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Structural vibrations often cause problems in high precision instruments, which may be solved
by introducing passive damping. In this paper, different ways of introducing passive damping
via viscoelastic materials (VEM) are discussed. Discrete damping elements and constrained
layer (CL) configurations are selected and used to efficiently damp an open aluminum box. For

the structure. The steady-state dynamics of the box are simulated using a finite element (FE)
model, which includes frequency dependent VEM properties. This model is used to find a
design that possesses high damping while taking into account design constraints. The
simulation results are experimentally validated using both modal parameters and frequency
response functions (FRFs). For the computation of model based FRFs, a new method based on
Interpolated Modal Parameter Superposition (IMPS) is proposed. Model based results and
experimental results show good resemblance, even without updating the model with
deviations in the realized structure. The local dampers add most damping to a limited number
of modes. Partially covering the box with CL dampers is found to be more effective than full
coverage of the structure with the same mass addition.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In the high precision industry, demands on positioning accuracy are ever increasing. Unwanted structural vibrations
hamper these demands and may result in decreased performance, noise, and control limitations. To increase the vibrational
performance of lightly damped structures, energy dissipation mechanisms can be incorporated. Passive damping techniques
are often preferred over (semi-)active methods, because they do not require power and are generally less complex and more
robust. A fairly simple technique, which has high potential in reducing vibrations, is based on the introduction of viscoelastic
materials (VEM) into the structure. In the literature, already quite some attention has been given to damping by means of
VEM. A wide variety of VEM models is introduced/available, see e.g. [1–5]. Several studies have been devoted to the
constrained layer damping configuration, where the VEM is sandwiched between two (usually metal) layers [6–8]. In
addition, dynamic analysis computation methods have been developed, see e.g. [9–11]. Recent advances of applying VEM in
automobiles and airplanes can be found in [12]. Still, insight into the capabilities of different VEM application methods for a
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structure of interest (and corresponding design guidelines) is limited. Furthermore, most of the time, add-on damping
approaches at the end of the design process are considered, whereas incorporating (VEM) damping in the structure in the
early design stage would probably result in better performance. This requires one to be able to model and accurately predict
damping performance even for relatively complex structures. For that reason, the goals of this research are to attain insight
into the damping capabilities of different VEM applications in a representative 3D open box structure under certain design
constraints and to accurately predict the dynamic properties of the resulting designs. This paper is an extended version of
[13]. The VEM is applied in the structure in the following ways: by using discrete VEM damping elements and via three
different constrained layer configurations. The designs are numerically analyzed, manually optimized, and experimentally
validated. Moreover, a new technique, i.e. to the best of the authors’ knowledge, for calculating frequency response functions
for a model incorporating VEM is proposed.

This paper is organized as follows. A brief description on the modeling of viscoelastic materials and the numerical
dynamic characterization of structures incorporating viscoelastic materials is given in Section 2. This section includes a
description on the proposed method for computing FRFs for systems with non-viscous damping. The modeling and design
of a characteristic 3D open box structure (both undamped and damped) is described in Section 3. In Section 4, the numerical
and experimental dynamic analysis results are discussed and compared in detail, considering both frequency response
functions and modal parameters. Conclusions are presented in Section 5.

2. Modeling structures with viscoelastic material

2.1. Viscoelastic material properties

To accurately model passive damping in structures by means of viscoelastic materials, knowledge on the dynamic
properties of such materials is required. As the name suggests, viscoelastic materials exhibit a combination of elastic and
viscous behavior upon loading. An applied harmonic strain (or stress) results in a harmonic stress (or strain) with a phase
difference δ. Therefore, a complex Young's modulus En

v ¼ E0vð1þ iηÞ is considered, where E0v is the storage modulus and
η¼ tan ðδÞ is the loss factor. En

v is generally strongly dependent on temperature and excitation frequency (or time scale).
In this paper, En

v ¼ En

vðωÞ (with ω being the angular frequency), since isothermal conditions (22 1C) are considered. An
example of the frequency dependency of jEn

vj and η from measurements on the material Norsorexs 46925 is shown in Fig. 1
(where f ¼ω=2π). The frequency temperature equivalence is employed in plotting the measured DMTA results in Fig. 1. To
be more specific, at several frequencies and at several temperatures, measurements are carried out. All these measurement
results are shifted to 22 1C.

Fig. 1 also illustrates a fractional derivative material model fit, which will be used for simulation in Section 3.4. In the
Laplace domain, the fractional derivative model can be expressed as [1]

En

v sð Þ ¼ E0þ
XN
j ¼ 1

Ej
s=rj
� �ϕj

1þ s=rj
� �ϕj

; (1)

with E0AR being a constant modulus at s¼0, EjAR and rjAR being the modulus contribution and transition frequency
respectively of the jth term and 0oϕjr1 the corresponding derivative order. The values for the coefficients Ej, rj, and ϕj for
the materials that will be considered in this study are listed in Appendix A.
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Fig. 1. Dynamic modulus jEn

v ðf Þj and loss factor ηðf Þ at 22 1C for Norsorexs 46925 from shifted DMTA measurements and a 20th-order fractional derivative
model fit.
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2.2. Modal decomposition

The equations of motion for a generally damped linear system can be expressed as [14–16]

M €qðtÞþ
Z t

�1
Gðt�τÞ _q dτþK0qðtÞ ¼ fðtÞ; (2)

where, MARNq�Nq and K0ARNq�Nq are the mass and stiffness matrix, respectively, GðtÞARNq�Nq is a matrix with damping
kernel functions, and qðtÞARNq�1 and fðtÞARNq�1 are vectors containing the Nq degrees of freedom and forcing terms,
respectively. Transforming Eq. (2) into the Laplace domain and rewriting gives

Ms2þKðsÞ� �
Q ðsÞ ¼ FðsÞ; (3)

with KðsÞ ¼ sGðsÞþK0ACNq�Nq being a frequency dependent stiffness matrix (where GðsÞ ¼ L GðtÞ½ �), Q ðsÞ ¼ L qðtÞ½ � and
FðsÞ ¼ L fðtÞ� �

, where L �½ � denotes the Laplace transform. For damping by means of VEM, the frequency dependence of the
stiffness matrix originates from En

vðsÞ. From (3), the following eigenvalue problem can be derived

Mλ2kþKðλkÞ
h i

uk ¼ 0; k¼ 1;…;2Nq; (4)

with λk being the kth eigenvalue corresponding to the eigenvector uk. An iterative approach is used in this research for
solving Eq. (4) [9]. An initial, frequency independent complex Young's modulus is considered to find initial estimates for the
eigenvalues and -modes. Subsequently, for each mode separately, Young's modulus is found by evaluating En

vðλkÞ (Eq. (1))
and used to find a new estimate for the considered eigenvalue and eigenmode. This process is repeated until the change in
eigenvalue λk is below a certain tolerance value. The Modal Assurance Criterion [17] (MAC, see also Section 4.3) is used to
extract the mode of interest k from the complete set of modes for changing En

vðλkÞ. Note that for some viscoelastic material
models (e.g. GHM models, generalized Maxwell models, and fractional derivative models where the derivative orders are
fractions of integers), direct solution methods based on extended state space formulations are available (see e.g. [18–23]).

Eigenvalues and eigenmodes are important quantities in dynamic analysis and particularly useful in identifying the
amount of damping added to the system. In this paper, the modal damping ratio

βk ¼ �ReðλkÞ
jλkj

; k¼ 1;…;2Nq; (5)

is used as a measure for the amount of damping of the kth mode (although in general the system is not proportionally
damped), because this ratio is commonly used in engineering dynamics.

2.3. FRF derivation

Next to the modal parameters, frequency response functions (FRFs) also provide insight into the dynamic properties of
structures, since they give the relations between harmonic excitation forces and displacement responses. The FRF matrix can
be expressed as (using Eq. (3) for s¼ iω)

HðiωÞ ¼ �Mω2þKðiωÞ� ��1
; (6)

where ω is the angular frequency of the harmonic force and response and i¼
ffiffiffiffiffiffiffiffi
�1

p
. Although exact, computing HðiωÞ using

Eq. (6) for a certain frequency range of interest costs excessive cpu-time if Nq is very large and Nr, the desired number of
frequency grid points in the frequency range of interest (defining the frequency resolution), is also very large. Other
(approximate) methods for finding FRFs have been presented in the literature. An example is the Approximated (truncated)
Modal Superposition Method (AMSM) [11]. Other approaches are the Improved Approximation Method (IAM) [11] and the
Mode Acceleration Method (MAM) [11] (both employing a Neumann expansion). Furthermore, a method using approximate
contributions as a projection basis to reduce the truncation error is proposed in [10]. Here, a new and efficient alternative
method is presented, i.e. the Interpolated Modal Parameter Superposition (IMPS) method. The method is based on
interpolating spectral decomposition quantities over frequency and using these quantities in a superposition approach.

Consider an approximation of the FRF matrix (Eq. 6) near an arbitrary frequency ω¼ω1

Ĥ iωð Þ ¼ �Mω2þK iω1ð Þ� ��1
: (7)

Note that for ω¼ω1 Eq. (7) is actually exact (compare with Eq. (6)). The spectral decomposition problem corresponding to
this approximation is given by

MσkþKðiω1Þ½ �zk ¼ 0; k¼ 1;…;Nq; (8)

where σk is the kth eigenvalue and zk is the corresponding eigenvector. Note that σkaλ2k and zkauk. It follows that

Kðiω1Þzk ¼ �Mzkσk; (9)

or in matrix form

K iω1ð ÞZ¼ �MZΣ; (10)
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with Σ being a diagonal matrix with the Nq eigenvalues of this approximate system and Z¼ z1; z2;…; zNq

� �
. It is assumed

that there are no repeated eigenvalues. Keep in mind that Σ¼ Σ ω1ð Þ and Z¼ Zðω1Þ. Using this spectral decomposition, the
approximate FRF matrix can be written as

ĤðiωÞ ¼ �Mω2þKðiω1Þ
� ��1

¼ ZT
� ��1

ZT �Mω2þKðiω1Þ
� �

ZZ�1
	 
�1

¼ Z ZT �Mω2þKðiω1Þ
� �

Z
h i�1

ZT

¼ Z �ZTMZ ω2IþΣ� �h i�1
ZT : (11)

Using the orthogonality principle for symmetric mass and stiffness matrix, that is,

ZTMZ¼Mn; (12)

with Mn being a diagonal matrix, it follows that

Ĥ iωð Þ ¼ Z �Mn ω2IþΣ
� �� ��1

ZT : (13)

Considering the fact that the term between brackets is a diagonal matrix, the frequency response function matrix
approximation can also be expressed as

Ĥ iωð Þ ¼ ∑
Nq

k ¼ 1

zkzTk
�mn

k ω2þσk
� �¼ ∑

Nq

k ¼ 1

Rk

�ω2�σk
; (14)

with

Rk ¼
zkzTk
mn

k
; (15)

the residue matrix corresponding to σk andmn

k is the kth diagonal entry of Mn. Note that Eq. (14) is only exact for ω¼ω1, i.e.
it will give the same results as Eq. (6) for ω¼ω1. It is clear that the spectral quantities σk and zk in principle depend on ω.
The exact FRF matrix as a function of ω can then be found by using Eq. (14) with Σ¼ Σ ωð Þ and Z¼ ZðωÞ, i.e.

H iωð Þ ¼
XNq

k ¼ 1

RkðωÞ
�ω2�σkðωÞ: (16)

Using this expression would require solving the full spectral decomposition (8) at every frequency in the frequency range of
interest ωA ½0;ωc�, where ωc is the cut-off frequency. This is computationally expensive and very inefficient. Instead, the
spectral decomposition is carried out for Nf 5Nr different frequencies ωjAfω1;…;ωNf

g. Frequency dependency is added by
interpolating σk and entries of Rk using shape preserving cubic splines for frequencies in between. Here, cubic splines are
used, but other interpolation methods could have been used instead. The real and imaginary parts of σk and Rk are
interpolated separately as a function of log10ðωÞ. In this method, the spectral quantities are interpolated instead of the FRFs
themselves because they change in a much smoother way than the FRFs when the frequency changes. Interpolation of the
FRFs leads to inaccurate approximations. To further improve performance, the modal superposition in (16) is truncated to
roNq terms.

Summarizing, the novelty lies in the fact that it uses spectral decomposition of HðiωÞ (at frequencies specified by the
user) in the spectral quantities σk and zk. Efficiency is improved by adding frequency dependency to σk and interesting
entries of Rk (selected by the user) via interpolation.

As an illustration, a cantilever beam with viscoelastic spring–damper connected at the end (see Fig. 2a) is considered.
The material model as presented in Fig. 1 is used for the viscoelastic spring–damper. The proposed method is found to be
computationally more effective than the direct method (Eq. (6)) for Nq4Oð50Þ, where Nf ¼ 15, r¼10, and Nr ¼ 1500. A CPU-
time reduction by a factor of five (w.r.t. the direct method) is already found for Nq¼100. The resulting driving point FRF at
the location of the damper (transverse direction) for the exact approach and the IMPS method is shown in Fig. 2b.
The AMSM, IAM and MAM approximation methods are found to be inaccurate for this case.

Fig. 3a and b illustrates the interpolation of the eigenvalues (in terms of
ffiffiffiffiffiffi
σk

p
, which is complex) and residues Rk (i.e. the

entry of Rk under consideration) respectively for the first three modes. Note again that these
ffiffiffiffiffiffi
σk

p
differ from the system

eigenvalues λk. Fig. 3a shows a similar frequency dependency as is found for the material storage modulus and loss factor
(i.e. Fig. 1). Note that this dependency is gradual and, therefore, to show the overall trends, a wide frequency range is
presented. The real part of

ffiffiffiffiffiffi
σk

p
is linked to the loss factor and the imaginary part to the storage modulus. The residues

capture a change in mode amplitude and relative phase at the location considered. As the loss factor increases, so does the
imaginary part of Rk. The latter converges to zero if η-0. For high frequencies, ReðRkÞ converges towards zero, because the
damper becomes so ‘stiff’ that the mode has a node at the location of the damper.

As an improvement to the method, the frequencies ωj, may not be taken equally spaced (on log-scale), but chosen such
that the increase in jEn

v j at each frequency step is constant (not yet considered in Fig. 3).
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Fig. 3. Interpolation of the first three σk and Rk of the damped cantilever beam. (a) Interpolation of σk. (b) Interpolation of Rk.
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Fig. 2. A steel cantilever beam (E¼ 210 GPa, ρ¼ 7800 kg=m3) with VEM damper near the end and the corresponding driving point FRF at the location of
the damper. (a) Cantilever beam with VEM damper. (b) Driving point FRF for a damped cantilever beam.

M.W.L.M. Rijnen et al. / Journal of Sound and Vibration 349 (2015) 80–9884
Here, the equations of motion are written in the form as given by (3) and consequently a modal superposition scheme
form similar to that for a hysteretically damped/undamped system is considered for the IMPS method. Alternatively, an
equivalent approach could be taken employing a viscously damped system as a reference. This may be an approach when it
is necessary to avoid solving spectral decompositions with complex matrices (in several FE codes for example, eigensolvers
for complex matrices are not available). The spectral decomposition problem corresponding to an approximate viscously
damped system (with real matrices) could for example be expressed as

Mγ2kþ
Im Kðiω1Þð Þ

ω1
γkþRe Kðiω1Þð Þ

	 

zk ¼ Mγ2kþCγkþKR

� �
zk ¼ 0 with k¼ 1;…;2Nq; (17)

where γk is the kth eigenvalue corresponding to the eigenvector zk. This notion can then be employed to (similarly as done
above) derive an equivalent modal superposition scheme with frequency dependent spectral quantities.
3. Case study: introduction of VEM in an open box structure

To attain more insight into the relative and absolute capabilities of different VEM applications, VEM will be used to
introduce damping to an aluminum open box structure. The open box structure is used here since it contains different kinds
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of modes (local out-of-plane modes and global box modes, e.g. a torsional mode) and because it is a typical construction
element in high precision systems.

3.1. FE modeling

A FE model of the undamped aluminum open box structure is composed in Matlab [24]. Deformations are assumed to be
small. The aluminum box is constructed by assembling five different plates which are modeled using thick shell elements,
employing the Mindlin–Reissner plate theory [25]. The considered elements consist of a combination of four node (linear)
elements for the in-plane deformation (three degrees of freedom per node) and eight node (quadratic) elements for the out-
of-plane deformation (also with three degrees of freedom per node).

VEM additions are also modeled using finite elements. In the case that the VEM is applied as discrete damping elements,
linear Timoshenko beam elements including shear with six degrees of freedom per node are used. A plane strain
assumption is considered. For the auxiliary beam structures that are required (see Section 3.4) similar elements, but
employing a plane stress assumption, are used.

In this study, also three constrained VEM layer configurations are considered. The stainless steel constraining layers are
modeled using the same shell elements as used for the aluminum base structure. For the constrained VEM layer it is
assumed that the deformation field within the material can be approximated by linearly interpolating those of the
connected metal layers [26]. This approach is based on an extension of the VEM layer modeling for Miles–Reinhall beam
elements to plates.

For all cases (both undamped and damped) a mass and (frequency dependent) stiffness matrix are constructed. The
corresponding number of degrees of freedom is Nq ¼O 5� 104

� �
for all cases. The FE models can thus be classified as

medium to large sized.

3.2. Undamped structure

The aluminum base structure is designed such that the following design constraints are fulfilled for the structure without
VEM:
�
 Mass within the range of 10–25 kg.

�
 The outer dimensions between 100 and 400 mm.

�
 Approximately 10 elastic modes in the range 50–1000 Hz.

�
 At least one clear elastic mode in each of the five plates of the box.

�
 The eigenfrequencies in the frequency range of interest should be well separated to simplify experimental modal

analysis.

A design that fits these criteria is found iteratively using FE models and is shown in Fig. 4. The box has a mass of 10.43 kg and
possesses 13 elastic modes within the range of 50–1000 Hz, considering free boundary conditions. The material properties
used for aluminum can be found in Table 1 (assuming isotropic material behavior). Figures illustrating the first 10 elastic
modes can be found in Appendix B.

3.3. Performance criterion

Viscoelastic material will be applied to the undamped open box structure to introduce damping. The damping
performance will be manually optimized for all configurations. Optimization requires an objective function or performance
400 mm

10 mm

8 mm

7 mm

6 mm9 mm

350 mm

250 mm

X

Z

Y

Fig. 4. Schematic of the open box structure.
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criterion, the choice of which is not trivial. In this work it is chosen to maximize the modal damping ratios (see Eq. (5)) for
the eigenmodes in the frequency range of interest. This criterion is selected because it gives a general indication of the
amount of damping added to the structure.

In engineering practice however, the focus will generally be on minimizing vibrations. Minimizing vibrations requires
knowledge on the location, direction and frequency spectrum of the excitation signals for the system of interest. This is not
available for the case study at hand. Furthermore, structural vibration reduction may be only required for a subpart of the
system. Depending on the specifications a different objective function (and resulting optimal design) might thus be
preferred. A performance criterion when considering minimizing structural vibration could for example be minimizing the
sum of kinetic and elastic energy for the relevant subpart of the system averaged over time in considering responses to a
particular dynamic load.

Again, as the specific information for formulating such an objective function is not available, maximization of the
damping ratios βk is used in obtaining optimal designs in Section 3.4 based on FE simulations. The damping ratios of the
modes in the frequency range of interest are maximized on the eye.

3.4. Damped structures

For introducing damping to the box structure using viscoelastic material, the VEM is employed using discrete damping
elements. Subsequently, the VEM is applied in three different constrained layer configurations. To obtain a realistic damper
design, the passive damping applications are designed using the following constraints:
�

Fig
(b)
A maximal increase of mass per wall in the order of 0.5 kg (maximal 2.5 kg in total).

�
 Preferably no, but at least a limited reduction in eigenfrequencies due to the addition of VEM.

�
 The viscoelastic material with the desired dimensions and properties are commercially available.
The application of discrete damping elements is considered first. Eight small blocks of viscoelastic material, connected to
each other using four auxiliary beam structures (see Fig. 5a), are attached to the box walls at specific locations. Typically, the
VEM should be positioned such that it experiences large modal strain energy. For most mode shapes of the undamped
structure, the largest modal deflection amplitude is near the top edges of the box. Therefore, it is chosen to add dampers
near that edge (although this position may not be optimal for a particular mode). The mode shapes of the undamped
Box

VEM

32%

Auxiliary 
structure

X

Z
Y

. 5. Schematic of the discrete damper and partially covering CL damping designs. (a) Top view of the box with discrete dampers and auxiliary structures.
The box with illustration of the parts to which the constrained layer patches are added.

Table 1
Material and geometrical properties.

Quantity Value

Young's modulus aluminum/stainless steel 70 GPa/210 GPa
Mass density aluminum/stainless steel 2625 kg=m3/7689 kg=m3

Poissons ratio aluminum/stainless steel 0.33/0.32
Cross sectional dimensions of discrete VEM damping blocks (square) 15� 15 mm
Length of the discrete VEM damping blocks 3 mm
Mass density of the viscoelastic material (Norsorexs 46925/RXs FPM) 1180 kg=m3/2243 kg=m3

Poissons ratio of the viscoelastic materials 0.499
Cross sectional dimensions of the auxiliary aluminum beams (square) 15� 15 mm
Length of the auxiliary aluminum beams (at centerline) 158.7 mm
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structure at the top edges of the walls are similar to those of a pinned–pinned beam. In the frequency range of interest, only
the lowest two equivalent beam modes are encountered. The beam analogy is used to find an optimal damper location along
the edge based on maximizing Eq. (5) for the first two transversal beam modes. The optimal location is found to be between
approximately 27 percent of the length for low VEM stiffness and 40 percent of the length for high VEM stiffness. It is chosen
to place the damper at 32 percent of the inner wall length. Note that when one specific mode is of interest, this location is
not optimal. Note furthermore that the specified optimum for the beam modes individually is not found to be at the location
with the maximal modal deflection amplitude, but at the location where most strain energy is attained in the VEM (the
modeshapes change when a stiff VEM block is attached).

The dimensions and material of the four aluminum beams and eight VEM blocks (see Fig. 5a) are optimized using the FE
model described before. Out of a set of commercially available viscoelastic materials, Norsorexs 46925 (with a mass density
of 1180 kg=m3) is found to give the most damping for practical dimensions taking into account the available material
thicknesses. The frequency dependency of Young's modulus and loss factor of this material is shown in Fig. 1. The
dimensions and properties of the VEM blocks and beams are listed in Table 1. The total added mass is 0.392 kg, which is well
below the maximally allowed added mass of 2.5 kg.

Three designs of the constrained layer (CL) damping are considered next. A distinction is made between two full
coverage designs of the open box walls and one partial coverage design. As mentioned above, the added mass constraint is
initially set to 0.5 kg per wall, but considering the available VEM and constraining layer thicknesses slight exceedings are
accepted.

First, the box walls are fully covered with CL dampers at the outside. The thickness of the different VEM layers and
constraining layers is optimized for each wall of the box separately. In the optimization process, each wall is modeled
separately as a plate and the thickness of the VEM and the thickness of the constraining layer are varied. By doing so, the
number of design parameters (per wall) remains low. However, a suboptimal design may be found. Commercially available
layer thicknesses are selected near the found optima (highest β1) for each wall. The chosen viscoelastic material for this
application is the product RXs FPM (with a mass density of 2243 kg=m3). The damping is found to be optimal for a VEM
layer of 1 mm for each wall, a stainless steel (material properties are given in Table 1) constraining layer thickness of 0.5 mm
for the upright walls, and a constraining layer thickness of 0.3 mm for the bottom plate. To investigate the effect of VEM
layer thickness (both using the FE model and by doing experiments), a second full CL coverage design with a viscoelastic
layer of half the thickness (i.e. 0.5 mm) is considered as well.

Next, the third CL damping design will be considered where only a part of the box is covered. Via a trial and error
approach, it is found that a good approach is to place the CL patches both at locations where the undamped box modes have
maximal displacement gradient (i.e. magnitude of the column with derivatives of the out-of-plane displacement field w.r.t.
the in-plane coordinates) and at locations, where the modes show maximal amplitude. This approach causes deformation in
the constrained layer dampers. It is found that placing the CL patches only at positions where the undamped modes show a
maximal displacement gradient may result in rigid body rotation of the CL patches and introduces little damping. A strip
with a width of 13.5 cm (approximately 55 percent of the box height) is placed along the upper perimeter of the box.
To address deformation of the bottom plate, a strip with a width of 16 cm (approximately 40 percent of the box length) is
placed along the centerline of the box in the Y-direction (see Fig. 5b). The thicknesses of the different layers are varied
manually to find highest damping for equal added mass as used in the full coverage configuration, keeping in mind
commercial availability of the thickness. In the optimal design, the constraining layer thickness is taken 1 mm. The VEM
layers for the two shorter upright walls are 2 mm thick and for the other walls a VEM layer thickness of 1 mm is used.

4. Case study: experimental and numerical dynamic analysis

The dynamic properties of the undamped and the manually optimized damped open box structures are considered in
this section. The damped structures are designed based on dimensionless damping ratios. The effectiveness of the different
VEM damping designs is compared using frequency response functions (FRFs) in Section 4.2 and modal parameters (i.e.
mode shape, eigenfrequency, and dimensionless damping ratio) in Section 4.3. Furthermore, the model predictions of these
quantities are compared to experimental results for validation. First, in Section 4.1 the experimental setups and performed
experiments are discussed.

4.1. Experimental setups and performed experiments

The box structure is manufactured by welding five plates together. The welds introduce a radius along the inside edges
causing a slight increase in stiffness. To mimic the model's free boundary conditions, the box is suspended on low-stiffness
air cushions (see Fig. 6a and b), which ensure that the six suspension modes are below the frequency range of interest
(50–1000 Hz). To characterize the dynamic behavior of the structure, the so-called roving hammer test is performed.
A modal hammer with aluminum tip is used to be able to excite all considered box modes in the frequency range of interest.
This is confirmed by looking at the frequency spectrum of the force signal. The structure is sequentially excited at 73
different points and the resulting accelerations at a specific point are measured with a piezoelectric 3D accelerometer
(see Fig. 6 and b). The walls are all impacted from the inside of the box. An impact just below the sensor is used for



Fig. 6. Measurement setup for the box structure for different VEM damping approaches. (a) Box with discrete dampers. (b) Box with fully covering
constrained layer dampers (thick VEM layer). (c) Box with partially covering constrained layer dampers (box is upside down).
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approximating the driving point FRF. The experimental FRF between the two signals (the accelerance) is estimated using
H1 ¼ Sxy=Sxx. In each FRF estimation, the average of five hammer impacts is used.

For measuring the dynamic behavior of the undamped structure, a measurement time of 8 s is taken for each impact,
resulting in a frequency resolution of Δf ¼ 0:125 Hz. This is the time required for the vibrations to damp out sufficiently. For
the damped structures this is reduced to 4 s (Δf ¼ 0:25 Hz). A sample rate of 3.2 kHz is used.

The VEM damping applications are fixed to the box structure using Araldites 2014 glue for the discrete damping
elements and by means of a 12 μm thick two-sided tape for the CL dampers. Because these layers are very thin, they are not
incorporated in the different models. Dedicated experiments show that these adhesion methods have little influence on the
damping performance. The resulting and tested damped structures are depicted in Fig. 6.

4.2. Frequency response functions

FE models are used to compute the FRFs for the same excitation points and response point as measured experimentally
for all different configurations (undamped, with discrete VEM dampers, and with three different CL damper applications).
The (damped) numerical FRFs are computed using the IMPS method described in Section 2.3 using r¼100 modes (last mode
near 5000 Hz). For the interpolation, Nf ¼ 50 frequency points are used. Rigid body modes do not occur by adding very soft
springs to the corner nodes of the box base. Fig. 7a shows the simulated FRFs (accelerance) for an excitation force at the
location of the sensor and the resulting out-of-plane acceleration (i.e. this is the driving point FRF). Since the sensor is
located close to a VEM patch for the box structure with discrete dampers, this configuration might get an unfair advantage
when looking at effectiveness based on the considered FRF. Therefore, in comparing model predictions for the different
configurations, a second driving point FRF is considered. The considered location is close to the center of the thin long
upright wall (back wall of the box in Fig. 4) for that FRF. The simulated driving point FRFs for the second sensor location are
depicted in Fig. 7b. Note that for the latter case, no measurements are done for validation.

From Fig. 7 it can be concluded that, for the considered structure, all VEM applications damp the resonances of the
original structure quite effectively. The effectiveness of the discrete damping elements depends quite a lot on the mode
shape, which can be explained by their local placement. For example, the second resonance peak near 220 Hz is less damped
by the discrete damping elements.

In Fig. 7a it can be seen that, if the structural excitation is such that mainly the frequency range 350–550 Hz is of
importance, the constrained layer designs are preferred over the selected discrete damper configuration. Fig. 7b illustrates
that the fully covering constrained layer applications outperform the discrete damper configuration in the frequency range
350–900 Hz. The partially covering CL dampers perform well in the frequency ranges 200–250 Hz and 330–480 Hz.
It becomes evident that the selection of the viscoelastic material application method depends on the frequency content of
the loading and the excitation and response locations.

To validate the FE models of the five box structure configurations, the computed FRFs are compared to experimentally
obtained FRFs. The measured and computed driving point FRFs for the undamped and damped configurations are depicted
in Figs. 8 and 9, respectively. The coherences corresponding to these measured FRFs are all near unity over the frequency
range of interest above approximately 100 Hz and are therefore not shown. It can be concluded that the model predictions
are reasonably accurate to accurate. The accuracy of the shown FRFs is representative for the accuracy of FRFs corresponding
to other actuation locations.

4.3. Modal parameters

The effectiveness of the VEM applications and model prediction accuracy is evaluated next on the basis of numerically
and experimentally obtained eigenfrequencies (Im λk

� �
=2π), dimensionless damping ratios βk, see Eq. (5), and mode shapes.

The eigenfrequencies and damping ratios for the undamped and four damped open box structures are listed in Tables 2 and 3,
respectively. The βk from the FE model are furthermore visualized in Fig. 10. Note that the mode numbering starts with 7 as the



100

103

10-3

M
ag

ni
tu

de
 [m

/s
  /

 N
 ]

2

 
model
experiments

102 103
−200

−100

0

100

200

frequency [Hz]

P
ha

se
 [d

eg
re

es
 ]

Fig. 8. Driving point FRF (accelerance) from simulations and experiments for the undamped open box.
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Fig. 7. Driving point FRF (accelerance) from simulations for different configurations of the open box for two different sensor locations. (a) Experiment
sensor location (see Fig. 6a). (b) Sensor near the middle of the back plate.
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first 6 rigid body/suspension modes are not considered. The experimental results are obtained by fitting the measured FRFs
using the software package ME'scope VES [27]. This introduces two types of errors in the experimental results. First of all, it is
possible to obtain a model that fits the FRFs nicely, but because of the relatively high damping levels, it is difficult to identify
the exact modal parameters since the resonance peaks are less pronounced and neighboring modes start to overlap. Secondly,
the model used for fitting in ME'scope VES is based on viscously damped systems, whereas the considered structure is
viscoelastic. A viscously damped system assumes that dissipation linearly increases with frequency, whereas this clearly is not
the case for viscoelastic materials [16]. These two facts can make the model validation based on modal parameters difficult
(obviously, validation based on FRFs as discussed in Section 4.2 is still possible).
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Fig. 9. Driving point FRF (accelerance) from simulations and experiments for different configurations of the damped open box. (a) Box with discrete
dampers. (b) Box with CL dampers (full coverage, thick VEM). (c) Box with CL dampers (full coverage, thin VEM). (d) Box with CL dampers (partial
coverage).

Table 2
First 10 (nonzero) eigenfrequencies in Hz found using the FE model and the corresponding frequencies from experiments for the different box
configurations.

Mode nr Undamped Discrete dampers CL full (thick) CL full (thin) CL partial

Model Exp. Model Exp. Model Exp. Model Exp. Model Exp.

7 109 112 134 136 107 107 110 108 97 98
8 221 221 222 218 220 221 227 217 206 201
9 313 321 361 367 305 309 317 305 283 280

10 335 343 385 409 332 335 344 334 316 310
11 399 396 428 414 395 385 408 387 370 364
12 481 494 469 424 475 433 490 434 443 416
13 631 639 605 498 626 490 656 489 586 565
14 694 695 676 629 694 618 722 606 626 611
15 744 738 707 683 743 623 773 699 692 676
16 768 779 654 – 754 709 788 717 696 677
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To analyze which numerical and experimental eigenfrequencies and damping ratios correspond to each other, the
corresponding complex mode shapes are compared using the Modal Assurance Criterion (MAC) [17], given by

MAC i; j½ � ¼
unH
i ue

j

��� ���2
unH
i un

i

� �
ueH
j ue

j

� �; (18)

where the superscripts n and e refer to a numerical and an experimental mode, respectively. The MAC values for the
undamped structure can be found in Table 4 and those corresponding to the different damping methods are listed in Table 5.
Table 3
First 10 (non-rigid body mode) damping ratios found using the FE model and the corresponding damping ratios from experiments for the different box
configurations.

Mode nr Undamped Discrete dampers CL full (thick) CL full (thin) CL partial

Model Exp. Model Exp. Model Exp. Model Exp. Model Exp.

7 0 0.0003 0.071 0.110 0.030 0.031 0.025 0.026 0.027 0.020
8 0 0.0005 0.024 0.020 0.040 0.042 0.031 0.033 0.054 0.042
9 0 0.0013 0.081 0.077 0.042 0.044 0.035 0.033 0.057 0.045

10 0 0.0006 0.118 0.024 0.039 0.043 0.032 0.034 0.051 0.043
11 0 0.0043 0.050 0.096 0.036 0.041 0.029 0.033 0.048 0.048
12 0 0.0164 0.075 0.037 0.033 0.040 0.027 0.031 0.037 0.040
13 0 0.0004 0.103 0.079 0.062 0.029 0.049 0.028 0.083 0.057
14 0 0.0018 0.041 0.042 0.060 0.057 0.045 0.041 0.046 0.033
15 0 0.0045 0.038 0.042 0.054 0.059 0.041 0.042 0.072 0.039
16 0 0.0015 0.121 – 0.056 0.047 0.045 0.037 0.044 0.040
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Fig. 10. Graphic representation of the damping ratios from the FE model for the different damped configurations.

Table 4
MAC values for comparing the mode shapes from the FE model and those identified by experiments (using ME'scope VES) for the undamped box structure.

Numerical modes Experimental modes

7 8 9 10 11 12 13 14 15 16

7 0.96 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.01 0.08
8 0.00 0.99 0.02 0.03 0.00 0.00 0.00 0.01 0.00 0.00
9 0.01 0.01 0.99 0.13 0.00 0.02 0.00 0.01 0.01 0.00

10 0.00 0.02 0.04 0.98 0.01 0.00 0.00 0.01 0.00 0.01
11 0.00 0.01 0.02 0.00 0.95 0.02 0.00 0.00 0.00 0.00
12 0.00 0.00 0.01 0.00 0.02 0.98 0.00 0.00 0.00 0.00
13 0.00 0.00 0.00 0.00 0.00 0.00 0.99 0.02 0.00 0.01
14 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.99 0.05 0.00
15 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.96 0.03
16 0.09 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.01 0.98



Table 5
MAC values for comparing the mode shapes from the FE model and those identified by experiments (using ME'scope VES) for the different damped box structures.

Numerical
modes

Experimental modes

(a) Discrete dampers (b) CL full (thick)

7 8 9 10 11 12 13 14 15 16 7 8 9 10 11 12 13 14 15 16

7 0.99 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 – 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
8 0.00 1.00 0.02 0.01 0.00 0.01 0.00 0.01 0.01 – 0.00 1.00 0.02 0.02 0.00 0.00 0.00 0.04 0.03 0.01
9 0.01 0.02 0.94 0.03 0.56 0.26 0.04 0.00 0.01 – 0.00 0.01 0.99 0.08 0.00 0.06 0.02 0.01 0.00 0.06

10 0.00 0.02 0.09 0.29 0.46 0.67 0.02 0.05 0.06 – 0.00 0.01 0.03 0.99 0.02 0.01 0.00 0.02 0.02 0.01
11 0.00 0.01 0.01 0.64 0.02 0.01 0.72 0.01 0.02 – 0.00 0.00 0.01 0.00 0.95 0.24 0.00 0.00 0.00 0.00
12 0.00 0.01 0.01 0.43 0.06 0.12 0.50 0.07 0.10 – 0.00 0.00 0.01 0.00 0.02 0.77 0.98 0.08 0.04 0.01
13 0.00 0.00 0.02 0.00 0.01 0.04 0.05 0.20 0.16 – 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.48 0.00
14 0.00 0.00 0.00 0.02 0.03 0.03 0.06 0.69 0.49 – 0.00 0.02 0.01 0.02 0.00 0.00 0.01 0.47 0.30 0.14
15 0.02 0.00 0.02 0.00 0.01 0.00 0.02 0.13 0.30 – 0.04 0.00 0.03 0.00 0.00 0.00 0.00 0.16 0.08 0.63
16 0.12 0.00 0.09 0.01 0.07 0.04 0.03 0.08 0.14 – 0.08 0.00 0.00 0.00 0.00 0.00 0.00 0.10 0.09 0.22

(c) CL full (thin) (d) CL partial

7 8 9 10 11 12 13 14 15 16 7 8 9 10 11 12 13 14 15 16

7 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.02 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.07 0.03
8 0.00 1.00 0.03 0.01 0.00 0.00 0.00 0.00 0.04 0.00 0.00 1.00 0.01 0.00 0.00 0.00 0.00 0.01 0.00 0.00
9 0.00 0.01 0.99 0.05 0.00 0.06 0.03 0.00 0.02 0.05 0.00 0.01 0.99 0.01 0.01 0.04 0.00 0.03 0.02 0.02

10 0.00 0.02 0.05 0.99 0.01 0.01 0.00 0.00 0.03 0.00 0.00 0.01 0.02 0.97 0.01 0.00 0.00 0.01 0.00 0.00
11 0.00 0.00 0.01 0.00 0.93 0.30 0.00 0.00 0.00 0.00 0.01 0.00 0.01 0.01 0.94 0.09 0.00 0.00 0.00 0.00
12 0.00 0.00 0.01 0.00 0.04 0.70 0.98 0.00 0.02 0.00 0.00 0.00 0.01 0.00 0.03 0.90 0.01 0.01 0.00 0.00
13 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.97 0.00 0.00 0.02
14 0.00 0.02 0.02 0.02 0.00 0.00 0.00 0.00 0.90 0.05 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.78 0.00 0.01
15 0.02 0.01 0.03 0.00 0.00 0.00 0.00 0.00 0.02 0.94 0.17 0.00 0.00 0.00 0.01 0.01 0.02 0.10 0.46 0.28
16 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.06 0.07 0.00 0.00 0.02 0.00 0.01 0.00 0.01 0.15 0.56 0.66
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The first four numerical and experimental modes for the different configurations are depicted in Appendix B. Note that, in
principle, it is possible that some physical eigenvalues and -modes are not found numerically. More probably, some
experimental modes without physical meaning may be identified in fitting (computational modes).

For the undamped case, the numerical and experimental mode shapes correspond very well, indicated by the fact
that the diagonal entries in Table 4 are all close to unity and the off-diagonal terms are small (o0:1). Also the
eigenfrequencies of the undamped box model and experiment show good resemblance (see Table 2). The eigenfre-
quencies are slightly underestimated by the model (except for modes 11 and 15), which can be explained by neglection
of the corner welds and possible small differences in the other parameters between model and reality, see also Fig. 8.
The differences are relatively low though (in the order of a few percent). The real structure is obviously not completely
undamped as assumed in the model, but the damping ratios are very low (o0:005), except for mode 12. In mode 12,
most of the deformation is in the bottom plate (first-order plate mode). A clear reason for the higher damping of this
specific mode is not found. A possible source for this discrepancy might be nonlinear behavior of the structure or
suspension.

For the box with discrete dampers, a good correspondence is found between numerical and experimental quantities
for modes 7, 8, and 9. However, the measured eigenvalues for mode 10 and higher differ significantly from those
computed with the model. This is mostly caused by the fact that fitting and modal identification for higher damping
levels and higher frequencies is problematic. The higher numerical modes with relatively high damping seem to be
linear combinations of higher experimentally identified modes and vice versa (see Table 5a). Modes 11 and 12 of the FE
model, for example, seem to correspond to combinations of modes 10 and 13 found in fitting. Numerical mode 10 seems
to consist of experimental modes 11 and 12. For the discrete damping approach, only nine relevant modes are
experimentally identified within the frequency range of interest, whereas there are ten numerical modes. As mentioned
in the FRF comparison, the discrete damping elements are effective in adding structural damping to some specific
modes (see Table 3 and Fig. 10). A number of modes show relatively low damping though, because for those modes the
adjacent walls move in phase (and the auxiliary beams mostly just rotate as rigid bodies) or because the top edge of the
box is hardly moving in the mode shape. Although most of the lower eigenfrequencies increase compared to the
undamped structure by the addition of the discrete dampers, the higher modes show decreased eigenfrequencies since
the extra masses of the auxiliary beam structures have more influence than the added stiffness. The decrease is small
however (i.e. o5 percent for most modes).

Similar to the case of discrete dampers, the higher numerical and experimental modes for the fully covering CL
applications do not completely match (see Table 5). Especially apparent for the configuration with thin VEM layer (see
Table 5c), experimental mode 12 is numerically not found, resulting in a shift of the subsequent modes (e.g. numerical mode
12 model matches with experimental mode 13). Looking at the eigenfrequencies of the structure with fully covering CL
damping, in Table 2, it can be concluded that the model slightly overestimates the damped eigenfrequencies for the thin
VEM layers and slightly underestimates the eigenfrequencies for the configuration with the relatively thick VEM layers, see
also Fig. 9c. This possibly results from imperfections in the adhesion of the CL dampers. The damping ratios are sometimes
slightly underestimated and sometimes slightly overestimated by the model. From the results shown in Table 3 it can be
concluded that for the full coverage CL damping configurations, the damping is indeed higher for the thick VEM layer than
for the thin VEM layer. This can also be discerned from Fig. 7. By adding fully covering CL dampers with thicker VEM, the
damped eigenfrequencies decrease slightly compared to those of the undamped structure, i.e. in the models (see Table 2). In
contrast, a slight increase is seen for the thinner VEM layers. This can be explained by the increased shear stiffness of the
viscoelastic layers as the VEM layer thickness is reduced.

For the case where the box walls are partially covered by constrained layer dampers (see Table 5d), the numerical and
experimental mode shapes match quite well since most of the diagonal entries are close to unity and the off-diagonal terms
are near zero. However, this is not the case for modes 15 and 16. Note that the corresponding numerical and experimental
eigenfrequencies are very close to each other (see Table 2). In agreement with the simulation results as presented in Fig. 10,
according to the experimentally identified damping ratios, the partially covering CL damping adds most damping to the
structure of all three constrained layer damping configurations (for the same mass addition), see Table 3. This comes at the
cost of a reduction in eigenfrequency compared to the undamped structure though, see Table 2.

Summarizing, it can be concluded from the eigenfrequencies, damping ratios, and MAC values that the model predictions
are good for the first three (discrete dampers), the first six (CL full, thick), the first nine (CL full, thin) and the first eight (CL
partial) elastic numerical modes of the four considered damped structures. Since the predicted FRFs show good
correspondence to measurements over almost the whole frequency range of interest, differences in modal parameters for
higher-order modes probably primarily result from difficulties with the correct extraction of modal parameters from the
measurements.
5. Conclusions

The effectiveness of different applications of viscoelastic materials (VEM) for introducing structural damping is
considered. FE models, predicting the dynamics of different configurations of a representative 3D structure have been
constructed. A complex, frequency dependent Young's modulus for the VEM is used. For the computation of FRFs based on
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the FE models, a new efficient method based on modal superposition is proposed (IMPS method), where the frequency
dependency of the VEM properties is incorporated by means of frequency interpolation of spectral quantities.

From the comparison of FE model predictions and experimental results it is concluded that the model is reasonably
accurate to accurate both for estimating frequency response functions and modal parameters. In some occasions, fitting of
experimental FRFs is found to be difficult for identifying the modal parameters from experiments, because of the attained
(relatively high) damping levels and because in the used experimental modal analysis software only a viscous model is
available for identifying these parameters, whereas a viscoelastic model is required. However, with some caution, it can be
concluded that it is possible to quite accurately predict and model the dynamics of a structure with viscoelastic passive
damping using the techniques described in this paper. This offers possibilities for improving the dynamic performance of
structures (particularly in the high precision industry) in an early phase of the design process.

It is concluded that using the VEM in the form of discrete damping elements is most effective to address specific modes
of interest (a damping ratio �0.11 is obtained on single modes) with a relatively low added mass. The position of the
dampers is found to be non-optimal at the location of maximal displacement amplitude of the undamped structure, as one
may have expected. To obtain relatively high damping levels (damping ratios �0.05 are obtained) over a wide range of
modes, applying the VEM in a CL configuration is found to be favorable. It is shown that, when a constraint on mass addition
is in effect, partially covering CL dampers can give higher damping ratios than a full coverage configuration.
Appendix A. Fractional derivative models coefficients

A fractional derivative model is used to describe the frequency dependency of the complex Young's modulus of the
considered viscoelastic materials. The models are fitted on measurement (DMTA) data and are expressed by Eq. (1).
The corresponding coefficients Ej, rj, and ϕj are listed in Tables 6 and 7 for the materials Norsorexs 46925 and RXs FPM,
respectively. For Norsorexs 46925 the constant modulus is E0 ¼ 2:722� 106 Pa and for RXs FPM it is E0 ¼ 8:156� 106 Pa.
Table 6
Coefficients for the fractional derivative model fit for Norsorexs 46925.

j rj ðrad=sÞ Ej ðPaÞ ϕj ð�Þ j rj ðrad=sÞ Ej ðPaÞ ϕj ð�Þ

1 3.185�10�2
3:176� 106 0.0100 11 3:745� 102 1:186� 104 0.0194

2 1.826�10�1
2:947� 100 0.5008 12 6:021� 102 1:976� 106 1.0000

3 4.826�10�1
8:722� 100 0.5072 13 7:698� 102 7:338� 104 0.0100

4 1:225� 100 4:273� 106 0.3946 14 1:277� 103 3:843� 105 0.0100

5 1:266� 100 2:604� 101 0.5216 15 2:612� 103 3:911� 104 0.6292

6 3:259� 100 7:800� 101 0.5269 16 1:473� 105 1:119� 108 0.6536

7 8:240� 100 2:271� 102 0.4799 17 1:656� 106 7:417� 108 0.6126

8 2:134� 101 6:176� 102 0.3647 18 5:497� 106 5:765� 106 0.5287

9 5:920� 101 1:582� 103 0.2704 19 5:406� 107 1:444� 109 0.5153

10 1:547� 102 4:682� 103 0.1556 20 8:515� 109 9:371� 108 0.4205

Table 7
Coefficients for the fractional derivative model fit for RXs FPM.

j rj ðrad=sÞ Ej ðPaÞ ϕj ð�Þ j rj ðrad=sÞ Ej ðPaÞ ϕj ð�Þ

1 2:504� 100 3:020� 100 0.5023 11 1:422� 103 3:896� 106 0.0100

2 5:539� 100 7:549� 106 0.4060 12 2:856� 103 9:879� 103 0.9998

3 5:627� 100 9:137� 100 0.5064 13 6:204� 103 9:993� 106 0.8416

4 1:252� 101 2:761� 101 0.5064 14 5:780� 104 1:603� 106 0.7819

5 2:759� 101 8:207� 101 0.4700 15 6:515� 104 9:171� 107 0.8646

6 6:169� 101 2:355� 102 0.3583 16 3:503� 105 7:836� 108 0.7319

7 1:444� 102 6:696� 102 0.1962 17 7:228� 105 1:766� 105 0.2508

8 2:990� 102 3:282� 106 1.0000 18 1:932� 106 1:357� 109 0.6788

9 3:682� 102 1:880� 103 0.0545 19 3:819� 107 1:170� 109 0.6609

10 1:332� 103 6:180� 106 0.9278 20 6:087� 109 1:891� 109 0.4805
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Appendix B. Mode shapes

The modeshapes of the box structure for different configurations (undamped, discrete dampers, fully covering CL
dampers, and partially covering CL dampers) are presented in this appendix. Both numerical and experimental modeshapes
are considered. The normalized real parts are depicted in Figs. 11–15. The coordinate frame is shown in Fig. 11 and the same
orientation of the box structure is considered in Figs. 12–15. The complex numerical modes are scaled such that the
displacement degree of freedomwith largest magnitude is real. After scaling in this manner, the real part of the eigenvectors
appears to be dominant over the imaginary part for most modes. This can be discerned by inspecting the Modal Phase
Collinearity (MPC) values for the modes (see Table 8). The MPC criterion gives an indication of the complex nature of an
eigenmode and is given by [28]

MPC ukð Þ ¼ juH
k ukj2

ðuT
kukÞðuH

k ukÞ
; (19)
01 edoM9 edoM8 edoM7 edoM

Fig. 12. Real part of the eigenmodes of the undamped box from experimental results.

Mode 8Mode 7 01 edoM9 edoM

Mode 14Mode 13Mode 12Mode 11

Mode 15

XY

Z

Mode 16

Fig. 11. Real part of the eigenmodes of the undamped box from simulation results.
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Mode 7 01edoM9edoM
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Fig. 13. Real part of the first four elastic eigenmodes of the box with discrete damping elements.

Mode 8
Numerical modes

Experimental modes

Mode 7 01 edoM9 edoM

Mode 10Mode 9Mode 8Mode 7

Fig. 14. Real part of the first four elastic eigenmodes of the box with fully covering constrained layer damping.
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where uk is the kth eigenvector and uk its complex conjugate. To be able to visually compare the complex experimental
eigenmodes to the complex numerical eigenmodes, the experimental modes in Figs. 12–15 are scaled using the modal scale
factor, i.e. [17]

MSF i; j½ � ¼
ueH
i un

j

ueH
i ue

i

: (20)

For the (almost) undamped structure, all ten considered numerical elastic eigenmodes are visualized and the first four
experimental modes are shown. For the damped configurations, only the first four are shown in order to be concise. It is
emphasized once again, that the eigenmodes for the different configurations are complex, but that only the real parts of the
numerical and experimental eigenmodes are plotted in Figs. 11–15, because the real parts dominate the imaginary parts for
most modes. Therefore, to get a visual impression of the eigenmodes, plotting of the real parts suffices. Note that this does
not imply that the imaginary parts of the eigenmodes are unimportant, i.e. for the four damped configurations.



Mode 8
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Fig. 15. Real part of the first four elastic eigenmodes of the box with partially covering constrained layer damping.

Table 8
First 10 (non-rigid body mode) Modal Phase Collinearity numbers for the FE model modes and experimental modes for the different damped box
configurations.

Mode nr Discrete dampers CL full (thick) CL full (thin) CL partial

Model Exp. Model Exp. Model Exp. Model Exp.

7 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00
8 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00
9 0.77 0.79 1.00 1.00 1.00 1.00 0.99 0.99

10 0.73 0.76 0.99 0.98 0.99 0.99 0.98 0.95
11 0.60 0.69 1.00 0.95 1.00 0.95 0.99 0.91
12 0.29 0.68 1.00 0.94 1.00 0.90 1.00 0.97
13 0.88 0.10 1.00 0.99 1.00 0.98 0.99 0.94
14 0.15 0.48 1.00 0.58 1.00 0.99 0.99 0.92
15 0.34 0.47 0.98 0.10 0.98 0.80 0.86 0.98
16 0.33 – 0.98 0.69 0.97 0.84 0.91 0.97
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