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Abstract

Uncertainty quantification and global sensitivity analysis are indispensable for patient-

specific applications of models that enhance diagnosis or aid decision-making. Variance-

based sensitivity analysis methods, which apportions each fraction of the output uncertainty

(variance) to the effects of individual input parameters or their interactions, are considered

the gold standard. The variance portions are called the Sobol sensitivity indices and can

be estimated by a Monte Carlo (MC) approach (e.g. Saltelli’s method [1]) or by employing

a metamodel (e.g. the (generalized) polynomial chaos expansion (gPCE) [2, 3]). All these

methods require a large number of model evaluations when estimating the Sobol sensitivity

indices for models with many parameters [4]. To reduce the computational cost, we introduce

a two-step approach. In the first step, a subset of important parameters is identified for

each output of interest using the screening method of Morris [5]. In the second step, a

quantitative variance-based sensitivity analysis is performed using gPCE. Efficient sampling

strategies are introduced to minimize the number of model runs required to obtain the

sensitivity indices for models considering multiple outputs. The approach is tested using

a model that was developed for predicting postoperative flows after creation of a vascular

access for renal failure patients. We compare the sensitivity indices obtained with the novel

two-step approach with those obtained from a reference analysis that applies Saltelli’s MC

method. The two-step approach was found to yield accurate estimates of the sensitivity

indices at a two orders of magnitude lower computational cost.
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1 Introduction

Mathematical modeling has been used extensively in cardiovascular research to obtain insights

into pathophysiology [6, 7, 8, 9]. Recently, some of these models have become so mature that the

attention of researchers has shifted towards application of these models to patient-specific model-

aided diagnosis, intervention planning or risk stratification [10, 11, 12, 13]. These applications

require adaptation of a model to patient-specific conditions (personalization), which means that

patient-specific boundary conditions, initial conditions and parameters must be provided. Some

of these data may be unavailable because no measurement modalities are available or because

the available measurements would burden the patient too much. Moreover, any data that can

reasonably be obtained from the patient will be compromised by measurement uncertainties

and day-to-day biological variability. The resulting sparse and uncertain input data will lead

to uncertainties in the model outputs.

Proper quantification of uncertainty in the model outputs is indispensable for patient-specific

model-based applications. A sensitivity analysis can attribute fractions of the output uncer-

tainty to different model parameters or their interactions. The results of the sensitivity analysis

can help modelers and clinicians to identify which model parameters that can be fixed within

their uncertainty range and which can be based on literature values (i.e. parameter fixing). In

addition, sensitivity analysis can guide the development of measurement protocols by prioritiz-

ing the assessment of model parameters that contribute the most to uncertainty in the model

outputs (i.e. parameter prioritization) [14, 15].

Using a global variance-based method is the best available practice, because it makes no assump-

tions regarding the model’s linearity, monotonicity or additivity [14, 15, 16]. Sobol’s variance

decomposition is used to define a main and total sensitivity index for each model input param-

eter [17]. The total Sobol sensitivity indices are useful for parameter fixing, whereas the main

Sobol sensitivity indices are useful for parameter prioritization [1, 18]. These Sobol sensitivity

indices can be estimated with Monte Carlo integration [17, 1].
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Saltelli’s method [1] is currently the gold standard for estimating the Sobol sensitivity indices.

However, this method still requires O(k · 103) model evaluations, with k the number of model

parameters. For certain cardiovascular models the intrinsic computational cost or the number

of parameters is so high that Saltelli’s method would require an impractical number of model

evaluations.

More efficient methods that employ metamodels to estimate the Sobol sensitivity indices have

been developed and used in the past decade [19, 20, 21, 22, 23, 2, 3]. In these methods, the

sensitivity indices are derived analytically from the metamodel that describes the model output

space. The (generalized) polynomial chaos expansion (gPCE) is a member of this class of

methods. It is based on the expansion of the stochastic model output into an infinite sum of

global, orthogonal, multivariate polynomials with increasing order [20, 21]. In practice, the

infinite expansion is truncated to a maximal polynomial order. The metamodel can then be

constructed by estimating the expansion coefficient of each basis polynomial.

Recently, we applied the gPCE to a pulse wave propagation model with k = 73 parameters

and compared the conclusions with respect to parameter fixing and parameter prioritization

to that of a reference analysis that was performed using Saltelli’s method [4]. We found the

gPCE to be a promising alternative for models with many model parameters when least squares

regression is used to obtain the expansion coefficients. However, the number of unknown ex-

pansion coefficients that need to be estimated grows exponentially with the number of model

parameters. In turn, this means that the number of model runs also grows exponentially with

the number of model parameters because the number of model evaluations should be at least

two times the number of expansion coefficients [24]. Furthermore, a convergence analysis of the

estimated sensitivity indices is desirable, which requires even more model runs. Consequently,

metamodeling methods can lose their advantage over Monte Carlo methods for estimating the

sensitivity indices when the number of model parameters under investigation passes a certain

threshold. To take advantage of the gPCE method, the effective number of parameters (effective

dimensionality) should be reduced.
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To reduce the effective dimensionality it has been suggested to screen for important parameters

before applying a quantitative sensitivity analysis like gPCE [18, 25, 26]. The method of Morris

[5] is a screening method that yields a sensitivity measure which has been demonstrated to

serve as an acceptable approximation of the total sensitivity index [26]. i.e. which reflects both

main and higher order effects of a parameter on an output. A quantitative analysis using the

gPCE can now be applied to the identified important parameters while fixing the non-important

parameters, thereby reducing the effective dimensionality.

To our knowledge, the approach of screening and subsequently performing gPCE has never

been done for cardiovascular models with many model parameters and with multiple outputs.

Furthermore, there appears no literature available on how to investigate multiple outputs of

interest efficiently. Therefore, the aim of this work is to present an approach to perform a

global sensitivity analysis that is computationally efficient for cardiovascular models with many

parameters and with multiple outputs. This allows for better translation of such models to the

clinic by improving model personalization.

The paper is outlined as follows. First, a description of the screening method of Morris is given.

Second, the variance-based sensitivity analysis using Sobol indices is explained. Third, the

polynomial chaos expansion is introduced. It will be explained how the expansion coefficients

are assessed using the regression approach. Furthermore, it will be presented how the sensitivity

indices can be derived from the obtained metamodel. Finally, we will present the efficient two-

step approach. We will show the feasibility of this approach in assessing the Sobol sensitivity

indices of a pulse wave propagation model.
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2 Methods

Throughout the manuscript a model f with l outputs in ~Y = (Y1, Y2, . . . , Yl) will be denoted as

follows:

~Y = f(X1, . . . , Xk) = f( ~X), (1)

with k the number of independent stochastic input parameters Xi which are uniformly dis-

tributed and mapped to the domain Ωi = [0, 1]. Uniform distributions are assumed because

often the true distributions of the input parameters are unknown, because measurements are

generally not repeated. However, all methods discussed are general for all distributions and

combination of distributions. For all methods discussed, a uniform sample in [0, 1] may be

transformed to any desired distribution using the inverse transformation method using the ap-

propriate cumulative distribution function. For ease of notation, we will explain the analyses

for a scalar output of interest Yj . We apply each analysis for each output of interest separately

unless stated otherwise.

2.1 Screening method of Morris

Morris’ global method can be used to identify parameters that have a significant influence

on a model output Yj , irrespective of its behavior with respect to linearity, monotonicity and

additivity [5]. A subset of important parameters can be identified for each model output.

First, the input space Ω = Rk is discretized into a p-level grid with points xi ∈ {0, 1/(p −

1), 2/(p − 1), . . . , 1}. Second, a trajectory through samples on the p-level grid is generated

by randomly selecting a starting sample and consecutively taking steps of size ∆ into random

parameter directions such that each model input parameter is changed exactly once on a full tra-

jectory. Third, the elementary effect di of the ith input parameter on each output is calculated.
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The elementary effect is given by:

di =
f(~x+ ~ei∆)− f(~x)

∆
, (2)

where ~x is any point in the p-level grid such that the transformed point is still an element of Ω.

The vector ~ei has length k with zeros everywhere except on the ith component, where it has the

value 1. The grid level p should be chosen even and the value of ∆ should be set to p/(2p− 2)

to ensure each of the elementary effects for an input parameter Xi has an equal probability of

being selected [5].

Multiple trajectories are generated to explore the full input space. For Nt trajectories Morris

introduced the sample mean µi = N−1
t

∑Nt
r=1 di(r) and the sample standard deviation σi =

((Nt − 1)−1
∑Nt

r=1([di(r) − µi]
2)1/2 as sensitivity measures [5]. A parameter Xi with a large

positive or negative µi is considered influential for an output Yj . A parameter with µi close to

zero can still be influential for output Yj when it has a large σi, indicating positive and negative

di values due to interactions or nonlinearities cancelling out each other. To avoid issues involved

with positive and negative elementary effects and to be able to interpret the results using only

one measure, Campolongo et al. [26] proposed to use µ∗i , the sample mean of the absolute values

of the elementary effects:

µ∗i =
1

Nt

Nt∑
r=1

|di(r)|. (3)

Campolongo et al. showed for simple models that µ∗i is an effective substitute for the variance-

based total sensitivity index when considering a sufficient number of trajectories. The total

sensitivity index is useful for differentiating between important and non-important parameters,

as will be explained in the next section. If a parameterXi has no considerable effect on an output

Yj , either directly or through interaction with other parameters, then µ∗i is small. Therefore, it

is a useful measure for screening.
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2.2 The Sobol variance decomposition

In variance-based sensitivity analysis methods the total output variance is apportioned to the

direct effect of each input parameter (main effects) and the interaction between different pa-

rameters (higher order effects). These effects are derived from the Sobol decomposition of a

model f into summands of increasing dimensionality:

f(X1, X2, . . . , Xk) = f0+

k∑
i1=1

fi1+

k∑
i1=1

k∑
i2>i1

fi1i2+. . .+

k∑
i1=1

k∑
i2>i1

· · ·
k∑

is>is−1

fi1i2...is+. . .+f12...k (4)

where f0 is a constant representing the expected value of f and all other summands fi1i2...is =

fi1i2...is(Xi1 , Xi2 , . . . , Xis) with 1 ≤ i1 < . . . < is ≤ k are unique and orthogonal to each other

[17]. Assuming a uniform distribution of the input on the domain Ω, the total variance of output

Yj is obtained by adding up the variances of the summands:

V(Yj) =
k∑

i1=1

Vi1 +
k∑

i1=1

k∑
i2>i1

Vi1i2 + . . .+
k∑

i1=1

k∑
i2>i1

· · ·
k∑

is>is−1

Vi1i2...is + . . .+ V12...k, (5)

with Vi1,i2...,is partial variances defined by:

Vi1i2...is =
x
· · ·
∫
f2
i1i2...isdΩi1dΩi2 · · · dΩis , (6)

which is the variance in the expected value of output Yj when fixing the inputs in the set

Xi1i2...is = {Xi1 , Xi2 , . . . , Xis}, i.e. Vi1i2...is ≡ V(E(Y |Xi1,i2,...,is)).

The Sobol sensitivity indices Si1i2...is of an output Yj are obtained by dividing (5) by the total

variance so that their sum equals 1:

Si1i2...is =
Vi1i2...is

V(Yj)
(7)

The main sensitivity indices (i.e. the first order effects) are obtained when s = 1, while

the interaction indices (i.e. higher order effects) are obtained when s > 1. The main effect

Si1 = V(E(Y |Xi1))/V(Yj), i1 = 1, . . . , k represents the expected reduction in output variance
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if the true value of parameter Xi1 were known exactly and made into a model constant. A

large main index means that it is rewarding to measure the corresponding parameter more

accurately, because an accurate assessment of its value is expected to reduce the uncertainty

in the corresponding model output (parameter prioritization). The total sensitivity indices

ST,i1 = 1 − S−i1 = 1 − V(E(Y |X−i1))/V(Yj), i1 = 1, . . . , k is the sum of all sensitivity indices

in which parameter Xi1 is involved (X−i1 is the set of all parameters except Xi1). It represents

the expected output variance that remains if all parameters except Xi1 were known exactly and

made into constants. When the total sensitivity index is low (ST,i1 � 1), the corresponding pa-

rameter can be fixed within its uncertainty domain because it does not significantly contribute

to the uncertainty of the corresponding output (parameter fixing).

2.3 The polynomial chaos expansion

The Sobol sensitivity indices can be derived analytically from a metamodel constructed by

polynomial chaos. The metamodel consists of a sum of orthogonal, multivariate polynomials of

increasing order up to some maximal polynomial order z. The polynomials are multiplied by

expansion coefficients which can be estimated using least squares regression.

2.3.1 Metamodel construction

In case of uniformly distributed input parameters the polynomial chaos expansion consists of

Legendre polynomials to allow for spectral convergence [27]. The truncated polynomial chaos

expansion is given by:

Yj ≈ fgPCE =

P−1∑
e=0

ceΨe(X1, X2, . . . , Xk), (8)

where Ψe are multivariate Legendre polynomials that form the basis of the expansion and ce

are the expansion coefficients, with 0 ≤ e ≤ P − 1. The number of basis polynomials P is given

8



by:

P =

(
k + z

z

)
, (9)

where z is the maximum polynomial order of Ψe within the truncated expansion [27]. The

domain of the Legendre polynomials is [−1, 1] and the input domains are mapped accordingly

(i.e. now: {Ωi ∈ [−1, 1]}). Note that for each output Yj a separate polynomial chaos expansion

is generated.

An equivalent notation to (8) is introduced to allow explicit definition of the multivariate poly-

nomials with cα(e) ≡ ce and Ψα(e) ≡ Ψe:

Yj ≈ fgPCE =
P−1∑
e=0

cα(e)Ψα(e) . (10)

Here, each unique integer sequence α = (α1, α2, . . . , αk) is used to define a unique multivariate

polynomial Ψα from univariate polynomials: Ψα =
∏k
i=1 ψαi(Xi), with ψαi(Xi) the univariate

Legendre polynomials of order αi. Note: the integers in each sequence α must be non-negative

and their sum should not exceed z, i.e. αi ≥ 0 and
∑k

i=1 αi ≤ z [2, 3]. Both notations (8) and

(10) will be used interchangeably.

The expansion coefficients can be obtained by minimizing the squared difference between the

model output Yj and the metamodel’s output for a sufficient number of samples Ns, i.e.:

ĉ = arg min
c

1

Ns

Ns∑
i=1

(
y

(i)
j − fgPCE(c; ~x(i))

)2
, (11)

where c = [c0, c1, . . . , cP1 ]T contains the expansion coefficients, y
(i)
j is value of the model output

Yj corresponding to the ith input sample and fgPCE(c; ~x(i)) is the metamodel output for the ith

input sample ~x(i). The least squares estimate of the expansion coefficients, ĉ, is calculated by:

ĉ = (ΨTΨ)−1ΨTyj , (12)
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where Ψ is a matrix of size Ns×P containing the evaluations of each polynomial basis function

(column-wise) for each input sample (row-wise) and where yj is a vector of size N×1 containing

the evaluations of the model’s jth output for each input sample (row-wise).

2.3.2 Global sensitivity of the metamodel

We can rewrite the truncated expansion in (10) in the form of the Sobol variance decomposition

in (4):

fgPCE = f0 +
k∑

i1=1

 ∑
α∈Ai1

i1

cαΨα(Xi1)

+
k∑

i1=1

k∑
i2>i1

 ∑
α∈Ai2

i1

cαΨα(Xi1 , Xi2)

+ . . .

+

k∑
i1=1

k∑
i2>i1

· · ·
k∑

is>is−1

 ∑
α∈Ais

i1

cαΨα(Xi1 , Xi2 , . . . , Xis)

+ . . .

+

∑
α∈Ak

1

cαΨα(X1, X2, . . . , Xk)

 , (13)

where set Ais
i1

contains the integer sequences α having only non-zero entries at components

(i1, i2, . . . , is):

Ais
i1

= {α | αi > 0 ∀i ∈ {i1, i2, . . . , is}, and αj = 0 ∀j /∈ {i1, i2, . . . , is}, } . (14)

The sensitivity indices Si1i2...is are given by:

Si1i2...is =

∑
α V(cαΨα)

V(fgPCE)
=

∑
α c

2
αE(Ψ2

α)∑P−1
e=0 c

2
eE(Ψ2

e)
, ∀α ∈ Ais

i1
. (15)

The main sensitivity indices Si1 are retrieved by taking the expansion terms with α ∈ Ai1
i1

in

the numerator of (15). The total sensitivity indices are obtained by taking the expansion terms

with α ∈ Bi1 in the numerator of (15), where the set Bi1 is given by:

Bi1 = {α | αi > 0 ∀i = i1, } (16)
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2.4 Quality assessment

The sensitivity indices are obtained from the metamodel in (15). An error measure of the

approximation of the model output by the metamodel is desirable. Furthermore, the metamodel

should be validated. In addition, an error measure of the obtained sensitivity indices is desired.

We perform this quality assessment in analogy to the work of Dubreuil et al. [28].

2.4.1 Quality of the metamodel

The metamodel output approximates the true model output (Yj) in a least squares sense. The

error in the metamodel (fgPCE) can be quantified using R2, the coefficient of determination:

εR2 = 1−R2 =

Ns∑
i=1

(
y

(i)
j − fgPCE(~x(i))

)2

Ns∑
i=1

(
yj(~x(i))− yj

)2 , (17)

where yj is the sample mean of the realizations of Yj . The error measure εR2 can be interpreted

as the residual variance as a fraction of the total variance and will henceforth be referred to as

the ’descriptive error’.

The metamodel is validated using leave-one-out cross-validation. Cross-validation entails split-

ting the sample data (true model output) into a training set that is used to develop the meta-

model and the remaining samples into a validation set that is used to test the metamodel

against. With leave-one-out cross-validation, the training set contains Ns − 1 samples and the

validation set contains the single remaining sample. The error in the metamodel’s predictions

is quantified using Q2, the validation coefficient:

εQ2 = 1−Q2 =

Ns∑
i=1

(
y

(i)
j − f

−i
gPCE(~x(i))

)2

Ns∑
i=1

(
y

(i)
j − yj

)2
, (18)

where f
(−i)
gPCE represents the metamodel that was obtained with all except the ith sample. The
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error measure εQ2 represents the predicted residual variance as a fraction of the total variance

and will henceforth be referred to as the ’predictive error’.

2.4.2 Accuracy and precision of the sensitivity indices

Accuracy assessment

The accuracy of the sensitivity indices can be quantified using the relative L2 error of the

estimated (main and total) sensitivity indices S with respect to the reference sensitivity indices

Ŝ. The relative error is given by:

εL2 =

√√√√√√√√
2k∑
i=1

(
Ŝi − Si

)2

2k∑
i=1

Ŝ2
i

, (19)

where the index i runs from 1 to 2k, because both the main and the total sensitivity indices

are included. The reference values Ŝ can either be obtained through analytical derivation of

the sensitivity indices in the case of simple analytical models or obtained with a Monte Carlo

method when using sufficient runs per model parameter. Here we used Saltelli’s method to find

the reference values.

Precision assessment

The precision of the obtained sensitivity indices can be quantified using a confidence interval,

which will be obtained using bootstrapping. Bootstrapping is a resampling technique that can

be used to estimate confidence intervals without the need to obtain more samples. Given the

set of Ns unique input samples X and the corresponding set of an output Y we randomly select,

with replacement, Ns samples from Y. This results in a new set Y(i) and a corresponding

input set X (i). Constructing a metamodel based on these sets and subsequently estimating

the sensitivity indices gives the ith bootstrap estimate of the sensitivity indices. Repeating this

procedure nB times yields nB full sets of sensitivity indices.

The (1 − β) · 100% confidence interval of a sensitivity index S is then constructed from the
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bootstrap percentiles such that S[β/2] ≤ S ≤ S[1−β/2]. Here, (β/2) · 100% of the bootstrap

estimates of S are below S[β/2] and (1− β/2) · 100% of the bootstrap estimates of S are below

S[1−β/2]. The coefficient of variation cv is a measure of dispersion of data normalized by the

sample mean of that data. In this work we express it as the range of the confidence interval

divided by the mean of the bootstrapped sensitivity index values. To capture the spread of all

the sensitivity indices at once we calculate the mean coefficient of variation:

cv =
1

2k

2k∑
i=1

Si,[1−α/2] − Si,[α/2]

Si
. (20)

3 Two step approach: subset analysis

In this section our strategy for the sensitivity analysis for models with many model parameters

and multiple outputs of interest will be presented. First, we will describe how a subset of

important parameters is selected for each output of interest using Morris’ screening method.

Second, we will present the sampling method that minimizes the number of model runs for

gPCE applied to the multiple subsets of important parameters.

3.1 Identification of subsets

The screening method of Morris enables identification of a set of important parameters Xj

for output Yj by performing N = Nr(k + 1) model runs, where Nr is the number of replicas

(trajectories). The set Xj is defined by:

Xj =

{
Xi : µ∗i (j) >

1

k

k∑
i=1

µ∗i (j)

}
, (21)

i.e the set of all parameters Xi that have a µ∗ value greater than the average of µ∗-values for

output Yj . The number of important parameters for output Yj is given by kj = card(Xj), the

number of parameters in Xj .
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3.2 Generalized polynomial chaos expansions

A polynomial chaos expansion will be generated using the subset of important parameters for

each output of interest.

3.2.1 Sample generation

The number of required input samples is directly related to the P unknown expansion coefficients

when least squares regression is used to estimate the expansion coefficients. To obtain good

estimates of the expansion coefficients using regression, the number of samples N should in

general be at least two times the number of expansion coefficients [24], i.e.:

N = qP = q

(
k + z

k

)
, q = 2, 3, . . . . (22)

The input samples should cover the entire input space to fully explore the model behavior. The

input samples are obtained using Sobol’s low discrepancy sequence, which generates samples in

a half-open hypercube [0, 1)k in a deterministic way [29]. A sequence with zero discrepancy is

one in which the fraction of samples within a subinterval of the complete hypercube equals the

fractional volume of that subinterval for all possible subintervals. Low discrepancy sequences

attempt to minimize this measure [30].

3.2.2 Minimization of computational cost for multiple outputs of interest

The set of important parameters for output Yj obtained after screening, Xj , corresponds to

a problem with dimensionality kj = card(Xj). Given an a priori choice for the maximum

polynomial order z, the most straightforward way to construct a metamodel for an output of

interest is to apply gPCE to each model output separately. The total computational cost in
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terms of model runs is then given by:

CT(z) = q

l∑
j=1

C(Xj , z) = q

l∑
j=1

(
card(Xj) + z

z

)
= q

l∑
j=1

(
kj + z

z

)
(23)

However, the total cost might be reduced when the subsets of important parameters intersect,

especially for cases where a large number of important parameters are present in multiple

subsets.

Therefore, we introduce set partitions. A partition P of a set S = {1, 2, . . . , n} is a division of

the elements in S into a collection of non-overlapping, non-empty sets P1,P2, . . . ,Pm, that are

subsets of S, i.e. they satisfy:

P =

{
P1,P2, . . . ,Pm :

m⋃
i=1

Pi = S ∧ ∀i 6= j,Pi ∩ Pj = ∅ ∧ ∀i,Pi 6= ∅
}
, (24)

where ∅ is the empty set. For example, the partitions of the set S with n = 3 are {{1}, {2}, {3}},

{{1}, {2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}} and {{1, 2, 3}}. The number of partitions that can be

generated for a set S with card(S) = n ≥ 0 is given by the Bell number Bn, of which the first

few values are 1, 1, 2, 5, 15, 52 [31]. The sequence of Bell numbers is defined by the recursive

relationship:

Bn =


n−1∑
i=0

(
n− 1

i

)
Bi, n ≥ 2

1 n = 0, 1

(25)

Now let the set S contain the subsets of important parameters, i.e. S = {X1,X2, . . . ,X l}.

A partition P of S must now consist of subsets or unions of subsets of important parameters,

e.g. with l = n = 3 the partitions are {{X1}, {X2}, {X3}}, {{X1}, {X2 ∪ X3}}, {{X1 ∪

X2}, {X3}}, {{X1 ∪X3}, {X2}} and {{X1 ∪X2 ∪X3}}. The total cost is now defined as a

function of a partition P = (P1,P2, . . . ,Pm):

C∗T(P , z) = q

m∑
i=1

C(Pi, z) =

m∑
i=1

(
card(Pi) + z

z

)
(26)
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The optimal partition P̂ that results in the least number of model evaluations is given by:

P̂ = arg min
∀P of S

q

m∑
i=1

(
card(Pi) + z

z

)
. (27)

The computational cost of all possible partitions can be calculated using (26). Then, the

optimal partition P̂ can be selected which will result in the lowest number of required model

evaluations.

4 Simulations and analysis

The proposed approach will be demonstrated for a pulse wave propagation model. A single

model run simulates, on average, 25 heart beats, which takes roughly 30 seconds. The sensitivity

indices estimated by using the proposed two-step strategy will be compared to reference (‘true’)

values to assess their convergence in terms of accuracy and precision.

4.1 Model and reference values

The pulse wave propagation model was developed to support the vascular surgeon in select-

ing the optimal location for the creation of a vascular access for hemodialysis by adequately

predicting postoperative flows [32]. This model consists of serially connected one-dimensional

elements capturing the local arterial pressure-flow relationship and zero-dimensional Windkessel

models at the distal arterial termini to capture the effects of the microvasculature. There are

73 uncertain input parameters and we consider two outputs of interest: mean brachial flow and

the distal arterial systolic pressure. The high number of model parameters and the fact that

the model has been considered in sensitivity and uncertainty analysis before [33, 34, 4] make

the model an excellent test case for the proposed subset analysis.

We will use Saltelli’s efficient Monte Carlo method with 5000 Latin Hypercube samples per

parameter to obtain the reference sensitivity indices for each output of interest. To investigate
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the convergence of Saltelli’s method the L2 error (19) in the sensitivity indices will be calculated

when 250, 750, 1250 and 2500 Monte Carlo samples per parameter are used.

4.2 Two-step approach

The sensitivity indices will be estimated by first finding subsets of important parameters and

subsequently applying gPCE on these subsets for each output of interest.

4.2.1 Screening

Screening will be performed using Morris’ method to identify a set, resulting in a subset of

important parameters for each output of interest. These subsets will be used in the sec-

ond step. To investigate the influence of the choice for the p-level grid and the number of

replicas r, Morris’ method will be applied for all combinations of p ∈ {2, 4, 6, 8, 10, 12} and

r ∈ {10, 25, 50, 100, 200, 400}. To check the accuracy of the obtained sets of important param-

eters they will be compared with the set of parameters that have a reference total sensitivity

index larger than 0.01.

4.2.2 Polynomial chaos expansion

To include possible interactions, the metamodel order z should be larger than one. Based on

previous experience with the model under investigation, we set the maximal metamodel order

to z = 3 [4]. The optimal partition is determined using (26) after two subsets of important

parameters have been obtained using screening (one for the mean flow, the other for the distal

systolic pressure). Input samples will be generated for the optimal partition of the subsets.

The sampling will be performed with an sampling parameter q = 10 to allow investigation of

the convergence of the error in the estimated sensitivity indices. Model output samples are

then obtained by running the model for each input sample. Hereafter, a polynomial metamodel

is constructed using regression for each output of interest and for each combination of the
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maximal polynomial order zmax = {1, 2, 3} and q = {1, 2, 3, . . . , 10}. The sensitivity indices are

then obtained from each metamodel.

The accuracy of each metamodel is assessed by calculating descriptive error εR2 (17). Fur-

thermore, the predictive quality of each metamodel is assessed by calculating the predictive

error εQ2 (18). In addition, the accuracy and precision of the estimated sensitivity indices is

quantified by calculating the L2-error εL2 (19) with respect to the reference analysis and the

coefficient of variation cv (20), respectively. The coefficient of variation will be constructed from

95% confidence intervals obtained with nb = 500 bootstrap samples.

5 Results

5.1 Screening

The set of important parameters identified using Morris’ method did not depend on the choice for

grid level p or number of replicas r when considering the mean brachial flow. When considering

the systolic distal pressure, the identified subset did change depending on the choice of p and r.

However, for p ≥ 8, the identified subset did not change for r ≥ 50 (data not shown). The sets

of important parameters identified by screening at p = 8 and r = 50 are shown and compared to

the reference set in Table 1. Morris’ screening method correctly identified the parameters that

were important according to the reference. However, it overestimated the importance of a few

additional parameters. As a result, the subset used for the subsequent quantitative sensitivity

analysis has more parameters than might probably be necessary.

There are two possible ways to partition two subsets of important parameters: keeping the

subsets separate or unifying them. Sampling for both subsets separately was found to be more

efficient than combining the subsets. In case of the used q = 10, using the separated partition

resulted in 13300− 12710 = 590 fewer model runs when compared to the unified partition.
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5.2 Polynomial chaos expansion

Metamodels were successfully generated using regression. A metamodel was created for each

possible combinations of output of interest, maximum polynomial order z and the sampling

parameter q by selecting the appropriate samples during analysis.

5.2.1 Quality of the metamodels

The descriptive and predictive errors (εR2 , εQ2) are shown in Figure 1 for the metamodel with

mean brachial flow as output and in Figure 2 for the metamodel with distal systolic pressure as

output. In both cases the metamodels are able to capture the actual outputs well (εR2 � 1).

Both metamodels also have good predictive power (εQ2 � 1) for sampling parameters q ≥ 2.

Furthermore, the quality of the metamodels did not significantly improve with regards to εR2

and εQ2 anymore for q ≥ 5.

5.2.2 Accuracy and precision of the estimated sensitivity indices

Figures 3–4 show the convergence of the relative L2-error (εL2) of the estimated sensitivity

indices using both the reference analysis (light grey line) and the two-step efficient approach

(black). All three maximal polynomial orders of the metamodel z = 1, 2 and 3 are shown. The

two-step approach (black lines) outperforms the gold standard analysis in all three cases. About

104 model runs are needed to achieve an error εL2 < 10−2 while more than 105 are required

when using the reference method. Both figures also show that a first-order metamodel shows

slower convergence than the second and third order metamodels. This indicates that a linear

metamodel is not sufficient to capture the model output. We also note that the second and

third order models are difficult to distinguish from each other, indicating that a third-order

metamodel does not significantly improve upon a second-order metamodel for both outputs of

interest.

The precision of the obtained sensitivity indices expressed as the mean coefficient of variation
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is displayed in Figures 5 and 6 for the brachial flow and distal systolic pressure, respectively.

These figures show that the precision of the estimates increases (lower coefficient of variation)

when increasing the sampling parameters q. This emphasizes the convergence of the obtained

sensitivity estimates. Especially the sensitivity indices obtained from a metamodel with maxi-

mal polynomial order z = 2 or z = 3 already show high precision (εL2 � 1), when only a few

model runs are performed.

6 Discussion

Uncertainty and sensitivity analysis are indispensable as an integral part of personalized model

development. Saltelli’s method is a robust but computationally costly method for estimating

sensitivity indices of a model. The more recent polynomial chaos expansion method is less

robust, but also less computationally expensive for uncertainty and sensitivity analysis [4].

For practical reasons the number of model runs required to estimate these indices should be

minimized. Furthermore, it is good practice to investigate the convergence of the obtained

sensitivity indices. Therefore methods that can decrease the number of model runs are desired.

An efficient approach for doing sensitivity analysis using the polynomial chaos expansion method

is presented in this paper.

The proposed method has two steps. In the first step, the effective dimensionality is reduced

by identifying subsets of important parameters by means of Morris’ screening method. In the

second step, the number of runs required to estimate the sensitivity indices corresponding to

multiple outputs of interest is minimized by identifying the optimal partition of the sampling

sets. Then the expansion coefficients of each metamodel for each output of interest are estimated

using regression. Ultimately, a full set of sensitivity indices is obtained for each output of interest

from the metamodels.

The proposed two-step approach was compared to a reference analysis using Saltelli’s Monte

Carlo method when applied to a model used to predict hemodynamics in renal failure patients
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that need to undergo vascular access creation. The results show that the two-step approach

can considerably reduce the required number of model evaluations to obtain sensitivity indices,

depending on what the user considers an acceptable accuracy and precision of the estimated

sensitivity indices. In this particular case, an accuracy expressed as the relative L2 error εL2 =

10−1 could be achieved for both outputs of interest at 5 · 103 model evaluations, compared to

> 105 model runs for the reference analysis. Furthermore, the accuracy and precision of the

obtained sensitivity indices was found to be excellent even at a low number of model runs,

especially when the appropriate maximal polynomial order of each metamodel is considered.

Therefore, this two-step approach is very promising for performing sensitivity analysis of models

with many model parameters and multiple outputs of interest. Because it makes no assumptions

about the mathematical behavior of the model under investigation, we expect it to be applicable

to other models as well. Future applications should determine whether this is indeed the case.

We will discuss some limitations below.

Reference analysis

The reference values for the senitivity indices were obtained by Saltelli’s method using Latin

Hypercube samples to compute the defining integrals. However, other approaches for obtaining

the variance-based indices based on integral computation are available which may have better

convergence properties. A comparison of the convergence properties and the computational

complexity of some of these alternative approaches can be found in the work of Dimov et

al. [35]. The results of our reference analysis may be slightly improved if one of these other

approaches is used. However, in this work, the prime target for improving efficiency was in

completely bypassing the need for accurate and efficient Monte Carlo approaches through the

construction of a metamodel.

Screening

The screening method of Morris is used to identify the subsets of important parameters based

on the parameters’ elementary effects. To use the screening the user must set the grid level p

and the number of replicas r. Of these two parameters the number of replicas r was found to
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influence the obtained subsets the most. When the number of replicas is too low the input space

may not be fully explored. As a result, the obtained subsets may not contain all important

parameters, or include parameters which are actually not important. However, the number of

replicas should also not be too high, because it adds to the total computational cost. Moreover,

the goal is not to obtain the best estimates of the elementary effects, but rather to be able to

accurately separate the important parameters from the non-important parameters.

The threshold that is used to separate the important parameters from the non-important param-

eters during screening is arbitrary. Two types of errors are possible: (I) one or more unimportant

parameters are erroneously included in the subset, or (II) one or more important parameters

are erroneously excluded from the subset. An error of type (I) will result in a larger required

number of model runs for the subsequent quantitative sensitivity analysis. This type of error

can be detected when the total sensitivity index of a parameter included in the subset is close

to zero. An error of type (II) will cause an inaccurate metamodel to be constructed, because

the effects of the missing important parameters will not be included. This type of error could

be detected by a low R2 (large unexplained variance) and/or low Q2 (bad predictive power) of

the constructed metamodel, even when it has a sufficient polynomial order and when sufficient

samples were used to derive the expansion coefficients. In this case, additional trajectories

(higher r) should be generated and included in the screening to improve the detection of the

important parameters.

We considered a parameter to be important for an output of interest based on whether its

µ∗-value (3) exceeded the mean µ∗ value of all parameters for that output. In our case this

caused only errors of type I (Table 1), which adversely affected the number of required model

evaluations only slightly.

Estimation of expansion coefficients

The expansion coefficients were estimated using a least-squares regression. The expansion co-

efficients could also have been estimated using a spectral projection of the model output onto

the polynomial basis, [2, 3]. In our previous investigation of the same model as was used in this
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work, we found the regression method to be more robust [4]. The worse performance of the

spectral projection was thought to be caused by the error made in the calculation of a required

integral over the input space. The integral was approximated using Smolyak’s quadrature al-

gorithm on a nested sparse grid [36]. This algorithm is shown to give good performance for

integration of smooth functions in high (> 8) dimensions [37, 3]. However, the model possibly

does not behave smoothly in the output space. Moreover, the lower error bound of the Smolyak

algorithm scales with the number of dimensions [37], which was very high (73) in our previous

study [4].

Using the two-step approach, the effective dimensionality of the problem is reduced to the size

of the obtained subsets. It is possible that the spectral projection approach would now yield

results comparable to those obtained using regression. However, using the spectral projection

approach entails using the Smolyak algorithm, which imposes that the input samples are taken

from a sparse grid. For the same reason, bootstrapping can not be applied. Using the regression

approach does not impose what samples to use, allowing the user to choose their own sampling

strategy. Therefore, we chose this approach.

Sampling strategy

The input samples corresponded to the deterministic low-discrepancy sequence of Sobol [29].

Low-discrepancy sequences (sometimes also called quasi-random) were originally developed to

obtain relatively uniform samples to improve Monte Carlo estimates of integrals [38]. Two other

famous low-discrepancy sequences are the Halton sequence (precursor to the Sobol sequence) and

the Faure sequence (an extension of the Sobol sequence) [38]. A generalization for constructing

low-discrepancy sequences was introduced by Niederreiter [30]. There are small differences

between these sequences with regard to the theoretical bounds of the resulting discrepancy at

different dimensions and the speed at which samples can be generated [38]. Both the Halton

and Sobol sequences are readily available in the Matlab Statistics toolbox. However, the Sobol

sequence has slightly better theoretical discrepancy bounds at higher dimensions [38], and it

was therefore chosen in this study.
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It is also possible to use other non-deterministic sampling strategies, such as Latin hypercube

sampling. However, because the Sobol sequence is deterministic, it has the useful property

that when input samples are added (e.g. when the sampling parameter q is increased), the

samples will be placed in the gaps in the input space. Adding new Latin hypercube samples

to an existing Latin hypercube sampled set yields a new input sample set that is not a Latin

hypercube anymore [24]. Blatman et al. [39] compared Monte Carlo, Latin hypercube and

Sobol sampling strategies for obtaining sensitivity indices for a finite element structure model

with 10 parameters and found the best performance when using the Sobol sampling strategy.

However, this result may be dependent on the model under investigation.

Related and future work

The approach presented in this paper optimizes sensitivity analysis of models with many pa-

rameters and with multiple outputs of interest with regards to the number of required model

evaluations for a given maximum polynomial metamodel order z. All possible combinations of

basis functions with a maximal order z are included in the metamodel. All the basis functions

have unknown coefficients to be estimated, which scales the required number of model eval-

uations. Blatman et al. take a different approach in reducing the number of required model

runs. Instead of screening for important parameters and optimal partitioning of the obtained

subsets, they propose using a sparse polynomial chaos expansion. A sparse polynomial chaos

expansion does not include all basis functions up to a maximum order. Instead, it is built up

by only adding basis terms that improve the accuracy and predictive power of the resulting

metamodel. This reduces the total number of unknown coefficients and, in turn, the number of

required model runs. These approaches are elaborated in references [24, 40, 41]. Furthermore,

using this adaptive approach does not require choosing a maximal polynomial order a priori.

However, it should be noted that this approach is less effective for models with many model

parameters, because the number of required model runs grows faster with increasing model pa-

rameters than with increasing number of basis functions. However, it may be advantageous to

apply the adaptively built sparse polynomial chaos methods of Blatman et al. after important

parameters have been identified and the effective number of parameters for the model outputs
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have been reduced using the approach described in this paper.

7 Conclusion

An efficient two-step approach for sensitivity analysis of models with many model parameters is

presented in this paper. The first step is to screen for a subset of important parameters for each

output of interest using Morris’ method. The second step is to create a polynomial metamodel

for each output of interest. An analysis of sampling strategies is presented that can significantly

reduce the number of model runs required to construct multiple metamodels when more than

one output is considered. The new approach was shown to yield accurate sensitivity indices of

a pulse wave propagation model at much lower computational cost when compared to the gold

standard efficient Monte Carlo method of Saltelli. In fact, the total number of required model

runs was two orders of magnitude lower in the proposed method than in the gold standard

method.
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Figure 1: The descriptive (εR2) and predictive errors (εQ2) of the metamodel of flow. The total
number of samples corresponds to the number of samples used during screening plus the number
of samples used during construction of metamodel, which scales with the choice for sampling
parameter q.
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Figure 2: The descriptive (εR2) and predictive errors (εQ2) of the metamodel of pressure. The
total number of samples corresponds to the number of samples used during screening plus the
number of samples used during construction of metamodel, which scales with the choice for
sampling parameter q.
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Figure 3: The relative L2-error (εL2) in the sensitivity indices for the flow obtained using the
metamodel at maximal polynomial orders z = 1, 2, 3 as a function of the total number of runs
for sampling parameters q = 1, 2, . . . , 10. The same L2 error is plotted for the reference analysis
against the number of runs for N = 250, 750, 1250, 2500 samples per parameter. The number
Ns indicates the number of runs used for screening.
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Figure 4: The relative L2-error in the sensitivity indices for the pressure obtained using the
metamodel at maximal polynomial orders z = 1, 2, 3 as a function of the total number of runs
for sampling parameters q = 1, 2, . . . , 10. The same L2 error is plotted for the reference analysis
against the number of runs for N = 250, 750, 1250, 2500 samples per parameter. The number
Ns indicates the number of runs used for screening.
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Figure 5: The mean coefficient of variation taken for all sensitivity indices for the flow obtained
with a metamodel with maximal polynomial order z = 1, 2, 3 as a function of the number of
runs determined by the sampling parameter q = 1, 2, . . . , 10.
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Table 1: The sets of important parameters identified by Morris’ screening at r = 50 and p = 8 according
to the criterium in (21) as compared to the set of important parameters according to whether their
reference total sensitivity index is larger than 0.01. The number of parameters identified as important
is given between brackets.

# Model parameter Brachial flow Systolic radial pressure
Ref. (8) Screen. (12) Ref (9) Screen. (15)

1 Length of innominate, subclavian, axillary and brachial artery  �

8 Diameter tapering of innominate, subclavian, axillary and
brachial artery

  

13 Diameter tapering of basilic, axillary and subclavian vein  �

15 Diameter tapering of the innominate, subclavian, axillary and
brachial artery

  � �

16 Diameter of the radial artery � �

19 Aortic diameter � �

20 Diameter of the basilic, axillary and subclavian vein   �

33 Wall thickness of asc. aorta, aortic arch, thoracic aorta � �

40 Young’s modulus of innominate, subclavian, axillary and
brachial artery

�

49 Aortic characteristic impedance   � �

51 Right carotid Windkessel resistance  
57 Aortic Windkessel resistance   � �

58 Left carotid Windkessel resistance  
61 Radial artery Windkessel compliance � �

65 Thoracic aorta Windkessel compliance �

67 Intravenous pressure   �

68 Eccentricity ratio of the basilic, axillary and subclavian vein   � �

69 Eccentricity ratio of the cephalic, axillary and subclavian vein
71 Distributed flow
73 Mean aortic flow   � �
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