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In this study we propose a new numerical algorithm for droplet-laden turbulent channel 
flow with phase transitions at low Mach numbers. The carrier gas is treated as compressible 
flow. In order to avoid very small time steps at low Mach numbers that would arise 
from stability requirements associated with explicit time-stepping we propose a new 
semi-explicit time integration method, applied to the low Mach number compressible 
flow equations. We perform a perturbation analysis in powers of the Mach number of 
the system of governing equations. The obtained decomposition of pressure into a space-
independent part and a hydrodynamic part permits to apply a special pressure-based time 
integration algorithm for compressible flows at low Mach numbers. An important feature 
of the new numerical approach is the independence of the maximum allowed time step on 
the Mach number. In this study we validate the new method by comparing it with a fully 
explicit code for compressible flow at general Mach numbers showing a good agreement in 
all quantities of interest. The differences between the results of the two codes are on the 
order of the square of the Mach number caused by the disregard of high-order terms in the 
Mach number in the new algorithm. The relative difference found for a specific low value 
of the Mach number of 0.05 is on the order of 1% for instantaneous and mean quantities 
of the two phases. We also quantify the efficiency of the new algorithm by comparing the 
computational time it takes to simulate one time unit with both codes.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Multiphase flows with a large number of droplets dispersed into a gas play an important role in a variety of technological 
applications and environmental problems. Examples include thermal processing in food manufacturing, air pollution control 
and heat transfer in power stations [1]. In this paper we investigate a coupled Euler–Lagrange model to simulate droplet-
laden turbulent channel flow in which phase transition plays an important role. The first such Euler–Lagrange study of mass 
and heat transfer in droplet-laden turbulent flow was done by Mashayek in 1998 [2]. He conducted a simulation study, 
investigating homogeneous turbulence with two-way coupling between the gas and the dispersed droplet phase involv-
ing momentum, mass and energy of the system. Later, a study dedicated to the mixing layer with embedded evaporating 
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droplets was conducted by Miller and Bellan [3]. In [4] a cloud of inertial evaporating droplets, interacting with a non-
isothermal droplet-laden turbulent planar jet, is considered. In the present paper we present a new time-stepping algorithm 
tailored to compressible flow at low Mach numbers and extend the work of Mashayek [2] to wall-bounded turbulence by 
investigating turbulent channel flow with a dispersed droplet phase undergoing phase transition. The models adopted here 
are identical to the models used in [3] and [4]. The main difference between the current study and the studies mentioned 
above is that we consider conditions in which not only evaporation of droplets but also their growth by condensation of 
the vapor phase are important.

In this paper we consider fully developed turbulent channel flow of a mixture of air and water vapor in which water 
droplets are dispersed. Fully developed turbulent channel flow is treated as homogeneous in the streamwise and spanwise 
directions [5] and therefore, periodic boundary conditions are used in these directions, as in [6].

A turbulent flow can be modeled in various ways. In this paper we make use of direct numerical simulation in which all 
scales of the flow, except the detailed flow around each droplet, are resolved. The solution is time dependent and the time 
step is limited by both stability and accuracy considerations.

In this study the mixture of air and water vapor will be referred to as the carrier phase or the carrier gas and the droplets 
as the dispersed phase. Incorporation of evaporation and condensation of the dispersed phase raises the question whether 
or not to include explicit compressibility of the carrier phase. If the carrier gas is assumed to be strictly incompressible 
then the inclusion of evaporation and condensation is subject to the condition that all instantaneous changes in the local 
mass density of air and water vapor cancel each other precisely throughout the domain. A full simulation model can be 
developed for such an incompressible carrier phase [7]. The incompressible treatment of the carrier phase would still permit 
to incorporate changes in mass density into the model using the equation of state and the Boussinesq approximation, which 
implies the dependence of mass density on temperature and vapor mass fraction. In our problem we relax the physical 
approximations further and allow the divergence of velocity not to be equal to zero as a result of phase transitions. This 
motivates us to treat the carrier phase as compressible flow which is characterized by a low Mach number, much smaller 
than 1 for the chosen initial conditions. The focus in this paper is on the development of a new low Mach number algorithm 
suitable for multiphase flow with phase transition, extending earlier work by Bell et al. [8]. This algorithm must be efficient 
for low Mach numbers: it should be possible to take a time step independent of Mach number as Ma → 0.

There are two main numerical techniques for the treatment of compressible low Mach number flows: density-based 
methods and pressure-based methods. Two types of time-marching procedures are applied in density-based methods: ex-
plicit and implicit algorithms. Explicit density-based methods have a stability restriction, called Courant–Friedrichs–Lewy 
(CFL) condition [9], which makes these algorithms computationally expensive at low Mach numbers. Our previous study 
of turbulent droplet-laden channel flow with phase transition was done with a density-based explicit time integration 
method [10], which was restricted to values of the Mach number higher than the realistic value of 0.005. In implicit 
density-based methods the system of governing equations for compressible turbulent flow is ill-conditioned making iter-
ative solutions excessively time consuming [11]. In order to avoid this poor condition of the numerical problem two types 
of schemes are used in density-based methods: preconditioning [12] and asymptotic schemes [13]. The proposed techniques 
are only applicable to time-independent problems. In the present study all quantities are time dependent because of the 
turbulent flow and the phase transitions that occur.

In order to apply preconditioning to time-dependent problems the dual-time-stepping technique is normally used [14]. 
The dual time-step method could also be considered for the actual compressible equations, facing the challenge of resolving 
very fast acoustic signals at low Mach numbers. We selected a different path and focus on the low Mach number approx-
imation obtained as a result of asymptotic analysis and some approximations. The resulting system of equations is treated 
with a hybrid time stepping method. The approximated system has as virtue the absence of large eigenvalues which allows 
to adopt most of the terms explicitly. We closely follow the work of Bell et al. (2004) [8] and extend this to multiphase 
problems.

Pressure-based methods are extensions of pressure correction methods used in incompressible flow [15,16]. In incom-
pressible flow the pressure correction follows from a Poisson equation which is obtained from the condition that the velocity 
field has zero divergence. In case of compressible low Mach number flow this divergence-free constraint on the velocity field 
is not applicable. In order to obtain a Poisson equation for the pressure an expression for the divergence of velocity is de-
rived employing the continuity equation and the equation of state [17,8].

To obtain a suitable time integration method for the problem of droplet-laden turbulent channel flow we first perform 
a perturbation analysis in powers of the Mach number of the governing system of equations. An asymptotic analysis of the 
Navier–Stokes equations for this regime of flow conditions was conducted before in the study by Zank and Matthaeus in 
1991 [18]. They derived low Mach number equations from the compressible Navier–Stokes equations employing multiple 
time- and space-scale expansions in powers of the Mach number. The single time-scale and multiple space-scale analysis 
conducted by Klein in 1995 [19] gives insight into the low Mach number Euler equations. In this paper we use a multiple 
time scale, single space scale low Mach asymptotic analysis closely following Müller (1998) [13] and later work of Boger 
et al. (2012) [20]. This approach allows to distinguish advective and acoustic modes for turbulent flows at low Mach num-
bers [21]. We take into account the lowest-order terms in Mach number and get a simplified system of governing equations 
applicable to a compressible carrier phase at low Mach numbers. The specific feature of this new system is the decompo-
sition of pressure into two parts, one of which is independent of the spatial coordinates. This part of pressure is connected 
with other thermodynamic quantities through the equation of state. Another part can be called the ‘incompressible’ pressure 
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Fig. 1. The computational domain.

since it only enters the velocity equation similarly to the pressure in the incompressible formulation. The obtained splitting 
of pressure motivates us to use a pressure-based method. Based on the decomposed pressure, we propose a time integration 
algorithm extending [8] to the case of turbulent channel flow with water droplets which can undergo phase transition. This 
method also belongs to pressure-correction methods and we apply the continuity equation, the equation of state and the 
boundary conditions for the velocity in order to derive an expression for the divergence of velocity which will determine 
the pressure correction term.

We validate the new numerical method by comparison with results obtained with the fully explicit code in [10]. Sta-
tistical results, averaged in time and over the homogeneous directions, from both codes will be compared along with 
instantaneous quantities. We will quantify the accuracy of the new method first and then the gain in computing time by 
comparing the time it takes to simulate one time unit with the two methods.

The organization of the paper is as follows. In Section 2 we will present the mathematical model used in both codes. 
Next we describe in detail the low Mach number model in Section 3. In Section 4 the numerical method of the low Mach 
number algorithm is given. Results are presented in Section 5 and concluding remarks are collected in Section 6.

2. Governing equations for the gas–droplets system

This section is dedicated to the mathematical model which is the starting point of both the explicit numerical method 
and the low Mach number algorithm. First, general aspects of the problem and the geometry will be described along with 
the applied boundary conditions. Subsequently, the set of partial differential equations for the carrier phase, i.e., the gas 
consisting of air and water vapor, the system of ordinary differential equations for the dispersed phase and the source 
terms describing the coupling between the two phases will be presented in separate subsections.

2.1. The description of the flow domain

We consider a water–air system in a channel, bounded by two parallel horizontal plates. This is a two-phase system, 
consisting of a carrier phase and a dispersed phase, consisting of liquid water droplets. The carrier phase is considered 
using the Eulerian approach while the dispersed phase is treated in the Lagrangian manner.

In Fig. 1 a sketch of the flow domain is presented. The domain has a size of 4π H in the streamwise direction, which is 
denoted by x, and 2π H in the spanwise direction, z, where H is half the channel height. In addition, y is the coordinate 
in the wall-normal direction. The total volume of the domain is defined by V . The top wall of the channel is denoted by 
y = H and the bottom wall by y = −H . Studies done by Kim et al. [6] motivate us to use periodic boundary conditions 
in the streamwise and spanwise directions. In addition, no-slip conditions are enforced for the carrier phase at the walls. 
A constant heat flux Q̇ is applied through the walls: this heat flux is positive through the top wall and negative through 
the bottom wall. The flux at both walls is equal in size in order to conserve the total energy of the system.

2.2. The governing equations

The carrier gas is treated in the Eulerian manner as a compressible Newtonian fluid. We impose conservation of mass, 
momentum, total energy and water vapor. The equations can be written as [3]:

∂tρ + ∂ j(ρu j) = Q m (1)

∂t(ρui) + ∂ j(ρuiu j) = −∂ jπi j + Fi + Q mom,i (2)
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∂tet + ∂ j
(
ρu jet

) = −∂ jq j − ∂ j(uiπi j) + Q e (3)

∂t(ρY v) + ∂ j(ρu j Y v) = −∂ jφv, j + Q m (4)

where Q m , Q mom,i , Q e are sink/source terms expressing the two-way coupling between the phases. These will be described 
later. In addition, (ρ, u j, et, Y v) are the carrier phase mass density, components of the velocity, total energy density and 
vapor mass fraction, respectively. Moreover, πi j denotes pressure and viscous contributions to the momentum flux. The 
term Fi is an external force density which is obtained from the conservation of total streamwise momentum. In addition, 
q j denotes the components of the heat flux vector, which consists of heat transport by conduction and by diffusion and the 
vector φv defines the diffusive mass flux of water vapor. The pressure and temperature of the carrier phase are denoted by 
p and T . Moreover, Y v , p and T are connected by the ideal gas law for an air–water vapor mixture.

The dispersed phase is modeled using a point-particle approach following [3] and [4]. We solve a system of ordinary 
differential equations in order to find position, velocity, temperature and mass of each single droplet, wdrop = [xi, vi, Ti, mi]
of the form:

dwdrop

dt
= Ndrop (5)

All details of this model can be found in [10].
The interaction between the two phases is modeled by the two-way coupling terms which are derived from the conser-

vation of the total mass, momentum, energy and water mass of the system. For instance, the two-way coupling term Q m

follows from the conservation of the total mass in the system and equals:

Q m = −
∑

i

dmi

dt
δ(x − xi) (6)

where the sum is taken over all droplets in the domain. The expressions for the other two-way coupling terms can be found 
in [10].

In the next section the need for a new numerical algorithm will be clarified and the mathematical model for low Mach 
number flow will be derived.

3. Low Mach number model

In this section the low Mach number model will be presented. In Subsection 3.1 we will motivate the need for a new 
numerical algorithm. Next, in Subsection 3.2, we will describe the procedure of non-dimensionalization of the governing 
equations in this model. Subsection 3.3 is dedicated to the asymptotic analysis in powers of Mach number. Finally, in 
Subsection 3.4 we describe the solution procedure for the new system of equations.

3.1. Motivation for the new model

In order to understand better the presence of fast scales which restrict the time step in a fully explicit method, we 
consider the system of equations (1)–(4) in 1D for simplicity. The eigenvalues of the Jacobian matrix of this system are: 
λ1,2 = u, λ3 = u + c and λ4 = u − c where c stands for the speed of sound. If the Mach number is small, these eigenvalues 
define two types of time scales present in the system: the long time the flow takes to travel one length scale with the 
velocity u and the short time it takes for an acoustic wave to travel this length scale. Further in the text these time scales 
will be referred to as fast and slow scales, respectively.

In explicit numerical methods for advection–diffusion equations the restriction on the time step according to the CFL 
condition is given by [9]:

�t ≤ CFL × min

{
�x

|λ1| ,
�x

|λ2| ,
�x

|λ3|
}

(7)

where �x is the grid spacing. We conclude that the upper bound for the time step is proportional to �x/(u ± c) which 
is approximated by �x/c because we deal with a low Mach number flow. Consequently, the non-dimensional time-step is 
bounded by CFL �x

c = CFL �x
u

u
c = CFL Ma �x

u , where the grid spacing �x and the corresponding velocity component u are 
non-dimensional. From a stability analysis of the Runge–Kutta method we found that in the explicit code CFL = 2 can be 
used. Consequently, the time-step which we can allow tends to zero when the Mach number tends to zero. This makes an 
explicit time integration computationally expensive for low Mach number flows.

It is known that for values of the Mach number up to 0.3 the fluid mechanics of single-phase turbulent channel flow 
corresponds well to that of incompressible flow [24,7]. However, there are three main differences between compressible and 
incompressible flows which can become more pronounced in case of multiphase flow with phase transitions. The character-
istics of incompressible flow which are different from compressible flow are the following: a constant mass density, a zero 
divergence of the velocity and an infinite speed of sound. In this study compressibility appears because of changes in the 
mass density due to phase transitions, i.e., liquid water from the dispersed water droplets contributes to the vapor present 
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in the carrier phase and vice versa. This apparent compressibility is expressed by a non-zero divergence of velocity and a 
non-zero gradient of the mass density. If we would treat the carrier phase of the current problem as incompressible we 
could still incorporate changes in mass density into the model using the equation of state and the Boussinesq approximation, 
which implies a dependence of mass density on temperature and vapor mass fraction. However, in such an approximation 
the non-zero divergence of velocity is not taken into account. In [10] we quantified the explicit compressibility comparing 
the RMS of the term ρ∇ · u with the RMS of the term u · ∇ρ in the continuity equation. It was shown that the RMS of 
these two terms has the same order of magnitude. In addition, we observe a significant difference in the heat transfer char-
acteristics of the system during the initial stages caused by a net transfer of gas when the temperature gradient develops. 
Therefore, we consider the carrier phase as compressible and develop a suitable numerical treatment.

3.2. Non-dimensionalization procedure

In order to eliminate stability problems related to fast time scales we replace some of the variables in the system of 
equations by variables which only change on the slow time scale and solve the Navier–Stokes equation partially implicitly, 
i.e. the pressure term is considered using implicit time-stepping. In particular, we solve the temperature equation instead of 
total energy density equation (3) and the vapor mass fraction equation instead of the vapor mass density equation (4):

ρ
(
cpa + Y v(cpv − cpa)

)
(∂t T + u j∂ j T )

= ∂ j(K (T )∂ j T ) + ∂ j(ρD∂ j Y v((cpv − cpa)T + λ0)) + μ(T )Sij∂ jui − (λ0 + (cv v − cva)T )∂ jρD(T )∂ j Y v

+ Q temp + Dp

Dt
(8)

∂t Y v + u j∂ j Y v = 1

ρ
∂ j(ρD(T )∂ j Y v) + Q vapor (9)

where Q temp and Q vapor are two-way coupling terms which are given by:

Q vapor = Q m(1 − Y v)

ρ
(10)

Q temp = Q e − ui Q mom,i − Q mcv v T + u2
i Q m

2
− Q mλ0 (11)

The convective part of the vapor mass fraction equation is decoupled from the temperature and mass density equation (1)
as can be seen in (9). Therefore, this equation only gives a diagonal term equal to u in the Jacobian matrix. The inviscid part 
of temperature equation (8) contains u j∂ j T and Dp

Dt . The same reasoning as applied to the term u j∂ j Y v in (9) shows that 
u j∂ j T does not introduce fast time scales into (8). The change of pressure, Dp

Dt , is also a slow process and does not bring 
fast scales into temperature equation (8). This will be clarified at the end of this section.

In order to make the system of governing equations non-dimensional we closely follow the procedure proposed by Müller 
(1998) [13] and choose the following reference scales: ρref , pref , uref , Tref , μref , kref , Lref , Dref which are the reference mass 
density, pressure, velocity, temperature, dynamic viscosity, thermal conductivity, length and mass diffusivity. The reference 
scales are chosen exactly in the way in which Müller (1998) [13] does it: this choice guarantees that non-dimensional flow 
quantities remain of O(1) for any low reference Mach number which is equal to:

Ma = uref√
γ pref /ρref

(12)

The reference temperature and mass density are the initial mean gas temperature and mass density, respectively. The refer-
ence length is chosen as half the channel height H . The velocity scale uref is taken as the initial bulk velocity of the carrier 
gas ub. All other reference scales are defined by the initial conditions which are described in Subsection 5.1. As a result of 
non-dimensionalization, we obtain the following system of non-dimensional equations:

∂tρ + ∂ j(ρu j) = Q m (13)

∂t uk + u j∂ juk + 1

γ Ma2ρ
∂k p = Gk + Q vel,k (14)

∂t T + u j∂ j T =
ET + γ −1

γ
Dp0
Dt

ρcm
(15)

∂t Y v + u j∂ j Y v = J v + Q vapor (16)

In (14) Q vel,k stands for the coupling term in the velocity equation and it is equal to the following:

Q vel,k = Q mom,k − uk
Q m

. (17)

ρ ρ
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The non-dimensional equation of state is:

p = ρT (1 + MY v) (18)

with M = Mair
Mwater

− 1 where Mair and Mwater are the molar masses of pure air and water, respectively. Furthermore,

Gk = 1

Reb ρ
∂ j(μ(T )Skj) + 1

ρ
Fk (19)

where Reb stands for the bulk Reynolds number based on the bulk velocity. Moreover, E T in non-dimensional temperature 
equation (15) is a complex expression which includes the two-way coupling term Q temp:

ET = 1

Pr Reb
∂ j(μ(T )∂ j T ) + 1

Sc Reb
∂ jμ(T )

(
∂ j Y v((R − 1)T + λ)

)

+ (γ − 1)Ma2

Reb
μ(T )Sij∂ jui − 1

Sc Reb

(
λ +

[
R

γvapor
− 1

γ

]
T

)
∂ jμ(T )∂ j Y v + (γ − 1)Ma2 Q temp (20)

where Pr, Sc denote the Prandtl number and the Schmidt number, respectively. Finally, γvapor and γ are the ratio of specific 
heats for water vapor and air, respectively, and cm = Y v (R −1) +1 with R = cpv

cpa
. The five terms on the right-hand side of (20)

correspond to the five terms on the right-hand side of dimensional temperature equation (15). The pressure derivative term 
is written separately for convenience of the further derivation.

In the non-dimensional vapor mass fraction equation J v stands for:

J v = 1

ρ Reb Sc
∂ jμ(T )∂ j Y v (21)

3.3. Asymptotic analysis

Since we only consider the low Mach number equations and ignore the fast acoustic time scale and since the governing 
equations only depend on the Mach number through Ma2, we can follow Boger et al. (2012) [20] and use an expansion of 
all quantities in powers of Ma2, e.g.:

p(x, t,Ma) = p0(x, t) + Ma2 p2(x, t) + Ma4 p4(x, t) + O (Ma6) (22)

As a result of the choice of the reference scales, p0, p2, p4, etc., in these expansions do not depend on the Mach num-
ber [13]. We substitute all expansions in the system of governing equations (13)–(16) and (18). As a result we obtain the 
zeroth-order continuity equation:

∂tρ0 + ∂ j(ρu j)0 = Q m,0 (23)

Subscripts 0 in Q m and all other expressions below indicate that the zeroth order expansion functions in the expressions of 
the form (22) enter these terms.

The leading momentum equations are the following:

∂ j p0 = 0 (24)

∂t uk,0 + uk,0∂ juk,0 + 1

γρ0
∂k p2 = Gk,0 + Q vel,k,0 (25)

The leading temperature and vapor mass fraction equations are:

∂t T0 + u j,0∂ j T0 =
ET ,0 + γ −1

γ
Dp0
Dt

ρ0cm,0
(26)

∂t Y v,0 + u j,0∂ j Y v,0 = J v,0 + Q vapor,0 (27)

Eqs. (23)–(27) form the final system of the governing equations together with the equation of state obtained from the 
asymptotic analysis:

p0 = ρ0T0(1 + MY v,0) (28)

For sake of simplicity, in the following the subscript 0 will be omitted in all variables except p0.
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3.4. Solution procedure

The solution procedure for the system of equations (23)–(28) consists of three major steps: first, finding the gas temper-
ature and the vapor fraction at the new stage, second, finding the gas density and p0 and third, finding the gas velocity. The 
first two steps are described in the text below along with the expressions for the divergence of the velocity field and the 
expression for Dp0

Dt . The procedure for the velocity is an extension of the pressure-correction method and will be discussed 
in Section 4.1. The temperature and vapor mass fraction equations, (26) and (27), can be solved explicitly as there are no 
fast time scales in these equations. The coupled equations for mass density and velocity of the carrier phase, (23) and (25), 
still contain both small and large eigenvalues. In order to avoid the time step restriction we follow an alternative strategy 
which is outlined next.

A special procedure is applied to find the mass density of the carrier phase. The mass density can be calculated from 
equation of state (28) if apart from temperature and vapor mass fraction also p0 would be known. In order to find p0 we 
integrate (23) over the total computational domain V and obtain the total mass, m. We find an expression for the mass 
density from (28) and integrate it over the computational domain in order to find m using the independence of p0 on the 
spatial coordinates. As a result we obtain the following expression in which m, T and Y v are known at the new time level:

m = p0

∫
V

dV

T (1 + MY v)
(29)

From (29) we find p0 and subsequently the mass density is obtained from (28).
For the update of the carrier gas velocity we apply an extension of the pressure-correction procedure usually applied to 

incompressible flows [15]. It consists of three steps. First, a so-called ‘provisional’ velocity from the Navier–Stokes equation, 
based on velocity, density, temperature and pressure from the previous time is calculated. This velocity does not satisfy the 
correct criterion for its divergence which in case of incompressible flow is ∇ · u = 0. In order to correct the provisional 
velocity a Poisson equation for the pressure is solved during the second step. Finally, in the third step the provisional 
velocity is corrected with this pressure such that the correct divergence of velocity is obtained.

To find the divergence of velocity we start with the expression for the material derivative of p0 following Bell et al. 
(2004) [8], using equation of state (28):

Dp0

Dt
= ∂ p0

∂ρ

Dρ

Dt
+ ∂ p0

∂T

DT

Dt
+ ∂ p0

∂Y v

DY v

Dt
(30)

Next, we substitute into the right-hand side of (30) the material derivatives Dρ
Dt , DT

Dt and DY v
Dt from the governing equa-

tions (23), (26), (27). All partial derivatives on the right-hand side of (30) follow from (28). After substitution of all terms 
on the right-hand side of (30) we obtain:

∇ · u = − 1

p0

Dp0

Dt
+ Q m

ρ
+ 1

Tρcm

(
ET + γ − 1

γ

Dp0

Dt

)
+ M

1 + Y v M

(
J v + Q vapor

)
(31)

Since Dp0
Dt in (31) is not known, we integrate (31) over the total computational domain. Using the boundary conditions for 

the velocity, i.e. no-slip boundary conditions at the walls of the channel and periodic boundary conditions in the stream-
and spanwise directions, we obtain that 

∫
V ∇ · u = 0. Using the independence of p0 of the spatial coordinates, we get:

Dp0

Dt
=

∫
V

[
Q m
ρ + ET

T cmρ + M
1+MY v

( J v + Q vapor)

]
dV

V
p0

− γ −1
γ

∫
V

dV
T cmρ

(32)

Finally, we find the divergence of the velocity from (31). Note that expression (31) is obtained applying the specific condi-
tions for the velocity at the boundary.

Expression (32) is also used in temperature equation (26). Since p0 is independent of the spatial coordinates, the ma-
terial derivative of p0 is equal to ∂ p0

∂t . We investigated the change in time of p0 calculated from (29) and of temperature 
calculated with the explicit code. In the middle of the channel the relative change in temperature is 104 times larger than 
the relative change in p0. It means that the change of p0 in time is a slow process and does not introduce large eigenvalues 
in temperature equation (26).

The forcing terms in the velocity, temperature and vapor mass fraction equations are derived from the conditions of 
constant momentum in all directions, constant total energy of the system and constant water vapor mass, respectively. This 
finishes the description of the low Mach number model. In the next section the numerical method for this model will be 
discussed.

4. Numerical method

The numerical method for the low Mach number model will be presented here. First, the details on the time integration 
algorithm will be given. Second, we will discuss the spatial discretization along with the boundary conditions and we will 
derive the Poisson equation for pressure and specify the method used for its solution.
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4.1. Time integration algorithm

Since the term − 1
γρ ∂k p2 in velocity equation (25) introduces large eigenvalues, we need to treat this term in an implicit 

way. The system of governing equations for the carrier phase (23), (25), (26) and (27) is written in the following way for 
the vector of unknowns w = [ρ, ui, T , Y v ]; the linear part consists only of the pressure term in the velocity equation:

∂w

∂t
= L(w) + N(w), (33)

where L and N are linear and nonlinear operators, correspondingly, given by:

N(w) =

⎛
⎜⎜⎜⎜⎜⎝

−∂ j
(
ρu j

) + Q m

−u j∂ jui + 1
ρ ∂ j

(
μ(T )Sij

) + 1
ρ Fi + Q vel,i

−u j∂ j T + E+ Dp
Dt +ST

ρ(cpa+Y v (cpv−cpa))

−u j∂ j Y v + J v
ρ + Q vapor

⎞
⎟⎟⎟⎟⎟⎠

and

L(w) =

⎛
⎜⎜⎝

0
− 1

ρ ∂i p2

0
0

⎞
⎟⎟⎠ .

There are not so many hybrid implicit–explicit time integration methods. We use the method proposed by Spalart et al. 
(1991) [25], which is a three-stage low-storage Runge–Kutta scheme of highest possible order. For the nonlinear part N
each stage is analogous to forward Euler or second-order Adams–Bashforth but with different coefficients γ and ζ . For the 
linear part L the method is similar to the Crank–Nicolson scheme but again with different coefficients. The hybrid scheme 
in which the pressure term is solved implicitly is second-order accurate in time.

The solution at t + �t , wn+1, is found in three substeps starting from wn at time t:

w(1) = w(0) + �t
[

L(α1w(0) + β1w(1)) + γ1N(0)
]

(34)

w(2) = w(1) + �t[L(α2w(1) + β2w(2)) + γ2N(1) + ζ1N(0)] (35)

w(3) = w(2) + �t[L(α3w(2) + β3w(3)) + γ3N(2) + ζ2N(1)] (36)

where w(n) = w(0) and w(n+1) = w(3) with the following values of the coefficients:

γ1 = 8

15
, γ2 = 5

12
, γ3 = 3

4
, ζ1 = −17

60
, ζ2 = − 5

12
,

α1 = 29

96
, α2 = − 3

40
, α3 = 1

6
,

β1 = 37

160
, β2 = 5

24
, β3 = 1

6
,

which were obtained from the condition of highest possible order of the algorithm.
We do not solve all the quantities simultaneously. The following order is used during each stage of the time step. First, 

we solve the system of equations for the dispersed phase (5) explicitly using droplet and gas values at the previous stage. 
The right-hand sides of the droplet equations contain gas properties at the droplet location. In order to determine these, 
tri-linear interpolation is applied [22]. From the droplet properties at the new stage we also obtain the two-way coupling 
terms at this time. Next, we solve the system of equations for the carrier phase: first, we find the temperature and vapor 
mass fraction at the new stage, next the mass density and finally the velocity. The temperature and the vapor mass fraction 
equations are solved explicitly. Following the procedure for the mass density, described in the previous section, we find p0
and the mass density by calculating the total mass in the computational domain, m, in an explicit way.

For the velocity we use an extension of the pressure-correction procedure for low Mach number compressible flows [8]. 
First, we find a provisional velocity u∗ , using the velocity, density, temperature and gradient ∂ j p2 from the previous stage, 
i.e., this velocity is found in an explicit way. This provisional velocity does not satisfy the requirement for the divergence of 
velocity found in (31). During the second step we find p2 at the new stage from the Poisson equation:

∇ ·
(

1

ρ i+1
∇pi+1

2

)
= ∇ · u∗ − ∇ · ui+1

βi+1�t
, (37)

where i = 0, 1, 2. The expression for ∇ · ui+1 is known from (31). It requires Dp0
Dt , the temperature, the vapor fraction and 

the mass density at the new stage. In order to find Dp0 at the new stage the new temperature, mass density, vapor mass 
Dt
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fraction and p0 are required according to (32). All these quantities were already obtained during the current stage of the 
time step, which makes it possible to calculate the right-hand side of Poisson equation (37) and, consequently, to solve it 
for the new pressure pi+1

2 .
During the third step of the pressure-correction procedure we apply p2 to correct the velocity:

ui+1 = u∗ − �tβi+1
1

ρ i+1
∇pi+1

2 (38)

In this way the new velocity ui+1 satisfies the requirement on the divergence, (31).

4.2. Spatial discretization

The spatial discretization is based on a finite volume method which closely follows the method in [10]. The geometry is 
divided into rectangular cells. In the streamwise and spanwise directions a uniform grid is used, while in the wall-normal 
direction we apply a non-uniform grid which is finer near the walls in order to resolve the boundary layer. Throughout 
this paper nx , nz and ny stand for the number of grid points in the streamwise, spanwise and wall-normal directions, 
respectively. The variables are stored in the centers of the cells. We use 128 grid points in all three directions. The choice 
of the grid resolution is motivated by [22] where a similar mesh was used for a finite-volume code and comparison with 
other methods and refinements established the degree of convergence of the solution.

The equations which we solve in the low Mach number model are not in conservative form. The treatment of the 
convective and viscous parts is shown for velocity equation (25). The pressure gradient is treated according to the pressure-
correction procedure that was discussed above and the details on the spatial discretization of the Poisson equation will be 
given later in this section. The convective term in (25) u j∂ jui is written as: ∂ juiu j − ui∂ ju j . The term ∂ juiu j is computed 
using a finite-volume method. For the term ui∂ ju j we calculate ∂ ju j with a finite-volume method and we multiply it with 
the value of the corresponding velocity component at the cell-center. The term ∂ j(μ(T )Sij) is calculated applying a finite 
volume method and subsequently divided by the mass density ρ in the cell center. The viscous and convective terms of 
Eqs. (26) and (27) are computed in a similar way.

4.3. Poisson equation

In the velocity equation (25) we do not need p2 itself but the gradient of p2 divided by the mass density. That is why 
we define a new scalar q given by:

∇q = 1

ρ
∇p2 (39)

Consequently, Poisson equation (37) can be rewritten as:

�q = R, (40)

where R denotes the right-hand side of the Poisson equation (37). The use of periodic boundary conditions in the homo-
geneous directions permits to perform a Fourier expansion of q in these directions and to apply an efficient solver for the 
Poisson equation. This approach is tailored to flows with two homogeneous directions and cannot easily be extended to 
general configurations. The Fourier coefficients q̂kx,kz depend on the wall-normal coordinate, where a pair (kx, kz) stands 
for a single Fourier mode and 0 � kx � nx/2, −nz/2 � kz � nz/2. We have a reduced number of modes in the streamwise 
direction because the Fourier transform of real data is such that: q̂−kx,−kz = q̂∗

kx,kz
where q̂∗ denotes the complex conjugate. 

The Fourier expansion in the two homogeneous directions for q is:

q(x, y, z) =
∑

−nx/2�kx�nx/2,
−nz/2�kz�nz/2

q̂kx,kz (y)exp2π i( kxx
Lx

+ kz z
Lz

)
, (41)

where Lx and Lz stand for the size of the computational domain in the streamwise and spanwise directions, respectively. 
Substituting this expansion into (40) and performing a Fourier transform of R , we obtain:(

−
(

2πkx

Lx

)2

−
(

2πkz

Lz

)2

+ d2

dy2

)
q̂kx,kz = R̂kx,kz , (42)

where R̂kx,kz denotes the Fourier coefficients of R . We approximate derivatives in the homogeneous directions by the deriva-
tive of the Fourier expansion.

In order to solve (42) we discretize the second derivative in the wall-normal direction of q̂kx,kz , using a five-point stencil 
with third-order accuracy on a non-uniform grid. On a uniform grid it becomes fourth-order accurate. As a result we 
obtain a linear system of equations of the form Aq̂kx,kz = R̂kx,kz for each pair (kx, kz). The boundary conditions follow from 
the Navier–Stokes equation for the wall-normal velocity component, (25). Neglecting the viscous terms in this equation and 
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Fig. 2. (a) q, (b) wall-normal velocity component on the characteristic line perpendicular to the channel walls as a function of the wall-normal coordinate. 
Solid: t = 0.1 s, dashed: t = 2 s.

applying no-slip boundary conditions to the velocity, we get 1
ρ

∂ p2
∂ y

∣∣∣
walls

= 0 which is equivalent to ∂q
∂ y

∣∣∣
walls

= 0. We discretize 
these boundary conditions using a three-point stencil using one ‘ghost’ cell outside the geometry at each boundary. In order 
to have a unique solution of the Poisson equation we need to use at least one Dirichlet boundary condition for the mode 
(kx, kz) = (0, 0). At the same time the Poisson equation must satisfy the compatibility condition for a solution to exist:

H∫
−H

R̂kx,kz dy = 0 (43)

We use the Dirichlet condition at one wall and the Neumann boundary condition at the other. The Neumann condition at 
the first wall will be satisfied, since the compatibility condition is satisfied.

Solving Aq̂kx,kz = R̂kx,kz for each Fourier mode (kx, kz) using LU-decomposition of matrix A, we find q̂ and, consequently, 
perform a back Fourier transform to find q. As was stated above, we do not need the pressure p2 itself but in principle it 
can be computed from (39) by integration since ρ and q are both known.

In this study we use a collocated grid with variables stored in cell centers. The fluxes at the cell faces are found using 
linear interpolation of the corresponding quantities. This approach is known to lead to odd–even decoupling in some cases, 
resulting in oscillations in pressure and velocity fields. The solution for q and the wall-normal velocity component were 
found not to suffer from this effect with the current method, as is illustrated in Fig. 2(a) and Fig. 2(b), which display 
smooth dependency of typical solution components on the spatial coordinates.

4.4. Boundary conditions

We apply periodic boundary conditions in the streamwise and spanwise directions for all variables. For the vapor mass 
fraction we use ∂Y v

∂ y

∣∣∣
walls

= 0 in order to avoid diffusion of vapor through the walls. The boundary condition at the walls for 
the temperature of the carrier gas is found from the condition of constant heat flux to the walls, qwall:

qwall = −k(T )
∂T

∂ y

∣∣∣
walls

(44)

Keeping qwall constant we can find the wall-normal derivative of the temperature at the walls, using one ‘ghost’ point 
outside the geometry at each wall.

For the droplets periodic conditions are used in the homogeneous directions. This means that if a droplet leaves the 
domain, it re-enters the domain from the other side with the same properties. Moreover, droplets collide elastically with 
the walls if they approach the wall within a distance of their radius.

5. Validation of the method

This section consists of two parts: specification of the initial conditions for the simulations and presentation of the 
results. In the results part we will compare the results and efficiency of the low Mach number code with the explicit code, 



430 A. Bukhvostova et al. / Journal of Computational Physics 295 (2015) 420–437
Table 1
Non-dimensional parameters of the simulation.

Reb Pr Ma Sc

2333 0.7478 0.05 0.06283

Fig. 3. Initial gas temperature averaged over the homogeneous directions as a function of the wall-normal coordinate. Solid: low Mach number code, dashed: 
explicit code.

thereby establishing the accuracy of the expansion in the Mach number including zeroth order for all solution components 
apart from the pressure for which also the second-order term in the expansion is retained.

5.1. Initial conditions

In both codes the simulations are started from a turbulent velocity field, obtained from a simulation without droplets at 
the correct value of the Mach number with adiabatic boundary conditions. This simulation was done with the fully explicit 
code until the statistically steady state was reached in which the solution fluctuates around a well-defined mean state.

The developed numerical method can be applied to any initial conditions but since the results from the fully explicit 
code are available we use the following initial condition: atmospheric pressure, room temperature and relative humidity 
equal to 100% which corresponds to one of the simulated cases in [10]. The values of the thermodynamic parameters of 
the flow can be found in [10] for a mean temperature of 293.15 K. The initial conditions determine the non-dimensional 
parameters of the simulation are shown in Table 1.

The Mach number, Ma = 0.05, does not correspond to the reference velocity; the actual Mach number is ten times 
smaller. The motivation for the adopted value is CFL condition (7): at this Mach number the explicit code can be applied 
with an acceptable amount of computing time, thus providing a point of reference for the current new algorithm [10]. 
In [10] it was shown that for this Mach number the flow physics and heat and mass transfer characteristics are accurately 
approximated comparing results of the compressible formulation with those of an incompressible model.

In all results shown in this paper the initial conditions are chosen in the following way. For the explicit solver a snapshot 
of the solution in the statistically steady state was chosen of the same system of equations, but in the absence of droplets 
and with adiabatic boundary conditions. For the low Mach number solver the same initial velocity field was used, but the 
temperature and mass density were taken constant, corresponding to the solution of the system of equations (23)–(28)
in the statistically steady state for adiabatic boundary conditions. The differences in the initial temperature between the 
two solvers are of order Ma2 and can be seen in Fig. 3. The initial vapor mass fraction is for both solvers found from the 
condition of 100% relative humidity.

This particular method for choosing the initial conditions for the low Mach number solver depends on the availability 
of an explicit solver. In order to avoid this restriction, we verified that the low Mach number solver can also be used to 
simulate the same flow starting from a laminar velocity profile onto which small two- and three-dimensional perturbations 
were superposed. Indeed, we found that the differences in statistical properties of the solutions arising from these two 
initial conditions are negligible.

We randomly distribute 2 000 000 droplets over the volume of the channel. The initial droplet diameter is given by 
di/H = 3.09 × 10−3. The initial droplet diameter satisfies the conditions for the point-particle approach [10]. The initial 
volume fraction of droplets is on the order of 10−4. According to the classification in [23] this fraction is high enough so 
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Fig. 4. (a) Streamwise velocity component, (b) spanwise velocity component at point (0.3H, 0.15H, 0) as a function of time. Solid: low Mach number code, 
dashed: explicit code.

that two-way coupling is required and low enough for the effects of collisions between droplets to be negligible. Velocity 
and temperature of the droplets are initialized using the carrier gas values at the droplet locations.

5.2. Comparison of results from the two codes

Comparison of the results from the two algorithms, i.e., the explicit method and the hybrid approach, can be performed 
in two ways. For short times local, instantaneous results can be compared. For turbulent flow, however, small differences 
in initial conditions or in algorithms lead to large differences after a finite time. Therefore, instantaneous results cannot be 
compared over longer time intervals. In the turbulent regime with time-independent boundary conditions, the flow reaches 
a statistically steady state in which the solution fluctuates around a mean. The statistically steady state can be compared 
for both methods. The second method of validation is therefore based on a comparison of statistical quantities in this 
statistically steady state. Statistical results are obtained by averaging over the homogeneous directions and over time. Since 
the error in statistical quantities depends on the time interval used for averaging we cannot expect smaller differences 
between the statistical results from the two solvers than this time-averaging error, which is estimated around 1% for the 
current simulation and averaging time [26]. Throughout the paper quantities averaged over the homogeneous directions 
and over time will be denoted by brackets, 〈·〉. Averaging over the homogeneous directions at a certain time is denoted by 
bars, ·. All results are presented in non-dimensional units.

5.2.1. Instantaneous results
First, the time history of the streamwise and spanwise components of the gas velocity are compared in one point in 

the middle of the channel. Figs. 4(a) and 4(b) show a close agreement in the velocity components even up to time 15, 
corresponding to 15H/ub flow-through times. Until this moment, the difference is on the order of 1%.

In the sequel differences in the results on the order of 1% will be referred to as close or good agreement. This order 
of difference is considered to be acceptable to conclude that the developed low Mach number model can be used for 
simulating turbulent droplet-laden channel flow with phase transitions.

5.2.2. Mean results
The carrier gas reaches a statistically steady state for which the mean profiles are determined after time 150H/ub. In 

Fig. 5 the instantaneous temperature near the bottom wall is shown. We observe that after time 150H/ub changes in the gas 
temperature are less than 1% with respect to the reference temperature; that condition was selected to start averaging from 
this time. The time averaging for all quantities is performed over the interval [150H/ub; 700H/ub]. Based on the statistical 
errors calculated in [26] for a similar system we estimate that averaging over the chosen interval results in maximum 
statistical relative errors on the order of less than 1% in all quantities and to errors on the order of 1% in their RMS.

Fig. 6 shows a good agreement between the low-Mach model and the fully compressible model in the mean temperature 
of the carrier phase and in the rms of the wall-normal component of the velocity. To quantify this agreement we calculate 
the relative difference which is equal to the L2-norm of the difference between the results of the two codes, divided by the 
L2-norm of the result of the low Mach number code:
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Fig. 5. Gas temperature at point (0.3H , 0.15H , −0.012H) history in the low Mach number code.

Fig. 6. (a) Mean gas temperature and (b) RMS of the wall-normal gas velocity as a function of the wall-normal coordinate. Solid: low Mach number code, 
dashed: explicit code.

� =
√∑ny

k=1(〈u〉Mach
k − 〈u〉expl

k )2√∑ny

k=1(〈u〉Mach
k )2

(45)

where the superscripts Mach and expl denote the low Mach number code and the explicit code, respectively. The relative 
difference � is below 3% for the rms of the wall-normal velocity for the time interval considered. Quantifying the difference 
between the results of the two codes in the gas mean temperature, it makes sense to divide it by the difference in the mean 
gas temperature between the two walls in the low Mach number code which is the quantity of interest for this problem. 
Calculating in this way, � is equal to 1% for the mean gas temperature.

We consider the Nusselt number to express the efficiency of the heat transfer between the channel walls. The Nusselt 
number is defined in the following way:

Nu =
(

dT g

dy

∣∣∣∣∣
wall

)/�T g

2H
(46)

where �T g is the difference in gas temperature between the two walls and the derivative with respect to the wall-normal 
coordinate in the numerator is the average over both walls. We compare the history of the Nusselt number in Fig. 7, which 
shows a close agreement. The relative difference in the Nusselt number averaged in time over the steady state is equal to 
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Fig. 7. Nusselt number history. Solid: low Mach number code, dashed: explicit code.

Fig. 8. Droplet mean temperature as function of the wall-normal coordinate. Solid: low Mach number code, dashed: explicit code.

0.1%. The droplet mean temperature in Fig. 8 shows a good agreement between the two codes with a relative difference 
� equal to 3%. This difference is made non-dimensional using the difference in the mean droplet temperature between the 
two walls, found with the low Mach number method.

We also consider the droplet size probability density function (PDF) near the walls, Figs. 9(a) and 9(b). In order to 
compute this PDF, the wall-normal direction was divided into 64 equidistant slabs parallel to the channel walls. In each 
slab we distinguish 100 bins representing different diameter ranges distributed uniformly between dmin and dmax which are 
the minimum and maximum diameter among the droplets present in a certain slab. Next we compute for each slab the 
number of droplets within a certain bin. The size is normalized with the initial droplet diameter, d0. The figure shows a 
good agreement between the results of the two codes for this quantity. In order to verify that the differences between the 
two codes are on the order of Ma2 we also performed the simulation with the two codes for Ma = 0.1, Fig. 9(c). In order to 
quantify the difference in the droplet size PDF in the two formulations we compute the L2-norm of the difference. We find 
that the norm of the differences between the results for Ma = 0.1 is four times larger than this norm for Ma = 0.05. This 
illustrates that the difference between the two methods is on the order of Ma2. The same result for the difference between 
the results of the two codes was found for the gas and droplet temperature averaged in time and in the homogeneous 
directions.

The comparison of the results of the two methods shows a good agreement: the differences in the kinematic and heat 
transfer properties along with the droplet characteristics are on the order of 1%. Next we will quantify the extent by which 
the new low Mach number method permits to simulate more efficiently than the explicit method at low Mach numbers.
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Fig. 9. Droplet size PDF at time 300: (a) near the hot wall, (b) near the cold wall. (c) Droplet size PDF at time 300 near the cold wall for Ma = 0.1. Solid: 
low Mach number code, dashed: explicit code.

5.2.3. Stability analysis and the time step
We performed a stability analysis for both the explicit method (1)–(4) and the low Mach number algorithm (23)–(28) in 

the same way as done by Müller and Rizzi [27] for an explicit algorithm for compressible, viscous flow. The stability analysis 
consists of two parts. First, the equations are linearized and discretized in space. This leads to a large system of coupled, 
linear ordinary differential equations. Fourier analysis results in a diagonal system of equations of the form:

dv

dt
= v (47)

where v represents the vector of amplitudes of the Fourier modes and  is a diagonal matrix which contains the complex 
eigenvalues, λi . Second, the regions in which λi�t is stable for the specific Runge–Kutta schemes used in this paper are 
determined.

Following [27] for our systems of equations, we find that the diffusive terms in the equations lead to:

−4

Reb Sc�x2
< Re(λi) < 0 (48)

for both methods. For the explicit algorithm the convective terms lead to:

| Im(λi)| < u

Ma�x
(49)

and for the low Mach number algorithm:
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Fig. 10. The outer bound of the stability region for solid: RK3 dashed: RK4. The figure shows the region in which the amplification factor of the scheme is 
smaller than 1.

| Im(λi)| < u

�x
(50)

where u is a typical value for the velocity and �x the typical grid size.
Fig. 10 shows the regions in which λi�t should be to obtain stability for both algorithms. It turns out that for the 

parameters used in our simulations the diffusive terms lead to the most severe restriction on the time step for the low 
Mach number algorithm, whereas the convective terms are most restrictive for the explicit method. The explicit method 
is stable if �t < RK �x2 Re Sc

4 with RK = 2 and �t ≤ CFL × Ma �x
u with CFD = 2. For the low Mach number code the time 

step should satisfy �t < RK �x2 Re Sc
4 with RK = 2 and �t < CFL × Ma �x

u with CFL = 1. Substituting the non-dimensional 
parameters of the simulation Reb = 2333, Sc = 0.632799 and �x = 0.004, we obtain as time step limits 0.01 in the low 
Mach number code and 0.0004 in the explicit code.

We notice from the above restrictions on the time step in the low Mach number solver that the relevant bounds do not 
depend on the Mach number. As a result, we can simulate flows at different small Mach numbers with the same time step. 
This big advantage of the low Mach number method can also be shown analytically. As a result of making the system of 
governing equations for the carrier gas non-dimensional the Mach number is present in the temperature equation (26) only. 
In fact, the third and fifth terms on the right-hand side of (26) depend explicitly on the Mach number. It follows that the 
sum of the Mach number dependent terms in (26) is of order 1 with corrections which are of second order in the Mach 
number. Consequently, if the Mach number goes to zero, the dependence of the temperature equation on Mach number 
vanishes and, consequently, the system of governing equations does not depend on the Mach number. As a result, we 
can simulate flows at different small Mach numbers with the same time step. This was separately verified by performing 
simulations for three different small values of the Mach number, Ma1 = 0.005, Ma2 = 0.025 and Ma3 = 0.05, using the 
maximum possible time step in the low Mach number code of 0.01. Knowing that the changes in the gas temperature are 
of order Ma2, T (Ma) = T (0) + αMa2 + . . . , with constant α we expect:

RMa = T (Ma3) − T (Ma1)

T (Ma2) − T (Ma1)
= 4.125 (51)

Fig. 11 shows that the difference 4.125 × (T (Ma2) − T (Ma1)) and T (Ma3) − T (Ma1) is in close agreement at the arbitrary 
chosen point (0.3H, 0.15H, −0.012H). We also plotted the difference (T (Ma3) −T (Ma1)) −(T (Ma2) −T (Ma1)) ×4.125 which 
has a magnitude of 10−8.

5.3. Computational efficiency

In the previous subsection the optimal time steps for the two solvers were determined. For the chosen grid and Ma =
0.05 the time step in the explicit solver has to be approximately 25 times smaller than the time step in the low Mach 
number solver.

We found that one time step with either method requires approximately the same CPU time on the same computer. 
A realistic Mach number, which in our test case is equal to 0.005, would require a further reduction in the time step by 
a factor of ten in the explicit code. In the low Mach number code there is no need to decrease the time step because of 
its independence on the Mach number, as discussed in the previous subsection. Consequently, we may conclude that the 
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Fig. 11. Solid: 4.125 × (T (Ma2) − T (Ma1)) at point (0.3H, 0.15H, −0.012H), circles: T (Ma3) − T (Ma1) at point (0.3H; 0.15H; −0.012H), dashed: difference 
between these two curves at the same point as functions of time.

problem considered here can be simulated approximately 250 times faster with the new numerical method than with the 
fully explicit code for the realistic small value of the Mach number.

Finally, we verified that using a 25 times larger time step in the low Mach number solver, compared to the explicit 
method at Ma = 0.05, yields deviations less than 1% in mean quantities such as gas velocity and temperature. This shows 
that the larger time step for the low Mach number solver is adequate for obtaining accurate results even though the 
asymptotic low Mach number analysis is adopted at this relatively high Mach number.

6. Conclusions

In this paper a new numerical approach for simulating droplet-laden turbulent channel flow with phase transitions at 
low Mach numbers was proposed. It is based on an asymptotic analysis at low Mach numbers. This numerical approach is 
beneficial because it avoids the dependence of the time step on Mach number arising from a CFL constraint on the time 
step in explicit time integration methods for low Mach numbers.

Results from the new low Mach number code were compared with results of a fully explicit code. We observe a good 
agreement in local instantaneous quantities along with a good agreement in mean quantities for both phases. The relative 
difference is equal to 1% in the mean gas temperature and 3% in the droplet mean temperature. Moreover, we observe a 
close agreement between the results of the two codes in the droplet size PDF at a single time along with a good agreement 
in the Nusselt number history. This establishes the overall accuracy of the new low Mach number formulation.

It was shown that the time step in the low Mach number code can be chosen independently of Mach number. This was 
observed from numerical experiments at different low Mach numbers, which confirms the analysis of the dependence of 
the governing equations on Mach number. As a result, the flow at the realistic Mach number of Ma = 0.005 for the current 
flow conditions can be simulated approximately 250 times faster with the new solver. This gain in time will be used in 
future work to examine different initial conditions which give rise to processes where compressibility effects become more 
important.
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