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Chapter 1

Introduction

The conservation laws governing fluid flow involve a combination of convective
and diffusive processes. Mathematically, these conservation laws are given by
a system of partial differential equations (PDEs). Apart from a few special
cases, analytical solutions to these PDEs are not available or quite difficult
to compute. Thus, we have to rely on numerical solutions of the governing
equations, for a better understanding of the dynamics of the flow. The modeling
of the interaction between convection and diffusion is an arduous task in the
numerical analysis of PDEs. This is mainly because of the striking difference
in the two limiting cases: for a purely convection-driven flow, the resulting
PDE is hyperbolic, whereas for diffusion-driven flow, it is parabolic. In the
flow problems considered in this thesis, the interplay between convection and
diffusion is governed by the diffusion coefficient (the Reynolds number in case of
the Navier-Stokes equations). For smaller values of the diffusion coefficient, the
PDE becomes singularly perturbed, with the solution exhibiting thin boundary
layers. A detailed explanation of PDEs and singularly perturbed problems can
be found in [59, 71, 96]. Designing a numerical scheme which gives an accurate
approximation in all regimes is a challenging task.

The computation of numerical solutions can be broadly categorized into,
the discretization of the governing PDEs, resulting in a system of algebraic
equations and solving the algebraic system of equations [38, 62]. For unsteady
flow problems, the discretization process is split into the spatial and the tem-
poral part. The spatial discretization replaces the spatial continuum by a finite
number of points or cells in which the numerical values of the variables are de-
termined. For the spatial discretization of PDEs, there are a number of choices,
the finite difference, finite volume, finite element and spectral methods being
the most commonly used techniques. The temporal discretization or time in-
tegration involves approximation of the time derivative and gives an algebraic
system of equations at each time step [53].
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In this thesis, we focus mainly on the spatial discretization using the finite-
volume method for the viscous Burgers equation [11] and the incompressible
Navier-Stokes equations. The spatial discretization schemes discussed in the
thesis can be applied to other models as well, involving the convection-diffusion
phenomenon. In the following, we mention a couple of these models:

• Drift-diffusion model. The drift-diffusion model is used for describing
the behavior of semiconductor devices. The model is given by a Poisson
equation for the electrostatic potential and a continuity equation for holes
and electrons [28, 81]. Simulating semiconductor behavior using the drift-
diffusion model has led to the development of several numerical methods
[64], like the Scharfetter-Gummel scheme and its extension [80, 89]. Apart
from semiconductors, the drift-diffusion model is also extensively used in
the modeling of plasmas, using the multi-fluid model, which treats each
species in a plasma as a fluid [32, 43, 67].

• Black-Scholes model. The Black-Scholes model, first published by Fisher
Black and Myron Scholes [7], describes the price of an option over time
in a financial market. The model provided mathematical legitimacy to
option trading in the stock markets across the world [56]. Mathematically,
the Black-Scholes model is similar to the unsteady convection-diffusion-
reaction equation. Due to the prevalence of the model in the financial
markets, it is essential to have robust numerical schemes for the model.

1.1 Motivation

The research described in this thesis has been carried out within the framework
of the topic ‘Wind op Zee’ (Offshore wind) of the Dutch national ‘Topsector
Energie’. In essence, the goal of the research in this thesis is to further pave
the way for robust, accurate and efficient computations of turbulent air flows
in offshore wind farms.

Figure 1.1 shows the Horns Rev 2 offshore wind farm under stable atmo-
spheric conditions [41]. The grouping of wind turbines in an offshore wind
farm raises two issues: wake velocity deficits and higher loads on the blades
due to increased turbulence. In order to address both issues it is essential to
understand the wake dynamics of the turbines. The physics of the wind turbine
wake can be described by the incompressible Navier-Stokes equations, with the
atmospheric velocities ranging between 4-25 m/s [30]. Note that for modeling
the aerodynamics at the blade tips, with increasing rotor diameters, in future,
it may become necessary to take into account compressibility effects. To model
the wake it is essential to have robust, accurate and efficient numerical methods
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Figure 1.1: Photograph of the Horns Rev 2 offshore wind farm under stable
atmospheric conditions (wind speed 13 m/s at hub height), taken by Bel Air
Aviation Denmark.

for the incompressible Navier-Stokes equations, given by:

∇ · u = 0, (1.1a)
∂u

∂t
+∇ · (uu) = −∇p+ 1

Re∇
2u, (1.1b)

which govern the flow of a Newtonian incompressible fluid with velocity field u,
pressure p and Reynolds number Re. The above system of equations is derived
from the principle of conservation of mass and momentum for the fluid, more
details can be found in [5, 102].

For turbulent flows, the presence of the nonlinear convective term introduces
a wide range of length and time scales depending on the Reynolds number, the
ratio of convective and viscous forces, [4, 16, 47, 83]. For modern-day wind tur-
bines having rotor diameters up to 120 m, with Reynolds numbers of the order
108, resolving all length scales using direct numerical simulation (DNS) is still
unrealistic. Thus turbulence models are constructed to account for the effects
at small scale. A large number of turbulence models have been constructed in
the past decades, see e.g. [65, 73, 77, 104], with RANS (Reynolds-Averaged
Navier-Stokes) and LES (Large Eddy Simulation) being the most commonly
used models. For modeling the wake of a wind farm LES is preferred due to its
ability to handle unsteady turbulent flows dominated by large scale structures
and turbulent mixing [45, 74].
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When using LES, one should be very careful with the discretization of the
nonlinear convective term. In [1], the authors provide an overview of finite-
volume discretization schemes for LES. The central scheme does not add any
non-physical dissipation to the system, but suffers from spurious oscillations,
particularly at higher Reynolds numbers [36, 105]. The spurious oscillations
can be removed by explicitly adding numerical dissipation for stabilization or
by using an upwind scheme. However, using an upwind scheme can influence
the energy cascades from large to small scales, due to numerical dissipation
[57]. To avoid this, central schemes are sometimes used in combination with
higher-order upwind schemes [6, 84]. As a drawback, higher-order schemes
may significantly increase the computational cost of the method. Not only the
spatial discretization, but also the time integration can introduce numerical
dissipation and introduce instabilities in the numerical scheme. The time in-
tegration using the implicit Runge-Kutta methods as described in [74, 75] is
shown to be stable and energy-conserving. In this thesis, we present spatial
discretization methods, that do not suffer from spurious oscillations and intro-
duce no or very little numerical dissipation, without any significant increase in
the computational cost.

1.2 Spatial discretization
With the aim to derive robust and accurate numerical methods, without signific-
antly increasing the computational cost, we impose the following requirements
on our spatial discretization:

• be completely free of any spurious oscillations for any grid size,

• have a three-point coupling, corresponding to each spatial direction,

• have as little numerical dissipation as possible,

• be uniformly second-order accurate,

• take into account all the forces acting on the fluid locally.

We present spatial discretization methods for flow problems involving non-
linear convection using local boundary value problems (BVPs). The scheme
is inspired by the flux approximation schemes for the convection-diffusion-
reaction equation presented in [87, 90]. The scheme is based on the principle of
solving the conservation law governing the local flow, such that the numerical
approximation is locally exact. Similar schemes have been proposed in [91, 92],
where the flux is approximated using a local BVP assuming constant coeffi-
cients, resulting in the exponentially fitted scheme. A more detailed account
of exponentially fitted schemes, which are hybrid combinations of the central
and upwind scheme, can be found in [18, 20, 44]. An improvement of the expo-
nentially fitted schemes can be found in [21], where the exponential scheme is
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combined with Keller’s box scheme [46] to produce a stable second-order finite-
difference scheme. Exponentially fitted schemes are widely used for simulating
the drift-diffusion equations for semi-conductor devices, where these schemes
are known as the Scharfetter-Gummel schemes [3, 9].

In our approach, we derive an integral representation for the flux using the
local BVP, including the source term, e.g., the reaction term for the convection-
diffusion-reaction equation and the pressure gradient for the Navier-Stokes
equations, etc. For unsteady problems, the time derivative of the unknown
can also be included as a source term, as in [86]. The integral representation
can be expressed as the sum of a homogeneous part, corresponding to the homo-
geneous solution of the local BVP, and an inhomogeneous part, corresponding
to the particular solution (depending on the source term), respectively. The
numerical flux is subsequently determined from the integral representation us-
ing suitable quadrature rules. In the absence of the source term, the scheme
reduces to the exponentially fitted scheme, [55], which is not uniformly second-
order accurate, but is free of any spurious oscillations. The inclusion of the
source term in the local BVP, results in reduced local truncation errors for the
discretization [55], giving a uniformly second-order approximation.

As mentioned earlier, the flux approximation using a homogeneous local
BVP results in the exponentially fitted scheme, where the numerical scheme
has the same exponential solution as the corresponding differential equation.
For the linear convection-diffusion equation, the exponentially fitted scheme
provides an accurate description of the behavior of the local BVP. However, for
nonlinear problems, which may not necessarily possess an exponential solution,
using the homogeneous flux approximation might not result in a locally exact
scheme. For simulating turbulent flows, it is essential that the nonlinearity of
the convective part of the flux is taken into consideration, as linearization may
eliminate the length scales arising due to the nonlinearity of the convective
term. Consequently, we have constructed a nonlinear local BVP scheme for
the approximation of the fluxes in the viscous Burgers equation, where instead
of deriving integral representations of the flux, the numerical flux is computed
directly from a nonlinear equation.

1.3 Main results

The main results in this thesis can be split into two parts, for i) the incom-
pressible Navier-stokes equations, and ii) the viscous Burgers equation.

Incompressible Navier-Stokes equations. The nonlinear convective term
in the momentum balance equations is discretized using local BVPs, with the
discrete pressure gradient and the gradient of the cross-flux as the possible
source terms. Since the convective term is nonlinear the local BVP is linearized
and solved iteratively. The inclusion of the source terms is shown to improve the
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accuracy of the homogeneous approximation, resulting in a uniformly second-
order accurate scheme, which is free of any spurious oscillations.

The complete-flux scheme as presented in [87] has been extended for the
approximation of the fluxes involved in the momentum equations. Again for
the flux approximation, we show that the inclusion of the source terms results
in a uniformly second-order accurate approximation, that is free of any spuri-
ous oscillations.

Viscous Burgers equation. We derive the integral representations using
nonlinear local BVP for the viscous Burgers equation. The integral representa-
tion thus obtained is implicit, i.e, depends on the solution of the nonlinear local
BVP. To simplify the flux approximation, we linearize the local BVP using the
cell-face velocity. For an approximation that is consistent in the inviscid limit,
it is required that the cell-face velocity is computed using either the upwind or
the homogeneous 1-D local BVP scheme. We also show that applying stand-
ard quadrature rules to the implicit integral representation does not provide a
consistent numerical flux.

The nonlinear local BVP scheme for the viscous Burgers equation is pro-
posed in which the numerical flux is computed from a homogeneous nonlinear
local BVP. The numerical local BVP scheme is shown to provide a numerical
flux for all possible cases. In the inviscid limit, it is shown that the numer-
ical flux is always consistent with the Godunov flux for the inviscid Burgers
equation.

1.4 Outline of the thesis

In Chapter 2 we introduce the necessary theory regarding numerical meth-
ods for partial differential equations. We begin by considering the convection-
diffusion equation and present methods for the spatial and temporal discretiza-
tion. Then we describe the spatial discretization of the incompressible Navier-
Stokes equations using a staggered grid [39] configuration for a second-order
accurate method on uniform grids. The resulting semi-discrete system of equa-
tions is then integrated using implicit Runge-Kutta methods as described in
[75].

In Chapter 3, we present the use of the local BVPs for the spatial discret-
ization of the constant coefficient convection-diffusion equation. The chapter
also discusses the classical discretization methods, viz., the central, upwind and
hybrid schemes. We rehearse the well-known results that the central scheme res-
ults in a second-order accurate approximation, but introduces spurious oscilla-
tions, and that, in contrast, the upwind scheme does not introduce spurious os-
cillations, but introduces numerical dissipation resulting in a first-order accur-
ate approximation. The homogeneous local BVP scheme, which is a weighted
average of the upwind and central scheme, suppresses numerical oscillations
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and exhibits first-order accuracy over coarse grids and second-order accuracy
over finer grids. Further, we demonstrate the significance of the source terms.
We show that the discretization of the convective term using inhomogeneous
local BVPs results in a second-order accurate approximation, which is free of
any non-physical oscillations.

Subsequently, in Chapter 4 we extend the use of local BVPs for the discret-
ization of the nonlinear convective terms in the incompressible Navier-Stokes
equations. The discrete convective terms are computed from linearized local
BVPs. As in the case of the linear convection-diffusion equation, it is observed
that the inclusion of the source term, i.e., the pressure gradient and the gradi-
ent of the transverse flux, provides a more accurate approximation and appears
to remove the numerical diffusion introduced by the homogeneous part of the
approximation. In order to account for the nonlinearity of the convective term,
the local BVP is solved iteratively. The scheme is tested for some classical flow
problems, such as, the Taylor-Green vortex and lid-driven cavity problem. Nu-
merical results for the inhomogeneous approximation scheme exhibit uniform
second-order convergence without introducing any non-physical oscillations.

In Chapter 5, we extend the use of local BVPs for the approximation of the
total flux, i.e., the sum of the convective and the diffusive flux. We present the
integral representations for the flux derived from inhomogeneous local BVPs,
as shown in [87]. The scheme is then extended to the viscous Burgers equa-
tion. We present two approaches to deal with the nonlinear local BVPs. In the
first approach, we linearize the local BVP using the cell-face velocity compon-
ents that are themselves computed from local BVPs, as shown in Chapter 4.
The linearized BVP can then be integrated exactly. In the second approach,
we derive the integral representation for the nonlinear problem and then use
straightforward quadrature rules to derive the numerical flux. We show that
applying quadrature rules to the nonlinear integral representation does not
result in a consistent numerical flux.

The flux approximation scheme using the linearized local BVPs for the vis-
cous Burgers equation is extended to the incompressible Navier-Stokes equa-
tions in Chapter 6. We combine the flux approximation scheme with the Harlow
& Welch [39] staggered grid configuration, using the pressure gradient and the
gradient of the transverse flux as source terms. The inclusion of the source
terms in the BVP is shown to result in a uniformly second-order approxima-
tion.

In Chapter 7, we present another approach for computing the numerical flux
for the viscous Burgers equation using a nonlinear local BVP. In this scheme,
the numerical flux is computed by solving a nonlinear algebraic equation that
is in turn derived from the nonlinear local BVP. The scheme is shown to be
consistent with Godunov’s approximation in the inviscid limit.

Finally, in Chapter 8 we summarize our findings, draw conclusions and
present recommendations for future research.
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Chapter 2

Discretization techniques

In this chapter, we present an overview of the spatial and temporal discretiz-
ation techniques used in this thesis. To give the details of the spatial discret-
ization and the time integration, we consider the convection-diffusion equation
and the incompressible Navier-Stokes equations. The spatial discretization
for both equations is done using finite-volume methods on uniform Cartesian
grids. Finite-volume methods use the integral form of the conservation law
and therefore involve cell-averaged quantities instead of point values. The in-
tegral formulation is very well suited for problems that contain discontinuities
and results in a conservative discretization. Further, the discretization can be
easily extended to unstructured grids.

For unsteady problems, the spatial discretization results in a system of
ODEs, which is then numerically integrated, also termed time integration or
temporal discretization. For the convection-diffusion equation we may use the
explicit fourth-order Runge-Kutta method for time integration, for which the
discretization errors are negligible. However, explicit methods impose a severe
restriction on the time step size. This can be avoided by using semi-implicit or
implicit methods for time integration, which generally have a larger stability
region and therefore, allow for larger time steps.

The discretization of the incompressible Navier-Stokes equations is more
challenging. In the incompressible Navier-Stokes equations, the pressure acts
as a Lagrange multiplier and ensures that the velocity field is divergence-free
[34, 79]. This coupling of pressure and velocity is described by the pressure-
Poisson equation, which is derived by taking the divergence of the momentum
equations and using the continuity equation. It is essential that the spatial
discretization also exhibits the coupling of the discrete pressure and velocity.
For the spatial discretization of the incompressible Navier-Stokes equations
we use Harlow and Welch’s staggered grid method [39, 99]. Apart from the
coupling of the pressure and velocity, the staggering of variables results in the
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discrete conservation of mass, momentum and energy (in the inviscid case)
on Cartesian grids [60]. We discuss the second-order accurate discretization
method in two dimensions. The discretization can be extended to higher-order
methods and can also be used for three-dimensional flow problems.

Applying the spatial discretization results in a differential-algebraic equa-
tion (DAE) system, which is integrated in time using Runge-Kutta methods.
Details regarding the application of Runge-Kuttta methods to DAE systems
can be found in [37, 58]. We use the implicit Runge-Kutta methods presented
in [74, 75, 76], which are known to be energy conserving and have non-linear
stability for any given time step size.

This chapter is organized as follows: in Section 2.1 we describe the spatial
and temporal discretization for the convection-diffusion equation. Section 2.2
gives the spatial discretization of the incompressible Navier-Stokes equations
and the time integration of the resulting semi-discrete system.

2.1 Convection-diffusion equation
In the finite-volume method, the computational domain is covered with a fi-
nite number of disjoint control volumes or cells and the integral form of the
conservation law is then discretized over these control volumes. Subsequently,
numerical integration is used to express the integrals in terms of average values,
also called cell-averages [23, 54]. To demonstrate the discretization we consider
the time-dependent convection-diffusion equation

∂φ

∂t
+∇ · f = s, f = aφ− ν∇φ, (2.1)

for the unknown φ, where f is the flux function, a the velocity field, ν the
constant diffusion coefficient, and s = s(x, t) the source term. Integrating the
above conservation law on a fixed domain Ω with boundary Γ and using the
divergence theorem gives the integral form of the conservation law, i.e.,

d
dt

∫
Ω
φdV +

∮
Γ

f · n dS =
∫

Ω
sdV, (2.2)

where n is the outward unit normal on the boundary Γ. We adopt the cell-
centered approach [100], where the variable φ is approximated at the center of
the cell. For a two-dimensional cell Ωj, j = (i, j) (see Figure 2.1) the conser-
vation law is given by

d
dt

∫
Ωj

φdA+
∑

k∈N (j)

∫
Γj,k

f · n ds =
∫

Ωj

sdA, (2.3)

where N (j) is the index set of neighboring grid points of xj and Γj,k is the
segment of the boundary Γj connecting the adjacent cells Ωj and Ωk. Approx-
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Ωj

ii− 1 i+ 1

j − 1

j

j + 1

Figure 2.1: Grid structure for the spatial discretization of the convection-
diffusion equation.

imating all integrals in equation (2.3) using the midpoint rule [8], we obtain
the semi-discrete conservation law,

φ̇j(t) |Ωj|+
∑

k∈N (j)

(F(t) · n)j,k |Γj,k| = sj(t) |Ωj|, φj(t) ≈ φ(xj, t), (2.4)

where φ̇j(t) ≈ ∂
∂tφ(xj, t), |Ωj| is the area of the control volume Ωj and (F(t) ·

n)j,k is the normal component of the numerical flux F(t) on Γj,k, directed from
xj to xk. From now on, we suppress the time dependence of the semi-discrete
equation (2.4) and express it simply as

φ̇j |Ωj|+
∑

k∈N (j)

(F · n)j,k |Γj,k| = sj |Ωj|. (2.5)

From the above, we get that the spatial discretization of the conservation law
(2.1) requires the approximation of the normal component, F ·n, of the numer-
ical flux at the interfaces of the control volume.

For the one-dimensional problem with the flux function given by f = aφ−
νφx, equation (2.5) reduces to

h φ̇i + Fi+1/2 − Fi−1/2 = h si, (2.6)

where Fi+1/2 ≈ f(xi+1/2) and h = |Ωi|, see Figure 2.2. Using the second-order
central difference approximation of the derivative φx, the flux approximation
at the interface is given by

Fi+1/2 = aφi+1/2 −
ν

h
(φi+1 − φi),

11
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xi−2 xi−1 xi xi+1 xi+2

φi−2

φi−1

φi

φi+1 φi+2

ΩiΩi−1 Ωi+1

xi−1/2 xi+1/2
h

Fi+1/2Fi−1/2

Figure 2.2: Cell-centered finite-volume discretization of the 1-D convection-
diffusion equation

where φi+1/2 ≈ φ(xi+1/2). Finally, for the flux approximation the unknown φ
needs to be interpolated at the cell-face xi+1/2 of the control volume.

In order to ensure that the resulting discretization has a three-point coup-
ling, φi+1/2 is interpolated using φi and φi+1, such that

φi+1/2 = c−i φi + c+i+1 φi+1,

with c−i +c+i+1 = 1 and 0 ≤ c−i c
+
i+1 ≤ 1. The coefficients c−i and c+i+1 depend on

the approximation scheme used for computing φi+1/2, e.g., the central scheme
dictates

φc
i+1/2 = 1

2(φi + φi+1),

and thus has c−i = 1/2 and c+i+1 = 1/2. In Chapter 3, we present the upwind
scheme and local BVP methods for computing φi+1/2. The numerical flux
Fi+1/2 can now be expressed as

Fi+1/2 = a(c−i φi + c+i+1φi+1)− ν

h
(φi+1 − φi)

= ν

h

(
(1 + Pc−i )φi + (Pc+i+1 − 1)φi+1

)
,

where
P := a h

ν
is the mesh Péclet number, a dimensionless parameter giving the ratio of con-
vective and viscous forces. The semi-discrete equation (2.6) can now be formu-
lated as

h φ̇i = −ν
h

(
−
(
Pc−i−1 + 1

)
φi−1 +

(
2 + P (c−i − c

+
i )
)
φi+(

Pc+i+1 − 1
)
φi+1

)
+ h si.

(2.7)

12
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Discrete maximum principle. For robust numerical methods, it is often
considered to be essential that the spatial discretization does not introduce any
spurious oscillations. In [33] it is stated though that spurious oscillations are
not necessarily harmful. They may be useful in signaling that boundary layers
are not resolved and that grid refinement is required. The maximum principle
may help in distinguishing spurious oscillations (spurious local extrema) from
correct oscillations (correct local extrema).

For the homogeneous convection-diffusion problem the maximum principle
states the following.

Theorem 2.1 (Maximum principle). Let φ ∈ C2(Ω) ∩ C0(∂Ω) and let L be
the differential operator

L[φ] ≡ aφx(x)− νφxx(x) ≤ 0, ∀x ∈ Ω,

then
max
x∈Ω

φ(x) = max
x∈∂Ω

φ(x).

The proof to the above theorem can be found in [15]. Analogous to the max-
imum principle, one can find the minimum principle for L[φ] ≥ 0. Thus, we
get that the homogeneous convection-diffusion equation

aφx − νφxx = 0

can attain its extrema only at the boundary of the domain. Equivalently, the
solution to the above equation does not have a local minimum or maximum in
the interior of the domain.

Next, we present the discrete maximum principle for the discrete operator
Lh defined on the grid xi = x0 + (i− 1)h, i = 1, 2, · · · , N with h = 1/(N − 1),
given by

Lh[φi] =
∑
k∈K

ci,kφi+k,

where K is some index set for grid points in the interior of the domain, φi, i =
2, · · · , N − 1.

Definition 2.2. The operator Lh is said to be of positive type, if∑
k∈K

ci,k = 0, i = 2, · · · , N − 1

and
ci,k ≤ 0, k 6= 0, i = 2, 3, · · · , N − 1.

We now present the discrete maximum principle for operators of positive type.

Theorem 2.3 (Discrete maximum principle). If Lh is of positive type and

Lh[φi] ≤ 0, for i = 2, · · · , N − 1,

then local maxima of φ can occur only if i = 1 or i = N , or if φi = constant.

13
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Proof. See chapter 4, [100].

Similarly, if Lh[φi] ≥ 0 for i = 2, · · · , N − 1 and Lh is of positive type then
it can be shown that the local minima can only occur for i = 1 and i = N .
Thus, if Lh[φi] = 0 the local extrema can only occur for i = 1 or i = N , i.e., on
the boundary of the domain. Because positive operators do not allow for any
local extremum in the interior of the domain, positive operators do not suffer
from numerical oscillations.

Once we have chosen the coefficients c−i and c+i+1, the semi-discrete equation
(2.7) can be expressed as the ODE-system

dΦh

dt = −AΦh + Sh + b(t), (2.8)

where

Φh =



·
·

φi−1
φi
φi+1
·
·


, Sh =



·
·

si−1
si
si+1
·
·


,

with A being the coefficient matrix corresponding to the discretization and b
containing the boundary data. The spatial discretization reduces the equation
to a system of ODEs which is numerically integrated using methods described
in the following.

2.1.1 Time integration
The temporal discretization of the system of ODEs (2.8) is done at discrete time
levels tn = n∆t (n = 0, 1, 2, · · · ), with time step ∆t. For the time integration of
the above system we use Runge-Kutta methods, which form a family of one-step
methods. Runge-Kutta methods have been originally developed by Runge [72]
and Kutta [50] with significant contributions by Heun [42]. The integration of
a system

dU
dt = G(t,U), t > 0, (2.9)

using an s-stage Runge-Kutta method is given by

Un+1 = Un + ∆t
s∑
i=1

biki, (2.10)

where Un ≈ U(tn) and ki is defined as

ki = G
(
tn + ∆t ci,Un + ∆t

s∑
j=1

aijkj
)
, (2.11)

14
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with the coefficients aij , bi and ci given by the Butcher tableau [12]

c A
b =

c1 a11 a12 · · · a1s
c2 a21 a22 · · · a2s
...

...
...

. . .
...

cs as1 as2 · · · ass
b1 b2 · · · bs

. (2.12)

The method is explicit if the matrixA is lower triangular and implicit otherwise.
For the method to be consistent the coefficients in the Butcher tableau must
at least satisfy

s∑
i=1

bi = 1, (2.13a)

s∑
j=1

aij = ci for i = 1, 2, · · · , s. (2.13b)

As the order of the method increases, the number of algebraic conditions on
the coefficients of the method increases. For higher-order methods the pattern
behind the conditions can be more compactly explained using rooted trees, as
shown in [14]. It can be shown that for s-stage methods (s > 4), it is not pos-
sible to have an s-order method with just s stages, with the fifth-order explicit
Runge-Kutta method requiring at least six stages. Explicit Runge-Kutta meth-
ods have a smaller stability region than implicit Runge-Kutta methods. The
implicit Runge-Kutta methods require fewer stages than the explicit methods
for the same order and are much more stable. However, the implicit nature
requires iterative methods to solve the resulting systems of equations if these
are nonlinear, which can significantly increase the computational cost of the
method.

For the convection-diffusion equation, we use the classical fourth-order,
four-stage explicit Runge-Kutta method, given by the Butcher tableau

0
1
2

1
2

1
2

1
2

1 1

1
6

1
3

1
3

1
6

mainly because the higher-order of accuracy allows us to ignore the discretiza-
tion error arising from time integration and, hence, to examine the convergence
of the spatial discretization.
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For larger time steps implicit-explicit Runge-Kutta methods [2, 25] or impli-
cit Runge-Kutta methods [13, 14] can be used. Alternatively, to have a second-
order accurate time integration scheme that allows for larger time steps, we
can apply the semi-implicit θ-method with θ = 1/2, given by

Un+1 −Un

∆t = θG(tn+1,Un+1) + (1− θ)G(tn,Un). (2.14)

For the ODE-system (2.8) the θ-method translates to

Φn+1
h −Φn

h

∆t = θ
(
−AΦn+1

h +Sn+1
h +bn+1)+(1−θ)

(
−AΦn

h+Snh+bn
)
, (2.15)

resulting in the discrete system

(I + ∆tθA)Φn+1
h =

(
I−∆t(1− θ)A

)
Φn
h + ∆t

(
θSn+1

h + (1− θ)Snh
)
+

∆t
(
θbn+1 + (1− θ)bn

)
.

(2.16)

For θ = 1/2, the trapezoidal rule, the time integration is A-stable and second-
order accurate.

Next, we consider the spatial and temporal discretization of the incompress-
ible Navier-Stokes equations.

2.2 Incompressible Navier-Stokes equations
For the spatial discretization of the 2-D incompressible Navier-Stokes equations,
we consider the primitive variable formulation, given by

∇ · u = 0, (2.17a)
∂u

∂t
+∇ · (uu) = −∇p+ ε∇2u, ε = 1

Re , (2.17b)

where u = u(x, y, t)ex + v(x, y, t)ey, p(x, y, t) and Re represent the velocity
field, the pressure and the Reynolds number of the flow, respectively. The
above system of equations is discretized on a Cartesian staggered grid, with
the pressure and the velocity components defined at different locations on the
grid; see Figure 2.3. The staggering of the variables ensures coupling between
the divergence and the gradient operator. The semi-discrete incompressible
Navier-Stokes equations are given by

Mu = r1(t), (2.18a)
Ωu̇(t) = −N(u) + εDu(t)−Gp(t) + r2(t), (2.18b)

where u(t) is the discrete velocity vector, and where M, N, D and G represent
the discrete divergence, the non-linear convection, the viscous term and the
gradient operator, respectively. The vector r1 gives the boundary conditions
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×
pi,j ui+1/2,j

Ωu
i+1/2,j

vi,j+1/2

vi,j+3/2

ui+1/2,j+1
×

pi,j+1

Ωv
i,j+3/2

∆x

∆y

Figure 2.3: Uniform, 2-D staggered grid for the incompressible Navier-Stokes
equations.
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for the continuity equation (2.17a) and r2 contains the boundary conditions
for the momentum equations (2.17b). The diagonal matrix Ω = diag(Ωu,Ωv)
contains the areas of the u- and v-control volumes (shown in Figure 2.3). Using
the second-order FVM on uniform grids with |Ωu| = |Ωv| = ∆x∆y, the discrete
operators are then given by

(M u)i,j = ūi+1/2,j − ūi−1/2,j + ṽi,j+1/2 − ṽi,j−1/2, (2.19)

where ūi+1/2,j and ṽi,j+1/2 represent the face-averaged velocity components
computed using the mid-point rule [17], i.e.,

ūi+1/2,j = ∆y ui+1/2,j , ṽi,j+1/2 = ∆x vi,j+1/2.

The discretization of the nonlinear convective operator N(u) for the u-component
Nu is given by

Nu(u)i+1/2,j =ūi+1,jui+1,j − ūi,jui,j+
ṽi+1/2,j+1/2ui+1/2,j+1/2 − ṽi+1/2,j−1/2ui+1/2,j−1/2

=∆y
(
u2
i+1,j − u2

i,j

)
+ ∆x

(
(uv)i+1/2,j+1/2−

(uv)i+1/2,j−1/2
)
.

(2.20a)

Details regarding the computation of the cell-face velocity components ui,j , ui+1,j
and (uv)i+1/2,j+1/2 can be found in Chapter 4. Similarly, the v-component of
the convective operator Nv is given by(

Nv(u)
)
i,j+1/2 =ṽi,j+1vi,j+1 − ṽi,jvi,j + ūi+1/2,j+1/2vi+1/2,j+1/2−

ūi−1/2,j+1/2vi−1/2,j+1/2

=∆x
(
v2
i,j+1 − v2

i,j

)
+ ∆y

(
(uv)i+1/2,j+1/2−

(uv)i−1/2,j+1/2
)
.

(2.20b)

The discrete diffusion term is given by

(Du(u))i+1/2,j =
(
δxu
)
i+1,j −

(
δxu
)
i,j

+
(
δ̃yu
)
i+1/2,j+1/2−(

δ̃yu
)
i+1/2,j−1/2,

(2.21a)

(Dv(u))i,j+1/2 =
(
δxv
)
i+1/2,j+1/2 −

(
δxv
)
i−1/2,j+1/2+(

δ̃yv
)
i,j+1 −

(
δ̃yv
)
i,j
,

(2.21b)

where(
δxu
)
i+1,j =

ūi+3/2,j − ūi+1/2,j

∆x ,
(
δ̃yu
)
i+1/2,j+1/2 =

ũi+1/2,j+1 − ũi+1/2,j

∆y .

Finally, the discrete gradient operator G = (Gu, Gv) is given by

Gu(p)i+1/2,j = p̄i+1,j − p̄i,j , Gv(p)i,j+1/2 = p̃i,j+1 − p̃i,j . (2.22)
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The discretization scheme can be extended to achieve higher-order accur-
acy, as shown in [97] for a fourth-order method and to a sixth-order method
as shown in [61]. For both second- and fourth-order methods, the treatment of
the boundary conditions and their conservative properties can be found in [78].
In the incompressible Navier-Stokes equations, pressure, which is a Lagrange
multiplier, ensures that the velocity-field is divergence free and is only determ-
ined up to an additive constant (unless pressure is prescribed at a boundary).
The evolution of the pressure is governed by the pressure-Poisson equation,
which is derived by taking the time-derivative of the continuity equation and
then using the momentum equation, i.e.,

Lp = M F(u, t)− ṙ1(t), (2.23)

where L = M G is the discrete Laplacian operator and

F(u, t) = −N(u) + εDu(t) + r2(t). (2.24)

In the above expression for F(u, t), Ω−1 has been absorbed by the discrete
operators N, D, G and r2. The boundary conditions for the pressure-Poisson
equation can be derived using the boundary conditions for the momentum
equations, as described in [35, 79, 94]. Next, the semi-discrete system (2.18) is
integrated using implicit Runge-Kutta methods.

2.2.1 Time integration
For the temporal discretization of the semi-discrete system (2.18) we use the
Runge-Kutta methods as described in [74, 75, 76]. Unlike the semi-discrete
convection-diffusion equation (2.8), which is an ODE system, the semi-discrete
incompressible Navier-Stokes equations constitute a differential-algebraic equa-
tions (DAE) system.

The semi-discrete incompressible Navier-Stokes equations (2.18) can be ex-
pressed as the DAE system [76]

0 =g(u, t), (2.25a)
u̇ =f(u,p, t), (2.25b)

where

g(u, t) =Mu− r1(t),
f(u,p, t) =F(u, t)−Gp(t),

with F(u, t) as defined in equation (2.24). In an s-stage Runge-Kutta method
the velocity Ui (≈ u(tn + ci∆t)) at the i-th intermediate stage is determined
by

Ui = un + ∆t
i∑

j=1
aijFj − ciGΦi, MUi = r1(ti), (2.26)
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where aij and ci are the coefficients of the Butcher tableau. Φi is a pressure
like variable satisfying

LΦi =
i∑

j=1

1
ci
aijMFj − r1(tn + ci∆t)− r1(tn)

ci∆t
. (2.27)

In fact, Φi is a Lagrange multiplier to make Ui divergence-free, with each
intermediate velocity field Ui being independent of Φj , j 6= i. Once the
intermediate stage values Ui and Φi are determined, the velocity un+1 is given
by

ûn+1 = un + ∆t
s∑
j=1

bjFj , (2.28a)

LΦn+1 =
s∑
j=1

(bjMFj)− r1(tn+1)− r1(tn)
∆t , (2.28b)

un+1 = ûn+1 −∆tGΦn+1. (2.28c)

We use the second-order Gauss method (implicit mid-point rule) with the
Butcher tableau given by

1
2

1
2
1
.

Details about the implementation of the method and the accuracy of the velo-
city and pressure together with stability analyses are given in [74].

In the following chapters, we present the approximation schemes for the
fluxes involved in the semi-discrete conservation laws.
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Chapter 3

Convection-diffusion equation

The finite-volume discretization of conservation laws requires fluxes to be ap-
proximated at the interfaces of the control volumes. In this chapter, we present
the discretization of the convective terms in the convection-diffusion equation
using the standard central and upwind schemes and hybrid schemes and also
using two-point local BVPs. For diffusion term, we use the second-order central
approximation. As mentioned in Chapter 1, we require the spatial discretiz-
ation method to be: 3-point (in one space dimension), uniformly second-
order accurate and free of any non-physical oscillations. Higher-order
upwind schemes provide numerical methods that may be stable and at least
second-order accurate. However, such methods can be computationally much
more expensive than the 3-point methods due to wider bandwidths of the dis-
cretization matrix. An extensive analysis of various schemes for the convection-
diffusion equation can be found in, e.g., [19, 26, 27, 68].

In this chapter, we present spatial discretization methods for convection-
diffusion type equations using local boundary value problems (BVPs). The
underlying principle of the scheme is to have a locally exact approximation
of the solution. Our scheme is inspired by the complete-flux scheme for the
convection-diffusion-reaction equation, where the flux is derived from a local
BVP for the entire equation. The integral representation of the flux can be
expressed as the sum of a homogeneous and an inhomogeneous part, corres-
ponding to the homogeneous and particular solution of the BVP, respectively.
We use the complete-flux approach for the discretization of the convective term
and show that the homogeneous approximation, like the hybrid scheme [82],
depends directly on the mesh Péclet number (P ). The homogeneous approx-
imation exhibits the stability properties of the upwind scheme for higher Péclet
numbers and displays second-order accuracy for |P | � 1.

To obtain an approximation that is uniformly second-order accurate, it is
essential to include the source terms in the local BVP. For unsteady flow prob-
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lems, the time derivative of the unknown can be included as part of the source.
In Section 3.3 we show that the inhomogeneous approximation effectively elim-
inates the numerical dissipation from the homogeneous approximation, thereby
resulting in a second-order accurate scheme.

The chapter is organized as follows: in Section 3.1 we present the difference
operators for the spatial discretization of the convection-diffusion equation and
investigate their stability and accuracy. Section 3.2 shows the significance of
the inclusion of the source term in the local BVP, with an analysis of dissipative
properties presented in Section 3.3.

3.1 Convection-diffusion equation
Consider the steady one-dimensional convection-diffusion equation with con-
stant velocity field a(x) = a and constant diffusion constant ν(> 0) for the
unknown φ = φ(x), i.e.,

L[φ] := aφx − νφxx = s, x ∈ (0, L), (3.1)

for some source term s = s(x). For time-dependent problems, the time de-
rivative of the unknown can be included as a source term, i.e, s = −φt. To
numerically solve the above equation, we begin by discretizing the equation
on a uniform grid (xi = ih, i = 0, 1, · · · , N) with mesh size h = L/N . The
discrete difference operator Lh is then given by

Lh[φi] := a

h
(φi+1/2 − φi−1/2)− ν

h2 (φi−1 − 2φi + φi+1) = si, (3.2)

where φi and si are the numerical approximations of φ(xi) and s(xi), respect-
ively. In this section, we restrict ourselves to the homogeneous convection-
diffusion equation. In the difference operator Lh, the diffusion term φxx is
approximated by the second-order central difference scheme. The operator Lh
also requires φi+1/2 and φi−1/2 at the auxiliary points xi±1/2 = 1

2 (xi + xi±1),
which should be interpolated using the neighboring values. The central scheme
gives

φcen
i+1/2 = 1

2(φi + φi+1),

resulting in the discretization

Lcen
h [φi] =−

( a
2h + ν

h2

)
φi−1 + 2 ν

h2φi +
( a

2h −
ν

h2

)
φi+1

= ν

h2

[
−
(
1 + 1

2P
)
φi−1 + 2φi −

(
1− 1

2P
)
φi+1

]
,

(3.3)

with P = ah/ν the mesh Péclet number.
In Chapter 2 we introduced the notion of positive operators and showed that

they satisfy the discrete maximum principle (Theorem 2.3), and consequently
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do not allow for non-physical oscillations. Clearly, the operator Lcen
h is positive

if and only if |P | ≤ 2, which imposes a severe restriction on the mesh size for
small values of ν. For smaller ν, convection dominates over diffusion, and in
that case the one-sided discretization, given by the upwind scheme, is suited.
The upwind approximation of φi+1/2 is given by

φup
i+1/2 =

{
φi if a ≥ 0,
φi+1 if a < 0,

which results in the discretization

Lup
h [φi] =

{
ν
h2

[
− (1 + P )φi−1 + (2 + P )φi − φi+1

]
if a ≥ 0,

ν
h2

[
− φi−1 + (2− P )φi − (1− P )φi+1

]
if a < 0.

(3.4)

Clearly, the discretization operator Lup
h is always positive, irrespective of P .

Observe that the upwind approximation of aφx can also be expressed as the
sum of the central approximation and a correction term as

aφx ≈

{
a
2h
(
φi+1 − φi−1

)
− 1

2P
ν
h2

(
φi+1 − 2φi + φi−1

)
if a ≥ 0,

a
2h
(
φi+1 − φi−1

)
+ 1

2P
ν
h2

(
φi+1 − 2φi + φi−1

)
if a < 0.

From the above, we get that Lup
h [φi] gives the same discrete equation as the

central approximation does for the equation

aφx − ν
(

1 + 1
2 |P |

)
φxx = 0.

Compared to (3.2), the upwind discretization has a higher diffusion coefficient,
with an additional term νnum = |P |ν/2, which is termed as the numerical
diffusion coefficient. Observe that for |P | � 1, we have νnum � ν. Numerical
diffusion is an important characteristic of a numerical method. Numerical
diffusion may be introduced to avoid spurious oscillations. However, it may
pollute some subtle features of the flow, e.g., boundary layers which may be
significant, as rehearsed in the following standard example.
Example 3.1. Consider the steady convection-diffusion equation

aφx − νφxx = 0, x ∈ (0, L), a > 0,

subject to the boundary conditions φ(0) = A and φ(L) = B. The analytical
solution of the above equation is given by

φ(x) = A+ (B −A)1− ePL(x/L)

1− ePL
,

where PL = aL/ν. This solution has a thin boundary layer when PL is large,
i.e., the solution φ(x) ≈ A all throughout the domain except in a very small
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φup(x)

Figure 3.1: Upwind solution compared to the analytical solution for the
convection-diffusion equation with PL = 400.

region near x = L, where the solution attains the boundary condition φ(x) = B.
The thickness of this boundary layer satisfies δ ≈ ν/a = L/PL (see [95]). In
Figure 3.1 we compare the upwind solution with the analytical solution for
PL = 400 and boundary conditions A = 0 and B = 1. Clearly, the upwind
solution has a much thicker boundary layer compared to the analytical solution.

The upwind approximation results in a positive operator, therefore not al-
lowing for any non-physical oscillations, but it introduces numerical diffusion,
which directly depends on the grid Péclet number, leading to loss of details of
the boundary layer.

3.1.1 Homogeneous local BVP approximation

Alternatively, the unknown φi+1/2 can be computed by solving the convection-
diffusion equation (3.1) with s = 0 on (xi, xi+1), giving us an approximation
that is locally exact. The scheme was first presented by Allen and Southwell
[18] and has been studied extensively by many others since, see e.g. [33, 66, 82].
The unknown φi+1/2 is thus computed from the local two-point BVP

aφx − νφxx = 0, x ∈ (xi, xi+1), (3.5a)
φ(xi) = φi, φ(xi+1) = φi+1. (3.5b)
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Using the integrating factor formulation φx − λφ = eλx
(
e−λxφ

)
x
, λ = a/ν and

integrating equation (3.5a) once, gives:

− ν(φx − λφ) = −νeλx(e−λxφ)x = c, (3.6)

with c being the integration constant. Next, integrating equation (3.6) from xi
to x ∈ (xi, xi+1) and applying the left boundary condition φ(xi) = φi gives

φ(x)− ePσ(x)φi = c

a

(
1− ePσ(x)), σ(x) := x− xi

h
, a 6= 0,

with σ(x) ∈ [0, 1] being the scaled coordinate on [xi, xi+1]. Using the right
boundary condition gives a weighted average of φ on [xi, xi+1], i.e.,

φ(x) = e−P (1−σ(x)) − 1
e−P − 1 φi + ePσ(x) − 1

eP − 1 φi+1. (3.7)

For a = 0, and consequently P = 0, the above approximation reduces to

φ(x) = (1− σ(x))φi + σ(x)φi+1.

The homogeneous approximation φh
i+1/2 = φ(1/2) is given by the weighted

sum
φh
i+1/2 = w−φi + w+φi+1, w± = W (±P/2), (3.8)

where the weight function W (z) is defined as

W (z) := 1
ez + 1 ,

such that W (z) + W (−z) = 1 and 0 < W (z) < 1. Figure 3.2 shows the
dependence of the weights w+ and w− on the grid Péclet number. Note that
for P = 0, w+ = w− = 0.5, resulting in the central approximation, whereas

25



Convection-diffusion equation

-10 -5 0 5 10

P

0

5

10
1 + Pw

−

1− Pw
+
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for |P | > 10, φh
i+1/2 ≈ φup

i+1/2. Alternatively, the homogeneous approximation
φh
i+1/2 can be expressed as a weighted sum of the upwind and the central

approximation, given by

φh
i+1/2 = 2W (|P |/2)φcen

i+1/2 + (1− 2W (|P |/2))φup
i+1/2. (3.9)

The homogeneous local BVP approximation results in the discretization

Lh
h[φi] = ν

h2

[
−(1+Pw−)φi−1 +

(
2+P (w−−w+)

)
φi−(1−Pw+)φi+1

]
. (3.10)

For Lh
h to be a positive operator we require 1+Pw− and 1−Pw+ to be positive.

Figure 3.3 shows a plot of the coefficients 1 +Pw− and 1−Pw− as a function
of the grid Péclet number.

Lemma 3.1. The difference operator Lh
h is positive for all P ∈ R.

Proof. Consider the coefficient

1− Pw+ = eP/2 + 1− P
eP/2 + 1

.

Clearly eP/2 + 1 is always positive. For 1 − Pw+ to be positive, it is thus
necessary that eP/2 − P + 1 > 0. To show this, we define the function

C1(z) := ez/2 − z + 1,

with (C1)z = ez/2/2 − 1 and (C1)zz = ez/2/4 > 0. Thus, the function C1(z)
has a minimum at z = 2 log(2), given by 3− log 2 > 0.

Next, for the coefficient 1 + Pw− to be positive we need to prove that

1 + Pw− > 0, or 1 + eP/2(1 + P ) > 0.
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The above condition holds trivially for P ≥ −1. For P < −1, we define the
function

C2(z) := ez/2(1 + z).
Differentiating C2(z) with respect to z, we get that C2(z) has a global minimum
at z = −3, with C2(−3) = −2e−3/2 ≈ −0.45. Therefore, 1 + C2(z) > 0, for all
z ∈ R, resulting in 1 + Pw− being positive.

The discretization schemes described above can be expressed as a linear
system

AΦh = b,
where A is the discretization matrix corresponding to the discrete operator Lh
and where b contains the information about the boundary conditions. Thus
we have the discretization matrices Acen, Aup and Ah corresponding to the
difference operators Lcen

h , Lup
h and Lh

h, respectively.
Of the above 3-point discretization schemes for equation (3.1), the homo-

geneous local BVP approximation and the upwind scheme always result in a
positive operator, whereas the central scheme is positive only if |P | ≤ 2.

Local discretization error. The local discretization error τi for the discrete
difference operator Lh[φi] is defined as

Lh[φ(xi)] = si + τi.

Using Taylor series expansions, the derivatives involved in Lh[φ(xi)] can be
expressed as

dφ
dx (xi) = 1

h

(
φ(xi)− φ(xi−1)

)
+ h

2
d2φ

dx2 (xi) +O(h2), (3.11a)

dφ
dx (xi) = 1

2h
(
φ(xi+1)− φ(xi−1)

)
− h2

6
d3φ

dx3 (xi) +O(h4), (3.11b)

d2φ

dx2 (xi) = 1
h2

(
φ(xi+1)− 2φ(xi) + φ(xi−1)

)
− h2

12
d4φ

dx4 (xi) +O(h4). (3.11c)

Using (3.4), (3.11a) and (3.11c), it can be shown that the upwind scheme is
first-order accurate with

τup
i = −ah2

d2φ

dx2 (xi)− ν
h2

12
d4φ

dx4 (xi) +O(h3), a ≥ 0.

Similarly, using (3.11b), (3.11c) and (3.3) it can be shown that the central
scheme is second-order accurate, with the local discretization error given by

τ cen
i = h2

6

(
a

d3φ

dx3 (xi)−
ν

2
d4φ

dx4 (xi)
)

+O(h4).

The homogeneous local BVP approximation φh
i+1/2 is given by the linear com-

bination (3.9) of the upwind and the central schemes. Consequently, the local
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discretization error for the homogeneous local BVP scheme can be expressed as
the same linear combination of the corresponding discretization errors, given
by

τh
i = −1

2ah(1−2w+)d2φ

dx2 (xi)+
h2

6

(
2aw+ d3φ

dx3 (xi)−
ν

2
d4φ

dx4 (xi)
)

+O(h3), a ≥ 0.

On coarse grids, i.e., for higher Péclet numbers (P > 10), the homogeneous
local BVP scheme reduces to the upwind scheme and exhibits first-order con-
vergence. For finer grids, it reduces to the central scheme and exhibits second-
order convergence.

We have established that the homogeneous local BVP scheme results in a
positive discretization operator and is second-order accurate over finer grids.
The accuracy of the local BVP method can be further improved by the inclusion
of the source term in the model BVP (3.5), as demonstrated in [55] for the
unsteady constant-coefficient convection-diffusion-reaction equation, where the
authors have shown that the inclusion of the source terms makes the complete
flux scheme uniformly second-order convergent.

3.2 Inhomogeneous local BVP approximation
To obtain a more accurate approximation of φi+1/2, we can take into account
the source term in the local BVP for the approximation. To demonstrate the
significance of the source term, we consider the inhomogeneous local BVP

aφx − νφxx = s, x ∈ (xi, xi+1), (3.12a)
φ(xi) = φi, φ(xi+1) = φi+1. (3.12b)

The linearity of the problem allows us to express the solution of the inhomo-
geneous problem as the sum of the homogeneous and the inhomogeneous part,
as follows

φi+1/2 = φh
i+1/2 + φinh

i+1/2,

with φh
i+1/2 corresponding to the solution of the homogeneous problem given

by (3.8) and φinh
i+1/2 being the particular solution corresponding to the source

term s. The solution of the above inhomogeneous BVP can be evaluated under
the assumption that the source term s is either constant or piecewise constant
on (xi, xi+1). In this chapter, we only consider a constant source, the details
for the derivation of the solution to BVP (3.12) for piecewise constant source
term can be found in Chapter 4.

3.2.1 Source term for unsteady flow problems
Consider the unsteady convection-diffusion equation

φt + aφx = νφxx, (x, t) ∈ (0, L)× [0, T ], (3.13)
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with initial condition φ(x, 0) = φ0(x) and the boundary conditions φ(0, t) =
A(t), φ(L, t) = B(t) and φ0(0) = A(0), φ0(L) = B(0). Analogous to equation
(3.2), the above equation can be discretized as

φ̇i + a

h
(φi+1/2 − φi−1/2)− ν

h2 (φi−1 − 2φi + φi+1) = 0. (3.14)

For the approximation of φi+1/2, we solve the inhomogeneous quasi-steady BVP

(φx − λφ)x = 1
ν
φ̇i+1/2, xi < x < xi+1, (3.15a)

φ(xi) = φi, φ(xi+1) = φi+1, (3.15b)

with source term given by the upwind value of the discrete time derivative of
the unknown, i.e.,

φ̇i+1/2 =
{
φ̇i if a ≥ 0,

φ̇i+1 if a < 0.

Substituting the integrating factor formulation φx − λφ = eλx(e−λxφ)x in the
differential equation and integrating gives

(e−λxφ)x = 1
ν
e−λx

(
φ̇i+1/2(x− xi+1/2) + k1

)
,

with k1 the integration constant. Integrating the above equation from xi to
x ∈ (xi, xi+1) gives

φ(x) =eλ(x−xi)φi + 1
ν
φ̇i+1/2

∫ x

xi

eλ(x−ξ)(ξ − xi+1/2)dξ+

1
ν
k1

∫ x

xi

eλ(x−ξ)dξ.

Using the normalized coordinate σ(x), the solution of the local BVP (3.15) can
be expressed as

φ(σ) = ePσφi + h2

ν
φ̇i+1/2

∫ σ

0
eP (σ−η)(η − 1

2
)
dη + k1

a
(ePσ − 1), a 6= 0. (3.16)

Note that for a = 0 (equivalently P = 0), the above expression reduces to

φ(σ) = (1− σ)φi + σφi+1 −
h2

2ν σ(1− σ)φ̇i+1/2.

The constant k1 in equation (3.16) is determined by imposing the boundary
condition φ(xi+1) = φi+1. To compute φi+1/2, we substitute σ = 1/2, which
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gives

φi+1/2 =φh
i+1/2 + φinh

i+1/2, (3.17a)

φh
i+1/2 =w−φi + w+φi+1, (3.17b)

φinh
i+1/2 =− 1

8ν h
2tanhc

(
1
4P
)
φ̇i+1/2, tanhc(z) = tanh(z)

z
. (3.17c)

Figure 3.4 shows the plot of tanhc(z). It can be observed that tanhc(P/4)
attains its maximum for P = 0 and then asymptotically goes to 0 as |P | → ∞.

For the sake of simplicity, we restrict ourselves to the case a ≥ 0, thus
φ̇i+1/2 = φ̇i. Using the above approximation in the semi-discrete convection-
diffusion equation (3.14) results in the ODE-system

(Ω + B) Φ̇h = −Ah Φh + b, (3.18)

where Ω = hI is the mass matrix and where B is given by

B = aβ


−1
1 −1

. . . . . .
1 −1

1 −1

 , β = 1
8ν h

2 tanhc
(

1
4P
)
.

Thus, the inclusion of the time derivative as a source term in the local BVP
results in a modified mass matrix Ω + B.

Example 3.2. Consider the unsteady convection-diffusion problem

φt + aφx − νφxx = 0, (x, t) ∈ (−1, 1)× [0, 1],
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Figure 3.5: Convergence of the spatial errors for a = 1 and ν = 10−3 for a
family of grids with h = 2−i × 10−1, i = −1, 0, 1, 2, 3, 4 and ∆t = 10−4.

with initial conditions φ(x, 0) = sin(πx) and boundary conditions

φ(−1, t) = φ(1, t) = sin(π at) exp(−π2νt).

For the above problem, the analytical solution is given by

φ(x, t) = sin(π(x− at)) exp(−π2νt),

which describes a decaying traveling wave. We set a = 1.0 and ν = 10−3 and
compare the numerical results obtained using the upwind, central, homogeneous
local BVP and the inhomogeneous local BVP scheme. We use the standard,
explicit fourth-order, four-stage Runge-Kutta method with ∆t = 10−4, ensur-
ing that the temporal errors are negligible compared to the spatial errors. Fig-
ure 3.5 shows the convergence of the absolute errors (‖e‖∞ = ‖φexact−φnum‖∞,
with φexact being the analytical solution restricted to the grid) for different spa-
tial discretization schemes. Due to the relatively high Péclet numbers, ranging
from 12.5 to 400, the homogeneous local BVP approximation reduces to the
upwind scheme and exhibits first-order convergence. Further, the high grid
Péclet numbers cause the central scheme to suffer from non-physical oscilla-
tions, thereby inhibiting uniformly second-order convergence. Lastly, the in-
homogeneous approximation (depicted by ‖e‖inh) results in a uniformly second-
order accurate scheme.

In the next section, we investigate the numerical dissipation of the ho-
mogeneous and inhomogeneous approximations, to explain the second-order
convergence of the inhomogeneous local BVP scheme.
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3.3 Numerical dissipation and dispersion
To understand the effect of the inclusion of the source term, i.e., the time
derivative of the unknown, we analyze numerical dissipation and dispersion
of the homogeneous and the inhomogeneous approximation schemes applied
to the unsteady convection-diffusion equation. For the following analysis we
derive the modified equation for both schemes, as described in [88] for the
complete-flux scheme applied to the convection-diffusion-reaction equation. To
do so, we replace φni by φ(xi, tn) in the discrete equation and then expand all
nodal values of φ(x, t) in a Taylor series about (xi, tn). Next, we eliminate the
higher-order derivatives (2nd and above) using the modified equation itself, as
described in [98].

We begin by deriving the modified equation for the homogeneous local BVP
method. Consider the difference operators

δxφi := 1
2h (φi+1 − φi−1), δ−x φi := 1

h
(φi − φi−1),

δxxφi := 1
h2 (φi+1 − 2φi + φi−1),

defined for a grid function φi. Using the homogeneous approximation (3.8) for
the interface values φi+1/2 and φi−1/2 results in the difference equation

φ̇i+
a

h

(
w+φi+1 +(w−−w+)φi−w−φi−1

)
− ν

h2

(
φi+1−2φi+φi−1

)
= 0. (3.19)

Upon rearranging the convective term, equation (3.19) can be expressed as the
sum of the central approximation and a correction term as follows,

φ̇i + a

2h
(
φi+1 − φi−1

)
− ν

h2

(
1 + P

(
1
2 − w

+
))(

φi+1 − 2φi + φi−1
)
. (3.20)

Thus, the homogeneous scheme is equivalent to the semi-discretization

φ̇i + aδxφi − νh
artδxxφi = 0, νh

art = ν
(

1 + P
( 1

2 − w
+)), (3.21)

where νh
art is the artificial diffusion coefficient, defined as the sum of the diffusion

coefficient ν and the numerical diffusion

νh
num = 2νD(P/4), D(z) := z tanh(z).

Figure 3.6 shows the plot of νh
num/ν, as a function of P , from which it can be ob-

served that the homogeneous approximation introduces less numerical diffusion
than the upwind scheme. Clearly, for P = 0, the homogeneous approximation
does not introduce any numerical diffusion, whereas, for higher Péclet numbers
(|P | � 1), νh

num ≈ |P |ν/2, the numerical diffusion from the upwind scheme.
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Figure 3.6: Plot of the numerical diffusion νnum/ν for the homogeneous local
BVP approximation (νnum/ν = 2D(P/4)) and the upwind scheme (νnum/ν =
|P |/2).

The modified equation corresponding to the semi-discretization (3.21) reads
∂ψ

∂t
+ a

∂ψ

∂x
= νh

art
∂2ψ

∂x2 . (3.22)

Thus, the homogeneous approximation suffers from numerical diffusion.
However, the scheme does suppress any non-physical spurious oscillations, as
the discrete operator Lh

h is always positive.
Next, we consider the inhomogeneous approximation scheme with s =

−φ̇i+1/2, which is assumed to be constant on (xi, xi+1) and is given by the
upwind value of the discrete time derivative. For a ≥ 0, φi+1/2 is computed
from the inhomogeneous local BVP (3.15) and φi+1/2 is expressed as the sum
of a homogeneous and an inhomogeneous part given by (3.17). Substituting
the expressions for φi+1/2 and φi−1/2 in the semi-discrete convection-diffusion
equation (3.14) gives(

I− h

2 tanh(P/4)δ−x
)
φ̇i + aδxφi − νh

artδxxφi = 0, (3.23)

where I is the identity operator. The inverse of I− (h/2)tanh(P/4)δ−x is given
by the relation(

I− h

2 tanh(P/4)δ−x
)−1

=
(

I− 1
a
νh

numδ
−
x

)−1
= I + 1

a
νh

numδ
−
x +O(h2). (3.24)

Applying the inverse to equation (3.23) results in

φ̇i + aδxφi −
(
ν + νh

num
)
δxxφi + νh

numδ
−
x δxφi−

1
a
νh

num
(
ν + νh

num
)
δ−x δxxφi = O(h2).
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Figure 3.7: Functions (a) D(z) and (b) E(z).

Observe that the extra diffusive term introduced by applying the inverse to the
convective term, i.e.,

νh
numδ

−
x δxφi = νh

numδxxφi +O(h2),

exactly cancels the numerical diffusion arising from the homogeneous part of
the approximation. Further, applying the inverse to the diffusive term gives
rise to the dispersive term

(1/a)νh
num(ν + νh

num)δ−x δxxφi,

with δ−x δxxφi being the first-order approximation of (∂3φ/∂x3)(xi). The semi-
discrete equation (3.23) can be expressed as

φ̇i + aδxφi = νδxxφi + εδ−x δxxφi +O(h2), ε = ah2E(P/4), (3.25)

where ε is the numerical dispersion coefficient and

E(z) := 2tanhc(z) + 1
4
(

tanh(z)
)2
.

Equation (3.25) is thus a second-order accurate approximation of the equation

∂ψ

∂t
+ a

∂ψ

∂x
= ν

∂2ψ

∂x2 + ε
∂3ψ

∂x3 , (3.26)

with ε∂3ψ/∂x3 a dispersion term, causing waves of different wavelengths to
travel at different speeds [103]. Figure 3.7 shows the functions D(z) and E(z),
E(z) is a monotonically decreasing function with

lim
|P |→∞

E(P ) = 1/4.
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To demonstrate the effect of the dispersion term in equation (3.26), we consider
a planar wave in the inviscid case. Note that in the absence of diffusion, i.e.,
ν = 0, or equivalently, |P | → ∞. Substituting the planar wave

ψ(x, t) = Aei(κx−ωt),

with amplitude A, frequency ω and wave number κ, into equation (3.26) (with
ν = 0) gives us the dispersion relation

ω(κ) = aκ+ εκ3 6= const.

The phase velocity corresponding to the dispersion relation is then given by

cp(κ) = ω(κ)
κ

= a+ εκ2 = a
(

1 + 1
4(hκ)2

)
> a,

causing the numerical solution to propagate faster.
Thus, including the source term, s = −φ̇ in the local BVP, eliminates the

numerical diffusion arising from the homogeneous part of the approximation,
at the cost of introducing a dispersion error.

3.4 Conclusion
In this chapter, we introduced the discretization of the convective term in the
convection-diffusion equation using local BVPs. Integrating the local BVP
provides us the integral representation, which can be expressed as the sum of a
homogeneous and an inhomogeneous part, corresponding to the homogeneous
and particular solution of the local BVP, respectively. The homogeneous ap-
proximation, is a weighted sum of the central and the upwind scheme, such that
the homogeneous approximation reduces to the upwind scheme for |P | → ∞
and to the central scheme for |P | � 1. Consequently, it exhibits second-order
convergence on finer grids and first-order on coarse grids. To have a uniformly
second-order scheme it is essential to include the inhomogeneous part of the
approximation. We have shown that inclusion of the source term s = −φt
cancels the numerical diffusion introduced by the homogeneous part of the
approximation.

In the next chapter, we demonstrate the use of local BVPs for the discret-
ization of the convective terms in the incompressible Navier-Stokes equations,
with the pressure gradient and the gradient of the transverse flux forming the
source term. Like for the convection-diffusion equation, where the inclusion
of the source term makes the discretization second-order accurate, we show
that inhomogeneous local BVP methods applied to the Navier-Stokes equation
result in second-order convergent schemes.
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Chapter 4

Convective discretization of the
Navier-Stokes equations

In Chapter 2, we discussed the spatial discretization of the Navier-Stokes equa-
tions using staggered grids. In order to evaluate the semi-discrete convective
operator N, velocity components at the interfaces of the control volumes are
required. Commonly used methods for the approximation of these cell-face ve-
locity components are the central and the upwind scheme. The central scheme
approximates the velocity components by averaging the neighboring grid point
velocity components. The upwind scheme gives an approximation of the velo-
city components depending on the direction of the flow. Both methods have
their trade-offs. The central scheme does not add any non-physical dissipa-
tion to the system, but may suffer from spurious oscillations, particularly at
higher Reynolds numbers [36, 105]. The upwind scheme yields good stability
properties [10], but adds significant numerical dissipation to the system. An
analysis of the energy-conservation properties of the two schemes can be found
in [61]. The above two methods for approximation of the cell-face velocities are
the limit-case methods for the momentum equations, i.e., the central scheme
corresponds to the no-flow situation, whereas the upwind scheme corresponds
to inviscid flow situation. Higher-order approximation of the cell-face velocity
components using for example (W)ENO reconstruction provides a more accur-
ate numerical solution that is free of any spurious oscillations. However, these
discretization methods are computationally more expensive than the convec-
tional 3-point (in each spatial direction) discretization methods.

An accurate approximation of the cell-face velocities should take into ac-
count the balance of the convective and viscous forces acting on the fluid. This
issue can be tackled by the exponential/hybrid scheme described in [63, 82],
which gives an approximation of the cell-face velocities as a weighted average
of the central and the upwind scheme, with the weight function depending on
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the mesh Péclet number (ratio of the convective and viscous forces).
Apart from the convective and viscous forces, the cell-face velocities are

also affected by the pressure gradient and the effect of rotational behavior
(quantitatively given by the gradient of the transverse flux) of the fluid flow.
In this chapter we present methods for the computation of cell-face velocities
using reduced momentum equations subject to suitable boundary conditions,
reducing the problem to a local boundary value problem (BVP). We aim to
have approximation methods for cell-face velocities, that are accurate, free of
numerical oscillations, introduce no or very little numerical dissipation and
result in a 3-point coupling (in each spatial direction).

The chapter is organized as follows: In Section 4.1 the finite-volume method
is briefly described, giving a mathematical formulation for the computation of
cell-face velocity components. In Section 4.2, we derive an integral represent-
ation for the cell-face velocities by solving local BVPs. Sections 4.3 and 4.4
give the details about the closure of the model and iterative computation of
the cell-face velocities. The numerical results for the local BVP methods are
discussed in Section 4.5 and conclusions are drawn in Section 4.6.

4.1 Convective discretization
Consider the two-dimensional incompressible Navier-Stokes equations in prim-
itive variable formulation, i.e.,

∇ · u = 0, (4.1a)
∂u

∂t
+∇ · (uu) = −∇p+ 1

Re∇
2u. (4.1b)

As shown in Chapter 2 the above system of equations is discretized as
Mu = r1(t), (4.2a)

Ωu̇(t) = −N(u) + 1
ReDu(t)−Gp(t) + r2(t), (4.2b)

the details of the finite-volume discretization can be found in Section 2.2. For
the control volume Ωui+1/2,j (see Figure 4.1), the u-component Nu of the dis-
cretized convection operator N = (Nu, Nv) is given by(

Nu(u)
)
i+1/2,j =∆y

(
u2
i+1,j − u2

i,j

)
+

∆x
(
(uv)i+1/2,j+1/2 − (uv)i+1/2,j−1/2

)
,

(4.3)

where (uv)i+1/2,j+1/2 = ui+1/2,j+1/2vi+1/2,j+1/2 and ui,j is the numerical ap-
proximation of the velocity component u(xi, yj). Similarly, for the v-control
volume Ωvi,j+1/2, the discrete convective operator (Nv(u))i,j+1/2 is given by(

Nv(u)
)
i,j+1/2 =∆y

(
(uv)i+1/2,j+1/2 − (uv)i−1/2,j+1/2

)
+

∆x
(
v2
i,j+1 − v2

i,j

)
.

(4.4)
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Figure 4.1: Control volumes for the spatial discretization of the momentum
equations.

In order to compute (Nu(u))i+1/2,j we need the velocity components ui+1,j ,
ui+1/2,j+1/2 and vi+1/2,j+1/2, the rest can be computed in a similar manner.
These velocity components are not defined on the grid structure used for the
discretization, and hence need to be approximated using neighboring grid ve-
locities.

We begin with the approximation of the velocity component ui+1,j , the
approximation of the other cell-face velocity components is described in Sec-
tion 4.3. The central approximation of the velocity component ui+1,j is given
by

ui+1,j = 1
2(ui+1/2,j + ui+3/2,j).

The upwind approximation depends on the direction of the flow and is defined
as

ui+1,j =


ui+1/2,j , if ui+1/2,j > 0 ∧ ui+3/2,j > 0,
ui+3/2,j , if ui+1/2,j < 0 ∧ ui+3/2,j < 0,
1
2 (ui+1/2,j + ui+3/2,j), if ui+1/2,jui+3/2,j ≤ 0.

Alternatively, we compute the velocity component ui+1,j by solving the u-
momentum equation locally, such that the computed cell-face velocity com-
ponent depends on the mesh Péclet number and source terms like the pressure
gradient and the cross-flux gradient. Consider the steady u-momentum equa-
tion, i.e.,

(u2)x + (uv)y = −px + 1
Re(uxx + uyy).

Restricting the solution of the above equation to the domain x ∈ (xi+1/2, xi+3/2),
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Figure 4.2: Control-volume for the computation of ui+1,j

y = yj , gives us the local BVP

(u2 − εux)x = −px − (uv − εuy)y, ε = 1/Re, (4.5a)
u(xi+1/2, yj) = ui+1/2,j , u(xi+3/2, yj) = ui+3/2,j . (4.5b)

Figure 4.2 shows the domain and the boundary conditions involved in the
computation of ui+1,j , the details of which are given in the following section.

4.2 Integral representation of cell-face
velocities

In this section we focus on the computation of ui+1,j from the local two-point
BVP (4.5). Equation (4.5a) is a non-linear, inhomogeneous partial differential
equation, which does not allow for exact representation of the solution. To
simplify the problem, the non-linear term (u2)x is linearized as Uux where U is
an approximation of the velocity component ui+1,j . We assume that the gradi-
ent of the cross-flux (uv − εuy)y is constant over the interval (xi+1/2, xi+3/2)
and replace it with its numerical approximation Cui+1,j ≈ (uv − εuy)y|(xi+1,yj).
Further, we assume that the pressure p has a piecewise linear profile over
(xi+1/2, xi+3/2), y = yj , with a kink at x = xi+1, as shown in Figure 4.3, mak-
ing the (discrete) pressure gradient δxp piecewise constant. With the above
assumptions, equation (4.5a) reduces to a linear, inhomogeneous, quasi-one-
dimensional ordinary differential equation, given by

(Uu− εux)x = −δxp− Cui+1,j , xi+1/2 < x < xi+3/2, y = yj . (4.6)

In the following derivation we suppress the y-dependence of the local BVP,
u(xi) := u(xi, yj), and introduce the following variables,

a := U/ε, P := a∆x ,
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Figure 4.3: The piecewise linear pressure profile over the domain of the local
BVP.

where ∆x = xi+3/2 − xi+1/2 and P is the mesh Péclet number. Thus equation
(4.6) can be rewritten as

(ux − au)x = 1
ε

(δxp+ Cui+1,j). (4.7)

Since the pressure is assumed to be piecewise linear, we get that the pressure
gradient px is given by

δxp(x) =
{

(δxp)i+1/2,j = 1
∆x (pi+1,j − pi,j), xi+1/2 ≤ x ≤ xi+1,

(δxp)i+3/2,j = 1
∆x (pi+2,j − pi+1,j), xi+1 < x ≤ xi+3/2.

Integrating equation (4.7) we get

ux − au = 1
ε

(
I1(x) +Cui+1,j(x− xi+1) + k1

)
, I1(x) =

∫ x

xi+1

δxp(ξ)dξ , (4.8)

where k1 is the integration constant. Note that we integrated equation (4.7)
from xi+1 to x ∈ (xi+1/2, xi+3/2), as the pressure gradient px has a jump at
x = xi+1. Integrating equation (4.8) using the integrating factor formulation,
ux − au = eax(e−axu)x, and invoking the left boundary condition u(xi+1/2) =
ui+1/2, we get

u(x) =ea(x−xi+1/2)ui+1/2,j + 1
ε

∫ x

xi+1/2

ea(x−ζ)I1(ζ) dζ+

1
ε
Cui+1,j

∫ x

xi+1/2

ea(x−ζ)(ζ − xi+1) dζ + 1
ε
k1

∫ x

xi+1/2

ea(x−ζ) dζ.
(4.9)

We define the normalized coordinate σ on the interval [xi+1/2, xi+3/2] by

σ := σ(x) =
x− xi+1/2

∆x .
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Using equation (4.9) and the normalized coordinate σ we get

u(σ) = ePσui+1/2,j + 1
ε

∆x I2(σ;P ) + 1
ε
Cui+1,j ∆x2 I3(σ;P ) + k1

ε
∆xσϕ(Pσ),

where ϕ(z) = (ez − 1)/z and where the integral functions I2 and I3 are defined
as

I2(σ;P ) :=
∫ σ

0
eP (σ−η)I1(xi+1/2 + η∆x) dη,

I3(σ;P ) :=
∫ σ

0
eP (σ−η)(η − 1

2
)

dη.

Evaluating the integral I3(σ;P ) gives

I3(σ;P ) = 1
P 2

((
1− 1

2P
)(
ePσ − 1

)
− σP

)
. (4.10)

Invoking the right boundary condition u(xi+3/2) = ui+3/2,j we get

u(σ) =H1(1− σ;−P )ui+1/2,j +H1(σ;P )ui+3/2,j + 1
ε

∆x
(
I2(σ;P )−

H1(σ;P )I2(1;P )
)

+ 1
ε
Cui+1,j∆x2

(
I3(σ;P )−H1(σ;P )I3(1;P )

)
,

(4.11)

where
H1(σ;P ) := ePσ − 1

eP − 1 .

Summarizing, the integral representation u(σ) can be expressed as the sum of
three parts, i.e.,

u(σ) = uh(σ) + up(σ) + uc(σ), (4.12a)
uh(σ) := H1(1− σ;−P )ui+1/2,j +H1(σ;P )ui+3/2,j , (4.12b)

up(σ) := 1
ε

∆x
(
I2(σ;P )−H1(σ;P ) I2(1;P )

)
, (4.12c)

uc(σ) := 1
ε
Cui+1,j∆x2

(
I3(σ;P )−H1(σ;P ) I3(1;P )

)
, (4.12d)

with uh(σ) corresponding to the homogeneous solution of the local BVP (4.7)
and up(σ), uc(σ) to the discrete pressure gradient and the gradient of the
cross-flux, respectively. Note that uh, up and uc satisfy the following boundary
conditions:

uh(0) = ui+1/2,j , uh(1) = ui+3/2,j , (4.13a)
up(0) = up(1) = 0, (4.13b)
uc(0) = uc(1) = 0. (4.13c)
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In order to compute ui+1,j , we set σ = 1
2 . Using the weight function

W (z) = (ez + 1)−1 , satisfying 0 ≤ W (z) ≤ 1 and W (z) + W (−z) = 1, uh( 1
2 )

can be expressed as the weighted average of ui+1/2,j and ui+3/2,j :

uh( 1
2 ) = W (−P/2)ui+1/2,j +W (P/2)ui+3/2,j . (4.14)

Computing the integral I2(σ;P ) for σ = 1/2 and σ = 1, we get

I2
( 1

2 ;P
)

= ∆x
(
pi+1,j − pi,j

) 1
P 2

((
1− 1

2P
)
eP/2 − 1

)
,

I2(1;P ) = eP/2I2
( 1

2 ;P
)

+ ∆x
(
pi+2,j − pi+1,j

)(
eP/2 − 1− 1

2P
)
.

Introducing the function

H2(P ) := eP − 1− P
P 2(eP + 1) ,

and using the expressions for I2
( 1

2 ;P
)
and I2(1;P ), up( 1

2 ) can be written as

up( 1
2
)

= − 1
4ε∆x2

(
H2(−P/2)(δxp)i+1/2,j +H2(P/2)(δxp)i+3/2,j

)
. (4.15)

Finally, uc( 1
2
)
can be expressed as

uc( 1
2
)

= − 1
8ε∆x2Cui+1,jtanhc

(P
4

)
. (4.16)

Observe that the function H2(z) and tanhc(z) satisfy

H2(−z) +H2(z) = 1
2tanhc(z/2), (4.17)

implying that inhomogeneous part (4.15) with piecewise constant source term
is equivalent to expression (4.16), if (δxp)i+1/2,j = (δxp)i+3/2,j . Summarizing,
we get that the velocity component ui+1,j is given by

ui+1,j = uh( 1
2 ) + up( 1

2 ) + uc( 1
2 ), (4.18)

with uh( 1
2 ), up( 1

2 ) and uc( 1
2 ) defined in (4.14), (4.15) and (4.16), respectively.

Depending on the terms in the right-hand side of equation (4.7) we get three
possible methods for computing ui+1,j , viz., the homogeneous 1-D local BVP
method (uh), the inhomogeneous 1-D local BVP method (uh + up) and the 2-D
local BVP method (uh + up + uc), specified in the following.

4.2.1 Homogeneous 1-D local BVP method
If we ignore the pressure gradient and the gradient of the cross-flux, then solving
the homogeneous equation

(ux − au)x = 0 (4.19)

43



Convective discretization of the Navier-Stokes equations

-20 -10 0 10 20

z

0.05

0.15

0.25

H2(−z/2)

H2(z/2)

Figure 4.4: Function H2.

gives the cell-face velocity component ui+1,j as a weighted average of ui+1/2,j
and ui+3/2,j as in equation (4.14). This is the homogeneous 1-D local BVP
method. The homogeneous part can be expressed as a weighted average of the
upwind and the central scheme:

uh( 1
2 ) = (1− 2W (|P |/2))uup + 2W (|P |/2)ucen. (4.20)

4.2.2 Inhomogeneous 1-D local BVP method
The inclusion of the pressure gradient results in the inhomogeneous differential
equation,

(ux − au)x = 1
ε
δxp, (4.21)

in which case the cell-face velocity component is expressed as ui+1,j = uh( 1
2 ) +

up( 1
2 ). The contribution of the discrete pressure gradients (δxp)i+1/2,j and

(δxp)i+3/2,j to the component up is controlled by the function H2. Figure
4.4 gives the dependence of H2(P/2) on the Péclet number. It can be seen
that for P = 0, (δxp)i+1/2,j and (δxp)i+3/2,j have equal contribution. How-
ever, as the Péclet number (P > 0) increases, we get that H2(−P/2) → 2/P
and H2(P/2) → 4/P 2, as P → ∞, making the upwind pressure gradient
(δxp)i+1/2,j more dominant. Similarly for P → −∞, the discrete pressure
gradient (δxp)i+3/2,j is more dominant than (δxp)i+1/2,j .

4.2.3 2-D local BVP method
Finally, including both the pressure gradient and cross-flux gradient and solving
differential equation (4.7), results in the cell-face velocity component given by
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equation (4.18). The term uc( 1
2 ) is proportional to the cross-flux gradient Cui+1,j

and the function tanhc(P/4) (see Figure 3.4), which attains its maximum for
P = 0 and then asymptotically goes to 0 as |P | → ∞.

Approximation of the gradient of the cross-flux

In order to compute the term uc(1/2) given by equation (4.16), we need the
cross-flux gradient Cui+1,j . Cui+1,j is computed using Cui+1/2,j and Cui+3/2,j ,
which are approximations of the gradient (uv − εuy)y at (xi+1/2, yj) and
(xi+3/2, yj), respectively, with Cui+1/2,j defined as

Cui+1/2,j = 1
∆y
(
(uv)i+1/2,j+1/2 − (uv)i+1/2,j−1/2

)
−

ε

∆y2

(
ui+1/2,j+1 − 2ui+1/2,j + ui+1/2,j−1

)
.

The gradient Cui+3/2,j can be computed similarly. For the inhomogeneous 1-D
local BVP approximation, we have seen that for |P | � 1, the upwind pressure
gradient has a higher contribution and for |P | � 1, both upwind and downwind
pressure gradients have an almost equal contribution. Analogously, we compute
Cui+1,j as the weighted average:

Cui+1,j = W (−P/2)Cui+1/2,j +W (P/2)Cui+3/2,j ,

such that Cui+1,j is given by the average of Cui+1/2,j and Cui+3/2,j for |P | � 1
and by the upwind approximation if |P | � 1.

4.3 Closure of the model
In the previous section, we presented integral representations for approximat-
ing the cell-face velocity component ui+1,j . To compute the discrete convective
operator (Nu(u))i+1/2,j we also need ui+1/2,j+1/2 and vi+1/2,j+1/2. These ve-
locity components are also computed using local BVPs, as shown in Figure 4.5.
For computing both ui+1/2,j+1/2 and vi+1/2,j+1/2, we make use of the homogen-
eous 1-D local BVP method discussed in Section 4.2. The velocity component
ui+1/2,j+1/2 is computed from the local boundary value problem

V uy − εuyy = 0, yj < y < yj+1, x = xi+1/2, (4.22a)
u(xi+1/2, yj) = ui+1/2,j , u(xi+1/2, yj+1) = ui+1/2,j+1, (4.22b)

where V is an estimate for vi+1/2,j+1/2. Likewise, for vi+1/2,j+1/2, we use the
following local BVP :

Uvx − εvxx = 0, xi < x < xi+1, y = yj+1/2, (4.23a)
v(xi, yj+1/2) = vi,j+1/2, v(xi+1, yj+1/2) = vi+1,j+1/2, (4.23b)
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Figure 4.5: Computation of the other cell-face velocity components.

with U being an estimate for ui+1/2,j+1/2. The computation of ui+1/2,j+1/2
using BVP (4.22) requires an estimate of the interface velocity vi+1/2,j+1/2
(denoted by V in equation (4.22a)), and vice versa, for the computation of
vi+1/2,j+1/2, an estimate of ui+1/2,j+1/2 (denoted by U in equation (4.23a)) is
needed. Hence, we couple the two local BVPs (4.22) and (4.23). Note that
equation (4.22a) is the linearized form of the equation

(uv)y − εuyy = 0,

which is the cross-flux gradient in the x-momentum equation. Similarly, equa-
tion (4.23a) is the linearized form of,

(uv)x − εvxx = 0,

which is the cross-flux gradient in the y-momentum equation.
All the methods described so far are analogously applied for the discret-

ization of the convective term (Nv(u)
)
i,j+1/2 given by equation (4.4). To

compute the discretized operator (Nv(u)
)
i,j+1/2, we need the velocity com-

ponents vi,j+1, ui+1/2,j+1/2 and vi+1/2,j+1/2. The velocity component vi,j+1 is
computed using the local BVP

(vy − bv)y = 1
ε

(δyp+ Cvi,j+1), x = xi, yj+1/2 < y < yj+3/2,

v(xi, yj+1/2) = vi,j+1/2, v(xi, yj+3/2) = vi,j+3/2,

where b := V/ε, with V being an estimate for vi,j+1. Again, we assume that
δyp is piecewise constant and Cvi,j+1 ≈ (uv−εvx)x|(xi,yj+1), is constant over the
interval (yj+1/2, yj+3/2). Solving the local BVP, as discussed in Section 4.2, we
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get that vi,j+1 is given by

vi,j+1 = vh( 1
2 ) + vp( 1

2 ) + vc( 1
2 ), (4.24a)

vh( 1
2 ) =W (−P v/2)vi,j+1/2 +W (P v/2)vi,j+3/2, (4.24b)

vp( 1
2 ) = − 1

4ε∆x2
(
H2(−P v/2)(δyp)i,j+1/2 +H2(P v/2)(δyp)i,j+3/2

)
, (4.24c)

vc( 1
2 ) = − 1

8εC
v
i,j+1tanhc(P v/4), (4.24d)

where the Péclet number P v is defined as P v := V∆y/ε. Analogous to Cui+1,j ,
the discrete cross-flux gradient Cvi,j+1 is computed as the weighted average

Cvi,j+1 = W (−P v/2)Cvi,j+1/2 +W (P v/2)Cvi,j+3/2.

4.4 Iterative computation of the cell-face
velocities

The discussion so far gave details about the derivation of an integral repres-
entation of the cell-face velocity components by solving linearized local BVPs.
However, the local BVPs that we intend to solve are non-linear. To account for
this non-linearity, the cell-face velocities are computed iteratively. Algorithm
4.1 gives the details of the iteration procedure.

For the iterative computation of ui+1,j , we begin by making an estimate
for U in the linearization of equation (4.5). Corresponding to this estimate
we obtain the Péclet number given by P = U∆x/ε, which is used to compute
the velocity component using one of the three methods described in the pre-
vious section. The computed cell-face velocity component is used to update
the estimate U and the Péclet number and the procedure is repeated until
the computed values converge to a given tolerance. The velocity components
ui+1/2,j+1/2, vi+1/2,j+1/2 and vi,j+1 are computed iteratively in a similar man-
ner.

4.5 Numerical results

We now compare the local BVP methods with the central and upwind schemes
for the following test cases: the Taylor-Green vortex problem and the standard
lid-driven square cavity flow.

4.5.1 Taylor-Green vortex
The Taylor-Green vortex in two dimensions admits an exact solution to the
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incompressible Navier-Stokes equations, given by

u(x, y, t) = − sin(πx) cos(πy)e−2π2εt, (4.25a)

v(x, y, t) = cos(πx) sin(πy)e−2π2εt, (4.25b)

p(x, y, t) = 1
4(cos(2πx) + sin(2πy))e−4π2εt. (4.25c)

We compare the local BVP methods with the central and the upwind schemes
on the domain [ 1

4 , 2
1
4 ] × [ 1

4 , 2
1
4 ] with periodic boundary conditions. For time

integration, we use the second-order accurate, energy-conserving implicit Gauss
method (the midpoint rule, [75]) with a fixed time step (∆t = 10−2). The
simulation is run from t = 0 to t = 100, i.e., 10, 000 time steps are taken. Table
4.1 shows the discretization error (‖eu‖∞ = ‖unum−uexact‖∞) for Re = 105 on
a 20×20 grid, at times t = 20, 100. At t = 20, the numerical solution obtained
using the central scheme does not exhibit oscillations, and is significantly more
accurate than the solutions of the upwind and homogeneous 1-D local BVP
method. The central scheme and the inhomogeneous 1-D and 2-D local BVP
methods appear to produce practically identical results at t = 20. However, at
t = 100, the central scheme gives an oscillating solution, which severely affects
the accuracy. The spurious oscillations can be observed through the streamlines
of the numerical solutions, as shown in Figure 4.6. For two-dimensional flows
with smooth initial conditions, the incompressible Navier-Stokes equations have
a unique solution [51, 52]. Unlike the central scheme, the numerical solutions
obtained using upwind, homogeneous 1-D local BVP, inhomogeneous 1-D local
BVP and the 2-D local BVP scheme exhibit the same streamlines as the exact
solution (4.25).

The breakdown of the central scheme is shown by the dissipation of the
discrete kinetic energy. The central scheme results in a skew-symmetric con-
vective operator, which has the property that the net work done by convection
is zero. Further, for periodic boundary conditions it can be shown that work
done by the pressure is also zero, thus the dissipation of discrete kinetic energy
is only due to the discrete diffusion operator (for details see [97]). Moreover,
the implicit Runge-Kutta methods presented in [75] are shown to be energy-
conserving, thus for the central scheme the decay of the kinetic energy is solely
due to the discrete diffusion operator D. Figure 4.7 shows the dissipation of
the discrete kinetic energy for all the methods applied to the Taylor-Green vor-
tex flow. As expected, the upwind discretization shows a high dissipation of
kinetic energy. For a coarse grid and high Re (high Péclet numbers), the ho-
mogeneous 1-D local BVP method has a higher contribution from the upwind
part uup than from the central part ucen, cf. equation (4.20). Consequently,
the homogeneous 1-D local BVP method has similar dissipation of energy as
the upwind scheme. The inhomogeneous 1-D and 2-D local BVP methods ex-
hibit the same dissipation of the kinetic energy as the central scheme, until the
latter breaks down (at about t = 70). Computation of the discrete kinetic en-
ergy, requires approximating the velocity components at the cell centers, which
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Algorithm 4.1: Iteration to compute the cell-face velocity component
ui+1,j .

Initialization: Set uh = 1
2 (ui+1/2,j + ui+3/2,j), up = 0 and uc = 0

ui+1,j = uh + up + uc

Set TOL as allowed maximum tolerance for convergence
Set error > TOL
while error ≥ TOL do
uold
i+1,j = ui+1,j

P := 1
εui+1,j∆x

Compute uh, up and uc from (4.14), (4.15) and (4.16), respectively
ui+1,j = uh + up + uc

error =
∣∣ui+1,j − uold

i+1,j
∣∣

end

Method ‖eu‖∞ (t = 20) ‖eu‖∞ (t = 100)

Central 2.9897× 10−5 1.7822

Upwind 8.2059× 10−1 8.8515× 10−1

Homogeneous 1-D local BVP 8.2051× 10−1 8.8512× 10−1

Inhomogeneous 1-D local BVP 2.9897× 10−5 1.5480× 10−4

2-D local BVP 2.9897× 10−5 1.5480× 10−4

Table 4.1: Absolute errors (‖eu‖∞) for the Taylor-Green vortex problem, for
Re = 105, on a 20× 20 grid, at t = 20 and t = 100.
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Figure 4.6: Streamline plots for the Taylor-Green vortex problem for Re = 105

on a 20× 20 grid at t = 100 (∆t = 10−2, implicit second-order accurate Gauss
method)
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Figure 4.7: Temporal behavior of the discrete kinetic energy for the Taylor-
Green vortex problem, for Re = 105.

is done by averaging. The availability of the analytical solution allows us to
compute exact velocity components at the cell centers. Therefore, we observe
the difference between the kinetic energy of the exact solution (4.25) and the
numerical solutions. The inclusion of the source term in the local BVP ap-
pears to nullify the effect of numerical dissipation from the homogeneous part.
Although the central scheme results in a symmetry-preserving discretization,
which is energy-conserving [97], the presence of oscillations in its numerical
solution results in non-physical dissipation of energy, as observed in Figure 4.7.

Next, we investigate the convergence of spatial errors over a family of uni-
form grids ranging from 5× 5 to 320× 320 for Re = 100. For this case we use
the fourth-order, four-stage explicit Runge-Kutta method, just as in [76], to
ensure that for sufficiently small time step the temporal errors are negligible
compared to the spatial errors. Figure 4.8 shows the convergence of the errors
‖unum − uexact‖∞ for Re = 100 over a family of uniform grids, for a fixed
time step ∆t = 10−3. It can be observed that the upwind discretization of the
convective terms results in a first-order accurate scheme. The homogeneous
1-D local BVP method has a dominant upwind (uup) contribution for coarser
grids (due to higher Péclet numbers), hence exhibits first-order accuracy there.
However, for finer grids (decreasing Péclet numbers), the central part (ucen)
becomes dominant, leading to second-order convergence. The inclusion of the
source terms in the local BVP improves the accuracy of the computed numer-
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Figure 4.8: Convergence of the spatial errors for the Taylor-Green vortex prob-
lem, for Re = 100 and at t = 20, for a family of grids (5 × (2i, 2i), i =
0, 1, 2, · · · , 6 ).

ical solution significantly, resulting in the same error behavior (same order and
same magnitude) as that of the central scheme.

4.5.2 Lid-driven cavity flow
This internal flow problem is very well suited for studying the effect of including
the cross-flux term in the computation of cell-face velocity components due to
the strong two-dimensionality of the flow. We investigate the lid-driven cavity
flow for the case Re = 100, and use the results obtained by Ghia, Ghia and
Shin [29] as reference solutions. We apply a pair of fairly coarse grids, viz.,
8× 8 and 16× 16 for the Re = 100 case. Figures 4.9 and 4.10 show the plots of
the horizontal velocity component u along the vertical center line of the cavity
on the two grids. We compare the velocity profiles obtained using the central
scheme, the upwind scheme and the three methods described in Section 4.2.
The upwind method yields the least accurate results, as observed from Figures
4.9 and 4.10. For the 8 × 8 grid, we have higher Péclet numbers, thus the
homogeneous 1-D local BVP method behaves much like the upwind method.
The inclusion of the discrete pressure gradient in the inhomogeneous 1-D local
BVP method enhances the accuracy of the homogeneous 1-D local BVP method
and gives velocity profiles similar to the central scheme as observed in both
Figures 4.9 and 4.10. As anticipated, the 2-D local BVP method performs the
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Method Cost ratio

Central 1

Upwind 0.911

Homogeneous 1-D local BVP 1.106

Inhomogeneous 1-D local BVP 1.263

2-D local BVP 1.284

Table 4.2: Comparison of computing times for the lid-driven cavity problem,
for Re = 100, on a uniform 16× 16 grid.

best of the considered methods, due to the strong two-dimensionality of the
flow.

Table 4.2 shows the ratio of the computing times of the upwind method and
the three local BVP methods over the computing time of the central method,
for the 16 × 16 grid case. The costs of the local BVP methods appear to be
only marginally higher than the cost of the central method.

For coarse grids the inclusion of the source terms in the local BVP for the
approximation of the cell-face velocity components results in higher accuracy
than the central scheme. Further, we observe that the inclusion of the source
terms appears to cancel the dissipative effects arising from the upwind part of
the homogeneous part of the cell-face velocity component.

4.6 Conclusion
In this chapter we presented methods for computing the cell-face velocity com-
ponents involved in the discrete convective terms of the incompressible Navier-
Stokes equations, using local BVPs. The cell-face velocities are computed by
iteratively solving the nonlinear, local BVPs. Depending on the terms in the
right-hand side of the local BVP we get three different methods, namely, the ho-
mogeneous 1-D local BVP method, the inhomogeneous 1-D local BVP method
and the 2-D local BVP method. The homogeneous 1-D local BVP method
provides an estimate for the cell-face velocity as a weighted average of the neigh-
boring values depending on the Péclet number. In the limiting case P → 0, it
becomes identical to the central scheme and for |P | → ∞ it reduces to the up-
wind scheme. The order of accuracy of the computed numerical solutions using
the homogeneous 1-D local BVP method varies from first-order to second-order
depending on the mesh Péclet numbers.

In the inhomogeneous 1-D local BVP method we include the effect of the
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Figure 4.9: Horizontal velocity component along the vertical center line of the
cavity for Re = 100 on a uniform 8× 8 grid.

pressure gradient, where it is assumed that the pressure is piecewise linear.
As an enhancement of the inhomogeneous 1-D local BVP method we have the
2-D local BVP method where we include both the pressure gradient and the
cross-flux gradient. Unlike the homogeneous 1-D local BVP method, the inclu-
sion of the source terms results in second-order accurate numerical solutions
for all values of P considered. As observed for the case of the Taylor-Green
problem, both the inhomogeneous 1-D local BVP method and the 2-D local
BVP method exhibit perfect kinetic energy dissipation. The central scheme,
which suffers from spurious oscillations, fails at higher Péclet numbers. The
local BVP methods do not exhibit oscillations, which can be credited to the
presence of the upwind component in the homogeneous part of the cell-face
velocities.

For incompressible flows, the numerical scheme is energy conserving (in
the inviscid case) if the discrete convective operator is skew-symmetric, which
happens if the cell-face velocities are computed by central averaging. For the
local BVP methods, the discrete convective operator is not skew-symmetric,
thus the work done by the convective forces is formally not zero. Nevertheless,
due to the source terms, the inhomogeneous 1-D local BVP method and the
2-D local BVP method do not show any dissipative behavior.

Of the three local BVP methods, the 2-D local BVP method is to be pre-
ferred as it results in a more accurate approximation at marginally higher cost.
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Figure 4.10: Horizontal velocity component along the vertical center line of the
cavity for Re = 100 on a uniform 16× 16 grid.
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Chapter 5

Complete-flux schemes

In this chapter we first rehearse the complete-flux scheme (CFS) for the linear
convection-diffusion-reaction equation as presented in [87]. Analogous to the
local BVP approximation schemes presented in Chapter 4, in the CFS we first
derive an integral representation for the total flux from a local two-point BVP.
The integral representation is derived from a local BVP for the entire equation,
i.e., including the source term and therefore, it can be expressed as a sum of
a homogeneous and an inhomogeneous part, corresponding to the convection-
diffusion operator and the source term, respectively. The numerical flux is then
computed from the integral representation using suitable quadrature rules. The
CFS scheme is then extended to the viscous Burgers equation.

For the Burgers equation, the nonlinearity of the flux makes it difficult
to derive a numerical flux expression from the integral representation that is
consistent in the inviscid limit. Moreover, we show that using straightforward
quadrature rules for the nonlinear integral formulation of the flux does not
result in a consistent approximation. To simplify the flux computation, we
linearize the local BVP using the cell-face velocities, which are computed using
local BVPs, as demonstrated in the previous chapter. The linearized BVP is
then used to compute the flux. For the linearization, the choice of the method
used to compute the cell-face velocity plays a significant role, in determining
the flux in the vanishing viscosity limit.

This chapter is organized as follows: Section 5.1 presents the derivation of
the integral representation of the fluxes for the one-dimensional inhomogen-
eous convection-diffusion equation using local BVPs. In Section 5.2 we extend
the scheme to the viscous Burgers equation using linearized local BVPs. Sec-
tion 5.3 presents the approximation of the flux using nonlinear local BVPs.
The behavior of both the linear and the nonlinear scheme in the invscid limit
is presented in Section 5.4 and conclusions are drawn in Section 5.5.
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5.1 Integral representation of the flux
To illustrate the computation of the numerical flux from a local BVP, we con-
sider the one-dimensional inhomogeneous convection-diffusion equation

φt + fx = s, f := aφ− νφx, (5.1)

with constant diffusion coefficient ν, velocity field a = a(x) and source term
s = s(x, t). The flux fi+1/2 at the cell-face xi+1/2 = (xi + xi+1)/2 is computed
from the local BVP

fx = (aφ− νφx)x = s, xi < x < xi+1, (5.2a)
φ(xi) = φi, φ(xi+1) = φi+1. (5.2b)

Note that in the above BVP we ignore the time-dependence of the flux. For
unsteady problems, the time derivative can be included as part of the source, as
demonstrated in Chapter 3 for the convective discretization of the convection-
diffusion equation. For the following derivation we define the variables

λ := a

ν
, P := a h

ν
, Λ(x) :=

∫ x

xi+1/2

λ(ξ)dξ, S(x) :=
∫ x

xi+1/2

s(ξ)dξ,

with h = xi+1−xi and Λ(x) the Péclet integral. Integrating (5.2a) from xi+1/2
to x ∈ (xi, xi+1) gives

f(x)− fi+1/2 = S(x).

Substituting the integrating factor formulation f = −ν
(
φe−Λ(x))

x
eΛ(x) in (5.2a),

and integrating from xi to xi+1 and applying the boundary conditions gives
the integral representation of the flux, i.e.,

fi+1/2 =fh
i+1/2 + f inh

i+1/2, (5.3a)

fh
i+1/2 =ν

(
e−Λiφi − e−Λi+1φi+1

)/∫ xi+1

xi

e−Λdx, Λi := Λ(xi), (5.3b)

f inh
i+1/2 =−

∫ xi+1

xi

e−ΛSdx
/∫ xi+1

xi

e−Λdx, (5.3c)

with fh
i+1/2 and f inh

i+1/2 corresponding to the homogeneous and the particular
solution of the BVP, respectively. Consequently, we refer to fh

i+1/2 and f inh
i+1/2

as the homogeneous and inhomogeneous component of the flux. Note that
the integral representation provides an exact solution of the local BVP (5.2).
Consequently, the numerical fluxes are locally exact. To simplify the integral
representations (5.3) we introduce 〈u, v〉 as the inner product of two functions
u = u(x) and v = v(x) defined on (xi, xi+1), i.e.,

〈u, v〉 =
∫ xi+1

xi

u(x)v(x)dx.
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Using the inner product, the integral representation of the flux (5.3) can be
formulated as

fh
i+1/2 =ν e

−Λiφi − e−Λi+1φi+1

〈e−Λ, 1〉 , (5.4a)

f inh
i+1/2 =− 〈e

−Λ, S〉
〈e−Λ, 1〉 . (5.4b)

Constant coefficients. For problems with constant flow speed a and a con-
stant s = si+1/2, all integrals in (5.4) can be evaluated exactly. In this case,
we have λ = a/ν constant over (xi, xi+1), giving

〈λ, 1〉 = λh = P.

Further, the Péclet integral and the source integral are given by

Λ(x) = λ(x− xi+1/2), S(x) = si+1/2(x− xi+1/2).

For the constant coefficient case, the numerical flux Fi+1/2 is then given by

Fi+1/2 =F h
i+1/2 + F inh

i+1/2, (5.5a)

F h
i+1/2 =ν

h

(
B(−P )φi −B(P )φi+1

)
, (5.5b)

F inh
i+1/2 =h

(1
2 −W1(P )

)
si+1/2, (5.5c)

where the functions B and W1 are defined as

B(z) := z

ez − 1 , W1(z) := ez − 1− z
z(ez − 1) ,

and depicted in Figure 5.1. Note that B(z) is the generating function for the
Bernoulli numbers. We refer to it as the Bernoulli function. The function
W1(z) satisfies W1(z) + W1(−z) = 1, with 0 ≤ W1(z) ≤ 1 and W1(0) = 1/2.
Thus, for P = 0, we get f inh

i+1/2 = 0 and the source term has no effect on the
flux.

The homogeneous component F h
i+1/2 can also be expressed as a weighted

sum of the central and the upwind flux, i.e.,

F h
i+1/2 = 2W1(|P |)F cen

i+1/2 +
(
1− 2W1(|P |)

)
F up
i+1/2,

F cen
i+1/2 = a

2 (φi + φi+1)− ν

h
(φi+1 − φi),

F up
i+1/2 = aφup

i+1/2 −
ν

h
(φi+1 − φi),

where F cen
i+1/2 and F up

i+1/2 are the first-order upwind and the second-order central
approximation of the flux function. Figure 5.2 (a) shows the weight function
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Figure 5.1: The Bernoulli function B(z) and the function W1(z).

2W1(|P |). It can be seen that for |P | � 1, the homogeneous component reduces
to the central approximation and for |P | � 1, to the upwind approximation.

In the above derivation of the inhomogeneous component F inh
i+1/2, the source

term s = si+1/2 is taken to be constant on (xi, xi+1). Alternatively, there may
be instances where the source is defined to be piecewise constant, such that

s(x) =
{
si, xi < x < xi+1/2,

si+1, xi+1/2 ≤ x < xi+1.
(5.7)

One such instance can be found in Chapter 6, where due to the staggered grid
arrangement, the source term (the pressure gradient) needs to be piecewise
constant. Integrating the term 〈e−Λ, S〉 with s being piecewise constant results
in the inhomogeneous flux component F inh

i+1/2

F inh
i+1/2 = h

(
C(−P )si − C(P )si+1

)
, (5.8)

where
C(z) = ez/2 − 1− z/2

z(ez − 1) .

Figure 5.2 (b) shows the function C(z), with C(z)→ 1/8 as z → 0 and C(z)→ 0,
C(−z)→ 1/2 as z →∞. Moreover, the functions C(z) and W1(z) satisfy

C(−z)− C(z) = 1
2 −W1(z).

Thus, for si = si+1, the inhomogeneous part of the flux given by (5.8) reduces
to expression (5.5c), for constant source term.
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Example 5.1. In Chapter 3 we gave the spatial discretization of the convection-
diffusion equation, with the discrete convective term given by the local BVP
approximation and the discrete diffusive term approximated by the second-
order central difference approximation. In Section 3.3 we showed that the
homogeneous approximation of the convective term introduces numerical dif-
fusion, which is given by

νnum
conv = ν

P

2 tanh(P/4).

Similarly, for the homogeneous flux approximation, it can be shown that the
discretization is dissipative and introduces numerical diffusion. In [88], the
authors have shown that for the homogeneous flux scheme (HFS) the numerical
diffusion is given by

νnum
HFS = ν P

( 1
2 −W1(P )

)
.

Figure 5.3 shows the relative numerical diffusion νnum/ν for the homogeneous
flux scheme and the homogeneous convective flux scheme. Clearly, the ho-
mogeneous flux approximation has lower numerical diffusion compared to the
homogeneous convective flux approximation. Thus using local BVPs for the
approximation of the net flux, i.e., the sum of the convective and the diffusive
flux, lowers the numerical diffusion, as compared to the homogeneous approx-
imation for the convective discretization.

The above example demonstrates that combining the convection and dif-
fusion operator, as in the homogeneous flux scheme, effectively reduces the
numerical dissipation introduced by the homogeneous convective flux approx-
imation, as introduced in Chapter 3. Using the flux expressions (5.5), we get
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that the numerical flux Fi+1/2 can be expressed as

Fi+1/2 = αi+1/2φi + βi+1/2φi+1 + γi+1/2ŝi + δi+1/2ŝi+1,

where ŝ = s − φ̇, αi+1/2, βi+1/2, γi+1/2 and δi+1/2 are coefficients depending
on ν, h and P . Thus the discretization results in the linear ODE system

BΦ̇ + AΦ = Bs + b, (5.9)

where Φ and s are vectors of the unknown and the source term, and where b
contains the boundary data. The tridiagonal matrices A and B correspond to
the homogeneous and inhomogeneous discretization, respectively.

In order to have a second-order convergent numerical method, we make
use of the θ-method (see Chapter 2) for time integration of the discrete sys-
tem (5.9), with θ = 1/2. An extensive collection of numerical results for
the complete-flux scheme for the convection-diffusion-reaction equation can be
found in [87, 101]. Further, convergence analysis of the complete-flux scheme
on unstructured grids can be found in [24]. For two-dimensional flows, a modi-
fication of the complete-flux scheme to locally flow adapted coordinates can be
found in [85]. We now extend the flux approximation to the viscous Burgers
equation.
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5.2 Complete-flux scheme for the viscous
Burgers equation

In the conservative form the one-dimensional viscous Burgers equation reads

ut +
(

1
2u

2 − νux
)
x

= 0.

For the above equation, the nonlinear flux function is given by

f = 1
2u

2 − νux.

The finite-volume discretization of the above equation results in the semi-
discrete system

h u̇i + Fi+1/2 − Fi−1/2 = 0,

where Fi+1/2 is the numerical approximation of the flux function at the interface
xi+1/2. The numerical flux Fi+1/2 is computed from the local two-point BVP

fx =
(

1
2u

2 − νux
)
x

= s, x ∈ (xi, xi+1), (5.10a)

u(xi) = ui, u(xi+1) = ui+1, (5.10b)

where the discrete time derivative can be treated as a source term, i.e.,
s = −u̇i+1/2.

The nonlinearity of equation (5.10a) makes it difficult to derive explicit ex-
pressions for the numerical flux. In order to simplify the problem, we linearize
(5.10a) using the cell-face velocity. Let U = ui+1/2 ≈ u(xi+1/2) be an approx-
imation of the unknown u at the interface, then the flux can be computed from
the linearized BVP (

1
2Uu− νux

)
x

= s, x ∈ (xi, xi+1), (5.11a)

u(xi) = ui, u(xi+1) = ui+1. (5.11b)

For U and ν constant over [xi, xi+1], the problem is similar to the constant
coefficient convection-diffusion equation. Thus, using relations (5.5)-(5.8) we
get that the (linearized) flux F lin

i+1/2 is given by

F lin
i+1/2 =F lin,h

i+1/2 + F lin,inh
i+1/2 , (5.12a)

F lin,h
i+1/2 =ν

h

(
B(−Pi+1/2)ui −B(Pi+1/2)ui+1

)
, (5.12b)

F lin,inh
i+1/2 =h

(1
2 −W1(Pi+1/2)

)
si+1/2, (s is constant) (5.12c)

F lin,inh
i+1/2 =h

(
C(−Pi+1/2)si − C(Pi+1/2)si+1

)
, (s is piecewise constant),

(5.12d)
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with Pi+1/2 = Uh/2ν and expressions (5.12c) and (5.12d) corresponding to
constant and piecewise constant source term on (xj , xj+1), respectively. For
the above discretization, the linearization factor, i.e., the cell-face velocity,
ui+1/2 is computed using the homogeneous 1-D local BVP scheme, described
in Chapter 4. In the following example we demonstrate the effects of the cell-
face velocity approximation on the homogeneous flux approximation F lin,h.
Example 5.2. To compare the effects of the approximation methods for the
cell-face velocity used for the linearization of the local BVP, we examine the
homogeneous flux scheme, i.e., F lin

i+1/2 = F lin,h
i+1/2. Further, we use the standard

explicit four-stage Runge-Kutta method for the temporal discretization with
fixed time step ∆t = 10−4. The 1-D Burgers equation defined on (x, t) ∈
(0, 1)× (0, T ) has an analytic solution (see [103], Chapter 4) given by:

uref(x, t) = 1− 0.9 r1

r1 + r2 + r3
− 0.5 r2

r1 + r2 + r3
,

where the terms r1, r2 and r3 are given by

r1 = exp
(
−x− 0.5

20ν − 99t
400ν

)
, r2 = exp

(
−x− 0.5

4ν − 3t
16ν

)
, r3 = exp

(
−
x− 3

2
2ν

)
.

Using the analytical solution as a reference solution, we compare the perform-
ance of the homogeneous flux scheme for ν = 10−2, 10−3. Figures 5.4 and
5.5 show the convergence of the absolute errors ‖eu‖1 = ‖u − uref‖1 over a
family of uniform grids (h = 2−i × 10−1, i = 0, 1, · · · , 5) for ν = 10−2 and
ν = 10−3, respectively. Although in all three methods the numerical flux
is given by the solution of the homogeneous linearized local BVP (5.12b), the
only difference is in the approximation method used for computing the cell-
face velocity, and thus the Péclet number Pi+1/2. Since the upwind scheme
results in a first-order accurate approximation, the resulting homogeneous flux
approximation is also first-order consistent. The central scheme provides a
second-order accurate approximation for the cell-face velocity but introduces
spurious oscillations, particularly on coarse grids. For both ν = 10−2, 10−3,
the homogeneous local BVP approximation of the cell-face velocity results in
a more accurate discretization than the central or upwind scheme (for cell-face
velocity).

In order to understand the monotonicity preserving property of the homo-
geneous flux scheme, we look at the total variation of the scheme.

Definition 5.3. Let
TV(un) :=

∑
i

|uni − uni−1|

be the total variation of the discrete solution at time level tn = n∆t. A nu-
merical method is said to be total variation diminishing (TVD) if TV(un+1) <
TV(un) or total variation non-increasing (TVNI) if TV(un+1) ≤ TV(un).
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Figure 5.4: Convergence of the 1-norm of the absolute error for ν = 10−2 over
a family of uniform grids with h = 2−i × 10−1, i = 0, 1 · · · , 5 for the linearized
homogeneous flux scheme, combined with the explicit four-stage Runge-Kutta
method (∆t = 10−4).

TVD schemes remove any numerical oscillation arising due to the spatial or
temporal discretization [40]. Figure 5.6 shows the total variation of the numer-
ical solutions computed using the linearized homogeneous flux approximation
with central, upwind and the homogeneous local BVP methods for the approx-
imation of the cell-face velocity as in Example 5.2, and the standard explicit
four-stage Runge-Kutta method. Both the upwind and the homogeneous local
BVP method do not introduce any spurious oscillations; they both result in
a TVNI discretization. The central scheme, due to the relatively high Péclet
numbers (max{|P |} = 50), suffers from spurious oscillations which can be seen
from the change of the total variation.

In the following, the cell-face velocity for the linearized homogeneous flux
approximation is computed using the homogeneous convective flux approxima-
tion (described in Chapter 4), such that the flux approximation is always free of
any spurious oscillations. However, the homogeneous flux approximation being
the weighted average of the central and the upwind scheme is not uniformly
second-order accurate. In order to have a uniformly second-order accurate flux
approximation, it is essential to include the inhomogeneous part of the flux. In
the following section, we demonstrate the effect of the source term on the flux
approximation.
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Figure 5.5: Convergence of the 1-norm of the absolute error for ν = 10−3 over
a family of uniform grids with h = 2−i × 10−1, i = 0, 1 · · · , 5 for the linearized
homogeneous flux scheme combined with the explicit four-stage Runge-Kutta
method (∆t = 10−4).

5.2.1 Inhomogeneous flux approximation
In the linearized local BVP (5.11) we included the time derivative of the un-
known as a source term. The assumption of the source term being either
constant or piecewise constant on the interval (xi, xi+1) reduces the inhomo-
geneous part of the flux to (5.12c) or (5.12d), respectively. Inclusion of the
inhomogeneous part of the flux changes the semi-discretization to the implicit
ODE-system

(Ω + B
)
U̇ + AU = b, (5.13)

where the matrix B corresponds to the inhomogeneous part of the flux ap-
proximation. Compared to the linear system (5.9), the above system has a
modified mass matrix, Ω + B. For time integration of the above system we
use the θ-method with θ = 1/2. With periodic boundary condition the above
system can be expressed as

LUn+1 = RUn.

For the above numerical scheme to be TVD, it is necessary for the operator L
to be total variation increasing (TVI) and for R to be TVNI, i.e.,

TV(Lv) ≥ TV(v), TV(Rv) ≤ TV(v).

Then the numerical scheme is TVD [40]. For the system (5.13), a restriction
on the time step can be derived such that the discretization is always TVD.
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Figure 5.6: The total variation for the linearized homogeneous flux scheme
with different methods for computing the cell-face velocities. Parameter values:
ν = 10−3, h = 5× 10−2 and ∆t = 10−4.

Figure 5.7 and Figure 5.8 show the convergence of the errors for the lin-
earized inhomogeneous flux approximations compared to the homogeneous flux
approximation for ν = 10−2 and ν = 10−3, respectively. It can be observed that
for very coarse grids (max(|P |)� 1) the inclusion of the source term does not
appear to improve the accuracy of the homogeneous approximation, particu-
larly for ν = 10−3 (Figure 5.8), where the solution u(x, t) of the viscous Burgers
equation has a steep gradient, which causes the numerical solution, computed
using the inhomogeneous flux approximation, to exhibit an overshoot or under-
shoot. For coarse grids it is observed (for both ν = 10−2 and ν = 10−3) that a
constant source term results in a more accurate approximation than a piecewise
constant source term. On finer grids, the piecewise constant source term res-
ults in a more accurate flux approximation. For ν = 10−2, the inhomogeneous
approximation (with piecewise constant source) results in a uniformly second-
order accurate approximation. For ν = 10−3 the inhomogeneous approximation
does exhibit second-order accuracy over fine grids, as undershoots/overshoots
may occur (on coarse grids) in regions with steep gradient.

It is recommended that the source term is assumed to be constant (if pos-
sible) over coarse grids (|P | > 10) and piecewise constant over finer grids.
Overshoots and undershoots can be avoided by using appropriate flux limiters,
as demonstrated in [101] for the linear convection-diffusion equation. To com-
pletely remove the spurious extrema, TVD conditions should be imposed such
that L is TVI and R is TVNI.
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Figure 5.7: Convergence of the 1-norm of the absolute error for ν = 10−2

for a family of uniform grids with h = 2−i × 10−1, i = 1, · · · , 5, for the
linearized homogeneous and inhomogeneous flux schemes, combined with the
semi-implicit θ-method with θ = 1/2 and ∆t = 10−3.

Figure 5.8: Convergence of the 1-norm of the absolute error for ν = 10−3

for a family of uniform grids with h = 2−i × 10−1, i = 0, · · · , 5, for the
linearized homogeneous and inhomogeneous flux schemes, combined with the
semi-implicit θ-method with θ = 1/2 and ∆t = 10−3.
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5.3 Nonlinear local BVP approximation
So far, we have computed the numerical flux from the linearized local BVP
(5.11), giving us an integral representation for the linearized flux function

f lin = 1
2Uu− νux.

In order to derive the fully nonlinear approximation for the flux function

f = 1
2u

2 − νux,

we need to solve the nonlinear BVP (5.10). Using the integral representations
(5.4) for the convection-diffusion equation, with convective term a = u(x)/2
(not constant), we can derive the integral flux representation for the viscous
Burgers equation. For the nonlinear local BVP(1

2u
2 − νux

)
x

= −ut, xi < x < xi+1, (5.14a)

u(xi) = ui, u(xi+1) = ui+1, (5.14b)

the flux is given by the implicit integral representation

f =fh
i+1/2 + f inh

i+1/2, (5.15a)

fh
i+1/2 =ν e

−Λiui − e−Λi+1ui+1

〈e−Λ, 1〉 , (5.15b)

f inh
i+1/2 =− 〈e

−Λ, S〉
〈e−Λ, 1〉 , (5.15c)

with

λ(x) = u(x)/2ν, Λ(x) =
∫ x

xi+1/2

λ(ξ)dξ and S(x) =
∫ x

xi+1/2

s(ξ)dξ.

Rewriting the Péclet integrals Λi and Λi+1 as

Λi = Λ̄i+1/2 −
1
2 〈λ, 1〉,

Λi+1 = Λ̄i+1/2 + 1
2 〈λ, 1〉,

with Λ̄i+1/2 = (Λi + Λi+1)/2 (6= Λ(xi+1/2)), the integral representation of the
homogeneous flux fh

i+1/2 can be expressed as

fh
i+1/2 = ν

e〈λ,1〉/2ui − e−〈λ,1〉/2ui+1

〈eΛ̄i+1/2−Λ, 1〉
. (5.16)
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Taylor expanding the Péclet integral Λ(x) about xi+1/2, i.e.,

Λ(x) = 1
2ν (x− xi+1/2)u(xi+1/2) +

(x− xi+1/2)2

4ν ux(xi+1/2)+

(x− xi+1/2)3

12ν uxx(xi+1/2) + · · · ,

we conclude that the integrals Λi and Λi+1 are given by

Λi = − h

4ν u(xi+1/2) + h2

16ν ux(xi+1/2) +O(h3), (5.17a)

Λi+1 = h

4ν u(xi+1/2) + h2

16ν ux(xi+1/2) +O(h3), (5.17b)

which gives us that

Λ̄i+1/2 = h2

16ν ux(xi+1/2) +O(h4). (5.18)

To derive the numerical flux from the integral representation (5.16), a
quadrature rule must be chosen such that the resulting discretization has a
3-point coupling. The integrals in (5.16) and (5.15c) could be evaluated us-
ing the trapezoidal rule or Newton-Cotes formulas, like Simpson’s rule and
the mid-point rule. Hence, for the homogeneous part of the flux, the integral
〈eΛ̄i+1/2−Λ, 1〉 could be approximated as

Simpson : 〈eΛ̄i+1/2−Λ, 1〉 ≈h6
(
e〈λ,1〉/2 + 4eΛ̄i+1/2 + e−〈λ,1〉/2

)
, (5.19a)

Mid-point : 〈eΛ̄i+1/2−Λ, 1〉 ≈h2 e
Λ̄i+1/2 , (5.19b)

Trapezoidal : 〈eΛ̄i+1/2−Λ, 1〉 ≈h2
(
e〈λ,1〉/2 + e−〈λ,1〉/2

)
. (5.19c)

Simpson’s rule and the mid-point approximation involve eΛ̄i+1/2 . From relation
(5.18), it can be observed that in the limit ν → 0, Λ̄i+1/2 may blow up. This
can be avoided by using the trapezoidal approximation. Therefore, we use the
trapezoidal rule to derive the numerical flux from the integral representation
(5.15).

The trapezoidal approximation. To derive the numerical approximation of
the homogeneous part of the flux, we need to evaluate the integrals 〈λ, 1〉 and
〈eΛ̄i+1/2−Λ, 1〉. In Example 5.2 we showed that the linearized homogeneous flux
scheme combined with the homogeneous approximation for the cell-face velocity
provides better accuracy than using the central approximation (equivalent with
the trapezoidal approximation of 〈λ, 1〉) for the cell-face velocities. The integral
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〈λ, 1〉 is approximated using the mid-point rule, which results in the second-
order accurate approximation

〈λ, 1〉 ≈
ui+1/2h

2ν = Pi+1/2.

Using the mid-point approximation of 〈λ, 1〉 in the trapezoidal approximation
(5.19c) gives

〈eΛ̄i+1/2−Λ, 1〉 ≈ h

2
(
e〈λ,1〉/2 + e−〈λ,1〉/2

)
≈ h

2

(
exp

(
Pi+1/2/2

)
+ exp

(
− Pi+1/2/2

))
.

From the above, we get that the numerical approximation F h
i+1/2 of the homo-

geneous part fh
i+1/2 is given by

F h
i+1/2 = 2ν

h

(
W (−Pi+1/2)ui −W (Pi+1/2)ui+1

)
, (5.20)

where W (z) = (ez + 1)−1, is the weight function as defined in Chapter 4.
Similarly, using the trapezoidal rule, the inhomogeneous part of the integral
representation (5.15c) of the flux can be evaluated as

F inh
i+1/2 ≈

e−ΛiSi + e−Λi+1Si+1

e−Λi + e−Λi+1

= W (−〈λ, 1〉)Si +W (〈λ, 1〉)Si+1

≈W (−Pi+1/2)Si +W (Pi+1/2)Si+1.

As before, the source integrals Si and Si+1 depend on the approximation of
the source term, i.e., on whether the source term s = −u̇i+1/2 is assumed to
be constant or piecewise constant on (xi, xi+1). For constant source, u̇i+1/2 is
given by the upwind approximation of u̇ and the inhomogeneous part of the
flux reads

F inh
i+1/2 = h

2 tanh
( 1

2Pi+1/2
)
u̇up
i+1/2. (5.21)

For piecewise constant source term we get

F inh
i+1/2 = 1

2h
(
W (−Pi+1/2)u̇i −W (Pi+1/2)u̇i+1

)
. (5.22)

In general, the numerical flux function resulting from a two-point approxim-
ation can be expressed as Fi+1/2 = F (ui, ui+1). The flux approximation is said
to be consistent if F (u, u) = f(u), where f(u) is the continuous flux function.
For a constant velocity u, the flux function for the viscous Burgers equation
is given by f(u) = u2/2. For the linearized homogeneous flux approximation
(5.12b) we have

F lin,h
i+1/2(u, u) = ν

h

(
B(−P )−B(P )

)
u = ν

h
uP = u2

2 , P = uh

2ν .

71



Complete-flux schemes

Similarly, for the nonlinear homogeneous flux approximation (5.20) we get

F h
i+1/2 = 2ν

h

(
W (−P )−W (P )

)
u = u2

2 tanhc(P/2).

Thus, we get that for constant velocity u (6= 0) the nonlinear homogeneous
flux is smaller than the actual flux, i.e., u2/2. This is also demonstrated when
we compare the nonlinear homogeneous flux approximation with the linearized
homogeneous flux F lin,h in the following example.
Example 5.4. We compare the convergence of the spatial discretization error
for the linear and the nonlinear homogeneous flux approximation schemes for
the 1-D viscous Burgers equation with ν = 10−2 on (x, t) ∈ (0, 1) × (0, T ).
Figure 5.9 shows the convergence of the errors on a family of uniforms grids with
h = 2−i × 10−1, i = 0, 1, · · · , 5. Although the nonlinear scheme does exhibit
second-order convergence for finer grids, it is clearly less accurate than the
(linearized) homogeneous flux scheme. This is more clearly depicted through
the solution profiles for both schemes on a relatively coarse grid with h =
5 × 10−2 (Pmax = 5), as shown in Figure 5.10. The nonlinear approximation
appears to be more dissipative than the linear scheme, which can be attributed
to the breakdown of the scheme for smaller values of ν, as shown in the following
section.

5.4 Flux in the inviscid limit
We investigate the behavior of both the linear and nonlinear homogeneous flux
approximation in the limit ν → 0, i.e., P →∞. For the following analysis, we
set uL := ui and uR := ui+1.
Linearized homogeneous flux. The linearized homogeneous approximation
reads

F lin,h = ν

h

(
B(−P )uL −B(P )uR

)
= U

2

(B(−P )
P

uL −
B(P )
P

uR

)
.

If U > 0, then in the inviscid limit P →∞ the flux is given by

F lin,h = 1
2UuL.

Otherwise, for U < 0, P → −∞ and the limit flux is given by

F lin,h = 1
2UuR.

The cell-face velocity U , which is computed using the homogeneous local BVP
approximation, reduces to the upwind approximation in the inviscid limit, i.e.,

U =
{
uL for s ≥ 0,
uR for s < 0,
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Figure 5.9: Convergence of the 1-norm of the error for ν = 10−2 on a family of
uniform grids with h = 2−i× 10−1, i = 0, 1, · · · , 5, for the nonlinear homogen-
eous flux approximation (5.20) and the linearized homogeneous flux approx-
imation (5.12b) with the standard explicit four-stage Runge-Kutta method for
time integration (∆t = 10−4).
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Figure 5.10: Solution for the linear and nonlinear homogeneous flux approx-
imation for the viscous Burgers equation for ν = 10−2, h = 5 × 10−2 and
∆t = 10−4 (RK4).
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where s = (uL+uR)/2 and F lin reduces to Roe’s approximation of the Riemann
problem [69, 70], i.e.,

FRoe =
{

1
2u

2
L for s ≥ 0,

1
2u

2
R for s < 0.

Both, the linearized homogeneous flux approximation and Roe’s approximation
involve linearization of the convective term, and therefore do not provide the
correct flux for the nonlinear (Burgers equation) problem when uL ≤ 0 ≤ uR.
For this case, the nonlinear local BVP possesses two boundary layers for ν � 1
(more details can be found in Section 7.3). The linearized homogeneous flux
approximation is only able to resolve just one of the two boundary layers and
hence, does not provide the correct flux approximation for uL ≤ 0 ≤ uR and
ν � 1.
Nonlinear homogeneous flux. Observe that the homogeneous part (5.20)
can also be expressed as

F h = u
(W (−P )

P
uL −

W (P )
P

uR

)
,

with P ≈ 〈λ, 1〉, where λ(x) = u(x)/2ν. Now in the inviscid limit ν → 0, i.e.,
|P | → ∞, the limit flux is given by

F h = 0.

However, the limit flux is given by u2/2. To understand the failure of the
homogeneous flux function we go back to the integral representation (5.15).
Note that the integral representation (5.15) provides an exact solution of the
local BVP (5.14). We now introduce the coefficients Ch

1 and Ch
2 , such that the

homogeneous part of the integral representation (5.15b) can be expressed as

fh
i+1/2 = ν

(
Ch

1 uL − Ch
2 uR

)
, (5.23a)

1
Ch

1
= 〈e

−Λ, 1〉
e−Λi

= 〈eΛi−Λ, 1〉 =
∫ xi+1

xi

exp
(
− 1

2ν

∫ x

xi

u(ξ)dξ
)

dx, (5.23b)

1
Ch

2
= 〈e

−Λ, 1〉
e−Λi+1

= 〈eΛi+1−Λ, 1〉 =
∫ xi+1

xi

exp
(

1
2ν

∫ xi+1

x

u(ξ)dξ
)

dx. (5.23c)

For the flux approximation to be consistent in the limit ν → 0 (with the
Godunov approximation for the inviscid Burgers equation), it is essential that
the integral coefficients reduce to

νCh
1 =


1
2uL, s ≥ 0,

0, s < 0,

0, uL ≤ 0 ≤ uR,

νCh
2 =


0, s ≥ 0,

− 1
2uR, s < 0,

0, uL ≤ 0 ≤ uR.
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None of the quadrature rules considered in Section 5.3 results in an approxim-
ation that satisfies the above requirements.

5.5 Conclusion
In this chapter, we presented the approximation of the net flux, i.e., the sum of
the convective and the viscous flux using local BVPs. We showed that for the
constant coefficient convection-diffusion equation, the homogeneous local BVP
approximation of the flux is less dissipative than the discretization presented
in Chapter 3, where the convective term is approximated using a homogeneous
local BVP and the diffusion term by the second-order central approximation.

The flux approximation scheme is then extended to the viscous Burgers
equation which has a nonlinear flux function. To simplify the computation the
flux function is linearized using the cell-face velocity which is computed using
the local BVP, as shown in Chapter 4. It is shown that using the homogeneous
local BVP method for the cell-face velocity not only provides a more accur-
ate flux approximation (compared to the upwind and central schemes), but
also makes the homogeneous linear flux approximation consistent with Roe’s
approximation of the inviscid Burgers equation. The inclusion of the source
terms is shown to provide a more accurate flux approximation. For a uniformly
second-order accurate scheme, it is recommended that the source term is taken
to be piecewise constant.

Applying straightforward quadrature rules to the nonlinear integral repres-
entations does not result in a consistent approximation. The nonlinear ho-
mogeneous flux approximation breaks down in the inviscid limit and even for
diffusion dominated flows is less accurate than the linearized flux approxima-
tion. It is essential for the flux approximation to be consistent in the inviscid
limit for all cases. In Chapter 7, we formulate a new flux approximation scheme
using nonlinear local BVPs such that the numerical flux always reduces to the
Godunov flux in the inviscid limit.
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Chapter 6

Complete-flux scheme for the
Navier-Stokes equations

In Chapter 4, it was shown that the discretization of the convective terms
in the incompressible Navier-Stokes equations using local BVPs, results in a
uniformly second-order accurate scheme that is free of spurious oscillations.
Further in Chapter 5, we presented the use of local BVPs for the approximation
of the fluxes in the semi-discrete viscous Burgers equation. Both approximation
methods are inspired by the complete-flux scheme for the convection-diffusion-
reaction equation described in [87], in which an integral representation for the
flux is derived using local BVPs for the entire equation, including the source
term.

We now extend the complete-flux scheme to the incompressible Navier-
Stokes equations. For the Navier-Stokes equations, we include the discrete
pressure gradient and the gradient of the cross-flux as source terms in the local
BVP, such that the flux approximation depends directly on the convection-
diffusion operator and the source terms. The nonlinear convective term causes
the local BVP to be nonlinear. To simplify the flux approximation, the local
BVP is linearized using cell-face velocity components. The cell-face velocity
components are in turn computed using local BVPs as presented in Chapter 4
and [48, 49]. The linearized local BVP is then integrated to obtain the flux
approximation, which can be expressed as the sum of a homogeneous part, cor-
responding to the convection-diffusion operator, and an inhomogeneous part,
corresponding to the source terms. To have a uniformly second-order accurate
approximation it is essential to include the source terms in the local BVP.

The chapter is organized as follows: in Section 6.1 we outline the underlying
finite-volume discretization. Section 6.2 gives the integral representations of the
fluxes as well as the closure of the flux scheme. In Section 6.3 we present the
numerical results for the flow in a lid-driven cavity and for the Taylor-Green
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Figure 6.1: (a) The staggered grid for the spatial discretization. (b) A control
volume Ωui+1/2,j for the spatial discretization of the u-momentum equation.

vortex problem. Finally, the conclusions are presented in Section 6.4.

6.1 Finite volume method
In this section we briefly outline the finite-volume discretization of the incom-
pressible Navier-Stokes equations, with the momentum equations formulated
as a balance of the fluxes. Consider the two-dimensional incompressible Navier-
Stokes equations

∇ · u = 0, (6.1a)
ut +∇ ·

(
uu− ε∇u

)
= −∇p, (6.1b)

where u = u(x, y, t)ex+v(x, y, t)ey is the flow velocity, p(x, y, t) is the kinematic
pressure and ε = 1/Re, with Re being the Reynolds number of the flow. For
the spatial discretization we use a staggered grid configuration as shown in
Figure 6.1. We have different control volumes for the discretization of the u-
and v-momentum equations. We now express the momentum equations as a
balance of the fluxes, i.e.,

ut +∇·fu = −∇ · (p ex), fu := (u2 − εux)ex + (uv − εuy)ey, (6.2a)
vt +∇·fv = −∇ · (p ey), fv := (uv − εvx)ex + (v2 − εvy)ey. (6.2b)

Integrating equation (6.2a) over the control volume Ωui+1/2,j and applying
Gauss’ theorem we get∫

Ωu
i+1/2,j

ut dA+
∮
∂Ωu

i+1/2,j

fu · n ds = −
∮
∂Ωu

i+1/2,j

p ex · n ds,

78



Complete-flux scheme for the Navier-Stokes equations

where n is the outward unit normal vector to the boundary ∂Ωui+1/2,j and
where the contour integral is oriented counter clockwise. This integral form of
the conservation law can be approximated over the control volume Ωui+1/2,j as
shown in Figure 6.1 using the mid-point rule as follows :

∆y
(
fu,xi+1,j − f

u,x
i,j

)
+∆x

(
fu,yi+1/2,j+1/2 − f

u,y
i+1/2,j−1/2

)
=

−∆y
(
pi+1,j − pi,j

)
−∆x∆y (ut)i+1/2,j ,

(6.3)

where fu,x := u2 − εux, fu,y := uv − εuy and fu,xi,j ≈ fu,x(xi, yj). Similarly,
equation (6.2b) can be discretized over the control volume Ωvi,j as :

∆y
(
fv,xi+1/2,j+1/2−f

v,x
i−1/2,j+1/2

)
+ ∆x

(
fv,yi,j+1 − f

v,y
i,j

)
=

−∆x
(
pi,j+1 − pi,j

)
−∆x∆y (vt)i,j+1/2,

(6.4)

with fv,x := uv − εvx and fv,y := v2 − εvy.
We begin with the approximation of the flux fu,xi+1,j using the quasi-one-

dimensional formulation of equation (6.2a), i.e.,

(fu,x)x = s, s := −px − (fu,y)y − ut. (6.5)

Restricting the above equation to the interval x ∈ [xi+1/2, xi+3/2] and y = yj ,
the boundary conditions read

u(xi+1/2, yj) = ui+1/2,j , u(xi+3/2, yj) = ui+3/2,j .

The term s acts as the source term for the flux fu,x, giving the forces generating
the flux. We have included the inertial term ut in the source term. However,
in this chapter we focus on the steady computation of the fluxes, i.e., ut = 0.

The components of the fluxes fu and fv are nonlinear, thereby making the
local BVPs nonlinear. The flux components are linearized using the interface
velocities which are computed at the interface of the control volume. For
example, the nonlinear term u2 in fu,x is linearized as Uu, where U is the
approximation of the interface velocity. The details regarding the iterative
computation of the interface velocities using local BVPs are given in Chapter 4.
Thus, for the approximation of the flux fu,xi+1,j we solve the linearized local BVP

(Uu− εux)x = −px − (fu,y)y, x ∈ [xi+1/2, xi+3/2], y = yj , (6.6a)
u(xi+1/2, yj) = ui+1/2,j , u(xi+3/2, yj) = ui+3/2,j . (6.6b)

In the next section we give the details regarding the solution of the above local
BVP.

6.2 Integral representation of the fluxes
The flux approximation scheme is based on the computation of the flux for
the scalar convection-diffusion-reaction equation as described in [87] and also
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presented in Chapter 5. The model equation is given by

φt + (aφ− εφx)x = s,

where the scalar flux is defined as f = aφ−ε φx, φ being the unknown variable.
We outline the computation of the scalar flux using a local BVP and then
extend the scheme to the Navier-Stokes equations. The computation of the
flux fi+1 at the cell edge xi+1 = 1

2 (xi+1/2 + xi+3/2) is based on the following
model BVP:

(aφ− ε φx)x = s, xi+1/2 < x < xi+3/2, (6.7a)
φ(xi+1/2) = φi+1/2, φ(xi+3/2) = φi+3/2. (6.7b)

For the solution of the above local BVP we need the following variables:

λ = a

ε
, P = λ∆x, Λ(x) =

∫ x

xi+1

λ(ξ)dξ, S(x) =
∫ x

xi+1

s(ξ)dξ,

with ∆x = xi+3/2 − xi+1/2. From Chapter 5, we get that the flux fi+1 is the
sum of a homogeneous (fh) and an inhomogeneous (f inh) part, i.e.,

fi+1 = fh
i+1 + f inh

i+1, (6.8a)

fh
i+1 = ε

(
e−Λi+1/2φi+1/2 − e−Λi+3/2φi+3/2

)
/

∫ xi+3/2

xi+1/2

e−Λdx, (6.8b)

f inh
i+1 = −

∫ xi+3/2

xi+1/2

e−ΛS dx /
∫ xi+3/2

xi+1/2

e−Λdx. (6.8c)

For the incompressible Navier-Stokes equations, we first linearize the flux com-
ponent fu,x by defining f l,u,x = Uu − εux, which can be computed using the
model BVP (6.7). In the following we restrict ourselves to the approximation of
the linearized flux f l,u,x. Now, the source term is given by s = −px− (f l,u,y)y.
To simplify the computation of the inhomogeneous part, we make the following
assumptions for the source term:

1. Pressure gradient: The pressure p is taken to be piecewise linear, con-
sequently the pressure gradient is piecewise constant, given by its central
approximation:

px(x, yj) ≈
{

(δxp)i+1/2,j = 1
∆x (pi+1,j − pi,j), xi+1/2 ≤ x ≤ xi+1,

(δxp)i+3/2,j = 1
∆x (pi+2,j − pi+1,j), xi+1 < x ≤ xi+3/2.

2. Cross-flux gradient: the gradient of the cross-flux (fu,y)y is taken to be
piecewise constant, given by the central approximation:

(fu,y)y(x, yj) ≈
{
Cui+1/2,j , xi+1/2 ≤ x ≤ xi+1,

Cui+3/2,j , xi+1 < x ≤ xi+3/2,
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with
Cui+1/2,j = 1

∆y

(
Fu,yi+1/2,j+1/2 − F

u,y
i+1/2,j−1/2

)
,

Fu,y being the numerical approximation of the linearized flux component
f l,u,x.

From the above we conclude that s is piecewise constant over the domain and
consequently S is piecewise linear. Moreover, we also have that U and ε are
constants on the domain (xi+1/2, xi+3/2). Evaluating the expressions (6.8b)
and (6.8c), we get that the numerical flux Fu,xi+1,j is given by

Fu,xi+1,j = Fu,x,hi+1,j + Fu,x,inh
i+1,j , (6.9a)

Fu,x,hi+1,j = ε

∆x
(
B(−Pu)ui+1/2,j −B(Pu)ui+3/2,j

)
, (6.9b)

Fu,x,inh
i+1,j = ∆x

(
C(−Pu)si+1/2,j − C(Pu)si+3/2.j

)
, (6.9c)

where Pu = U∆x/ε and

B(z) = z

ez − 1 , C(z) = ez/2 − 1− z/2
z(ez − 1) .

We further split the inhomogeneous part into terms depending on the gradi-
ent of the cross-flux term (Fu,x,c) and the pressure gradient (Fu,x,p), using
si+1/2,j = −(δxp)i+1/2,j − Cui+1/2,j in equation (6.9c).

Thus, we have computed the numerical flux Fu,xi+1,j as the sum of a homo-
geneous and an inhomogeneous part using local BVPs. As shown in Section 5.1
the homogeneous flux component can be expressed as a weighted average of the
central flux (F cen) and the upwind flux (F up) as follows

F h = 2W1(|Pu|)F cen +
(
1− 2W1(|Pu|)

)
F up,

where the weight function is given byW1(z) = (ez−1−z)/z(ez−1). Again, for
diffusion-dominated flows (|Pu| � 1), the homogeneous scheme reduces to the
central scheme, whereas for convection dominated flows (|Pu| � 1), it reduces
to the upwind scheme. Analogously, the discrete source terms si+1/2,j and
si+3/2,j involved in the inhomogeneous part have equal contributions, when
|Pu| � 1. For higher Péclet numbers the upwind source term has a larger
contribution to the inhomogeneous flux part.

6.2.1 Closure of the scheme
So far we have derived an expression for the approximation of the flux com-
ponent Fu,xi+1,j . For the semi-discrete momentum equation (6.3) we also need
to approximate the cross-flux fu,y. For the closure of the scheme we restrict
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ourselves to the homogeneous flux part for the cross-flux component. Thus,
the flux Fu,yi+1/2,j+1/2 is computed from the local BVP :

(V u− εuy)y = 0, x = xi+1/2, yj ≤ y ≤ yj+1,

u(xi+1/2, yj) = ui+1/2,j , u(xi+1/2, yj+1) = ui+1/2,j+1,

where V is the estimate of the interface velocity at (xi+1/2, yj+1/2). On solving
the above homogeneous local BVP we find that the flux is given by :

Fu,yi+1/2,j+1/2 = ε

∆y
(
B(−P v)ui+1/2,j −B(P v)ui+1/2,j+1

)
, P v = V∆y/ε.

Similarly, the fluxes and the cross-fluxes in equation (6.4) are also computed
from local BVPs. The flux fv,yi,j+1 is computed from the inhomogeneous local
BVP :

(V v − εvy)y = −py − (fv,x)x, x = xi, yj+1/2 ≤ y ≤ yj+3/2,

v(xi, yj+1/2) = vi,j+1/2, v(xi, yj+3/2) = vi,j+3/2,

for which expressions analogous to (6.9) can be derived. Again, for the com-
putation of the cross-flux fv,xi+1/2,j+1/2 we solve the homogeneous local BVP :

(Uv − εvx)x = 0, xi ≤ x ≤ xi+1, y = yj+1/2,

v(xi, yj+1/2) = vi,j+1/2, v(xi+1, yj+1/2) = vi+1,j+1/2.

In the following section we test these flux approximation schemes for the
lid-driven cavity and the Taylor-Green vortex problem.

6.3 Numerical results

6.3.1 Lid-driven cavity
For the lid-driven cavity, we use the results from Ghia-Ghia-Shin [29] as the
reference. Figure 6.2 and Figure 6.3 show the u-velocity profile along the
vertical center-line of the cavity. In Figure 6.2 we compare the homogeneous
flux scheme, the 1-D flux scheme (including the pressure-gradient as the source
term), and the 2-D flux scheme (including both cross-flux and the pressure-
gradient in the source term), computed on a coarse 20× 20 grid, with the finer
grid (128 × 128) Ghia-Ghia-Shin solution for Re = 100. Since the pressure
gradient is practically zero across the domain, we do not see much difference
between the homogeneous and the 1-D flux scheme. However the inclusion of
the cross-flux term in the source term gives us a better approximation.

Next, we compare the flux scheme with the central scheme for Re = 400, (see
Figure 6.3). We compare the numerical solutions computed on a coarse 20×20
grid with the Ghia-Ghia-Shin results. Figure 6.3 also shows the comparison
between the flux approximation schemes and the central scheme. It can be
observed that the inhomogeneous flux schemes and the central scheme have
similar velocity profiles.
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Figure 6.2: u-velocity profiles along the vertical centerline of the cavity for
Re = 100.
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Figure 6.3: u-velocity profiles along the vertical centerline of the cavity for
Re = 400.
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Method Flux approx. Convective discretization

Central 5.8923× 10−4

Upwind 1.1808× 10−2

Homogeneous local BVP 8.7786× 10−3 9.2407× 10−3

Inhomogeneous 1-D local BVP 5.8923× 10−4

2-D local BVP 5.8923× 10−4

Table 6.1: Absolute errors (‖eu‖∞) for the Taylor-Green vortex problem, for
Re = 100, on a 20× 20 grid, at t = 20.

6.3.2 Taylor-Green vortex
We consider the Taylor-Green vortex problem for Re = 100 on the domain
[ 1
4 , 2

1
4 ] × [ 1

4 , 2
1
4 ] with periodic boundary conditions. For time integration, we

use the standard fourth-order, four-stage explicit Runge-Kutta method, with
a fixed time step ∆t = 10−3. Figure 6.4 shows the convergence of the errors
‖eu‖∞ = ‖unum − uexact‖∞ over a family of uniform grids ranging from 5× 5
to 320× 320. The reference solution uexact is obtained by restricting the exact
solutions (4.25) of the Taylor-Green vortex problem to the computational grid.
It can be observed that Figure 6.4 is almost equal to Figure 4.8 with the cent-
ral, inhomogeneous 1-D and 2-D flux scheme exhibiting uniform second-order
convergence and the upwind scheme being uniformly first-order accurate. The
homogeneous flux scheme, as expected, is first-order accurate over coarse grids
and second-order accurate on finer grids. In fact, the errors for the 1-D flux
scheme and 2-D flux scheme are equal to the errors for the inhomogeneous 1-D
and 2-D local BVP schemes for the convective discretization. The absolute
error for the homogeneous flux scheme is a little smaller, compared to the ho-
mogeneous 1-D local BVP scheme for the convective discretization, also shown
in Table 6.1, without any noticeable changes in the computational cost. This
difference between the homogeneous flux scheme (HFS) and homogeneous 1-D
local BVP scheme for the convective discretization can be explained by the
lower numerical diffusion of the former as demonstrated in Chapter 5 for the
convection-diffusion equation (see Example 5.1).

6.4 Conclusion

In the preceding sections we presented methods for the approximation of the
fluxes derived from local BVPs. The computed flux is the sum of a homo-
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Figure 6.4: Convergence of the spatial errors for the Taylor-Green vortex prob-
lem, for Re = 100 and at t = 20, for a family of grids (5 × (2i, 2i), i =
0, 1, 2, · · · , 6) using the standard explicit four-stage Runge-Kutta method with
∆t = 10−3.
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geneous and an inhomogeneous part. The homogeneous flux corresponding to
the convection-diffusion operator is a weighted mean of the upwind and central
scheme. The inhomogeneous part of the flux depends directly on the source
term in the BVP, i.e., the pressure-gradient and the cross-flux gradient. Com-
pared to the local BVP schemes for convective discretization, the homogeneous
flux scheme appears to be slightly more accurate than the homogeneous 1-D
local BVP approximation for the convective terms. The inclusion of the source
terms makes the flux approximation uniformly second-order convergent as ob-
served from the numerical results.
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Chapter 7

Nonlinear flux approximation

In Chapter 5 we presented the approximation of the flux function for the viscous
Burgers equation using a nonlinear local BVP. Applying straightforward quad-
rature rules to the integral representation does not result in a consistent nu-
merical flux, as the approximation is shown to breakdown in the inviscid limit.
On the other hand, the numerical flux obtained using linearized local BVPs
is shown to reduce to Roe’s approximation for the inviscid Burgers equation
instead of the Godunov approximation, as a consequence of the linearization.

In this chapter we present a different approach for the approximation of the
flux using homogeneous nonlinear local two-point BVPs for the viscous Burgers
equation. A discussion on nonlinear local two-point BVPs can be found in [22],
where the authors show i) the solvability of some auxiliary local nonlinear two-
point BVPs, and ii) the convergence of the discrete scheme to a weak solution
of the continuous problem. We make use of the monotonicity of the solution
of the homogeneous local BVP to derive the numerical flux. Consequently, we
have to separately examine the cases i) uL ≥ uR, and ii) uL < uR, where uL
and uR are the left and the right boundary values, respectively. Subsequently,
we establish the existence and uniqueness of the numerical flux obtained from
the nonlinear local BVP. Since the numerical scheme preserves the nonlinearity
of the flux function, the nonlinear flux approximation scheme is shown to be
consistent with the Godunov approximation in the inviscid limit.

The chapter is organized as follows: in Section 7.1 we formulate the local
BVP for the flux approximation and show that the BVP has monotonic solu-
tions. Section 7.2 gives details of the derivation for the numerical fluxes. In
Section 7.3 we demonstrate the existence and uniqueness of the numerical flux
and show that the numerical flux reduces to the Godunov approximation in
the inviscid limit. In Section 7.4 we compare the nonlinear scheme with the
linearized homogeneous flux scheme (described in Chapter 5) as well as with
other standard methods. Section 7.5 gives the concluding remarks.
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7.1 Flux from local two-point BVP
Consider the one-dimensional viscous Burgers equation

ut + f(u, ux)x = 0, f(u, ux) := 1
2u

2 − νux, (7.1)

defined on Ω(⊂ R)×(0, T ), where ν(≥ 0) is the diffusion coefficient. The spatial
discretization of the Burgers equation using a finite-volume method requires
the approximation of the flux function f(u, ux) at each interface between two
control volumes. The semi-discrete formulation of equation (7.1) is given by

h u̇i + Fi+1/2 − Fi−1/2 = 0,

where Fi+1/2 ≈ f(u, ux)|x=xi+1/2 , see Figure 7.1. The derivation of the flux
Fi+1/2 is based on the following model BVP, in which we ignore the time
derivative

fx =
( 1

2u
2 − νux

)
x

= 0, x ∈ (xi, xi+1), (7.2a)
u(xi) = ui = uL, u(xi+1) = ui+1 = uR. (7.2b)

The solution of the nonlinear BVP (7.2) provides us the numerical flux function
F(uL, uR, ν/h), which is constant on the interval (xi, xi+1). Thus:

Fi+1/2 = F(uL, uR, ν/h).

Using the normalized coordinate σ, σ ∈ [0, 1] and the parameter ε, defined by

σ := x− xj
h

, ε := ν

h
,

the BVP (7.2) can be expressed as( 1
2u

2 − εuσ
)
σ

= 0, σ ∈ (0, 1), (7.3a)
u(0) = uL, u(1) = uR. (7.3b)

Further, it can be shown that the above BVP has a monotonic solution.

ui−1

xi−1

h

Fi−1/2

xi+1/2

ui

xi

ui+1 ui+2

xi+1

Fi+1/2

Figure 7.1: Spatial discretization for the one-dimensional Burgers equation
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Lemma 7.1. The nonlinear local boundary value problem (7.3) has a strictly
monotonic solution. Further, it can be shown that the derivative uσ satisfies

(uR − uL) exp
(
− U

ε
(1 + σ)

)
≥ uσ(σ) ≥ (uR − uL) exp

(U
ε

(1 + σ)
)
, (7.4)

if uL ≥ uR with U := max{|u(η)|, η ∈ [0, 1]}, otherwise for uL < uR,

(uR − uL) exp
(
− U

ε
(1 + σ)

)
≤ uσ(σ) ≤ (uR − uL) exp

(U
ε

(1 + σ)
)
. (7.5)

Proof. Any solution u of the problem (7.3) can be represented as

u(σ) = uL + (uR − uL)Λ(σ)
Λ(1) , uσ(σ) = (uR − uL)λ(σ)

Λ(1) ,

for σ ∈ [0, 1] (see Lemma 3.1, [22]), where the functions λ,Λ : [0, 1] → R are
given by

λ(σ) := exp
(1
ε

∫ σ

0
u(η)dη

)
and Λ(σ) :=

∫ σ

0
λ(ξ)dξ.

Clearly, for uL > uR, uσ(σ) < 0 causing u(σ) to be a monotonically decreas-
ing function. Similarly, if uL < uR, then uσ(σ) > 0 and u is monotonically
increasing. Further, note that exp(−Uσ/ε) ≤ λ(σ) ≤ exp(Uσ/ε). Similarly,
for the integral Λ(1), we have exp(−U/ε) ≤ Λ(1) ≤ exp(U/ε). From the above
inequalities for λ(σ) and Λ(1), we get as the bounds for the derivative uσ(σ):
(7.4) and (7.5).

7.2 Numerical flux function
We now derive expressions for the numerical flux function using the BVP (7.3).
As a consequence of Lemma 7.1 we consider the cases: uL ≥ uR and uL < uR.

7.2.1 The case uL ≥ uR

The solution of the BVP (7.3) in this case results in a (strictly) decreasing
function, i.e., uσ ≤ 0. Using the left boundary condition u(0) = uL, we get
that the numerical flux at the interface, Fi+1/2, is given by

Fi+1/2 = f(0) = 1
2u

2
L − εuσ(0).

Alternatively, the flux can be determined using the right boundary condition

Fi+1/2 = 1
2u

2
R − εuσ(1).
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Since uσ < 0, we conclude that Fi+1/2 > 0, therefore there exists a c ∈ R, such
that

Fi+1/2 = 1
2u

2 − εuσ = 1
2u

2
L − εuσ(0) = 1

2u
2
R − εuσ(1) = 1

2c
2,

with |c| ≥ max(|uL|, |uR|). The above relation gives us the first-order differen-
tial equation with unknown parameter c

uσ = 1
2ε (u2 − c2), σ ∈ (0, 1),

which needs to satisfy both u(0) = uL and u(1) = uR. Integrating the differen-
tial equation and connecting the left and the right boundary condition results
in the following nonlinear equation for the unknown c with parameters uL, uR
and ε

H+(c) := log
∣∣∣ (uL + c)(uR − c)
(uL − c)(uR + c)

∣∣∣− c

ε
= 0. (7.6)

Thus, Fi+1/2 is given by the non-trivial roots of the function H+(c), which
is an odd function. We restrict ourselves to c > 0. Note that the nonlinear
equation (7.6) can also be expressed as

e−c/2ε
∣∣(uL + c)(uR − c)

∣∣− ec/2ε∣∣(uL − c)(uR + c)
∣∣ = 0. (7.7)

Let s = (uL + uR)/2, then for s ≥ 0, we get that uL ≥ |uR| and the non-trivial
solution of equation (7.7) satisfies c ≥ uL ≥ |uR|. In the inviscid limit ε → 0,
for s ≥ 0 equation (7.7) reduces to

ec/2ε(c− uL)(c+ uR) = 0⇒ c = uL.

Similarly, for s < 0, we have uR < 0, implying c ≥ −uR ≥ |uL| and the limit
case solution is then given by c = −uR(> 0). Thus, the numerical flux in the
inviscid limit is given by

Fi+1/2 =


1
2u

2
L, if s ≥ 0,

1
2u

2
R, if s < 0,

which is actually the Godunov flux for the inviscid Burgers equation [31, 93].
Moreover, if uL = uR = u, then uσ = 0 and the numerical flux is given by
Fi+1/2 = F(u, u) = 1

2u
2 = f(u), for constant u. Hence the numerical flux

function F is consistent with the continuous flux function f .
In order to compute the numerical flux Fi+1/2, we need to compute the

non-trivial zeros of the function H+(c), which are given by equation (7.6) or
equivalently, by equation (7.7). The nonlinear equation can be solved using
Newton iteration, given a good initial guess for the flux. Algorithm 7.1 shows
the steps for choosing a good initial guess for the Newton solver using the
bounds of the derivative uσ as shown in Lemma 7.1.
Next, we consider the case uL < ur.
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Algorithm 7.1: Choosing an initial guess for the numerical flux:
Fi+1/2 = c2/2

Given: uL, uR, ε
Set s = (uL + uR)/2

Set U :=

uL if s ≥ 0,

|uR| if s < 0.

Using (7.4) as a bound for uσ(0)

Set f0 :=


1
2u

2
L + ε(uL − uR) exp

(
− U

ε

)
if s ≥ 0,

1
2u

2
R + ε(uL − uR) exp

(
− U

ε

)
if s < 0.

Initial guess: c0 = |
√

2f0|

7.2.2 The case uL < uR

From Lemma 7.1 we conclude that uσ > 0 for uL < uR. Thus Fi+1/2 =
u2/2− εuσ > 0 if εuσ < u2/2 and Fi+1/2 < 0 if εuσ > u2/2. Therefore, we split
the derivation of the numerical flux into three cases, depending on the sign of
the flux.

Case 0: Zero-flux condition

Before we examine the cases where the flux is positive or negative, we derive
the condition for zero-flux across the interface. We have established that the
numerical flux Fi+1/2 is given by

Fi+1/2 = 1
2c

2 = 1
2u

2 − εuσ.

If the net flux through the interface is zero, then we have
1
2u

2 = ε
du
dσ .

Integrating the above differential equation and applying the left boundary con-
dition gives

1
uL
− 1
u(σ) = σ

2ε .

Ensuring that the above relation also satisfies the right boundary condition,
u(1) = uR, results in the zero-flux condition :

1
uL
− 1
uR

= 1
2ε (uL, uR, ε 6= 0). (7.8)

Note that relation (7.8) can hold for both uL < uR and uL ≥ uR.
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Case 1: Positive flux

If the flux is positive, then the numerical flux is evaluated as for the case
uL ≥ uR and is given by roots of the function H+(c), defined in equation (7.6),
with c ∈ (0,min(|uL|, |uR|)).

Case 2: Negative flux

If the flux is negative, then there exists a c ∈ R, such that

Fi+1/2 = 1
2u

2 − εuσ = −1
2c

2.

This relation gives rise to the first-order differential equation

uσ = 1
2ε (u2 + c2), σ ∈ (0, 1), (7.9)

with the boundary conditions (7.3b). Integrating the first-order differential
equation and connecting the left and right boundary condition gives us another
nonlinear equation for c, i.e.,

H−(c) := arctan
(uR
c

)
− arctan

(uL
c

)
− c

2ε = 0. (7.10)

As before, the numerical value of Fi+1/2 = −c2/2 is given by the non-trivial
roots of the function H−(c). Since H−(c) is an odd function, we restrict
ourselves to c > 0.

So far, we have considered different cases for determining the numerical flux
depending on uL, uR and the sign of the flux. For the practical application of
the flux scheme it is essential that the flux is always unique, whenever it exists.
In the following section, we show that for both uL ≥ uR and uL < uR, the
numerical flux is unique.

7.3 Existence of numerical flux

In this section we show the existence and uniqueness of the numerical flux
given by the roots of H+(c) and H−(c). We begin with the case uL < uR,
where the flux can be either positive, negative or zero and present a criterion
for identifying the sign of the flux.

Lemma 7.2. For uL, uR, ε 6= 0, and uL < uR, the sign of the flux can be
determined as follows
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If uLuR > 0, then

Fi+1/2 =


− 1

2c
2 if 1

uL
− 1

uR
> 1

2ε ,

1
2c

2 if 1
uL
− 1

uR
< 1

2ε ,

0 if 1
uL
− 1

uR
= 1

2ε .

(7.11)

If uLuR < 0, then
Fi+1/2 = −1

2c
2.

The numerical flux can then be computed using the roots of the function,
H+(c) if Fi+1/2 > 0 and H−(c) if Fi−1/2 < 0.

Proof. We have already established the condition for zero-flux, i.e., relation
(7.8). In the following we focus on the non-trivial roots of the functions H+(c)
and H−(c). Let α−(c) := arctan(uR/c)−arctan(uL/c) and β−(c) := c/2ε, such
that H−(c) := α−(c) − β−(c). Using arctan(1/z) = − arctan(z) + πsgn(z)/2,
α−(c) can be expressed as

α−(c) = arctan
( c

uL

)
− arctan

( c

uR

)
+ π

2
(
sgn(uR)− sgn(uL)

)
,

with

α′−(c) = uL
u2
L + c2

− uR
u2
R + c2

= (uR − uL)(uLuR − c2)
(u2
L + c2)(u2

R + c2) , (.)′ := d
dc .

Using the fact that α−(c) is an odd function we restrict ourselves to the case
c > 0.

We split the proof into the following cases :

• 0 < uL < uR.
Observe that α−(c) is an increasing function for c ∈ (0,√uLuR] with a
maximum at c = √uLuR(< uR). Clearly H−(c) has a non-trivial root
whenever α−(c) = β−(c), i.e., the two functions intersect for c > 0, which
is possible only if α′−(0) > β′−(0), or,

α′−(0) = 1
uL
− 1
uR

> β′−(0) = 1
2ε .

Thus, if the above condition holds then H−(c) has a non-trivial solution,
which satisfies √uLuR < c < uR. Next, we investigate the condition
under which H+(c) has a non-trivial root. Let

z(c) := (uR − uL)c
uLuR − c2

,
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such that z ∈ [0, 1] with z(0) = 0, z(uL) = 1. Clearly, for c ∈ (0, uL) we
have z(c) > 0. Using z(c) we can rewrite equation (7.6) as

H+(c) = log
(1 + z(c)

1− z(c)

)
− c

ε
= 2 Artanh(z(c))− c

ε
, c ∈ (0, uL).

Further, let α+(c) := 2 Artanh(z(c)) and β+(c) := c/ε, such thatH+(c) =
α+(c)− β+(c) with

α′+(c) = 2(uR − uL) 1
1− z2(c)

uLuR + c2

(uLuR − c2)2 , β′+(c) = 1
ε
.

For c ∈ (0, uL), z(c) ∈ (0, 1) implying that α+(c) is an increasing function,
thus H+(c) has a non-trivial root only if α′+(0) < β′+(0). The condition
α′+(0) < β′1(0) translates to

1
uL
− 1
uR

<
1
2ε .

• uL < uR < 0.
Again, we restrict ourselves to c > 0. For uL < uR < 0, we have c ∈
(0, |uR|), with |uR| < |uL|, which gives us that c2 < uLuR, resulting in
α′−(c) > 0. Moreover, it can be shown that the function α−(c) is an
increasing function on (0,√uLuR), with a local maximum at c = √uLuR
and α′−(c) < 0, for c > √uLuR. Further, β′−(c) = 1/2ε > 0, with
β−(c) → ∞, in the limit c → ∞. Thus, for H−(c) to have a non-trivial
root, it is necessary that α′−(0) > β′−(0), which is equivalent to

1
uL
− 1
uR

>
1
2ε .

Similarly, forH+(c) to have a non-trivial root in (0, |uR|), requires α+(c) =
β+(c). Since uLuR > 0, we get that α′+(c) > 0, for c ∈ (0, |uR|), causing
α+(c) to be monotonically increasing. With α+(0) = β+(0) = 0 and
α+(c)→∞ in the limit c→∞, we get that H+(c) has a non-trivial root
in the interval (0, |uR|), if α′+(0) < β′+(0), which is is equivalent to

1
uL
− 1
uR

<
1
2ε .

• uL < 0 < uR.
Let umin := min(|uL|, uR), giving us c ∈ (0, umin). For c ∈ (0, umin),
z(c) < 0 with z(umin) = −1. Therefore,

α+(c) = log
(1 + z(c)

1− z(c)

)
< 0, with α′+(c) < 0.
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However, β+(c) > 0, with β′+(c) > 0. Thus, we get that H+(c) has no
non-trivial solution, whenever uLuR < 0. Further, if uL < 0 < uR, then

1
uL
− 1
uR

< 0 6= 1
2ε ,

implying that the flux can not be zero. Thus for uL < 0 < uR, the flux
can be neither zero nor positive, which leaves us with only one possibility,
i.e., the flux being negative and given by the non-trivial roots of H−(c).
For the function H−(c), we have that H−(0) = π, with

d
dcH

−(c) = (uR − uL)(uLuR − c2)
(u2
L + c2)(u2

R + c2) − 1
2ε < 0.

Moreover, for c� 1, β−(c) > α−(c) and H−(c) < 0. Thus, H−(c) always
has a non-trivial root for sufficiently large c. Hence, for uL < 0 < uR,
H−(c) always has a non-trivial root.

Lemma 7.2 presents a criterion for identifying the sign of the numerical flux,
which in turn tells us whether the flux is given by the non-trivial roots of H+(c)
or H−(c). To demonstrate this, we consider the case uL = 0.25, uR = 1 for
ε = 10−1, 1 and 10. For the given values of uL, uR and ε, 1/uL−1/uR−1/2ε ∈
{−2, 2.5, 2.95}. From Lemma 7.2 we get that H+(c) will have a non-trivial
root only for ε = 10−1, which can be observed in Figure 7.2. Moreover, for
ε = 10−1, it can be observed that the non-trivial root of H+(c) is smaller
than √uLuR = 0.5. For both ε = 1 and ε = 10, 1/uL − 1/uR > 1/2ε and
consequently H−(c) has a non-trivial root, as shown in Figure 7.3. We have
also shown that for uLuR < 0, the flux is always negative and thus is given
by the non-trivial roots of H−(c). This is depicted in Figure 7.4, where we
consider the cases: uL = −0.25, uR = 1 and ε = 10−2, 1 and 10. For ε = 10−2,
α−(c) = β−(c) for c ≈ 0.36 and the flux c2/2 ≈ 0.06.

Lastly, to establish the existence of the numerical flux, we need to show
that the function H+(c) always has a non-trivial root, whenever uL > uR.

Lemma 7.3. For uL > uR, the function H+(c) always has a non-trivial root.

Proof. For uL > uR, we have shown that the flux is positive and is given by
the non-trivial roots of the function H+(c) = α+(c)− β+(c) = 0, where

α+(c) = log
∣∣∣ (uL + c)(uR − c)
(uL − c)(uR + c)

∣∣∣ and β+(c) = c

ε
.

For c ≥ cmin := max{|uL|, |uR|}, we get that

P (c) := (uL + c)(uR − c)
(uL − c)(uR + c) > 0,
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Figure 7.2: Function α+(c) for uL = 0.25, uR = 1 and β+(c) for ε = 10−2, 1
and 10.
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Figure 7.3: Function α−(c) for uL = 0.25, uR = 1 and β−(c) for ε = 10−2, 1
and 10.
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Figure 7.4: Function α−(c) and β−(c) for uL = −0.25, uR = 1 and ε = 10−2, 1
and 10.

with
P ′(c) = −2(uL − uR) (c2 + uLuR)

(uL − c)2(uR + c)2 < 0.

As c → cmin, we have P (c) → ∞, implying α+(c) → ∞, and for c → ∞,
P (c)→ 1, giving α+(c) = 0, with

α′+(c) = P ′(c)
P (c) < 0.

Thus, over the domain (cmin,∞), α+(c) is a monotonically decreasing function
which asymptotically goes to 0 as c → ∞. Further, the function β+(c) = c/ε,
is a monotonically increasing function with β+(cmin) = cmin/ε and β+(c)→∞,
in the limit c→∞. Therefore, H+(c) always has a unique non-trivial root, for
uL > uR.

7.3.1 The limit flux
For the case uL ≥ uR we have shown that in the limit ν → 0, the numerical
flux is consistent with Godunov’s approximation. We now determine the limit
flux for the case uL < uR.

In the limit ε → 0, the flux is given by Fi+1/2 = u2/2. To determine u, it
is essential to examine the behavior of the solution u(σ) of the nonlinear local
BVP (7.3). Instead of computing the non-trivial roots of the function H+(c)
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and H−(c), we solve the local BVP(7.3) numerically using the central scheme
over a very fine grid.

Figure 7.5 shows the numerical solutions of the nonlinear local BVP (7.3)
with the boundary conditions given by uL = 0.5 and uR = 1, for ε = 10−1, 10−2

and 10−3. Observe that for smaller values of ε, the solution has a boundary
layer character, i.e., u(σ) = uL all throughout the domain except in a very
small region close to σ = 1, where the solution adapts to the right boundary
condition. For the considered boundary conditions uL = 0.5 and uR = 1.0, we

0 0.5 1

σ

0.5

1

u
(σ
)

ǫ = 10−1

ǫ = 10−2

ǫ = 10−3

(a)

0 0.5 1

σ

0

0.5

1

u
(σ
)

ǫ = 10−3

ǫ = 10−4

(b)

Figure 7.5: Numerical solutions of the nonlinear local BVP (7.3) using the
central scheme on a very fine grid (∆σ = 10−4) for the boundary conditions:
(a) uL = 0.5 and uR = 1 for ε = 10−1, 10−2, 10−3, (b) uL = 0 and uR = 1 for
ε = 10−3, 10−4.

have that H−(c) has non-trivial solutions provided ε > 0.5, thus in the limit
ε→ 0, one should analyze the non-trivial roots of the function H+(c)

H+(c) = log
(uLuR + c(uR − uL)− c2

uLuR − c(uR − uL)− c2
)
− c

ε

= log
(1 + z(c)

1− z(c) exp(−c/ε)
)
,

where

z(c) := (uR − uL)c
uLuR − c2

.

Clearly, the zeros of H+(c) satisfy

exp(−c/2ε)(1 + z(c))− exp(c/2ε)(1− z(c)) = 0. (7.12)
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For 0 < uL < uR and Fi+1/2 > 0,

Fi+1/2 = 1
2c

2 = 1
2u

2
L − εuσ(0) = 1

2u
2
R − εuσ(1),

giving us that the non-trivial root of H+(c) is located in c ∈ (0, uL]. Now as
ε→ 0, exp(−c/2ε)→ 0 and equation (7.12) reduces to

exp(c/2ε)(1− z(c)) = 0, (7.13)

which has a solution for z(c) = 1, i.e., c = uL and Fi+1/2 = u2
L/2, which is in

agreement with the numerical solution of the BVP (7.3) shown in Figure 7.5.
Moreover, using the numerical solution of the nonlinear BVP (7.3), it can be
shown that for 0 = uL < uR, the solution is of boundary layer type with
u(σ) = uL = 0 as ε→ 0, as shown in Figure 7.5(b).

Next, we consider the case uL < uR < 0, in which we have c ∈ (0, |uR|],
with z(c) ∈ (0, 1] and z(|uR|) = 1. Again in the limit ε → 0, the reduced
equation (7.13) has a solution for z(c) = 1, giving c = −uR and Fi+1/2 = u2

R/2.
Figure 7.6 shows numerical solutions of the nonlinear local BVP (7.3) with
uL = −1.5, uR = −0.5 and ε = 10−1, 10−2 and 10−3. It can be seen that for
smaller values of ε, the solution of the BVP has a boundary layer character,
with u(σ) ≈ uR all through the domain, except in very small region close to
the left boundary, which is in agreement with the limit solution of the reduced
equation (7.13). As in the previous case, the numerical solution of the nonlinear
BVP (7.3) with uL < uR = 0, also exhibits a boundary layer character (for
small ε) with u(σ) ≈ uR = 0, except in a very small region close to the left
boundary.

In Lemma 7.2, we showed that for uL < 0 < uR, the flux can not be positive
as the function H+(c) does not have a non-trivial root. On the other hand, if
H−(c) has a root then, α−(c) = β−(c). In the limit ε→ 0, β−(c) = c/2ε→∞.
With α−(c) being a monotonically decreasing function and α−(0) = π, the
only root of H−(c), is c = 0, resulting in Fi+1/2 = 0. This is better explained
using the numerical solution of the nonlinear local BVP (7.3) computed using
the central scheme on a very fine grid with ∆σ = 10−4. Figure 7.7 shows
numerical solutions of the nonlinear BVP for ε = 10−2 and 10−3. Unlike, in
Figure 7.5 and Figure 7.6, for uL < 0 < uR, the solution of the local BVP
(7.3) possesses two boundary layers with u(σ) = 0 for the rest of the domain.
For very small ε, u(σ) = 0, yielding a zero-flux passing through the interface
xi+1/2.
The discussion for the limit case can be summarized as:
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Figure 7.6: Numerical solutions of the nonlinear local BVP (7.3) using the
central scheme on a very fine grid (∆σ = 10−4) with uL = −1.5 and uR = −0.5.
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Figure 7.7: Numerical solutions of the nonlinear local BVP (7.3) using the
central scheme on a very grid (∆σ = 10−4) with uL = −2 and uR = 1.
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For uL < uR, the flux in the limit ε→ 0, is given by

Fi+1/2 = 1
2c

2,

where c is given by:

c =


uL if 0 ≤ uL < uR,

uR if uL < uR ≤ 0,
0 if uL < 0 < uR.

7.4 Numerical results
We compare the proposed nonlinear local BVP scheme with the upwind scheme
and the linearized homogeneous flux scheme described in Chapter 5. Recall that
for the linearized homogeneous flux scheme, the numerical flux F lin,h

i+1/2 is given
by

F lin,h
i+1/2 = ε

(
B(−P )uL −B(P )uR

)
,

where B(z) := z/(ez − 1) is the Bernoulli function and P := ui+1/2/2ε the
mesh Péclet number. For the interface velocity ui+1/2, we take ui+1/2 = (uL +
uR)/2. We use the analytical solution to the viscous Burgers equation defined
on (0, 1)× (0, T ), T ∈ (0, 1]

uref(x, t) = 1 + 1
2 tanh

( 1
4ν

(
x− 0.1− 1

2 t
))
, (7.14)

as the reference solution to compare the schemes. We use the standard explicit
fourth-order Runge-Kutta scheme for time integration with ∆t = 10−3. For this
test case, we have 0 < uR < uL throughout the computational domain, and the
numerical flux is given by the roots of H+(c). The Newton solver converges
in 2 − 8 iteration steps (depending on the tolerance, ranging from 10−3 to
10−8), for a good initial guess. A fairly accurate initial guess can be derived
using the bounds on the derivative uσ, that can be obtained using Lemma 7.1.
Figure 7.8 shows the convergence of the absolute error ‖eu‖1 := ‖u−uref‖1 for
ν = 10−3 over a family of uniform grids. Grid refinement (for fixed ν) causes
ε to increase (for the test case, ε = 2i × 10−2, i = 1, 2, · · · , 6). Moreover, it
is observed that the root-finder converges faster for higher values of ε (≈ 1)
than for smaller values of ε. On coarse grids all three schemes exhibit first-
order accuracy, with the local BVP schemes being slightly more accurate than
the upwind scheme. However, on grid refinement (increasing ε) the nonlinear
BVP scheme is found to be more accurate compared to the upwind and the
linearized local BVP scheme (Figure 7.8). For ν = 10−2, i.e., for a smoother
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Figure 7.8: Convergence of the 1-norm of the absolute error for ν = 10−3 for the
proposed nonlinear local BVP scheme, homogeneous linear local BVP scheme
and the upwind scheme, for a family of grids (h = 10−1 × 2−i; i = 1, 2, · · · , 6).

velocity profile, the nonlinear local BVP scheme exhibits uniform second-order
convergence, as shown in Figure 7.9.

7.5 Conclusion
In this chapter, we have presented a flux approximation scheme for the viscous
Burgers equation, in which the numerical flux function is given by the solution
of a local nonlinear two-point BVP, resulting in a locally exact approximation
which corresponds with the nonlinearity of the flux function. The flux is com-
puted using a nonlinear local BVP, which has monotonic solutions and exhibits
a boundary layer character for smaller values of ε(= ν/h). Thus depending on
the boundary conditions uL, uR, the local BVP has either a monotonically
increasing or monotonically decreasing solution. For uL ≥ uR, the solution of
the local BVP is monotonically decreasing, with the flux being positive and
given by the roots of the function H+(c). For uL < uR, the solution of the
local BVP is monotonically increasing, thus uσ > 0. Hence, the flux can be
positive, negative or zero. We have presented a criterion for identifying the
sign of the flux depending on the boundary conditions uL, uR and ε. For both
cases uL ≥ uR and uL < uR, the numerical flux is shown to be consistent with
the Godunov method in the inviscid limit.
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Figure 7.9: Convergence of the 1-norm of the absolute error for ν = 10−2 for the
proposed nonlinear local BVP scheme, homogeneous linear local BVP scheme
and the upwind scheme, for a family of grids (h = 10−1 × 2−i; i = 1, 2, · · · , 6).
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Chapter 8

Conclusion

8.1 Concluding remarks

In the previous chapters, we presented spatial discretization techniques for flow
problems involving convection and diffusion, using local BVPs. The spatial dis-
cretizations are designed such that the resulting scheme has a 3-point stencil
(in each spatial direction), is uniformly second-order accurate and does not in-
troduce any non-physical oscillations. Standard schemes like the second-order
accurate central scheme and the first-order upwind scheme result in a 3-point
discretization. The central scheme suffers from spurious oscillations whenever
the absolute value of the grid Péclet number is higher than 2 and hence can
be computationally quite expensive due to the grid size restriction. Unlike the
central scheme, the upwind scheme does not introduce any non-physical oscil-
lations, but it is only first-order accurate. Hybrid/exponential schemes which
are equivalent to the homogeneous local BVP approximation all result in a
positive discretization and are first-order accurate on coarse grids but second-
order accurate on finer grids. The use of local BVPs allows us to include the
effects of source terms, which is shown to reduce the numerical diffusion of the
homogeneous approximation making the scheme uniformly second-order accur-
ate. In the following we give the conclusions and recommendations for using
local BVPs for the spatial discretization.

Convective flux approximation. We demonstrated the use of local BVPs
for the discretization of the convective terms involved in the constant coefficient
convection-diffusion equation and the incompressible Navier-Stokes equations.
For the convection-diffusion equation, we showed that indeed the inclusion of
the source term, i.e., the discrete time derivative of the unknown, removes
numerical diffusion from the homogeneous part of the approximation. Thus,
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the inhomogeneous local BVP approximation for the convection-diffusion equa-
tion results in a uniformly second-order accurate scheme, which is free of any
spurious oscillations, even on coarse grids.

For the incompressible Navier-Stokes equations, the convective term is non-
linear, which makes the local BVP nonlinear. In order to simplify the problem
and to derive explicit expressions for the approximation of the cell face velocity
components, the local BVP is linearized and then solved iteratively. Again, the
approximation is expressed as the sum of a homogeneous part, corresponding
to the local convection-diffusion balance, and an inhomogeneous part, corres-
ponding to the source terms included in the local BVP. The homogeneous local
BVP method, like the hybrid scheme, provides an exponential reconstruction
of the velocity component within the control volume and can be expressed as
a weighted sum of the central and the upwind scheme. For the inhomogeneous
part, we use the pressure gradient and the gradient of the transverse flux as
source terms. The numerical results show that the inhomogeneous approxim-
ation improves the accuracy of the homogeneous approximation. In the 1-D
inhomogeneous local BVP approximation, the pressure gradient is assumed to
be piecewise constant and in the 2-D inhomogeneous local BVP approxima-
tion, the gradient of the cross-flux is assumed to be constant along with the
piecewise constant pressure gradient. Both 1-D and 2-D inhomogeneous local
BVP schemes exhibit uniform second-order convergence and do not exhibit
any spurious oscillations, not even on coarse grids. Also, it is observed that
the inclusion of the source term reduces the dissipation of the kinetic energy
due to numerical diffusion (introduced by the homogeneous part). Since the
inhomogeneous local BVP schemes do not introduce any or very little numer-
ical diffusion, we expect the schemes to work well for simulation of wind farm
dynamics, particularly on coarse grids. Due to its higher accuracy at margin-
ally higher cost, the 2-D inhomogeneous local BVP is recommended.

Flux approximation using local BVPs. We extended the use of local
BVPs for the approximation of the net flux, i.e., the sum of the convective and
diffusive flux. In Chapter 5 we extended the complete-flux scheme, introduced
in [87], to the viscous Burgers equation. The nonlinearity of the flux function
for the viscous Burgers equation causes the model BVP for the flux approx-
imation to be nonlinear as well. The integral representations thus obtained
are implicit, i.e., depend on the solution of the BVP. To simplify the problem
and to derive explicit expressions for the numerical flux, the local BVP is lin-
earized using interface velocities. In order to ensure that the numerical flux
approximation is consistent in the inviscid limit, it is essential that the inter-
face velocity used for linearization is computed using the upwind scheme or the
1-D homogeneous local BVP scheme. The linearized local BVP scheme is also
extended for the approximation of the numerical fluxes in the incompressible
Navier-Stokes equations, with the piecewise constant discrete pressure gradi-
ent and the piecewise constant discrete gradient of the transverse flux as source

106



Conclusion

terms. As expected, the inclusion of the source terms provides a more accurate
approximation (uniformly second-order accurate) than the homogeneous local
BVP scheme, also here at only marginally higher cost.

Nonlinear flux approximation for the Burgers equation. The solution of
the nonlinear local BVP exhibits a thin boundary layer character in the inviscid
limit. Using a numerical solution computed on a very fine grid, it can be shown
that the homogeneous local BVP (the steady viscous Burgers equation) always
has a boundary layer in the inviscid limit. Further, if the boundary conditions
(uL and uR, see Chapter 7) are of opposite sign with uL < 0 < uR, then in the
inviscid limit the numerical solution of the homogeneous local BVP possesses
two boundary layers, with the net flux being zero. The linearized local BVP
approximation, which provides an exponential reconstruction of the solution of
the nonlinear local BVP, only exhibits one of the boundary layers. To derive a
numerical flux approximation, which is always consistent, it is essential to take
into account the nonlinearity of the flux function. Moreover, we showed that
applying standard quadrature rules to the nonlinear integral representations
of the flux does not result in a consistent approximation, as the resulting net
numerical flux reduces to zero.

We studied a new approach to compute the flux from the nonlinear local
BVP. Instead of determining the integral representation, the flux is computed
by the direct solution of the nonlinear local BVP. We showed that for this new
nonlinear local BVP scheme, in the inviscid limit the numerical flux reduces
to the Godunov flux for the inviscid Burgers equation. Further, we established
the uniqueness of the numerical flux and showed that in all cases (including
uL < 0 < uR) the numerical flux reduces to the correct limit flux. The scheme
requires a nonlinear solver to compute the root of the derived equations, for
which a good initial guess is available (shown in Chapter 7).

8.2 Recommendations for future work

As shown in Chapter 7, the nonlinear local BVP scheme provides a numerical
flux approximation that is consistent in the inviscid limit. However, the scheme
is not uniformly second-order accurate; over coarse grids it displays first-order
accuracy. In order to ensure that the scheme is uniformly second-order accur-
ate, it is essential that the source term is included in the local BVP. One way
to include the source term in the local BVP is to show the equivalence of the
nonlinear flux approximation (presented in Chapter 7) with the integral rep-
resentation of the homogeneous part of the flux (presented in Chapter 5). This
can be established if we show that the homogeneous nonlinear local BVP has
a unique solution (as shown in [22] for an auxiliary problem). Then the non-
linear flux approximation can be combined with the integral formulation of the
inhomogeneous flux, such that the resulting scheme is uniformly second-order
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accurate. Further, the nonlinear flux approximation may be combined with a
WENO reconstruction to get a higher-order flux approximation scheme. The
nonlinear local BVP scheme should be extended to more complex problems as
the incompressible Navier-Stokes equations.

In Chapter 7, we mainly focused on the derivation of the numerical ap-
proximation of the flux function f = u2/2 − νux, with a nonlinear convective
part and linear diffusion. However, for some other problems which have a
somewhat different convection term, say g(u), the similar derivation of the nu-
merical flux as shown in Chapter 7 can be carried out provided the convection
term g(u) is convex. Further, for flow problems involving nonlinear diffusion,
i.e., the diffusion coefficient is a function of u, under some circumstances the
flux approximation can be derived using the nonlinear local BVP. In order to
have a generalization of the nonlinear flux scheme, it is essential to develop the
flux approximation for a generalized convective term as well as for nonlinear
diffusion.
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Summary

Flux approximation schemes for flow problems using local boundary
value problems

In this thesis, we develop discretization methods for nonlinear flow problems.
This is inspired by the need for even more accurate and efficient numerical
methods for simulating the flow of incompressible viscous fluids governed by
the Navier-Stokes equations. The approach taken is to construct a flux approx-
imation scheme, where the numerical flux is computed from a local boundary
value problem (BVP). The use of local BVPs for the approximation of the
fluxes allows us to include several effects on the flux, for instance, the pressure
gradient and the gradient of the transverse flux, through source terms. For un-
steady flow problems, the acceleration can also be regarded as a source term.
The local BVP methods are shown to be stable and accurate, even on coarse
meshes, and do not introduce artificial diffusion.

In the first part of this thesis, we discuss the discretization of the convect-
ive terms in the incompressible Navier-Stokes equations by iteratively solving
linearized local two-point BVPs to compute the cell-face velocity components.
The local BVP in this case can be formulated using the momentum equation
and taking the pressure gradient and the gradient of the transverse flux as the
source terms. In the absence of source terms we have a homogeneous local
BVP, the interface velocity is then given by a weighted sum of the first-order
upwind and the second-order central scheme. The weight function for the ho-
mogeneous approximation depends directly on the mesh Péclet number, that
is the local ratio of the convective and viscous forces. Consequently, the ho-
mogeneous approximation is at most second-order convergent for finer meshes
and first-order on coarse meshes. The accuracy of the approximation can be
improved by the inclusion of the source terms, i.e., the pressure gradient and
the gradient of the transverse flux. Since the underlying local BVP is a linear
problem, the interface velocity can be expressed as the sum of a homogeneous
and an inhomogeneous part, with the latter depending on the source terms.
The inclusion of the source terms provides a more accurate approximation for
the interface velocities, with the inhomogeneous approximation being uniformly

118



Summary

second-order convergent. Moreover, the inhomogeneous approximation shows
significantly lower numerical diffusion than the homogeneous approximation.

The second part of this thesis addresses the use of the complete-flux schemes
for nonlinear flow problems. In the complete-flux scheme the flux, i.e., the sum
of the convective and the viscous flux, is approximated using local BVPs. To
simplify the derivation, the nonlinear convective terms are linearized using cell-
face velocities, that are computed from local BVPs. As before, the linearity of
the model BVP allows us to express the flux as the sum of a homogeneous part
and an inhomogeneous part, with the former being a weighted sum of the first-
order upwind and the second-order central scheme and the latter depending on
the source terms in the BVP. The inclusion of the source terms provides a better
approximation, with the inhomogeneous scheme being uniformly second-order
convergent.

The third part of the thesis discusses the flux approximation for nonlinear
BVPs. As a result of the nonlinearity of the BVP, the flux approximation can
not be expressed as the sum of a homogeneous and an inhomogeneous part.
Moreover, the nonlinearity poses another challenge, that is to have a consistent
flux function that reduces to the correct limit flux, for vanishing viscosity. We
address both problems and show the existence of a consistent nonlinear flux
approximation for the viscous Burgers equation. The nonlinear approximation
is shown to be more accurate than the linear schemes.

The ideas put forward in this thesis provide an accurate and robust discret-
ization method for nonlinear flow problems. The use of local BVPs gives an
approximation that depends directly on the mesh Péclet number and includes
the effects of the source terms. Using nonlinear local BVPs gives us compact
schemes (three-point in each spatial direction) that are second-order accurate
and free of spurious oscillations.
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