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Abstract 
 
In oceans or other aquatic environments small organisms such as plankton live at a certain depth 
below the surface. These layers effectively experience a 2D slab out of 3D turbulence, making the 2D 
turbulence they experience compressible. A model for population dynamics of two competing 
species is described. The flow field for the 2D compressible turbulence has previously been 
calculated with a direct numerical simulation and is applied to work with the model. After a certain 
amount of time one of the two species in the system always goes extinct. The probability for a 
species to take over the whole domain is given by the Kimura Formula in the well-mixed case. The 
probability of fixation has been measured in the case of no turbulence for a range of selective 
advantages for three systems with a different carrying capacity. The results are compatible with the 
Kimura formula. Compressible turbulence causes the particles in the system to move towards areas 
with a large negative divergence in the flow field, creating particle filaments. This changes the 
behavior of the system, creating groups of particles from the same species. In the case of 
compressible turbulence the validity of the Kimura Formula is tested. The general form of the 
Kimura formula is conserved but the carrying capacity according to the Kimura formula is much 
lower than the actual carrying capacity of the system. 
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1. Introduction 
 
The field of population genetics has a long history with both rich roots in biology and physics. 
Population genetics studies the distributions of allele frequency in a population. An allele is one of 
multiple alternative forms of a gene, a region of DNA that expresses a trait in an organism. Different 
alleles can result in different observable traits, however most variations have little effect on the 
organism’s appearance. Alleles are said to be neutral when no effect is observable at all. The allele 
frequency is the fraction of a particular allele that is present amongst a variety of other alleles from 
the same gene in a population.  
 
Genes are passed down from generation to generation. It is therefore of interest to study the 
dynamics of the allele frequency for a specific allele in a population over the course of many 
generations. Related questions concern the probability for the allele to go extinct or the probability 
for the allele to fixate, where it is the only allele left. Other questions include the possibility of new 
mutations to appear or a small selective advantage in an allele to drift the dynamics of the 
population. This kind of population dynamics is known to be stochastic. The individuals carrying the 
alleles in a population are discrete and the collection of processes for updating a population to a 
new generation is random. The intrinsic demographic noise scales inversely proportional to the 
population size. For very large populations the intrinsic noise can be neglected and a deterministic 
approach is also correct.  
 
The reality of a population is more complicated. Individuals are spatially distributed over a domain or 
territory in biological terms. This means that they only interact on a local level when competing for 
food or other necessities. Individuals very far away have no influence on each other. A territory that 
is not homogeneous can also have an effect on the dynamics. 
 
The problem of a species moving into a new territory was first studied almost 80 years ago by the 
works of Fisher, Kolmogorov, Petrovsky, and Piscounov (also known as FKPP). The FKPP-equation can 
describe the population genetics of bacterial colonies living on a nutrient rich agar dish [1]. Here the 
speed at which a single population invades a new territory is described and also the speed at which 
an advantageous species takes over the rest of the population is discussed. The situation is more 
complex in the oceans or other aquatic environments, where most of the evolution took place 
during the early stages of life. In these environments (with high-Reynolds numbers) organisms not 
only undergo diffusion, but also experience a displacement due to a flow field [2]. Plankton layers 
are often observed living in a thin horizontal plane at a certain depth beneath the surface. The 
underlying biological mechanisms that create such layers include nutrient variability and gyrotaxis 
[3]. Tiny organisms living in these layers only experience a 2D slab out of 3D turbulence [4]. Any 
upwards or downwards motion by a flow field is actively controlled by these organisms to keep them 
at a certain depth. These organisms therefore experience compressible 2D turbulence. 
 
The aim of this report is to describe the population dynamics of two species (or alleles) living in a 2D 
plane. The main goal is to quantify the extinction probability of one of the two species when 
experiencing compressible 2D turbulence. In the rest of the text the theory for population genetics 
will be discussed first. Then a model for population dynamics in 2D is presented, followed by the 
combination of compressible turbulence with population dynamics. In the following chapter the 
results of the performed simulations will be presented, alongside with a discussion and conclusion.  
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2. Theory: Population Genetics and Kimura Formula 
 
In this chapter the theory for a well-mixed discrete model will be presented, as discussed in [5]. In 
this discrete model there are two types of particles (or species) present, particles of type 1 and 
particles of type 2. As mentioned earlier these particles are models for living organisms, such as 
plankton or algae. These particles can diffuse in a continuous space with a diffusion constant D, 
which is equal for all particles. Although the particles can move in a continuous space they are 
confined to a certain domain, or system. 
 
Population dynamics is introduced by assuming that each type of particle can reproduce at a rate of 
μi, where i denotes the particle type. A particle can also die with a rate 𝛾 proportional to the number 
of particles within an interaction range δ. The death rate 𝛾 is assumed to be equal for all particles. 
These reactions can be summarized as follows:  
  

𝑃1
𝜇1
→ 𝑃1 + 𝑃1 ,        (Formula 2.1) 

 

𝑃2
𝜇2
→ 𝑃2 + 𝑃2 ,        (Formula 2.2) 

 

𝑃1 + 𝑃2
𝛾
→𝑃1 ,        (Formula 2.3) 

 

𝑃2 + 𝑃2
𝛾
→𝑃2 ,        (Formula 2.4) 

 

𝑃1 + 𝑃2
𝛾
→𝑃2 ,        (Formula 2.5) 

 

𝑃1 + 𝑃1
𝛾
→𝑃1 ,        (Formula 2.6) 

 
  
where Pi denotes a particle of a specific type i. Formula 2.1 and 2.2 indicate the reproduction of a 
particle, Formula 2.3 - 2.6 indicate the death of a particle by competition with other particles inside 
the interaction range δ. The total number of particles in the system is not fixed and the density of a 
certain type can fluctuate throughout the domain, as well as the total density. This has been done in 
order for the total number of particles to be sensitive to the presence of a compressible turbulence 
flow field.  
 
In the case of a well-mixed or ‘zero-dimensional’ model all particles interact with every other particle 
in the system during one generation time τg. The generation time is the time between two 
consecutive generations and is given by 
 

𝜏𝑔 =
1

𝜇
 .         (Formula 2.7) 

 
In the well-mixed model the interaction range δ is equal to the size of the domain.  
 
In the neutral case the two species are assumed to be the same. Interacting with a particle of a 
different type is the same as interacting with a particle of the same type. This also means that they 
have the same birth rate, μ1 = μ2 = μ. 
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As opposed to the neutral case an advantage can be given to the species of type 1 by increasing the 
birth rate:  
 

𝜇1 = 𝜇2(1 + 𝑠) ,        (Formula 2.8) 
 
where s is the selective advantage. Please note that s can also be negative, in which case the birth 
rate would decrease and the particles of type 1 would have a disadvantage. There are many possible 
reasons why one species could have a higher selective advantage. A species could for example be 
better at finding food resulting in a higher birth rate. Physically speaking, when the selective 
advantage is small (s«1) the species are probably very similar and the only difference might be a 
small mutation in one of the two types. When the selective advantage is very large (s»1) the species 
are probably not similar at all. 
 
There are two types of particles present in a domain. After a certain amount of time one of the two 
species will go extinct and there will only be one species left in the domain. This event is called 
fixation and the time at which it occurs is called the fixation time τf. Once a species goes extinct 
there is no chance for it to return.  
 
The carrying capacity of a system N is defined as the average number of particles it can sustain over 
time. The concentration of a specific type of particle at a certain time is defined as 
 

𝑐𝑖 =
𝑛𝑖

𝑁
 ,        (Formula 2.9) 

 
where ni is the number of particles of type i. The concentration can be more than unity since N is 

time averaged. The relative fraction of the total concentration for particles of type 1 is given by 

  𝑓 =
𝑐1

𝑐𝑡
 .         (Formula 2.10) 

where 
 

 𝑐𝑡 = 𝑐1 + 𝑐2 .        (Formula 2.11) 
 
The equation for the relative fraction is given by [5], 
 

 
𝑑

𝑑𝑡
𝑓 = 𝜇 𝑠 (1 − 𝑓) + √𝜇 𝑓 (1 − 𝑓)

1+𝑐𝑡

𝑁 𝑐𝑡
𝜀 ,    (Formula 2.12)  

 
where  𝜀 is a white noise signal delta-correlated in time. 
 
What is the probability for a species to fixate? This probability is calculated from Formula 2.12 given 
by the Kimura formula [6], 
 

𝑝𝑓𝑖𝑥 = 
1−𝑒−𝑠 𝑁 𝑓0

1−𝑒−𝑠 𝑁
  ,        (Formula 2.13) 

 
where pfix is the probability of fixation, s the selective advantage, N the carrying capacity and f0 the 
initial fraction of particles for a specific species. 
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3. Numerical Setup 
 
The numerical setup of the performed simulations will be discussed in this chapter. First a model for 
population dynamics in 2D will be presented. Secondly the setup for 2D compressible turbulence is 
discussed. Finally the combination of compressible turbulence with population dynamics will be 
described.  

3.1 A Model for Population Dynamics in 2D 
In the model for population dynamics in 2D the particles are constrained to move on a two 
dimensional plane, in the x- or y-direction. Particles are free to move throughout the whole plane, 
but periodic boundary conditions are applied to keep them inside a domain. For simplicity this 
domain is always taken to be square. At the start of the simulation particles are placed randomly 
throughout the whole domain, where N1 and N2 denotes the starting amount of particles of type 1 
and 2, respectively. 
 
The whole domain is divided into cells with an area of δ2. The situation inside each cell is assumed to 
be well-mixed. Usually the domain is taken to be [2π,2π] with 1282 cells in order to match the 
compressible turbulence flow field that has already been simulated, as is described in the next part 
of this chapter (see section 3.2). The particles displace due to diffusion in order to produce an 
average of 
 

〈Δ𝑥2〉 = 2𝐷 ∙ Δ𝑡         (Formula 3.1.1)  
 

in the x-direction, where 〈𝛥𝑥2〉 is the mean-square displacement of all particles compared to the 
previous time step, D the diffusion coefficient and ∆t the length of the time step. The same equation 
also holds for the mean-square displacement in the y-direction,  
 

〈Δ𝑦2〉 = 2𝐷 ∙ Δ𝑡 .       (Formula 3.1.2) 
 

The diffusion scale in one generation time is defined as 
 

𝐷𝑠 = √
𝐷

𝜇
 .         (Formula 3.1.3) 

 

New particles are created with a rate μi which can be different for the two types of particles. Each 
time step new particles are created according to 
 

𝑃1
𝜇1∙Δ𝑡
→   𝑃1 + 𝑃1 ,        (Formula 3.1.4) 

and 

𝑃2
𝜇2 ∙Δ𝑡
→   𝑃2 + 𝑃2 .       (Formula 3.1.5) 

 
When a new particle is created it is placed at the same position as the parent, effectively creating 
two particles out of one. Particles die at a rate γ which is the same for all particles. Each time step 
the number of particles in a specific cell Q is counted. A particle is then removed depending on the 
number of particles it shares a cell with according to 
 

𝑃1 + 𝑃1
𝛾∙Δ𝑡∙𝑄
→    𝑃1 ,       (Formula 3.1.6) 

𝑃2 + 𝑃2
𝛾∙Δ𝑡∙𝑄
→    𝑃2 ,       (Formula 3.1.7) 

𝑃1 + 𝑃2
𝛾∙Δ𝑡∙𝑄
→    𝑃1 ,       (Formula 3.1.8) 

𝑃1 + 𝑃2
𝛾∙Δ𝑡∙𝑄
→    𝑃2 .       (Formula 3.1.9) 
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Each time step these reactions have a probability of occurring so that the overall rate does not 
depend on ∆t. Having particles move in continuous space is particularly suitable for situations where 
they are moved by a flow field, as is discussed in the next section.  

3.2 Compressible Turbulence 
As mentioned earlier, small organisms living in aquatic environments group together in thin layers at 
a certain distance from the surface of the water. Velocity results of a three-dimensional direct 
numerical simulation of turbulence has been taken from [7], using a domain of 2π3 with a resolution 
of 1283 grid points. Furthermore, the dimensionless viscosity was taken to be ν=0.01, the Taylor 
microscale Reynolds number was taken to be Reλ=75. A 2D slab was taken from this 3D simulation, 
effectively creating a compressible turbulence flow field in 2D. A representative snapshot of this flow 
field can be seen in Figures 3.2.1 and 3.2.2. In Figure 3.2.1 a vector plot is shown for the velocity at 
some grid points in the domain. For a more detailed plot showing all the grid points see Appendix B. 
In Figure 3.2.2 a snapshot of the velocity intensity is plotted throughout the whole domain. The 
intensity is defined by 
 

𝑣 = √𝑣𝑥
2 + 𝑣𝑦

2 ,       (Formula 3.2.1) 

 
Where vx is the velocity in the x-direction and vy is the velocity in the y-direction.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
When the flow field is turned on particles do not only diffuse, but are also advected. The particles 
act as passive tracers. Each time step the particle is moved due to diffusion according to (3.2.1) and 
(3.2.2). Each time step the particle is also moved because it has a velocity due to the flow. The 
particle trajectories are stepped forward using a second order Adam Bashforth scheme,  
 

𝑥𝑛+1 = 𝑥𝑛 +
1

2
(3 ∙ 𝑣𝑥,𝑛 − 𝑣𝑥,𝑛−1) ∙ 𝛥𝑡     (Formula 3.2.2) 

 
where 𝑥𝑛+1 is the new x-position of a particle, 𝑥𝑛 the current x-position, 𝑣𝑥,𝑛 the current velocity of 

a particle in the x-direction, 𝑣𝑥,𝑛−1 the old velocity in the x-direction and 𝛥𝑡 the time step. The same 
formula is also used in the y-direction. 

Figure 3.2.1: Snapshot of a vector plot for the 
compressible 2D turbulence used for advecting 
particles.  

Figure 3.2.2: Snapshot of the velocity intensity for 
the compressible 2D turbulence used for advecting 
particles. A lighter color indicates a larger velocity. 
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It should be noted that the flow field only has a resolution of 1282. However, the particles can move 
freely in 2D space. For simplicity it is useful to work with an interaction range that splits the 2D 
domain into 1282 cells, so that the number of grid points for the flow field matches the number of 
cells in the domain. Each time step the velocity at a grid point is then applied to all particles in the 
corresponding cell.  
 
The DNS simulation of 3D turbulence has been simulated for 99060 time steps. Most of the 
simulations with population genetics are performed with ∆t=0.005. The 2D slice taken from the 3D 
simulation can be varied in strength by introducing an amplitude that multiplies every entry of the 
velocity field by a constant, famp. The compressibility of the 2D slice can also be varied by projecting 
the velocity field into a compressible (uc

 ) and incompressible (ui) part, creating a group of velocity 
fields given by 
 

𝒖 = 𝑓𝑎𝑚𝑝 ∙ √2[𝒖
𝑐 sin(𝜙) + 𝒖𝑖cos (𝜙)]     (Formula 3.2.3) 

 

with 0 ≤ 𝜙 ≤
𝜋

2
 [7]. If 𝜙=0 the velocity field is completely incompressible, if 𝜙= 

𝜋

2
 the velocity field is 

completely compressible.  The compressibility of the flow is given by 
 

𝜅 =  
(𝛻∙𝒖)2

(𝛻𝒖)2
  .        (Formula 3.2.4) 

 
Another interesting property of the flow is the Kolmogorov dissipative time scale, defined as 
 

𝜏𝜂 ≡ √
𝜈

𝜖
         (Formula 3.2.5) 

 
where ν is the viscosity and ε the energy dissipation. In the model both  𝜙 and famp are free 

parameters.  In Figure 3.2.3 𝜏𝜂 is plotted as a function of the amplitude of the flow for 𝜙 = 0 (red), 𝜙 

= 
𝜋

4
 (blue) and 𝜙 = 

𝜋

2
 (black). The compressibility of the flow for these three cases is calculated to be 

𝜅=0.0023, 𝜅=0.16326 and 𝜅=0.99986, respectively.  
 
 

 
 
 

 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 

Figure 3.2.3: The Kolmogorov dissipative time 
scale 𝜏𝜂  is plotted as a function of the amplitude 

of the velocity field famp for 𝜙 = 0 (red), 𝜙 = 
𝜋

4
 

(blue) and 𝜙 = 
𝜋

2
 (black). The compressibility of 

the flow for these three cases is calculated to be 
κ=0.0023, κ=0.16326 and κ=0.99986, respectively. 

Figure 3.2.4: The average displacement of 1000 
particles after one generation time plotted as a 
function of the amplitude of the flow. The 
simulations were performed on a domain of [2π,2π] 

with 128x128 cells, using D=0, ϕ=
𝜋

2
, and ∆t=0.005. 

 



8 
 

In order to check the displacement of particles in the flow the trajectories of 1000 particles have 
been simulated. The particles underwent no reactions and their number remained constant. In 
Figure 3.2.4 the average displacement after one generation time is plotted as a function of the 
amplitude of the flow. The simulations were performed on a domain of [2π,2π] with 128x128 cells, 

using D=0, ϕ=
𝜋

2
 and ∆t=0.005. The displacement of particles due to the flow at low amplitudes (famp < 

0.1) is more or less comparable to the diffusion scale (see Formula 3.1.3). Using typical values of 
D=0.0001 and μ=0.5 Formula 3.1.3 gives Ds=0.014. Furthermore, a domain with length 2π and 128 

cells has an interaction range of δ = 
2𝜋

128
 = 0.049. This means that particles stay in the same cell for 

one generation at low amplitudes of the flow field.  
 

3.3 Population Dynamics in Compressible Turbulence and Setup 
When population dynamics is combined with compressible turbulence the system of particles is 
described by the dimensionless number μ∙𝜏𝜂. This is the ratio between the two time scales in the 

system, the generation time (Formula 2.7) and the Kolmogorov dissipative time scale (Formula 
3.2.5). When the timescale of the flow is large compared to the generation time of the particles       
(𝜏𝜂»τg) almost no turbulence is experienced by the particles. In the limit where the timescale of the 

flow is small (𝜏𝜂«τg) the system is completely governed by turbulence and only a small number of 

particles can survive. Indeed, with strong compressible turbulence particles tend to group together 
in areas with a large negative divergence and therefore die more quickly because they compete with 
a larger amount of other particles. In the case of an incompressible flow the system becomes well-
mixed in this limit. 
 
A characteristic snapshot of all the particle positions for no turbulence and compressible turbulence 
can be seen in Figure 3.3.1 and 3.3.2, respectively. In the case of no turbulence simulations will be 
performed to study the carrying capacity in order to better understand the system. Then the 
probability of fixation is measured for three systems with different carrying capacities and compared 
to the Kimura formula (see Formula 2.13).  The same procedure is followed with the compressible 
turbulence. In this case the particles are much more compressed, as can be seen in Figure 3.3.2. The 
aim of this report is to see if the Kimura formula can also be recovered when a compressible flow 
field is applied.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.3.1: Characteristic snapshot of particle 
positions for no turbulence, with the particles of 
type 1 in green and particles of type 2 in red. 

Figure 3.3.2: Characteristic snapshot of particle 
positions in compressible turbulence, with the 
particles of type 1 in green and particles of type 2 
in red. 
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4. Results and Discussion 
 
In this chapter the results of the performed simulations will be discussed. In the first part the system 
of two species is studied in absence of compressible turbulence. In the second part the simulations 
are extended to include compressible turbulence.  

4.1 Fixation Probability Without Compressible Turbulence 
In order to understand the situation without compressible turbulence several simulations have been 
performed to study the carrying capacity. A typical realization of a simulation can be seen in Figure 

4.1. The number of particles in the system is plotted as a function of time, with μ1=0.5, μ2=0.5, 
𝛾=1.0, D=1.0∙10-4, N1=1000, N2=1000 on a domain of [2π,2π] with 128x128 cells. The particles of type 
1 are shown in green, the particles of type 2 are shown in red and their sum is shown in black. At the 
start of the simulation all the particles are randomly distributed over the domain. After some time 
the carrying capacity of the system is reached and the system is in equilibrium. The carrying capacity 
is calculated to be N=5757±57 by taking the average over the total number of particles from time = 
100 to time = 200, see Appendix A for the error analysis. The carrying capacity does not change in 
different realizations, although one of the two types may have a larger fraction. 
  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In Figure 4.2 the carrying capacity is plotted as a function of 𝜇/𝛾, using D=1.0∙10-4, N1=1000 and 
N2=1000 on a domain of [2π,2π] with 128x128 cells. For simplicity the birth rate for both particles is 
taken to be equal for all simulations, μ=μ1=μ2. A linear fit (y=ax+b) has been performed resulting in 
a=(16±0.4)∙103 and b=(-3±0.4)∙103. The carrying capacity roughly scales linearly with the death and 
growth rate. This is useful to know because a system with a larger carrying capacity contains a higher 
number of particles which increases the computation time. It is expected that the fit goes through 
the origin where μ=0, because a system with no growth produces no new particles and eventually all 
particles die. The carrying capacity can also never be negative. The carrying capacity decreases for 
higher values of μ= 𝛾. This can be observed for 𝜇/𝛾 = 1 in Figure 4.2. For the error analysis refer to 
Appendix A. 
 

Figure 4.1: Number of particles plotted as a function of 
time for a typical measurement, using μ1=0.5, μ2=0.5, 
𝛾=1.0, D=1.0∙10

-4
, N1=1000 and N2=1000 on a domain of 

[2π,2π] with 128x128 cells. The carrying capacity of this 
system is measured to be N=5757±57 by taking the 
average over the total number of particles from time = 
100 to time = 200. 

Figure 4.2: Carrying capacity plotted as a function of 
𝜇/𝛾, using D=1.0∙10

-4
, N1=1000 and N2=1000 on a 

domain of [2π,2π] with 128x128 cells.  A linear fit 
(y=ax+b) has been performed resulting in 
a=(16±0.4)∙10

3 
and b= (-3±0.4)∙10

3
. 
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The probability of fixation has been measured as a function of the reproductive advantage, as can be 
seen in Figure 4.3. The probability of fixation is calculated by running multiple realizations with the 
same parameters. When one of the two species is extinct the realization is stopped and a win is 
counted for the species that remains. The probability of fixation is then given by the fraction of wins 
for the particle of type 1. For the error analysis on the probability of fixation see Appendix A. 

All simulations were performed using μ2=0.5 and D=1.0∙10-4 on a domain of [
𝜋

2
,
𝜋

2
] with 32x32 cells. 

The domain has been decreased in order to have a smaller carrying capacity and decrease the 
computation time. Since μ2 is kept fixed  μ1 is varied, where the selective advantage between the two 
species is defined as in Formula 2.8. Furthermore, the death rate was chosen to be 𝛾=1, 𝛾=1.5 and 
𝛾=2 in order to achieve a carrying capacity of N=400, N=220 and N=140, respectively. Since the birth 
rate of particle 1 varies in order to create a selective advantage the carrying capacity does not 
remain constant when the reproductive advantage is increased. The carrying capacity of each system 
has been estimated by running a simulation for s=-0.2 and s=0.2 and taking the average. The starting 
number of total particles was taken to be equal to the estimated carrying capacity. The starting 
fraction for particles of type 1 was taken to be f0=0.1 for all simulations, so for N=400 the number of 
starting particles would be N1=40 and N2=360. For each point on the graph 400 realizations have 
been performed. A fit of the Kimura formula (see formula 2.13) has been performed for each 
system, where f0 was a fixed parameter at 0.1. The fit results for each system were measured to be 
N=338±15, N=196±6 and N=123±3. This is slightly less than the estimated value. These results could 
be improved by running more realizations in order to decrease the uncertainty.  
The same data points can be seen in Figure 4.4, but plotted as a function of s∙N. The black line is the 
Kimura formula for f0=0.1. All the data points collapse.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 4.3: Probability of fixation plotted as a 
function of the reproductive advantage for a system 
with a carrying capacity of N=400 (red), N=220 
(blue) and N=140 (black). For each data set the 
Kimura formula has been fitted, resulting in 
N=338±15, N=196±6 and N=123±3. 
 

Figure 4.4: Probability of fixation plotted as a 
function of s∙N for a system with a carrying 
capacity of N=400, N=220 and N=140. The black 
line is the Kimura formula for f0=0.1. All data 
points collapse. 
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4.2 Fixation Probability in Compressible Turbulence 
In order to understand the situation with compressible turbulence several simulations have been 
performed to study the carrying capacity, see Figure 4.5. The carrying capacity was measured as a 

function of μ∙𝜏𝜂 for 𝜙 = 0 (red), 𝜙 = 
𝜋

4
 (blue) and 𝜙 = 

𝜋

2
 (black), corresponding to a compressibility of 

𝜅=0.0023, 𝜅=0.16326 and 𝜅=0.99986, respectively.  The simulation parameters were taken to be     
μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10-4 and ∆t = 0.005 on a domain of [2𝜋, 2𝜋] with 128x128 cells. As 
described in chapter 3.2 the value of μ∙𝜏𝜂  is varied by choosing different amplitudes for the flow. In 

Figure 4.5 the relative carrying capacity compared to the carrying capacity for famp=0 is plotted. The 
situation with an almost completely compressible flow field (plotted as the black line) shows the 
effect of the two competing timescales. For small values of μ∙𝜏𝜂  where the generation time τg is large 

compared to 𝜏𝑛 the carrying capacity is almost 0. For large values of μ∙𝜏𝜂  the timescale of turbulence 

is large and the system has a carrying capacity almost equal to the situation of no turbulence at all. 
For the error analysis see Appendix A. As mentioned earlier compressible turbulence has only been 
calculated for a limited number of time steps. The simulations for calculating the carrying capacity 
were stopped when no more flow data was available.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In Figure 4.6 the number of particles is plotted as a function of time for μ∙𝜏𝜂= 0.71 and 𝜅=0.99986, 

using μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10-4, N1=250 and N2=250 on a domain of [2π,2π] with 128x128 
cells. Even though the starting number of particles is close to the expected value for the carrying 
capacity the system undergoes a large growth before eventually decreasing in size. The particles are 
distributed randomly over the domain at the start of the simulation, so it is speculated that they can 
grow before feeling the effects of turbulence. As described in chapter 3.1 particles die at a rate 
proportional to the number of particles they share a cell with. Since the system is in the regime with 
low μ∙𝜏𝜂 the system can grow until the particles are compressed by the flow.  

 
Another factor that should be taken into account is that multiple realizations of the same simulation 
with compressible turbulence are not completely uncorrelated, because the same flow data is used 
each time. The number of particles plotted as a function of time has been plotted multiple times 
using μ∙𝜏𝜂= 0.71, 𝜅=0.99986, μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10-4, N1=500 and N2=500 on a domain of 

[2π,2π] with 128x128 cells. These graphs are very similar to Figure 4.6 and can be seen in Appendix 

Figure 4.5: The relative carrying capacity compared to 
the carrying capacity for famp=0 plotted as a function 
of μ∙𝜏𝜂  for ϕ=0 (red), ϕ=45 (blue) and ϕ=90 (black), 

corresponding to a compressibility of 𝜅=0.0023, 
𝜅=0.16326 and 𝜅=0.99986, respectively. Using μ1=0.5, 
μ2=0.5, 𝛾=1.0, D=1.0∙10

-4 
and ∆t = 0.005 on a domain 

of [2𝜋, 2𝜋] with 128x128 cells. 

 

Figure 4.6: The number of particles plotted as a 
function of time for μ∙𝜏𝜂= 0.71 and 𝜅=0.99986. 

μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10
-4

, N1=250 and 
N2=250 on a domain of [2π,2π] with 128x128 
cells. 
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C. The fraction of the total number of particles varies at each realization but the total number of 
particles follows a trend dictated by the flow field. When calculating the probability of fixation this 
only has a small influence, because only the underlying fraction of particles matters and this is not 
correlated over multiple realizations. A possible solution to this problem is using different 2D slabs 
out of the 3D turbulence for each realization.  
 
More difficulties arise when calculating the probability of fixation due to long fixation times. As 
described in the situation with no turbulence the realization is stopped when one of the two species 
takes over the whole domain. In the case of a high selective advantage the fixation time is large 
because the species of type 1 has a higher chance to take over the whole domain, but starts with a 
low fraction of the total number of particles. There is only a limited amount of flow data available so 
the flow data must be made continuous by extending it in some way. Ideally more data could be 
generated by increasing the time of the DNS of compressible turbulence so that most extinction 
events occur before the end of the flow is reached. However, extremely long extinction events can 
occur and the problem remains. When the end of the flow is reached there are a number of options. 
The flow can be made continuous by simply going back to the start and reading the data again. 
However, this method creates a discontinuity in the flow and breaks up all the groups of particles. 
This discontinuity can be seen in Appendix B where the vector and velocity intensity plots for both 
the first and last time step of the flow are shown.  A different option that does not have this 
discontinuity is reading the flow data backwards once the last time step is reached. The flow is then 
made continuous by going forwards again at the first time step. When reading the flow data 
backwards it is also possible to invert the velocity of the flow field. The advantage of this method is 
that groups of particles are not broken because the flow field is effectively continuous. A 
disadvantage is that the Navier-Stokes equations are not reversible at high Reynolds numbers. 
However if the backwards flow field is interpreted as something that groups the particles together it 
is of little interest if it is realistic or not.  

 
The probability of fixation has been measured as a function of the reproductive advantage for two 
values of μ∙𝜏𝜂  belonging to the 𝜅=0.99986 curve, μ∙𝜏𝜂 = 0.71 and μ∙𝜏𝜂 = 0.53, see Figure 4.7. The flow 

field was extended by reading the data again at the start if no more data was available. For μ∙𝜏𝜂 = 

0.71 the carrying capacity is estimated to be 700±70, for μ∙𝜏𝜂 = 0.53 the carrying capacity is 

estimated to be 200±30. As a reference the results from the previous section have also been plotted. 
 

 

  

Figure 4.7: Probability of fixation plotted as a function 
of the reproductive advantage for a system with 
turbulence and a carrying capacity of N=700 (green) and 
N=200 (purple).  As a reference the probability of 
fixation for systems with no flow are also plotted for 
N=400 (red), N=200 (blue) and N=140 (black).  

 

 

Figure 4.8: Probability of fixation plotted as a 
function of s∙N for a system with a carrying 
capacity of N=700 (green) and N=200 (purple).  As 
a reference the probability of fixation for systems 
with no flow are also plotted for N=400 (red), 
N=200 (blue) and N=140 (black). 
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The simulation parameters were taken to be μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10-4, N1=5400 and N2=600 
on a domain of [2π,2π] for all simulations. The starting fraction of particles is f0 = 0.1. The starting 
number of particles is taken to be well over the carrying capacity so that the system does not exhibit 
the behavior of growth at the start where the initial fraction can change.  The histogram for the 
number of times the flow loops when calculating the probability of fixation for all selective 
advantages belonging to the same data curve is shown in Figure 4.9. Individual histograms for each 
selective advantage can be seen in Appendix D. If the DNS of compressible turbulence was computed 
10 times almost no flow loops would be necessary. For smaller values of the selective advantage 
more realizations could be performed in the same timeframe since fixation time was noticeably 
smaller. The number of realizations performed varied from 2000 for a low selective advantage to 
300 for a high selective advantage.  
The probability of fixation in compressible turbulence does not appear to be exactly following the 
Kimura formula. This can be seen in Figure 4.8 where the probability of fixation is now plotted 
against S∙N. The data points do not collapse. However, some consistencies are observed when 
comparing the results to the probability of fixation for no turbulence. The probability of fixation is 
lower for a smaller system size, similar to the results of no flow. The general form of the Kimura 
formula is also more or less preserved but the carrying capacity according to the Kimura formula is 
much lower than the actual carrying capacity of the system. In the system with turbulence the size of 
the carrying capacity appears to play a smaller role in determining the probability of fixation. The 
results could be explained by the fact that compressible turbulence creates filaments of particles and 
that the carrying capacity is not the right parameter to describe the system. Localized groups of 
particles compressed by turbulence are often of the same type. When two filaments of different 
types meet they will mix and after a while only one type will remain. Effectively a group of particles 
acts as if it was one particle, which would explain the shift towards a lower carrying capacity in the 
Kimura Formula as seen in Figure 4.7. It is expected that there is some unknown parameter 
depending on the number of filaments or groups of particles in the system that describes the 
probability of fixation in turbulence better than the carrying capacity. 
An improvement to the measurement could be to not distribute all particles uniformly over the 
domain at the start, but have them be moved by the flow before starting the population dynamics. 
This way the starting fraction of particles is guaranteed to be correct. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
To check whether the method of looping the flow is accurate the probability of fixation is also 
measured for three selective advantages when looping the flow backwards and looping the flow 
backwards with inverting the velocity, using the same parameters as in Figure 4.7. The results can be 
seen in Figure 4.10. The three different methods produce similar results that fall within the 
uncertainty.  

Figure 4.9: The histogram for the number of times the 
flow loops when calculating the probability of fixation 
in compressible turbulence for all selective 
advantages belonging to same data curve.  

 

Figure 4.10: Probability of fixation plotted as a 
function of the reproductive advantage for a system 
with turbulence and a carrying capacity of N=700, 
with three different methods of looping.  
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5. Conclusion 
 
A model for population dynamics in 2D has been presented. The probability of fixation has been 
measured in the case of no turbulence for a range of selective advantages for three systems with a 
different carrying capacity. The probability of fixation follows the Kimura formula, which is 
comparable to the results described in [5]. A system with a smaller carrying capacity has a lower 
probability of fixation. Results can be improved by running more realizations in order to improve 
statistics.  
The model for population dynamics in 2D has also been extended to include compressible 
turbulence. The probability of fixation has also been measured with this model. First the carrying 
capacity has been measured as a function of μ∙𝜏𝜂 for flows with a different compressibility. The 

probability of fixation was then measured for a range of selective advantages for μ∙𝜏𝜂 = 0.71 and 

μ∙𝜏𝜂 = 0.53 with a compressibility near unity. As in the case of no turbulence the probability of 

fixation is slightly smaller for a system with a lower carrying capacity, but the probability of fixation 
does not exactly follow the Kimura formula. However, the general form of the Kimura formula is 
conserved. The results could be explained by the fact that the compressible turbulence compresses 
particles into groups and that the carrying capacity is not the right parameter to describe the 
probability of fixation in turbulence. A more suitable parameter would depend on the number of 
filaments or groups in the system. More research needs to be performed to understand the role of 
compressible turbulence in these types of systems. It would be interesting to see how the 
probability of fixation behaves for systems with the same carrying capacity but with different 
compressibilites.   
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Appendix A – Error Analysis 
Carrying Capacity 
The carrying capacity, N, of a system is measured by taking the average number of particles in the 
system for the last n number of time steps. The error in this average is given by the standard 
deviation,  
 

 𝑆𝑁 = √
1

𝑛−1
∑ (𝑥𝑖 − �̅�)

2𝑛
𝑖=1  ,       (A.1) 

 
where  �̅� is the average number of particles given by 
 

�̅� =
1

𝑛
∑ 𝑥𝑖
𝑛
𝑖=1  .          (A.2) 

 
Here 𝑥𝑖 is the number of particles in the system at a specific time. When calculating the relative 
carrying capacity the error is given by also dividing 𝑆𝑁 by the same amount.  
 
Linear Fit 
When fitting a linear function 𝑦 = 𝑎 ∙ 𝑥 + 𝑏  through measured points (𝑥𝑖 , 𝑦𝑖), the slope is given by:  
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2   ,        (A.3) 

where 𝑎 is the slope of the line, 𝑥𝑖  a measurement, 𝑆𝑖 the uncertainty in point 𝑦𝑖  and 𝑦𝑖  the value of 

y in point 𝑥𝑖 . The uncertainty in 𝑎 can be calculated by: 

𝑆𝑎 = √
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where 𝑆𝑎 is the uncertainty in a . The intersection with the y-axis is given by: 
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where 𝑏 is the intersection with the y-axis. The uncertainty in 𝑏 can be calculated by: 

𝑆𝑏 = √
∑
𝑥𝑖
2

𝑆𝑖
2

∑
1

𝑆𝑖
2∙∑

𝑥𝑖
2

𝑆𝑖
2−(∑

𝑥𝑖

𝑆𝑖
2  )

2  ,        (A.6) 

where 𝑆𝑏 is the uncertainty in b. 

Probability of fixation 
The probability of fixation follows the statistics of a Bernoulli process, like flipping a weighted coin. 
Each simulation there are only two outcomes: either particles of type 1 take over the whole domain 
or particles of type 2 take over the whole domain. The standard error is given by 
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𝑆𝑝𝑓𝑖𝑥 = √
𝑝𝑓𝑖𝑥 ∙(1−𝑝𝑓𝑖𝑥)

𝑛
 ,        (A.7) 

 
where  𝑝𝑓𝑖𝑥  is the probability of fixation for particles of type 1 and n the total number of realizations. 
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Appendix B – Vector Plots of Compressible Turbulence 
In Figures B.1 through B.3 snapshots of the used compressible turbulence field are plotted. Only a 

certain number of time steps of flow data are available. In the figures on the left the situation is 

plotted for the first time step, on the right for the last time step. 

 

 

 
 
  

Figure B.1: Vector plot of the compressible 2D field for the first time step (left) and last time step (right). 

Figure B.2: High detail vector plot of the compressible 2D field for the first time step (left) and last time step (right). 

Figure B.2: Velocity intensity for the compressible 2D turbulence for the first time step (left) and last time step 

(right). 
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Appendix C – Correlation of Multiple Realizations With Turbulence 
The number of particles plotted as a function of time has been plotted multiple times in Figure C.1 
using μ∙𝜏𝜂= 0.71, 𝜅=0.99986, μ1=0.5, μ2=0.5, 𝛾=1.0, D=1.0∙10-4, N1=500 and N2=500 on a domain of 

[2π,2π] with 128x128 cells. The fraction of the total number of particles for each type varies each 
realization but the total number of particles follows a certain trend dictated by the flow field.  

 
 

  

  

   

Figure C.1: The number of particles plotted as a function of time for μ∙𝜏𝜂= 0.71 and 𝜅=0.99986, μ1=0.5, μ2=0.5, 

𝛾=1.0, D=1.0∙10
-4

, N1=500 and N2=500 on a domain of [2π,2π] with 128x128 cells. Each graph is a different 

realization. A slight correlation can be seen in the total number of particles, especially in the time range of 250-350. 
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Appendix D – Flow Loop Histograms 
When measuring the probability of fixation in compressible turbulence the fixation time is often 
longer than the simulation time that can be reached, and the flow needs to be extended. The 
histograms for the number of times the flow is looped is are shown in Figure D.1. As the selective 
advantage increases the fixation time becomes longer and fewer realizations can be computed in the 
same timeframe. 
 
 
 

Figure D.1: Histograms for the number of times the flow loops when calculating the probability of fixation. As the 

selective advantage increases the fixation time becomes longer and fewer realizations can be computed in the 

same timeframe. 


