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Abstract

This work presents a systematic study of thermo-mechanical behaviour of macroscopi-

cally isotropic heterogeneous materials with anisotropic constituents based on microstruc-

tural modelling. As an example, lamellar cast iron is considered, whose microstructure

is composed of spatially interconnected anisotropic graphite particles embedded in fer-

rite/pearlite matrix. The complex three-dimensional microstructure of lamellar cast iron

is represented here by an idealized unit cell model which captures in a simplified manner

the main morphological features of the material. The thermal, mechanical and thermo-

mechanical response of the unit cell incorporating the highly anisotropic phase is analysed

by comparing the results for the equivalent unit cell with the isotropic constituents and

considering both fully fixed and loose interface conditions. The major conclusion drawn

from these analyses is that the anisotropy of microstructural phases plays crucial role in

determining both the effective as well as local response of the material. The simplifying

isotropy assumption leads to significantly different predictions at both scales.
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analysis

1. Introduction

Many advanced high performance materials are heterogeneous at a certain scale, with

complex microstructures composed of two or more constituents exhibiting different me-

chanical and physical properties. This microstructural complexity makes the engineering

and performance prediction of such materials a challenging task. Furthermore, it requires

a good understanding of the microscale phenomena and a proper multi-scale approach to

extract the macroscopic material response.

Cast iron is a typical example of such a material, which presents a complex hetero-

geneous microstructure composed of anisotropic graphite inclusions embedded in a fer-

rite/pearlite matrix. According to the morphology of the graphite inclusions, cast irons

can be classified as: Flake or Lamellar Graphite Iron (FGI), Compacted or Vermicular

Graphite Iron (CGI) and Spheroidal, Nodular or Ductile Graphite Iron (SGI). The graphite

morphology plays a decisive role in the resulting mechanical and physical properties of cast

iron (Rundman, 2001). In particular, the complex 3D connectivity of the graphite network

found in FGI and CGI, combined with the graphite shape and its local anisotropy are

important microstructural factors. For example, nodular cast iron (SGI) contains spheri-

cal inclusions dispersed in a metal matrix, which results in a relatively high strength and

ductility, but its thermal conductivity is close to that of steels. On the contrary, lamellar

cast iron (FGI) contains graphite inclusions in the form of lamellas or flakes that form a 3D

interconnected network. An example of the lamellar cast iron microstructure is shown in

Figure 1.a. Although the sharp graphite edges act as local stress concentrators, leading to

an overall strength decrease, the 3D interconnected network of graphite results in a mate-

rial with a high thermal conductivity and a relatively low thermal expansion coefficient. In

between nodular and lamellar cast iron is compacted cast iron (CGI). In CGI, the 3D inter-

connected graphite network is also present, however the flake type inclusions are replaced
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by vermicular worm shaped ones leading to a coral like morphology. This type of mi-

crostructure results in mechanical and physical properties that are intermediate between

FGI and SGI (Holmgren et al., 2006; Sjögren, 2005; Velichko et al., 2009). This makes

lamellar and compacted cast irons a popular option for heavy-duty thermo-mechanical

applications (e.g. truck engines).

The complex microstructure of cast irons makes the estimation of their effective prop-

erties a challenging task. In the literature several papers can be found in which analyt-

ical models are used to predict the elastic (Boccaccini, 1997; Cooper et al., 2002; Dong

et al., 1997; Dryden et al., 1987; Gaudig et al., 2003) and thermal properties (Helsing and

Grimvall, 1991; Holmgren, 2005) of cast irons. The different approaches considered range

from simple Reuss and Voigt bounds, to the more advanced Hashin-Shtrikman bounds

and self-consistent methods. In general, in these (semi)-analytical methods, cast irons are

considered as two phase materials composed of isotropic or anisotropic graphite inclusions

embedded in an isotropic metal matrix, in which the influence of the shape of the particle

is taken into account through the particle aspect ratio. The main drawbacks of the (semi)-

analytical methods is that no interaction between individual particles is considered and a

perfect adhesion between graphite particles and metal matrix has to be assumed. The lack

of interaction between particles is not a problem in nodular cast iron, where the graphite

inclusions are nearly isolated nodules, but this does not hold for lamellar and compacted

cast irons where the graphite inclusions form a 3D interconnected network.

In the particular case of nodular cast iron, several finite element unit cell models have

been introduced in the literature to study the mechanical response of the material within

elastic and elasto-plastic regimes (Bonora and Ruggiero, 2005; Collini and Nicoletto, 2005;

Dong et al., 1997; Kuna and Sun, 1996). However, to the best of our knowledge this ap-

proach has not been used to study lamellar and compacted cast irons. For the analysis

of the isothermal mechanical response of compacted cast iron a direct discretization of

2D micrographs (Fukumasu et al., 2005; Mohammed et al., 2011) or a model of slender
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ellipsoids (Gaudig et al., 2003) has been used. These approaches do not include the 3D

interconnectivity and are therefore not applicable to transport properties and coupled ef-

fects. Recently, Velichko et al. (2009) have used FIB-tomography images in a FEM analysis

to obtain the overall thermal and electrical conductivity of lamellar cast iron. Although

the tomography based model is a geometrically exact representation of a small part of the

microstructure, it becomes prohibitively computationally expensive if anisotropic and/or

non-linear material properties are to be included.

In this work, a microstructural model for lamellar cast iron is introduced to study

the response of the material under mechanical and thermo-mechanical loading conditions.

To this end, the coupling between the mechanical and thermal fields and the influence of

temperature on the mechanical and thermal properties of the microconstituents are in-

corporated. The complex microstructure of lamellar cast iron, is represented here by an

idealized unit cell model that captures the main morphological features of the material,

such as the sharpness and the 3D connectivity of the graphite inclusions. This simplified

representation of the microstructure makes it possible to investigate the influence of dif-

ferent microstructural features (i.e. matrix/graphite interface, graphite anisotropy, matrix

nonlinear material behaviour, etc.) and complex mechanical and thermo-mechanical loads

on the local and macroscopic response of the material. Even though this paper focuses on

lamellar cast iron as a case study, the methodology and results presented are applicable to

a broader class of heterogeneous materials with complex 3D interconnected microstructures

composed of anisotropic constituents under thermo-mechanical loads.

This paper is composed of five parts. In Section 2 the microstructural model is in-

troduced. The mechanical analysis is presented in Section 3. Here, the influence of

graphite anisotropy and the interface condition is evaluated. Then, in Section 4, the

thermo-mechanical analysis is discussed, in which a uniform temperature distribution over

the microstructural unit cell is considered. The influence of graphite anisotropy on the

material thermal expansion is studied. In Section 5 the heat transfer and the fully coupled
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thermo-mechanical analyses are discussed. Finally, in Section 6 the main conclusions are

summarized.

2. Microstructural model

2.1. Geometry

Among the different methods for solving the governing equations in a direct 3D mi-

crostructural analysis, the finite element method (FEM) is used here since it is well suited

for complex geometries and non-linear material behaviour. To create a 3D FE model of the

microstructure, in general two approaches can be followed. In the first approach, the mate-

rial microstructure can be obtained experimentally from tomography analyses and exported

to FEM (Velichko et al., 2009). A geometrically precise description of the microstructure

can be obtained in this way. However, because of the large number of voxels required to

provide a good representation of the microstructure, the problem becomes computation-

ally very expensive. Moreover the use of advanced material (e.g. anisotropy, non-linear

mechanical and thermal properties) or interface models to describe the behaviour of the

micro-constituents can significantly increase the computational cost of the many degree-

of-freedom model (Velichko et al., 2009). The second approach is to build a more compact

3D FE model based on an idealized geometry that is sufficiently representative of the

actual material microstructure. This model needs to include all relevant features of the

material microstructure that may have a significant impact on the overall response. In

spite of the fact that the geometrical representation of the microstructure no longer ex-

actly resembles that of the real material, the underlaying complex material response of the

micro-constituents still apply. This enables a feasible analysis of certain complex mech-

anisms, like the combination of the plastic deformation, temperature dependent material

properties, thermal cycling and residual stresses, which is otherwise not at reach with a

fully detailed 3D model. This second approach is therefore adopted here.

Departing from the concept of local periodicity, that is by now well established in
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computational homogenization (Flores and de Souza Neto, 2010), a unit cell is introduced

in Figure 1.b, which is a representation of the idealized material microstructure. Despite

its geometrical simplicity, this unit cell preserves two essential features of lamellar cast

iron. Firstly, the interconnected graphite network is incorporated, as clearly illustrated by

the 3x3x3 periodic stacking of the unit cells in Figure 1.c. Secondly, the sharp edges of

the lamellas are also present making it possible to evaluate their influence on, for example,

damage initiation and propagation at the microlevel. Although the random orientation

of the graphite lamellas is not included in this unit cell (since the lamellas only span in

orthogonal directions), arbitrary 2D cross-sections of the 3D model (Figure 1.d) exhibit

more geometrical diversity than one would expect, and qualitatively resembling 2D images

of the real microstructure (Figure 1.a).

The volume fraction of graphite in this unit cell is 12%. Assuming the matrix material

consists of 50% pearlite and 50% ferrite, this corresponds to approximately 4.14% weight

percent of carbon, which is within a typical range for lamellar cast irons.

The graphite hexagonal crystalline structure (Figure 2.a) has an important effect on the

cast iron behavior. Graphite particles have a layered structure with strong covalent bonds

within the basal planes (so-called a-direction) and weak van der Waals bonds between the

basal planes (c-direction) (Dai et al., 2002; Davis, 1996). This layered structure results in a

pronounced anisotropy of graphite’s mechanical and physical properties. The graphite basal

planes in lamellar cast iron are typically oriented parallel to the graphite flakes (Shebatinov,

1974). Hence, the graphite lamellas in the unit cell will be modelled as a transversely

isotropic material as illustrated in Figure 2.b. For each of the three perpendicular graphite

planes, the isotropic behaviour holds in the corresponding graphite plane (graphite XY,

graphite YZ or graphite ZX from Figure 2.b), and the anisotropic out-of-plane behaviour

applies to the directions perpendicular to this plane.

The finite element analyses on this unit cell will be performed using the finite element

mesh shown in Figure 2.b and Figure 2.c, sufficiently refined towards the interface and
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b) 3D unit cell d) Cross sectionsc) 3x3 unit cell stackinga) Lamellar cast iron

Figure 1: Lamellar cast iron unit cell: a) CT-scan of the lamellar cast iron microstructure, b) 3D unit cell,

c) 3x3x3 periodic unit cell stacking, d) 3x3x3 periodic unit cell model cross sections; dark - graphite, light

- steel matrix.

sharp edges, as verified in a convergence study. The quadratic tetrahedron finite elements

with the selective reduced integration for elasto-plastic matrix are used.

2.2. Material properties

The metal matrix of cast iron usually consists of a pearlite/ferrite mixture. Since the

present study focuses on the effects of the graphite interconnectivity and anisotropy on

the behavior of the lamellar cast iron, the physical difference between these matrix phases

will not be resolved explicitly. The matrix will be considered as a homogeneous isotropic

elasto-plastic material, composed of 50% pearlite and 50% ferrite. The Young’s modulus

of the matrix as a function of temperature is based on the data of Bonora and Ruggiero

(2005), see Figure 3.a. The Poisson’s ratio has been assumed temperature independent

and equal to 0.29 (Cooke, 1988; Garofalo et al., 1952). The matrix flow stress evolution as

a function of the plastic strain is based on the work by Allain and Bouaziz (2008). This

physically based model uses the expressions for the flow stresses of the ferrite and pearlite

phases, incorporating the microstructural parameters, relevant for each of the phases, such

as the grain size and the cementite lamellar spacing, followed by the averaging between the

two phases based on the assumption of equal dissipation of the plastic work in each phase,

i.e. the so-called iso-work assumption. The resulting flow stress at different temperatures

used in the simulations is shown in Figure 3.b. This flow stress is used in combination with
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a) graphite crystalline structure
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c) graphite and matrix phase
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b) graphite phase only

Figure 2: Lamellar cast iron 3D unit cell showing the finite element discretization and the graphite ori-

entations: a) graphite crystalline structure, b) graphite lamellas, each colour represents the orientation

of graphite’s transversal plane of isotropy with respect to the global coordinate system, c) full unit cell

including the matrix.

the isotropic von Mises elasto-plastic model to describe the constitutive behaviour of the

matrix material.

Table 1: Graphite elastic constants: in-plane (directions 1 & 2) and out-of-plane (direction 3) Young’s

moduli, Poisson’s ratios and shear moduli (Blakslee et al., 1970).

E11 = E22 [GPa] E33 [GPa] G23 = G31 [GPa] ν12 ν23 = ν31

1020.4 36.364 0.280 0.163 0.012

As mentioned before, graphite is modelled as a transversely isotropic material. In

the present work, the values of the graphite elastic constants estimated by Blakslee et al.

(1970), given in Table 1, are used. A large degree of anisotropy can be noticed, with the

in-plane elasticity modulus almost five times exceeding that of the matrix, while the out-

of-plane modulus is almost five times lower than that of the matrix. The elastic properties
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Figure 3: Mechanical properties of the pearlite-ferrite matrix as a function of temperature: a) Young’s

modulus (Bonora and Ruggiero, 2005); b) flow stress.

of the graphite have been assumed temperature independent in the considered range of

temperatures.

In order to asses the impact of the graphite anisotropy on the local and overall response,

the behavior of a unit cell with the anisotropic graphite will be compared to the response

of a geometrically identical unit cell in which the graphite would be isotropic, with the

material parameters equal to the average values between the in-plane and out-of-plane

mechanical properties, i.e. E = 528 GPa and ν = 0.0875.

The thermal properties of the graphite and matrix are presented in Figures 4 and 5. In

Figure 4, the thermal expansion coefficients (CTE) of the matrix and graphite are shown.

The matrix CTE values are in between the in-plane and out-of-plane CTEs of the graphite,

with the latter being very small or even negative. In Figure 5, the thermal conductivities

of the different phases (pearlite, ferrite and graphite), used in the simulations, are pre-

sented. The thermal conductivities of the matrix constituents (pearlite and ferrite) and
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the graphite, given in the literature (Holmgren, 2005), differ an order of magnitude. Here,

the values of the thermal conductivity of the matrix mixture are chosen such to provide a

good approximation of its overall thermal conductivity. Again, a big difference can be seen

between the in-plane and out-of-plane properties of the graphite. In this case, the in-plane

thermal conductivity of the graphite is one order of magnitude higher than the out-of-plane

value and that of the matrix. The density and the heat capacity values Holmgren (2005)

of the graphite and the matrix are presented in Table 2.

Table 2: Graphite and matrix density and heat capacity Holmgren (2005).

Density [kg/m 3] Heat capacity [J/(kg ◦C)]

Graphite 2250.00 707.68

Matrix 7820.00 477.00

3. Isothermal mechanical analyses

The lamellar graphite unit cell model defined in the previous section, will be exploited

here to study the effect of graphite’s anisotropy and the interface conditions on the mechan-

ical response at both the micro and macro scales. The periodic boundary conditions, as

summarized in Appendix A, have been applied to the unit cell. The overall unit cell defor-

mation of 0.5% in the z-direction has been prescribed in such a way, that the homogenized

stress state remains uniaxial (see Appendix A). In the next section, the graphite/matrix

interface will be considered fixed. In Section 3.2, the effect of this interface condition will

be studied in more detail.
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3.1. Effect of graphite anisotropy

To study the effect of the anisotropy of the graphite, on the global and local material

response, the unit cell response with the transversely isotropic graphite model and the

isotropic graphite model are compared in Figure 6. Both models show a similar global

response in the elastic and plastic regimes. However, prior to macroscopic yielding the

isotropic graphite model exhibits a stiffer response than the anisotropic graphite model

whereas after yielding this trend is reversed. This behaviour results from the local response

of the unit cells presented in Figure 7, where the local von Mises stresses in the matrix and

the graphite are plotted. Note that the stresses in the matrix are one order of magnitude

lower than the stresses in the graphite. Therefore, variations in the graphite stresses have a

significant impact on the macroscopic response. Prior to macroscopic yielding (Figure 7.a),

higher stresses are observed in the unit cell with the isotropic graphite model, both in

the matrix and the graphite. On the other hand, at the end of the macroscopic loading

(Figure 7.b), despite the higher local stresses in the matrix in the isotropic graphite model,

a higher macroscopic stress results for the anisotropic graphite unit cell, through the higher

local stresses in the graphite phase.

The graphite anisotropy has a clear impact on the matrix local response, leading to two

distinctly different stress distributions for the unit cells with either isotropic or anisotropic

graphite. The stresses in Figure 7 reveal that graphite anisotropy initially triggers a larger

plastification area of the matrix (Figure 7.a right), subsequently evolving to an area of

high stresses surrounding the entire graphite/matrix interface (Figure 7.b right). On the

other hand, when graphite is taken isotropic, the higher stresses are localized at the tip

of the lamellas (Figures 7.a and 7.b left). Moreover, the isotropic model shows a zone

of high stresses extending far away from the graphite tips, which is not present in the

anisotropic model. If these two models are to be used for the study of microscale damage

mechanisms, the response would be entirely different. This emphasizes the importance

of incorporating graphite anisotropy into the modelling of cast iron. More generally, the
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Figure 6: Homogenized macroscopic stress-strain response of the unit cells with the anisotropic and isotropic

graphite models.

anisotropy of microconstituents in high contrast multi-phase and composite materials, is a

key factor for the investigation of microscale phenomena.

3.2. Effect of interface condition

In heterogeneous materials, the properties of the interface between different microcon-

stituents play a key role in defining the local and overall responses. Due to the lack of

quantitative data on the matrix-graphite interface behaviour, the two limiting cases are

therefore considered instead, i.e. a loose interface (without friction) and a fixed interface.

In spite of their simplicity, these limiting cases provide lower and upper bounds, for the

overall stress-strain response of a material with a more complex interface behaviour.

The unit cell with anisotropic graphite, as developed before, is used. Two load cases

are considered: i) uniaxial tension and ii) uniaxial compression. In both cases an axial

strain up to 0.5% is prescribed in the z-direction according to the procedure summarized

in Appendix A.

The homogenized macroscopic stress-strain response for the two interface conditions
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isotropic graphite model and right anisotropic graphite model, vertical loading direction.
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and the two loading cases are presented in Figure 8. Obviously, when the interface is fixed,

the response in tension and compression is nearly identical. On the other hand, the loose

interface model yields different results in either tension or compression.

The differences observed in the macroscopic response again emerge from the microstruc-

tural behaviour. The local equivalent von Mises stresses for the matrix and graphite phases

are shown in Figure 9. The load cases yielding a similar macroscopic behaviour (i.e. fixed

interface tension and compression and loose interface compression) also show similar equiv-

alent stresses distributions in both the matrix and graphite. A noticeably different situation

is observed for the tensile load case with loose interface. When the tensile load is applied

the matrix/graphite interface opens. The interfacial opening accommodates a part of the

applied macroscopic strain, thus leading to, on average, lower stresses in both the graphite

and the matrix. This results in a weaker macroscopic response, see Figure 8. At the same

time, the interface opening around sharp lamella edges leads to local stress concentrations

in the matrix that are more pronounced than in the fixed interface models.

These results emphasize the critical roll of the interface mechanics in cast irons, which

typically exhibit a noticeable difference between tension and compression response (ASM,

1990; Seifert et al., 2010).

4. Thermo-mechanical analyses: uniform temperature distribution

In the previous section, the influence of the anisotropy in mechanical properties of the

micro-constituents on the local and macroscopic response under applied mechanical load

was discussed. In this section, the influence of the anisotropy and mismatch in mechanical

and thermal properties of the microstructural phases on the thermo-mechanical response

is studied.

Cast irons, in particular lamellar and compacted types, are often used in applications

subjected to cyclic thermal loads, where a high thermal conductivity and a low thermal

expansion are essential. So far, only a few examples of microstructural simulations of these
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phenomena in cast iron have been presented in the literature (Bonora and Ruggiero, 2005;

Velichko et al., 2009). However, for metal matrix composites (MMC) a vast amount of

models, mostly analytical, have been developed for the prediction of the overall coefficient

of thermal expansion (CTE) and other effects, e.g. the influence of residual stresses, see

e.g. Delannay (2000) and references therein.

For a composite material with a given phase volume fraction, several microstructural

characteristics contribute to the observed overall thermal expansion. One of the most

important features is the interconnectivity of the phases, i.e. if at least one of the phases

forms a continuous 3D network. Another important characteristic is the mismatch in elastic

and CTE constants of the phases, which can also depend on the temperature and direction

(anisotropy). Even though the precise local geometrical details of the phases are usually

not important for the overall CTE of the composite, they do define the extent of plastic

deformation and damage, which may accumulate with thermal cycling, thus defining the

lifetime.
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condition; right: model with fixed interface condition.
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4.1. Effect of graphite anisotropy

First, the effect of the graphite anisotropy on the overall CTE and the corresponding

microscale phenomena is evaluated. To this purpose, the response of the microstructural

unit cell incorporating the elastic and CTE anisotropy of the graphite is confronted to the

response of the unit cell, with isotropic elastic and CTE constants for the graphite. In

both cases, the matrix is modeled as isotropic elasto-plastic with temperature dependent

properties. The interface is considered fixed, the influence of the interface condition will

be studied in a subsequent section. The unit cells have been subjected to a uniform tem-

perature increase from 20 ◦C to 500 ◦C, allowing an overall free expansion in combination

with the periodic boundary conditions. The homogenized CTE is computed as the instan-

taneous ratio between the resulting overall strain and temperature increment. Note, that

due to the particular geometrical arrangement of the graphite inclusion, the expansion of

the unit cell is the same in the three principal directions, even when anisotropy of graphite

is included.

The overall CTEs computed using the two unit cell models are shown in Figure 10. For

comparison, analytical estimates given by the rule of mixtures (ROM) and Turner’s model,

providing, respectively, the upper and lower bounds for the CTE of a composite consisting

of two isotropic linear elastic phases (Delannay, 2000), are also shown. The expressions for

these analytical estimates are given in Appendix B.

Figure 10 shows that the results obtained with the unit cell with the isotropic graphite

almost coincide with the prediction of Turner’s model. Indeed, Turner’s model is known

to be a good estimate for composites with a 3D interconnected microstructure, where

one phase constrains the dilatation of the other phase and where the stress state in both

components is nearly hydrostatic. This situation is also present here, where the low thermal

expansion of the graphite constraints the dilatation of the matrix leading to a predominant

hydrostatic stress state.

More importantly, Figure 10 reveals that when the microstructural constituents are
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Figure 10: Macroscopic CTE for the lamellar cast iron unit cells with isotropic and anisotropic graphite,

compared to the rule of mixtures and Turner model estimates.

anisotropic, the analytical estimates fail. The overall CTE computed from the unit cell

with anisotropic graphite is significantly lower than in all isotropic estimates. Moreover,

it exhibits a noticeably non-linear dependence on the temperature, which is a result of the

temperature dependent mismatch of the elastic properties of the phases.

The distribution of the microscale equivalent plastic strain fields is shown in Figure 11.

Due to the anisotropy of graphite, the phase mismatch in CTE and elastic constants is

large, and opposite for the graphite in-plane and out-of-plane directions, see Section 2.2.

A large strain mismatch needs to be accommodated around the matrix-graphite interface,

leading to high deviatoric stresses (shown in Figures 13b and d) and resulting in larger areas

of plastic deformation compared to the unit cell with isotropic graphite. These phenomena

may play a decisive role in the initiation and evolution of microstructural damage leading

to fracture.
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Figure 11: Local total equivalent plastic strain in the matrix after a temperature change from 20 ◦C to

500 ◦C: (a) anisotropic graphite model and (b) isotropic graphite model.

4.2. Effect of interface condition

In this section, the role of the interface condition (fixed or loose) on the CTE is inves-

tigated. The results from the previous section are compared with the equivalent models

using a loose frictionless interface. Since the expansion due to the temperature change is

free, no separation between the two phases takes place even when a loose interface condition

is used. However, relative sliding of the two phases is possible.

The computed macroscopic CTEs of the unit cells with the isotropic and anisotropic

graphite and with fixed and loose interface are compared in Figure 12. The CTEs ob-

tained with the loose interface conditions are slightly higher than the ones obtained with

the fixed interface conditions. The large in-plane CTE mismatch between the matrix and

the graphite, in both the isotropic and anisotropic graphite models, together with graphite’s

3D interconnected network implies that graphite strongly constraints the matrix thermal

expansion. It therefore dominates the macroscopic thermal expansion of the material. A

fixed interface condition between the two phases adds an additional constraint, by also

inhibiting the relative interface sliding of the two phases and making the constraint im-
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Figure 12: Macroscopic CTE obtained from the unit cell models with isotropic and anisotropic graphite,

considering fixed and loose graphite/matrix interfaces.

posed by the graphite even more effective. Moreover, as shown in Figure 13, this triggers

differences in terms of stresses (and strains, not shown) between the models with fixed and

loose interface conditions. In the unit cell models with fixed interface, the strain mismatch

between the matrix and the graphite is accommodated locally by the elastic and/or plastic

deformation of the two phases near the interface, resulting in extensive zones of relatively

high stresses (Figures 13b and d). For the loose frictionless interface, the strain mismatch

is mostly accommodated by the relative sliding of the two phases leading to lower stresses

at the interface (Figures 13a and c).

From Figures 12 and 13 it can be concluded that although the interface condition has

a limited influence on the macroscopic CTE, it has a major impact on the local stresses

and strains to accommodate the local mismatches.
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models with the loose frictionless interface condition and right: models with the fixed interface condition.
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5. Thermo-mechanical analyses: non-uniform temperature distribution

In the previous section, the thermal expansion response of the lamellar cast iron unit

cell model under different thermal loads was discussed. The temperature distribution at

the micro level was assumed to be uniform and equal to the macroscopic applied tem-

perature, i.e. no temperature gradient was present. This is a valid assumption if the

temperature variations at the representative microstructural size is small enough. In cases

where this assumption does not hold, i.e. in the presence of strong temperature gradi-

ents, a coupled thermo-mechanical analysis is required. This is the subject of this section.

First, heat transfer analysis will be discussed in Section 5.1, followed by fully coupled

thermo-mechanical simulations in Section 5.2.

5.1. Heat transfer analyses

The thermal conductivity of cast irons has been extensively studied by Helsing and

Grimvall (1991) and Holmgren et al. (2007a); Holmgren (2005); Holmgren et al. (2006,

2007b) who reviewed different analytical approaches to estimate the effective thermal prop-

erties based on microconstituent properties. The limitation of these methods is that they

tend to be inaccurate for heterogeneous materials in which one phase forms an intercon-

nected network, like graphite in lamellar cast iron.

In this work, the computational homogenization approach for heat conduction devel-

oped by Özdemir et al. (2008a) is used for the heat transfer analysis of lamellar cast iron.

The thermal boundary conditions applied on the RVE are summarized in Appendix A.

The temperature and heat flux distributions at the micro level are thereby determined for

a given macroscopic temperature and temperature gradient. These local fields can then be

used to estimate the macroscopic thermal conductivity of the material.

In the simulations, the macroscopic temperature is linearly increased from 20 ◦C to

500 ◦C while the applied temperature gradient is kept constant and equal to 20 ◦C/mm.

Several numerical analyses have been performed with the temperature gradient prescribed
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in three major directions of the unit cell, as well as along the minor and major diagonals,

all leading to identical results for the effective thermal conductivity (not shown here).

This confirms, again, that despite its geometrical simplicity, the developed unit cell model

represents an overall isotropic response at the macro level in spite of the anisotropy of one

of the phases, as has experimentally been confirmed for these materials.

As in the previous sections, the influence of graphite’s anisotropy is assessed by using

two models: one with an anisotropic (transversely isotropic) and one with an isotropic

thermal conductivity for graphite. The temperature-dependent properties of the different

phases were given in Section 2 and Figure 5. Due to the lack of experimental data on

thermal resistance of the interface, the graphite/matrix interface was assumed perfectly

conducting. Although this is undoubtedly not exact, without precise quantitative input

from that scale, it is hard to propose a more detailed interface model.

In Figure 14, the local heat flux distributions in the matrix and the graphite for the

anisotropic and isotropic graphite unit cell models are presented for the temperature gra-

dient applied in the vertical direction. In both cases, graphite, which has a higher thermal

conductivity than the matrix, is the natural heat conduction path through the material.

For this reason, the heat flux in graphite is higher than in the matrix. When the heat

flux in the matrix is examined, only small differences between both models can be found.

On the contrary, the heat flux distribution in the graphite shows noticeable differences

in the response of the isotropic and anisotropic graphite models. The heat flux in the

graphite lamella oriented parallel to the direction of the applied temperature gradient is

much higher in the anisotropic graphite model than in the isotropic graphite model. This

example clearly shows that the anisotropy of graphite’s thermal conductivity plays a key

role in the local thermal response of the material.

The local differences in the graphite heat flux are reflected in the global effective conduc-

tivity shown in Figure 15, together with the experimental data available from the literature

(Gusseisen mit Lamellengraphit; Holmgren et al., 2007a, 2006; Sergeant and Evans, 1978).

24



Graphite heat flux

[W/mm ]
2

0.25

0.36

0.46

0.57

0.68

0.78

0.89

0.99

1.10

Matrix heat flux

[W/mm ]
2

0.35

1.24

2.14

3.03

3.93

4.82

5.71

6.61

7.50

X Y

Z

b) Anisotropic graphite modela) Isotropic graphite model

X Y

Z

Figure 14: Local heat flux distribution in the matrix and graphite for the unit cell models with isotropic (a)

and anisotropic (b) graphite at 500 ◦C for the temperature gradient applied in the vertical direction.

Two observations are to be made. First, the macroscopic conductivity is noticeably dif-

ferent for the isotropic and anisotropic graphite models, with anisotropic model predicting

higher thermal conductivity. Secondly, the figure shows that the estimate provided by the

microstructural unit cell model with anisotropic graphite falls within the band of experi-

mental data, except for temperatures close to room temperature. Despite the uncertainty

in the data on thermal conductivity of the graphite and the matrix, see Section 2.2, the

values used in this work yield a good estimate of the lamellar cast iron thermal conductivity.

5.2. Coupled thermo-mechanical analysis

In order to study the influence of graphite anisotropy on the local temperature and stress

fields under general thermo-mechanical loading conditions, a coupled thermo-mechanical

analysis on the unit cells is carried out next. At the bottom face of the unit cell the

temperature is fixed to 280 ◦C, while at the top face a heat flux of 1.1W/mm2 is applied;

periodic boundary conditions are used on the lateral faces. With respect to the mechanical

boundary conditions, the displacement in the z direction is left free while displacements in
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Figure 15: Macroscopic thermal conductivity predicted by the unit cells with isotropic and anisotropic

graphite models compared with the experimental data from literature (Gusseisen mit Lamellengraphit;

Holmgren et al., 2007a, 2006; Sergeant and Evans, 1978).

the x and y directions are suppressed. Steady state conditions are assumed for the heat

transfer analysis. The coupled thermo-mechanical analysis is carried out by means of a

staggered scheme, i.e. for every load increment, the temperature distribution obtained from

the thermal analysis is used as the thermal load for the subsequent mechanical analysis.

The resulting temperature profiles are shown in Figure 16.a and Figure 16.c, empha-

sising the impact of the graphite thermal conductivity on the heat transfer properties of

lamellar cast iron. The temperature difference between top and bottom is smaller in the

anisotropic graphite model than in the isotropic one. Moreover, the resulting stresses (Fig-

ure 16.b and Figure 16.d), differ considerably between the models. In this case, not only

graphite’s anisotropy in the mechanical properties and thermal expansion is responsible

for the different behaviour, but also the anisotropy of graphite’s thermal conductivity.
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6. Conclusions

In this paper, the impact of the anisotropy of microstructural constituents on the effec-

tive and local thermo-mechanical response of lamellar cast has been studied. To this end,

a systematic approach for the thermo-mechanical analysis of heterogeneous materials with

anisotropic constituents has been presented based on the multi-scale computational homog-

enization framework. A simple 3D unit cell model has been developed that captures the

most important feature of the considered microstructure, i.e. the spatial interconnectivity

of the highly anisotropic phase, while enabling efficient finite element computations.

From the different analyses carried out, the following main conclusions result:

• The anisotropy of (one of) microstructural constituents plays a key role in the me-

chanical, thermal and thermo-mechanical response of heterogeneous materials at the

micro and macro scale.

• Replacing an anisotropic constituent with an isotropic one with average mechanical

and/or thermal properties, as often done in the literature to simplify the analy-

sis, leads to an incorrect estimation of the micro-level deformation and temperature

fields. The inaccurate description of the behaviour at the micro-level leads to an

erroneous prediction of the macroscopic material response. In addition, mechanisms

that are strongly related to the local response of the material, e.g. damage, cannot

be predicted in a reliable manner.

• Analytical models that provide adequate predictions for the overall properties of

materials with isotropic phases, yield inaccurate estimates for the materials with

anisotropic constituents, as has been shown here for the coefficient of thermal expan-

sion.

Although the lamellar cast iron was used here as a typical example revealing highly

anisotropic properties for one of its phases, the methodology developed here and the con-

clusions drawn apply to other (composite) materials with highly anisotropic constituents.
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D. Holmgren, M. Rinvall, and T. Sjögren. Study of the mechanical and thermal properties

of pearlitic and ferritic cast iron matrices. Giessereiforschung, 59(3):14–21, 2007a.

D.M. Holmgren. Review of thermal conductivity of cast iron. International Journal of

Cast Metals Research, 18(6):331–345, 2005.

D.M. Holmgren, A. Diszegi, and I.L. Svensson. Effects of transition from lamellar to

compacted graphite on thermal conductivity of cast iron. International Journal of Cast

Metals Research, 19(6):303–313, 2006.

D.M. Holmgren, A. Diszegi, and I.L. Svensson. Effects of nodularity on thermal conduc-

tivity of cast iron. International Journal of Cast Metals Research, 20(1):30–40, 2007b.

V.G. Kouznetsova, W.A.M. Brekelmans, and F.P.T. Baaijens. An approach to micro-macro

modeling of heterogeneous materials. Computational Mechanics, 27(1):37–48, 2001.

M. Kuna and D.-Z. Sun. Analyses of void growth and coalescence in cast iron by cell

models. Journal De Physique IV, 6:113–122, 1996.

W. M. Mohammed, E.G. Ng, and M.A. Elbestawi. On stress propagation and fracture in

compacted graphite iron. The International Journal of Advanced Manufacturing Tech-

nology, 56(1-4):233–244, 2011.

31



W.C. Morgan. Thermal expansion coefficients of graphite crystals. Carbon, 10:73–79, 1972.
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A. Velichko, A. Wiegmann, and F. Mücklich. Estimation of the effective conductivities of

complex cast iron microstructures using FIB-tomographic analysis. Acta Materialia, 57

(17):5023–5035, 2009.

32



Appendix A. Thermo-mechanical computational homogenization

Appendix A.1. Macro-to-micro scale transition

Within the framework of thermo-mechanical computational homogenization (Kouznetsova

et al., 2001; Özdemir et al., 2008a,b), the microstructural displacement and temperature

fields at a given point ~xm in the current configuration can be described through a macro-

scopic contribution and a microstructural fluctuation field that represents the local varia-

tions with respect to the average fields. If the displacements ~um(~x) and the temperature

θm(~x) are expressed with respect to the values of an arbitrary chosen point k within the

microscopic volume, it yields (Özdemir et al., 2008b):

~um(~x) = ~ukm(~x) + (FM − I) · ( ~Xm − ~Xk
m) + ~uf (~x), (A.1)

θm(~x) = θkm + (~∇MθM ) · (~xm − ~xkm) + θf (~x). (A.2)

In the above expressions, the subscripts m, M and f refer to the micro and macro scale

quantities and the microscopic fluctuation fields, respectively. In equation (A.1), ~Xm de-

notes the position vector in the reference configuration, FM is the macroscopic deformation

gradient tensor and (~∇MθM ) the macroscopic temperature gradient. In the temperature

equation (A.2), a formulation based on the current configuration is used, as discussed in

Özdemir et al. (2008b).

In the first-order computational homogenization, the macro-to-micro scale transition is

achieved by imposing that the macroscopic gradients of the displacement and temperature

fields should be equal to the volume average of their corresponding microscopic counter-

parts, i.e.:

FM =
1

V0

∫
V0

Fm dV0, (A.3)

~∇MθM =
1

V

∫
V

~∇mθm dV. (A.4)

From the expressions of the microscopic displacement (A.1) and temperature (A.2)

fields, the microscopic deformation gradient tensor and the temperature gradient can be
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obtained and introduced in equations (A.3) and (A.4) leading to the following boundary

integrals: ∫
Γ0

~uf ⊗ ~n0 dΓ0 = 0, (A.5)

∫
Γ

θf~n dΓ = 0. (A.6)

where ~n0 and ~n are the normals to the RVE boundary in the reference and current config-

urations, respectively; symbol ⊗ denotes the dyadic product.

Conditions (A.5) and (A.6) can be fulfilled by means of different boundary conditions.

In this paper, periodic boundary conditions are used since they yield the best approximation

to the apparent macroscopic properties (Kouznetsova et al., 2001). The periodic boundary

conditions require the periodicity of the microfluctuation fields. In the case of the cuboid

3D unit cell used in this work (Figure A.17) the periodic boundary conditions lead to the

following displacement constraint relations (Kouznetsova et al., 2001):

~ufront = ~uback + ~u2 − ~u1

~uleft = ~uright + ~u4 − ~u1

~utop = ~ubottom + ~u5 − ~u1

with ~ui = (FM − I) · ( ~Xi −
~X1), i = 1, 2, 4, 5

(A.7)

Similar relations hold for the temperature field, obtained by substitution of ~u by θ and FM

by ~∇MθM .

For the case with temperature dependent conductivities of the phases, as is the case

here, an additional constraint is required to determine the reference temperature θkm and

to obtain a unique temperature profile at the micro level, see (Özdemir et al., 2008a). This

constraint, which enforces the consistency of the stored heat at the macro and micro levels,

is known as the thermal energy consistency condition and is expressed as:

(ρcV )MθM =
1

V

∫
V

(ρcV )mθm dV. (A.8)
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Figure A.17: Schematic representation of the 3D unit cell showing the conditions on the prescribed nodes

(a) for a general mechanical computational homogenization with the fully prescribed deformation gradient

tensor; (b) leading to the overall uniaxial stress state in z-direction.

In this equation, (ρcV )M is the macroscopic heat storage, which is obtained as the volume

average of its microscopic counterpart:

(ρcV )M =
1

V

∫
V

(ρcV )m dV, (A.9)

where ρm and cV m are the microscopic density and heat capacity of the microconstituents.

Appendix A.2. Micro-to-macro scale transition

The micro-to-macro scale transition is based on the Hill-Mandel principle of macro-

homogeneity for the mechanical field and the conservation of thermal energy for the tem-

perature field. Based on these, it can be shown that the micro-to-macro transitions can be

expressed as (Özdemir et al., 2008b):

PM =
1

V0

∫
V0

Pm dV0, (A.10)

where P refers to the First Piola-Kirchhoff stress tensor, and

~qM =
1

V

∫
V

~qm dV (A.11)
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where ~q refers to the heat flux.

Furthermore, from the homogenized heat flux ~qM , the macroscopic thermal conductivity

is determined as ~qM = KM · ~∇MθM . Note, that for isotropic material KM = KM · I, where

KM is the macroscopic thermal conductivity.

Appendix A.3. Uniaxial stress conditions

The computational homogenization framework as outlined above prescribes the full de-

formation gradient (and the full temperature gradient) on an RVE. In some cases, uniaxial

stress response is of interest, where the RVE is viewed as an infinitesimal microstructural

element of a macroscopical uniaxial sample. The RVE boundary conditions therefore have

to be prescribed in such a way as to ensure the overall, homogenized, stress state, given by

(A.10), to be uniaxial.

To derive the appropriate boundary conditions, expression (A.10), in combination with

the equilibrium condition for the RVE and the periodic boundary conditions (A.7) can

be expressed in terms of the reaction forces ~fi and the position vectors in the reference

configuration ~Xi of the prescribed nodes i = 1, 2, 4, 5 (Figure A.17a) as (see Kouznetsova

et al. (2001) for the details)

PM =
1

V0

∑
i=1,2,4,5

~fi ⊗ ( ~Xi −
~X1) (A.12)

From the above expression, it is clear that the following boundary conditions will lead to

a uniaxial homogenized stress in z-direction

~u1 = ~0; uy2 = 0, fx
2 = f z

2 = 0; ~f4 = ~0; ux5 = 0, f y
5 = 0 uz5 = u∗ (A.13)

with u∗ a prescribed value. These boundary conditions are schematically illustrated in

Figure A.17b. The periodic boundary conditions (A.7) are prescribed on all the remaining

nodes on the RVE boundary.
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Appendix B. Rule of mixture and Turner’s model

The expressions for rule of mixtures and Turner’s model are:

• Rule of mixtures

αc = αmVm + αgVg, (B.1)

• Turner’s model

αc =
αmKmVm + αgKgVg

KmVm +KgVg

. (B.2)

In these expressions, the subscript m refers to the matrix and the subscript g refers

to graphite. Vm and Vg are the matrix and graphite volume fractions, αm and αg are the

matrix and graphite CTEs and Km and Kg are the matrix and graphite bulk moduli.
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