of k attempts, we present methods for performance analysis and controller
improvement through a constrained switched linear systems formulation. For
systems in which the resource access adheres to a known pattern, we propose
a co-design framework that allows the rapid analysis of the trade-off between
resource utilization and control performance. The methods can be perceived as
counterparts to resource scheduling problems in embedded systems design.

Fourth, the design methods are validated in two vision-based control appli-
cations. The modeling and control framework for systems with data-processing
methods is applied to an industrial case study of image-based feedback control of
an electron microscope. Based on suggestions from experts, a special simulator
was developed to mimic the electron microscope behaviour in order to simulate
and analyse closed-loop image-based feedback control. Moreover, the methods
proposed to cope with stochastic delays are extended for systems with measure-
ment delays and applied to an experimental case study of an omni-directional
robot with a camera in the feedback loop. Using a proposed RANSAC-based
self-localization algorithm, for which the completion time can be modelled as
a stochastic delay, the robot is controlled along a reference trajectory based
on the camera images using event-driven and deadline-driven controllers. The
results validate the proposed methodologies and show their potential for real-life
applications.

All results underline the need and potential of co-design of control, communi-
cation, and computation to guarantee performance (improvement) in the next
generations of high-tech systems with data-intensive sensing.
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Chapter 1

Introduction

This thesis deals with the development of new modeling and control techniques
for the next generation of complex (industrial) systems, with a special focus on
those that require dealing with large quantities of data.

The long-existing research field of “systems and control” [93] aims to study
the behavior of (groups of) objects in the real world, which are called systems,
and alter their behavior when desired, by interactions that are termed control.
Cars, airplanes, satellites, elevators, traffic lights on intersections, airconditioning
in buildings, and many components in the power grid such as windmills, hydro-
electric power stations and solar panels, are all examples of systems that are
studied nowadays. Control systems are systems that decide what control actions
are performed on other systems. Humans are a traditional example of control
systems when interacting with the world. Nowadays, most control systems are
implemented in computers since those can act faster and with higher precision
than humans can. Making informed decisions and applying actions by first
observing the world is called feedback. Nowadays, the term ‘control system’ usually
refers to the algorithms in software and often also include their implementations
in hardware, which are required for feedback in engineered systems. Actuation is
the general term for controlled actions that influence the behaviour of another
system, which requires actuators, for example powered devices such as motors,
to execute the decisions made by the control system. Sensing is the means
for an engineered control system to observe the behavior of the system that is
to be controlled, which involves physical measurement devices. Information or
‘data’ that is obtained through the measurement device is used to determine the
appropriate control actions in a process that involves ‘computations’ to interpret
the information and make decisions. According to [112], at its simplest, a control
system is a device in which a sensed quantity is used to modify the behavior of
a system through computation and actuation. Control systems engineers often
adopt mathematical abstractions, so-called models, of the behavior of physical
systems in order to analyze and design appropriate control systems for them.
This approach is termed model-based control system design, which is the main
methodology applied in this thesis.

In the last decades, the rapid development of analog and digital electronics has
made control technology an enabling technology in many applications [112]. For
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2 Chapter 1. Introduction

many years, the development of electronics and control have mostly been separate
ventures. The physical hardware platforms and communication infrastructure
required by control systems were overdetermined with respect to the needs of
the control algorithms, such that the former could always be assumed ideal or
perfect in the design process of the control algorithms. Nowadays, a quest for
increased system performance at lower costs is present in most high-tech industries,
where companies strive to improve their market position in a competitive and
rapidly changing world. The desire to create high-performance control solutions
for complex industrial systems requires highly advanced control algorithms
due to the growth in model complexity that is required in such systems [93].
Furthermore, to keep control solutions affordable, the control algorithms are
often implemented using hardware that is only just sufficient to implement them,
with the consequence that they can no longer be assumed ideal [93]. For example,
faster and cheaper motion systems require lightweight materials, which causes
flexibilities that can only be measured and controlled by increasing the number
of sensors and thereby the amount of data that has to be processed by one or a
few control systems, and the coordination of unconnected distributed systems,
such as drones, requires the integration of wireless technologies, which build on
cheap processing platforms with low-energy transmission modules.

Motivated by these new challenges in the field of control, a relatively new
multidisciplinary research area named cyber-physical systems (CPS) [62, 88] has
emerged. This pertains to research aimed at improving (high-tech) systems by
explicitly taking into account both the parts that reside in the cyber domain,
such as communication network protocols, computational mechanisms, and
control algorithms, and the parts that reside in the physical domain, such as
the traditional plant to be controlled, but also the computer hardware, network
infrastructure, and measurement devices and actuators. The CPS approach needs
to deal with more complex challenges in the development of control systems
compared to the traditional systems and control approach, which uses more
abstract system views with basic model structures. However, the importance of
CPS method is recognized in many sciences and applications domains and it is
believed to be one of the most important means to achieve better performance and
cost-effective designs. A concept map visualizing the components and challenges
in CPS is available in [147]. An overview and classification of examples of design
techniques and applications of CPS can be found in [88] illustrating the broadness
of the research field. The interactions between the computational (cyber) domain
and the (physical) domain of real objects are schematically depicted in Figure 1.1.

One of the main challenges in these increasingly complex systems, especially
those developed in industry, is dealing with the increasing amount of data that
is available in CPS due to the increasing numbers of sensors or by the increased
complexity of sensors [35, 93]. For example, autonomous cars and drones, such as
new Tesla cars and quadcopters, have many sensors, which (may) include several
cameras, radar, ultrasonic rangers, and more, to enable autonomous driving or
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Fig. 1.1. Cyber-Physical Systems perspective on control systems [97].

flight. Smartphones have many sensors that enable several feedback apps (e.g.,
providing health feedback based on motion, location based on GPS, and virtual
reality based on camera and motion). Domestic service robots need to observe
and interact with their environment using, e.g., cameras and arrays of pressure
sensors. Delicate motion systems such as electron microscopes rely on large
images to stabilize objects in its field of view. Obtaining large quantities of data
in itself is desirable, because it can be used to improve system performance if
analysed properly. It has, however, also negative effects due to the resulting flows
of large quantities of data in these data-intensive systems, which can significantly
affect the resulting performance of the control systems, certainly if not considered
carefully during design. Hence, there is a need to develop design tools for
data-intensive feedback control that take into account the characteristics of the
(typically negative) impact on controlled system behavior caused by the large
quantities of data that the control system has to deal with. Motivated by this
insight, in this work, a multidisciplinary CPS design approach is taken, in the
sense that the essential features of the control, communication and computation
components of data-intensive feedback control systems are integrated in the
modeling and design approach that we propose.

In the remainder of this introductory chapter, we will start by discussing in
Section 1.1 the general challenges in data-intensive feedback control systems and
the general research objective that motivated this work. Section 1.1 also presents
an electron microscope as an example of a data-intensive CPS, which is the main
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4 Chapter 1. Introduction

intended application of this work. In Section 1.2 we will discuss specific technical
challenges present while tackling the main objective and in Section 1.3 we will
summarize the main contributions of the thesis. Subsequently, we give an outline
of the thesis in Section 1.4. Finally, in Section 1.5 we discuss the embedding of
this thesis into the NWO-TTW project of which this PhD research was part. As
such, this chapter forms a high-level introduction to the thesis as a whole and is
written in a concise fashion to highlight the motivation and the contributions of
the thesis. More detailed literature reviews on the different subjects treated in
the thesis can be found in the individual chapters.

1.1 Objectives in data-intensive sensing and con-
trol

Control of data-intensive systems requires the processing of large quantities
of data to obtain information that can be used for control purposes, i.e., by
a control system. Furthermore, for use in feedback control, the data needs
to be processed online, i.e., during the operation of the system. The process
of obtaining and analyzing large amounts of data in order to obtain control-
relevant information is called data-intensive sensing, inspired by the fact that
the combination of acquisition and processing acts as a sensor in the sense that
it provides information about the state of the system. From a control system
perspective, the data acquisition through the physical measurement devices
together with the processing step is the ‘sensor’.

One research field where data-intensive sensing has a significant impact
is in vision-based control systems (VBCS) [41, 103], which is a research field
closely related to the field of computer vision (CV), where camera images need
to be processed before useful information is obtained. For example, in many
image-processing settings, the location of certain landmarks or objects has to
be detected in data-intensive high-resolution images before this information can
be used. Data-processing of camera images leads to significant measurement
delays and the failure of, e.g., object detection procedures can lead to situations
where no information is available at all. A prime example of vision-based systems
are electron microscopes [51, 54], which are the main envisioned industrial
applications of the work in this thesis, as will be discussed in Section 1.1.1. Other
examples where data-intensive sensing is found are vision-based robotics [41, 103,
117], autonomous vehicles with a multitude of (environmental) sensors [52, 122],
visual navigation [33, 34], electron microscopes and medical robots with image-
based control [4], and big-data control in large-scale systems [35].

Data-processing, i.e., the analysis of the data, poses limitations on the avail-
ability of the information, since the process that is used to obtain control-relevant
information cannot be considered ‘ideal’ or ‘perfect’. Indeed, the distillation
of information from measured data often results in undesirable effects, such



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 17PDF page: 17PDF page: 17PDF page: 17

1.1 Objectives in data-intensive sensing and control 5

as large delays before information is available, inaccuracies in the information,
and possible absence or loss of information. These characteristic effects can
have negative or even disastrous consequences on the performance of feedback
controlled systems when ignored, or lead to conservative designs when focussing
on worst-case situations. This calls for system models that include these effects in
an appropriate way. The resulting models can be used in the model-based designs
of the control systems. Furthermore, the data-processing creates flexibility in
the system since its characteristic effects are not necessarily fixed. This design
flexibility may be exploited by considering the data-processing characteristics as
design parameters in a CPS design approach.

Similar to acquisition and processing in data-intensive sensing, which impact
performance due to hardware limitations, the transfer and handling of large
amounts of data also causes strain on the communication infrastructure of control
systems and the hardware implementations of control algorithms. Additionally,
restrictions on computational hardware resources or network hardware, typically
caused by the desire to realize cost-effective designs, can introduce significant
(additional) delays and/or disrupt the information flow. This is especially relevant
if the controller has to share the resources with other applications. Therefore,
it is desirable to take these restrictions on hardware resources into account in
the control systems design as well, leading to resource-aware control systems.
Dealing with such problems is at the heart of the studies of networked control
systems (NCS) (see, e.g., [73, 77]) and embedded control system (ECS) (see,
e.g., [2, 87]), where the unavailability of communication or processing resources
prevents (infinitely) fast information transfer or causes waiting times.

Data-intensive sensing has the benefit of additional data being available at
the cost of increased complexity in handling the data. In this thesis, by studying
the benefits and negative effects of data-intensive sensing, we aim to develop
new tools that lead to new control systems designs that achieve performance
levels (far) beyond the current design standards. This calls for modeling and
design tools that exploit flexibilities in the design of control, communication, and
computation in the current and next generations of CPS that use data-intensive
sensing. We aim to illustrate and validate the tools in practical applications to
make the tools understandable for control engineers in practice and facilitate
industrial integration. In short, the general objective of this thesis can be stated
as follows.

Develop model-based feedback control design tools to analyze and improve
performance of the current and next generation of (industrial) systems that use
data-intensive sensing.

Before discussing the objective in terms of more specific research challenges
and elaborating on the contributions of the thesis, we first discuss an industrial
case study that formed a major driver for this research.
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Fig. 1.2. Main components of a transmission electron microscope (TEM) system
(adapted from [54]). A beam of electrons emitted from a source is guided by
lens systems through a specimen that is imaged on a projector screen or camera.

1.1.1 Case study: Electron microscopy

An electron microscope (EM) [51, 54] is a high-precision tool for imaging objects
at sub-Ångström resolutions (less than 0.1 nanometer per pixel, i.e., more than a
million times more precise than the human eye). It is therefore one of the primary
tools for nanotechnology and other applications such as life sciences, electronics
manufacturing, and material sciences. A transmission electron microscope (TEM)
[54, 130], is schematically depicted in Figure 1.2. An EM magnifies the users’
view of objects just as standard microscopes, although the imaging principles
are different. While conventional microscopes use beams of light, an electron
microscope works with beams of electrons in a vacuum. Because electron beams
behave similar to light but have a much smaller wavelength, an electron microscope
can visualize objects at much higher resolutions than standard microscopes.
Therefore, they are essential tools in both industry and academia. Because
electron microscopes are very complex systems, controlling their operation is a
difficult task performed by highly-trained human operators that use the images
obtained for visual feedback. An operator may use actuation of the holder to
adjust the position of the specimen or may adjust settings for the beam in order
to reach the desired imaging quality.

An electron microscope roughly works as follows. The object that a user
aims to magnify is called the specimen. The specimen is placed on a holder
and inserted in a vacuum column. An electron source emits electrons, which
are guided by electromagnetic lenses, to form a beam which is directed at the
specimen. The beam can hit molecules of the specimen, causing (back-)scattering
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of electrons. In scanning electron microscopes (SEM) these scattered electrons
are caught by a detector. If the specimen is thin, the beam can also penetrate the
specimen, in which case it is deflected by the molecular forces in the specimen.
In transmission electron microscopes (TEM) (see Figure 1.2 for an example)
a camera-detector is used after the specimen, on which the beam projects the
object that is represented by the deflected beam. The specimen is represented
by the intensity patterns measured on the detectors. The patterns are converted
to grayscale images, which are presented to the user on a computer screen. The
detection process takes non-negligible exposure time, since a sufficient amount of
electrons needs to be detected to provide sufficient contrast in the images. To
obtain the high-resolution images seen in many publications, post-processing of
the (sequences of) images is required as well.

The imaging process, the detection of electrons, can be considered as a Poisson
process for each pixel. Increasing the exposure time affects the image contrast as
the average number of electrons that are counted is increased. Due to several
underlying disturbance processes, there is a motion of the specimen during the
imaging process, which is called drift. This drift has a significant impact on
the quality of the images as it corrupts the detection and therefore the image
acquisition process itself. Due to this fact, drift cannot be corrected for adequately
by post-processing. This drift is quite unpredictable, and it is aggressive at first,
e.g., when the specimen is inserted or when the holder is actuated, but becomes
less aggressive as time progresses. Therefore, the quality of the images stabilizes
over time if the system is not actuated. The current state-of-the-art is to wait for
the drift motion to settle before acquiring images, especially when high-quality
images are desired. If the point of interest leaves the field of view, an operator
may manually perform a rough correction for the drift by controlling a joystick
that moves the specimen holder. This may however introduce additional drift
and is not done during the imaging process. In many cases, the initial drift is too
random and fast for a human operator to correct for during system operation.
Movement of the specimen during imaging causes blurring effects in the detection
process, thereby affecting the image quality. Figure 1.3 depicts how Poisson noise
and blurring affect image quality. The first picture (a) can only be obtained
after a long exposure time, the other pictures (b) and (c) can be observed after a
shorter exposure time without and with drift, respectively. Clearly much contrast
is lost due to drift.

Drift often occurs after inserting a specimen. Therefore, the user has to wait
a significant time for the drift to settle after inserting a specimen. Unfortunately,
this waiting time is often significantly more than the time that the user needs
to analyze the specimen, thereby causing a bad throughput for users that wish
to analyze multiple specimen, which is the case in many applications, such
as inspection of microchips. Drift can also be caused by heating and cooling
processes induced by the user in specialized EMs, hence it is a general problem
occuring in EMs.
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(a) (b) (c)

Fig. 1.3. Object (gold) in high contrast (a), in low contrast image affected by
Poisson noise without blur (b), and with blur (c).

Fig. 1.4. Concept schematic of an image-based feedback loop in a electron
microscope. A controller can used processed image data from a camera (C) to
move the Point-Of-Interest (POI) by adjusting the specimen holder (stage).

The drift phenomenon can only be observed by the imaging system of the
microscope and can only be detected after processing the images that are taken.
Hence, it would be of interest to have a visual feedback control design to correct
for this drift phenomenon and stabilize the specimen in the images. Corrections
could be realized by actuation of the holder or by adjusting the electron beam.
Figure 1.4 depicts how a feedback control loop with image-acquisition and image-
processing could be realized. Recall that the goal is stabilization of the specimen
in the view of the camera, rather than stabilization of the camera view itself,
the latter of which can be and is already done by post-processing of sequences
of images. Only stabilization of the specimen can improve the image quality.
There is a clear coupling between control performance and image quality in
the sense that high-performance control is only possible based on high-quality
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sensing information, and that high-quality sensing information is only available
when high-performance control is realized. Hence, this hints towards control
approaches that require intensive computation on preliminary sensor data to
correct for drift in a fast way and thereby increasing throughput, which will aid
in the deployment of EMs as both industrial machines and scientific instruments
[49].

In the context of the case study, the general objective stated before translates
to the development of tools that aid in the technological evolution of the next
generation of electron microscope systems in order to achieve higher throughput
of high-quality images by faster stabilization of the image using automated control
of the specimen holder or the electron beam to counteract the drift. The term
performance in the objective means stabilizing the point of interest of a specimen
in the view of the camera for longer periods of time during which high-quality
images can be obtained. Naturally, the high resolution of the images of the
microscope should be warranted. The objective and the performance measure of
the case study are relevant in many vision-based systems. Therefore, keeping the
general objective in mind, this thesis is particularly focussed on the development
of new tools for vision-based systems.

For the interested reader, an introductory document explaining the concepts
of electron microscopy in more detail can be found in [54].

1.2 Research challenges

The objective of this thesis, as stated in Section 1.1, is to develop new methods
and algorithms, i.e., novel theory, to design control systems that explicitly deal
with data-intensive sensing from a CPS perspective. The research challenges that
are addressed in this thesis focus on the development of new control algorithms
for vision-based feedback control that are to be implemented in a resource-aware
manner on hardware. This thesis considers three particular classes of research
challenges that can be identified from the general objective in Section 1.1. One
class is the set of challenges related to modeling and decision-making in the next
generation of control systems with data-intensive sensing. A second class is the
set of challenges related to dealing with randomness of data-processing delays
in a control loop. The third class is the set of challenges related to resource-
aware implementations of control systems. In this thesis, several challenges in
these three classes are (jointly) addressed and the resulting control concepts are
applied to the prime application of the case study in Section 1.1.1 and additional
applications addressed in the sequel. Next, we detail the relevant challenges in
each class and put them into context. Furthermore, by illustrating the theory in
suitable practical (industrial or experimental) settings, i.e., in practice, we aim
to show that the results can be applied to realistic scenarios without significant
adaptations. For each class of research challenges, concrete case studies addressed
in this thesis are discussed.
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Fig. 1.5. Control loop with data-processing [152].

1.2.1 Challenges in modeling and decision-making in data-
intensive feedback control

Data-intensive sensing requires the processing of raw data to provide a mea-
surement y of the state to the controller, as depicted in Figure 1.5. While a
traditional multivariable feedback control loop (see, e.g., [140]) only considers
decision-making on the actuation signal u, decisions σ can also be made about
the data-processing method. A first research question then appears as a modeling
problem:

How to make an abstract representation of data-processing methods in a con-
trol loop amenable with analysis and design of closed-loop systems?

The challenge is to identify which characteristic properties of data-processing
methods can be captured in mathematical models and to identify which of
those can be used in system analysis and control design. Considering none
of the characteristic traits of data-processing methods, i.e., assuming that the
processing medium is ideal, leads to unexpected behavior when implemented in
practice and often results in (significantly) worse performance than expected. It is,
however, not straightforward to establish appropriate models for data-processing
steps. Data-processing steps often require complex mathematical computations,
examples of which are feature detectors [17, 50, 136]. Using detailed models of all
steps in such feature detectors or ‘trackers’ would create a very complex model
that is likely too detailed for control purposes. Hence, it is needed to select a
suitable level of abstraction for the control purpose. One main characteristic
that is at the core of the challenges in vision-based control is the delay before
new information reaches the controller [33, 41, 165]. Hence, any model should at
least include a parameter for the delay.

In most vision-based control literature, the data-processing step is not analyzed
further than a measurement or estimate of the computational delay, which is
hoped to be negligible compared to other delays in the control loop [26, 41, 59,
81, 98, 135, 146]. It is obvious that this approach is not feasible for all types of
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systems and that in the next generation of systems, where the computational
effort of data-processing approaches limits of the available hardware due to
cost savings, this will certainly not be the case. Such hardware savings are
already studied in networked systems, where also energy preservation is very
important. Delays, quality of information [164], and probability of information
arrival [45, 64, 127, 134] are topics that are quite well-studied in isolation in this
resource preservation context. Hybrid [63, 151] or switched [96] system models
are the main tools from the modeling and control community to make abstract
representations of the behavior of the network.

Usually, there is flexibility in the choice of the data-processing medium, either
in hardware or in software, which corresponds to a trade-off between different
characteristics of the medium. A system engineer should select the most ap-
propriate medium based on the characteristics. A model of the control-relevant
characteristics can assist the choice of the engineer, who has to assess the model
in the context of the system and the options for control design. The next research
question is then a control problem:

How to design and assess performance of controllers for system models that
include the characteristics of data-processing methods?

To answer this question, it is required to establish the scope of the design
and performance criteria. Furthermore, it is likely that existing control design
approaches need to be adapted to take into account all characteristics in the
models. Since most vision-based systems are multiple-input multiple-output
(MIMO) systems, the focus is on designing tools for such systems in general.
Randomness of disturbances, such as drift in the case study in Section 1.1.1,
requires either worst-case approaches to guarantee robustness, or the random
nature can be taken into account in stochastic approaches if some knowledge
about the probability distribution of the disturbances is available, such as, for
example, the variance and other moments. Worst-case approaches [170] require
knowledge of bounds of the disturbance, which may not be available or may
not exist. Stochastic approaches [13] can provide more accurate representations
of system behavior in many cases, but provide less strict guarantees, i.e., most
guarantees are given in a stochastic sense. Both approaches may be considered
and/or combined in control design. Controllers are typically implemented in a
digital fashion. Such an implementation imposes conditions on the control signals
such as digital inputs [14], which need to be taken into account in the design as
well.

Advances in the manufacturing and resource-governing of computational hard-
ware and network infrastructures allow for the flexible use of computational and
communication resources in control systems. This flexibility creates opportunities
in the design of more advanced control solutions while remaining cost-effective in
the physical implementation. The compromise made in the traditional deploy-



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 24PDF page: 24PDF page: 24PDF page: 24

12 Chapter 1. Introduction

ment of only one data-processing medium may be circumvented by switching the
choice of medium during operation of the system. This creates new opportunities
for control design, and new research questions emerge, such as:

Given a set of possible methods to process the data in order to obtain control-
relevant information, how to choose in run time the most appropriate method for
each new batch of data?

This question implies that some selection mechanism exists in the control
system, as illustrated by σ in Figure 1.5. Given that we have a means of
assessing performance, the challenge is to determine online, i.e., during system
operation, what the ‘best’ configuration of the data-processing medium is at
a certain moment in time. Hence, it is required to establish an appropriate
performance index and to develop a switched control structure that determines
and implements the ‘best’ choice. Consistent with the general research objective,
the ‘best’ configuration should aim for improvement of the performance compared
to the unswitched case. Since switching may also have adverse effects if not
done wisely, therefore the control structure should also aim to at least preserve
the performance of the unswitched system. The overall control design problem
becomes a co-design problem of the actuation input u as well as the selected
configuration σ.

Trade-offs between characteristics of different media are also studied in net-
worked control contexts (see, e.g., [45, 163, 164]), with the aim of reducing
communication, typically to preserve energy or reducing network congestion.
In data-intensive applications however, the goal is more often to optimally use
resources than to reduce them. In this work, the aim is to always fully utilize
the available processing power and improve closed-loop performance by deciding
which processing method is most suited to be used for any newly acquired data.
This is a different problem than considered in the papers mentioned above, where
the co-design problem is solved aiming at reduction of resource usage.

1.2.1.1 Drift correction in electron microscopes

The research challenges mentioned above are especially relevant in the case
study in Section 1.1.1. Analysis of the performance requires an appropriate
performance index for the image stabilization problem and a (dynamic) model of
the drift motion. Different data-acquisition and image-processing settings can
be used in (the next generation of) EMs and it is possible to switch between
settings by (online) reconfiguration of the system. The design of controllers
for EMs therefore result in a complex hybrid control problem in which discrete
and continuous decisions have to be made both offline and during run time:
different actuators can be used (adjusting beam or (re)positioning the sample)
and different processing methods can be applied (facing, for example, a trade-off
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between fast/inaccurate and slow/accurate computations). By analysis of system
performance for different configurations, the processing trade-offs can be analyzed
and suitable settings can be selected for implementation.

1.2.2 Challenges in dealing with random data-processing
delays in a control loop

Since the presence of delays is an inescapable part of data-intensive sensing,
detailed models are required for suitable control design. Often delays are non-
deterministic, but can be suitably modelled by random processes. In such cases,
information does not arrive at a fixed rate but rather in an event-driven fashion,
i.e., whenever processing completes. Worst-case or conservative approaches to
deal with the delay are appropriate if little knowledge is available. If there is a
stochastic model underlying the delays (and provided that it can be identified),
this information may be used in control system design. Traditional control design
concepts, which are the type of designs often used in industrial settings, focus on
periodic fixed-rate sensing and actuation [140]. Event-driven data arrival leads
to the question:

When should new data be used to take action?

Data could be used directly, or some artificial waiting time could be imposed
to achieve, for example, synchronization to some periodic cycle. Furthermore, if
delays may be large, it becomes relevant to answer the following question:

Should we allow data-processing to be interrupted in order to obtain and
process a new batch of data?

Many methods, such as imposing deadlines to achieve synchronization with
periodic schedules, can motivate the implementation of interruption mechanisms.
Therefore, it is important to study any answers to the previous research questions
given that interruptions may occur. Processing of a new batch of data typically
requires the old data to be abandoned, but methods to still use this data can
be investigated. Instead of using a periodically synchronized system, it may be
useful to preserve the event-driven nature of the system even when processing
may be interrupted for large delays. Results on aperiodic systems (see, e.g.,[78])
can provide insights in the behavior of such systems.

1.2.2.1 Random delays in image-based localisation

Object recognition and localization are prime examples of methods to process
data in order to obtain control-relevant information for usage in a controller.
Many processing methods are algorithmic in nature and involve decision-making
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on the interpretation of the data. Depending on the type of algorithm (but
also other factors such as the quality of the data), the completion times of
the data-processing can be non-deterministic in nature. Since the structure of
the processing methods is often the same for each batch of data, structure in
the completion times may be inferred, for example, from experimental data or
simulations.

1.2.3 Challenges in resource-aware design

In mass-produced systems, cost-effectiveness of hardware designs imposes restric-
tions on availability of resources. For example, computational power is limited in
many embedded systems. Furthermore, in many engineered systems, processor
allocation time and/or memory are shared between multiple applications that
are operating on the same hardware, which restricts the amount of resources for
the controller. Restrictions on hardware access by the controller obviously affect
its effectiveness. In order to appropriately dimension hardware and distribute
resources, a system architect can take into account control performance if the
trade-off with hardware access is known. Hence, performance assessment of
control applications for which resources are restricted is valuable to a system
architect. A research question that arises is the following:

What is the impact of limiting the amount of resources of a pre-designed
control application?

If the trade-off between control performance and resources allocation is known,
then, using the terminology of embedded systems, the system architect can make
an informed compromise between Quality of Control (QoC) and Quality of Service
(QoS).

A distinction can be made between two cases whether the (pattern of) avail-
ability of resources is known beforehand or not. If the pattern is known, it is
usually determined by the design of the system architect. An interesting question
is then:

What is the effect of assigning a limited amount of resources to a control
application in different allocation patterns?

If the effect can be assessed, the system architect can make a more informed
design decision. If the pattern is not known, but governed by some model, adap-
tive control mechanisms may exploit such a model, which gives rise to the question:

Can adaptive control mechanisms limit the impact caused by uncertain re-
source limitations if a resource model is known?
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While the questions above are posed in the context of embedded systems,
the questions can also be asked in a networked or a data-processing context.
Algorithms that support in answering these questions help in dimensioning
computational and communication infrastructure.

Furthermore, the newly developed control designs aimed at the challenges
in Section 1.2.1 should be designed in a resource-aware manner with respect to
the computational resources needed to compute control actions during operation.
In that context, resource-aware means that control computations either do not
require very large computational resources, as to not introduce additional delays,
or the delays should be incorporated in the design as well.

1.2.3.1 Multi-purpose hardware platform design

To keep control solutions for systems cost-effective, such as for the electron
microscope in the case study in Section 1.1.1, multiple applications are often
running on a single computational platform. Resource access has to be governed
in order to provide sufficient resources to other applications than control, such
as visualization and interfacing with other devices. To make an informed design
choice about the allocation and dimensioning of resources whilst safeguarding a
certain QoC, it should be known how variations impact on control performance.

1.3 Contributions of the thesis

From a broad perspective, the main goal of data-intensive feedback control is to
deal with the large amounts of data required to obtain information about the state
of the system in a ‘smart’ way. The overview of research challenges in Section 1.2
indicates that several fields of research are to be combined in order to develop
control design tools for the next generation of systems that rely on data-intensive
feedback. Furthermore, the similarities with the challenges in networked control
systems, embedded control system, and vision-based control systems indicate
that tools suited to one field have direct applications in particular settings in
another field. Notions and terminology from these fields are combined throughout
this thesis. The identification of similarities between data-processing, networks,
and embedded systems, has led to the choice of hybrid [63, 151] and switched [96]
systems as the main frameworks for the modeling and the design of novel control
concepts. All results underline the need and potential of the multidisciplinary
CPS approach, i.e., the need of integrated design of control, communication, and
computation, to guarantee performance (improvement) in the next generations
of high-tech systems with data-intensive sensing. Next, we summarize the main
contributions of the thesis to illustrate this.
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1.3.1 Contributions in modeling of data-processing methods
and switched control design

In order to provide theoretical results for applications in many practical settings,
a general class of systems is used to model the behavior of the dynamical systems
that are to be controlled. In this thesis, the behavior of systems with data-
processing is modeled by stochastic differential equations (SDEs). The behavior
of the system and the random nature of the disturbance in the case study in
Section 1.1.1 are well-approximated by such models.

Contribution I: This thesis proposes a framework to model data-processing
methods with mathematical parameters for the characteristics of (i) processing
delay, (ii) accuracy of (partial) state measurements, and (iii) the probability
of acquiring information. The processing delay is modeled by a probability
measure on the completion time of the data-processing. The accuracy of the
measurements is modeled by the covariance matrix of a multivariate zero-mean
Gaussian perturbation on the (partial) state information. The probability of
acquiring information is modeled by a Bernoulli random variable. This modeling
framework incorporates a large class of systems and is sufficiently rich to address
many relevant problems in data-intensive sensing. Subsequently, this framework
is used in control design.

The performance of the system with data-processing is assessed in terms of
infinite horizon quadratic average cost indices as it is typical in control problems
for multivariate systems with stochastic disturbances, i.e., in standard linear
quadratic Gaussian (LQG) control [13].

Contribution II: A control solution is proposed that consists of an LQG-
type control design and novel explicit switching conditions that determine which
processing method to use on the next set of raw data, thereby breaking the trade-
off compromise that is required when only allowing one single processing method
to be selected. The switching conditions are based on a dynamic programming
approach, called rollout techniques [21], and formally guarantee to achieve better
or equal performance compared to only using one processing method. An online
optimization over functions of state estimates and their covariances determines
the best choice of processing method. When only two processing methods
are considered, the switching conditions manifest as a time-varying ellipsoidal
separation of the state space, as is illustrated in Appendix B. The switching
conditions use an explicit expression for the performance of the system when
using only a single data-processing method, which are based on LQG solutions
with Luenberger-type observer in the general case and Kalman filter solutions
in several special cases. The result in our preliminary1 works [152] and [158]
are special cases of this contribution, explicitly addressing, respectively, the
trade-offs between delay and accuracy and between delay and probability of
information acquisition. It was found that in those cases the Kalman filter and

1The results in [152] and [158] were developed as part of the research of this thesis.
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Luenberger-type approaches achieve the same performance for a non-switched
system. The proof of [152] is included in Appendix B, which also considers a
discounted cost approach. This contribution enables the online switching of
data-processing methods in a performance improving way with a guarantee to
be at least as good as a non-switched design. Furthermore, it is shown that,
for systems with truly stochastic delays, a deadline-driven approach results in a
deterministic delay parameter and a probability of not acquiring information that
is equal to the probability of the delay being larger than the deadline. Therefore,
also the stochastic delay case can be captured by the methods for deterministic
delay. The results also hold for systems that allow switching between different
values of the deadline, which results in different probabilities for each deadline.
The switching conditions require only limited computational resources, i.e., they
are computationally friendly.

Contribution III: A simulation environment that resembles the case study
in Section 1.1.1 was developed as a validation platform. Based on expert insights,
SDEs are proposed as good models for the system, providing an accurate repre-
sentation of its behavior including drift. The simulator generates images based
on actuation and drift and uses a tracker (as also used in the real EM) to measure
the position error in the images. The quality of the images depends on the time
needed to obtain and process images, in the sense that higher quality images are
generated if the delay is larger. The position error is used to compute feedback
control actions to actuate the specimen position in the simulator. Multiple control
methods are used to design controllers for this simulator and the results show that
the system model and control methods are suitable for the use case. In particular,
analysis of the trade-off between accuracy and delay can be used to identify
the optimal processing setting. Subsequently, the proposed switched control
design was demonstrated, showing its potential. Lastly, it was shown how an
additional multirate control design could benefit the system. Since experimental
times are significantly longer than the sampling intervals, stationary policies
resulting from infinite horizon optimal control formulations provide adequate
results even for finite experimental times. The results validate the proposed
control methodologies and show their potential for applications in real systems,
such as image-based feedback control in electron microscopes.

1.3.2 Contributions on dealing with stochastic delay

The conservative approaches to deal with stochastic delays in control loops
that are usually considered in the literature, such as periodic control with large
sampling intervals which is often used in practice, motivated further study on
new approaches to cope with stochastic delays in a closed-loop system.

Contribution IV: A method for an event-driven approach to using newly
arriving data is proposed. To prevent large delays, a deadline mechanism is
added. This method combines the benefits of the deadline-driven and the event-
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driven control strategies that were studied in the preliminary2 work [126] in
the context of state feedback with actuation delay. The proposed method uses
results from stochastic optimal control theory [13, 44] and combines event-driven,
deadline-driven, and event-driven with a deadline strategies using a switching
law. The resulting control strategy is guaranteed to perform at least as good
as either method separately. Furthermore, a deadline optimization procedure is
proposed that formally guarantees performance that is better or equal to the
best non-switching method. Simulations show that a significant performance
gain can be realized by switching and deadline optimization.

Contribution V: The aperiodic control concepts of event-driven and deadline-
driven control, which were studied in the preliminary work [126], are validated
on an experimental vision-based control setup. The applicability and potential
of aperiodic approaches to consider delay in control design is shown in a prac-
tical setting. An omni-directional robot with a camera in the feedback loop
was developed as a validation platform. Using a proposed RANSAC-based [57]
self-localization algorithm, for which the completion time is conveniently modeled
as stochastic, the robot is controlled along a reference trajectory based on camera
images of its environment using event-driven and deadline-driven controllers. The
control designs in [126] were extended to the output-feedback case to address the
measurement delay.

1.3.3 Contributions on resource-aware control design

Resource-aware control designs were studied in an embedded control system
setting.

Contribution VI: Tools are presented for the analysis and design of control
applications with real-time constraints on computational resources, which causes
data losses. The data losses in the sensing-to-actuation path are assumed to
be governed by the property of (m, k)-firmness, which guarantees that in each
window of k subsequent computation attempts there are sufficient resources for
at least m instances. A constrained switched linear systems model (see, e.g.,
[124]), consisting of an automaton and a dynamical system model, is proposed
to represent the system. For a given control design, performance loss due
to data losses can be assessed, in terms of an infinite horizon quadratic cost
function, by solving a set of linear matrix inequalities (LMIs) or by evaluating
an analytical expression, which is faster but more conservative. Furthermore,
synthesis procedures for controller improvement based on LMIs and Riccati-type
iterations are shown to improve the worst-case performance loss by adaptive
controller implementations. The methods provide a counterpart for (m, k)-
firmness verification tools in the embedded systems community, such as the
co-developed results in [18], and can be used in rapid assessment of control
performance for variations in (m, k)-firm resource availability.

2The results in [126] were developed as part of the research of this thesis.
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Contribution VII: An analysis framework to investigate the trade-off be-
tween Quality-of-Control (QoC) and resource utilization of feedback controllers
running on a newly developed embedded platform called CompSOC. The Comp-
SOC platform is considered to run multiple applications but offers resource
virtualization that allows for interference-free application development and cycle-
accurate timing behavior. Control resources adhere to a known fixed periodic
schedule that is governed by a resource allocation procedure. A procedure to
select sampling intervals consistent with the resource schedule is proposed such
that the discrete-time system model becomes linear periodically time-varying.
Then, a lifting approach [23] is used to transform the control design problem
into a classical discrete-time Linear Quadratic Regulator (LQR) problem, which
can be efficiently solved to obtain a value for the optimal QoC for the given
resource allocation. The fast control design procedure aids in the dimensioning of
the platform and in the selection of resource allocations. A flowchart illustrates
the proposed design procedure. The methods are experimentally validated for
various resource allocation patterns in a hardware-in-the-loop implementation of
the CompSOC platform.

1.4 Outline of this thesis

The technical results in this thesis are presented in two parts, divided over six
chapters. In part I we discuss the novel control designs related to the research chal-
lenges in Sections 1.2.1, 1.2.2, 1.2.3. These are presented in Chapters 2, 3, and 4,
respectively. In part II we discuss the application of the control design procedures
related to the research challenges in Subsections 1.2.1.1, 1.2.2.1, 1.2.3.1. These
results are presented in Chapters 5, 6, and 7, respectively. Each chapter is
based on one or more research papers and is self-contained. A reference to the
corresponding research papers is included at the beginning of the chapter. In
addition to these main chapters, we provide in part III, consisting of Chapter 8,
closing statements for the thesis. Part IV contains the appendices.

Part I: Control theory

Chapter 2 presents a modeling framework for systems with data-processing
in the control loop (Contribution I). Subsequently, this modeling framework
is used in the design of a control algorithm that can switch online between
processing methods (Contribution II). This chapter is based on [154] of which
special cases were presented in the preliminary works [152] and [158], which were
also part of the research of this thesis.

Chapter 3 presents design methods for systems with stochastic actuation
delays. Switched and deadline-optimization control approaches are proposed to
improve performance by exploiting knowledge of the delay probability distribu-
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tion (Contribution IV). This chapter is based on [156] which is a significant
extension of the ideas in the preliminary work [126], which was also part of the
research of this thesis.

Chapter 4 presents tools for the analysis and design of control systems when
implemented on hardware with shared resources that may be unavailable under
the property of (m, k)-firmness. Methods for performance analysis and controller
improvement are presented as a counterpart to verification frameworks to be
used in embedded control system design (Contribution VI). This chapter is
based on [153].

Part II: Applications

Chapter 5 presents the application of the modeling framework and control
design ideas of Chapter 2 to the industrial case study of the electron microscope
in Section 1.1.1. We also present the simulator that was developed to simulate
the real system in the absence of an industrial set-up (Contribution III). This
chapter is based on [155].

Chapter 6 presents the application of the ideas in Chapter 2 and Chapter 3
to the visual feedback control of a moving robot with a camera with stochastic
measurement delay in an experimental setting that resembles many real-life
settings (Contribution V). This chapter is based on [157].

Chapter 7 presents a framework to analyze control performance under vari-
ations in the availability of computational resources. Using a scheme to assign
time-varying sampling intervals, a periodically time-varying control design can
be used for fast performance evaluation of a large number of resource allocation
patterns (Contribution VII). This chapter is based on [148].

Part III: Closing and Part IV: Appendices

Conclusions and recommendations for future work are presented in Chap-
ter 8. Finally, several proofs and technical results are presented in the appendices.

A summary of publications by the promovendus can be found on page 225 of
this thesis.

A technical summary of the thesis can be found on page xi of this thesis.

A societal summary describing the societal impact of the work can be found
on page ix of this thesis.
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A Dutch translation of the technical summary of the thesis can be found on
page 221 of this thesis.

1.5 Embedding of the thesis in the NWO-TTW
project

The research presented in this thesis has been performed within the project
“Control based on Data-Intensive Sensing”, which is a part of the “Robust design
of Cyber-Physical Systems (rCPS)” research program. This project is financially
supported by the domain Applied and Engineering Sciences of the Netherlands
Organization for Scientific Research (NWO-TTW) under grant number 12697 as
part of the rCPS “perspectief” program. The objective of the rCPS program is
to develop multidisciplinary integrated design approaches, including embedded
systems, networking, and control, for the next generation of complex high-tech
industrial systems.

The focus of the project is on control problems for systems with data-intensive
sensors (e.g., imaging), leading to high processing workloads in the control loop.
The close coupling between quality of control and quality of workload processing,
requires an integrated approach to controller synthesis and the design of the
computational platform. For instance, computations could be organized such
that accuracy can be traded against the latency introduced by the required
computations. The control part should be able to exploit this feature and, in
fact, should decide online on the desired accuracy/latency choice. This requires
collaboration across disciplines. The objective of the research as described in
this thesis was to develop tools to tackle such complex and data-intensive control
problems that are cost-effective, utilize resources effectively, and result in high
performance and robustness.
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Part I

Control theory
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Chapter 2

Switched LQG control
for linear systems with multiple

data-acquisition methods

Abstract - In many control contexts, such as vision-based control, data-processing
methods are needed to distill information from measurement data (such as images).
These data-processing methods introduce several undesirable effects such as delays,
measurement inaccuracies and possible absence of information, which limit closed-loop
performance. Typically, a single processing method with an appropriate compromise
between these effects is chosen in practice. Instead of settling for a compromise using
only one fixed processing method, we propose to break the design trade-off by switching
on-line between several data-processing methods having different delay, accuracy, and
data-loss characteristics. We provide a modeling framework for data-processing methods
that is suitable for control applications and incorporates the characteristics of the
undesirable effects mentioned above. Using the models provided by the framework,
we provide explicit policies for switching on-line between data-processing methods
with different characteristics. Our approach formally guarantees that an LQG-type
infinite horizon performance is better than, or at least not worse than, non-switching
approaches. The advantages of the proposed methodology are further highlighted via a
numerical example.1

2.1 Introduction

Data-processing units are an important but often unmodeled component of many
control loops. In many high-end control systems, however, large numbers and
complex types of sensors provide large quantities of data, which must be processed
to distill control-relevant information. Such data-intensive control systems arise
in many robotic applications, where position and velocity information is often
obtained from data from several sensors which typically includes (a series of)
camera images [41, 103, 117], but also arise in, e.g., visual navigation[33, 34],
medical imaging[4], and big-data applications[35]. An important fact is that in

1This chapter is based on [154] which is an extension to the preliminary works [152] and
[158]. A special result of [152] is presented in Appendix B.
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System
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Fig. 2.1. Control loop with data-processing [152].

most real-life applications the processing unit is constrained in hardware cost
and/or in physical space, leading to limitations on the processing capability of
the data-processing unit.

Under classical control design without proper modeling of the data-processing
unit, i.e., assuming that the processing unit is ideal or accounting for the worst
case, the constraints on the processing unit lead to unexpected or conservative
behavior when implemented in practice. Hence, this approach often leads to per-
formance degradation of the closed-loop system. Instead, in this work, we propose
to model the data-processing methods by several characteristic properties and
use those characteristics explicitly in the control design. Based on this modelling
setup, we propose a switching control mechanism to further improve performance
beyond classical results (that use only a single processing method). Nowadays,
this is enabled by flexibility in software and hardware, which allows us to take
advantage of the fact that a data-processing unit may deploy several different
implementations of data-processing methods with a trade-off in characteristics.

To be more precise, we introduce in this chapter a general framework to model
a large class of data-processing methods in a control loop, which incorporates
three characteristic properties of the processing methods; (i) the delay before the
information is available; (ii) the accuracy of the provided information; and (iii)
the probability of actually acquiring relevant information. Typically, for a given
data-processing unit, there is a trade-off between these characteristics[33, 41]. For
instance, a more elaborate data-processing method can provide higher accuracy
(or a higher probability of providing useful information), but requires more
computational time and thus incurs a larger delay than a simple(r) method.
In addition, in this case, hard deadlines on processing time often enforce the
trade-off with respect to delay by causing data absence due to deadline misses.

We consider a closed-loop system consisting of the interconnection of a
physical system with one or multiple sensors and actuators, a data-processing
unit with several available processing methods, and a digital controller in a
feedback structure, as depicted in Figure 2.1. Sensor data is processed in batches
by the data-processing unit before control-relevant information is obtained.
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We consider this type of system in the context of stochastic optimal sampled-
data control [13, 14, 36] of linear continuous-time plants with stochastic state
disturbances with infinite horizon average quadratic cost criteria [21], i.e., the
linear quadratic Gaussian (LQG) setting. To improve performance beyond classi-
cal results, we propose to break the trade-off in data-processing characteristics
by switching on-line between multiple processing methods with different char-
acteristics as already mentioned. This leads to a general switching and control
co-design problem where the (real-valued) decisions are related to the actuation
input and the (integer-valued) decisions regarding which processing algorithm
to use at each decision time. Because the general optimal switching and control
co-design problem is computationally hard to solve, our approach is based on
an (approximate) dynamic programming approach. In particular, we use rollout
techniques [21] and derive explicit switching criteria and an LQG-type feedback
policy. This control design approach leads to novel control policies that guarantee
performance improvement when compared to implementations that only use one
processing method.

We propose a switching method that can circumvent the trade-off between
characteristics for an important general setup with deterministic delays. Results
for many cases, such as those in our preliminary works [152, 158], can be recovered
from the results for this general setup. As a secondary result, we show how a
case with stochastic delays can be addressed using the result for deterministic
delays by a deadline-driven approach. The framework to model data-processing
methods is presented with generality to facilitate further studies in this appealing
and relevant research area.

In our preliminary works [152] and [158], the trade-offs between delay and
measurement accuracy, and between delay and probability of data acquisition were
investigated in isolation, respectively, under the assumptions that measurements
of the full state are available and that the delays are deterministic. Building upon
these preliminary works, in this chapter, we extend these results leading to a
general modeling and control approach that simultaneously addresses the interplay
between delay, measurement accuracy and probability of data acquisition. We
recover the results of [152] and [158] as special cases. To broaden the applicability
of the methods, we extend the results to the general case of output feedback with
partial information, for which we provide solutions based on both Luenberger-
type observers and time-varying Kalman filters. Furthermore, we allow the
delays in the loop to become stochastic, which was not the case in preliminary
works, and apply the ideas our recently proposed self-triggered deadline-driven
implementation [126] with additional optimization opportunities. Moreover, full
details on the derivation of the results are given, which are not available in
[152, 158].

The present work builds upon the seminal and classical works [13, 21, 44, 48],
and insights from [134]. The modeling of data-processing methods and the control
design ideas are, to our best knowledge, novel. LQG-type sampled-data control
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is studied since the early works of [86, 89] and many other approaches to delay
different from this work, such as loop-shifting[109] for fixed time-delays and
Lyapunov-based methods such as [58], have been studied in recent years.

The probability of data-acquisition characteristic also appears in networked
control context as data loss, or ‘dropouts’, see, for instance, [45, 64, 127, 134]
and the references therein. Many of those works consider data loss/acquisition
with the purpose of analyzing the trade-off between control and communication
rate when controlling, or ‘scheduling’, when and how often to (re-)transmit, in
order to reduce or limit the communication rate [3, 9, 11, 46, 90, 110, 129]. Other
papers considering trade-offs between different characteristics of data-processing
and communication are [45, 163, 164]. In [164], a method to balance the trade-off
between communication rate and estimation quality under energy constraints
is given. An example of vision-based control causing delay can be found in
[163], where scheduling is used to reduce the communication rate with a cloud-
computing platform. The communication rate trade-off with stochastic delays
is considered in [45]. Note that in the current work we consider communication
channels to be ideal and the probability of data-acquisition characteristic only
models data loss due to the data-processing unit, although such an extension
can be envisioned based on the framework presented in this chapter. While
reducing communication is important, typically to preserve energy or reducing
network congestion, this is not the main concern in data-intensive applications
that are considered here. Instead, we aim to fully utilize the available processing
power to improve closed-loop performance by deciding which processing method
is most suited to be used for any newly acquired data. This is a different problem
than considered in the papers mentioned above, where no co-design problem for
control and switching of multiple data-processing methods is solved. Recent works
[24, 25] have considered a different control and switching co-design problem for the
same class of linear systems with stochastic and deterministic switches (switched
Markov Jump Linear Systems) in a discrete-time state-feedback context. The
relevance of providing suboptimal switching policies with performance guarantees
was also underlined by works such as [60], where the concept of consistency was
introduced.

The organization of the remainder of the chapter is as follows. The control
set-up with data-processing, the control design, and the problem formulation
are detailed in Section 2.2. The proposed switching and control policy is given
in Section 2.3. Section 2.4 contains the main analytical results. A numerical
example in Section 2.5 illustrates the results. Concluding remarks are given in
Section 2.6. The proofs of the main results can be found in Section 2.7.

2.2 Framework and problem formulation

We discuss in Section 2.2.1 the plant model, in Section 2.2.2 the measurement
and data-processing framework, and in Section 2.2.3 the digital control update
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scheme. In Section 2.2.4, we state the performance index and the main control
problem that we are interested in.

2.2.1 Plant model

The plant model of the system that is to be controlled takes the form of the
continuous-time stochastic differential equation

dxC(t) = (ACxC(t) +BCuC(t))dt+Bωdω(t), t∈ R≥0, (2.1)

where xC(t) ∈ R
nx is the state and uC(t) ∈ R

nu is the control input at time
t ∈ R≥0, and ω(t) is an nw-dimensional Wiener process with incremental co-
variance Inw

dt (cf. [13]). Here, AC ∈ R
nx×nx , BC ∈ R

nx×nu , and Bω ∈ R
nx×nω

are constant matrices describing the plant behavior. We make the standard as-
sumptions that (AC , BC) is controllable and BC has full rank (which implies full
column rank if nx > nu). The initial condition xC(0) with realization x0 ∈ R

nx

is assumed to be a multivariate Gaussian random variable with mean x̄0 and
covariance Φx0 , i.e., xC(0) = x0 ∼ N (x̄0,Φ

x0).

2.2.2 Measurements and data-processing model

At sampling times tk, k ∈ N, with t0 = 0, a new sample of raw data pertaining
to the plant is taken (instantaneously). At this time, one data-processing method
σk ∈ M := {1, 2, . . . ,M} is (immediately) activated to distill information regard-
ing the system state xC(tk) that is relevant for feedback control. As discussed
in the introduction, only one method may be active at any given time. Next,
we propose a modeling framework incorporating three characteristics of data-
processing that are relevant for control. We present the modeling framework with
generality and present control design ideas for a large subset of the cases that
can be identified in the framework. This subset encompasses many practically
relevant cases and trade-offs that are of interest. An exhaustive analysis of all
possible cases and trade-offs between the characteristics of data-processing is a
hard problem and beyond the scope of this chapter.

After a processing delay τk ∈ R>0, which depends on the processing method
σk ∈ M that is chosen, the raw data is processed and the output yk ∈ R

ny becomes
available to the controller. Each processing method m ∈ M is characterized
by three properties, modeled by a tuple (Fm,Φν

m, γ̄m) containing a cumulative
distribution function (cdf) Fm : R>0 → [0, 1] for the delay, a measurement noise
covariance Φν

m ∈ R
ny×ny modeling accuracy, and a probability of data-acquisition

γ̄m ∈ [0, 1], respectively, which are detailed next. In this work, we assume that
improving one of the characteristics deteriorates another one. Moreover, we
assume that two realizations of data-processing characteristics are conditionally
independent of one another given the method σk ∈ M. In the remainder of this
chapter this conditional independence is a standing assumption.
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The processing delays τk, k ∈ N, are assumed to be independent and identically
distributed (i.i.d.) with cdf Fσk

defined by the probability measure μσk
in the

sense that Fm(τ) := μm((0, τ)), τ ∈ R(0,∞) for all m ∈ M. The support of
μm,m ∈ M, may be unbounded, but we assume that μm((0,∞)) = 1. The
measure μm can be decomposed into continuous and discrete components as
in μm = μc

m + μd
m, with μc

m([0, s)) =
∫ s

0
f c
m(τ)dτ , where f c

m is a measurable

function, and μd
m is a discrete measure that captures possible point masses at

bi ∈ R>0, i ∈ N≥1, such that μd
m({bi}) = wm

i ∈ R. The (Lebesgue-Stieltjes)
integral of some function W with respect to the measure μm is defined as

∫ t

0

W (s)μm(ds) :=

∫ t

0

W (s)f c
m(s)ds+

∑
i∈N≥1:bi∈(0,t]

wm
i W (bi).

Sometimes, we will also use the probability distribution function (pdf) fm,
which is such that Fm(τ) =

∫ τ

0
fm(s)ds, where fm(τ) can be seen as f c

m(τ) +∑
i∈N≥1

wm
i δ(τ − bi) for τ ∈ R>0 where δ(·) denotes the Dirac delta function.

The means are denoted by τ̄m, m ∈ M, i.e., τ̄σk
:= E[τk] for any k ∈ N. In this

work, we will focus on control design for deterministic delays and illustrate how
the case of stochastic delays can be addressed using the insights provided by the
deterministic case.

The accuracy of the obtained output yk is modeled by additive perturbations
on the measurements CxC(tk), where the constant matrix C ∈ R

ny×nx determines
the measured variables. The perturbations νk are assumed to be independent
realizations of ny-dimensional random variables, i.e., νk ∈ R

ny . For all k ∈ N, νk
has zero-mean multivariate Gaussian distribution with covariance Φν

m if method
m ∈ M is activated at time tk, i.e., νk ∼ N (0ny ,Φ

ν
m) if σk = m.

The possibility that the processing method does not provide a useful result,
i.e., the possibility of no information, is modeled by the variable γk ∈ {0, 1}. If
the new output information yk is useful, we have γk = 1, otherwise γk = 0. The
indicators γ0, γ1, γ2, . . . , γk, . . . are independent realizations of Bernoulli random
variables with probability

γ̄m = Pr(γk = 1 | σk = m)

for any given m ∈ M. Thus, the random variables γk, k ∈ N, are independent,
and, for any given m ∈ M, identically distributed. In the remainder of the
chapter we will use the term ‘switch’ for changes in σk and ‘jump’ for changes in
the data-loss parameter γk. Note that we consider the communication channels to
be ideal, in the sense that they do not introduce data losses, and the γ parameter
purely models the data losses introduced by the data-processing unit.

The model properties lead to the following structure for the measurement
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output. The output

yk =

{
CxC(tk) + νk, γk = 1,

∅, γk = 0,
(2.2)

becomes available to the controller at time tk + τk, for all k ∈ N, where the
symbol ∅ denotes ‘no data available’. We assume that the moment at which a
data-processing method completes (and provides the output) coincides with the
moment at which a new measurement starts being processed. Thus,

tk+1 = tk + τk, k ∈ N . (2.3)

Optimization of the actuation moment may be possible in some settings and is
discussed in Section 2.6. This presents a complementary problem that is beyond
the scope of this chapter.

2.2.3 Digital control

In this work, the plant is controlled digitally. We consider the actuator update
times to coincide with the sampling times, see also (2.3). As it is standard in
most digital or sampled-data control schemes[14, 36], a zero-order hold actuation
strategy is implemented. Hence, uC is a staircase signal, given by

uC(t) = uk := uC(tk), for all t ∈ [tk, tk+1), k ∈ N .

By the previously mentioned assumption, the actuator update times coincide
with the sampling times, i.e., when yk−1 becomes available at time tk, uk can be
instantaneously updated.

A switching strategy determines the switching signal given by the sequence of
processing methods σ := {σk}k∈N pertaining to which data processing method
σk to use in each interval [tk, tk+1). The main results of this work pertain to
novel switching strategies combined with optimal actuation strategies.

To simplify our analysis, we assume the computational time of the controller
to be significantly smaller than the processing delay such that it is negligible.
As we will show, the proposed control strategy does not require a significant
computational load and therefore this assumption is reasonable in many cases.
In addition, a known computational or actuation delay may be directly taken
into account by slight adaptation of the main results.

2.2.4 Control problem statement

The performance is measured by an expected average cost

Ja
C := lim sup

T→∞
1

T

∫ T

0

E [gC(xC(t), uC(t))] dt, (2.4)
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which depends on the control input function uC with gC(x, u) := xᵀQCx +

uᵀRCu, where QC ∈ R
nx×nx is a positive semi-definite matrix with (AC , Q

1
2 )

observable, and RC ∈ R
nu×nu is a positive definite matrix. This performance

index corresponds to that of a standard LQG average cost problem.
A control policy π is defined as a sequence

π = (ι0, ι1, . . .)

of multivariate functions ιk := (ισk , ι
u
k) that determine at sampling times tk, k ∈ N,

the switching and actuation inputs in the sense that

(σk, uk) = (ισk(Ik), ιuk(Ik)) = ιk(Ik), k ∈ N, (2.5)

based on the information vector

Ik := {Ik−1, σk−1, uk−1, yk−1, τk−1, γk−1} ,

available at the controller at that time, with initial information I0 := {x̄0,Φ
x0}.

Recall that at time tk, k ∈ N, the output yk−1 has just arrived at the controller.
Let the cost Ja

C for a given policy π be denoted by Jπ. A conventional design
approach is to apply a non-switching control policy, here referred to as a base
policy, for which a-priori a processing method, say b ∈ M, is fixed, such that
ισk(Ik) = b (and thus σk = b) for all k ∈ N, and use known tools (see, e.g., [13])
to find a policy ιuk that provides the optimal control inputs uk, k ∈ N, to the
plant. Let base policies with b ∈ M also be indicated by b ∈ M (such that
M also represents the set of base policies). For cost (2.4), the best achievable
performance Jb of a base policy, with b ∈ M, is given by

Jb := min
ιuk for all k∈N

Ja
C |σk=b for all k∈N, b ∈ M.

For the base policies b ∈ M, the optimal policy ιu := {ιuk}k∈N to determine the
optimal control inputs uk, k ∈ N, is given by the linear quadratic Gaussian (LQG)
regulator (see, e.g., [13]) and the optimal value Jb is known to be independent of
the initial state. Let one optimal choice of policy b ∈ M be denoted by b�, such
that Jb� ≤ Jb for all b ∈ M, i.e.,

b� := arg min
b∈M

Jb. (2.6)

The control problem considered in this chapter is to determine, for system
(2.1),(2.2),(2.3), a control policy π that provides both an actuation signal uC

and a switching signal σ, to obtain for cost (2.4) a smaller value Jπ than can be
achieved for any non-switching base policy, in the sense that

Jπ ≤ Jb� ≤ Jb, for all b ∈ M. (2.7)
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Note that finding optimal switching and actuation policies, i.e., finding π� =
argminπ Jπ, is a hard problem in general (see, e.g., [9, 168]) and (optimal)
paths-on graphs approaches as in [94, 95] become computationally intractable.
Therefore, we propose a suboptimal switching policy design approach, explained
in Section 2.3, which leads to computationally efficient control policies that
provide performance guarantee (2.7) and which often outperform all base policies.
The performance guarantee is formally proven and performance improvement
is illustrated by a numerical example in Section 2.5. The proposed actuation
policies are based on the time-varying LQG design and we mainly present novel
switching policies.

In the framework presented in Section 2.2.2, many special cases of interest
can be identified. In this work, first, we derive our first main result for the most
general case with deterministic delays, i.e., when fm(τ) = δ(τ − τ̄m), τ ∈ R>0.
The derivation of the explicit switching condition is detailed in Section 2.4. The
(proof of) the main result also applies to [152] and [158] and their generalizations,
which are recovered as special cases. For reasons of space, the explicit derivation
of those special cases is omitted. Subsequently, we show in our second main
result that the first main result can also be used to tackle stochastic delays by a
deadline-driven approach, which uses a reformulation of the problem to one in
which the delays are again deterministic.

2.3 Proposed control policy

In this section, the control policy is proposed. First, the policy structure is given.
Subsequently, a discrete-time system formulation is introduced and the state
estimation and actuation problems are addressed. These preliminaries are then
used to derive explicit switching and control solutions in Section 2.4.

2.3.1 Proposed switching and actuation policy

The control policy that we propose is based on stochastic approximate dynamic
programming and is known as a rollout method (see [21]). Note that the classical
roll-out method, which has an infinite horizon lookahead, only applies to switched
systems where the sampling interval τk is equal to the same fixed constant for
any method σk ∈ M in order to have the same cost-to-go, which is not the case
in our setting. We use the ideas behind the classical rollout approach to establish
our new results, which extend the rollout methods to systems with time-varying
sampling intervals.

We propose to use the following policy for the decisions. A switching decision
is made at time tk on which processing method σk ∈ M to choose next, assuming
that it would be chosen in several subsequent instants as well and assuming that
after those instants the optimal base policy b� method is always selected. The
number of instants is given by a discrete-time horizon of size Hk ∈ N>0 for all
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k ∈ N. Thus, the policy assumes the use of σk for tk, tk+1, tk+2, . . . , tk+(Hk−1),
while supposing that after the horizon, i.e., at times tk+Hk

, tk+(Hk+1), . . . , the
optimal base policy b� method is selected. This is schematically depicted in the
following diagram, where Hk = 3 and where instants t̂k+h, h ∈ N, indicate the
(expected) future sampling times.

t
tk

σk

t̂k+1

σk

t̂k+2

σk

t̂k+3

b�

t̂k+4

b�

t̂k+5

b�

Then the decision-making procedure is then repeated in a receding horizon
fashion, i.e., the same procedure is repeated at times tk+1, tk+2, . . . .

Note that typically in the classical rollout methods the horizon Hk is a fixed
constant for all k ∈ N. We further extend the classical results by allowing the
horizon Hk to change on-line, i.e., it can change with k ∈ N. In particular,
we will include the horizon in the optimization of the switching decision. A
larger switching horizon can create more or better switching options, which can
improve the obtained performance. To accommodate this additional optimization
variable in view of guaranteeing (2.7), we restrict our updating procedure with
the following condition

If Hk > 1, then σk+1 = σk and Hk+1 = Hk − 1, (2.8)

which means that switching whilst being on a previously selected horizon is not
allowed. We define Hm := {1, 2 . . . , H̄m}, with H̄m ∈ N>0 as the set of admissible
horizons H for each m ∈ M, and, for all k ∈ N. Clearly, restriction (2.8) is not
needed if Hm := {1} for each m ∈ M, i.e., if Hk = 1 for all k ∈ N.

As mentioned in Section 2.2.4, the proposed actuation policy is based on the
standard optimal LQG controller design (see e.g. [13]), as detailed in Section 2.3.4.

For some policy π, let the cost incurred on the interval [tk, tk +T ) be denoted

Ja
C,[tk,tk+T ] :=

1

T

∫ tk+T

tk

E [gC(xC(t), uC(t)) | π] dt. (2.9)

In accordance with the proposed control policy, we define the switching criterion
as the choice of the method m ∈ M and horizon H ∈ Hm that minimizes
(2.9) when that method is selected on the horizon of length H assuming that
afterwards method b� is always selected, while the actuation policy is given by
the (time-varying) LQG regulator, denoted ιu = LQG. Formally, for all k ∈ N

subject to (2.8),

ισk : (σk, Hk) := arg min
m∈M,H∈Hm

Jm,H
k (2.10)
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where, for all k ∈ N,

Jm,H
k := {Ja

C,[tk,tk+T ] | Ik, ιu = LQG,

σl = m for all l ∈ N[k,k+H),

σl = b� for all l ∈ N≥k+H }. (2.11)

While (2.10) defines a family of policies since Jm,H
k is parameterized by T , later,

we will let T → ∞ and consider only the specific resulting policy. It is important
to realize that taking the limit in (2.11) directly, would leave (2.10) ill-defined

since Jm,H
k would be equal for each switching option. To provide insights under

well-defined policies, we first assume that T is a large number. Finally, using the
insights, we can let T → ∞ whilst keeping (2.10) well-defined.

The main result of this chapter is that the switching and actuation policy
as described in this section (for T → ∞) improves upon non-switching policies
b ∈ M in the sense of (2.7) for the cases described in Section 2.2.4. The derivation

of Jm,H
k for those special cases leads to explicit switching conditions and is detailed

in Section 2.4. The analysis uses the assumption that the time needed to evaluate
the control policy, i.e., the computation time needed to compute values for σk

and uk, is significantly less than the time needed for data-processing time, such
that the computation time can be neglected. The established policies allow this
assumption since the computational complexity can be kept small, as will be
shown.

Remark 2.1. We consider the restriction (2.8) for ease of exposition in the current
chapter. We believe that it is possible to find additional conditions on the
switching rules in this chapter that will allow switching whilst being on the
horizon. Establishing such conditions is beyond the scope of this chapter and left
as future work. The limitation of having only one method on the horizon can be
lifted, but such an approach may quickly become computationally problematic
due to the increasing number of possible combinations of methods.

2.3.2 Discrete-time formulation

To establish the envisioned results, the system behavior is described in discrete
time at the sampling instants.

The state and measurements at instants tk, k ∈ N, are described by

xk+1 = Akxk +Bkuk + ωk,

yk =

{
Cxk + νk, γk = 1,

∅, γk = 0.

where xk := xC(tk) ∈ R
nx and uk := uC(tk) ∈ R

nu are the state and control
input in discrete time for k ∈ N, respectively. The matrices corresponding to the
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discrete time dynamics depend on realizations of the intersampling intervals, i.e.,
by exact discretization (see e.g. [13, 14])

Ak := A(τk), where A(τ) := eACτ ,

Bk := B(τk), where B(τ) :=

∫ τ

0

eACsBCds.

The disturbances ω and ν are sequences of zero-mean independent random vectors,
ωk ∈ R

nω and νk ∈ R
nν , respectively, with covariances E[ωk(ωk)

ᵀ] = Φω
k and

E[νk(νk)
ᵀ] = Φν

σk
, for all k ∈ N, with

Φω
k := Φω(τk), where Φω(τ) :=

∫ τ

0

eACsBωB
ᵀ
ωe

Aᵀ
Csds.

The cost function (2.4) can be written in terms of the discrete-time system,

for N(T ) := {minL |
∑L

k=0 τk > T} the number of sampling intervals up to time
T , as

Ja
C = lim sup

T→∞
1

T
E

⎡⎣N(T )−1∑
k=0

g(xk, uk, τk)

⎤⎦ , (2.12)

where g(x, u, τ) := xᵀQ(τ)x+ 2xᵀS(τ)u+ uᵀR(τ)u+ α(τ), for[
Q(τ) S(τ)
(�)ᵀ R(τ)

]
:=

∫ τ

0

e

[
AC BC
0 0

]ᵀ
s
[
QC 0
0 RC

]
e

[
AC BC
0 0

]
s
ds.

and, for tr(·) the trace of a matrix,

α(τ) := tr(QC

∫ τ

0

∫ t

0

eAcsBωB
ᵀ
ωe

Aᵀ
c sdsdt),

which is the cost associated with the continuous-time behavior of the Wiener
process between update instances.2 Let Qk := Q(τk), Sk := S(τk), Rk := R(τk)
and αk := α(τk).

Note that if the delay is deterministic, the matrices take deterministic values,
but for stochastic delays the matrices are random variables. We will show in
Section 2.4.6 that for the deadline-driven approach to deal with stochastic delays,
the problem can be converted into an equivalent problem where the matrices
take deterministic values as well. In the remainder of the chapter we present
general equations that also apply in the stochastic case to accomodate further
study, and present equations for the deterministic case where needed.

2See Appendix A for the derivation of α.
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2.3.3 Estimation of the current state

As in standard LQG control, we will use a state estimate to determine the control
input. Recall that the separation principle holds [134] when the switching signal
{σk}k∈N is known. Since measurements are delayed, may be absent, and provide
only partial and/or noisy information, the current state and its covariance are
estimated. At time tk, the realizations of τl and γl, for all l ∈ N<k are known.
Hence, an estimate x̄k of the state xk from the information Ik can be obtained
by the linear estimator-predictor

x̄k = Ak−1x̄k−1 +Bk−1uk−1 (2.13)

+ γk−1Lk−1(yk−1 − Cx̄k−1), k ∈ N>0,

with initial condition x̄0 := E [x0 | I0]. The gain matrices Lk ∈ R
nx×ny , k ∈ N

will be given by a chosen estimation policy that can be either a time-varying
Kalman filter or a Luenberger observer, leading to two types of control policies. In
alignment with the policy notation in Section 2.2.4, we denote the non-switching
and switching control policies that use a time-varying Kalman filter by bK and
πK , respectively, and we denote control policies with a Luenberger observer
analogously by bL or πL.

Expressions for the gains Lk, k ∈ N, are given next.
The time-varying Kalman filter (see, e.g., [13]) provides the best estimates

x̄k = E [xk | Ik], in the least-squares sense, and its time-varying gain is

Lk = AkΘkC
ᵀ(CΘkC

ᵀ +Φν
σk
)−1 for all k ∈ N, (2.14)

which depends on the covariance Θk = E[(xk − E[xk])(xk − E[xk])
ᵀ | Ik]. The

realizations of the covariance are

Θk = (Ak−1 − γk−1Lk−1C)Θk−1(Ak−1 − γk−1Lk−1C)ᵀ

+ γk−1Lk−1Φ
ν
σk−1

(Lk−1)
ᵀ +Φω

k−1, (2.15)

=

⎧⎪⎪⎨⎪⎪⎩
(Ak−1 − Lk−1C)Θk−1(Ak−1 − Lk−1C)ᵀ

+ Lk−1Φ
ν
σk−1

(Lk−1)
ᵀ +Φω

k−1,

if γk−1 = 1,
Ak−1Θk−1(Ak−1)

ᵀ +Φω
k−1, if γk−1 = 0,

where the initial condition Θ0 = Φx0 is equal to the covariance matrix of the
initial estimate. Note that innovation of the estimates only occurs if γk−1 = 1,
otherwise (2.13) is a pure prediction step.

Instead of the Kalman filter, we can select a fixed-structure Luenberger
observer for which the gain is constant for each chosen method m ∈ M. Let
L̃m ∈ R

nx×ny denote the value of the gain for each method m ∈ M, then the
gain of the estimator-predictor (2.13) is given by

Lk = L̃σk
for all k ∈ N . (2.16)
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While for the most general case with data loss this does not provide the best
linear estimator when the choice of method is fixed [134], a value of the gain can
be derived for the policies bL that is optimal (in the least-squares sense) in the
class of fixed-structure observers (see [42]). Furthermore, there are many cases
where an optimal Luenberger observer performs equally well as a Kalman filter,
as is the case in the standard LQG solution. The computation of the ‘optimal’
gains L̃m ∈ R

nx×ny will be detailed in Section 2.4. The resulting covariance of
the state estimates is again given by (2.15).

The estimation mechanisms proposed in this section will also be considered
when predicting future realizations of the state estimate. While future realizations
of the state estimate depend on the future realizations of τk and γk, which are
not known at time tk, we can use the rollout scheme discussed before to fix
their probabilities and compute predictions of the future state estimates’ mean
and error covariances. While the time-varying Kalman filter provides the best
estimate in the least-squares sense, predicting future error covariance estimates
is not always possible [138]. Therefore, the Luenberger observer is a useful
alternative, as will be shown. In particular, for policies bK with γk = 1 for all
k ∈ N and deterministic delay, there exists a stationary Kalman filter gain, i.e.,
there exists a cost-equivalent Luenberger observer, that is optimal. However, if,
for example, γk �= 1 but random, then predicting covariances is not possible due
to the nonlinear dependency on previous covariances. For the policies bL, this
relationship remains linear. Therefore, for mean-square stabilizing Luenberger
observer gains, the expected covariance of the future state estimates converges
to a constant value Θ̄b, i.e. limN→∞ E[ΘN | I0, bL] = Θ̄b, as we show in the next
sections.

2.3.4 Actuation policy

The proposed switching policy (2.10) compares, at time tk, k ∈ N, the expected
future cost for different scheduling options whilst assuming that the future
choices of the sequence {σl}l∈N≥k

are known. For any arbitrary known switching
sequence {σl}l∈N≥k

, for T → ∞ in (2.11), and given a state estimate based on
the information Ik, the optimal actuation policy ιu is given by the time-varying
LQR controller (see, e.g., [13]) where the state is replaced by its estimate, i.e.,
the LQR part of the LQG regulator.

The proposed actuation policy ιu is to implement, on the horizon after tk, the
control inputs corresponding to the optimal actuation policy ιu for the switching
option and horizon (2.10) selected at tk. Define, for all m ∈ M, the realizations
of the system matrices for a given τ̄m, as

Ām := A(τ̄m), B̄m := B(τ̄m), Φ̄ω
m := Φω(τ̄m),

Q̄m := Q(τ̄m), R̄m := R(τ̄m), S̄m := S(τ̄m),

ᾱm := α(τ̄m).
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Formally, at times tk+h for h = 0, 1, . . . , Hk − 1, actuation updates take place
according to

ιuk : uk+h=−Kσk,hx̄k+h, h = {0, 1, . . . , Hk−1}, (2.17)

where the control gains Km,h ∈ R
nu×nx , m ∈ M, can be derived from the Riccati

equation

Gm,h = R̄m + B̄ᵀ
mPm,h+1B̄m,

Km,h = (Gm,h)
−1((B̄m)ᵀPm,h+1Ām + (S̄m)ᵀ),

Pm,h = Āᵀ
mPm,h+1Ām + Q̄m −Kᵀ

m,hGm,hKm,h, (2.18)

solved recursively with Pm,H = P̄ with P̄ := Pb� the stationary solution to (2.18)
for m = b�, i.e., Pb� = Pb�,0 when H → ∞ under policy b� (i.e., when T → ∞ in
(2.11) and m = b�). Let Gm,H = Ḡ := Gb� and Km,H = K̄ := Kb� be computed
analogously. For the case where H = 1, we drop the additional subscript h in
Pm,h.

Now, we have provided the mechanics needed to evaluate (2.11) in a meaningful
way. In Section 2.4, we derive from (2.11) explicit switching conditions and the
main results. For comparison, the cost of the base policies can be computed as
shown next.

2.3.5 Cost of base policies and selecting b�

To establish the best base policy b� a-priori, we require an analytic expression
of the performance of the base policies. As explained in Section 2.3.3, for our
general framework, which includes probabilistic data loss, it is possible to derive
an optimal control scheme with the Kalman filter but predicting covariances is
not possible. Therefore, an analytic expression for the performance, in terms of
index (2.4), is not available for the general model (see, e.g., [134]). As a result,
our main results build on the predictions using a Luenberger-type observer with
an LQR-type controller. For the general case with Luenberger observer, we can
establish an analytic expression for the performance which has the same form as
the classical expression for LQG performance. For several special cases, such as
the case without data loss and the cases discussed in Remark 2.8, an expression
can also be established for the Kalman filter, e.g., if an equivalent stationary
observer exists.

We have the following known result[13, 42, 134] for the LQG policy when
σk = b, b ∈ M, for all k ∈ N. If the expected covariance of the state converges to
a constant value Θ̄b, i.e., if limN→∞ E[ΘN | b] = Θ̄b (possibly under a restricted
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class of observers), then the cost of a base policy b is given by

Jb := Ja
C(b) = lim sup

N→∞
E

[
1

N τ̄b

N−1∑
k=0

g(xk, uk, τk)

]

=
1

τ̄b
cb, where cb := tr(Φ̄ω

b P̄b + Θ̄bK̄
ᵀ
b ḠbK̄b) + ᾱb (2.19)

and where the matrices P̄b, K̄b, Ḡb, Θ̄b follow from the stationary solutions to
(2.15) and (2.18). Then, b� can be computed according to (2.6). Note that (2.19)
only holds provided that the expected future covariance convergences to a fixed
constant.

2.4 Main results

The main results are in the form of explicit switching and control solutions with
performance guarantees. This section details for two cases the derivation of Jm,H

k ,
described by (2.11), such that (2.26) is well-posed. The first case considers the
trade-off between the three modeling parameters when delays are different but
deterministic for each case. It is a mixture and generalization of the cases in
[152] and [158]. Specifically, we consider the set of characteristics with trade-off
between deterministic delays, constant (non-zero) accuracy and constant loss
probability for each m ∈ M, i.e., fm(τ) = δ(τ − τ̄m) for τ ∈ R≥0, Φ

ν
m 	 0,

and γ̄m ≤ 1 for each m ∈ M. This model represents a large class of systems
with data-processing. The second case details how a deadline-driven approach
together with the results for the first case can be used to address the case of
stochastic delays.

2.4.1 Cost prediction

In order to evaluate the switching condition (2.10) at time tk, an expression for
the expected future cost (2.11) is needed. For a given choice of m ∈ M, the
future choices of σk are assumed to be known in accordance with the policy
proposed in Section 2.3. Since the values of τk are assumed to be deterministic
in this case, all future instances of system matrices (Al, Bl, etc. for l ∈ N>k) are
known. Let the predictions of the future state estimates for π ∈ {πK , πL} be
denoted x̂k,h := E [x̄k+h | Ik], with initial condition x̂k,0 = x̄k. Additionally, let

Θ̂k,h := E[(xk+h− x̄k+h)(xk+h− x̄k+h)
ᵀ | Ik] denote the predictions of the future

covariance of the state at time k + h, computed at time k, with Θ̂k,0 := Θk. In
accordance with our switching policy as described in Section 2.3.1, the expected
future cost (2.11) up to time tk + T , for T = Nτ̄b� + Hτ̄m, N ∈ N can be
determined for each m ∈ M. Following optimal control arguments, which can be
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found in [13, 134], we find that for N → ∞, which implies T → ∞ in (2.11),

Jm,H
k =lim sup

N→∞

[
x̄ᵀ
kPm,0x̄k+χH

m(Θk, N)+Hᾱm+Nᾱb�
]

Hτ̄m+Nτ̄b�
(2.20)

where

χH
m(Θk, N) := tr(Θ̂k,0Pm,0 + Θ̂k,0K

ᵀ
m,0Gm,0Km,0)

+
H−1∑
h=1

tr(Φ̄ω
mPm,h + Θ̂k,hK

ᵀ
m,hGm,hKm,h)

+ tr(Φ̄ω
mP̄ + Θ̂k,HK̄ᵀḠK̄)

+

H+N−1∑
h=H+1

tr(Φ̄ω
b� P̄ + Θ̂k,hK̄

ᵀḠK̄), (2.21)

and where Θ̂k,h are forward predictions of the covariance, starting with Θ̂k,0 = Θk,
while assuming that σk+h = m, for h = 0, 1, . . . , H − 1, and σl = b� for all l ∈
N>k+H .

For the most general case with data loss, evaluating (2.10) is still not possible
because, for the Kalman filter (2.14), (2.15) is a nonlinear function of previous
values of γk, hence the predictions Θ̂k,h cannot be easily computed since γl,
l ∈ N>k, are unknown. Furthermore, for N → ∞, (2.21) is unbounded, leaving
(2.10) ill-defined. We show next that, for the Luenberger-type observer, these
issues can be resolved, leading to our main result.

2.4.2 Predictions with Luenberger observer

Here, using the Luenberger observer, we establish an alternative expression for
(2.21) such that an equivalent form of (2.10) is well-defined. To compute values of
Θ̂k,h, the observer gain can be fixed to a constant value for each h ∈ N depending

on the value of σk+h, k ∈ N, i.e., assume that Lk+h = L̃σk+h
as in (2.16) for all

h ≥ 0. Then, the dependence on γk+h becomes linear and exact values of Θ̂k,h

can be computed as follows.
Define the expectation over the right-hand side of (2.15) with respect to γk as

Fm(Θ) := γ̄mÃmΘ(Ãm)ᵀ + (1− γ̄m)ĀmΘ(Ām)ᵀ +Ψm, (2.22)

where Ãm := Ām − L̃mC and Ψm := γ̄mL̃mΦν
m(L̃m)ᵀ + Φ̄ω

m. Then, for all h ∈ N

with initial condition Θ̂k,0,
3

Θ̂k,h+1 = Fσk+h
(Θ̂k,h), (2.23)

= vec−1
(
Tσk+h

vec(Θ̂k,h)
)
+Ψσk+h

,

3 Define vec(·) as the stack operator transforming a matrix to a column vector and consider
the identity APB = vec−1[(Bᵀ ⊗A)vec(P )].
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where, using the kronecker product ⊗,

Tm := γ̄mÃm ⊗ Ãm + (1− γ̄m)Ām ⊗ Ām.

The following assumption guarantees that the covariance is bounded for any
non-switching policy using only method m ∈ M with a chosen observer gain
L̃m, and therefore the corresponding non-switching estimator is stable. The
assumption can easily be checked by computing the eigenvalues of Tm for all
m ∈ M.

Assumption 2.4.1. Tm is Schur for all m ∈ M.

If Tb� is Schur, then for h ∈ N>H ,

Θ̂k,h = vec−1
(
(I − Tb�)−1(I − T (h−H)

b� )vec(Ψb�)

+T (h−H)
b� vec(Θ̂k,H)

)
, (2.24)

which converges when N → ∞ to

lim sup
N→∞

Θ̂k,N = vec−1
(
(I − Tb�)−1vec(Ψb�)

)
=: Θ̃b� .

In the sequel, when deriving switching conditions, we will use the fact that this
limit Θ̃b� is independent of the value of the expected covariance at the end of
the horizon Θ̂k,H , which follows from (2.24).

Observe in (2.24) that the contributions of Ψb� to Θ̂k,h for h ∈ N>H , i.e., after
the horizon, are independent of the choice of σk. Thus, in the last summation
in (2.21), i.e., for h ∈ NH+1,H+N−1, the contributions of Ψb� are equal for
each choice in (2.10) and can therefore be neglected as they do not play a

role in evaluating (2.10). Furthermore, the summation of T (h−H)
b� vec(Θ̂k,H) for

all h ∈ {H,H + 1, . . . , H + N} has an analytic solution for N → ∞, namely

vec−1
(
(I − Tb�)−1vec(Θ̂k,H)

)
. This allows us to define the method-dependent

part (the terms that depend on a particular choice of m) of limN→∞ χH
m(Θk, N)

as

η̃Hm(Θk) := tr(ΘkPm,0 +ΘkK
ᵀ
m,0Gm,0Km,0)

+
H−1∑
h=1

tr(Φ̄ω
mPm,h + Θ̂k,hK

ᵀ
m,hGm,hKm,h)

+ tr(Φ̄ω
mP̄ ) + tr(Zb�(Θ̂k,H)K̄ᵀḠK̄),

where Zb�(Θ̂k,H) = vec−1
(
(I − Tb�)−1vec

(
Θ̂k,H

))
.



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 55PDF page: 55PDF page: 55PDF page: 55

2.4 Main results 43

2.4.3 Luenberger gain selection

Note that the choice of L̃m is free. As discussed in [138], the steady-state Kalman
gain for the case without information loss, i.e., when γ̄b� = 1, is a natural choice.
However, the non-switching system with data loss can be interpreted as a Markov
jump linear system (MJLS) [42] with two modes. Using MJLS theory [42, Def.
5.7], a mean expected value of the covariance Θ̃b can be determined as the
solution to Θ = Fb(Θ) for given L̃b, by either an iterative procedure or by solving
a semidefinite program, as the solution to

Θ̃b = ĀbΘ̃b(Āb)
ᵀ + Φ̄ω

b

− γ̄bĀbΘ̃bC
ᵀ(CΘ̃bC

ᵀ +Φν
b )

−1CΘ̃bĀ
ᵀ
b , (2.25)

obtained when using the Luenberger-type gain

L̃b := ĀbΘ̃bC
ᵀ(CΘ̃bC

ᵀ +Φν
b )

−1,

which is optimal in the class bL in the sense that Θ̃b(L̃b) � Θ̃b(L) for any
L ∈ R

nx×ny , such that Θ̃b� is given by Θ̃b(L̃b�). The expression for the cost of
the base policies with Luenberger observer, which we denote JbL , is given by
(2.19) for Θ̄b replaced by Θ̃b.

2.4.4 Switching condition and performance guarantee

To present the first main result, we use the next proposition, which provides
the proposed switching policy (2.10) for T → ∞ (i.e., when N → ∞) when
the expected covariances in (2.20) evolve according to (2.23) for the optimal
Luenberger gains.

Proposition 2.4.1. Suppose that Assumption 2.4.1 holds and that states are
estimated using (2.13) with (2.16) where Lk+h = L̃m for h ∈ N[0,H−1] and

Lk+h = L̃b� for h ∈ N≥H . Then, for T → ∞, the switching condition (2.10) is
equivalent to

(σk, Hk) :=

arg min
m∈M,H∈Hm

x̄ᵀ
kPm,0x̄k + η̃Hm(Θk)−H

τ̄m
τ̄b�

c̃b� +Hᾱm (2.26)

where c̃b� := tr(Φ̄ω
b� P̄ + Θ̃b�K̄

ᵀḠK̄) + ᾱb� . �

The proof is provided in Appendix 2.7.1.

Remark 2.2. The last term in (2.26) corrects for the misalignment of the expected
sampling times such that the term 1

Hτ̄m+Nτ̄b�
in (2.20) equals to the same value

of T in (2.11) for each m ∈ M. Hence, the divisor T can be eliminated from the
argmin in (2.10) and the case T → ∞ becomes well-defined.
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We can compute the right-hand side of (2.26) explicitly for eachm ∈ M, H ∈ Hm

and thus our switching condition has become explicit. We can now state our first
main result.

Theorem 2.4.1. If the assumptions of Proposition 2.4.1 are satisfied and if
for πL the control policy functions (2.5) are defined by (2.17) and (2.26) with
restriction (2.8), it holds that

JπL
≤ Jb�L ≤ JbL , for all b ∈ M,

where
b�L = arg min

b∈M
JbL ,

and JbL given by (2.19) with Θ̄b = Θ̃b, and Θ̃b the solution to (2.25). �

Theorem 2.4.1 means that our proposed policy achieves the improvement
(2.7) with respect to its non-switching counterparts for the Luenberger observer.
The switching policy (2.26) is restricted to allow switching only after each chosen
horizon.

Remark 2.3. While (2.26) can be evaluated after each sample, i.e., lifting re-
striction (2.8) and allowing switching on the horizon, an analogous result to
Theorem 2.4.1 for this case has not yet been established (see also Remark 2.3).

Observe that the switching condition (2.26) requires little computational
effort compared to other scheduling approaches. In particular, many switching
variables can be precomputed to limit computations and the number of switching
options can easily be adapted to the amount of available resources. Hence, the
policy is fast from a computational viewpoint and therefore especially useful in
resource-constrained implementations of data-intensive systems.

Remark 2.4. Although of interest, it is beyond the scope of the present chapter
to establish a guarantee of strict performance improvement of the proposed
strategies. However, we do prove Jπ ≤ Jb and show the strict improvements via
a numerical example. In addition, note that we believe that strict performance
improvement guarantees could be derived by following a similar approach to the
one in [9] where a switched system derived in a different context was studied.
Such an approach entails rather long arguments, requiring concepts such as
ergodicity, and it is therefore not pursued here.

Remark 2.5. Note that in the context of the rollout method, we explicitly compute
infinite horizon cost differences such that approximations or monte-carlo methods
are not needed. The general idea is that the use of a base policy creates a
separation in the cost differences between switching options. One part, which
is infinite over the infinite horizon, is equal for each switching option and is
therefore not relevant in (2.26), and another part, which is finite over the infinite
horizon, is different for each option and can be used for switching.
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Remark 2.6. A special case of (2.26) can be established for the trade-off between
probability of information and accuracy, which was not considered in the prelimi-
nary papers. This case can arise, e.g., in image processing when only a part of
the image frame around the previous estimate is processed, the probability is
then given by the likelihood that a feature has moved outside the processed frame
part. From (2.26), it can directly be seen that the switching conditions lose the
dependency on the state estimate and the current covariance and only depend on
the predictions of future covariances. Since the values of γk are not known, the
future variances are not known a priori and the switching is still time-dependent.
Since the delay is constant, all controller matrices and Φω are equivalent to those
of the base policy. We find that the switching condition reduces to the following.

(σk, Hk) := arg min
m∈M,H∈Hm

tr(

(
Zb�(Θ̂k,H) +

H−1∑
h=1

Θ̂k,h

)
× K̄ᵀḠK̄ ).

2.4.5 Kalman filter approach

While our policy with Luenberger observer already achieves improvement over
JbL , it is useful to introduce a time-varying Kalman filter solution which can
attain additional improvement. The use of the Kalman filter is two-fold, namely
to estimate x̄k and Θk and to predict the future values of the covariance Θk+h.
Note that we can use the Kalman filter for the estimation problem directly. For
the predictions, consider the case where Θ̂k,h is the future expectation taken over

(2.15) with the Kalman gain (2.14). The dependence of Θ̂k,h on γk+h is nonlinear
(cf. [134]) for the time-varying Kalman filter, preventing the computation of
future cost predictions. However, note that Θ̂k,1 only takes expectation over γk,

with linear dependence. Thus, Θ̂k,1 has an exact solution

Θ̂k,1 = ĀmΘk(Ām)ᵀ + Φ̄ω
m

− γ̄mLk(CΘkC
ᵀ +Φν

m)Lᵀ
k, (2.27)

where

Lk = ĀmΘkC
ᵀ(CΘkC

ᵀ +Φν
m)−1. (2.28)

Let the policies that use a Kalman filter for estimation and for prediction on the
switching horizon and a Luenberger observer for prediction after the switching
horizon be denoted by πK+L. Potentially, using the Kalman filter improves upon
πL in Theorem 2.4.1. While one may expect that JπK+L

≤ JπL
, it is not proven

here as a relation between switched policies is nontrivial to establish. Instead,
we establish that a result analougous to Theorem 2.4.1 can still be derived, i.e.,
that JπK+L

≤ Jb�L . In fact, when the switching horizon is restricted to H̄m = 1,
we obtain the following corollary.
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Corollary 2.4.1. If H̄m = 1 for all m ∈ M, and if the conditions of Proposi-
tion 2.4.1 are satisfied, with the difference that the observer gain Lk is chosen
equal to (2.28), instead of Lk = L̃m, such that Θ̂k,1 is given by (2.27), then it
holds that JπK+L

≤ Jb�L .

Recall that L̃m in Theorem 2.4.1 can be chosen freely. The proof follows
from the fact that (2.28) is the optimal estimation gain in the least-squares sense,
which is at least as good as L̃b� . Therefore, the covariance Θk and predicted cost
Jσk=b,Hk=1
k are smaller, in cost sense, when the Kalman filter is used rather than

their respective counterparts for the Luenberger observer.

Remark 2.7. Note that the cost of a base policy with Kalman filter for estimation
is less than the cost of the base policy considered in Theorem 2.4.1. Then
considering our rollout method, with a Kalman filter for estimation and for
prediction on the switching horizon and a Luenberger observer for prediction
after the switching horizon, can very well lead to a better cost than such a
base policy with Kalman filter for estimation in the sense that JπK+L

≤ Jb�K .
Establishing conditions to formally guarantee this property is nontrivial. This is
not further pursued in the present chapter, but only illustrated by the numerical
example in Section 2.5.

Remark 2.8. For the special cases in [152] and [158] and the generalization of
[152], it is also possible to guarantee improvement in the sense JπK

≤ JbK .
In those cases, the base policies bK have a time-invariant control policy with
Luenberger observer, i.e., with a fixed observer gain, which attains the same cost
as the time-varying LQG with Kalman filter, in the sense that JbK = JbL .

Remark 2.9. The restriction H̄m = 1 in Corollary 2.4.1 may be lifted, but then
Θ̂k,h is predicted with Lk+h = L̃m for h ∈ N[2,H] and (2.8) should be imposed.

2.4.6 Stochastic delay

The class of systems with random measurement delay introduces uncertainty
in the arrival time of new information. One additional challenge that needs to
be considered is when new information is required or should be used, which
was studied in [126] for stochastic actuation delays by using the insights in [44].
Here, we discuss how a deadline-driven approach in [126] can be captured in the
framework of Theorem 2.4.1.

Consider, for example, a data-processing method that uses a fixed accuracy
threshold on the information, i.e., a minimum accuracy has to be achieved
for the processing to complete. Since it may not be exactly unknown how
much time is needed to achieve this accuracy, the completion time may be
(at least approximately) modeled by a stochastic probability distribution. To
limit processing duration, the processing task can be interrupted when a certain
maximum processing time threshold is exceeded, i.e., when the delay is larger
than a deadline T d

k ∈ R>0. The probability of data loss then depends on the
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Fig. 2.2. Example of a delay probability distribution f and the connection
between parameters of data-processing (delay τ , probability of data acquisition
γ and accuracy modeled by Φν) and a deadline T d.

value of the deadline. Mathematically, this case with stochastic delay has a
known distribution fm, a fixed accuracy Φν

m 	 0, and loss probability linked to
a chosen deadline γ̄m = Fm(T d), for each method m ∈ M, where Fm follows
from fm. The inclusion of stochastic delay and a deadline allows to model
many cases that are relevant in practice. The relation between the deadline
and the probability of obtaining information, given by the integral of the delay
distribution, is schematically depicted in Figure 2.2. Note that if the accuracy is
delay-dependent, i.e., to consider Φν

m(τ), a more extensive analysis is required
that is beyond the scope of this chapter.

We take a deadline-driven (or self-triggered) approach, in the sense that the
system waits until the set deadline before (instantaneously) taking a new sample,
i.e., tk+1 = tk + T d

k . The data-loss mechanism is given by

γk :=

{
1 if τk ≤ T d

k

0 if τk > T d
k ,

(2.29)

for a given value of the k-th deadline T d
k and realization τk of fσk

. The data-loss
mechanism (2.29) converts the stochastic delay τk to a Bernoulli variable γk and
a deterministic delay T d

k . The main problem is the selection of method σk = m
and a processing deadline T d

k at each decision instant tk, k ∈ N.
We assume that the deadline is taken from a finite set D ⊂ R>0, which may

be arbitrarily large. This set-up can be interpreted as having an extended set
of processing methods M×D from which a given choice of m and T d defines
the loss probability as Pr(γk = 1|σk = m) = Fm(T d). For each method b ∈ M,
one optimal constant value for the deadline T̄ d

b ∈ D (that attains the minimal
cost) can be found off-line by, e.g., nonlinear optimization or visual inspection as
done in our preliminary work [126]. Subsequently, we can use Proposition 2.4.1
with each combination (m,T d) ∈ M×D as a switching option, assuming that
T d
k+h = T̄ d

b� and σk+h = b� for h ∈ N≥1. For reasons of space, the explicit
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Policy Cost Theoretical value
Only M1 for bL (b�) 206.7122 206.8321
Only M2 for bL 209.0117 209.4537
Only M1 for bK 206.6253 n.a.
Only M2 for bK 197.5367 n.a.
Switched πK+L 187.9246 n.a.

Table 2.1. Average cost

derivation is omitted. Note that all variables become dependent of the chosen
deadline. We obtain the second main result.

Theorem 2.4.2. Under the assumptions of Theorem 2.4.1, for a set of non-
deterministic distributions fm, m ∈ M, and for Hm = 1, the same guarantee as
in Theorem 2.4.1 can be obtained if the control policy functions (2.5) are given
by (2.17) and (2.26) where m ∈ M×D such that τ̄m and τ̄b� are replaced by T d

and T̄ d
b� , respectively. �

The proof follows directly from Theorem 2.4.1. This result is illustrated in
the next section.

Remark 2.10. If a loss probability is present aside from the loss probability due
to the deadline, such an additional probability can be taken into account by a
simple multiplication of the probabilities.

2.5 Numerical example

Numerical examples for the trade-offs between delay and accuracy and probability
of data acquisition can be found in [152] and [158], respectively. Here, we
consider the trade-off between all three parameters, where the probability of data
acquisition is governed by a deadline that can be selected on-line, i.e., the case
in Section 2.4.6. We consider a numerical system (2.1) given by

AC =

[
0 1
−1 0.8

]
, BC =

[
0
1

]
, Bω =

[
0.8
0.1

]
, C = I,

with cost

QC =

[
1 0
0 0.5

]
, RC = 10.

Furthermore, the initial state distribution is given with the origin x0 = [ 0 , 0 ]ᵀ

as mean with small initial covariance Φx0 = 10−2 Inx×nx .
The data-processing methods that are available are indicated by M1 and M2

and are modeled by a uniform distribution f1 with support between 0.2 and 1.2
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and Φν
1 = I and by a Gamma distribution f2 with shape 10 and scale 0.06 and

Φν
2 = 2.2 I, respectively. We allow the deadline only to be chosen between 0.1

and 1.5 with 0.01 step increments. We compute, for each method and for each
choice of the deadline, the optimal Luenberger estimator gains and the associated
expected stationary covariance, the optimal LQR controllers and the resulting
performance Jb. This theoretical cost is given in Table 2.1 which leads to b� = 1.
The optimal deadlines are found to be T̄ d

1 = 1.2 and T̄ d
2 = 0.78. We find that

the base policies only have a stable Luenberger solution for Td ∈ [0.84, 1.5] for
M1 and Td ∈ [0.63, 1.5] for M2. For this system and these processing methods,
the cost is a convex function of the deadline in these intervals and the optimal
deadlines within these regions. To illustrate that the contribution of α to the
cost is typically small, we compute α1/T̄

d
1 = 0.375 and α2/T̄

d
2 = 0.248.

We allow switching between all methods that have stable base policies. We
restrict the switching options to allow only the next instant to be selected, i.e.,
H = 1, and use a time-varying Kalman filter for estimation and a deadline-
dependent gain for the first prediction step (see Corollary 2.4.1). To verify
the performance gain for the system with random disturbances for an infinite
horizon, we resort to the typical approach of Monte-Carlo simulations with a
large simulation time. To reduce computational complexity, we precompute all
system variables for each deadline value. To numerically illustrate the achievable
performance gain, we run 100 Monte-Carlo simulations with randomly generated
disturbances and delays for a simulation time of 4800s. After this time, the
average cost has approximately converged to a constant for all control policies
and the switched performance can be compared to the theoretical performance
and to simulated performance for the base policies, as presented in Table 2.1.

We obtain a 9% gain compared to our base policy and the switched policy is
shown to be better than both non-switching policies under a Kalman filtering
policy (which is the optimal control policy in the non-switching case). It should
be noted that M2 with Kalman filter would have been a better base policy, but it
is not computable a priori. Nevertheless, our switching solution performs better.
We observed recurrent switching between the methods with varying deadlines.
Near the origin, M1 is typically selected whereas M2 (with a shorter deadline) is
usually chosen when the state is further away from the origin. This phenomenon
was also observed in [152].

2.6 Conclusions

In this chapter we proposed a framework to model data-processing units with
different characteristics in terms of delay, measurement accuracy, and probability
of data acquisition. It is shown that this framework is beneficial in creating
new opportunities for control design in many applications that require intensive
data-processing (such as vision-based control of robotic systems, medical imaging,
big-data control, etc.). While the authors’ main motivation came from the
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data-processing case, the results are also applicable to many networked control
applications with limitations on computational resources and communication, as
similar characteristics can be identified. The explicit switching conditions, that
are derived based on a generalization of the rollout technique, allow to combine
the benefits of more than one processing method in a switched control policy that
guarantees improvement over non-switching policies. Several special trade-offs
of interest are detailed and discussed and the main results are supported by
complete proofs. A numerical example shows that the methods can achieve
significant improvement over non-switching policies for which an expected cost
can be computed. Combining our results, which can be used to determine how
new data should be processed, with the results in the complementary fields of
sensor selection/management[75], that determine which sensors to obtain data
from, and sensor fusion, that determines how to combine data from multiple
sources, is an interesting topic of future study. One direct approach may be to
make the output matrix C method-dependent in order to include sensor selection
issues. In this work, actuation was considered to occur at the sensing instants.
Optimization of the actuation moment is an interesting complementary problem,
which is very interesting though non-trivial. Changing the actuation rate or
considering different rates for multiple sensors and actuators, such as multirate
control[39] can also be subjects of further study. Such approaches may require
more complex hierarchical supervisors, such as [125], to address the problem
when significant differences in time-scales are present. Extensions to take into
account model uncertainty are also envisioned. It is of interest to study whether
robust approaches, such as H∞ design [104], can also benefit from the switching
concept for systems with measurement delay proposed in this chapter. As can
observed from the above potential extensions, the framework laid down in this
chapter does not only already address several cases of interest for the control
of systems with multiple data-processing methods, but can also be used as a
starting point for considering relevant problems in a much broader scope.

2.7 Appendices

2.7.1 Proof of Proposition 2.4.1

First, we start by justifying the correction term −H τ̄m
τ̄b�

c̃b� . From the assumption

that Lk+h = L̃b� for h ≥ H, it follows that limN→∞ Θ̂k,N = Θ̃b� . Then, for

(increasingly) large N , ||Θ̂k,N − Θ̃b� || < ε for an arbitrarily small ε. Hence, the
last term in the summation in (2.21) becomes arbitrarily close to c̃b� − ᾱb� for
large N . Therefore we have that, independent of the choice of m, increasing
N to N + 1 in (2.21) for sufficiently large N adds c̃b� − ᾱb� . Hence, with
an increment in the factor Nᾱb� , c̃b� is added in one additional interval τb� .
Recall that, for T → ∞, N → ∞. Consider (2.11) for T = Nτ̄b� + τ̄b� which
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coincides with (2.20) for m = b� and H = 1, which is the base policy. Then
(2.11) for T = Nτ̄b� + Hτ̄b� for m �= b� is given by (2.20) plus the difference
(Nτ̄b� + τ̄b�)− (Nτ̄b� +Hτ̄m) = (τ̄b� −Hτ̄m) times the cost per time unit after
N , which is equal to 1

τ̄b�
c̃b� . Taking then the division of (τ̄b� −Hτ̄m) by τ̄b� leads

to the difference term (c̃b� −H τ̄m
τ̄b�

c̃b�). Note that the term c̃b� gives a constant

which does not depend on m and can be removed giving −H τ̄m
τ̄b�

c̃b� . Now, the

divisor 1
T is equal for each m ∈ M and can thus be removed from the argmin.

Second, observe that the term tr(Φω
b� P̄b�) in the summation in (2.21) does

not depend on m and can be eliminated. The factor Nᾱb� does not depend on m
and can also be removed. This allows the switching condition (2.10), for N → ∞,
to be defined as

(σk, Hk) :=

arg min
m∈M,H∈Hm

x̄ᵀ
kPm,0x̄k + ηHm(Θk)−H

τ̄m
τ̄b�

c̃b� +Hᾱm

with

ηHm(Θk) := tr(ΘkPm,0 +ΘkK
ᵀ
m,0Gm,0Km,0)

+
H−1∑
h=1

tr(Φ̄ω
mPm,h + Θ̂k,hK

ᵀ
m,hGm,hKm,h)

+ tr(Φ̄ω
mP̄ ) +

H+N−1∑
h=H

tr(Θ̂k,hK̄
ᵀḠK̄), (2.30)

where Θ̂k,h is given by (2.23) with initial condition Θk.
Finally, we show that the differences limN→∞ η1b�(Θk)− ηHm(Θk) = η̃1b�(Θk)−

η̃Hm(Θk) coincide. Note that, by the chosen switching scheme and the assumption

that Lk+h = L̃b� for h ≥ 1, the evolution of Θ̂k,h according to (2.23) is equivalent
for all h ≥ H. Furthermore, (2.22) is a linear function of Θk for which the
contributions of Ψb� in (2.23) do not depend on m as can be seen in (2.24).

Let Xα+l and YH+l represent the value of Θ̂k,H+l for σk = β and H = α (e.g.
α = 1 and β = b�) and σk = m (e.g. m �= b�) with H ∈ Hm, respectively. The
difference of the summations in (2.30) can then be represented by

vec

(
N∑
l=0

Xα+l − YH+l

)
=

N∑
l=0

(Tb�)
l[vec(Xα)− vec(YH)]

= (I − Tb�)
−1[vec(Xα)− vec(YH)]

where the limit for N → ∞ is taken and it is used that Tb� is Schur. Observing
that

Zb�(YH) = vec−1
(
(I − Tb�)−1vec(YH)

)
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is the part related to the choice (m,H) where YH is given by Θ̂k,H according to
(2.23) completes the proof.

2.7.2 Proof of Theorem 2.4.1

Define the function

VN (x̄,Θ) := x̄ᵀP̄ x̄+ tr(ΘP̄ ) + tr(ΘK̄ᵀḠK̄)

+
N∑

h=1

tr((Θ̂k,h − Θ̃b�)K̄
ᵀḠK̄),

where Θ̂k,h are forward predictions according to (2.23) for σk+h = b� starting

from Θ̂k,0 = Θ. Note that, under Assumption 2.4.1, Θ̂k,N converges to Θ̃b�

exponentially fast for N → ∞, hence VN (x̄,Θ) is bounded for any bounded
arguments.

Consider, at time tk, the function (cf. (2.30))

VN (x̄k,Θk) = x̄ᵀ
kP̄ x̄k + η1b�(Θk)

− tr(Φ̄ω
b� P̄ )−Ntr(Θ̃b�K̄

ᵀḠK̄)

and, for (σk, Hk) = (m,H), the function

E

[
VN (x̄k+H ,Θk+H) +

k+H−1∑
l=k

g(xl, ul, τ̄m) | Ik

]
= x̄ᵀ

kPm,0x̄k + tr(Θk(Pm,0 +Kᵀ
m,0Gm,0Km,0))

+

H−1∑
h=1

[tr(Φω
mPm,h) + tr(Θk+hK

ᵀ
m,hGm,hKm,h)]

+Hᾱm +

H+N−1∑
h=H

tr(Θ̂k,hK̄
ᵀḠK̄)

+ tr(Θ̂k,H+NK̄ᵀḠK̄)−Ntr(Θ̃b�K̄
ᵀḠK̄)

= x̄ᵀ
kPmx̄k + ηHm(Θk) +Hᾱm

+ tr(Θ̂k,H+NK̄ᵀḠK̄)−Ntr(Θ̃b�K̄
ᵀḠK̄)

= x̄ᵀ
kPm,0x̄k + ηHm(Θk) +Hᾱm

+ c̃b� − ᾱb� + εk − tr(Φ̄ω
b� P̄ )−Ntr(Θ̃b�K̄

ᵀḠK̄),

where εk := tr((Θ̂k,H+N − Θ̃b�)K̄
ᵀḠK̄), with εk → 0 for any k ∈ N for N → ∞.
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The difference is then, for any large N , given by

E

[
VN (x̄k+H ,Θk+H) +

k+H−1∑
l=k

g(xl, ul, τ̄m) | Ik

]
− VN (x̄k,Θk)− εk

= c̃b� + x̄ᵀ
k(Pm,0 − P̄ )x̄k + ηHm(Θk)− η1b�(Θk)

+Hᾱm − ᾱb�

= c̃b� + x̄ᵀ
k(Pm,0 − P̄ )x̄k + η̃Hm(Θk)− η̃1b�(Θk)

+Hᾱm − ᾱb�

= c̃b� − dHm(x̄k,Θk)− (1−H
τ̄m
τ̄b�

)c̃b�

= H
τ̄m
τ̄b�

c̃b� − dHm(x̄k,Θk), (2.31)

where dHm(x,Θ) := xᵀ(P̄ − Pm,0)x+η̃1b�(Θ)− η̃Hm(Θ)−(1−H τ̄m
τ̄b�

)c̃b�+ᾱb�−Hᾱm.

Notice that dHm(x,Θ) ≥ 0 when (σk, Hk) = (m,H) by construction of the policy
(2.26).

Let all instants tk at which (2.26) is evaluated be indexes k in the set Σ ⊆ N.
Then, we can write the cost sum in function (2.12) as GN(T ) where

GN :=
∑

k∈Σ≤N

k+Hk−1∑
l=k

g(xl, ul, τl)

for which E
[
GN(T )

]
= E

[
EN(T )

]
with

EN :=
∑

k∈Σ≤N

E

[
k+Hk−1∑

l=k

g(xl, ul, τ̄σk
) | Ik

]
.

The equivalence of the expectations holds by the fact that the process X :=
(Xk)k∈N with Xk := Gk − Ek is a martingale with respect to the filtration
associated with Ik+1 for which Doob’s optional sampling theorem (see, e.g., [67,
Th. 9, Sec. 12.5] or [48, Th. 2.2, Ch. VII]) holds.

The optional sampling theorem holds by the fact that N(T ) is a stopping
time with finite expectation for given T , i.e., E[N(T )] < ∞ since τk > 0 for all
k ∈ N, and that N(T ) → ∞ as T → ∞, and the fact that there exists some
constant c ∈ R such that E [|Xk+1 −Xk| | Ik+1] ≤ c, which corresponds to a
bound on the expected cost per stage, which follows from mean-square stability
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of xk. Let gk :=
∑k+Hk−1

l=k g(xl, ul, τ̄σk
) and observe that gk ≥ 0. We have that

E [|Xk+1 −Xk| | Ik+1] =

= E

[∣∣∣gk+1 − E [gk+1 | Ik+1]
∣∣∣ | Ik+1

]
≤ E[

∣∣∣gk+1

∣∣∣+ ∣∣∣E [gk+1 | Ik+1]
∣∣∣ | Ik+1]

= 2E [gk+1 | Ik+1] .

From (2.31), we have, for all k ∈ N, that

E [gk | Ik] ≤ 2
(
Hk

τ̄σk

τ̄b�
c̃b� − VN (x̄k,Θk)

+ E [VN (x̄k+Hk
,Θk+Hk

) | Ik] + εk

)
,

and we are only interested in the case N → ∞. The first term is bounded by the
fact that all sampling intervals and horizons are limited. Recall that εk → 0 for
any k ∈ N for N → ∞. The functions VN are bounded for bounded arguments.
The fact that E [|Xk+1 −Xk| | Ik+1] ≤ c follows then from boundedness of the
arguments of E[VN (x̄k,Θk) | I0] for all k ∈ N as k → ∞, which is proven below.

For Δk := E
[
dHk
σk

(x̄k,Θk) | Ik
]
, by adding (2.31) for k ∈ Σ≤N(T ), we can

write

EN(T ) :=
∑

k∈Σ<N(T )

Hk
τ̄σk

τ̄b�
c̃b� −Δk + εk + νk

+ VN (x̄0,Θ0)− VN (x̄N(T ),ΘN(T )), (2.32)

where

νk := VN (x̄k+Hk
,Θk+Hk

)− E[VN (x̄k+Hk
,Θk+Hk

)| Ik].

To compute Jπ, we take lim supT→∞
1
T E

[
EN(T )

]
where conditioning on I0

is implied. Taking the expectation, we have by the tower property that E[νk] = 0
for all k ∈ N. The first part then equals Jb�L , since

lim sup
T→∞

1

T
E

⎡⎣N(T )−1∑
k=0

τ̄σk

⎤⎦ = 1. (2.33)

The equivalence in (2.33) holds by the facts that (H̃k)k∈N, with H̃N :=
∑N1

k=0 τk−
τ̄σk

is also a martingale with respect to the filtration associated with Ik+1 for
which Doob’s optional sampling theorem[48] holds and that the discretization
error vanishes in the limit. Notice that if the expectations of the last two terms
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in (2.32) are bounded for any N ∈ N∞ as T → ∞ and any I0, then, in the limit,
we have

Jπ =
1

τ̄b�
c̃b� − lim sup

T→∞
1

T
E

⎡⎣N(T )−1∑
k=0

Δk + εk

⎤⎦
≤ Jb�L ≤ JbL for all b ∈ M,

where we take the limit N → ∞ such that εk = 0 for all k ∈ N and where Δk ≥ 0
by (2.26) and Δk = 0 for the choice (σk, Hk) = (b�, 1), completing the proof.

We consider the limit case N → ∞. To show that the last two terms in
(2.32) are bounded under expectation with respect to I0, we first notice that
E[VN (x̄0,Θ0) | I0] is bounded by boundedness of the arguments x̄0 and Θ0 (Recall
that Θ̂k,N converges to Θ̃b� exponentially fast for increasing N). Next, we prove
that E[VN (x̄L,ΘL) | I0] remains bounded as L → ∞. By the positive semi-

definite assumption on QC , the assumption that the pair (AC , Q
1
2

C) is observable,
and the assumption that RC is positive definite, we have that

E

[
k+Hk−1∑

l=k

g(xl, ul, τ̄σk
) | Ik

]
≥ αE [xᵀ

kxk | Ik]

for some sufficiently small α > 0. Note that E [xᵀ
kxk | Ik] = x̄ᵀ

kx̄k + tr(Θk).
Considering the definition of VN (x̄,Θ), there exists β, β > α > 0, for which

VN (x̄k,Θk) ≤ β E [xᵀ
kxk | Ik] .

We conclude using (2.31) that for k ∈ N,

E[VN (x̄k+H ,Θk+H) | Ik] ≤ c1VN (x̄k,Θk) + c2,

where c1 := 1− α
β < 1 and c2 := maxm,H H τ̄m

τ̄b�
c̃b� , which in turn implies that for

L ∈ N and c3(L) :=
∑L−1

s=0 (c1)
sc2,

E[VN (x̄L,ΘL) | I0] ≤ (c1)
L
E[VN (x̄0,Θ0) | I0] + c3(L),

leading to the conclusion that E[VN (x̄L,ΘL) | I0] is bounded as L → ∞, since
(c1)

L → 0 and c3 converges to a constant.
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Chapter 3

Event-driven control with
deadline optimization for linear
systems with stochastic delays

Abstract - This chapter presents a novel control strategy for systems with actuation
delays with known stochastic distribution, which improves upon previously proposed
deadline-driven and event-driven strategies. In the event-driven strategy the control
input is immediately updated after the delay, whereas in the deadline-driven strategy
the actuation is updated in a periodic fashion where the sampling period sets a deadline;
if the delay is larger than this deadline the actuation is not updated. Our method
switches between these two strategies and guarantees a better performance, in an LQG
sense, than either method considered separately. An extension of the novel method
with a deadline-optimization scheme is shown to improve the performance even further.
Simulation results illustrate the effectiveness of the proposed methods.1

3.1 Introduction

Delays are present in many control applications, resulting from timing effects
in the loop such as control computation, communication between distributed
components, or measurement acquisitions [162]. These control delays can lead
to significant performance degradation in various control settings, especially in
industry that requires dedicated hardware [28, 114], (shared) communication
networks [12, 76, 114], and/or data-intensive processing [152, 158].

Many works in the literature addressing control problems with uncertain delays
use a worst-case approach, taking into account the largest possible delays, and
exploit robust stability analysis techniques (see, e.g., [58, 108, 123]). In particular,
in a traditional control setting, a sufficiently large sampling time is chosen such
that the worst-case delays, which may be very large, are accommodated. Naturally,
this approach is conservative and can lead to poor closed-loop performance. In
the present work, we take an alternative approach, exploiting knowledge of
the probability distribution of the delays when selecting the sampling intervals.

1This chapter is based on [156] which is a significant extension to the preliminary work
[126], the results of which are summarized in this chapter.
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However, selecting sampling intervals shorter than the delay causes a data
dropping effect for which some solutions have been proposed (see, e.g.,[10, 45, 47,
64, 69, 127, 134, 139]). The sampling interval thus plays the role of a deadline
and, as such, we denote this approach deadline-driven. This method leads
to a trade-off between ‘data-loss’ and control rate. In [47], this trade-off was
studied in the context of reliability analysis of a networked control system with
energy constraints, while in this work we consider linear quadratic Gaussian
(LQG)-type performance. Alternatively, some works address the stochastic nature
explicitly [100, 111, 115], proposing so-called event-driven strategies. Such event-
driven strategies (differing from state-dependent event-triggered control, see e.g.
[30, 72]) consider that the control input is immediately updated after the delay,
and therefore the update intervals are equal to the stochastic delay [126]. Results
for systems with stochastic parameters [44] can be used to find optimal control
strategies for this case.

The current work extends the results in our preliminary work [126]. The
work [126] concluded that event-driven or deadline-driven approaches do not
necessarily perform better than one another (in an LQG performance sense).
Here, we propose a novel switching strategy that is guaranteed to result in a
better performance than that of event-driven and deadline-driven approaches
by switching between them. The switching strategy combines strategies that
are event-driven, deadline-driven and/or event-driven with a deadline, where
the control input is updated after the delay, except when the delay exceeds a
deadline, in which case a data drop occurs. Additionally, we show that the
novel switching strategy can be combined with a deadline optimization scheme
to obtain additional performance benefits.

The new results are obtained in the setting of linear continuous-time systems
with Gaussian disturbances.

The stochastic delays in the control-to-actuation link are assumed to be inde-
pendent and identically distributed (i.i.d.), as is very common in the networked
control systems community and justified in several contexts involving computa-
tion (see, e.g., [1]) or communication delays (see, e.g., [128, 132]). Digital control
with delayed zero-order hold inputs is used, as illustrated in Figure 3.1. The
closed-loop performance is evaluated by an infinite horizon average cost function
as in a standard LQG framework. The performance gain of the proposed policies
is illustrated by numerical examples. The proofs of the main results resort to
Doob’s optional sampling theorem[48].

The remainder of the chapter is organized as follows. The control setup with
actuation delay and the problem formulation are detailed in Section 3.2, where
the deadline-driven and event-driven strategies are also discussed as well as the
event-driven with deadline strategy. Using a discrete-time model of the system,
the performance analysis of the non-switching approaches leads to a preliminary
result in Section 3.3. Section 3.4 provides the main results for the proposed
control policies. Numerical examples in Section 3.5 illustrate the novel results
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System

disturbances

Control Platform

Delay data

control action

digital input

Fig. 3.1. Control loop with actuation delay.

and the benefits of the new method. Concluding remarks are given in Section 3.6.
The proofs of the main results can be found in the appendices in Section 3.7.

3.2 Problem formulation and background

In this section, we discuss first the control setting and the formal control problem.
Subsequently, we discuss several basic control strategies that serve as a benchmark
for the methods proposed in this chapter.

3.2.1 Problem setting

We consider a continuous-time plant modeled by the stochastic differential
equation

dxc = (Acxc +Bcuc)dt+Bwdw(t), xc(0) = x0, t ∈ R≥0, (3.1)

where xc(t) ∈ R
nx is the state and uc(t) ∈ Rnu is the applied control input at

time t ∈ R≥0, and w is an nw-dimensional Wiener process with incremental
covariance Inw

dt [13]. We assume that (Ac, Bc) is controllable and Bc has full
rank.

As in the standard linear quadratic Gaussian (LQG) framework, the average
quadratic cost

J := lim sup
T→∞

1

T

∫ T

0

E[gc(xc(t), uc(t))]dt (3.2)

is chosen as the performance criterion where gc(x, u) := xᵀQcx + uᵀRcu with
positive definite matrix Rc � 0 and positive semi-definite matrix Qc 	 0 for

which (Ac, Q
1
2
c ) is observable.

We consider a setup with a simple hold device at the plant input such that
the plant actuation signal is held constant between discrete update instances tk,
k ∈ N, with tk+1 > tk, for all k ∈ N, and t0 = 0. In particular, we write

uc(t) = ûk, for all t ∈ [tk, tk+1),
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where ûk ∈ R
nu is the digital input value held at time tk, k ∈ N. We assume

that û0 := uc(0) is known.

We assume, for now, that the plant may be sampled at any time instance
and discuss how to relax this assumption in Remark 3.2 below. In particular, we
choose the sampling instances to coincide with the actuation update instances,
i.e., the plant is sampled at times tk, k ∈ N, with tk+1 > tk for all k ∈ N. The
time-varying ‘sampling’ intervals can then be defined as

hk := tk+1 − tk, k ∈ N .

At every sampling instance tk, we assume that the sensor provides a measurement
of the full state xc(tk) and denote this by xk := xc(tk), k ∈ N.

The sampling intervals hk, k ∈ N, will take different values, detailed later,
depending on the chosen control strategy. We assume that there exists a (possibly
small) hmin ∈ R>0 such that hk ≥ hmin for all k ∈ N, which imposes a minimal
interval.

The computation of a new control action uk ∈ R
nu by the controller starts

immediately after a new sample is obtained, i.e., at time tk for all k ∈ N as
a function of all the information in the control platform at time tk. Due to
computational delays or communication delays, the new control action can only
be applied after a delay τk ∈ R>0 for all k ∈ N. The delays τk, k ∈ N, are
independent and identically distributed (i.i.d.) with known delay distribution
defined by the probability measure μ.

The support of μ is allowed to be unbounded, but we assume that μ((0,∞]) = 1
and μ({0}) = 0. The measure μ can be decomposed into continuous and discrete
components as μ = μc+μd with μc((0, s)) =

∫ s

0
f c(τ)dτ , where f c is a measurable

function, and μd is a discrete measure that captures possible point masses at
bi ∈ R>0 ∪{∞}, i ∈ I ⊆ N, such that μ({bi}) = wi, i ∈ I. The (Lebesgue-
Stieltjes) integral of some function W with respect to the measure μ is defined
as ∫ t

0

W (s)μ(ds) :=

∫ t

0

W (s)f c(s)ds+
∑

i∈I:bi∈(0,t]

wiW (bi).

The cumulative distribution function (cdf) F : R>0 ∪{∞} → R[0,1] is given by

F (τ) := μ((0, τ ]) =
∫ τ

0
f c(s)ds+

∑
i∈I:bi∈(0,τ ] wi, for τ ∈ (0,∞], which is equal

to P(τk ≤ τ), k ∈ N, where P denotes probability. The probability distribution
function (pdf) associated with F is denoted f : R>0 ∪{∞} → R≥0. The expected
value of the delay is equal for all k ∈ N and is denoted by τ̄ := E[τk].

If the sampling interval hk has a maximum value Dk ∈ R>0, k ∈ N, imposed,
then this works as a deadline. If the delay exceeds the deadline, i.e., if τk > Dk

for some k ∈ N, then the newly computed control action uk is dropped and the
previous actuation signal ûk is held constant. We assume that there exists a
(possibly large) Dmax ∈ R>0 such that Dk ≤ Dmax for all k ∈ N, which imposes
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a maximum deadline value. The new plant input ûk+1, after the interval hk,
becomes, for all k ∈ N≥0,

ûk+1 =

{
uk if τk ≤ Dk,

ûk otherwise.
(3.3)

We assume that only one message, i.e., a control action, is allowed in the
actuation channel within each sampling interval, and that a deadline is known at
the actuator (if a deadline is applied).

We use a Bernoulli random variable γk, k ∈ N, to capture the occurrence of
data drops. In particular, γk = 1 denotes that the control input uk has been
successfully applied to the system while γk = 0 denotes that uk has been dropped.
This is described by the dropping mechanism

γk =

{
1 if τk ≤ Dk,

0 if τk > Dk.

As a consequence, equation (3.3) can be rewritten as

ûk = γk−1uk−1 + (1− γk−1)ûk−1, k ∈ N>0.

Remark 3.1. A typical actuation channel cannot be instantaneous, therefore a
minimal delay is always present. Hence, it is easy to determine some hmin ∈ R>0

such that F (hmin) = 0. Otherwise, one can consider a new probability measure
μ̃ with the probability F (hmin) �= 0 accumulated at μ({hmin}) and artificially
delay the system if τk < hmin for some k ∈ N.

Remark 3.2. The problem setting can also capture the sampled-data scenario
where the sensors can only be sampled at discrete intervals but at a fast rate,
in the sense that the sampling period is much smaller than typical delay values.
Delaying the actuation updates to the next sampling instance causes the delays
to take values in a countable set, which can be captured by a piecewise constant
cdf. Since only one message is allowed in the actuation channel, extra samples
taken within the actuation update interval are discarded.

Remark 3.3. The setup requires that either the sensor has knowledge of the
actuation update instances, which informs the controller by sending a new
measurement, or that the controller has knowledge of the channel, such that it
can trigger the sensor to provide a new measurement. This can be satisfied by,
e.g., a collocated sensor-actuator at the plant or a channel-sensing mechanism at
the controller.

3.2.2 Control problem

The control problem is the design of a methodology to obtain suitable control
actions uk, k ∈ N, and delay deadlines Dk, k ∈ N, such that the performance
index (3.2) is smaller than for known existing methods.
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To minimize performance index (3.2), i.e., to solve the control problem
optimally, by, e.g., the use of dynamic programming [21] is not possible due to
the curse of dimensionality. As such, we opt to design a suboptimal methodology
that is better than current practice. In particular, our goal is to obtain a control
policy π that provides uk and Dk, i.e.,

(uk, Dk) = π(Ik), k ∈ N,

as a function of the information available for control at time tk, being

Ik := {xk} ∪ {xl, ul, Dl, hl, γl | l ∈ N[0,k)} ∪ {û0}.

In this chapter, we provide control policies that are guaranteed to improve
over both optimal event-driven and deadline-driven strategies as proposed in [126],
in the sense that the performance index (3.2) is smaller or equal. Simulation
results will evidence that significant improvement can be realized.

3.2.3 Basic control strategies (background)

In this work, we consider the following basic strategies or base policies, which we
will indicate by d, e, ed, respectively.

3.2.3.1 Periodic deadline-driven control (d)

This typical design approach sets a fixed deadline Dp
d for each interval and the

control update interval coincides with this deadline, i.e., Dk = Dp
d and hk = Dp

d

for all k ∈ N. This results in dropping uk with probability 1 − F (Dp
d), i.e.,

P(γk = 0) = 1− F (Dp
d). Note that imposing a deadline is a natural way to deal

with large delays. In practice, however, the deadline is imposed without further
analysis of the dropping effect while this may significantly impact the stability
and/or performance, as we will see.

3.2.3.2 Event-driven control (e)

This aperiodic strategy updates ûk directly after the delay without considering
a deadline, i.e., hk = τk (and Dk = ∞) for all k ∈ N. Note that uk is never
dropped, i.e., P(γk = 0) = 0. When considering this case, we make the additional
assumption μ({∞}) = 0, which is necessary for stabilizability, and is equivalent
to all bi < ∞ for all i ∈ I.

3.2.3.3 Periodic event-driven control with deadline (ed)

This aperiodic strategy updates ûk directly after the delay if the delay is less
than the set deadline Dp

ed and at the deadline when the delay is larger, i.e.,
hk = min(τk, Dk) and Dk = Dp

ed for all k ∈ N. This results in dropping uk with
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probability 1− F (Dp
ed), i.e., P(γk = 0) = 1− F (Dp

ed), but updating ûk+1 earlier
at time tk + τk with probability f(τk) for each value of τk ≤ Dk. Note that
assuming μ({∞}) = 0 is not necessary for stabilizability in this case.

The methods d and e were previously discussed in our preliminary work [126],
where it was suggested to use event-driven approaches to improve performance
over conservative but easy-to-implement deadline-driven approaches that are
typically adopted in practice.

Through an example, it was found that event-driven approaches can indeed
give significant improvement, but this is not necessarily always the case, as
was illustrated by another example that showed better performance for periodic
control. This motivated the design and investigation of the ed strategy, proposed
here.

Building upon the results in [44], for each of the above methods, an analytical
expression for the value of performance index (3.2) can be obtained. A method
to calculate this cost value is explained in Section 3.3.2. The cost is given by

Jb :=
1

h̄b
cb, cb := tr(PbWb) + αb, b ∈ {d, e, ed}, (3.4)

where h̄b denotes the average interval hk, i.e., h̄b := E[hk], and where, as in
standard LQG, Pb corresponds to the solution of a Riccati equation, as described
in Appendix 3.7.1, Wb is a noise term from the Wiener process w, also given in
Appendix 3.7.1, and αb is a term resulting from the intersampling behaviour of
the system, given in Appendix 3.7.2. 2

The values of Jb, b ∈ {d, e, ed} are called the base costs and will serve as a
reference to compare our newly proposed methods. The main results in this work
derive control policies π that guarantee that Jπ ≤ Jb whilst typically performing
(significantly) better in the sense that Jπ < Jb for all b ∈ {d, e, ed}. For d and ed,
the cost (3.4) depends on the chosen deadline D, and the corresponding costs
can be denoted by Jd(D) and Jed(D), respectively. Optimal deadline values that
minimize the cost (3.4), are denoted D�

d and D�
ed, respectively. The costs (3.4)

corresponding to the basic strategies (with optimal deadline) are denoted by
Jd� := Jd(D

�
d), Je, Jed� := Jed(D

�
ed), respectively. These costs correspond to

parameters with the same subscripts h̄d� , Pd� , Wd� , αd� for periodic deadline-
driven, and analogously e and ed� for event-driven and periodic event-driven with
deadline, respectively. Note that h̄d� = D�

d, h̄e = τ̄ , and h̄ed� = E[min(τ,D�
ed)].

Remark 3.4. Although of interest, it is beyond the scope of the present chapter
to establish a guarantee of strict performance improvement of the proposed
strategies. However, we do prove Jπ ≤ Jb and show the strict improvements
via various numerical examples. In addition, note that we believe that strict

2 The additional factor αb in (3.4) was not considered in our preliminary work [126], where
the cost due to intersampling behaviour was neglected. Typically, the value of αb is small
compared to tr(PbWb), as was the case in [126], and a good approximation of the actual cost
can be obtained by neglecting αb.
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performance improvement guarantees could be derived by following a similar
approach to the one in [9] where a switched system derived in a different context
was studied. Such an approach entails rather long arguments, requiring concepts
such as ergodicity, and it is therefore not pursued here.

3.3 Preliminary results

In this section, for reasons of completeness and self-containedness, we discuss
shortly the analysis needed to obtain the results in our preliminary work [126],
which will be used as a benchmark, and how this leads to an initial result for the
ed policy in Lemma 3.3.1 below. In order to analyze the proposed strategies, it is
convenient to obtain a discrete-time description of the system, which we provide
next.

3.3.1 Discretization

By discretization of system (3.1) at times tk, k ∈ N, we obtain

xk+1 = A(hk)xk +B(hk)ûk + wk,

where A(h) := eAch and B(h) :=

∫ h

0

eAcsBcds. The disturbance is a sequence

of zero-mean independent random vectors wk ∈ R
nw , k ∈ N, with covariance

E[wk(wk)
ᵀ
] = W (hk), where W (h) :=

∫ h

0

eAcsBwB
ᵀ
we

Aᵀ
c sds.

We augment the state with the current input and define ξk :=
[
xᵀ
k ûᵀ

k

]ᵀ
. The

state evolution of the augmented system can then be written as

ξk+1 = Aγk
(hk)ξk + Bγk

uk + ŵk, (3.5)

where Aγ(h) :=

[
A(h) B(h)
0 (1− γ)Inu

]
, Bγ :=

[
0

γInu

]
, and where ŵk = [wᵀ

k 0]ᵀ

with covariance Ŵ (h) :=

[
W (h) 0
0 0

]
.

The average cost can be written as

J = lim sup
T→∞

1

T
E

⎡⎣N(T )−1∑
k=0

g(ξk, hk)

⎤⎦ , (3.6)

where N(T ) := min{L ∈ N[1,∞] |
∑L

k=0 hk > T} and g(ξ, h) := ξᵀQ(h)ξ + α(h),
with

Q(h) :=

∫ h

0

e

⎡
⎣Ac Bc

0 0

⎤
⎦ᵀ

s [
Qc 0
0 Rc

]
e

⎡
⎣Ac Bc

0 0

⎤
⎦s

ds,
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and

α(h) := tr(Qc

∫ h

0

∫ t

0

eAcsBwB
ᵀ
we

Aᵀ
c sdsdt), (3.7)

which is the cost associated with the intersampling behaviour of (3.1).3

The model (3.5) can be used to describe the behaviour for all proposed
strategies. Later, we sometimes use the notation γ|D and h|D to indicate that
the probability distributions of those variables depend on the deadline D.

3.3.2 Performance of the basic control strategies

Each cost Jb in (3.4) is associated with an optimal control policy (note that τk is
not known at time tk)

uk = −Kbξk, b ∈ {d�, e, ed�}, (3.8)

where the expressions for the gains are given in Appendix 3.7.1. We assume that
mild conditions for mean-square stabilizability hold, see [42, Proposition 3.42]
and [44, Theorem 6.1], such that solutions (3.8) are well-defined. Note that for
the event-driven case e, γk = 1 for all k ∈ N. While for the d and e cases the use
of the results in [44] is straightforward, for the ed case it is possible to observe
that a new probability distribution for hk can be defined as a function of the
probability distribution of τk, determined by the cumulative distribution function

Fh(τ,D) :=

{
F (τ) if τ < D,

1 if τ ≥ D,

and the results in [44] also apply.
For compactness, we introduce the following notation. For a Bernoulli variable

γ and a random variable h, random matrices X and Y as in Section 3.3.1 that
depend on γ and h, and some matrix P , the expected value Eγ,h [Xγ(h)

ᵀPYγ(h)]

is denoted Xγ(h)ᵀPYγ(h) and analogously Eγ,h [Xγ(h)] is denoted Xγ(h).
4

Intuitively, the ed� strategy seems to be better than both the d� and e
strategies. From the derivation in this section, we obtain directly the following
result.

Lemma 3.3.1 (ed� is better than e). The cost (3.2) of the event-driven policy
with optimal deadline is not larger than that of the event-driven policy, i.e.,

Jed� ≤ Je. �
3See Appendix A for the derivation of α.
4 As a special case, we have that Xᵀ

γPYγ = p(Xᵀ
1PY1)+ (1− p)(Xᵀ

0PY0), where Xγ and Yγ

are random matrices depending on Bernoulli random variable γ and p is the probability of success,
given by p = Pr[γ = 1]. Additionally, we have that X(τ)ᵀPY (τ) =

∫∞
0 [X(s)ᵀPY (s)]dF (s).

Finally, if a deadline D is given, for τ with cdf Fh(τ,D) and γ = 1 if τ ≤ D and γ = 0 if τ > D,

we have that Xγ(h)ᵀPYγ(h) =
∫D
0 [X1(s)ᵀPY1(s)]dF (s) + (1− F (D))[X0(D)ᵀPY0(D)].
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The proof follows directly from the fact that Jed(D) → Je for D → ∞ and
the policy e is contained in the class of policies ed parameterized by D.

There may exist (pathological) cases for which updating the control before
the deadline has a negative effect on performance. Thus, a guarantee analogous
to Lemma 3.3.1 for d does not directly exist. However, the main results of this
chapter, for a new strategy, do give such a guarantee.

3.4 Control policy and main results

In this section, the main results are presented. First, we propose the novel
switching strategy that leads to a performance guarantee, which is formalized in
the main theorem. Subsequently, we present a switching strategy that extends
the main result with a deadline optimization scheme.

3.4.1 Two-policy control (&)

We propose to use a switched approach to the problem formulated in Section 3.2.2.
In particular, we allow the system to choose online which type of strategy, i.e.,
d/e/ed, to use for the next update instance. Actually, the result is derived for the
combination of only d� and ed� because Lemma 3.3.1 shows that the performance
of ed� is not larger than that of e. The proposed control policy for this case is
denoted d�&ed�. The result in Theorem 3.4.1 shows that this policy leads to a
better performance than using either d� or ed� all the time.

The idea behind our policy is to choose, at each sampling instance, the
control strategy to use during the next interval, denoted by σk ∈ {d�, ed�}, while
assuming that either of the base policies, denoted by bk ∈ {d�, ed�}, can be
used all the time afterwards, such that the expected future cost is the smallest.
After the next interval, the impact of disturbances is neglected in the switching
condition to ensure that the cost of the lookahead predictions can be computed.
Now, at each tk, k ∈ N, four switching options are available and we establish
switching conditions to determine the best option.

Let p� := argminp∈{d�,ed�} Jp select the best periodic base policy with an
optimal deadline from the possible base policies, whose cost were defined as
Jb in (3.4). Now, we define two functions that are to be used in the switching
conditions. First, we define a value function Vp(ξ) := ξᵀPpξ, where p ∈ {d�, ed�}
and Pp is defined as in (3.4), i.e., as solutions to the Riccati equations given in
Appendix 3.7.1. Second, we define a difference function

V Δ(ξk,m, b) := E[Vp�(ξk+1)− Vb(ξk+1) | ξk,
[
σk

bk

]
=

[
m
b

]
],

where ξk+1 follows (by a prediction step) from (3.5). In particular, the value of
ξk+1 follows from (3.5) given that σk = m and bk = b, meaning that in (3.5) uk is
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the optimal input for the next interval, which is defined below in (3.10), and that
γk and hk are random variables that depend on the deadline Dk corresponding to
the choice σk = m, i.e., γk|D�

σk
and hk|D�

σk
(see also (3.11) below). Furthermore,

we define, a set-valued function

S(ξ) := {m, b ∈ {d�, ed�} | V Δ(ξ,m, b) ≤ 0},

mapping ξ into the choices m and b that guarantee that V Δ is non-positive. Note
that, by definition, for any ξ,m, V Δ(ξ,m, p�) = 0 and therefore the set S(ξ) is
non-empty.

The proposed control policy d�&ed� is the following function of the state ξk
to be evaluated for all tk, k ∈ N.[

σk

bk

]
= arg min

[m,b]ᵀ∈S(ξk)
ξᵀkZ

�
m,bξk + β�

m,b, (3.9)

uk = −K�
σk,bk

ξk, (3.10)

where the arguments are given by

Z�
m,b := Aγk

(hk)
ᵀ
PbAγk

(hk) +Q(hk)

−K�
m,b

ᵀ(Bᵀ
γk
PbBγk

)K�
m,b,

K�
m,b := Bᵀ

γk
PbBγk

†Bᵀ
γk
PbAγk

(hk),

β�
m,b := tr(PbWm) + αm − h̄m

h̄p�

cp� ,

with cp� given in (3.4), and αm = E[α(hk) | σk = m] as defined in Appendix 3.7.2,
and where the distribution for hk (and γk) depends on the value of the deadline
D� in

hk =

{
D�

d if σk = d�,

min{τk, D�
ed} if σk = ed�,

(3.11)

corresponding to the value of σk = m. The symbol † denotes the pseudo-inverse.
The expectations can be numerically computed (using footnote 4). In the first
two terms, the scalars β�

m,b contain the cost due to noise over interval hk and, in
the third term, they contain a correction for the time difference between (the
expectation of) the interval hk and that of the best base policy. The policy selects
(σk, bk) as the values that minimize the right-hand side of (3.9) subject to the
condition that V Δ(ξk, σk, bk) ≤ 0. The condition V Δ(ξk, σk, bk) ≤ 0 guarantees
that switching to a different base policy whilst neglecting the disturbances after
the next interval does not cause a performance loss.

Let the value of performance index (3.2) obtained for the policy (3.9)-(3.11)
be denoted Jd�&ed� . The following result is the main result of the chapter.



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 80PDF page: 80PDF page: 80PDF page: 80

68
Chapter 3. Event-driven control with deadline optimization

for linear systems with stochastic delays

Theorem 3.4.1. The cost (3.2) of the two-policy approach given by (3.9)-(3.11)
is not larger than that of both base policies ed and d in the sense that

Jd�&ed� ≤ Jed� , and Jd�&ed� ≤ Jd� . �

The proof is given in Appendix 3.7.3 and resorts to Doob’s optional sampling
theorem[48].

The following remark explains a relaxation of the switching condition, which
will be used in the numerical example in Section 3.5.

Remark 3.5. From the proof of Theorem 3.4.1, one can see that Theorem 3.4.1
also holds if the condition V Δ(ξk,m, b) ≤ 0 on S(ξ) is relaxed to V Δ(ξk,m, b) ≤
Δ(ξk, p

�, p�,m, b), where Δ is defined in (3.16).

Remark 3.6. Note that V Δ(ξk,m, b) ≤ 0 is directly satisfied for all ξk and m if
Pp� � Pb for all b.

Remark 3.7. The result of Theorem 3.4.1 would directly extend to a policy d�&e
if D�

ed = ∞ would be selected. The derivation of the policy is omitted for brevity.
The result for this case is summarized in the following corollary

Corollary 3.4.1. The cost (3.2) of the two-policy approach given by (3.9)-(3.11)
when D�

ed → ∞, is not larger than that of both base policies e and d in the sense
that

Jd�&e ≤ Je, and Jd�&e ≤ Jd� . �

The proof follows the same arguments as the ones used to prove Theorem 3.4.1.

3.4.2 Online deadline optimization (s)

In our preliminary work[126], we proposed the idea of deadline-optimization,
in the form of a self-triggered policy for the periodic deadline-driven controller.
Here, we show that our idea of online deadline optimization can be extended to
all policies that consider a deadline, including the two-policy case and the ed
case.

Next, we describe extended switching conditions that include an optimization
procedure for the deadline for the two-policy strategy. Analogous to S(ξ), we
define the extended set that includes a deadline variable

Ss(ξ) := {m ∈ {d, ed}, D ∈ D,

b ∈ {d�, ed�} | V ΔD(ξ,m,D, b) ≤ 0},

where, for mathematical and practical convenience D�
b ∈ D for all b ∈ {d�, ed�},

where D ⊂ R>0, is a finite but possibly arbitrarily large set of allowable deadlines,
and where m corresponds to a method with deadline and
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V ΔD(ξk,m,D, b) := E[Vp�(ξk+1)− Vb(ξk+1) | ξk,

⎡
⎣σk

bk
Dk

⎤
⎦=

⎡
⎣mb
D

⎤
⎦]

now has an additional argument D ∈ D for the choice of deadline compared to
V Δ(ξk,m, b).

We propose to use the following control policy⎡⎣σk

Dk

bk

⎤⎦ = arg min
[m,D,b]ᵀ∈Ss(ξ)

ξᵀkZ
s
m,b(D)ξk + βs

m,b(D), (3.12)

uk = −Ks
σk,bk

(Dk)ξk, (3.13)

where

Zs
m,b(D) := Aγk

(hk)
ᵀ
PbAγk

(hk) +Q(hk)

−Ks
m,b(D)

ᵀ
(Bᵀ

1PbB1F (D))Ks
m,b(D),

Ks
m,b(D) = (Bᵀ

1PbB1F (D))†(Bᵀ
γk
PbAγk

(hk)),

βs
m,b(D) = tr(PbWm(D)) + αm(D)− h̄m,D

h̄p�

cp� ,

and where the distribution for hk (and γk) depend on the value of the deadline
D in

hk =

{
Dk if σk = d,

min{τk, Dk} if σk = ed,
(3.14)

corresponding to the value of σk = m. In particular, h̄m,D = E[hk | Dk = D,σk =

m] and Wm(D) := E[Ŵ (hk) | Dk = D,σk = m] and αm(D) := E[α(hk) | Dk =
D,σk = m].

Let the cost of the above policy (3.12)-(3.14) be denoted Js
d&ed. We obtain

the following result, which can be seen as an extension of Theorem 3.4.1.

Theorem 3.4.2. The cost (3.2) of the online deadline optimization policy (3.12)-
(3.14) is not larger than that of the two-policy method d&ed with fixed optimal
deadlines in the sense that

Js
d&ed ≤ Jd�&ed� . �

The proof is given in Appendix 3.7.4. Again, the condition V ΔD(ξk,m,D, b) ≤
0 can be relaxed as explained in Remark 3.5.

Let the cost of the policy (3.12)-(3.14), when bk = ed� and σk = ed for all
k ∈ N, be denoted Js

ed. By restricting the choice of the base policy, we obtain
the following result.
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Corollary 3.4.2. The performance (3.2) of the online deadline optimization
policy (3.12)-(3.14), when bk = ed� for all k ∈ N, is not larger than that of the
base policy ed� in the sense that

Js
ed ≤ Jed� . �

In the next section, we show numerical results for the proposed policies and
the performance gain that can be achieved by addressing the delay probability
directly.

Remark 3.8. Note that the above approach requires the computation of the
argument in (3.12) for many different options. By reducing the search space for
the deadline, the computational load can easily be reduced to match the available
computational capacity.

3.4.3 Computational complexity

Here, we consider the computational complexity of the online optimization
methods considered. For each argument for the minimization (3.9) and (3.12),
the matrices Z and the scalars β can be computed offline a priori and, e.g.,
stored in memory. The same holds for the gains in (3.10) and (3.13). Therefore,
to compute the optimal arguments, it is required to compute and compare the
terms ξᵀZξ+ β for #deadlines×#switchingpolicies×#basepolicies switching
options in the sets S and Ss. Note that the size of the sets S and Ss depends on
the current state and is upper bounded by the total number of switching options.
Knowledge of sets S and Ss may be used to reduce computations by limiting
online the number of options in (3.9) and (3.12), but in some implementations it
may be more convenient to compute all possible options. The computation of V Δ

for the sets S and Ss requires two computations of the form ξᵀXξ + Y where X
and Y are a matrix and a scalar, which can be computed offline for each switching
option, taking the forms (A−BK)ᵀP (A−BK) and tr(PW ), respectively. The
number of computations in the terms ξᵀZξ + β scales quadratically with the
state dimension and linearly with the number of switching parameters, but they
can be computed in parallel for all elements in S or Ss (or all switching options).
For the control inputs, the multiplication Kx scales linearly with the state.

From this analysis we conclude that, typically, the time required to compute
(3.9) and (3.12) is small when compared to the communication or data processing
computation delay modeled by F . However, in cases in which these computa-
tion times are non-negligible (because the initial computation/communication
delay modeled by F can be small), it can be incorporated in a new probability
distribution modeling the sum of delays, say F̄ . Therefore, the methods in this
chapter can be used to analyze this case as well. Note, however, that in the latter
case one should compare the simpler d� and e methods considering the initial
distribution F with the ed� method considering F̄ and therefore the method ed�

does not guarantee a better performance than e a priori.
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Method Base cost Jb
(analytical)

Base cost Jb
(simulation)

Cost with deadline
optimization Js (simul.)

d 12.3283 12.3305 (=Jd�) 11.3743 (=Js
d)

e 7.9507 7.9591 (=Je) n.a.
ed 7.9267 7.9307 (=Jed�) 7.2421 (=Js

ed)
d&ed n.a. 7.7993 (=Jd�&ed�) 7.3047 (=Js

d&ed)
d&e n.a. 7.7850 (=Jd�&e) 7.3514 (=Js

d&e)

Table 3.1. Values of performance index (3.2) for f = f1.

3.5 Numerical results

In this section, we compare the performance of the proposed strategies on a
second-order system taking the form (3.1) with

Ac =

[
0 1
g
l − d

ml

]
, Bc =

[
0
1

]
, Bw =

[
0.05 0
0 0.05

]
,

which represents a linearized inverted pendulum system with force input, gravita-
tional acceleration g = 10ms−1, mass of pendulum m = 0.25kg, length l = 0.5m
and damping co-efficient d = 1Nm/rads−1. The cost function matrices in (3.2)
are taken as

Qc =

[
20 1
1 20

]
, Rc =

[
3
]
.

We consider for the delay both a Gamma distribution f1 with shape and
scale parameters k = 3 and θ = 4/100, respectively, and the piecewise constant
two-block distribution

f2(τ) =

⎧⎪⎨⎪⎩
4.5 if τ ∈ [0.05, 0.25),

1 if τ ∈ [0.50, 0.60),

0 otherwise.

Note that although f1 does not satisfy the condition F1(ε) = 0 it can easily be
adapted (see Remark 3.1) to meet such an assumption, with a small ε, without
impacting on the results.

First, for f1, the optimal solutions for the base policies are computed. For
D in the interval [10−3, 1], the stochastic Riccati equations for Pd(D), Pe and
Ped(D) (see Appendix 3.7.1) are solved iteratively, with initial value P = 10−4Inx

,
up to accuracy 10−4 of the mean square error. All cost values are depicted as a
function of the deadline in Figure 3.2. Subsequently, the optimal values Jd� and
Jed� of Jd(D) and Jed(D), respectively, are found for their respective optimal
deadlines D�

d and D�
ed. The optimal deadline values, are found to be D�

d = 0.1508
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τ [s]
0.2 0.4 0.6 0.8 1

f(
τ
)

0

4

8
probability distribution of delay

pdf of τ

D
�

d

D
�

ed

D [s]
0.2 0.4 0.6 0.8 1

J(
D

)

20

40

60
deadline-driven
event-driven
event-driven w. deadline

D [s]
0.2 0.4 0.6 0.8 1

J(
D

)

7.92

7.94

7.96

7.98

8 deadline-driven
event-driven
event-driven w. deadline

Fig. 3.2. Comparison of the performance of the three base policies varying
with the deadline for f = f1. The optimal deadlines are marked (x) and shown
in the pdf (top figure). The bottom figure is a zoom of the middle figure. The
black vertical line indicates the stability limit for the deadlines.

and D�
ed = 0.3307. Furthermore, τ̄ = 0.1200 and h̄ed� = 0.1194. The optimal

costs Jd� , Je, and Jed� for f1 are given in Table 3.1. Although the contribution
of the intersampling behaviour is very small, since αb � 0.0014 for all the base
policies, it has been taken into account in the calculation of the costs and our
simulations.

For this example, observe that the green line in Figure 3.2 is below the blue
line everywhere, indicating that even for a suboptimal deadline, the ed approach
outperforms the deadline-driven approach. As expected from Lemma 3.3.1,
Jed(D) performance approximates Je for large D.

For each delay value and each switching option, all variables are computed
a priori to speed-up computation for Monte-Carlo (MC) simulations. For ξᵀ0 =
[0, 0, 0]ᵀ, we run 40 ‘long’ Monte-Carlo simulations for t ∈ [0, 24000]s such that
the average costs have approximately converged for each simulation. Then, the
costs are averaged over the MC simulations and the values are given in Table 3.1.
Due to the limited simulation time and limited number of MC simulations, the
cost is not completely averaged over the probability space, leaving a small error.
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D [s]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

J(
D

)

200

400

600

d
e
ed

Fig. 3.3. Comparison of the performance of the three base policies varying
with the deadline for f = f2.

The cost differences that support our theorems are indeed visible, thereby
underlining the results. Note that for the two-policy approaches, the relaxed
switching conditions (see Remark 3.5) are used, giving a small additional per-
formance gain of 1− 2%. It is notable that, while adding an optimal deadline
only gives small improvement over the event-driven case (Jed� ≈ Je), the fact
that deadline-optimization can be enabled brings significant advantage of 6− 9%
compared to the non-switching case (e.g., Js

ed < Je and Js
d&ed < Jd�&ed�). Fur-

thermore, the strategy with deadline optimization on ed, which builds upon our
previously proposed policies, performs better than the two-policy approach in
the sense that Js

ed < Js
d&ed. However, such a performance improvement is not

guaranteed formally and the converse, i.e., Js
ed > Js

d&ed, may also occur for dif-
ferent examples. Furthermore, a quantification of the performance difference for
the deadline-optimization approaches may only be obtained through simulation
or experiments.

For f2, the results are given in Figure 3.3 and Table 3.2. Similar cost benefits
as for f1 are observed. For this example, it is found that the optimal deadlines
are the same (D�

d = D�
ed = 0.2508), but again the ed policy performs better.

Furthermore, τ̄ = 0.1900 and h̄ed� = 0.1592. Both d and ed are better than e for
this case, showing that pure event-driven control is not necessarily better than
periodic control with a deadline. The large deviation of e from the analytical
values is due to the fact that the cost has not yet converged.

As a final note, we observed a significant amount of switching occurrences
without any recognizable pattern, as was expected since the switching depends
on realizations of the random disturbances. While one might expect that only
the best base policy, denoted p�, is chosen in the two-policy case, we observed
that this is not necessarily the case. While the number of occurrences is small,
the selection σk �= p� is recurring, indicating that for some parts of the state
space switching to a different base policy is the best strategy.
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Method Base cost Jb
(analytical)

Base cost Jb
(simulation)

Cost with deadline
optimization Js (simul.)

d 19.5069 19.5230 (=Jd�) 18.0640 (=Js
d)

e 30.6565 36.9563 (=Je) n.a.
ed 11.9640 12.0625 (=Jed�) 11.2330 (=Js

ed)
d&ed n.a. 12.0023 (=Jd�&ed�) 11.2774 (=Js

d&ed)

Table 3.2. Values of performance index (3.2) for f = f2.

3.6 Conclusion

This chapter presents novel control policies for linear systems subject to actuation
delays with a known probability distribution. From optimal control policies for
deadline-driven, event-driven, and event-driven control with a deadline, analytic
solutions for optimal performance/cost and deadline values were deduced. The
proposed ‘switched’ policy can combine the different benefits of non-switching
policies to improve closed-loop performance. The performance of this policy is
proven to be better than that of any of the non-switching policies. Furthermore,
the idea of deadline optimization that was presented in preliminary work is
extended to both the proposed ‘event-driven with deadline’ policy as well as the
‘switched’ policy. This allows for additional guaranteed performance improvement,
which was not attainable in previous event-driven or deadline-driven approaches.
Numerical examples illustrate the results and give insight in the trade-offs in
systems with delay, showing that gains of 6− 9% can easily be obtained with the
proposed policies. Performance relations between switched policies with deadline
optimization are still subject of study. Moreover, future work also includes the
output-feedback counterpart, which adds an estimation problem influenced by
stochastic delays, and studies of robustness with respect to model uncertainty.

3.7 Appendices

3.7.1 Riccati equations for the base policies

To compute the cost for event-driven control with deadline, it is required to solve,
for Ped(D) � 0, the generalized Riccati equation

Ped(D) = Aγ|D(h|D)
ᵀ
Ped(D)Aγ|D(h|D) +Q(h|D)

−Ked(D)
ᵀ
Ged(D)Ked(D) (3.15)

Ged(D) := Bᵀ
γ|DPed(D)Bγ|D = F (D)Bᵀ

1Ped(D)B1,

Ked(D) := Ged(D)
†
(Bᵀ

1Ped(D)

∫ D

0

A1(s)μ(ds)).
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and to compute Wed(D) := Ŵ (h|D) =
∫D

0
Ŵ (s)dF (s) + (1− F (D))Ŵ (D), see

also footnote 4 on page 65. The solution to the Riccati equation can be found by,
e.g., the iteration P k+1

ed (D) = Ric(P k
ed(D)) for k ≥ 0 where Ric(·) is the function

of the right-hand side of (3.15). One can recover the Riccati equations for d and
e, respectively, since considering any new probability measure with μ((0, D)) = 0
and μ({D}) = F (D) gives

Pd(D) = Aγ(D)
ᵀ
Pd(D)Aγ(D) +Q(D)

−Kd(D)
ᵀ
Gd(D)Kd(D),

Gd(D) := Bᵀ
γPdBγ = F (D)Bᵀ

1Pd(D)B1,

Kd(D) := Gd(D)
†
(Bᵀ

γPd(D)Aγ(D)),

and, alternatively, by letting D → ∞ we have

Pe = A1(τ)
ᵀ
PeA1(τ) +Q(τ)−Ke

ᵀGeKe,

Ge := Bᵀ
1PeB1,

Ke := Ge
†(Bᵀ

1PeA1(τ)),

Furthermore, Wd(D) = Ŵ (D) for a given value of D, and We = Ŵ (τ).

3.7.2 Cost due to intersampling behaviour

For the base policies b ∈ {d, e, ed}, where hk, k ∈ N, are i.i.d., in (3.4), the
contribution αb, b ∈ {d, e, ed}, of the intersampling behaviour of the Wiener
process is given by the average value E[α(hk)], where α(h) is given in (3.7). This

follows from lim supT→∞
1
T E

[∑N(T )−1
k=0 α(hk)

]
= 1

E[hk]
E[α(hk)] =

1
h̄b
αb which

can be concluded from [131, Prop. 3.4.1]. Specifically, for a given deadline D ∈ R

and policy b ∈ {d, e, ed}, αb(D) := E[α(hk) | Dk = D,σk = b]. Then, in (3.4),
we have αd(D) := α(D), αe := α(τ), αed(D) := α(h|D), see also footnote 4 on
page 65.

3.7.3 Proof of Theorem 3.4.1

We drop the superscript � for Z and β for brevity and let d and ed be represented
by m or b or p. Note that for each option, ξᵀkZm,bξk + tr(PbW (hk|D,m)) +
α(hk|D,m) is the minimal value of the optimization

min
uk

E[

∫ tk+hk|D

tk

x(t)�Qcx(t) + u(t)�Rcu(t)dt

+ ξ(tk + hk|D)�Pbξ(tk + hk|D)].

This follows from standard LQG arguments (see [13]).
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Define the difference in arguments in (3.9) by

Δ(ξ,m1, b1,m2, b2) :=

[ξᵀZm1,b1ξ + tr(Pb1Wm1) + αm1 −
h̄m1

h̄p
cp]

− [ξᵀZm2,b2ξ + tr(Pb2Wm2
) + αm2

− h̄m2

h̄p
cp] (3.16)

where cp is given in (3.4), such that, for p ∈ {d�, ed�},

Δ(ξ, p, p, p, p) := 0,

Δ(ξ, p, p,m2, b2) := [ξᵀPpξ + cp]

−[ξᵀZm2,b2ξ + tr(Pb2Wm2) + αm2 −
(
h̄m2 − h̄p

h̄p

)
cp],

where h̄m = E[hk | σk = m], such that, e.g., h̄m=D if m = d, and we use
the fact that Zp,p = Pp. Observe that the switching condition (3.9) aims to
maximize the value of Δ(ξk, p, p, σk, bk) for p = p�. Note that it is always
allowed to choose the optimal base policy σk = p, bk = p since it directly satisfies
the condition on V Δ. It corresponds to a value Δ(ξk, p, p, p, p) = 0. Hence,
Δ(ξk, p, p, σk, bk) is non-negative since any choice of σk, bk following from (3.9)
satisfies Δ(ξk, p, p, σk, bk) ≥ Δ(ξk, p, p, p, p) = 0.

Moreover, we consider

E[g(ξk, hk) + Vb(ξk+1) | ξk,
[
σk

bk

]
=

[
m
b

]
]

= ξᵀkZm,bξk + tr(PbWm) + αm

= ξᵀkZm,bξk + tr(PbWm)− ξᵀkPpξk + ξᵀkPpξk

+

(
h̄m − h̄p

h̄p
− h̄m − h̄p

h̄p

)
cp + αm

=
h̄m

h̄p
cp − cp − ξᵀkPpξk + ξᵀkPpξk

+ ξᵀkZm,bξk + tr(PbWm)−
(
h̄m − h̄p

h̄p

)
cp + αm

=
h̄m

h̄p
cp −Δ(ξk, p, p,m, b) + Vp(ξk).

As defined in Section 3.4.1, p� = argminp∈{d�,ed�} Jp. The one-step cost of the
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proposed control policy is then given by the difference

E[g(ξk, hk) | ξk,
[
σk

bk

]
=

[
m
b

]
] =

h̄m

h̄p�

cp� −Δ(ξk, p
�, p�,m, b)

+ Vp�(ξk)− E[Vb(ξk+1) | ξk,
[
σk

bk

]
=

[
m
b

]
]. (3.17)

Note that the condition V Δ(ξk,m, b) ≤ 0, guarantees that

E[Vp�(ξk+1)− Vb(ξk+1) | ξk,
[
σk

bk

]
=

[
m
b

]
] ≤ 0.

Define

GN :=

N∑
k=0

g(ξk, hk), EN :=

N∑
k=0

E [g(ξk, hk) | Ik] .

Note that g(ξk, hk) given Ik is a random variable since Ik includes ξk but hl

only for l < k. We have that the process X := (Xk)k∈N, with Xk := Gk − Ek, is
a martingale with respect to the filtration associated with Ik+1, since

E [Xk+1 | Ik+1]

= E [Xk + g(ξk+1, hk+1)− E [g(ξk+1, hk+1) | Ik+1] | Ik+1]

= E [Xk | Ik+1] = Xk.

Note that N(T ) is a stopping time w.r.t. (Xk, Ik+1), which has finite expec-
tation for given T , i.e., E[N(T )] < ∞ since hk ≥ hmin > 0 for all k ∈ N, and that
N(T ) → ∞ as T → ∞. Provided that we prove that there exists some constant
c ∈ R such that E [|Xk+1 −Xk| | Ik+1] ≤ c for all k < N(T ) for k ∈ N, which we
will do in the sequel, we can apply Doob’s optional sampling theorem (see, e.g.,
[67, Th. 9, Sec. 12.5] or [48, Th. 2.2, Ch. VII]) and have

E
[
XN(T )

]
= E [X0] = 0.

where we use the fact that

E [X0] = E [g(ξ0, h0)− E [g(ξ0, h0) | I0]] = 0.

This implies that E[GN(T )] = E[EN(T )]. Furthermore, since by the law of total

expectation (or tower rule) E
[
g(ξN(T ), hN(T ))− E

[
g(ξN(T ), hN(T )) | IN(T )

]]
=

0, we have that

E

⎡⎣N(T )−1∑
k=0

g(ξk, hk)

⎤⎦ = E

⎡⎣N(T )−1∑
k=0

E [g(ξk, hk) | Ik]

⎤⎦ . (3.18)
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We have that

E [|Xk+1 −Xk| | Ik+1] =

= E

[∣∣∣g(ξk+1, hk+1)− E [g(ξk+1, hk+1) | Ik+1]
∣∣∣ | Ik+1

]
≤ E[

∣∣∣g(ξk+1, hk+1)
∣∣∣+ ∣∣∣E [g(ξk+1, hk+1) | Ik+1]

∣∣∣ | Ik+1]

= 2E [g(ξk+1, hk+1) | Ik+1]

≤ 2(
h̄σk+1

h̄p�

cp� + Vp�(ξk+1)),

where the last inequality follows from (3.17). The first term is bounded since
h̄σk+1

≤ τ̄ for all k ∈ N for strategies e and ed, and h̄σk+1
≤ Dmax for all

k ∈ N for strategy d. The fact that E [|Xk+1 −Xk| | Ik+1] ≤ c follows then from
mean-square stability of ξk, which is proven by boundedness of E[Vp�(ξk)] for
all k ∈ N as k → ∞, which follows similar arguments as a similar proof in [9,
Theorem 4].

Summing (3.17) for k ∈ {0, . . . , N(T )− 1}, we have

N(T )−1∑
k=0

E[g(ξk, hk) | Ik] =

N(T )−1∑
k=0

h̄σk

1

h̄p�

cp� − δk + νk

+ Vp�(ξ0)− Vp�(ξN(T )), (3.19)

where

δk := Δ(ξk, p
�, p�, σk, bk)− V Δ(ξk, σk, bk),

and

νk := Vp�(ξk+1)− E[Vp�(ξk+1)| Ik].

Next, we substitute (3.18) and (3.19) in (3.6). Taking the expectation, we have
that E[νk] = 0 for all k ∈ N. Then, when taking the limit T → ∞ in (3.6), the
last two terms in (3.19) vanish, since E[Vp�(ξN(T ))] is bounded as T → ∞, as
explained before, and E[Vp�(ξ0)] is bounded by the initial condition. Furthermore,
the first term becomes equal to Jp� since

lim sup
T→∞

1

T
E

⎡⎣N(T )−1∑
k=0

h̄σk

⎤⎦ = 1. (3.20)

This holds by the fact that (H̃k)k∈N, with H̃N :=
∑N

k=0 hk − h̄σk
, is a martingale

with respect to the filtration associated with Ik+1 and again the fact that h̄σk
is
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bounded by τ̄ or Dmax. These conditions, again by Doob’s optional sampling
theorem[48, 67], imply that

E

⎡⎣N(T )−1∑
k=0

h̄σk

⎤⎦ = E

⎡⎣N(T )−1∑
k=0

hk

⎤⎦ .

Then (3.20) holds by the fact that limT→∞ 1
T E[

∑N(T )−1
k=0 hk] = 1, since the

discretization error vanishes in the limit.
As a result, we get, for π = d�&ed� that

Jd�&ed� =
1

h̄p�

cp� − lim
T→∞

1

T
E

⎡⎣N(T )−1∑
k=0

δk

⎤⎦
≤ 1

h̄p�

cp� = Jp� = min{Jd� , Jed�}.

with δk ≥ 0 by the fact that Δ is non-negative and V Δ is non-positive by
definition of (3.9). Note that δk = 0 for the choice (σk, bk) = (p�, p�). This
proves the theorem.

3.7.4 Proof of Theorem 3.4.2 and Corollary 3.4.2

Consider all allowable choices of combinations (m,D), where D is in the finite
set D, as new methods m̃ such that (m̃, b)ᵀ ∈ Ss(ξ). Each method m̃ has the
particular value of D as its optimal choice of deadline D�. By reformulation, the
switching condition (3.12) then takes the same form as (3.9) and the proof of
Theorem 3.4.1 applies. For Corollary 3.4.2, the switching options are limited to
bk = ed� and σk = ed� for all k ∈ N, hence always V ΔD ≤ 0, and the deadline D
is the only switching parameter.
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Chapter 4

Performance analysis and
controller improvement

for linear systems with (m,k)-firm
data losses

Abstract - This chapter describes methods for the analysis and design of control
applications with real-time constraints, which allow data losses in the sensing-to-
actuation path governed by the property of (m, k)-firmness. An automaton consisting
of open- and closed-loop dynamics and a graph representing (m, k)-firmness defines
the overall system behavior as a constrained switched linear system. The worst-case
quadratic cost is analyzed for a given optimal linear quadratic regulator design. A
simple analytic upper bounding method is compared to a method based on solving a
(computationally more complex) semidefinite program. Furthermore, control design
methods for performance improvement for the worst case are presented. A known
LMI-based method is compared to an iterative controller improvement scheme inspired
by ideas from dynamic programming. Conservatism and computational effort of the
methods are discussed. A numerical example is used for illustration.1

4.1 Introduction

In order to limit cost, embedded systems are often used as multi-purpose platforms
running several applications. This poses new challenges in hardware and software
design such as, for example, scheduling of the application tasks when sharing
resources like processor time and memory [87]. In particular, the impact of design
choices on control applications are an important subject for study, since safety
and performance are likely to be affected.

In this chapter, we study the performance of control applications, i.e., the
Quality-of-Control (QoC), arising from sharing processor time with other appli-
cations, leading to a certain Quality-of-Service (QoS) [2] for the control task. In
particular, the effect of deadline misses due to application scheduling is studied.
The deadline misses, identifiable with dropouts or packet loss in a networked

1This chapter is based on [153].
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context, are assumed to adhere to the condition of (m, k)-firmness [70], i.e., in
any k consecutive executions of the controller computation task, at least m meet
the deadline.

We use tools for switched systems (e.g., [15, 56, 124, 167]) to analyze the
worst-case performance (QoC) expressed in terms of infinite-horizon quadratic
cost and to design improved controllers achieving robust performance under
certain QoS expressed through (m, k)-firm deadline misses [70].

The model of (m, k)-firmness without additional constraints has, to the
authors’ knowledge, not been considered for performance in terms of infinite-
horizon quadratic cost in a switched systems setting. [55, 82] study the design of
parameters (m, k) in the context of networked control. The work [161] aims to
find acceptable structured schedules for a given performance constraint, while this
work addresses analysis and control design for the unstructured (m, k)-firmness
property.

For linear time-invariant (LTI) systems, this work considers the implemen-
tation of a sampled-data [14] state feedback control law with fixed sampling
interval on an embedded platform. The occurrence of deadline misses prohibits
updating the control signal at each sampling instant, resulting in a discrete-time
switched linear system with two types of dynamic modes (open- and closed-loop).
The deadline miss model of (m, k)-firmness is shown to arise when verifying the
scheduling of applications on a multi-purpose embedded platform. We use that
sequences of deadline meets/misses under (m, k)-firmness can be captured by a
graph, leading to a constrained switched linear system (cSLS) [15, 56, 124, 161].
First, worst-case performance, in terms of infinite-horizon quadratic cost, is
analyzed under deadline misses for an optimal controller [21] designed for the
case without dropouts. Second, we give LMI-based and iterative procedures in-
spired by ideas from (approximate) dynamic programming [8, 9, 21] to synthesize
controllers that guarantee improvement of the worst-case performance at the
cost of optimality for the best case. The conservatism and the computational
complexity of the methods are discussed.

In Section 4.2, the embedded platform is detailed for which (m, k)-firmness
is verified. The definition of the control system in Section 4.3 and the graph
representing (m, k)-firmness in Section 4.4 leads to the definition of the cSLS. The
methods for performance analysis and improved controller design are presented
and discussed in Section 4.5 and Section 4.6, respectively. Section 4.7 concludes
the work.

4.2 Multi-purpose platform

In this section, we give a motivating set-up of a multi-purpose hardware platform
leading to the property of (m, k)-firmness on deadline misses for control tasks.
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4.2.1 Resource allocation

We consider a processing unit which runs a Time Division Multiple Access
(TDMA) scheduling policy (see, e.g., [2]), such that processing time is divided
in N time slots (TSs) of equal duration TTS . Any application running on the
platform is assigned one or more TSs. Hence, the amount of resources assigned
to an application λ ∈ Λ, where Λ is a set with nΛ applications, depends on the
size and number of the allocated TSs. In this work, the resource allocation is
chosen a priori, leading to a static schedule, i.e., each application has the same
slots allocated each TDMA period.

4.2.2 Deadline misses

We focus here on a control application λC ∈ Λ running on the platform. Sens-
ing (reading sensors) and actuation (updating the actuation signals) tasks are
performed periodically by dedicated hardware. In the processing unit, λC com-
putes the new actuation signals. The execution of λC in the processing unit
is determined by the tuple (eC , dC , TC). Here, eC is the execution time of λC ,
i.e., the duration the processor needs to be available to λC to compute a new
control action based on the last measurement. The execution of λC should be
completed by the deadline dC , i.e., when the actuation signals are to be updated.
The sampling interval TC is the time between consecutive sensing moments (i.e.,
when sensors are read), which are indexed by t ∈ N. It holds that eC ≤ dC ,
otherwise all deadlines are missed. For simplicity, we assume that actuation
signals are updated at the next sensing moment, i.e., dC = TC . (Results for
dC < TC can be derived analogously.) The resulting sensing-to-actuation delay
of one sampling interval TC is accounted for in Section 4.3. The execution time
eC , the deadline dC , the sampling interval TC , and the occurrence of the sensing
moments are independent of the resource allocation. Hence, it is unknown when
sensing moments occur in the TDMA period.

For each interval [t, t + 1) with index t ∈ N and duration TC , we say that
sufficient resources are allocated to λC if the available processor time before
dC is larger than eC , and insufficient resources otherwise. If the resources in
the interval [t, t+ 1) are insufficient, a deadline miss occurs. What happens to
the actuation signals in the case of a deadline miss is discussed in Section 4.3.
Note that eC is not restricted to be smaller than one time slot. Any sensing or
actuation delay can be included in eC , hence we can assume that these actions
are instantaneous.

Figure 4.1 shows an example of deadline miss occurrence over multiple time
wheels. The samples that arrived at time t+ 1 and t+ 4 do not have sufficient
allocated resources before the next sensing moment to process and are therefore
deadline missed samples (red crosses). The other samples are processed properly
and meet the deadline (green check marks).
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Missed 
sample

Executed 
sample

Allocated
Execution time

Time slott t+1 t+2 t+3 t+4 t+5
t+6

Fig. 4.1. Example of deadline misses for several consecutive TDMA periods
where the second of four time slots is assigned to λC and eC = 1

2
TTS .

4.2.3 Verification of deadline misses

A task has the (m, k)-firmness guarantee if at least m out of k consecutive
instances of the task meet their deadline. In other words, within a window of k
consecutive task attempts in any time period there are at least m that will meet
or have met their deadline.

Definition 4.2.1 ((m,k)-firmness [70, 87]). A task on a processing unit is
said to have an (m, k)-firmness guarantee with m, k ∈ N≥1 and m ≤ k if, for
each t ∈ N, at least m samples, with indices in the set N[t,t+k−1], meet their
deadlines.

In any window of k samples, the number m depends on the arrival time in
the TDMA period of the first sample, which is unknown. The main verification
challenge is to cover all possible arrival times of the first sample. Since the TDMA
schedule repeats every N time slots, all possible arrival times of k consecutive
samples can be covered by sliding the arrival time of the first sample over the
entire TDMA period (i.e., from 0 to N × TTS). This verification problem can be
addressed by standard model checking tools. The envisioned design approach
lets an embedded control engineer iterate between a verification step for (m, k)-
firmness of deadline misses and the methods proposed in this chapter to achieve
a desired control performance under a given resource restriction.

4.3 Feedback control problem

This section describes the control system behavior and its performance measure
leading to the problem formulation. Furthermore, an example system is described.

4.3.1 Control System

We consider a continuous-time (CT) linear time-invariant (LTI) system

dξ
dτ (τ) = ACξ(τ) +BCu(τ), τ ∈ R≥0, (4.1)

where ξ(τ) ∈ Rnξ

is the state of the system and u(τ) ∈ Rnu

the control input at
time τ ∈ R. The control objective is to minimize an infinite-horizon quadratic
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cost criterion

JC(ξ(0)) =

∫ ∞

0

ξ(τ)�QCξ(τ) + u(τ)�RCu(τ)dτ. (4.2)

We assume that (AC , BC) is controllable, BC has full rank, QC 	 0, (AC , Q
1
2

C)
is observable, and RC � 0, which are standard assumptions. Note that X � 0
(X 	 0) means that X is symmetric and positive (semi-)definite.

We take a sampled-data approach (see, e.g., [14]) and use a zero-order-hold
control input u(τ) = ut−1, τ ∈ R[tTC ,(t+1)TC), t ∈ N, where u−1 is a given
initial condition (typically u−1 := 0). The control input is updated at the next
sampling instance, i.e., with a one-sample delay of TC , as already mentioned in
Section 4.2.2. We can represent the system at the sampling instances τ = tTC ,
t ∈ N, by a discrete-time (DT) system

xt+1 = Axt +But, t ∈ N, (4.3)

where xt =
[
ξ(tTC)

�, u�
t−1

]� ∈ Rnx

, with nx = nξ + nu, consists of the sampled

state ξ(tTC) of the CT system and the previous control input ut−1 and ut ∈ Rnu

is the control input, and the initial state x0 = [ξ(0)� u�
−1]

�. Matrices A and B
are obtained by exact discretization and by incorporating the one-sample delay
using state augmentation. The cost (4.2) is exactly discretized [14, Sec. 11.1],
giving

J(x0) :=
∑∞

t=0 xt
�Qxt + 2x�

t Sut + u�
t Rut, (4.4)

where

[
Q S
S� R

]
	 0 is positive semi-definite. The sampling interval TC is as-

sumed to be non-pathological to preserve stabilizability and detectability in the
discretization step.

The system is controlled by a (time-varying) state feedback of the form

ut = −Ktxt, t ∈ N, (4.5)

where Kt ∈ Rnu×nx

is a gain matrix that depends on the sampling instance.

4.3.2 Behavior under deadline misses

To incorporate deadline misses as discussed in the previous section, we choose
that in case of a deadline miss ut = 0. However, other approaches, such as
holding the previous control value can also be taken in the same framework. As
a consequence, the system can operate in two modes: The closed-loop mode
A1(t) := A− BKt, and the open-loop mode A0(t) := A. Hence, the dynamics
can be represented by the switched system

xt+1 = Aσt
(t)xt, t ∈ N, (4.6)
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where the active mode σt ∈ {1, 0} is determined by the deadline miss sequence
σ : N → {1, 0} which satisfies the (m, k)-firmness condition.

The cost corresponding to each mode in (4.4) can be given as Q1(t) :=
Q+K�

t RKt − SKt −K�
t S�, and Q0(t) := Q, such that

J(x0) =
∑∞

t=0 x
�
t Qσt

(t)xt, σt ∈ {1, 0} (4.7)

is the cost for a particular dropout sequence σ.

4.3.3 Problem statement

The problem we consider in this chapter is the following: For a control system,
as detailed in Section 4.3.1 and 4.3.2, that is affected by deadline misses with the
(m, k)-firmness property, as detailed in Section 4.2, i) to quantify the (worst-case)
performance loss in the presence of deadline misses for a given time-invariant
control gain Kt = K, and ii) to improve upon the (worst-case) performance by
updating the control gain exploiting the (m, k)-firmness property. Parts i) and
ii) of the problem are addressed in Section 4.5 and Section 4.6, respectively.

4.3.4 Example system

The methods in this chapter are illustrated by means of an example system. We
consider the unstable second-order mass-spring-damper system (4.1) with

AC =

[
0 1

− kC

mC
− bC

mC

]
, BC =

[
0
1

mC

]
,

with force input with mC = 10, kC = 1, bC = −20. The aim is to minimize cost
(4.1) with

QC =

[
1 0
0 1

]
, RC =

[
1
]
.

We use a sampling interval TC = 7ms and a one-sample actuation delay resulting
in a system of the form (4.3) with nx = 3 and nu = 1, and cost of the form (4.4).
The details are omitted for brevity.

4.4 (m,k)-firmness automaton model

In this section, we propose a systematic way to model the (m, k)-firmness property
for control purposes. We show, using standard graph theory, that all sequences
of deadlines meets/misses of infinite length that satisfy the property of (m, k)-
firmness can be represented by a directed graph G. (see, e.g., [70, Fig. 2]) [101,
Fig. 1-3] for simple examples). We represent a sequence σ by a binary string.
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Note that, under a given (m, k)-firmness guarantee, having a deadline miss gives
us information about which sequences can occur next, i.e., if a deadline miss
occurs, then one less deadline miss can occur in the subsequent k−1 computations.
Let the set of subsequences of at most length k (e.g., ‘1’, ‘0’, ‘00’, ‘01’, ‘01101’,
etc.) that can occur under a given (m, k)-firmness, i.e., with at most m zeros,
be denoted by Σ, with |Σ| =: nΣ, where |X| denotes the cardinality of a set
or vector. All infinite sequences that satisfy a given (m, k)-firmness can then
be generated by transitions between elements of Σ, where a transition is found
by concatenating a ‘1’ or ‘0’ to the subsequence. We note that (in language-
equivalent sense) some subsequences and transitions are the same, hence we
wish to reduce the number of subsequences. For any (m, k)-firmness condition, a
minimal (in language-equivalent sense) labeled directed graph G := (V,E) can be
systematically generated by tools such as [150]. The graph G is defined by the
set V := {v1, v2, . . . , vnV } ⊆ Σ of vertices vi ∈ Σ for i = 1, 2, . . . , nV , and the set
E := {e1, e2, . . . , enE} ⊆ Σ×Σ of directed edges ej ∈ V × V for j = 1, 2, . . . , nE .
An edge from vertex vi to vj is denoted by (vi, vj). The vertices represent the
subsequences that can occur and the edges determine which transitions (deadline
miss occurrences) between subsequences are allowed. For such a minimal graph G,
nV is typically much smaller than nΣ. In this work, we select the vertex labeled
with ‘1’ as the initial node v1, corresponding to the case where no dropouts have
occurred in the last k instances. An automaton is generated for (m = 5, k = 7)
and visualized in Figure 4.2. Note that nV and nE may increase rapidly for
increasing values of k.

Note that the incoming edges (vi, vj) ∈ E correspond to the same dynamic
mode ‘1’ or ‘0’ for each node vj ∈ V . Therefore, we use the notation Avj and
let each vertex vj ∈ V correspond to the dynamic mode of the incoming edges.
Furthermore, we denote by E1 and E0 the edges (vi, vj) ∈ E for which the
dynamics on vertex vj correspond to A1 and A0 in (4.6), respectively. The
directed graph G, together with dynamics (4.6) corresponding to ‘1’ or ‘0’ on the
vertices, defines a hybrid automaton or, more specific, a constrained switched
linear system (cSLS) [15, 56, 124, 161]. This system model, for any given (m, k)-
firmness property, will be used to obtain the results in the subsequent sections.

4.5 Performance analysis

Addressing part i) of the problem statement in Section 4.3.3, this section describes
methods to compute the performance loss, in terms of (4.4), when a system is
affected by deadlines misses with the (m, k)-firmness property. The bounds are
computed for an optimal linear quadratic regulator (LQR) design (for the case
without deadline misses). An LMI-based method is compared to a closed-form
analytic expression.
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Fig. 4.2. Computer-generated automaton model for (m = 5, k = 7) with 21
vertices and 27 edges. The markers on the vertices indicate the occurred
subsequence and the markers on the edges determine the active mode.

4.5.1 Optimal control solution

In the remainder of Section 4.5, we take a standard design approach and assume
that Kt = K for all t ∈ N, where K is the result of the optimal control design
procedure for the linear quadratic regulator (LQR) of minimizing (4.4) subject to
(4.3) without deadline misses. More specifically, K := (R+B�PB)−1(B�PA+
S�) where P follows from the solution to the discrete-time algebraic Riccati
equation (DARE) P = A�PA+Q−(B�PA+S�)�(R+B�PB)−1(B�PA+S�).
Then, we have that A1(t) = A−BK in (4.6) and Q1(t) := Q+K�RK − SK −
K�S� in (4.7) are time-invariant. For a given initial value x0, a lower bound
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on the cost is given by J�(x0) = x�
0 Px0, corresponding to the case when no

deadline misses occur.
We are interested in finding an expression for the bound J(x0) for which it

holds that

J(x0) ≥ max
σG

∑∞
t=0 x

�
t Qσt

xt, for all x0 ∈ R
nx

, (4.8)

where σG denotes the set of infinite sequences on G starting from vertex ‘1’. With
the intention of using the bound in on-line switching conditions [8, 9], we aim to
find a compact expression for J(x0), which can be evaluated easily.

4.5.2 Upper bound by LMI-based method

Since the (m, k)-firmness can be modeled as a cSLS (see Section 4.4), we can use
known methods to give LMI-based conditions for stability [43, 61].

Associate a quadratic storage function Si(x) := x�Pix, Pi � 0 to each vertex
vi ∈ V , for i = 1, 2, . . . , nV . Constraints are imposed for all edges in E in the
form of LMIs.

Theorem 4.5.1. The system (4.3), with cost measured by (4.4), and with feedback
(4.5) with controller gain K, and with the property of (m, k)-firmness on deadline
misses governed by an automaton with labeled graph G = (V,E) as described in
Section 4.4, is globally exponentially stable if there exist Pi � 0, for all vi ∈ V ,
such that the conditions

Pi 	 Qvj +A�
vj
PjAvj , for all (vi, vj) ∈ E, (4.9)

are satisfied. Furthermore, an upper bound on the cost as in (4.8) is given
by J(x0) = x�

0 Prootx0 where root ∈ V corresponds to the initial node of the
automaton.

The proof is standard, and is therefore omitted for brevity.
We can use Theorem 4.5.1 to compute the worst case loss w.r.t. the optimal

cost without deadline misses J�(x0) = x�
0 Px0.

Method 1 (M1): LMI-based analysis
Solve the semidefinite program (SDP)

min
Pi�0, for all vi∈V

α

subject to

P1 � αP,

Pi 	 Q1 +A�
1 PjA1, for all (vi, vj) ∈ E1, (4.10)

Pi 	 Q0 +A�
0 PjA0, for all (vi, vj) ∈ E0, (4.11)

for P the solution to the DARE in Section 4.5.1 and α ∈ R.
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M1 provides global asymptotic stability by mode-dependent Lyapunov func-
tions whilst minimizing an upper bound on the performance. In particular, α
gives a scaling of the performance compared to the optimal LQR cost.

Although M1 provides a solution J(x0) to (4.8), computing it requires a
significant computational effort. One way to address this is by replacing all
Pi in M1 by αiP , limiting the number of variables at the cost of introducing
conservatism. In the following section, we provide an alternative method to
obtain an upper bound as in (4.8) in the form of an analytic expression.

4.5.3 Upper bound by analytic expression

Now, we derive an analytic expression of the form

Ja(x0) = g · x�
0 Px0, (4.12)

with constants g ∈ R≥0 and P ∈ Rnx×nx

, P � 0, as an upper bound as in (4.8).

Theorem 4.5.2. The system (4.3), with cost measured by (4.4), and with feedback
(4.5) with fixed controller gain K, and with the property of (m, k)-firmness on
deadline misses governed by an automaton with labeled graph G = (V,E) as
described in Section 4.4, is globally exponentially stable and has an upper bound
on the cost of the form (4.12) satisfying (4.8), with

g := r� · β ·
(

1
1−ρ

)
, (4.13)

r� := min {r ∈ R≥0 | Q1 � rP and Q0 � rP} ,

β :=
∑k−m

i=1 ρ
(i−1)
0 + ρ

(k−m)
0 ·

∑m
i=1 ρ

(i−1)
1 ,

ρ := ρ
(k−m)
0 ρm1 ,

if there exist P ∈ Rnx×nx

, P � 0, and ρ1, ρ0 ∈ R≥0, with ρ1 ≤ ρ0, that satisfy

ρ < 1, ρ1P 	 A�
1 PA1, ρ0P 	 A�

0 PA0. (4.14)

Proof. Since by (4.14) we have that

x�
t Qσtxt ≤ r� · x�

t Pxt, for all t ∈ N,

x�
j·kPxj·k ≤ ρj · x�

0 Px0, for all j ∈ N,∑j·k+(k−1)
t=j·k x�

t Pxt ≤ β · x�
j·kPxj·k, for all j ∈ N.

By ρ < 1, the state converges exponentially. The limit of the sum over all
j ∈ N can be computed by ∑∞

j=0 ρ
j =

(
1

1−ρ

)
,
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which is a converging geometric series.

Combining these (in-)equalities gives (4.12), with g as in (4.13) for P that
satisfies (4.14), which satisfies (4.8).

Theorem 4.5.2 gives a bound based on the k-step convergence rate of the
state, whilst bounding the cost for the underlying steps. The current result is
open to improvement.

The bound is generated by several steps that introduce conservatism. We note
that this is the case for other bounds in literature as well. For instance, in [167,
Lemma 4], a bound was given, requiring the assumption ||xt||22 ≤ b · at · ||x0||22.
Our method can allow relaxation of b and a.

We summarize the use of Theorem 4.5.2 in the following method.

Method 2 (M2): Evaluate analytic expression
Find ρ1, ρ0, P such that (4.14) holds. Use for P the solution to the DARE in
Section 4.5.1. Simple techniques can be used to find (upper bounds on) the
parameters ρ1, ρ0 (see, e.g., [92]). If the conditions for Theorem 4.5.2 hold,
compute Ja(x0) using the expression in Theorem 4.5.2.

Since M2 only requires simple computations, it is very flexible to variations
in (m, k). However, the condition ρ < 1 in (4.14) might be very restrictive.
Nevertheless, the result can be useful if the condition is satisfied, as it is simple
to obtain.

4.5.4 Comparison of M1 and M2

To compare M1 and M2 numerically, the system in Section 4.3.4 is used. We
choose (m = 5, k = 7), such that the automaton in Figure 4.2 applies, and
compute a solution to M1. We choose ‘1’ as root node and run Monte-Carlo
simulations for 50 randomly generated deadline miss sequences (using a 50%
deadline miss probability) of the system for t = 1, . . . , 5000 with initial condition
x0 = [1, 1, 0]�. Additionally, we run a simulation with periodic repeating deadline
miss pattern ‘0011111’ as an illustrative case. All computations in this work have
been carried out in Matlab by using freely available software [102, 141]. The
cumulative cost for all simulations is displayed in Figure 4.3.

Additionally, we compute the bound J(x0) = 793.900 by M1. As expected,
there is a significant loss compared to the LQR cost J�(x0) = 470.929. The
bound is depicted in Figure 4.3 as well. We see, as expected, that M1 provides a
good bound on the worst-case performance.

Let λM (X) and λm(X) denote the largest and smallest eigenvalue of a symmet-
ric matrix X, respectively. For comparison, we use ρ1 = 1− λm(Q1)/λM (P ) =
0.999983 where P is the solution to the DARE in Section 4.5.1 and ρo =
1 + 2

√
λM (A�

0 A0) = 3.029569 [92]. We find that ρ = 9.1775 and we cannot
compute Ja(x0) for (m = 5, k = 7). Note that the bound does hold for very
large values of m and k. Other methods such as the (constrained) joint spectral
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Fig. 4.3. Cumulative cost for the Monte-Carlo (MC) simulations (color), the
periodic case (PC) ‘0011111’ (black), and the bound given by M1.

radius [85, 124] may be helpful, although these methods require quite some
computational effort as well.

4.6 Robust switched controller design

In this section, we adapt the controller of Section 4.5.1 to improve robustness of
performance under deadline misses, thereby addressing part ii) of the problem
statement in Section 4.3.3. The resulting controller is a switched controller with
a gain that depends on the vertex of an automaton as described in Section 4.4,
i.e., the restriction Kt = K in Section 4.5.1 is relaxed. First, an LMI-based
procedure is presented based on known results for (c)SLS. Second, an iterative
procedure is presented, inspired by (approximate) dynamic programming and
rollout [8, 9, 21]. It uses the SDP of M1 and a separate procedure to update the
control gains. Advantages and disadvantages of both methods are discussed.

4.6.1 LMI-based control design

This procedure is based on the matrix inequality

Pi 	 Q− SKij −K�
ijS

� +K�
ijRKij (4.15)

+ (A−BKij)
�Pj(A−BKij), for all (vi, vj) ∈ E,

for Pi, Pj ,Kij unknown, which is the synthesis counterpart of condition (4.9)
in Theorem 4.5.1. Conditions for mode-dependent controller synthesis with
improved performance guarantee are given in the following theorem.

Theorem 4.6.1. The conditions of Theorem 4.5.1 are satisfied, with Avj =
A−BKi, for all (vi, vj) ∈ E1, and Avj = A, for all (vi, vj) ∈ E0, if there exist
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Xi � 0, and Yi ∈ Rnu×nx

, for all vi ∈ V , such that the conditions⎡⎢⎢⎢⎢⎣
Xi (AXi −BYi)

�
[
Xi

−Yi

]� [
Q S
S� R

]
(AXi −BYi) Xj 0[
Q S
S� R

] [
Xi

−Yi

]
0

[
Q S
S� R

]
⎤⎥⎥⎥⎥⎦ 	 0,

for all (vi, vj) ∈ E1, (4.16)⎡⎣ Xi (AXi)
� XiQ

(AXi) Xj 0
QXi 0 Q

⎤⎦ 	 0, for all (vi, vj) ∈ E0, (4.17)

are satisfied. Hence, ut = −Kixt if the system is at vertex vi and no deadline
miss occurs for sample t, i.e., for transition (vi, vj) with vj a closed-loop vertex.
The controller gains Ki can be computed by

Pi = X−1
i , Ki = YiPi.

Proof. By standard straightforward matrix manipulations, i.e., Schur’s comple-
ment and methods from [20] and [27], the conditions (4.16) and (4.17) are equal
to (4.15). The proof is concluded by the observation that (4.15) is the synthesis
counterpart of Theorem 4.5.1.

Starting at the root node, we can evaluate Theorem 4.6.1 by the following
method.

Method 3 (M3): LMI-based synthesis
Solve the SDP

min
Xi�0, Yi, for all vi∈V

−α subject to X1 � αP−1, (4.16), (4.17),

for α ∈ R, which guarantees P1 � α−1P , where P is the solution to the DARE
in Section 4.5.1.

Note that M3 provides a direct solution J(x0) = x�
0 X

−1
1 x0 to (4.8), as well

as a mode-dependent controller. However, the computational effort required is
even larger than M1 as the number of variables is increased. As suggested for
method M1, one may also replace all Xi in M1 by αiP

−1 to limit the number of
variables at the cost of introducing conservatism. In the following section, we
propose an iterative procedure to approach a similar result to M3, which may be
computationally more attractive.
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4.6.2 Iterative controller redesign

This section details a scheme for updating the controller gains of Section 4.5.1 in
M1 by using the information gained when a deadline miss occurs. In particular,
the procedure builds on the result of M1 in the sense that we use the mode-
dependent Pi, for all vi ∈ V as a starting point.

The conditions (4.10) and (4.11) come from the desire to give a bound x�
t Pixt

on the sum of the stage cost xt
�Qxt +2x�

t Sut +u�
t Rut and the upper bound on

the cost-to-go xt+1Pjxt+1, where xt+1 = Axt+But and Pj depends on the mode
σt. From optimal control arguments [21], we know that the optimal solution to

min
ut

xt
�Qxt + 2x�

t Sut + u�
t Rut + xt+1Pjxt+1

is given by (4.5), where

Kt = (R+B�PjB)−1(B�PjA+ S�), (4.18)

if the system is in mode vi ∈ V at time t. Let the nV gains corresponding to each
vi ∈ V , and computed with Pj , be denoted by Ki for all (vi, vj) ∈ E1. Then, by
optimality

Pi 	 Q1 +A�
1 PjA1 	 Q1(t) +A1(t)

�PjA1(t)

for A1(t) and Q1(t) as in Section 4.3.2 with (4.18). Therefore, possibly there
exists some Pnew

i � 0 that satisfies

Pi � Pnew
i 	 Q1(t) +A1(t)

�PjA1(t),

Pi � Pnew
i 	 Q0 +A�

0 PjA0.

Finding Pnew
i can be formulated as a new SDP. When formulated for all vertices

vi ∈ V , it boils down to using M1, but now with (4.10) replaced by

Pi 	 Q1,i +A�
1,iPjA1,i, for all (vi, vj) ∈ E1,

for Q1,i and A1,i as in Section 4.3.2 with Ki. Repeating this procedure gives a
stepwise improvement of the performance bound. The procedure is summarized
in an algorithm in the following method.
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Method 4 (M4): Iterative controller redesign
Solve LQR to find K and initial A1 and Q1, for all vi ∈ V .

Algorithm 4.6.1.

1. Use M1 to compute Pi, for all vi ∈ V . (assuming that it is feasible initially)

2. Compute Knew
i = (R+B�PjB)−1(B�PjA+ S�), for all (vi, vj) ∈ E1.

3. Update A1,i and Q1,i by Knew
i for each i.

4. Repeat from step 1) with A1,i and Q1,i, until P1 in M1 has converged or is
satisfactory.

An upper bound on the performance is given by J(x0) = x�
0 P1x0 after the last

iteration.
In each iteration of M4, the solution is improved whilst stability is guaranteed.

Theorem 4.6.2. If there exists a solution to M1, then a solution to Algo-
rithm 4.6.1 exists, and the mode-dependent controllers obtained in each step
globally exponentially stabilize the system and the cost bound defined by P1 is
non-increasing.

Proof. Directly from arguments in this section.

Note that compared to M3, it is only needed to solve a mode-dependent version
of M1, but no controller variables are involved. Hence, the computational expense
in each iteration is less than that of M3. Both M4 and M3 require the separate
computation of the control gains by inverse matrix multiplication. M4 has to
solve the SDP in step 1) and compute all controller matrices in step 2) in each
iteration, which also requires quite some computational effort. However, we see
that the computation of the controller matrices can be parallelized for all vi ∈ V ,
allowing for efficient implementation in multi-processor platforms. Furthermore,
Algorithm 4.6.1 can be stopped after each iteration if the computation time is
limited and would still yield an improved solution compared to M1. It is expected
that, in general, the first iteration step provides the most benefit. M4 requires
the solution to M1 to exist, which can be restrictive. However, any stabilizing
solution to M1, i.e., any K, can be used as an initial condition for M4. M4 is
found to achieve comparable results to M3, as is shown for an example in the
next section.

4.6.3 Comparison of M3 and M4

We use the same simulation conditions as in Section 4.5.4 for comparison of M3
and M4. We run M4 with 30 iterations of Algorithm 4.6.1. In Figure 4.4, the
convergence of the cost bound for M4 is shown. We see that in the first few
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Fig. 4.4. Cost bound for iterations of M4.

iterations the performance improvement is most significant and after about 15
iterations it has almost converged.

The performance bounds are found to be JM3(x0) = 669.581 for M3 and
JM4(x0) = 669.587 for M4, i.e., they are practically equal. Hence, a (significant)
performance gain of 15.7% is achieved compared to the bound that was found for
M1. The controller gains of M4 are very similar to those of M3 and converging
further for increasing number of iterations of Algorithm 4.6.1, M4 seems to
converge to the solution of M3.

The bound J(x0) for M4 is depicted in Figure 4.5. Again, we use Monte-Carlo
simulations to illustrate the results. We show the states and the cost for three
randomly generated deadline miss sequences and the periodic ‘0011111’ sequence.
The cumulative cost for M4, which are similar to M3, is displayed in Figure 4.5.
The costs satisfy the bounds as expected. We observed that if the state cost is
high, the M3/M4 controller is more aggressive than the LQR controller. It aims
to reduce the states before a deadline miss occurs. This incurs a higher initial
cost, but pays off (if a deadline miss occurs) in the stage cost later. Upon a
deadline miss, the controller is relaxed, thereby reducing the cost.

We can quantify the performance loss compared to the LQR solution when no
deadline misses occur (the ‘best’ case). For this, we can solve M1 for Proot with
Proot 	 Qc,root+A�

c,rootProotAc,root as the only constraint. We take ‘1’ as root and

find x�
0 P1x0 = 476.320 for M3 and x�

0 P1x0 = 488.118 for M4, corresponding to a
performance decrease of 1% and 3.5% w.r.t. J�(x0), respectively. The difference
comes from the incomplete convergence of M4. Hence, we can conclude that the
trade-off between performance degradation for the best case and robustness of
performance for the worst case is useful and beneficial.

While M3 is the most complete method, i.e., it guarantees exponential stability,
an upper bound on the performance, and a controller synthesis method, it suffers
from an increase in complexity proportional to the size of the (m, k)-firmness
automaton. Method M4 achieves similar results to M3, but builds on the feasibility
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Fig. 4.5. Cumulative cost for the Monte-Carlo (MC) simulations (color) and
the periodic case (PC) ‘0011111’ (black) and the bound for M4 (dashed).

of M1. A trade-off in computational effort and performance improvement can be
made by choosing the number of iterations of Algorithm 4.6.1.

4.7 Conclusion

In this chapter, we present methods that can be used as the control analysis and
design counterparts of scheduling problems in embedded system design. This
gives quantitative insights in the trade-offs between QoC (in terms of quadratic
cost) and QoS (expressed by (m, k)-firmness). We show that control systems
affected by data loss governed by (m, k)-firmness can be modeled as a constrained
switched linear system. Performance loss due to the deadline misses is analyzed
and compared to the optimal case (without deadline misses). A known LMI-based
tool is used, which is computationally intensive. It is compared to an analytic
expression which is, however, significantly more conservative, but allow possible
improvement. Furthermore, LMI-based and iterative methods for controller
improvement are shown to achieve similar performance for varying computational
effort. Compared to the LMI-based method, the iterative method allows for a
trade-off of QoC improvement against computational effort.
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Chapter 5

Image-based feedback control for
drift compensation

in an electron microscope

Abstract - This chapter presents control design methods for drift compensation
in an electron microscope system validated using an industry-based simulation environ-
ment. Electron microscopes are high-resolution imaging systems used to image objects
(specimens) up to atomic resolutions. The object that we aim to image is moving in the
field of view of the imaging system due to internal disturbances (drift). Interestingly,
the displacement of the object can only be observed through the imaging system itself,
which requires a non-trivial image-processing step affected by significant delay and
inaccuracy. The objective of this chapter is to design a control system that leads to the
stabilization of the object in the center of the field of view by controlling the movement
of the object itself using an actuated positioning system (stage). A stochastic model is
proposed for the motion of the specimen. An industry-based simulator is developed
to automatically generate and analyze representative images for simulated closed-loop
image-based feedback control. Characteristics of the image-processing step, which
uses a tracking algorithm, are identified from open-loop simulations. Image-processing
characteristics, i.e., image-acquisition time, tracking delay, and measurement accuracy,
are explicitly taken into account in a novel LQG-type control design. Moreover, we show
that new switched control designs can improve our original (non-switched) LQG design
even further. Methods for other improvements and a workflow for implementation in a
real electron microscope system are presented as well.1

5.1 Introduction

An electron microscope (EM) [51, 54] is a high-resolution tool for imaging objects
at sub-Ångström resolutions (less than 0.1 nanometer per pixel, i.e., more than
a million times more precise than the human eye), therefore being one of the
primary tools for nanotechnology and other applications such as life sciences,
electronics manufacturing, and material sciences. The small object that a user
aims to image is called the specimen, an image of which is projected on a camera
or a detector using magnetic lens systems. A transmission electron microscope
(TEM) [54, 130], is schematically depicted in Figure 5.1. The main purpose

1This chapter is based on [155].
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Fig. 5.1. Main components of a transmission electron microscope (TEM) system
(adapted from [54]). A beam of electrons emitted from a source is guided by
lens systems through a specimen that is imaged on a projector screen or camera.

of the EM system is to obtain high-quality images at high resolutions. While
nowadays EMs are mostly used as analysis tools in laboratories, their use in
manufacturing industries is increasing. In industry, users of EMs usually wish to
perform multiple imaging sessions for product analysis on (different) specimens
and therefore throughput is also an important performance measure of the system.
Hence, there is a desired to improve the throughput of EMs in order to meet the
throughput demands in industry. There is, however, a trade-off between quality
and throughput due to a phenomenon called drift. High-quality high-resolution
images are obtained by exposure of the camera for longer periods of time while
the specimen is still, i.e., not moving, in the view of the camera. The image-
acquisition process takes time, because a sufficient amount of electrons needs
to be detected in order to provide enough contrast in an image, which is the
main measure for image quality. In fact, the contrast improves with increasing
exposure time. Throughput is determined by the time that is needed until the
specimen is still in view of the camera and by the desired exposure time that is
needed to create a high-quality image. Due to several underlying disturbance
processes, there is a motion of the specimen during the imaging process, which
is called drift. This drift has a significant impact on the quality of the images,
because it corrupts the detection of electrons and therefore the image-acquisition
process itself. In particular, if the object is moving during imaging, an increased
exposure time leads to significant blurring of the image, but a short exposure
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(a) (b) (c)

Fig. 5.2. Object (gold) in high contrast (a), in low contrast image affected by
Poisson noise without blur (b), and with blur (c).

Fig. 5.3. Image-based feedback loop with object actuation.

time leads to insufficient contrast. Hence, selecting an appropriate exposure
time is important and non-trivial. Since the images themselves are corrupted by
drift, it cannot be corrected for adequately by post-processing. This drift is quite
unpredictable and it is aggressive at first, but becomes less aggressive as time
progresses. Therefore, the quality of the images stabilizes over time if the system
is not actuated. Unfortunately, waiting for stabilization of the image significantly
limits the system throughput. Figure 5.2 depicts how the electron detection
process, which is affected by Poisson noise, and drift, which creates a blurring
effect, affect image quality. The first picture (a) can only be obtained after a
long exposure time without drift, the other pictures (b) and (c) can be observed
after a shorter exposure time without and with drift, respectively. Clearly, much
contrast is lost due to drift.

The current state-of-the-art in electron microscopy is to wait for the drift
motion to settle before acquiring images, especially when high-quality images are
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desired, which results in low throughput. This waiting time varies from minutes
to more than a day, depending on the working setting. A controlled actuation
system, called stage, is available to move the specimen holder such that the
position of the point-of-interest (POI) of the specimen in the field-of-view (FOV)
of the camera changes. If the POI leaves the FOV, a highly-trained human
operator may manually perform a rough correction for the drift by controlling a
joystick that moves the specimen holder. Such an operation may, unfortunately,
introduce additional drift. Currently, online corrections are not performed during
the imaging process. In fact, in many cases, the initial drift is too random and
fast for a human operator to correct for.

In this work, we propose to use vision-based feedback control of the stage (see
Figure 5.3) in order to compensate online for the drift disturbances. We aim to
use online analysis of images to obtain measurements of the motion of the POI,
which thereby acts as an image-based soft sensor. We follow a model-based design
approach, which takes into account a model for the disturbances. In fact, some
characteristics of the disturbances are known. In particular, there is an almost
constant velocity induced in the object, which acts in an unknown direction and
is not repeatable between imaging sessions. This velocity is changing due to
random internal influences/perturbations in the system. We stress again that
the image-based sensor is the only means to obtain measurements of the drift
given the sub-Ångström resolutions.

In order to obtain control-relevant measurements of the POI, the images
need to be processed. In this work, we use a feature tracker to achieve this. A
normalized cross-correlation tracker with subpixel accuracy [68] is implemented,
which has a non-negligible processing delay. The processing delay can be assumed
to be constant when implemented in dedicated hardware. The accuracy of the
tracker is determined experimentally. Our model-based control design takes into
account the characteristics of the data acquisition in the framework presented in
Chapter 2. In the case at hand, a data-acquisition method consists of the imaging
process as well as the tracking process. We analyze the resulting LQG-type
controller in practice and simulation and we determine the optimal exposure
time. In addition, we study methods to improve the overall system performance
by using more advanced control designs. In particular, we focus on improving the
overall system performance by switching online between a set of given methods,
i.e., with different system settings, as suggested in Chapter 2. Note that we do
not focus on improving the image-processing methods themselves.

In order to validate the proposed control design, a simulation environment
is developed to mimic the real EM setup. This simulator generates images
based on control inputs, which match the simulation of the closed-loop image-
based feedback controller. The simulation environment is developed in close
collaboration with experts from industry. The main features of this simulator
closely mimic the behavior of a real EM, which includes image aberrations by
including a Poisson process for the camera exposure process and a Gaussian
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blurring for motion during image acquisition.

As the real EM system is controlled digitally, we take a sampled-data [14]
approach. The system model and design are studied in a stochastic optimal control
context [13]. We study the performance of several control design approaches.
In particular, we use a linear quadratic Gaussian(LQG)-type infinite horizon
average cost function to model the performance of the controlled system. Most
works in the vision-based control literature do not explicitly address the delay
caused by processing [41, 135], whereas [152, 154] aimed to exploit knowledge
about the delay instead and study the relation with accuracy of the processed
measurement. This relation was studied by [91, 137] in a different context as well.
Next to an LQG-type of feedback controller, we implement also the switched
controller proposed in Chapter 2, which aims to reduce the position error even
further by exploiting benefits of a multitude of system settings by switching
between them. Furthermore, we study the potential of multirate control, i.e.,
with increased actuation rate, for this application. Multirate approaches are
well-studied [39, 40] and included in this work to illustrate the potential benefits.

In the context of this work, some approaches for control in (electron) mi-
croscopes have been proposed in the literature. To coordinate low-level and
high-level control of actuators in a TEM system, a hierarchical MPC-based
control design was proposed [49, 144] without further study of drift. Automation
for remote operation was investigated in [118]. The current study focuses on
control of a TEM system, but the methods are also useful for other microscope
types. The papers [5, 6] studied smart scanning methods to decide where in the
operating area to sample. In [53], a drift estimation method based on Bayesian
inference was proposed. Recent works [83, 166] studied compensation of thermal
drift and distortions by beam-steering in scanning microscopes. Typically, post-
processing methods [65, 133, 143] are already used in EM systems, but these are
not sufficient to compensate for all abberations caused by drift.

This chapter demonstrates that a model-based control design approach for
image-based feedback can be applied to stabilize an object in the field of view,
even in the presence of internal disturbances. Hence, we believe that this is an
important contribution in tackling drift in EM systems using active compensation.
Furthermore, we show that by appropriate parameter identification more advanced
control methods, such as switching between different system configurations, can
potentially improve the overall system performance. Specifically, we illustrate
how the methods proposed in Chapter 2 can exploit flexibility in data acquisition
to improve performance. To aid implementation of the methods, we provide
many details on the control design and propose a design flow to identify system
parameters, which can be used in the simulator as well as in a real system setup.
The design flow and the proposed methods are numerically illustrated in the
newly developed simulation environment by a representative example of an EM
model.

The organization of the remainder of the chapter is as follows. Section 5.2
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provides an overview of the experimental system, the drift model, and the main
problem formulation. Section 5.3 presents the formal control design problem.
Control solutions for processing delay smaller and larger than one sensing interval
are presented in Section 5.4 and Section 5.5, respectively. Section 5.6 gives details
on the electron microscope simulator environment and presents numerical results
to illustrate the control designs. Concluding remarks are given in Section 5.7.

5.2 System description and problem formulation

This section provides details on the main components of the electron microscope
system that were described in the introduction and presents the main problem
that is addressed in this work.

5.2.1 System overview

Figure 5.3 illustrates the setup under consideration in this chapter. A point
pPOI ∈ R

np on an object in the view of the camera is chosen as the Point-
Of-Interest (POI). The object is placed on a holder, which is connected to a
motion-controlled ‘stage’. A low-level stage controller receives setpoints from an
image-based controller and positions the stage based on position measurements
from the stage and this setpoint information. Drift affects the position of the
POI, which cannot be measured by the stage measurement system. To obtain
drift information, an observation system in the form of an image-based sensor
unit registers changes in the position of the POI. In this image-based sensor unit,
camera images are acquired by dedicated hardware and processed by a visual
tracking system resulting in a position measurement of the POI. Based on this
POI position information, the image-based controller in Figure 5.3, detailed in
the sequel, decides on motion setpoints, which are fed to the stage to counteract
the drift motion of the object with respect to the camera.

Deviations from the initial position of pPOI in the field of view of the camera
are described by the position error

e(t) := pPOI(t)− pPOI(0), t ∈ R≥0, (5.1)

where e(t) ∈ R
np . Recall that we select pPOI(0), and as such it is exactly known.

In this work, we address multiple-input multiple-output (MIMO) systems
for reasons of generality, since such systems are typically of interest in vision-
based control. For ease of exposition, we illustrate the ideas and results for a
single-input single-output (SISO) system with np = 1.

5.2.2 Observation system and error model

The observation system in the form of an image-based sensor unit can be divided
into a camera, an image-acquisition system and image-processing.
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5.2.2.1 Camera and image acquisition

The camera captures grayscale images of w× h pixels, w,h ∈ N. The imaging
accuracy of the system is expressed as the resolution r ∈ R, which determines
how much of the object is displayed by one pixel, e.g., a resolution of 0.1nm/pixel
means that an area on the specimen of 0.1 by 0.1 nanometer is imaged in one
pixel. Camera images are obtained at a frequency of f c ∈ R>0 Hertz. The time
between camera images is given by τ c := 1

fc , which is the minimal exposure time
of the camera. The imaging process can be considered as an electron counting
process that works at low exposure levels with an average doserate of DR ∈ R>0

electrons per pixel per second, which depends on the electron beam strength
and the type of specimen. The intensity of a pixel in an image is given by the
actual number of electrons that are counted. During an exposure of τ c seconds,
the average number of electrons detected per pixel in the camera is given by
Ne

min := τ c × DR. The actual pixel intensity depends on the specimen and
the electron arrival process. The number of arriving electrons per pixel can be
modeled as a Poisson process. Hence, we say that the pixel intensity is corrupted
by Poisson noise.

The output of the image-acquisition system is called a frame, i.e., an image
of a desired level of quality that is obtained with a desired exposure time. The
quality of the frame can be assessed by its contrast. The contrast increases
with the average number of electrons that are counted. Hence, in order to
improve quality, we can count over longer exposure times, which are restricted to
durations that are multiples of τ c. This increases image quality (and therefore
the expected position measurement accuracy) but comes at the cost of a larger
delay before information becomes available. In practice, the frame generation
for multiple intervals τ c is realized by either combining multiple images taken
at rate τ c (i.e., summing the pixel values) or by increasing the exposure time in
the electron counting process, leading to similar resulting frames. In this work,
we consider the first case in which multiple images are combined. For N i ∈ N

imaging intervals combined, the average number of electrons counted per pixel is
Ne := N i ×Ne

min and the total frame acquisition time is hs := N i × τ c seconds.

5.2.2.2 Image-processing

The image-processing step takes the acquired images/frames and uses a feature
tracker to identify deviations in the position of a ‘template’ with respect to its
expected position. Using a ‘first’ frame, the feature tracker decides (possibly
with the help of an operator) what the point of interest on the specimen is, and
thereby the position pPOI(0) in the frame. The template is a section of the
initial image around the POI (or around some feature near it). Such templates
of 256 × 256 pixels are depicted in Figure 5.4 for variations in Ne, which are
sections of larger frames as depicted in Figure 5.2 by the green/blue squares.

The image-processing method used in this work is a normalized cross-correlation
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Fig. 5.4. Templates with low contrast (left, low Ne, fewer intensity levels) and
high contrast (right, high Ne, more intensity levels).

Fig. 5.5. Sensing timing for three exposure intervals combined (N i = 3):
imaging instants in, n = 1, . . . , 6, sensing moment sk, actuation moment ak.

filter with subpixel accuracy detailed in [68] as the single-step DFT algorithm.
Input for the image-processing is the original template and a new frame. This
algorithm returns the position of the template in the new frame by an optimiza-
tion over a subpixel approximation (with a predefined accuracy), and it does this
in all subsequent frames. In this work, we aim to present control design ideas
rather than improvements in data-processing. Hence, instead of searching for the
best image-processing algorithm, we assume the image-processing method to be
given by the method in [68]. In the actual system, the tracker is implemented in
dedicated hardware such that the computational time can be assumed constant.
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5.2.2.3 Sampling intervals and measurement accuracy

Using the tracker, the error e in (5.1) is observed/measured at discrete sensing
instants sk ∈ R≥0, k ∈ N leading to the sampling intervals

hs
k := sk+1 − sk ∈ R>0, k ∈ N .

We assume that a sensing instant corresponds to the central time in the electron

counting process, leading to a sensing delay τ sk =
hs
k

2 equal to the difference
between the central time and the moment the last image in the series of length
N i is obtained, i.e., the moment that the new frame is available. Traditionally,
the system operates at a fixed rate consistent with the acquisition time, i.e.,
hs
k = hs for some fixed hs for all k ∈ N. In this work, however, we will also deviate

from traditional operation and switch between different sensing and actuation
rates, as will be discussed in the sequel. In Figure 5.5, the sensing instants are
depicted for the traditional case with three exposure intervals combined (N i = 3).
After a new frame is acquired, the measurement of the error

yk = ek + vk, k ∈ N, (5.2)

where ek denotes e(sk), becomes available after a processing delay τp ∈ R>0.
Recall that the processing delay is a fixed constant, i.e, it does not depend on
the sensing interval. The measurements are corrupted by measurement noise
vk ∈ R

np . We assume that the Poisson noise at the pixel level results in a
Gaussian deviation in the measurements. In other words, the measurement noise
is assumed to be zero-mean additive Gaussian white noise (AGWN), i.e., vk is a
zero-mean Gaussian random variable with variance Vk. This assumption will be
validated through the analysis of sequences of frames.

We take the actuation update instants ak ∈ R≥0, k ∈ N, to be equal to the
moments at with measurements yk, k ∈ N, become available. The total delay
between the sensing instant sk and the corresponding actuation instant ak is
then given by

τk = τ sk + τp =
hs
k

2
+ τp, k ∈ N,

corresponding to the time between the central acquisition time and the end of
the processing. When the system operates at a fixed rate, this total sensing-to-
actuation delay is fixed and denoted by τ , see also Figure 5.5.

Remark 5.1. Alternative approaches may consider the start or end of the acqui-
sition time as the sensing instants. In this work, we consider a blurring effect
for the total motion during acquisition such that the central time is the most
natural choice. However, our control approaches can easily be adapted to other
choices of the sampling instants as well.
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5.2.3 Actuation system

The actuation system or stage consists of a moving part, the specimen holder,
which moves with respect to the camera, and a mechanically fixed part that is
not moving with respect to the camera, which enables relative motion of the
specimen in the view of the camera. A stage controller, see Figure 5.3, uses direct
measurements of the stage, for example, the position ps(t) ∈ R

nu , t ∈ R≥0, to
accurately follow setpoints of up to 4th order derivatives of a reference position
prefs (t) ∈ R

nu , t ∈ R≥0. We assume that nu = np, such that we can set one
derivative of the position for each dimension of the position error (confer (5.1)).
Later, in Section 5.2.6, we will detail which derivative is most suitable and use
that reference setpoint as the control input for the image-based feedback loop.

We assume the stage system to be a well-tuned closed-loop system that can
be assumed ideal with respect to the image-based feedback loop. Note that if
this assumption is not valid, an appropriate model of the stage may be included
in the design steps that are proposed next.

Assumption 5.2.1. The stage perfectly follows a given setpoint, i.e., ps = prefs .

We further assume that initially the stage is at standstill at ps(0) = prefs (0).
Stage movements are (to be) kept relatively small such that there are no

mechanical vibrations excited in the holder. Furthermore, the actuation system
only allows for digital updates of the actuation setpoint at discrete-time actuation
update instants ak ∈ R≥0, k ∈ N and we have a standard zero-order hold approach
between actuation update instants.

Note that the actuation intervals ha
l = al+1 − al ∈ R>0, l ∈ N need not

be equal to the sampling intervals. At first, we will assume that there is one
actuation update per sample, which takes place after the processing delay τk, i.e.,
ak = sk + τk for all k ∈ N. We then have actuation intervals ha

k = ak+1 − ak ∈
R>0, k ∈ N, and we propose control designs for the case where ha

k = hs
k for

all k ∈ N. When the actuation rate is fixed, we omit the subscript k or l and
denote the actuation interval by ha. Afterwards, in Section 5.4.5, we also propose
a multirate approach where actuation is faster than sampling, which leads to
actuation intervals ha

k shorter than the sampling intervals hs
k.

We assume that the control computation delay is negligible compared to the
acquisition and processing delay τk.

5.2.4 Drift effect and motion blur

We assume that all changes in pPOI in the images are either a result of movements
of the stage or of the disturbances causing differences between ps and pPOI . Those
disturbances are jointly modeled as drift d(t) ∈ R

np in position for all t ∈ R≥0,
i.e.,

e(t) := pPOI(t)− pPOI(0) = ps(t)− ps(0) + d(t). (5.3)
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In the next subsection, we present a dynamic model for the (drift) disturbance d.
In practice, motion of the object during image acquisition results in blurring

effects in the frames. We consider the motion blur to manifest as a Gaussian
filtration of the image with zero-mean and standard deviation equal to the total
movement in pixels between obtained frames.

5.2.5 Disturbance model

As mentioned before, some characteristics of the disturbance are known. Based
on insights from industrial experts, we propose an approximate model of the
total movement due to drift d(t) ∈ R

np for all t ∈ R≥0. Recall that, for simplicity,
we consider np = 1 in this work, although generalizations to higher dimensions
are straightforward.

One of the main causes of the disturbance is internal thermal drift, which
occurs in the system and in the specimen itself, at frequencies up to 1Hz. Other
external disturbances, which typically occur at higher frequencies, can often be
well-addressed by other measures taken on the working site of the EM system,
such as active vibration isolation. Therefore, we focus here on the internal drift
type disturbance. The main component of the drift is a continuous motion in
one unknown major direction in R

np , with small variations in a short period
(e.g., up to several minutes), but the movement speed is exponentially decaying
over longer periods (> 1000 minutes). For control purposes, we can consider
the behavior over a shorter period. Hence, we can assume that the major drift
component is a constant speed in one major direction and that this main drift
is randomly perturbed, which can be on any time scale. We assume, based on
insights from industrial experts, that an accurate drift model for np = 1 is given
by the following second order stochastic differential equation, which can capture
many variations of drift:

d̈(t) = 0︸︷︷︸
constant speed

+ Bwd

dwd

dt︸ ︷︷ ︸
small perturbations

, (5.4)

where wd is a one-dimensional Wiener process with incremental covariance [13]
and the gain Bwd of the random Wiener process models the variations in the
speed. The differential equation (5.4) can be expressed in state-space form as[

ḋ

d̈

]
=

[
0 1
0 0

] [
d

ḋ

]
+

[
0

Bwd

]
dwd

dt
, (5.5)

The initial condition [
d(0)

ḋ(0)

]
=

[
0
dv0

]
models the almost constant initial drift velocity by dv0 ∈ R, which is unknown.
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Remark 5.2. In this work, for simplicity, we assume the drift to have an effect
only in one direction (np = 1). Using the insights in this chapter, the methods
proposed in this work can readily be extended to compensate for multi-directional
drift as well.

5.2.6 Acceleration control

Since we can control the stage position reference up to 4th order, we have direct
control over either ṗrefs (t), p̈refs (t),

...
p ref
s (t), or

....
p ref

s (t), and thus by Assump-
tion 5.2.1 over ṗs(t) or higher order derivatives, respectively. From (5.3) and
(5.4), we can see that velocity of the stage can directly compensate for the main
constant drift speed if it is known. However, the drift speed is not exactly known
and time-varying due to the small perturbations in (5.4). Hence, to achieve
compensation for the velocity and the small perturbations in (5.4), we select to
control the acceleration of the stage p̈refs (t), i.e., u(t) = p̈refs (t), t ∈ R.

5.2.7 System performance

A measure for the performance is the average deviation of the POI from its initial
position, which is given by the error e. This measure reflects the amount of
displacement during imaging and, hence, the image quality. To prevent large
control actions (which could induce additional drift), we also penalize the control
input, which is a function u of the reference of the stage position, i.e., (derivatives
of) prefs . The control performance over some time interval [0, T ] is measured by

JT :=
1

T

∫ T

0

E[e(t)ᵀQee(t) + u(t)ᵀRuu(t)]dt (5.6)

with Qe ∈ S
np

+ , Ru ∈ S
nu
+ , where S

n
+ denotes symmetric positive definite matrices

of dimension n×n and E[·] denotes expectation. For the one-dimensional system
considered in this work, we select Qe = 1 and tuning involves only the parameter
Ru ∈ R>0.

In this work, we consider a stabilization problem of the error over periods
of time much larger than the sensing intervals. Therefore, T in (5.6) can be
assumed infinite and we will consider infinite horizon control designs based on
performance measure J := limT→∞ JT .

Remark 5.3. Control designs for infinite T typically perform well even in finite
horizon problems. Nevertheless, finite horizon counterparts for the design may be
directly deduced from the equations in this work and the derivations in Chapter 2.
Note that switching conditions that are explicitly derived for the finite horizon
case will be more involved in terms of computations (see also Chapter 2). Using
a meaningful final cost is important in the finite horizon case.
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5.2.8 Problem formulation and approach

The main goal considered in this work is the reduction of performance measure
(5.6) for T → ∞ in comparison to the uncontrolled case, meaning that the POI
is stabilized close to its initial position (which can be selected arbitrarily) by a
model-based design of an image-based feedback controller (as in Figure 5.3).

The approach we take to solve the problem will address the following chal-
lenges:

1. Establish an appropriate model of the open-loop system.

2. Model-based design of image-based feedback controllers.

3. Validation of the control design.

In this chapter, we tackle these challenges in the order in which they are
presented. The first challenge is already partly addressed in the first part of this
chapter. Firstly, we established (5.2) as the measurement model. Second, we
proposed a model for the error (5.3) and a model (5.4) for the drift disturbance.
Next, we illustrate how we can establish an open-loop model and how we can use
that model in control design. In particular, by using the framework presented
in Chapter 2 and in [152, 154], we design controllers that take into account
the drift, the measurement inaccuracies, and the delay. Lastly, we present
an industry-based simulator to test open-loop and closed-loop behavior of an
electron microscope system with image-based feedback to illustrate and validate
our designs.

5.3 Formalizing the control design problem

Using the models proposed in the previous section, we can design controllers for
the system with measurement delay. To formalize the control design problem, we
give a state-space representation of the open-loop system and a discretization.

5.3.1 Open-loop state-space system model

The ideal dynamics of the error system are given by

ė = ṗPOI = ṗs + ḋ = ṗrefs + ḋ,

which follows from (5.1) and (5.3). For generality, we can include an additional
Wiener process we for any additional unmodeled perturbations on the position of
the POI. The open-loop system, taking into account (5.5), can then be represented
in state space as⎡⎣ ė

d̈
p̈refs

⎤⎦ =

⎡⎣0 1 1
0 0 0
0 0 0

⎤⎦⎡⎣ e

ḋ
ṗrefs

⎤⎦+

⎡⎣00
1

⎤⎦u+

⎡⎣Bwe 0
0 Bwd

0 0

⎤⎦[ dwe

dt
dwd

dt

]
,
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which can be rewritten as[
ė

d̈+ p̈refs

]
︸ ︷︷ ︸

ẋ

=

[
0 1
0 0

]
︸ ︷︷ ︸

Ac

[
e

ḋ+ ṗrefs

]
︸ ︷︷ ︸

x

+

[
0
1

]
︸︷︷︸
Bc

u+

[
Bwe 0
0 Bwd

]
︸ ︷︷ ︸

Bw

[
dwe

dt
dwd

dt

]
︸ ︷︷ ︸

dw
dt

,

where the system can be written with state x := [ e , ḋ+ ṗrefs ]ᵀ, and thus more
compactly, as

ẋ = Acx+Bcu+Bw
dw

dt
, (5.7)

where w is an nw-dimensional Wiener process and (Ac, Bc) is controllable.
The measurements are given by

yk = Cx(sk) + vk,

where C = [1 0] and vk is a zero-mean Gaussian random variable with variance
Vk. The variance Vk represents the accuracy of the measurements, which depends
on the data acquisition settings, as explained in Section 5.2.

The performance (5.6) can be expressed as a standard linear quadratic Gaus-
sian (LQG)-type average cost function [13]

JT =
1

T

∫ T

0

E[gc(x(t), u(t))]dt, (5.8)

where gc(x, u) := xᵀQcx + uᵀRcu with positive definite matrix Rc � 0, and
positive semi-definite matrix Qc 	 0. In particular, we have

Qc =

[
Qe 0
0 0

]
, Rc = Ru,

with (Ac, Q
1/2
c ) observable.

5.3.2 Discretization

We assume s0 = 0 and the first actuation update is thus delayed by a0. A
standard zero-order hold approach is taken between actuation update instants,
i.e.,

u(t) = uk, for all t ∈ [ak, ak+1),

where uk := u(ak) and u(t) = u−1 := 0 for all t ∈ [0, a0).
Let xk := x(ak) denote the state at the actuation update instants for all

k ∈ N. By discretization of the system (5.7) at times ak, k ∈ N, we obtain

xk+1 = A(ha
k)xk +B(ha

k)uk + wk, (5.9)
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where A(h) := eAch and B(h) :=

∫ h

0

eAcsBcds. The Wiener process can be

represented in discrete time by a sequence of Gaussian zero-mean independent
random vectors wk ∈ R

nw , k ∈ N, with covariance E[wk(wk)
ᵀ
] = W (ha

k), where

W (h) :=

∫ h

0

eAcsBwB
ᵀ
we

Aᵀ
c sds.

The average cost (5.8), for T = a0 +
∑N−1

k=0 ha
k, N ∈ N>0, can be written as

JT =
1

a0 +
N−1∑
k=0

ha
k

E

[
g(x(0), u(0), a0)+

N−1∑
k=0

g(xk, uk, h
a
k)

]
, (5.10)

where g(x, u, h) := xᵀQ(h)x+ 2xᵀS(h)u+ uᵀR(h)u+ α(h), with

[
Q(h) S(h)
S(h)ᵀ R(h)

]
:=

∫ h

0

e

[
Ac Bc

0 0

]ᵀ
s
[
Qc 0
0 Rc

]
e

[
Ac Bc

0 0

]
s

ds,

and, for tr(·) denoting the trace of a matrix,

α(h) := tr(Qc

∫ h

0

∫ t

0

eAcsBwB
ᵀ
we

Aᵀ
c sdsdt),

which is the cost associated with the continuous-time behavior of the Wiener
process between update instants.2

Remark 5.4. The system with one-dimensional drift has relatively simple dynam-
ics, such that we have analytic expressions

A(h) =

[
1 h
0 1

]
, B(h) =

[
h2

2
h

]
,

W (h) =

[
B2

weh+
B2

wdh
3

3

B2

wdh
2

2
B2

wdh
2

2 B2
wdh

]
,

α(h) =
1

12
Qe

(
6B2

weh2 +B2
wdh

4
)
.

5.3.3 Control problem

We formulate here the control problem for hs
k = ha

k for all k ∈ N, which can be
generalized to the multirate case in a straightforward manner. The information
set available to the controller at time ak, k ∈ N, is given by

Ik = {yk}
⋃

{uk−1, h
a
k−1, Ik−1} with I0 = {y0, u−1, a0, s0}.

2See Appendix A for the derivation of α.
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The control problem is the design of the inputs uk and the selection of the data-
acquisition intervals hs

k/h
a
k such that (5.10) is minimized. Observe that (5.9) is an

LTI discrete-time system if ha
k = ha is fixed for all k ∈ N, which results in an LQG-

type design problem. Recall that we assume T to be very large, and we aim to
minimize J := limT→∞ JT . It follows from dynamic programming (see, e.g.,[21]),
that the optimal control input uk minimizes E

[
g(xk, uk, h

a) + V (xk+1) | Ik
]
,

where V (x) = xᵀPx for some P 	 0. Recall that we have sensing-to-actuation
delay and partial measurements. From, e.g., [13] it is known that the separation
principle holds if ha

k = hs
k for all k ∈ N. Thus, when ha

k = hs
k = hs = ha is

fixed for all k ∈ N, we can design an optimal controller in the form of a state
feedback regulator and a state estimator that can be computed separately by
solving algebraic Riccati equations, as detailed in the next sections.

Optimization of both the inputs uk and hs
k for an infinite (or large) number of

sampling instants results in a combinatorial problem for which no tractable and
optimal solutions are known to exist. Hence, we propose a suboptimal switched
control design based on Chapter 2, which is guaranteed to perform at least as
good as the best non-switched design and can provide improvements nonetheless.
Furthermore, we first consider the case where τ < hs in Section 5.4. Later, in
Section 5.5, we discuss the case τ > hs.

5.4 Control design for τ < hs

We first present the optimal control design for a non-switching strategy, based
on the assumption that ha

k = hs
k = hs = ha is fixed for all k ∈ N. From a

performance analysis of this control design, we can determine the optimal choice
h� ∈ R>0 of a fixed sampling interval, i.e., we can determine the optimal value
of the exposure time of the system for the case that ha

k = hs
k = h� for all k ∈ N.

Subsequently, we present switching conditions to select online at time ak the next
interval hs

k = ha
k and the corresponding measurement accuracy Vk in order to

improve performance. Finally, we present a multirate design for faster actuation,
i.e., hs > ha. We assume here that the processing delay is less than the sampling
interval, as depicted in Figure 5.6.

5.4.1 Optimal regulator

Here, we assume that we have an estimate x̂k := E[xk | Ik] of the full state
available at ak. If the estimator is optimal, then the optimal regulator is given,
for all k ∈ N, by

uk = −Kx̂k. (5.11)



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 129PDF page: 129PDF page: 129PDF page: 129

5.4 Control design for τ < hs 117

Fig. 5.6. Timings for control under small delay.

The control gain K is obtained by solving, for positive definite P , the Riccati
equation

P = A(ha)ᵀPA(ha) +Q(ha)−KᵀGK

K = G−1(B(ha)ᵀPA(ha) + S(ha)ᵀ)

G = B(ha)ᵀPB(ha) +R(ha).

5.4.2 Optimal estimator

The estimate x̂k = E[x(ak) | Ik] can be obtained by an estimator-predictor design.
Note that uk−1 is known after ak−1. We first recall that yk is a measurement of
the error delayed by τ w.r.t. ak. The estimate at actuation time can be expressed
as a function of the state estimate at sampling time as

x̂k = E[x(ak) | Ik]
= E[A(τ)x(sk) +B(τ)uk−1 + w(sk, τ) | Ik]
= A(τ)E[x(sk) | Ik] +B(τ)uk−1

= A(τ)ξk +B(τ)uk−1,

where ξk := E[x(sk) | Ik] is the estimate of the state at the sampling instant
after yk has arrived at the controller and where w(sk, τ) is a zero-mean Gaussian
disturbance with covariance W (τ). This is a pure prediction step.

The variance of the estimate is given by

Θa
k := E[(x(ak)− x̂k)(x(ak)− x̂k)

ᵀ | Ik]
= E[A(τ)(x(sk)− ξk)(x(sk)− ξk)

ᵀA(τ)ᵀ

+ w(sk, τ)w(sk, τ)
ᵀ + crossterms | Ik]

= A(τ)E[(x(sk)− ξk)(x(sk)− ξk)
ᵀ | Ik]A(τ)ᵀ +W (τ)

= A(τ)Θs
kA(τ)ᵀ +W (τ), (5.12)
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where Θs
k := E[(x(sk)− ξk)(x(sk)− ξk)

ᵀ | Ik] and the crossterms with w(sk, τ)
vanish when taking the expectation.

Since the delay is less than the actuation interval, the state estimate ξk is a
current state estimator. However, Ik is not available at sk. Hence, we require a
predicted estimate of x(sk) after ak−1, which we define as

ξ̂k := E[ξk | Ik−1] = E[E[x(sk) | Ik] | Ik−1]=E[x(sk) | Ik−1]

= E[A(hs − τ)x(ak−1)

+B(hs − τ)uk−1 + w(ak, h
s − τ) | Ik−1]

= A(hs − τ)x̂k−1 +B(hs − τ)uk−1.

The covariance of the predicted estimate is given by

Θ̂s
k := E[(x(sk)− ξ̂k)(x(sk)− ξ̂k)

ᵀ | Ik−1]

= E[A(hs − τ)(x(ak−1)− x̂k−1)

× (x(ak−1)− x̂k−1)
ᵀA(hs − τ)ᵀ

+ w(ak, h
s − τ)w(ak, h

s − τ)ᵀ + crossterms | Ik−1]

= A(hs − τ)Θa
k−1A(h

s − τ)ᵀ +W (hs − τ). (5.13)

After the new measurement arrives, we can use an optimal observer to update
the state estimate

ξk := E[x(sk) | Ik] = ξ̂k + Lk(yk − Cξ̂k), (5.14)

where the optimal gain is given by Lk = Θ̂s
kC

ᵀ(CΘ̂s
kC

ᵀ + Vk)
−1 (see, e.g., [13]),

i.e., the Kalman gain. Note that Cξ̂k = E[ek | Ik−1]. The variance is given by

Θs
k := E[(x(sk)− ξk)(x(sk)− ξk)

ᵀ | Ik]
= E[(x(sk)− ξ̂k − Lk(yk − Cξ̂k))(�)

ᵀ | Ik]
= E[(x(sk)− ξ̂k − LkC(x(sk)− ξ̂k)− Lkvk)(�)

ᵀ | Ik]
= (I − LkC)E[(x(sk)− ξ̂k)(x(sk)− ξ̂k)

ᵀ | Ik]
× (I − LkC)ᵀ + LkVkL

ᵀ
k

= (I − LkC)Θ̂s
k(I − LkC)ᵀ + LkVkL

ᵀ
k. (5.15)

Combining the above equations, we obtain the relation

Θa
k = A(τ)

[
(I − LkC)

[
A(hs − τ)Θa

k−1A(h
s − τ)ᵀ

+W (hs − τ)
]
(I − LkC)ᵀ + LkVkL

ᵀ
k

]
A(τ)ᵀ +W (τ)

= A(τ)(I − LkC)A(hs − τ)Θa
k−1

×A(hs − τ)ᵀ(I − LkC)ᵀA(τ)ᵀ

+A(τ)(I − LkC)W (hs − τ)(I − LkC)ᵀA(τ)ᵀ +W (τ)

+A(τ)LkVkL
ᵀ
kA(τ)ᵀ, (5.16)
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for changes in the covariance between actuation instants. The expression (5.16)
is similar to Joseph form [16] of the covariance update equation. If Lk is the
optimal time-varying Kalman filter, then (5.15) and (5.16) may be simplified. If
Lk is not the optimal gain, then we can use the Joseph form (5.16) to compute
the variance update. Note that when ha

k = hs
k = hs = ha is fixed for all k ∈ N,

(5.16) converges to a stationary solution with Θa
k = Θa

k−1.

Remark 5.5. If hs = ha = τ , i.e., if the delay is exactly equal to one sampling
interval, then standard equations (see, e.g., [13]) are recovered.

5.4.3 Performance

The optimal LQG-type control design minimizes (5.10) for N → ∞ and the
minimal value is then given by

JLQG :=
1

ha
ca, ca := tr(W (ha)P +ΘaKᵀGK) + α(ha), (5.17)

where Θa is the converged stationary solution to (5.16). The contributions from
the interval a0 are reduced to zero in the infinite horizon.

The standard observability and controllability conditions are satisfied. There-
fore, stabilizing solutions exist under the additional condition that the sampling
is non-pathological [36].

5.4.4 Switched controller

Suppose that we are allowed to choose the number N i online in the sense that
we can decide the number of images to combine, and therefore the length of
the sensing interval, for the next frame. Recall that there is a trade-off in the
sense that a longer sensing interval typically results in a smaller covariance of
the measurement noise if the specimen is not moving during image acquisition,
i.e., due to higher contrast in the image. We design a switching law based on
the switching conditions for multiple data-acquisitions methods presented in
Chapter 2, which are based on the rollout method [21]. Let there be up to
M ∈ N>1 possible selections of the sensing interval hk at each actuation instant.
We can compute for each m ∈ {1, 2, . . . ,M} := M the optimal non-switching
controller and a corresponding fixed observer gain L̄m = Θ̂sCᵀ(CΘ̂sCᵀ + Vm)−1

where Θ̂s follows from the stationary solution Θa and one step in (5.13).
Suppose that b� ∈ M minimizes (5.17) amongst the methods with fixed inter-

vals. Let the corresponding actuation variables be denoted P̄ , Ḡ, K̄. Furthermore,
define, for all m ∈ M, Pm, Gm,Km as the one-step finite horizon solution to the
standard control Riccati equation with initial condition P̄ for a sensing/actuation
interval of length h̄m. The corresponding delay is given by τ̄m.

Then, at actuation time (when the latest measurement has arrived), we can
make a decision about the next sensing moment and the next actuation time,
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i.e, about the next moment at which information will become available and
the accuracy of that information. In Chapter 2, a method to derive switching
conditions that guarantee performance whilst achieving performance improvement
is presented, specifically, the switched controller is formally guaranteed to achieve
a cost J that is equal or less than the cost JLQG without switching. It selects
the method that is expected to yield the minimal future cost, in the sense of
limT→∞ JT , for an infinite horizon cost prediction (see Chapter 2 for details).
Based on the result in Chapter 2, we can derive the following switching condition
to determine the next sensing interval for the case in this chapter. The method
σk ∈ M that is expected to yield the least future cost is given by

σk :=argmin
m∈M

x̂ᵀ
kPmx̂k+ ηm(Θa

k)−
h̄m

h̄b�
cab� + α(h̄m), (5.18)

where

ηm(Θk) := tr(Θa
kPm +Θa

kK
ᵀ
mGmKm)

+ tr(W (h̄m)P̄ ) + tr(Zb�(Θ
a
k+1)K̄

ᵀḠK̄)

and3 Zb�(Θ) = vec−1
(
(I − Tb�)−1vec (Θ)

)
with

Tm := Ãm ⊗ Ãm,

where ⊗ denotes the Kronecker product and Ãm := A(τ̄m)(I − L̄mC)A(h̄m − τ̄m)
with L̄m the stationary observer gain for interval h̄m. We require the computation
of the one-step prediction of the variance

Θa
k+1 := vec−1

(
Tmvec

(
Θa

k+1

))
+Ψm,

where

Ψm := A(τm)(I − L̄mC)W (hs
m − τm)(I − L̄mC)ᵀA(τm)ᵀ

+W (τm) +A(τm)L̄mVm(L̄m)ᵀA(τm)ᵀ.

The next actuation and switching instant is then given by ak+1 = h̄σk
+ ak.

The control input is given by uk in (5.11) with gain Kσk
and the observer gain

Lk in (5.14) is given by L̄σk
.

Remark 5.6. In this work, for simplicity, we use only the stationary filter gains
L̄m for estimation and prediction. We could also use the time-varying Kalman
filter for estimation and for the first prediction step as proposed in Chapter 2.
In the setup in this work, predicting more steps with the Kalman filter could
provide additional expected gain but is computationally unattractive.

Remark 5.7. For simplicity, we consider in this work only a one-step decision
horizon for the switching. Based on Chapter 2, this can easily be extended.

3The operator vec (·) denotes the operation that stacks the columns of a matrix and vec−1

denotes the inverse operation.
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5.4 Control design for τ < hs 121

Fig. 5.7. Timings for small delay multirate control.

5.4.5 Multirate controller: faster actuation

If flexibility in the actuator allows a faster actuation update rate, a multirate
controller (see, e.g., [39]) can be designed in which ha is smaller than hs. Note that
we consider here the non-switching multirate approach. In a general multirate
approach, actuation and sampling need not be aligned or have a fractional relation
between the intervals. We aim to illustrate how a multirate approach can be
considered in our control design, rather than to present new mathematical theory.
Therefore, for ease of exposition, we consider only actuation rates that are fixed
fractions of hs.

Let ak,h = ak+h×ha, h ∈ N(0,H−1), where H := hs

ha ∈ N. Then, the multirate
actuation solution is to use in each corresponding interval of length ha after ak,h
the control input

uk,h = −Kx̂k,h,

where, for h ∈ N(0,H−1),

x̂k,h+1 := E[(x(ak,h+1) | Ik]
= A(ha)x(ak,h) +B(ha)uk,h,

with initial value x̂k,0 := x̂k. For all k ∈ N, for h ∈ N(0,H−1), the covariance at
actuation time ak,h is given by

Θa
k,h := E[(x(ak,h)− x̂k,h)(x(ak,h)− x̂k,h)

ᵀ | Ik]
= A(ha)Θa

k,h−1A(h
a)ᵀ +W (ha), (5.19)

where Θa
k,0 := Θa

k for all k ∈ N. This multirate case is illustrated in Figure 5.7.

Define Θ̄a
h as the solutions to (5.19) with Θa

k,0 = Θa, with Θa as used in
(5.17). For the multirate approach, the minimal value of (5.10) for N → ∞ is
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given by

JMR :=
1

ha
c̃a, c̃a := tr(W (ha)P + Θ̃aKᵀGK) + α(ha),

where Θ̃a := 1
H

∑H−1
h=0 Θ̄a

h and where P,K,G are now computed from the smaller
ha.

Remark 5.8. A combination of switching and multirate is also possible. Such
an approach would make the switching conditions more complex. Here, we
focus on illustrating possibilities in image-based feedback instead of detailing all
technicalities.

5.5 Control design for τ > hs

For camera systems with variable imaging settings, the processing delay τp may
be larger than one imaging interval τ c. On the EM system that we consider,
combining only two images to obtain a frame leads to the case when τ > hs,
i.e., the total sensing-to-actuation delay τ may be larger than a sensing interval.
Hence, we also present equations to compute controllers for this case, illustrating
the differences. In particular, we focus on the case 2hs > τ > hs from which
extended cases (with larger differences between τ and hs) may be derived by
similar methods. The main differences with the small delay case τ < hs are
in the optimal estimator and result in a different state estimate. In fact, the
actuation structure remains the same as for the small delay case and will not be
explicitly discussed.

Remark 5.9. Recall that a shorter sampling interval typically results in less
accurate information, hence a setup with shorter sensing interval needs not lead
to better performance, as we will show in Section 5.6.

5.5.1 Single actuation instant

Figure 5.8 depicts the case with ha = hs with a large delay. At actuation time
ak, we compute the state estimate

x̂k = E[x(ak) | Ik]
= A(τ)ξk +A(ha)B(τ − ha)uk−2 +B(ha)uk−1

as a function of the last updated estimate of the state. The variance is computed
by (5.12), but now with τ relatively larger than in Section 5.4.

The computation of ξk and Θs
k follows from (5.14) and (5.15), respectively.

At time ak, the previous prediction ξ̂k is based on the previous estimate ξk−1
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Fig. 5.8. Timings for large delay control.

that was updated based on the previous measurement yk−1, as given by

ξ̂k = E[ξk | Ik−1] = E[E[x(sk) | Ik] | Ik−1] = E[x(sk) | Ik−1]

= E[A(hs)x(sk−1) +A(τ−hs)B(hs−(τ−hs))uk−3

+B(τ−hs)uk−2 + w(sk−1, h
s) | Ik−1]

= A(hs)ξk−1 +A(τ−hs)B(2hs − τ)uk−3 +B(τ−hs)uk−2.

The prediction made at time ak−1 will be used at time ak. The corresponding
covariance update is given by

Θ̂s
k := E[(x(sk)− ξ̂k)(x(sk)− ξ̂k)

ᵀ | Ik−1]

= A(hs)Θs
k−1A(h

s)ᵀ +W (hs).

The stationary solution for the covariance estimates at actuation time can be
found by computing the stationary solution to

Θs
k = (I − LkC)A(hs)Θs

k−1A(hs)ᵀ(I − LkC)ᵀ

+ (I − LkC)W (hs)(I − LkC)ᵀ

+ LkVkL
ᵀ
k

for Θs, with Lk = Θ̂s
kC

ᵀ(CΘ̂s
kC

ᵀ + Vk)
−1, and then inserting the solution in

(5.12). Performance can then be computed using the same equation (5.17) as for
the small delay case, but the actuation variance matrix is now relatively larger,
in least-squares sense.

5.5.2 Multirate controller: faster actuation with large de-
lay

Figure 5.9 depicts the multirate case with a fractional actuation rate with a
large delay. By using the solution to the single actuation results for the estimate
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Fig. 5.9. Timings for large delay multirate control.

at ak with large delay, as given in the previous subsection, and the multirate
approach for the subsequent actuation instants from the small delay case, as
given in Section 5.4.5, again the optimal controller solution can be obtained. For
conciseness, we omit the derivation of the equations.

5.6 Industry-based simulator and validation of
control methodologies

To validate the proposed control designs, an electron microscope simulator
with image-based feedback control is developed (in Matlab) based on industrial
expertise. In this section, we first present details on the simulator implementation.
Subsequently, we follow a work flow for the control design and implementation
of the image-based feedback control system. Finally, we numerically validate the
control designs using the simulator.

5.6.1 Simulator description

The simulator takes a large (high resolution) base image and generates frames
taking out a section from the base image. We use a 4K image source and generate
frames of 640× 480 pixels. The source image, which is obtained from industry,
the POI and the initial observation frame that are used in this work are depicted
in Figure 5.10.

When frames are generated, the sections of the base image are then first
corrupted by Gaussian blurring, consistent with the total movement between
frames, and then by Poisson noise, consistent with the electron arrival process,
as explained in Section 5.2. The tracker uses the first frame to create a tracking
template, which it searches for in the subsequent frames. We use a tracking
template of 256× 256 pixels. The tracker returns the expected position of the
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←  POI:         
px = 2050
py = 2849

 ← point: px = 800, py = 500

 ← Observation frame

base image (with normal y axis)
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Fig. 5.10. 4K base image of gold (real industrial source image) with initial
observation frame around the point of interest (POI).

template in the frame, as detailed in Section 5.2.2. This position estimate is
taken as input to a controller, which is designed according to Section 5.4 or
Section 5.5, depending on the control configuration. In particular, a state estimate
is computed and, subsequently, the control inputs are determined. Based on
the chosen control inputs and randomly generated disturbances, the state is
propagated according to the model (5.9). The new position of the state results
in a change in the frame position with respect to the base image. A new image is
then generated, with blurring and noise, which closes the image-based feedback
loop, see also Figure 5.3. Linear interpolation is used to generate subpixel shift
in the image.

The source image is normalized to have mean pixel intensity 1, which corre-
sponds to an average of 1 counted electron per pixel and will later be multiplied
by Ne. The velocity, induced by drift and stage actuation, is assumed to be
approximately constant between samples. The total motion during image acqui-
sition is determined by multiplying the velocity with the sensing interval hs

k. The
total movement in pixels is used as standard deviation for the Gaussian filter
that generates blur. For a particular imaging session in electron microscopes, the
doserate DR is a fixed constant. Hence, if N i is fixed, Ne is also constant. To
generate the frame with Poisson noise, the normalized frame values are multiplied
by the chosen value of Ne such that the average intensity is approximately Ne as
explained in Section 5.2.2. The resulting pixel values are used as the parameter
for Poisson distributions. This generates images that are accurate representatives
of those of a real EM system.
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In the remainder of this section, we explain the steps taken to identify the
relevant system parameters and provide numerical results to illustrate and validate
the control designs presented in this chapter.

Remark 5.10. In this work, we consider the POI to be within the observation
frame at all times since the loss of the POI is not taken into account in the
control design framework. Furthermore, we do not consider the case where the
POI is identified in the wrong location. Adaptive methods to deal with such
cases may be combined with the approaches proposed here, but this is beyond
the scope of this chapter.

Remark 5.11. Here, we have developed a minimal working example for the
simulator. Other trackers and control designs can be implemented as well as
other methods to generate the images (such as different blurring effects).

5.6.2 Work flow for design and implementation

To implement the proposed control solutions and validate them, several steps are
required. The steps taken in this work can be summarized as follows.

1. Identify appropriate disturbance parameters dv0 and Bwd .

2. Identify the measurement accuracy Vk for several system settings.

(a) Generate open-loop images and analyse the tracking error to estimate
the variance.

3. Compute controller variables (K and L) and expected performance (J) for
several system settings.

(a) Compare in theory and validate in (simulated) experiments.

4. Compute and validate advanced controllers.

(a) Compare in theory and validate in (simulated) experiments.

Next, we illustrate these steps numerically.

5.6.3 Disturbance and cost parameters

Based on suggestions by industrial experts, an appropriate choice for the initial
drift is dv0 = 1.5nm/s, which eventually causes the object to leave the FOV if
uncontrolled. Note that dv0 is not available to the observer and the initial drift
estimate is equal to 0.

We select Bwd = 1nm/s to create variations in the drift and we assume no
other disturbance source, hence we take Bwe = 0nm. In a real-life setting, Bwd

should be estimated, e.g., by an online method or by an open-loop identification
procedure (see, e.g., [80]).



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 139PDF page: 139PDF page: 139PDF page: 139

5.6 Industry-based simulator and validation of control methodologies 127

Ne [e/pix/fr]
0 5 10 15 20

V
 [p

ix
el

s]

10-2

10-1

100
no blur
1.5nm/s@40Hz
1.5nm/s@20Hz
1.5nm/s@10Hz
1.5nm/s@5Hz

Fig. 5.11. Measurement inaccuracy V versus Ne (logarithmic). Increased Ne

improves accuracy. The impact of blur is less when sampling faster.

The cost is chosen as Qe = 1 and Ru = 0.01 such that there is only a small
penalty on actuation.

5.6.4 System settings and measurement accuracy

We consider a system with a maximum camera rate of fc = 40Hz corresponding
to a minimal acquisition interval of τ c = 25ms. The doserate of the exposure is
DR = 50e/pix/s. This corresponds to Ne

min = 1.25e/pix/frame. The resolution
of the camera is r = 0.1nm/pixel.

We consider a tracker with a processing delay of τp = 29ms. The requirement
τ < hs such that ak ≤ sk+1 requires N i ≥ 3. For N i = 3, τ = 66.5ms and
hs = 75ms. As already mentioned, the tracker is the single-step DFT algorithm
[68], which implements a normalized cross-correlation filter with approximated
subpixel accuracy of 1

100 th of a pixel.

The image quality depends on Ne, which determines the level of Poisson
noise, and on the motion blur. We first compute randomly perturbed sequences
of images for variations in Ne without any blur. This corresponds to an optimal
measurement situation and gives a baseline for the accuracy of the tracker as a
function of Ne. We also compute sequences with a motion blur consistent with a
constant drift of 1.5nm/s at imaging rates of 5, 10, 20 and 40Hz. At least 500
images were used in each sequence. Figure 5.11 illustrates that the blur can
significantly impact the accuracy. For N i < 3, which would result in the case in
Section 5.5, we see that the image quality is very low and misidentifications of
the tracker occur. Hence, we do not analyse these cases here. This also occurs
for higher N i if much motion blur is present, as can be seen in Figure 5.11 by
the steep increase of the accuracy curves. Autocorrelation and the histogram
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of the measurement noise were computed and supported the assumptions of
independence and Gaussianity.

Recall that Ne = Ne
min × N i and that N i is directly related to hs, such

that Figure 5.11 also represents a relation between the sensing interval and the
accuracy.

The above parameters are used in the control designs proposed in this chapter.

Remark 5.12. Accuracy of the measurements typically also depends on the
contrast of the image content, which is not studied in this work.

5.6.5 Two-phase control and processing approach

We consider two phases in the behavior of the closed-loop system. In the first
phase, the main drift velocity is not yet compensated by the stage motion and
the POI moves away from the imaging center. The main objective in this phase is
to obtain a good drift estimate and stabilize the POI near the imaging center by
actuating the stage. Once the main drift component is appropriately counteracted,
the motion blur will reduce and image quality will improve. In the second phase,
the main controller goal is to minimize the position error such that the POI
is at or near the center of the frame. To this end, the tracking template may
be updated to improve measurement accuracy. Furthermore, a controller for
higher measurement accuracy may be selected at that time as well. Next, we
numerically illustrate these two phases separately to ease the analysis.

Remark 5.13. Here, we illustrate the two control phases separately, while in
practice online updating of the template, e.g., by a recursive filter, can be
implemented to make the transition more gradual from a sensing perspective.

5.6.5.1 Phase 1: Drift velocity estimation and stabilization

Here, we assume that a low-quality template has been obtained, which has been
corrupted by a significant amount of motion blur. Since the effect of the blur is
difficult to quantify, a non-switched LQG-type controller is implemented and its
performance studied. As Figure 5.12 illustrates, it takes several measurements
over several seconds (approximately 2s) for the observer to obtain a reasonably
accurate estimate of the drift velocity. Clearly, the observer estimate is much
better than a first-order hold estimate based on the measurements directly,
provided that measurement and noise parameters are accurately identified. Since
estimation and subsequent compensation of the drift only takes several seconds,
this first phase can already significantly increase throughput of the overall system.
The difference in blur before and after compensation is depicted in Figure 5.13.
Clearly, updating the template will improve accuracy, as even small tracking
errors can cause significant imaging aberrations.
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Fig. 5.12. Comparison of the drift estimate between the proposed observer and
a first-order hold (FOH) estimate based on the measurements.

Fig. 5.13. Part of frames with initial blur (left) and with low blur after
correction of the main drift component (right). Blur causes significant accuracy
problems in the tracker, i.e., an error between the measured position (blue
square) and the true area around the POI (green).

5.6.5.2 Phase 2: Improved stabilization

In this second phase, we assume a high-quality template has been obtained and
the blurring effect is small. Then, the measurement variance can be assumed
small, e.g., we can assume a best-case scenario (which is what we aim to achieve)
and let the variance only depend on Ne. In particular, we assume that there is
no blurring and compute the variance V for Ne = 1, . . . , 30 using 1000 open-loop
images. The relation between the variance and the number of electrons is depicted
in Figure 5.14.

Figure 5.15 depicts the theoretical control performance (5.17) for variations
in hs, corresponding to 3 ≤ N i ≤ 30, for Bwd = 1. Figure 5.15 clearly illustrates
how the trade-off between delay and accuracy, as illustrated by Figure 5.14,
results in variations of performance for the EM system considered in this work.
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Fig. 5.14. Measurement inaccuracy V versus Ne (logarithmic) without blurring
effect based on generated experimental images.
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Fig. 5.15. Control performance J versus hs (N i ≥ 3), optimum indicated by
×.

Settings and cost corresponding to different N i are given in Table 5.1. For the
chosen system settings, the best performance for the LQG-type control without
switching is obtained by selecting N i = 5. The cost seems to increase for N i < 3,
therefore not considering those cases is validated. If Bwd is smaller, the curve in
Figure 5.15 dips more on the right side and the optimum shifts right.

To verify the theoretical results, we perform Monte-Carlo (MC) simulations
in which the disturbances are randomly generated. First, MC simulation without
actual images were performed to verify the theoretical expected cost for 3 ≤
N i ≤ 6. The measurement noise was randomly generated with corresponding
variance V . Simulation time was 10000 seconds, such that the average cost, given
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N i hs τ Ne V J theory Jsim Jexp

3 0.075 0.0665 3.75 0.0522 0.2426 0.2430
4 0.100 0.0790 5 0.0304 0.2369 0.2372 0.2405
5 0.125 0.0915 6.25 0.0190 0.2336 � 0.2339 0.2366
6 0.150 0.1040 7.50 0.0140 0.2396 0.2401
7 0.175 0.1165 8.75 0.0109 0.2483
8 0.200 0.1290 10 0.0079 0.2536

Table 5.1. Performance for several system settings with best setting �.

in Table 5.1, had approximately converged, for 50 MC simulations.

From the non-switched results, we find that b� is given by the mode with
N i = 5 and we can compute switching conditions as given in Section 5.4.4. We
perform a simulation with switching and obtain a cost of Jsim

switched = 0.2339,
which is equal to the best non-switching cost Jsim

b� = 0.2339 found for N i =
5. Nevertheless, we observed frequent switching between modes N i = 4 and
N i = 5 (the other modes were not used). This illustrates that the switched
controller guarantees equal performance to the non-switched case as expected
from Chapter 2. Next, experiments using the simulator will illustrate potential
performance improvement due to the impact of control on the image quality.

We select modes N i = 4, 5 for experimental simulation (experiments) with
images and switching. Note that we restrict the number of modes for simulated
experiments since the current implementation is a proof-of-concept that is not
computationally efficient and requires significant amounts of time when the
simulation time is large, even when the number of MC simulations is small.
Hence, we perform experiments for 10000 seconds, such that the average cost
had approximately converged, for 12 MC simulations.

The non-switching controllers perform slightly worse than expected (Jsim
4 =

0.2372, Jsim
5 = 0.2339 and Jexp

4 = 0.2405, Jexp
5 = 0.2366), which can be attributed

to the blurring effect that was not taken into account in the pure simulations
or when the values of V in Table 5.1 where determined. Initially, we use the
switched controller with switching conditions based on the best case parameter
for V , as given in Table 5.1, and we obtain Jexp

switched,Vbestcase
= 0.2388, which

is not an improvement over both methods due to the fact that the switching
expects a better cost when switching than can be realized. To correct for the
mismatch between the cost for expected V and the realized cost, we correct the
expected cost by recomputing the estimation variables, especially a new solution
to (5.16), for a new Vtrue. Note that, for fair comparison, we kept all observer
gains equal to those computed for the original Vbestcase. We find that for a small
adjustment to Vtrue = 0.0320, 0.0199, for N i = 4, 5, amount to a theoretical cost
(5.17) equal to the values found for Jexp

4 , Jexp
5 , respectively. After this correction

for the cost predictions, the switched controller performs slightly better than both
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Fig. 5.16. Switching gain for one Monte-Carlo experiment.

Fig. 5.17. Error, measurement and estimate.

non-switched controllers at a cost Jexp
switched = 0.2362, although the improvement

is very small (order of 0.2%). As expected, a good model is required to make a
good cost prediction and to realize appropriate switching to improve performance.
In Figure 5.17, the position, the position estimate and the measurement are
depicted, illustrating how the observer improves the estimation error by filtering
the variations in the measurements. Consistent switching at random instants is
observed in the MC simulations and experiments. The expected switching gain,
i.e., the predicted cost differences in (5.18) with the choice b�, for one experiment
is depicted in Figure 5.16. The expected gain per switch is small, but over time
a performance improvement is achieved. The gain depends on many factors such
as the system itself but also the available system settings. The results motivate
further study as to which system settings should be used for control and for
switching.

The current results show feasibility of the switched approach. Here, a switching
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Fig. 5.18. Multirate performance J versus the number of actuation instants
between samples for mode N i = 5.

horizon of one step was selected. Based on Chapter 2, switching conditions for a
larger horizon can be derived which may increase the expected switching gains.
One simulation shows that, even without initial drift, in 500s the random walk
due to Bwd could have caused a position drift of 5000 pixels if the system was
uncontrolled. Hence, the relevance and importance of closed-loop image-based
feedback are clear.

5.6.5.3 Multirate performance

For comparison, we analyzed the theoretical performance of the system for
different multirate settings, described in Section 5.4.5. The relation between the
number of update instants and the expected cost is depicted in Figure 5.18 for
N i = 5. We observe that the control performance improves monotonically up to
approximately 0.2313 (1.1% improvement compared to one actuation instant)
but the gain by updating faster is limited after using more than ten actuation
instants per measurement. Hence, we can expect that increasing the control rate
will improve performance provided that an accurate model is available. Note that
for large numbers of actuation instants the discretization of the cost variables can
become numerically difficult due to ha being small, which can lead to numerical
problems in computation of the cost, as can be seen in Figure 5.18 for more than
20 update instants by the non-monotonic decrease.

5.7 Conclusion

This chapter has demonstrated how an image-based feedback control loop can be
designed for drift compensation in an electron microscope, being a high-precision
imaging system that is subject to internal disturbances that can only be observed
through the images. We illustrated how a particular type of disturbance, which
is partly random, can be counteracted by the movement of the object that is in
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view by using only information extracted from images. A stochastic model for the
disturbance was proposed based on insights from industrial experts. The trade-off
between measurement accuracy and sensing delay has been demonstrated based
on industry-proposed parameters for the sensing system that involves a data-
acquisition delay consisting of both image-acquisition delay and image-processing
delay. An LQG-type control design was proposed, which was shown to achieve
automatic stabilization of the image, and can thereby improve image quality
and throughput considerably. This was validated using a feedback simulator for
control based on images that are generated online in a closed-loop structure,
which was developed based on discussions with industrial experts. Variations on
the model-based control design methods are proposed to improve image quality
further. In particular, feasibility of the novel switched controller design approach
proposed in Chapter 2 is demonstrated.

Several directions for further study are of interest. (i) The simulator can
be equipped with different trackers, other source images, or other motion blur
filters. (ii) Implementation of the methods on a real system is, of course, another
important goal for future work. (iii) For truly SISO systems, loopshaping control
designs may be more intuitive to some designers than the state-space design
approach taken here, hence studying the relation between loopshaping parameters
and the LQG-type tuning parameters can provide new insights. A decoupled SISO
approach may be sufficient to deal with many systems, but the two-dimensional
nature of the images suggest that a MIMO design is required. (iv) To make the
methods more robust, the proposed methods can be combined with methods
to deal with tracker failure. (v) Rotations of the image may be accounted for
in the image-processing step by the tracker, but nonlinear control approaches
can also be studied. (vi) Other types of control designs may also be tested in
the image-based feedback control simulator. (vii) Currently, experimentation
using the simulator takes a significant amount of time if many Monte-Carlo runs
or long experimentation times are desired. Optimization of the implementation
of the simulator can reduce experimentation times, e.g., by parallelization or
implementation in dedicated hardware. (viii) Methods such as [80] may be
helpful in (online) estimation of variances, such that open-loop experiments
are not needed. (ix) An implementation with a time-varying Kalman filter may
improve performance as discussed in Remark 5.6. (x) The methods in this chapter
may readily be implemented for control of the electron beam if such a connection
is available and a suitable actuation system is available (see, e.g., scanning-type
microscopes).

As a final comment, this chapter laid down a design framework that demon-
strate the potential of (switched and non-switched) feedback controllers for drift
compensation in EMs leading to significantly improved imaging at high through-
put. The framework offers many directions for further research and as such can
be a first starting point for further studies in this relevant application domain.
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Chapter 6

Event- and deadline-driven
control of a self-localizing robot

with vision-induced delays

Abstract - Control based on vision data is a growing field of research and it is
widespread in industry. The amount of data in each image and the processing needed
to obtain control-relevant information from this data leads to significant delays with
a large variability in the control loops. This often causes performance deterioration,
since in many cases the delay variability is not explicitly addressed in the control
design. In this work, we apply recently developed novel control algorithms, which are
tailored to address stochastic delays directly, to the motion control of an omnidirectional
robot with a vision-based self-localization algorithm. In particular, we compare an
event-driven control algorithm, which uses new data when it becomes available, and a
deadline-driven control algorithm, which updates the closed-loop system with a fixed
period but only if the delay is smaller than a deadline, to a traditional periodic control
implementation. The comparison is based on a stochastic optimal control performance
index. A RANSAC-based self-localization algorithm is developed and used, which
indeed exhibits the large delay variability that control algorithms are faced with in
practical settings. The development of the robot, the localization algorithm, and the
implementation of the control algorithms are detailed. The experimental findings
support the theoretical results, showing that significant performance improvements can
be obtained by using the recently proposed control algorithms.1

6.1 Introduction

Vision-based control has been a research topic for many years, both in the
domains of computer-vision and control. An important application domain is
robotics, where it is applied more and more in industry. Due to the complex
nature of visual data, the time taken by image processing algorithms can not
only be quite large but also it can vary significantly with the properties of the
image, such as color, existence of clear features, and possibility of segmentation.
Moreover, not only the uncertainty in the image causes delay variability but the

1This chapter is based on [157].
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Fig. 6.1. Image-based feedback loop for an omnidirectional robot.

complexity of the vision algorithms themselves introduces delay as well.

One prominent example is the RANSAC [57] algorithm, which is widely used
in image processing to eliminate data outliers. As detailed in the sequel, the idea
of RANSAC is to iteratively and randomly select subsets of the data or features
until a certain stopping criterion is met. This iterative random process causes
large delay variability. In many of the contexts where RANSAC is used, the
algorithm runs without memory from previous runs, and therefore the delays can
be assumed to be independent and identically distributed.

Typically, in vision-based control applications, the vision and data-acquisition
system is developed separately from the control, and the control design uses either
a conservative model of the data-acquisition system, for example, considering
the worst-case delay[29, 160, 163, 165], or the data-acquisition characteristics are
neglected[26, 41, 59, 81, 98, 135] in the control design. Often, these conservative
and possibly inaccurate models are subsequently used for periodic control design.
Instead, in this chapter, we show that it is possible to develop an appropriate
model of the image-processing algorithm and use it in a-periodic control designs
resulting in superior performance over traditional periodic control solutions.

In Chapter 2, we proposed a framework for more advanced modeling of
data-processing units in order to enable new control designs. Furthermore, we
presented new control design strategies for systems with stochastic delays [126].
In particular, deadline-driven and event-driven control design approaches were
analyzed. In this chapter, combining the ideas of Chapter 2 and [126], we propose
new output-feedback control designs for systems with stochastic measurement
delays. Those new designs are experimentally validated in the control of a self-
localizing robot with only visual feedback. Improved performance compared to a
traditional approach, in a stochastic optimal control performance index sense,
will be demonstrated. This underlines the strengths of the proposed control
design approaches.

The vision-based control loop that is considered in the design is depicted
in Figure 6.1. An omnidirectional robot moves in an environment with colored
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markers. Using camera images, the robot can determine its position and use
this information for feedback control in a tracking problem. A RANSAC-based
localization algorithm is proposed to determine the robot position, which com-
pletes with a stochastic delay that is characterized based on experiments. The
control design results in [126] are adapted to fit the measurement-delay case of
this system, using the insights from Chapter 2. We detail the modeling procedure
for the data-processing exploiting an open-loop experimental data set, but the
modeling can also be done using a smaller representative set of images. Using
post-processed images obtained at a higher sampling rate than the processing
rate, the tracking error and the process disturbance are identified and the system
model is validated.

The main contributions of the present work are: 1) combine and extend
the control designs of Chapter 2 and [126], and 2) to validate the expected
performance improvement by the control designs proposed in an experimental
setting which resembles many vision-based applications. The experimental results
support the theoretical results showing that significant performance improvement
can be obtained by using the novel control design ideas proposed in Chapter 2
and [126].

There are several works on vision-based control in the literature and in
particular works using RANSAC. For example, a slightly different RANSAC-
based localization procedure was used in [135], motivating the use of RANSAC for
localization purposes in vision-based control. A background in robot navigation
can be found in [26, 41, 59, 81, 98, 135]. However, such works do not consider the
timing/latency/delay aspect of the control problem, illustrating the separation-
of-concerns approach that is usually taken. Robust approaches to time-delay,
such as model-matching approaches[29, 160, 163, 165], which account for the
worst-case, are conservative since the (stochastic) nature of the delay is not
taken into account in the design, which is often sufficient when the goal is only
stability. The early works [91, 137] illustrate the impact that latency can have on
performance in the context of different processing structures. Other earlier ideas
to model the stochastic delay can be found in [100, 111, 114, 115] as discussed
in [126]. A procedure to find an optimal deadline was considered in a different
context in [45].

The organization of the remainder of the chapter is as follows. Section 6.2
provides an overview of the experimental system and the main problem formula-
tion. Section 6.3 discusses the proposed vision-based localization method. Details
on obtaining a model of the image-processing system are given in Section 6.4.
The tracking control designs are detailed in Section 6.5. Experimental results are
presented in Section 6.6. Concluding remarks are given in Section 6.7. Details
on the implementation can be found in the appendices in Section 6.8.
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6.2 System description and problem formulation

This section provides an overview of the components in the control system setup,
see also Figure 6.1. More details on the hardware implementations are discussed
in Section 6.6 and Appendix 6.8.1.

6.2.1 Vision-based feedback control setup

An omnidirectional robot, detailed in the next subsection, moves on a planar
field with colored markers, as can be seen in Figure 6.1. The robot is equipped
with an on-board camera which observes the environment in front of the robot.
Through a fast Wi-Fi connection, an external processing and control platform,
which we call the base station, acquires camera images and processes them to
obtain a position estimate of the robot in the environment. Using the position
estimate, the controller determines a velocity feedback control signal, which is
transmitted back to the robot using the fast Wi-Fi connection. The delay in the
Wi-Fi connection is assumed negligible compared to the image-processing delay.
The robot computes and applies the appropriate wheel motion corresponding to
the feedback signal, which closes the loop.

6.2.2 Omnidirectional robot

The system to be controlled is an equilateral triangular omniwheeled robot,
depicted in Figure 6.2. The robot is equipped with a Raspberry Pi 3 (RPi3)
processing unit. The RPi3 provides the connection to the on-board USB Webcam,
the Wi-Fi communication to the processing and control platform, and a connection
to an Arduino UNO platform. The Arduino implements a distributed low-level
feedback control of each of the wheel motors using the wheel encoders, detailed
in Appendix 6.8.2.

6.2.3 Environment and localization

The robot moves in an open environment, which contains markers (colored circles)
on the surface, as can be seen in Figure 6.1. The camera faces downward at an
angle and observes markers in an area in front of the robot. The image-processing
software in the base station has a database of all markers in the environment.
After the base station receives the camera images, it implements a RANSAC-
based localization algorithm, detailed in Section 6.3, which randomly tries to
match a set of observed markers to a set of markers in the database, resulting in
an estimate of the robot pose in the environment. Due to the random nature
of the algorithm, the completion time of the algorithm is also random. In this
chapter, we show that the delay τ between taking an image and the time of
presenting the pose estimate to the controller can be modeled by a stochastic
process described by a probability distribution function (pdf) f : R>0 → R or
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Fig. 6.2. Omnidirectional robot structure.
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Fig. 6.3. Probability distribution function of the localization delay.

the corresponding cumulative distribution function (cdf) F : R>0 → [0, 1], as
depicted in Figure 6.3.

6.2.4 Robot model

We model and control the robot as a rigid body in the two-dimensional ground
plane, i.e., the planar surface on which the robot moves. For this purpose, we
introduce two coordinate frames (see, e.g., [41]), namely a world-fixed frame {W}
and a (robot) body-fixed frame {R}, depicted in Figure 6.4. For both frames,
the first two coordinate axes lie on the surface plane, the last coordinate axis is
pointing out of the surface plane, therefore �eR

3 = �eW
3 . The origin of the robot
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Fig. 6.4. Top-view of the world, robot and observation coordinate frames.

frame is fixed to the geometrical center of the triangular base of the robot. The
robot has three degrees-of-freedom (DOF): translations x and y in directions �eR

1

and �eR
2 , and a rotation ψ around �eR

3 , respectively.

We denote the pose of the robot relative to the world frame by p = [x, y, ψ]ᵀ.
The velocity of the robot expressed in the robot frame is denoted vR=[vRx , v

R
y , v

R
ψ ]

ᵀ.
The basic rotation matrix[119]

Rz(ψ) =

[
R(ψ) 0
0 1

]
, R(ψ) =

[
cos(ψ) −sin(ψ)
sin(ψ) cos(ψ)

]
, ψ ∈ R .

is used to relate a pose in the robot frame to a pose in the world frame, such
that the velocity in the world frame can be written, for t ∈ R≥0, as

ṗ(t) = Rz

(
ψ(t)

)
vR(t). (6.1)

The image-based feedback control input uC of the robot is taken as the velocity
set-point for the robot in the sense that vR(t) = uC(t), t ∈ R≥0. Note that the
relation (6.1) is nonlinear, since the robot orientation ψ is in general non-constant.
However, if ψ(t) = ψ0 for all t ∈ R≥0, with ψ0 ∈ [0, 2π) a fixed rotation of the
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robot, then (6.1) becomes linear and we obtain the linear model

ṗ(t) = Rz

(
ψ0

)
uC(t), t ∈ R≥0 . (6.2)

The camera is positioned at a fixed pose pO = [xO, yO, ψO]ᵀ in the robot
frame, as depicted in Figure 6.4, and has observation frame {O} on the surface.
The 3D pose of the camera and its relation to the localization problem are
discussed in Section 6.3.

Remark 6.1. In this work, we are mainly interested in motions in x and y. For
convenience, we define the system such that ψ0 is well within the interval [0, 2π)
and control the system such that ψ(t) � ψ0 for all t ∈ R≥0, such that (6.2)
is a valid model of the system for all t ∈ R≥0. Restricting the interval is also
convenient when computing the robot position, as can be seen in Section 6.3.
Modulo 2π computations can be used to lift this restriction in implementation.

6.2.5 Control problem

The robot aims to follow a predefined (differentiable) reference trajectory pref :
R≥0 → R

2 ×[0, 2π), where the third element corresponding to the rotation of the
robot is a constant equal to ψ0 for all t ∈ R≥0. A feed-forward control action
uFF corresponding to this trajectory for model (6.2), detailed in Section 6.5, is
implemented in the robot. Due to model mismatch and disturbances, the true
system does not match the model (6.2) exactly and the robot deviates from the
desired trajectory pref .

We model the effects of model mismatch and the disturbances as independent
continuous-time additive Wiener processes on the elements of ṗ, which in discrete
time can be considered as additive Gaussian white noise disturbances. Therefore,
we can consider the standard form continuous-time stochastic differential equation
plant model [13]

dp(t) = (Acp(t) +Bcu(t))dt+Bwdw(t), t ∈ R≥0, (6.3)

where Ac = 0 and Bc = Rz

(
ψ0

)
and Bw = diag([Bw,x, Bw,y, Bw,ψ]) where Bw,x,

Bw,y and Bw,ψ are the standard deviations of the disturbances, and where
p(t) ∈ R

nx is the state and u(t) ∈ Rnu is the applied control input at time
t ∈ R≥0, and w is an nw-dimensional Wiener process with incremental covariance
Inwdt [13]. Moreover, u = uFF + uFB where uFB is the control feedback term.
Note that (Ac, Bc) is controllable and Bc has full rank and is invertible.

The control objective is the minimization of a linear quadratic Gaussian
(LQG)-type cost function [13]

J := lim sup
T→∞

1

T

∫ T

0

E[gc(p(t)− pref (t), uFB(t))]dt (6.4)
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where gc(e, u) := eᵀQce + uᵀRcu with positive definite matrices Qc, Rc � 0,
which incorporates a cost on the deviation from the reference trajectory pref (t)
and a penalty for the applied feedback control action uFB(t).

The main control problem considered in this chapter is the design of a
sampled-data control action such that the piecewise constant control action

uFB(t) = uk for all t ∈ [tk, tk+1), (6.5)

with uk ∈ R
3 and tk the control update times, k ∈ N, minimizes (6.4) subject to

the stochastic localization delay and the process disturbances. To this purpose,
we shall apply the control design ideas presented in the recent work [126] and
the modeling framework presented in Chapter 2.

In Chapter 2, it was suggested to explicitly take into account stochastic
delays due to image processing in the control design. The model of the image
processing step is given by the delay distribution f , after which the images are
assumed to give perfect pose information p, i.e. the full state is known, but only
after a stochastic non-negligible delay. In [126], it was suggested to use either
deadline-driven or event-driven control strategies for systems with stochastic
delays. The control strategies, and how they can be applied in the case at hand,
are detailed in Section 6.5.

Remark 6.2. In practice, the system adopts a cascaded control structure with,
next to the high-level vision-based tracking control, a low-level proportional gain
control loop using the encoders on the motors to control for each wheel the angle
of rotation, discussed in detail in Appendix 6.8.2. This low-level loop runs at
1kHz and integrates the velocity input from the RPi3 to obtain a setpoint for
the desired angle of rotation of the wheels. Since this low-level control is much
faster, the system (6.3) following from (6.1) is an appropriate system model.

6.3 Vision-based localization

Vision-based localization is a vast and challenging topic in robotics. One often
considered problem is Simultaneous Localization and Mapping (SLAM), which
is a well-studied method[50]. To approach this problem, feature detectors as
SIFT (Scale-Invariant Feature Transform [136]) and SURF (Speeded Up Robust
Features[17]) are often used. However, in the present work, mapping of the
environment is not required. Thus, only the localization problem is considered
and advanced feature detectors such as SIFT and SURF are not used. Instead,
we consider simpler image features, such as the centroids of circular colored
landmarks, depicted in Figures 6.1 and 6.4, that are a-priori known to the
data-processing platform in the form of a database. The database set D =
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{di}i∈{1,2,...,nd} contains the position vectors

�di =
[
�eW
1 �eW

2

] [di,x
di,y

]
for all i ∈ {1, 2, ..., nd},

of the centers of the markers in the world frame, as depicted in Figure 6.4, the
color of the marker, and its Euclidean distance to each other marker, given, for
all i, j ∈ {1, 2, ..., nd}, by

l(di, dj) =
√
(di,x − dj,x)2 + (di,y − dj,y)2.

This section details how this information can be used by the robot to determine
its pose p in the world frame, which can be summarized in three steps, namely:
1) observation of landmarks, 2) database matching, 3) pose estimation. These
steps are detailed next.

6.3.1 Observation of landmarks

The first localization step aims to determine the location of markers observed
in the camera image in the observation frame {O}, i.e., observed markers are
represented in the observation set O = {oi}i∈{1,2,...,no} and we determine vectors

�oi =
[
�eO
1 �eO

2

] [oi,x
oi,y

]
for all i ∈ {1, 2, ..., no}, (6.6)

pointing to the centers of the landmarks in the observation frame {O}, as
depicted in Figure 6.4, as well as the color and Euclidean inter-distances l(oi, oj),
i, j ∈ {1, 2, ..., no}. Note that �eO

1 ,�eO
2 are the coordinate axis of frame {O}

depicted in Figure 6.4.
The camera on the robot is located at height h ∈ R>0 above the ground

surface and has reference frame {C}, as depicted in Figure 6.5. The exact pose of
the camera with respect to {R} and its intrinsic parameters, including a geometric
distortion model[169], are determined by means of camera calibration using the
Camera Calibrator from the Computer Vision Toolbox (CVT) of Matlab[105].
The camera observes landmarks as in Figure 6.6. After distortion correction,
Hue-Saturation-Value (HSV) color segmentation is used to filter observed markers
by color. Morphological cleaning and closing are used to remove imperfections in
the pixel blobs in the image. Finally, the centroids of the blobs are determined
using the blob analysis system object from [105], as depicted in Figure 6.6.
This image-processing procedure uses tools from the Image Processing Toolbox
(IPT)[106].

Since the height of the camera h is fixed and known, points in the camera
frame can be uniquely related to points on the ground surface expressed in {W}
and seen in the observation frame by a perspective transformation, as discussed
in Appendix 6.8.3. Here, we use the fact that all the landmarks are co-planar to
compensate for the fact that a single image does not provide depth information.
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Fig. 6.5. Side-view of the robot with camera coordinate frame.

Fig. 6.6. RGB camera image and identified centroids (red x) of the blue
markers.

6.3.2 Database matching by RANSAC

The pose of the robot can be determined by matching elements in O and D. A
correct match between an element o ∈ O and an element d ∈ D should satisfy
the relation [

dx
dy

]
=

[
x
y

]
+R(ψ)

[
xO

yO

]
+R(ψ)R(ψO)

[
ox
oy

]
, (6.7)

where pO = [xO, yO, ψO]ᵀ is the pose of frame {O} w.r.t. frame {R} and ox, oy
are as defined in (6.6), which follows from coordinate transformations. Note that
pO = [xO, yO, ψO]ᵀ is fixed and known and that (6.7) is nonlinear in the pose
p = [x, y, ψ]ᵀ.

Note that (6.7) provides only two nonlinear equations for three unknowns
(x, y, ψ), which is not sufficient to obtain a unique pose. Therefore, we need two
or more markers from each set O and D at the same time, which provides us
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with four or more equations for three unknowns. We solve this problem in two
steps. First, we solve the nonlinear difference equations (case with two markers
o1, o2 ∈ O, d1, d2 ∈ D)

R(ψ̂)R(ψO)

[
o1,x − o2,x
o1,y − o2,y

]
−
[
d1,x − d2,x
d1,y − d2,y

]
=

[
0
0

]
(6.8)

for ψ̂ by Newton’s Method[71] with initial value ψ0. Second, we substitute ψ̂ for
ψ in (6.7) for each marker and solve for x and y in least-squares sense to obtain
estimates x̂ and ŷ. By considering more markers, the pose estimation can be
made more robust against measurement errors.

For the open problem of selecting markers in O and D to use to solve the pose
estimation problem, we take the RANdom SAmple Consensus (RANSAC)[57]
algorithm, which is often applied in computer vision to solve problems of this
nature. Typical problems in computer vision that are solved by means of RANSAC
based algorithms include: epipolar geometry estimation (stereo vision), motion
estimation, and estimation of structures from motion[37]. Using the RANSAC
algorithm in the context of the present work is therefore in close relation to more
practical applications of computer vision. The application of RANSAC to the
pose estimation problem is explained in the RANSAC pose estimation algorithm
(see Algorithm 6.3.1 below).

Algorithm 6.3.1. (RANSAC pose estimation algorithm)
Step 1: Random sampling

Randomly select oi, oj ∈ O, i �= j and dl, dm ∈ D, l �= m with matching colors for
the pairs (i, l) and (j,m). For some small tolerance ε1, check the condition

|l(dl, dm)− l(oi, oj)|
l(oi, oj)

≤ ε1. (6.9)

Condition (6.9) checks whether the Euclidean distances of the pairs (i, j) and
(l,m) are the same, otherwise the pairs cannot correspond to a match. If (6.9)
is met, continue to Step 2, otherwise return to Step 1 and take new pairs of
markers.

Step 2: Model estimation
Estimate p̂ = [x̂, ŷ, ψ̂]ᵀ by the procedure explained above, based on (6.8).

Step 3: Consensus
Select randomly an element ok ∈ O \ {oi, oj}. Map ok to a point d̃ in the world
frame by [

d̃x
d̃y

]
=

[
x̂
ŷ

]
+R(ψ̂)

[
xO

yO

]
+R(ψ̂)R(ψO)

[
ok,x
ok,y

]
.

Compute the Euclidean distance l(d̃, dn) to all markers dn ∈ D \ {l,m} (with the
same color). If for some n, for some small tolerance ε2, l(d̃, dn) ≤ ε2, then the
marker ok is explained. Otherwise, the pairs (oi, oj) and (dl, dm) are rejected.
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This procedure can be repeated for all other elements in O \ {oi, oj}. If a
chosen sufficient number of explained markers (at least one), is reached, the
algorithm accepts the pose p to be equal to the estimate p̂. Otherwise the
algorithm returns to Step 1.

Next, we provide two examples that illustrate the workings of Algorithm 6.3.1.
The examples are illustrated in Figure 6.7, where the robot is in an environment
with five (red) markers, which correspond to numbers in the database such that
D = {d1, d2, d3, d4, d5} and we assume here that d1 = ‘1’, d2 = ‘2’, etcetera. The
true position of the robot is at the bottom of the figure and the robot observes
markers 3, 4, and 5, such that O = {o1, o2, o3} where we assume that here
o1 = ‘3’, o2 = ‘4’, o3 = ‘5’, which is not known to the robot a priori. In case I,
the sets o1, o2 and d4, d3 satisfy step 1 of the algorithm, and the robot estimates
its position p̂ to be the one depicted at the top of the figure. However, o3 = ‘5’
is then expected at the blue position. Since there is no marker in D at that
position, the suggested p̂ is rejected in step 3 of the algorithm. In case II, o2, o3
and d5, d2 satisfy step 1, but o1 does not have a representation in D and the
position on the right is rejected. This procedure is repeated until the algorithm
finds the match o1, o2, o3 with d3, d4, d5.

A simple procedure was used to generate our landscape, hence some patterns
are repeated, which would not be the case in more realistic scenarios. In order
to avoid these cases, which we do not aim to address in this work, we assume
a maximum movement between samples and reject any identified poses that
represent a larger movement.

6.4 Model of image-processing

Clearly, the time needed for the steps in Algorithm 6.3.1 to process the image
data is non-negligible and stochastic. Furthermore, the processing time for
each image is independent and identically distributed (i.i.d.). The probability
distribution function of the delay is determined experimentally. A representative
series of images (with variations in numbers and colors of markers) is obtained
from the robot (for example, by open loop experiments or by manually placing
the robot at different locations in the environment. By processing the image
series with Algorithm 6.3.1 on the control and processing platform, a large set
of delay values can be obtained (note that images may be used several times).
Computing a normalized histogram of the delay values provides us with a discrete
probability distribution for the delay. For our system, the delay is determined
with a resolution of 0.001 second intervals. Subsequently, the discrete pdf can
be converted to a continuous pdf (for example, by summing the histogram bars
and considering a piecewise constant cdf) to obtain the function f depicted in
Figure 6.3.
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Fig. 6.7. Left: pose estimate obtained in case I, with the proposed match
(oi, oj) := (3, 4). Right: pose estimate obtained in case II, with the proposed
match (oi, oj) := (5, 2).

6.5 Control design

In this section, we explain the control algorithms implemented in the robot.
The velocity control input u(t), t ∈ R is implemented digitally in the RPi3 and
consists of the sum

u(t) = uFF (t) + uFB(t), t ∈ R≥0 .

First, we discuss the feed-forward control uFF , which is used to steer the robot
along a reference trajectory. Second, we discuss the image-based feedback control
uFB , which corrects for deviations from the reference and minimizes (6.4).

6.5.1 Feed-forward control

For a given differentiable reference trajectory for the pose pref : R≥0 →
R

2 ×[0, 2π) and considering (6.3), the input uFF that satisfies p(t) = pref (t)
for all t ∈ R if Bw = 0 is given by

uFF�(t) = B−1
c ṗref (t), t ∈ R≥0 . (6.10)
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Recall that Bc = Rz

(
ψ0

)
is a rotation matrix, which is always invertible. As an

approximation to (6.10), in the digital domain, at intervals of TFF = 1
20s corre-

sponding to a 20Hz update rate, we implement, for t ∈ [nTFF , (n+1)TFF ), n ∈ N,
the piecewise constant input

uFF (t) = B−1
c

1

TFF
(pref ((n+ 1)TFF )− pref (nTFF )),

such that p(nTFF ) = pref (nTFF ), n ∈ N if Bw = 0. The feed-forward update rate
is much faster than the feedback update rate and time instances nTFF , n ∈ N,
and tk, k ∈ N, need not coincide.

6.5.2 Feedback control with stochastic delay

To compensate for the effect of the disturbance w, which is not possible by feed-
forward control, the camera images are used in a tracking control configuration.
As explained in Section 6.4, the image-processing step can be modeled by a
stochastic delay pdf f . Next, we discuss how, for the case (6.5) and measurement
delay with pdf f , we can use the ideas of Chapter 2 and [126] for event-driven
and deadline-driven control design.

First, we define the tracking error e(t) = p(t)− pref (t), t ∈ R≥0 resulting in a
model for the error dynamics given by

de(t) = (Ace(t) +Bcu
FB(t))dt+Bwdw(t), t ∈ R≥0, (6.11)

which follows from (6.3) and (6.10). Next, we derive a discrete-time system
representation for the error dynamics. Then, using the discrete-time system
representation, we design the feedback controllers.

6.5.2.1 Discretization

By discretization of the error system (6.11) at sampling times tk, k ∈ N, we
obtain

ek+1 = A(hk)ek +B(hk)uk + wk,

where hk := tk+1 − tk and A(h) := eAch and B(h) :=

∫ h

0

eAcsBcds. The distur-

bance is a sequence of zero-mean independent random vectors wk ∈ R
nw , k ∈ N,

with covariance E[wk(wk)
ᵀ
] = W (hk), where W (h) :=

∫ h

0

eAcsBwB
ᵀ
we

Aᵀ
c sds for

h ∈ R≥0.
The average cost (6.4) can be written as

J = lim sup
T→∞

1

T
E

⎡⎣N(T )−1∑
k=0

g(ek, uk, hk)

⎤⎦ , (6.12)
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where N(T ) := min{L ∈ N[1,∞] |
∑L

k=0 hk > T} and g(e, u, h) := eᵀQ(h)e +
2eᵀS(h)u+ uᵀR(h)u+ α(h), with

[
Q(h) S(h)
S(h)ᵀ R(h)

]
:=

∫ h

0

e

⎡
⎣Ac Bc

0 0

⎤
⎦ᵀ

s [
Qc 0
0 Rc

]
e

⎡
⎣Ac Bc

0 0

⎤
⎦s

ds,

and

α(h) := trace(Qc

∫ h

0

∫ t

0

eAcsBwB
ᵀ
we

Aᵀ
c sdsdt),

which is the cost associated with the intersampling behaviour of the Wiener
process.2

We denote the delay of processing the image obtained at time tk by τk for all
k ∈ N, which are i.i.d. realizations with pdf f , defined in Section 6.2.3.

Next, we explain the deadline-driven and event-driven control schemes.

Remark 6.3. Since our system has simple dynamics with Ac = 0 and Bc = Rz

(
ψ0

)
,

we have that A(h) = I, B(h) = hRz

(
ψ0

)
, W (h) = hBwB

ᵀ
w, and

α(h) = h2

2 trace(QcBwB
ᵀ
w).

6.5.2.2 Deadline-driven control

In deadline-driven control, the control is updated after a fixed deadline, i.e.,
hk = D ∈ R>0 for all k ∈ N, according to

uk = −Kdēk,

where ēk is an estimate of the current state ek, obtained using the Kalman filter

ēk =

{
ēk−1 +B(D)uk−1 + Ld(êk−1 − ēk−1) if τk−1 ≤ D

ēk−1 +B(D)uk−1 if τk−1 > D
(6.13)

where êk−1 = p̂(tk−1) − pref (tk−1) and p̂(tk−1) is the pose estimate from the
image taken at time tk−1, which is only obtained if the delay is less than the
deadline, i.e., if τk−1 ≤ D. The control gain Kd is obtained by solving, for
positive definite Pd, the Riccati equation

Pd = A(D)ᵀPdA(D) +Q(D) +Kᵀ
dGdKd

Kd = G−1
d (B(D)ᵀPdA(D) + S(D)ᵀ)

Gd = B(D)ᵀPdB(D) +R(D),

2See Appendix A for the derivation of α.
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where the constant D ∈ R>0 can be chosen arbitrarily. Note that the probability
that τk−1 ≤ D is given by F (D). Our set-up assumes to obtain perfect measure-
ments of the complete state, which is a result of the chosen image acquisition
and image-processing methods. The estimator gain is given by Ld = A(D) and
the infinite horizon covariance Θd of the estimate ēk is given by the solution to
the Lyapunov equation

Θd = Ã(D)ᵀΘdÃ(D) +W (D),

which only has a solution for values of D ∈ R for which Ã(D) :=
√
1− F (D)A(D)

is Schur. Since in our case A(D) = I for all D ∈ R>0, Ã(D) is Schur if F (D) > 0.
This control design minimizes (6.12) for a particular value of D ∈ R≥0, and the
minimal value is given by

Jd :=
1

D
cd, cd := trace(PdW (D) + ΘdK

ᵀ
dGdKd) + α(D). (6.14)

By computing (6.14) for a large range of D ∈ R, we determine the optimal value
of D that minimizes the value of Jd.

Remark 6.4. Since hk = D ∈ R>0 is a constant for all k ∈ N for the deadline-
driven case, the control updates of this controller type are periodic.

Remark 6.5. For cases where measurements are imperfect, i.e., partial state
measurements and/or noisy measurements, the extended framework of Chapter 2
can be used to establish the corresponding Riccati equations. In such cases, a
Kalman filter with time-varying gain will be better than a fixed-gain Luenberger
observer. However, in this work, the control performance (6.4) of both observer
types coincides for both proposed control methods.

6.5.2.3 Event-driven control

In event-driven control, the control is updated immediately after processing, i.e.,
hk = τk for all k ∈ N, according to

uk = −Keēk,

where ēk is an estimate of the current state ek, obtained using the Kalman filter

ēk = ēk−1 +B(τk−1)uk−1 + Le(êk−1 − ēk−1) (6.15)

where êk−1 = p̂(tk−1) − pref (tk−1) and p̂(tk−1) is the pose estimate from the
image taken at time tk−1. The control gains Ke are obtained by solving, for
positive definite Pe, the stochastic Riccati equation [44]

Pe = A(τ)ᵀPeA(τ) +Q(τ) +Kᵀ
eGeKe

Ke = G−1
e (B(τ)ᵀPeA(τ) + S(τ)

ᵀ
)

Gd = B(τ)ᵀPeB(τ) +R(τ)
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t →tk

tk+1

TFF

FB: Deadline-driven

FB: Event-driven

FF
TFF TFF TFF TFF TFF TFF TFF

D D D D

tk+2 tk+3 tk+4

tk+1

τk

tk+2 tk+3

τk+1 τk+2τk

Fig. 6.8. Example of the control timing schedule (TFF not to scale).

where τ has pdf f and X(τ)ᵀY Z(τ) denotes E[X(τ)ᵀY Z(τ)] which can be
computed by the Lebesgue-Stieltjes integral

∫∞
0

X(s)ᵀY Z(s)dF (s). Note that,
in this case, we always obtain a pose estimate p̂(tk−1), but the delays τk and
thus the feedback control update intervals hk are probabilistic. The estimator
gain is given by Le = A(τ) and the infinite horizon covariance Θe of the estimate
ēk is given by Θe = W (τ).

This control design minimizes (6.12) for the event-driven case and the minimal
value is given by

Je :=
1

τ
ce, ce := trace(PeW (τ) + ΘeK

ᵀ
eGeKe) + α(τ), (6.16)

where τ is the expected value of the delay.

6.5.2.4 Control overview

The timing schemes of the feed-forward, the event-driven, and deadline-driven
control schemes are schematically depicted in Figure 6.8. Due to the digital
control, the actual feedback signals are synchronized with multiples of the feed-
forward update rate, which is an order of magnitude faster than the image-
sampling rate, i.e., TFF << D and TFF << τk, k ∈ N.

The complete image-based reference tracking control scheme is depicted
in Figure 6.9. Recall that the error estimate ê uses the delayed reference, as
explained after (6.13) and (6.15).

6.6 Experimental results

In this section, we explain the steps taken to identify the relevant system param-
eters and we provide the experimental results.
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Plant
uê Controller puFB

uFF

pref

p̂

+

− +

w

+

Localization (delay τ)

Inverse plant model

Camera

(L,K)

Fig. 6.9. Reference tracking control scheme with feed-forward and vision-based
feedback loop.

6.6.1 Robot set-up

The base robot platform is provided by SuperDroid Robots[142] (component
details provided in Appendix 6.8.1). The motors are fitted with encoders and
the rotational positions of the wheels are controlled by an Arduino UNO unit,
see Appendix 6.8.2. A top platform with a webcam (Logitech c525) has been
fitted, the webcam facing downward at an angle towards the front of the robot.
The webcam and the Arduino are connected to USB-ports of a RaspberryPi
3 (RPi3). The RPi3 uses a Raspbian environment to stream images from the
webcam (which is configured as an IP camera) via a high-speed Wi-Fi connection
to a base station. The base station computes control actions based on the images
and transmits them via Wi-Fi to the RPi3. A Python script sends the control
actions via the USB serial bus cable to the Arduino, thereby closing the control
loop.

6.6.2 Environment and reference trajectory

The workspace of the robot contains 65 colored markers (25 red, 18 green, 11
yellow, 11 blue) that are randomly placed on a squared graph with 10cm distances.

The robot origin {R} is chosen at the center of the robot as in Figure 6.4.
During the experiments we use the following ellipsoidal reference

pref (t) =

⎡⎣xref (t)
yref (t)
ψref (t)

⎤⎦ =

⎡⎣Rxcos(2πfref t+ φ0) +Rx,0

Rysin(2πfref t+ φ0) +Ry,0

ψ0

⎤⎦
with the parameters listed in Table 6.1, which is depicted in the robot workspace
in Figure 6.10. Note that we fix the reference for the orientation of the robot ψ0,
such that we can use the linearized system. Before each experiment, the robot is
driven to pref (0) = [0.5, 0, 11

6 π]ᵀ with high accuracy, such that we can assume
p(0) = pref (0). At the initial position, the camera of the robot faces in positive
y-direction in the world frame.
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Fig. 6.10. Environment (in the world frame) with markers and reference (blue)
with initial position (red X).

Table 6.1. Ellipsoidal reference parameters.

Rx,0[m] Ry,0[m] ψ0 [rad] Rx [m] Ry [m] fref [Hz] φ0 [rad]
0.50 0.00 11

6 π 0.25 0.30 1
20 = 0.05 −0.5π

6.6.3 Imaging and processing parameters

Images of 320 × 240 RGB pixels are obtained from the camera. For the pose
estimation, we take ε1 = 0.1, a tolerance of 10−6 for ψ̂, a minimum of three
markers needed for the pose estimation, and at least 85% of the observed markers
should be explained by the database with ε2 = 0.015[m]. Since several patterns
of markers are repeated in the environment (see Figure 6.10), a pose could be
falsely accepted due to these artefacts. Since we are not interested in dealing
with this case in this work, we add an additional check whether an accepted pose
is within 0.08[m] of the current estimate of the pose. If this is not the case, we
continue the localization algorithm. As we will see next, the process noise is
small enough such that it is highly unlikely to trigger this threshold.
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6.6.4 Open-loop experiment and identification of noise pa-
rameters

An open-loop experiment using only the feed-forward control action is performed
on the system. During this experiment, an external computer samples the camera
at rate fvalidate = 25Hz and stores images in the interval t ∈ [0, 200s]. After the
experiment, the images are post-processed on the control platform and, using the
method explained in Section 6.4, we obtain the delay model depicted in Figure 6.3.
Also, the images are processed with stricter tolerances to provide a ground truth
at Tvalidate = 1

fvalidate
= 0.04 second intervals for the true pose of the robot. We

use linear interpolation with interval ΔT ∈ R>0 on the post-processed data to
obtain the continuous trajectory of the robot.

Next, we aim to use the knowledge of the feed-forward input and the actual
position to determine the process noise parameter Bw. Since the feed-forward
input is known, we can use the formula

w(ti,ΔT ) = p(ti +ΔT )− (p(ti) +B(ΔT )uFF (tv))

to determine the total impact w(ti,ΔT ) of the process noise in the interval
[ti, ti + ΔT ] where ti ∈ R[0,200]. Here, we assume that uFF is approximately
constant in this interval [ti, ti + ΔT ], which is supported by the smoothness
of the reference trajectory. Due to stochasticity, the value of w(ti,ΔT ) varies
with the interpolation moment ti. A sample of the process noise is depicted in
Figure 6.11, computed from the values w(ti,ΔT ) with ΔT = 0.08 (i.e., at twice
the Nyquist sampling interval Tvalidate). The autocorrelation of the noise was
computed, showing little to no correlation between noise instances.

The histogram in Figure 6.12 depicts the probability distribution of the values
of the process noise on the state. We observe that the distribution is approximately
Gaussian with zero mean and standard deviations [σx(ΔT ), σy(ΔT ), σψ(ΔT )] =
[0.0037, 0.0037, 0.0071]. Clearly, the artefact threshold is much higher than the
standard deviation.

Following the assumption in (6.3) that the process noise is a Wiener process,
we assume that the variance E[w(t,ΔT )(w(t,ΔT ))

ᵀ
] = W (ΔT ) = ΔTBwB

ᵀ
w for

any t ∈ R≥0. Hence, we obtain

Bw =
1√
ΔT

diag([σx(ΔT ), σy(ΔT ), σψ(ΔT )])

= diag([0.013, 0.013, 0.025])

6.6.5 Control objective and theoretical cost

We consider the cost (6.4) to be defined by Qc = qcI and Rc = rcI with qc = 100
and rc = 50. Using these values and the previously obtained parameters for
the delay and process noise, we compute the performance (6.14) and (6.16).



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 167PDF page: 167PDF page: 167PDF page: 167

6.6 Experimental results 155

Time [s]

0 50 100 150 200

w
x
[m

]

-0.02

0

0.02

Disturbance w (ΔT =0.08)

Time [s]

0 50 100 150 200

w
y
[m

]

-0.02

0

0.02

Time [s]

0 50 100 150 200

w
ψ
[r
a
d
]

-0.05

0

0.05

Fig. 6.11. Experimental process noise.

Theoretically, we obtain a trade-off for the deadline as depicted in Figure 6.13,
similar to the one in [126]. The optimal deadline is found to be Dd = 0.347[s]
and Jd = 0.132. The event-driven controller is expected to perform better by
4.78% with Je = 0.126 and τ̄ = 0.334[s].

Using the methodology in Section 6.5, we find Ld = Le = I (which follows
from the fact that we have Ac = 0, full state measurements and no measurement
noise) and

Kd =

⎡⎣0.9757 −0.5633 0
0.5633 0.9757 0

0 0 1.1266

⎤⎦ , Ke =

⎡⎣0.9004 −0.5198 0
0.5198 0.9004 0

0 0 1.0397

⎤⎦ .

We compare the results to a conservative (worst-case) deadline-driven design,
using Dd−con = 1[s], corresponding to a traditional periodic design in which 99%
of the images produce a pose estimate at the deadline. The gains are given by
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Fig. 6.12. Experimental process noise probability distribution with normal
distribution fit (red).

Ld−con = I and

Kd−con =

⎡⎣0.6853 −0.3956 0
0.3956 0.6853 0

0 0 0.7913

⎤⎦ ,

for an expected performance of Jd−con = 0.219, which is 65− 75% worse than
the proposed designs. Conversely, the proposed designs are expected to perform
approximately 40% better than the traditional design.

6.6.6 Experimental control performance

In this subsection we validate the theoretical results by performing experiments
with each type of controller for t ∈ [0, 100]s in which the robot follows the ellip-
soidal reference five times. The pose and pose error are depicted in Figures 6.14
and 6.15, respectively. The feedback input is depicted in Figure 6.16. The error
for the conservative controller is generally larger, as expected, causing larger
control inputs.
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Fig. 6.13. Theoretical average cost for different values of the deadline D.
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Fig. 6.14. Robot pose for each control (e in red, d in blue, d-con in yellow,
reference in black)
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Fig. 6.15. Pose error for each control (e in red, d in blue, d-con in yellow,
reference in black)

The initial data with transient behaviour is omitted to analyze the average cost
(6.4). Using the error and input data, we compute the experimental performance
of the methods to be given by Jexp

d = 0.0571, Jexp
e = 0.0564, Jexp

d−con = 0.2228.
This shows that the event-driven controller indeed performs slightly better than
the optimal deadline-driven controller (1.3%), as expected from the theoretical
results, and that both proposed methods perform significantly better than the
conservative design (by almost 75%). While Jexp

d−con approximates the theoretical
cost closely, the experimental performance for Jexp

d and Jexp
e is significantly lower

than the theoretical cost Jd and Je. We believe that this is due to unmodeled
(nonlinear) effects (in the low-level control) which cause small disturbances to be
attenuated.

In Figure 6.17, the processing delay for each of the methods is depicted,
showing the accumulation of delay at the deadlines (0.33s and 1s) for the deadline-
driven implementations. Due to the limited number of images, the histogram
is more crude than Figure 6.3, but the shape can clearly be identified. The
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Fig. 6.16. Feedback input signal for each control (e in red, d in blue, d-con in
yellow, reference in black)

autocorrelation of the samples was computed, showing no significant correlation
between samples, thereby validating the i.i.d. assumption.

The experimental results support the theoretical results and, in particular,
the claim that the proposed methods to deal with stochastic delay outperform a
traditional worst-case periodic design.

6.7 Conclusion

In this chapter, we have experimentally demonstrated the strengths of novel event-
driven and deadline-driven control algorithms to real-time vision-based feedback
control. The system used in the experiments was an omnidirectional robot moving
in a two-dimensional plane that uses markers in the environment to localize itself
based on camera images. The system parameters for processing delay and
stochastic disturbances were experimentally identified, which are prerequisites for
the control algorithms. Subsequently, these system parameters were used in the
model-based feedback control design, which minimizes an LQG-type average cost.
Closed-loop experiments illustrate the performance of the control algorithms in a
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Fig. 6.17. Processing delay histogram for each control method.

practical case-study that resembles many industrial settings. The results indicate
that, by using a model for image-processing methods as proposed in Chapter 2,
novel a-periodic and event-driven control designs such as in [126] and Chapter 3
can be applied in practice and yield significant performance gains compared to
traditional (periodic worst-case) designs.

In future work, the robot model can be extended to velocity-control with a
force input, which requires a more advanced experimental system identification
step including estimation of the noise parameters. Furthermore, more advanced
control designs with on-line deadline optimization (see, e.g., [126] and Chapter 3)
and or full output-feedback (see, e.g., Chapter 2) can be validated. The current
results will be used as a benchmark to evaluate ‘smarter’ localization methods,
such as searching in the robot neighborhood first, that may cause time-varying
probability distributions of the delays. Robustness against variations in the delay
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probability distributions is another interesting direction of study.

6.8 Appendices

6.8.1 Component list

The processing and control platform (base station) is an Intel i7-3630QM CPU
@2.40GHz with 8GB RAM running 64-bit Windows 7.

Wireless data is transferred via UDP connection using a dedicated wireless
router.

The robot has three 4-inch omnidirectional wheels powered by IG32 265RPM
gear motors with quadrature encoders (538 counts per revolution) and gearbox
(gear ratio gr = 0.0521).

6.8.2 Low-level control

The robot velocities vRx , v
R
y , v

R
ψ are a function of the longitudinal velocities of

the wheels, vdi
, i ∈ [1, 2, 3], as depicted in Figure 6.4. The longitudinal velocities

of the wheels are given by vdi
= Rwωi, i ∈ [1, 2, 3], where ωi, i ∈ [1, 2, 3] are

the angular velocities of the wheels, and Rw is the wheel radius. The robot is
positioned by controlling ωi, i ∈ [1, 2, 3] and we have

vR(t) = Mrdω(t) (6.17)

where ω =
[
ω1 ω2 ω3

]ᵀ
and Mrd = (Mdr)−1, a matrix related to the geometry

of the robot, given by

Mdr =
1

Rw

⎡⎣−sin(π3 ) cos(π3 ) r
0 −1 r

sin(π3 ) cos(π3 ) r

⎤⎦ ,
Rw = 0.0508[m],
r = 0.16[m],

where r is the distance between the wheel center and the center of mass of the
robot.

The Arduino recieves position setpoints, which are converted to wheel angles
using (6.17). The encoders measure the current wheel angle and use a proportional
gain feedback (Kp = 65) to control it to the setpoints at 1kHz. This low-level
control structure is depicted in Figure 6.18. A gain bias, not depicted, is used to
compensate for static friction.

6.8.3 Perspective transformation

This procedure computes a homography matrix H that relates centroids of
markers in image plane pixel coordinates to points on the ground surface, i.e.,
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Fig. 6.18. Cascaded control structure

positions in the real world, by the relation⎡⎣xw

yw
1

⎤⎦ = H−1

⎡⎣uv
1

⎤⎦ , (6.18)

where [xw, yw]
ᵀ is a position on the ground surface in a calibration frame in the

world and [ũ, ṽ]ᵀ are pixel coordinate.
First, we construct a camera matrix Ccam [41], with intrinsic and extrinsic

parameters, which can be obtained by a camera calibration procedure [105].
The extrinsic parameters cover the relation between points in the camera frame
{C} and world points in the calibration frame {cal}, given by a coordinate
transformation TCcal consisting of a translation tCcal and a rotation RCcal,
depicted in Figure 6.19. The intrinsic parameters include: the focal length f of
the camera lens, the pixel width and height (ρu, ρv) (on the image sensor), the
skew coefficient γ, and the principal point (u0, v0) (in pixel coordinates), resulting
in the matrix K that transforms film coordinates to pixels and a perspective
matrix P . The camera matrix relates the homogeneous image points in pixel
coordinates, pi, to the homogeneous coordinates of point p expressed in the
calibration frame as pcal by

pi = Ccamp cal = KPTCcalp cal⎡⎣uv
1

⎤⎦ =

⎡⎣ 1
ρu

γ u0

0 1
ρv

v0
0 0 1

⎤⎦⎡⎣f 0 0 0
0 f 0 0
0 0 1 0

⎤⎦[RCcal tCcal

0 1

]⎡⎢⎢⎣
xcal

ycal

zcal

1

⎤⎥⎥⎦ (6.19)

The camera matrix Ccam is not invertible, hence we cannot determine the
inverse relation of (6.19) directly. Therefore, we use the assumption that all
landmarks are co-planar, and therefore z = 0 for any landmark. Using this in
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Fig. 6.19. Camera and calibration coordinate frames[41].

(6.19), we can omit the third column of Ccam and obtain an invertible relation,
defined by a homography matrix H , between (x, y) and (u, v) as desired in (6.18).
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Chapter 7

Resource utilization and
Quality-of-Control trade-off
for a composable platform

Abstract - This chapter deals with implementation of feedback controllers on em-
bedded platforms and investigates the trade-off between Quality-of-Control (QoC) and
resource utilization. In particular, we consider a setting where the embedded platform
executes multiple applications including the control application under consideration.
Such a setting is common in domains like automotive where consolidation of several
applications is desirable for cost reasons. While tackling inter-application interference is
a challenge, our platform offers composability using resource virtualization allowing for
interference-free application development and cycle-accurate timing behavior. In this
work, from the feedback control perspective, we show that platform timing behavior
can be characterized by a finite, known and periodic set of sampling intervals for a
given resource allocation. Utilizing the platform timing, we show that the control
design problem can be transformed into a classical discrete-time Linear Quadratic
Regulator (LQR) problem which can be efficiently solved to obtain optimal QoC for a
given resource allocation. Our method is validated both in simulation and experiments,
considering a Multiple-Input and Multiple-Output (MIMO) control application.1

7.1 Introduction

Consolidation of multiple applications into a single platform is a trend [116]
in cost-sensitive industries for obvious reasons (e.g., a significant reduction in
infrastructure and complexity of hardware management and maintenance). The
challenge in realizing this consolidation is the deployment of effective coexistence
mechanisms to allow for interference-free application development. One way to
achieve this is to create multiple virtual processors per physical processors by using
a micro-kernel. In this work, the virtualization is realized in the Composable and
Predictable System on Chip (CompSOC) platform [66]. The physical processors,
their interconnections, and memories are virtualized following Time-Division
Multiplexing (TDM) policies. Unlike, Earliest Deadline First or Rate-Monotonic,

1This chapter is based on [148].
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the work-non-conservative nature of the TDM policies allows for interference-free
execution. In a virtualized platform, a fraction of the platform resources can
be allocated to a control application, such that the controller can run without
interference. We address the problem of resource-efficient implementation of
feedback controllers on such a platform.

Given a resource allocation, it is important to design the controller in an
optimal way to get maximum QoC out of the allocated resource. Standard
optimal control strategies typically use uniform sampling schemes [13]. For
control applications, a shorter sampling interval typically leads to a higher QoC
[7, 22, 32]. However, a shorter sampling interval implies a higher resource usage
in terms of communication and computation. This clearly creates a trade-off
between the resource utilization and resulting QoC and it is of importance
to characterize this trade-off quantitatively in order to make educated design
decisions. From resource utilization perspective, a uniform sampling scheme
might not be the optimal choice [149]. A resource-efficient implementation of
feedback controller often leads to a non-uniform sampling scheme [74]. This gives
rise to the need for control design methodologies taking into account non-uniform
sampling intervals resulting from a given resource allocation. We tackle this
problem in this work based on ideas from periodic control systems[23] and connect
this to the resource utilization on CompSOC.
Contributions: In this chapter, we first show that the non-uniform sampling
intervals resulting from our composable platform can be characterized by a
finite, known and periodic sequence for a given resource allocation. For such
a sequence of sampling intervals, using a time-lifted reformulation [38], we
recover a periodicity property [23] for which the optimal control problem can
be solved using periodic Riccati equations [159]. Solving them, we obtain an
optimal switched feedback controller for the resulting periodic timing behavior
from the platform. As such, we present a co-design framework that allows for
trade-off analysis between resource utilization and QoC for an embedded control
implementation and illustrate this on a MIMO control application, both in
simulation and experiments.

7.2 Composable platform

We consider a tile-based architecture that offers configuration with multi-processors
(processor tiles), interconnections through a Network-on-Chip (NoC), and memo-
ries (memory tiles) within the same platform. An example architecture is shown
in Figure 7.1. Each processor tile is mainly composed of a MicroBlaze soft-core
processor. The monitor tile is for debugging purposes. The memory tile contains
the external memory interface and controller, and the NoC provides intercon-
nection between the tiles. To enable independent implementation, verification
and execution of multiple applications, the platform offers composability by
virtualizing all processors, interconnections, and memory resources.
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Memory Tile Monitor Tile

NoC Interconnect

Processor Tile 0
Micro-kernel

VP 1 VP 2

Processor Tile 1
Micro-kernel

VP 3 VP 4

Fig. 7.1. Example: Composable platform using virtualization.

7.2.1 Virtualization

For platform virtualization, we use CoMik (Composable and Predictable Micro-
kernel) that creates multiple virtual processors (VPs) that can be used as dedi-
cated resources [113]. Each VP’s utilization of the underlying physical processors
and their interconnections (i.e., NoC communication) are allocated in a TDM
manner. Using perfectly periodic TDM policies both in the processors and their
interconnections, the platform achieves global synchronization with a very fine
(i.e., cycle accurate) time granularity.

To achieve cycle-accurate temporal behavior, we split the TDM frame in
terms of fix duration CoMik slots of length ω clock cycles and partition slots
(or VPs) of length ψ clock cycles. The CoMik slots enable jitter-free context
switching between VPs, and the applications only execute on the VPs. Overall,
the processor utilization at the application-level is given by ψ

ψ+ω which indicates
that a large ω is undesired as it reduces VPs utilization. An application is
executed in an allocated partition slot (or VP) and is paused every time a new
CoMik slot starts. Its execution is only resumed in the next partition slot assigned
for the same application. The TDM frame is defined at design time with desired
execution order of the VPs. In Figure 7.2 this mechanism is illustrated by dividing
a TDM frame into four partition and CoMik slots, where two applications have
been assigned with two partition slots each.

7.2.2 Platform resource utilization

We use a TDM frame consisting of N ≥ 1 partition slots. The total TDM
frame duration is given by N × (ψ + ω) clock cycles. For a set Λ of at most N
applications (e.g., control and multimedia applications), the number of partition
slots, i.e., the amount of resources, assigned to a unique application λ ∈ Λ is
given by the function2 S : Λ → N[1,N ]. The indices of the slots allocated to
application λ are given by the set A(λ) ⊆ N[1,N ]. Since each partition slot

2N[1,N ] := {n ∈ N | 1 ≤ n ≤ N} denotes the natural numbers in the interval [1, N ].
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h4h4 h1h1h1h1h1h1

ψ
TDM frame

ω
λ1=λC λ2 λ2 λ1=λC λ1=λC ...

t

h2 ...

sensing actuating computing sensor-to-actuator overhead
control application  slot micro-kernel slot other application slots

Fig. 7.2. Resource utilization example, for N = 4, with two applications
Λ = {λC , λ2} where S(λC) = 2 and A(λC) = {1, 4}. The patterns repeat after
the end of the TDM period. (above) The black blocks indicate the CoMik slots
while the blue and white blocks indicate partitions slots for applications λC and
λ2, respectively. (below) Control application tasks execution and allocation-
dependent sampling intervals.

has ψ clock cycles, an application uses S(λ) · ψ clock cycles during one TDM
frame. The resource utilization by an application λ ∈ Λ (as a fraction of the
total resource) is given by,

R(λ) :=
S(λ)

N
· ψ

(ψ + ω)
· 100[%].

In Figure 7.2, we show, for N = 4, an example of resource utilization for two
unique applications Λ = {λC , λ2}. In this example, the first and last partition
slots are allocated to the application λC (i.e., control application under study)
and the other two partition slots are allocated to application λ2 (i.e., any other
application that can span from multimedia to control systems). Thus, S(λC) = 2,
A(λC) = {1, 4}, S(λ2) = 2, and A(λ2) = {2, 3}.

In summary, the virtualization capability of the platform enables the de-
velopment and execution of applications by scheduling them into customizable
partition slots. This allows application designers to take into account the timing
properties of the platform (e.g., slot lengths and resource allocation) in order to
independently develop and verify applications on this platform whilst ensuring
that there will be no interference between applications.

Recall that, the variables ψ and ω were given as a number of clock cycles.
In what follows, the length of a clock cycle is assumed to be known and the
variables ψ and ω will refer to the slot time in seconds for ease of exposition.
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7.3 Sampled-data control

Since the platform allows for independent development by functional and temporal
separation, we focus only on the control application λC ∈ Λ.

The control application λC is related to controlling a linear time-invariant
(LTI) continuous-time (CT) system represented by the differential equations

ẋ(t) = ACx(t) +BCu(t), x(0) = x0 (7.2)

where3 x(t) ∈ Rnx

is the state of the system, and u(t) ∈ Rnu

is the control input
applied to the system at time t ∈ R≥0. Matrices AC ∈ Rnx×nx

and BC ∈ Rnx×nu

are constant.
The objective is to control the CT system such that the cost criterion4

J :=

∫ ∞

0

(x�QCx+ u�RCu)dt, QC 
 0, RC � 0,

is minimized, which corresponds to the classical linear quadratic regulator (LQR)
problem (see [13]). We adopt the standard assumptions that (AC , BC) is con-

trollable, BC has full column rank, and (AC , Q
1
2

C) is observable.

Remark 7.1. Having large QC compared to RC puts the focus on making the
state small (short settling time) possibly at the cost of large control inputs. By
increasing RC , large control inputs are penalized, typically leading to a slower
response.

We are going to sample the system (7.2) (i.e., read out sensors) at discrete
time instances tk with sample index k ∈ N≥1. The waiting time until the first
sampling instance t1 is typically considered to be zero, i.e., t1 = 0. The state at
the sampling instances can then be described in discrete time (DT) by

xk := x(tk), k ∈ N≥1.

The execution time on the platform (i.e., reading sensors, computation of the
control inputs, and updating actuators) results in a sensing-to-actuation delay T ,
which is detailed in Section 7.4.1. We update the actuation signal in zero-order
hold (ZOH) actuation scheme

u(t) = uk, t ∈ [tk + T, tk+1 + T ) (7.3)

where uk are the to-be-designed piecewise constant control inputs. The sampling
interval, i.e., the time between samples k and k+1, is denoted by sk. In Figure 7.3
the timings of the interaction between the platform and the plant are shown.

3Rnx
denotes the column vectors of length nx of real numbers.

4The inequality (M � 0) M � 0 means that the matrix M is symmetric and positive
(semi-)definite.
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Fig. 7.3. Timing diagram of the control application.

7.4 Composable embedded control systems

We implement the control application λC on a platform with an example architec-
ture consisting of two synchronous processor tiles, one memory tile, one monitor
tile, and the NoC (see Figure 7.1). We map all tasks of the control application
(that only runs on its allocated partition slots) onto one processor tile on the
example architecture and characterize the exact timing behaviour of λC in the
platform. The timing behaviour is then used to choose the sampling intervals.

7.4.1 Control application timing properties

The control application is implemented by sequentially executing sensing (reading
of sensors), computing (computation of actuation signals), and actuating (writing
to actuators) tasks, subsequently, resulting in sensing-to-actuation delay. This
results in the control application execution time or control task time, which is
then defined as

T := T s + T c + T a + T o

where T s, T a and T c are the execution times of the sensing, computing, and
actuating tasks in the platform, respectively. Any overhead given by other
operations in the sensor-to-computing, computing-to-actuating, and actuating-to-
plant paths is captured by the overhead T o. In our setup, we make sure that the
sampling interval sk is longer than the execution time T , i.e., sk ≥ T , and that
the partition slot length ψ is larger than T , i.e., T < ψ. The execution of the
application tasks is visualized in Figure 7.3.

7.4.2 Periodic sampling pattern

A classical control implementation is to use the minimum sampling interval sk = T
for all k ∈ N≥1. However, resource limitation prevents from such implementation.
Instead, for a given allocation A(λc), we adopt a finite sequence of sampling
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intervals that occur periodically with the TDM frame, according to the following
scheme:

We consider the base or minimum sampling interval to be

h1 := T.

Our approach is to consecutively execute the control task as many times as

possible within a partition slot, i.e.,
⌊

ψ
h1

⌋
times. If the remaining time in the

partition slot is shorter than T , i.e., when (ψ−
⌊

ψ
h1

⌋
h1) < T , a complete execution

is not possible anymore. In that case, the sensing task is delayed to the start of
the next assigned partition slot. The last sampling interval in the partition slot
is thus extended according to the resource allocation A(λ). The other sampling
intervals, for 2 ≤ i ≤ N + 1, are given by

hi = T + (ψ −
⌊
ψ

h1

⌋
h1) + (i− 1)ω + (i− 2)ψ,

where the four terms of (7.4.2) correspond to the execution time, the remaining
time in the partition slot, the number of CoMik slots until the next assigned
slot, and the number of unassigned partition slots until the next assigned slot,
respectively. Then, the sequence of sampling intervals in the TDM frame can be
denoted by the tuple

H := (hi) occurring in order according to A(λC). (7.5)

By the above scheduling scheme, we avoid the application execution drift along
TDM frames giving us a small number of elements in H. In our scheme, the
number of unique elements hi ∈ H, denoted by unique(H), is limited by

(unique(H)− 1) · unique(H)

2
≤ N.

For example, H can have at most five unique elements for N = 10. For the
resource allocation in Figure 7.2, the periodic pattern H = (h1, h1, h4, h1, h1, h2)

is illustrated for the case where
⌊

ψ
h1

⌋
= 3.

The sampling intervals are then given, for5 r := card(H) and H(j) the j-th
element in H, by sk = H(1 + (k − 1 mod r)), i.e., sk is takes the value of hi

after sample k in accordance with H. Thus, we utilize the periodicity of the
sequence H in the design of the control law.

7.5 Control design

This section describes the design of sampled-data optimal control taking into
account periodically switched sampling pattern H resulting from a given resource

5The cardinality is denoted by card(·).
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Sampl. int. sk

DT sys. (7.6)
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Fig. 7.4. Flowchart of the design procedure (with equation references).

utilization in the platform. The design steps, visualized in Figure 7.4, are detailed
for tutorial purpose, see, e.g., [13, 14, 23, 159] for more details.

7.5.1 Discrete-time problem

We compute the evolution of the system in discrete time by exact discretization
of the system (see e.g. [14]). The evolution of the CT state after sample k ∈ N≥1

can be described as

x(tk + τ) =

⎧⎪⎨⎪⎩
Φ(τ)xk + Γ1(τ)uk−1, when τ ∈ [0, T )

Φ(τ)xk + Γ2(τ)uk−1 + Γ3(τ)uk,

when τ ∈ [T, tk+1 − tk),



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 185PDF page: 185PDF page: 185PDF page: 185

7.5 Control design 173

where we distinguish between the situations before and after the actuation update,
and where 6

Φ(τ) := eACτ

Γ1(τ) :=

∫ τ

0

Φ(s)dsBC =
[
Inx 0

]
e

[
AC BC
0 0

]
τ
[

0
Inu

]
Γ2(τ) := Φ(τ − T )Γ1(T )

Γ3(τ) := Γ1(τ − T ).

Note that the system matrices only depend on the length of the sampling interval
and not on the sample index. The system can now be represented by the
discrete-time (DT) model

xk+1 = Akxk +Gkuk−1 +Bkuk, k ∈ N≥1, (7.6)

Ak := Φ(sk), Gk := Γ2(sk), Bk := Γ3(sk),

where sk = H(1 + (k − 1 mod r)), r := card(H) as detailed in Section 7.4.2.

By augmenting the state with the delayed actuation ξk = [x�
k , u

�
k−1]

� (see
e.g. [38]) the system (7.6) can be rewritten in standard discrete-time linear
time-varying (DT-LTV) form

ξk+1 =

[
Ak Gk

0 0

]
ξk +

[
Bk

I

]
uk = Âkξk + B̂kuk, (7.7)

for all k ∈ N≥1, with initial state ξ1 = [x�
1 , u

�
0 ]

�.

A discrete-time representation[14] of the cost is given by

J =

∞∑
k=1

∫ tk+1

tk

[
x(s)
u(s)

]� [
QC 0
0 RC

] [
x(s)
u(s)

]
ds

=
∞∑
k=1

ξ�k Q̂kξk + 2ξ�k Ŝkuk + u�
k R̂kuk,

[
Q̂k Ŝk

Ŝ�
k R̂k

]
� 0, (7.8)

6
[
Inx 0

]
denotes the concatenation of an identity matrix of dimension nx and a zero matrix

of dimension nx × nu.
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where7

Q̂k :=

∫ T

0

��
[
QC 0
0 RC

] [
Φ(s) Γ1(s)
0 I

]
ds

+

∫ sk

T

��
[
QC 0
0 RC

] [
Φ(s) Γ2(s)
0 0

]
ds,

Ŝk :=

∫ sk

T

[
Φ(s) Γ2(s)
0 0

]� [
QC 0
0 RC

] [
Γ3(s)
I

]
ds,

R̂k :=

∫ sk

T

��
[
QC 0
0 RC

] [
Γ3(s)
I

]
ds,

depend on the sampling intervals sk and the delay T and can be computed by
numerical integration.

The control problem can now be formulated as follows: Given x1 and u0 (i.e.,
ξ1)

J�(ξ1) := min
{uk}k∈N≥1

(7.8) subject to (7.7).

In general, this problem does not have a closed-form solution for arbitrary
{tk}k∈N≥1

. However, on the composable platform under consideration, the
sampling intervals occur in the periodic sequence H. Hence, the set of possible
Âk and B̂k can be precomputed and result in a discrete-time linear periodically
time-varying (DT-LPTV) system [107] for which solutions to the control problem,
e.g. using periodic Riccati equations, exist.

7.5.2 Periodicity: time-lifted reformulation

For a DT-LPTV system with period r, the dynamics and cost have the periodicity
property

X̂k+r = X̂k, X ∈ {A,B,Q, S,R}.

With TDM period index j, the time-lifted reformulation [23]

ξ(j+1)r+1 = Ãξjr+1 + B̃ūj , j ∈ N≥0, (7.9)

gives the dynamics over one TDM period, where 8

Ã =

[
1∏

k=r

Ak

]
, B̃ =

[[
2∏

k=r

Ak

]
B1

[
3∏

k=r

Ak

]
B2 · · · ArBr−1 Br

]
.

7A�QA denotes ��QA for any matrices A,Q of appropriate dimensions.
8
∏m

k=r Ak denotes (for r ≥ m) the multiplication ArAr−1 ·Am+1Am.
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and the cost can be written as

J = lim
p→∞

∑p

j=0
ξ̄�j Q̄ξ̄j + 2ξ̄�j S̄ūj + ū�

j R̄ūj

= lim
q→∞

q∑
j=0

ξ�jr+1Q̃ξjr+1 + 2ξ�jr+1S̃ūj + ū�
j R̃ūj (7.10)

Q̃ = Ā�Q̄Ā, S̃ = Ā�S̄ + Ā�Q̄B̄, R̃ = R̄+ B̄�Q̄B̄

using the augmented variables

ξ̄j =

⎡⎢⎣ξjr+1

...
ξjr+r

⎤⎥⎦ , ūj =

⎡⎢⎣ujr+1

...
ujr+r

⎤⎥⎦ ,

Q̄ = diagk∈N[1,r]
Q̂k,

S̄ = diagk∈N[1,r]
Ŝk,

R̄ = diagk∈N[1,r]
R̂k,

and using the dynamics within the TDM period

ξ̄j = Āξjr+1 + B̄ūj , j ∈ N≥0,

where

Ā =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

I
A1

A2A1

...
1∏
k=
r−1

Ak

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, B̄ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0
B1 0 0

A2B1 B2 0 0
...

. . .
. . .

...⎡⎣ 2∏
k=
r−1

Ak

⎤⎦B1

⎡⎣ 3∏
k=
r−1

Ak

⎤⎦B2 · · · Br−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Now, we note that matrices (Ã, B̃, Q̃, S̃, R̃) in (7.9) and (7.10) do not depend
on the period index j, i.e., they are time-invariant. The lifted problem thus has
the standard time-invariant DT LQR form which can be solved efficiently.

7.5.3 Periodically switched controller synthesis

For the time-invariant lifted reformulation (7.9) and (7.10), standard optimal
control methods [13, 21] can find the optimal solution

J�(ξ1) = ξ�1 P̃ ξ1, (7.11)

where P̃ is the unique positive definite solution to the discrete-time algebraic
Riccati equation (DARE)

P̃ = Ã�P̃ Ã+ Q̃− (B̃�P̃ Ã+ S̃�)�(R̃+ B̃�P̃ B̃)−1(B̃�P̃ Ã+ S̃�).
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Furthermore, V (ξ) = ξ�P̃ ξ is a Lyapunov function for the system at the start of
the TDM period, ensuring stability for the optimal control actions

ūj = −K̃ξjn+1, K̃ := (R̃+ B̃�P̃ B̃)−1(B̃�P̃ Ã+ S̃�).

Note that this is the solution to the lifted problem over a TDM period. This
can be transformed into a state feedback for the original DT-LPTV system (7.7)
leading to,

uk = −Klξk, with l = (k − 1 mod r) + 1, k ∈ N≥1, (7.12)

where ξk = [x�
k , u

�
k−1]

�. From Pn+1 = P̃ , the solutions Pl for l ∈ N[1,r] can be
found from the solution to the standard finite horizon discrete-time dynamic
Riccati equation (DDRE)

Pl = A�
l Pl+1Al +Ql

− (B�
l Pl+1Al + S�

l )�(Rl +B�
l Pl+1Bl)

−1(B�
l Pl+1Al + S�

l ),

which represents the discrete-time periodic Riccati equation (DPRE) [159] when
Pl+n = Pl. The control gains Kl, l = 1, 2, . . . , r, are given by

Kl := (Rl +B�
l Pl+1Bl)

−1(B�
l Pl+1Al + S�

l ).

Hence, (7.12) is the optimal feedback law which is to be applied in (7.3).

7.6 Evaluation results

To illustrate our methods, we simulate a modified version of a two-body oscillator
model

AC =

⎡⎢⎢⎣
0 1 0 0
−2 0 1 0
0 0 0 1
1 0 −2 0

⎤⎥⎥⎦ · 104, BC =

⎡⎢⎢⎣
0 0
1 0
0 0
0 1

⎤⎥⎥⎦ .

Here, we have chosen a very fast system with very small time scales close to the
sampling periods of the platform under consideration. We take initial conditions
x0 = [0 10 0 0]�, t1 = 0 (i.e., x1 = x0), and u0 = [0 0]�. The weighting matrices
in the cost criterion are chosen as

QC = I4, RC = I2 · 10−4,

such that the emphasis is on having small states.
The platform has been configured with ω = 34.31 ·10−6[s], ψ = 477.87 ·10−6[s],

and a global clock frequency of 120 MHz. The execution of the control task on
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Table 7.1. Allocations, sensing intervals, and perfor-
mance for N = 10 for the controlled two-body oscilla-
tor. The sampling intervals are given by {h1, h2, . . . , h11} =
{140, 232, 744, 1256, 1768, 2280, 2792, 3304, 3816, 4328, 4840}μs.

Exp.# S(λC) A(λC) R(λC) H J�(ξ1) Jsim

1 1 1 ≈ 9% (h1,h1,h11) 6.119 6.115
2 3 1−3 ≈ 27% (h1,h1,h2,h1,h1,h2,h1,h1,h9) 3.137 3.128
3 3 1,5,7 ≈ 27% (h1,h1,h5,h1,h1,h3,h1,h1,h5) 3.596 3.586
4 5 1−5 ≈ 45% (h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h7) 2.411 2.398
5 5 1,3,4,6,9 ≈ 45% (h1,h1,h3,h1,h1,h2,h1,h1,h3,h1,h1,h4,h1,h1,h3) 2.696 2.685
6 7 1−7 ≈ 63% (h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h2,h1,h1,h5) 2.015 2.003
7 7 1,2,4,5,6,8,9 ≈ 63% (h1,h1,h2,h1,h1,h3,h1,h1,h2,h1,h1,h2,h1,h1,h3,h1,h1,h2,h1,h1,h3) 2.158 2.146
8 10 1−10 ≈ 90% (h1,h1,h2)× 10 1.728 1.715

the platform is measured to take T = 138 · 10−6[s]. The base sampling interval is

taken as h1 = 140 · 10−6[s], which results in
⌊

ψ
h1

⌋
= 3. The number of partition

slots N is chosen to be 10 (i.e., N = 10).

We computed the QoC for eight different resource allocations using an ana-
lytical approach and a MATLAB-based simulation. Tab. 7.1 shows the sampling
pattern H , the allocation pattern A(λC) and the increasing resource usage R(λC).
The resulting QoC, measured in terms of the optimal quadratic cost J�(ξ1) (7.11),
is computed analytically and validated by simulation (using MATLAB).

Exp. 1 and Exp. 8 represent the cases where only one slot is used or all
slots are used, and typically give the worst and best performance that can
be achieved in our framework, respectively. For the chosen system, we find
that more resources give better QoC (lower J�(ξ1)), which is consistent with
the expectations. However, the results show significant variation of QoC for
variations in the pattern. Here, contiguous allocation is found to be better than a
spread allocation. Hence, by changing allocation, one may find that less resources
are needed to achieve the same QoC. Our methods provide a quantitative way to
analyze this trade-off, leading to educated design decisions.

Hardware-In-the-Loop (HIL) simulation: we performed a HIL simulation
for one of the cases in Tab. 7.1 (Exp.#2) for validating the platform timing
behavior and our results. In the HIL simulation, we synthesized the CompSOC
platform described in Section II on an FPGA module (Xilinx Virtex-6) and we
simulated the discrete-time system (7.6) as illustrated in Figure 7.3. Figure 7.5
and Figure 7.6 show the measured behavior of the first state of x(t) and the
first input of u(t), respectively. The results from the MATLAB-based and HIL
simulations closely follow each other. It should be noted that the difference
between MATLAB-based and HIL simulations results from the data truncation
due to the transformation from double to single precision floating point units. We
clearly see the oscillatory behaviour of the state, which was expected. Although
not visible from the figures, the simulation shows that the system is indeed
asymptotically stable (implying that the state converges to the zero state). The
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Fig. 7.5. Measured behaviour of the first state of x(t) for Exp. #2 for a section
of the simulation time, using a MATLAB-based simulation and a HIL simulation.

convergence rate depends on the chosen allocation. Difference in actuation is
clearly visible from the staircase signal of the input.
Discussions: we show how our design framework can be used to analyze the
trade-off between resource usage, resource pattern, and QoC. We note here that
the initial condition, the cost criterion, and the timing scale of the platform
with respect to the plant dynamics, greatly influence the QoC as well. In order
to make a good design trade-off one should consider all these factors before
deciding on a choice of resource allocation. For our chosen system, we found
that contiguous allocation performed better than more spread allocation. As
expected, for a fixed pattern, increasing resources improves performance.

7.7 Conclusions

We present a co-design framework for efficient implementation of feedback con-
trollers on composable embedded platforms. The framework deals with three
design considerations: the percentage resource utilization, the allocation pattern
(e.g., contiguous or spread) and the (optimal) QoC. The QoC depends on both the
utilization and allocation pattern. We demonstrated how our design framework
can be used to analyze this trade-off in a quantitative manner thereby enabling
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Fig. 7.6. First input of u(t) for Exp. #2 for a section of the simulation time,
using MATLAB-based simulation and HIL simulation.

educated designs of both the allocation pattern and the (optimal) feedback con-
troller. For the studied example, we found that; (i) for a contiguous allocation
pattern, a higher utilization provides a higher QoC, (ii) for a given allocation, a
contiguous allocation pattern outperforms a spread allocation.
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Chapter 8

Conclusions and recommendations

In this chapter we present the main conclusions and recommendations for future
research regarding the work in this thesis.

8.1 Conclusions

For the current and next generation of complex (industrial) systems, high perfor-
mance and cost-effectiveness are the main drivers for research and development.
Feedback control has been a key enabling technology in these two directions. In
recent years, the number of measurement devices in high-tech systems and the
complexity of the measurement devices, such as cameras with tracking algorithms,
have significantly increased. This has led to so-called data-intensive sensing,
which pertains to the acquisition of large quantities of data, typically requiring a
non-trivial data-processing step to extract useful information for feedback control.
This situation occurs in many practically relevant settings such as vision-based
control, robotics, medical imaging, and control in big-data contexts.

The availability of numerous data-processing methods to cope with data-
intensive sensing adds flexibility, which creates new opportunities to enhance
control performance. However, on the downside the large flow of data also poses
challenges due to the hardware limitations imposed by cost-effectiveness. As
the desire to improve system performance requires increasing amounts of data,
these effects are expected to increase further in the next generations of systems.
Hence, it is important to consider data-intensive sensing explicitly in the control
design process in order to mitigate the negative effects and exploit the flexibilities
offered by new sensor types such as cameras.

In this thesis, several challenges in data-intensive sensing have been studied,
and in particular new control design tools have been developed for vision-based
systems. While of special interest to vision-based control systems, the results
are general and are envisioned to also have (direct) applications in networked
control systems (NCS) and embedded control systems (ECS). The research
challenges that are addressed pertain to the modeling and control of systems
with data-processing in the control loop, systems with stochastic delays, and
resource-aware system design. Practical examples consisting of an industry-based
simulator of an electron microscope (EM) and an experimental robotic setup
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were used to support and illustrate the novel control design theory. Furthermore,
hardware-in-the-loop simulations illustrated performance analysis for variations
in allocated hardware resources on a multi-purpose platform.

The data-processing step to obtain control-relevant information is one of the
core elements in data-intensive feedback control loops. Control-relevant charac-
teristics of the data-processing step are determined by how the data-processing
step is implemented, which leads to trade-offs between the characteristics. For
example, better accuracy typically requires longer processing time and thus larger
delay. Feedback control design requires the abstraction of the data-processing
methods to control-relevant mathematical models. Towards this end, a general
model with three characteristics, namely processing delay, measurement accuracy,
and probability of data acquisition, was proposed in Chapter 2. The model is
sufficiently rich and generic to encompass a large class of practically relevant
data-processing methods. In order to capture the practical setting of an image
stabilization problem, as occurring for instance in EMs, an LQG-type infinite
horizon average cost criterion was considered for control design. The performance
of LQG-type control designs incorporating the data-processing model for different
data-processing settings was studied, which illustrated the trade-off between the
different characteristics due to the design compromise required when only one
setting can be chosen. Subsequently, a switched control strategy was devised that
breaks the design compromise for the scenario where the data-processing settings
are fixed. The switched strategy provides a means to improve performance by
switching on-line to different settings for delay, accuracy, and probability, whilst
guaranteeing that the resulting performance is at least as good as when using
only one fixed setting. The results also have applications in NCSs and ECSs
since delay, accuracy, and probability of data acquisition are also relevant in
those contexts.

In Chapter 5, an image-based feedback control simulator showed the appli-
cation of the modeling framework and the control designs of Chapter 2 for a
real application, namely the case study of the electron microscope discussed in
Section 1.1.1. The behavior and impact of drift movement was included in the
simulator to illustrate the impact of such typical disturbances on the system. The
simulator, which was developed using insights from experts in the field of electron
microscopy, can generate image sequences that are accurate representatives of
real operation of an EM both in open-loop as well as in closed-loop settings with
actuated motion. Through open-loop simulations, parameters for the accuracy
of measurements when using a feature tracker were identified. The accuracy
of the measurements was found to be highly dependent on image contrast and
motion blur. These parameters were subsequently used in advanced control design
methods, namely, LQG, switched LQG and multirate LQG, thereby illustrating
how various methods can be applied taking into account delay and accuracy of
data-processing. The closed-loop control simulations showed promising results
and opened several opportunities for further study of the image-based system in
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theory and in practice.

Delays are often random in nature and as a consequence, the traditional
deterministic worst-case approaches are often not appropriate to deal with delays
in a control loop (certainly when worst-case and average delay differ a lot).
In Chapter 3, the class of systems with stochastic delays that have a known
probability distribution was studied. Preliminary results showed that aperiodic
control strategies such as event-driven control, which uses data the moment it
arrives, can improve system performance. Also deadline-driven control, which
stops processing after a (typically periodic) deadline, can be optimized by selecting
an optimal deadline. The novel results in Chapter 3 show that the concepts
of event-driven and deadline-driven control can be combined in a strategy of
event-driven control with a deadline. Furthermore, through a switching law that
combines these three methods, we can guarantee performance that is better than
or at least equal to that of the best of the three methods. Simulations results
showed that a significant improvement can be achieved. An additional on-line
deadline optimization scheme even allows to achieve further improvement of the
performance. Clearly, the newly proposed methods are better equipped to handle
delays than the typical periodic control strategy with a large worst-case sampling
interval as the deadline. Contrary to many other approaches, it was not required
to impose bounds on the maximal delay other than finiteness, which can even be
relaxed if a finite deadline is imposed.

To show the applicability of the methods for stochastic delays, a practical setup
of a vision-based robot was developed. This development and the validity of the
theory for event-driven and deadline-driven control were illustrated in Chapter 6.
The omnidirectional robot was able to locate itself in an environment based on
only visual data of an on-board camera. Model parameters for the stochastic
delay, mainly caused by the localization algorithm, and for the disturbances
were determined from experimental data. The methods for stochastic delay
outperformed a traditional worst-case design with a large deadline, as was clearly
shown (and expected).

The developed switching conditions in Chapters 2, 3, 5, and 6 relied on matrix
multiplications for which many variables can be precomputed offline and stored.
This facilitates a resource-aware implementation in which the computational
delays of the controller can be kept small such that they may be considered as
negligible in many cases.

In order to create cost-effective implementations of control systems, the com-
putational platforms that are used often share resources with other applications
than the controller. This resource sharing creates computational gaps for the con-
troller in which it cannot operate, which can severely impact control performance,
as shown in Chapter 4. By modeling resource availability and implementing
adaptive controller designs, this impact can be limited and performance can be
improved compared to the worst-case performance of traditional designs. The
models required are hybrid in nature, combining dynamic (switched) system
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behavior with resource availability modeled by automata. The analysis gives
quantitative insights in the trade-offs between Quality-of-Control (QoC) and
Quality-of-Service (QoS) for non-deterministic resource unavailability under some
guarantees of availability that can be modeled by automata. The method provides
a control analysis and design counterpart to resource schedulers in embedded
system design.

In many embedded systems, the architecture and the resulting resource
availability can be modified in the design phase. This provides exact knowledge
of resource availability, which can be described in the form of resource allocation
patterns in (typically cyclic) resource distribution schemes. In Chapter 7, a fast
method to compute control performance for variations in resource allocation
patterns was presented. Such methods are indispensable to embedded system
architects as they provide a means to asses the quality of their designs in a fast
manner. Variations in three design considerations are made: the percentage
of resource utilization, the allocation pattern (e.g., contiguous or spread) and
the (optimal) QoC (in the sense of LQR-type performance). There is a trade-
off, in the sense that the QoC depends on both the utilization and allocation
pattern, which can be analyzed in the framework in a quantitative manner. The
methods enable resource-aware designs of both the allocation pattern and the
(optimal) feedback controller. This was illustrated by a design analysis and
control implementation for a newly developed dedicated hardware platform that
provided timing guarantees on resource availability.

The results on analysis of resource-aware design in embedded systems also
have applications in data-processing and in networked control systems, where
resource sharing may be required.
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8.2 Recommendations for future work

Based on the presented developments in this thesis, the following recommenda-
tions are provided for future research. We distinguish between suggestions of
theoretical nature and those of practical nature.

8.2.1 Control theory

• Data selection, sensor selection and sensor fusion: In this thesis,
we assumed that sensor data originated from a single sensing source and
we focussed on the problem of determining how new data should be pro-
cessed. It would be interesting to investigate how the methods in this
thesis can be combined or benefit from the complementary fields of sensor
selection/management [75, 75, 79], which pertains to determining which
sensors to obtain data from, and sensor fusion, which is concerned with
how to combine data from multiple sources. For example, making the
observation matric C in Chapter 2 dependent on the switching signal for
the processing method or on an additional switching signal is an interesting
starting point to address these problems.

• Switching on horizon and switched base policies: In Chapter 2, we
proposed switching between data-processing methods in order to improve
performance in a control loop where multiple data-processing methods are
available. Our technique relied on the use of a prediction horizon. However,
for simplicity, switching on the prediction horizon was not allowed. We
believe that the type of restriction on the switching conditions that is used
in Chapter 3 to switch base policies can be used to address the case of
switching on the horizon as well. Furthermore, the ideas in Chapter 2 can
readily be extended to allow variations of the methods chosen on the horizon,
rather than restricting the horizon to one method. To limit the number
of the possible switching options, smart pruning methods (see, e.g., [99])
can be considered. Using switched base policies, for example, using policies
with a periodic sequence, is of interest as well, but may cause difficulty in
computing the ‘stationary’ variance and therefore the expected cost, which
may be solved by selecting a specific type of Luenberger observer.

• Formal performance improvement guarantee: One of the main con-
cerns in this thesis was to propose methods that improve over traditional
methods. Currently, the results in Chapters 2 and 3 formally guarantee
that the switched systems perform at least as good as the non-switched
ones. They do not yet formally guarantee strict performance improvement,
although such improvement is observed in simulation and practice (see also
Chapter 5). In [9], an explicit proof is established for strict performance
improvement in a different setting, as an addition to a performance guaran-
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tee, when using a switching condition based on rollout. For completeness,
it is valuable to establish such a proof for the switching solutions that are
based on rollout in this thesis.

• Stochastic measurement delays switching: The results in Chapters 2,
3, and 6 suggest that the approaches to handle stochastic delays in a
control loop in Chapter 3 can be directly combined with the parameters
in Chapter 2, as was done for the determinic case in Chapter 6. A future
research direction is to report these explicitly.

• Delay-varying parameters: In the stochastic models considered in Chap-
ters 2, 3, and 6, the statistical properties of the output noise were considered
stationary. However, the accuracy of measurements may depend on the pro-
cessing time, which can be directly modeled in the framework of Chapter 2
by considering that the noise covariance Φv(τ) depends on the processing
time τ . For deterministic delay, the methods in this thesis can directly
be applied. However, for the stochastic delay case the accuracy becomes
time-varying and the impact of this is not directly clear and warrants future
research.

• Stability of switched observer with data loss: For switching methods
based on cost approximations, instead of the exact cost difference as pre-
sented in Chapter 2, stability of the switched observer with data loss may
not be guaranteed by the switching condition and needs to be guaranteed
by other means. In appendix C, a conservative condition to guarantee
switched observer stability is presented based on theory for switched Markov
Jump Linear Systems. Alternative conditions may be established based on
Lyapunov-Metzler type arguments. A less conservative approach may be to
include an additional condition on the expected cost after the decision hori-
zon, as in Chapter 3, which may also be established for such approximation
methods.

• Time-varying parameters: In many systems, data-processing param-
eters as considered in Chapters 2, 3, and 6 may be time-varying. If the
variations can be modeled, for example, by stochastic models such as Markov
chains, as done in [114] for the delay distribution, or by non-stochastic
modeled such as non-deterministic automata, it should be studied whether
such parameters can be taken into account in the design of switching and
control laws as presented in this work. If the variations cannot be modeled
but are possibly bounded in some sense, extensions to a more robust design
are envisioned.

If the to-be-controlled plant itself is time-varying, standard approaches to
robust control design may aid in the development of methods for systems
with data-processing.
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Additionally, it is worth studying to what extent the use of a switched
policy increases robustness to unmodeled disturbances, in the sense that
each part of the state space may have a locally optimal data-processing
setting, which is exploited only by switching when that part of the state
space is visited due to the occurrence of a particular disturbance.

• Nonlinear systems: Many nonlinearities in vision-based systems may
be tackled by a special data-processing step and/or linearization of the
system around a working point of interest. However, studies to extend
the switching results for systems with data-processing in Chapters 2 and 3
to nonlinear systems is relevant in truly nonlinear cases. Often, stability
is the main concern for nonlinear systems. Switching, even when using
linearizations, may increase robustness of the stability for such systems.

For resource-sharing systems, it is interesting to study how existing methods,
for example, integral quadratic constraints to bound non-linearities (see,
e.g, [123]), may be combined with models for resource availability such as
the one in Chapter 4.

• Resource-aware design considerations: The model of (m, k)-firmness
in Chapter 4 may be relevant in many other practical settings in NCS and
ECS and therefore the control approach can be directly applied to those
cases as well. One particular application is network priority assignment,
which is becoming increasingly relevant in the Internet-Of-Things [93], the
development that many devices are connected to the internet.

On-line optimization of the (m, k)-firmness patterns, for example based on
rollout, is another interesting direction of study, which can assist in freeing
resources in settings where resources may also be dynamically allocated.

Studies of the combination of (m, k)-firmness of computational resource
and (stochastic) data-processing delays are relevant to applications with
random or switched delays that wish to share resources. For example,
deadline-optimization methods such as those in Chapter 3 could take into
account resource availability by not allowing a deadline if it would directly
lead to insufficient computational resources.

8.2.2 Applications

• Image-based control loop simulator improvements: Online updat-
ing of the template in the tracker as suggested in Chapter 5, for example
by recursive filtering, can significantly improve measurement accuracy, but
is only possible if the tracker is able to identify the feature accurately in
multiple frames.

Quantization effects in image acquisition and tracking, such as pixelation,
may be taken into account more explicitly in the control design.
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For the electron microscope of the use case in Section 1.1.1, it is known
that there is a (unknown) slow decay in the drift speed which may be taken
into account in the drift model if it is accurately estimated.

Testing the effects of other (unmodeled) perturbations on system behavior
can be useful to analyze robustness of the control system. This may require
studies of H∞-type performance and mixed control designs [19].

More advanced feature trackers are available for many specific applications.
Studies of the differences in their performance when combined with closed-
loop control are valuable, as shown by the interest in open loop studies
[31].

The current simulator implementation was developed as a proof of concept.
It is of interest to study the current implementation with the aim to speed-
up simulator experiments. Since Monte-Carlo simulations can be performed
in parallel, hardware with many processing cores can be especially useful.

• Control allocation in EM systems: In several real EM systems, both
actuation of the specimen, as considered in Chapter 5, and adjustments of
the electron beam can potentially be used to correct for drift, as mentioned
in Section 1.1.1. In this thesis, we considered only one actuator per
control input. If both actuators can be used to achieve the same goal,
control allocation methods [84] can divide the control effort between them.
Imperfections in the different actuation systems can then be compensated
for if properly taking into account in the design.

Control allocation may also be used to circumvent hard actuator limitations,
which otherwise requires studies on synthesis methods that incorporate
these limitations (see, e.g., [145]).

• Vision-based robot improvements: In Chapter 6, a simple model with
first-order derivatives was used for the omnidirectional robot. Models
including higher order derivatives may improve the behavior, although
estimating disturbance parameters becomes more difficult. Such models
could be obtained by system identification procedures.

Moreover, complex but better-performing localization algorithms can be
implemented, e.g., first searching the database in a neighborhood around
the state estimate. This may cause time-varying parameters when modeling
the delay. It is of interest to study the behavior using a control design based
on the original delay model as well as to attempt the use of a time-varying
model (on the switching horizon for example, confer Chapter 3).

• On-line parameter estimation: In many systems it is difficult to esti-
mate parameters for stochastic variables a priori. Sometimes it is possible to
perform open-loop tests to obtain these parameters, as done in Chapters 5
and 6 in this thesis. For systems where this is not possible, it will be useful
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to implement adaptive on-line methods for parameter estimation, e.g., by
recursive filters. This applies not only to the perturbations but also to
delays and data-loss probabilities.

• Tracking problems in vision-based systems: Visual tracking systems
are prone to errors. Misidentified features should therefore be filtered. If
the data-processing does not incorporate such a filter, the control system
should. If a feature is no longer within range of observation, the performance
optimization problem changes to a search and rescue problem. Since this
occurs in real EM systems, this is an important direction of study and
some theoretical results already exist [121]. An interesting model of a
data-processing method is to use the probability that the feature leaves the
two-dimensional field of view of a camera, which is a probability that can
be computed if a known two-dimensional (Gaussian) distribution models
the change in position of the feature. Of course, if the feature indeed leaves
the field of view, we arrive at the search and rescue problem.

• Alternative measurement methods: In practice, many different sens-
ing methods are applied and it is of interest to study how the switching
methods in this work can be combined with such methods. For example,
pipelined sensing and processing increases the data rate but may require
data-fusion to mitigate the difference in actuation and sensing instances.
Rollout-based optimization of the pipeline schedule may be of interest
as well. Some applications, such as those in anytime control [120], allow
data-processing to be interrupted while still providing useful results but
with varying quality. This requires the study of delay-varying parameters
mentioned in the previous subsection.

8.3 Closing remarks

The contributions in this thesis have created new opportunities in cyber-physical
systems to deal with large quantities of data in a performance-improving way.
Although open problems in several interesting directions of research still exist,
the ideas and results in this thesis already have applications in real systems and
they show the value and potential of data-intensive feedback control.
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Appendix A

Derivation of cost parameter α

In this appendix, we derive an expression for the cost contribution of the effect of
an incremental Wiener process to a quadratic cost function. Consider a system
described by the stochastic differential equation

dxC(t) = ACxC(t)dt+Bωdω(t), t∈ R≥0, (A.1)

where xC(t) ∈ R
nx is the system state and ω(t) ∈ R

nw is an incremental Wiener
process with unitary covariance Inw and AC ∈ R

nx×nx and Bω ∈ R
nx×nw . Note

that the result for the case with a piecewise constant control input in (A.1)
follows by the same arguments as given in this appendix and we consider the
case without input for conciseness. At some t1 ∈ R≥0 it is known that the state
has a Gaussian distribution with expected value x̄(t1) := E[xC(t1)] and variance
Φx(t1) := E[(xC(t1)− x̄(t1))(xC(t1)− x̄(t1))

ᵀ]. Consider the cost

J1 :=

∫ ∞

t1

E [xC(t)
ᵀQCxC(t)] dt,

where QC is a real positive semi-definite matrix.

From the definition of the Wiener process, it is known that at some t2 > t1,
we have that the value of xC(t2) is also given by a Gaussian distribution with
expectation x̄(t2) = E[xC(t2)] = A(t2 − t1)x̄(t1), where A(h) := eACh, and
variance Φx(t2) = E[(xC(t2) − x̄(t2))(xC(t2) − x̄(t2))

ᵀ] = W (t2 − t1) + A(t2 −

t1)Φ
x(t1)(A(t2 − t1))

ᵀ, where W (h) :=

∫ h

0

eAcτBωB
ᵀ
ωe

Aᵀ
c τdτ.

The cost can then be separated as

∫ ∞

t1

E [xC(t)
ᵀQCxC(t)] dt = J(t2, t1) +

∫ ∞

t2

E [xC(t)
ᵀQCxC(t)] dt
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where 1

J(t2, t1)

:=

∫ t2

t1

E [xC(t)
ᵀQCxC(t)] dt

=

∫ t2

t1

x̄(t)ᵀQC x̄(t) + tr(QC E[(xC(t)− x̄(t))(xC(t)− x̄(t))ᵀ])dt

=

∫ t2

t1

x̄(t1)
ᵀ(A(t− t1))

ᵀQCA(t− t1)x̄(t1)dt

+

∫ t2

t1

tr(QC [W (t− t1) +A(t− t1)Φ
x(t1)(A(t− t1))

ᵀ])dt

= x̄(t1)
ᵀ
[∫ t2−t1

0

(A(s))ᵀQCA(s)ds

]
x̄(t1) +

∫ t2−t1

0

tr(QC(A(s))
ᵀΦx(t1)A(s))ds

+

∫ t2

t1

tr(QCW (t− t1))dt

= x̄(t1)
ᵀQ(t2 − t1)x̄(t1) + tr(

[∫ t2−t1

0

A(s)QCA(s)
ᵀds

]
Φx(t1))

+

∫ t2−t1

0

tr(QCW (s))ds,

where Q(h) :=
∫ h

0
A(s)ᵀQCA(s)ds is the discretized cost matrix. The cost

associated with the initial variance, i.e., tr(
[∫ t2−t1

0
A(s)QCA(s)ᵀds

]
Φx(t1)), is

not affected by the Wiener process. Finally,
∫ t2−t1
0

tr(QCW (s))ds, i.e., the cost
part due to the Wiener process, is given by α(t2 − t1), where

α(h) :=

∫ h

0

tr(QCW (s))ds =

∫ h

0

tr(QC

∫ s

0

eACτBωB
ᵀ
ωe

Aᵀ
Cτdτ)ds,

which is the definition for the intersampling cost that is used throughout this
thesis.

1We use the fact that for some n× 1 random vector x with variance Σ and n× n symmatric
matrix Q it holds that E[xᵀQx] = E[x]ᵀQE[x] + tr(QΣ).
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Appendix B

Ellipsoidal switching conditions
and discounted cost switching

This appendix presents a summary of the results of [152], the preliminary work
for Chapter 2, on ellipsoidal switching conditions and discounted cost switching.
For details on the derivations we refer to [152] and Chapter 2 of this thesis.

B.1 Discounted cost switching conditions for the
delay versus accuracy trade-off

The setting is similar to that of Chapter 2. However, here we consider that there
are only two available data-processing methods and switching between them
occurs at a fixed rate at instances sk = kτ1, k ∈ N with an interval equal to
the method with largest delay, assumed here to be method 1 with interval τ1.
There is only one other method with a fractional time interval τ2 of the largest
delay, i.e, τ1

τ2
= nτ , nτ ∈ N>1.

1 Hence, we have a slow and a fast method.2 The
measurements of the slow method are assumed exact, i.e, full state without noise,
and the measurements of the fast method are corrupted by zero-mean Gaussian
noise with variance Φν

2 .

We consider a sampled-data setting where, after discretization, the control
problem is to improve the discounted cost

Jd
m(ξ0) :=

∞∑
l=0

E[αl
mg(ξl, ul,m)], m ∈ {1, 2},

where ξl, l ∈ N is the state at sampling time tl, l ∈ N, αm := e−αCτm , g(ξ, u,m) :=

1Due to this fractional relation, the switching condition for this case does not require a
correction term for the difference in sampling interval (confer Chapter 2).

2The sampling intervals are assumed to be non-pathological, i.e., AC does not have two
eigenvalues with equal real parts and imaginary parts that differ by an integer multiple of 2π

τm
for m ∈ {1, 2} (cf. [36, p. 45]).
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ξᵀQmξ + 2ξᵀSmu+ uᵀRmu 3, and, where[
Qm Sm

(�)ᵀ Rm

]
:=

∫ τm

0

e−αCse

[
AC BC
0 0

]ᵀ
s
[
QC 0
0 RC

]
e

[
AC BC
0 0

]
s
ds

where αC ∈ R>0 is the continuous-time discount factor or if αC = 0 an average
cost should be considered.4

Using the rollout idea, we decide on the method for next decision interval,
i.e., the horizon, and assume that the slow method is used afterwards. The
set of switching options is denoted O ∈ {opt1, opt2} where opt1 corresponds to
choosing the slow method and opt2 corresponds to choosing the fast method
on the horizon. The separation principle holds and the design separates to a
Kalman filter and a discounted LQR controller.

Due to perfect sampling, the Kalman gain for the slow method is equal to
L1 = A(τ1) and the covariance resets to Φω(τ1) in notation of Chapter 2. For
the fast method, the normal Kalman filter equations apply. The state estimate
at decision instants is denoted ξl with variance Θl.

For the slow method ul = −K̄ξl and the discounted controller gain follows
from the solution to

P̄ = α1A
ᵀ
1 P̄A1 +Q1 − K̄ᵀḠK̄ (B.1)

K̄ = Ḡ−1(α1B
ᵀ
1 P̄A1 + Sᵀ

1 )

Ḡ = R1 + α1B
ᵀ
1 P̄B1.

The option with fast method implements

ul+h = −Khξl+h, h ∈ {0, . . . , nτ − 1},

at times sk, sk + τ2, . . . , sk + (nτ − 1)τ2 where the control gains Kh are given by
the solution to

Gh = R2 + α2B
ᵀ
2Ph+1B2

Kh = (Gh)
−1(α2B

ᵀ
2Ph+1A2 + (S2)

ᵀ)

Ph = Q2 + α2A
ᵀ
2Ph+1A2 −Kᵀ

hGhKh

solved backward, as in dynamic programming, for h ∈ {0, . . . , nτ − 1} starting
from Pnτ

= P̄ , where P̄ is the solution to (B.1).
The expected future cost for each option O ∈ {opt1, opt2} is denoted

J̄d
O(ξl,Θl) := E

[
Jd
O(ξl) | Il

]
,

3The intersampling behaviour of the Wiener process is omitted in the analysis.
4Note that in this appendix αC and αm refer to the discount factor and not to the Wiener

process cost as in Appendix 3.7.2.
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which depends on the state estimate and its variance that can be obtained from
the information Il available at time tl.

The proposed policy results in the expectation of a perfect estimate one
decision interval after the horizon for both switching options. The expected

additional cost after two decision decision intervals is given by
α2

1

1−α1
tr(Φω

1 P̄ +

Θ̄1K̄
ᵀḠK̄) resulting from the infinite summation with increasing discount. This

factor is equal for both options and the resulting difference in expected future
cost, at time tl = sk, results in the switching condition

σk := arg min
O∈{opt1,opt2}

J̄d
O(ξl,Θl)

= arg min
O∈{opt1,opt2}

ξ
ᵀ
l ΠOξl + ηO(Θl), (B.2)

with Πopt1 := P̄ , Piopt2 := P 0, and

ηopt1(Θl) = tr(Θk
0(P̄ + K̄ᵀḠK̄))

+ α1tr(Φ
ω
1 P̄ + Θ̄1K̄

ᵀḠK̄),

ηopt2(Θl) = tr(Θk
0(P 0 +Kᵀ

0G0K0))

+

nτ−1∑
h=1

[αh
2 tr(Φ

ω
2Ph +Θk

hK
ᵀ
hGhKh)]

+ α1tr(Φ
ω
2 P̄ +Θk

nτ
K̄ᵀḠK̄),

and Θk
h are forward predictions of the variance with Θk

0 = Θl.
The main result of [152] can be summarized as follows. Let Jd

π(ξ0), J
a
π denote

the expected discounted cost and average cost, respectively, for the switched
policy and let Jd

1 (ξ0), J
a
1 denote the same costs for the non-switched policy that

only uses method 1.

Theorem B.1.1. ([152, Theorem 1]) Using the control policy with switching
condition (B.2) guarantees

Jd
π(ξ0) ≤ Jd

1 (ξ0), for all ξ0 ∈ R
n,

and
Ja
π ≤ Ja

1 .

Moreover,
Π2 � Π1,

and therefore the switching policy (B.2), at switching decision time tl = sk, can
be written as

σk =

{
1, if ξ

ᵀ
l Ωξl ≤ η2(Θl)− η1(Θl),

2, otherwise,

with constant positive semidefinite matrix Ω := Π1 −Π2.
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�

The theorem states that both the discounted and average costs of the proposed
policy are not larger than the cost corresponding to applying the slow method
at every time step. We provide the proof for the discounted cost. The proof for
the average cost follows from the arguments in the proofs in Chapter 2 of this
thesis with the observation that the future decision instances coincide for both
options at all decision instances. Both proofs follow arguments similar to the
ones provided in [9].

Proof. (of Theorem B.1.1 [152, Theorem 1]) Note that the initial state ξ0 is as-
sumed known. We start by defining the set of switched policies ζr = (ψr

0, ψ
r
1, . . . ),

parameterized by r ∈ N, where the policies are given by

ψr
j (Yj) =

{
ι(Yj), if 0 ≤ j < r,

1, if j ≥ r,

for Yj := Il is the information set when tl = sj , with

ι(Yj) =

{
1, if ξ̄ᵀl (Π1 −Π2)ξ̄l ≤ η2(j)− η1(j)

2, otherwise

obtained by applying the switching policy in Theorem B.1.1 to the system at
scheduling times s0, . . . , sr, i.e., up to the r − th stage, and afterwards using
always the slow method. Let Jd

ζr (ξ0) denote the discounted cost of such a policy.
Note that

lim
r→∞ Jd

ζr (ξ0) = Jd
π(ξ0)

for every ξ0, and
Jd
ζ0(ξ0) = Jd

1 (ξ0)

for every ξ0 ∈ Rn. By construction of the rollout policy, the following holds

E
[
Jd
ζ1(ξ) | (ξ̄,Θ)

]
= J̄d

ζ1(ξ̄,Θ) ≤ J̄d
ζ0(ξ̄,Θ) = E

[
Jd
ζ0(ξ) | (ξ̄,Θ)

]
,

for every ξ̄ ∈ Rn,Θ ∈ R
n×n representing the expectation and variance of ξ,

respectively. We can then also conclude that

E[Jd
ζ1(ξr) | Ir] ≤ E[Jd

ζ0(ξr) | Ir] (B.3)

for every r ∈ N>0. The cost is additive along the stages, therefore the cost-
to-go for Jd

ζr+1(ξ0) and Jd
ζr(ξ0) from stage r are given by E[Jd

ζ1(ξr) | Ir] and
E[Jd

ζ0(ξr) | Ir], respectively, with equal cost up to stage r. Using (B.3), we find
that

Jd
ζr+1(ξ0) ≤ Jd

ζr (ξ0)
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for every r ∈ N and ξ0 ∈ R
n. Thus, for a given ξ0,

Jd
π = lim

r→∞ Jd
ζr ≤ · · · ≤ Jd

ζ2 ≤ Jd
ζ1 ≤ Jd

ζ0 = Jd
1 .

To prove that
Π2 � Π1,

consider the system in the absence of disturbances, with state xC , and input uC

given by
uC(t) = ul, t ∈ [tl, tl+1),

for tl = hτ2, h ∈ {0, 1, . . . , nτ − 1} with decision variables ul. Note that by
construction Π2 = P 0 is such that xᵀ

0P 0x0 is the cost of the following optimal
control problem

min
{uk,k∈N}

∫ τ1

0

e−αCtgC(xC(t), uC(t))dt+ α1xC(τ1)
ᵀΠ1xC(τ1)

s.t. xC(0) = x0. Moreover, Π1 = P̄ is such that xᵀ
0 P̄ x0 is the cost of the same

optimal control problem but when

uC(t) = u0, t ∈ [0, τ1),

and u0 is a decision variable. It is then clear that xᵀ
0Π2x0 ≤ xᵀ

0Π1x0 for every
x0 ∈ Rn, and therefore it holds that Π2 � Π1.

The fact that Π2 � Π1 implies that the fast data processing method is selected
if the state estimate lies outside an ellipsoid in the state space, and the slow
method is selected otherwise. Note that if σk = 1, then Θl = Φω

1 at tl = sk+1,
i.e. the variance (and therefore the ellipsoid) ‘resets’.

Remark B.1. The result (B.2) can readily be extended to the casem ∈ {1, . . . ,M}
with M > 2. However, this situation does not yield an ellipsoidal separation of
the state space.

B.2 Illustration of ellipsoidal switching conditions

To illustrate the ellipsoidal switching conditions, we repeat here part of the
simulation results of [152]. We refer to the paper for the numerical results on
switched performance.

Figure B.1 shows ellipsoids representing the switching condition, based on
the average cost, for various values of the covariance Θl of the state estimate.
The outer black ellipsoid is for the case Θl = Φω

1 at sk = tl, i.e., the previous
measurement was taken using method 1. The inner black ellipsoids are further
iterations if method 2 is used multiple times consecutively. When method 1 is
used, the ellipsoid resets to the outer black ellipsoid. The cyan-colored ellipsoid
is generated from Θl = Θ̄2, i.e. the non-switching solution for method 2.



515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen515762-L-bw-horssen
Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017Processed on: 5-12-2017 PDF page: 214PDF page: 214PDF page: 214PDF page: 214

202 Appendix B. Results of [152]

−400 −300 −200 −100 0 100 200 300 400
−800

−600

−400

−200

0

200

400

600

800
Ellipsoidal switching conditions

x1

x2

Fig. B.1. Ellipsoidal switching conditions.

In Figure B.2, the state (green), and the estimate of the state (red/blue)
are shown for one Monte-Carlo simulation. The color indicates the switching
decision, red is option 2 and blue is option 1. The black lines are part of the
outer ellipsoid in Figure B.1. For this case, from Figure B.2, we see that outside
the black ellipsoid method 1 is never selected. Also, occasionally, it happens
that method 2 is chosen inside the ellipsoid due to the scaling of the ellipsoids,
thereby explaining the occurrence of red circles inside the region with mainly
blue markers. The green markers indicate the true state at the decision moments.

The disturbances occasionally push the state outside the region where using
only method 1 is optimal, i.e. outside the black ellipsoid. This happens even
though we have an initial condition near the origin and an optimal control
strategy is used for method 1.

Note that the shape of the ellipsoids in Figure B.1 changes with the variance
of the estimate. In particular, it should be noted that the switching condition of
the ellipsoids may even invert, in the sense that if the variance does not reset it
may become such that η2(Θl)− η1(Θl) in Theorem B.1.1 changes sign.
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Fig. B.2. State, state estimate and switching decision for one Monte-Carlo
simulation.
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Appendix C

Stability of observers with
arbitrary switching

and missing observations

This appendix discusses switched observer stability under missing measurements.
Such systems can be considered as switched-Markov Jump Linear Systems
(s-MJLS)[24]. The system considered in Chapter 2 is in this category when data-
loss occurs. In Chapter 2, mean-square stability of the observer is guaranteed by
the switching condition presented there. However, for other switching methods,
this may not be guaranteed directly. Therefore, we establish a sufficient condition
to guarantee stability of the discrete-time switched observer under missing
observations based on the conditions for continuous-time s-MJLS in [24]. The
condition builds on the requirement that each individual non-switching Markov
jump linear system (MJLS) is mean-square stable (MSS) and that a cross-
monotonicity conditions holds at the switching instants.

For ease of exposition, we consider a discrete time estimation error system
without inputs of the form

ek+1 = A[σk]
γk

ek + d
[σk]
k (C.1)

with error state ek ∈ R
n, k ∈ N, and where dk ∈ R

n, k ∈ N, is a stochastic
zero-mean Gaussian disturbance, σk ∈ M ⊆ N the switching mode of the
system, γk ∈ Γ ⊆ N the jump mode of the system.1 We consider a system
with two jump modes corresponding to a missing observation γk = 0 or a useful
observation γk = 1 for all k ∈ N, i.e., Γ = {0, 1}. Let Θ[k] := E[eke

ᵀ
k] and

Θi[k] := E[eke
ᵀ
k | γk = i]πi[k] where πi[k] := Pr{γk = i} denotes the probability

of being in mode i ∈ Γ. In particular, we consider Θ
[m]
0 [k] and Θ

[m]
1 [k]. Then,

from the total probability theorem, Θ[k] =
∑

i Θi[k].
Jump transitions are governed by a conditional transition probability denoted

p
[m]
ij := Pr{γk = j | γk−1 = i, σk = m}.

1In Chapter 2, we would have ek := xk − E[xk | Ik], A
[m]
γ := Am − γLmC and the variance

of dmk given by D
[m]
γ = Wm + γLmVmLᵀ

m.
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and missing observations

In our case, we have that the transition probabilities only depend on the switching

mode and are independent of the previous jump mode in the sense that p
[m]
ij =

p
[m]
j = Pr{γk = j | σk = m} for any i, j. In particular, we denote Pr{γk = 1 |

σk = m} =: γ̄[m] and Pr{γk = 0 | σk = m} =: 1− γ̄[m].
Analogous to [24, Def.2.1], we define MSS as follows (see also [42, Def. 3.8])

Definition C.0.1. The switched MJLS (C.1) is said to be MSS if

lim
k→∞

E[||ek||2] = 0

for any initial condition e0 when d
[σk]
k = 0 for all k ∈ N.

Note that MSS is equivalent to convergence to zero of the second-order moment
Θ[k]. Which is equivalent to requiring that Θj [k] tends to zero for all jump modes
j. We will consider the homogeneous case of (C.1), i.e., without disturbance,
and show MSS by convergence of Θ[k] to zero. Then, from boundedness of the

variance of the disturbance, i.e., from the fact that Ψ
[m]
γ in Chapter 2 is bounded

for any m, and thus for any k ∈ N, it follows that Θ[k] is bounded for any k ∈ N.
Consider the system (C.1) without disturbance, i.e., the homogeneous case.

We follow the argumentation of [24]. The evolution of the second order moment
Θ[k] is given by (see also [42, Prop. 3])

Θj [k + 1] =
∑
i∈Γ

p
[σk]
ij A

[σk]
i Θi[k](A

[σk]
i )ᵀ. (C.2)

Equation (C.2) amounts in our case to

Θ0[k + 1] = (1− γ̄[σk])A
[σk]
0 Θ0[k](A

[σk]
0 )ᵀ + (1− γ̄[σk])A

[σk]
1 Θ1[k](A

[σk]
1 )ᵀ

Θ1[k + 1] = γ̄[σk]A
[σk]
0 Θ0[k](A

[σk]
0 )ᵀ + γ̄[σk]A

[σk]
1 Θ1[k](A

[σk]
1 )ᵀ

and thus

Q[k + 1] = A
[σk]
0 Θ0[k](A

[σk]
0 )ᵀ +A

[σk]
1 Θ1[k](A

[σk]
1 )ᵀ

Let Q := {Θ0,Θ1} and Q � 0 stands for Θ0 � 0,Θ1 � 0. Define, for all m,

L[m]
γ =

∑
i∈Γ

p
[m]
iγ A

[m]
i Θi(A

[m]
i )ᵀ,

which in our case means

L[m]
γ = p[m]

γ

[
A

[m]
0 Θ0(A

[m]
0 )ᵀ +A

[m]
1 Θ1(A

[m]
1 )ᵀ

]
,

and introduce the linear operator

L[m](Q) := {L[m]
0 , L

[m]
1 },
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such that (C.2) can be written as

Q[k + 1] = L[m](Q[k]).

Analogous to the conditions in [24, Theorem 2], we can establish the following
condition.

Theorem C.0.1. If there exist Θ̄
[m]
0 , Θ̄

[m]
1 � 0 for all m ∈ M such that, for

Q[m] = {Θ̄[m]
0 , Θ̄

[m]
1 },

i) Q[m] � L[m](Q[m]),
ii) Q[m] � L[m](Q[n]),m �= n
then the s-MJLS (C.1) is exponentially mean-square stable for all {σk}k∈N.

The first condition is equivalent to [42, Corollary 3.26] as discussed above. It
guarantees decrease in expected variance for the non-switching case. The second
condition guarantees decrease in expected variance under any switch.

In the case of Chapter 2, the conditions are given by

Θ̄
[m]
0 � (1− γ̄[m])A

[m]
0 Θ̄

[n]
0 (A

[m]
0 )ᵀ + (1− γ̄[m])A

[m]
1 Θ̄

[n]
1 (A

[m]
1 )ᵀ (C.3)

Θ̄
[m]
1 � γ̄[m]A

[m]
0 Θ̄

[n]
0 (A

[m]
0 )ᵀ + γ̄[m]A

[m]
1 Θ̄

[n]
1 (A

[m]
1 )ᵀ

for any m,n ∈ M.
Let Θ[k] := [vec(Θ0[k])

ᵀ, vec(Θ1[k])
ᵀ]ᵀ. Then one iteration of (C.2) is deter-

mined by

Θ[k + 1] = T[m]Θ[k]

where

T[m] :=

[
(1− γ̄[m])I(nx)2 0

0 γ̄[m]I(nx)2

] [
A

[m]
0 ⊗A

[m]
0 A

[m]
1 ⊗A

[m]
1

A
[m]
0 ⊗A

[m]
0 A

[m]
1 ⊗A

[m]
1

]
,

which is also computed as A1 in [42, Equation (3.12d)].
Analougous to the LMI formulation in [24, Theorem 7], we can establish

sufficient LMI conditions for MSS (see also [61]).

Theorem C.0.2. If there exist positive definite matrices Q[m], for all m ∈ M,
such that
i) T[m]Q[m](T[m])ᵀ −Q[m] ≺ 0,
ii) T[m]Q[n](T[m])ᵀ −Q[m] ≺ 0,m �= n
then the s-MJLS (C.1) is exponentially mean-square stable for all {σk}k∈N.

This condition provides sufficient conditions for exponential MSS under
arbitrary switching (recall that in Chapter 2, the switching is not arbitrary).
Since the variances of the disturbances in (C.1) are bounded, the variance of the
error remains bounded as well (this follows from standard input-to-state stability
conditions).
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and missing observations

Remark C.1. Alternatively, to establish computationally less demanding LMI con-

ditions on (C.3) one may use the vectorization approach p
[m]
iγ (A

[m]
i )Θ̄i(A

[m]
i )ᵀ =

vec−1(p
[m]
iγ A

[m]
i ⊗A

[m]
i vec(Θ̄i)) as done in [24, Theorem 6].

Remark C.2. For fixed m, since we have p
[m]
ij = p

[m]
j for any i ∈ {0, 1}, we have

by [42, Corollary 3.26] that the homogeneous system is exponentially MSS if
there exists some V1 � 0, such that

V1 −
∑

j∈(0,1)

p
[m]
j (A

[m]
j )ᵀV1A

[m]
j � 0.

This conditions corresponds to the assumption in Chapter 2 that Tm is Schur for
all m (recall that the eigenvalues of (Tm)ᵀ and Tm are the same).

Remark C.3. Based on [42, Corollary 3.26], it may be possible to reduce the
conditionT[m]Q[n](T[m])ᵀ−Q[m] ≺ 0 for allm,n ∈ M to the existence of positive
definite X [n] ∈ M such that T [m]X [n](T [m])ᵀ −X [m] ≺ 0 for all m,n ∈ M for
the observers with Tm defined as in Chapter 2. This is subject of further study.
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Samenvatting

In de huidige en volgende generaties van high-tech systemen stijgt het benodigde
aantal sensoren en de complexiteit ervan razend snel. Deze trend van data-
intensieve metingen is bijvoorbeeld zichtbaar in het brede scala aan (omgevings-
)sensoren in autonome voertuigen en robots, maar ook in het gebruik van ca-
merabeelden in elektronenmicroscopen en medische robots, en in de extreme
hoeveelheden data (‘big data’) in grootschalige systemen. Helaas resulteert de
data-verwerking die nodig is om relevante informatie uit de grote hoeveelheden
meetdata te halen in ongewenste effecten, waarbij te denken valt aan vertragingen
door het verwerkingsproces, onnauwkeurigheden en de mogelijke afwezigheid van
informatie. Deze effecten kunnen negatieve en zelfs desastreuze gevolgen hebben
voor de werkzaamheid van de systemen, bijvoorbeeld wanneer de effecten gene-
geerd worden tijdens het regelaarontwerp. Wanneer vooral met het slechtste geval
(‘worst-case’) van deze ongewenste effecten rekening wordt gehouden, dan leidt
dit tot conservatief ontworpen systemen. Daarom is er een sterke vraag naar ont-
werpmethodes waarbij de aanwezigheid van data-verwerking en de bijbehorende
karakteristieke effecten daarvan expliciet meegenomen worden bij het ontwerp
van data-intensieve regelsystemen. Gëınspireerd door deze vraag presenteren
we in dit proefschrift een raamwerk om modellen op te stellen voor regellussen
waarin data-verwerkingsmethodes met de bovengenoemde ongewenste effecten
een rol spelen. Tevens presenteren we verschillende nieuwe model-gebaseerde
ontwerpmethodes voor regelsystemen met data-verwerking. De belangrijkste
onderzoeksbijdragen van dit proefschift kunnen als volgt worden samengevat.

Als eerste stellen we voor om af te wijken van de huidige industriële stan-
daard voor regelaarontwerp waarbij slechts één data-verwerkingsmethode wordt
geselecteerd, welke een compromis sluit tussen de genoemde ongewenste effec-
ten. In plaats van slechts één vaste verwerkingsmethode stellen we voor om dit
compromis te doorbreken door actief en online te schakelen tussen meerdere
data-verwerkingsmethodes met verschillende karakteristieke parameters. Door
een nieuwe methode voor het schakelen te hanteren die gebaseerd is op het
concept van dynamisch programmeren, kunnen we formele garanties geven ten
aanzien van de verbetering van de presentaties ten opzichte van het geval waarbij
slechts één verwerkingsmethode wordt gebruikt.

Als tweede bijdrage stellen we regelstrategieën voor die kunnen omgaan met
stochastische vertragingen in regellussen, waarbij we in het bijzonder aandacht
hebben voor actuatie-vertragingen. We analyseren drie regelstrategieën. Bij
gebeurtenis-gedreven regelen wordt informatie uit de verwerkte meetdata meteen
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gebruikt als het beschikbaar is. Bij tijdslimiet-gedreven regelen wordt meetdata
gebruikt op de tijdslimiet of komt te vervallen als de tijdslimiet is verstreken.
Als derde analyseren we een combinatie van de eerste twee strategieën in de
vorm van gebeurtenis-gedreven regelen met een tijdslimiet. Daarnaast voegen we
deze strategieën samen in een aparte methode om online te wisselen tussen de
strategieën, wat leidt tot gegarandeerde prestatieverbetering in vergelijking met
elke strategie apart. Voor verdere prestatieverbetering presenteren we ook nog
een online procedure voor tijdslimiet-optimalisatie.

De derde bijdrage bestaat uit methodes voor hardware-bewust (‘resource-
aware’) ontwerp en implementatie van regelalgoritmes in gëıntegreerde systemen
(‘embedded systems’). In het bijzonder beschouwen we het geval waarbij het
regelsysteem regelmatig geen toegang heeft tot de hardware, zoals bijvoorbeeld
de processor om berekeningen mee uit te voeren of een communicatienetwerk
om informatie te versturen. Voor systemen waarin de hardwaretoegang een
onbekend patroon heeft, maar gebonden is aan het ‘(m, k)-firmness’ concept,
wat betekent dat een regelalgoritme minstens m keer kan worden uitgevoerd
in elke k opeenvolgende pogingen voor toegang, presenteren we methodes om
prestaties te analyseren en regelaars te verbeteren door middel van een model
gebaseerd op schakelende systemen (‘switched systems’). Voor systemen waarin de
hardwaretoegang een vast patroon heeft, stellen we een co-ontwerp raamwerk voor
wat de snelle analyse van de afweging tussen hardwaregebruik en regelprestaties
mogelijk maakt. De methodes kunnen beschouwd worden als het complement
van methodes voor capaciteitplanningsproblemen in gëıntegreerde systemen.

Als vierde bijdrage zijn de voorgestelde methodes gevalideerd in twee toe-
passingen van beeldverwerking-gebaseerde regeltechniek. Het raamwerk voor
modellering en regelontwerp voor systemen met data-verwerkingsmethodes is
toegepast op een industriële casus van beeld-gebaseerde terugkoppelingsregeling
in een elektronenmicroscoop. Op basis van suggesties van experts is een speciale
simulator ontwikkeld die het gedrag van een elektronenmicroscoop nabootst om
beeld-gebaseerde terugkoppeling te simuleren en te analyseren. Verder zijn de
methodes om om te gaan met stochastische vertragingen uitgebreid voor syste-
men met meetvertragingen en toegepast op een experimentele casus van een vrij
bewegende robot met een camera in de terugkoppelingslus. Door gebruik van
een plaatsbepalings-algoritme gebaseerd op het RANSAC concept kan een robot
langs een referentiepad bewegen op basis van camerabeelden. De afhandelingstijd
van het algoritme kan gemodelleerd worden als een stochastische tijdvertraging,
wat vervolgens gebruikt wordt in gebeurtenis-gedreven en tijdslimiet-gedreven
regelstrategieën. De resultaten laten het potentieel zien van de voorgestelde
methodes voor echte toepassingen die relevant zijn voor onze maatschappij.

Alle resultaten onderstrepen de noodzaak en het potentieel van het gezamenlijk
ontwerp van regelsysteem, communicatie, en rekenmethodes in hardware om goede
prestaties (en prestatieverbetering) te garanderen voor de volgende generatie van
high-tech systemen met data-intensieve metingen.
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