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Abstract

We address the problem of constructing (globally) convergent, (reduced-
order) observers for general nonlinear systems when the output measure-
ments are subject to constant time-delays. Immersion and invariance (I&I)
techniques are used to derive a general tool for constructing I&I observers
in the presence of time-delays. We show that an asymptotic estimate of the
unknown states can be obtained by rendering attractive an appropriately
selected invariant manifold in the extended state space. In this manuscript,
the observer may play two different roles. On the one hand, it may be used
to reconstruct a delayed version of the unmeasured state from measurements
of the available delayed outputs. We show that if the time-delay is known,
standard I&I techniques can be directly applied to estimate the delayed un-
measured states. In this case, we refer to the observer as a retarded immersion
and invariance observer. On the other hand, the observer may be used to
reconstruct both the delay-free unmeasured states and the delay-free output
from measurements of the delayed output. In this case, we refer to it as an
immersion and invariance predictor. Two examples with chaotic oscillators
are presented to show the performance of the observers.
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1. Introduction

There has been considerable interest in the study of systems exhibit-
ing complex behavior during the last decades. Particularly, the problem of
estimating the state of dynamical systems has received a lot of attention
due to its importance in practical applications, where part of the state may
not be available for measuring. Frequently, it is necessary to estimate the
unmeasured states, for instance, when they are used for synthesizing state
controllers or for process monitoring purposes. To this end, a state observer
is usually employed to reconstruct the complete state of the system from
measurements of the available outputs. In the celebrated paper of Luenberger
[1], the (reduced-order) observer design problem is completely addressed and
solved for linear time-invariant systems. Luenberger derives an observer
design technique based on the solution of a Silvester-type matrix equation.
After this result, several research groups started developing observer design
methods for specific classes of nonlinear systems. The classical approach to
nonlinear observer design consists in finding a transformation that linearizes
the plant up to an output injection term and then applying standard linear
observer design techniques, see [2] and [3]. We refer the reader to [4] and refe-
rences therein for a fairly complete literature review of the existing observer
design techniques for nonlinear systems. More recently, in [5] and [6], the
early ideas of Luenberger are extended to the nonlinear case. In these papers,
sufficient conditions for the existence of linear observers with nonlinear output
injection terms are derived in terms of the solution of a partial differential
equation (PDE). In the same spirit, in [7], it is shown that an asymptotic
estimate of the unknown states can be obtained by rendering attractive an
appropriately selected (invariant) manifold in the extended state space (the
union of the state spaces of the system and the observer). For a class of
nonlinear time-varying systems, the authors propose a nonlinear observer in
terms of two mappings which must be selected to render the origin of the esti-
mation error dynamics asymptotically stable. As pointed out by the authors,
in Remark 2 in [7], this stabilization problem may be extremely difficult to
solve, since it relies on the solution of a set of partial differential equations (or
inequalities). However, in many cases of practical interest, these equations
are solvable.

We remark that in all the aforementioned papers, it is assumed that the
communication between the system and the observer is instantaneous, i.e.,
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there are no time-delays in the loop. The estimation of the system state
based on delayed output measurements is an important problem in many
engineering applications. For instance, when the measurement process in-
trinsically causes non-negligible time-delays or when the system is controlled
or monitored through a communication network which results in unavoidable
time-delays. Then, it is important to study the effect of time-delays in the
existing observer design techniques. There are some results in this direction
already. For instance, the authors in [8] and [9] present state observers for
drift observable nonlinear systems when the output measurements are af-
fected by known time-delays. Again, these results consist in finding a trans-
formation that linearizes part of the plant and then applying standard linear
or hight gain observer design techniques. In [10], the ideas of their previ-
ous work [5] are extended to the case when the output measurements are
subject to constant time-delays. The authors propose a nonlinear observer
with state-dependent gain which is computed from the solution of a system
of first-order singular PDEs.

In this manuscript, we study the immersion and invariance (I&I) techniques
presented in [11] and [7] for designing nonlinear observers. We show how
these I&I ideas may be extended when the output measurements are cor-
rupted by constant time-delays. Following the design method developed in
[11], we derive a general tool for constructing I&I observers in the presence of
time-delays. It is important to point out that, as it is the case in the delay-free
setting considered in [11], the observer design relies on the existence of two
mappings, β(·) and φ(·), which must be selected to render the zero solution
of the estimation error dynamics asymptotically stable. This stabilization
problem may be difficult to solve, since, in general, it relies on the solution of
a set of partial differential equations (or inequalities). However, as it is shown
in the examples, for some systems these equations turn out to be solvable.
Throughout this paper, the observer may play two different roles. On the
one hand, it may be used to reconstruct a delayed version of the unmeasured
state ρ(t) from measurements of the available delayed output y(t− τ), where
τ denotes a constant time-delay which is assumed to be known. In other
words, the observer is used to estimate ρ(t− τ) from y(t− τ). In this case,
we refer to it as a retarded immersion and invariance observer. On the other
hand, the observer may be used to reconstruct both the delay-free unmea-
sured state ρ(t) and the delay-free output y(t) from measurements of y(t−τ).
In this case, we refer to it as an immersion and invariance predictor.
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The remainder of the paper is organized as follows. In Section 2, we for-
mulate the I&I observer design problem in the presence of time-delays and
propose a general tool for constructing asymptotically convergent retarded
I&I observers. This is illustrated with an example using the Lorenz system.
Next, in Section 3, we give a general tool for constructing I&I predictors. Its
performance is illustrated with numerical simulations using the forced Duff-
ing system. Finally, conclusions are stated in Section 4.

2. Retarded Immersion and Invariance Observer

Consider a nonlinear time-varying system of the form{
ρ̇ = f1(ρ, y, t),

ẏ = f2(ρ, y, t),
(1)

with unknown part of the state ρ ∈ Rn, output y ∈ Rm, stacked state x :=
(ρT , yT )T ∈ Rn+m, and sufficiently smooth functions f1 : Rn×Rm×R→ Rn

and f2 : Rn × Rm × R → Rm. It is assumed that the system (1) is forward
complete, i.e., trajectories starting at time t0 are defined for all t ≥ t0. A k-
dimensional manifold in Rn+m (1 ≤ k ≤ n+m) has a rigorous mathematical
definition. We refer the interested reader to, for instance, [12] and [13] for
precise definitions.

2.1. I&I Observer Design

Consider the system{
η̇ = l(η, yτ , t− τ),

η(θ) = ϕ(θ), θ ∈ [−τ, 0],
(2)

with state η ∈ C([−τ, 0],Rr), C([−τ, 0],Rr) being a Banach space of con-
tinuous functions mapping the interval [−τ, 0] into Rr, r ≥ n, delayed output
yτ (t) := y(t− τ) ∈ C([−τ, 0],Rm) of system (1), sufficiently smooth function
l : Rr ×Rm ×R→ Rr, and continuous function ϕ : [−τ, 0]→ Rr specifying
the initial data of the system.
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Definition 1. System (2) is called a retarded I&I observer for system (1)
if there exist mappings β : Rr × Rm × R → Rr, (η, yτ , t) 7→ β(η, yτ , t) and
φ : Rn ×Rm ×R→ Rr, (ρτ , yτ , t) 7→ φ(ρτ , yτ , t), ρτ := ρ(t− τ) that are left
invertible (with respect to their first arguments)1 such that the manifold

M := {(ρ, y, η, t) ∈ Rn ×Rm ×Rr ×R : β(η, yτ , t) = φ(ρτ , yτ , t)}, (3)

has the following properties:

(P2.1) All trajectories of the extended system (1),(2) that start onM remain
there for future time, i.e., M is positively invariant.

(P2.2) All trajectories of the extended system (1),(2) that start in a neigh-
borhood of M asymptotically converge to M.

The above definition implies that an asymptotically converging estimate of
the retarded unknown state ρτ is given by

ρ̂τ = φL(β(η, yτ , t), yτ , t),

where φL(·) denotes a left inverse of φ(·). Note that the estimation error
ε := ρ̂τ − ρτ is zero on the manifold M. Moreover, if (P2.2) holds for
any initial state, then (2) is a global retarded I&I observer for the system
(1). Following the procedure presented in [11], we derive a general tool for
constructing nonlinear retarded observers of the form given in Definition 1.

Remark 1. Note that left invertibility of β(·) and φ(·) in (3) does not ne-
cessarily imply that M is a manifold. However, in this manuscript, it is
assumed that M in (3) is a manifold in the sense of [12].

Proposition 1. Consider the extended system (1),(2) and suppose that there
exist C1-mappings β : Rr ×Rm ×R→ Rr and φ : Rn ×Rm ×R→ Rr with
left inverse φL : Rr ×Rm ×R→ Rn such that the following holds.

(H2.1) For all yτ , η, and t, β(η, yτ , t) is left invertible with respect to η and

det

(
∂β

∂η

)
6= 0. (4)

1A mapping ψ(x, y, t) : Rl×Rm×R→ Rr is left invertible (with respect to x) if there
exists a mapping ψL : Rr × Rm × R → Rl such that ψL(ψ(x, y, t), y, t) = x for all x, y,
and t.
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(H2.2) The system

ε̇ =
∂β

∂yτ
(f2(ρτ , yτ , t− τ)− f2(ρ̂τ , yτ , t− τ)) (5)

+
∂φ

∂ρτ

∣∣∣∣
ρτ=ρ̂τ

f1(ρ̂τ , yτ , t− τ)− ∂φ

∂ρτ
f1(ρτ , yτ , t− τ)

+
∂φ

∂yτ

∣∣∣∣
ρτ=ρ̂τ

f2(ρ̂τ , yτ , t− τ)− ∂φ

∂yτ
f2(ρτ , yτ , t− τ)

− ∂φ

∂t
+
∂φ

∂t

∣∣∣∣
ρτ=ρ̂τ

,

with ρ̂τ = φL(φ(ρτ , yτ , t) + ε), has a (global) asymptotically stable equilibrium
at ε = 0, uniformly in ρτ , yτ , and t. Then, the system (2) with

l(η, yτ , t− τ) = −
(
∂β

∂η

)−1(
∂β

∂yτ
f2(ρ̂τ , yτ , t− τ)

+
∂β

∂t
− ∂φ

∂ρτ

∣∣∣∣
ρτ=ρ̂τ

f1(ρ̂τ , yτ , t− τ) (6)

− ∂φ

∂yτ

∣∣∣∣
ρτ=ρ̂τ

f2(ρ̂τ , yτ , t− τ)− ∂φ

∂t

∣∣∣∣
ρτ=ρ̂τ

)
,

with ρ̂τ = φL(β(η, yτ , t), yτ , t), is a (global) retarded observer for the system
(1).

Proof: Define the estimation error

ε = β(η, yτ , t)− φ(ρτ , yτ , t), (7)

where β(·) is a C1-function such that (H2.1) holds. Note that |ε| represents
the distance of the system trajectories from the manifold M defined in (3).
The dynamics of ε along the solutions of the systems is given by

ε̇ =
∂β

∂yτ
f2(ρτ , yτ , t− τ) +

∂β

∂η
l(η, yτ , t− τ) +

∂β

∂t
(8)

− ∂φ

∂ρτ
f1(ρτ , yτ , t− τ)− ∂φ

∂yτ
f2(ρτ , yτ , t− τ)− ∂φ

∂t
.
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By assumption (H2.1), the function l(·) in (6) is well defined. Then, substi-
tution of (6) in (8) yields the dynamics (5). It follows from (H2.2) that the
distance |ε| from the manifold M converges asymptotically to zero. Hence,
by Definition 1 the system (2) with l(·) as in (6) is a (global) retarded I&I
observer for system (1). �

Proposition 1 provides an implicit description of the observer dynamics
(2) in terms of the mappings β(·) and φ(·) which must be selected to satisfy
(H2.2). As a result, the problem of constructing a retarded observer for the
system (1) is reduced to the problem of rendering the origin of system (5)
asymptotically stable by assigning the functions β(·) and φ(·).

Remark 2. The result presented in Proposition 1 is obtained by applying the
main result in [7] to the following transformed system{

ρ̇τ = f1(ρτ , yτ , t− τ),

ẏτ = f2(ρτ , yτ , t− τ),
(9)

which is a retarded version of system (1). Note that the time-delayed system
(9) can only be obtained if the time-delay is exactly known; then, the retarded
observer (2) may only be constructed in this case.

2.2. Example

Consider the Lorenz system

ẏ = σ (ρ1 − y) , (10)

ρ̇1 = ry − ρ1 − yρ2, (11)

ρ̇2 = −bρ2 + yρ1, (12)

with output y ∈ R, internal state ρ = (ρ1, ρ2)
T ∈ R2, and positive constants

σ, r, b ∈ R>0. It is assumed that the output y is subject to constant time-
delay, i.e., the available output is yτ , where τ denotes a constant time-delay.
Using Proposition 1, we derive a retarded reduced-order observer of the form
given in Definition 1. Let φ(ρτ , yτ , t) = ρτ in (7), then

ε = β(η, yτ )− ρτ , (13)
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with ε = (ε1, ε2)
T ∈ R2, η = (η1, η2)

T ∈ R2, and β(·) = (β1(·), β2(·))T . Asso-
ciated with the system (10)-(12) and the estimation error (13), the estimation
error dynamics (5) takes the following form

ε̇ =
∂β

∂yτ
(f2(ρτ , yτ , t− τ)− f2(ρτ + ε, yτ , t− τ)) (14)

− ∂φ

∂ρτ
(f1(ρτ , yτ , t− τ)− f1(ρτ + ε, yτ , t− τ))

=

(
∂β1
∂yτ

∂β2
∂yτ

)
(−σε1)−

(
1 0
0 1

)(
ε1 + yτε2

bε2 − yτ ε1

)

=

(
−σ ∂β1

∂yτ
ε1 − ε1 − yτε2

−σ ∂β2
∂yτ
ε1 − bε2 + yτε1

)
.

Then, the problem of constructing a retarded observer for the system (10)-
(12) is reduced to the problem of rendering the system (14) asymptotically
stable by assigning the function β(·). Consider the positive definite function
V (ε1, ε2) = 1

2
εT ε, then

V̇ = −σ∂β1
∂yτ

ε21 − ε21 − yτε2ε1 − σ
∂β2
∂yτ

ε2ε1 − bε22 + yτ ε2ε1

= −
(
σ
∂β1
∂yτ

+ 1

)
ε21 − σ

∂β2
∂yτ

ε2ε1 − bε22, (15)

by selecting β1 = κyτ + η1, κ > 0, and β2 = η2 yields

V̇ = − (σκ+ 1) ε21 − bε22 < 0, (16)

which is negative definite for any κ > − 1
σ
, and therefore the origin of the

estimation error dynamics (14) with function β(·) as above is globally uni-
formly asymptotically stable. Then, the retarded observer (2) with l(·) as in
(6) takes the following form
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Figure 1: The continuous lines are the current internal states ρ(t) and the dashed-dotted
lines are the estimated retarded states ρ̂(t− τ).

η̇ =

(
−∂β1
∂yτ

−∂β2
∂yτ

)(
σ(β1(η1, yτ )− yτ )

)
+

(
ryτ − β1(η1, yτ )− yτβ2(η2, yτ )
−bβ2(η2, yτ ) + yτβ1(η1, yτ )

)

=

(
−(σκ+ 1)η1 − yτη2 + (κσ − κ2σ + r − κ) yτ

−bη2 + yτη1 + κy2τ

)
. (17)

Figure 1 depicts the simulation results for σ = 10, r = 28, b = 8
3
, time-delay

τ = 0.25 [s], and κ = 0.25 > − 1
σ

= −0.1. The top panel shows the state
ρ1(t) and the estimated retarded state ρ̂1(t− τ) while ρ2(t) and ρ̂2(t− τ) are
depicted in the bottom panel. In Figure 2, the norm of the estimation error
ε = ρτ − ρ̂τ for different values of κ is shown.

3. Immersion and Invariance Predictor

Consider the system (1) and the stacked state x := (ρT , yT )T ∈ Rn+m.
Then, system (1) can be rewritten in the following compact form

ẋ = f(x, t), (18)

where

f(x, t) :=

(
f1(ρ, y, t)

f2(ρ, y, t)

)
. (19)
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Figure 2: Norm of the estimation error for different values of the observer gain κ.

Consider the system {
η̇ = l(η, yτ , t− τ),

η(θ) = ϕ(θ), θ ∈ [−2τ, 0],
(20)

with state η ∈ C([−τ, 0],Rr), r ≥ n + m, sufficiently smooth function l :
Rr×Rm×R→ Rr, and continuous function ϕ : [−τ, 0]→ Rr specifying the
initial data of the system.

Definition 2. The system (20) is called an I&I predictor for system (1) if
there exist mappings β : Rr × Rm × R → Rr, (η, yτ , t) 7→ β(η, yτ , t) and
φ : Rn+m×Rm×R→ Rr, (x, yτ , t) 7→ φ(x, yτ , t) that are left invertible (with
respect to their first arguments) such that the manifold

M := {(x, y, η, t) ∈ Rn+m ×Rm ×Rr ×R : β(η, yτ , t) = φ(x, yτ , t)} (21)

has the following properties:

(P3.1) All trajectories of the extended system (1),(20) that start on M
remain there for future time, i.e., M is positively invariant.

(P3.2) All trajectories of the extended system (1),(20) that start in a neigh-
borhood of M asymptotically converge to M.

The above definition implies that an asymptotically converging estimate of
the state x is given by

x̂ = φL(β(η, yτ , t), yτ , t),
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where φL(·) denotes a left inverse of φ(·). Note that the prediction error
ε = x̂ − x is zero on the manifold M. Moreover, if property (P3.2) holds
for any initial state, then (20) is a global I&I predictor for the system
(1). Following the same procedure as in [11], we derive a general tool for
constructing predictors of the form given in Definition 2.

Proposition 2. Consider the system (1),(20) and suppose that there exist
C1-mappings β : Rr ×Rm×R→ Rr and φ : Rn+m×Rm×R→ Rr with left
inverse φL : Rr ×Rm ×R→ Rn+m such that the following holds.

(H3.1) For all yτ , η, and t, β(η, yτ , t) is left invertible with respect to η and

det

(
∂β

∂η

)
6= 0. (22)

(H3.2) The system

ε̇ =
∂β

∂yτ
(f2(ρτ , yτ , t− τ)− f2(ρ̂τ , yτ , t− τ)) (23)

+
∂φ

∂x

∣∣∣∣
x=x̂

f(x̂, t)− ∂φ

∂x
f(x, t)− ∂φ

∂t
+
∂φ

∂t

∣∣∣∣
x=x̂

+
∂φ

∂yτ

∣∣∣∣
x=x̂

f2(ρ̂τ , yτ , t− τ)− ∂φ

∂yτ
f2(ρτ , yτ , t− τ),

with x̂ = φL(φ(x, yτ , t) + ε), has a (globally) asymptotically stable equilibrium
at ε = 0, uniformly in x, xτ , and t. Then, the system (20) with

l(η, yτ , t− τ) = −
(
∂β

∂η

)−1(
∂β

∂yτ
f2(ρ̂τ , yτ , t− τ) (24)

+
∂β

∂t
− ∂φ

∂x

∣∣∣∣
x=x̂

f(x̂, t)

− ∂φ

∂yτ

∣∣∣∣
x=x̂

f2(ρ̂τ , yτ , t− τ)− ∂φ

∂t

∣∣∣∣
x=x̂

)
,

with x̂ = φL(β(η, yτ , t), yτ , t), is a (global) I&I predictor for the system (1).
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Proof: Define the (off-the-manifold) error

ε := β(η, yτ , t)− φ(x, yτ , t), (25)

where β(·) is a C1-function such that (H3.1) holds. Then, the error dynamics
is given by

ε̇ =
∂β

∂η
l(η, yτ , t− τ) +

∂β

∂yτ
f2(ρτ , yτ , t− τ) +

∂β

∂t
(26)

− ∂φ

∂x
f(x, t)− ∂φ

∂yτ
f2(ρτ , yτ , t− τ)− ∂φ

∂t
.

By assumption (H3.1), the function l(·) in (24) is well defined. Then, substi-
tution of (24) in (26) yields the dynamics (23). It follows from (H3.2) that the
distance |ε| from the manifold M converges asymptotically to zero. Hence,
by Definition 2 the system (20) with l(·) as in (24) is a (global) I&I predictor
for system (1). �

Remark 3. The predictor (20) is employed to asymptotically estimate both
the delay-free unmeasured stated ρ(t) ∈ Rn and the delay-free output
y(t) ∈ Rm from measurements of the available time-delayed output
y(t−τ) ∈ Rm. Given that x(t) = (ρ(t)T , y(t)T )T is (n+m)-dimensional, then
the dimension r of the predictor (20) must be at least n+m, i.e., r ≥ n+m.

3.1. Example

Consider the forced-Duffing system

ρ̇ = −aρ− by − cy3 + q cos(ωt), (27)

ẏ = ρ, (28)

with output y ∈ R, internal state ρ ∈ R, stacked state x = (ρ, y)T ∈ R2 and
positive constants a, b, c, q, ω ∈ R>0. It is assumed that the measurements
of y are subject to constant time-delay, i.e., the measurable output is yτ .
Using Proposition 2, we derive a predictor of the form given in Definition 2
such that we reconstruct x from measurements of yτ . Let φ(x, yτ , t) = x in
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(25), then ε = β(η, yτ ) − x, with ε = (ε1, ε2)
T ∈ R2, η = (η1, η2)

T ∈ R2, and
β(·) = (β1(·), β2(·))T . Thus, the estimation error dynamics (23) takes the
following form

ε̇ = −

(
∂β1
δyτ

∂β2
δyτ

)
ε1τ +

( −aε1 − bε2 + cy3 − c(y + ε2)
3

ε1

)

=

(
−∂β1
δyτ
ε1τ − aε1 − bε2 − 3c

(
ε2
2

+ y
)2
ε2 − c

4
ε32

−∂β2
δyτ
ε1τ + ε1

)
. (29)

Again, it follows that the problem of constructing a predictor for the system
(27),(28) is reduced to the problem of rendering the origin of the system
(29) uniformly asymptotically stable by assigning the function β(·). This
stabilization problem is difficult to solve because the error dynamics (29) is
a time-varying retarded nonlinear system. In order to simplify the problem,
the function β(·) is selected as

β(η, yτ ) =

(
η1 + κyτ

η2

)
, (30)

with κ ∈ R>0. It follows that

ε̇ =

(
−κε1τ − aε1 − bε2 − 3c

(
ε2
2

+ y
)2
ε2 − c

4
ε32

ε1

)
. (31)

Linearizing (31) around the origin yields

˙̃ε1 = −κε̃1τ − aε̃1 − bε̃2 − 3cy2ε̃2, (32)
˙̃ε2 = ε̃1. (33)

Proposition 3. There exist positive constants κ̄ and χ̄ such that if κ > κ̄
and κτ < χ̄, then the origin ε̃1 = ε̃2 = 0 of the linearized system (32),(33) is
globally asymptotically stable.

The proof of Proposition 3 can be found in the appendix. The result of
Proposition 3 amounts to the following. If the gain κ is sufficiently large and
the time-delay τ is sufficiently small, then the origin of the prediction error
dynamics (31) is locally asymptotically stable. In other words, there exists
a region S = {κ, τ ∈ R≥0|κ > κ̄ and κτ < χ̄}, such that if (κ, τ) ∈ S, then
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Figure 3: Stability region S in the parameter space.

(31) converges to the origin asymptotically. Taking β(·) as in (30) and l(·)
as in (24), the predictor dynamics (20) takes the following form

η̇ =
∂φ

∂x
f(β(η, yτ ), t)−

∂β

∂yτ
f2(β1(ητ , y(2τ)), yτ , t− τ) (34)

=

(
−κ(η1τ + κy(2τ))− a(η1 + κyτ )− bη2 − cη32 + q cosωt

η1 + κyτ

)
.

with y(2τ) := y(t− 2τ). Figure 3 depicts the region S obtained by extensive
computer simulations with a = 0.3, b = 1, c = 1, q = 20, ω = 1.2 and
initial history η1(θ) = η2(θ) = 0, ρ(θ) = y(θ) = 3, θ ∈ [−2τ, 0], (for these
parameters the Duffing system possesses chaotic solutions). It follows that, if
(κ, τ) ∈ S, the gray region in Figure 3, the system (34) locally asymptotically
predicts the value of x(t) from measurements of y(t − τ). In other words,
the system (34) is a local I&I predictor for the system (27),(28). Figure 4
depicts the states x(t) and the predicted states x̂(η(t), y(t − τ)) for τ = 0.4
and κ = 1.2.

4. Conclusions

We have derived an extension to the work presented in [7] for constructing
nonlinear observers in the case the output measurements are corrupted with
time-delays. Following the framework proposed in [7], a general methodology
has been developed which relies on rendering attractive an appropriately
selected invariant manifold in the extended state space (the union of the
state spaces of the system and the observer). Proposition 1 and Proposition
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Figure 4: The dashed-dotted lines are the current states (ρ, y) and the continuous lines
are the predicted states (ρ̂(η, yτ ), ŷ(η, yτ )).

2 provide an implicit description of the observer dynamics in terms of the
mappings, β(·) and φ(·), which must be selected to render the origin of the
estimation error dynamics asymptotically stable. This stabilization problem
can be difficult to solve, since in general, it relies on the solution of a set
of PDEs. However, as shown in the examples, in many cases of practical
interest these equations turn out to be solvable. In [14] and [15], for the
delay-free case, the authors present methodologies for selecting the functions
β(·) and φ(·) for some classes of systems. These methods may be extended to
the time-delayed case. However, we remark that the aim of this manuscript
is not to extend the methods presented in [14] or [15], but to show how the
general I&I ideas introduced in [7] for designing observers may be extended
when the output measurements are corrupted with time-delays.

5. Appendix: Proof of Proposition 3

Using continuity of the solutions and Leibniz’s rule (see [16] for details),
ε̃1τ can be written as

ε̃1τ = ε̃1 −
∫ 0

−τ
˙̃ε1(t+ s)ds, (35)

substitution of (35) in (32),(33) yields

˙̃ε1 = −κε̃1 + κ

∫ 0

−τ
˙̃ε1(t+ s)ds− aε̃1 − bε̃2 − 3cy2ε̃2, (36)

˙̃ε2 = ε̃1. (37)
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Consider the C1-function V : R2 → R≥0 given by

V =
1

2
(λκ+ λa+ b) ε̃22 + λε̃1ε̃2 +

1

2
ε̃21, (38)

for some positive constant λ ∈ (0, κ + a]. Notice that for any λ in this
interval, it is ensured that (38) is positive definite. It can be proved that y(t)
in (27),(28) is uniform bounded, i.e., there exists a constant δ > 0 such that
|y(t)|2 < δ, for all t ≥ 0. Then, the derivative of (38) along the trajectories
of (36),(37) satisfies

V̇ = − (κ+ a− λ) ε̃21 − 3cy2ε̃1ε̃2 − λ
(
b+ 3cy2

)
ε̃22 + κ (λε̃2 + ε̃1)

∫ 0

−τ
˙̃ε1(t+ s)ds

≤ − (κ+ a− λ) ε̃21 + 3cδ |ε̃1| |ε̃2| − λbε̃22 + κ (λε̃2 + ε̃1)

∫ 0

−τ
˙̃ε1(t+ s)ds, (39)

substitution of (32) in (39) yields

V̇ ≤ − (κ+ a− λ) ε̃21 + 3cδ |ε̃1| |ε̃2| − λbε̃22 (40)

+ κ (λ |ε̃2|+ |ε̃1|)
∫ 0

−τ
κ |ε̃1(t+ s− τ)|+ a |ε̃1(t+ s)| ds

+ κ (λ |ε̃2|+ |ε̃1|)
∫ 0

−τ
b |ε̃2(t+ s)|+ 3cδ |ε̃2(t+ s)| ds.

Let V (·) in (38) be a Lyapunov-Razumikhin function such that if α2V (ε̃(t)) <
V (ε̃(t + θ)) for θ ∈ [−2τ, 0] and some α > 1 (see [16], for details about
Lyapunov-Razumikhin functions), then

V̇ ≤ − (κ+ a− λ) ε̃21 + 3cδ |ε̃1| |ε̃2| − λbε̃22
+ ακτ (λ |ε̃2|+ |ε̃1|) ((κ+ a) |ε̃1|+ (b+ 3cδ) |ε̃2|)

≤ − (κ+ a− λ− (κ+ a)κατ) ε̃21 − (λb− κατλ (b+ 3cδ)) ε̃22

+ ((κ+ a)κατλ+ (b+ 3cδ)κατ + 3cδ) |ε̃1| |ε̃2| .

Define χ := κτ , then

V̇ ≤ − ((κ+ a) (1− αχ)− λ) ε̃21 − λ (b− αχ (b+ 3cδ)) ε̃22

+ (3cδ + α (b+ 3cδ)χ+ λα (κ+ a)χ) |ε̃1| |ε̃2| , (41)
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by Young’s inequality, it follows that |ε̃1| |ε̃2| ≤ ε
2
|ε̃2|2 + 1

2ε
|ε̃1|2, for some

constant ε > 0, then

V̇ ≤ −
(

(κ+ a) (1− αχ)− λ− 1

2ε
(3cδ + α (b+ 3cδ)χ+ λα (κ+ a)χ)

)
ε̃21 (42)

− λ
(
b− αχ (b+ 3cδ)− ε

2
(3cδ + α (b+ 3cδ)χ+ λα (κ+ a)χ)

)
ε̃22,

taking ε = b
3cδ

and after some straightforward algebra, it can be concluded
that (42) is negative definite if the following inequalities are satisfied

3cδ > χ

(
α (b+ 3cδ) + λα (κ+ a) +

6αcδ

b
(b+ 3cδ)

)
,

(κ+ a) > χ(b+ 3cδ + (κ+ a)

(
λ+

2b

3cδ

)
)
3cδα

2b
+ λ+

9c2δ2

2b
.

It follows that V̇ is negative definite if κ is sufficiently large and χ is suffi-
ciently small. Thus, there exist constants γ̄ and χ̄ such that (42) is negative
definite if γ > γ̄ and κγ < χ̄ and by the Lyapunov-Razumikhin theorem [16],
the origin of (32),(33) is globally asymptotically stable for all τ and κ in this
region. �
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