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This paper studies the problem of clinical appointment scheduling when taking revisits into account.

We consider two classes of patients: (1) routine patients who have made an appointment weeks in

advance and (2) same-day patients who call in at the very beginning of the day, before the first

clinical consultation begins. After the first appointment and consultation, patients might need an

additional examination and a second consultation to confirm their health status. This paper aims to

create an advanced scheduling method for both routine patients and same-day patients to optimize

the expected weighted sum of three performance measures: patients’ waiting time, physician’s idle

time, and overtime. A stochastic program model is constructed and solved by sample average approx-

imation and benders’ decomposition. Numerical tests show that revisits significantly affect the three

performance measures; to improve the hospital system’s operation management, both scheduling of

appointment times and daily workload plans are taken into account.

Keywords: scheduling; applications in health care systems; advanced planning and scheduling

systems; sample average approximation; benders’ decomposition

1. Introduction

The appointment scheduling problem associated with clinical departments has been studied

for decades. A number of studies that approach the problem from different angles have been
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published in operations research and operations management journals. Begen and Queyranne

(2011) determine an optimal appointment schedule for a given sequence of jobs on a single

processor to minimize the expected total underage and overage costs using a joint discrete

probability distribution of the random processing durations of jobs. Berg et al. (2014) formulate

a two-stage stochastic mixed-integer programming model to optimize bookings and appointment

times for outpatient procedure centers under uncertainty conditions. Chen and Robinson (2014)

study the appointment scheduling problem for both routine and same-day patients with the goal

of optimizing the weighted sum of physician’s overtime, idle time, and patients’ waiting time.

The method in Tang, Yan, and Cao (2014) finds an optimal schedule given a deterministic service

time setting and uses heuristics to obtain a schedule for exponentially distributed service time.

Daggy et al. (2010) develop a logistic regression model to estimate patients’ no-show probabilities

and illustrate its use in creating clinic schedules that maximize clinic capacity utilization while

keeping patient waiting times short and clinic overtime costs low. A detailed literature survey

of appointment scheduling in health care can be found in Cayirli and Veral (2003); Gupta and

Denton (2008).

Generally speaking, most of the preceding studies focus on sources of variability and un-

certainty and explore ways to hedge against these problems. Uncertainties mainly stem from

fluctuations in demand, unpunctuality, stochastic service times, no-show patients, and so on.

For example, even with no appointment, emergency patients can walk in at any time (Lamiri

et al. (2008)), and same-day patients call in at the beginning of the day (Patrick and Puter-

man (2007); Zacharias and Armony (2013)). These patients are served at a stochastic duration

(Kaandorp and Koole (2007), Ge et al. (2013)). Some patients do not show up at all (no-shows).

(Kim and Giachetti (2006); Zeng et al. (2010); LaGanga (2011)). Normally, to handle stochastic

service time, stochastic programming tools are used in concert with properly fitted stochastic

distributions (Berg et al. (2014), Mancilla and Storer (2012)) or moment information about

the distribution (Mak, Rong, and Zhang (2014)). For no-shows, accurate predictions and over-

booking are techniques in common use, as seen in LaGanga and Lawrence (2007b,a, 2012);

Muthuraman and Lawley (2008); Zacharias and Pinedo (2014).

However, in addition to the sources of uncertainty mentioned above, there is a source of un-

certainty (i.e., clinical revisits) that is almost always omitted from studies. As we have observed

in clinical practice, many patients require a second consultation the same day, immediately

after obtaining their examination results. Still, very few studies address the problem of schedul-
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ing patients’ revisits. The authors of Hulshof et al. (2016) construct a finite horizon dynamic

programming model to create elective patient admission planning and resource capacity alloca-

tion including consideration of revisits and transitions. The appointment mechanism in Chinese

hospitals in a setting where multiple clinical providers are using a single medical device for ex-

aminations is studied in Wu et al. (2013). The authors aim to minimize patients’ waiting time,

and providers’ idle time using a simulation. However, they do not incorporate no-shows in the

model. The patient flow with revisits described in their problem is shown in Figure 1. A similar

problem is investigated by Athula Wijewickrama and Takakuwa (2012). Revisits that occur a

few days after the initial consultation is also studied (Bardach et al. (2013); Shay, Shapiro,

and Bhattacharyya (2015)), which is beyond our consideration. As far as we know, no studies

have explicitly build an optimization model that considers both revisits and no-show patients,

making a tradeoff between patients’ wait time and the physician’s working hours and overtime.

Figure 1. Patient flow (the figure is cited from Wu et al. (2013))

Both routine patients and same-day patients are considered in our work. Based on the preced-

ing analysis, our motivation is to optimize the schedules of both routine and same-day patients

while considering revisits. The number of routine patients is planned based on the system status:

they are appointed in advance. The appointment times are designed based on the distribution

of same-day call-ins and the service time distributions of all patients. Same-day patients call in

at the beginning of the day before clinic working hours begin. They will be served that same

day; their number is assumed to follow a Poisson distribution (as in Robinson and Chen (2010)).

Time slots reserved for same-day call-ins will be allocated following a first-come, first-served

(FCFS) sequence. When routine patients fail to show up at their appointed times, the associated

slot is wasted. In contrast, at the beginning of the day, when the number of same-day call-ins

is less than the number of reserved slots, the scheduler will fill early slots first and remove later

ones.

After a first scheduled consultation, a patient may require a test, after which the patient
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needs a second consultation (i.e., a revisit). Revisits are assumed to have high-priority access

to clinical services. They are inserted into the scheduling queue at a distance of some fixed

number of patients later than the first consultation. This is similar to the practice implemented

in hospitals in Shanghai, where revisiting patients must wait for three patients at maximum

(if there are more than three patients in the queue, a revisiting patient should wait for three

patients, otherwise they wait at the end of the current queue) to obtain a second consultation.

Figure 2 illustrates an instance of our problem: the revisiting patients are inserted into the

original queue after three patients already waiting in the queue. Thus, patient 5 can access

the service only after patient 1 finishes his second consultation. If patient 4 finishes his/her

consultation before 17:30, for example, at 17:00, patient 1 can start the second consultation at

17:00, instead of 17:30. However, patient 5 cannot start before his/her appointed time (17:30) in

any case. To simplify the model, the number of intervals between two visits is predetermined by

experience. This can be justified by three factors: deterministic examination time (e.g., Patrick,

Puterman, and Queyranne (2008); Green, Savin, and Wang (2006)); a maximum wait time

for each examination, and the mean duration of each interval. More than expected intervals

should be reserved to ensure the presence of revisits at appointed time. Since revisits have

higher priorities than initial visits to access consultation, their wait times are assumed to be

acceptable and not counted in our model.

Figure 2. The process of revisits

A mathematical model considering revisits is established and solved by sample average ap-

proximation and benders’ decomposition. More information on these solution techniques is avail-

able in Mancilla and Storer (2012). The final numerical results show that revisits significantly

increase patients’ wait times and the physician’s overtime, consequently, continual replanning

of the daily number of routine patients and daily capacity is required. A heuristic solution is

given in Section 4.2 to address the capacity problem.
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This paper is organized as follows. First, we identify the problem and formulate a stochastic

programming model in Section 2. The heuristic policies for determining patients’ sequence are

provided in Section 3. The model is reformulated to a linear program in Section 4. Section 5

presents the numerical analysis, and conclusions are given in Section 6.

2. Problem definition

In this section, the goal is to optimize the sequence and appointment time for each patient while

minimizing the expected weighted sum of three objectives: patients’ waiting time, physician’s

idle time, and overtime. Similar to Chen and Robinson (2014), we divide the decision process

into two stages: The first stage is to determine the sequence of patients; the second stage is to

determine the optimal allowances with the given sequence. An allowance is defined as the sched-

uled duration for each patient, which may be different from the true duration. If the scheduled

duration is shorter than its realization, the next patient’s waiting time is extended. In contrast,

if the realization is shorter than the scheduled duration, the physician may be idle (although

idle time might not be incurred if a revisit occurs). Because the sequence problem is quite com-

plicated, we will use heuristic policies to get some reasonable and accessible sequences. In the

following section, we will provide a detailed problem description and build the corresponding

mathematical model.

2.1 Problem definition and mathematical model

Assume a mixed open access and advanced access strategy is adopted in our problem: both

routine patients and same-day patients are considered. Routine patients are assigned t0 days

in advance. The number of appointments scheduled daily is exogenously determined to be N .

Meanwhile, we assume that same-day patients will call in before the start of every day. The

number of call-ins S is a Poisson distribution with rate µS . We can denote the probability

distribution by prob(S = s) = ϕs. Let Smax be the maximum number of same-day call-ins. This

is assumed to be in the 99.5th percentile of the distribution: Smax = min{s|Pr(S < s) ≥ 99.5%}.

Therefore, at most M = N + Smax patients are available at the beginning of each day. We

will introduce our problem according to the timing of events reflected in Figure 3. Patients’

appointments are determined according to a given sequence π t0 days in advance. We make

a decision on the allowances of M patients to minimize the expected weighted sum of three

5
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Figure 3. The decision-making process

objectives (i.e., the first timing event in Figure 3). The decision is made based on the stochastic

distribution of both service time (we will use service and consultation alternatively) and the

number of same-day call-ins. The allowance for slot j is denoted by Xj , thus, the appointment

time of patient at slot j is
∑j−1

k=1Xk. The service time of each patient i follows a lognormal

distribution (as in Chen and Robinson (2014)) with parameters (µi, σi), denoted by ξ̂i. Note

that the variables i and j are defined to be the indexes of patients and slots, respectively,

throughout this manuscript. Some patients may not be able to show up at their appointments

for personal or health status reasons; therefore, we assume that the service time of no-shows is

0 and the probability of patient i being a no-show is pi. Thus the actual first consultation time

of patient i is:

ξi =

 ξ̂i, w.p. 1− pi
0, w.p. pi

(1)

At the beginning of a day (the second timing event in Figure 3), s same-day patients call in

and are assigned to reserved slots. The index of the last occupied slot is m(s). The remaining

Smax − s same-day patients are ”no-calls;” their service times are 0. Let j(k) be the slot index

of the kth same-day call-in. Then, the service time of the patient in slot j is

ξsj =

 0, if j = j(s+ 1)

ξs+1
j , otherwise

(2)

where ξSmax

j = ξπ−1(j), π
−1(j) represents the patient at slot j. As shown in Figure 3 for s = 2

and s = 3, if j = j(3) = 5, ξ2
5 = 0; otherwise, ξsj = ξs+1

j . For each patient i = 1, . . . ,M , the
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waiting cost is αi per time unit if the patient shows up, and 0 otherwise. If s same-day patients

arrive, we use αsj to characterize the waiting cost of the patient at slot j:

αsj =

 0, if ξsj = 0

απ−1(j), otherwise
(3)

Those patients who go through the first consultation might need an examination and a second

consultation to confirm their illnesses. The second consultation rate (i.e., revisit probability),

is ρi for patient i. We assume that the second consultation can be performed after treating the

following li patients, or be performed during overtime. The period between two consultations

is reserved for examinations. When patient i requires a second consultation, the time of that

second consultation is assumed to follow a log-normal distribution with parameters (µ̃i, σ̃i),

denoted by η̂i. Therefore the actual second consultation time of a revisit is a mixture of the

lognormal distribution and a point mass at 0, with mixing probabilities of ρi and 1− ρi, i.e.,

η̃i =

 0, w.p. 1− ρi
η̂i, w.p. ρi

(4)

Considering no-shows, only when patients show up for their first appointment will they have a

chance for a revisit. Thus, the true stochastic revisiting time of patient i is formulated below

when s same-day patients arrive:

η̄si =

 0, if ξsπ(i) = 0

η̃i, if ξsπ(i) > 0
(5)

Similarly, we define the revisiting duration at slot j to be ηsj when s same-day patients call

in. Based on an analysis of sequence and service times in each scenario, we can describe the

revisiting duration at each slot. Slot j is supposed to serve a scheduled patient for an initial

consultation; however, if a revisit is inserted at slot j, the revisiting patient should be served

right after the patient at slot j and before the patient at slot j+1. The total revisit time at slot j

is ηsj , with ηsj =
∑

i∈Φ(j) η̄
s
i , where Φ(j) = {i|π(i)+ li = j} represents the set of patients who are

at slot π(i) and will revisit between slot j and slot j+1 after li patients, and where i = 1, . . . ,M ,

j = li + 1, . . . ,m(s). To be more specific, each slot j has to handle patient π−1
j and revisited
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patients in Φ(j), patient π−1
j will be served first. Let Φ(m(s) + 1) = {i|π(i) + li > m(s)} be

the set of patients whose revisiting time is beyond the range of the regular slots; these patients

should be treated during overtime. Let ηsm(s)+1 =
∑

i∈Φ(m(s)+1) η̄
s
i .

At the end of a day, after the first and second consultation time have been realized, with

appointed allowances Xj , we can therefore determine the patients’ waiting times, the physician’s

idle time, and overtime (the third timing event in Figure 3). Let S = s and the wait time of the

patient at slot j be W s
j . If the sum of that patient’s staying time W s

j + ξsj and revisit duration

ηsj is greater than Xj , then the patient at slot j+ 1 will have to wait (W s
j + ξsj + ηsj −Xj)

+ time

units if he/she shows up on time, and the patient’s wait time can be denoted by W s
j+1.

Ancillary tasks τ are also considered in our problem, because physicians have non-critical

tasks to complete such as making regular rounds. These can be preemptive and can be performed

whenever the physician is available. Hence, idle time can be calculated as the start time of

the scheduled final patient minus the total working time before the final patient, i.e., Is =

(
∑m(s)−1

j=1 Xj +W s
m(s)−

∑m(s)−1
j=1 (ξsj + ηsj )− τ)+. The cost of idle time is normalized to be 1 per

time unit. Overtime is work time that exceeds regular working hour T , i.e., Os = (
∑m(s)

j=1 (ξsj +

ηsj ) + ηsm(s)+1 + τ + Is − T )+. The penalty of overtime is set to β per time unit.

Based on the above notation introduction and analysis, the mathematical model can be

constructed as follows:

(SP ) V = min
X

Eξ,τ,S{v(X|ξs, τ,m(s))} (6)

v(X|ξs, τ,m(s)) =

m(s)∑
j=2

αsjW
s
j + Is + βOs (7)

s.t. W s
2 ≥ ξs1 −X1 (8)

W s
j+1 ≥W s

j + ξsj + ηsj −Xj , j = 2, . . . ,m(s)− 1 (9)

Is ≥
m(s)−1∑
j=1

(Xj − ξsj − ηsj ) +W s
m(s) − τ (10)

Os ≥
m(s)∑
j=1

(ξsj + ηsj ) + ηsm(s)+1 + τ + I − T (11)

W s
2 , . . . ,W

s
m(s), I

s, Os ≥ 0. (12)

The purpose of (6) is to determine the optimal allowances for M patients with a given sequence

8
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and a stochastic distribution of random variables, including consultation time, ancillary tasks

and the number of same-day patients. The purpose of (7) is to calculate the weighted sum of

the three performances in each scenario after the service times have been realized. Equation

(10) and equation (11) are used together to ensure that the sum of idle time and overtime is

piecewise linear and increasingly convex in
∑m(s)−1

i=1 Xi.

3. Policy introduction

A stochastic programming model (SP) has been introduced above to solve the appointment

scheduling problem with a given sequence. However, how to obtain an optimal sequence is still

an open question. Actually, this question has been raised in many studies, but to the best of

our knowledge, no explicit formula has been given with general parameter settings. The authors

of Guda et al. (2015) derived the Shortest-Variance-First rule, which optimally minimizes the

overall waiting time cost and idle time cost when the waiting cost per time unit and idle cost per

time unit, respectively, are the same for all patients. The determination of optimal appointment

durations was addressed in Denton and Gupta (2003) for jobs with a given sequence, and Chen

and Robinson (2014) employ some heuristics to obtain a good sequence, but not necessarily

an optimal one. In Denton and Gupta (2003); Denton, Viapiano, and Vogl (2007), the authors

show that the sequence that places the longest processing time first (LPT) often performs poorly.

Dynamic programming has also been used to investigate an optimal sequence; some insights on

the optimal sequence are provided in (Erdogan, Gose, and Denton (2015); Xiao et al. (2015)).

However, no closed expressions have been provided until now.

In this work, we strive to group all the routine patients into one unit and search for the

optimal sequence. From a practice perspective, it is easier for management to keep routine

patients together. Moreover, this policy has been numerically proven to perform well by Chen

and Robinson (2014), and is known as the “routine block policy.” A special case of the routine

block policy, the routine-first policy, schedules same-day patients after all routine patients. The

routine-first policy will be used in our computation as a benchmark.

9
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4. SAA formulation and some extensions

4.1 Construct SAA formulation

In this section, sample average approximation (SAA) is adopted to reformulate the proposed

model (SP) into a linear programming model. The model considers K scenarios of service time.

Because there are Smax scenarios for same-day patients, the total number of model scenarios is

K × Smax.

(LP ) min
X

Smax∑
s=0

K∑
k=1

ϕs
K

(

m(s)∑
j=1

αksj W
ks
j + Iks + βOks)

 (13)

s.t. ∀k = 1, . . . ,K, s = 1, . . . , Smax :

W ks
2 ≥ ξks1 −X1; (14)

W ks
j+1 ≥W ks

j + ξksj + ηksj −Xj , j = 2, . . . ,M − 1 (15)

Iks ≥
m(s)−1∑
j=1

(Xj − ξksj − ηksj ) +W ks
m(s) − τ

k; (16)

Oks ≥
m(s)∑
j=1

(ξksj + ηksj ) + ηksm(s)+1 + τk + Iks − T ; (17)

W ks
2 , . . . ,W ks

M , Iks, Oks ≥ 0. (18)

The linear programming model (LP) is solved by benders’ decomposition. For detailed infor-

mation please refer to Appendix A.

4.2 Determine the number of routine patients

The aforementioned model aims to optimize the optimal allowances with a given sequence

and a fixed number of routine patients. When revisits are included in the optimization model,

the optimal number of routine patients may differ from the original estimation, which ignores

revisits. Therefore, we will calculate the marginal benefits of dropping some routine patients to

maintain an effective operational system; meanwhile, we will calculate the impact of revisit rate

on the optimal number of routine patients, both of which are presented in Section 5.

Theorem 1. Assume the service times of routine patients are i.i.d, the service times of call-in

patients are also i.i.d. Given the schedule of π and X, the objective function is convex in regular

10
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capacity T . At the same time, there is a threshold for the number of routine patients.

Based on Theorem 1, if the threshold cost of dropping a routine patient or adding per unit

capacity is given, then a suitable number of routine patients and sufficient capacity can be found

by a binary search.

5. Computational results

We will investigate the effects of revisits on the daily static appointment scheduling problem.

Computations were performed using the c# language running on a laptop with an i5-3210M

CPU and 8GB RAM. The parameters of the base problem are listed in Table 1. In the base

problem, if revisits are not considered, the daily regular capacity of 12 approximately equals

the expected workload which can be expressed as: 3.684× 0.95× E(ξi) + 10× 0.75× E(ξi).

5.1 Parameter setting

Table 1. Parameters of the base problem

T = 12 daily regular capacity
N = 10 number of routine patients

µS = 3.684 arrival rate of same-day patients

τ = 1 length of ancillary tasks
β = 50% overtime surcharge
K = 5000 the number of samples
Smax = 10 the number of scenarios of same-day patients

pi = 0.25, i = 1, . . . , N No-show rate of routine patients
pi = 0.05, i = N + 1, . . . ,M No-show rate of same-day patients
αi = 0.1, i = 1, . . . ,M waiting cost

ρi = 0.2, i = 1, . . . , N revisit rate of routine patients

ρi = 0.3, i = N + 1, . . . ,M revisit rate of same-day patients
li = 3, i = 1, . . . ,M revisit interval of routine patients and same-day patients

ξi ∼ LnN(0.05, 0.1), i = 1, . . . ,M service time of first consultation
η̂i ∼ LnN(0.04, 0.08), i = 1, . . . ,M service time of second consultation

We will perform an analysis sensitive to seven factors: no-show probability, revisit rate, wait

cost per time unit, overtime cost per unit, capacity, the length of ancillary tasks, and the number

of routine patients. Each factor will be analysed with three variations except for the last one.

We analysed four scenarios of the number of routine patients: 6, 8, 10, 12. Detailed information

concerning parameters is listed in Table 2. Four policies will be evaluated: a routine-first policy

without considering revisits (RF), a routine-first policy that considers revisits (RFR), a rou-

tine block policy without considering revisits (RB), and a routine block policy that considers

11
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revisits (RBR). These four policies’ corresponding objective values are denoted by ValByRF,

ValByRFR, ValByRB, ValByRBR respectively. Each policy will be evaluated for 2× 7 + 2 = 16

times in total. We use a large sample size (5000) to fight against loss of accuracy due to the

sample average approximation approach.

Table 2. Different parameter settings (different values of pi correspond to routine patients and same-day patients respec-

tively, the same to different values of ρi)

cases group 1 group 2 group 3

no-show pi = 0.15, 0.05 pi = 0.25, 0.05 pi = 0.35, 0.1

revisit rate ρi = 0.1, 0.2 ρi = 0.2, 0.3 ρi = 0.3, 0.4

wait time 0.1 0.4 0.7

idle time 0.5 0.8 1.2

capacity 12 15 18

ancillary tasks 1 2 3

5.2 The impact of revisits

5.2.1 Impact of no-shows and revisit rate

Figure 4a shows that routine block policy that considers revisits (RBR) can noticeably reduce

the overall cost. Figure 4b, corresponding to RBR, demonstrates that higher no-shows will

usher in lower overall cost, which is counterintuitive, although it can be looked at from this

perspective: as the number of no-shows increases, although wait time increases synchronously,

overtime work is reduced, which reduces overtime costs. Because the weight of overtime costs

is relatively large, the overall cost decreases.

(4a) (4b)

Figure 4. The impact of no-shows

The same explanations apply to Figure 5a and Figure 5b. As shown in Figure 5a, the overall

objective without considering revisits (ValByRF, ValByRB) is much higher than the objective

12
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(5a) (5b)

Figure 5. The impact of revisits

when considering revisits (ValByRFR, ValByRBR). Because the workload is the same for all

policies, allowances without considering revisits are normally shorter (Figure 6), the high cost

can be primarily attributed to high waiting time. Meanwhile dome-shape rule does not apply

in our problem setting, because no-show and revisit probabilities are different for both kinds of

patients. More information can refer to Section 5.2.3. Figure 5b shows that as the revisit rate

increases, idle time does not decrease significantly. Moreover, both waiting time and overtime

are increasing; therefore, the overall cost increases as well. This result indicates that the system

becomes crowded when the revisit rate is (0.2, 0.2).

Figure 6. The allowances of all patients

In the base problem, the daily regular capacity equals the expected first treatment time

of both routine patients and same-day patients. However, it is insufficient when revisits are

considered. Based on the analysis of the impacts of no-show and revisit rate, when the system is

seriously congested, the capacity problem also raises many concerns in the scheduling problem.

Therefore, we must either create more capacity or schedule fewer patients in the optimal schedule

to reduce the physician’s overtime and overall cost.
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5.2.2 Release overload by extending regular capacity and reducing the number of routine

patients

In this section, we intend to find effective solutions for a crowded schedule system, mainly by

increasing regular capacity and reducing the number of routine patients. Figure 7a shows the

rate of objective value is also decreasing: the gap between 12 and 15 is much bigger than the

gap between 15 and 18. If extended capacity has a cost (a threshold cost mentioned in Section

4.2), then there must be a critical capacity at which wait time, overtime and delay time reach a

balance, conforming to Theorem 1. Specifically, for our instance, the marginal value of capacity

greater than 12 and less than 15 is approximately 0.4, but decreases to 0.2 as capacity increases

to 15. Thus, if there is an alternative capacity with low cost (lower than the marginal cost),

it would be better to assign some patients to the alternative capacity; otherwise, it would be

better to schedule all patients at regular times and inform physicians about the heavy workload.

(7a) (7b)

Figure 7. The impacts of capacity and the number of routine patients

An alternative solution to cope with overload is to decrease the number of routine patients.

As reflected in Figure 7b, if there is a referral system that costs no greater than 0.625 to direct

a patient out of the current system, 4 fewer patients would be referred.

5.2.3 Pros and cons of revisits

As can be seen from the above figures, considering revisits would produce better operation

management for both daily schedules and long term plans. First, the hospital would plan rea-

sonable daily workloads over the long term. Even if the waiting queue is too long and daily

workloads cannot be planned better than currently assigned workloads, the schedule can still

be optimized for the available patients. We can spread out patients during one day’s schedule,

14
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allocate longer intervals for each surgery, and reduce patients’ waiting time. Meanwhile, we can

design a better plan for physicians, who will not be under time pressure to finish surgeries too

quickly. Meanwhile overtime work can be planned for those physicians prepared to work after

regular office hours.

However, taking revisits into consideration would also cause the coordinator to schedule fewer

patients to avoid heavy workloads, which would delay patients’ appointment times. In this case,

we propose introducing a referral mechanism or extending capacity (with the attendant costs)

to ensure that all patients are treated the same day. Conversely, when patients are not crowded

so closely together, because service times vary considerably, a longer allowance for each patient

results in both more idle time and overtime, which increases costs. Of course for crowded

systems, this problem disappears.

As we know from prior literature, when service times are independently and identically dis-

tributed, the waiting time cost and idle time cost per unit are the same for all patients, these

optimal allowances form a dome shape (Weiss (1990); Denton and Gupta (2003); Wang (1993);

Klassen and Yoogalingam (2009)). Some further work has been undertaken due to the dome

shape rule (Cayirli, Yang, and Quek (2012)). When revisits are incorporated, even the three

conditions are satisfied, this claim is not necessarily correct.

5.3 Sensitivity analysis

5.3.1 Impact of costs per unit waiting time and per unit overtime

Figure 8a illustrates the relationships of four measures to the cost per unit wait time and idle

time. The figure shows that increasing the wait cost per unit wait time can dramatically reduce

wait time, while the other three measures increase by only a small margin. This result suggests

that when demand exceeds regular capacity by more than a certain amount, scheduling is not

an effective way to solve the problem. This same result has been suggested by Green and Savin

(2008). Similar results can be found in Figure 8b.

5.3.2 Impact of the length of ancillary tasks

Figure 9a shows that the overall objective of ValByRFR (or ValByRBR) is much lower than the

objective of ValByRF (and this is similar for ValByRB). Meanwhile, introducing ancillary tasks

can utilize the physician’s scattered time and reduce idle time (even in our crowded setting, idle
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(8a) (8b)

Figure 8. The impact of cost per unit on waiting time

time is reduced from 0.34 to 0.09 using the RBR policy (Figure 9b)).

(9a) (9b)

Figure 9. The impact of ancillary tasks

6. Conclusions

In this paper, patients’ revisits are incorporated into the traditional appointment scheduling

problem and their impacts on daily schedules are investigated. Numerical results show that

revisits significantly affect the three tested performance measures and overall cost. Firstly when

scheduling patients to match the regular daily capacity without considering revisits, the actual

demand is much higher than capacity. This problem cannot be completely solved by scheduling

techniques. Second, without considering revisits, patients are scheduled more compactly (i.e.,

the time interval between patients is short), which incurs longer wait times for patients. Third,

the previously described dome-shape of the intervals no longer fits. On the physician’s side,

introducing ancillary tasks can significantly reduce idle time. To properly treat revisits while

balancing service access times and the physician’s workload, we propose a myopic solution to

serve all patients during the same day: adding spare capacity (with their attendant costs) in
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the hospital, and directing patients to other clinics (referrals) to ensure timely treatment.

In our model, we assume that a second consultation slot is accessible after treating a fixed

number of patients from the first consultations, which might be generalized to the next k position

after rejoining the queue. Furthermore, it is possible to reschedule same-day patients when we

know how many there are. Additionally, walk-in patients should be taken into account in some

hospitals. Last, but not least, capacity and workload replanning in a larger framework that

considers revisits can be analysed in a manner similar to the appointment rule proposed by

Cayirli, Yang, and Quek (2012) but without using the dome-shape rule. These are potential

directions for future studies.
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Appendix A. Benders’ decomposition

The Model (LP) is first decomposed into two stages. The first stage master problem is to deter-

mine the optimal allowances for M patients, and the second stage subproblem is to determine

the patients’ waiting times, the physician’s idle time, and overtime with given allowances. The

subproblem is formulated as follows:

min

Smax∑
s=0

K∑
k=1

ϕs
K

m(s)∑
j=1

αksj W
ks
j + Iks + βOks

 (A1)

s.t. ∀k = 1, . . . ,K, s = 0, . . . Smax :

W ks
2 ≥ ξks1 −X1; [λks1 ] (A2)

W ks
j+1 ≥W ks

j + ξksj + ηksj −Xj , j = 2, . . . ,M − 1 [λksi ] (A3)

Iks ≥
m(s)−1∑
j=1

(Xj − ξksj − ηksj ) +W ks
m(s) − τ

k; [δks] (A4)

Oks ≥
m(s)∑
j=1

(ξksj + ηksj + ηksm(s)+1) + τk + Iks − T ; [ωks] (A5)

W ks
2 , . . . ,W ks

M , Iks, Oks ≥ 0. (A6)

The dual variables to constraints (A2)-(A6) are respectively denoted by λksi , i = 1, . . . ,M−1,

20
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δks, ωks as presented above. The dual objective function of the subproblem is:

Vdlp = max
λi,δ,ω

Smax∑
s=0

K∑
k=1

(ξks$1
−X1)λks1 +

Smax∑
s=0

K∑
k=1

m(s)−1∑
i=2

(ξksi +
∑
j∈π(i)

ηksj −Xi)λ
ks
i

 (A7)

+

Smax∑
s=0

K∑
k=1

(

m(s)−1∑
i=1

(Xi − ξksi −
∑
j∈π(i)

ηksj )− τk)

 δks
+

Smax∑
s=0

K∑
k=1

(

m(s)∑
i=1

(ξksi +
∑
j∈π(i)

ηksj ) +
∑

j∈π(m(s)+1)

ηksj + τk − T )

ωks (A8)

By rearranging and merging similar items, this can be written as: Vdlp = b0 +
∑M−1

i=1 biXi, where

b0 =

Smax∑
s=0

K∑
k=1

[m(s)−1∑
i=1

(λksi + ωks − δks)ξi +

m(s)−1∑
i=1

(λksi + ωks − δks)
∑
j∈π(i)

ηj − τδks

+ (τk + ξ$m(s)
+

∑
j∈π(m(s))

ηksj +
∑

j∈π(m(s)+1)

ηksj − T )ωks
]

bi =
∑

s≥i−N

K∑
k=1

(δks − λksi ), for i = 1, . . . ,M − 1;

Then a cut is generated in the form of z ≥ b0 +
∑M−1

i=1 biXi, adding (b0, . . . , bM−1) into the cut

set Φ. Then, the master problem can be formulated as follows:

Vlp = min
X

z (A9)

s.t. z ≥ b0 +
M−1∑
i=1

biXi,∀(b0, . . . , bM−1) ∈ Φ (A10)

After solving the master problem, we can obtain an updated allowance vector X. Next, we

turn to the subproblem to obtain another benders’ cut. This process continues until the dual

gap (Vlp − Vdlp) is sufficiently small (0.1% in our problem). By duality theory, for any X, we

have Vlp ≥ Vdlp. If X is optimal, then Vlp = Vdlp. Therefore the iteration will stop after a finite

number of steps.

For any given sequence, the calculation of the (SP) model with consideration of 20 patients

runs approximately 3 hours on a laptop with an i5-3210M CPU and 8GB RAM. The running

time rises to 10 hours for the case of 40 patients. For even larger scale cases, the samples can be
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divided into small batches and get solved individually, detailed information can refer to Mak,

Morton, and Wood (1999).

Appendix B. Proofs for the theorem

Theorem 1: Assume the service times of routine patients are i.i.d, the service times of call-in

patients are also i.i.d. Given the schedule of π and X, the objective function is convex in regular

capacity T . At the same time, there is a threshold for the number of routine patients.

Proof. 1) According to Os = (
∑m(s)

j=1 (ξsj +ηsj )+ηsm(s)+1 +τ+Is−T )+, Os is convex in T . While

T is irrelevant to functions of waiting time W s and idle time Is. Therefore the objective

function is convex in T . Next we will prove the latter part, w.o.l.g, superscript s is omitted

for simplicity.

2) Denote the objective function of (SP) by f(ξ), next we will prove that f(ξ) is supermodular.

First, it is obvious that Os is supermodular in ξ (Theorem 2.3.6 in Simchi-Levi, Chen,

and Bramel (2014)).

3) Define g(ξj1 , ξj2) = ((ξj2−x)+ +ξj1−x)+, (ξj2−x)+ +ξj1−x is increasing and supermodular

in (ξj1 , ξj2), y
+ is convex and increasing, then ((ξj2 − x)+ + ξj1 − x)+ is supermodular

(Theorem 2.3.5 in Simchi-Levi, Chen, and Bramel (2014)), i.e., W3 is supermodular in ξ.

By induction Wj is supermodular in ξ for ∀j ≥ 0.

4) Let ξjk equal to ξ except that the jkth element is 0. Let Wm be waiting time of the last

patient corresponding to service times ξj1 ∧ ξj2 , i.e., routine patients scheduled at (j1, j2)

are cancelled. If only routine patient scheduled at j2 is cancelled, the last patient’s waiting

time is denoted by Wm(ξj1), similarly define Wm(ξj2) and Wm(ξj1,2). Then

(Wm − x)+ + (Wm(ξj1,2)− ξj1 − ξj2 − x)+ ≥ (Wm(ξj1)− ξj1 − x)+ + (Wm(ξj2)− ξj2 − x)+

I.e., idle time I is supermodular in ξ.

5) In summary, f(ξ) is supermodular in ξ and f(ξj1 ∨ ξj2) − f(ξj1) ≥ f(ξj2) − f(ξj1 ∧ ξj2),

i.e., the marginal cost of adding a routine patient is increasing with the number of routine

patients. When the marginal cost of adding a routine patient is positive, no more patients

should be added and a threshold is obtained. The proof is done.
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