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In design against fatigue, a lower bound stress range vs. endurance curve (S-N curve) is employed to char-
acterize fatigue resistance of plain material and structural details. With respect to the inherent variability
of the fatigue life, the S-N curve is related to a certain probability of exceedance, a percentile of the fatigue
life. This paper is concerned with modelling and estimating uncertainties in fatigue resistance of welded
joints under constant amplitude loading. A new S-N curve format is proposed and fitted to fatigue test
data by using the Maximum Likelihood Method. The results have been compared with the Random
Fatigue Limit Model and the Bilinear Random Fatigue Limit Model. The proposed S-N curve appears to
be more accurate in describing the S-N relation in high-cycle fatigue: it presents a smooth transition from
finite to infinite-life regions and, differently from previous non-linear S-N relations with fatigue limit, this
transition is controlled by an independent model parameter. Thereby it provides more flexibility for sta-
tistical fitting. In addition, a Bayesian framework is defined to fit the proposed relation including infor-
mative and non-informative prior distributions.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Scatter is an intrinsic attribute that characterizes the mechani-
cal properties of any material. The fatigue life as well as the fatigue
limit of similar specimens and structures subjected to restrictive
laboratory loading conditions may significantly differ. The scatter
in the finite life region and in the fatigue limit may be analysed
separately with different statistical techniques [1,2] such as the
linear regression and the staircase method, respectively. In differ-
ent standards and guidelines, the transition between the finite
and the infinite life regions of the S-N curve is often set at a fixed
number of cycles for ease of use. In general, the aim is to derive a
lower bound curve related to a certain probability of exceedance
that also takes properly into account the uncertainties affecting
the statistical analysis. Either a lower tolerance bound or a lower
prediction bound [1,3] have been employed for this purpose. The
estimation of uncertainties related to the fatigue resistance of
structural components is of primary importance in order to assess
the safety of structures subjected to fatigue loads. According to the
extensive review made in [4], the two major sources of uncertain-
ties are the inherent variability intended as attribute of reality and
the subjective uncertainty due to lack of knowledge. In agreement
with [5], in the present paper reference is made to aleatory uncer-
tainties for the inherent variability and to epistemic uncertainties
for the lack of knowledge. Correctly estimating and considering
uncertainties in the analysis of fatigue resistance helps to reach
the required safety level.

Performing and analysing fatigue tests are necessary steps to
carry out or validate a fatigue analysis of a new material, detail
type or a new design procedure. The data resulting from fatigue
tests is in general of two types [6]: uncensored, if failure occurred
and right-censored, also called runout in the fatigue field, if failure
did not occur before the test ended. Whereas the first gives the fati-
gue life of the tested specimen, the second results in a lower bound
of its fatigue life. Several S-N curves have been proposed by scien-
tists since August Wöhler performed the first systematic fatigue
analysis of railway axles, most of them have been reviewed in
[7]. In general, the logarithm of the fatigue life (N), w ¼ log10ðNÞ,
is assumed to be the dependent variable and the logarithm of the
stress range (DS), x ¼ log10ðDSÞ, the independent one. The most
common approach to model the variability of the fatigue life, i.e.
the aleatory uncertainties, is to fit, by using the Least Square
Method (LSM), the linear Basquin relation [8] to uncensored S-N
data:

w ¼ b0 þ b1x ð1Þ
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Nomenclature

Abbreviations
6PRFLM Six Parameters Random Fatigue Limit Model
AIC Akaike Information Criterion
BIC Bayesian Information Criterion
BRFLM Bilinear Random Fatigue Limit Model
CDF Cumulative Distribution Function
COV Coefficient of Variation
FCGR Fatigue Crack Growth Rate
IBI Informative Bayesian Inference
LRM Linear Regression Model
LRM-EN Linear Regression Model as defined in EN1993-1-9 [28]
LSM Least Square Method
MCMC Markov Chain Monte Carlo
MLE Maximum Likelihood Estimator
MLM Maximum Likelihood Method
NBI Non-informative Bayesian Inference
PDF Probability Density Function
RFLM Random Fatigue Limit Model

Symbols
a parameter indicating the confidence level (1� a)
b0 parameter controlling the location of the S-N curve
b1 parameter controlling the slope of the S-N curve
I Fisher information mMatrix
h vector containing the parameters of the regression mod-

el
v2 chi-square probability distribution function
DK Stress Intensity Factor range
DK0 threshold value of the Stress Intensity Factor range for

small and macro cracks
DS nominal stress range
DS0 stress range correspondent to the fatigue limit
d failure status
dðn0Þ parameter of the prior distribution
l regression model parameter controlling the location of

the fatigue life given the fatigue limit distribution
lv regression model parameter controlling the location of

the fatigue limit distribution
lw regression model parameter controlling the location of

the fatigue life distribution
m degrees of freedom of the Student-T distribution
m0 degrees of freedom related to the standard deviation of

a resistance parameter
/ standard Normal probability distribution function
q notch (weld toe) radius
r regression model parameter controlling the scale of the

fatigue life given the fatigue limit distribution
ru ultimate tensile strength
rv regression model parameter controlling the scale of the

fatigue limit distribution
rw regression model parameter controlling the scale of the

fatigue life distribution
ry yield stress
rmax maximum stress defining the stress range
hi ith parameter of the regression model

a� material parameter
a0 material parameter
a1 initial crack size
a2 final crack size
C parameter of the Forman-Mettu equation
Data dataset
e residual in regression analysis
Eð Þ expected value
f crack closure function
gðÞ prior probability distribution function
gð; Þ posterior probability distribution function
Hð Þ heaviside step function
Kc critical value of the Stress Intensity Factor
Kf fatigue notch factor
Kt theoretical stress concentration factor
Kmax Stress Intensity Factor at maximum stress
Lð Þ likelihood function
m available number of empirical observations
m0 a priori expectation of the mean value of a resistance

parameter
mP parameter of the Forman-Mettu equation determining

the slope in the Paris region
N number of cycles
n number of parameters of a regression model
n0 degrees of freedom related to the mean value of a resis-

tance parameter
N1 number of cycles to crack initiation
N2 number of cycles to failure
p parameter of the proposed S-N equation
Pð Þ probability of the event in the brackets
p1 parameter of the Forman-Mettu equation
q1 parameter of the Forman-Mettu equation
R stress ratio
Rð Þ likelihood-ratio function
s0 a priori expectation of the standard deviation of a resis-

tance parameter
S0; a stress amplitude determining the fatigue limit at R = 0
SE residual sum of squares
t T-student probability distribution function
Tf thickness of the beam flange
Tcp thickness of the cover plate
U uniform probability distribution function
V random variable describing the fatigue limit
v logarithm of the fatigue limit
W random variable describing the fatigue life
w base 10 logarithm of the number of cycles
x base 10 logarithm of the nominal stress range
Z weld leg

Subscripts
^ estimator
i ith test data
k stress range level
MLE maximum likelihood estimator
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where b0 is the parameter controlling the location of the S-N curve
and b1 is the parameter controlling its slope. The logarithm of the
fatigue life is often assumed to be normally distributed and the
epistemic uncertainties are considered by employing the Student-
T distribution as ancillary function. Despite of the computational
simplicity of this procedure, its mayor limitation is that only non-
censored data (failures) can be analysed. Thus, other tests need to
be performed to determine the fatigue limit and Eq. (1) is only cap-
able of describing the finite-life regime. Several authors applied the
Maximum Likelihood Method (MLM) in order to take into account
the contribution of the runouts in fatigue test data analysis [9–
11]. However, the statistical characterization of the fatigue limit,
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DS0, is not included in these proposals. On the contrary, the Random
Fatigue Limit Model (RFLM) proposed in [12] makes use of a non-
linear S-N equation proposed by Strohmeyer [13]:

log10ðNÞ ¼ b0 þ b1log10ðDS� DS0Þ for DS > DS0 ð2Þ
to model the variability of the fatigue life. In the RFLM, both the fati-
gue life and the fatigue limit are modelled as random variables. The
number of model parameters is five and these are further intro-
duced in the next sections. The mayor strength of the RFLM is that
runouts and failures can be analysed together. The complexity of
the mathematical formulation increases in comparison to LSM since
both the evaluation and the multi-parameter maximization of the
likelihood function involve numerical procedures. In addition, a
quantile of the fatigue life can be estimated by employing numeri-
cal procedures, such as likelihood ratio methods [12] and Monte-
Carlo Simulations [14].

The Bilinear Random Fatigue Limit Model (BRFLM) has been
proposed in [14,15]. The S-N relation is a bi-linear relation with
fatigue limit:

log10ðNÞ ¼
b0 þ b1log10ðDSÞ
HðDS� DS0Þ for DS > DS0 ð3Þ

where H is the Heaviside Step Function. The number of parameters
is not reduced in comparison to the RFLM, however the fit results
are directly comparable with the Basquin relation, Eq. (1), in terms
of estimators of the model parameters. In the BRFLM, the median S-
N curve and a linearised p-quantile S-N curve are bilinear and can
be estimated in a closed form by employing the MLE. This allows
for a direct comparison of the BRFLM fit results with the S-N curves
employed in current standards. In [14] a true p-quantile S-N curve
obtained from the BRFLM is estimated using Monte Carlo Simula-
tion by employing nested sampling of epistemic and aleatory uncer-
tainties. As shown in Fig. 1, Eq. (2) enforces a smooth transition
between finite life and infinite life regions whereas Eq. (3) enforces
an abrupt transition, introducing a sharp knee-point.

The LSM and the MLM belong to the frequentist statistic in
which the probability is related to the relative frequency of data
[16]. The frequentist approach may give inconsistent results when
the sample size is small, indeed the probability is defined as a lim-
iting frequency and it is assumed that the relative frequency con-
Fig. 1. S-N curves resulting from Eqs. (1)–(4) having the same parameters. For the
proposed relation, Eq. (4), the effect of the parameter p on the curvature is shown.
verges to the probability as the sample size tends to infinite. On
the other hand, Bayesian statistic can carry the subjective notion
of uncertainty: the unknownmodel parameters are explicitly mod-
elled as random variables [17]. It allows using prior information on
the model parameters. In addition, all uncertainties can be pro-
cessed through the standard rules of probability [16]. In case of
very large datasets the Bayesian and Frequentist approach are
known to be coincident. In [18] Bayesian analysis has been applied
to infer fatigue test data and statistical (epistemic) uncertainties
have been introduced in the analysis of fatigue test data. However,
the runouts have been incorporated into the fatigue data analysis
in order to determine only the slope of the Basquin relation. In
[19] a Bayesian analysis of S-N fatigue data is performed to deter-
mine fatigue design curves from small sample size proposing a
method to formalize prior information on model parameters in
terms of probability density functions. The prior distributions were
derived based on the correlation between static strength, hardness
and fatigue data and were related to the finite life region. In [20] a
statistical treatment of S-N data on aluminium alloys using both
MLM and Bayesian analysis using informative and non-
informative prior distributions is performed. Several statistical
models were applied, including the RFLM, to perform both Baye-
sian and Frequentist inference of the dataset. The Metropolis-
Hastings algorithm [21] [22] has been employed to perform the
Bayesian inference. However, in the informative Bayesian analysis,
the prior distributions where formalized based on the MLE of the
parameters obtained the fit of the same dataset employed in the
Bayesian analysis. The posterior distribution obtained by employ-
ing the informative prior distributions as defined in [20] do not
represent an update of the state of knowledge since the prior dis-
tributions refer to the same dataset and have been arbitrarily
defined. It should be pointed out that in frequentist statistic, the
quantification of the (epistemic) uncertainties, which is usually
made through the estimation of the confidence intervals, refers
to the population. On the other hand, in Bayesian analysis the vari-
ability observed in the posterior distribution of a parameter refers
to the sample and is usually quantified through the mean of cred-
ible intervals. Thus, the width of the intervals estimated in these
different frameworks are not equivalent and cannot be compared.

The RFLM results in a high correlation between finite and infi-
nite life parameters [12]. This is attributed to the fact that the cur-
vature from finite to infinite life regions is controlled only by the
parameter b1. This may result in biasing the estimation of either
the finite or infinite life parameters. In particular, the risk of biasing
the estimator of the parameter controlling the location of the fati-
gue limit distribution due to the presence of test data at high stress
range values have been observed for the RFLM by Pascual and Mee-
ker [12] fitting the ‘‘Nickel-base superalloy data”. On the other
hand, Eq. (3) employed in the BRFLM considers an abrupt transi-
tion from the finite to infinite life. Subsequent statistical treatment
of data in the BRFLM, where Eq. (3) is adopted for each data point
individually in order to evaluate the Likelihood function, results in
a more gradual transition between finite and infinite life for the
whole dataset. However, recently published test results in [23]
indicate that partial fatigue damage (small fatigue cracks) is
observed in specimens in the transition region. This is not in agree-
ment with the abrupt transition between finite and infinite life for
individual data points described with Eq. (3). Since in high-cycle
fatigue (N > 107) most of the damage is often cumulated due to
relatively low stress levels, i.e. around the infinite life region, either
having a sharp knee-point or bias affecting the fatigue limit esti-
mator negatively influence the accuracy of the fatigue life predic-
tion. In the next section, a new S-N curve is presented in order to
overcome the mentioned drawbacks of the RFLM and the BRFLM
aiming at better estimating the aleatory uncertainties. Reference
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is made to the proposed model as the 6 Parameter Random Fatigue
Limit Model (6PRFLM). In order to show the differences between
the 6PRFLM, the RFLM and the BRFLM, two samples of fatigue test
data belonging to the welded cover-plated steel beam specimen
shown in Fig. 2 are considered and inferred by employing the MLM.

2. Proposed S-N relation

In this section, a new S-N curve is proposed for the statistical
inference of S-N data. It relates the logarithm of the stress range
to the logarithm of the number of cycles to failure in the medium
and high cycle fatigue range under constant amplitude loading. The
functional form is:

log10ðNÞ ¼ b0 þ b1log10ðDSÞ � plog10

 
1� DS0

DS

!
ð4Þ

where b0; b1; p, and DS0 are the S-N curve parameters. Similarly to
Eqs. 2 and 3, DS 2 ðDS0;þ1Þ and the number of cycles to failure
asymptotically tends to the associated Basquin relation, Eq. (1),
for DS ! þ1 and to infinite for DS ! DS0. Eq. (4) allows for a
smooth transition between the finite life region and the fatigue
limit. However, the curvature is not only dependent on b1, as for
Eq. (2), but also on the parameter p, as shown in Fig. 1. The higher
the value of p, the smoother the transition is. For p ¼ �b1, Eq. (4)
gives the Strohmeyer relation, Eq. (2), and for p ! 0 it tends to
Eq. (3). Since the curvature is controlled by b1 and p, the parameters
b0 and b1 are less statistically correlated to the parameters that
determine the fatigue limit position in comparison to the Stroh-
meyer relation.

The proposed S-N curve is related to the Forman-Mettu fatigue
crack growth rate (FCGR) equation, reported in [24], in a way com-
parable to how the Paris equation is related to the Basquin relation.
Considering the Forman-Mettu FCGR equation:

da
dN

¼ C gðR; f ÞDKmP
1� DK0ðR;aÞ

DK

� �p1
1� Kc

Kmax

� �q1 ð5Þ

since the fatigue life of a welded connection is often assumed to be
dominated by crack propagation, integrating the FCGR relation at
different stress levels in a LEFM procedure, starting from an ‘‘as
welded” representative initial crack size and ending at a critical
crack size, results in the ‘‘equivalent” S-N curve. The numerator of
Fig. 2. Cover-plated beam with welded ends.
the fraction in Eq. (5) controls the near-threshold curvature and
the denominator controls the curvature in the critical stage. Consid-
ering that the near-fracture crack growth life is negligible if com-
pared to the total life, this formulation can be simplified by
deleting ð1� Kc=KmaxÞq1 . Considering a fixed high value of the stress
ratio, R, at which crack closure in negligible, the obtained relation
only represents the near threshold propagation:

da
dN

¼ CDKmP ð1� DK0=DKÞp1 ð6Þ

By considering the generic formulation for the Stress Intensity
Factor range for a crack growing at the weld toe:

DK ¼ MkðaÞYðaÞDS
ffiffiffiffiffiffi
pa

p ð7Þ

and the El-Haddad approximation [25] that relates the threshold
condition for a crack growing at the weld toe to the fatigue limit:

DK0 ¼ MkðaÞYðaÞDS0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ a0Þ

p
ð8Þ

and substituting Eqs. (8) and (7) in Eq. (6), it gives:

da
dN

¼ CðMkðaÞYðaÞDS
ffiffiffiffiffiffi
pa

p ÞmP 1� DS0MkðaÞYðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðaþ a0Þ

p
MkðaÞYðaÞDS

ffiffiffiffiffiffi
pa

p
 !p1

ð9Þ

the integration results in

Z a2

a1

1
ðMkðaÞYðaÞ

ffiffiffiffiffiffi
pa

p Þ�mP
da ¼

Z N2

N1

CDSmP 1� DS
DS0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ a0

a

r !p1

dN

ð10Þ

In general, see [25], a0 ¼ 10�2 mm and for welded joints the propa-
gation is often assumed to start from defects in the order of 0.1–
1 mm [26]. For this reason, the square root on the right side of Eq.
(10) can be approximated by the first term of its Taylor‘s series:ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ a0

a

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a0

a

r
¼ 1þ o

a0
2a

� �
ð11Þ

Hence, Eq. (10) can be further simplified, resulting in:

Z a2

a1

1
ðMkðaÞYðaÞ

ffiffiffiffiffiffi
pa

p Þ�mP
da ¼

Z N2

N1

CDSmP 1� DS
DS0

� �p1

dN: ð12Þ

The integration leads, for constant amplitude loading, to:

ðN2 � N1Þ ¼ C1DS
�mP ð1� DS0=DSÞ�p1 ð13Þ

where C1 incorporates the constant resulting from the integration
on the left side of the equation. With N1 ¼ 0; N2 � N1 represents
the fatigue life N. The logarithmic form gives as result the following
equation:

log10ðNÞ ¼ log10ðC1Þ �mP log10ðDSÞ � p1 log10 1� DS0
DS

� �
ð14Þ

Setting log10ðC1Þ ¼ b0;mP ¼ �b1 and p1 ¼ p, Eq. (14) gives Eq. (4).
3. Models and methods

In this section, the S-N models and the frequentist inference
methods based on the LSM and the MLM are presented. In addition,
the Bayesian analysis is also considered in order to estimate the
parameters of the regression model resulting from Eq. (4). The
investigated relations are provided in Table 1.



Table 1
Equations, fitting methods, models and related model parameters considered.

S-N curve Fitting method Model Model parameters

Eq. (1) LSM LRM/LRM-EN b0 ;b1;rw

Eq. (2) MLM RFLM b0; b1;r;lv ;rv
Eq. (3) MLM BRFLM b0; b1;r;lv ;rv

Eq. (4) MLM 6PRFLM b0; b1;r;lv ;rv ;p
NBI and IBI
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3.1. Frequentist fitting methods

3.1.1. The LRM fitted using the Least Square Method
The Least Square Method implies the minimization of the sum

of the residuals squared [27]. Given a linear relation between x
and w, such as Eq. (1), the parameters of the regression model
(w ¼ b0 þ b1 xþ eð0;rwÞ) can be estimated by minimizing the
residual sum of squares given by:

SE ¼
Xm
i

e2 ¼
Xm
i

ðwi � ŵiÞ2 ð15Þ

where ŵi, the estimated mean value given by the regression model,
is:

ŵi ¼ b̂0 þ b̂1 xi ð16Þ
A closed form to determine the parameter estimators exists in

this special case:

b̂1 ¼ m
P

iðxiwiÞ �
P

iðwiÞ
P

iðxiÞ
m
P

iðx2i Þ � ½PiðxiÞ�2
ð17Þ

b̂0 ¼ EðwiÞ � b̂1EðxiÞ ð18Þ
The residuals, e, are assumed to be normally distributed

e � Nð0;rwÞ with zero mean and unknown standard deviation
rw. An unbiased estimator of r2

w is given by:

r2
w ¼ SE

m� 2
ð19Þ

where the denominator is the number of degrees of freedom, equal
to the number of empirical observations, m, minus the number of
the parameters to be estimated, that are two in this case. Given a
stress range, DSk, the lower prediction bound of the log-fatigue life
is:

wk;q ¼ ŵk � tðq;mÞrw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

m
þ ðxk � EðxiÞÞ2P

iðxi � EðxiÞÞ2

s
ð20Þ

where xk ¼ log10ðDSkÞ; ŵk ¼ log10ðNkÞ at x ¼ xk; EðxiÞ is the mean
value of xi and tðq;mÞ is the value of the inverse Student-T distribution
evaluated at the quantile q and at the number of degrees of freedom
m. When the sample data are used to determine the intercept and
the slope of the regression line, m ¼ m� 2 whereas, if only the inter-
cept need to be estimated m ¼ m� 1. The latter may be the case for
welded joints where the negative inverse slope b1 is usually fixed
equal to �3 [28]. Reference is made to the first approach, where
b̂1 has to be estimated by using Eq. (17), as Linear Regression Model
(LRM) and to the second, where b̂1 ¼ �3, as LRM-EN since it has
been employed to estimate S-N curves, amongst others, in Eurocode
3 (EN1993-1-9) [28] [29].

3.1.2. The RFLM, BRFLM and the 6PRFLM fitted using the Maximum
Likelihood Method

The likelihood concept has been introduced by Lambert in 1760
and has been strongly developed by Fisher in the previous century.
For the purposes of this paper, it is necessary to cite some impor-
tant properties of the Maximum Likelihood Method. An extensive
treatment of the subject is reported in dedicated textbooks like
[16,17], amongs others. The likelihood function, LðhÞ, is a function
of the model parameters, h ¼ fh1; . . . ; hng, which is proportional
to the probability of the data that were observed; it can be formu-
lated as:

LðhÞ / PðData; hÞ ð21Þ
where Data are the experimental observations and P denotes the
probability density function. A more formal notation is Lðh;DataÞ.
In order to obtain the estimators of the model parameters, the like-
lihood function is maximized. In other words, the maximum likeli-
hood estimator, MLE, is the set of model parameters that maximizes
the probability of the observed data. The negative second derivative
of the log-likelihood function at its maximum is called the observed
Fisher Information Matrix, IðĥMLEÞ.

When uncertainties in the parameter estimation need to be
acknowledged, a line estimator, i.e. a confidence interval, is esti-
mated considering the Wald statistic or the Wilks likelihood-
ratio statistic [30], asymptotically equivalent with increasing the
sample size. In the Wald test, the quadratic approximation of the
likelihood function is used and the Fisher information matrix is
necessary to derive Wald confidence intervals for the model
parameters. The test statistic is, for each parameter:

ĥMLE;i � hiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½IðĥMLEÞ�1�ii

q � / i ¼ 1; . . . ;n ð22Þ

The test statistic can be used to evaluate the limits of a
100ð1� aÞ% Wald confidence interval for each model parameter.
The confidence intervals based on the Wilks statistic are estimated
making use of the profile likelihood function [30]. The profile like-
lihood for h1, assumed that the parameter vector is partitioned
(h ¼ ðh1; h2Þ), is:

Rðh1Þ ¼ maxh2
Lðh1; h2Þ
LðĥMLEÞ

" #
ð23Þ

Under certain conditions [30], the chi-squared distribution v2

with k degrees of freedom is an asymptotic distribution of
�2log½Rðh1Þ�. The approximate 100ð1� aÞ%Wilks confidence inter-
val, for h1 and k ¼ 1, is given by:

�2log½Rðh1Þ� <¼ v2
ðk;1�aÞ ð24Þ

In this paper, both the Wald and the Wilks confidence intervals
are evaluated for each model parameter in order to evaluate the
epistemic uncertainties.

In order to choose between different models, both the Akaike
Information Criterion (AIC) and Bayesian Information Criterion
(BIC) are employed. The AIC and the BIC statistics are respectively
given by:

AIC ¼ �2 logLðĥMLEÞ þ 2n ð25Þ

BIC ¼ �2 logLðĥMLEÞ þ nlogðmÞ ð26Þ
where n is the number of model parameters and m is the number of
observations. The smaller the AIC and BIC values are, the more effi-
cient the fit is since both statistics penalize the number of model
parameters n, but, for most cases, BIC statistic penalizes it more
strongly. See [31,32] for more details.

Pascual and Meeker developed the RFLM [12] in order to model
the curvature of the S-N curve and the increased variability in the
logarithm of the fatigue life at low stress range levels approaching
the constant amplitude fatigue limit. Moreover, using the RFLM,
the stochastic variability of the fatigue limit does not need to be
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analysed separately since the fatigue limit is modelled as a random
variable V. Considering Eqs. (2)–(4), if v ¼ log10ðDS0Þ;V is a random
variable having a PDF given by:

f V ðvÞ ¼
1
rv

/
v � lv
rv

� �
ð27Þ

where since / is assumed to be the standard Normal variable, v is
normally distributed with mean lv and standard deviation rv .
The conditional PDF of W, the random variable describing w, given
V and x > v is:

f WjV ðwÞ ¼ 1
r
/WjV

w� l
r

� �
ð28Þ

It is assumed to be distributed following a Normal PDF with
standard deviation r and a location parameter:

l ¼ b0 þ b1log10ð10 x � 10vÞ ð29Þ

l ¼ b0 þ b1x
Hð10 x � 10vÞ ð30Þ

l ¼ b0 þ b1x� plog10 1� 10v

10 x

� �
ð31Þ

respectively for the RFLM, the BRFLM and the 6PRFLM, i.e. for Eqs.
(2)–(4). The marginal PDF of W is given by:

f Wðw; x; hÞ ¼
Z x

�1
f WjV ðwÞf V ðvÞdv ð32Þ

where for the RFLM and the BRFLM h ¼ fb0; b1;r;lv ;rvg is the vec-
tor of the model parameters whereas for the 6PRFLM it is
h ¼ fb0;b1;r;lv ;rv ;pg. The marginal CDF of W; FWðw; x; hÞ, is
obtained by integration of the marginal PDF of W. Since there is
no closed form for f Wðw; x; hÞ and FWðw; x; hÞ, the integration needs
to be performed numerically. More details about the model formu-
lation can be found in the work of Pascual and Meeker [12].

The likelihood function is formulated by taking into account the
contribution of right-censored and uncensored observations sepa-
rately [33,6]. In particular, the uncensored observations contribute
to the likelihood function in terms of PDF, whereas right-censored
observations contribute to it in terms of survival function (1-CDF).
Therefore, in presence of uncensored and right-censored observa-
tions ðxi;wi; diÞ the likelihood function is:

Lðh;DataÞ ¼
Ym
i¼1

½f Wðw; x; hÞ�di ½1� FWðw; x; hÞ�1�di ð33Þ

where di is the failure status, equal to 1 if the observation is an
uncensored data or 0 if it is a right-censored data. For computa-
tional reasons, the log-likelihood function is often employed instead
of the likelihood function.

In this paper, in order to estimate the model parameters, a con-
strained optimization problem for the negative log-likelihood
function has been set. Once an exhaustive number of local minima
have been obtained in the parameter space, the global minima can
be selected obtaining the corresponding MLE of the model
parameters.

3.2. Bayesian analysis - Posterior estimation using Random Walk
Metropolis-Hastings

Bayesian analysis allows the introduction of previous knowl-
edge in estimating the model parameters. It involves the use of
the Bayes theorem and gives a method for updating the probabili-
ties of unobserved events, given that another related event has
occurred. The Bayes theorem allows the evaluation of the condi-
tional probability of observing the event A given that the event B
has occurred as:

PðAjBÞ ¼ PðBjAÞPðAÞ
PðBÞ ð34Þ

where PðAÞ, the probability of observing A, is the prior information
about the event A; PðBÞ is the probability of observing B and PðBjAÞ is
the conditional probability of observing B given that A has occurred.
PðAjBÞ is usually referred to as the ‘‘posterior”. It can be extended to
continuous random variables becoming [34]:

gðh;DataÞ / gðhÞLðData; hÞ ð35Þ
where gðh;DataÞ is the posterior distribution of the parameters, gðhÞ
is the prior and LðData; hÞ is the likelihood function. Eq. (35) states
that the posterior density is equal to the prior times the likelihood
function. This relation only gives the shape of the posterior distribu-
tion and, in this way, it is not possible to calculate its moments. For
this reason it is scaled such that the posterior becomes a PDF:

gðh;DataÞ ¼ gðhÞLðData; hÞR
h
gðhÞLðData; hÞdh ð36Þ

A closed formula for the integral exists only for special cases, a
numerical approach is often needed. In order to determine the pos-
terior distribution for the estimators of the regression model, the
Markov Chain Monte Carlo methods can be employed [20,34]. In
these methods, Monte Carlo samples are directly generated from
the posterior distribution by setting up a Markov Chain that has
the posterior distribution as its limiting distribution. The Markov
Chain converges to the posterior distribution after a certain num-
ber of iterations, named the ‘‘burn-in”.

In the framework of this paper, the MCMC samples are gener-
ated using the Random Walk Metropolis-Hastings algorithm, see
[21,22]. Given the value at the iteration step t � 1; ht�1, the algo-
rithm uses a candidate distribution q to generate candidate values
h�t at the step t. In addition, the candidate distribution must satisfy
the reversibility condition [21], that is the probability of moving
from ht�1 to the candidate value h�t is equal to the probability of
moving from the candidate value to ht�1. A Normal distribution is
usually selected for this scope because of its symmetry. The Ran-
dom Walk Metropolis-Hastings algorithm is defined by the follow-
ing steps:

1. Start from an initial value h0.
2. Set t ¼ t þ 1:

(a) Using the candidate distribution, sample the candidate
value h�t .

(b) Calculate the probability of moving from ht�1 to h�t :
Pðht�1; h
�
t Þ ¼ min 1;

gðh�t ;DataÞ
gðht�1;DataÞ

� �
ð37Þ

(c) Select a random number u from U½0;1�.
(d) Set ht ¼ h�t if u < Pðht�1; h

�
t Þ or ht ¼ ht�1 otherwise.

3. Repeat step 2 until convergence is obtained.

The candidate distribution needs to be calibrated in order to
have an optimal acceptance rate, which is found to be around
20–50% depending on the number of parameters [35]. In this
paper, the candidate distribution at the generic time t of the Mar-
kov Chain is a n-variate Normal Distribution with location param-
eter ht�1 and standard deviation d. The prior distributions
employed need to be related to the model parameters and repre-
sent the prior knowledge. In general, the prior distribution may
be non-informative or informative. In the first case, a uniform dis-
tribution is employed since it assigns the same probability to all
the possible values included between an upper and a lower bound.
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4. Results and discussion

The selected datasets belong to the welded cover-plated beam
detail, Fig. 2. Several datasets have been found in the literature,
see Table 2. The datasets 2 and 5 from reference [36] are also
reported in [37] where two failure data are indicated as runouts.
In the analyses, we considered the data from the original reference
[36].

Two analyses have been performed considering a ‘‘Large Sam-
ple”, containing all the datasets in Table 2, and a ‘‘Small Sample”
that have been sampled from the ‘‘Large Sample” in agreement
with the minum requirements for fatigue tests in [1]. Thus, two
sample have been defined in order to investigate the performance
of the S-N curves and fitting methods in case of a large and a small
number of test data available. Since the ‘‘Large Sample” dataset
includes different specimens, in term of geometrical dimension
and weld positions, this could determine that the scatter of the
‘‘Large Sample” dataset might significantly differ from the scatter
of the datasets reported in Table 2 when individually analysed. In
Table 3, the p-values resulting from the F-test are reported for each
dataset. The null hypothesis is that the two sets of results belong to
populations having the same standard deviation. The null hypoth-
esis is here rejected for p smaller than the 5% significance level.
Rejecting the null hypothesis determines increasing the scatter.
More details about the ‘‘Small Sample” data are presented in
Section 4.2.

In order to perform the estimation for the model parameters of
the RFLM, the BRFLM and the 6PRFLM, a constrained minimization
problem for the negative log-likelihood function has been set. It
has been performed 100 times using random starting locations in
the parameter space. The constrained minimization problem has
been set as follows:

minh �Log½LðhÞ�f g subject to

0 < b0 < þ1
�1 < b1 < 0
0 < r < þ1
0 < lv < max½xi�
0 < rv < þ1

8>>>>>><
>>>>>>:

ð38Þ
Table 2
Selected fatigue test datasets belonging to the welded cover-plated beam with welded (W

Dataset Steel Type Failures

1 A36 34
2 A441 33
3 A36 30
4 A36 30
5 A36 29
6 A36 30
7 A36 14

Total 202

Table 3
P-values resulting from F-test on variance applied to the datasets employed in the ‘‘Large

Datase

# 2 # 3 # 4

#1 21.3% 0.7% 3.2%
#2 0.1% 0.5%
#3 28.0%
#4
#5
#6
The minimization problem defined by Eq. (38) is applicable to
the RFLM and to the BRFLM. In order to apply it to the 6PRFLM
an additional constraint applies:

�1 < p < 0 ð39Þ
In addition, both the LRM and the LRM-EN are fitted to failure

data using the LSM in order to compare with common practice.
The Bayesian analysis is performed considering a scenario in which
non-informative prior distributions are employed and a scenario in
which two strong informative prior distributions are employed for
b1; lv and rv .

4.1. Large sample results

The LRM and the LRM-EN estimators are shown in Table 5.
The unbiased estimator of rw differs for the LRM and the LRM-

EN. This difference is intuitively due to the increased value of SE
resulting from the analysis. The median curve and the 0.05% lower
bound are shown in Fig. 3.

4.1.1. Maximum Likelihood Estimation of the parameters
The Maximum Likelihood Estimation of the RFLM, the BRFLM

and the 6PRFLM model parameters are reported in Table 4 where
the log-likelihood value at h ¼ hMLE and the correlation matrix are
also shown. By comparing the estimators reported in Tables 5
and 4, it results that the estimators of the BRFLM parameters in
the finite life regime are almost equal to the estimators of the
LRM parameters. Indeed, in Fig. 3 the two S-N curves overlap each
other for the large sample considered.

It appears that the location parameter of the fatigue limit (lv)
has a different value for the RFLM, see Table 4. Following the RFLM,
the median value of the fatigue limit is DS0 ¼ 101:40 ¼ 25:24 MPa,
which is 27.3% lower than the value estimated by the BRFLM and
the 6PRFLM where DS0 ¼ 101:54 ¼ 34:30 MPa. The reason is
ascribed to the high correlation between the finite and infinite life
parameter in the regression model. By analysing the correlation
matrices in Table 4, the parameters related to the finite life region
(b0 and b1) and those related to the fatigue limit (lv ) are very
strongly correlated for the RFLM, very weakly correlated for the
) and unwelded (U) ends.

Runouts Reference Specimen type

0 [36], Tab. F1 W
0 [36], Tab. F2 W
0 [36], Tab. F10 U
0 [36], Tab. F9 W
0 [36], Tab. F7 W
0 [36], Tab. F8 W
12 [38], Table 2 W

12

Sample” data.

t

# 5 # 6 # 7

19.8% 8.8% 0.00% (<1.0E�09)
5.4% 1.7% 0.00% (<1.0E�09)
6.1% 14.2% 0.00% (<1.0E�09)
16.5% 31.2% 0.00% (<1.0E�09)

31.3% 0.00% (<1.0E�09)
0.00% (<1.0E�09)



Fig. 3. S-N curves for the ‘‘Large Sample” data fitted with RFLM (red), BRFLM (blue), 6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure data (circles) and the
runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Table 4
MLE, log-likelihood and correlation matrices for the ‘‘Large Sample” data.

MLE log½LðhÞ� b̂1 r̂ l̂v r̂v p̂

b̂0 9.80E+00 94.370 �9.98E�01 1.87E�01 �9.01E�01 6.04E�01

F b̂1 �2.242E+00 1.98E�01 8.75E�01 �6.02E�01

L r̂ 1.15E�01 1.13E�01 �4.57E�01
M l̂v 1.40E+00 �5.78E�01

r̂v 8.95E�02

B b̂0 1.22E+01 89.174 �9.96E�01 4.58E�05 �6.00E�05 �7.77E�05

R b̂1 �3.29E+00 �4.46E�05 5.87E�05 �7.60E�05

F r̂ 1.46E�01 �4.47E�05 5.77E�05
L l̂v 1.54E+00 �1.82E�01
M r̂v 7.28E�02

6 b̂0 1.11E+01 100.261 �9.98E�01 3.24E�01 1.94E�01 �2.75E�01 �8.79E�01

P b̂1 �2.78E+00 �3.16E�01 �1.80E�01 2.57E�01 8.57E�01

R r̂ 1.32E�01 1.29E�01 �3.43E�01 �3.57E�01
F l̂v 1.54E+00 �3.25E�01 �4.60E�01
L r̂v 7.27E�02 4.25E�01
M p̂ 4.74E�01

Table 5
Least Square Estimators for the LRM and the LRM-EN - ‘‘Large Sample” data.

Estimator Models

LRM LRM-EN

b̂0 1.22E+01 1.17E+01

b̂1 �3.29E+00 �3.00E+00

r̂w 1.47E�01 1.55E�01
SE 4.30E+00 4.80E+00

m 202
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BRFLM and weakly correlated for the 6PRFLM, in agreement with
the definition of Evans [39] for ‘‘strong” and ‘‘weak” correlation.
In the BRFLM, the likelihood contribution in the infinite life range
is very weakly affected by any modification of the parameters b0

and b1, and vice versa. Conversely, in the RFLM due to the fact that
the curvature is fixed and only dependent on b1, the perturbation
of any parameter in the finite life region determines a variation
in the likelihood and thus in the estimated fatigue limit location
parameter, and vice versa. In the 6PRFLM, this behaviour is
‘‘damped” by introducing the sixth parameter p, which controls
the transition between the finite and infinite life region. The bias
affects the location parameter of the fatigue limit distributionmore
than the finite life parameters because the number of runouts is
smaller than the number of failure data. Thus, the correlation
among finite and infinite life parameters may be a source of bias
for the location parameter of the fatigue limit. The 5% quantile of
the curves fitted using MLE have been derived piecewise by per-
forming a Monte Carlo Simulation generating random samples
from V and WjV and selecting the quantile of interest. Fig. 3 shows
the S-N plots of the median curve and the previously mentioned
quantile for the considered models.

In Fig. 4, a quantitative comparison of the number of cycles to
failure predicted by the RFLM, the BRFLM and the 6PRFLM is pre-
sented in terms of deviation in number of cycles, for the median
curve and the 5% quantile. The figure indicates that the difference
between the models is relevant (> 10%). The linearised S-N curves
of the 6PRFLM, the associated Basquin relation, and the BRFLM are
not coincident in this case since the estimators of the parameters
b0 and b1.

The profile likelihood and the marginal (long-run) distribution
of the model parameters are shown in Fig. 5. Both the estimated
Wald and likelihood-ratio based 75% confidence intervals are
reported in Table 6 for every parameter and model considered.
The confidence intervals evaluated by the Wald statistic are not
always in good agreement with those evaluated using the
likelihood-ratio statistic. In addition, the Wald confidence intervals



Fig. 4. Difference of the number of cycles to failure predicted by the BRFLM (blue)
and the RFLM (red) when compared with the 6PRFLM at relatively low Stress
Ranges for the median (continuous) and 5% quantile (dashed) S-N curves. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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are not meaningful in some cases, especially when a parameter is
near to the boundary of its domain. This is the case for p. Looking
at the results of Fig. 5, the parameter p can be zero or smaller
which is in contrast with its domain. With increasing the number
of empirical observations in the transition region, the epistemic
uncertainties related to the parameter p reduce. This would have
led the Wald confidence intervals and the likelihood-ratio based
confidence interval of p to be coincident and would have made
the Wald confidence interval relevant. Table 4 shows that the
6PRFLM confers higher likelihood on data in comparison to the
RFLM and BRFLM. Moreover, the lower values of AIC and BIC in
Table 6 confirm the more efficient fit of the 6PRFLM in comparison
to the RFLM and the BRFLM.

4.1.2. Non-informative Bayesian Inference
The Non-Informative Bayesian Inference has been performed by

employing the MCMC methods to generate posterior samples,
according to Section 3.2. The initial value h0 of the Markov Chain
has been set equato to ĥMLE. Calibrating the candidate means find-
ing a value of d which determines a well mixed Markov Chain. A
Fig. 5. Profile likelihood (continuous line) and marginal (long-run) distributions of the pa
fitting the ‘‘Large Sample” data. (For interpretation of the references to color in this figu
too narrow candidate distribution determines a high acceptance
rate and a slow convergence since successive samples will move
slowly inside the parameter space. On the other hand, a too high
value decreases the acceptance rate because the candidate is likely
to be in the regions of low probability; this gives a slow conver-
gence as well. The optimal value of d is found to be dependent
on how narrow the related posterior marginal distribution and
likelihood are. The smaller the coefficient of variation, COV, esti-
mated with the MLM, the smaller the value of d should be. In the
framework of this paper, in order to assure good convergence
and a well mixing Markov Chain, d has been set equal to:

d ¼

4:02E� 02
1:79E� 02
9:65E� 04
2:81E� 03
2:56E� 03
2:27E� 02

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð40Þ

The Markov Chain was run for 1.00E+06 times. Fitting the
6PRFLM to fatigue test data by employing Non-Informative Baye-
sian analysis making use of the Random Walk Metropolis-
Hastings algorithm shows to be computationally more intensive
than employing the Maximum Likelihood Method. The ‘‘burn-in”
period has been estimated considering the autocorrelation func-
tion. All the steps to the step t at which a low autocorrelation
was obtained, < 0:1, have been removed from the Markov Chain.
The Bayesian posterior mean estimator of the 6PRFLM parameters
is given by the mean value of the Markov-Chain generated using
the Random Walk Metropolis-Hastings algorithm after removal
of the ‘‘burn-in”. The estimated values are reported in Table 7.

The MLE of the 6PRFLM reported in Table 4 and the Non-
informative Bayesian posterior estimator of b0; b1; r and lv are
not significantly different (<3%), whereas the estimators of rv
and p significantly differ (>23%). In general the Non-informative
Bayesian posterior mean estimator of a parameter is not equal to
the MLE (ĥMLE), unless the likelihood function is symmetric. Indeed,
despite the posterior having the same shape of the likelihood, if it
is not symmetric, its mode,the MLE, and its mean, the Non-
informative Bayesian posterior estimator, do not have the same
value. The difference between the MLE and the Bayesian mean pos-
terior estimators of rv and p suggests that, despite the ‘‘Large Sam-
ple” data being characterized by a large number of observations,
still few data are available in the very high cycle fatigue region,
at low stress levels. In Fig. 6 comparison is made between the S-
rameters (dashed line) related to the RFLM (red), BRFLM (blue) and 6PRFLM (black)
re legend, the reader is referred to the web version of this article.)



Table 6
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75% Wald and likelihood-ratio based (Wilks) confidence intervals for ‘‘Large Sample” data.

AIC BIC 75% confidence intervals

Wald Likelihood-Ratio

R �1.79E+02 �1.62E+02 b̂0 (9.52E+00; 1.01E+01) (9.26E+00; 1.01E+01)

F b̂1 (�2.37E+00; �2.11E+00) (�2.51E+00; �2.11E+00)

L r̂ (1.05E�01; 1.25E�01) (9.48E�02; 1.25E�01)
M l̂v (1.36E+00; 1.45E+00) (1.30E+00; 1.44E+00)

r̂v (7.22E�02; 1.07E�01) (5.78E�02; 1.09E�01)

B �1.68E+02 �1.52E+02 b̂0 (1.21E+01; 1.24E+01) (1.20E+01; 1.24E+01)

R b̂1 (�3.36E+00; �3.22E+00) (�3.42E+00; �3.22E+00)

F r̂ (1.38E�01; 1.54E�01) (1.30E�01; 1.55E�01)
L l̂v (1.52E+00; 1.56E+00) (1.49E+00; 1.56E+00)
M r̂v (4.72E�02; 9.83E�02) (3.08E�02; 1.04E�01)

6 �1.89E+02 �1.68E+02 b̂0 (1.07E+01; 1.15E+01) (1.03E+01; 1.14E+01)

P b̂1 (�2.94E+00; �2.61E+00) (�3.08E+00; �2.60E+00)

R r̂ (1.23E�01; 1.40E�01) (1.14E�01; 1.41E�01)
F l̂v (1.51E+00; 1.56E+00) (1.47E+00; 1.56E+00)
L r̂v (4.91E�02; 9.63E�02) (3.26E�02; 1.01E�01)
M p̂ (2.66E�01; 6.83E�01) (1.42E�01; 7.52E�01)

Table 7
Non-informative Bayesian posterior mean estimator of the parameters of the 6PRFLM - ‘‘Large Sample” data.

Estimated parameters

b̂0 b̂1 r̂ l̂v r̂v p̂

1.09E+01 �2.70E+00 1.29E�01 1.52E+00 8.98E�02 6.70E�01

Fig. 6. S-N curves evaluated by employing Maximum Likelihood Method (black), Non-informative Bayesian Inference (red) and Informative Bayesian Inference scenario a
(blue) and scenario b (green) for the 6PRFLM fitting the ‘‘Large Sample” Data. The failure data (circles) and the runouts (triangles) are also plot. The curves are related to 0.5
(continuous) and 0.05 (dashed) quantiles. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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N curves evaluated by the MLM and the NBI. Due to the difference
encountered in the estimator of rv , the 5% quantile of the fatigue
limit evaluated by NBI (23.36 MPa) is 10% lower than that one esti-
mated by MLM (26.05 MPa).

For the ‘‘Large Sample” data, the Bayesian Credible Intervals and
the Frequentist Confidence Intervals tend to be coincident. In Fig. 7
the posterior CDF of the 6PRFLM parameters are shown. The Poste-
rior distribution of a model parameter is directly estimated from
the Markov Chain, excluding the ‘‘burn-in”. A two sided prediction
interval of the posterior distribution defines a Bayesian Credible
Interval, which is a measure of the epistemic uncertainties affect-
ing the analysis.
4.1.3. Informative Bayesian analysis
To perform Informative Bayesian Inference, the prior distribu-

tions for the model parameters of interest need to be derived. In
the framework of this paper, the prior distributions have been
derived and applied to b1; lv and rv . Two different approaches
have been employed to derive the informative prior distributions.

In order to derive the prior distribution for b1, the independent
datasets reported in [37] related to several types of welded connec-
tions transversally loaded have been considered. In [37] the LSM
has been employed in order to estimate the parameters b0 and b1

of Eq. (1). For the purpose of determining the prior distribution
for b1, its estimators have been collected from [37] and a paramet-
ric PDF has been fitted to them. Since for welded joints the fatigue
life is considered to be dominated by fatigue crack propagation, the
parameter p of Eq. (4) is expected to be close to p1 of the Forman-
Mettu relation, typically 0.5 [24]. This determines for Eq. (4) a fast
closing to its asymptote making it reasonable for the parameter b1

to have a value close to the estimator of the LRM. The location and
scale parameters of the fitted Lognormal distribution, LNð�b1Þ,
have been found to be llogð�b1Þ ¼ 1:15Eþ 00 and
rlogð�b1Þ ¼ 2:00E� 01, respectively.



Fig. 7. CDF of the posterior marginal distribution obtained by NBI (black), IBI scenario a (red) and IBI scenario b (blue) for the ‘‘Large Sample” data. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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In order to derive the prior distribution for lv and rv , the PDF
reported in [40] has been employed:

f ðlv ;rv ;m0;s0;m0;n0Þ ¼ kr�½m0þdðn0 Þþ1�
v exp

�1
2r2

v
½m0s02þn0ðlv �m0Þ2�

	 

ð41Þ

where s0 ¼ EðrvÞ is the prior expectation of the standard deviation,
m0 is the number of degrees of freedom for s0; m0 ¼ EðlvÞ is the prior
expectation of the mean value and n0 is the number of degrees of
freedom for m0. If n0 ¼ 0, the function dðn0Þ ¼ 0 otherwise
dðn0Þ ¼ 1. In case of vague information, the degree of freedom
should be zero whereas, if experience leads to almost deterministic
knowledge, a value between 20 and 40 can be assigned, [40]. Thus,
only the prior expectation of the standard deviation and the mean
value of the fatigue limit need to be evaluated. The notch stress
approach has been employed for this purpose, [41].

Svesson [42] proposed an empirical equation to relate the stress
amplitude of the fatigue limit S0;a at R ¼ �1 to the ultimate tensile
strength ru of carbon steels, Cr-Mo steels and ferritic stainless
steels. The regression line is represented by:

S0;a ¼ 46:3þ 0:49ru þ eð0;rer Þ ð42Þ
where er represents the residuals assumed to be normally dis-
tributed with zero mean and standard deviation rer ¼ 16:1 MPa.
The ultimate tensile strength can be estimated by employing the
relations in [26]. In this paper, a structural steel having nominal
yield stress of 355 MPa is considered. As shown in [43,44], the fati-
gue distribution of the fatigue resistance at a given fatigue life is
correlated to the distribution of geometrical parameters. By using
parametric formulae available in literature, it is possible to calculate
the theoretical stress concentration factor (Kt) for the selected local
geometry parameters. In the present paper, the stress concentration
factor to predict the maximum theoretical stress at the notch root of
a welded cover-plated beam, see Fig. 2, is calculated by [45]:

Kt ¼ �3:539logðZ=Tf Þ þ 1:981logðTcp=Tf Þ þ 5:798 ð43Þ
In [45], the standard error of the estimate of Kt is reported equal

to 9:22E� 02. The fatigue notch factor (Kf ) has been calculated
considering the critical distance approach derived by considering
the micro-structural notch support from Peterson [46]. The follow-
ing formulae relate the theoretical stress concentration factor, Kt ,
to the notch fatigue factor,Kf :

Kf ¼ 1þ Kt � 1
1þ a�=q

ð44Þ
a� ¼ 0:025
2068
ru

� �1:8

ð45Þ

where q is the notch radius and a� is a material dependent param-
eter. In the present paper, the stochastic variability of the notch
radius, q has been considered to determine the notch fatigue factor.
The weld toe radius, q, of fillet welds has been measured in [44]; the
measured sample followed a lognormal distribution having a mean
of 0.6 mm and a standard deviation of 0.3 mm. Another effect to
explicitly take into account that further affects the fatigue life is
the mean stress effect. At the weld toe, because of welding residual
stresses, a high stress ratio characterizes the stress fluctuation
regardless of the stress ratio R of the applied load [47]. In this paper,
the Goodman correction for the mean stress effect is applied. The
resulting stress cycle is characterized by a stress ratio R such that
the maximum stress equals the yield stress, that is rmax ¼ ry.

In order to calculate the fatigue limit distribution, a Monte Carlo
simulation is used. For each Monte Carlo sample, the fatigue limit
of the plain material at R ¼ �1 estimated from Eq. (42) is first
divided by the fatigue notch factor, Eq. (44). The Goodman’s mean
stress correction is then applied resulting in an equivalent stress
range having rmax ¼ ry. The result of the simulation determines
the stochastic variability of the fatigue limit from which Eðrv Þ
and Eðlv Þ are estimated. The statistical variability and correlation
among input data have been considered when running the Monte
Carlo Simulation. The mean and the standard deviation of the log-
arithm of the obtained values determine the expectations of lv and
rv , resulting in Eðlv Þ ¼ 1:55Eþ 00 and Eðrv Þ ¼ 7:24E� 02. The
prior distribution, see Eq. (41), proposed in [40] has location
parameters m0 ¼ Eðlv Þ and s0 ¼ Eðrv Þ. According to [40] the
degrees of freedom n0 and m0 have both been set equal to 20, since
high degree of belief is here attributed to these estimations. In
order to sample a well-mixing Markov Chain, the value of d has
been set equal to:

d ¼

2:32E� 02
1:03E� 02
5:33E� 04
1:62E� 03
1:36E� 03
1:39E� 02

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð46Þ

In this paper, two scenarios have been defined, see Table 8. The
Bayesian posterior mean estimators are reported in Table 9. The
marginal posterior CDF are shown in Fig. 7 for the scenarios (a)



Table 8
Definition of informative prior distributions for Informative Bayesian Inference.

Model parameters Scenario a. Scenario b.

b̂1 LN(-b1) LN(-b1)

l̂v – Eq. (41)
r̂v

Table 10
‘‘Small Sample” dataset.

Sample region DS [MPa] N [cycles] d

Finite life 165.00 47,500 1
165.00 77,400 1
138.00 231,400 1
138.00 186,300 1
110.00 208,900 1
110.00 344,100 1
83.00 907,500 1
83.00 1,113,300 1

Infinite life 31.70 100,000,000 0
32.40 37,714,000 1
34.50 89,314,000 0
32.40 34,930,000 1
34.50 8,451,000 1
41.40 100,000,000 0

Table 11
Least Square Estimators for the LRM and the LRM-EN - ‘‘Small Sample” data.

Estimator Models

LRM LRM-EN

b̂0 1.28E+01 1.17E+01

b̂1 �3.55E+00 �3.00E+00

r̂w 1.98E�01 2.41E�01
SE 3.37E�01 5.81E�01

m 11
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and (b). By comparing the results in Fig. 7 it shows that the poste-
rior distribution of the parameters for which a prior is defined are
affected by the employed prior distributions. The estimated uncer-
tainties are affected by the introduction of the prior distributions.
Because of the high degree of correlation existing between b0; b1

and r, the estimation of b0; r and the related uncertainties are
affected in both the scenarios (a) and (b) by the introduction of
the prior distribution of b1. It appears that the prior related to b1

also affects the estimation of the uncertainties of lv and p, but
not the estimator. This is ascribed to the degree of correlation
and the number of data.

By comparing Tables 4, 7 and 9, it shows that the Bayesian pos-
terior mean estimator of lv resulting from IBI is almost equal to
the MLE and to the Bayesian posterior mean estimator resulting
from NBI. This is also shown in Fig. 6. In terms of stress range,
the maximum difference is in the order of 1 MPa, which is
negligible.

4.2. Small sample results

In order to generate the ‘‘Small Sample” dataset, test data are
sampled from the ‘‘Large Sample” dataset. The ‘‘Small Sample” con-
tains eight data in the finite life regime at four stress levels and six
in the infinite life regime, in agreement with the minum require-
ments for fatigue tests in [1]. Thus, in the finite life regime, two
data have been randomly selected for four stress range levels. In
order to sample the data in the infinite life regime, the staircase
method is simulated. The first sample is randomly drawn from
the lowest stress range level available at which failure did not
occur. The next data is randomly drawn either from the higher or
lower adjacent stress range level if the previous data is a runout
or failure respectively. The sampling procedure stops after collec-
tion of six data. The data in the infinite life regime are shown in
Table 10 in the order they are sampled.

The LRM and the LRM-EN estimators are shown in Table 11. The
unbiased estimators of rw differ for the LRM and the LRM-EN. As
for the ‘‘Large Sample” data, this difference is due to the higher
value of SE resulting from the analysis. The median curve and the
5% lower bound are shown in Fig. 8.

4.2.1. Maximum likelihood estimation of parameters
The MLE of the RFLM, the BRFLM and the 6PRFLMmodel param-

eters are shown in Table 12, where the log-likelihood value at
h ¼ ĥMLE and the correlation matrix are also reported for each
model. Fig. 8 shows the S-N plots of the median curve and the
0.05 quantile for the considered models. The profile likelihood
and marginal (long-run) distribution of the model parameters are
shown in Fig. 9. Both the estimated Wald and likelihood-ratio
based 75% confidence intervals are reported in Table 13 for every
parameter and model considered. The confidence intervals evalu-
Table 9
Bayesian posterior mean estimator resulting from Informative Bayesian Inference of ‘‘Larg

Scenario b̂0 b̂1 r̂

a. 1.11E+01 �2.80E+00 1.32E�
b. 1.12E+01 �2.82E+00 1.34E�
ated by the Wald statistic are not always in good agreement with
those evaluated using the likelihood-ratio statistic and the degree
of agreement is lower than in the ‘‘Large Sample” analysis. In addi-
tion, the 75% Wald confidence interval is not meaningful for p,
which can be smaller than zero, in contrast with its domain. Com-
paring Table 12 and 13, it shows that despite the 6PRFLM confer-
ring higher likelihood on data in comparison to the RFLM and
BRFLM, the AIC and the BIC statistic are more in favour of the
BRFLM. This is attributed to the penalty provided for the extra
parameter in the 6PRFLM. With so few data, the added value of this
extra parameter is limited.

4.2.2. Informative Bayesian inference
In order to infer ‘‘Small Sample” data by using Bayesian analysis

and quantitatively show how by employing prior distributions on
the model parameters the (epistemic) uncertainties can be
reduced, scenario b defined in Table 8 has been evaluated. In this
analysis, the prior distribution for the fatigue limit location and
scale parameters have been employed in two ways. At first, simi-
larly to the analysis of the ‘‘Large Sample” data, the degrees of free-
dom n0 and m0 of Eq. (41) have been set equal to 20, defining case
(1). Then, in order to show how the shape of the prior distribution
affects the parameter estimators and the uncertainties resulting
from the analysis, i.e. the shape and the location of the posterior
distribution, both the degrees of freedom are set equal to 10, defin-
ing case (2). The Bayesian posterior mean estimators of h are
reported in Table 14 and the marginal posterior CDF are shown
in Fig. 11 for the cases (1) and (2). For this estimation, the value
of d has been set equal to:
e Sample” data.

l̂v r̂v p̂

01 1.52E+00 8.70E�02 5.15E�01
01 1.54E+00 7.36E�02 4.31E�01



Fig. 8. S-N curves for the ‘‘Small Sample” data fitted with RFLM (red), BRFLM (blue), 6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure data (circles) and the
runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Table 12
MLE, log-likelihood and Correlation Matrices for the ‘‘Small Sample” data.

MLE log½LðhÞ� b̂1 r̂ l̂v r̂v p̂

R b̂0 1.09 + 01 �2.247 �9.97E�01 �1.41E�01 �8.86E�01 8.26E�01

F b̂1 �2.8E+00 1.61E�01 8.57E�01 �8.14E�01

L r̂ 1.27E�01 2.76E�02 �2.17E�01
M l̂v 1.31E+00 �7.78E�01

r̂v 2.01E�02

B b̂0 1.28E+01 �1.117 �9.91E�01 3.01E�03 �1.01E�03 4.79E�04

R b̂1 �3.56E+00 �2.79E�03 9.36E�04 �4.45E�04

F r̂ 1.75E�01 �1.40E�03 6.57E�04
L l̂v 1.52E+00 �4.02E�01
M r̂v 2.22E�02

6 b̂0 1.24E+01 �1.085 �9.97E�01 4.59E�01 �1.17E�01 3.76E�01 �9.09E�01

P b̂1 �3.41E+00 �4.47E�01 1.16E�01 �3.83E�01 8.83E�01

R r̂ 1.70E�01 �4.01E�02 1.31E�01 �4.87E�01
F l̂v 1.52E+00 �3.81E�01 1.67E�02
L r̂v 2.16E�01 �2.36E�01
M p̂ 1.77E�01

Fig. 9. Profile likelihood (continuous line) and marginal (long-run) Normal distributions of the parameters (dashed line) related to the RFLM (red), BRFLM (blue) and 6PRFLM
(black) given the ‘‘Small Sample” data. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Table 13
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75% Wald and likelihood-ratio based (Wilks) confidence intervals for the ‘‘Small Sample” data.

AIC BIC 75% confidence intervals

Wald Likelihood-Ratio

R 1.45E+01 1.77E+01 b̂0 (9.60E+00; 1.23E+01) (6.91E+00; 1.22E+01)

F b̂1 (�3.41E+00; �2.19E+00) (�3.37E+00; �2.18E+00)

L r̂ (6.76E�02; 1.87E�01) (6.04E�02; 1.96E�01)
M l̂v (1.08E+00; 1.55E+00) (9.21E�01; 1.49E+00)

r̂v (5.97E�02; 3.42E�01) (1.09E�01; 4.86E�01)

B 1.22E+01 1.54E+01 b̂0 (1.23E+01; 1.32E+01) (1.23E+01; 1.32E+01)

R b̂1 (�3.79E+00; �3.33E+00) (�3.79E+00; �3.32E+00)

F r̂ (1.32E�01; 2.18E�01) (1.40E�01; 2.29E�01)
L l̂v (1.39E+00; 1.66E+00) (1.27E+00; 1.64E+00)
M r̂v (4.07E�02; 4.03E�01) (9.14E�02; 5.46E�01)

6 1.42E+01 1.80E+01 b̂0 (1.12E+01; 1.36E+01) (1.09E+01; 1.32E+01)

P b̂1 (�3.95E+00; �2.87E+00) (�3.77E+00; �2.74E+00)

R r̂ (1.19E�01; 2.20E�01) (1.17E�01; 2.27E�01)
F l̂v (1.39E+00; 1.65E+00) (1.27E+00; 1.64E+00)
L r̂v (4.05E�02; 3.91E�01) (9.50E�02; 5.33E�01)
M p̂ (�3.98E�01; 7.52E�01) (0.00E�00; 1.38E+00)

Table 14
Bayesian posterior mean estimators resulting from Informative Bayesian Inference of ‘‘Small Sample” data. The last row shows the percentage change between case (1) and (2).

CASE b̂0 b̂1 r̂ l̂v r̂v p̂

1 1.17E+01 �3.06E+00 2.14E�01 1.55E+00 8.23E�02 4.64E�01
2 1.17E+01 �3.09E+00 2.13E�01 1.54E+00 9.23E�02 4.62E�01

0.57% 1.01% �1.57% �0.15% 12.16% �0.43%
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d ¼

2:32E� 02
1:03E� 02
5:33E� 04
1:62E� 03
1:36E� 03
1:39E� 02

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð47Þ

By comparing the results in Fig. 11, it shows that performing
Informative Bayesian Inference employing prior distributions hav-
ing different degrees of freedom does significantly affect the esti-
mation of the uncertainties of the posteriors related to the
parameters for which the prior have been defined. Furthermore,
the estimator of the scale parameter rv of the fatigue limit distri-
Fig. 10. S-N curves evaluated by employing Maximum Likelihood Method (black) and In
the ‘‘Small Sample” data. The failure data (circles) and the runouts (triangles) are also
interpretation of the references to color in this figure legend, the reader is referred to th
bution in case (2) results to be 12% larger than in case (1), see
Table 14. However, as shown in Fig. 10, this does not affect the
location of the selected lower quantile of the fatigue limit.

Because of the small amount of data, which results in having a
flatter likelihood in comparison to the ‘‘Large Sample” case, the
prior distributions employed have a stronger effect in determining
the shape and the location of the posterior. By employing a flatter
prior, i.e. setting a lower value for the degrees of freedom in n0

and m0 of Eq. (41), the posterior distributions of r̂v and p̂ are more
uncertain as well. By comparing Figs. 6 and 10, it shows that
depending on the prior distribution employed, inferring the ‘‘Small
Sample” data using Informative Bayesian Analysis may result in a S-
N curve close to that obtained by inferring the ‘‘Large Sample” data.
formative Bayesian Inference case 1 (blue) and case 2 (green) for the 6PRFLM fitting
plot. The curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles. (For
e web version of this article.)



Fig. 11. CDF of the posterior marginal distribution obtained by NBI case 1 (red) and case 2 (blue) for the ‘‘Small Sample” data. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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5. Conclusions

In this paper, in order to estimate the variability of the fatigue
life, i.e. the aleatory uncertainties, a novel S-N curve has been
introduced and the 6 Parameter Random Fatigue Limit Model
(6PRFLM) has been defined. The proposed S-N curve has been com-
pared to the S-N curves employed in the RFLM and in the Bilinear
Random Fatigue Limit Model (BRFLM) [14,15], which revealed to
be two particular cases of the proposed relation. Thus, the pro-
posed S-N curve consists in a generalization of them.

The proposed curve has shown to keep the strength of the curve
employed in the RFLM in terms of introducing a smooth transition
from the finite life to the infinite life regime, avoiding the conser-
vatism due to the sharp knee-point present in the S-N curve
employed in the BRFLM. This results in a more accurate description
of both S-N data and the aleatory uncertainties at stress levels
approaching the fatigue limit, which is relevant in high-cycle fati-
gue. In addition, similarly to the S-N curve employed in the BRFLM,
the proposed equation induces a weak correlation between the
location parameters of the fatigue limit and the finite life region.
This avoids biasing of parameter estimators during the inferential
procedure, which is observed in the RFLM and is caused by the
mathematical model formulation of the S-N curve.

Two sets of data have been considered, a ‘‘Large Sample” and a
‘‘Small Sample”, both belonging to welded cover-plate steel beam
specimens and consisting of 214 and 14 data, respectively. As
results of the bias in the RFLM, the estimator of lv of the RLFM
was 27.3% and 33% lower than the BRFLM and the 6PRFLM estima-
tors respectively for the ‘‘Large Sample” and ‘‘Small Sample” data.
Thus, employing a regression model which is characterized by a
weak or very weak statical correlation between finite life and infi-
nite life parameters permits to avoid biasing of relevant model
parameters.

In any case, it was observed that the 6PRFLM confers higher
likelihood on data in comparison to the RFLM and BRFLM. How-
ever, since the number of model parameters is different, AIC and
BIC statistic have been employed confirming the more efficient
fit of the 6PRFLM for the ‘‘Large Sample”. For the ‘‘Small Sample”
data the added value of the extra parameter is limited due to the
lack of data in the transition zone between finite and infinite life.

The weak correlation between the finite life parameters and the
location parameter of the fatigue limit is relevant in Informative
Bayesian Inference. Employing a prior distribution for a parameter
in the finite life regime should not significantly affect the estima-
tion of any of the parameters in the infinite life regime and vice
versa. Thus both the BRFLM and the 6PRFLM are suited for this
purpose.

The fit of the 6PRFLM resulting from Informative Bayesian anal-
ysis is significantly affected by less uncertainties in comparison to
Non-Informative Bayesian Inference and the Maximum Likelihood
Method for the ‘‘Large Sample” data.

In order to increase the confidence with respect to the curvature
and the path of the S-N curve for very high numbers of cycles, it
would be valuable to have more test data in that region. Especially
for welded joints, the number of test data (both failure and run-
outs) at relatively low stress ranges is limited. There is a need for
such test data. In absence of this, it is shown in this paper that
the Bayesian estimator can be used to estimate the S-N curve in
this region.

From the ‘‘Small Sample” data analysis, it results that the poste-
rior estimators and the related uncertainties, i.e. the marginal pos-
terior distributions, are strongly affected by the shape of the prior
distributions employed. Furthermore, it was observed that, in
every scenario, the posterior distribution of p is affected by the
introduction of prior distributions for other variables. This is due
to the correlation among parameters. Since the estimation of the
uncertainty is strongly affected by the prior distributions
employed, it is relevant to choose an appropriate method for deriv-
ing the location parameters of the selected prior distributions. The
Notch Stress Approach was found to be suited for this purpose.

The prior distribution for the parameter controlling the slope of
the S-N curve may be employed when fitting fatigue test data of
transversally loaded welded joints. Alternatively, since the fatigue
life of welded connection is assumed to be dominated by crack
propagation, the variability in the exponent of the Paris equation
may be also assumed as prior distribution for the slope.
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