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a b s t r a c t

We address the problem of controlled synchronization in networks of nonlinear systems interconnected
through diffusive time-delayed dynamic couplings. These couplings can be realized as dynamic output
feedback controllers constructed by combining nonlinear observers and time-delayed feedback
interconnection terms. Using Immersion and Invariance techniques, we present a general tool for
constructing the dynamics of the couplings. Sufficient conditions on the systems to be interconnected,
the network topology, the couplings, and the time-delay that guarantee (global) state synchronization are
derived. The asymptotic stability of the synchronization manifold is proved using Lyapunov–Razumikhin
methods. Moreover, using Lyapunov–Krasovskii functionals and the notion of semipassivity, we prove
that under some mild conditions, the solutions of the interconnected systems are ultimately bounded.
Simulation results using FitzHugh–Nagumo neural oscillators illustrate the performance of the control
scheme.
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1. Introduction

Synchronization of dynamical systems has attracted the atten-
tion of many researchers during the last decades. This is be-
cause synchronization is a quite common phenomenon in nature,
science, and engineering. For instance, in biology, synchronized
collective animal behavior, from bird flocks to fish schools. Ani-
mals in groups employ decentralized strategies and have limi-
tations on sensing, computation, and actuation. Yet, at the level
of the group, they are known to manage a variety of challeng-
ing tasks quickly, robustly, accurately, and adaptively in uncertain
and changing environments. In Leonard (2014), the authors show
ways in which nonlinear dynamics and control theory can be used
to rigorously investigate mechanisms of feedback and interaction
in high-performing animal groups. They discuss how these tools
can be translated into adaptive control laws for engineered appli-
cations. In medicine and neuroscience, clusters of synchronized
pacemaker neurons regulating our heartbeat (Peskin, 1975), syn-
chronized neurons in the olfactory bulb that allow us to detect and
distinguish among odors (Gray, 1994), and our circadian rhythm,
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which is synchronized to the 24-hday–night cycle (Czeisler,Weitz-
man, Moore-Ede, Zimmerman, & Knauer, 1980;Winfree, 2001) are
clear examples. In engineering, one of the most commonly cited
examples of network synchronization is the problem of coordi-
nated motion of individual mobile agents and its different con-
figurations (Olfati-Saber & Murray, 2004; Ploeg, van de Wouw,
& Nijmeijer, 2014; Ren & Atkins, 2007; Sheikholeslam & Desoer,
1993; Stankovic, Stanojevic, & Siljak, 2000). Particularly, in Refs.
Ploeg et al. (2014), SheikholeslamandDesoer (1993) and Stankovic
et al. (2000), the authors address the platooning problem, i.e., the
problem of designing intelligent vehicle/highway systems that can
significantly increase safety and highway capacity. The general ob-
jective of the platooning problem is to pack the driving vehicles to-
gether as tightly as possible in order to increase traffic flow while
preventing amplification of disturbances throughout the string.
There are also several research groups studying synchronization
in robotics, where multiple robots carry out tasks that cannot be
achieved by a single one. For instance in Rodriguez and Nijmei-
jer (2001), the author proposes a dynamic output controller that
solves the synchronization problem of two (or more) robot ma-
nipulators, under a master–slave scheme. In Ref. Sadowska et al.
(2011), the formation control problem for unicycle mobile robots
interacting on symmetric graphs is studied. The range of engi-
neering examples of network synchronization reachesway beyond
coordinated motion. For instance, synchronization in power net-
works (Dorfler & Bullo, 2012), control of the directional sensitivity
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of smart antennas (Hutu, Cauet, & Coirault, 2009), and synchro-
nization of microelectromechanical systems (MEMS), which has
promising applications such as neurocomputing (Hoppensteadt
& Izhikevich, 2001) and improvements of signal-to-noise ratios
(Agrawal, Thiruvenkatanathan, Yan, & Seshia, 2011). Several more
examples of synchronous behavior in physics, neuroscience, biolo-
gy, and engineering can be found in, for instance, Refs. Blekman
(1988), Pikovsky, Rosenblum, and Kurths (2001), Strogatz (2003)
and Winfree (2001).

Some of the first technical results regarding synchronization of
nonlinear systems are presented in Fujisaka and Yamada (1983)
and Pecora and Carroll (1990). In these papers, the authors show
that coupled chaotic oscillators may synchronize in spite of their
high sensitivity to initial conditions. After these results, con-
siderable interest in the notion of synchronization of general
nonlinear systems has arisen. This paper focuses on controlled
synchronization of identical nonlinear systems interacting through
diffusive couplings on networks with general topologies. The sys-
tems are said to be diffusively coupled, if they interact through
weighted differences of the form γ (zj − zi), with some positive
constant γ called the coupling strength, and zi, zj being the outputs
of the ith and jth systems. Diffusive couplings are a natural way of
interconnecting systems on a given network, and for this reason,
there are several results about synchronization of diffusively cou-
pled dynamical systems. For instance, in Zhou, Lu, and Lü (2008),
conditions for network synchronization through pinning controllers
are derived. In Nuño, Ortega, and Basañez (2010); Nuño, Ortega,
Basañez, and Hill (2011), the authors propose an adaptive diffu-
sive coupling which solves the network synchronization problem
for nonidentical dynamical systems described by Euler–Lagrange
equations and subject to time-delays. However, in these papers,
the authors impose strong conditions on the systems, i.e., they
have to be fully-actuated and the complete state must be avail-
able for feedback. In Hale (1997), Pogromsky (1998) and Wu and
Chua (1995) the authors study synchronous behavior in diffusively
coupled networks as a consequence of the inherent dissipation of
the systems and the couplings. Moreover, they do not necessarily
assume state feedback and fully-actuated dynamics, but they also
allow for output feedback controllers and underactuated systems. We
refer the interested reader to Tang, Qian, Gao, and Kurths (2014),
where a fairly complete overview of more recent results about
synchronization in networks of coupled dynamical systems is pre-
sented.

In all the aforementioned papers, it is either assumed that
the complete state is measured, or that the ‘‘correct’’ output is
available for feedback, i.e., the measurable output is so that
the corresponding internal dynamics has some desired stability
properties. These assumptions seem to be restrictive, since in
practical applications, usually only partial information of the
state is available and only some of the states are directly
actuated. The results presented here follow the same research
line as Pogromsky (1998) and Steur and Nijmeijer (2010),
where sufficient conditions for synchronization of diffusively
interconnected semipassive systems with and without time-delays
are derived. Nevertheless, their results apply to systems which
are semipassive and their internal dynamics are convergent
(Demidovich, 1967) with respect to the coupling variable (the
measurable output). In this manuscript, we do not assume
semipassivity plus convergence with respect to the measurable
outputs yi as in Pogromsky (1998), but this is supposed to hold
with respect to a state function zi which is not directly measured.
However, if there exists a nonlinear observer which reconstructs zi
from measurements of yi, then a diffusive dynamic coupling which
only depends on the measurable outputs yi could be constructed
to interconnect the systems. There are some results in this
direction already. For instance, in Scardovi and Sepulchre (2010)
andWieland, Sepulchre, and Allgöwer (2011), the synchronization
problem for a class of linear systems with time-varying topologies
interconnected through observer-based diffusive dynamic couplings
is considered. In Rodriguez and Nijmeijer (2001), the authors
propose a dynamic output feedback controller that solves the
synchronization problem of two robot manipulators, in the case
when position measurements are available only. In Murguia, Fey,
and Nijmeijer (2013), we have started the analysis part of these
ideas. We have derived sufficient conditions on the convergence
rate of the observer ensuring network synchronization. However,
in our previous work, it is assumed that the observer exists,
it is given, and the communication among the systems is
instantaneous, i.e., there are no time-delays in the loop. In practical
situations, time-delays caused by signal transmission affect the
behavior of the interconnected systems. Diffusive time-delayed
couplings arise naturally for interconnected systems since the
transmission of signals can be expected to take some time. This
paper addresses and solves the synthesis part of a more general
setting. We develop a general tool for constructing diffusive
time-delayed dynamic couplings using the ideas of immersion and
invariance that are introduced in Astolfi, Karagiannis, and Ortega
(2008). Sufficient conditions are derived on the systems to be
interconnected, the network topology, the coupling dynamics, and
the time-delay that guarantee boundedness and (global) state
synchronization of the solutions of the coupled system.

The remainder of the paper is organized as follows. In Section 2,
we recall some useful definitions. The notions of semipassivity
and convergent systems, the problem statement, and some basic
terminology of graph theory are introduced. Moreover, the
definition of the diffusive time-delayed coupling and the result
presented in Steur and Nijmeijer (2010) are also presented. The
observer design is given in Section 3 before discussing the main
results on network synchronization in Section 4. In Section 5, an
illustrative example that shows step by step how to construct the
proposed couplings is presented. Moreover, it is also shown how
to apply the results of Sections 3 and 4 to prove boundedness and
synchronization of the solutions of the closed-loop system. Finally,
conclusions are stated in Section 6.

2. Preliminaries

Throughout this paper, the following notation is used: the
symbol R stands for the real numbers, R>0 (R≥0) denotes the
set of positive (nonnegative) real numbers. The Euclidean norm
in Rn is denoted simply as | · |, |x|2 = xT x, where T defines
transposition. The notation col(x1, . . . , xn) stands for the column
vector composed of the elements x1, . . . , xn. This notation will
be also used in case the components xi are vectors. The induced
norm of a matrix A ∈ Rn×n, denoted by ∥A∥, is defined as ∥A∥ =

maxx∈Rn,|x|=1 |Ax|. The n × n identity matrix is denoted by In or
simply I if no confusion can arise. Likewise, the n × m matrices
composed of only ones and only zeros are denoted as 1n×m and
0n×m, respectively. A function V : X → R>0 defined on a
neighborhood X of Rn with 0 ∈ X is positive definite if V (x) > 0
for all x ∈ X \ {0} and V (0) = 0, and it is radially unbounded if
X = Rn. If V (x) → ∞ as |x| → ∞, then V (·) is called proper. The
spectrum of amatrix A is denoted by spec(A). For any twomatrices
A and B, the notation A⊗B (the Kronecker product, Bollobas, 1998)
stands for the matrix composed of submatrices AijB, where Aij,
i, j = 1, . . . , n, stands for the ijth entry of the n × n matrix A. Let
X ⊂ Rn and Y ⊂ Rm. The space of continuous functions from X
to Y is denoted by C(X,Y). If the functions are (at least) r ≥ 0
times continuously differentiable, then it is denoted by Cr(X,Y).
If the derivatives of a function of all orders (r = ∞) exist, the
function is called smooth and if the derivatives up to a sufficient
high order exist the function is named sufficiently smooth. Time-
delayed signals are denoted as x(t)τ := x(t − τ) with time-delay
τ ∈ R>0. For simplicity of notation, we often suppress the explicit
dependence of time t .
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2.1. Communication graphs

Given a set of interconnected systems, the communication
topology is encoded through a communication graph. The conven-
tion is that system i receives information from system j if and only
if there is a directed link from node j to node i in the communica-
tion graph. Let G = (V, E, A) denote a weighted digraph (directed
graph), where V = {v1, v2, . . . , vk} is the set of nodes, E ⊆ V × V
is the set of edges, and A is the weighted adjacency matrix with
nonnegative elements aij. The neighbors of vi is the set of directed
edges to a node vi and it is denoted as Ei. If the graph does not
contain self-loops, it is called simple. The communication graph is
called strongly connected, if for every two nodes (i, j) ∈ V , there
is at least one path connecting i and j. If two nodes have a directed
edge in common, they are called adjacent. Assume that the network
consists of k nodes, then the adjacency matrix A ∈ Rk×k

:= aij with
aij > 0, if {i, j} ∈ E and aij = 0 otherwise. Finally, we introduce the
degree matrix D ∈ Rk×k

:= diag{d1, . . . , dk} with di =


j∈Ei
aij,

and the Laplacian matrix L := D−A, see Bollobas (1998) for details.

Remark 1. For simplicity of notation, throughout the paper, it is
assumed that the communication graphs are directed and strongly
connected. However, the results presented in the following
sections can easily be extended to communication graphs with
more general structures, for instance, connected graphs or
spanning trees, (for precise definitions see Bollobas, 1998).

2.2. Semipassive systems

Consider the system

ẋ = f (x, u), (1a)
z = h(x), (1b)

with state x ∈ Rn, input u ∈ Rm, output z ∈ Rm, sufficiently
smooth functions f : Rn

× Rm
→ Rn, and h : Rn

→ Rm.

Definition 1 (Pogromsky, Glad, & Nijmeijer, 1999). The dynamical
system (1) is called Cr -semipassive if there exists a nonnegative
storage function V ∈ Cr(Rn,R≥0), such that V̇ ≤ yTu − H(x),
where the function H ∈ C(Rn,R) is nonnegative outside some
ball, i.e., ∃ ϕ > 0 s.t. |x| ≥ ϕ → H(x) ≥ ϱ(|x|), for some
continuous nonnegative function ϱ(·) defined for |x| ≥ ϕ. If the
function H(·) is positive outside some ball, then the system (1) is
said to be strictly Cr -semipassive.

Remark 2. System (1) is Cr -passive (strictly Cr -passive) if it is
Cr -semipassive (strictly Cr -semipassive) with H(·) being positive
semidefinite (positive definite).

In light of Remark 2, a (strictly) Cr -semipassive system behaves
like a (strictly) passive system for large |x(t)|. From a physical point
of view, onemay think of a semipassive system as a passive system
with a limited amount of free energy. The class of strictly semi-
passive systems includes, e.g., the chaotic Lorenz system (Pogrom-
sky, 1998), and many models that describe the action potential
dynamics of individual neurons (Steur, Tyukin, & Nijmeijer, 2009).

2.3. Convergent systems

Consider the system (1a) and suppose f (·) is locally Lipschitz
in x, u(·) is piecewise continuous in t and takes values on some
compact set u ∈ U ⊆ Rm.

Definition 2 (Demidovich, 1967). System (1a) is said to be conver-
gent if and only if for any bounded signal u(t) defined on thewhole
interval (−∞,+∞) there is a unique bounded globally asympto-
tically stable solution x̄u(t) defined in the same interval for which
it holds that, limt→∞ |x(t)− x̄u(t)| = 0 for all initial conditions.
For a convergent system, the limit solution is solely determined
by the external excitation u(t) and not by the initial condition.
A sufficient condition for convergence obtained in Demidovich
(1967) and later extended in Pavlov, Pogromsky, van deWouw, and
Nijmeijer (2004) is presented in the following proposition.

Proposition 1 (Demidovich, 1967; Pavlov et al., 2004). If there exists
a positive definitematrix P ∈ Rn×n such that all the eigenvaluesλi(Q )
of the symmetric matrix

Q (x, u) =
1
2


P

∂ f
∂x
(x, u)


+


∂ f
∂x
(x, u)

T

P


, (2)

are negative and separated from zero, i.e., there exists a constant
c ∈ R>0 such that λi(Q ) ≤ −c < 0, for all i ∈ {1, . . . , n}, u ∈ U,
and x ∈ Rn, then system (1a) is globally exponentially convergent.
Moreover, for any pair of solutions x1(t), x2(t) ∈ Rn of (1a), the
following is satisfied

d
dt


x1 − x2

T
P

x1 − x2


≤ −α |x1 − x2|2 ,

with constant α :=
c

λmax(P)
and λmax(P) being the largest eigenvalue

of the symmetric matrix P.

2.4. System description and time-delayed couplings

Consider k identical nonlinear systems of the form

ẋi = f (xi)+ Bui, (3)
yi = C1xi, (4)
zi = C2xi, (5)

with i ∈ I := {1, . . . , k}, state xi ∈ Rn, input ui ∈ Rm, measurable
output yi ∈ Rs, semipassive output zi ∈ Rm, sufficiently smooth
function f : Rn

→ Rn, matrices C1, C2, and B of appropriate
dimensions, and thematrix C2B ∈ Rm×m being similar to a positive
definite matrix. The systems (3), (5) are assumed to be strictly
semipassive and to have relative degree one. Then, there exists
a globally defined coordinate transformation such that systems
(3), (5) can be written in the following normal form, (this global
transformation is explicitly computed in Pogromsky et al., 1999),

ζ̇i = q(ζi, zi), (6)
żi = a(ζi, zi)+ C2Bui, (7)

with internal state ζi ∈ Rn−m and sufficiently smooth vector fields
q : Rn−m

× Rm
→ Rn−m and a : Rn−m

× Rm
→ Rm. For the sake

of simplicity, it is assumed that C2B = In (results for the general
case with C2B being similar to a positive definite matrix can easily
be derived). Define the linear manifold

A := {col(z, ζ ) ∈ R
kn

|zi = zj and ζi = ζj,∀ i, j ∈ I},

where ζ := col(ζ1, . . . , ζk) ∈ Rk(n−m) and z := col(z1, . . . , zk) ∈

Rkm. The manifold A is called the synchronization manifold or
the diagonal set. The coupled systems are said to synchronize, if
the synchronization manifold A contains an asymptotically stable
subset.

2.5. Diffusive time-delayed couplings

The main results of this paper follow the same research line as
Steur and Nijmeijer (2010), where synchronization of semipassive
systems interconnected through diffusive time-delayed couplings is
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considered. The network is called diffusively time-delayed coupled
if the systems interact through weighted differences of the form

ui = γ

j∈Ei

aij(zτj − zi), (8)

ui = γ

j∈Ei

aij(zτj − zτi ), i ∈ I, (9)

where zj are the outputs of systems j to which systems i are
connected, γ > 0 denotes the coupling strength, aij ≥ 0 are
the weights of the interconnections, Ei is the set of neighbors of
vi, zi(t)τ := zi(t−τ), and τ ∈ R≥0 is a finite time-delay.Moreover,
since the coupling strength is encompassed in the constant γ , then
it is assumed without loss of generality that maxi∈I


j∈Ei

aij =

1. In case of coupling (8), the transmitted signals (the outputs
of nodes j) are delayed τ units of time and compared with the
current output of node i. This type of coupling arises naturally for
interconnected systems since the transmission of signals can be
expected to take some time. In coupling (9), all signals are time-
delayed. Such a couplingmay arise, for instance, when the systems
are interconnected by centralized control laws. Notice that the
controllers (8) and (9) can be written in matrix form as follows

u = −γ (D ⊗ Im) z + γ (A ⊗ Im) zτ , (10)

u = −γ (L ⊗ Im) zτ , (11)

with u := col(u1, . . . , uk), z = col(z1, . . . , zk), Laplacian matrix
L ∈ Rk×k, adjacency matrix A ∈ Rk×k, and diagonal degree matrix
D ∈ Rk×k. The main results of Steur and Nijmeijer (2010) are given
in the following lemma and theorem.

Lemma 1 (Steur & Nijmeijer, 2010). Consider the k identical sys-
tems (3), (5) coupled through the diffusive time-delayed cou-
pling (8)with coupling strength γ ∈ R≥0 and time-delay τ ∈ R≥0 on
a simple strongly connected graph. Suppose that each system (3), (5) is
strictly C1-semipassive with radially unbounded storage function
V (xi), then the solutions of the coupled systems (3), (5), (8) are ul-
timately bounded for any finite τ , γ ∈ R≥0. Additionally, if the sys-
tems (3), (5) are coupled through (9), assume that the functions H(xi)
are such that there exists R > 0 such that |xi| > R implies that
H(xi)− γ |zi|2 > 0. Let γmax be the largest γ that satisfies the above
inequality, then the solutions of the coupled systems (3), (5), (9) are
ultimately bounded for any finite τ ∈ R≥0 and γ ∈ [0, γmax].

Theorem 1 (Steur & Nijmeijer, 2010). Consider k identical sys-
tems (3), (5) interconnected through either coupling (8) or (9) with
coupling strength γ ∈ R≥0 and time-delay τ ∈ R≥0 on a sim-
ple strongly connected graph. Assume that the conditions stated
in Lemma 1 are satisfied and

(H2.1) The internal dynamics (6) is an exponentially convergent sys-
tem, i.e., there is a positive definite matrix P ∈ R(n−m)×(n−m)

such that the eigenvalues of the symmetric matrix

Q =
1
2


P

∂q
∂ζi
(ζi, zi)


+


∂q
∂ζi
(ζi, zi)

T

P


, (12)

are uniformly negative and bounded away from zero for all
ζi ∈ Rn−m and zi ∈ Rm.

Then, the solutions of the closed-loop systems (3), (5), (8) and
(3), (5), (9) are ultimately bounded and there exist positive constants
γ ′,Ξ ′

∈ R>0 such that if γ ∈ (γ ′, γmax] (with γmax being the maxi-
mal coupling strength for which boundedness of solutions is guaran-
teed) and γ τ < Ξ ′, then there exists a (globally) asymptotically
stable subset of the diagonal set A.
Remark 3. In Theorem 1, it is assumed that the internal dynamics
(6) is an exponentially convergent system. This assumption is
employed to ensure that the internal states ζi asymptotically
synchronize whenever the actuated states zi asymptotically
synchronized. Indeed, there are some other methods to verify
this, for instance, contraction theory (Lohmiller & Slotine, 1998),
Lyapunov function approach to incremental stability (Angeli,
2000), the quadratic (QUAD) inequality approach (a Lipschitz-like
condition) (Liu & Chen, 2008), and differential dissipativity (Forni
& Sepulchre, 2013), which are all concepts that are closely related
to notion of convergent systems (Pavlov et al., 2004) that we use
here.

We also refer the interested reader to Refs. Björn, van deWouw,
and Mueller (2013) and DeLellis, di Bernardo, and Russo (2011),
where a fairly detailed comparison among these techniques can be
found.

2.6. Problem statement and outline of the results

In the result stated in Theorem1, it is assumed that the variables
zi that render the internal dynamics exponentially convergent
and for which each system is strictly C1-semipassive is available
for feedback. Hence, if the measurable output is a different state
function yi which does not have the desired properties, Theorem 1
cannot be applied. To overcome these obstacles, in thismanuscript,
two different types of observer-based diffusive dynamic couplings
are proposed. The ideas of immersion and invariance (Astolfi et al.,
2008) are used to construct nonlinear observers, which reconstruct
the desired outputs zi from the measurable outputs yi. Then, the
systems are interconnected using these estimated variables ẑi. We
prove that under some mild conditions network synchronization
and boundedness of the solutions can also be achieved when
the systems are coupled through these estimated outputs ẑi.
The results are presented as follows: First, in Proposition 2,
we give a general tool for constructing the observer dynamics
before introducing the proposed observer-based dynamic diffusive
couplings in Section 4. Next, in Lemma 2, we present a preliminary
result, which ensures boundedness of the solutions of the closed-
loop system. Finally, the main result on network synchronization
is stated in Theorem 2.

Remark 4. The results presented in this paper also hold when the
systems (3) are of the form

ẋi = f (xi)+ B (ui + ω(t)) ,

with an external known signal ω : R≥0 → Rm, which is assumed
to be piecewise continuous and uniformly bounded for all t ∈

(−∞,∞), i.e., |ω(t)| ≤ δ for some positive constant δ. The signal
ω(t) acts as either an external force or a reference signal that is
applied to all the subsystems. However, for simplicity of notation,
we do not analyze this case.

3. Invariant-manifold-based observer

Consider the k identical nonlinear systems (3)–(5). Assume that
for any initial condition xi(t0) ∈ Rn and every input signal ui,
the corresponding solution xi(t) is defined for all t ≥ t0, i.e., the
systems are forward complete. Clearly, when measuring yi = C1xi,
it appears that it is only needed to reconstruct the remaining part of
the state ρi = N1xi, where N1 is chosen such that (NT

1 , C
T
1 )

T has full
column rank. So generally, this allows for reduced order observers
(especiallywhen ρi and yi have some shared components). Assume
that C1 has full row rank, then there exists N1 ∈ Rp×n with
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p = n − s, such that
ρi
yi


=


N1
C1


xi, xi =


N2 N3

 ρi
yi


, (13)

with
N1
C1

−1

=

N2 N3


.

It follows that systems (3), (4) can be rewritten as

ρ̇i = N1f (xi)+ N1Bui, (14)
ẏi = C1f (xi)+ C1Bui, (15)

with xi = N2ρi + N3yi.

Definition 3. Consider the system

η̇i = l(ηi, yi)+ s(ηi, yi)ui, (16)

ρ̂i = β(ηi, yi), (17)

with i ∈ I, observer state ηi ∈ Rr , r ≥ p, sufficiently smooth
functions, l : Rr

× Rs
→ Rr , s : Rr

× Rs
→ Rr×m, and

β : Rr
× Rs

→ Rp. The system (16), (17) is called an observer
for system (14), (15) if there exists a mapping β(·) such that the
manifold

M = {(ρi, yi, ηi) ∈ Rp
× Rs

× Rr
: β(ηi, yi) = ρi}, (18)

has the following properties.

(P3.1) All trajectories of the extended system (14)–(17) that start
on the manifold M remain there for all future times, i.e., M
is positively invariant.

(P3.2) All trajectories of the extended system (14)–(17) that start
in a neighborhood of M asymptotically converge to M.

The above definition implies that an asymptotically converging
estimate of the state ρi is given by (17). Note that the estimation
error ϵi := ρ̂i −ρi is zero on themanifoldM. Moreover, if property
(P3.2) holds for any initial state ρi(t0), yi(t0), ηi(t0) ∈ Rp

×Rs
×Rr

then (16), (17) is a global observer for system (14), (15).

3.1. Observer design

In this section, we present a general tool for constructing non-
linear (reduced-order) observers of the form given in Definition 3
for the class of systems under study. The design is based on the
work presented in Astolfi et al. (2008) and Karagiannis, Carnevale,
and Astolfi (2008).

Proposition 2. Consider the system (14)–(17) and suppose that
there exist a C1-mapping β : Rr

×Rs
→ Rp such that the following

is satisfied.

(H3.1) For all yi and ηi the function β(ηi, yi) is left-invertible1 with
respect to ηi and

det

∂β

∂ηi


≠ 0.

1 A mappingψ(x, y, t) : Rl
×Rm

×R → Rr is left-invertible (with respect to x)
if there exists a mappingψ L

: Rr
×Rm

×R → Rl such thatψ L(ψ(x, y, t), y, t) = x
for all x, y, and t .
(H3.2) The system

ϵ̇i = φ(ϵi, xi) :=


N1 −

∂β

∂yi
C1

 
f (x̂i)− f (xi)


, (19)

with xi = N2ρi + N3yi and x̂i = N2(ρi + ϵi) + N3yi
has a (globally) asymptotically stable equilibrium at ϵi = 0,
uniformly in ρi(t) and yi(t). Then, the system (16), (17) with

l(ηi, yi) =


∂β

∂ηi

−1 
N1 −

∂β

∂yi
C1


f (x̂i), (20)

s(ηi, yi) =


∂β

∂ηi

−1 
N1 −

∂β

∂yi
C1


B, (21)

and x̂i = N2β(ηi, yi) + N3yi, is a (global) observer for the
system (14), (15).

Proof. Consider the observation error

ϵi = β(ηi, yi)− ρi, (22)

where β(·) is a continuous differentiable function such that
(H3.1) holds. Note that |ϵi| represents the distance of the system
trajectories from the manifold M defined in (18). The dynamics of
ϵi is then given by

ϵ̇i =
∂β

∂ηi
l(ηi, yi)+

∂β

∂yi
C1f (xi)− N1f (xi)

+


∂β

∂ηi
s(ηi, yi)+

∂β

∂yi
C1B − N1B


ui. (23)

By assumption (H3.1) the functions l(·) and s(·) from (20) and (21)
are well defined. Then, substitution of (20) and (21) in (23) yields
the dynamics (19). It follows from (H3.2) that the distance |ϵi| from
the manifold M converges asymptotically to zero. Moreover, note
that the manifold M is invariant, i.e., if ϵi(t) = 0 for some t , then
ϵi(σ ) = 0 for all σ > t . Hence, by Definition 3, the system (16),
(17) with l(·) and s(·) as in (20) and (21) is a (global) observer for
(14), (15). �

Proposition 2 provides an implicit description of the observer
dynamics (16), (17) in terms of the mapping β(·) which must be
selected to satisfy (H3.2). As a result, the problem of constructing
an observer for system (14), (15) is reduced to the problem
of rendering the origin of system (19) asymptotically stable by
assigning the functionβ(·). Associatedwith the observer (16), (17),
we have the estimation error ϵi ∈ Rp defined as ϵi = ρ̂i − ρi =

β(ηi, yi) − ρi, and the estimation error dynamics ϵ̇i = φ(ϵi, xi),
withφ(·) defined in (19) andφ(0, xi) = 0 for all xi. Given a function
β(·) such that the origin of (19) is uniformly asymptotically stable,
it follows that ρ̂i asymptotically converges to ρi.

4. Time-delayed output dynamic couplings

Let the k systems (3), (4) interact through a Diffusive Time-
Delayed Dynamic Coupling (DTDC) of the form

η̇i = l(ηi, yi)+ s(ηi, yi)ui,
ẑi = C2N2β(ηi, yi)+ C2N3yi,

(24)

ui = γ

j∈Ei

aij

ẑτj − ẑi


, (25)

ui = γ

j∈Ei

aij

ẑτj − ẑτi


, (26)

with finite time-delay τ ∈ R>0, coupling strength γ > 0, inter-
connection weights aij ≥ 0, maxi∈I


j∈Ei

aij = 1,N2 and N3 as
in (13), and l(·) and s(·) as in (20) and (21), respectively. The DTDC
(24)–(26) is the combination of the observer (16), (17) and estima-
tions of (8) and (9).
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Remark 5. The observer dynamics (16), (17) is independent of the
time-delay, i.e., it is assumed that the measurements of yi are
not subject to time-delay and the delay in the DTDC (24)–(26) is
induced when the estimated outputs ẑi are transmitted. Under this
assumption, it is possible to maintain the same observer structure
while analyzing the effect of the transmission delays.

4.1. Boundedness of the interconnected systems

Lemma 2. Consider k identical systems (3), (4) interconnected
through either the DTDC (24), (25) or (24), (26) with coupling
strength γ ∈ R≥0 and time-delay τ ∈ R≥0 on a simple strongly
connected graph. Suppose that each system (3), (5) is strictly C1-
semipassive with radially unbounded storage function V (xi). In addi-
tion assume that:

(H4.1) There exists a function β(·) such that (H3.1) is satisfied and
the estimation error dynamics (19) is (globally) asymptoti-
cally stable with radially unbounded Lyapunov function V0 ∈

C1(Rp,R≥0) such that

(∇V0(ϵi))
T φ(ϵi, xi) ≤ −κ |ϵi|

2 , (27)

uniformly in xi(t) for some constant κ ∈ R>0.
(H4.2) If the systems are coupled through (24), (25), the functions

H(xi) are such that there exists R > 0 such that |xi| > R
implies that H(xi)− γ c|zi|2 > 0, with c = ∥C2∥ ∥N2∥.

(H4.3) If the systems are coupled through (24), (26), the functions
H(xi) are such that there exists R > 0 such that |xi| > R
implies that H(xi)− γ c̃|zi|2 > 0, with c̃ = ∥C2∥ ∥N2∥ + 2.

Let γmax be the largest γ that satisfies the inequalities in (H4.2) and
(H4.3), then the solutions of the coupled systems (3), (4), (24), (25)
and (3), (4), (24), (26) are ultimately bounded for any finite τ ∈ R≥0
and γ ∈ [0, γmax].

The proof of Lemma 2 can be found in the Appendix.

Remark 6. If the conditions stated in Lemma 2 are satisfied,
then existence and ultimate boundedness of the solutions of
the closed-loop system are guaranteed. Before studying network
synchronization (a relative stability notion), it is necessary to
ensure that solutions exist and are bounded; otherwise, it would
not make sense to talk about synchronization simply because
solutions are not guaranteed to be well defined.

4.2. Network synchronization

First, we derive conditions that guarantee invariance of the
synchronization manifold A under the closed-loop dynamics (3),
(4), (24)–(26).

Proposition 3. The synchronization manifold A is invariant under
the dynamics (3), (4), (24), (25) on a simple strongly connected graph
if at least one of the following conditions is satisfied.

1. The estimated states are τ -periodic, i.e.,

ẑi(t) = ẑi(t − τ).

2.


j∈Ei
aij = d̄ for some d̄ ∈ R>0 and all i ∈ I.

Proof. For the existence of the synchronized state, it is required
that the dynamics of the subsystems are identical on the
synchronization manifold. Since all the subsystems (3), (4) are
assumed to be identical, it follows that A is invariant under (3),
(4), (24), (25) if ui = uj for all i, j ∈ I, i.e.,

0 = ui − uj = γ (di − dj)

ẑ∗ − ẑτ

∗


,

for all ẑ∗ ∈ Âz := {ẑ ∈ Rkm
|ẑi = ẑj,∀ i, j ∈ I} with

ẑ := col(ẑ1, . . . , ẑk). Then, ui = uj only if di =


j∈Ei
aij =

d̄ ∈ R>0 for all i ∈ I or if ẑ = ẑτ , i.e., the estimated states are
τ -periodic. �

Therefore, it is assumed that:

(H4.4)


j∈Ei
aij = d̄ ∈ R>0 ∀ i ∈ I, for systems interacting

through the DTDC (24), (25).

Clearly, if the systems are interconnected through (24), (26), all
the coupling functions vanish on the synchronization manifold.
Hence, the synchronization manifold A is positively invariant
under the dynamics (3), (4), (24), (26). In the following theorem,
we give sufficient conditions for network synchronization of the
interconnected systems.

Theorem 2. Consider k identical systems (3), (4) interconnected
through either the DTDC (24), (25) or (24), (26) with coupling
strength γ ∈ R≥0 and time-delay τ ∈ R≥0 on a simple strongly
connected graph. Suppose that the conditions stated in Lemma 2 and
assumption (H2.1) are satisfied and in the case of coupling (24), (25)
assumption (H4.4) holds. Then, the solutions of the closed-loop sys-
tems (3), (4), (24), (25) and (3), (4), (24), (26) are ultimately bounded
and there exist positive constants γ ′,Ξ ′, and κ ′ such that if γ ∈

(γ ′, γmax] (with γmax being the maximal coupling strength for which
boundedness of solutions is guaranteed), γ τ < Ξ ′, and κ > κ ′ (with
κ from (H4.1)), then there exists an asymptotically stable subset of
the diagonal set A.

The proof of Theorem 2 can be found in the Appendix. The result
stated in Theorem 2 amounts to the following. The interconnected
systems asymptotically synchronize, provided that the coupling
strength γ belongs to the set (γ ′, γmax], the time-delay τ is
sufficiently small, and the estimation errors ϵi converge sufficiently
fast to the origin.

5. An example with FitzHugh–Nagumo neural oscillators

It is well known that individual neurons in parts of the
brain discharge their action potentials in synchrony. Synchronous
oscillations of neurons have been reported in the olfactory
bulb, the visual cortex, the hippocampus, and in the motor
cortex (Gray, 1994; Singer, 1999). The presence or absence of
synchrony in the brain is often linked to specific brain functions or
critical physiological states (e.g., epilepsy). Hence, understanding
conditions that lead to such a behavior, exploring the possibilities
to manipulate these conditions, and describe them rigorously is
vital for further progress in neuroscience and related branches of
physics. Thus, to show the performance of our control-scheme,
we have selected networks of coupled FitzHugh–Nagumo neural
oscillators. The FitzHugh–Nagumo neuronal model is one of many
neuronal models that fulfils the conditions stated in Theorem 2 at
the level of the systems, namely, semipassivity and convergence, see
Steur et al. (2009).

A. Convergence and semipassivity. Each system in the network is
assumed to be a forced FitzHugh–Nagumo oscillator of the formżi = zi −

z3i
3

− yi + δ cos(t)+ ui,

ẏi = ψ(zi + a − byi),
(28)

with measurable output yi ∈ R, semipassive output zi ∈ R, state
xi = (zi, yi)T ∈ R2, input ui ∈ R, positive constants ψ, a, b, δ ∈

R>0, and i ∈ I = {1, . . . , 8}. The FitzHugh–Nagumo oscillator is
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Fig. 1. Network of eight identical systems. The graph is directed and strongly
connected.

strictly C1-semipassive with input ui, output zi, storage function
V (xi) =

1
2 (z

2
i +

1
ψ
y2i ), and function H(·) as follows

H(xi) =
z4i
3

− z2i − δ |zi| + by2i − ayi, (29)

which is strictly positive for sufficiently large |xi|. Moreover, if we
apply Demidovich’s condition (12) to the internal dynamics of (28),
it follows that for P = 1 the matrix Q (xi) is simply given by
Q (xi) = −ψb. Since b, ψ ∈ R>0, it follows that Q (xi) is strictly
negative and by Proposition 1 the internal dynamics is convergent;
therefore, assumption (H2.1) is satisfied. However, the variable zi is
not available for feedback, the coupling variable is the measurable
output yi and therefore Theorem1 cannot be applied. Nevertheless,
if there exists a function β(·) such that (H4.1) is satisfied, then the
DTDC (24)–(26) could be constructed and therefore Theorem2may
be applied to conclude synchronization of the closed-loop system.

B.Network topology.Consider a network of eight systems coupled
according to the graph depicted in Fig. 1 with aij = 1 if {ij} ∈ E and
aij = 0 otherwise. The network is strongly connected and simple.
Moreover, the degree matrix is given by D = diag{2, . . . , 2},
assumption (H4.4) is satisfied, and the associated adjacencymatrix
is not symmetric, i.e., A ≠ AT .

C. Nonlinear observer. Next, using Proposition 2, an observer of
the form given in Definition 3 is constructed. Associated with
system (28), the estimation error dynamics (19) takes the following
form

ϵ̇i = −


1 −

∂β

∂yi

z2i ϵi + ziϵ2i +
ϵ3i

3
− ϵi

−ψϵi


= −


ϵ2i

12
+


zi +

ϵi

2

2
− 1 +

∂β

∂yi
ψ


ϵi. (30)

Consider the Lyapunov function V0(ϵi) =
1
2ϵ

2
i , then

V̇0(ϵi, zi) = −


ϵ2i

12
+


zi +

ϵi

2

2
− 1 +

∂β

∂yi
ψ


ϵ2i

≤ −


∂β

∂yi
ψ − 1


ϵ2i . (31)

Taking the function β(ηi, yi) = ηi + κyi with κ ∈ R>0, yields
V̇0 ≤ − (κψ − 1) ϵ2i ; therefore, for any κ >

1
ψ

the origin of (30) is

globally uniformly asymptotically stable. Notice that det

∂β

∂ηi


=

1 ≠ 0, i.e., assumption (H3.1) is satisfied. It follows that the
functions l(·) and s(·) in (20) and (21) are well defined; hence, the
nonlinear observer (16), (17) takes the following form
η̇i =


κψb − κ2ψ + κ − 1


yi + (1 − κψ) ηi

− κψa −
(κyi + ηi)

3

3
+ δ cos(t)+ ui,

ẑi = κyi + ηi.

(32)

D. Diffusive dynamic coupling. Combining the observer (32) and
the estimated versions of (8) or (9), the dynamic couplings (24) and
(26) are given by

ui = γ

j∈Ei

aij

κyτj − κyi + ητj − ηi


, (33)

ui = γ

j∈Ei

aij

κyτj − κyτi + ητj − ητi


. (34)

Let the 8 systems (28) be interconnected according to the graph
depicted in Fig. 1 through the DTDC (32)–(34). Next, we check
whether the assumptions of Lemma 2 and Theorem 2 are satisfied.
It is already shown that (H4.1) of Lemma 2 is satisfied and that
each system (28) is strictly C1-semipassive with H(xi) as in (29).
The function H(xi) has to satisfy the conditions stated in (H4.2)
and (H4.3). Since, the function H(xi) has a positive fourth-degree
term in zi and a positive quadratic term in yi, which for large |xi|
dominate all the other terms, it follows that the inequalities in
(H4.2) and (H4.3) are always satisfied for sufficiently large |xi| and
arbitrary large coupling strength γ . Therefore, by Theorem 2, the
solutions of the coupled systems (28), (32)–(34) are ultimately
bounded, and for sufficiently small time-delay τ and sufficiently
large γ and κ , the systems synchronize.

E. Numerical results. Consider the following parameters, ψ =

0.08, a = 0.7, b = 0.8, and δ = 1.325. For these parameters,
the solutions of the FitzHugh–Nagumo oscillator exhibit chaotic
behavior. Fig. 2 depicts the simulation results of the network of
FitzHugh–Nagumo oscillators interconnected via (32), (34) on the
graph depicted in Fig. 1. Fig. 2(a) shows the time responses for
γ = 0.75, κ = 13, and τ = 0.5. The top panel shows the eight
zi states and the eight yi states are depicted in the bottom one. The
controller is turned on at t = 25 (s). In Fig. 2(b),we show the values
of γ and τ , obtained by extensive computer simulations, for which
the systems synchronize (gray region).

6. Conclusions

In this paper, we have addressed and solved the problem
of controlled network synchronization of coupled semipassive
systems. We have developed a general tool for constructing two
different types of time-delayed diffusive dynamic couplings using
ideas of immersion and invariance. The coupling design problem is
recast as a problemof rendering attractive and invariant amanifold
defined in the extended state-space of the plant and the coupling.
Sufficient conditions on the systems to be interconnected, the
network topology, the coupling dynamics, and the time-delay that
guarantee (global) state synchronization and boundedness have
been derived. We have presented simulation results using chaotic
FitzHugh–Nagumoneural oscillators that show step by step how to
construct the proposed time-delayed dynamic diffusive couplings
and how to apply the results stated in Sections 4 and 5 to prove
boundedness and synchronization of the solutions of the closed-
loop system.
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Fig. 2. Synchronization of eight FitzHugh–Nagumo oscillators: (a) Time responses.
(b) Synchronization region in the parameter space (γ , τ ).

Appendix. Proofs

Proof of Lemma 2. First, we prove boundedness of the closed-
loop system (3), (4), (24), (25). By assumption, each system (3),
(5) is strictly semipassive with radially unbounded function V (xi).
Define the functional

W1(xt(θ)) =

k
i=1

νi


V (xi)+

γ

2


j∈Ei

aij

 0

−τ

zj(t + s)
2 ds ,

with x = col(x1, . . . , xk), xt(θ) = x(t+θ) ∈ C, θ ∈ [−τ , 0], C =

[−τ , 0] → Rkn the Banach space of continuous functionsmapping
the interval [−τ , 0] intoRkn, and νi denoting the entries of the left
eigenvector corresponding to the zero eigenvalue of the Laplacian
matrix L, i.e., ν = (ν1, . . . , νk)

T and νT L = νT (D − A) = 0.
The graph is assumed to be strongly connected, it follows that the
vector ν has strictly positive real entries (Bollobas, 1998; Steur,
2012), i.e., νi > 0 for all i. Then, by the semipassivity assumption
in Lemma 2, it follows that

Ẇ1(xt(θ)) ≤

k
i=1

νi

zTi ui − H(xi)


+

k
i=1

νi


γ

2


j∈Ei

aij
zj2 − |zτj |

2

. (A.1)

Define the variable

ϵzi = ẑi − zi = C2

x̂i − xi


, (A.2)

using (13), it follows that

ϵzi = C2

N2ρ̂i + N3yi − N2ρi − N3yi


,

= C2N2

ρ̂i − ρi


,

= C2N2ϵi, (A.3)

then ẑi can be written as

ẑi = zi + C2N2ϵi. (A.4)
Consider the term

k
i=1

νizTi ui = γ

k
i=1


j∈Ei

νiaijzTi (ẑ
τ
j − ẑi). (A.5)

substitution of (A.4) in (A.5) yields

k
i=1

νizTi ui = γ

k
i=1


j∈Ei

νiaijzTi (z
τ
j − zi)

+ γ

k
i=1


j∈Ei

νiaijzTi C2N2(ϵ
τ
j − ϵi), (A.6)

by Young’s inequality it follows that

k
i=1

νizTi ui ≤
γ

2

k
i=1


j∈Ei

νiaij

|zτj |

2
− |zi|2


+
γ c
2

k
i=1


j∈Ei

νiaij

2 |zi|2 + |ϵi|

2
+ |ϵτj |

2 , (A.7)

with c = ∥C2∥ ∥N2∥. Consider the functional

W2(ϵt(θ)) =

k
i=1

νi


1 +

γ c
κ


j∈Ei

aij


V0(ϵi)

+
γ c
2

k
i=1


j∈Ei

νiaij

 0

−τ

ϵj(t + s)
2 ds, (A.8)

with V0(ϵi) from (H4.1). Then

Ẇ2 ≤

k
i=1

νi


−κ|ϵi|

2
+
γ c
2


j∈Ei

aij(|ϵj|2 − |ϵτj |
2
− 2|ϵi|2)


.

Finally, define the functional W (xt(θ), ϵt(θ)) = W1 + W2. Using
the fact that νT (D − A) = 0 and combining the previous results
yields

Ẇ ≤ −

k
i=1

νi

H(xi)+ κ |ϵi|

2
− γ cdi |zi|2


. (A.9)

Then by assumption (H4.2), Ẇ < 0 for κ > 0 and sufficiently large
|ς | with ς = col(x, ϵ). The functional W is radially unbounded.
Hence, there exists a constant σ > 0 such that Ẇ (ς) < 0 for
σ and ς satisfying W (ς) ≥ σ . Then, solutions starting in the
set {W (ς) ≤ σ } will remain there for all future time since Ẇ is
negative on the boundary W (ς) = σ . Moreover, for any ς in the
set {W (ς) ≥ σ ∗

} with σ ∗ > σ , the function Ẇ (ς) is negative,
which shows that, in this set, W (ς) will decrease monotonically
until the solutions enter the set {W (ς) ≤ σ } again. Therefore, it
can be concluded that the solutions of the closed-loop system (3),
(4), (24), (25) exist and are ultimately bounded for all τ ≥ 0 and
γ < γmax. Now consider the closed-loop system (3), (4), (24), (26)
and the positive definite functional

W =

k
i=1

νi


1 +

γ c
κ


j∈Ei

aij


V0(ϵi)+

k
i=1

νiV (xi)

+
γ c
2

k
i=1


j∈Ei

νiaij

 0

−τ

|ϵi(t + s)|2 +
ϵj(t + s)

2 ds
+
γ

2

k
i=1


j∈Ei

νiaij

 0

−τ

|zi(t + s)|2 +
zj(t + s)

2 ds. (A.10)



42 C. Murguia et al. / Automatica 57 (2015) 34–44
Using the samemachinery as before an after some straightforward
computations yields

Ẇ ≤ −

k
i=1

νi

H(xi)+ κ|ϵi|

2
− γ c̃di|zi|2


, (A.11)

with c̃ = c + 2. The result follows from the same arguments
presented in the first part of the proof. �

Proof of Theorem 2. First, we prove that the closed-loop system
(3), (4), (24), (25) asymptotically synchronize. The existence and
uniqueness of the solutions follow from smoothness of the right-
hand side of the closed-loop system. By Lemma 2, all the so-
lutions exist for all t ≥ 0 and are ultimately bounded. Let ζ
= col(ζ1, . . . , ζk) ∈ Rk(n−m) and ϵ = col(ϵ1, . . . , ϵk) ∈ Rkp. Define
M ∈ Rk×k as

M :=


1 0
1 −Ik−1


, (A.12)

with 1 = col(1, . . . , 1). Introduce again the set of coordinates,
z̄ = (M ⊗ Im)z, ζ̄ = (M ⊗ In−m)ζ , and ϵ̄ = (M ⊗ Im)ϵ. Note that, z̄1
= z1, z̄2 = z1 − z2, . . . , z̄k = z1 − zk, ζ̄1 = ζ1, ζ̄2 = ζ1 −

ζ2, . . . , ζ̄k = ζ1 − ζk, and ϵ̄1 = ϵ1, ϵ̄2 = ϵ1 − ϵ2, . . . , ϵ̄k =

ϵ1 − ϵk. Define, z̃ = col(z̄2, . . . , z̄k), ζ̃ = col(ζ̄2, . . . , ζ̄k), and
ϵ̃ = col(ϵ̄2, . . . , ϵ̄k). Note that z̃ = ζ̃ = 0 implies that the systems
synchronize. Assumptions (H4.1) and (H2.1) imply the existence of
positive definite functionsV1 : Rkp

→ R≥0 andV2 : R(k−1)(n−m)
→

R≥0 such that

V̇1(ϵ, x) ≤ −κ |ϵ|2 ∀ϵ, x, (A.13)

V̇2(ζ̃ , z̃)

z̃=0

≤ −α|ζ̃ |2, (A.14)

for some constant α > 0 and κ as in (27). Smoothness of the vector
fields and boundedness of the solutions of the closed-loop system
imply

V̇2(ζ̃ , z̃)− V̇2(ζ̃ , 0) ≤ c2 ˜|ζ |
z̃ , (A.15)

for some positive constant c2. Notice that

MLM−1
=


0 ∗

0 L̃


.

Since spec(L̃) = spec(L) \ {0}, it follows that the matrix L̃ ∈

R(k−1)×(k−1) has eigenvalues λ2, . . . , λk ∈ C>0, (Steur, 2012). The
estimation error is given by ϵ = ρ̂−ρ, then the controller (25) can
be rewritten in matrix form as follows

u = −γ (D ⊗ Im)ẑ + γ (A ⊗ Im)ẑτ

= −γ (D ⊗ Im)z − γ (D ⊗ C2N2)ϵ

+ γ (A ⊗ Im)zτ + γ (A ⊗ C2N2)ϵ
τ . (A.16)

Using continuity properties of the solutions, and Leibniz’s rule, zτ
and ϵτ can be written as

zτ = z −

 0

−τ

ż(t + s)ds, ϵτ = ϵ −

 0

−τ

ϵ̇(t + s)ds, (A.17)

it follows that

u = −γ (L ⊗ Im)z − γ (L ⊗ C2N2)ϵ

− γ

 0

−τ

(A ⊗ Im)ż(t + s)ds + (A ⊗ C2N2)ϵ̇(t + s)ds, (A.18)

with Laplacian matrix L = D − A. Moreover, denote ũ = col((u1 −

u2), . . . , (u1 − uk)), it follows that

ũ = −γ (L̃ ⊗ Im)z̃ − γ (L̃ ⊗ C2N2)ϵ̃

− γ

 0

−τ

(Ã ⊗ Im) ˙̃z(t + s)ds + (Ã ⊗ C2N2) ˙̃ϵ(t + s)ds, (A.19)
with

MAM−1
=


0 ∗

0 Ã


.

Then, the closed-loop system can be written as

˙̃z = ã(z̃, ζ̃ , z1, ζ1)− γ (D̃ ⊗ Im)z̃ − γ (D̃ ⊗ C2N2)ϵ̃

+ γ (Ã ⊗ Im)z̃τ + γ (Ã ⊗ C2N2)ϵ̃
τ , (A.20)

= ã(z̃, ζ̃ , z1, ζ1)− γ (L̃ ⊗ Im)z̃ − γ (L̃ ⊗ C2N2)ϵ̃ − γ (Ã ⊗ Im)

×

 0

−τ

˙̃z(t + s)ds − γ (Ã ⊗ C2N2)

 0

−τ

˙̃ϵ(t + s)ds, (A.21)

where

ã(z̃, ζ̃ , z1, ζ1) =

 a(z1, ζ1)− a(z1 − z̃1, ζ1 − ζ̃1)
...

a(z1, ζ1)− a(z1 − z̃k−1, ζ1 − ζ̃k−1)

 .
Likewise, ˙̃ϵ is given by

˙̃ϵ = φ̃(ϵ̃, x̃, ϵ1, x1), (A.22)

with

φ̃(ϵ̃, x̃, ϵ1, x1) :=

 φ(ϵ1, x1)− φ(ϵ1 − ϵ̃1, x1 − x̃1)
...

φ(ϵ1, x1)− φ(ϵ1 − ϵ̃k−1, x1 − x̃k−1)

 ,
with function φ(·) as defined in (19). Substitution of (A.20) and
(A.22) in (A.21) yields

˙̃z = ã(z̃, ζ̃ , z1, ζ1)− γ (L̃ ⊗ I)z̃ − γ (L̃ ⊗ C2N2)ϵ̃

− γ (Ã ⊗ I)
 0

−τ

ã(z̃, ζ̃ , z1, ζ1)(t + s)ds

+ γ 2(ÃD̃ ⊗ I)
 0

−τ

z̃(t + s)+ (I ⊗ C2N2)ϵ̃(t + s)ds

− γ 2(Ã2
⊗ I)

 0

−τ

z̃(t + s − τ)+ (I ⊗ C2N2)ϵ̃(t + s − τ)ds

− γ (Ã ⊗ C2N2)

 0

−τ

φ̃(ϵ̃, x̃, ϵ1, x1)(t + s)ds. (A.23)

Without loss of generality, it will be assumed that D = Ik. Then,
by construction ∥Ã∥ ≤ 1 and ∥D̃∥ = 1. Since L̃ is a stable matrix, it
follows that there exist a unique solution of the Lyapunov equation
(−L̃)TP + P(−L̃)+ Q = 0 with P = PT > 0 and Q = Q T > 0. Let
(−L̃)TP + P(−L̃) = −2µI for some constant µ > 0, and consider
the positive definite function V3(z̃) =

1
2 z̃

T (P ⊗ Im) z̃. Then

V̇3(z̃) ≤ −γµ|z̃|2 + z̃T (P ⊗ I)(ã(z̃, ζ̃ , z1, ζ1)− γ (L̃ ⊗ C2N2)ϵ̃)

+ γ
z̃ ∥P∥

 0

−τ

ã(z̃, ζ̃ , z1, ζ1)(t + s)
 ds

+ γ 2
z̃ ∥P∥

 0

−τ

z̃(t + s)
+ c |ϵ̃(t + s)|


ds

+ γ 2
z̃ ∥P∥

 0

−τ

z̃(t + s − τ)
+ c|ϵ̃(t + s − τ)|


ds

+ γ c
z̃ ∥P∥

 0

−τ

φ̃(ϵ̃, x̃, ϵ1, x1)(t + s)
 ds, (A.24)

with c = ∥C2∥ ∥N2∥. In addition, ultimate boundedness of the so-
lutions and smoothness of the functions a(·) and φ(·) imply that

z̃T (P ⊗ I)ã(z̃, ζ̃ , z1, ζ1) ≤ c3
z̃ |ζ̃ | + c4

z̃2 ,
z̃T (PÃ ⊗ C2N2)φ̃(ϵ̃, x̃, ϵ1, x1) ≤ c̃2

z̃ |ϵ̃| + c̃3
z̃ |ζ̃ | + c̃4

z̃2
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for some positive constants c3, c4, c̃2, c̃3, c̃4 ∈ R>0. Let the function
V(ϵ, ζ̃ , z̃) = V1(ϵ) + V2(ζ̃ ) + V3(z̃) be a Lyapunov–Razumikhin
function such that if

V(ϵ, ζ̃ , z̃) > ~2V(ϵt(θ), ζ̃t(θ), z̃t(θ))

for θ ∈ [−2τ , 0] and some constant ~ > 1, then

V̇ ≤ −κ |ϵ|2 − α|ζ̃ |2 − (µγ − ~c5Ξ − 2~ ∥P∥ γΞ − c4) |z̃|2

+
√
k

c ∥P∥ ˜∥L∥γ + 2~c ∥P∥ γΞ + ~c6Ξ


|ϵ| |z̃|

+ (c7 + ~c8Ξ) |ζ̃ | |z̃|, (A.25)

for some positive constants c5, c6, c7, c8 ∈ R>0 andΞ = γ τ . Some
straightforward algebra shows that (A.25) is negative definite if

µ > µ′
:=

1
γ


(c7 + ~c8Ξ)2

4α
+ ~c5Ξ + c4


+ 2~ ∥P∥Ξ ,

κ > κ ′
:=

k

c ∥P∥ ˜∥L∥γ + 2~c ∥P∥ γΞ + ~c6Ξ

2
4γ (µ− µ′)

,

hence, it can be concluded that (A.25) is negative definite if γ is
sufficiently large, Ξ is sufficiently small, and κ > κ ′; hence, there
exist constants γ ′,Ξ ′, and κ ′ such that (A.25) is negative definite
if γ > γ ′,Ξ < Ξ ′ and κ > κ ′. Then, ultimate boundedness of the
solutions and the Lyapunov–Razumikhin theorem implies that the
set {col(ϵ, ζ̃ , z̃) = 0} is a global attractor for γ > γ ′,Ξ < Ξ ′, and
κ > κ ′.
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