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Abstract

An electro-mechanical, semi-analytic, reduced-order (RO) model of a fluid-
loaded transmitting capacitive-micromachined ultrasound transducer (CMUT)
operated in collapse mode is developed. Simulation of static deflections, approx-
imated by a linear combination of six mode shapes, are benchmarked towards
state-of-the-art models and validated with digital holography microscope mea-
surements of a fabricated CMUT device. The dynamic response of a detached
single CMUT cell and an array of CMUT cells is predicted and analyzed for
the effect of mutual radiation. The step-wise validation shows that our model
predicts the static response including hysteresis behaviour of a collapse-mode
CMUT with a high accuracy. The dynamic response and frequency-tunability
are modelled with a satisfactory accuracy. The developed RO model is com-
putationally efficient and in general faster than finite element methods. It is
concluded that the presented RO model allows fast parameter analysis and is a
powerful tool for CMUT pre-design.

Keywords: capacitive micromachined ultrasonic transducer, semi-analytic
model, collapse-mode, simulations, experiments

1. Introduction

The development of capacitive-micromachined ultrasound transducers (CMUTs)
has progressed significantly in the past years [1, 2, 3]. Especially the collapse
mode operation of CMUTs has shown a potential for high performance medical
imaging [4]. Accurate and fast simulation methods are necessary to guide the5
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CMUT pre-design for a given application prior to the CMUT fabrication and to
understand the device behaviour afterwards. Simulation and subsequent model
validation of a collapse-mode CMUT encompass a multi-scale, multi-physics,
nonlinear problem [5, 6]. A few hundred nanometer displacement of thousands
of CMUT cells results in a pressure propagation up to tens of centimeters [7].10

Nonlinearity of the electrostatic actuation force introduces amplitude distortion
of the time-domain response, and pull-in (collapse) and pull-out (snap-back)
events, all of which should be accurately captured by the model [8].

The collapse-mode CMUT has been successfully modeled with a finite ele-
ment method (FEM) [9, 10, 11]. However, the multi-scale problem definition15

requires fine meshing and the nonlinearity results in pull-in and pull-out hys-
teresis loops, which challenge the FEM model convergence. This results in time
consuming FEM simulations that can take up to 4 hours to calculate collapse
voltage of a CMUT [12]. They are therefore impractical for rapid collapse-mode
CMUT prototyping.20

State-of-the-art analytic models typically utilize a two-step approach for
modelling of collapse-mode CMUT behaviour. First, a static deflection pro-
file is predicted for a given DC (bias) voltage. The dynamic behaviour is then
studied using an equivalent circuit model [13]. Analytic resolution of a circular
plate equation has been done utilizing Timoshenko’s uniform force solution to25

obtain the static deflection profile under the electro-static actuation [11]. The
advantage of this approach is that no simplifying assumption on the shape of the
plate for the collapsed state has to be made. The disadvantages are suitability
only for the circular CMUT plates and a low accuracy due to the uniformity
approximation of the highly non-uniform electro-static actuation force. This30

uniform electro-static force assumption has been later removed by discretiz-
ing the CMUT plate and introducing a spatially-dependent electro-static model
force [14]. The resulting model was solved numerically under the assumption
that the static displacement profile can be approximated by a 14-degree polyno-
mial function. The dynamic behaviour of the top plate has been modeled using35

an equivalent circuit model. These lumped element models, however, introduce
sporadic average displacements, negative capacitance or assumptions on loading
effects of the fluid. Such simplifications hinder understanding of the underlying
mechanics, e.g. the displacement of a single point on the CMUT top plate can
not be modelled [15, 14].40

Recently, an electro-mechanical fast time-domain model of a rectangular
CMUT has been developed [16]. The model utilizes a numerical method to
solve the dynamic plate equation. Although it has been developed for a CMUT
operated in conventional mode, a simple penalty function has been introduced
to accommodate for snap-back behaviour. The static and dynamic mechanical45

displacement of the top plate has been compared to experimental measurements
with a digital holographic microscope (DHM). The model is also capable of
simulating the fluid loading by introducing self and mutual acoustic coupling
between the CMUT cells, which was validated by measurements of an impulse
pressure response.50

While the state-of-the-art collapse-mode CMUT models utilize intrinsically
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slow FEM [10, 9, 17, 12], or equivalent circuit simulations of limited physical in-
sight [14], our goal is to develop an insightful, electro-mechanical, semi-analytic
model that allows fast parameter analysis to guide pre-design of the promising
collapse-mode operation of CMUT [4]. We utilize a reduced-order (RO) model55

for electro-statically actuated clamped circular plates [18, 19], which we extend
for the collapse-mode operation. The governing partial differential equation is
discretized using the Galerkin method [20, p. 529 – 533]. The discretized model
is analyzed to obtain both static displacement profiles and dynamic mechani-
cal responses of an arbitrary point on the CMUT plate using time integration.60

Self and mutual radiations are then introduced to calculate the pressure field
from distributed CMUT cells at an arbitrary location. We compare our model in
terms of static simulations with state-of-the-art models and DHM measurements
of a fabricated CMUT. The modelled dynamic behaviour of the fluid-loaded top
plate is validated by acoustic field measurements in water. Using the developed65

model, frequency-tunability [21, 22] achieved by adjusting the bias voltage of a
collapse-mode CMUT is demonstrated and compared to acoustic measurements
of the fabricated frequency-tunable CMUT.

Outline

The following section provides a dimensionless formal description of the dy-70

namic behaviour of an electro-statically actuated circular plate. The shape of
the actuated CMUT plate is approximated by a linear combination of several
undamped axisymmetric mode shapes and a Galerkin-discretized version of the
equation of motion is introduced including contact pressure, fluid loading, and
atmospheric pressure terms. Next, a classical relationship of pressure wave prop-75

agation theory is used to translate the CMUT plate acceleration to the pressure
at an arbitrary point in the fluid. Section 3 describes the fabricated transducer
and the experimental digital holographic and acoustic methods used to validate
the developed CMUT model. The static and dynamic response of the mod-
elled and measured CMUT are presented in Section 4 including an indication80

of the simulation time. The achieved results are discussed in Section 5. Finally,
conclusions are drawn in Section 6.

2. Semi-analytic modelling

2.1. Formulation

A schematic overview of the geometrical parameters of a CMUT in collapsed85

state is shown in Fig. 1. The circular plate comprising a top electrode has a
radius a and thickness tm. It is separated from the bottom electrode by an
insulation layer having a total thickness ti, and a vacuum gap of height tg.
Applying a static (DC) bias voltage Vbias to the electrodes causes the movable
top plate to deflect towards the bottom electrode, eventually collapsing the90

center area of the flexible top plate onto the bottom of the cavity. Then AC
voltage VAC(t) is applied to excite the free part of the top plate, marginally

3
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Figure 1: A schematic overview of the geometrical parameters of a CMUT in collapsed state.

relaxing the contact area from the bottom of the cavity (rolling contact). The
CMUT transducts voltage and ultrasound as a result of these plate vibrations.

A CMUT operated in a conventional (non-contact) mode has been modelled95

previously by a nondimensional equation of motion governing the axisymmet-
ric motion of a thin, isotropic, electro-statically actuated, clamped, circular
plate [18, equations (6) and (7)]. We adapt and extend this state-of-the-art
model for collapse mode operation,

∂2ŵ
(
r̂, t̂
)

∂t̂2
+∇4

r̂ŵ
(
r̂, t̂
)

= −
V̂
(
t̂
)2

2
(
1 + ŵ

(
r̂, t̂
))2 + Ĥaberfc

(
t̂g + ŵ

(
r̂, t̂
)

σ̂

)

+
τ̂

r̂

∂

∂r̂

(
r̂
∂ŵ
(
r̂, t̂
)

∂r̂

)
, 0 ≤ r̂ ≤ 1 (1)

where the left-hand side contains the classical terms describing flexural defor-100

mations of a vibrating circular plate. The right-hand side terms model the elec-
trostatic pressure, the contact pressure of the collapsed portion of the CMUT
plate [23] (which is added to the original equation and explained in the follow-
ing Section 2.2), and the biaxial residual stress [24], respectively. It is assumed
that the plate’s transversal displacement is small as compared to its thickness105

(the ratio typically being smaller than 0.15) and that all stress components can
be expressed in terms of a transverse deflection ŵ of the plate. Further, it is
assumed that no in-plane deformation occurs in the middle plane of the plate
and that points lying initially on a normal-to-the-middle plane of the deformed
plate remain on its normal in the deformed state. Note that the assumption110

of axial symmetry is justified, since geometric imperfections are assumed to
be negligible, initial conditions are zero, and the loads on the right-hand side
of (1) are axial-symmetric. Moreover, the fundamental vibrational mode of the
CMUT plate is axial-symmetric as well. V̂ (t) is the total voltage applied to the
electrodes (e.g. Vbias+VAC(t)), erfc is the complementary error function, Ĥab is115

the effective indentation hardness, σ̂ is the standard deviation of the combined
surface roughness, and τ̂ is the residual stress parameter. For convenience, the
model parameters from Fig. 1 are nondimensionalized in (1) according to (16)
in Appendix A.

The nondimensional boundary conditions for the clamped circular plate in120
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Fig. 1 are given by

ŵ
(
1, t̂
)

=
∂ŵ
(
1, t̂
)

∂r̂
=
∂ŵ
(
0, t̂
)

∂r̂
=
∂3ŵ

(
0, t̂
)

∂r̂3
= 0. (2)

These boundary conditions state that transversal displacements and rota-
tions at radius a (r̂ = 1) are suppressed, and that rotation and shear force are
zero in the middle of the plate (r̂ = 0).

2.2. Modelling of Contact Pressure125

When the electrostatic actuation brings the two rough surfaces of the two in-
sulated electrodes in contact, repulsive forces between the surfaces occur, which
are a function of the distribution of distances between the two surfaces (see e.g.
van Spengen et al [23] and Suy et al [25]).

A rough surface can be modeled as a rough plane with a mean height z̄130

and a standard deviation σ. In the case of two surfaces a and b, the Gaussian
distribution of heights is schematically illustrated in Fig. 2 and mathematically
described as

hab(z, z̄a + z̄b) =
1√

2π(σ2
a + σ2

b )
exp

[
− (z − (z̄a + z̄b))

2

2(σ2
a + σ2

b )

]
. (3)

Figure 2: Two surfaces with a Gaussian surface roughness distribution in contact.

To simplify (3) all properties of the two rough surfaces are combined to one
rough surface by assuming the other surface to be flat and infinitely hard. The135

mean surface heights z̄a and z̄b are set to zero, which results in a standardized
Gaussian distribution. Defining σ =

√
σ2
a + σ2

b as the standard deviation of the
combined surface roughness, the distance distribution becomes

hab(z) =
1√

2πσ2
exp

[
− z2

2σ2

]
. (4)

The repulsive force between the two surfaces is now

Fc = HabAcontact, (5)

with the contact area Acontact calculated as140

Acontact = A

∫ ∞
−∞

hab(z)dz =
A

2
erfc

(
z

σ
√
π

)
. (6)
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The effective indentation hardness Hab is calculated as

Hab =
HaHb

Ha +Hb
, (7)

where Ha and Hb are the indentation hardness of surfaces a and b, respectively.
Combining (5), (6), and substituting z = tg + w(r, t) results in the contact
pressure

Pc(r, t) = Hab
1

2
erfc

(
tg + w(r, t)

σ
√
π

)
, (8)

Substituting the nondimensional parameters from Appendix A into (8) gives145

the second term on the right-hand side of (1).

2.3. Model Order Reduction

The partial differential equation (1) is approximated by a finite set of coupled
ordinary differential equations using Galerkin discretization [20, p. 529 – 533],
an efficient and accurate technique commonly used in modelling of electrome-150

chanical systems [18, 26]. This technique eliminates the spatial dependence by
discretizing the partial differential equation with respect to the spatial coordi-
nates.

The transverse displacement ŵ
(
r̂, t̂
)

is approximated as a linear combination
of n linearly independent functions φi (r̂)155

ŵ
(
r̂, t̂
)
≈

n∑
i=1

qi(t̂)φi (r̂) , (9)

where qi(t̂) is the generalized coordinate associated with the basis function
φi (r̂).

The basis functions φi (r̂) are chosen to be the undamped axisymmetric
eigenmodes of a circular plate without residual stress, electrostatic forcing, and
contact [18],160

φi (r̂) =
J0
(
r̂
√

Ωi
)

J0
(√

Ωi
) − I0

(
r̂
√

Ωi
)

I0
(√

Ωi
) , (10)

where J0 is the Bessel function of the first kind, I0 the modified Bessel function of
the first kind, and Ωi is the ith nondimensional natural angular frequency. The
nondimensional natural frequencies are calculated using the method described
in [27, p. 7]. The number of mode shapes n represents a trade-off between
simulation accuracy and computational cost. A convergence study has shown165

that six mode shapes provide a transverse displacement accuracy of less than
2 nm, which is at the order of the expected surface roughness within the CMUT
cavity [7].
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2.4. Fluid Loading

When pressure is emitted to the surrounding medium from a point on the170

top-plate of one CMUT cell (which is in contact with the medium), it influ-
ences the top-plate motion of the cell itself. This effect is called self-radiation.
Similarly, on a larger scale in the case of multiple CMUT cells, the acoustic
pressure radiation of one cell is affected by other cells in the array [28]. This
interaction between cells is commonly referred to as mutual radiation [16]. Both175

radiation effects are modelled in the time-domain by meshing the vibrating cell
surface into N elements and using the fluid loading term of equation (3) in [29]
to calculate the resulting radiation pressure P from all the interacting elements,

P (r, t) =
ρflA

d2w(r,t)
dt2 δ

(
t− d

cfl

)
2πd

, (11)

where ρfl is the mass density of the surrounding medium, A is the surface of the

small mesh element, d2w(r,t)
dt2 is the acceleration of the emitting mesh element,180

d is the Euclidean distance from one center of an element to an other, δ is the
Dirac function, and cfl is the speed of sound in the surrounding medium.

Figure 3 shows a schematic image of the mesh of a single CMUT cell used for
the fluid loading computation for the case of self-radiation. Quantities Ai and
Am represent the surfaces of the loaded and the radiating element, respectively.185

The total number of elements in the mesh of a single cell is N = NrNθ, where
Nr = 101 is the number of elements in radial direction and Nθ = 64 is the
number of elements in circumferential direction. A convergence study has shown
that the chosen N of 6464 is sufficient for the dynamic response prediction by
the model, in which every element can be considered to exhibit a piston like190

motion.

i

Pself

Figure 3: Schematic image of a single CMUT cell mesh used in the calculation of self-radiation
loading. Ai and Am are the surfaces of the loaded and the radiating element, respectively.

Under the assumption of axisymmetric loading and displacement of the mem-
brane, the self-radiation pressure on a radial line is calculated. Figure 4 shows
the equidistant mesh with Nr elements in radial direction, where r1 = 0 and
rNr+1 = a.195

7
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Figure 4: Equidistant element mesh in the radial direction.

For the self-radiation, to approximate the total pressure at radius r, a dis-
cretized version of (11) is used

Pself (r, t) = −
Nr∑
i=1

N∑
m=1,m6=i

ρflAm
d2wm(r,t)

dt2 δ
(
t− dm,i

cfl

)
2πdm,i

BFi (r) , (12)

where the block function BFi is defined as

BFi (r) =

{
1 ri ≤ r < ri+1

0 otherwise,
(13)

where dm,i and d2wm(r,t)
dt2 are evaluated at ri+ri+1

2 . Note that for each value of r
only one block function BFi (i.e. for only one value of i) is non-zero.200

Similarly, the mutual radiation fluid loading accounts for the pressure loading
contributions of the other CMUT cells as illustrated in Fig. 5 and is approxi-
mated for each loaded cell l at radius r as

Pmut,l (r, t) = −
Nc∑

k=1,k 6=l

Nr∑
i=1

N∑
m=1

ρflAm
d2wm(r,t)

dt2 δ
(
t− dmk,il

cfl

)
2πdmk,il

BFi (r) , (14)

where Nc is the number of CMUT cells in the array. To prevent high CPU times,
in approximation, it is assumed that all cells receive the same mutual radiation205

pressure. Therefore, equation (14) is calculated only once for a reference cell
in the center of a virtual array that is large enough to practically represent an
infinite array. The size of the virtual array is determined by the simulation time
t and the speed of sound cfl. A second approximation is that for the mutual
radiation pressure of the reference cell axial symmetry is assumed. The mutual210

radiation pressure profile is calculated on the radial line coinciding with the line
connecting the center of the reference cell and an adjacent cell. In reality, since
the array is designed on a rectangular grid, mutual radiation pressure profiles
are rotationally symmetric over 90 degrees only.

2.5. Reduced-Order Semi-Analytic Model215

Adding the dimensionless self and mutual radiation fluid loading terms, P̂self
and P̂mut, respectively, and a dimensionless atmospheric pressure term, P̂atmos,

8



Page 9 of 28

Acc
ep

te
d 

M
an

us
cr

ip
ti

Figure 5: Schematic image of the meshing of the CMUT cells in an array used for the calcu-
lation of mutual radiation, which is indicated by the arrows. Ai is the surface of the loaded
element.

to (1) and subsequently applying the Galerkin discretization method results in
an extended set of discretized equations of motion,

d2qj
(
t̂
)

dt̂2
+ 2ζjΩj

dqj
(
t̂
)

dt̂
+ Ω2

jqj
(
t̂
)

= −
∫ 1

0

V̂
(
t̂
)2(

1 +
n∑
i=1

qi(t̂)φi (r̂)

)2φj (r̂) r̂dr̂+

∫ 1

0

Ĥaberfc

 t̂g +
n∑
i=1

qi(t̂)φi (r̂)

σ̂

φj (r̂) r̂dr̂ + τ̂

∫ 1

0

d

dr̂

r̂d
n∑
i=1

qi(t̂)φi (r̂)

dr̂

φj (r̂) dr̂−

∫ 1

0

P̂self
(
r̂, t̂
)
φj (r̂) r̂dr̂ −

∫ 1

0

P̂mut
(
r̂, t̂
)
φj (r̂) r̂dr̂ −

∫ 1

0

P̂atmosφj (r̂) r̂dr̂,

(15)

for j = 1, 2, ..., n. Note that on the left-hand side of (15) a viscous modal damp-220

ing term has been added. For each mode, the dimensionless modal damping co-

9
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efficient ζj may be tuned to account for (secondary) dissipation mechanisms such
as material damping, anchor loss, thermoelastic damping, squeeze film damping
etc. The self (P̂self ) and mutual (P̂mut) radiation pressure terms are calcu-
lated from (12) and (14), respectively and are, together with the atmospheric225

pressure term (P̂atmos), nondimensionalized according to the expression (16) in
Appendix A.

The generalized coordinates qi(t̂) are found with (15) and thus the trans-
verse displacement w(r̂, t̂) via (9) and (10). Static deflection profiles and dy-
namic responses based on the developed reduced-order model (ROM) (15) are230

determined numerically due to the absence of an analytic solution. Therefore,
the integrals over r appearing in (15) are for each time step evaluated numeri-
cally with the trapezoidal method using the generalized degrees of freedom qi of
the previous time step. The discretized equations of motion (15), which are in
second order form, are transformed to first order form and then integrated over235

time using the implicit, variable order solver ode15s from MATLAB toolbox
(version R2010b, MathWorks Inc., Natick, MA, USA).

Table 2 in Appendix B summarizes the model parameter values that were
derived from the CMUT design specifications, except for the values of τ and σ,
which have been obtained by tuning the model to the experimentally measured240

static displacement profiles.

2.6. Pressure propagation

The dynamic response of a single CMUT cell in a square array of CMUT
cells is calculated and, for the sake of reducing computational cost, it is assumed
to be the response of all individual CMUT cells in a fabricated octagonal array.245

In other words, it is assumed that all cells move in-phase. Pressure at an
arbitrary point from the CMUT array surface is calculated from all the cell
surface accelerations predicted by the RO model using a discretized version
of (11) [29].

3. Prototype and Experimental Methods250

3.1. Fabricated Transducer Prototype

The collapse-mode CMUT prototype device is fabricated in a professional
cleanroom facility on a 6-inch thick silicon wafer utilizing the standard sacrificial
release process, in which the cavity underneath the flexible top plate is created
by deposition and subsequent selective etching of a sacrificial metal layer [30].255

The complete layerstack of the prototype is provided in Fig. 11 in Appendix B.
The fabricated array consists of 932 30-µm-radius CMUT cells arranged on

a rectangular grid in an octagonal shape as shown in Fig. 6. Each cell has a
3.6 µm spacing with the neighboring cells. All the top electrodes are short-
circuited and the same holds for all the bottom electrodes. The whole array is260

driven as a single element transducer, which avoids extensive wire bonding and
signal channel management at an early stage of development. More information

10
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on the CMUT design and its patented fabrication process can be found in [21]
and [31], respectively.

The CMUT device is mounted and wirebonded on a printed circuit board265

(PCB) for experimental characterization. The DC bias and the AC excitation
voltage are applied to the CMUT electrodes via a bias-T which features a 5 nF
coupling capacitor, a 1 MΩ resistor, and a high-impedance probe connector to
measure the excitation pulse directly at the PCB.

Figure 6: Photograph of the fabricated CMUT prototype used for the experimental model
validation.

3.2. Digital Holographic Microscopy270

A digital holography microscope (DHM; R2100, Lyncée Tec SA, Lausanne,
Switzerland), commonly used for CMUT characterization [7], is utilized to val-
idate the static behaviour of a CMUT cell in air predicted by the RO model.
The DHM uses two optical wavelengths of 666 nm and 794 nm to create an
interference pattern and to record a digital hologram, which is then converted275

by the accompanying software into an image.
A single CMUT cell in the center of the array is positioned in a 10×magnified

field of view. Multiple 50-times averaged holograms are recorded at a range of
bias voltages. A phase unwrapping algorithm calculates the static displacement
profiles which are then compared to the RO model results. This configuration280

allows to measure a vertical displacement range of 2.1 µm with an accuracy of
±3 nm and a lateral resolution of 1.15 µm.

3.3. Hydrophone Measurement Setup

A hydrophone measurement is utilized to validate the dynamic behaviour
of the RO model. To protect the CMUT from the capacitive and conductive285

effect of water, it is immersed in a holder filled with olive oil (cfl = 1432 m s−1),
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facing an acoustic window. The whole assembly is placed in a water tank. The
CMUT is biased and driven with a half period of a 60-MHz 45-V sine. A needle
hydrophone (� 0.2 mm, Precision Acoustics, Dorchester, Dorset, UK) is placed
at a distance of 10.8 mm from the center of the CMUT prototype and used to290

measure the acoustic output at a range of bias voltages. The recorded voltage
traces are converted to pressure waveforms using the hydrophone calibration
data and compared to the RO model dynamic response results.

4. Static and Dynamic Response Results

4.1. Static Behaviour295

In Fig. 7(a), the static transverse deflection of a single cell CMUT top plate
predicted by our RO model is compared to the state-of-the-art collapse-mode
CMUT models for bias voltages of 100 V, 120 V, and 140 V. The RO model
predicts larger transverse deflections in comparison to the model developed by
the Bilkent University group [11], which is expected due to the uniform elec-300

trostatic force assumption in [11]. In comparison to the parametric nonlinear
lumped element model developed by the same group [14], in which the uniform
force assumption was removed, the RO model shows a maximum deviation of
1 nm (0.4 % of the gap height).

The static behaviour predicted by the RO model is validated towards DHM305

displacement measurements of a fabricated CMUT cell. During the measure-
ments dielectric charging effect has been observed [32], which resulted in a DC
bias offset of about 20 V. It was found that the amount of charge saturates
after minimally three pulses have been applied to the device. The offset of the
zero voltage point was therefore carefully monitored by measuring the positive310

and negative pull-in voltages. The measured bias voltage was corrected for the
induced offset for a fair comparison to the RO model.

As shown in Fig. 7(b), the RO model accurately predicts the static response
for the bias voltage of 100 V and 120 V. The model slightly underestimates the
deflection profile at the higher bias voltage of 140 V. The maximum deviation315

of the model prediction from the measurement is about 10 nm (4 % of the gap
height).

The hysteresis behaviour of the CMUT predicted by the RO model is in a
good agreement with the DHM static measurements as shown in Fig. 8. The
model predicts the plate pull-in and pull-out voltages of 59 V and 55 V, respec-320

tively, which match well the experimental observation.

4.2. Dynamic Behaviour

The static deflection profiles are used as initial conditions for the dynamic
simulations under electrostatic actuation. The RO model is utilized to simulate
the dynamic plate deflections of both a detached single CMUT cell and a CMUT325

cell in a square array, both immersed in water. Half a period of a 100-MHz
60-V squared sine (VAC(t) = 60 sin2(108 T t) , where 0 ≤ T ≤ π) is used as
the dynamic excitation signal for the simulation. Figure 9(a) shows the time
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Figure 7: Static response of the reduced-order model (ROM) compared to state-of-the-
art uniform [11] and non-uniform [14] electrostatic force model (ESFM) of a collapse-mode
CMUT (a), and validated towards measurements with a digital holographic microscope (b).

responses and Fig. 9(b) the corresponding frequency spectra of the transversal
displacement at a radial position of 15 µm on the top plate of the CMUT cell.330

A shorter response and therefore broader bandwidth is obtained for the CMUT
cell within the square array of CMUT cells as compared to the detached single
CMUT cell. This can be explained by the mutual radiation forces (that are
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Figure 8: Static deflection of the middle point (at r = 0) on the CMUT plate in relation to
the bias voltage.

obviously lacking in the case of the single cell) damping out the motion of the
CMUT plate in the square array earlier. During the first few nanoseconds, only335

the self-radiation is acting on the CMUT cell and thus the two responses are
similar. The first mutual radiation forces reach the chosen radial position of the
analysed cell after 12.5 ns, which is the minimum time needed for sound to travel
from a neighbouring CMUT cell. For the cell in the square array of CMUT cells,
a minor overshoot is observed after about 50 ns followed by negligible steady-340

state vibrations giving a second peak at 30-MHz in the corresponding spectrum
shown in Fig. 9(b). The peak resonance frequency of the CMUT top plate is
6.5 MHz and 7.5 MHz for the detached and the square array configuration,
respectively.

Capacitive and conductive effects of water make direct immersion of a CMUT345

into water for a subsequent validation infeasible. Typically, a non-conductive oil
is used instead of water, which is however not compatible with the immersion
objective of our DHM. Therefore, and in line with further investigation, the
dynamic part of the model was validated towards hydrophone measurements.

The dynamic pressure measurements utilized half a period of a 60-MHz 45-V350

sine as an excitation signal to the CMUT. The excitation signal was experimen-
tally measured at the PCB and used as an input to the RO model for a fair
comparison of the modelled dynamic behaviour to the measurements.

Figs. 10(a) and 10(c) compare the RO model-predicted pressure waveform
towards the acoustic measurement for bias voltages of 100 V and 160 V, re-355

spectively. The overall shape of the simulated waveforms is in a satisfactory
agreement with the measurement, even though the absolute amplitude is signif-
icantly overestimated by the RO model. The subtle waves in the time signals
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Figure 9: Simulated impulse (a) and frequency (b) response of a point at 15 µm radius on a
CMUT cell plate biased at 120 V, excited with half a period of a 100-MHz 60-V squared sine,
and immersed in water. The arrow in (a) indicates a time stamp at which the first mutual
radiation forces reach the chosen radial position.

between 7.0 µs and 7.3 µs in Figs. 10(a) and 10(c) are caused by a discontinuity
in the hydrophone calibration data curve below 1 MHz and above 30 MHz.360

Frequency spectra corresponding to the pressure waveforms are shown in
Figs. 10(b) and 10(d). At a bias voltage of 100 V (Fig. 10(b)), center frequen-
cies of 12.9 MHz and 11.1 MHz are observed for the RO model-predicted and
experimentally measured frequency spectra, respectively. Increasing the bias
voltage to 160 V (Fig. 10(d)), shifts the center frequency of the RO model-365

predicted and measured responses to 16.6 MHz and 16.1 MHz, respectively.
This effect has been experimentally observed and described as the frequency-
tunability [21, 22, 33].

4.3. Simulation Time

The simulation time needed to generate the RO model deflection profiles370

shown in Fig. 7(a), was about 10 s on a laptop equipped with 2.3 GHz Intel
Core i5 processor and 8 GB RAM. This is comparable to about 45 s needed
for the lumped element model implementation published in [34], when the same
zero-deflection initial guess is used. The dynamic behaviour is predicted by the
RO model within 30 min for the detached single CMUT cell and it takes about375

65 min for the CMUT cell in the square array (Fig. 9), which is in general faster
as compared to a finite-element method (FEM) simulation.

5. Discussion

The developed semi-analytic, electro-mechanical, fluid-coupled, RO model
predicts both the static and dynamic behaviour of a collapse-mode CMUT. The380

static deflection profiles are predicted within an accuracy of 10 nm (4 %) for the
worst case scenario, which is observed at a bias voltage of 140 V, as validated
with the DHM measurements. The model captures the hysteresis behaviour
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Figure 10: Acoustic impulse (a – c) and frequency (b – d) response of the simulated and
fabricated CMUT array excited with half a period of a 60-MHz 45-V sine and biased at
100 V (a – b) and 160 V (c – d). The reference pressures corresponding to the 0 dB magnitudes
equal to 13.6 kPa (b) and 13.1 kPa (d).

of the CMUT and predicts pull-in and pull-out voltages, which are in a good
agreement with the experimental observation.385

The RO model has been utilized to simulate an impulse response of a de-
tached single CMUT cell and a cell in a square array (Fig. 9). It has been found
that mutual radiation forces significantly affect the CMUT’s dynamic response
in immersion. A CMUT cell in the square array exhibits larger bandwidth due
to the increased damping caused by the mutual radiation as compared to a sin-390

gle detached cell. The geometrical distribution of the CMUT cells in an array
will therefore influence the bandwidth of CMUT response. As an alternative
for the current rectangular grid CMUT array, another array grid design might
be considered to increase the CMUT’s bandwidth.

The dynamic behaviour of the CMUT is captured with a satisfactory ac-395

curacy as validated towards the acoustic measurements (Fig. 10). The model
demonstrates the center frequency-tunability in a range from 12.9 MHz (−3 dB
fractional bandwidth of 63 %) to 16.6 MHz (bandwidth of 47 %) by changing
the bias voltage from 100 V to 160 V. For the same voltage range, the acoustic
measurements show tunability from 11.1 MHz (bandwidth of 82 %) to 16.1 MHz400

(bandwidth of 60 %). Both the simulations and experiments at the different bias
voltages indicate that the frequency tuning comes at a cost of additional ringing
observed after 7.4 µs in Fig. 10(c). An increase in the bias voltage from 100 V
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to 160 V leads to a larger contact radius, which in turn results in a higher nat-
ural resonance frequency. However, at the same time the CMUT plate vibrates405

longer. This effect is observed by an (undesired) increased number of cycles in
the high frequency pressure waveform simulated or measured at the bias voltage
of 160 V (Fig. 10(c)).

The difference in amplitude of the simulated and measured waveforms shown
in Figs. 10(a) and 10(c), may be explained by the simplifying assumption of410

identical response of all the CMUT cells. In this assumption, a square array
of cells is used, where the cells are placed on a rectangular grid. As stated
earlier in Section 2.4, is assumed that every cell in the array experiences the
same axial-symmetric mutual radiation pressure, which in fact means that an
infinite array is assumed. This assumption may be rather coarse for cells near415

the edge of the square array. Taking into account the speed of sound in the fluid
and the total simulation time (which is chosen considering the position of the
hydrophone in the fluid relative to the array), the mutual radiation pressure is
calculated by the means of a virtual array with a size large enough to practically
represent an infinite array. The calculation of the mutual radiation pressure is420

then reduced to that of a single reference cell lying in the center of the virtual
array. Furthermore, as mentioned before in the current approximation, the
mutual radiation pressure acting on the reference cell is calculated on a single
radial line coinciding with the line connecting the middle points of the reference
cell and an adjacent cell. It is assumed that this mutual radiation pressure425

profile is axial-symmetric, whereas for a rectangular grid, it is actually only
rotationally symmetric over 90 degrees. The above assumptions are needed to
prevent high CPU-times. While investigating the effect of these assumptions
is considered out of the scope of the present paper, it targets the focus of our
future research interest.430

For the case of self-radiation, it can be assumed that geometric imperfections
will be so small that, starting from axial-symmetric initial conditions, non-axial
symmetric modes will hardly be excited in the case of axial-symmetric loading
of the circular CMUT plate with a rolling contact. Furthermore, for a single
CMUT cell, it is a valid assumption that the electrostatic loading and fluid435

loading due to self-radiation are axial-symmetric.
The developed model features a damping term, of which the coefficients ζj

were set to zero for the fluid-loaded simulation. This is a commonly accepted
approach, because the ”damping” is expected to be dominated by the fluid load
(modelled by the self and mutual radiation) rather than by mechanical losses in440

the CMUT plate [16, 36]. The amplitude deviation between the simulation and
measurement, especially of the second minima shown in Figs. 10(a) and 10(c),
however, indicates that in the case of a collapse-mode CMUT secondary damp-
ing mechanisms may play an important role, e.g. contact damping, anchor loss,
thermoelastic damping, squeeze film damping etc.445

In the presented model, the shape of the deflected plate is modeled as a linear
combination of six free vibrational mode shapes and, for the purpose of radiation
modelling, meshed by a limited number of (piston) elements. The number of
mode shapes and meshing elements is chosen based on a trade-off between model
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accuracy and computational cost. Although the model was developed for a450

circular plate design, it can be used for any other simple geometry, e.g. a square
or rectangular design, that can be approximated by analytic mode shapes.

In the current situation, the RO model features two tuning parameters, the
uniform residual biaxial plane stress (τ̂) and the combined surface roughness (σ̂).
In future work, fabrication of multiple CMUTs of at least two different plate455

radii could be utilized to estimate the initial plane stress using the procedure
described in [7]. To measure the surface roughness, a sample would have to be
cut through and measured with a stylus profiler.

Finally, it is recommended to couple the developed model to an ultrasound
image simulator. For instance, a Field II ultrasound simulation program [37]460

requires transducer’s surface acceleration to excitation voltage response as an
input for the transducer definition [38]. Such a response prediction is readily
available in our model and can be therefore utilized directly in the Field II to
predict the imaging performance of a given collapse-mode CMUT design.

6. Conclusions465

We have developed and validated an electro-mechanical, semi-analytic, RO
model of a CMUT operated in collapse mode. The step-wise validation shows
that our model, based on six vibrational mode shapes, predicts the static re-
sponse including hysteresis behaviour of a collapse-mode CMUT with a high
accuracy, which is computed within 10 s. The dynamic response and frequency-470

tunability are modelled with a satisfactory accuracy and computed within 65 min.
Compared to FEM-based simulation methods, our model allows fast parame-
ter analysis for larger penetration depths and is an accurate tool for CMUT
pre-design. In future work, it is recommended to interface the developed model
with an ultrasound image simulator to obtain a powerful tool that would link475

the CMUT design parameters with imaging performance.

Acknowledgments

The authors would like to thank Michel van Bruggen and Chris van Heesch
for their effort and support in this study. This research is in part funded by
Seventh Framework Programme project ”OILTEBIA”, grant no. 317526.480

Appendices

The appendices introduce dimensionless parameters used in the equation of
motion, and provide a summary of the geometrical and physical model param-
eters.
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Appendix A: Dimensionless model parameters485

The model parameters and variables in Fig. 1, and mentioned in (1) and
Tab. 2 are nondimensionalized according to the following expressions, partly
given in [18, equation (6)],

r̂ =
1

a
r t̂ =

1

a2

√
D

ρtptm
t

ŵ
(
r̂, t̂
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teff
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)
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Dteff
Patmos (16)

Appendix B: Transducer and model parameters

Figure 11 shows the layerstack of the fabricated and modelled CMUT device,490

of which the geometrical and mechanical properties are summarized in Tab. 1.

Nitride layer (Si3N4)

Insulating layer (SiO2)

Top electrode (Al alloy)

Top 1/2 dielectric (TEOS)

Sacrificial layer (Al alloy)

Bottom 1/2 dielectric (TEOS)

Bottom electrode (Al alloy)

Silicon substrate (SiO2)
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t1

t2

Figure 11: Material layers of the fabricated CMUT stack reproduced from [21]. t1 and t2
represent the first and second effective layers, respectively.
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Table 1: Thickness and mechanical Properties of the CMUT layers indicated in Fig. 11.

Effective parameter

Layer material
Thick-
ness
[nm]

E [GPa] ν [−] Layer E [GPa] ν [−]

Plug layer 900 200 0.27
t1 200

0.28
Nitride layer 150 200 0.27
Insulating layer 50 70 0.3

t2 70Top electrode 240 70 0.3
Top 1/2
dielectric

225 70 0.3

In a good approximation, the top layer is assumed to consist of a double-
layered plate having an effective flexural rigidity D calculated as [39]

D =
E2

1t
4
1 + E2

2t
4
2 + 2E1E2t1t2

(
2t21 + 2t22 + 3t1t2

)
12 (E1t1 + E2t2) (1− ν2)

, (17)

where t1 and E1 are the total thickness and average Young’s modulus of the plug
and nitride layers, respectively; t2 and E2 are the total thickness and thickness-495

weighted average Young’s modulus of the insulating layer, top electrode, and
top-half dielectric, respectively; ν is the Poisson’s ratio of the complete top
plate.

The insulating dielectric layer inside the CMUT cavity can be modelled as
an increased distance (effective gap height) between the two electrodes placed500

in vacuum

teff = tg +
ti
εr
, (18)

where εr is the relative permittivity of the dielectric material, tg is the gap
height, and ti is the total dielectric layer thickness.

The RO model parameter values are summarized in Tab. 2. The values of τ
and σ are obtained by fitting the RO model to experimentally measured static505

displacement profiles.
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Table 2: Parameters of the reduced-order model.

Parameter Value Unit Description

a 30·10-6 m Plate radius
ε0 8.85·10-12 F m−1 Dielectric permittivity of vacuum
εr 4.3 − Relative dielectric permittivity of insulator
tg 230·10-9 m Gap height
ti 450·10-9 m Insulator thickness
teff 3.347·10-7 m Effective gap height
tm 1.565·10-6 m Plate thickness
D 4.092·10-8 N m Flexural rigidity of plate
Patmos 101.325·106 Pa Atmospheric pressure
τ -100·106 Pa Uniform residual biaxial plane stress
σ 4·10-9 m Combined surface roughness standard deviation
Hn, n = a, b 2·109 Pa Effective indentation hardness [40]
ρtp 3290 kg m−3 Combined mass density of the top plate
cfl 1483 m s−1 Speed of sound in water
ρ 100 kg m−3 Mass density of water
ζj , j = 1, 2, ..., 6 0 − Modal damping coefficients
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T. Szili-Török, H. J. Vos, J. G. Bosch, G. van Soest, A. F. W. van der Steen,
Preclinical Testing of Frequency-Tunable Capacitive Micromachined Ultra-
sonic Transducer Probe Prototypes, Ultrasound in Medicine and Biology
43 (9) (2017) 2079–2085. doi:10.1016/j.ultrasmedbio.2017.05.005.590

[23] W. M. van Spengen, R. Puers, I. D. Wolf, A physical model to predict
stiction in MEMS, Journal of Micromechanics and Microengineering 12 (5)
(2002) 702.

[24] M. Engholm, T. Pedersen, E. V. Thomsen, Modeling of plates with multiple
anisotropic layers and residual stress, Sensors and Actuators, A: Physical595

240 (2016) 70–79. doi:10.1016/j.sna.2016.01.054.

[25] H. M. R. Suy, R. W. Herfst, P. G. Steeneken, J. Stulemeijer, J. A. Bielen,
The static behavior of RF MEMS capacitive switches in contact, Technical
Proceedings of the 2008 NSTI Nanotechnology Conference and Trade Show
3 (2008) 517–520.600

[26] A. Nayfeh, M. Younis, E. Abdel-Rahman, Reduced-Order Models for
MEMS Applications, Nonlinear Dynamics 41 (2005) 211–236. doi:doi:

10.1007/s11071-005-2809-9.

[27] A. W. Leissa, Vibration of Plates, NASA SP, Scientific and Technical In-
formation Division, National Aeronautics and Space Administration, 1969.605

23

http://dx.doi.org/10.1109/TUFFC.2013.2723
http://dx.doi.org/10.1109/TUFFC.2013.2723
http://dx.doi.org/10.1109/TUFFC.2013.2723
http://dx.doi.org/10.1109/ULTSYM.2003.1293449
http://dx.doi.org/10.1109/ULTSYM.2003.1293449
http://dx.doi.org/10.1109/ULTSYM.2003.1293449
http://dx.doi.org/10.1088/0960-1317/15/4/002
http://dx.doi.org/10.1016/j.sna.2016.07.027
http://dx.doi.org/10.1016/j.sna.2016.07.027
http://dx.doi.org/10.1016/j.sna.2016.07.027
http://dx.doi.org/10.1016/j.sna.2016.07.027
http://dx.doi.org/10.1016/j.ultras.2016.10.002
http://dx.doi.org/10.1016/j.ultras.2016.10.002
http://dx.doi.org/10.1016/j.ultras.2016.10.002
http://dx.doi.org/10.1016/j.ultrasmedbio.2017.05.005
http://stacks.iop.org/0960-1317/12/i=5/a=329
http://stacks.iop.org/0960-1317/12/i=5/a=329
http://stacks.iop.org/0960-1317/12/i=5/a=329
http://dx.doi.org/10.1016/j.sna.2016.01.054
citeulike-article-id:248822{%}5Cnhttp://dx.doi.org/10.1007/s11071-005-2809-9
citeulike-article-id:248822{%}5Cnhttp://dx.doi.org/10.1007/s11071-005-2809-9
citeulike-article-id:248822{%}5Cnhttp://dx.doi.org/10.1007/s11071-005-2809-9
http://dx.doi.org/doi: 10.1007/s11071-005-2809-9
http://dx.doi.org/doi: 10.1007/s11071-005-2809-9
http://dx.doi.org/doi: 10.1007/s11071-005-2809-9
https://books.google.nl/books?id=TfsfAAAAIAAJ


Page 24 of 28

Acc
ep

te
d 

M
an

us
cr

ip
t

[28] K. K. Park, B. T. Khuri-Yakub, Dynamic response of an array of flexu-
ral plates in acoustic medium., The Journal of the Acoustical Society of
America 132 (4) (2012) 2292–303. doi:10.1121/1.4747613.

[29] S. Satir, J. Zahorian, F. L. Degertekin, A large-signal model for CMUT
arrays with arbitrary membrane geometry operating in non-collapsed mode,610

IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control
60 (11) (2013) 2426–2439. doi:10.1109/TUFFC.2013.6644745.

[30] A. S. Ergun, G. G. Yaralioglu, B. T. Khuri-Yakub, Capacitive Mi-
cromachined Ultrasonic Transducers: Theory and Technology, Journal
of Aerospace Engineering 16 (2) (2003) 76–84. doi:10.1061/(ASCE)615

0893-1321(2003)16:2(76).

[31] J. H. Klootwijk, P. Dirksen, M. Mulder, E. M. L. Moonen, Capacitive
Micromachine Ultrasound Transducer, Patent US2011163630 (A1) (July
2011).

[32] Y. Huang, E. O. Hæggström, X. Zhuang, A. S. Ergun, B. T. Khuri-Yakub,620

A solution to the charging problems in capacitive micromachined ultra-
sonic transducers, IEEE Transactions on Ultrasonics, Ferroelectrics, and
Frequency Control 52 (4) (2005) 578–580. doi:10.1109/TUFFC.2005.

1428039.
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Highlights of the manuscript: 

 

A Fluid-Coupled Transmitting CMUT Operated in Collapse Mode: Semi-Analytic Modelling and Experiments 

by: Martin Pekař, Stephan H. M. van Nispen, Rob H. B. Fey, Sergei Shulepov, Nenad Mihajlović, and Henk Nijmeijer 

 

 a semi-analytic model of fluid-loaded, transmitting, collapse-mode CMUT is developed 

 the model is validated by experimental measurements of a fabricated CMUT prototype 
 static response incl. hysteresis behaviour is predicted with high accuracy 

 dynamic response behaviour incl. frequency-tunability is predicted with satisfactory accuracy 

 the model allows fast parameter analysis and is a powerful tool for CMUT (pre-)design 
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