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The weather is a universal conversation-starter. Among social scientist the weather also
sparks a lively debate about its influence on spending [e.g. 1], voting [e.g. 2], and stock-
market pricing [e.g. 3]. Outside of the scientific world, we are especially aware of mo-
ments when the forecasts in the news were wrong1. However, this does no justice to the
impressive progress made in the last decades. Recently, Bauer et al. [4] summarized this
progress by stating that the weather forecast improves by one day per decade, i.e. to-
day’s forecast three days ahead is as good as the forecast for two days ahead ten years
ago. Although the direct impact of this improvement is, unfortunately, intangible, the
economic gain is invaluable.

Despite the enormous progress, there is an inherent limitation to the forecast range
due to the complex way in which the different processes (e.g. ocean currents, atmo-
spheric flows, chemistry and biology) interact. Consequently, small initial errors grow
exponentially over time [5], which affects the accuracy of the forecasts. Moreover, one of
the major processes in the climate system, turbulence, is itself a chaotic process. In ad-
dition to quantitative unpredictability, chaotic systems are often prone to sudden quali-
tative shifts of the system, which occur at widely varying scales and further hamper pre-
dictability, for example El Niño [6], tropical cyclones [7], cloud break-up [8].

This thesis is about understanding a small subset of the total climate of the earth: the
nocturnal boundary layer (NBL), which is the boundary layer of the atmosphere during
the night. It is only between O(10) m and O(100) m thick, but it is the region we live in.
Therefore it has a large impact on many applications, which include agriculture [9], road
and air traffic safety [10], and wind energy [11]. Understanding the boundary layer pro-
cesses at night, especially under weak-wind and clear-sky conditions, remains a big chal-
lenge in meteorology [12, 13]. Especially under these conditions dangerous and harmful
phenomena like ground frost [14, 15], radiation fog [16], and pollution trapping [17] may
occur.

The present aim is not to directly improve predictions of such phenomena. Rather
we aim to improve our understanding of the basic physical processes involved. There-
fore key physical processes are identified that may explain observations in the field. To
this end a canonical flow set-up from fluid dynamics is used: the plane Couette flow
(PCF), extended with a stable density gradient (see Chapter 2). This set-up may act as
a conceptual framework that helps interpreting the field observations. Additionally, the
PCF itself is investigated to verify assumptions, and to improve understanding of the PCF
set-up on a fundamental level.

As an introduction to this thesis and the main research questions some important
concepts are introduced first. This chapter starts with a short introduction to weather
models to provide a general setting. The subsequent sections contain a more detailed
introduction to turbulence, stratification, and challenges for modeling the nocturnal
boundary layer (NBL). The chapter finishes with the main research questions.

1.1. WEATHER PREDICTION AND CHALLENGES FOR THE NBL
Weather models predict the future weather based on general conservation laws, i.e. those
of mass, momentum, and energy. In the Netherlands these calculations are being per-

1That is, wrong in the sense that the most likely weather pattern did not occur.
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formed several times per day by the KNMI, using their own models for the short range
(less than a few days) and the ECMWF models for the medium range (1-2 weeks). Since
computing power is limited, it is impossible to resolve all physical processes at all length
and time scales. Therefore, the models use a coarse grid, with a horizontal resolution of
a few kilometers. The physics inside each grid cell is not resolved. Instead the effects of
such small-scale processes on the larger scales are parameterized (see Sect 1.5).

The quality of a weather model depends, in a large part, on the accuracy of the pa-
rameterizations. If the real processes are in reasonable agreement with the underlying
assumptions and idealizations, the parameterization is likely to give a good approxima-
tion of the underlying physics, which should lead to a good prediction of the weather.
Qualitatively, meteorologists are well aware of conditions in which model performance
is reduced. Therefore they use a posteriori corrections derived from statistical methods
and their own experience to enhance the model predictions, or at least to indicate un-
certainties.

To improve weather predictions, and to reduce the extent to which meteorologists
have to rely on experience and a posteriori corrections it is imperative to improve the
parameterizations in weather models. During the night the smaller scales, and thus
the parameterization thereof, are relatively more important, and even more so under
weak-wind and clear-sky conditions. Later in this chapter we will see how turbulence is
parameterized in the NBL, and when we may expect the underlying assumptions to be-
come invalid. In fact, understanding why assumptions break down is one of the central
themes in this thesis.

1.2. THE NOCTURNAL BOUNDARY LAYER
This section introduces the prime environment that is under investigation in this thesis:
the atmospheric boundary layer (ABL). It is loosely defined as that part of the atmosphere
which is affected by processes that act within a diurnal time scale, e.g. the Coriolis force
[18]. Despite this non-rigorous definition of what ’affected’ means, some characteristics
of the ABL are ubiquitous [Fig. 1.1, 19], while the details may vary from day to day and
from one location to another.

During daytime the short-wave incoming radiation from the sun heats the surface of
the earth and consequently the near-surface air. The warm air rises in thermal plumes,
due to a higher buoyancy ("drijfvermogen"), up to height of 1−2 km, which is the height
of the boundary layer. This process is referred to as convection. The convective plumes
generate turbulent kinetic energy, i.e. they mix the air in the boundary layer. As a result
the boundary layer becomes well-mixed, i.e. momentum, heat and other scalars such
as pollutant concentrations do not vary greatly with height. Since convective mixing is
such an important process during the day, the daytime boundary layer is usually called
the convective boundary layer (CBL). However, CBLs may also occur during night-time,
for example inside dense forests [20], where cooling at the canopy-top may generate
convective motion inside the forest.

After sunset the incoming short-wave radiation from the sun ceases to heat the sur-
face. At the same time the earth continues to emit long-wave radiation, which results in
a net loss of energy at the surface. Consequently warmer air is found aloft, while cooler
air is found near the surface; the air becomes stably stratified. Therefore, the names
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Figure 1.1: A canonical evolution of the atmospheric boundary layer as presented by Stull [19]. This figure is
licensed under the CC BY 3.0 license.

nocturnal boundary layer (NBL) and stable boundary layer (SBL) are often used inter-
changeably. Similar to the CBL, the SBL also does not occur exclusively during one time
of the day. For example, SBLs may form due to warm-air advection over cold water[21].
In this thesis, however, only the night-time SBL is considered.

The SBL typically starts to grow several hours before sunset up to a height of typically
50− 300 m, i.e. the SBL remains much shallower than the CBL. This process is often
directly observable in the outdoor: the stable stratification reduces turbulent mixing.
Consequently less ’fast’ air is mixed down to the surface. This is experienced as the wind
dying down in the hours around sunset. A direct consequence is also that the air aloft (in
the Netherlands & 50 m) accelerates (Chapter 2). The remaining layer up to 1−2 km is
called the residual layer [19], which is not considered in this thesis.

1.3. TURBULENCE
One of the key processes that require parameterization in operational models is turbu-
lent mixing. Turbulence is also a central process for this thesis. This section provides a
general introduction and it explains why turbulence is a conceptually and numerically
challenging research area. Turbulence is also a vital process for our daily lives, since it
is highly dissipative, and therefore it contributes to an efficient mixing process. In fact,
it is far more efficient than molecular diffusion, and without turbulence even stirring a
cup of coffee would be a tedious task. Despite enormous progress, turbulence is still not
fully understood.

1.3.1. GOVERNING EQUATIONS

The point of departure is the set of governing equations: the Navier-Stokes equations.
In this thesis these equations are used in the Boussinesq approximation [22]. By using
this approximation, we assume that fluctuations of the density are small with respect to
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the reference density. For the flows considered in this thesis, this approximation is very
good, while it makes solving the equations less involved. The Navier-Stokes equations in
Boussinesq approximation are defined as,

∂ui

∂xi
= 0, (1.1a)

∂ui

∂t
=−u j

∂ui

∂x j
− 1

ρ0

∂p

∂xi
−bδi 3 +ν∂

2ui

∂x2
j

, (1.1b)

∂b

∂t
=−u j

∂b

∂x j
+κb

∂2b

∂x2
j

, (1.1c)

for conservation of mass, momentum and heat respectively. Throughout this thesis, the
Einstein summation convention is used, which means that summation of repeated ro-
man indices is implied, e.g. u2

i = u2
1 + u2

2 + u2
3. In these equations ui represents the

velocity components {u1 = u, u2 = v, u3 = w} of a fluid parcel at time t and position
{x1 = x, x2 = y, x3 = z}, δi j is the Kronecker delta (δi j = 1 when i = j , and 0 otherwise), p
is the pressure, ρ0 the reference density, ν is the kinematic viscosity, and κb is the molec-
ular diffusion of buoyancy. The buoyancy is defined as

b = g T −1
0 T =−gρ−1

0 ρ, (1.2)

with g = 9.81 m s−2 the gravitational acceleration, ρ the density fluctuation with respect
to ρ0, and T the temperature deviation with respect to a reference temperature T0 À T .
The r.h.s. terms of eq. 1.1b are from left to right: the advection term, the pressure term,
the buoyancy term, and the diffusion term. In eq. 1.1c they are: the advection term,
and the diffusion of buoyancy. In this section these equations are discussed without the
effects of buoyancy. Buoyancy effects on turbulence are discussed in section 1.4.

1.3.2. STATISTICAL INTERPRETATION

Given a set of initial- and boundary conditions, Eqs 1.1 in principle exactly determine
the state of the flow at each location and for all time. At the same time, we observe that
in practice two realizations of the same experiment never yield the same solution. The
reason is that a small perturbation of the initial- and boundary conditions may result in
a completely different solution after some time, i.e. Eqs. 1.1 form an ill-posed problem
in the sense of Hadamard [e.g. 23]. Since in practice the initial- and boundary conditions
are determined with a finite accuracy such perturbations always exist between two ex-
periments. Consequently the instantaneous state of the flow becomes unpredictable in
practical situations. Moreover, due to the strong sensitivity of the solution to the initial
conditions and the boundary conditions, it seems unlikely that a general closed-form
solution to the Navier–Stokes equations exists.

For most purposes the mean behaviour is more important than the instantaneous
state. Therefore, we may still use the statistical properties of turbulence to understand
the underlying dynamics. These properties are obtained by decomposing the flow into a
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mean part and a fluctuating part, which is known as Reynolds decomposition,

ui =Ui +u′
i , (1.3a)

b = B +b′, (1.3b)

p = P +p ′, (1.3c)

T = θ+θ′, (1.3d)

where primed quantities indicate fluctuations with respect to the mean quantities {U , B ,
P , θ}. Formally the averaging should take place over an ensemble of measurements. In
practice, however, this is unfeasible and under suitable conditions the ensemble average
is replaced by a spatial and/or temporal average.

Evolution equations for the mean flow variables (first-order moments) may be ob-
tained by combining Eqs. 1.1 and Eqs. 1.3. However, these equations include correlation
terms (second-order moments) between fluctuating parts, i.e. the Reynolds-stresses, de-
fined as

〈ui u j 〉, (1.4)

with 〈·〉 an appropriate averaging operator. It turns out that each evolution equation for
a moment of order n depends on terms of order n + 1. This illustrates the well-known
closure problem and provides further argument against the existence of a general exact
analytical solution.

Following this decomposition many statistical quantities may be determined, for
example standard deviation, skewness, cross-correlations and higher order moments.
Several statistical quantities have physical interpretations. For example, the 〈u′w ′〉 and
〈b′w ′〉 are respectively interpreted as the vertical fluxes of momentum and buoyancy.
Another important quantity for this thesis is the turbulent kinetic energy (TKE), defined
as half the trace of the Reynolds-stress tensor e = 〈u′

i u′
i 〉/2.

1.3.3. DIMENSIONLESS NUMBERS
In many cases (e.g. Chapters 4 and 6) Eqs. 1.1 are cast in dimensionless form using a
reference bulk velocity U and a length scale h. By non-dimensionalization the relative
importance of various terms may be expressed in dimensionless numbers, of which two
are introduced here: the Prandtl number,

Pr = ν

κb
, (1.5)

which is a fluid property representing the ratio of the molecular diffusion of momentum
to the molecular diffusion of buoyancy and it is kept to Pr = 1 throughout this thesis for
simplicity2; and the (bulk) Reynolds number,

Re = U h

ν
. (1.6)

The Reynolds number represents the ratio between the molecular diffusion time-scale
h2/ν and the inertial time-scale h/U , but sometimes it is loosely interpreted as a mea-
sure for how turbulent a flow is. If this number is low, viscosity plays an important role in

2This is close to the value for air at 20◦C, for which Pr = 0.7.
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processes on the order of the system size, and vice versa. As previously discussed, turbu-
lent mixing plays a far more dominant role than molecular diffusion in the atmosphere.3

This is expressed by a Reynolds number of the order 106 −109.
In this thesis only wall-bounded turbulent flows, such as the atmospheric boundary

layer, are considered. For this type of flows additional scales may be defined, using the
friction velocity

uτ =
√
ν [∂z u]z=0 (1.7)

and the viscosity ν. Scales based on these quantities are wall units or inner units. In
line with this name, U and h are often called the outer units [24]. The wall units are
important since many quantities, such as the velocity profile, scale in these units near
a smooth wall [25–27, and Chapters 4 and 6]. This scaling is independent of the large-
scale configuration, provided that sufficient scale separation exists between the domain-
scale h and the smallest scale ν/uτ [28, 29]. This scale separation is the friction Reynolds
number, given by

Reτ = uτh

ν
. (1.8)

The friction Reynolds number is a key quantity for characterizing wall-bounded turbu-
lent flows.

1.3.4. THE INERTIAL SUB-RANGE
Despite the weak contribution of viscosity to large-scale transport in high-Reynolds-
number flows, it plays a key role in turbulence. Turbulence may be seen as a collection
of vortices or eddies of different sizes [30], where the size in each direction is described
by a wavelength vectorλ. Energy input occurs by mechanical forcing at the largest scales
of O(h). The largest eddies of size O(h) then break up into smaller eddies, i.e. energy is
transferred from the large scales to the smaller scales, which is known as the turbulent
cascade. At some point the size of the eddies becomes so small that viscous forces are as
important as the inertial forces and the kinetic energy is dissipated into heat4. The scale
at which dissipation is of the same magnitude as advection is called the Kolmogorov
scale η, after the author of one of the seminal papers of turbulence research [33].

The range between domain-scale (input of energy) and the Kolmogorov scale (dissi-
pation of energy) is called the inertial sub-range, i.e. when η¿ |λ| ¿ h. An important
insight has been provided by Kolmogorov [33]: in the inertial sub-range, neither h, nor
η can be relevant length scales. This implies that during the cascade process directional
information is lost, and that the dynamics of the inertial subrange do not depend on the
large-scale geometry. An alternative formulation of Kolmogorovs insight is that, since
neither flow geometry, nor fluid properties are relevant, the dynamics of the inertial sub-
range follow general scaling laws. In fact, presence of an inertial subrange with a direct

3As an illustration: Temperature gradients of the order 103K m−1 are required to achieve molecular heat trans-
port on the same scale as turbulent transport.

4The heat generated in this process has a negligible effect on the temperature of the fluids considered in this
thesis. An illustrative example is that it would be near impossible to heat a cup of coffee by stirring it. However,
viscous heating may be important in strongly sheared flows, compressible fluids, or low-Reynolds-number
flows [31, 32].
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cascade of TKE from large to small scales is often used as a defining property of turbu-
lence. Sometimes this type of turbulence is called Kolmogorov turbulence, as opposed
to two-dimensional turbulence. The latter type is characterized by an inverse cascade of
TKE, which means the small-scale motions self-organize into larger circulations.

Another implication of the inertial subrange is that the energy transfer to smaller
scales takes a constant value, usually denoted as the dissipation ε, since no energy is in-
jected or dissipated at the intermediate length scales. The dissipation and the magnitude
of the wavenumber vector |k| (ki = 2π/λi , i = x, y, z) may be used to define the energy
distribution over the scales in the inertial subrange, which is the famous "−5/3"-law of
Kolmogorov [33], E(|k|) ∼ ε2/3|k|−5/3 [34].

1.4. STRATIFIED TURBULENCE
Turbulence in the ABL is almost always affected by a density gradient. In the CBL the
mean density gradient is positive, i.e. ∂zρ > 0 and ∂zθ < 0 due to solar heating of the
surface. Since warm air rises this situation generates overturning motion and hence it is
called unstably stratified. Note that density, temperature and buoyancy are used inter-
changeably throughout this thesis.

After sunset, in the SBL, the gradients are in opposite direction. In that case a fluid
parcel that is vertically perturbed over a distance ∆z experiences a restoring accelera-
tion,

a =−∆z∂z b. (1.9)

Consequently work is required to vertically mix a stably stratified fluid. In an otherwise
quiescent fluid such a parcel would perform an oscillatory motion around its equilib-
rium level with frequency,

N =
√
∂z b, (1.10)

which is the Brunt–Väisälä frequency. The amplitude of the oscillation is damped by
viscosity.

Stably stratified conditions occur in many other geophysical [35] and industrial flows
[36] as well. Therefore understanding of turbulence in the presence of a stable density
gradient is vital both fundamentally and in environmental and engineering applications
(e.g. Section 1.5.3).

The relative importance of stratification is often expressed by the gradient Richard-
son number,

Ri = N 2

S2 , (1.11)

where S = ∂z u. This quantity relates the time scale of overturning motion to the time
scale of the restoring force by buoyancy. Other, related measures for the stability are
often used as well. These are discussed when needed in this thesis.

Miles [37] and Howard [38] showed that flows for which Ri > 0.25 are dynamically
stable to linear perturbations at all Re, and thus do not become turbulent by infinitesi-
mal perturbations. Often this value is also assumed to be an upper limit beyond which
turbulent flows become laminar. However, the precise process by which turbulence lam-
inarizes under stable stratification is still subject of debate [39–42, Chapter 6].
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Due to the suppression of vertical motion, vertical turbulent mixing is suppressed
by stable stratification. In analogy to the oscillatory motion of the fluid parcel, this is
due to the conversion of of turbulent kinetic energy (TKE) to turbulent potential en-
ergy (TPE). However, the main reduction of turbulent mixing is that less TKE is being
produced when the flow becomes more stratified [43], which was later corroborated by
Shah and Bou-Zeid [44]. Lilly [45] suggested that vertical fluctuations cease under strong
stratification. As a result the ratio between the horizontal length scales lh and the verti-
cal length scale lz tends to infinity and the flow becomes strictly two-dimensional (but
not z-independent), organized in flat pancake vortices [46].

Later Billant and Chomaz [47] and Brethouwer et al. [48] took a different standpoint
indicating invalidity of assumptions made by Lilly [45]. This showed that the derivation
of Lilly [45] is only valid for stratified flows that are strongly affected by viscosity [48],
such as in the experiments of Maassen et al. [49]. This point may be explained using the
argument of Ozmidov [50] [as cited by 51] that at scales smaller than the Ozmidov scale,

lo = ε1/2

N 3/2
, (1.12)

turbulence is isotropic, since stratification only acts on the larger scales. Consequently a
−5/3 inertial range may still be present at scales smaller than lo suggesting that lh/lz is fi-
nite and that the flow remains essentially three-dimensional. However, this requires that
lo À η such that an isotropic inertial range may exist, despite being highly anisotropic
at the larger scales [52]. When lo ∼ O(η) the derivation of Lilly [45] results in a correct
approximation of the governing equation [48].

In boundary-layer flows, turbulence is also anisotropic without a density gradient
due to the presence of the bottom boundary. Sufficiently far from the wall, however,
turbulence is mainly affected by stratification. The height at which this occurs is the
Obukhov length,

L = u3
τ

κbτ
, (1.13)

with bτ = κbu−1
τ [∂z b]z=0. The ratio z/L is a ubiquitous parameter in boundary-layer

meteorology as will be discussed in Section 1.5.
Recent studies showed that the ratio

ReL = Luτ
ν

, (1.14)

i.e. the Obukhov length normalized with the wall unit, is of fundamental importance
for stably stratified turbulence as well, since it delineates fully turbulent boundary-layer
flow from intermittent5 and laminar flow. Flores and Riley [54] showed that laminar-
ization of a turbulent plane channel flow occurs when ReL < 100. Deusebio et al. [41]
showed that the onset of intermittency occurs in a narrow band at around ReL ≈ 100−
200 in a plane Couette flow. In Chapter 4 we show that a transition may be anticipated
based on bulk variables rather than wall variables (e.g. uτ, ν, and bτ). Chapter 6 deals
explicitly with reconciling these interpretations.

5This thesis exclusively deals with global intermittency, as opposed to fine-scale intermittency using the defi-
nitions of [53].
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1.5. MODELING TURBULENCE
For many purposes it is desireable to model a turbulent flow. One possibility is to per-
form a brute-force integration of Eqs. 1.1, so-called direct numerical simulation (DNS).
In that case one has to resolve all scales of turbulence, i.e. from the Kolmogorov scale η
up to the domain scale h.

Using the dissipation, η may be defined as η = ν3/4ε−1/4. The number of grid cells
required may then be estimated using ε∼ u3

τ/h,(
h

η

)3

=
(

h

ν3/4ε−1/4

)3

∼ Re9/4
τ . (1.15)

Combined with time-stepping requirements the computational time is approximately
proportional to Re11/4

τ . This explains why it is unfeasible to perform such simulations
for an atmospheric flow. However, in many cases results obtained in DNS at low Re may
be extrapolated to high-Re flows. Still the computational cost is excessive, and simula-
tions must generally be performed on supercomputers. DNS is the only solution method
of Eqs. 1.1 that does not rely on assumptions or approximations of the turbulent flow
other than the discretization of the (physical or wave-space) domain. Therefore it allows
to verify hypotheses that are based on parameterized representations of turbulent mix-
ing. In Chapters 4 and 6 DNS is used for this purpose and to further study details of the
turbulent flow.

Alternatives to DNS are large-eddy simulation (LES) and Reynolds-averaged Navier–
Stokes (RANS) models. LES exploits the universality of the small scales in a turbulent
flow. The model only resolves the scales larger than the grid size, while smaller scales
are modeled, thus reducing the resolution requirements compared to DNS. The main
challenge for LES is to define an appropriate sub-grid-scale model [55]. Since in this
thesis LES is not used, the remainder of this section is about RANS modeling.

1.5.1. REYNOLDS-AVERAGED NAVIER–STOKES MODELING
RANS modeling uses the Reynolds decomposition (Section 1.3.2). Solution of the de-
composed equations is not possible since the evolution of terms of order n depends on
terms of order n+1. However, one may parameterize the terms of order n+1 using terms
of order n, thus closing the set of equations. The value of n determines the order of the
solution method.

Very popular are first-order or eddy-viscosity models. These models assume that tur-
bulent mixing may be described analogously to molecular diffusion. For example, the
vertical transport of a quantity ξ is described by,

〈ξ′w ′〉 =−Kξ∂zξ, (1.16)

where the eddy-viscosity Kξ = Kξ(U , z,∂z u, ...) is a function of first-order moments.
For special cases an analytical solution of the mean flow is sometimes possible. For

the SBL such a solution is described in Section 1.5.2. In case of more complex flow con-
figurations the mean flow may be resolved numerically at significantly lower computa-
tional cost than a DNS.
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1.5.2. MONIN–OBUKHOV SIMILARITY THEORY
This section provides an introduction to Monin-Obukhov Similarity Theory [MOST, 18].
This theory incorporates effects of a density gradient into the eddy-viscosity model for
the turbulent boundary layer. MOST6 works exceptionally well for a broad range of con-
ditions and consequently underlies many weather prediction models. Before stability
effects and the incorporation of MOST are considered, analytical solutions for the neu-
tral boundary layer are introduced first.

In the following statistical steadiness and horizontal homogeneity are assumed. Fur-
thermore, we assume that the vertical fluxes of momentum (and buoyancy) are approx-
imately independent of the distance to the wall7. Using the eddy-viscosity model the
turbulent momentum flux is,

〈u′w ′〉 =−Km∂z u, (1.17)

with Km = L 2∂z u and L and appropriate mixing length. This formulation is known as
the Prandtl mixing-length hypothesis [23].

To find an expression for L we consider the attached-eddy hypothesis [57]. It states
that mixing at a distance z from the wall is predominantly facilitated by eddies with a
size proportional to the wall-distance8. Thus the mixing length becomes,

L (z) = κz, (1.18)

with κ = 0.41 the Von Kármán constant. Thus the presence of the wall limits the domi-
nant eddy-size to being proportional to z.

By integrating Eq. 1.17 with the mixing length formulation of Eq. 1.18 a logarithmic
profile is obtained [57],

u(z) = uτ
κ

ln

(
z

z0

)
, (1.19)

with z0 an integration constant. In the derivation above, molecular diffusion was ne-
glected. Since gradients are large near the wall, this approximation is only valid when
zuτν−1 & 30 [23], which is called the logarithmic layer. Very close to the wall trans-
port is entirely facilitated by molecular diffusion. As a result the profile is linear up to
zuτν−1 ≈ 5, which is the viscous sublayer. Several models exist for the mixing length
in the intermediate range, the buffer layer. For example, van Driest [58] formulated a
model by assuming that viscous damping of turbulent fluctuations decreases exponen-
tially with increasing distance from the wall.

In the atmospheric practice roughness elements of the surface extend into the buffer
layer. In this case z0 is interpreted as the surface roughness and only the logarithmic
layer is considered. In idealized flows the wall may be smooth and z0 may be modeled
by matching the viscous sublayer and the logarithmic layer to obtain an expression for
the smooth-wall roughness length z0 = 0.135u−1

τ ν.

6Above the surface layer MOST is ofter replaced with local similarity theory, which is based on the local fluxes
rather than the surface fluxes [56].

7For the Plane Couette Flow this is exactly true (see Chapter 2).
8Eddies smaller than O(κz) only mix over short distances and thus contribute less. On the other hand eddies

larger than O(κz), and with their centre at a height larger than z, generate motion parallel to the wall at height
z. As such the latter are considered inactive at z [57].
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As discussed in Section 1.4 a stable density gradient hampers vertical mixing depend-
ing on the distance to the wall and the density gradient itself. Based on dimensional
analysis Monin and Obukhov [59] argued that each dimensionless group should be a
function of z/L:

κz

uτ
∂z u =φm(z/L), (1.20a)

κz

bτ
∂z b =φb(z/L). (1.20b)

These equations summarize MOST, which is based on the assumption that 〈u′w ′〉 = u2
τ

and 〈b′w ′〉 = uτbτ are constant.
The functional form ofφm andφb may be obtained empirically. Businger [60] argued

that for z/L > 0 φm =φb = 1+αz/L, with α= 4.7. Later studies corroborated a value of α
in the range 4−8 using atmospheric measurements [61]. In DNS of idealized flowsαwas
sometimes higher [62, 63], which may be attributed to a relatively low Reynolds number.

Equations 1.20 may also be integrated analytically, yielding logarithmic-linear pro-
files for u and b. Therefore φm =φb = 1+αz/L are also referred to as the Businger-Dyer
or log-linear flux-profile relations. Several studies show good agreement with these func-
tions in DNS [41, 42, 64, Chapter 4], which supports their use.

1.5.3. OPERATIONAL-LEVEL MODELS
Almost all operational models use three-dimensional (3D) RANS for modeling of turbu-
lent mixing9. Scientific models sometimes use RANS models up to order 2.5 (where the
fractional order refers to modeling a mix of 2nd and 3rd order terms), e.g. the Mellor-
Yamada scheme [66, 67]. In operational practice, however, even 1.5-order schemes (i.e.
using prognostic equations for the TKE, but not for other second-order terms) are not
standard, and first-order closures are being used by leading forecast models [e.g. 68].

The turbulence scheme is combined with models for many other physical processes,
e.g. radiation, cloud dynamics and surface interaction. The number of variables and
the large domain-size still lead to significant costs of running these models. In Chapter 5
single-column models (SCM) are used instead, which are one-dimensional (1D) versions
of the 3D models. These are computationally inexpensive and therefore allow evalua-
tion of many cases. Baas et al. [69] showed that in an ensemble sense the SCM (using
a 1.5-order turbulence scheme) results agree very well with observations at the Cabauw
observatory (Netherlands). Moreover, comparison of Kleczek et al. [70] and Bosveld et al.
[71] shows that 3D models do not necessarily outperform a SCM.

1.5.4. LIMITATIONS OF MOST
Despite the success of MOST in idealized configurations [41, 63, 72], there are problems
with using the Businger-Dyer formulations for the φ-functions. The problem is that,
compared to field observations, the Businger-Dyer formulation under-predicts vertical
transport at large z/L. As a result the surface temperatures are underestimated, which
is sometimes referred to as runaway cooling. The source of the extra mixing in reality is

9Only recently models have emerged outside the scientific domain that apply LES to enhance numerical
weather-prediction locally [65].
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heavily debated. It has for example been attributed to top-down bursting [73], wave ac-
tivity [74], or orographic wave-drag [75], often elusively summarized as ’sub-meso’ mo-
tions [13].

Regardless of the origin, operational models use an ad hoc solution: the Businger-
Dyer formulations are replaced with so-called long-tail functions that allow more tur-
bulent mixing [76]. The use of these formulations prevents rapid cooling, even in cases
where a strong surface-cooling would be physical, which leads to over-prediction of the
near-surface temperatures. However, there are more issues with using the long-tail func-
tions. For example, since mixing is enhanced at the top of the boundary as well, clouds
may dissolve spuriously, the low-level jet is too broad and too high and the boundary-
layer is too deep [77]. Therefore the used flux-profile relations are a trade-off between
allowing several different issues to exist.

The fact that this balance has to be considered indicates limitations of our under-
standing of the dynamics under strongly stratified conditions. Under these conditions
the flow is often intermittently turbulent, non-homogeneous and non-stationary. These
are violations of the basic principles on which MOST was based [59] and the invalid-
ity of MOST-based closure models is reflected by the increased observational spread at
strong stability [78, 79]. This strongly stratified regime is often referred to as the very sta-
ble boundary layer (VSBL), as opposed to the weakly stable boundary layer (WSBL) for
which MOST provides a reasonable description [80]. Recently, van de Wiel et al. [81, 82]
hypothesized a physical mechanism that explains the existence of two distinct dynam-
ical regimes. This hypothesis underlies the interpretation of many results presented in
this thesis and it is introduced in more detail in Chapter 2.

1.6. MAIN QUESTIONS
Several key problems in numerical weather prediction and in climate models are asso-
ciated with the SBL. Moreover, turbulence under stable stratification is not fully under-
stood at a fundamental level. This thesis aims to increase our understanding on both
fronts.

In operational models poor performance is typically expected when the boundary
layer becomes strongly stratified [13]. At the same time some hazardous weather phe-
nomena are more likely to occur under these conditions [12]. Advances in understand-
ing on a conceptual level may be used to improve the parameterizations in numerical
weather prediction, and to reduce the necessity for a posteriori interpretation steps. Ac-
cessible conceptual models may also provide hands-on management directives for, for
example, agricultural land-use [14]. At a fundamental level it is unclear how the tur-
bulent boundary-layer develops under a stable density gradient, especially when this
gradient is strong [39, 83]. Of particular interest is how the flow transitions from neutral
turbulence to an intermittently turbulent flow or a laminar flow under the influence of a
stable density gradient. Therefore this study uses the stably stratified PCF as an idealized
and conceptual model for the SBL, with the aim to answer:

1 how and to what extent the PCF may be used to explain regime shifts during the
sunset transition in the SBL?

2 what metrics are most suitable to characterize and anticipate regime transitions in
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the SBL?

Chapters 3-6 are each based on a stand-alone article for which specific background,
definitions, and methods are introduced within each chapter. Consequently some over-
lap between chapters is unavoidable. To limit the overlap Chapter 2 provides a more ex-
tensive theoretical background of two important common subjects: the plane Couette
flow, and the regime classification in the SBL.

In Chapter 3 we verify consistency of field observations with predictions based on
RANS solutions [84]. These observations are also used to explain why traditionally used
dimensionless groups, i.e. Ri and z/L cannot unambiguously indicate the global char-
acter of the SBL and to support the introduction of an alternative dimensionless group.

The RANS solutions for the PCF necessarily rely on assumptions about the effect of a
stable density gradient on turbulent mixing. Whereas in Chapter 3 observations are used
to identify multiple regimes, in Chapter 4 DNS is used to verify that turbulence collapses
as predicted using RANS modeling. Moreover different methods are explored that may
be used to anticipate the laminarization of turbulence in the PCF set-up without relying
on parameterizations for turbulence.

In Chapter 5 we investigate the sunset transition itself. In particular we measure the
growth rate of the SBL using field observations from three distinct sites. Then we explore
to what extent the PCF model explains the observed dependency of this growth rate on
various quantities and whether the growth rate provides an advanced indication of the
boundary-layer regimes identified in Chapters 3 and 4.

In Chapter 6 a deeper analysis of the stably stratified PCF is performed and thereby
directly extends Chapter 4. The Reynolds-number-dependency is investigated to in-
crease conceptual insight into the collapse of turbulence in DNS at relatively low Re in
relation to the real SBL. Furthermore we investigate how the flow characteristics change
when different boundary conditions for buoyancy are being used. Finally, the relation
between the results of Chapter 4 and an alternative collapse mechanism is investigated.

In Chapter 7 this thesis is put into perspective with recommendations for future re-
search directions. The appendix provides summaries of co-authored articles related to
this thesis.
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THEORY

Main elements of this chapter are based the introductions of van de Wiel et al. [81, 82], van Hooijdonk et al.
[85, 86] and van de Wiel et al. [87].
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This chapter provides a theoretical background for the subsequent chapters. The first
part introduces the PCF and its relation to other canonical flow types and the real SBL.
The second part uses idealized solutions of the PCF to explain the two-regime hypothesis
of van de Wiel et al. [81, 82]. The implementation of the stratification in the PCF is dis-
cussed in the relevant chapters to maintain consistent definitions within each chapter.
Unless indicated otherwise, the abbreviation ’PCF’ always refers to the stably stratified
plane Couette flow throughout the thesis.

2.1. PLANE COUETTE FLOW

2.1.1. CONFIGURATION

The PCF is a canonical flow configuration. It is a flow driven by two horizontally ori-
ented parallel plates, at a vertical distance 2h (see Fig. 2.1). The parallel plates move
in opposite direction with velocity ±U0. For this set-up the streamwise, spanwise and
vertical directions are defined as x, y and z, respectively. The formal upper boundary
of the system is located at z = 2h. However, as an idealized model for the SBL the up-
per ’boundary’ is located at the mid-plane z = h. The symmetry of the system ’fixes’ the
streamwise velocity component at z = h in a statistical sense, while turbulent motions
may still exist at this height. Therefore, we expect a log-linear profile up to this point (see
Section 1.5.2). Above z = h the system is symmetric with respect to the bottom part and
may be advantageously used in averaging procedures by employing twice as many data
points.

z

x
y

U0
Lx

Ly

U0

Lz=2h

H0

H0

Figure 2.1: Sketch of the model set-up. The two parallel plates (no-slip boundary conditions) at distance
Lz = 2h move in opposite direction at velocity U0. A negative (i.e. downward) heat flux (Neumann bound-
ary conditions) is applied at the bottom and top boundaries. In horizontal directions the domain is periodic.
Figure originally presented in van Hooijdonk et al. [86].

This thesis discusses flows that are turbulent under neutral stratification, while the
flow may laminarize once a density gradient is introduced. For the PCF this means that
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Figure 2.2: Horizontal cross-sections of the vertical velocity at z = h (a) and at zuτ/ν= 15 (b). The fields show
1/3×1/3 of the domain.

the (bulk) Reynolds number, defined as,

Re = U0h

ν
, (2.1)

should be sufficiently large. Romanov [88] showed that the laminar non-stratified PCF
is stable to linear perturbations at all Re. However, other studies showed that a fully
turbulent flow may be obtained using finite-amplitude perturbations [89, 90]. Critical
values of Re beyond which the PCF may be turbulent were found in the range Re = 280−
750 [89, 91, 92]. In Chapters 4 and 6 the Reynolds number is significantly larger than
this lower range, i.e. Re = 1000−6200. As an illustration Fig. 2.2 shows an example of a
steady-state turbulent field obtained from a DNS of the PCF at Re = 6200 (see Chapter 6,
case R62).

An appealing property of the PCF is that the vertical fluxes of momentum and buoy-
ancy do not depend on z. This can be shown by assuming that the flow is horizontally
homogeneous and statistically steady. Then the equation for the mean flow may be writ-
ten as,

0 =−∂z〈u′w ′〉+ν∂2
z u. (2.2)

Hence the total momentum flux 〈u′w ′〉+ν∂z u is independent of z. With u2
τ = [ν∂z u]z=0

the total mean momentum flux is thus equal to u2
τ everywhere. A similar result may be

obtained for the total mean buoyancy flux, which is uτbτ everywhere.
With the z-independence of the vertical fluxes the PCF provides a convenient set-

up for theoretical analysis. In particular, important assumptions for MOST are exactly
valid up to moderately stratified flows. Such agreement of numerical simulations with
theoretical predictions is verified in Chapter 4.

2.1.2. RELATION TO THE REAL SBL
Conceptually, the PCF is more idealized than closely related flows, e.g. the plane channel
flow and the Ekman flow. Here, these two configurations are shortly introduced, followed
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by a motivation for the use of the PCF. The plane channel flow is driven by pressure gradi-
ent, which acts as a body force. Since the pressure gradient must be balanced in a steady
state, the wall friction velocity uτ is a priori known. As a result the mean flow may accel-
erate or decelerate when the wall friction is modified by stratification to re-balance the
forces. This interplay between forces has been proposed as a possible mechanism for in-
termittency in the real SBL, known as the Businger mechanism [60, 64, 93]. In the Ekman
flow the Coriolis force is present as an additional force compared to the plane channel
flow. As a result the flow is dynamically more complex and it allows, for example, the
study of low-level jets in an idealized setting [94]. Moreover, when the flow is stronlgy
stratified, turbulent events in a PCF or a plane channel flow are (globally) intermittent in
either space or in time. In an Ekman flow such events are intermittent in space and time
simultaneously and they are therefore supposedly more closely related to atmospheric
intermittency [62].

Considering that these phenomena are not captured in a PCF, the alternatives appear
to be the preferable candidate as a more realistic model for the SBL. However, the PCF
has advantageous properties beyond the suitability for mathematical analysis due to the
constant flux layer. The PCF allows to ’zoom in’ on a specific part of the dynamics of the
SBL, which is the collapse of turbulence.
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Figure 2.3: Mean wind speed observations at the Cabauw weather tower in the Netherlands. Data is averaged
over all clear-sky nights between August 2000 and December 2012. For a detailed description of this dataset
see Chapter 3. Horizontal axis shows the time with respect to sunset. On average, the flow accelerates after
sunset for large altitudes, while at lower altitudes the flow decelerates. The crossing point appears to be in the
range z = 40−80 m. Similar results were presented in [81]. Figure originally presented in van Hooijdonk et al.
[86].

Once this collapse occurs in a pressure-driven flow, wall friction is reduced, which
allows acceleration of the flow, followed by a regeneration of turbulence. As such the
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collapsed state (the VSBL) only exists temporarily. For the real SBL, van de Wiel et al.
[82] showed that the time scale of re-balancing with the pressure forces occurs on much
longer time-scales than the redistribution of momentum. Consequently, no additional
momentum is generated initially by pressure forces. In a PCF, total momentum is fixed
since there is no pressure force to accelerate the flow. Therefore the collapse of turbu-
lence becomes permanent in a PCF, which allows to identify the transition from turbu-
lent to laminar more sharply.

Next, we may ask ourselves how periods with relatively constant total momentum
manifest themselves in the real world. A common observation is that after sunset winds
tend to weaken near the surface and flow accelerates aloft. Therefore, an altitude can
be found where the wind speed is relatively constant: the so-called crossing point [81].
This observation is associated with the aforementioned momentum-constraint on short
time-scales [81]. For example, at the Cabauw observational tower in the Netherlands,
this crossing point typically occurs at between 40−80 m (see Fig. 2.3). For this location,
pressure acceleration typically occurs at a time scale of a 3−4 hours, whereas momentum
redistribution occurs within approximately 10 minutes. As such, at a level between 40 m
and 80 m the wind speed is initially (say, up to 2 hours after sunset) relatively constant.

Despite the simplicity of the set-up, the PCF is experimentally and numerically chal-
lenging. Experimentally the flow typically has to be driven by moving belts, which often
experience oscillations at high velocity [95], and the influence of in- and out-flow is often
problematic [90]. Numerical investigations rely on periodic domains under the assump-
tion that the flow is not spatially correlated to itself, i.e. at distances larger than half the
domain-length. However, very large structures have been observed in both experiments
[96, 97] and simulations [27, 91, 95, 98–100]. These structures appear to be roll-like with
a spanwise extent of about 4−5h. The streamwise extent, however, is unclear and may
exceed 60h (the maximum domain-length in this thesis). Fortunately, most studies find
that first- and second-order statistics are almost insensitive to the domain size [41, 99,
Chapter 4]. Moreover, these structures appear to cease under even weakly stable con-
ditions [72, Appendix A.1]. As such, we consider the domain-size in Chapters 4 and 6
sufficient for our purpose, particularly when the flow is stably stratified.

2.2. MAXIMUM SUSTAINABLE HEAT FLUX
In Chapter 1 the SBL was subdivided into the VSBL and the WSBL. This section intro-
duces a theoretical framework, which was hypothesized by van de Wiel et al. [84], to
qualitatively explain the existence of the two regimes. Several regime classifications
have been proposed identifying 2−5 different regimes (see for example the discussion by
Monahan et al. [101]). However, these classifications are typically based on a posteriori
identified characteristics. The hypothesis as introduced here, on the other hand, bases
the division into two regimes on a physical model.

Before such classifications were explicitly used, general characteristics of the WSBL
and the VSBL were already known [e.g. 56] and this qualitative distinction has been made
in many studies [e.g. 12, 13, 73, 80, 102–104, see Chapters 3 and 4]. The WSBL generally
occurs when winds are strong or when clouds are present. In this case, turbulence is
relatively strong and continuous [e.g. 74, 79]. As such, classical theories for turbulence,
i.e. MOST [18] or local scaling [56], generally seem to be applicable in relating turbulence
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quantities to mean flow properties [e.g. 12, 13, 105–108].
By contrast, the VSBL generally occurs after sunset under a combination of weak

winds and a clear sky. Under such conditions, significant surface cooling occurs, while
weak winds are incapable of mixing against buoyancy forces [e.g. 81, 82, 109]. As a re-
sult of intensified stratification, turbulence may collapse to a very weak state [13, 73, 81,
82, 110, 111] and flow in the upper part of the boundary layer may become decoupled
from the surface [e.g. 53, 64, 109, 112, 113]. At the same time, it is unlikely that com-
plete laminarization occurs in atmospheric flows even at large stability [114, 115]. In
such ’collapsed’ cases, the main contribution to turbulent transport often arises from
intermittent bursts [17, 62, 116–118]. In turn, these bursts may (temporarily) recouple
the boundary-layer flow to the surface [e.g. 74, 117]. As a result, classical scaling laws
may no longer accurately describe turbulent mixing, posing a real challenge for models
[12, 13, 77]. Moreover, a rich variety of other local features may become significant, such
as the terrain slope and inhomogeneity [e.g. 119–122]. This thesis, however, does not
discuss dynamics arising from such features, and it is restricted to the transition itself.

As a general supposition for this thesis, we restrict ourselves to horizontally homoge-
neous surfaces with a low heat capacity (e.g. short grass or fresh snow) and with a fixed
surface energy loss (i.e. due to emission of long-wave radiation)1. Moreover a clear sky
is assumed and time is limited to the first few hours after sunset, such that acceleration
by the synoptic pressure gradient has not yet significantly affected the near-surface flow.
Since we only consider the dynamics near the surface (below ∼ 50−100 m) the Corio-
lis force is also neglected. Consequently, what remains is, in essence, the Couette flow
model as described above, but now with a rough surface.

The division into the WSBL and VSBL can be physically understood from the so-
called maximum sustainable heat flux (MSHF) theory [81, 82, 84]. An important insight
is that the downward turbulent heat flux is limited to a maximum value. Qualitatively,
this maximum must exist because the turbulent heat flux becomes small in both the neu-
trally stratified limit (small gradients) and in the strongly stratified limit (weak turbulent
mixing) (see Fig. 2.4). A quantitative expression for the MSHF can be obtained within
the MOST framework and it can be shown that the value of the maximum is related to
the cube of the ambient wind shear [123–125, and Chapter 3]. Observational evidence
confirms the existence of such a maximum [Chapter 3, 80, 101, 106, 126].

The division into two regimes is based on whether or not the surface energy budget
can be in balance [82, 85]. To reach a balance in the surface energy budget, turbulent
heat transport must supply the same amount towards the surface as the radiative energy
loss (or at least a significant fraction thereof). Based on the wind speed, we can now dis-
tinguish between two regimes: if winds are strong, i.e. the MSHF is large, the boundary
layer quickly adjusts, such that the downward heat transport balances the surface en-
ergy loss. This case is classified as being ’weakly stable’. On the other hand, if winds are
weak, no such balance can be reached since even the maximum sustainable heat flux is
insufficient to compensate for surface energy loss. Consequently, temperature gradients
increase, which in turn further limits the downward heat flux. Generally, this positive
feedback leads to strongly stratified (’very stable’) conditions [e.g. such as observed in

1The dependence of the net radiation on the surface temperature is neglected here for simplicity. A model that
accounts for this dependence was presented by van de Wiel et al. [87, see Appendix A.2.3].
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Figure 2.4: Sketch of the turbulent heat flux curve versus stability for weak winds (red), the minimum (’critical’)
wind (black) and strong winds (blue). The energy demand is given by the dashed line. Here |QN | is the net
radiative heat loss at the surface. The soil heat flux |G| is incorporated in the demand. For strong stability levels
Monin-Obukhov similarity is no longer valid [e.g. 13], as a result the shape of the curves becomes uncertain.
Figure originally presented in van Hooijdonk et al. [85].

127]. Several recent studies show compelling observational evidence for the division
into two regimes based on MSHF theory [Chapter 3, 101, 103, 104]. Monahan et al. [101]
applied advanced statistical analysis to field observations, based on a so-called hidden
Markov model, to demonstrate the existence of two distinct regimes. Additionally, ide-
alized numerical studies also show that a flow transition occurs for supercritical surface
cooling [54, 64, 94, 128]. As such, it appears the MSHF framework indeed explains the
physical mechanism that warrants the division into two regimes.

Following from the distinct regimes in the strong-wind and weak-wind limits, a thresh-
old wind speed can be formulated, i.e. the minimum wind speed for which the surface
energy budget can be balanced by downward heat transport [81, Chapter 3]. Below the
threshold, turbulence is very weak, while above the threshold, turbulence is relatively
strong and continuous. Several observational studies indeed show a threshold wind
speed for the existence of continuous turbulence [e.g. 73, 129]. In this thesis the MSHF
theory is tested using field observations (Chapter 3) and with direct numerical simula-
tions (Chapters 4 and 6).





3
BOUNDARY-LAYER REGIMES IN

OBSERVATIONS

Field observations and theoretical analysis are used to investigate the appearance of dif-
ferent nocturnal boundary layer regimes. Recent theoretical findings predict the appear-
ance of two different regimes: the continuously turbulent (weakly stable) boundary layer
and the relatively “quiet” (very stable) boundary layer. A large number of nights (approx-
imately 4500 in total) are analyzed using an ensemble averaging technique. The obser-
vations support the existence of these two fundamentally different regimes: weakly sta-
ble (turbulent) nights rapidly reach a steady state (within 2–3 h). By contrast, very stable
nights reach a steady state much later after a transition period (2–6 h). During this pe-
riod turbulence is weak and non-stationary. To characterize the regime, a new parameter
is introduced: the shear capacity. This parameter compares the actual shear after sunset
with the minimum shear needed to sustain continuous turbulence. In turn, the minimum
shear is dictated by the heat flux demand at the surface (net radiative cooling), so that the
shear capacity combines flow information with knowledge of the boundary condition. It
is shown that the shear capacity enables prediction of the flow regimes. The prognostic
strength of this non-dimensional parameter appears to outperform the traditional ones
like the similarity parameter z/L and the gradient Richardson number Ri as a regime in-
dicator.

This chapter is based van Hooijdonk, I.G.S., Donda, J. M. M., H.J.H. Clercx, F.C. Bosveld, and B.J.H. van de
Wiel (2015), Shear Capacity as Prognostic for Nocturnal Boundary Layer Regimes. Journal of the Atmospheric
Sciences, 72, 1518-1532.
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In this chapter, a systematic analysis of field observations from the KNMI-Cabauw tower
(Netherlands) is performed in order to study nocturnal boundary layer regimes. It will
be shown that two qualitatively different regimes occur and that their appearance can be
explained in terms of a hypothesis introduced recently by van de Wiel et al. [81, 82]. This
theory couples ambient flow characteristics with aspects of the surface energy budget,
in order to explain regime transitions.

3.1. INTRODUCTION
It is generally known that nocturnal boundary layers (NBLs), which occur under windy
conditions, so-called weakly stable boundary layers, largely differ from so-called very
stable boundary layers, with weak winds and clear skies [see for example: 13, 81, 82, 105,
114, Chapter 2]. As turbulence in the first case is relatively strong and continuous, it
tends to be weak and intermittent in the latter [e.g. 74, 130].

In the past, attempts have been made to relate the occurrence of those regimes to
local stability parameters like the gradient Richardson number (Eq. 1.10) or the similar-
ity parameter z/L, with L the Obukhov length [e.g. 131]. Broadly speaking, weakly stable
boundary layers tend to coincide with low values of Ri and z/L and very stable boundary
layers with high values. In spite of this, data-stratification in terms of those stability pa-
rameters has only partly been successful. This can be explained by the fact that response
of the boundary layer as a whole is not uniquely related to the value of a local stability
parameter (i.e. for a given L, the height z could be anything depending on the height of
the observations).

To avoid usage of local parameters, one could try to relate the occurrence of bound-
ary layer regimes to ’external’ parameters like the geostrophic wind and net radiative
surface cooling. Although this approach has been promising to some extent [109, 117,
130, 132], it has limiting perspective for analyzing field observations in practice. This is
due to the fact that the synoptic pressure gradient is not a directly observed quantity in
the field. This makes analysis of the geostrophic wind a non-trivial exercise (e.g. baro-
clinic effects may become important). Also, for weak wind conditions the geostrophic
wind is less correlated to the magnitude of the wind speed in the stable boundary layer.
Therefore, the initial wind speed (i.e. at sunset) is used as external wind forcing. With
respect to net radiation, the following has to be considered: strictly speaking it is an in-
ternal parameter which depends both on the air and surface temperature [133]. To elimi-
nate this dependency one could utilize the so-called isothermal net radiation, as defined
in Monteith [134], Holtslag and De Bruin [135]. However, in practice, the magnitude of
the radiative budget is largely determined by the amount of cloud coverage. For practical
reasons, we therefore consider net radiation as an ’external’ forcing in the remainder of
this work. For a complete discussion we refer to van de Wiel et al. [81, 82, 87].

Here, we present an alternative route that does not need the geostrophic wind as an
input parameter for regime classification. It builds on the maximum sustainable heat
flux hypothesis (MSHF) as presented in van de Wiel et al. [81, 82] and Chapter 2. The
minimum wind shear for sustained turbulence, i.e. when the MSHF balances the surface
energy loss, defines a characteristic velocity scale, which will be used for normalization
of the actual shear in our data set. This non-dimensional shear will be coined the shear
capacity of the flow (SC ).



3.2. DATA ANALYSIS

3

25

In the reasoning above, it is assumed that for turbulence to survive the thermal bal-
ance at the surface should be reached rapidly. It does not account for flow acceleration
effects (e.g. formation of the low-level jet), so that the ambient shear is considered ’fixed’.
As such, the analysis is mainly focused on the first few hours (0−3 hr) after sunset. On
the other hand, it is expected that an initial collapse of turbulence in the beginning of the
night, will favour flow acceleration during the night. This acceleration, in turn, increases
the chance of turbulence to be regenerated later that night [see for example: 60, 64].
This interesting aspect of time-dependence will also be given attention in this chapter.

The observational analysis utilizes a large data set (approx. 10 years) of the 200 m
tower at the Cabauw observatory of the KNMI [136]. From this set, composite cases ac-
cording to bins of wind-classes are constructed, following the philosophy of Baas et al.
[137]. In this way, each case corresponds to a group of similar nights. The approach em-
phasizes general characteristics of each wind class as case-to-case variation of individual
nights are largely averaged out. Furthermore, we restrict the analysis to clear sky cases.

This chapter is organized as follows: in Section 3.2, a brief overview of the data analy-
sis is given. In Section 3.3, it is shown that the nights can be subdivided into two separate
boundary layer regimes, which, for each height specifically, can be classified according
to the ambient wind strength around sunset. Next, the concept of the shear capacity
is introduced, which is then used to classify the data independent of the observational
height, and a comparison between SC and z/L and Ri as regime indicators is made (Sec-
tion 3.4). In Section 3.5 the results are interpreted using the budget of turbulent kinetic
energy. Discussion and conclusions are given in Section 3.6.

3.2. DATA ANALYSIS
Field observations are used, obtained at Cabauw [for a more complete description of
the site, see 136, 138] between August 2000 and December 2012. Temperature (KNMI
Pt500-element) and wind speed (cup-anemometer) measurements at the main tower
are obtained at 40, 80, 140 and 200 m. Auxiliary towers provide measurements at 10 and
20 m. The air temperature is also measured at 1.5 m. The net radiation is determined
from the individual (short-/long-wave, incoming/outgoing) radiation components. All
fluxes are near-surface values determined from an eddy covariance technique applied
to air temperature and wind speed measurements at the 5 m flux tower. Information on
the instrumentation and relative position of the towers can be found at http://www.
cesar-observatory.nl.

Our aim is to follow the methodology of Baas et al. [137] to build composite cases.
By using multi-night composites (ensemble averages) random disturbances occurring
in individual nights largely average out. The reduction in scatter is expected to provide
a clearer view of the SBL dynamics. The Cabauw database is divided in 24-hour peri-
ods starting at 0600 hours (local time, 24hr-notation), such that each period contains a
full night. The formation of the stably stratified boundary layer is initiated by a change
of sign of the net radiation QN . Hence, cases (24-hour periods) are ’synchronized’ by
setting time t to 0 hr when QN changes sign from positive to negative. Depending on
the season, this generally occurs between 1500 and 1900 hours, several hours before the
astronomical sunset.

A filter selects nights with clear skies, i.e. an average net radiation |QN | > 30 W m−2

http://www.cesar-observatory.nl
http://www.cesar-observatory.nl
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Table 3.1: Overview of the number of nights per class.

Class (m s−1) N Class (m s−1) N Class (m s−1) N

U40 ∈ [1.0;1.5] 28 U40 ∈ [4.0;4.5] 128 U40 ∈ [7.0;7.5] 75

U40 ∈ [1.5;2.0] 44 U40 ∈ [4.5;5.0] 139 U40 ∈ [7.5;8.0] 72

U40 ∈ [2.0;2.5] 47 U40 ∈ [5.0;5.5] 149 U40 ∈ [8.0;8.5] 59

U40 ∈ [2.5;3.0] 71 U40 ∈ [5.5;6.0] 144 U40 ∈ [8.5;9.0] 45

U40 ∈ [3.0;3.5] 93 U40 ∈ [6.0;6.5] 72 U40 ∈ [9.0;9.5] 45

U40 ∈ [3.5;4.0] 102 U40 ∈ [6.5;7.0] 100 U40 ∈ [9.5;10.0] 15

and a standard deviation (with respect to the average of a particular night)σQ < 15 W m−2.
Each night is classified according to the mean pre-sunset wind speed U40 at 40 m be-
tween times t =−4 hr and t = 0 hr. Note, that the classification appears to be insensitive
to the exact choice for time and altitude. Among nights with clear skies, the variation of
the radiative forcing is relatively weak. Additionally, dynamics appear to be less sensitive
to radiative forcing compared to the mechanical forcing [73]. Therefore, only the wind
speed is used for classification purposes here.

Table 3.1 shows, that the number of nights N in each class is relatively large. For
each class the night with the shortest time span occurs in summer. This restricts our
composite analysis to t < 9 hr.

3.3. TWO REGIMES
Here, several composite quantities (mean wind/temperature profiles, turbulent fluxes)
are analyzed. In this section, it is shown that a clear distinction in two qualitatively dif-
ferent regimes can be made: a weakly stable regime and a very stable regime. We base
ourselves on Section 3.3.4 to make the regime division at U40 ∼ 5.5 m s−1 in all figures
for this data set. For wind speed classes (Table 3.1) above 5.5 m s−1, a more or less sta-
tionary weakly stable boundary layer regime sets in, whereas for lower wind speed a
non-stationary, very stable boundary layer occurs.

3.3.1. TEMPORAL EVOLUTION OF MEAN WIND PROFILES

Figures 3.1a-d show the wind profiles for two VSBL cases (U40 ∈ [1.0;1.5] m s−1, U40 ∈
[2.0;2.5] m s−1, Fig 3.1a-b), see Table 3.1) and two WSBL cases (U40 ∈ [5.5;6.0] m s−1

and U40 ∈ [8.0;8.5] m s−1, Fig. 3.1c-d), unless it is unclear from the text, we will omit
the explicit reference to U40 as either a classification parameter or a diagnosed quantity
from here on. For the weakly stable cases, the wind profiles are reasonably steady after
3 hr (i.e. after sunset). The consistency in the steady state profile reflects that indeed
significant reduction of scatter is achieved by using the composite method.

For the weakly stable cases, in the first decameters above the surface the steady state
is formed within 1−3 hours. The thickness of this layer increases with wind speed class.
For example, in Fig. 3.1c the thickness is approximately 60 m, in Fig. 3.1d the thickness
is larger than 140 m. Above this layer an acceleration is observed that can be explained
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Figure 3.1: Wind speed profiles for t ∈ [−2;9] hr of 4 classes of the pre-sunset wind U40 (Table 3.1) (a)
[1.0;1.5] m s−1,(b) [2.0;2.5] m s−1,(c) [5.5;6.0] m s−1,(d) [8.0;8.5] m s−1. The diamonds represent ensemble
averaged measurements. The lines are linear interpolations.

by an inertial oscillation of the wind [139]. This phenomenon is outside of the present
scope.

The very stable cases have not (yet) reached a steady state at t = 3 hr. Later, however,
after 4− 5 hours some kind of ’preferred state’ appears to develop. If we heuristically
take 40 m as a representative level, both Fig. 3.1a and 3.1b indicate that the 40 m wind
becomes steady when it reaches a value of 4−4.5 m s−1. Additional inspection of other
very stable cases, indicates that this remarkable feature occurs in all cases (not shown
here). This aspect is discussed below.

3.3.2. TEMPORAL EVOLUTION OF TURBULENT STRESS

In Fig. 3.2 the evolution of the (near-surface) turbulent stress is given as a function of
time after sunset. Lines are coloured according to: U40 < 5.5 m s−1 (red) and U40 >
5.5 m s−1 (blue). The regime colouring is based on temperature inversion character-
istics. Generally, turbulent stresses decrease in the afternoon due to onset of the stable
boundary layer. The weakly stable cases (blue) reach stress levels, which appear to be
more or less constant. By contrast, the stresses for the VSBL cases reach a minimum just
after sunset, followed by an increase (up to 300% for the most stable cases) during the
night. Qualitatively, this increase agrees with the aforementioned flow acceleration [64].
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Again, very stable cases show a tendency to reach some kind of ’preferred state’. Here,
this state corresponds with a turbulent stress of u2∗ ≈ 0.01 m2s−2. A closer analysis of
non-summer nights only (t > 9) suggests a converging trend (not shown here), though
the amount of scatter (’error-bars’, not shown) somewhat increases due to the fact that a
smaller subset is used.

Figure 3.2: The temporal evolution of the near-
surface kinematic stress is shown for all classes
U40 ∈ [1.0;10.0] m s−1. The classes are divided in
weakly stable (blue) and very stable (red) cases (see
Fig. 3.4).

Figure 3.3: The temporal evolution of the near-
surface turbulent heat flux is shown for all classes
U40 ∈ [1.0;10.0] m s−1. The division in weakly stable
(blue) and very stable (red) cases is made. For the
very stable cases, a tendency towards a single end
state is observed.

3.3.3. TEMPORAL EVOLUTION OF THE TURBULENT HEAT FLUX
Similar to Fig. 3.2, the temporal evolution of the (near-surface) turbulent heat flux is
shown in Fig. 3.3. The same division in colours is made. Before sunset, convective mix-
ing causes the turbulent heat flux to be very similar among wind speed classes, with
the exception of the highest wind speed class (dashed line), where behaviour of indi-
vidual nights may affect the composite significantly (see Table 3.1). After sunset, the
temporal evolution appears unique for very stable cases, while for weakly stable cases
the evolution is similar between wind-speed classes. For weakly stable cases (blue) a
temporal maximum downward heat flux (not to be confused with the maximum of Fig.
2.4) is visible just after sunset. This typical behaviour is beyond the scope of this study.
Later (t ≥ 3 hr) a more or less steady value is reached. In the very stable cases (red)
the maximum is much less pronounced due to the fact that turbulence is strongly sup-
pressed (Fig. 3.2). However, the transition between the regimes appears more gradual
than in Fig. 3.2. Later on the flux reaches a more or less constant, ’preferred’ value of
|H0| ≈ 10.0±3.5 W m−2.

3.3.4. TEMPERATURE INVERSION CHARACTERISTICS
In Fig. 3.4 the temperature inversion is given as a function of wind speed at a reference
level z (z = 10, 20, 40 or 80 m). The inversion is defined as the difference in (potential)
temperature between the reference level and 1.5 m above the surface: ∆θ = θ(z)−θ(1.5).
In the same figure time evolution is given by the ’brightness’ of the colours: an increment
in shade indicates a 10 minute advance.
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Figure 3.4: The temperature inversion∆θ = θ(z)−θ(1.5) as function of the wind speed U (z) is shown for z = 10,
20, 40 or 80 m. Analysis reveals that the slope of all ∆θ vs. U curves is small at high initial wind speed and
large at small initial wind speed. The initial U40 wind speed that separates the two regimes is at 5.5 m s−1.
Hence this wind-class threshold is used to separate weakly stable cases (given blue colour), from very stable
ones (given red colour). Additionally in the figure time-dependence is indicated via the colour intensity (each
increment to darker shades denotes a 10-minute advance in time), as depicted by the colour bars below the
graph. For a single case (U40 ∈ [1.0;1.5] m s−1) time evolution is indicated by the black arrow.

For each altitude, we observe that ∆θ for each wind speed class, approaches a well-
defined line in the diagram within the first few hours. At the low wind speed side these
lines are significantly steeper than at the high wind speed side. It is found that an initial
wind speed U40 of 5.5 m s−1 separates the steep branch from the slightly oblique branch
at each level. As such, the division in colours at U40 = 5.5 m s−1 is applied to all figures in
the present paper.

For the very stable cases (red), clearly the effect of flow acceleration is visible. Be-
cause the dots of several classes overlap, the black arrow is inserted to illustrate the tem-
poral development for the case U40 ∈ [1.0;1.5] m s−1 (Table 3.1): an initial increase in
∆θ is followed by a decrease (flow acceleration causes more turbulent mixing), until fi-
nally, like before, a ’preferred state’ is reached. For example at 40 m the end state for all
very stable cases lies around [U ,∆θ] ≈ [4.3 m s−1,2.5 K]. By contrast, weakly stable cases
rapidly reach their specific end state.

3.3.5. THE MINIMUM WIND SPEED
Contrary to the inversion strength, turbulent stress is observed at a single level (be-
fore/after September 2006: 5 m, 3 m respectively). Figure 3.5 shows the turbulent stress
as a function of the wind speed at a reference height (again z = 10, 20, 40 or 80 m) for the
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Figure 3.5: The near-surface kinematic stress is
shown as a function of the wind speed for z = 10,
20, 40 or 80 m. Colour coding is as in Fig. 3.4. Note
that for this figure a different time frame is used.
The shades indicate times between t = 1 hr (light-
est shade) and t = 3 hr (darkest shade).

Figure 3.6: The scaled turbulent heat flux as func-
tion of the bulk Richardson number is shown (de-
fined in the text) for z = 40 m. The maximum of the
curve appears to coincide with the abrupt change of
slope in Fig. 3.4. Colour coding and time frame are
as in Fig. 3.4.

initial stage of the night.
Figure 3.5 shows a characteristic shape, which is consistent with the on/off behaviour

of nocturnal turbulence: below a certain threshold value, steady turbulence cannot be
sustained [81, 82]. At the same time, truly on/off behaviour is unlikely to occur in nature.
Here, in the observations, on/off behaviour is smoothed by secondary dynamics and by
the averaging procedure itself. Apart from this caveat, as the wind speed increases with
height, different observational levels indicate different critical values. Note, that similar
dependencies have already been reported in observations by King [129] and Sun et al.
[73]. However, the critical case occurs simultaneously throughout the boundary layer: it
occurs when the wind speed class (Table 3.1) drops below 5.5 m s−1 (at the 40 m-level).
The similarity in shapes and the coincidence of the critical wind speed class invite us
to use the critical wind speed value for normalization of the horizontal axis. Later, the
theoretical concept of the minimum (critical) wind speed is used for this purpose.

3.3.6. THE MAXIMUM SUSTAINABLE HEAT FLUX
The effects of wind speed and temperature are combined in a non-dimensional graph
which depicts the turbulent heat flux as a function of the bulk Richardson number (Fig.
3.6). Here, the bulk Richardson number is defined as Rib = g /θ0 ·z∆θ/U 2 (in Fig. 3.6: z =
40 m). For normalization of the turbulent heat flux the so-called Maximum Sustainable
Heat Flux |Hmax | is used [81, 82],

|Hmax | = 4

27α

κ2ρcpθ0

g

U 3

z [ln(z/z0)]2 , (3.1)

where κ is the von Kármán constant (0.4), α is a closure parameter for log-linear flux-
profile relations (set to α = 4, based on current observations), ρ is the density of air
(1.2 kg m−3), cp is the heat capacity of the air at constant pressure (1005 J kg−1 K −1), θ0

is the typical air temperature (285 K ), g is the gravitational constant (9.81 m s−2), z0 is
the local surface roughness length (0.03 m), z is the height above the surface and U (z) is
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the wind speed at z.

The derivation of this expression is summarized in the next section. Note, that the
scaling itself is general, whereas the (optional) pre-factor (4/(27α)) arises from specific
model assumptions (here: the validity of log-linear, Businger-Dyer, similarity functions;
see below). From Fig. 3.6 (cf. the dimensional sketch in fig 2.4), it appears that the tur-
bulent heat flux maximizes at intermediate stability. This effect has been well-known
in literature [e.g. 105, 106, 131]. Physically, it reflects the fact that the heat flux is lim-
ited in its neutral extreme (absence of vertical temperature gradients) and in its very
stable extreme (suppressed vertical mixing). Interestingly, the maximum coincides with
the regime separation [see also: 131]) proposed in Fig. 3.4. Note, that formal analy-
sis on a simplified, plane Couette flow showed that at this maximum a negative feed-
back in the heat transport suddenly changes into a positive feedback, which eventually
causes a regime shift to occur [84]. At other altitudes (10, 20, 80 m, not shown here), the
regime (colour) separation also occurs at the maximum heat flux, albeit at different bulk
Richardson numbers. This aspect is discussed later.

Note, that direct interpretation of Fig. 3.6 in terms of Fig. 2.4 is non-trivial: The ver-
tical axis of Fig. 3.6 is normalized with Hmax , as such each class is scaled with a different
value. Idealistically (in theory) the turbulent heat flux curves would coincide [cf. 84].
Figure 2.4, alternatively, is normalized with a single value of the energy demand set by
the net radiation.

With respect to the time dependence (colour intensity), the weakly stable (blue) cases
approach a steady state within 3 hours (conglomerates of black points), whereas the very
stable cases show a systematic variation during the night: the aforementioned acceler-
ation causes a decrease in the bulk Richardson number (Rib ∼ 1/U 2) until again some
kind of preferred state is reached at Rib ≈ 0.2. Note, that as bulk quantities at a single al-
titude are considered, the generality of this number must be taken with caution. At first
impression, the observation of this preferred state might point to the conjecture made
by Wang and Bras [140]. They state that the MO similarity functions have a single solu-
tion. However, this is not the case, as their claim of such state being the only possible
state cannot be justified: weakly stable cases can have any stability between neutral and
Rib ∼ 0.2.

3.4. SHEAR CAPACITY AS REGIME PROGNOSTIC

Figures 3.4 and 3.5 show that the value of the critical wind speed depends on the obser-
vational height. On the other hand, it is clear that the regime transition of the boundary
layer as a whole cannot depend on a specific observational height. In van de Wiel et al.
[82] instead, it is shown that a transition is expected when the radiative heat loss at the
surface is significantly larger than the maximum downward turbulent heat flux that can
be supported by the flow at a given wind profile. Vice versa, one may start from the as-
sumption that the maximum sustainable heat flux should attain a significant fraction of
the net radiative heat loss (say an arbitrarily chosen fraction of ∼ 25%, or ∼ 10 W m−2)
to prevent extreme cooling (and hence the collapse of turbulence). In order to obtain
the expression for the critical profile, we follow van de Wiel et al. [81]. We start with the
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surface energy balance which is written as:

cv
∂Ts

∂t
= |H0|− (|QN |− |G|), (3.2)

with G the soil heat flux. For convenience, we use the absolute values of the fluxes here,
as such positive fluxes are directed towards the surface. We consider a case just after
sunset for an isolating surface with low heat capacity per unit area cv [Jm−2K −1] like
fresh snow or short grass. The key question is whether, at a given wind profile, sufficient
heat can be transported such that |H0| & O(|QN | − |G|), as to prevent extreme surface
cooling.

In order to describe the turbulent heat flux as a function of temperature and wind
speed, we adopt MOST [59] using bulk quantities. Though this is a crude assumption,
it was shown by van de Wiel et al. [81] that the final result is not very sensitive to this
approximation and that formal local similarity, allowing for effects of flux-divergence
leads to qualitatively similar answers (Appendix 3.A). The turbulent heat flux is modeled
via [141, 142].

|H | = ρcpκ
2

[ln(z/z0)]2 U∆θ · f (αRib), (3.3)

with Rib = z(g /θ0)(∆θ/U 2) (other quantities are defined as in the previous section).
For f (αRib) we take:

f (αRib) = (1−αRib)2; Rib ≤ 1/α,

f (αRib) = 0; Rib ≥ 1/α. (3.4)

This is equivalent to assuming log-linear similarity functions φm,h = 1+αz/L [142, 143].
Next, rearrangement leads to:

|H | · g

θ0

αz[ln(z/z0)]2

ρcpκ2U 3 =αRib(1−αRib)2, Rib ≤ 1/α. (3.5)

By differentiating (3.5) with respect to αRib , an expression for the maximum achiev-
able heat flux is obtained. The maximum is reached atαRib = 1/3 [e.g. 123, 124, 144] and
reads (in dimensional terms):

|Hmax | =
(

4

27α

)
ρcpθ0κ

2

g

U 3

z [ln(z/z0)]2 . (3.6)

Note, that the pre-factor on the r.h.s. (brackets) depends on the assumed specific clo-
sure f (αRib). In line with the discussion above, we require that the maximum achievable
heat flux should be above the demand |QN |−|G| at the surface. By substituting |QN |−|G|
for |Hmax | in (3.6) we find the minimum wind speed profile for sustained turbulence:

Umi n =
(

27α

4

)1/3 (
g

θ0κ2

(|QN |− |G|)
ρcp

z [ln(z/z0)]2
)1/3

. (3.7)

We now propose to normalize the wind speed with the minimum wind speed U /Umi n

at each level. This means that one compares the actual shear with the minimum shear
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needed to sustain a downward heat flux of significant magnitude. This then corresponds
to a critical wind profile, i.e. the minimum wind profile needed to sustain turbulence in
the boundary layer as a whole. The horizontal axis of Fig. 3.5 is normalized using this
critical profile to arrive at Fig. 3.7. From the colour separation in this figure, it appears
that indeed the regime transition can be predicted irrespective of the specific observa-
tional height.

Next, an estimate for the heat flux demand |QN |− |G| at the surface is needed. From
Fig. 3.3 at least some 10 W m−2 has to be supported by the heat flux in order to sustain
turbulence (either blue cases or red cases at the end of the night). Therefore, we take this
value as an estimate for the demand in equation (3.7). Note, that due to the 1/3 exponent
in the Umi n formulation the dependence to the exact value is weak. Moreover, it will be
shown that the regime separation itself is independent of the specific demand, provided
that a fixed value is taken.

As log-linear similarity functions are used in the derivation, clearly Eq. 3.7 is a spe-
cific result for that choice. However, adopting other similarity functions would result in
the same equation for Umi n with the exception that the pre-factor (in this case (27α)/4)
would be different, but still a constant. Thus, the fact that the regimes in Fig. 3.7 separate
is not affected by a particular choice for the closure.
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Figure 3.7: The kinematic stress as function of the normalized wind speed (using Eq. 3.7) is shown for z =
10,20,40 and 80 m. Colour coding is as in Fig. 3.4. Note that for this figure a different time frame is used.
The shades indicate times between t = 1 hr (lightest shade) and t = 3 hr (darkest shade). Normalization of the
horizontal axis results in a unique separation irrespective of the observational height.

It occurs that the aforementioned transition points coincide into a single critical
point: the normalization separates weakly stable from very stable cases irrespective of
the specific observational height. Hence, a single wind speed observation suffices to
predict the state of the clear nocturnal boundary layer just after sunset. This is the result
aimed for. In the example above, the critical value lies at U /Umi n = 1.04. Here, via Umi n

the critical value itself depends on our closure model and choice |QN |− |G| = 10 W m−2.
Alternatively, one could eliminate those choices from the normalization procedure and
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replace the demand directly by a fixed value of |QN | ’representative’ for clear skies (see
Section 3.5). Although this would change the critical value it clearly does not affect the
separation itself.

Here, we would like to discuss the normalization procedure apart from any specific
f (Rib) closure. Because U /Umi n compares the actual shear with the minimum required,
we coin a new closure-independent parameter as the shear capacity of the flow (SC). In
bulk properties, it is defined as:

SC =U

(
g

θ0κ2 · |QN |− |G|
ρcp

· z[ln(z/z0)]2
)−1/3

, (3.8)

whereas in gradient terms it reads as (see also Section 3.5):

SC =
(
∂U
∂z

)
(
∂U
∂z

)
mi n

=
(
∂U

∂z

)(
g

θ0κ2 · |QN |− |G|
ρcp

· 1

z2

)−1/3

. (3.9)

Note, that in Fig. 3.7: U /Umi n = (4/(27α))1/3 · SC , using the bulk form. In the remain-
der of the text, the model independent SC is used instead of U /Umi n to predict regime
transition.

3.4.1. AMBIGUITY OF LOCAL STABILITY INDICATORS

In atmospheric literature, z/L or Ri are successfully used to indicate local atmospheric
stability at a specific altitude above the surface. At the same time, it can be anticipated
that those local stability indicators cannot provide direct information on the global state
of the boundary layer (being weakly or very stable).

Figure 3.8: Theoretical profiles of the Richardson
number based on Monin-Obukhov theory for L =
10 m (red) and L = 50 m (blue). The dots illustrate
the fact that a single value of Ri (here 0.17) does not
unambiguously relate to one regime.

Figure 3.9: Wind profiles at t = 1 hr: very stable (red)
and weakly stable (blue) and the theoretical min-
imum wind speed based on equation 3.7 (black).
Note that above z = 100 m the theory is not valid.
The 10 m-data points are interpolated log-linearly
to the surface for visualization purposes.

To illustrate this, we analyze two cases: a ’weakly stable’ boundary layer with an
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Obukhov length L = 50 m and a ’very stable’ regime with L = 10 m. Under MOST:

φm = ∂U

∂z

κz

u∗
,

φh = ∂θ

∂z

κzu∗ρcp

|H | , (3.10)

so Ri = (z/L)φh/φ2
m . As before, we take φm,h = 1+αz/L (for α= 4), so that Ri = z/L(1+

αz/L)−1. Figure 3.8 shows the corresponding profiles of the gradient Richardson num-
ber. It is clear that a specific Ri , e.g. Ri = 0.17, corresponds to two completely different
situations (black dots): either the boundary layer is very stable and shallow and Ri was
monitored at a low observational level, or the boundary layer is deeper and in a more
turbulent state, but monitoring was done at a higher altitude. As such, we cannot unam-
biguously describe the state of the atmosphere by a Richardson number alone.

A similar ambiguity arises when z/L is used. This parameter can both change due
to changing flux conditions or due to a different observation height. As such, a regime
division based on the value of z/L solely, for example such as presented in Mahrt et al.
[131], cannot be unique.

Wind speed profiles at t = 1 hr are depicted in Fig. 3.9. The thick black dashed line is
the minimum wind speed profile (Eq. 3.7). We observe that at t = 1 hr the wind speed is
weaker than the minimum profile in all very stable cases (pre-sunset, 40 m wind U40 <
5.5 m s−1, red) and stronger in all weakly stable cases (U40 > 5.5 m s−1, blue). Of course,
later during the night the air in the very stable cases accelerates (e.g. Fig. 3.1) so that
U (z) ≈Umi n(z) and turbulence is recovered. Figure 3.9 illustrates that the shear capacity
largely eliminates this ambiguous height-dependence and is therefore more useful as a
global regime indicator for the wind profiles just after sunset.

The difference between z/L and Rib (as proxy for Ri ) versus SC becomes clear by
analysis of the observational data with respect to u2∗ as a function of the stability pa-
rameter (Fig. 3.10a, c and e). Both z/L and Rib show a region of intermediate stability
where the regime is not uniquely defined. Note, that normalization of the vertical axis is
omitted here as for the main observational period local flux information above z = 5 m
is not available. Clearly, the regime separation in Figs. 3.10e and f does not depend on
a specific observation level. A similar result is obtained when the temperature inversion
strength is analyzed (Fig. 3.10b, d and f). Note, that even in this non-scaled form Figs.
3.10a,b and c are strongly influenced by self-correlation [145, 146]. If for example, the
horizontal and vertical axes of Fig. 3.10c are compared, we see that z/L ∼ u−3∗ , while the
vertical axis also contains u∗. As such the observed relation between z/L and u2∗ is not
necessarily physical.

3.5. PHYSICAL INTERPRETATION
In our analysis, the criterion for regime transition depends on whether energy loss (de-
mand) at the surface can be compensated under a given wind profile. This comparison
is expressed in a non-dimensional parameter: the shear capacity (SC , Eq. 3.9). In this
section, we evaluate the idealized, academic case, such that a fixed heat flux can be im-
posed.
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Figure 3.10: The stability indicators are compared: (a) Rib vs. u2∗, (b) Rib vs. ∆θ (c) z/L vs. u2∗, (d) z/L vs. ∆θ, (e)
SC vs. u2∗ and (f) SC vs. ∆θ. SC as defined in Eq. 3.8. The dashed lines indicate the region of regime transition.
Clearly the regimes are only separated independently of the observational height when the horizontal axis is
normalized with the minimum wind speed. Colour coding is as in Fig. 3.4. Note that for this figure a different
time frame is used. The shades indicate times between t = 1 hr (lightest shade) and t = 3 hr (darkest shade).

The following strategy is used: First, we use the TKE budget to show that we can ex-
pect the shear capacity and momentum flux to be uniquely related. Then, the generic
relation (with the constraint that MOST is valid) between shear capacity and momentum
flux is obtained, using traditional MOST. This results in the non-dimensional counter-
part of Fig. 3.7. The theoretical relation is compared to field observations. Finally, the
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current analysis is put into perspective of local scaling theory.
This case is set up as follows: According to Fig. 2.4 flow transition is driven by a heat

flux demand |H0| at the surface. As such, we prescribe a constant heat flux equal to a
significant fraction of the net radiation |H0| = c · |QN |, with c a fraction on the order 0.1-
1. Although reality is much more complex, one could think of this case representing a
stable boundary layer over a surface, covered with fresh snow just after sunset (such that
the soil heat flux is small). Note that in numerical simulations such a flux-driven case is
easily set up [128, 147]. Furthermore, we assume wind (shear) to be fixed such that flow
acceleration effects have not yet occurred at the boundary.

3.5.1. RELATION BETWEEN SHEAR CAPACITY AND DIMENSIONLESS SHEAR
Below, we evaluate how the surface constraint |H | = |H0| = c · |QN | translates into the
TKE budget of the flow near the surface. With |H | = |H0| the steady TKE budget reads
(ignoring transport terms):

0 = ∂e

∂t
=−u′w ′ ∂U

∂z
− g

θ0

|H0|
ρcp

−ε. (3.11)

Next, we divide the equation by (κz)2(∂U /∂z)3 and obtain:

0 = −u′w ′

(κz)2
(
∂U
∂z

)2 −
g
θ0

|H0|
ρcp

(κz)2
(
∂U
∂z

)3 − ε

(κz)2
(
∂U
∂z

)3 . (3.12)

This dimensionless equation can be recognized as:

0 =φ−2
m − 1

SC 3 − ε̂ (3.13)

with φ−2
m the dimensionless flux (Eq. 3.10), SC the shear capacity (Eq. 3.9) and ε̂ the

dimensionless dissipation.
In this flux-driven system, we expect that φm and SC are uniquely related (dissipa-

tion is merely determined by the other terms, which act at the generating scales). SC is
determined by two external parameters: H0 and ∂U /∂z. For a given value of ∂U /∂z, one
could predict the functional form of φm(SC ) using the MOST-based scaling and taking
H = H0 (a derivation is provided in Appendix 3.A):

SC−3 = Ri · fh(Ri ),

φ−2
m = fm(Ri ). (3.14)

With this result, the traditional Businger-Dyer functions can be mapped exactly to an
alternative scaling based on the shear capacity, provided the following requirements are
met:

- Steady-state is reached;

- fm,h are known;

- |H0| is prescribed at the surface.
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For the simplest, linear, flux-profile relations, Eqs. 3.14 can be solved analytically (us-
ing fm,h = 1−8Rib , to compare with data later, we switch back to the bulk formulation).
This results in (see Appendix3.A):

φ−2
m = 1

2

(
1+

√
1−32SC−3

)
. (3.15)
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Figure 3.11: Equations 3.14 are solved for several choices for the similarity functions (see legend). This results
in the two black lines, which show the steady state solution of the dimensionless shear, as a function of the
shear capacity. Beyond the end-point of the lines no (steady) solution is possible as it requires H > Hmax (cf.
Fig. 2.4). Field observations are collected at the 20 m-level. Note that for this figure a different time frame is
used. The shades indicate times between t = 2 hr (lightest shade) and t = 6 hr (darkest shade). Here, later times
are chosen to focus on the steady state of the weakly stable cases.

This solution is shown in Fig. 3.11 (solid line). For more complex flux-profile rela-
tions, Eqs. (3.14) have to be solved numerically. The dash-dotted line shows the nu-
merical solution to Eqs. (3.14) using the more complex Businger-Dyer relations ( fm,h =
(1− 4Rib)2). Note, that Fig. 3.11 shows SC−1 on the horizontal axis, thus stability in-
creases to the right. The end-point (thick black dot) of each line corresponds to the crit-
ical point, where Eqs. 3.14 yield no solution for smaller SC . Physically, this corresponds
to the point where wind shear is too low (SC−1 is too large) such that the flux demand at
the surface |H0| cannot be supported by the flow.

Note, that as our regime transition is driven by the surface energy budget, rather than
by the flow alone, our analysis is not in disagreement with, for example, Galperin et al.
[148] and Zilitinkevich et al. [115], who state that such transition cannot be predicted by
merely considering the TKE budget. Here, through coupling of flow and boundary con-
ditions, a sudden collapse, or rather a qualitative regime transition, of turbulence can be
predicted. It is unlikely, however, that such a collapse leads to complete laminarization
in real atmospheric flows as motivated in Mauritsen et al. [114] and Zilitinkevich et al.
[115].

Ideally, a comparison with field observations would be made for a range of values of
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SC−1. Field observations in general, however, do not meet the requirements as formu-
lated above. As such, we cannot make a fair comparison between the field observations
and the theoretical prediction. Especially flux-divergence and the fact that |H0| is not
fixed, account for the significant deviation of the data points (coloured dots in Fig. 3.11)
from the theoretical prediction. The transition point itself, however, is weakly sensitive
to the prescribed surface flux |H0|. This is expressed in the fact that the regime sepa-
ration (vertical dashed line) is predicted accurately by the Businger-Dyer relations. In a
controlled experiment [e.g. 128] such a case as in Fig. 3.11 could be realized. Therefore,
these cases will be analyzed in a separate study. From a field observations perspective,
agreement is only expected when the measurements (including flux profiles) are con-
ducted over a strongly insulated surface (e.g. a snow-covered plane).

Note that a similar analysis can be made in order to arrive at a dimensionless equiv-
alent to the inversion strength ∆θ of Fig. 3.4. In gradient terms, this results in a relation
(see also: Appendix 3.A):

g

θ0

∂θ

∂z

(
θ0κ

2ρcp z2

g |H0|

)2/3

= f (SC ). (3.16)

However, here we limit ourselves to the proof-of-principle case above.

Considerations on the possibility of self-correlation reveal that, for this case, strong
self-correlation would imply a linearly increasing relation between SC−1 (∼ U−1) and
φ−1

m (∼U−1). However, the anticipated physical relation in Fig. 3.11 is a decreasing one.
As such the self-correlation is not expected to play a large role here.

3.5.2. LOCAL SCALING

(a) (b)

Figure 3.12: The near-surface kinematic stress versus the Monin-Obukhov stability parameter for a fixed energy
demand. Here the Obukhov length is defined as in Eq. 3.18 with c ·QN = 10 W m−2. Colour coding is as in Fig.
3.4. Measurements at levels: 10,20,40 and 80 m. The regimes are separated fairly well by the parameter z/LQ .
Note that a dominant self-correlation occurs in (a). (b) is repeated for comparison.

Finally, an interesting viewpoint is obtained by reconsidering the surface-driven TKE
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budget Eq. (3.11) and multiply it by the MOST scaling term κz/u3∗ which results in:

0 =φm − z/LQ − ε̃. (3.17)

With ε̃ the dimensionless dissipation and:

z/LQ = κzg

θ0ρcp

|c ·QN |
u3∗

. (3.18)

Here, LQ represents a ’Obukhov length’ based on a fixed surface flux |c ·QN | = |H0| =
10 W m−2. Physically speaking, the concept of LQ is of little value as the traditional def-
inition of L was formulated and interpreted in terms of observed |H |. Mathematically,
however, the relation above is similar to equation (3.13). This implies that z/LQ is ex-
pected to separate the regimes as was the case with SC . Figures 3.12a and b shows that
this is indeed the case (compare with Figs. 3.10c and d). The reason for this surprising
result lies in the fact that z/LQ compares the surface energy demand to the maximum
heat flux under given shear, similar to SC (see discussion).

3.6. DISCUSSION & CONCLUSION
A large number of field observations have been analyzed by applying an ensemble aver-
aging procedure. This allows the study of typical behaviour of clear nights in classes of
similar wind forcing, which leads to the introduction of a new dimensionless group, the
shear capacity. First, we briefly discuss usage of this parameter in relation to local stabil-
ity indicators such as Ri and z/L. As the atmospheric boundary layer is relatively well-
mixed during the day, fluxes are large compared to gradients. This inspired flux-based
scaling in the form of the Obukhov length (z/L) [59]. By contrast, turbulence is much
weaker during night-time [19]. In this case, gradients are relatively large compared to
fluxes. This leads to gradient-based scaling using the gradient Richardson number [Ri ;
see 106]. A similar advantage occurs for the shear capacity, where both U and Umi n

are of significant magnitude in the VSBL regime. Although the amount of observational
scatter may depend on whether fluxes or gradients are used, in principle, the same flux-
gradient relation will result. Mathematically speaking, a relation in terms ofφm(z/L) can
therefore be converted into fm(Ri ) and vice versa [149]. Both methods suffice in order
to relate the local gradients to the local fluxes to form a consistent closure model. On
the other hand, both z/L and Ri are height-dependent parameters so that their value is
non-uniquely related to a single boundary layer regime.

In the present study, a non-trivial mix of fluxes and gradients is used. The energy de-
mand of the surface |H0| is used as a flux parameter. It is on the order of the net radiative
heat loss and hence usually not small in cases when regime transitions are expected. The
fact that none of the scaling parameters become small in the very stable regime, explains
the surprisingly low amount of scatter of the red points in, for example, Fig. 3.7. Addi-
tionally, wind shear is an important variable as it drives the production of turbulence
during the night [73]. Both variables are combined in the non-dimensional shear capac-
ity SC , which relates the flow to the boundary condition. As before, it is shown that the
value of this parameter uniquely relates to the occurrence of boundary layer regimes.

We symbolically summarise the scaling alternatives as:
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(1) Scaling with internal flow parameters; flux-gradient relations:

[u∗; H ;κz] → z/L, [∂U /∂z;∂θ/∂z] → Ri .

(2) Scaling with flow parameters and boundary conditions of imposed flux; prediction
of regime transition:

[∂U /∂z; H0;κz] → SC .

We emphasize that in the present study strong assumptions had to be made in the
application of MOST beyond its formal range of validity. For an analysis on this impor-
tant issue we therefore refer to Sun et al. [73]. To the observations surface-based scal-
ing is applied up to an altitude of 80 m. In general, effects such as flux-divergence, can
no longer be ignored at such altitudes. Still, in this case, the observations regarding a
regime transition appear not to deviate from predictions based on the surface-layer the-
ory. From the analysis, we can conclude that:

(1) For the boundary layer as a whole two qualitatively different regimes exist in the
initial stage of the night: a weak wind case which is non-steady and characterized
by weak turbulence and a strong temperature inversion. The strong wind case on
the other hand is steady and characterized by continuous, relatively strong turbu-
lence and a limited temperature inversion.

(2) The regime can be unambiguously indicated by the introduction of a new dimen-
sionless group: the shear capacity of the flow. This group compares the required
wind shear (based on the required surface heat flux) and the actual wind shear.

Analysis of the temporal development reveals that ’collapsed’ cases tend to recover
to a more turbulent state later at night. This state appears to be rather similar among all
very stable cases.

Finally, also a theoretical analysis is made. This results in non-dimensional relations
between the momentum flux and shear capacity. In the future this scaling behaviour of
the shear capacity will be investigated in more idealized environment using DNS [as for
example by 54, 62, 128]). This allows in-depth analysis of the proposed non-dimensional
physical relationships.

3.A. MAXIMUM SUSTAINABLE HEAT FLUX
Analogue to the bulk approach in Section 3.4 a gradient approach can be followed. In
gradient terms the heat flux reads:

|H |
ρcp

= (κz)2 ∂U

∂z

∂θ

∂z
f (αRi ), (3.19)

which becomes
ˆ|H | = |H |

ρ0cp
· αg

θ0(κz)2
(
∂U
∂z

)3 =αRi f (αRi ), (3.20)

in dimensionless form.
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Setting the derivative with respect toαRi equal to zero gives a value forαRi at which
the maximum heat flux can be attained. In the case of the log-linear closure this yields

ˆ|H |max = 4/27. Returning to the dimensional equation for |H | we observe that the di-
mensional maximum sustainable heat flux |Hmax | ∼ (∂U /∂z)3.

3.B. RELATION BETWEEN φm AND SC
Here, a short derivation of is provided for the shear capacity in terms of the bulk

Richardson number (conversion to the gradient case is straightforward). The same aca-
demic case as in Section 3.5 is used, i.e. we assume |H | = |H0| is known, the shapes of the
flux-profile relations are known and a steady-state is reached. Next, an example is given
of a case, in which the conversion from the flux-profile relations to the shear capacity
formulation can be made analytically.

In bulk formulations the turbulent heat flux reads:

H0

ρcp
= κ2

[ln(z/z0)]2∆U∆θ fh(Rib). (3.21)

Multiplication with (g z [ln(z/z0)]2)/(θ0κ
2∆U 3) yields:

SC−3 = g z [ln(z/z0)]2 H0

θ0ρcpκ2∆U 3 = Rib · fh(Rib). (3.22)

Similarly the bulk formulation of the kinematic stress:

u2
∗ = ∆U 2κ2

[ln(z/z0)]2 fm(Rib) (3.23)

can be rewritten to the normalized momentum flux:

φ−2
m = u2∗ [ln(z/z0)]2

∆U 2κ2 = fm(Rib). (3.24)

These results are used in Eq. 3.14 of the main text and in the example below.

EXAMPLE CASE: ANALYTICAL CONVERSION
This example aims to provide insight in the mathematical conversion from the flux-
profile relations to the SC -formulation. To show the principal steps, linear flux-profile
relations are used, as the Businger-Dyer relations would yield an intractable derivation.

The linear profiles are entered into Eq. 3.22:

SC−3 = Rib ·max {(1−8Rib),0} . (3.25)

This quadric equation is solved for Rib (only the physical solution is presented):

Rib = 1

16

(
1−

√
1−32SC−3

)
. (3.26)

This result is then substituted in Eq. 3.24:

φ−2
m = 1

2

(
1+

√
1−32SC−3

)
. (3.27)
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By differentiating Eq. 3.25 with respect to Rib , the critical value for SC−3 is obtained
(i.e. SC−3 = 1/32). This is also expressed in the fact that Eq. 3.27 becomes invalid for
SC−3 > 1/32. Thus the critical point is {SC−1

c ,φ−1
m,c } = { 3p1/32,1/

p
2} (thick black dot in

Fig. 3.11). The normalized temperature difference is derived in a similar fashion:

∆̂θ = g

θ0
z∆θ ·

(
θ0κ

2ρcp

g |H0|z [ln(z/z0)]2

)2/3

= SC 2 ·Rib = SC 2

16

(
1−

√
1−32SC−3

)
. (3.28)





4
ANTICIPATING THE REGIME

TRANSITION USING DIRECT

NUMERICAL SIMULATION

The evening transition is studied in an idealized model for the nocturnal boundary layer.
As described in the previous chapters, the nocturnal boundary layer may manifest itself
in two distinct regimes, depending on the ambient synoptic conditions: strong-wind or
overcast conditions typically lead to weakly stable, turbulent nights; clear-sky and weak-
wind conditions, on the other hand, lead to very stable, weakly turbulent conditions.
Previously, the dynamical behaviour near the transition between these regimes was in-
vestigated in an idealized setting. The model used, however, relied on MOST to describe
turbulent transport. In the current study we investigate a similar set-up, using direct nu-
merical simulation. In contrast to MOST-based models, this type of simulation does not
need to rely on turbulence closure assumptions. Here, we show that previous predictions
are verified, but now independently of parameterizations for turbulence. Also, it appears
that a regime shift to the very stable state is signaled in advance by specific changes in
the dynamics of the turbulent boundary layer. Here, we show how these changes may be
used to infer a quantitative estimate of the transition point from weakly stable boundary
layer to the very stable boundary layer. In addition, it is shown that the idealized, noc-
turnal boundary-layer system, shares important similarities with generic non-linear dy-
namical systems that exhibit critical transitions. Therefore, the presence of other, generic
early warning signals is tested as well. Indeed, indications are found that such signals are
present in stably stratified turbulent flows.

This chapter is based on van Hooijdonk, I.G.S., Moene, A.F., Scheffer, M., Clercx, H.J.H., and van de Wiel, B.J.H.
(2017). Early Warning Signals for Regime Transition in the Stable Boundary Layer: a Model Study. Boundary-
Layer Meteorology, 162, 283-306
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4.1. INTRODUCTION
The collapse of turbulence is investigated here using direct numerical simulation (DNS)
of a plane Couette flow with constant heat-flux boundary conditions. This idealized set-
up is used as a model for the nocturnal boundary layer (NBL). Of special interest are
changes in the dynamical behaviour as the system approaches a regime transition, i.e.
the collapse of turbulence. We show that certain properties of the flow signal imminence
of a critical regime transition. We demonstrate that those ’early warnings’ may be used
to estimate the transition point beforehand. An important aspect of the method is that
it does not rely on a parameterized description of turbulence.

As discussed in Chapter 2, the division into two regimes may be explained from the
fact that the turbulent heat flux maximizes at intermediate stability. The existence of a
maximum heat flux was shown in dynamical single-column models based on idealized
physical arguments and the application of MOST [e.g. 82, 109]. Other studies investi-
gated the dynamic stability of equilibria of such models [84, 142]. Although such one-
dimensional models provide important insights using parameterizations for turbulence,
it remains unclear how these aspects of multiple equilibria and dynamic stability man-
ifest themselves in a fully resolved three-dimensional flow. A novel aspect presented in
this chapter is the application of direct numerical simulation (DNS) to replicate the ide-
alized NBL model as set up by van de Wiel et al. [84] in a three-dimensional setting. As
in DNS the Navier-Stokes equations are solved up to the Kolmogorov length scale, we do
not rely on the validity of any parameterization for turbulence, e.g. MOST, at any stage.
We specifically study aspects of the system related to the dynamically stable equilibrium.
Increased understanding on a fundamental level may be beneficial for the interpretation
of field observations, and additionally, a well-understood idealized system can serve as
a canonical case.

Although MSHF theory explains the existence of two regimes, it remains a challenge
to predict the transition point. In parameterized models a transition from a turbulent
flow (WSBL regime) to a laminar flow (VSBL regime) can be predicted using MOST. With-
out parameterization, however, such predictive metrics do not exist. We investigate the
predictability of a regime transition in the PCF when surface cooling is systematically
increased. Two novel approaches are employed to obtain such early warning signals for
regime transition, without relying on turbulence parameterization. First, MSHF theory
suggests that changes in flow characteristics (e.g. the temperature signal) may indicate
an imminent regime transition. We investigate if these system-specific early warning
signals are present in our set-up. Second, we use dynamical systems theory to inves-
tigate the presence of generic signals, which are applied in other fields [e.g. 150–152].
These approaches may provide potential tools for studying critical regime transitions in
turbulent flows.

This chapter is organized as follows: in Section 4.2, the current model is described
(see Chapter 2 for further details). In Section 4.3 the numerical method and research
strategy are discussed and validated. Section 4.4 is divided into two main parts; first,
results are presented that show how the system responds to different surface cooling
rates. Next, we show how the results can be used to infer a closure-independent estimate
of the critical point. Section 4.5 contains the discussion. The chapter is finalized with a
brief summary and outlook.
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4.2. MODEL SET-UP

4.2.1. HEAT-FLUX BOUNDARY CONDITIONS
In this chapter, the 3D plane PCF is used as a model for the SBL. After sunset the SBL be-
comes stably stratified due to cooling by net radiative emission. As a result the shear pro-
duction of turbulence is in competition with the buoyancy forces. For low-heat-capacity,
insulated surfaces (e.g. fresh snow, short grass), surface temperatures rapidly respond to
the continuous energy loss by net radiation. To mimic this effect in our model, the PCF
is extended with heat-flux boundary conditions, without explicitly modeling the energy
balance of the surface itself [similar to the set-up of 128].

Here, a downward heat flux H0 is prescribed at both the top and bottom boundaries
for symmetry purposes. Thus the flow is heated from the top, in addition to being cooled
at the surface, such that the heat content in the system remains constant. Although H0

formally refers to both cooling and heating in our model, we refer to H0 as ’cooling rate’
or ’surface cooling’ in the remainder of this text.

The cooling rate introduces a new dimensionless control parameter, closely related
to the so-called shear capacity SC (Chapter 3). Here, this parameter is defined as,

SCC =
[
θ0ρcpU 3

0

g hH0

]1/3

, (4.1)

where the subscript C refers to ’Couette’, g is the acceleration due to gravity, θ0 is the ref-
erence temperature, ρ is the density and cp is the specific heat capacity. This parameter
compares the plate velocity U0 to a velocity scale defined by the imposed heat flux H0.
This velocity scale is proportional to the minimum wind speed for sustained turbulence
Umi n , which is the wind speed at which H0 is equal to the MSHF. As such, shear capacity
describes whether the competition between the stabilizing buoyancy (due to cooling)
and the destabilizing shear (due to plate velocity) can balance. For high SCC we expect
a turbulent, statistically steady state, while for low SCC we expect that the flow cannot
sustain the fully turbulent state. Alternatively, SC−3

C is interpreted as the dimensionless
cooling rate Ĥ .

4.2.2. GOVERNING EQUATIONS
The conservation equations (in the Boussinesq approximation, Eq. 1.1) are normalized
using the external parameters for this system: velocity scale U0, length scale h and kine-
matic surface heat flux H0/(ρcp ). Combining these external parameters yields a temper-
ature scale (subscript scl) with which we normalize the heat equation,

Tscl =
H0

ρcpU0
. (4.2)

Normalization results in the following set of dimensionless equations,

∂ui

∂xi
= 0, (4.3)

for the conservation of mass



4

48 4. ANTICIPATING REGIME TRANSITIONS

∂ui

∂t
+u j

∂ui

∂x j
=− ∂P

∂xi
+ 1

SC 3
C

Tδi 3 + 1

Re

∂2ui

∂x2
j

, (4.4)

for the conservation of momentum, and

∂T

∂t
+u j

∂T

∂x j
= 1

Pr Re

∂2T

∂x2
j

, (4.5)

for the conservation of heat (Einstein summation convention applies). In these equa-
tions ui is the normalized velocity vector in direction i , with {u1, u2, u3} = {u, v, w} , xi

is the normalized position vector, with {x1, x2, x3} = {x, y, z}, δi j is the Kronecker delta,
T is the normalized deviation with respect to a reference temperature θ0/Tscl and P is
the normalized pressure.

The dimensionless ratio of the kinematic viscosity and heat diffusion κθ is expressed
through the (molecular) Prandtl number, which is kept constant at Pr = ν/κθ = 1 for
simplicity. The Reynolds number is also kept constant at Re = 2500. Observe that, be-
sides Re and Pr , SCC appears naturally from the non-dimensionalization of the govern-
ing equations. Consequently, the behaviour of the full system is determined by these
three dimensionless numbers. We investigate the effect of decreasing the shear capacity
SCC (i.e. increasing Ĥ) until a transition to the very stable state occurs. For the analysis,
Reynolds decompositions is used as defined in Eqs. 1.3.

4.3. SOLUTION METHODS

4.3.1. NUMERICAL METHOD
The conservation equations for momentum and heat are solved using a fractional-step
algorithm [153]. The implementation details are similar to the large-eddy model used by
Moene [154]. Here, however, the DNS configuration is used [similar to the Poiseuille set-
up of 64]. For time advancement a second order accurate Adams-Bashforth technique
is used; for the derivatives in space a second order accurate finite-volume discretiza-
tion is used. Output consists of vertical profiles of the first- and second-order moments
(e.g. mean velocities, eddy-covariances), averaged over the full horizontal domain. The
domain is periodic in both horizontal directions; in the vertical direction the boundary
is defined at half-grid level. For the velocity components no-slip (Dirichlet) boundary
conditions are applied and for heat flux Neumann boundary conditions are applied.

The domain size is Lx ×Ly ×Lz = 10×10×2 (normalized by the domain half-height
h), with number of uniformly distributed grid cells nx ×ny ×nz = 360×360×180, where
the subscripts x, y and z indicate the directions. The near-neutral cases are affected by
this limited domain size, in the sense that two-point correlations of u′ in the stream-
wise direction remain non-negligible over the full domain (see Appendix A). This is a
consequence of large-scale horizontal motions that exist in PCFs [e.g. 91, 98]. In our
simulations this correlation becomes weaker as stability becomes larger. The relatively
small domain size causes slow temporal fluctuations, which would correspond to spatial
fluctuations in a larger domain [see also: 41]. Similar to Tsukahara et al. [99] and Deuse-
bio et al. [41], the temporally-averaged first- and second-order statistics are almost in-
sensitive to the domain size. Domain-independence is verified more extensively for the
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neutral case and one stably stratified case by additional runs using double horizontal
domains, which confirms this insensitivity (not shown).

To assess to what extent the smallest scales of turbulence are resolved, the Kolmogorov
length is estimated as

η= ν3/4

ε1/4
, (4.6)

with ε the dissipation rate of turbulent kinetic energy (TKE). The dissipation rate is es-
timated as ε ≈ 0.003U 3

0 /h using the steady state value of ε in the neutral case. Here ε is
defined as

ε= 2ν

〈(
∂u′

i

∂x j

)2〉
D

, (4.7)

where 〈...〉D indicates averaging over the entire domain and summation over i and j is
implied. In terms of the Kolmogorov length the grid resolution for the neutral case is
estimated as ∆x ×∆y ×∆z = 2.3η×2.3η×0.9η (for stably stratified cases, the resolution
increases, see next section). As such, we are at the limit of fully resolving the Kolmogorov
scale. However, as discussed in Nieuwstadt [128] and Donda et al. [64] we expect that
effects of static stability to manifest themselves primarily at the larger scales. Also, Moin
and Mahesh [155] suggest that DNS can still achieve acceptable accuracy, using grid res-
olutions slightly larger than η in the horizontal direction. We verified that a run with
the default resolution and a run with double horizontal resolution yield close agree-
ment with the logarithmic-law diagnostic function as presented in Pirozzoli et al. [95]
(not shown).

It is necessary to validate the present set-up and code. Therefore, the consistency of
the current results with the literature [99] and analytical solutions is assessed in Section
4.3.4.

4.3.2. STRATEGY

Table 4.1 shows an overview of the investigated configurations. To initialize the neutral
case (SCC →∞) an artificial flow field is used. This field consists of two super-positioned
parts: a horizontally homogeneous logarithmic profile, which is predicted analytically;
and a spatially inhomogeneous flow field to initialize turbulence, which consists of ran-
domly oriented harmonic oscillations of different phase and wavelength. This field is al-
lowed to develop until t = 100h/U0 to obtain a fully turbulent field which is uncorrelated
to the initialization. Runs T1, T2 and N (see Table 4.1) are started from such turbulent
fields.

The comparison runs T1 and T2 use configurations as in Tsukahara et al. [99]. Note
that our definition of the Reynolds number is used, which is different from that in Tsuka-
hara et al. [99]. Run N provides the neutrally stratified reference case. This run is contin-
ued sufficiently long, such that a statistically steady state exists. Next, the buoyancy term
in Eq. 4.4 is systematically increased by decreasing SCC (i.e. increasing Ĥ). It is expected
that if Ĥ > Ĥcr i t , no turbulent statistically steady state can be found, and that turbulence
intensity suddenly drops to much smaller levels. We investigate what the value of Ĥcr i t is
for this particular set-up and how the steady state of the flow changes in case Ĥ < Ĥcr i t .
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For each run the statistically steady state, which results from a prior run (one step less
stable), is used as a starting point. For runs S1-S4 this starting point is provided by run
N, whereas runs S5-S14 are initialized with the statistically steady state of runs S4-S13,
respectively. Especially close to the critical point this step-wise approach is necessary,
since large steps may result in collapse of turbulence, despite the fact that a turbulent
steady state still exists. Runs S15 and S16 are both initialized with run S13, because runs
S14 and S15 do not reach a statistically steady state. Four additional runs (S7-N, S9-
N, S10-N and S11-N) are performed to investigate the typical time needed to reach a
steady state, as well as to verify that the results are independent of the initial conditions.
These runs use the same cooling rates as runs S7, S9, S10 and S11, but are initialized with
neutral conditions (i.e. run N).

The resolution in terms of wall units is defined as,

∆+
i =∆i ·Reτ, (4.8)

where the subscript i denotes the directions (x, y or z) and Reτ = u∗h/ν ranges from
Reτ ≈ 145 for the neutral case to Reτ ≈ 110 for run S13, where the friction velocity u∗ is
diagnosed from the DNS results,

u2
∗ = 1

ν
〈(∂zU )z=0〉t . (4.9)

Here, 〈...〉t denotes additional averaging in time.
The simulation length of each run is t = 600 h/U0. To give some indication of how the

simulation length corresponds to dimensional time, the values from Fig. 2.3 are taken as
an example, i.e. U0 ≈ 5 ms−1 and h ≈ 40 m. Using these values, we find that a simula-
tion length of 600 h/U0 corresponds to 1.5 hours of dimensional time in a typical NBL.
Since a strongly idealized system is used here, this value should be taken as an order-of-
magnitude estimate only.

4.3.3. CASE SET-UP

4.3.4. VALIDATION
PCFs have been studied extensively for the neutral, non-stratified case. For example,
Tsukahara et al. [99] published an overview of several numerical and experimental stud-
ies of this flow for various configurations (domain sizes, Reynolds numbers). Two of their
runs were repeated using the current code (T1 and T2) to assess the performance of the
current numerical method with respect to their benchmark. We define these cases us-
ing the Reynolds number based on the domain half-height, rather than the full domain
height as in Tsukahara et al. [99].

Stably stratified PCFs have been limited to configurations which use a fixed temper-
ature as a boundary condition. Therefore, MOST-based profiles are used for comparison
with the stably stratified cases.

As Tsukahara et al. [99] presented their results in wall units, we adopt the same nor-
malization,

u′+
i =

〈u′2
i 〉1/2

H ,t

u∗
, (4.10)
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Table 4.1: Overview of the configuration for each run. From left to right the columns read: the run la-
bel, Reynolds number, simulation length, resolution in wall units ∆+

i , shear capacity, dimensionless sur-
face cooling, domain size and the field used as initial condition (IC). The number of grid points is: for run
T1 [nx , ny , nz ] = [1024, 512, 96]; for T2 [nx , ny , nz ] = [512, 256, 72]; and all other runs [nx , ny , nz ] =
[360, 360, 180]. Runs indicated with an asterisk do not become steady within the simulated time.

Run Re t [h/U0] ∆+
x ∆+

y ∆+
z SCC Ĥ [·10−5] Lx ×Ly ×Lz IC

T1 750 300 4.4 1.2 1.0 Inf 0 44.8h ×6h ×h -
T2 2150 300 12.2 6.1 3.6 Inf 0 24h ×6h ×h -

N 2500 600 4.0 4.0 1.6 Inf 0 10h ×10h ×2h -
S1 2500 600 3.9 3.9 1.6 79.4 0.2 10h ×10h ×2h N
S2 2500 600 3.9 3.9 1.6 63.0 0.4 10h ×10h ×2h N
S3 2500 600 3.9 3.9 1.6 55.0 0.6 10h ×10h ×2h N
S4 2500 600 3.9 3.9 1.6 46.4 1 10h ×10h ×2h N
S5 2500 600 3.9 3.9 1.6 40.5 1.5 10h ×10h ×2h S4
S6 2500 600 3.8 3.8 1.5 36.8 2 10h ×10h ×2h S5
S7 2500 600 3.7 3.7 1.5 32.2 3 10h ×10h ×2h S6
S8 2500 600 3.7 3.7 1.5 29.2 4 10h ×10h ×2h S7
S9 2500 600 3.6 3.6 1.4 27.1 5 10h ×10h ×2h S8

S10 2500 600 3.5 3.5 1.4 25.5 6 10h ×10h ×2h S9
S11 2500 600 3.3 3.3 1.3 24.3 7 10h ×10h ×2h S10
S12 2500 600 3.1 3.1 1.2 23.7 7.5 10h ×10h ×2h S11
S13 2500 600 3.1 3.1 1.2 23.4 7.75 10h ×10h ×2h S12
S14* 2500 1200 2.5 2.5 1.0 23.2 8 10h ×10h ×2h S13
S15* 2500 600 2.5 2.5 1.0 22.7 8.5 10h ×10h ×2h S13
S16* 2500 450 2.5 2.5 1.0 22.3 9 10h ×10h ×2h S13

S7-N 2500 600 3.7 3.7 1.5 32.2 3 10h ×10h ×2h N
S9-N 2500 600 3.6 3.6 1.4 27.1 5 10h ×10h ×2h N

S10-N 2500 600 3.5 3.5 1.4 25.5 6 10h ×10h ×2h N
S11-N 2500 600 3.3 3.3 1.3 24.3 7 10h ×10h ×2h N

where 〈...〉H denotes averaging over the full horizontal plane, and i denotes the veloc-
ity component (u, v or w). Note that u′

i and u∗ are already normalized using U0. The
vertical position in wall units reads (all dimensionless),

z+ = zuτ
ν

. (4.11)

Although we did not perform a formal statistical error analysis, the close agreement in
Fig. 4.1 suggests that our simulations are able to reproduce the results of Tsukahara et al.
[99].

Figures 4.2a and b show profiles of the normalized turbulent and viscous fluxes of
momentum and heat for a stably stratified case (SCC = 29, Ĥ = 4 ·10−5). It verifies that
the total heat flux is equal to the imposed heat flux over the full height. Furthermore it
shows that the turbulent fluxes of both heat and momentum are relatively constant in
the centre of the flow.

In general, the governing equations cannot be solved analytically. Under certain



4

52 4. ANTICIPATING REGIME TRANSITIONS

u+; v+; w+
0 0.5 1 1.5 2 2.5 3

z
+

0

10

20

30

40

50
u+

v+

w+

(a)

u+; v+; w+
0 0.5 1 1.5 2 2.5 3

z
+

0

20

40

60

80

100

120

(b)

Figure 4.1: Comparison of the dimensionless velocity fluctuations profile with Tsukahara et al. [99] for cases T1
(a) and T2 (b). Solid lines are obtained from Tsukahara et al. [99] with a data digitizer. Dashed lines represent
root-mean-squared fluctuations of the three velocity components (Eq. 4.10) as indicated in the legend.

assumptions, however, mean velocity and temperature profiles can be obtained. For
brevity we restrict ourselves to introducing the main assumptions, while referring the
reader to van de Wiel et al. [84] for a full derivation.

We assume that the flow is statistically steady and horizontally homogeneous. Since
fluxes are independent of the height, we additionally assume that the mean profiles can
be described with MOST [59] and the Businger-Dyer flux-profile relations [110], with the
turbulent Prandtl number PrT = 1.

The dimensionless equations for momentum and heat then reduce to,

0 = ∂U

∂t
= ∂τ

∂z
= ∂

∂z

(
(κz)2

(
∂U

∂z

)2

(1−αRi )2
)

(4.12)

and

0 = ∂θ

∂t
=−∂H

∂z
= ∂

∂z

(
(κz)2 ∂θ

∂z

∂U

∂z
(1−αRi )2

)
. (4.13)

Here, α= 4.5 as obtained from our DNS results and κ = 0.4 is the Von Kármán constant
[61]. The value for α appears to fit within the range found in literature [e.g. 62, 149, 156].
The Richardson number is defined as (using dimensionless gradients),

Ri = SC−3
C
∂θ

∂z

(
∂U

∂z

)−2

. (4.14)

Velocity and temperature profiles, as well as turbulent fluxes can be obtained from
these equations for the weakly stable state. The velocity profiles for two cases (neutral
and SCC = 29) are compared to the profiles that were obtained from Eqs. 4.12-4.14 (Fig.
4.3). General agreement with the MOST-based profiles is good, except in the buffer layer
where MOST becomes invalid.

The agreement of the mean flow properties between our results and the benchmark
cases [99, and MOST] indicates that our results are plausible for both cooled and neutral
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Figure 4.2: Momentum (a) and heat (b) fluxes normalized using u∗ for case S8 (SCC = 29): turbulent fluxes
(solid), diffusive fluxes (dash-dot), and total flux (dotted). The thin vertical line indicates the predicted total
flux, based on its surface value

system configurations. Additionally, Figs. 4.2a and b show that diffusive transport of
heat and momentum are limited to a few percent in the centre of the flow.

4.4. RESULTS

4.4.1. TEMPORAL EVOLUTION

In this section, the temporal behaviour for all cases (N, S1-16, see Table 4.1) is inves-
tigated. Figures 4.4a, b and c shows typical results (intermediate cases are omitted for
clarity). These results are obtained in the centre of the flow domain (0.5 < z < 1.5), since
this region remains largely unaffected by viscous effects. As a proxy for turbulence in-
tensity, the vertical velocity fluctuations σw are used, defined as:

σw = 〈w ′2〉1/2
C . (4.15)

Here, 〈...〉C denotes averaging over the full horizontal domain and over the centre region
(0.5 < z < 1.5). Note, that we exploit symmetry of the system to collect the statistics from
the bottom half as well as the top half of the domain.

We prefer the fluctuations of the vertical velocity component as measure for the tur-
bulence intensity over, for example, the turbulent kinetic energy (TKE) [cf. 44]. The TKE
may be affected by large-scale horizontal meandering motions [e.g 91]. These motions
result in increased variance with respect to the mean flow for the horizontal compo-
nents, but they should not be seen as three-dimensional turbulence [e.g. 157–159].

The temperature fluctuations σθ are defined analogously to σw . We also define a
characteristic measure for the inversion strength by:

∆θ = θ(z = 1.5)−θ(z = 0.5). (4.16)
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(a) (b)

Figure 4.3: Comparison between the (dimensionless) theoretical profiles for (a) case N (neutral) and (b) case S8
(SCC = 29). The lines represent: (blue) simulated velocity profiles; (black dash-dot) log-linear velocity profile
(obtained from Eqs. 4.12 and 4.13); (orange) simulated temperature profile; (dashed) log-linear temperature
profile (Eqs. 4.12 and 4.13). In-sets show the same comparison of velocity profiles in wall units, with the
addition of the line U+ = z+−U+

0 (black dotted), indicating linear near-wall behaviour.

Figures 4.4a, b and c show that the weakly stable cases (Ĥ . 8 ·10−5) reach a (statisti-
cally) steady state after some adjustment period (defined as t < 200 h/U0). Interestingly,
the response of the vertical velocity fluctuations σw to increased cooling appears quite
weak for these cases. Case S16 (green), however, is clearly distinct from the other cases
shown by the sharp increase in ∆θ (Fig. 4.4a) and the sharp decrease in fluctuations
σw ,σθ (Figs. 4.4b, c). This qualitative transition may be explained by the MSHF the-
ory, i.e. for supercritical surface cooling the flow becomes very stable and turbulence is
strongly suppressed.

A closer inspection of intermediate cases (not shown) indicates that the critical cool-
ing Ĥcr i t occurs in the interval Ĥ ∈ [8.0 · 10−5;8.5 · 10−5], which corresponds to SCC =
[23.2;22.7]. Within this range, turbulence decays slowly and is never stationary. An ex-
tension (up to t = 1200 h/U0) of run S14 (Ĥ = 8 ·10−5) verified that the decay continues
and that turbulence becomes very weak (i.e. less than 1% of the initial intensity).

4.4.2. ATMOSPHERIC EXAMPLE
Due to the normalization, it is not straightforward to interpret these results in the atmo-
spheric context. To facilitate a more direct interpretation, typical values for atmospheric
flows are used to present some results in dimensional form: air density ρ = 1.2 kg m−3,
specific heat capacity cp = 1005 JK−1kg−1, typical air temperature θ0 = 285 K and g = 9.81
ms−2. Again we take U0 = 5 ms−1 and h = 40m. The dimensional cooling rate can be de-
termined by,

H0 =
U 3

0θ0ρcp

g h
Ĥ . (4.17)

As Ĥ varies from 0 to 9·10−5, the dimensional equivalent H0 varies from zero to 10 Wm−2.
As such, the transition to a very stable boundary layer roughly occurs, when the cooling
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Ĥ = 3 " 10!5
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Figure 4.4: (left column) Temporal evolution of (a) the temperature difference ∆θ, (b) mean vertical velocity
fluctuation and (c) mean temperature fluctuation (all dimensionless). Averages are between z = 0.5−1.5 and
over the full horizontal domain. Colours as indicated in the legend. (right column) Steady-state values of (d)
∆θ, (e) σw and (f) σθ as a function of the dimensionless cooling rate. For a cooling rate Ĥ > 8.5 · 10−5 no
turbulence can be sustained, while the temperature difference increases sharply. The dashed lines indicate
the standard deviation as defined in the main text. These lines may be interpreted as error bars. Note that
the crosses indicate that no equilibrium has been reached. For these data points the flow likely laminarizes
eventually.
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rate exceeds 9 Wm−2. The temperature difference (measured between the surface and
the centre of the flow) is approximately constant around a value of 985 when Ĥ = 7 ·10−5

(purple line). This corresponds to a dimensional equivalent temperature difference of
1.3 K over 40 m. Considering the strong idealization in our set-up, these values seem
reasonable as a rough estimate for the real NBL [e.g. as compared to 85, where the tem-
perature difference is approximately 2 K over 40 m]. Also, the critical value SCC ≈ 23 (as
found in Section 4.4.1) corresponds closely (. 5% difference) to the value found using
Eq. 3.7 from the previous chapter.

4.4.3. STEADY STATE
From Figs. 4.4a, b and c it becomes clear that the (statistically) steady state is affected by
the increased surface cooling. In Figs. 4.4d, e and f the response of the steady state,
defined by the time averaged (200 < t < 600 h/U0) value of {∆θ, σw , σθ}, to the in-
creased surface cooling is depicted. The magnitude of the temporal fluctuations during
the steady period (Fig. 4.4a, b and c) are interpreted as ’error bars’ in Figs. 4.4d, e and f
(dashed lines). This magnitude is defined as,

σ(σw ) = 〈(σw −〈σw 〉t )2〉1/2
t , (4.18)

where 〈...〉t indicates averaging in time. Equivalent definitions apply toσ(∆θ) andσ(σθ).
Figure 4.4d shows how the temperature difference is affected by the surface cooling.

The effect of the increased cooling becomes more pronounced as the critical point is
approached. The increased effect is explained using the MSHF theory in the next section.

Figure 4.4e shows that σw is not as strongly affected as ∆θ. Also, the effect of the
increased cooling is weak compared to the fluctuations σ(σw ), except close to the criti-
cal point. This weak response may be expected, since at the point of collapse, the bulk
Richardson number as measured between z = 0 and z = h is still relatively small, i.e.
Rib = SC−3

C h[θ(h)−θ(z0)]/U 2
0 . 0.03.

The temperature fluctuations are shown in Fig. 4.4f. We observe that when Ĥ < Ĥcr i t

the temperature fluctuations increase with increasing Ĥ . Thus it appears that the de-
crease in vertical motion σw , that would lead to a reduced temperature variance, is
compensated by an increased temperature gradient. Conversely, in case Ĥ > Ĥcr i t the
temperature fluctuations become very small due to the absence of velocity fluctuations.
Similar to ∆θ and σw the slope of σθ with respect to Ĥ appears to increase prior to col-
lapse.

4.4.4. EARLY WARNING SIGNALS FOR CRITICAL TRANSITIONS
The regime transition appears to be preceded by an increased slope in Figs. 4.4d, e
and f. Hence, we explore whether the turbulent flows contain ’hidden’ information (e.g.
change in slope) about a nearing collapse. Following the nomenclature on transitions
in generic non-linear dynamical systems [e.g. 160], we refer to this information as ’early
warning signals’.

A quantitative estimate for the critical point could also be obtained if one adopts a
certain turbulence closure like MOST [e.g. 64, 84]. However, we aim to make such a
prediction independent of any closure here by using the MSHF theory. Note that qual-
itatively, the existence of a MSHF can be explained without relying on a closure model
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Figure 4.5: Sketch of the employed strategy. The axes of the left figure are swapped to arrive at the centre
figure. The slope of these (virtual) data points is determined and plotted in the right figure. These data points
are interpolated with a linear fit (solid line) and used to predict the transition point (dashed line).

(see Section 4.1). As such, an increased slope is predicted qualitatively for ∆θ (see Fig.
4.5). Therefore, we first use ∆θ to infer the critical cooling rate. Later, the slopes of σw

and σθ are also investigated.
The MSHF theory is used to infer the critical point in the following manner: to have

a turbulent steady state, we require Hact = Ĥ , i.e. the actual turbulent heat transport
should be able to compensate the energy loss at the surface. MSHF theory explains that
the actual heat flux is limited to a certain maximum. At the maximum, an intensifica-
tion of the temperature gradient does not result in more downward heat transport as the
vertical mixing is strongly suppressed. This maximum occurs in case,

0 = ∂Hact

∂∆θ
= ∂Ĥ

∂∆θ
. (4.19)

At this point, heat transport Hact cannot become larger, irrespective of ∆θ. Vice versa,
a small increase in Ĥ causes an ’infinite’ increase of ∆θ (though formally the increase
is limited by viscous heat transport). These equivalent statements are illustrated in Fig.
4.5. The current results are sketched in the left panel. In the centre panel, the axes are
exchanged, such that the MSHF theory is illustrated. Finally, in the right panel, the slope
∂Ĥ/∂∆θ is sketched as a function of Ĥ . These data points are interpolated with a linear
fit and used to estimate the critical point. The strategy as sketched in Fig. 4.5 is applied to
interpret our results. As a limited number of data points are available, a finite difference
approximation is used to obtain the slope.

With respect to ∆θ, the results of the above strategy are depicted in Fig. 4.6a. It ap-
pears that the tendency towards a maximum, i.e zero slope, is almost linear. The qual-
ity of the fit is confirmed by an R-squared value R2 ≈ 0.95 for a linear fit. By extrapo-
lating the data points linearly to the horizontal axis, a prediction for the critical point
Ĥcr i t ≈ 8.5 ·10−5 is obtained, which is close to the observed critical cooling rate (for ex-
ample, in Figs. 4.4d, e and f). The cross-sections in Figs. 4.6b and c indicate that close
to the transition point no apparent signs of an imminent collapse are present. This can
be explained by the relatively low stability at which this type of collapse occurs [cf. inter-
mittent case in 62].

From Figs. 4.4e, f, it also appears that the magnitude of the slope increases forσw and
σθ , when the system approaches the critical point. The same procedure as for∆θ is used
to estimate the critical point using σw and σθ . In Figs. 4.7a and b the slopes with respect
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(a) (b)

(c)

Figure 4.6: (a) Inverted response of ∆θ to increased cooling as function of the cooling rate. Black asterisks
represent finite difference approximations to ∂Ĥ/∂∆θ. Only data points with approximately equal steps in Ĥ
are used. The thin gray line represents a linear fit through the data points. (b) Snapshot of the vertical velocity
field at z = 1 for the case SCC = 36.8 (Ĥ = 2 ·10−5). (c) Same as (b) for case SCC = 24.3 (Ĥ = 7 ·10−5).

to σw and σθ show quite irregular behaviour in case weak surface cooling is applied.
Close to neutral conditions, the slope is mainly determined by the natural fluctuations in
the turbulence intensity, rather than by the response to the increased surface cooling (cf.
Fig. 4.4). Probably, this irregularity is a consequence of limited statistical convergence
and a larger domain size may provide a solution [72]. However, when surface cooling
approaches the critical cooling rate, Figs. 4.7a, b do suggest that an extrapolation of the
data would cross the horizontal axis below Ĥ = 1 ·10−4. Thus tentatively, it appears that
σw and σθ can be used to obtain a rough estimate of the critical point.

4.4.5. GENERIC EARLY WARNING SIGNALS
The MSHF theory is specific to our physical system. For general non-linear systems other
signals exist that precede a critical transition in general. Scheffer et al. [160] identify
so-called critical slowing down as such a generic marker. Slowing down refers to the
observation that dynamic systems tend to recover from perturbations on longer time
scales when the system is closer to a critical point (see Appendix 4.A for a more elab-
orate introduction). Scheffer et al. [161] reviewed critical transitions in a wide variety
of fields ranging from climate systems to financial systems: a common prerequisite for
critical transitions appears to be the presence of a positive feedback, which propels the
system to an alternative state (in our case: the laminar state) once a certain threshold
is passed [161, 162]. In the flux-driven PCF, such a positive feedback mechanism be-
tween decreased turbulent heat flux and increased temperature gradient is present [84].
A more realistic model indicates that this behaviour may also exist in the real NBL [142].
As such, we investigate if indicators for critical slowing down can be observed in this
system as well.
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Figure 4.7: Inverted response of σw (a) and σθ (b) to increased cooling as a function of surface cooling. Black
asterisks represent finite difference approximations to the derivative on the vertical axes.

The occurrence of slowing down is tested by measuring the typical rate (defined be-
low) at which a statistically steady state is approached. This rate is measured in runs that
use the neutrally stratified case (run N) as initial condition. This time can be measured
for runs S1-4. To extend the dataset additional runs S7-N, S9-N, S10-N and S11-N are
performed.

First, we define the magnitude of the perturbation,

ξ(t ) = ∆θ(t )−〈∆θ〉t

∆θ(t = 0)−〈∆θ〉t
, (4.20)

as the relative ’distance’ to equilibrium as function of time. Here, 〈...〉t denotes the time-
averaged steady state as obtained previously (cf. Fig. 4.4d). As an illustration, Fig. 4.8a
shows ξ(t ) for a single run (S7-N).

The relaxation stage is defined as the period between t = 0 and t = ts . The end of this
stage ts is defined as the time when ξ becomes smaller than the typical magnitude of the
turbulent fluctuations σ∆θ, as illustrated in Fig. 4.8a. Between t = 0 and t = ts the time
series is fitted with an exponentially decaying function,

y = Ae−t/τ, (4.21)

where τ is taken as the typical relaxation time, i.e. the time scale of approach to equi-
librium. Figure 4.8 suggests the exponential fit is a reasonable choice as a proof-of-
principle. In Fig. 4.8b ξ is shown on semi-logarithmic axes, fitted with Eq. (4.21). Runs
S2, S3, S10-N and S11-N are omitted from this figure for clarity. The slope in Fig. 4.8b is
a measure for the time constant τ.

Figure 4.9 shows τ as function of the surface cooling. Indeed, the relaxation time
increases when the critical point is approached. If we consider an alternative time scale
such as h/σw , we find that it cannot explain the increase in τ [cf. the relaxation towards
the laminar state in 54]. For Ĥ = 1·10−5 (SCC = 46.4, run S4) and Ĥ = 3·10−5 (SCC = 32.2,
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Figure 4.8: (a) Distance ξ to equilibrium as function of time for a single case and (b) on a semi-logarithmic scale
for a few cases. Dashed horizontal lines indicate the magnitude of the typical turbulent fluctuations σ∆θ . The
time ts is defined as the first time ξ<σ∆θ . Thin solid lines in (b) are exponential fits according to Eq. (4.21).

run S7) the runs are repeated several times, using varying realizations of the neutral state
as an initial field. To limit computational costs, these runs are performed at a lower
resolution. The relative spread in τ from these low-resolution runs is used to estimate
the size of the error bars as presented in Fig. 4.9.

In the well-controlled environment of this study, the relaxation time can be mea-
sured directly. By contrast, for real situations, e.g. ocean or atmospheric systems, it is
often unfeasible to apply well-controlled perturbations. Additionally, large spontaneous
perturbations may occur naturally. For such situations alternative, indirect, indicators
may be used [e.g. 150, 163–165]. Here, we use the relative magnitude of the standard
deviation as such an indicator, defined as:

σ̂(∆θ) = σ(∆θ)

〈∆θ〉t
. (4.22)

Equivalent definitions apply to σ(σw ) and σ(σθ). When slowing down becomes ap-
parent, perturbations become more persistent, i.e. the relaxation time increases. As
such, we expect that the normalized standard deviation increases when the system ap-
proaches the critical point. Figure 4.10 indicates that this is the case for σ̂(∆θ) and
σ̂(σθ). However, this increase in itself is insufficient to prove that slowing down occurs
[166, 167]. Moreover, the fluctuations in σw do not show such an increase. A possible
explanation for the absence of such an increase in σ̂(σw ) is that fluctuations of the tur-
bulence intensity occur naturally and these may not be easily distinguished from wave
activity. Additionally, long-term fluctuations may occur in the small-size system used
here [41].

4.5. DISCUSSION
A PCF with heat-flux boundary conditions is used to study dynamical behaviour of the
stable boundary layer in an idealized setting. The dimensionless ratio of surface cooling
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Figure 4.10: Normalized fluctuations with respect
to the time-averaged value between t = 200 and
t = 600 h/U0 for ∆θ (plus-signs), σw (asterisks) and
σθ (circles). Note that the peak in σ̂(∆θ) at Ĥ =
7.5·10−5 does not appear, if other averaging periods
are used. As such, it appears to be an outlier due to
limited statistical convergence.

and wind speed is expressed through the parameter SCC . This ratio is determined based
on dimensional arguments only and it is strongly related to the shear capacity SC as
defined in Chapter 3, where closure dependent terms are included in the definition, such
that SC ≈ 1 is expected as a critical point.

Using field observations, we found in Chapter 3 that if the shear capacity is less than
a critical value, the WSBL undergoes a transition to the VSBL, which was later corrob-
orated by Monahan et al. [101]. This transition occurs globally as the system is pro-
pelled to higher stability levels by a positive feedback between stronger stratification and
a weaker turbulent heat flux. Our results do not indicate what happens locally during the
transition, e.g. the possible co-existence of turbulent–laminar spots. Such phenomena
appear to be controlled by the scale separation between the Obukhov length and the wall
unit ν/u∗ [ReL and L+

o in 41, 54].

Similar to earlier studies [e.g. 41, 44, 62], close agreement between DNS results and
MOST is found within the WSBL. This suggests that DNS results may be extended to the
real stable boundary layer in a qualitative sense. However, due to the simplicity of our
set-up, quantitatively DNS results provide an order of magnitude estimate only. Beyond
the critical point, i.e. in the VSBL, no direct relation to atmospheric flows should be
made, other than that a qualitative regime transition occurs. In other words, MOST pre-
dicts that a regime transition occurs, not what happens beyond this transition. Detailed
analysis of high-stability PCFs is more suited to configurations using a fixed ambient sta-
bility, such that intermittent behaviour is observed as a quasi-steady state [e.g. 41]. For
the comparison to the real VSBL a suitable approach would be to extend Ekman flows
[such as in 62] with a surface energy model.

A notable simplification is the reduction of the Reynolds number to several orders of
magnitude below the atmospheric case. Whereas ReL [see 54] explicitly depends on fluid
viscosity (or Re in dimensionless terms), SCC does not. This can be explained by the fact
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that, at high Re, diffusive transport is negligible in the central part of the domain. There-
fore, turbulent heat transport must accommodate to the boundary conditions to attain
a fully turbulent steady state. Once turbulent heat transport is insufficient, the positive
feedback mechanism propels the system to strongly stratified conditions. As the current
Re is relatively low, some quantitative effects may be expected, which is systematically
investigated in Chapter 6. Based on this chapter, an indication may be obtained from
the relative contribution of the diffusive heat transport to the total heat transport in the
centre of the flow. The magnitude of this contribution in Fig. 4.2 (a few percent) suggests
that low-Re effects on SCC are small, not negligible, but do not alter our main conclu-
sions.

4.6. SUMMARY AND OUTLOOK
Using an idealized system we showed that a collapse of turbulence occurs when the wind
speed is less than a minimum set by surface cooling or, alternatively, if the extracted heat
flux is larger than the maximum set by the wind speed. This result confirms previous an-
alytical [81] and idealized single-column model results [84]. Furthermore the results are
consistent with other numerical investigations [54, 64, 128] and observational studies
[73, 85, 101]. Additionally, generic (i.e. slowing down) and specific (i.e. system response)
early warning signals were found to be present in the turbulent flow field. As shown, a
quantitative estimate of the critical point could be inferred from specific signals. Our re-
sults can be seen as a proof-of-principle that early warning signals for regime transition
are present in stably stratified turbulent flows. Extending this metric to field observa-
tions will be challenging since these show more significant scatter. Finally, we observed
slowing down when surface cooling was increased. On the other hand, results with re-
spect to variance leave room for further research on how these potential tools manifest
themselves in turbulent flows.

4.A. CRITICAL SLOWING DOWN
Here, we base ourselves on the introductions into bifurcation theory by Seydel [168] and
Scheffer [169] to introduce some key concepts. The equilibrium state of a dynamical
system is generally a function of one or more external conditions. For example, total
incoming solar radiation controls the global temperature (at a glacial time scale). Small
changes in solar radiation typically lead to a proportional change in the earths’ tempera-
ture (upper branch in Fig. 4.11). On the other hand, if the temperature changes due to a
unique event, the original state is recovered after some time; the equilibrium is dynami-
cally stable. If, however, the solar radiation decreases beyond a critical point (cf. point 1
in Fig. 4.11), the earth’s temperature may drastically change to an alternative state. This
is the result of a positive feedback between temperature (i.e. ice coverage) and albedo. In
this example, the system also contains hysteresis: if solar radiation increases again, the
system will not transition back to the warm state immediately. Only if solar radiation in-
creases beyond a second critical point a return transition occurs (cf. point 2 in Fig. 4.11).
As a result, for some range of external conditions, two alternative, dynamically stable,
states exist: a moderate climate and the, completely ice-covered, ’snowball’ earth. These
stable states are separated by an unstable equilibrium. Above the dashed line, the sys-
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Figure 4.11: Sketch of a the steady state of a dynamical system with hysteresis. Arrows indicate dynamical
behaviour. Stable equilibria are indicated with a solid line, unstable equilibria are indicated with a dashed
line. Solid dots denote transition point 1 and 2. Adapted from Scheffer et al. [150].

tem will move towards the upper branch, while below the dashed line the system will
move towards the lower branch. Alternatively, perturbations with respect to the unsta-
ble (dashed) branch will grow in time, while with respect to the stable branches (solid)
perturbations diminish over time. From Fig. 4.11, we observe that at both critical points,
stability changes from stable (solid) to unstable (dashed). Thus, at the critical point, per-
turbations neither grow or diminish. As such, when the critical point is approached, the
rate at which perturbations diminish, becomes lower, i.e. it takes longer to recover from
perturbations near the critical point. The growing recovery time scale is named critical
slowing down.





5
TEMPERATURE INVERSION

GROWTH DURING SUNSET

In this chapter we aim to find the typical growth rate of the temperature inversion dur-
ing the onset of the stable boundary layer around sunset. The sunset transition is a very
challenging period for numerical weather prediction, since neither accepted theories for
the convective boundary layer, nor those for the stable boundary layer appear to be appli-
cable. To gain more insight in this period a systematic investigation of the temperature
inversion growth rate is conducted. A statistical procedure is used to analyze almost 16
years of observations from the Cabauw observational tower, supported by observations
from two additional sites (Dome C and Karlsruhe). The results show that, on average,
the growth rate of the temperature inversion (normalized by the maximum inversion dur-
ing the night) weakly declines with increasing wind speed. The observed growth rate is
quantitatively consistent among the sites, and it appears insensitive to various other pa-
rameters. The results were also insensitive to the afternoon decay rate of the net radiation
except when this decay rate was very weak. These observations are compared to numerical
solutions of three models with increasing complexity: a bulk-model, an idealized single-
column model (SCM) and an operational-level SCM. It appears only the latter could repro-
duce qualitative features of the observations using a first-order closure. Moreover, replac-
ing this closure with a prognostic TKE-scheme substantially improved the quantitative
performance. This suggests that idealized models assuming instantaneous equilibrium
flux-profile relations may not aid in understanding this period, since history effects may
qualitatively affect the dynamics.

Parts of this chapter is based on van Hooijdonk, I.G.S., Clercx, H.J.H., Abraham, C., Holdsworth, A.M., Mon-
ahan, A.H., Vignon, E., Moene, A.F., Baas, P., and van de Wiel, B.J.H., Near-Surface Temperature Inversion
Growth During the Onset of the Stable Boundary Layer, Journal of the Atmospheric Sciences, Accepted
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5.1. INTRODUCTION
During the sunset transition the incoming short-wave radiation from the sun gradually
lessens. As a result the CBL weakens and a temperature inversion starts to form near the
surface, which is the onset of the SBL. Typically, the temperature inversion grows within
a few hours and then remains relatively constant until sunrise. It is the early growth
that we are interested in for this chapter. In particular we use both observations and
numerical models to investigate what parameters determine how fast the SBL evolves
during this period.

During the late afternoon, turbulence in the boundary layer is typically decaying [19].
Much research effort has been aimed at understanding this period on the full range from
fundamental studies [170], to practical models [171], and observations [172, 173]. The
same is true for the established SBL [13, 42, 86, 174, 175].

These previous studies of the SBL have mostly relied on MOST [18], which, once the
SBL is established, provides a reasonable description for a broad range of conditions [78,
175]. The decaying turbulence itself, before the onset of the SBL, may also exhibit self-
similar behaviour, at least for strongly convective situations with weak synoptic forcing
[e.g. 170, 171]. Thus, our understanding of both the (quasi-)steady CBL and the (quasi-
)steady SBL has progressed significantly, despite their own challenges [77, 176].

This understanding and resulting parameterizations may be of limited use during the
sunset transition itself [e.g. 177], since the onset of the SBL typically occurs a few hours
before the net radiation becomes negative [178]. Consequently, the decay of convec-
tive turbulence and the SBL co-exist and interact during the sunset transition [171, 172].
This period is therefore very challenging for numerical weather prediction models [176].
Moreover, large-eddy simulation is complicated due to the changing resolution and do-
main requirements during the transition [179] and the importance of other processes,
such as radiative transfer [133]. Therefore, it is very important to gain observationally-
based insight into the period just after the onset of the SBL. As an initial step, we investi-
gate the evolution of the temperature inversion for a broad range of conditions.

Most studies that have focused on the near-surface temperature (inversion) in the
SBL, have related the instantaneous temperature inversion to other flow variables [106,
180, 181], on detailed investigation of individual cases [177], or on mechanistic under-
standing of the ’steady state’ [81, 85, 87]. However, the temporal behaviour starting at the
onset of the SBL has received relatively little attention.

A few studies have explicitly aimed at the temporal evolution of the temperature dur-
ing this period. Earlier work often assumed a square-root-dependence of the inversion
strength with time [e.g. 182]. Whiteman et al. [183] studied the onset of the SBL within
sinkholes, as measured by the evolution of the temperature inversion. Since the wind
was always weak inside the sinkholes, the evolution could be modeled considering ra-
diative processes only, and hence the sky-view factor was identified as a key parameter
for the temporal evolution inside the sinkholes. A follow-up study by De Wekker and
Whiteman [184] extended to plains and basins, using an exponentially decaying func-
tion to fit the time series of the absolute temperature to determine a ’typical’ time scale
during clear and calm nights.

Another study by Pattantyús-Ábrahám and Jánosi [185] also studied the absolute
temperature evolution during two years at two distinct sites. They specifically limited
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their analysis to cases where an exponential fit provided excellent agreement with the
time series, which again mostly corresponded to clear and calm nights with wind speed
less than 2 m s−1. Despite the large number of (predominantly moisture- and radiation-
related) quantities they investigated, no clear relation of the time scale was found with
any of these. Edwards [133] used an idealized single-column model (SCM) to study the
early evolution of the SBL at weak winds. His main focus was the importance of radia-
tive processes on the near-surface heat budget, while the time scales of the boundary-
layer evolution did not receive attention. Later Edwards [186] imposed the tendency of
the surface temperature in a dimensionless model to study the evolution of the sensible
heat flux. Nieuwstadt and Tennekes [187] used a similar imposed tendency to model the
evolution of the boundary-layer height.

We employ a similar approach to De Wekker and Whiteman [184] in the sense that a
’typical’ time scale is determined for each night. In our case this time scale is based on
the growth of the temperature inversion rather than the decay of the absolute tempera-
ture. Therefore, we use a logistic growth function, instead of an exponential function to
fit the time series of the temperature inversion (see Section 5.2). Realizing that our ap-
proach is heuristic, the ’typical’ time scale is considered to be representative of the rate
at which the SBL evolves.

The main analysis focuses on a large number of observations from the CESAR ob-
servatory (Cabauw, the Netherlands). These are supported by observations from the
Karlsruhe station (Germany) and the Dome C observatory (Antarctica). The Cabauw
and Dome C sites are essentially flat, and the Karlsruhe site is located in a small forest
clearing in a wide valley. To aid the interpretation, we use three types of numerical sim-
ulations: a bulk model for the SBL, which is based on the PCF set-up of van de Wiel et al.
[87]; a single-column model for the SBL [188]; and RACMO-SBL, the single-column ver-
sion of an operational-level regional climate model of the Royal Dutch Meteorological
Institute [69].

This analysis is used to answer the following questions: to what physical quantities
is the rate at which the SBL evolves during the hours around sunset most sensitive?;
how may this (in)sensitivity be explained?; and how similar are the results for three con-
trasting sites? A major part of the analysis is dedicated specifically to the wind-speed-
dependence, since this quantity has been identified as a key parameter for the charac-
terization of the SBL [73, 85, 87, 101, 104]

This chapter is organized as follows: in section 5.2 the important meteorological
quantities in this chapter, the observations sites, and the numerical methods are dis-
cussed. Section 5.3 contains the results, which are then discussed in Section 5.4. The
chapter is concluded in Section 5.5.

5.2. METHODS

5.2.1. PARAMETER DEFINITION

We investigate the temporal evolution of the near-surface temperature inversion ∆θ =
θ(z2)−θ(z1), where θ(z) is the potential temperature at height z (and z2 > z1). For each
night we obtain a characteristic temperature evolution rate of∆θ, which we denote ∂t∆θ.
In this section, we introduce how ∂t∆θ is determined, followed by several key parameters
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that may affect ∂t∆θ.
First, time is defined relative to the time the net radiation QN becomes negative, i.e.

we define sunset at t = 0 when QN = 0 [see also 85]. Typically this occurred several hours
before the meteorological sunset, and 1−2 hours after the onset of the SBL [cf. 178].

To define ∂t∆θ a logistic growth function was used to fit the time series of ∆θ (Fig.
5.1a, details in Appendix 5.A). Previously, an exponential function was used by De Wekker
and Whiteman [184] to fit the timeseries of the cumulative (vertically integrated) cooling.
For the temperature inversion we found the logistic growth more suitable, since it cap-
tures both the initial and the ’final’ stage of inversion growth with reasonable accuracy
due to the inflection point. Moreover, the logistic growth was more robust to variations
in the interval on which the fit was based.

The logistic growth function is defined as

f (t ) = T

1+exp(−k(t − t0))
, (5.1)

where T , k, and t0 are parameters to be estimated. T represents the estimated maximum
of the temperature inversion, k is the steepness of the curve, and t0 is the time at which
the inflection point occurs. We define the typical evolution of ∆θ as,

∂t∆θ ≡ T k

4
, (5.2)

which is the derivative of f at the inflection point at t = t0.
Additionally, a temperature scale ∆θmax is defined as the maximum temperature in-

version (based on 10-minute averages) during each night. Using 30-minute averages
instead, did not have a large impact (typically . 3% decrease). To reduce the effect of
synoptic changes during the night, the detection of the maximum was limited to t < 5 h
and to 0000 LST at Cabauw and Karlsruhe, respectively. For most nights this had no
effect on the value of ∆θmax , since the maximum inversion typically occurs early in a
night at these locations, probably because pressure-acceleration may slightly reduce the
inversion strength at later times. At the Dome C the evolution is more gradual and less
prone to synoptic variability [181]. Therefore, no time restriction was imposed for this
site. The temperature scale is used to normalize ∂t∆θ, which results in the inverse time
scale ∆θ−1

max∂t∆θ. Alternatively T could be used as a temperature scale. However, we
found that measuring ∆θmax directly was more robust.

The quality of the fit greatly varied between nights due to irregular time series. There-
fore we defined a measure for the quality of the fit, denoted by η2, which is the mean–
squared residual with respect to the observations normalized by ∆θmax . Only nights in
which η2 < 0.02 were used for the analysis (see Table 5.1). This value is an arbitrary trade-
off between the fit quality and the quantity of the nights used for the analysis. Regular
checks showed that the results were largely insensitive to the precise value of the thresh-
old, with one caveat. During nights with clouds, the time series of the observations were
typically more irregular, which affected the fit quality. Therefore, the selection on η2

resulted in a sampling bias, since a relatively large fraction of the cloudy cases were af-
fected compared to clear-sky cases (Fig. 5.1b). Similarly, the selection on η2 introduced a
minor bias towards lower relative humidity, larger (negative) net radiation and a slightly
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Figure 5.1: (a) Time series of the temperature inversion between 40 m and 1.5 m for two example cases at
Cabauw: 24 August 2001 (crosses) and 29 August 2001 (circles). Solid lines are examples of a fit through the
observations using Eq. 5.1. The vertical dotted lines indicate the approximate time interval on which the
fitting procedure was based. (b) The normalized frequency of ∆θ−1

max∂t∆θ at Cabauw for all nights (black),
and all nights for which η2 < 0.02 (blue). The other lines show that a similar pdf may be obtained when the
selection was based on cloud-related parameters (both are defined in the main text), instead of selection on fit
quality (η2). The lines represent all nights for which ∂t QN <−20 W m−2 h−1 (orange), and all nights for which
QN ,mi n <−35 W m−2 (green).

weaker wind speed. However, the remaining set of nights in the present study still spans
a much broader range of conditions, than the stringent selection of Pattantyús-Ábrahám
and Jánosi [185].

Since wind speed has been identified as a key parameter for the SBL [73, 81], we char-
acterize each night by the mean wind speed around (the net-radiation-based) sunset
Usunset . At this time the wind speed has a strong vertical correlation, and thus the wind
speed at a single altitude may be used as a measure for the mechanical forcing. In each
case the highest level on which∆θwas based was used to obtain Usunset . As an averaging
period we chose the interval t ∈ [−2,1] h. We investigated the sensitivity to this choice by
arbitrarily choosing different averaging periods within the time range t ∈ [−4,1] h. Be-
tween these choices the resulting values of Usunset were strongly correlated (not shown),
indicating insensitivity to the particular choice.

The established SBL may be characterized further using the net radiative emission
QN (defined positive towards the surface). Several hours after sunset the net radiation
minimizes (maximizes in absolute sense) and remains relatively constant. This mini-
mum value QN ,mi n was used as a characteristic measure. Since QN evolves during the
sunset transition itself, we also define ∂t QN as the decay rate of QN . Using a similar pro-
cedure as for ∂t∆θ, ∂t QN was determined based on a linear fit to the time series of QN

(details are in the appendix). A linear decrease provided a reasonable representation of
the time series between several hours before sunset until shortly after sunset. Moreover,
we did not find significant improvement when a more elaborate fit function (e.g. a sine
function) was used. The slope of the linear fit provides an estimate of ∂t QN . The ratio
Q−1

N ,mi n∂t QN defines an inverse time scale characterizing how fast QN evolves towards
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its ’steady state’.
Because of the differences in the relative importance of radiative, turbulent, and soil

heat fluxes in the two regimes, it is possible that the character of the growth of the in-
version may differ fundamentally in the VSBL from that in the WSBL. As such, we will
investigate the growth of the inversion separately in these two regimes. In order to sep-
arate the two regimes in observations, we make use of a hidden Markov model (HMM)
analysis [as in 101, who also provided an introductory example for this method]. This
approach models the observed variable xi , i = 1, ..., N as being dependent on an unob-
served Markov chain zi taking a set of K discrete values (the so-called ’hidden states’). At
each time, the HMM associates the observation with one of a number (in our case, two)
of probability distributions, resulting in a time series of ‘HMM states’. More technically,
conditioned on zi residing in state k, the distribution of xi is described by a specified
probability density function p(xi ,λk ) (where λk , k = 1, ...,K is a state-dependent set of
parameters). For a specified number K of hidden states, the HMM algorithm finds max-
imum likelihood estimates both of the parameters λk and the hidden state trajectory zi .
Having obtained this discrete hidden state trajectory, conditional probability distribu-
tions of any observations concurrent with those used in the HMM can be estimated.

A benefit of the HMM approach is that the separation of states is determined by the
intrinsic structure of the data, rather than relying on subjective thresholds (which may be
impossible to define in high-dimensional datasets). In this study, we follow the approach
of Monahan et al. [101], distinguishing the VSBL and the WSBL using a two-state HMM
applied to three-dimensional data from Cabauw (the wind speed at 10m and 200m and
the potential temperature difference between 2 and 200m, all at 10-minute resolution).

5.2.2. OBSERVATION SITES

Data from three observational sites were used for this chapter. The main focus lies on
the CESAR observatory, while the Karlsruhe and Dome C stations are used to verify con-
sistency of results among sites. To provide insight in the climate of each site, several
characteristic values of the quantities introduced in the previous section are listed in
Table 5.1.

The CESAR observatory near Cabauw, the Netherlands (51.971◦N; 4.927◦E) and its
surroundings are extensively described in Van Ulden and Wieringa [136]. Further details
on the measurement equipment and the tower configuration may be found at http:
//www.cesar-observatory.nl. The surface is mostly covered with short grass and
the surrounding land is relatively flat. We use observations collected between January
2001 and October 2016. The wind speed and direction (cup anemometers) and the (po-
tential) temperature (KNMI Pt500 Element) are measured at 10, 20, 40, 80, 140, and
200 m. Additionally, the temperature is measured at 1.5 m (all years) and 0.1 m (since
2013). The relative humidity is derived from the air and dew point temperature (Vaisala
HMP243) at 1.5 m. All measurements are based on 10-minute averages. The net radia-
tion QN is composed of the longwave and shortwave incoming and outgoing radiation
components measured at 1 m. Measurements of the cloud cover have been obtained us-
ing a nubiscope [189] since 2008. More or less continuous cloud-cover-measurements
are available since mid-2009.

The ’Karlsruhe Boundary Layer Measurement Tower’ (49.176◦N; 8.425◦E) is located

http://www.cesar-observatory.nl
http://www.cesar-observatory.nl
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Table 5.1: The characteristic values of the quantities introduced in Sect. 5.2.1. For each quantity listed in the
first column the minimum (min) and maximum (max) values, and the mean (µ) and standard deviation (σ)
are listed as an indication of the observational spread of each quantity for each site. The final row contains
the number of nights (#N ) that had sufficient data- and fit-quality to be used in the analysis and two fractions
( f1, f2). f1 indicates how many nights could be used as fraction of the total number of nights, and f2 indicates
a similar fraction relative to the number of nights that had sufficient quality of the data (e.g. pre-selected on
missing data points).

Cabauw Dome C KarlsRuhe

min/max µ(σ) min/max µ(σ) min/max µ(σ)

Usunset [m/s] 0.6 / 18.9 5.5(2.5) 0.5 / 11.4 4.2(1.6) 0.0 / 11.1 3.5(1.5)

∆θmax [K] 0.3 / 9.2 2.6(1.5) 2.3 / 20.6 8.7(3.7) 0.7 / 9.4 4.5(1.7)

QN ,mi n [W/m] −99 / 0.0 −48(18) −75 / −26 −46(7.0) −/ − −
∂t∆θ [K/h] 0.0 / 11 0.8(0.6) 0.3 / 7.3 1.7(0.9) 0.2 / 4.7 1.5(0.7)

∂t QN [W/m/h] −114 / 2.8 −47(25) −17 / −8.2 −13(1.6) −/ − −
#N ( f1, f2) 3928 (0.72, 0.73) 106 (0.16, 0.95) 2524 (0.46, 0.68)

in the eastern Rhine valley. We use the observations of the temperature (Pt-100) at 2,
30, 60, and 100 m, and of the wind speed (cup anemometers) at 30, 60, and 100 m (all
based on 10-minute averages). The observational period is January 2001 to December
2016. The valley is about 30 km wide and hills of about 250 m are found 10 km to the
east. Larger hills are approximately 50 km to the east and north. The tower is placed in
a small forest clearing, a distance of 10 m–25 m in each direction from the tree-line. The
canopy height of the forest is 30 m. Further details on the site and the instrumentation
may be found in Kalthoff and Vogel [190] and on the website http://imkbemu.physik.
uni-karlsruhe.de/~fzkmast/. To the north-east the urbanized area of the ’Karlsruhe
Institut für Technologie’ is located, with buildings higher than 30 m at about 200 m from
the tower. Since the forest affects the radiation measurements during sunset and sunrise
(Martin Kohler, personal communication), these data were not used in our analysis. The
sunset was therefore estimated based on the temperature inversion. For our analysis at
this site the exact time of sunset is not important.

The Dome C observatory is located on Antarctica (75.06◦S; 123.200◦E). The station
is located on a continental-scale dome (3233 m AGL), and the local slope is very weak
(< 1%). We use 30−minute averages of the temperature (Campbell HMP155 thermohy-
grometers in mechanically ventilated shields) and the wind measurements (Young 05106
aerovanes) from a 45 m tower at z = [18 ,25 ,33 ,41] m. Additionally the surface skin tem-
perature is estimated from longwave radiation measurements. Detailed information on
the instrumentation and processing are given by Genthon et al. [191] and Vignon et al.
[192] (see also http://www.institut-polaire.fr/ipev-en/infrastructures-2/
stations/concordia/). The analysis is limited to nights with a clear diurnal cycle in
the months November to February during the period November 2011- December 2016
(i.e. the Antarctic summer). During the Antarctic summer the sun never sets, i.e. the
shortwave incoming radiation is always non-zero. Nonetheless, the net radiation does

http://imkbemu.physik.uni-karlsruhe.de/~fzkmast/
http://imkbemu.physik.uni-karlsruhe.de/~fzkmast/
http://www.institut-polaire.fr/ipev-en/infrastructures-2/stations/concordia/
http://www.institut-polaire.fr/ipev-en/infrastructures-2/stations/concordia/
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become negative during the ’night’ due to variations in the zenith angle. It should be
noted that the diurnal cycle of QN is much weaker than at Cabauw, due to the lower
zenith angle and the higher surface albedo.

5.2.3. NUMERICAL MODELS
This section provides an overview of the three numerical models that were used to aid
the interpretation of the observations. These models have been described elsewhere,
and our main interest is to what extent each model reproduces elements of the observa-
tions. As such, only a brief summary of each model is given here, and we do not discuss
the merits and drawbacks of specific model choices. For detailed descriptions of the
models, the reader is referred to the cited papers.

The bulk model is used with the aim to obtain rudimentary understanding of the SBL
dynamics. The model is based on the idealized model by van de Wiel et al. [87], and it
uses a single evolution equation for the temperature inversion,

∂t∆θ(t |zr e f ) = |QN (t )|
cv

− A

cv
∆θ(t |zr e f ) f (Rb), (5.3)

where ∆θ is the time-dependent temperature difference between the surface and a con-
stant air temperature at reference height zr e f , cv is the heat capacity of the surface per
square meter, a proportionality constant A = ρcp cDU , in which ρ is the density of air,
cp is the specific heat capacity of air at constant pressure, and U is the wind speed. The
neutral drag coefficient is defined as cD = κ2/ln2(zr e f /z0), with κ the von Kármán con-
stant and z0 the surface roughness length. The net radiation is a prescribed function of
time QN (t ) = −qt when t < |QN ,mi n/q | and QN (t ) = QN ,mi n when t ≥ |QN ,mi n/q |, with
q a proportionality constant controlling the decay rate of QN . Both q and QN ,mi n are
considered known. The stability function is defined as f (Rb) = (1−αRb)2. Here, α is
a fit parameter of the log-linear stability functions [110], and Rb = (g /θ0)(zr e f ∆θ)/U 2

is the bulk Richardson number, with g the acceleration by gravity and θ0 is a reference
temperature.

This model is a strong idealization of reality, especially since MOST may not be valid
during the sunset transition [177]. Nonetheless it is instructive to determine whether
or not the model reproduces aspects of the observations. Equation 5.3 is numerically
integrated for various combinations of zr e f and U .

The second model is an idealized single-column model (SCM) for the SBL (SBL-
SCM). It solves the Reynolds-averaged equations for the two components of the horizon-
tal wind vector profile (including the Coriolis force), the potential temperature profile,
and the ground temperature as set-up by Blackadar [193]. The model height is 5000 m
and it uses a stretched grid with 100 vertical levels and the highest resolution near the
surface. The turbulent diffusivities are modeled using the Prandtl mixing-length hypoth-
esis and the standard Businger-Dyer relation to account for stable and slightly unstable
conditions [110]. The soil model is based on Blackadar [194], and the radiation scheme is
based on the effective atmospheric emissivity [195]. Details may be found in Holdsworth
and Monahan [188]. Apart from an idealized treatment in the radiation scheme, the
model neglects moisture effects.

The regional atmospheric climate model (RACMO) is used with the aim to match the
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observations as closely as possible. The model was run daily for the period 2005−2015
as a single-column model (RACMO-SCM) by Baas et al. [69]. The following model details
are a summary of their work. RACMO-SCM is based on the ECMWF Integrated Forecast
System (IFS), with specific parameterization details described in Baas et al. [69]. The
main difference with the IFS model is that the first-order closure model was replaced
with a prognostic TKE (turbulent kinetic energy) closure model, such that TKE is not
forced to be in equilibrium [details in 69, 196]. The model has 90 vertical levels up to
a height of 20 km. The grid spacing near the surface is approximately 6 m, with the
lowest model level at 3 m. To investigate the effect of using a TKE scheme, the model
was also run using the default IFS first-order closure for the years 2014-2015. Further
details on the computational details and the model physics may be found in ECMWF
[68]. The model was initialized at 1200 UTC using the daily forecast output of the three-
dimensional RACMO 2.1 [197]. The total model run spanned 48 h, but only the second
24-hour period was used for the analysis.

5.3. RESULTS

5.3.1. INVERSION GROWTH RATE VS. WIND SPEED

Figure 5.2 shows the joint frequency distributions of∆θ−1
max∂t∆θ (based on the potential

temperature difference between 40 m and 1.5 m), and its individual components ∆θmax

and ∂t∆θ, with the sunset wind speed Usunset (also at 40 m) at Cabauw. Consistent with
previous studies [e.g. 73, 85, 87, 101] ∆θmax suddenly increases when Usunset is below
5− 7 m s−1. The red and blue curves indicate the joint frequency distributions using
subsets of the observations based on the hidden Markov model. Broadly speaking, the
VSBL (red) occurs when the wind is weak, while the WSBL (blue) occurs when the wind
is strong. Note that these observations contain both cloudy and clear-sky cases.

It is not surprising that the absolute growth rate ∂t∆θ is closely related to∆θmax (Fig.
5.2b), since ∆θmax is, in essence, the time integral of the growth rate. To investigate
the qualitative differences, the inverse time scale is used. When this normalization was
applied, no strong distinction between the regimes was evident (Fig. 5.2c). This fact is
investigated further below.

To gain a more systematic insight into the wind-dependence of the inverse time
scale, Fig. 5.3a shows the median value of ∆θ−1

max∂t∆θ as a function of Usunset , where
for each case Usunset was measured at z2 (the highest level on which∆θ was based). The
median is based on the subset of nights for which the sunset wind-speed was in the in-
terval Usunset ±δ, with δ = 0.5 m s−1 for Cabauw and Karlsruhe and δ = 1.0 m s−1 for
Dome C. Varying δ did not have a significant effect on the results, provided that suffi-
cient nights were available per subset (not shown). Since at Dome C the observations
spanned fewer years, and since only Antarctic summer nights could be used, a larger
value of δwas chosen for this site. At the same time, the temporal structure at Dome C is
generally smoother than at the other locations, and ∂t∆θ could typically be determined
with greater accuracy than at the other two sites. We also verified that using the mean
value, instead of the median, did not have a significant effect on the results (not shown).

Figure 5.3a shows how ∆θ−1
max∂t∆θ depends on Usunset . It shows an overall weak de-

clining trend, with an apparent plateau at intermediate values of Usunset . There is no
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Figure 5.2: Joint frequency distributions of the 40 m wind speed around sunset and ∆θmax (z = 40− 1.5 m)
(a), ∂t∆θ(z = 40−1.5 m) (b), and ∆θ−1

max∂t∆θ(z = 40−1.5 m) (c) at Cabauw. The frequency distributions are
estimated using an automated kernel density estimation [198]. The iso-lines represent [0.2;0.4;0.6;0.8] times
the maximum of each distribution. The colours represent joint distributions of (black) all nights in which the
HMM state did not change within the first 5 h of the night, (red) the subset in which the state corresponded to
the VSBL, and (blue) the subset of nights in which the state corresponded to the WSBL.

indication that the development of nights that become very stable (red) is qualitatively
different from nights that become weakly stable (blue), even though the steady state may
exhibit different dominant processes [13, 87, 93]. However, the region of overlap is lim-
ited to intermediate Usunset only.

Figure 5.3b shows that the results from Karlsruhe and Dome C are remarkably con-
sistent (i.e. in the range 0.2−0.4) with the observations at Cabauw, considering the dif-
ferences among the sites. At Karlsruhe the range of Usunset was limited, such that we
could not investigate if a similar decrease occurred at higher Usunset . The width of the
distributions (the error-bars) also complicate the interpretation of the observed trends.
The observations at Dome C typically show lower values of ∆θ−1

max∂t∆θ, which may be
explained by the weaker diurnal cycle [199], i.e. the magnitude of the cycle of QN during
a 24-hour period is lower. This results in lower values of ∂t QN (Tab. 5.1), which is fur-
ther investigated below. Nonetheless the trend appears to be weakly downward at this
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Figure 5.3: (a) The median of ∆θ−1
max∂t∆θ as function of Usunset at Cabauw. The median was calculated for

each subset based on a range of Usunset . The horizontal axis represents the centre value of each subset. Colors
represent: all cases (black), all VSBL cases (red), and all WSBL cases (blue). (b) Comparison of the median in-
version growth rate as function of Usunset for three different sites: Cabauw (black), Karlsruhe (blue) and Dome
C (green). The respective vertical ranges over which the temperature inversions were measured are: 40m-1.5m,
60m-2m, and 18m-0m. The thin lines in both figures represent the number of nights (×103) available for each
subset with the same colour (right axes). The error-bars illustrate the typical width of the distributions, which
is measured by the 25% and 75% percentiles (i.e. 50% of the observations fall within the error-bars).

location as well. The error-bars in Fig. 5.3 also show that Dome C exhibits much less
variability. This results in narrower pdfs, further demonstrating the suitability of this site
for idealized, and conceptual research.

Figure 5.4 indicates that the results in Fig. 5.3 are not sensitive to the measurement
height of ∆θ and Usunset . A closer look suggests that the plateau as observed at Cabauw
for ∆z = 40m−1.5m is not a generic feature. For example, when the lower level is taken
at z = 0.1m, the decreasing trend appears more gradual. However, these differences fall
well within the observed error-bars. At Karlsruhe it is not clear if a trend over the rela-
tively restricted range of Usunset values is present at any measurement height. At Dome
C the downward trend appears to be present, and it appears to be stronger below 20m.
A possible explanation is that the boundary layer is typically much shallower at this lo-
cation than at the two mid-latitude locations. As a result, the top of the tower may be
outside of the boundary layer [181].

5.3.2. WIDTH OF THE DISTRIBUTIONS
The size of the error-bars in Fig. 5.3b suggests that other parameters than Usunset play
an important role in determining ∆θ−1

max∂t∆θ as well. It also shows that the error-bars
at Dome C are smaller, which may be explained by the infrequent variations of moisture
and cloud cover at this site [192, 200]. Moreover, measurements were used from a single
season only.

The common factor of moisture, clouds, and season is that they are coupled (or at
least correlated) to the evolution of QN , and to each other. Therefore, it is difficult to
investigate directly how each quantity is related to ∆θ−1

max∂t∆θ. This is in contrast to
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Figure 5.4: (a) The median inversion growth rate as function of Usunset at Cabauw for various measurements
heights. The thin black lines indicate results for the levels 80−1.5 m, 20−1.5 m, 10−1.5 m, 80−0.1 m, 20−0.1 m,
and 10−0.1 m. The coloured lines represent levels that are discussed in the main text: 40−1.5m (blue) and
40−0.1 m (red). The other figures represent similar results for Karlsruhe (b), and Dome C (c) (see legend for
the measurement heights). Error-bars as in Fig. 5.3. Only the typical size of the error-bars are shown for clarity.

Usunset which is a relatively independent parameter, in the sense that Usunset is primarily
a function the synoptic pressure gradient, while other parameters play a secondary role.

First, we investigate if high or low values of ∆θ−1
max∂t∆θ are systematically related to

various QN -related quantities. For this purpose we use the percentile division as in Fig.
5.3b: the 25% slowest sunset transitions (based on ∆θ−1

max∂t∆θ) of each subset are col-
lected in a single group (and similarly for each subsequent 25%). Figure 5.5a shows the
ensemble averaged time series of each group for the cloud cover, the relative humidity
at 1.5 m, and the net radiation. This shows that, on average, nights with the lowest val-
ues of ∆θ−1

max∂t∆θ are associated with higher levels of the cloud cover and the relative
humidity. This may explain the lower (absolute) values of QN , both during the day and
the night. However, Fig. 5.5b shows that winter (December-February) nights are dispro-
portionally represented in the slowest 25%, which may also explain the weaker trend of
QN .

A similar analysis was performed using several other quantities. We found no sys-
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Figure 5.5: (a) Ensemble averaged time series of QN (dotted, left axis), the cloud cover (solid, right axis), and
the relative humidity (triangles, right axis) at Cabauw. The black line represents the collection of nights from all
classes of Usunset with an inverse time scale between the 0% and the 25% percentiles. Other colours represent
the same for the percentile ranges 25% to 50% (blue), 50% to 75% (orange), and 75% to 100% (green). (b)
Number of the nights that were suitable for analysis (i.e. η2 < 0.02) per season for each quartile. Colors are as
in (a).

tematic relation with the wind direction, the absolute temperature, the friction velocity,
the wind speed at 200 m, or the sensible heat flux (all before sunset). Therefore we do
not present results related to those quantities.

Next, we focus directly on how the evolution of the net radiation is related to the time
scale ∆θ−1

max∂t∆θ. A similar approach is taken as for Usunset , which essentially corre-
sponds to treating ∂t QN (Section 5.2) as an external parameter without explicit concern
for the processes (such as clouds) that determined ∂t QN in a particular night. We de-
fine subsets based on nights with values for ∂t QN that are in the range ∂t QN ±δ, where
δ = 2.5 W m−2 h−1 for Cabauw and δ = 0.5 W m−2 h−1 for Dome C. Figure 5.6a shows
the median ∆θ−1

max∂t∆θ as a function of ∂t QN . Consistent with Fig. 5.5, we observe a
decrease when ∂t QN is small (in absolute sense) at Cabauw.

At Dome C the diurnal cycle of QN is weak, such that only a very narrow range of
∂t QN occurs. Consequently, no systematic comparison with Cabauw may be made. In
fact, the close agreement is somewhat surprising. At Dome C the sky is often clear, and
∂t QN was determined with great accuracy. Conversely, at Cabauw low values of |∂t QN |
were typically observed during overcast conditions, which often resulted in poor esti-
mates of ∂t QN , due to the irregular time series of QN . Although Fig. 5.6a is suggestive
of a direct relationship of QN and its evolution with ∆θ−1

max∂t∆θ, the robustness of this
relationship remains unclear.

Figure 5.6b shows essentially the same result based on Q−1
N ,mi n∂t QN , although it is

less clear if a downward trend at low Q−1
N ,mi n∂t QN is present due to the size of the error-

bars. One may hypothesize that when the net radiation takes very long to reach its final
state (Q−1

N ,mi n∂t QN → 0), also the evolution of the temperature inversion should be very

slow (∆θ−1
max∂t∆θ → 0). Following this reasoning, possible support for a trend in Fig.
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Figure 5.6: (a) The median inversion growth rate as function of ∂t QN for Cabauw (black) and Dome C (green).
Error-bars are as in Fig. 5.3. (b) The same data, but now normalized using QN ,mi n

5.6b is that for low values of Q−1
N ,mi n∂t QN , the system evolves so slowly that it is close to

local equilibrium and ∆θ−1
max∂t∆θ is directly related to Q−1

N ,mi n∂t QN . Conversely, when

Q−1
N ,mi n∂t QN →∞ (i.e. the sunset transition occurs instantaneously), the system is not

in local equilibrium with the evolution of QN , hence Q−1
N ,mi n∂t QN is no longer a relevant

time-scale for ∆θ−1
max∂t∆θ, and the curve levels off.

5.3.3. NUMERICAL MODELS

The observations suggest that ∆θ−1
max∂t∆θ takes a relatively small range of values (0.2−

0.4 h−1) and it decreases slightly with increasing Usunset . It is not clear what physical pro-
cesses control this relation, as Usunset is not an externally imposed control parameter,
but it is a boundary-layer quantity dynamically coupled to the various other quantities
we are considering. Therefore we use three types of numerical models, such that a more
controlled test may be performed. Information on which type(s) of model(s) reproduces
the trend of the observations could give an indication of what dynamics are responsible.

Given the idealized nature of the bulk model, its use for studying the effect of the
wind speed provides qualitative insight only. Nonetheless, it would be highly advan-
tageous if such a model is sufficient to explain the observations, since it provides the
most direct mechanistic insight. As a first step one could approach the SBL growth as a
simple diffusion problem, which is governed by a time scale z2

r e f /K , with K = κu∗zr e f

the turbulent diffusivity (chosen equal for heat and momentum). The effect of the wind
speed is two-fold. First, a larger wind speed would increase the turbulent diffusivity, and
therefore reduce the time scale. Conversely, increasing Usunset would also increase the
characteristic length scale, such as the Obukhov length, the boundary-layer height [180]
or the crossing level [81]. To account for this effect zr e f in Eq. 5.3 should increase, which
increases the turbulent time scale. The bulk model is used to investigate both effects.

Figure 5.7a shows that, at a fixed zr e f , the evolution of the normalized inversion
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Figure 5.7: (a) Temporal evolution of the normalized temperature inversion for various values of U (see legend)
and zr e f = 40 m in the bulk model. (b) The same for varying combinations of U and zr e f (see legend) such

that u∗ = 0.6 m s−1.

strength in all cases follows more or less the same slope, which is dictated by the magni-
tude of QN /cv (Eq. 5.3). This indicates that the turbulent heat flux and the net radiation
are always close to balance, which is due to the simplicity of the model. The small dif-
ferences in slope between the curves are caused by variations in U40, which represents
Usunset at 40 m. When Usunset was increased, while keeping zr e f constant, the initial
growth of ∆θ−1

max∂t∆θ was indeed larger. To test the effect of zr e f , Usunset should not
be kept constant, since then increasing zr e f would effectively decrease the turbulent
mixing. Therefore we vary zr e f while modifying Usunset such that the neutral friction
velocity u∗N = c1/2

D Usunset is kept constant. Figure 5.7b shows opposite results from Fig.
5.7a, i.e. the growth rate of ∆θ−1

max∆θ was reduced at higher zr e f and U . In summary,
since both effects work in opposite direction, the bulk model remains inconclusive on
the compound effect on the evolution of ∆θ−1

max∆θ.

In the SBL-SCM both the wind speed and a vertical length scale are dynamic quan-
tities that result from the imposed geostrophic wind speed, the surface properties and
the initial conditions. If the results would be consistent with the observations, this would
imply that the compound effect of Usunset on the turbulent mixing and the vertical length
scale is sufficient to explain the observed trend in Fig. 5.3. However, Fig. 5.8a shows that
an increased geostrophic wind (and thus Usunset ) accelerates the growth of ∆θ−1

max∆θ.
Since the rudimentary soil-model is not tuned to any of the observational sites, we inves-
tigate the sensitivity of the evolution of ∆θ/∆θmax to the soil model. Figure 5.8a shows
that the results are comparable between dry clay and fresh snow. In fact, a wide variety of
other soil types gave very similar results initially in the sense that the normalized inver-
sion grew faster with increasing wind speed (not shown). As such, we cannot attribute
the poor representation of the sunset transition in this model to the particular choice of
soil-type.

The qualitative disagreement with the observations may be explained partially by the
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Figure 5.8: (a) Time series of the normalized temperature inversion for dry clay (circles), and fresh snow
(crosses) for various values of geostrophic wind: 10 m s−1 (black), 14 m s−1 (blue), 18 m s−1 (orange) in the
SBL-SCM. Note that for 10 m s−1, the fresh snow case shows signs of a collapse of turbulence. (b) Time series
of the normalized temperature inversion for a geostrophic wind of 18 m s−1 for the same initial conditions as
in (a) (black), and using the profile at t = 3 h (blue). Symbols are as in (a).

invalidity of the equilibrium flux-gradient relations during the sunset transition. More-
over, the model is initialized right before the onset of the SBL, such that the SBL growth
is very sensitive to the initial conditions (Fig. 5.8b). In fact, model simulations are more
sensitive to the initial conditions than to the soil type. Thus, although the model pro-
vides useful insight in the relation between the model parameters and dynamics after
the sunset transition, it appears less suitable to model the transition itself.

Since the idealized models do not provide qualitative similarities with the observa-
tions, we also investigate a more realistic model. The RACMO-SCM with a TKE-scheme
[as in 69] does not rely on a first-order parameterization of turbulence. Additionally, this
model is more elaborate than the SBL-SCM, in the sense that it models a full diurnal cy-
cle with a simplified representation of horizontal advection and moisture schemes and
more advanced radiation and soil schemes. Therefore we may expect that the model
provides a more realistic representation of the SBL transition.

Figure 5.9a shows the median of ∆θ−1
max∂t∆θ (similar to Fig. 5.4). It shows that

reasonable agreement with the observations was obtained, especially at higher wind-
speeds. Modeled time series are typically smoother than observational time series. There-
fore a slightly smaller value of ∆θmax in the model is not surprising and the overesti-
mation of the inversion growth rate by the model could be due this fact. However, the
variation among various model levels is in contrast with observations (cf. Fig. 5.4) and
suggests that the model is still prone to other biases. Moreover, the increase at very low
wind-speeds should be approached with caution, since these type of models typically
do not perform well in this range. Figure 5.9b shows that there also is a systematic over-
estimation by the model, when the sensitivity to the evolution of the net radiation was
investigated. The shapes of the curves are nonetheless qualitatively similar.

The reasonable agreement between the RACMO-SCM and the observations could be
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Figure 5.9: (a) The median inversion growth rate as function of Usunset at Cabauw, similar to Fig. 5.3. The
circles represent the observed values (∆z = 40 m-1.5 m). The squares, crosses, and plus-signs indicate the
RACMO-SCM results using the TKE scheme at various measurement levels, i.e. 20m-2m, 40m-2m, 80m-2m,
respectively. The red downward triangles are the results of the RACMO-SCM using the IFS scheme. The error-
bars are also as in Fig. 5.3. (b) The median inversion growth rate as function of ∂t QN , similar to Fig. 5.6. Circles
and crosses are as in (a).

explained by the more realistic prognostic representation of the TKE in this model. To
test this hypothesis a new set of runs was performed (spanning 2 years of observations)
using the first-order IFS closure for turbulence of the ECMWF. Figure 5.9a shows that
this severely reduces the model performance. The reduction of the performance is al-
most completely due the poor prediction of ∂t∆θ, while reasonable agreement between
the two schemes was found for∆θmax (not shown). Nonetheless, it is clear that between
the SBL-SCM and the RACMO-SCM with the IFS scheme a substantial qualitative im-
provement was already achieved. The use of a prognostic TKE scheme provided another
significant improvement step (Fig. 5.9a).

In summary, the bulk model and the SBL-SCM appeared to be unable to provide
qualitative agreement with the observations. This suggests that the physical processes
of particular importance are either absent or poorly represented in these models. A
first qualitative important improvement is observed when the RACMO-SCM with the
IFS scheme is used, which we attribute to the fact that a full diurnal cycle was modeled,
and thus that a realistic and coherent state of the boundary layer was known at the time
of the onset of the SBL. Further improvement by using the TKE scheme suggests that the
history of the boundary layer is important in a more general sense. This seems to be
consistent with the notion that turbulence is not in local equilibrium [e.g. 172]

5.4. DISCUSSION
In this chapter, we investigated the relation between the growth of the SBL across the
evening transition and other physical quantities. For this approach it was necessary to
use a statistical fitting procedure, which neglects the large variety in how the temperature
inversion may develop in individual cases.
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Previous studies found strong relations between the wind shear and the temperature
inversion [73, 85], which could be explained using a strongly idealized model [81, 87].
Furthermore, evidence was found of at least two distinct regimes in the SBL [85, 101,
105, 201], of which the most stable regime seems incompatible with MOST-type scaling
laws [13, 175]. Considering the distinct behavior between the regimes later in the night,
it would not have been surprising if signals of distinct development were detected at an
earlier stage. However, once normalized by the maximum temperature inversion, it ap-
pears there is little evidence of distinct regimes (Fig. 5.3). A possible explanation is that
the initial growth is dominated by the same processes (e.g. continuous turbulence or
remnants of convective motions). At a later stage turbulence may be weak and inter-
mittent, such that other processes (e.g. the ground heat flux) may be more significant
[87]. In fact, the wind shear appeared to have only a very mild effect on ∆θ−1

max∂t∆θ. We
hypothesize that the weak effect of the wind may be due to counteracting processes: a
stronger wind shear leads to more mixing, but also to a deeper boundary layer (i.e. more
available warm air). Other possibilities may be a relation to the weaker decay of convec-
tive turbulence in case wind shear is strong [202].

Pattantyús-Ábrahám and Jánosi [185] suggested that the tropospheric water con-
tent was the most important factor in the evolution of the nocturnal temperature. Our
observations indicate that very low (absolute) values of ∂t QN (associated with clouds,
moisture and season) may lead to slower growth of ∆θ−1

max∂t∆θ. Additionally, the results
showed that moisture-related dynamics (e.g. clouds) may partly account for the spread
in∆θ−1

max∂t∆θ. It is unfortunate that Pattantyús-Ábrahám and Jánosi [185] did not inves-
tigate the time-scale in relation to QN , since QN (and its evolution), moisture and clouds,
and the seasonal cycle are coupled and/or correlated. As a result, disentangling effects
of individual parameters is complicated.

To further complicate the problem, we found indications that the day-time evolution
(e.g. how the CBL decays) may be an important factor that affects the SBL growth (Fig.
5.9). This would explain why no, or only weak relations were found with many contem-
poraneously measured variables (e.g. wind speed, temperature, humidity). Since these
quantities contain little information on the SBL growth, it seems unlikely that a simple
physical model assuming instantaneous equilibrium of turbulent fluxes to the resolved
state could qualitatively reproduce the early SBL growth, and how it depends on the var-
ious parameters.

Consistent with the present results, Edwards [133] observed clear temporal differ-
ences depending on whether or not the full diurnal cycle was modeled. A plausible ex-
planation is that when a full diurnal cycle is being modeled, the flow constitutes a physi-
cally realizable state at the time of the onset of the SBL. The archetypal neutral boundary
layer (a logarithmic wind profile and no temperature gradients) may not be a realistic
state of the boundary-layer at any time around sunset. Consequently they cannot re-
produce important aspects of the transient SBL (Figs. 5.7 and 5.8). This suggests that at
least the pre-sunset history (i.e. the afternoon decay of convective turbulence) should
be taken into account in models that aim to study the onset of the SBL.

The results of Jensen et al. [173] also suggest that the pre-sunset state is important
for the dynamics at sunset. They investigated detailed flow characteristics during this
pre-sunset period, and they found that the (third-order) budget terms of the sensible
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heat flux contain clues about the nature of the counter-gradient fluxes around sunset.
However, it remains unclear if these budget terms qualitatively impact the growth-rate
of the temperature inversion, since the RACMO-SCM is able to reproduce the inversion-
growth with reasonable accuracy, even though it does not resolve third-order terms.

The studies of De Wekker and Whiteman [184] and Pattantyús-Ábrahám and Jánosi
[185] shared similar approaches to determine a typical evolution of the SBL. These ap-
proaches were distinct from this study, but they are related in the sense that, in first-
order approximation, a fixed functional form was used to fit the temporal evolution of
a temperature-based quantity. For a set of 18 individual nights from 9 different loca-
tions, De Wekker and Whiteman [184] used an exponential function to the normalized
cumulative cooling during the whole night. The time scale that they found ranged from
3−7.5 h, corresponding to a rate of ∼ 0.13−0.33 h−1. The related approach by Pattantyús-
Ábrahám and Jánosi [185] yielded values for the inverse time scale of 0.1−0.5 h−1, com-
pared to 0.2−0.4 h−1 that we found at three distinct sites. As such, there appears to be
some generality to the evolution rate of the SBL among studies, locations, measurement
heights (Fig. 5.4), and a broad range of conditions. So despite the complexity of the dy-
namics, a simple ad-hoc model for the evolution of the SBL (or at least the temperature
inversion) may be sufficient to be useful in studies that do not require detailed insight
in the boundary layer itself. The consistency among sites could be further verified by
performing a similar analysis on a large number of sites [e.g. as in 102]. Of course, such
an analysis could not achieve the same level of detail per site, but it could reveal a sys-
tematic dependence on other parameters, such as soil characteristics.

Since at Dome C clouds are mostly absent and conditions are dry in general, the
diurnal cycle of QN is mostly determined by the zenith angle. Therefore, an alternative
approach would be to conduct a more detailed investigation of this site. This might not
only be beneficial for understanding the evolution of the SBL, but also for the decay of
the CBL. With respect to the latter, Sorbjan [203] used large-eddy simulation to find that
turbulence decreases faster when QN decreases more abruptly (i.e. smaller ∂t QN , note
that ∂t QN is negative), which is consistent with the bulk model and may explain the
slower dynamics when ∂t QN is less negative (i.e. at Dome C, or when there are clouds).

Finally, we found that an operation-level SCM results in reasonable agreement in
terms of statistics. Unfortunately these models are typically complex, and may behave
unexpectedly if dynamical features (such as clouds) are turned off, which makes them
less versatile than more idealized models. It may be possible, however, to investigate
the effect of small perturbations of pre-existing cases, to gain insight in the effect on the
growth of the temperature inversion.

5.5. CONCLUSION
A large number of observations from three distinct sites were used to study the growth of
the SBL, as measured by the temperature inversion. The results show remarkable con-
sistency of the normalized growth rate among these sites. The sensitivity to several pa-
rameters was tested, and similarly to Pattantyús-Ábrahám and Jánosi [185] most of these
parameters did not indicate a systematic relation with the growth rate. Previous studies
identified the wind speed as a key parameter for the structure of the established SBL [e.g.
73, 81]. Consistent with these studies, we observe that the absolute growth of the tem-
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perature inversion sharply increases once the wind is below a critical range. Once nor-
malized by the ultimate inversion strength, the inverse time scale does not show clear ev-
idence of multiple regimes. This suggests that the early development of the SBL is dom-
inated by the same dynamical processes, and the qualitatively distinct regimes become
apparent later. Moreover, the present results suggest at most a very weakly decreasing
dependence of the normalized growth rate with increasing wind-speed.

A clearer trend was found when the decay of the net radiation ∂t QN (or QN ,mi n∂t QN )
was close to zero. In that case ∆θ−1

max∂t∆θ appeared to attain lower values. However,
∂t QN could not be related to a single physical mechanism. Moreover, no relation was
found once ∂t QN became more negative.

To further investigate the underlying mechanisms, three numerical models were used.
These showed that a simple bulk model, or the SBL-SCM could not replicate the depen-
dency on the wind speed, despite the qualitative success of similar models in describing
the (quasi-)steady state of the SBL [87, 188]. The RACMO-SCM is capable of modeling
the full diurnal cycle and it provided similar statistics to the observations when the TKE-
scheme was used, while the first-order IFS scheme resulted in qualitative similarities
only. This suggests the importance of the history of the system in terms of TKE and the
mean flow properties of the whole boundary-layer for the sunset transition and the early
SBL growth.

5.A. FITTING PROCEDURE
The fitting procedure was aimed at estimating a ’typical’ inversion growth rate for each
night, measured by ∂t∆θ. Considering the irregularity of the time series, different choices
of fitting procedure may lead to a better fit for some nights, and a poorer fit for others.
The procedure described below appeared to be reasonably robust, in the sense that the
quality of the fit resembled the irregularity within a particular night.

The procedure used ∆θ (measured over a certain vertical range) and the net radi-
ation. Furthermore the time is defined relative to sunset, i.e. we defined t = 0 when
QN = 0. There are several main steps in the procedure:

First, the time was located when the SBL starts, i.e. when ∆θ crosses zero just before
sunset. This time is defined as tmi n . Next, the maximum inversion ∆θmax was deter-
mined, and tmax was defined as the time when ∆θ = 0.9∆θmax for the first time after
sunset. We found that using 90% of the maximum lead to less sensitivity to spikes.

Third, the minimum value of ∆θ was subtracted from the time series, since Eq. 5.1
starts at 0, while ∆θ is slightly negative during the day.

The lsqcurvefit function of MATLAB was used to fit Eq. 5.1 to the shifted ∆θ-time
series of each day between t = tmi n+a and t = tmax+b, where a = [0,−2,−1,−2,−1,−1,0]
and b = [0,0,0.5,1,0,1,1]. This means that 7 distinct fits were made for each day. No fits
were made when fewer than 5 observations were available. Figure 5.1 in Section 5.2c
shows two examples of a fit for two different nights. For each fit the ’typical’ evolution
∂t∆θ = kT /4 was determined.

Finally, for each night, the extremes were removed, i.e. the two highest and two low-
est estimates of ∂t∆θ were omitted. The remaining three estimates were then averaged
to give a final estimate of ∂t∆θ, which was used for the analysis.

To determine ∂t QN a similar procedure was used. First we define QN ,max the max-
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imum of QN in the time interval −4 < t < 0 and QN ,mi n the minimum in the inter-
val 0 < t < 5. Again we define tmi n and tmax . The time when QN becomes less than
0.9QN ,max was used as tmi n and the time when QN becomes less (more negative) than
0.9QN ,mi n was used as tmax . A linear function f (t ) = a1t + a0 was used to fit the time
series between t = tmi n +a and t = tmax +b. The mean value of the middle three values
of a1 was then used as an estimate of ∂t QN .





6
THE COLLAPSE OF TURBULENCE IN

A PCF

In this chapter DNS of the stably stratified PCF are performed for various combinations
of the (bulk) Reynolds number Re (Eq. 1.6) and the shear capacity SCC . The first goal
is to study how the results of Chapter 4 extend to larger Re. Second, we study how the
Obukhov Reynolds number ReL (Eq. 1.14) relates to the occurrence of a maximum buoy-
ancy flux. Finally, we aim to establish what the similarities and differences are between
applying a fixed buoyancy difference (Dirichlet) or a fixed buoyancy flux (Neumann) as
boundary conditions. The results show that in a steady state and under weak stratification
the flow statistics are virtually the same between the different types of boundary condition.
Dynamically, however, important differences become apparent at stronger stratification.
When Neumann boundary conditions are being applied, there is a clear sensitivity to the
initial conditions in this regime, while for Dirichlet boundary conditions this is not the
case. As in Chapter 4 we find that when the imposed boundary-flux is larger than the
maximum buoyancy flux no turbulent steady-state occurs. The relation between Re and
the minimum value of SCC for which the flow reaches a steady state suggests a converging
trend with increasing Re. This implies that at the critical SCC , ReL increases with in-
creasing Re, for which we find analytical support. Once SCC is less than its critical value,
stratification is continuously increasing in time, until -finally- ReL ≈O(100). In this range
of ReL we find that the flow becomes intermittent and eventually laminarizes completely,
which is consistent with previous investigations.

This chapter forms the basis for an article that is in preparation.

87
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In Chapter 4 we have shown as a proof-of-principle that when Neumann boundary con-
ditions (BC) are applied to a PCF, the flow essentially skips the intermittent regime as a
statistically steady state, as observed using Dirichlet boundary conditions [41]. This ob-
servation is characteristic of self-propelling dynamics once the system passes a thresh-
old. This chapter extends on Chapter 4 by investigating the same set-up on a range of
Re and a larger domain using DNS. An important question is how the results of Chap-
ter 4 may be extended to atmospheric Reynolds numbers, and how they relate to other
investigations of turbulent mixing in stratified flows.

6.1. INTRODUCTION
Many studies have been aimed at understanding the effect of a stable density (buoyancy)
gradient on turbulent mixing in wall-bounded flows. Generally the flow is categorized
into a buoyancy affected, a buoyancy controlled and a buoyancy dominated regime [us-
ing the terminology of 26]. These regimes roughly correspond to a fully turbulent flow,
an intermittently turbulent flow, and a laminarizing flow. In a DNS of the Ekman flow
Ansorge and Mellado [42] showed that, in an intermittently turbulent flow, the condi-
tional statistics based on the turbulent patches are the same as those of a fully turbulent
flow. This implies that turbulent transport can be described by well-established param-
eterizations [18] and the spatio-temporal fraction of the flow that is turbulent. Jacobitz
et al. [43] investigated a shear flow and showed that stratification mainly acts to reduce
the production of turbulent motion, rather than to destroy turbulence through the buoy-
ancy term. The observation of Jacobitz et al. [43] was corroborated for an Ekman flow
[44], which suggests more general validity.

A main subject in the investigation of stably stratified flows is what processes control
the collapse of turbulence to intermittent or laminar flow. Smyth and Moum [204] ar-
gued that, for turbulence to survive, the scale separation must be sufficient between the
smallest and the largest scales that are unaffected by buoyancy. This scale separation is
given by the buoyancy Reynolds number Reb [defined in Section 6.2, see also 48, 205–
207]. It was suggested that this parameter provides a better characterization of the flow
than a Richardson number alone [205, 206]. Related to this parameter is the Obukhov
Reynolds number ReL (also defined in Section 6.2), which has a similar physical inter-
pretation as Reb for wall-bounded turbulent flows [207, 208]. Using various configura-
tions [41, 42, 54] it was shown that turbulence collapses when the instantaneous ReL

is less than O(100). Flores and Riley [54] connected this observation with the results of
Jimenez and Simens [209] who showed that turbulence requires 50−80ν/uτ of distance
to the wall to survive. In the next section ReL is introduced further. The generic value as
collapse indicator of other parameters, such as h/L [128] or Riτ = ∆b/u2

τ [26] could not
be confirmed when tested at different Reynolds numbers or in different configurations
than the original study [41, 54]

Within the meteorological context the collapse of turbulence was associated with the
occurrence of a maximum buoyancy flux at some Richardson number, since the flux is
small when this number is either very large or very small (Chapters 2 and 3). It occurs
because the density gradient suppresses the turbulent mixing-length. Caulfield and Ker-
swell [125] used a variational method to show that there is a rigorous upper bound of the
buoyancy flux proportional to U 3

0 /h, which suggests the maximum is a consequence of
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a global constraint to the flow. In Chapter 4 scaling of the flux-maximum, that is consis-
tent with Caulfield and Kerswell [125], was introduced in the form of the shear capacity
SCC [based on previous work by 81, 82]. This resulted in the hypothesis that the ex-
istence of a maximum buoyancy flux may explain the collapse of turbulence in a PCF
[84] and the sharp transition between WSBL and VSBL in the atmosphere [87]. In case
a larger buoyancy (energy) flux was extracted at the surface, no turbulent steady-state is
possible resulting in a strongly-stratified atmospheric boundary-layer in RANS models
[81, 82, 84], and in observations [Chapter 3, 87, 101, 124, 210].

Beyond the maximum buoyancy flux, these studies showed a decreasing flux with
increasing stratification as is sketched in Fig. 2.4, although the shape of the curve on
the r.h.s of the maximum is uncertain. Based on the possibility of this decrease beyond
the maximum Taylor [123] argued that for a given wall-flux two equilibrium solutions
may exist: one weakly stratified, dynamically stable state; and one strongly stratified,
dynamically unstable state. The dynamic stability was later formally proven within the
limitations of a MOST-based RANS model [84]. Holdsworth et al. [211] used a single-
column model to show that more complex dynamic stability issues may arise for rough
surfaces when different flux-profile relations are being used. Phillips [35] and Posmen-
tier [212] used the possibility of a non-monotonic growth of the buoyancy flux to argue
that a slight infinitesimal decrease of the buoyancy flux would be amplified by a positive
feedback with the local buoyancy gradient. This feedback was then used as an expla-
nation for the formation of layers [i.e. the ’staircase’ profiles as reported by 213] in a
numerical model.

It is not clear what controls the maximization of the buoyancy flux and how it relates
to the collapse of turbulence. Since in a boundary-layer flow turbulence is mainly gener-
ated near the wall (zuτ/ν≈ 15), it is possible that the flux-maximum1 may be associated
with a characteristic value of the ’wall-parameter’ ReL . Alternatively, the maximum oc-
curs following the global constraint. Such a global constraint and a characteristic ReL

are mutually exclusive. Therefore, a key question this chapter aims to answer is how
the value of SC cr i t

C (the value of SCC below which turbulence cannot be sustained, see
Chapter 4) depends on the bulk Reynolds number (Chapter 2), and how this relates to
the Obukhov Reynolds number introduced by Flores and Riley [54].

In this chapter a fixed buoyancy flux (Neumann BCs) is applied at the top and bot-
tom boundaries of the domain, as in Chapter 4. A particular question is what the impact
of this choice is with respect to applying a fixed buoyancy difference between the walls
(Dirichlet BC). The strength of the latter is that it allows greater control over the strat-
ifications strenght, since the bulk stratification does not dynamically interact with the
flow. But in reality, dynamical interactions between the bulk buoyancy gradient and tur-
bulent mixing may be very important (Chapters 3 and 5), for example for predictions of
the night-time surface-temperature. From a fundamental perspective, the flux-driven
case may provide important insight into the maximal turbulent mixing in stable strat-
ified flows, since the total steady-state2 buoyancy transport in the full flow is known a
priori. Moreover the dynamical behaviour of the flux-driven PCF may share mathemati-
cal similarities with regime shifts between a strong-mixing and a weak-mixing state in a

1In this context, ’flux’ always refers to the buoyancy flux in this chapter, unless stated otherwise.
2’Steady’ always refers to steadiness in a statistical sense in this chapter.
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Tokamak reactors [214].

Flux-driven boundary-layer flows were investigated by Nieuwstadt [128], Flores and
Riley [54], and Donda et al. [64] (App. A.2.1) who performed DNS of a stably stratified
plane channel flow, and by Gohari and Sarkar [94] who studied the Ekman flow. Gohari
and Sarkar [94] found a temporary collapse of turbulence and observed the formation
of a low-level jet. Subsequently turbulence recovered, during which the flow exhibited
several collapse–recovery cycles. These cycles occur due to constant adjustment of the
velocity profile to re-balance the pressure force with the wall-friction as predicted by the
RANS model of van de Wiel et al. [215]. In the plane channel flow, a single collapse–
recovery cycle was observed when the flow did not collapse completely, but remained
at least partly turbulent [54]. Donda et al. [64] showed that the absence of a recovery
following a complete collapse may be explained by the lack of finite-size perturbations
that could trigger a revival of turbulence. In a PCF with Neumann BCs such a recovery
does not occur, since the total momentum is fixed (Chapters 2 and 4). Therefore, it is
clear that the flow configuration and the mechanical forcing impact the global structure
of the flow. At the same time, the near-wall characteristics are general between different
wall-bounded configurations [e.g. 27, 72].

A similar generality may be observed between applying Dirichlet and Neumann BCs
for buoyancy, i.e. for both the intermittency boundary is marked by a characteristic
value of the ReL [cf. 41, 54]. Moreover, for a specific configuration (in this chapter: the
PCF) and considering a RANS perspective based on Monin-Obukhov similarity theory
(MOST), we may expect the same steady-state characteristics of the mean flow. How-
ever, higher-order statistics may show distinct behaviour, which in turn could affect the
mean flow. For example, buoyancy fluctuations may only be non-zero at the walls when
Neumann BCs are being used. Dynamically more significantly distinct behaviour may
be possible. Therefore it is important to establish how similar the steady state and the
temporal evolution are between applying Neumann or Dirichlet BCs in a fully resolved
flow. Such similarity may facilitate future quantitative comparability of the steady state,
while comparison of the dynamical behaviour aids obtaining mechanical insight.

In summary, this chapter aims to answer (1) how SC cr i t
C found in Chapter 4 extends

to a larger (bulk) Reynolds number, (2) how SC cr i t
C relates to the Obukhov Reynolds num-

ber, and (3) what the differences and similarities are between applying Dirichlet or Neu-
mann BCs to the PCF, both dynamically and in steady state.

The approach of this chapter is as follows. The specific methods, parameters and
simulation strategy are introduced in Section 6.2. In the results, we extend the findings
of Chapter 4 by further investigating the flow characteristics as function of SCC (Sec-
tion 6.2.3), which serves two purposes. The first is to document these characteristics in
more detail. Second, these characteristics may then serve as a benchmark for the rest of
the chapter. Next, in Section 6.4, we investigate similarities and differences between the
PCF using Neumann BCs (flux-driven) and Dirichlet BCs (isothermal walls). The com-
parison is on the steady-state characteristics as well as the dynamical behaviour. For the
Dirichlet cases we use the observations of Deusebio et al. [41] for interpretation and a
quantitative comparison is made with several additionally performed simulations. Sec-
tion 6.4 is about the relation between the Reynolds number and the critical value of SCC ,
which is associated with maximization of the turbulent buoyancy flux (Chapters 3 and 4).
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In Section 6.4 we investigate numerically and theoretically how the Obukhov Reynolds
number [54] relates to SCC and the occurrence of a flux-maximum. Finally we investi-
gate if a Richardson number can be associated with the occurrence of a flux-maximum
(Section 6.4). The chapter ends with a discussion (Section 6.8) and a conclusion (Section
6.9).

6.2. METHODS

6.2.1. MODEL SET-UP AND DIMENSIONLESS NUMBERS
The PCF is set-up as described in Chapter 2 (Fig. 2.1). For this set-up the conservation
equations defined in Eqs. 1.1 are solved. In the horizontal directions the domain is pe-
riodic. Vertically the domain is bounded by the walls at z = 0 and z = 2h, which are
moving in opposite direction with velocity ±U0. At the wall no-slip boundary conditions
are imposed for the velocity, i.e. u = v = w = 0. For the majority of the cases Neumann
boundary conditions are applied for buoyancy, i.e.

∂z bw all = qw /kb , (6.1)

with −qw the imposed buoyancy flux through the walls and kb the molecular diffusivity
of buoyancy. For these cases the shear capacity for the Couette flow (Chapter 4)

SCC =U0/(hqw )1/3 (6.2)

is a dimensionless control parameter. Physically SCC represents a ratio of velocity scales:
U0 is the wall velocity and (hqw )1/3 is proportional to the velocity at which qw equals the
maximum (in absolute sense) of the total buoyancy flux φb,max , which occurs at value
SCC = SC cr i t

C . Thus SC cr i t
C indicates whether or not the turbulent flow can sustain the

buoyancy flux needed to match the boundary conditions.
In the PCF SCC provides a definite answer (at least for a given Re, see Chapter 4)

about the state of the flow in steady state. For the plane channel flow this may be dif-
ferent. In that configuration turbulence may collapse temporarily when qw is too large,
when starting from a neutrally stratified initial state [54]. Subsequently the flow recov-
ers turbulence due to re-acceleration of the flow [60, 64]. Donda et al. [64] showed that
when a different initial velocity profile (i.e. one for which shear is initially larger than in
a logarithmic profile) was used, the flow may remain turbulent at all times.

The stratification strength is measured by the bulk Richardson number, defined as,

Rib = h∆b

U 2
0

, (6.3)

with ∆b = 0.5[b(z = 2h)−b(z = 0)]. In several simulations Dirichlet BCs are being used.
Rib is then a control parameter, with ∆b = B0, and ±B0 the buoyancy at the walls.

Other control parameters are the (bulk) Reynolds number Re = U0h/ν with ν the
kinematic viscosity, and the Prandtl number Pr = ν/kb = 1 the molecular diffusivity ratio
of momentum and buoyancy. The scale separation between the domain scale h and
the smallest scale ν/uτ is described by the friction Reynolds number Reτ = uτh/ν, with
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u2
τ = ν[∂z u](z = 0). Flores and Riley [54] introduced an additional scale separation, the

Obukhov Reynolds number, defined as

ReL = Luτ
ν

, (6.4)

with L = u3
τ/(κqw ) the Obukhov length, and κ the Von Kármán constant. This length is

interpreted as the height at which buoyancy becomes more limiting for turbulence than
the wall-distance.

The scale separation ReL is based on similar arguments as the more general buoy-
ancy Reynolds number [47, 48, 204], defined as

Reb =
(

lO

η

)4/3

= εtke

νN 2 , (6.5)

in which lO , the Ozmidov scale, defines the length scale below which turbulence is as-
sumed to be isotropic. η is the Kolmogorov length scale (Section 1.3.4), εtke is the dissi-
pation of TKE, and N 2 = ∂z b is the Brunt–Väisälä frequency (Eq. 1.10). Zhou et al. [208]
related ReL and Reb as

Reb ' κReL , (6.6)

by assuming MOST-based scalings ε∼ u3
τ/l and N 2 ∼ uτ/(qw l ), in which l is the mixing

length (assumed equal for momentum and buoyancy). Their DNS results show good
agreement with Eq. 6.6 for a wide range of Re, Pr and Rib . As remarked by Zhou et al.
[208] the numerical values of Reb may depend on the averaging volume when comparing
between different regions of the flow. For ReL this is not the case, since it is based on
wall-variables only. Therefore, we focus our discussion on this parameter.

6.2.2. NUMERICAL METHOD
Equation 1.1 are solved using the DNS algorithm of van Heerwaarden et al. [216] (https:
//github.com/microhh/microhh). In this study the algorithm is used with a fractional-
step [153] third-order Runge–Kutta scheme for time integration and a CFL number of 1
[217]. The spatial discretization is of second-order and it is based on finite differences,
with uniformly distributed grid points. The code also allows for fourth-order accuracy,
but since no significant differences were observed when, for example, evaluating the dis-
sipation profiles, the second-order spatial discretization was used to limit computational
costs.

Profiles of statistical quantities (e.g. budget terms of the Reynolds stresses) were
stored each time unit h/U0. To this end the flow variables are Reynolds-decomposed
into horizontally averaged fields Ui = 〈ui 〉, B = 〈b〉 (where 〈·〉 indicates averaging in the
horizontal plane) and fluctuating fields u′

i = ui −Ui , b′ = b −B . Unless stated otherwise
these quantities are presented in inertial units, i.e. normalized using U0 and h.

The resolution was chosen such that under neutral stratification it is in the range 3.0−
5.3ν/uτ horizontally and 0.9−1.4ν/uτ vertically (see Table 6.1). The resolution becomes
slightly better under stable stratification. In Fig. 6.1 the TKE-budget terms are compared
of the neutrally stratified cases for each Re as validation of the code. Additionally, the
numerical results of Pirozzoli et al. [95] are also presented as further validation. The

https://github.com/microhh/microhh
https://github.com/microhh/microhh
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Figure 6.1: Budget terms of the TKE for the non-stratified case at Re = 1000 (dark-red), 1600 (black), 2500
(blue), 3500 (red), 4500 (green) and 6200 (light-blue) normalized using u4

τ/ν (indicated by the +). The thick
crosses (x) represent data from Pirozzoli et al. [95] at [Re,Reτ] = [21333,986]. The symbols indicate different
budget terms (defined in the main text) as indicated in the figure. The lines are for visualization.

TKE is defined as e = 〈u′
i u′

i 〉/2. For each component the budget terms are individually
defined by Mansour et al. [218]:

• the production term Pi j =−〈u′
i u′

3〉∂zU j −〈u′
j u′

3〉∂zUi ,

• the turbulent transport term Ti j =−∂z〈u′
i u′

j u′
3〉,

• the viscous transport term Vi j = ν∂2
z〈u′

i u′
j 〉,

• the pressure transport term ΠT
i j =−∂z〈p ′u′

i 〉δ j 3 −∂z〈p ′u′
j 〉δi 3,

• the buoyancy production/destruction term Θi 3 = 〈u′
i b′〉,

• the dissipation term εi j =−2ν〈∂k u′
i∂k u′

j 〉.

The overlap of the data at different Reynolds numbers in Fig. 6.1 indicates that the
present set-up is able to accurately resolve the flow-dynamics.
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Table 6.1: Overview of all simulations with Neumann BCs. Single asterisks indicate that no steady state was
reached during the simulation. The double asterisk indicates initialization from a fully turbulent, stably strat-
ified field (see main text). The columns read from left to right: the run label (based on the values of Re and
SCC ), Re, SCC , the steady state period (or total run time) in inertial and in turbulent time units, the resolution
in each direction, the steady (or final) state values of Reτ, ReL , and Rib , and the symbols used in Figures.

Run Re SCC
th
U0

th
uτ

δx uτ
ν

δy uτ
ν

δz uτ
ν Reτ ReL Rib symbol

Lx ×Ly ×Lz = 48h ×24h ×2h nx ×ny ×nz = 1056×528×144
R10 1000 Inf 350 23 3.0 3.0 0.9 66 ∞ 0 ä
R10S271 1000 27.1 150 9 2.7 2.7 0.8 60 637 0.026 O
R10S252 1000 25.2 150 8 2.5 2.5 0.7 56 380 0.042 ©
R10S244* 1000 24.4 650 33 2.5 2.5 0.7 51 228 0.043 ∗
R10S237* 1000 23.7 450 19 2.5 2.5 0.7 43 110 0.055 +

Lx ×Ly ×Lz = 48h ×24h ×2h nx ×ny ×nz = 1344×672×192
R16 1600 Inf 1200 74 3.5 3.5 1.0 98 ∞ 0 ä
R16S317 1600 31.7 600 35 3.4 3.4 1.0 94 1530 0.009 ♦
R16S252 1600 25.2 600 33 3.1 3.1 0.9 87 500 0.020 ©
R16S244 1600 24.4 400 21 3.0 3.0 0.9 83 406 0.027 ∗
R16S237* 1600 23.7 2500 110 3.0 3.0 0.9 64 132 0.052 +
R16S231* 1600 23.1 400 15 3.0 3.0 0.9 60 95 0.047 ×
R16S225* 1600 22.5 400 13 3.0 3.0 0.9 52 53 0.060 .

R16S220* 1600 22.0 400 12 3.0 3.0 0.9 46 29 0.075 /

Lx ×Ly ×Lz = 60h ×24h ×2h nx ×ny ×nz = 1920×864×216
R25 2500 Inf 678 39 4.5 4.0 1.3 145 ∞ 0 ä
R25S317 2500 31.7 500 28 4.3 3.8 1.3 138 1855 0.010 ♦
R25S271 2500 27.1 100 5 4.2 3.7 1.2 135 1070 0.020 O
R25S237 2500 23.7 700 33 3.7 3.3 1.1 118 418 0.035 +
R25S231* 2500 23.1 600 23 3.7 3.3 1.1 94 148 0.058 ×
R25S225* 2500 22.5 600 17 3.7 3.3 1.1 69 40 0.084 .

R25S220* 2500 22.0 600 14 3.7 3.3 1.1 59 200 0.110 /

Lx ×Ly ×Lz = 60h ×24h ×2h nx ×ny ×nz = 2400×1056×272
R35S 3500 Inf 675 38 4.8 4.4 1.4 195 ∞ 0 ä
R35S317 3500 31.7 600 32 4.6 4.2 1.3 184 2188 0.011 ♦
R35S271 3500 27.1 300 15 4.4 4.0 1.3 176 1130 0.019 O
R35S237 3500 23.7 573 26 4.0 3.6 1.2 159 500 0.037 +
R35S231* 3500 23.1 800 34 4.0 3.6 1.2 146 318 0.047 ×
R35S225* 3500 22.5 600 19 4.0 3.6 1.2 111 100 0.071 .

R35S220* 3500 22.0 600 14 4.0 3.6 1.2 78 22 0.118 /

R35S215* 3500 21.5 600 13 4.0 3.6 1.2 73 16 0.142 ?

Lx ×Ly ×Lz = 60h ×20h ×2h nx ×ny ×nz = 3024×1080×396
R45 4500 Inf 350 19 4.8 4.5 1.2 243 ∞ 0 ä
R45S317 4500 31.7 197 10 4.5 4.2 1.1 228 1363 0.012 ♦
R45S237 4500 23.7 148 7 3.9 3.7 1.0 199 575 0.037 +
R45S231* 4500 23.1 500 21 3.9 3.7 1.0 187 402 0.046 ×
R45S225* 4500 22.5 650 19 3.9 3.7 1.0 134 98 0.080 .

R45S220** 4500 22.0 145 4 3.9 3.7 1.0 114 47 0.100 /

Lx ×Ly ×Lz = 60h ×20h ×2h nx ×ny ×nz = 3600×1200×480
R62S 6200 Inf 350 18 5.4 5.4 1.3 322 ∞ 0 ä
R62S317 6200 31.7 128 6 5.0 5.0 1.2 300 2745 0.012 ♦
R62S237 6200 23.7 200 8 4.3 4.3 1.1 257 608 0.043 +
R62S231* 6200 23.1 519 20 4.3 4.3 1.1 241 427 0.052 ×
R62S225** 6200 22.5 207 7 4.3 4.3 1.1 223 287 0.065 .

R62S215* 6200 21.5 500 12 4.3 4.3 1.1 148 49 0.115 ?
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6.2.3. CASE SET-UP
We investigate the critical SCC for six different Re as listed in Table 6.1. For each Re the
flow is initialized with a logarithmic profile, which was randomly perturbed. The model
was run for 250−300h/U0 until a turbulent, statistically-steady state was obtained. The
end of the initialization runs formed the start of the non-stratified runs. From the end
of the non-stratified cases the stably stratified runs were started. When SCC ≈ 22−24 a
significantly longer time was required to reach a steady state. Therefore, to limit com-
putational cost, cases R45S220 and R62S225 were started from fully turbulent fields that
were obtained during cases R45S225 and R62S231, respectively, instead of starting from
the neutrally stratified initial state.

When possible the time-averaged steady-state values of Reτ, ReL and Rib were ob-
tained. These values are also listed in the table for comparison. The statistical variation
of each quantity is approximately 1% or less (measured by the standard deviation dur-
ing the averaging period). If the flow did not become steady within the simulated time
(marked with an asterisk in Table 6.1) the final value of these dimensionless ratios is
listed. The values of Reb are not listed since for each simulation, since Eq. 6.6 appears
approximately valid at all times.

To investigate the effect of the boundary conditions several additional simulations
were performed with different initial or boundary conditions (Table 6.2). For this pur-
pose the steady-state Rib was measured for several cases in which Neumann BCs were
used. This value for Rib was then used as a control parameter in a new simulation (la-
beled RxxRxxx), in which Dirichlet BCs were used. The difference between applying
Dirichlet or Neumann BCs is the quantities that are fixed at the top and bottom bound-
ary, summarized as:

• Dirichlet BC: bw all fixed, ∂z bw all free,

• Neumann BC: bw all free, ∂z bw all fixed.

Another set of simulations was initialized with a strongly stratified state of the flow (la-
beled RxxVSxxx). For these cases Neumann BCs were imposed such that SCC > SC cr i t

C
as listed in Table 6.2 to investigate if these cases achieve the same steady state as when
initialized with a neutrally stratified flow.

6.3. FLOW CHARACTERISTICS VS. SCC
The main purpose of this section is to investigate the evolution of the flow at different

SCC , and the steady state of the flow when SCC < SC cr i t
C . For each value of Re the results

are qualitatively the same. Therefore we present the results using Re = 3500 only in this
section. A comparison between different Re is made in subsequent sections.

Figure 6.2a shows the velocity profile for each value of SCC at Re = 3500. For SCC ≥
23.7 (based on the present simulations) the profiles correspond to a steady state. For
these cases the Obukhov length is still larger than the domain height (e.g. at SCC = 23.7,
h/L ≈ 0.32), which indicates a weak influence of the density gradient. When SCC < 23.7
the flow is not in a steady state at the end of the simulation. For the lowest SCC the
velocity profile is close to linear in the entire domain, which indicates that the flow is
close to the laminar steady state. Thus we did not obtain steady profiles that are truly
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Table 6.2: Overview of additionally performed runs with different boundary conditions or initial conditions.
The columns are the same as in Table 6.1. For runs that are labeled RxxRxxx (based on the values of Re and Rib )
Rib is an input parameter. The domain sizes and number of grid points in each direction are listed for each Re.
The runs labeled RxxVSxxx (based on the values of Re and SCC ) are initialized with a strongly stratified state.

Run Re SCC
th
U0

th
uτ

δx uτ
ν

δy uτ
ν

δz uτ
ν Reτ ReL Rib

Lx ×Ly ×Lz = 48h ×24h ×2h nx ×ny ×nz = 1344×672×192

R16R009 1600 N/A 200 12 3.4 3.4 1.0 94 1530 0.009

R16R020 1600 N/A 200 11 3.1 3.1 0.9 87 500 0.020

Lx ×Ly ×Lz = 60h ×24h ×2h nx ×ny ×nz = 1920×864×216

R25R010 2500 N/A 175 10 4.3 3.8 1.3 138 1855 0.010

R25R032 2500 N/A 200 24 3.7 3.3 1.1 118 418 0.020

Lx ×Ly ×Lz = 60h ×24h ×2h nx ×ny ×nz = 2400×1056×272

R35R011 3500 N/A 250 13 4.6 4.2 1.3 184 2188 0.011

R35R037 3500 N/A 450 20 4.0 3.6 1.2 159 500 0.037

R35VS285 3500 28.5 424 17 4.0 3.6 1.2 141 515 0.044

R35VS237 3500 23.7 400 8 4.0 3.6 1.2 69 17 0.124

linear in the centre of the domain due to a strong stratification, while remaining a least
partly turbulent [as in 41]. In agreement with Deusebio et al. [41] (using Pr = 0.7), we
find that the buoyancy profiles (Fig. 6.2b) are similar in shape to the velocity profile at a
Prandtl number of order unity. Combining these profiles into Ri (Eq. 1.11), we find that
Ri at z = h (where Ri is largest) does not exceed 0.175, which is a similar value as found
by Deusebio et al. [41]. Zhou et al. [208] suggested 0.2 as an upper limit for Ri in the PCF.
The fact that we find a lower value is due to the limited Reynolds number. At Re = 6200,
we find a maximum value of 0.194 (not shown). Although this corresponds closer to the
limit predicted by Zhou et al. [208], we cannot exclude the possibility that Ri exceeds 0.2
at even larger Reynolds numbers based on the present results.

Next, we investigate the evolution of several internal flow parameters. The bulk Rich-
ardson number evidently increases with decreasing SCC (Fig. 6.3a). As in Chapter 4 we
find that larger steps in Ri are required to achieve the same increase in buoyancy flux
at z = h when SCC approaches SC cr i t

C . Once SCC < SC cr i t
C ≈ 23.5 stratification grows

significantly in time and no steady state is reached within the simulated time. The value
of Rib that corresponds to a laminar steady state (linear profiles) is given by Ri l am

b =
SC−3

C RePr (e.g. Ri l am
b = 0.35 for case R35S215). No case was simulated long enough

such that values of Rib & Ri l am
b /2 were found. However, the simulation length of some

cases was sufficient to observe purely viscous buoyancy transport (albeit not in steady
state), i.e. coinciding with the line φbh/U 3

0 = Rib/Re (not shown).
The cases that result in a turbulent steady state (SCC > SC cr i t

C ) all have values of
ReL > 500 (Fig. 6.3b, Table 6.1). Conversely, the cases that show a collapse of turbulence,
do so when ReL ≈ 150. At that point 〈b′2〉 (Fig. 6.4a) decreases despite an increase of ∂z b.
This indicates that 〈w ′2〉 decreases faster than 〈∂z b〉 increases during the collapse of tur-
bulence. However, a decrease of 〈b′w ′〉z=h is observed in Fig. 6.4b before the collapse
occurs, i.e. when ReL is still in the range 270− 350, depending on SCC . This indicates
that the buoyancy flux is not maximizing because of laminarization of the flow. Rather,
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Figure 6.2: (a) Velocity and (b) buoyancy profiles between z = 0 and z = h for all SCC at Re = 3500. Symbols are
as in Table 6.1.
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Figure 6.3: Evolution of (a) Rib , and (b) ReL for all SCC at Re = 3500. Symbols are as in Table 6.1.

laminarization occurs because the total buoyancy flux φb < qw at all times, which leads
inevitably to ReL ≈ 100−200. The qualitative changes in the flow when ReL ≈ 150 are also
visible in Fig. 6.3a, in which an accelerated increase of Rib is observed. The marked tran-
sition in the range ReL ≈ 100−200 is consistent with the observations of earlier studies
[e.g. 54].

The values of Reτ in Table 6.1 show that Reτ & 80 for all cases with SCC > SC cr i t
C ,

except at Re = 1000. This value is still significantly larger than the threshold (Reτ ≈ 45)
for viscosity-driven laminarization. This means that the laminarization observed at Re >
1600 (with the parameter setting as in Table 6.1) is always due to the stabilizing buoyancy
gradient.

The initial evolution of the buoyancy flux also provides interesting insights (Fig. 6.4).
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Figure 6.4: Timeseries of the buoyancy fluctuations (a) and the turbulent buoyancy flux (b) at z = h for all SCC
at Re = 3500. Symbols are as in Table 6.1.

Up to tuτ/h ≈ 1 (tU0/h ≈ 20) the evolution of 〈b′w ′〉/qw at z = h is the same for all SCC .
Shortly after this period, the cases for which SCC > SC cr i t

C show a case-specific growth
of 〈b′w ′〉/qw . Consistent with the slowing down observed in Chapter 4, we find that
the 〈b′w ′〉/qw requires more time to reach the steady state, when SCC is smaller. Cases
with SCC . SC cr i t

C on the other hand, do not show dependency on SCC in terms of the
evolution of 〈b′w ′〉z=h/qw between tuτ/h = 1− 2 (tU0/h ≈ 20− 40). This observation
appears consistent with the flow evolution in a plane channel flow, which is the same
for supercritical surface cooling [54]. This indicates that the time-scale associated with
the surface cooling (e.g. N−1, Eq. 1.10) becomes too small to be relevant for the evolu-
tion of the flow. Since the coinciding evolution lasts approximately one eddy turnover
time h/uτ, a plausible explanation is that when turbulence collapses, the largest (most
dominant) eddies collapse within one eddy-turnover time irrespective of the magnitude
of the stratification. A similar observation exists around sunset, where the convection-
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generated eddies persist for about one turnover time [171].

6.4. NEUMANN VS. DIRICHLET BOUNDARY CONDITIONS

(a) (b)

Figure 6.5: (a) The time-averaged production Ptke and dissipation εtke profiles of the TKE (as indicated in
the figure) and (b) the time-averaged dissipation εbb and turbulent transport Tbb terms of 〈b′2〉. These terms
represent the most dominant terms of each budget. The symbols represent Neumann-BC cases R35S317 (¦)
and R35S237 (+), and Dirichlet-BC cases R35R011 (¦) and R35R037 (+). The thin red lines show the instanta-
neous profiles to indicate the spread (only for cases R35R011 and R35SR037). The inset emphasizes the close
agreement between bc-types.

The results in the previous section show some clear similarities with the results ob-
tained using Dirichlet BCs [41]. In this section, we compare the use of Neumann BCs
(Chapter 4) to the use of Dirichlet BCs in the PCF. For this purpose additional simula-
tions have been performed, which are listed in Table 6.2. Figure 6.5a shows the produc-
tion and dissipation profiles for cases with different (Neumann and Dirichlet) BCs. It
shows that excellent agreement (very closely overlapping lines) is obtained at two com-
binations of SCC and Rib . Similar agreement was found at Re = 1600 and Re = 2500 (not
shown). Profiles of the buoyancy, velocity, and Reynolds stress show similar agreement.
It appears that the profile of 〈b′2〉 is the only second-order quantity that is affected by
the change of the boundary conditions (Fig. 6.5b). Further differences mainly manifest
themselves in the (higher-order) transport and redistribution terms of the 〈b′w ′〉 and
〈b′2〉 budgets, but even then the differences are most prominent below z/h ≈ 0.15.

The differences occur because the Dirichlet BCs enforce dissipation of any fluctua-
tions of buoyancy at the wall by imposing a strong gradient locally. In the case of Neu-
mann BCs the gradient is fixed and fluctuations of buoyancy may exist down to z = 0.
The reason that these differences do not show up in the TKE budget (i.e. via the buoy-
ancy term in the 〈w ′2〉-budget), is that the additional 〈b′2〉 in the case of Neumann BCs
is being dissipated in the near-wall region (see the peak of εbb at z/h ≈ 0.04 in Fig. 6.5b).
The fact that the difference in buoyancy fluctuations does not seem to affect the other
flow properties is important, because it allows us to compare the first- and second-order
(quasi-)steady-state statistics directly, regardless of the buoyancy BCs.

Since the steady states of the present simulations are essentially the same as cor-
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responding cases using Dirichlet BCs, we expect that this similarity holds for all stably
stratified PCF simulations with either Dirichlet or Neumann BCs. However, studies of the
stably stratified PCF are limited in number. Moreover, a quantitative comparison with
those studies is complicated by differences in Re, Pr and the domain size [41, 207, 208].
Therefore, only a qualitative relation will be made where possible in this chapter.

While at weak stratification the steady-state statistics are almost the same, differ-
ences may arise dynamically. In the relatively simple set-up of a PCF, this is mainly ex-
pressed at strong stratification, when the flow becomes intermittently turbulent. Based
on the studies of van de Wiel et al. [84], Taylor [123], and Phillips [35] we may formulate
and test the following hypothesis.

Turbulent

1 2

(a) (b)

Figure 6.6: Sketches of the steady-state relation between the turbulent buoyancy flux and the bulk Richardson
number. The shape of the curve to the right of the maxima is highly uncertain, since the flow is not horizontally
homogeneous anymore in this regime. (a) Sketch of the flow character at different stages. The black dots repre-
sent conceptual equilibrium states for a specific imposed wall-flux (dashed line) (b) Sketch of the hypothesized
evolution for two different imposed wall-fluxes (represented by the dotted lines) when the flow is initialized
from a strongly stratified state (black dot). The blue and red arrows indicate the hypothesized evolution for the
two cases described in the main text.

The point of departure is the sketch in Fig. 2.4, which shows conceptually how the
turbulent buoyancy flux and the bulk Richardson number are related. In this ideal-
ized representation we consider the flow to be horizontally homogeneous (i.e. non-
intermittent). Obviously this is not valid when the flow becomes intermittent (approx-
imately corresponding to the the r.h.s. of the flux-maximum). Nonetheless it has value
to consider this approach since the exact shape of the curve is unimportant as long as it
exhibits a flux-maximum.

The conceptual sketch is repeated in Fig. 6.6a, which additionally indicates dynamic
stability. For a given Rib (Dirichlet BC) a single steady state may be achieved in terms of
the buoyancy flux corresponding to a point on the curve in Fig. 6.6a [41, 208]. If how-
ever, qw is imposed (Neumann BC), there may be two, one or zero equilibrium states
in terms of Rib . When 〈b′w ′〉max /qw < 1 (SCC < SC cr i t

C ), assuming negligible molecu-
lar transport at z = h, no solution exists and the flow laminarizes eventually [86]. When
〈b′w ′〉max /qw > 1 (SCC > SC cr i t

C ) two equilibrium states exist (point 1 and 2 in Fig. 6.6a).
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Starting from neutral the system evolves towards point 1, a dynamically stable equilib-
rium (indicated by the arrows, see previous section). Following the RANS-based predic-
tions of van de Wiel et al. [84], point 2 represents a dynamically unstable equilibrium.

To test this assertion, the following experiment is conducted: consider a state with a
particular (mean) Rib and a (mean) 〈b′w ′〉 corresponding to the r.h.s. of the maximum
in Fig. 6.6b, which is used as initial condition for two simulations with new Neumann
BCs:

1. SCC = 23.7 such that 〈b′w ′〉max /qw > 1∧〈b′w ′〉/qw < 1 (blue line in Fig. 6.6b),

2. SCC = 28.5 such that 〈b′w ′〉max /qw > 1∧〈b′w ′〉/qw > 1 (red line in Fig. 6.6b).

In both cases a dynamically stable turbulent equilibrium state exists (Section 6.2.3). How-
ever, in the first case we expect the system to collapse following the blue arrow. Con-
versely, in the second case we expect that a fully turbulent state is recovered following
the red arrow.
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Figure 6.7: Timeseries of the TKE (left axis, symbol 4/4) and Rib (right axis, symbol O/O) for two cases with
Re = 3500 initialized with a strongly stratified field. The colours are as in Fig. 6.6b: SCC = 23.7 (blue) and
SCC = 28.5 (red).

Figures 6.7 and 6.8 show the results of this test. The first simulation, with SCC = 23.7,
indeed shows a collapse (decreasing TKE, increasing Rib , see Fig. 6.7) until fluctuations
have become negligible (Fig. 6.8a-c), despite the existence of a turbulent steady state for
this value of SCC (cf. case R35S237 in Fig. 6.3). In principle it is possible that a recov-
ery is triggered at later times, but since fluctuations have become very small this seems
unlikely. For example, the domain-averaged TKE is three orders of magnitude smaller
at the end of the simulation (Fig. 6.8c) than at the start (Fig. 6.8a). The second simula-
tion shows different behaviour. In this case turbulence almost disappears (Fig. 6.8e) and
ReL is temporarily less than 200. However, contrary to the first case, the bulk Richard-
son number now immediately decreases (Fig. 6.7), followed by a recovery of turbulence
at later times (Fig. 6.8d-f). This is also expressed in ReL which is close to 500 at the
end of the simulation. During the recovery the buoyancy flux in the centre temporar-
ily reaches a value of 〈b′w ′〉/qw ≈ 2 (not shown). This high value is the result of the
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(a) t = 0 (b) t = 100h/U0 (c) t = 400h/U0

(d) t = 0 (e) t = 100h/U0 (f) t = 400h/U0

Figure 6.8: Instantaneous visualization of horizontal cross-sections of the vertical velocity fluctuations at z = h
at tU0/h = 0, 100, 400 for two cases with Re = 3500 initialized with a strongly stratified field: SCC = 23.7 (a-c)
and SCC = 28.5 (d-f). Note that in (c) the shades span a range of w that is two orders of magnitude lower than
in the other figures.

initial co-existence of recovering turbulence (increasing mixing lengths) and a strong
buoyancy gradient, such that each newly generated eddy ’carries’ extra buoyancy. An
interesting observation is that a narrow band along the streamwise direction remains
in which turbulence does not recover, at least within the simulated time (Fig. 6.8f).
The most likely explanation is that Rib is still quite high (∼ 0.04) at the end of the run,
in combination with the periodic boundary conditions that allow self-reinforcement of
the non-turbulent band. These self-reinforcing bands were also observed in literature
[41, 54].

The distinct behaviour between these simulations shows that there is a clear depen-
dence on the initial conditions when employing Neumann BCs in a PCF. In the Dirichlet
case similar behaviour cannot occur, since for given Re and Pr a unique (in terms of
statistical properties) solution exists for each value of Rib [41].

6.5. Re VS. SCc
Figures 6.9a and b show the steady (or final) states of each run as a function of SCC .

It shows that a transition occurs from a fully turbulent steady state to a state of decaying
turbulence or laminarization in the range SCC ≈ 22− 24. A closer look at the ’critical
range’ suggests a small dependence on Re. For example at Re = 1000, 1600 and SCC =
23.7 (+, + symbols in Fig. 6.9a) 〈w ′2〉/u2

τ is significantly lower than for the other Re.
This indicates that there is some Re-dependence of SC cr i t

C , which is further investigated
below.

In most cases classification is straightforward since, for example, at SCC = 31.7 all
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Figure 6.9: The end-points of (a) 〈w ′2〉/u2
τ and (b) Rib for each case as a function of SCC . The trail visualizes

the evolution during the final 100 h/U0 to indicate (non-)steadiness of the flow. The inset in (b) shows an
enlargement of the overlapping symbols at SCC = 31.7. Symbols and colours are as in Table 6.1.
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Figure 6.10: (a) Timeseries of the b′–w ′ correlation for all cases. For visualization the lines are offset by 0.6
(dark-red) 0.4 (black), 0.2 (blue), 0 (red), −0.2 (green), and −0.4 (light-blue). (b) The maximum instantaneous
value of 〈φb〉z=h that occurs during the entire simulation. Symbols and colours are as in Table 6.1.

cases show statistical steadiness during several hundred h/U0, while when SCC ≤ 22.0
a clear collapse occurs at each Re. When SCC is closer to SC cr i t

C a more detailed classi-
fication is needed. For this purpose we analyze two quantities in more detail. First, we
investigate the plane-averaged total buoyancy flux in the centre of the flow 〈φb〉(z = h).
Maximization of 〈φb〉 (Fig. 6.10b) followed by a decrease indicates that the flow is inca-
pable to match the boundary conditions (see example cases in Fig. 6.4).

As a second quantity we use the correlation between b′ and w ′ (also at z = h), defined
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as,

abw = 〈b′w ′〉
(〈b′2〉〈w ′2〉)1/2

. (6.7)

This parameter takes an apparently universal value of approximately 0.4 when the flow
is only neutrally or weakly stratified. This value was also found, for example, in an LES
of a plane channel flow [174], in a DNS of a stably stratified Ekman flow [42] and in a
DNS of a stably stratified shear flow [43]. Figure 6.10a shows that when SCC < SC cr i t

C a
strong decrease of abw occurs after some time, which signals a collapse of turbulence.
The subsequent irregular behaviour is a consequence of small values of 〈b′2〉 and 〈w ′2〉.
Additionally, a close quantitative correspondence exists between abw and auw (defined
analogously to abw ) in all (both collapsing and steady) cases, with the exception of case
R16S237 (Re = 1600, SCC = 23.7) which is discussed separately. When SCC ≈ SC cr i t

C we
may not obtain a definite answer from this analysis. In these cases (particularly at larger
Re) the flow neither shows signs of a collapse nor of steadiness within the simulated
time.
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Figure 6.11: Overview of all runs in the Re−SCC -plane. The runs are classified by the symbols: circles represent
cases that are in a turbulent steady state. Crosses show a significant decrease in TKE and a similar increase of
Rib , which is associated with a collapse. The squares indicate cases that did not become steady within the
simulated time, but also did not show signs of a collapse of turbulence.

Case R16S237 was run for an extended period until t = 2500h/U0 (≈ 110h/uτ). Dur-
ing this period we observed rearrangement of the flow into persistent turbulent/non-
turbulent bands [as in 41]. A similar tendency was observed at Re = 1000 (cases R10S244
and R10S237), although the simulation lengths were much shorter for these cases. Pos-
sibly the onset of intermittent flow occurs before the buoyancy flux has maximized, be-
cause the Reynolds number is low. As such an intermittent state could be statistically
steady.

An overview of the classification of all cases is given in Fig. 6.11. It shows that indeed
there appears to be a weak dependence on the Reynolds number, i.e. at larger Re turbu-
lence may be sustained at slightly lower SCC . A few cases remain undecided within the
simulated time, i.e. they are neither in steady state nor collapsing.
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Figure 6.12: (a) The correlation between fluctuations of buoyancy and the vertical velocity as function of ReL .
The trail of lighter symbols visualizes the temporal behaviour with a thick symbol marking the end-point.
Symbols and colours are as in Table 6.1. For clarity the data for Re = 1000 and Re = 1600 are not shown. In
Fig. 6.16 (Appendix 6.A.2) the data of (a) is shown for each Re separately. (b) Time series of the buoyancy
fluctuations (black, left axis), the vertical velocity fluctuations (red, right axis) and the buoyancy gradient at
z = h (blue, right axis). The vertical lines highlight the time when ReL = 200 and ReL = 100, respectively.

6.6. ReL VS. 〈b′w ′〉
Figure 6.12a shows the relation between abw and ReL for each Re ≥ 2500. A gen-

eral observation is that once ReL . 100, abw sharply decreases indicating de-correlation,
which is a sign of collapsing turbulence. Below ReL ≈ 40 the behaviour is erratic, because
〈b′2〉 and 〈w ′2〉 become small. The overall shape of the curve appears to be similar for
each Re. Similar results are obtained when, for example, the isotropy −〈u′w ′〉/e is ana-
lyzed (not shown).

Figure 6.12b shows an example of the evolution of several quantities for Re = 2500,
SCC = 22.0 (case R25S220). It shows that when ReL & 200 turbulence declines grad-
ually. Particularly below ReL ≈ 100 a more rapid decline is observed. Simultaneously
〈∂z b〉z=h increases more rapidly and the evolution of 〈b′2〉1/2 changes from increasing



6

106 6. THE COLLAPSE OF TURBULENCE IN A PCF

10
1

10
2

10
3

-8

-6

-4

-2

0
10

-5

(a)

0 100 200 300 400 500 600
-8

-6

-4

-2

0

10
-5

(b)

Figure 6.13: (a) The buoyancy flux as function of ReL . The trail of lighter symbols visualizes the temporal
behaviour with a thick symbol marking the end-point. Symbols and colours are as in Table 6.1. (b) Evolution
of 〈b′w ′〉 for Re = 1600 (black), 2500 (blue), 3500 (red) and 4500 (green) and SCC = 22.5. Vertical line indicates
the time when ReL = 200 for each Reynolds number with the corresponding colour.

to decreasing. These results corroborate previous observations of a characteristic value
of ReL marking a transition to intermittent of laminar flow in the PCF [41] and other
configurations [54, 219].

While the onset of intermittency is marked by a narrow range of ReL , Fig. 6.13 shows
that, depending on Re, |〈b′w ′〉| maximizes in the range ReL ≈ 200−700. It is important to
establish this observation, since it shows that, at sufficient Re, the maximum precedes,
rather than follows, the collapse of turbulence. Conversely, turbulent mixing may be
suppressed before the buoyancy flux can maximize, at the smallest Re.

The curves on the (strongly stratified) l.h.s. of the maximum in Fig. 6.13a appear to lie
much closer together than on the (weakly stratified) r.h.s., where the shape of the curves
seems dependent on Re and SCC . This indicates that ReL appropriately characterizes
the strongly stratified PCF, but not the weakly stratified PCF, which supports the notion
that a turbulent stratified flow requires more than one parameter to characterize the flow
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[48, 205].
The observation that ReL at the flux-maximum increases with Re is supported by

theoretical analysis of a bulk model. A full derivation may be found in Appendix 6.A.1.
Here, the result for large Re is given directly:

ReL ∼ 27α

4κ

Reτ
ln(Reτ)

. (6.8)

Since Reτ increases with Re, Eq. 6.8 shows that whenφb =φb,max , ReL could be anything
depending on Re, within the limits and approximations of this derivation. Addition-
ally, the obtained relation suggests that at low Re, near-wall processes become limiting
(i.e. ReL becomes less than O(102)) before φb reaches its maximum value based on the
global constraint that scales as U 3

0 /h. At larger Re, the buoyancy flux maximizes when
ReL >O(102), which marks the onset of positive feedback towards ReL ∼O(102) and thus
towards laminarization.

To obtain a quantitative estimate of ReL when φb = φb,max , we need to know the
functional dependence of Reτ on Re and RiB . For specific Re and RiB the value of
Reτ may be estimated using MOST extended with an appropriate wall-model [58]. Al-
ternatively the values as listed in Table 4.1 may be used. This indicates that indeed the
value of ReL at the transitional SCC increases with Re. It also suggests that at the tran-
sition point ReL > O(102) when Re > O(103). This indicates that the presently used Re
are only just sufficient to observe the flux-maximum resulting from a global constraint.
Moreover 6.22 indicates the value of ReL at the flux-maximum increases slowly with in-
creasing Re. This suggests that a large value of Re is required to observe ReL ÀO(100) at
SCC = SC cr i t

C .

6.7. RICHARDSON NUMBER VS. 〈b′w ′〉
In this section we investigate if the occurrence of a maximum turbulent buoyancy

flux (in absolute sense) can be characterized by a Richardson number. Figure 6.14a
shows the turbulent buoyancy flux 〈b′w ′〉 at z = h as function of the bulk Richardson
number Rib . For Re = 1000 (dark-red) and Re = 1600 (black) the maximum turbulent
flux 〈b′w ′〉max is significantly lower than at for larger Re. The fact that, for increasing Re,
〈b′w ′〉max appears to become progressively less sensitive to Re is suggestive of conver-
gence.

While the value of 〈b′w ′〉max may become independent of Re, the bulk Richardson
number associated with the maximum does not show a similar convergence (at least at
the present Re). This appears to contradict MOST-based prediction using a bulk model
of a PCF with rough walls [81], where the maximum was associated with Rib = 1/(3α).
Possibly the difference exists because the bulk model neglects the viscous damping in
the buffer layer.

Alternatively, the local gradient Richardson number Ri at z = h does appear to at-
tain a single value of Ri ≈ 0.1 at the maximum, with only a slight increasing tendency for
larger Re (Fig. 6.14b). Particularly on the (weakly stratified) l.h.s. of the maximum, the
steady-state values (large symbols) in the [Ri −〈b′w ′〉]-plane apparently lie on a single
curve. This is consistent with the assumption of Phillips [35] that the buoyancy flux can
be expressed in terms of local gradients. Conversely, on the r.h.s. no general curve be-
came apparent, which indicates that the local gradients are no longer representative of
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Figure 6.14: The mean turbulent buoyancy flux between z = 0 and z = h as function of the (a) bulk Richardson
number and (b) the gradient Richardson number at z = h. The trail of lighter symbols visualizes the temporal
behaviour with a thick symbol marking the end-point. Symbols and colours are as in Table 6.1. For clarity the
data for Re = 1000 and Re = 1600 are not shown in (b). In Fig. 6.17 (Appendix 6.A.2) the data of (b) is shown for
each Re separately.

the local flux. Dependence on Re at strong stratification is also consistent with previous
studies indicating that a Richardson number alone is insufficient to characterize the flow
in this regime [e.g. 41, 205, 206].

Finally, we observe that for the lowest SCC the maximum buoyancy flux is never
reached (e.g. when Re = 6200, SCC = 21.5, light-blue star in Fig. 6.14a). From a MOST-
perspective each value of Ri is associated with a single value of the buoyancy flux (for
a specific value of Re), since the flow is always in instantaneous equilibrium. A conse-
quence is that, within the MOST-framework, the flow should trace the same curve in Fig.
6.14a, irrespective of SCC (but not necessarily of Re). The fact that we observe differ-
ent curves for different SCC indicates limited applicability of MOST-based parameteri-
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zations for a fast-evolving environment (cf. Chapter 5).

6.8. DISCUSSION
In this chapter we aim to relate the occurrence of a maximum buoyancy flux to a global
constraint (expressed by SCC ), or to wall-dynamics (expressed by ReL). Below, the occur-
rence of this maximum in the present results is discussed in relation to previous studies.
Furthermore, the results show interesting similarities and differences between applying
Dirichlet or Neumann BCs for buoyancy in the PCF. The second part of this section elab-
orates on how this result may be extended to other flow configurations.

6.8.1. THE MAXIMUM BUOYANCY FLUX
The existence of a maximum buoyancy flux finds support from theoretical work [35, 84,
123, 220], from field observations in the atmosphere and in the ocean [124, 212, Chapter
3] and from laboratory experiments [213, 221]. A main point of discussion is how the
occurrence of this maximum is properly characterized and whether the buoyancy flux
decreases when stratification becomes even stronger.

Based on the present results a more complete picture may be sketched with respect
to the maximum buoyancy flux in the turbulent PCF. We may conceptually relate the ex-
ternal bulk parameter SCC and the internal wall-parameter ReL . SCC indicates whether
or not the final state of the PCF (with Neumann BCs) is turbulent or laminar, i.e. whether
or not the intermittency boundary at ReL ≈ O(100) will be reached (for large Re). Thus
SCC describes the mechanism leading to the eventual collapse not the mechanism of
the collapse itself. The value of ReL at the flux-maximum depends on the bulk Reynolds
number, which also means that for larger Re it takes longer for the flow to laminarize
after the maximum was reached (e.g. Fig. 6.14). This leaves the question of what con-
trols the collapse of turbulence in a realistic atmospheric boundary layer. With respect
to this collapse, earlier results [81, 101] indicate similar mechanics as for the PCF: the
shear capacity indicates whether or not a transition to the VSBL is likely to occur some
time later (Chapter 3). However, it is unclear what parameter marks the actual collapse.
With respect to ReL , Flores and Riley [54] hypothesized that the ReL-criterion could also
be extended to flows over a rough surface based on observational data from the CASES99
experiment [222]. This hypothesis requires further investigation since it is based on es-
timates of the boundary-layer height (based on the near-surface wind-speed) and the
surface roughness. Both of which become questionable under strongly stratified condi-
tions.

In this thesis SCC is mainly used in its bulk form (Chapters 4 and 6). However, to
generalize this parameter the gradient form h∂z u/(qw h)1/3 (cf. Eq. 3.9) may be more
appropriate. The scaling of the latter would be testable in a uniform shear flow. In a PCF
with isothermal boundaries, SCC would be particularly useful to separate the weakly
stratified regime in which the buoyancy flux increases with increasing stratification, from
the strongly stratified regime in which the opposite is observed. In a flux-driven plane
channel flow [54, 64, 128] or Ekman flow [94] the flow may only collapse temporarily3

and SCC could be used to anticipate this temporary collapse [63]. In the plane channel
flow a collapse was found when the (bulk) SCC is in the range 25−30, which is higher than

3That is, provided that Re is large enough that the velocity profile does not become linear
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the value we find. This difference may be due to a different upper boundary condition
(isothermal instead of a fixed flux) or a different domain size.

NON-MONOTONIC MIXING

With respect to the decrease at very strong stratification, Zhou et al. [208] argued that
non-monotonic growth of turbulent mixing (i.e. a decrease of the turbulent buoyancy
flux) such as hypothesized by Phillips [35] cannot occur, since Ri cannot exceed 0.21
in the PCF with Dirichlet BCs. Below their argument is discussed to show that it is not
inconsistent with the present results.

Zhou et al. [208] support their argument with a MOST-based RANS model to the tur-
bulent PCF with Dirichlet BCs, but their results may be extended to the Neumann-BC
case. Consistent with their study, we do not find values Ri & 0.2, as was shown in Sec-
tion 6.2.3. However, it should be noted that in the RANS model, the upper limit of Ri is
included by design [59, 149]. At the same time the maximum is already observed around
Ri ≈ 0.1 (Fig. 6.14b) well below the upper limit, which is supported by the analytical so-
lutions of the PCF model of van de Wiel et al. [84] (Ri = 1/(3α) ≈ 0.07). The existence
of a flux-maximum at a particular Ri was already suggested by Phillips [35], under the
requirement that turbulence is suppressed sufficiently by buoyancy [109]. This require-
ment is met, even if the Businger–Dyer flux-profile relations are only approximately valid
for wall-bounded flows [which seems to be the case, e.g. 41, 64, 72, Chapter 4].
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Figure 6.15: The relation between the turbulent buoyancy flux at z = h and Ri f (z = h). Symbols and colours
are as in Table 6.1. The lowest two Reynolds numbers are omitted for clarity.

Zhou et al. [208] based their arguments on the mixing efficiency expressed by the flux
Richardson number4, defined as [205, 207, 213, 223, 224],

Ri f =
〈b′w ′〉

〈b′w ′〉+εtke
. (6.9)

Zhou et al. [208] argued that Ri & 0.21 is needed to observe a decrease of Ri f . Other
studies find a decrease of Ri f when Ri ≥ 0.4 [210], or no decrease at all, even when Ri À
4As pointed out by Scotti and White [207], the mixing efficiency coincides with the flux Richardson number

only when "mixing is stationary and sustained by the production of turbulence via the shear production mech-
anism", which is a valid assumption for the fully turbulent PCF.
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1 [225]. The fact that the origin of these differences is unclear, further exemplifies the
challenging nature of strongly stratified flows.

As can be observed in Fig. 6.15, the buoyancy flux and Ri f closely correspond for
weak stratification. However, close to the maximum buoyancy flux, Ri f is no longer
dominantly determined by 〈b′w ′〉, i.e. 〈b′w ′〉 is almost constant, while εtke decreases.
Consequently, 〈b′w ′〉 can maximize at lower values of Ri than Ri f maximizes. Other
studies also showed that it is not necessary that the buoyancy flux decreases simulta-
neously with Ri f . Holford and Linden [221] finds maximization (without a subsequent
decrease) of the buoyancy flux, while Ri f is still increasing, which indicates that flux and
mixing efficiency are no longer proportional. Moreover, Pardyjak et al. [210] show that a
decrease of the buoyancy flux may start already at Ri ≈ 0.01−0.1. Nonetheless the de-
crease of 〈b′w ′〉 after the maximum was reached is quite weak compared to the collapse
that occurs later (when ReL ≈O(100)). This weak decrease could explain the absence of
layer formation as hypothesized by Posmentier [212].

6.8.2. SIMILARITY BETWEEN BOUNDARY CONDITIONS

Wall-bounded turbulent flows have many general characteristics under neutral stratifi-
cation [25, 226]. Also under stable stratification these characteristics persist when prop-
erly scaled in wall units. This is expressed by the success of MOST in reality [13, 18, 77]
and in idealized flows [41, 64, 72, 86, 208]. Considering these similarities it seems likely
that BC-type is of limited importance in a steady state, at least when the flow corre-
sponds to the weakly stratified side of the flux-maximum and ReL À O(100). However,
important differences in dynamical behaviour can arise in a PCF, and it is natural to ex-
plore these differences in other configuration than the PCF as well,

For the plane channel flow [e.g. 26, 54, 64] similar arguments may be valid as for the
PCF. In the case of Dirichlet BCs an intermittent statistically steady state may exist [72].
In the case of Neumann BCs such a state cannot be steady, since flow acceleration also
reduces the bulk gradient.

The differences between BC-types is more pronounced in the stably stratified Ekman
flow. When the flow is controlled by a fixed flux an inertial-oscillation-driven low-level
jet may develop [94], which is not the case when Dirichlet BCs are being used [62]. Go-
hari and Sarkar [94] also performed a direct comparison using different buoyancy BCs
for an Ekman flow. They made the comparison at times when the bulk Richardson num-
ber (based on the neutral Ekman-layer depth) of the Neumann case was instantaneously
equal to the long-time quasi-steady state of a Dirichlet case. The mean horizontal veloc-
ity components showed poor agreement between the two types of boundary-condition.
This poor agreement may be explained partially by the significant difference in uτ. The
TKE profiles showed reasonable agreement once normalized with uτ and only when TKE
was strong. When TKE was weak, poor agreement was found, which may be explained
by the intermittent, and thus statistically inhomogeneous character of the flow. It would
be interesting to revisit this analysis to compare the boundary conditions when the flow
is in a similar quasi-steady state terms of Reτ.
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6.9. CONCLUSION
Direct numerical simulations of the stably stratified PCF have been performed. We aimed
to find how the occurrence of a maximum buoyancy flux relates to the Reynolds num-
ber. Several findings of Chapter 4 are confirmed on a range of Re and on a larger do-
main. The results show that in a steady state, most first- and second-order statistical
quantities are indistinguishable between a PCF with Neumann BCs or with Dirichlet
BCs. Dynamically however, differences become apparent that are consistent with the
prediction on the dynamic stability of the flow [35, 84, 212]. With respect to the Re-
dependence we find that, at large Re, the value of SC cr i t

C appears to converge to ap-
proximately 23. Conversely, in the range Re ≈ 1000−3500 stronger dependence on Re is
observed. We showed theoretically that convergence of SC cr i t

C is inconsistent with con-
vergence in terms ReL . This implies that the occurrence of a maximum buoyancy flux is
not controlled by wall-dynamics, but rather that it follows from a global constraint. This
is consistent with earlier theoretical predictions for the PCF by Caulfield and Kerswell
[125] and van de Wiel et al. [84]. However, consistent with Flores and Riley [54] (and
later studies) we find that the a collapse of turbulence occurs when ReL ≈ 100−200. This
means that the global constraint leads inevitably to a collapse of turbulence, which then
occurs due to suppression of near-wall structures.

6.A. APPENDIX

6.A.1. THEORETICAL CONSIDERATIONS
The study of Flores and Riley [54] and the results of Chapters 3 and 4 suggest different
criteria indicating the collapse of turbulence. Flores and Riley [54] base their criterion on
whether turbulence can be sustained by near-wall processes, while in Chapter 3 a global
constraint on the buoyancy flux is defined. The results of the previous sections provide
support for both criteria, and that they are applicable to different stages of the collapse.

Here, we aim for a qualitative relation for ReL as function of Re at the point where
SCC = SC cr i t

C to investigate theoretically if ReL and SC cr i t
C are compatible criteria. More-

over, qualitative analytical insight into the Re-dependence of the ReL−SCC relation sup-
ports the interpretation of the DNS results. First we estimate the maximum buoyancy
flux φb,max at z = h following a similar route as in earlier studies [81, 85, 87], followed by
an estimate of ReL under the assumption that φb =φb,max = qw .

The mean buoyancy evolution at a height z may be described by,

∂t b =−∂z〈b′w ′〉+kb∂
2
z b. (6.10)

Next, Eq. 6.10 is integrated between z = 0 and z = h and between z = h and z = 2h,
resulting in,

∂t B↓ = − 1

h

∫ h

0
∂z〈b′w ′〉d z + 1

h

∫ h

0
kb∂

2
z bd z, (6.11)

∂t B↑ = − 1

h

∫ 2h

h
∂z〈b′w ′〉d z + 1

h

∫ 2h

h
kb∂

2
z bd z, (6.12)

in which B↓ =
∫ h

0 bd z/h and B↑ =
∫ 2h

h bd z/h. Continuing with the integrated buoyancy
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has the advantage that we do not need to treat the wall processes explicitly using a wall
model, i.e. we do not assume a specific shape of the velocity and buoyancy profiles.

Combining Eqs. 6.11 with the boundary conditions (〈b′w ′〉 = 0 and kb∂z b = −qw at
the walls) leads to,

∂t∆B ≡ ∂t
[
B↑−B↓

]
/2 = qw +h−1〈b′w ′〉z=h −h−1kb∂z bz=h . (6.13)

The fluxes are then modeled in bulk form:

〈b′w ′〉z=h = −Re2
τ

Re2 U0∆B f (RiB) (6.14)

kb∂z bz=h = kb∆B/h, (6.15)

with f (RiB) = (1−αRiB)2 the Businger-Dyer flux-profile relations [110], and the Richard-
son number based on the integrated buoyancy difference RiB = h∆B/U 2

0 . The final re-
sult is only quantitatively sensitive to the specific choice of this function, provided it is
a decreasing function of RiB , which decreases faster than Ri−1

B
[109]. α ≈ 5 is a model

parameter [61].
Equations 6.14 and 6.15 are then inserted into Eq. 6.13. Furthermore Eq. 6.13 is mul-

tiplied by h/U 3
0 and steady state is assumed to arrive at the final dimensionless model-

equation,

∂τ∆RiB = 0 =−Re2
τ

Re2 RiB f (RiB)− RiB

RePr
+ 1

SC 3
C

, (6.16)

with τ= tU0/h.
Next, we assume that SCC = SC cr i t

C , i.e. SCC is such that the sum of the first two r.h.s.
terms in Eq. 6.16 maximize. This maximum may be found by derivation with respect to
RiB . Since the mathematical structure of Eq. 6.16 is very similar to the model-equation
of van de Wiel et al. [87] (their Eq. 2), we do not repeat all steps here. A small difference
with their derivation is that we do not assume that RiB,max = 1/(3α) independently of
Re, where the subscript ’max’ refers to a quantity that is measured when φb = φb,max .
The result is

RiB,max = 2

3α
− 1

3α
W , (6.17)

with W =
√

1−3RePr−1Re−2
τ . Next we estimate the relation between Re an Reτ using a

logarithmic profile, i.e. Re ∼ Reτ ln(Reτ) [57]. This then leads to

Re/Re2
τ ∼ Reτ ln(Reτ)/Re2

τ, (6.18)

which tends to 0 for Re →∞. Consequently, we recover the solution RiB,max → 1/(3α)
of van de Wiel et al. [84] when Re →∞. The corresponding maximum buoyancy flux is,

φ̂b,max = 2−W

27α

[
9

Pr Re
+ Re2

τ

Re2 (1+W )2
]

. (6.19)

Again, when Re →∞ the result of van de Wiel et al. [87] (and earlier papers) is retrieved,

lim
Re→∞

φ̂b,max = 4Re2
τ

27αRe2 . (6.20)



6

114 6. THE COLLAPSE OF TURBULENCE IN A PCF

Finally, we may use Eqs. 6.19 and 6.4 to estimate ReL = Re4
τRe−3φ̂−1

b,max ,

ReL = 1

κ

Re4
τ

Re3

27α

(2−W )
[

9
Pr Re +

Re2
τ

Re2 (1+W )2
] , (6.21)

and

lim
Re→∞

ReL = 27αRe2
τ

4κRe
. (6.22)

Using Eq. 6.18 this results in

ReL ∼ 27α

4κ

Reτ
ln(Reτ)

. (6.23)

6.A.2. EXTRA FIGURES
The data from Figs. 6.12a and 6.14b is reprinted below for each Reynolds number sepa-
rately in Figs. 6.16 and 6.17 respectively for further reference.
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Figure 6.16: Expansion of Fig. 6.12a: abw as function of ReL . The panels correspond to (a) Re = 1000, (b)
Re = 1600, (c) Re = 2500, (d) Re = 3500, (e) Re = 4500, and (f) Re = 6200. The trail of lighter symbols visualizes
the temporal behaviour with a thick symbol marking the end-point. Symbols and colours are as in Table 6.1.
The vertical lines highlight the time when ReL = 200 and ReL = 100, respectively.
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Figure 6.17: Expansion of Fig. 6.14b: 〈b′w ′〉 as function of Ri . The panels correspond to (a) Re = 1000, (b)
Re = 1600, (c) Re = 2500, (d) Re = 3500, (e) Re = 4500, and (f) Re = 6200. The trail of lighter symbols visualizes
the temporal behaviour with a thick symbol marking the end-point. Symbols and colours are as in Table 6.1.



7
CONCLUSION & PERSPECTIVES

117



7

118 7. CONCLUSION & PERSPECTIVES

This thesis addresses part of a dynamically very complex circumstance: the nocturnal
boundary layer. This situation poses practical problems for field observations [13, 227]
and numerical weather prediction [77], but it is also challenging for fundamental in-
vestigations of stratified turbulence [39, 83]. Despite the hybrid nature of this thesis –
Chapters 3 and 5 evidently differ from Chapters 4 and 6 in their approach and focus – as
is expressed by the title, the total relies on the PCF perspective and provides a coherent
insight into the evolution of the SBL within the first hours after its onset. Here, each of
the main chapters is summarized in a broader perspective, while specific and detailed
conclusions may be found at the end of each chapter. The second part contains perspec-
tives on future work related to the SBL and how this thesis may support that work.

7.1. CONCLUSION
The PCF is investigated as a model flow for the SBL. In Chapters 3 and 5 ensembles of
field observations are used to approximate the ideal conditions that exist in a PCF. In
Chapters 4 and 6, on the other hand, the PCF is investigated directly with the purpose
of better understanding the PCF itself, but also to use this understanding for the inter-
pretation of observations. For example, the results of Chapter 4 appear to be especially
suitable for the interpretation of some results obtained at Dome C, Antarctica [181, App.
A.2.4].

The PCF model for the SBL was formulated by van de Wiel et al. [84] using param-
eterized solutions for the mean flow. This formulation led to the MSHF hypothesis for-
mulated by van de Wiel et al. [81]. In Chapter 3 we showed that this hypothesis is con-
sistent with field observations. Assuming constant radiative emission under clear skies,
a qualitative flow transition occurred when the wind was less than a threshold value.
This threshold was expressed by a parameterization-dependent dimensionless ratio SC ,
which provided a superior regime classification to traditionally used parameters.

In Chapters 4 and 6 SCC represents the dimensionless ratio that delineates between
two qualitatively different regimes. It has a similar structure as SC , but now it is for-
mulated without closure-dependent constants. Tools from generic dynamical systems
theory were applied. The results indicate that the PCF shows qualitatively consistent be-
haviour with other general systems that exhibit attractor crises. However, this did not
lead to a quantitative prediction. On the other hand, specific changes in the dynamical
behaviour could provide a quantitative estimate of the transition-point from turbulent
to laminar in the flux-driven PCF (Chapter 2). In fact similar metrics may be used for
other turbulent-to-laminar transitions as well, which is still an unsolved problem. Most
promising are transitions that are associated with an attractor crisis, such as is the case
for the PCF.

In Chapter 6 the subtlety was added that at low values of the (bulk) Reynolds number
Re (Eq. 1.6), the regime transition may occur due to suppression of near-wall structures
rather than the global constraint. At larger Re it appears that the maximum buoyancy
flux does not depend on Re, resulting in similar values of SC cr i t

C . Once the flow enters
the very stable regime, an eventual collapse of the flow is unavoidable. The results of
Chapter 4 and 6 extend on earlier work [41, 208] and enhance the understanding of the
dynamics leading to intermittently turbulent or laminar flow in the PCF. The fact that
the intermittent regime cannot exist as a steady state in the flux-driven PCF provides
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evidence supporting the MSHF framework as explanation for a qualitative regime tran-
sition.

Main limits of the PCF model, beyond the assumptions made in Chapter 2, are found
in Chapter 5. This shows that the success of the model may be limited to considerations
of (near-)equilibrium state. However, the sunset transition is governed by highly tran-
sient dynamics, which violate the assumptions of instantaneous equilibrium between
turbulence and the mean flow. Therefore, the PCF model could not even capture impor-
tant qualitative features of this evolution. Second, the PCF model does not accurately
describe the atmospheric state in the VSBL: in a DNS the flow laminarizes or forms
turbulent–laminar bands, while extension of the parameterized solution as in van de
Wiel et al. [87] still assumes horizontally homogeneous, weakly turbulent flow. The suc-
cess of the latter approach could be explained by the fact that the observations were an-
alyzed in ensemble averages or that other dynamical features are more dominant than
turbulent mixing in the very stable regime.

In the recent years, the MSHF hypothesis grew from being a promising hypothesis to
a mature theory, finding ample supporting evidence in this thesis (Chapters 3, 4, and 6).
and in recent studies by others [73, 101, 104, 181]. In particular Monahan et al. [101]
corroborate many of the results in Chapter 3, by applying an unrelated approach to
the Cabauw-observations. Consequently, the PCF and the MSHF hypothesis following
from it appears successful as a textbook-level thinking framework. While other canon-
ical flows are more realistic, the PCF is the simplest configuration that captures key dy-
namical features sufficiently to explain the existence of two distinct dynamical regimes
in the SBL. As shown by van de Wiel et al. [87] the framework is easily extended to further
understand observations beyond the transition towards the VSBL as well. As such, the
model provides a toolbox to understand several key aspects of the SBL dynamics, and to
convey this understanding to others.

7.2. CHALLENGES AND APPLICATIONS
The PCF model explains part of the dynamics of the SBL, yet many challenges remain.
Often these challenges can be traced back to releasing some of the assumptions made
in this thesis. For example, in Chapter 2 horizontal homogeneity was introduced as a
general supposition for this thesis. In many cases this may be a reasonable assumption,
especially in ensemble sense (Chapter 3). However, even when turbulence itself is con-
tinuous, complex terrain or inhomogeneous surface conditions may introduce horizon-
tal variation [228]. Under strongly stratified conditions such spatial variations become
more significant [229]. Many related studies, and opportunities for future research face
this challenge as is discussed below.

An important issue is (globally) intermittent behaviour of turbulence itself. In prac-
tice, the effects of intermittency are modeled by artificially enhancing turbulent mixing
in eddy-viscosity models (Chapter 1), which leads to forecast issues even at weak stabil-
ity [77]. A partial solution could be to gradually add enhanced mixing based on a rudi-
mentary regime prediction using an idealized model. Such ad-hoc fixes may provide a
temporary solution, but it does not remove the fact that observational spread increases
at strong stability. Considering this spread, it therefore seems unlikely that more accu-
rate fitting of the flux-profile relations [76] or reformulations of MOST [e.g. 79] provide a
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structural improvement.

To address this issue we must first discuss some of the fundamental challenges re-
garding flows that exhibit intermittency as a result of a stable stratification. These chal-
lenges may be summarized as understanding when and how intermittent patches form
and what their characteristics are. Knowledge on the conditions for intermittency to oc-
cur due to a stable density gradient has improved in the recent years [41, 54, 219]. This
thesis contributes to these studies by exploring conditions leading to a transition from
turbulent to intermittent or laminar flow in both observations and DNS.

A perpetual next step is to benefit from increasing computer power to increase the
Reynolds number. An increase of the Reynolds number in DNS is not only necessary
for establishing Reynolds-similarity of the MSHF on multiple orders of magnitude. An
increasing Reynolds number also broadens the range of stratification levels between the
flux-maximum and laminarization (Chapter 6) and thus the range where intermittency
may occur.

How the individual patches form and what the characteristics of intermittent flows
are is an issue that requires further research. Research on the formation of individual
patches may benefit from the study of intermittent or patchy turbulence at low Reynolds
numbers [230]. An interesting insight on the characteristics was provided by Ansorge
and Mellado [42], who showed that within the patch, turbulence has the same statistical
properties as a fully turbulent flow. This is a particularly useful observations since it may
reduce the investigation of intermittent patches and their characteristics to a question
of what fraction of the flow is turbulent.

How these fundamental innovations translate towards applied research of the SBL is
still an open question. None of the studies listed above reached the stratified turbulence
regime as defined by Brethouwer et al. [48]. The present results also only approach the
edge of this regime. Reaching this regime may be needed to form the ’staircase’ structure
of the density profile [208, 213] as observed in the atmosphere by Sullivan et al. [231] and
in the ocean [212]. This regime is characterized by a dual cascade [i.e. one between the
inertial scale and the Ozmidov length scale, and one between the Ozmidov length scale
and the Kolmogorov length scale, 52]. Recently, indications were found that this regime
is inherently unreachable in the PCF configuration [208, Chapter 6].

Also the triggering mechanism for turbulent patches may be different fundamentally
and in reality. Fundamentally a trigger must come from fluctuation in the flow itself,
while in reality there many potential external triggers as well [e.g. 74, 75]. Despite these
challenges a clear goal may be set: if we could formulate a direct relation between the
turbulent–laminar partitioning and a parameter such as the Obukhov Reynolds num-
ber, it may be possible to develop a parameterization of turbulent mixing based on the
turbulent-fraction.

A closely related approach could be to stochastically model the effects of intermit-
tency [as suggested by 13, 101]. This has the advantage that it does not necessarily have
to rely on a thorough understanding of intermittency, since this approach could use
probabilities that are optimized locally. However, a stochastic parameterization would
greatly benefit from thorough understanding of the regime boundaries. Whether or not
these approaches can be successful in practice may depend on the temporal and spatial
scales at which turbulent events manifest themselves.
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To obtain information on the spatial coherence of turbulent patches, field obser-
vations are necessary. However, this is no trivial task, since observations are typically
made along a single tower or from a small network of sensors on a limited area [e.g. 111].
A recent initiative for a network of measurement stations covering the whole Nether-
lands could provide important insights in the regional-scale structure of turbulence, of
temperature and perhaps also of fog events. Alternatively, or supplementary, crowd-
sourcing of amateur weather stations or mobile-phone data could be used [232].

It is clear that significant improvements of parameterizations requires the collabo-
rative effort and knowledge of many different fields. The understanding of the collapse
process around sunset discussed in this thesis may only play a small part in this. There
are, however, more direct scientific and practical applications that may rely on the in-
sights that are obtained from the PCF model provided by this study and closely related
studies (see summaries in Appendix A.2).

In Chapters 3, 4 and 6 a surface-energy-budget approach is used to understand the
regime transition from WSBL to VSBL. It focuses on the dynamics of turbulence, while
the soil dynamics are strongly idealized. In van de Wiel et al. [87] the present understand-
ing of the transition is summarized in an idealized model that extends the approach of
this thesis with a (still idealized) dynamic interaction with the soil and with the net radi-
ation. The model-extension explains differences between the regime transition in a DNS
(Chapters 4 and 6), at Cabauw, and at Dome C. A broader investigation of many different
sites could indicate whether consistency between the observations and the model has
general validity. Systematic applicability of the model could extend its use as a practical
tool, since data collection is limited to a few quantities (e.g. wind velocity and temper-
ature) at one or two levels at the majority of all meteorological sites. Therefore, inter-
pretation of these data sets requires the mechanistic insight provided by the PCF model
combined with more extended meteorological sites such as Cabauw or Dome C.

Insights such as obtained in Chapter 3 may be useful for meteorological applications
such as practical fog forecast models [16]. Additionally, these insights may aid decision-
making processes in practical situations. For example, the PCF model provides insight in
the relation between several quantities that are practically accessible at reasonable cost
(e.g. the mean wind and temperature at one or two levels) to the occurrence of compli-
cated dynamical processes (the transition towards the VSBL). Based on specific needs,
thresholds may be formulated that provide directives for, for example, frost-mitigation,
pesticide spraying, or air-traffic scheduling. Such thresholds may be determined from
measurements, but the inclusion of soil properties in an idealized model may provide
an early estimate. As such, the extended model may be particularly useful at the plan-
ning stage for (agricultural) land-use.

A thorough understanding of impact of the atmosphere-soil interaction on the SBL
dynamics is also important for climate models. These models often rely on rudimentary
concepts of individual process, such as energy transfer in the ABL. Particularly during the
night-time energy transfer is poorly represented in these models, leading to significant
biases [233, 234]. Additionally, global trends in response to climate change appear to be
stronger of the night-time minimum temperature than of the day-time maximum tem-
perature [235]. Moreover, the night-time temperature and associated energy-transfer
and boundary-layer depth are more sensitive to local variations [236]. Resulting biases
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particularly complicate attribution of climate change [234]. An idealized model for the
SBL transitions [e.g. 87, Chapters 3 and 5] may reduce such biases in global circula-
tion models. Since under antarctic conditions some of the most extreme features of the
PCF model were observed [e.g. ’folding back’, 181, Chapter 4], the Dome C site may play
a crucial role in further understanding the model and also its implications for climate
modeling.
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A.1. DOMAIN SIZE

(a) (b)

Figure A.1: Comparison of instantaneous horizontal cross-sections of the streamwise velocity at z = h for Re =
3500 for (a) a neutral case and (b) a stably stratified case, that is close to critical point (SCC = 23.7).

Since periodic boundary conditions are being used, it is important to establish that
the domain-size is sufficient. We consider the effect of stratification at a single Reynolds
number Re = 3500 from Chapter 6 (see Tab. 6.1) as an example. Results at other Reynolds
numbers are similar.

The flow field at the centre of the domain is inspected visually first in Fig. A.1. The
neutral case shows some clear alternation of high- and low-speed regions in an instan-
taneous visualization. These bands, that span the entire streamwise length, have been
observed in many studies as discussed in Chapter 2. When the flow is stably stratified,
these long structures seem to have disappeared.

Next we verify that indeed under stable stratification mainly the larger scales are sup-
pressed. For this purpose the one-dimensional energy spectra of u′ are used. It is defined
as,

Euu(kx , z) = 〈|ûi û∗
j |〉y,t , (A.1)

where ˆ indicates the Fourier transform, ∗ indicates the complex conjugate and 〈...〉y,t

indicates averaging in the y-direction and in time. An equivalent definition applies to
Euu(ky , z). Figure A.2 shows the spectra in both directions. It shows that the largest
scales are affected most by the stratification. Moreover, the peak at kh ≈ 1.5 disappears
completely when the flow becomes stably stratified. This peak is associated with the
roll-like structures with a width of 4−5h (≈ 2π/1.5) as discussed in Chapter 2.

Finally, we investigate the two-point correlation, which is defined as

Ri j (∆xm) = 〈(ui (xm)−〈ui 〉)(u j (xm +∆xm)−〈u j 〉)〉
σ(ui )σ(u j )

, (A.2)

where ∆xm is correlation distance in direction m = 1, 2 and σ is the standard devia-
tion with respect to the spatio-temporal mean 〈...〉. Figure A.3a shows that under neutral
stratification the domain is barely long enough for the correlation to become negative
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Figure A.2: The one-dimensional energy spectra at z = h in the x-direction (thin lines) and the y-direction
(thick lines). The spectra are multiplied by (kh)5/3 to visualize the inertial range. For visualization the thick
lines have been multiplied by 10−1. Symbols represent a neutral case (squares), a weak cooling rate (SCC =
31.7, diamonds) and a near-critical cooling rate (SCC = 23.7, plus-signs). For all cases Re = 3500. SCC is
defined in Eq. 6.2.

within half a domain-length. Conversely, when the flow is stably stratified the correla-
tion length is much shorter, such that even the small domain (10h ×10h) of Chapter 4 is
sufficient. The spanwise correlation (Fig. A.3b) shows the band-structure with a wave-
length that corresponds to the spectral peak in Fig. A.2. The stable stratification has a
detrimental effect on the amplitude of the oscillations in Fig. A.3b. However, even under
neutral stratification the spanwise domain-size is less limiting than the streamwise size
as was also noted by Tsukahara et al. [99].

A.2. CO-AUTHORED ARTICLES

A.2.1. COLLAPSE OF TURBULENCE IN STABLY STRATIFIED CHANNEL FLOW:
A TRANSIENT PHENOMENON

Donda, J. M. M., van Hooijdonk, I. G. S., Moene, A. F., Jonker, H. J. J., van Heijst, G. J. F., Clercx, H. J. H., van

de Wiel, B. J. H. (2015). Collapse of turbulence in stably stratified channel flow: a transient phenomenon.

Quarterly Journal of the Royal Meteorological Society, 141, 2137-2147.

The collapse of turbulence in a pressure-driven, cooled channel flow is studied by
using 3D direct numerical simulations (DNS) in combination with theoretical analysis
using a local similarity model. Previous studies with DNS reported a definite collapse of
turbulence in cases when the normalized surface cooling h/L (with h the channel depth
and L the Obukhov length) exceeded a value of 0.5. A recent study by the present au-
thors succeeded in explaining this collapse using the so-called maximum sustainable
heat flux (MSHF) theory. This states that collapse may occur when the ambient mo-
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Figure A.3: Two-point correlation at z = h in the streamwise (a) and spanwise (b) directions for the same cases
as in Fig. A.2.

mentum of the flow is too weak to transport enough heat downward to compensate for
the surface cooling. The MSHF theory predicts that, in pressure-driven flows, accelera-
tion of the fluid after collapse will eventually cause a regeneration of turbulence, in con-
trast with the aforementioned DNS results. It also predicts that the flow should be able
to survive ‘supercritical’ cooling rates, in cases when sufficient momentum is applied
to the initial state. Here, both predictions are confirmed using DNS simulations. It is
also shown that in DNS a recovery of turbulence will occur naturally, provided that per-
turbations of finite amplitude are imposed on the laminarized state and provided that
sufficient time for flow acceleration is allowed. As such, we conclude that the collapse
of turbulence in this configuration is a temporary, transient phenomenon for which a
universal cooling rate does not exist. Finally, in the present work a one-to-one com-
parison between a parametrized, local similarity model and the turbulence-resolving
model (DNS) is made. Although local similarity originates from observations that repre-
sent much larger Reynolds numbers than those covered by our DNS simulations, both
methods appear to predict very similar mean velocity (and temperature) profiles. This
suggests that in-depth analysis with DNS can be an attractive complementary tool with
which to study atmospheric physics, in addition to tools that are able to represent high
Reynolds number flows like large-eddy simulations.

A.2.2. THE MAXIMUM SUSTAINABLE HEAT FLUX IN STABLY STRATIFIED CHAN-
NEL FLOWS

Donda, J. M. M., van Hooijdonk, I. G. S., Moene, A. F., van Heijst, G. J. F., Clercx, H. J. H., van de Wiel, B. J. H.

(2015). The maximum sustainable heat flux in stably stratified channel flows. Quarterly Journal of the Royal

Meteorological Society, 142, 781-792.

In analogy to the nocturnal atmospheric boundary layer, a flux-driven, cooled chan-
nel flow is studied using direct numerical simulations. In agreement with earlier studies,
turbulence collapses when the surface cooling exceeds a critical value. In that case, lam-
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inarization occurs. Here, the so-called maximum sustainable heat flux (MSHF) hypoth-
esis is tested. It explains why laminarization will occur at strong cooling rates. It states
that in stratified flows the downward heat flux is limited to a maximum, which, in turn,
is determined by the momentum of the flow. If the heat extraction at the surface exceeds
this maximum, near-surface stability will increase rapidly, which hampers efficient ver-
tical heat transport further. This positive feedback eventually causes turbulence to be
suppressed fully by the intensive density stratification. This framework is used to pre-
dict the collapse of turbulence and a good agreement between theory and simulations
is found. Therefore, it is concluded that the maximum sustainable heat flux mechanism
explains the collapse of turbulence in this kind of flow. In future work, there is the need
for an extension to more realistic configurations, allowing for Coriolis effects and more
realistic surface boundary conditions.

A.2.3. REGIME TRANSITIONS IN NEAR-SURFACE TEMPERATURE INVERSIONS:
A CONCEPTUAL MODEL

Van de Wiel, B. J. H., Vignon, E., Baas, P., van Hooijdonk, I. G. S., van der Linden, S. J. A., van Hooft, J. A.,

Genthon, C. (2017). Regime Transitions in Near-Surface Temperature Inversions: A Conceptual Model. Journal

of the Atmospheric Sciences, 74, 1057-1073.

A conceptual model is used in combination with observational analysis to under-
stand regime transitions of near-surface temperature inversions at night as well as in
Arctic conditions. The model combines a surface energy budget with a bulk parameter-
ization for turbulent heat transport. Energy fluxes or feedbacks due to soil and radiative
heat transfer are accounted for by a “lumped parameter closure,” which represents the
“coupling strength” of the system.

Observations from Cabauw, Netherlands, and Dome C, Antarctica, are analyzed. As
expected, inversions are weak for strong winds, whereas large inversions are found un-
der weak-wind conditions. However, a sharp transition is found between those regimes,
as it occurs within a narrow wind range. This results in a typical S-shaped dependency.
The conceptual model explains why this characteristic must be a robust feature. Differ-
ences between the Cabauw and Dome C cases are explained from differences in cou-
pling strength (being weaker in the Antarctic). For comparison, a realistic column model
is run. As findings are similar to the simple model and the observational analysis, it sug-
gests generality of the results.

Theoretical analysis reveals that, in the transition zone near the critical wind speed,
the response time of the system to perturbations becomes large. As resilience to per-
turbations becomes weaker, it may explain why, within this wind regime, an increase
of scatter is found. Finally, the so-called heat flux duality paradox is analyzed. It is ex-
plained why numerical simulations with prescribed surface fluxes show a dynamical re-
sponse different from more realistic surface-coupled systems.

A.2.4. STABLE BOUNDARY-LAYER REGIMES AT DOME C, ANTARCTICA: OB-
SERVATION AND ANALYSIS

Vignon, E., van de Wiel, B. J. H., van Hooijdonk, I. G. S., Genthon, C., van der Linden, S. J. A., van Hooft,

J. A., Casasanta, G. (2017). Stable boundary-layer regimes at Dome C, Antarctica: observation and analysis.

Quarterly Journal of the Royal Meteorological Society, 143, 1241 – 1253.
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Investigation of meteorological measurements along a 45 m tower at Dome C on the
high East Antarctic Plateau revealed two distinct stable boundary layer (SBL) regimes
at this location. The first regime is characterized by strong winds and continuous tur-
bulence. It results in full vertical coupling of temperature, wind magnitude and wind
direction in the SBL. The second regime is characterized by weak winds, associated with
weak turbulent activity and very strong temperature inversions reaching up to 25 K in the
lowest 10 m. Vertical temperature profiles are generally exponentially shaped (convex)
in the first regime and ‘convex–concave–convex’ in the second.

The transition between the two regimes is particularly abrupt when looking at the
near-surface temperature inversion and it can be identified by a 10 m wind-speed thresh-
old. With winds under this threshold, the turbulent heat supply toward the surface be-
comes significantly lower than the net surface radiative cooling. The threshold value
(including its range of uncertainty) appears to agree with recent theoretical predictions
from the so-called ‘minimum wind speed for sustainable turbulence’ (MWST) theory.

For the quasi-steady, clear-sky winter cases, the relation between the near-surface
inversion amplitude and the wind speed takes a characteristic ‘S’ shape. Closer analysis
suggests that this relation corresponds to a ‘critical transition’ between a steady turbu-
lent and a steady ‘radiative’ regime, with a dynamically unstable branch in the transition
zone. These fascinating characteristics of the Antarctic boundary layer challenge present
and future numerical models to represent this region in a physically correct manner.

A.2.5. LOCAL CHARACTERISTICS OF THE NOCTURNAL BOUNDARY LAYER

IN RESPONSE TO EXTERNAL PRESSURE FORCING
van der Linden, S. J. A., Baas, P., van Hooft, J. A.,van Hooijdonk, I. G. S., Bosveld, F. C., van de Wiel, B. J. H. (2017).

Local Characteristics of the Nocturnal Boundary Layer in Response to External Pressure Forcing. Under review.

Geostrophic wind speed data, derived from pressure observations, are used in com-
bination with tower measurements to investigate the nocturnal stable boundary layer at
Cabauw, The Netherlands. Since the geostrophic wind speed is not directly influenced by
local nocturnal stability, it may be regarded as an external forcing parameter of the noc-
turnal stable boundary layer. This is in contrast to local parameters such as in situ wind
speed, the Monin-Obukhov stability parameter (z/L) or the local Richardson number. To
characterize the stable boundary layer, ensemble averages of clear-sky nights with simi-
lar geostrophic wind speed are formed. In this manner, the mean dynamical behavior of
near-surface turbulent characteristics, and composite profiles of wind and temperature
is systematically investigated. We find that the classification results in a gradual ordering
of the diagnosed variables in terms of the geostrophic wind speed. In an ensemble sense
the transition from the weakly stable to very stable boundary layer is more gradual than
expected. Interestingly, for very weak geostrophic winds turbulent activity is found to
be negligibly small while the resulting boundary cooling stays finite. Realistic numerical
simulations for those cases should therefore have a a solid description of other thermo-
dynamic processes such as soil heat conduction and radiative transfer. This prerequisite
poses a challenge for Large-Eddy Simulations of weak wind nocturnal boundary layers.
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SUMMARY
PLANE COUETTE FLOW AS MODEL FOR THE NOCTURNAL BOUNDARY LAYER

The nocturnal boundary layer (NBL) is the lowest O(10)-O(100)m of the atmosphere. At
night the surface cools due to emission of radiation. As a result a stable density gra-
dient forms with dense, colder air near the surface and warm, lighter air aloft. There-
fore the NBL is often called the stable boundary layer (SBL). This is in contrast to the
unstable day-time boundary layer, during which solar radiation heats the surface. Af-
ter sunset, the quintessential SBL may develop into one of two regimes: (1) the weakly
stable boundary layer (WSBL) or (2) the very stable boundary layer (VSBL). The WSBL
is characterized by strong turbulent motions and a weak temperature (density) gradi-
ent. This typically occurs during nights with a strong wind forcing (i.e. strong mixing),
or when clouds are present (weak cooling). The VSBL exhibits much stronger vertical
gradients and turbulence is mostly weak. This regime typically occurs under a combina-
tion of weak winds and a clear sky, and it is often associated with the formation of fog,
with ground frost, and with pollution trapping. Moreover, the performance of numerical
weather prediction models is reduced due to limited understanding of the fundamental
processes in this regime.

To investigate the evolution of the SBL, a canonical flow set-up from fluid mechanics
was used: the plane Couette flow (PCF), extended with a stable density gradient, such
that it may capture key dynamical features of the atmospheric SBL. In this thesis the PCF
is used as a thinking framework to conceptually interpret field observations, but it is also
investigated in full detail by using direct numerical simulation (DNS). The advantage
of DNS is that it does not require parameterization of the conservation (Navier-Stokes)
equations (of mass, momentum and energy), such that the conceptual framework may
be thoroughly verified.

From previous analytical solutions of the parameterized equations for the mean flow
in a PCF the VSBL–WSBL distinction may be predicted. In Chapter 3, these solutions are
used to introduce a dimensionless-ratio, the shear capacity SC that delineates between
these regimes. The consistency of SC and the PCF-framework with reality is verified us-
ing ensemble averages of over 10 years of observations, such that specific characteristics
of individual nights are of limited importance. For characterization of the global SBL
character shortly after sunset, SC outperformed traditional classification parameters,
since the latter are inherently height-dependent.

Chapter 5 is focused on the time during the sunset transition, when the boundary
layer changes from unstably stratified to stably stratified. The main interest is the growth
rate of the temperature gradient, measured at three distinct observational sites. The re-
sults show that the growth rate of the SBL is remarkably consistent among these sites,
but also for a wide range of conditions. The complexity of the sunset transition inval-
idates many assumptions underlying idealized approaches. As a result, the PCF set-
up provides only limited insight. Therefore, two additional flow models of increasing
complexity were investigated, but only the most complex model (an operational-level
weather-forecast model) could reproduce qualitative features of the transition period.
This highlights the significance of the pre-sunset conditions for the SBL growth.

In Chapters 4 and 6 SCC represents the dimensionless ratio that delineates between
two qualitatively different regimes in a direct numerical simulation (DNS) of the PCF.
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It has a similar structure as SC , but now it is formulated without closure-dependent
constants. In Chapter 4 tools from generic dynamical systems are used to rank vari-
ous numerical runs in terms of their distance to the transition point, without requiring
knowledge of the underlying dynamics. However, this did not result in a quantitative
prediction. This nonetheless opens up the possibility for applying these generic tools
to turbulent flows and the real SBL and to rank their resilience to external disturbances.
On the other hand, specific changes in the dynamical behaviour did provide a quanti-
tative estimate of the transition-point from turbulent to laminar in the flux-driven PCF
(Chapter 2).

Chapter 6 directly extends on Chapter 4 and adds a subtlety with respect to the (bulk)
Reynolds number Re. In principle the turbulent heat (buoyancy) flux cannot exceed a
maximum value due to a global constraint in the flow. However, when Re is low, tur-
bulence may be suppressed before the global maximum is reached due to collapsing
near-wall structures. At larger Re a maximum heat flux is observed when the flow is
still turbulent, followed by a collapse of turbulence some time later. This means that the
global constraint (SCC becomes less than a critical value) leads inevitably to a collapse of
turbulence, which then occurs due to suppression of near-wall structures. Furthermore,
we show in Chapter 6 that at weak stratification and in a steady state very little depen-
dence exists on the boundary conditions for buoyancy. However, dynamically important
differences are found that are consistent with the conceptual framework for the PCF.

This thesis expands on a previously introduced conceptual framework based on the
PCF that explains the workings of the SBL and the occurrence of two distinct dynamical
regimes (Chapter 2). It shows that both field observations and direct numerical simula-
tions are consistent with the framework (Chapters 3, 4, and 6). Moreover it adds a level
of detail to the insight into the model on a fundamental level. The findings in this thesis
show that the model is mainly applicable for near-equilibrium situations, while it is less
relevant for highly dynamic periods (Chapters 5 and 6). The increased understanding
of the successes and limitations of PCF model adds to the wealth of knowledge required
for an improvement step in numerical weather modeling. Additionally, it provides a di-
rectly applicable thinking framework on which management directives may be based for
practical situations (Chapter 7).
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SAMENVATTING
PLANE COUETTE FLOW AS MODEL FOR THE NOCTURNAL BOUNDARY LAYER

De nachtelijke grenslaag (NBL) bestaat uit de onderste O(10)-O(100)m van de atmosfeer.
Na zonsondergang koelt het aardoppervlak af door een netto uitstraling van warmte,
waardoor zich een stabiele gradiënt vormt in de grenslaag met zware, koude lucht bij
het oppervlak en lichte, warme lucht in hogere lagen. Daarom wordt de NBL ook wel
de stabiele grenslaag (SBL) genoemd als tegenhanger van de onstabiele situatie overdag
als gevolg van de opwarming door zonnestraling. Vanaf zonsondergang ontwikkelt een
nacht zich richting één van twee dynamisch verschillende archetypische regimes: (1)
de zwak stabiele grenslaag (WSBL) en (2) de zeer stabiele grenslaag (VSBL). De WSBL
wordt gekenmerkt door sterke turbulente menging en een relatief zwakke temperatuur-
gradiënt. De VSBL daarentegen wordt gekenschetst door sterke verticale gradiënten en
meestal zwakke turbulentie. Dit is vaak het gevolg van een combinatie van een zwakke
wind in een heldere nacht. De sterke temperatuur-gradiënt impliceert lage temperatu-
ren aan de grond. De kans op grondvorst, (stralings-)mist en verhoogde fijnstofconcen-
traties wordt daardoor groter. Bovendien zijn weermodellen minder accuraat door een
beperkt begrip van de fundamentele dynamica in dit regime.

In dit proefschrift gebruiken we een canoniek model uit de vloeistofmechanica: de
"plane Couette flow"(PCF) met een stabiele dichtheidsgradiënt. Omdat de PCF kernei-
genschappen van de realistische grenslaagdynamica kan beschrijven, kunnen we dit
model gebruiken om de ontwikkeling van de SBL the onderzoeken. We gebruiken het
model voornamelijk als denkraam voor een conceptuele interpretatie van veldmetin-
gen en voor detail-analyse in een directe numerieke simulatie (DNS). Het voordeel van
DNS is dat het niet stoelt op parametrisatie van de onderliggende behoudswetten (de
Navier–Stokes vergelijkingen). Dit stelt ons in staat het conceptuele denkraam grondig
te verifiëren.

Uit eerdere analytische oplossingen van de geparametriseerde vergelijkingen voor
de gemiddelde stroming in een PCF kunnen we de ontwikkeling van twee regimes voor-
spellen. In Hoofdstuk 3 gebruiken we deze oplossingen om een dimensieloos kental,
de "shear capacity" SC , te introduceren dat de scheidslijn tussen de regimes aangeeft.
Om de consistentie van SC en het PCF-denkraam met de realiteit te verifiëren hebben
we ruim 10 jaar aan observaties gecategoriseerd. Vervolgens hebben we een ensemble-
middeling toegepast op gelijksoortige nachten, waardoor variaties tijdens individuele
nachten een beperkte rol spelen. Het blijkt dat, als gevolg van de inherente hoogte-
afhankelijkheid van traditioneel gebruikte parameters, SC veel beter in staat is om het
globale karakter van de SBL in de eerste uren van een nacht te kenschetsen.

Hoofdstuk 5 richt zich op de periode tijdens zonsondergang, namelijk wanneer de
grenslaag verandert van onstabiele naar stabiele stratificatie. We richten ons voorname-
lijk op de groeisnelheid van de temperatuur-gradiënt op drie verschillende locaties. De
groeisnelheid blijkt opvallend consistent tussen deze locaties en voor een breed scala
aan (weer-)omstandigheden. The PCF-model geeft maar beperkt inzicht in deze obser-
vatie, omdat door de complexiteit van de dag–nacht transitie aannamen voor een ge-
ïdealiseerd evenwichtsmodel geschonden worden. Vervolgens is de complexiteit van de
onderzochte modellen stapsgewijs opgeschaald, maar alleen het meest complexe model
(van operationeel niveau) kon kwalitatieve eigenschappen van de transitie weergeven.
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Dit geeft aan dat de voorgeschiedenis vanuit de dagsituatie nog in belangrijke mate de
groei van de SBL beïnvloedt.

In Hoofdstukken 4 en 6 wordt de scheidslijn tussen twee kwalitatief verschillende re-
gimes in een directe numerieke simulatie (DNS) van de PCF beschreven door de dimen-
sieloze verhouding SCC , de parametrisatie-onafhankelijke tegenhanger van SC . Door
methoden uit algemene systeemdynamica toe te passen op de resultaten, konden de
simulaties geordend worden naargelang hun afstand tot het transitiepunt tussen de re-
gimes, zonder daarbij gebruik te maken van specifieke voorkennis over de onderliggende
processen. De ordening geeft geen kwantitatieve voorspelling, maar de methodiek kan
wel nuttig zijn om de mate van dynamische stabiliteit van andere turbulente stromin-
gen te testen. Door specifieke veranderingen in het dynamische gedrag te analyseren
kon wel een kwantitatieve uitspraak gedaan worden over het transitiepunt van turbu-
lent naar laminair in een flux-gedreven PCF (Hoofdstuk 2).

Hoofdstuk 6 gaat verder op de resultaten van Hoofdstuk 4 en geeft inzicht in subtie-
lere effecten van het (bulk) Reynolds getal Re. Het turbulente warmtetransport ("trans-
port van drijfvermogen") is gelimiteerd tot een maximum dat afhangt van de grootscha-
lige stromingseigenschappen. Echter, als Re klein is, wordt turbulentie al onderdrukt
voordat het globale maximum bereikt is als gevolg van onderdrukking van de wandstruc-
turen. Wanneer Re groot is, vindt het maximum plaats terwijl de stroming nog steeds
turbulent is. Dit wordt gevolgd door een instorting van turbulentie op een later tijdstip.
Dit betekent dat de globale beperking (SCC wordt kleiner dan een kritische waarde) on-
vermijdelijk tot een instorting van turbulentie leidt. De instorting zelf is het gevolg van
de onderdrukking van wandstructuren (Hoofdstuk 6). Daarbij laat Hoofdstuk 6 zien dat
de evenwichtstoestand niet afhangt van de randvoorwaarden voor temperatuur, mits
stratificatie niet te sterk is. Echter, het dynamisch gedrag verschilt op een manier die
consistent is met het conceptuele raamwerk voor de PCF.

Dit proefschrift bouwt voort op een conceptueel raamwerk voor de PCF dat inzicht
geeft in de dynamica van de SBL en met name hoe de SBL zicht ontwikkelt in verschil-
lende regimes (Hoofdstuk 2). Zowel veldmetingen als direct numerieke simulaties laten
een beeld zien dat consistent is met dit raamwerk (Hoofdstukken 3, 4, and 6). Naast
consistentie, voegt dit proefschrift een fundamentele detaillaag toe aan het conceptu-
ele niveau. De bevindingen van dit proefschrift tonen aan dat het PCF model vooral
toepasbaar is voor bijna-evenwichtssituaties, maar niet voor snelle en plotselinge ver-
anderingen (Hoofdstukken 5 en 6). Een dieper begrip van de kracht en de beperkingen
van het PCF model draagt bij aan een bredere kennisopbouw die nodig is om een sub-
stantiële verbetering van numerieke weersvoorspelling te bewerkstelligen. Daarbij geeft
het model direct toepasbare handvatten om in praktische situaties beleidsbeslissingen
op te baseren (Hoofdstuk 7).
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