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Abstract

Modelling the behaviour of grain boundaries in polycrystalline metals using macroscopic continuum

frameworks demands a multi-scale description of the underlying details of the structure and energy

of grain boundaries. The objective in this work is the incorporation of a multi-scale atomistic-

to-continuum approach of the initial grain boundary structure and energy into a grain boundary

extended crystal plasticity framework in order to investigate the role of the grain boundary ener-

getics on the macroscopic response. To this end, the methodology includes: (i) the generalisation

of the atomistic-to-continuum results of the initial grain boundary structure and energy, (ii) an

analytical analysis of the resulting grain boundary energetics in the continuum framework, (iii) the

numerical implementation of the developed framework in the case of a periodic bicrystal subjected

to simple shear deformation considering a symmetric tilt boundary system in the full misorienta-

tion range. This work provides a step forward towards the physically based continuum modelling

of grain boundary interfacial plasticity.

Key words: Grain boundary structure, Grain boundary energy, Crystal plasticity, Interface

model

1. Introduction

In polycrystalline materials, differences in the orientation of the crystals that constitute the

material play a significant role in the macroscopic behaviour. In spite of numerous investigations
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in the past, the physical understanding of the underlying deformation mechanisms defining this

macroscopic behaviour and its incorporation into continuum level modelling are still the subject

of ongoing studies. A well-known example is the increased strength and hardening due to grain

size refinement, i.e. the Hall-Petch effect, which has led to advanced material models capturing

these size effects. However, when the average grain size reduces, also the behaviour of the grain

boundaries (GB) and their interaction with crystal defects become of key importance. Various

types of interactions between dislocations and grain boundaries have been reported experimentally

(Gemperlová et al., 2002; Lee et al., 1990; Shen et al., 1988; Smith, 1982; Valiev et al., 1986) and

in atomistic simulations (Bachurin et al., 2010; de Koning et al., 2003; Pestman et al., 1991; Sangid

et al., 2012; Zhang and Wang, 1996). Dislocations can be accumulated, transmitted, absorbed or

nucleated at the interfaces.

From a continuum modelling point of view, conventional continuum plasticity models, even

those enhanced to include strain gradients and interface behaviour (Dahlberg et al., 2013; Fredriks-

son and Gudmundson, 2007; Massart and Pardoen, 2010; Polizzotto, 2009; Voyiadjis et al., 2014),

do not explicitly account for crystallographic misorientation across a grain boundary, which is an

important quantity defining micro-scale interactions between dislocations and grain boundaries.

Classical crystal plasticity models overcome this deficiency, but they generally do not account

for grain boundary phenomena, i.e. grain boundaries are only incorporated as planes where the

crystallographic orientation changes. Gradient enhanced crystal plasticity alleviates this limita-

tion. While these approaches mostly incorporate the limiting situations of either impenetrable or

completely transparent grain boundaries through higher-order boundary conditions (Bayley et al.,

2006; Evers et al., 2004a; Gurtin, 2002; Kuroda and Tvergaard, 2008; Mayeur et al., 2011), sev-

eral attempts have been made to elaborate these frameworks to include grain boundary interface

mechanics (Ekh et al., 2011; Gurtin, 2008; Kim and Oh, 2012; Liu et al., 2011b; Özdemir and

Yalçinkaya, 2014; Wulfinghoff et al., 2013). Among the different constitutive choices that have to

be made, the grain boundary energy often follows a simple ad hoc expression. However, atomistic

simulations indicate that the grain boundary energy is dependent on the grain boundary structure

(Hasson et al., 1972; Rittner and Seidman, 1996; Tschopp and McDowell, 2007; Wang et al., 1984;
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Wolf, 1990). Furthermore, the dislocation interaction behaviour depends on the grain boundary

structure. It should be emphasised that the macroscopic gradient crystal plasticity models dis-

cussed above do not directly account for the detailed grain boundary processes, but incorporate

idealised grain boundary conditions. Currently, a limited number of the continuum modelling ap-

proaches (can) address the underlying initial and evolving grain boundary structure (Fressengeas

et al., 2014; Taupin et al., 2013).

In recent work, van Beers et al. (2015) developed a multi-scale approach leading to a continuum

representation of the initial grain boundary structure and energy based on the output of atomistic

simulations. The proposed approach introduces an intrinsic net defect density, representing the

grain boundary structure, which is related to the atomistically calculated grain boundary energies

through a logarithmic expression. It was shown that this multi-scale method can accurately describe

the grain boundary energies in the complete misorientation range of symmetric tilt grain boundary

systems in aluminium and copper. In the present paper, this atomistic-to-continuum approach

is incorporated into the grain boundary extended crystal plasticity model, developed earlier by

van Beers et al. (2013). The resulting model is implemented numerically in order to examine the

particular role and influence of the grain boundary energetic contributions on the macroscopic

response. The modelling approach is illustrated on a periodic copper bicrystal subject to simple

shear deformation, considering symmetric tilt boundaries with the [001] rotation axis in the full

misorientation range, including both low- and high-angle grain boundaries.

The outline of this paper is as follows. In Section 2, a summary of the grain boundary extended

crystal plasticity framework is provided. Section 3 briefly describes the multi-scale atomistic-to-

continuum approach of the initial grain boundary structure and energy, and covers the incorpora-

tion of the atomistic-to-continuum approach into the grain boundary interface model within the

strain gradient crystal plasticity framework. In Section 4, the resulting initial grain boundary en-

ergetics is analysed analytically. The numerical implementation and the results of the effect of the

energetic contributions of the grain boundaries on the macroscopic response of copper bicrystals

are described in Section 5. This is followed by a discussion in Section 6. Finally, conclusions are

made in Section 7.
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Cartesian tensors and tensor products are used throughout the paper: a, A and nA denote

respectively a vector, a second-order tensor and an nth-order tensor, unless stated otherwise.

The following notation for vector and tensor operations is employed: transpose AT
ij = Aji, the

dyadic product ab = aibjeiej, the dot product A · B = AijBjkeiek and the double dot product

A : B = AijBji with ei (i = 1, 2, 3) the unit vectors of a Cartesian basis.

2. Bulk and interface frameworks

The microstructurally motivated strain gradient crystal plasticity framework including a grain

boundary interface model as developed in van Beers et al. (2013) is summarised next.

2.1. Bulk crystal formulation

The bulk crystal formulation originates from the one proposed by Evers et al. (2004a,b) and

Bayley et al. (2006), restricted to small deformations. The total distortion is given by the sum of

elastic (e) and plastic (p) components

∇u = He +Hp . (1)

The plastic distortion is given by

Hp =
∑

α

γαsαmα . (2)

Here, γα represents slip on slip system α having slip plane normal mα and slip direction sα. In

the crystal plasticity approach adopted, dislocation densities on individual slip systems act as

key variables. Geometrically necessary dislocation (GND) densities of edge and screw character,

denoted ρ
α(e)
g and ρ

α(s)
g , respectively, arise from gradients in slip as follows

ρ
α(e)
g = ρ

α(e)
g0 − 1

b
∇γα · sα , ρ

α(s)
g = ρ

α(s)
g0 +

1

b
∇γα · pα , (3)

with unit vector pα = sα ×mα. The quantities ρ
α(e)
g0 and ρ

α(s)
g0 represent the initial GND densities

and b is the Burgers vector magnitude. For a given slip system α the resolved shear stress or
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Schmid stress τα is given by

τα = σ : sαmα , (4)

where the Cauchy stress tensor σ is determined through the conventional elastic relationship

σ = 4C : Ee with Ee = 1
2

(

He +HeT
)

. (5)

Here, 4C is the fourth order elasticity tensor and Ee the elastic strain. The evolution of slip is

accomplished through a visco-plastic power-law by

γ̇α = γ̇0

( |τα − ταb |
sα

)
1
m

sign (τα − ταb ) . (6)

Parameters γ̇0 and m are positive constants. The back stress ταb is obtained by the projection of

the internal stress σint onto slip system α

ταb = −σint : sαmα . (7)

The internal stress can be interpreted as a fine-scale correction, accounting for microstructural

effects not resolved by the long-range elastic strain field, e.g. through dislocation pile-ups. Spatial

gradients in the densities of geometrically necessary dislocations induce long- and short-range non-

vanishing stress fields. In the derivation, the stress fields of dislocations in an infinite elastically

isotropic medium are used. Further, by assuming a linear spatial variation of the GND densities

of both edge and screw type within a radius R around a material point, the following expression

for the internal stress accounting for contributions from all slip systems α is obtained (see Bayley

et al. (2006) for more details)

σint =
GbR2

8 (1− ν)

∑

α

∇ρ
α(e)
g · 3Cα(e) +

GbR2

4

∑

α

∇ρ
α(s)
g · 3Cα(s) , (8)
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with the third order slip system orientation tensors

3Cα(e) = 3mαsαsα +mαmαmα + 4νmαpαpα − sαsαmα − sαmαsα ,

3Cα(s) = −mαpαsα −mαsαpα + pαmαsα + pαsαmα . (9)

Parameter G is the shear modulus and ν is the Poisson’s ratio. The length scale parameter R

determines the extent of the nonlocal influence. It is bounded from below by the average dislocation

spacing, whereas an upper bound results from the scale over which the continuum coarse-graining

applies. Although length scale R is assumed constant in this work, it may evolve with deformation.

Furthermore, here we allow R to go across grain boundaries, thus assuming that the internal stress

field of dislocations in one grain is not screened or disturbed by the grain boundary. Due to the

focus on the grain boundary behaviour in this work, the back stress, Eq. (7), is simplified, taking

into account only the ‘self’ internal stress components (Bayley et al., 2006), i.e. only the last two

terms in the third order slip system orientation tensors in Eq. (9) are considered.

In Eq. (6), the slip resistance sα for slip system α reflects the obstruction of dislocation glide

through short-range interactions of all dislocations on coplanar and intersecting slip systems. It

depends on both the densities of geometrically necessary (GNDs), ρξg, and statistically stored

dislocations (SSDs), ρξs, (Ashby, 1970)

sα = Gb

√

∑

ξ
Aαξ

∣

∣ρξ
s

∣

∣+
∑

ξ
Aαξ

∣

∣ρξ
g

∣

∣ . (10)

Here, Aαξ represents the full dislocation interaction matrix as given by Franciosi and Zaoui (1982).

The components Aαξ are the coefficients a0, a1, a2 and a3, which represent the strength of six

types of interactions: self hardening (a0), coplanar (a1), cross slip (a1), Hirth lock (a1), glissile

junction (a2) and Lomer-Cottrell lock (a3). The evolution of the SSD densities ρξs is described by

the generalised form of Essmann and Mughrabi (1979)

ρ̇ξs =
1

b

(

1

Lξ
− 2ycρ

ξ
s

)

∣

∣γ̇ξ
∣

∣ with ρξs(t = 0) = ρξ
s0 . (11)
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The dislocation accumulation is governed by the average dislocation segment length

Lξ =
K

√

∑

ζ H
ξζ
∣

∣ρζ
s

∣

∣+
∑

ζ H
ξζ
∣

∣ρζ
g

∣

∣

, (12)

where Hξζ are the immobilisation coefficients, structured analogously to the interaction coefficients

Aαξ. The dislocation annihilation is controlled by a critical annihilation length yc. More details on

this gradient crystal plasticity framework can be found in Evers et al. (2004a,b) and Bayley et al.

(2006).

2.2. Grain boundary interface formulation

The interface framework, developed in van Beers et al. (2013), allows for the incorporation of

macroscopic sliding and opening of the interface. However, this is not considered here since con-

tinuity of displacements across the interface will be assumed. The different fine-scale phenomena

taking place at the boundary, e.g. absorption, emission and transmission, are not resolved sepa-

rately at the scale of the model, but the net effect of these interactions is lumped into a continuum

scale quantity termed ‘interface normal slip’ q, which is a coarse-graining quantity in this model.

The interface normal slip components of edge (e) and screw (s) dislocations at the interface Γ

between adjacent grains A (slip systems α) and B (slip systems β) are defined as:

grain A: qα(e) = γα sα · ngb , qα(s) = −γα pα · ngb ,

grain B: qβ(e) = −γβ sβ · ngb , qβ(s) = γβ pβ · ngb . (13)

The grain boundary normal ngb points from grain A to grain B. In a similar manner to slip in

the bulk crystal, evolution of the interface normal slip on slip system α at the grain A side of Γ is

modelled with a visco-plastic power-law (the expressions for grain B are obtained by substituting
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β for α):

q̇α(e) = q̇0

(

∣

∣Fα(e)
bk −Fα(e)

e

∣

∣

Rα(e)

)

1
n

sign
(

Fα(e)
bk −Fα(e)

e

)

,

q̇α(s) = q̇0

(

∣

∣Fα(s)
bk −Fα(s)

e

∣

∣

Rα(s)

)

1
n

sign
(

Fα(s)
bk −Fα(s)

e

)

. (14)

The parameters n and q̇0 are positive constants (similar to the bulk crystal parameters m and

γ̇0). The quantities Rα(e) and Rα(s) are the interface normal slip resistances for edge and screw

dislocations on slip system α, respectively. The bulk-induced interface microforces Fα(e)
bk and Fα(s)

bk

are the projections of the slip system microstress ξα:

Fα(e)
bk = −ξα · sα , Fα(s)

bk = ξα · pα . (15)

The microstress ξα can be determined from the microstructurally motivated internal stress σint,

see van Beers et al. (2013) for the details. The energetic interface microforces Fα(e)
e and Fα(s)

e ,

which can be interpreted as interface ‘back stresses’, are determined from the grain boundary free

energy φe:

Fα(e)
e =

∂φe

∂qα(e)
, Fα(s)

e =
∂φe

∂qα(s)
. (16)

The grain boundary free energy φe is linked to the grain boundary structure and its evolution

φe = φe
(

Bgb
(

qα(e,s), qβ(e,s)
))

. (17)

The quantity Bgb is the grain boundary residual Burgers vector, hereafter named the grain bound-

ary net defect, representing the grain boundary structure, that evolves upon interaction with lattice

dislocations through the interface normal slip measures q. It is emphasised that this continuum

description cannot resolve the details of interface structure rearrangement, but only implicitly ad-

dresses these grain boundary phenomena. The grain boundary structure and energy, as well as
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their evolution in a continuum sense will be further elaborated in the next section.

3. Incorporation of internal GB structure and energy

The incorporation of the internal structure and energy of grain boundaries into the grain bound-

ary extended crystal plasticity framework is now addressed. Departing from the grain boundary net

defect description, the multi-scale approach for a continuum representation of the initial structure

and energy of grain boundaries (van Beers et al., 2015) is summarised. Next, the atomistic-to-

continuum approach is incorporated into the extended crystal plasticity framework.

3.1. Net defect description

The structure and energy of a grain boundary depends on its initial state and the subsequent

deformation history of the adjacent grains. When a lattice dislocation interacts with a grain

boundary, the structure of the interface is altered. A residual defect remains, which is necessary

for the conservation of the Burgers vector (Lee et al., 1990). The following vectorial measure of

the average defect at a point on the grain boundary is defined:

Bgb = B0 +B . (18)

B0 represents the initial grain boundary defect in the absence of applied stress. Physically, it

corresponds to the contribution of ‘intrinsic’ grain boundary dislocations (Balluffi et al., 1972;

Hirth and Lothe, 1982). These dislocations form part of the ‘constrained equilibrium’ structure of

the boundary. Note that any grain boundary in itself is a non-equilibrium crystal defect. In the

strict thermodynamic sense a bicrystal containing a grain boundary may be in local equilibrium,

i.e. a metastable state only (Valiev et al., 1986). The vector B represents the defect resulting from

the interaction of lattice dislocations with the grain boundary during plastic deformation. These

‘extrinsic’ grain boundary dislocations are not part of the constrained equilibrium structure of the

boundary. The equations characterising these two contributions to the grain boundary net defect

Bgb will be detailed in the subsequent sections.
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3.2. Initial GB structure and energy

The continuum representation of the initial boundary structure and energy is based on the

output of atomistic simulations (van Beers et al., 2015) and incorporates: (i) grain boundary

energies and boundary period vectors obtained from atomistic simulations, (ii) structural unit

and dislocation descriptions of the grain boundary structure and (iii) the Frank-Bilby equation to

determine the dislocation content.

The key concept in the multi-scale approach is to attribute an intrinsic net defect Bp, repre-

senting the initial grain boundary structure and obtained by employing the Frank-Bilby equation

(Sutton and Balluffi, 1995; van Beers et al., 2015), to a boundary period p for each boundary

in the whole misorientation range around a certain rotation axis. A corresponding intrinsic net

defect density |Bp|/|p| is related to the initial grain boundary energy φe

0 through a logarithmic

relationship:

φe

0 = M
|Bp|
|p| −N

|Bp|
|p| ln

( |Bp|
|p|

)

, (19)

where M and N are two parameters to be identified from a least-squares fitting procedure. This

logarithmic relationship resembles the Read-Shockley equation for low-angle boundaries (Read,

1953; Read and Shockley, 1950) and can be interpreted as a generalisation to the complete mis-

orientation range, including high-angle grain boundaries. This atomistic-to-continuum approach

has been applied to symmetric tilt grain boundaries with the 〈100〉, 〈110〉 and 〈111〉 rotation axes

in aluminium and copper. Fairly accurate descriptions of the grain boundary energy were thereby

obtained. The reader is referred to van Beers et al. (2015) for more details. An example of sym-

metric tilt boundaries with the 〈100〉 rotation axis in Cu is shown in Fig. 1. Low- and high-angle

grain boundaries typically have (i) small and large intrinsic net defect densities and (ii) low and

high initial grain boundary energies, respectively, see Fig. 1.

3.3. Evolution of GB structure and energy

As discussed in Section 2.2, the energetic interface microforces (Eq. (16)) are derived from the

grain boundary energy, which depends on the evolution of the grain boundary structure upon plastic
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(a) (b)

Figure 1: Symmetric tilt grain boundaries with the 〈100〉 rotation axis in Cu. (a) The intrinsic net defect density
versus misorientation angle. (b) The initial grain boundary energy versus intrinsic net defect density, and the model
according to Eq. (19), in blue. Symbols are the atomistic data. The vertical lines are rough indications of regions
corresponding to low- and high-angle grain boundaries.

deformation. However, a reliable physically based description of the evolution of the structure and

energy of a grain boundary upon plastic deformation remains a challenge at present. Even at the

atomistic level, i.e. the only length scale at which the grain boundary structure can be physically

resolved, no systematic simulations exist that track the evolution of the boundary structure and

energy as a consequence of the interaction with multiple dislocations. Yet, the papers of Sangid

et al. (2011, 2012); Tucker and McDowell (2011); Tucker et al. (2010) provide clear steps in this

direction. Furthermore, the quasi-continuum (QC) (Shenoy et al., 1998; Shimokawa et al., 2007; Yu

and Wang, 2012), the coupled atomistic discrete dislocation (CADD) (Dewald and Curtin, 2011,

2007a,b; Shilkrot et al., 2004) and the concurrent atomistic-continuum (CAC) (Xiong et al., 2011,

2012a,b) methods are multi-scale techniques that couple atomistic and continuum descriptions

enabling analyses of the collective interaction of dislocations with grain boundaries at larger scales.

In the future, such simulations are expected to further resolve the changes in the grain boundary

energy as required at the continuum level. In this work, a generalisation of the expression of the

initial grain boundary energy (Eq. (19)) is proposed.

Consider a length ` = k|p| along the grain boundary, where |p| is the size of boundary period
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p and k is the number of boundary periods in `, not necessarily an integer. The length ` can

be interpreted as the size of a Burgers circuit around the grain boundary. Since the intrinsic net

defect Bp is defined within one boundary period, the intrinsic contribution B0
` to the net defect

Bgb (Eq. (18)) within length ` reads:

B0
` = kBp . (20)

A simple form of the extrinsic contribution B` within the segment of length ` due to the interaction

with lattice dislocations of edge and screw character from both sides of the grain boundary is defined

as:

B` = `
∑

α

(

qα(e) + qα(s)
)

sα + `
∑

β

(

qβ(e) + qβ(s)
)

sβ . (21)

The following defect densities per unit length of grain boundary are defined:

B0 =
B0

`

`
=

Bp

|p| and B =
B`

`
. (22)

With the net defect density defined by (18), the initial grain boundary energy φe

0 is then generalised

to a general grain boundary energy φe that depends on the net defect density Bgb:

φe = M |Bgb| −N |Bgb| ln (|Bgb|) + 1
2CeN |Bgb −B0|2 , (23)

where |Bgb| =
√
Bgb ·Bgb and Ce is a positive constant. Finally, using Eqs. (16), (18) and

(20)-(23), the energetic interface microforces for slip system α in grain A result as:

Fα(e)
e = [M −N −N ln (|Bgb|)] cos (ωα) + CeN

(

Bgb −B0
)

· sα

with cos (ωα) =
Bgb · sα
|Bgb| . (24)

where ωα is the angle between the net defect density Bgb and the slip direction sα. Furthermore,

Fα(e)
e = Fα(s)

e and for grain B, substitute β for α. Note that Eq. (24) is based on the constrained
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Figure 2: The initial energetic interface microforce as a function of the intrinsic net defect density |Bp|/|p| and the
angle ωα

0 between the initial net defect and the slip direction for symmetric tilt boundaries with the 〈100〉 rotation
axis in Cu. The grey line indicates regions corresponding to low- and high-angle grain boundaries.

equilibrium structure of the grain boundary.

In the case of a zero net defect, i.e. Bgb = B0 = 0 (a perfect crystalline state), the grain

boundary energy, Eq. (23), is zero, and the energetic microforce, Eq. (24), is undefined. However,

the presented continuum model does not entail small or zero values of the net defect, due to the

discrete nature of the problem. It is not possible to have infinitely small continuous variations

of the net defect around zero, because at least one Burgers vector in a finite boundary period is

required to obtain the smallest possible misorientation.

4. Analysis of initial GB energetics

First, the initial energetic interface microforces are analysed analytically. In the initial state, the

interface normal slip measures q equal zero and the relations for the net defect Bgb (Eq. (18)) and

grain boundary energy φe (Eq. (23)) consistently reduce to their corresponding initial expressions

B0 (Eq. (20)) and φe

0 (Eq. (19)), respectively. The energetic microforce Fα(e)
e (Eq. (24)) reduces

13



to:

Fα(e)
e0 =

[

M −N −N ln

( |Bp|
|p|

)]

cos (ωα
0 ) with cos (ωα

0 ) =
Bp · sα
|Bp|

, (25)

where ωα
0 is the angle between the intrinsic net defect Bp and the slip direction sα. The resulting

initial energetic interface microforce Fα(e)
e0 as a function of the intrinsic net defect density |Bp|/|p|

and angle ωα
0 is shown in Fig. 2, for the case of symmetric tilt grain boundaries with the 〈100〉

rotation axis in Cu. For this rotation axis, the misorientation angle range is θ ∈ [0◦, 90◦], in

which the end points, θ = 0◦ and θ = 90◦, are perfect crystals. From van Beers et al. (2015), the

resulting energetic interface parameters equal M = 901 mJ/m2 and N = 1329 mJ/m2. Note that

similar surface profiles result for the 〈100〉, 〈110〉 and 〈111〉 rotation axes in Al and Cu. Depending

on the sign of the bulk-induced interface microforce, Fα(e)
bk , positive and negative values of the

energetic interface microforce correspond to interface normal slip being retarded or promoted on a

slip system, see Eq. (14).

As apparent from Fig. 2, the low-angle grain boundaries, characterised by a low intrinsic net

defect density, have larger (absolute) values of the energetic microforce compared to the high-

angle grain boundaries. This is consistent with the normalised shear stress fields of arrays of edge

dislocations with two different spacings D, i.e. D = 30b and D = 10b, illustrated in Fig. 3. The

stress fields of the dislocations in the array with smaller dislocation spacing, i.e. higher defect

density in high-angle grain boundaries, decay over a shorter distance than in the array with larger

spacing, i.e. a lower defect density.

Two configurations exist in which the energetic microforce equals zero, as can be identified

from Eq. (25). The first configuration occurs when the angle ωα
0 = ±90◦, corresponding to the

intrinsic net defect Bp and the slip direction sα being orthogonal. For small deviations around

these angles, the magnitude of the energetic microforce increases (positive or negative) due to the

better alignment of the interface defect and slip direction. Note that for symmetric tilt boundaries,

where the median lattice in Frank’s formula is here used to determine the net defect (see van Beers

et al. (2015)), the interface net defect is parallel to the grain boundary plane normal (Hirth and

Lothe, 1982). Hence, the orthogonality of the interface net defect and slip direction is in this case
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(a) (b)

Figure 3: The normalised shear stress profiles of dislocation walls with different dislocation spacings D, (a) D = 30b
and (b) D = 10b. The parameter S = Gb

2(1−ν)D
. The stress fields decay over a shorter distance in the case of

higher-angle boundaries, which have a smaller dislocation spacing.

equivalent to the slip plane α being parallel to the boundary plane. The second configuration that

gives a zero energetic microforce appears when the term within brackets in Eq. (25) equals zero,

i.e.:

|Bp|
|p| = exp

(

M −N

N

)

. (26)

Calculating this value of the intrinsic net defect density yields 0.72, which corresponds to 2813b

per µm length of grain boundary.

Finally, for low-angle boundaries (i.e. small intrinsic net defect density), considerably larger

fluctuations per slip direction (via angle ωα
0 ) occur compared to high-angle boundaries (i.e. large

intrinsic net defect density). Due to the smaller screening of the stress fields in the case of low-

angle grain boundaries, a variation of the slip direction induces a larger variation of the energetic

microforce and, hence, has an increased effect on the interface normal slip. In the case of high-angle

grain boundaries these differences are less pronounced.
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Figure 4: Geometry and boundary conditions for simple shear deformation of a periodic bicrystal.

5. Numerical analysis of GB plasticity

The incorporation of the multi-scale atomistic-to-continuum approach of the initial grain bound-

ary structure and energy into the grain boundary extended crystal plasticity model, as described

above, is now implemented numerically in order to examine the particular role and influence of

the energetic contributions on the macroscopic response for incipient plastic deformation of grain

boundaries. This is illustrated for a periodic bicrystal loaded in plane strain in the case of 〈100〉

symmetric tilt boundaries throughout the misorientation range including both low- and high-angle

grain boundaries.

5.1. Model definition and finite element implementation

The geometry and boundary conditions of the periodic bicrystal loaded in plane strain are

shown in Fig. 4. It consists of alternating columnar grains, designated A (in blue) and B (in

red), separated by grain boundaries. Each grain has width d in the e1-direction and is of infinite

height in the e2-direction. A repeating unit cell of width 2d and height h is modelled, with periodic

boundary conditions applied to the top-bottom and left-right boundaries. Simple shear deformation

is simulated by applying a prescribed displacement U = γ̇ht on the top-left node. A constant shear

rate of γ̇ = 10−3 s−1 is applied, up to a maximum of 1% macroscopic shear. A bicrystal with a

grain size d = 1 µm will be considered and only edge dislocations are taken into account in this

planar configuration.
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The response of 8 symmetric tilt boundaries in the complete misorientation range with the

[001] rotation axis in FCC copper is investigated. Table 1 shows the characteristics of the studied

grain boundaries, i.e. the misorientation angle θ, the grain boundary plane, the Σ value, the

boundary period vector p, the intrinsic net defect Bp in a boundary period and the intrinsic net

defect density |Bp|/|p|; the latter three parameters have been computed using the atomistic-to-

continuum approach presented in van Beers et al. (2015) as summarised in Section 3.2. Adopting

the commonly used demarcation of about 15◦ with respect to the perfect crystal misorientation

angles (θ = 0◦ and θ = 90◦), grain boundaries 1, 2, 7 and 8 can be classified as low-angle, while the

remaining boundaries have a high-angle character. The orientations of the grains in the bicrystal

are emphasised in Fig. 5. Starting from the reference state, corresponding to the fixed coordinate

system, the grains are first rotated (vector transformation) 180◦ counterclockwise to the state

where no misorientation between the adjacent grains is present, i.e. a perfect crystal. A particular

grain boundary is recovered by applying a rotation of θ/2 in opposite directions for grains A and

B, respectively. The orientations of the slip plane normals mα and slip directions sα of the 12

FCC slip systems α are given in Table 2.

The grain boundary extended strain gradient crystal plasticity framework consisting of a set of

highly nonlinear coupled equations along with the boundary conditions are solved in a finite element

setting (see van Beers et al. (2013)). The periodic bicrystal is discretised using 16 elements per

grain (32 elements in total) in the e1-direction. In a mesh sensitivity analysis, this has shown to

Table 1: Symmetric tilt grain boundaries with the [001] rotation axis in Cu analysed here. Given are the misori-
entation angle θ (in degrees), the grain boundary plane, the sigma value Σ characterizing the CSL, the boundary
period vector p, the intrinsic net defect Bp in a boundary period and the intrinsic net defect density |Bp|/|p|; a is
the lattice parameter.

GB θ GB plane Σ p Bp |Bp|/|p|
1 5.72 (20 1 0) 401 a[1 20 0] 2a[1 0 0] 0.10
2 14.25 (8 1 0) 65 a[1 8 0] 2a[1 0 0] 0.25
3 28.07 (4 1 0) 17 a[1 4 0] 2a[1 0 0] 0.49
4 43.60 (5 2 0) 29 a[2 5 0] 6a

2 [1 1 0] 0.79
5 53.13 (2 1 0) 5 a[1 2 0] 2a

2 [1 1 0] 0.63
6 61.93 (5 3 0) 17 a

2 [3 5 0] 2a
2 [1 1 0] 0.49

7 73.74 (4 3 0) 25 a[3 4 0] 2a
2 [1 1 0] 0.28

8 83.97 (10 9 0) 181 a[9 10 0] 2a
2 [1 1 0] 0.11
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Figure 5: Orientations of the grains in the bicrystal starting from the reference state (left) via the perfect state
(middle) to the misoriented state (right).

provide sufficient resolution. In the e2-direction a single element is adequate due to the periodicity,

which has been verified by separate calculations. The initial GND densities are assumed to be

zero. The bulk material parameters used in the calculations are representative of copper and

are similar to those of Evers et al. (2004b) and Bayley et al. (2006). The values are listed in

Table 3. The interface parameters are listed in Table 4. The interface reference slip rate q̇0 and

rate sensitivity exponent n are taken identical to their bulk counterparts γ̇0 and m. The energetic

interface parameters M and N have been computed in van Beers et al. (2015). Parameters Ce and

R are based on van Beers et al. (2013).

In the following subsections, the behaviour of the grain boundary model will be referred to as

‘intermediate’ and compared to the two limiting cases of microhard (impenetrable to dislocations)

and microfree (an infinite dislocation sink) grain boundaries. The latter two are obtained by setting

Fe = 0 with R → ∞ and R → 0, respectively. Finally, ‖(·)α‖ is introduced to obtain an effective

measure and denotes the Euclidean norm of the contributions of all slip systems α = 1, . . . , 12.

Note that the effective measures may sometimes mask the behaviour of individual slip systems.

However, the main features are usually captured well by the effective measures.

Table 2: Slip systems (α) with their corresponding Miller indices of the normal (mα) and slip direction (sα) unit
vectors for an FCC crystal in the reference state.

α 1 2 3 4 5 6 7 8 9 10 11 12

sα [110] [101] [011] [110] [101] [011] [110] [101] [011] [110] [101] [011]
mα (111) (111) (111) (111) (111) (111) (111) (111) (111) (111) (111) (111)
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Table 3: Bulk material parameters representative of copper.

Parameter Description Magnitude

E Young’s modulus 144 GPa
G Shear modulus 54.1 GPa
ν Poisson’s ratio 0.33
b Burgers vector length 0.256 nm
γ̇0 Reference slip rate 0.001 s−1

a0 Interaction coefficient 0.06
a1/a0 Interaction coefficient 5.7
a2/a0 Interaction coefficient 10.2
a3/a0 Interaction coefficient 16.6
h0 Immobilisation coefficient 0.2
h1 Immobilisation coefficient 0.3
h2 Immobilisation coefficient 0.4
h3 Immobilisation coefficient 1.0
R GND evaluation radius 500 nm
m Rate sensitivity exponent 0.1
K Dislocation segment length constant 26
yc Critical annihilation length 1.6 nm
ρs0 Initial SSD density 7.0 µm−2

5.2. Results

For each grain boundary studied in this work, the initial value of the energetic microforce for

each slip system is calculated using Eq. (25), as shown in Fig. 2. The effective measure of the

energetic microforce as a function of misorientation angle is shown in Fig. 6. The resulting curve

in Fig. 6 is consistent with Fig. 2, where low- and high-angle grain boundaries have relatively large

and small magnitudes of the energetic microforce, respectively, as discussed in Section 4.

Table 4: Interface parameters used in the numerical simulations.

Parameter Description Magnitude

q̇0 Interface reference slip rate 0.001 s−1

n Interface rate sensitivity exponent 0.1
Ce Interface energy constant 105

R Interface normal slip resistance 0.005 Nmm−1

M Interface energy constant 901 mJm−2

N Interface energy constant 1329 mJm−2
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Figure 6: The effective measure of the initial energetic interface microforce for the 8 symmetric tilt grain boundaries.

The effect of the initial energetic microforce and its evolution on the macroscopic stress-strain

response is shown in Figs. 7 and 8. First, the contribution of the bulk behaviour is assessed. Fig. 7

shows the macroscopic response in the case of four symmetric tilt boundaries. In order to clarify

the effect, also simulations with zero energetic microforce are included, i.e. the energetic microforce

is neglected in the entire simulation. Furthermore, the limiting situations of the microhard and

microfree grain boundary conditions are shown for each case. For increasing misorientation angle

θ, the onset of plastic deformation occurs at a lower applied shear stress and upon continued

deformation a lower hardening rate results. This is due to the favourable orientation of the slip

systems with respect to the applied load. For the microfree limit, dislocations can freely leave

the system at a grain boundary, leading to a constant slip profile across the bicrystal. Hence,

no dislocation pile-ups occur at the grain boundary. On the other hand, significant dislocation

pile-ups arise in the case of the microhard limit.

Next, the focus is on the effect of the intermediate boundary behaviour on the bicrystal re-

sponse. When the energetic microforce is neglected, the shear stress initially follows the microhard

behaviour as the deformation increases and dislocations pile up at the boundary. At a critical

value, determined by the magnitude of the interface normal slip resistance, the interface yields and

interface normal slip starts. The bulk-induced microforce has to maintain a constant level, dictated
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Figure 7: The macroscopic stress-strain responses for the intermediate boundary behaviour and the limiting micro-
hard and microfree grain boundaries for four grain misorientations.

by the interface resistance value (taken constant in these simulations). This means that the rate

at which GNDs join the pile-up balances the rate at which they are evacuated by interface normal

slip. Considering the intermediate behaviour with the energetic microforce evolving from its initial

value to a steadily growing value, it is seen that the microhard behaviour is tracked up to a certain

point, after which the bicrystal response depends on the evolution of the energetic microforce on

the individual slip systems. This evolution influences the bulk-induced microforces and hence the
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Figure 8: The effect of the energetic interface microforce at the macro-scale for the eight symmetric tilt grain
boundaries. The shear stress difference is the difference between the hard and intermediate grain boundary behaviour.
The black and green markers indicate the yield points of the bulk and the grain boundary, respectively. The yield
point shear difference in the inset is the difference in applied shear at which the bulk and the grain boundary yield.

dislocation pile-up at the grain boundary evolves as well. This in turn affects the GND density

distribution in the bulk and consequently the overall strain hardening behaviour. For example,

compared to the zero energetic microforce situation, a stronger response may occur, Figs. 7(a) and

(d), or a mixed response, Fig. 7(b), or a weaker response, Fig. 7(c). The overall behaviour clearly

depends on the misorientation.

The influence of the energetic microforce on the bicrystal response is further elucidated through

the shear stress difference, which is defined as the difference between the microhard and interme-

diate grain boundary response, in Fig. 8. The black and green markers indicate the yield points of

the bulk and the grain boundary, respectively. The former is determined using the stress difference

between the elastic and microhard grain boundary response, whereas the determination of the

latter employs the stress difference defined above. Since a rate-dependent formulation is used for

both the bulk and interface normal slip, a threshold value of 0.01 MPa has been used to define both
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bulk and grain boundary yield points. Other values for this threshold do not affect the conclusions

qualitatively. The yield point shear difference, which is defined as the difference in applied shear

at which the bulk and the grain boundary yield, is shown for each misorientation in the inset.

Fig. 8 reveals that for increasing misorientation angle, the bulk yields at a smaller applied

shear, consistent with Fig. 7. Moreover, the difference between the yield points of the bulk and the

grain boundary are lower for the low-angle boundaries than for the high-angle boundaries. This

corresponds to the initial energetic microforce profile in Fig. 6. Low-angle boundaries have larger

initial energetic microforces causing interface normal slip to occur earlier. Finally, it is observed

that for high-angle boundaries the shear stress difference reaches higher values than for low-angle

boundaries. However, this does not have to be the case in general.

The initial energetic microforce has an effect on the initial yield of the grain boundary after

which the energetic microforce starts to evolve. Changing the sign of the applied stress from the

start could lead to asymmetry of the grain boundary yield point in the macroscopic stress-strain

response (Bauschinger effect). As mentioned in Section 4, the sign of the bulk-induced microforce

on a slip system at the grain boundary plays a role for interface normal slip to be retarded or

promoted. On the other hand, it is expected (for all misorientations) that changing the sign of

the applied stress at a final applied load causes asymmetry in the macroscopic response, which has

contributions from both the back stress in the bulk and the energetic microforce in the interface.

6. Discussion

The energetic interface microforce can be interpreted as the effect of the elastic interaction of the

grain boundary with crystal dislocations, comparable to the back stress in the bulk. However, no

systematic studies of the elastic interaction due to the stress field of the grain boundary as a function

of misorientation and slip system orientation from either experiments or atomistic simulations were

found in the literature to compare with. Appealing atomistic simulations in this direction have been

presented by Pestman et al. (1989) and Saraev and Schmauder (2003), where a bicrystal system

containing a single dislocation in the vicinity of the grain boundary is relaxed in the absence of

an applied external load. However, care should be taken in the determination of the origin of the
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interaction effect, because additional contributions due to image forces arising from the presence of

free surfaces and elastic anisotropy across the grain boundary also play a role (Priester, 2013; Sutton

and Balluffi, 1995). The continuous coupled dislocation-disclination field theory (Fressengeas et al.,

2014; Taupin et al., 2013) is another approach that can potentially clarify these elastic interactions

at small scales.

Qualitative agreement seems to exist with the results of Sangid et al. (2011), who determined

energy barriers for the transmission and nucleation of a single dislocation at a grain boundary

as a function of the initial grain boundary energy in nickel. For high initial boundary energies,

the energy barriers decrease following a power-law fit. This would correspond to the high-angle

grain boundaries in this work, see Figs. 1 and 2, which have relatively large intrinsic net defect

densities and corresponding boundary energies, and relatively low initial energetic microforces.

However, it should be pointed out that the data of Sangid et al. (2011) considers only a few grain

boundaries (both twist and tilt) for different rotation axes. The initial grain boundary energy

levels may deviate considerably for different rotation axes. Hence, this may lead to misleading

conclusions when compared to the results for the full misorientation range of only one rotation

axis. Furthermore, in the case of transmission, the dislocation interaction with the grain boundary

already initiates at a much lower energy. It is not trivial how to incorporate data obtained from

atomistic simulations, such as the energy barriers reported by Sangid et al. (2011), into continuum

level modelling of grain boundary plasticity. This will require a method, such as the Nudged Elastic

Band method (Henkelman and Jónssen, 2000), to determine the minimum energy path between

two local minima. Moreover, it is recalled that at the continuum scale, where the proposed model

applies, the individual interactions between a dislocation and a grain boundary cannot be resolved,

i.e. no distinction can be made between the energy levels required for individual phenomena such

as absorption, nucleation and transmission as observed in atomistic simulations.

In the current work, the interface normal slip resistance R is taken constant in all simulations,

but in general R is expected to also depend on the misorientation between the grains and the

orientation of the grain boundary. Only few experimental and atomistic studies exist that (sys-

tematically) investigate the influence of misorientation on the interaction (mostly transmission)
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of dislocations with grain boundaries. Based on experimental observation (optical and scanning

electron microscopy), Zhang and Wang (2000) and Zhang et al. (2003) ascertained that persistent

slip bands can transmit through low-angle grain boundaries, whereas they are blocked at general

high-angle boundaries. Indentation studies (Britton et al., 2009; Kobayashi et al., 2005; Wang and

Ngan, 2004; Wo and Ngan, 2004) have shown that high-angle boundaries pose larger resistance

to transmission than low-angle boundaries. In particular, Kobayashi et al. (2005) found that the

degree of grain boundary resistance to dislocation interaction depends on the orientation of the

grain boundary rotation axis. Also from atomistic simulations it can be inferred that the resistance

diminishes in the case of low-angle grain boundaries (Bachurin et al., 2010; de Koning et al., 2002;

Zhang and Wang, 1996). Low-angle grain boundaries may act as strong obstacles to dislocation

penetration depending on the interaction strength between the incident and grain boundary dis-

locations (Liu et al., 2011a, 2012). In the present continuum model, the increase in resistance for

larger misorientations would be modelled through the dissipative interface normal slip resistance

R. A simplified expression capturing the essential features observed is given by:

Rα(e) = Cd|Bgb| and Rα(e)
0 = Cd

|Bp|
|p| , (27)

where Cd is a positive constant for a given misorientation axis, analogous to the energetic interface

parameters M and N . In combination with Fig. 1(a), it can be seen that this equation yields

a larger initial resistance for increasing misorientation angle. Eq. (27) can be extended to incor-

porate a dependence on the slip system orientation as well. Nano-indentation experiments could

provide insight into the magnitude of the interface normal slip resistance (Aifantis and Ngan, 2007;

Voyiadjis et al., 2014). Moreover, atomistic simulations (Sangid et al., 2011) as well as the quasi-

continuum (Yu and Wang, 2012) and coupled atomistic discrete dislocation (Dewald and Curtin,

2007a) methods may facilitate the quantification of this resistance. It should be emphasised that

in modelling at the (polycrystalline) continuum level care should be taken to avoid double counting

of mechanisms in the bulk and interface descriptions, e.g. through lumping of bulk behaviour near

the boundary into the interface model. A further analysis of the interface normal slip resistance,

however, is not pursued in the present work.
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The expression for the evolution of the grain boundary energy, Eq. (23), is a simple gener-

alisation of the initial grain boundary energy. The grain boundary energy consistently reduces

to its initial value for zero plastic deformation at the interface, i.e. zero interface normal slip,

and the initial energetic microforce recovers the physically based configuration of the stress fields

of dislocation arrays. In the present work it is assumed that the grain boundary defect remains

local. However, grain boundary relaxation through the redistribution of defects within the grain

boundary can occur. This is the scope of future work.

When the grain size decreases, a transition occurs from dislocation mediated plasticity in the

bulk of the crystals to grain boundary controlled plasticity (Dao et al., 2007; Greer and de Hosson,

2011; van Swygenhoven and Weertman, 2006; Wolf et al., 2005; Zhu et al., 2008). The effect of grain

size d on the strength of metallic materials can roughly be split into four regimes, characterized

by different corresponding deformation mechanisms, although some specific mechanisms are still

controversial (Conrad, 2004; Kraft et al., 2010; Meyers et al., 2006; Zhu and Langdon, 2005):

(i) d & 1 µm, (ii) 1 µm & d & 100 nm, (iii) 100 nm & d & 20 nm and (iv) d . 20 nm.

Grain-size hardening occurs in regimes (i)-(iii), whereas softening occurs in regime (iv). The

deformation structure in the first regime consists of dislocation cells where dislocations intersect,

multiply and pile up; in the second regime, the dislocations are mostly restricted to their slip

planes with few dislocation sources, immobilisation may exist due to reactions and dislocation

pile-up at boundaries; in the third regime, the bulk crystals are perfect and a change occurs in the

emission and annihilation of full dislocations at grain boundaries to partial dislocation emission and

deformation twinning; in the fourth regime, computer simulations have indicated that dislocations

are absent and that deformation occurs by the shearing of atoms in the grain boundary. In view

of this classification, the proposed model framework is applicable in regimes (i) and (ii) only. The

nanocrystalline regime (d . 100 nm) cannot be described properly in a continuum framework.

However, existing examples of continuum modelling approaches in this regime include modified

conventional crystal plasticity (Warner et al., 2006; Wei and Gao, 2008) and two-phase (grain

interior and grain boundaries) composites (Capolungo et al., 2007).

Finally, as mentioned in Section 3.3, the challenging task of tracking the evolution of boundary
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structure and energy is imperative for accurately modelling grain boundary behaviour upon plastic

deformation, including grain sizes beyond the nanocrystalline regime for which small-scale simula-

tion techniques, such as molecular dynamics simulations, are hardly feasible considering the time

and length scales to be tackled. Multi-scale simulation techniques, such as the coupled atomistic

discrete dislocation method (Shilkrot et al., 2004), are promising. However, due to the unique

character of individual interactions between grain boundaries and dislocations, detailed studies of

many grain boundaries are required, leading to a massive amount of data that may be difficult to

interpret towards the deformation in polycrystalline aggregates (Dewald and Curtin, 2011). Nev-

ertheless, despite this unique character, generic continuum ‘building blocks’ can be identified that

are representative of different collective interactions of dislocations with a grain boundary having

a similar macroscopic effect.

7. Conclusions

Grain boundaries play a predominant role in the deformation behaviour of polycrystalline

metals. Grain boundaries become particularly important when the volume fraction of interface

regions increases. At present, (polycrystalline) continuum modelling incorporating the underlying

initial and evolving structure and energy of grain boundaries is still in its infancy. The main

contribution of this work and conclusions are:

1. The multi-scale atomistic-to-continuum approach of the initial structure and energy of grain

boundaries of van Beers et al. (2015) has been incorporated into a grain boundary extended

crystal plasticity framework in order to examine the particular role and influence of the

energetic contributions on the macroscopic response due to the plastic deformation of grain

boundaries.

2. A generalised grain boundary energy as a function of the evolution of an interface net defect,

representing the grain boundary structure upon plastic deformation at the interface, has been

proposed and used to determine an expression of the energetic interface microforce.

3. An analytical study of the developed initial energetic interface microforce revealed a physically

sound behaviour as to be expected for low- and high-angle symmetrical tilt grain boundaries.
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4. The complete framework has been implemented numerically and applied for the investigation

of a periodic copper bicrystal subjected to simple shear deformation. Eight low- and high-

angle symmetric tilt boundaries with the [001] rotation axis throughout the misorientation

range have been analysed.

5. It has been observed that the effect of the energetic interface microforce on the macroscopic

response depends strongly on the misorientation between adjacent grains.

The resulting initial energetic interface microforce profiles can be verified using atomistic simu-

lations specifically focussing on the elastic interactions between grain boundaries and dislocations

in the absence of external loads in future work. However, qualitative agreement with the available

atomistic data has already been observed.

Future work should focus on the effect of the evolution of the energetic and dissipative interface

contributions on the macroscopic response. A significant amount of work in this direction will

be required, which is impossible without multi-scale simulation techniques, such as the quasi-

continuum or coupled atomistic discrete dislocation methods. Furthermore, the present work

assumes the locality of the grain boundary defect. Forthcoming work will incorporate the effect of

defect redistribution along the grain boundary. Finally, the developed framework can be extended

to finite deformations and to incorporate grain boundary sliding and opening.
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