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Fitting fatigue test data with a novel S-N curve using frequentist and Bayesian inference
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bTNO, The Netherlands

Abstract

In design against fatigue, a lower bound stress range vs. endurance curve (S-N curve) is employed to characterize fatigue resistance
of plain material and structural details. With respect to the inherent variability of the fatigue life, the S-N curve is related to a certain
probability of exceedance, a percentile of the fatigue life. This paper is concerned with modelling and estimating uncertainties in
fatigue resistance of welded joints under constant amplitude loading. A new S-N curve format is proposed and fitted to fatigue
test data by using the Maximum Likelihood Method. The results have been compared with the Random Fatigue Limit Model and
the Bilinear Random Fatigue Limit Model. The proposed S-N curve appears to be more accurate in describing the S-N relation in
high-cycle fatigue: it presents a smooth transition from finite to infinite-life regions and, differently from previous non-linear S-N
relations with fatigue limit, this transition is controlled by an independent model parameter. Thereby it provides more flexibility for
statistical fitting. In addition, a Bayesian framework is defined to fit the proposed relation including informative and non-informative
prior distributions.
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1. Introduction

Scatter is an intrinsic attribute that characterizes the mechan-
ical properties of any material. The fatigue life as well as the
fatigue limit of similar specimens and structures subjected to
restrictive laboratory loading conditions may significantly dif-
fer. The scatter in the finite life region and in the fatigue limit
may be analysed separately with different statistical techniques
[2, 3] such as the linear regression and the staircase method,
respectively. In different standards and guidelines, the transi-
tion between the finite and the infinite life regions of the S-N
curve is often set at a fixed number of cycles for ease of use.
In general, the aim is to derive a lower bound curve related to
a certain probability of exceedance that also takes properly into
account the uncertainties affecting the statistical analysis. Ei-
ther a lower tolerance bound or a lower prediction bound [2, 4]
have been employed for this purpose. The estimation of un-
certainties related to the fatigue resistance of structural compo-
nents is of primary importance in order to assess the safety of
structures subjected to fatigue loads. According to the exten-
sive review made in [5], the two major sources of uncertainties
are the inherent variability intended as attribute of reality and
the subjective uncertainty due to lack of knowledge. In agree-
ment with [6], in the present paper reference is made to aleatory
uncertainties for the inherent variability and to epistemic un-
certainties for the lack of knowledge. Correctly estimating and
considering uncertainties in the analysis of fatigue resistance
helps to reach the required safety level.

∗Corresponding author
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Performing and analysing fatigue tests are necessary steps to
carry out or validate a fatigue analysis of a new material, detail
type or a new design procedure. The data resulting from fa-
tigue tests is in general of two types [7]: uncensored, if failure
occurred and right-censored, also called runout in the fatigue
field, if failure did not occur before the test ended. Whereas
the first gives the fatigue life of the tested specimen, the sec-
ond results in a lower bound of its fatigue life. Several S-N
curves have been proposed by scientists since August Wöhler
performed the first systematic fatigue analysis of railway axles,
most of them have been reviewed in [8]. In general, the loga-
rithm of the fatigue life (N), w = log10(N), is assumed to be
the dependent variable and the logarithm of the stress range
(∆S ), x = log10(∆S ), the independent one. The most com-
mon approach to model the variability of the fatigue life, i.e.
the aleatory uncertainties, is to fit, by using the Least Square
Method (LSM), the linear Basquin relation [9] to uncensored
S-N data:

w = β0 + β1x (1)

where β0 is the parameter controlling the location of the S-N
curve and β1 is the parameter controlling its slope. The loga-
rithm of the fatigue life is often assumed to be normally dis-
tributed and the epistemic uncertainties are considered by em-
ploying the Student-T distribution as ancillary function. De-
spite of the computational simplicity of this procedure, its
mayor limitation is that only non-censored data (failures) can be
analysed. Thus, other tests need to be performed to determine
the fatigue limit and Equation 1 is only capable of describing
the finite-life regime. Several authors applied the Maximum
Likelihood Method (MLM) in order to take into account the
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Nomenclature

Abbreviations
6PRFLM Six Parameters Random Fatigue Limit Model
AIC Akaike Information Criterion
BIC Bayesian Information Criterion
BRFLM Bilinear Random Fatigue Limit Model
CDF Cumulative Distribution Function
COV Coefficient of Variation
FCGR Fatigue Crack Growth Rate
IBI Informative Bayesian Inference
LRM Linear Regression Model
LRM-EN Linear Regression Model as defined in EN1993-1-9 [1]
LSM Least Square Method
MCMC Markov Chain Monte Carlo
MLE Maximum Likelihood Estimator
MLM Maximum Likelihood Method
NBI Non-informative Bayesian Inference
PDF Probability Density Function
RFLM Random Fatigue Limit Model
Symbols
α Parameter indicating the confidence level (1 − α)
β0 Parameter controlling the location of the S-N curve
β1 Parameter controlling the slope of the S-N curve
I Fisher information mMatrix
θ Vector containing the parameters of the regression model
χ2 Chi-square probability distribution function
∆K Stress Intensity Factor range
∆K0 Threshold value of the Stress Intensity Factor range for small and

macro cracks
∆S Nominal stress range
∆S 0 Stress range correspondent to the fatigue limit
δ Failure status
δ(n′) Parameter of the prior distribution
µ Regression model parameter controlling the location of the fatigue

life given the fatigue limit distribution
µv Regression model parameter controlling the location of the fatigue

limit distribution
µw Regression model parameter controlling the location of the fatigue

life distribution
ν Degrees of freedom of the Student-T distribution
ν′ Degrees of freedom related to the standard deviation of a resis-

tance parameter
φ Standard Normal probability distribution function
ρ Notch (weld toe) radius
σ Regression model parameter controlling the scale of the fatigue

life given the fatigue limit distribution
σu Ultimate tensile strength
σv Regression model parameter controlling the scale of the fatigue

limit distribution
σw Regression model parameter controlling the scale of the fatigue

life distribution
σy Yield stress
σmax Maximum stress defining the stress range
θi ith parameter of the regression model

a∗ Material parameter
a0 Material Parameter
a1 Initial crack size
a2 Final crack size
C Parameter of the Forman-Mettu equation
Data Dataset
e Residual in regression analysis
E( ) Expected value
f Crack closure function
g( ) Prior probability distribution function
g( ; ) Posterior probability distribution function
H( ) Heaviside step function
Kc Critical value of the Stress Intensity Factor
K f Fatigue notch factor
Kt Theoretical stress concentration factor
Kmax Stress Intensity Factor at maximum stress
L( ) Likelihood function
m Available number of empirical observations
m′ A priori expectation of the mean value of a resistance parameter
mP Parameter of the Forman-Mettu equation determining the slope in

the Paris region
N Number of cycles
n Number of parameters of a regression model
n′ Degrees of freedom related to the mean value of a resistance pa-

rameter
N1 Number of cycles to crack initiation
N2 Number of cycles to failure
p Parameter of the proposed S-N equation
P( ) Probability of the event in the brackets
p1 Parameter of the Forman-Mettu equation
q1 Parameter of the Forman-Mettu equation
R Stress ratio
R( ) Likelihood-ratio function
s′ A priori expectation of the standard deviation of a resistance pa-

rameter
S 0, a Stress amplitude determining the fatigue limit at R=0
S E Residual sum of squares
t T-Student probability distribution function
T f Thickness of the beam flange
Tcp Thickness of the cover plate
U Uniform probability distribution function
V Random variable describing the fatigue limit
v Logarithm of the fatigue limit
W Random variable describing the fatigue life
w Base 10 logarithm of the number of cycles
x Base 10 logarithm of the nominal stress range
Z Weld leg
Subscripts
ˆ Estimator
i ith test data
k Stress range level
MLE Maximum likelihood estimator
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contribution of the runouts in fatigue test data analysis [10–12].
However, the statistical characterization of the fatigue limit,
∆S 0, is not included in these proposals. On the contrary, the
Random Fatigue Limit Model (RFLM) proposed in [13] makes
use of a non-linear S-N equation proposed by Strohmeyer [14]:

log10(N) = β0 + β1log10(∆S − ∆S 0) for ∆S > ∆S 0 (2)

to model the variability of the fatigue life. In the RFLM, both
the fatigue life and the fatigue limit are modelled as random
variables. The number of model parameters is five and these
are further introduced in the next sections. The mayor strength
of the RFLM is that runouts and failures can be analysed to-
gether. The complexity of the mathematical formulation in-
creases in comparison to LSM since both the evaluation and
the multi-parameter maximization of the likelihood function in-
volve numerical procedures. In addition, a quantile of the fa-
tigue life can be estimated by employing numerical procedures,
such as likelihood ratio methods [13] and Monte-Carlo Simula-
tions [15].

The Bilinear Random Fatigue Limit Model (BRFLM) has
been proposed in [15, 16]. The S-N relation is a bi-linear re-
lation with fatigue limit:

log10(N) =
β0 + β1log10(∆S )

H(∆S − ∆S 0)
for ∆S > ∆S 0 (3)

where H is the Heaviside Step Function. The number of pa-
rameters is not reduced in comparison to the RFLM, however
the fit results are directly comparable with the Basquin relation,
Equation 1, in terms of estimators of the model parameters. In
the BRFLM, the median S-N curve and a linearised p-quantile
S-N curve are bilinear and can be estimated in a closed form
by employing the MLE. This allows for a direct comparison of
the BRFLM fit results with the S-N curves employed in current
standards. In [15] a true p-quantile S-N curve obtained from the
BRFLM is estimated using Monte Carlo Simulation by employ-
ing nested sampling of epistemic and aleatory uncertainties. As
shown in Figure 1, Equation 2 enforces a smooth transition be-
tween finite life and infinite life regions whereas Equation 3
enforces an abrupt transition, introducing a sharp knee-point.

The LSM and the MLM belong to the frequentist statistic in
which the probability is related to the relative frequency of data
[17]. The frequentist approach may give inconsistent results
when the sample size is small, indeed the probability is defined
as a limiting frequency and it is assumed that the relative fre-
quency converges to the probability as the sample size tends
to infinite. On the other hand, Bayesian statistic can carry the
subjective notion of uncertainty: the unknown model parame-
ters are explicitly modelled as random variables [18]. It allows
using prior information on the model parameters. In addition,
all uncertainties can be processed through the standard rules of
probability [17]. In case of very large datasets the Bayesian
and Frequentist approach are known to be coincident. In [19]
Bayesian analysis has been applied to infer fatigue test data and
statistical (epistemic) uncertainties have been introduced in the
analysis of fatigue test data. However, the runouts have been
incorporated into the fatigue data analysis in order to determine
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Figure 1: S-N curves resulting from Equations 1, 2, 3 and 4 having the same
parameters. For the proposed relation, Equation 4, the effect of the parameter p
on the curvature is shown.

only the slope of the Basquin relation. In [20] a Bayesian analy-
sis of S-N fatigue data is performed to determine fatigue design
curves from small sample size proposing a method to formalize
prior information on model parameters in terms of probability
density functions. The prior distributions were derived based
on the correlation between static strength, hardness and fatigue
data and were related to the finite life region. In [21] a statisti-
cal treatment of S-N data on aluminium alloys using both MLM
and Bayesian analysis using informative and non-informative
prior distributions is performed. Several statistical models were
applied, including the RFLM, to perform both Bayesian and
Frequentist inference of the dataset. The Metropolis-Hastings
algorithm [22] [23] has been employed to perform the Bayesian
inference. However, in the informative Bayesian analysis, the
prior distributions where formalized based on the MLE of the
parameters obtained the fit of the same dataset employed in the
Bayesian analysis. The posterior distribution obtained by em-
ploying the informative prior distributions as defined in [21] do
not represent an update of the state of knowledge since the prior
distributions refer to the same dataset and have been arbitrarily
defined. It should be pointed out that in frequentist statistic, the
quantification of the (epistemic) uncertainties, which is usually
made through the estimation of the confidence intervals, refers
to the population. On the other hand, in Bayesian analysis the
variability observed in the posterior distribution of a parameter
refers to the sample and is usually quantified through the mean
of credible intervals. Thus, the width of the intervals estimated
in these different frameworks are not equivalent and cannot be
compared.

The RFLM results in a high correlation between finite and in-
finite life parameters [13]. This is attributed to the fact that the
curvature from finite to infinite life regions is controlled only
by the parameter β1. This may result in biasing the estimation
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Figure 2: Cover-plated beam with welded ends.

of either the finite or infinite life parameters. In particular, the
risk of biasing the estimator of the parameter controlling the
location of the fatigue limit distribution due to the presence of
test data at high stress range values have been observed for the
RFLM by Pascual and Meeker [13] fitting the “Nickel-base su-
peralloy data”. On the other hand, Equation 3 employed in the
BRFLM considers an abrupt transition from the finite to infinite
life. Subsequent statistical treatment of data in the BRFLM,
where Equation 3 is adopted for each data point individually
in order to evaluate the Likelihood function, results in a more
gradual transition between finite and infinite life for the whole
dataset. However, recently published test results in [24] indicate
that partial fatigue damage (small fatigue cracks) is observed in
specimens in the transition region. This is not in agreement
with the abrupt transition between finite and infinite life for in-
dividual data points described with Equation 3. Since in high-
cycle fatigue (N> 107) most of the damage is often cumulated
due to relatively low stress levels, i.e. around the infinite life
region, either having a sharp knee-point or bias affecting the
fatigue limit estimator negatively influence the accuracy of the
fatigue life prediction. In the next section, a new S-N curve is
presented in order to overcome the mentioned drawbacks of the
RFLM and the BRFLM aiming at better estimating the aleatory
uncertainties. Reference is made to the proposed model as the
6 Parameter Random Fatigue Limit Model (6PRFLM). In order
to show the differences between the 6PRFLM, the RFLM and
the BRFLM, two samples of fatigue test data belonging to the
welded cover-plated steel beam specimen shown in Figure 2 are
considered and inferred by employing the MLM.

2. Proposed S-N Relation

In this section, a new S-N curve is proposed for the statisti-
cal inference of S-N data. It relates the logarithm of the stress
range to the logarithm of the number of cycles to failure in the
medium and high cycle fatigue range under constant amplitude

loading. The functional form is:

log10(N) = β0 + β1log10(∆S ) − p log10

(
1 −

∆S 0

∆S

)
(4)

where β0, β1, p, and ∆S 0 are the S-N curve parameters. Sim-
ilarly to Equations 2 and 3, ∆S ∈ (∆S 0; +∞) and the num-
ber of cycles to failure asymptotically tends to the associated
Basquin relation, Equation 1, for ∆S → +∞ and to infinite for
∆S → ∆S 0. Equation 4 allows for a smooth transition between
the finite life region and the fatigue limit. However, the curva-
ture is not only dependent on β1, as for Equation 2, but also on
the parameter p, as shown in Figure 1. The higher the value of
p, the smoother the transition is. For p = −β1, Equation 4 gives
the Strohmeyer relation, Equation 2, and for p → 0 it tends to
Equation 3. Since the curvature is controlled by β1 and p, the
parameters β0 and β1 are less statistically correlated to the pa-
rameters that determine the fatigue limit position in comparison
to the Strohmeyer relation.

The proposed S-N curve is related to the Forman-Mettu fa-
tigue crack growth rate (FCGR) equation, reported in [25], in
a way comparable to how the Paris equation is related to the
Basquin relation. Considering the Forman-Mettu FCGR equa-
tion:

da
dN

= C g(R, f ) ∆KmP

(
1 − ∆K0(R,a)

∆K

)p1(
1 − Kc

Kmax

)q1
(5)

since the fatigue life of a welded connection is often assumed
to be dominated by crack propagation, integrating the FCGR
relation at different stress levels in a LEFM procedure, start-
ing from an “as welded” representative initial crack size and
ending at a critical crack size, results in the “equivalent” S-N
curve. The numerator of the fraction in Equation 5 controls the
near-threshold curvature and the denominator controls the cur-
vature in the critical stage. Considering that the near-fracture
crack growth life is negligible if compared to the total life, this
formulation can be simplified by deleting (1−Kc/Kmax)q1 . Con-
sidering a fixed high value of the stress ratio, R, at which crack
closure in negligible, the obtained relation only represents the
near threshold propagation:

da
dN

= C∆KmP (1 − ∆K0/∆K)p1 (6)

By considering the generic formulation for the Stress Intensity
Factor range for a crack growing at the weld toe:

∆K = Mk(a)Y(a)∆S
√
πa (7)

and the El-Haddad approximation [26] that relates the threshold
condition for a crack growing at the weld toe to the fatigue limit:

∆K0 = Mk(a)Y(a)∆S 0
√
π(a + a0) (8)

and substituting Equations 8 and 7 in Equation 6, it gives:

da
dN

= C(Mk(a)Y(a)∆S
√
πa)mP(

1 −
∆S 0Mk(a)Y(a)

√
π(a + a0)

Mk(a)Y(a)∆S
√
πa

)p1

(9)
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Table 1: Equations, fitting methods, models and related model parameters con-
sidered .

S-N curve Fitting method Model Model parameters

Equation 1 LSM LRM/LRM-EN β0, β1, σw
Equation 2 MLM RFLM β0, β1, σ, µv, σv
Equation 3 MLM BRFLM β0, β1, σ, µv, σv

Equation 4 MLM 6PRFLM β0, β1, σ, µv, σv, pNBI and IBI

the integration results in∫ a2

a1

1
(Mk(a)Y(a)

√
πa)−mP

da =∫ N2

N1

C∆S mP

(
1 −

∆S
∆S 0

√
a + a0

a

)p1

dN (10)

In general, see [26], a0 = 10−2mm and for welded joints the
propagation is often assumed to start from defects in the order
of 0.1 − 1mm [27]. For this reason, the square root on the right
side of Equation 10 can be approximated by the first term of its
Taylor‘s series:√

a + a0

a
=

√
1 +

a0

a
= 1 + o

(
a0

2a

)
(11)

Hence, Equation 10 can be further simplified, resulting in:∫ a2

a1

1
(Mk(a)Y(a)

√
πa)−mP

da =∫ N2

N1

C∆S mP

(
1 −

∆S
∆S 0

)p1

dN. (12)

The integration leads, for constant amplitude loading, to:

(N2 − N1) = C1∆S −mP (1 − ∆S 0/∆S )−p1 (13)

where C1 incorporates the constant resulting from the integra-
tion on the left side of the equation. With N1 = 0, N2 − N1
represents the fatigue life N. The logarithmic form gives as
result the following equation:

log10(N) = log10(C1)−mP log10(∆S )− p1 log10

(
1−

∆S 0

∆S

)
(14)

Setting log10(C1) = β0, mP = −β1 and p1 = p, Equation 14
gives Equation 4.

3. Models and Methods

In this section, the S-N models and the frequentist inference
methods based on the LSM and the MLM are presented. In
addition, the Bayesian analysis is also considered in order to
estimate the parameters of the regression model resulting from
Equation 4. The investigated relations are provided in Table 1.

3.1. Frequentist Fitting Methods
3.1.1. The LRM fitted using the Least Square Method

The Least Square Method implies the minimization of the
sum of the residuals squared [28]. Given a linear relation be-
tween x and w, such as Equation 1, the parameters of the re-
gression model (w = β0 + β1 x + ε(0, σw)) can be estimated by
minimizing the residual sum of squares given by:

S E =

m∑
i

e2 =

m∑
i

(wi − ŵi)2 (15)

where ŵi, the estimated mean value given by the regression
model, is:

ŵi = β̂0 + β̂1 xi (16)

A closed form to determine the parameter estimators exists in
this special case:

β̂1 =
m

∑
i(xiwi) −

∑
i(wi)

∑
i(xi)

m
∑

i(x2
i ) − [

∑
i(xi)]2

(17)

β̂0 = E(wi) − β̂1E(xi) (18)

The residuals, e, are assumed to be normally distributed e ∼
N(0, σw) with zero mean and unknown standard deviation σw.
An unbiased estimator of σ2

w is given by:

σ2
w =

S E

m − 2
(19)

where the denominator is the number of degrees of freedom,
equal to the number of empirical observations, m, minus the
number of the parameters to be estimated, that are two in this
case. Given a stress range, ∆S k, the lower prediction bound of
the log-fatigue life is:

wk,q = ŵk − t(q,ν) σw

√
1 +

1
m

+
(xk − E(xi))2∑
i(xi − E(xi))2 (20)

where xk = log10(∆S k), ŵk = log10(Nk) at x = xk, E(xi) is the
mean value of xi and t(q,ν) is the value of the inverse Student-
T distribution evaluated at the quantile q and at the number of
degrees of freedom ν. When the sample data are used to deter-
mine the intercept and the slope of the regression line, ν = m−2
whereas, if only the intercept need to be estimated ν = m − 1.
The latter may be the case for welded joints where the nega-
tive inverse slope β1 is usually fixed equal to -3 [1]. Reference
is made to the first approach, where β̂1 has to be estimated by
using Equation 17, as Linear Regression Model (LRM) and to
the second, where β̂1 = −3, as LRM-EN since it has been em-
ployed to estimate S-N curves, amongst others, in Eurocode 3
(EN1993-1-9) [1] [29].

3.1.2. The RFLM, BRFLM and the 6PRFLM fitted using the
Maximum Likelihood Method

The likelihood concept has been introduced by Lambert in
1760 and has been strongly developed by Fisher in the pre-
vious century. For the purposes of this paper, it is necessary
to cite some important properties of the Maximum Likelihood
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Method. An extensive treatment of the subject is reported in
dedicated textbooks like [17] and [18], amongs others. The
likelihood function, L(θ), is a function of the model parame-
ters, θ = {θ1, . . . , θn}, which is proportional to the probability of
the data that were observed; it can be formulated as:

L(θ) ∝ P(Data; θ) (21)

where Data are the experimental observations and P denotes
the probability density function. A more formal notation is
L(θ; Data). In order to obtain the estimators of the model pa-
rameters, the likelihood function is maximized. In other words,
the maximum likelihood estimator, MLE, is the set of model
parameters that maximizes the probability of the observed data.
The negative second derivative of the log-likelihood function at
its maximum is called the observed Fisher Information Matrix,
I(θ̂MLE).

When uncertainties in the parameter estimation need to be
acknowledged, a line estimator, i.e. a confidence interval, is es-
timated considering the Wald statistic or the Wilks likelihood-
ratio statistic [30], asymptotically equivalent with increasing
the sample size. In the Wald test, the quadratic approximation
of the likelihood function is used and the Fisher information
matrix is necessary to derive Wald confidence intervals for the
model parameters. The test statistic is, for each parameter:

θ̂MLE,i − θi√
[I(θ̂MLE)−1]ii

∼ φ i = 1, ..., n (22)

The test statistic can be used to evaluate the limits of a 100(1 −
α)% Wald confidence interval for each model parameter. The
confidence intervals based on the Wilks statistic are estimated
making use of the profile likelihood function [30]. The profile
likelihood for θ1, assumed that the parameter vector is parti-
tioned (θ = (θ1, θ2)), is:

R(θ1) = maxθ2

[
L(θ1, θ2)
L(θ̂MLE)

]
(23)

Under certain conditions [30], the chi-squared distribution χ2

with k degrees of freedom is an asymptotic distribution of
−2log[R(θ1)]. The approximate 100(1 − α)% Wilks confidence
interval, for θ1 and k = 1, is given by:

−2log[R(θ1)] <= χ2
(k;1−α) (24)

In this paper, both the Wald and the Wilks confidence intervals
are evaluated for each model parameter in order to evaluate the
epistemic uncertainties.

In order to choose between different models, both the Akaike
Information Criterion (AIC) and Bayesian Information Crite-
rion (BIC) are employed. The AIC and the BIC statistics are
respectively given by:

AIC = −2 logL(θ̂MLE) + 2n (25)

BIC = −2 logL(θ̂MLE) + n log(m) (26)

Where n is the number of model parameters and m is the num-
ber of observations. The smaller the AIC and BIC values are,
the more efficient the fit is since both statistics penalize the
number of model parameters n, but, for most cases, BIC statistic
penalizes it more strongly. See [31] and [32] for more details.

Pascual and Meeker developed the RFLM [13] in order to
model the curvature of the S-N curve and the increased vari-
ability in the logarithm of the fatigue life at low stress range
levels approaching the constant amplitude fatigue limit. More-
over, using the RFLM, the stochastic variability of the fatigue
limit does not need to be analysed separately since the fatigue
limit is modelled as a random variable V . Considering Equa-
tions 2, 3 and 4, if v = log10(∆S 0), V is a random variable
having a PDF given by:

fV (v) =
1
σv
φ

(
v − µv

σv

)
(27)

where, since φ is assumed to be the standard Normal variable,
v is normally distributed with mean µv and standard deviation
σv. The conditional PDF of W, the random variable describing
w, given V and x > v is:

fW |V (w) =
1
σ
φW |V

(
w − µ
σ

)
(28)

It is assumed to be distributed following a Normal PDF with
standard deviation σ and a location parameter:

µ = β0 + β1log10(10x − 10v) (29)

µ =
β0 + β1x

H(10x − 10v)
(30)

µ = β0 + β1x − p log10

(
1 −

10v

10x

)
(31)

respectively for the RFLM, the BRFLM and the 6PRFLM, i.e.
for Equations 2, 3 and 4. The marginal PDF of W is given by:

fW (w; x, θ) =

∫ x

−∞

fW |V (w) fV (v) dv (32)

where for the RFLM and the BRFLM θ = {β0, β1, σ, µv, σv} is
the vector of the model parameters whereas for the 6PRFLM
it is θ = {β0, β1, σ, µv, σv, p}. The marginal CDF of W,
FW (w; x, θ), is obtained by integration of the marginal PDF
of W. Since there is no closed form for fW (w; x, θ) and
FW (w; x, θ), the integration needs to be performed numerically.
More details about the model formulation can be found in the
work of Pascual and Meeker [13].

The likelihood function is formulated by taking into account
the contribution of right-censored and uncensored observations
separately [33] [7]. In particular, the uncensored observations
contribute to the likelihood function in terms of PDF, whereas
right-censored observations contribute to it in terms of survival
function (1-CDF). Therefore, in presence of uncensored and
right-censored observations (xi,wi, δi) the likelihood function
is:

L(θ; Data) =

m∏
i=1

[ fW (w; x, θ)]δi [1 − FW (w; x, θ)]1−δi (33)
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where δi is the failure status, equal to 1 if the observation is an
uncensored data or 0 if it is a right-censored data. For compu-
tational reasons, the log-likelihood function is often employed
instead of the likelihood function.

In this paper, in order to estimate the model parame-
ters, a constrained optimization problem for the negative log-
likelihood function has been set. Once an exhaustive number
of local minima have been obtained in the parameter space,
the global minima can be selected obtaining the corresponding
MLE of the model parameters.

3.2. Bayesian analysis - Posterior estimation using Random
Walk Metropolis-Hastings

Bayesian analysis allows the introduction of previous knowl-
edge in estimating the model parameters. It involves the use of
the Bayes theorem and gives a method for updating the prob-
abilities of unobserved events, given that another related event
has occurred. The Bayes theorem allows the evaluation of the
conditional probability of observing the event A given that the
event B has occurred as:

P(A|B) =
P(B|A)P(A)

P(B)
(34)

where P(A), the probability of observing A, is the prior infor-
mation about the event A, P(B) is the probability of observing
B and P(B|A) is the the conditional probability of observing B
given that A has occurred. P(A|B) is usually referred to as the
“posterior”. It can be extended to continuous random variables
becoming [34]:

g(θ; Data) ∝ g(θ)L(Data; θ) (35)

where g(θ; Data) is the posterior distribution of the parameters,
g(θ) is the prior and L(Data; θ) is the likelihood function. Equa-
tion 35 states that the posterior density is equal to the prior times
the likelihood function. This relation only gives the shape of the
posterior distribution and, in this way, it is not possible to cal-
culate its moments. For this reason it is scaled such that the
posterior becomes a PDF:

g(θ; Data) =
g(θ)L(Data; θ)∫
θ

g(θ)L(Data; θ)dθ
(36)

A closed formula for the integral exists only for special cases, a
numerical approach is often needed. In order to determine the
posterior distribution for the estimators of the regression model,
the Markov Chain Monte Carlo methods can be employed [21]
[34]. In these methods, Monte Carlo samples are directly gen-
erated from the posterior distribution by setting up a Markov
Chain that has the posterior distribution as its limiting distribu-
tion. The Markov Chain converges to the posterior distribution
after a certain number of iterations, named the “burn-in”.

In the framework of this paper, the MCMC samples are gen-
erated using the Random Walk Metropolis-Hastings algorithm,
see [22] and [23]. Given the value at the iteration step t − 1,
θt−1, the algorithm uses a candidate distribution q to generate
candidate values θ∗t at the step t. In addition, the candidate dis-
tribution must satisfy the reversibility condition [22], that is the

Table 2: Selected fatigue test datasets belonging to the welded cover-plated
beam with welded (W) and unwelded (U) ends.

Dataset Steel Failures Runouts Reference Specimen
Type Type

1 A36 34 0 [36], Tab. F1 W
2 A441 33 0 [36], Tab. F2 W
3 A36 30 0 [36], Tab. F10 U
4 A36 30 0 [36], Tab. F9 W
5 A36 29 0 [36], Tab. F7 W
6 A36 30 0 [36], Tab. F8 W
7 A36 14 12 [38], Tab. 2 W

Total 202 12

probability of moving from θt−1 to the candidate value θ∗t is
equal to the probability of moving from the candidate value to
θt−1. A Normal distribution is usually selected for this scope be-
cause of its symmetry. The Random Walk Metropolis-Hastings
algorithm is defined by the following steps:

1. Start from an initial value θ0;
2. set t = t + 1:

(a) Using the candidate distribution, sample the candi-
date value θ∗t ;

(b) Calculate the probability of moving from θt−1 to θ∗t :

P(θt−1, θ
∗
t ) = min

[
1;

g(θ∗t ; Data)
g(θt−1; Data)

]
(37)

(c) Select a random number u from U[0, 1];
(d) Set θt = θ∗t if u < P(θt−1, θ

∗
t ) or θt = θt−1 otherwise;

3. Repeat step 2 until convergence is obtained.

The candidate distribution needs to be calibrated in order to
have an optimal acceptance rate, which is found to be around
20-50% depending on the number of parameters [35]. In this
paper, the candidate distribution at the generic time t of the
Markov Chain is a n-variate Normal Distribution with location
parameter θt−1 and standard deviation δ. The prior distributions
employed need to be related to the model parameters and repre-
sent the prior knowledge. In general, the prior distribution may
be non-informative or informative. In the first case, a uniform
distribution is employed since it assigns the same probability to
all the possible values included between an upper and a lower
bound.

4. Results and Discussion

The selected datasets belong to the welded cover-plated beam
detail, Figure 2. Several datasets have been found in the liter-
ature, see Table 2. The datasets 2 and 5 from reference [36]
are also reported in [37] where two failure data are indicated
as runouts. In the analyses, we considered the data from the
original reference [36].

Two analyses have been performed considering a “Large
Sample”, containing all the datasets in Table 2, and a “Small
Sample” that have been sampled from the “Large Sample” in
agreement with the minum requirements for fatigue tests in [2].
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Table 3: P-values resulting from F-test on variance applied to the datasets em-
ployed in the “Large Sample” data.

Dataset
# 2 # 3 # 4 # 5 # 6 # 7

#1 21.3% 0.7% 3.2% 19.8% 8.8% 0.00% (<1.0E-09)
#2 0.1% 0.5% 5.4% 1.7% 0.00% (<1.0E-09)
#3 28.0% 6.1% 14.2% 0.00% (<1.0E-09)
#4 16.5% 31.2% 0.00% (<1.0E-09)
#5 31.3% 0.00% (<1.0E-09)
#6 0.00% (<1.0E-09)

Thus, two sample have been defined in order to investigate the
performance of the S-N curves and fitting methods in case of
a large and a small number of test data available. Since the
“Large Sample” dataset includes different specimens, in term
of geometrical dimension and weld positions, this could de-
termine that the scatter of the “Large Sample” dataset might
significantly differ from the scatter of the datasets reported in
Table 2 when individually analysed. In Table 3, the p-values
resulting from the F-test are reported for each dataset. The null
hypothesis is that the two sets of results belong to populations
having the same standard deviation. The null hypothesis is here
rejected for p smaller than the 5% significance level. Reject-
ing the null hypothesis determines increasing the scatter. More
details about the “Small Sample” data are presented in Section
4.2.

In order to perform the estimation for the model parameters
of the RFLM, the BRFLM and the 6PRFLM, a constrained min-
imization problem for the negative log-likelihood function has
been set. It has been performed 100 times using random starting
locations in the parameter space. The constrained minimization
problem has been set as follows:

minθ{−Log[L(θ)]} subject to



0 < β0 < +∞

−∞ < β1 < 0
0 < σ < +∞

0 < µv < max[xi]
0 < σv < +∞

(38)

The minimization problem defined by Equation 38 is appli-
cable to the RFLM and to the BRFLM. In order to apply it to
the 6PRFLM an additional constraint applies:

−∞ < p < 0 (39)

In addition, both the LRM and the LRM-EN are fitted to failure
data using the LSM in order to compare with common practice.
The Bayesian analysis is performed considering a scenario in
which non-informative prior distributions are employed and a
scenario in which two strong informative prior distributions are
employed for β1, µv and σv.

4.1. Large Sample Results

The LRM and the LRM-EN estimators are shown in Table 5.

The unbiased estimator of σw differs for the LRM and the
LRM-EN. This difference is intuitively due to the increased
value of S E resulting from the analysis. The median curve and
the 0.05% lower bound are shown in Figure 3.

4.1.1. Maximum Likelihood Estimation of the parameters
The Maximum Likelihood Estimation of the RFLM, the BR-

FLM and the 6PRFLM model parameters are reported in Table
4 where the log-likelihood value at θ = θMLE and the correlation
matrix are also shown. By comparing the estimators reported
in Tables 5 and 4, it results that the estimators of the BRFLM
parameters in the finite life regime are almost equal to the es-
timators of the LRM parameters. Indeed, in Figure 3 the two
S-N curves overlap each other for the large sample considered.

It appears that the location parameter of the fatigue limit (µv)
has a different value for the RFLM, see Table 4. Following the
RFLM, the median value of the fatigue limit is ∆S 0 = 101.40 =

25.24 MPa, which is 27.3% lower than the value estimated by
the BRFLM and the 6PRFLM where ∆S 0 = 101.54 = 34.30
MPa. The reason is ascribed to the high correlation between
the finite and infinite life parameter in the regression model. By
analysing the correlation matrices in Table 4, the parameters
related to the finite life region (β0 and β1) and those related to
the fatigue limit (µv) are very strongly correlated for the RFLM,
very weakly correlated for the BRFLM and weakly correlated
for the 6PRFLM, in agreement with the definition of Evans [39]
for “strong” and “weak” correlation. In the BRFLM, the like-
lihood contribution in the infinite life range is very weakly af-
fected by any modification of the parameters β0 and β1, and
vice-versa. Conversely, in the RFLM due to the fact that the
curvature is fixed and only dependent on β1, the perturbation of
any parameter in the finite life region determines a variation in
the likelihood and thus in the estimated fatigue limit location
parameter, and vice-versa. In the 6PRFLM, this behaviour is
“damped” by introducing the sixth parameter p, which controls
the transition between the finite and infinite life region. The
bias affects the location parameter of the fatigue limit distribu-
tion more than the finite life parameters because the number of
runouts is smaller than the number of failure data. Thus, the
correlation among finite and infinite life parameters may be a
source of bias for the location parameter of the fatigue limit.
The 5% quantile of the curves fitted using MLE have been de-
rived piecewise by performing a Monte Carlo Simulation gener-
ating random samples from V and W |V and selecting the quan-
tile of interest. Figure 3 shows the S-N plots of the median
curve and the previously mentioned quantile for the considered
models.

In Figure 4, a quantitative comparison of the number of cy-
cles to failure predicted by the RFLM, the BRFLM and the
6PRFLM is presented in terms of deviation in number of cycles,
for the median curve and the 5% quantile. The figure indicates
that the difference between the models is relevant (> 10%). The
linearised S-N curves of the 6PRFLM, the associated Basquin
relation, and the BRFLM are not coincident in this case since
the estimators of the parameters β0 and β1.

The profile likelihood and the marginal (long-run) distribu-
tion of the model parameters are shown in Figure 5. Both the
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Table 4: MLE, log-likelihood and correlation matrices for the “Large Sample” data.

MLE log[L(θ)] β̂1 σ̂ µ̂v σ̂v p̂

R β̂0 9.80E+00

94.370

-9.98E-01 1.87E-01 -9.01E-01 6.04E-01
F β̂1 -2.242E+00 1.98E-01 8.75E-01 -6.02E-01
L σ̂ 1.15E-01 1.13E-01 -4.57E-01
M µ̂v 1.40E+00 -5.78E-01

σ̂v 8.95E-02

B β̂0 1.22E+01

89.174

-9.96E-01 4.58E-05 -6.00E-05 -7.77E-05
R β̂1 -3.29E+00 -4.46E-05 5.87E-05 -7.60E-05
F σ̂ 1.46E-01 -4.47E-05 5.77E-05
L µ̂v 1.54E+00 -1.82E-01
M σ̂v 7.28E-02

6 β̂0 1.11E+01

100.261

-9.98E-01 3.24E-01 1.94E-01 -2.75E-01 -8.79E-01
P β̂1 -2.78E+00 -3.16E-01 -1.80E-01 2.57E-01 8.57E-01
R σ̂ 1.32E-01 1.29E-01 -3.43E-01 -3.57E-01
F µ̂v 1.54E+00 -3.25E-01 -4.60E-01
L σ̂v 7.27E-02 4.25E-01
M p̂ 4.74E-01
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Figure 3: S-N curves for the “Large Sample” data fitted with RFLM (red), BRFLM (blue), 6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure
data (circles) and the runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles.
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Table 5: Least Square Estimators for the LRM and the LRM-EN - “Large Sam-
ple” data.

Estimator Models
LRM LRM-EN

β̂0 1.22E+01 1.17E+01
β̂1 -3.29E+00 -3.00E+00
σ̂w 1.47E-01 1.55E-01
S E 4.30E+00 4.80E+00
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Figure 4: Difference of the number of cycles to failure predicted by the BRFLM
(blue) and the RFLM (red) when compared with the 6PRFLM at relatively low
Stress Ranges for the median (continuous) and 5% quantile (dashed) S-N curves

estimated Wald and likelihood-ratio based 75% confidence in-
tervals are reported in Table 6 for every parameter and model
considered. The confidence intervals evaluated by the Wald
statistic are not always in good agreement with those evaluated
using the likelihood-ratio statistic. In addition, the Wald con-
fidence intervals are not meaningful in some cases, especially
when a parameter is near to the boundary of its domain. This
is the case for p. Looking at the results of Figure 5, the pa-
rameter p can be zero or smaller which is in contrast with its
domain. With increasing the number of empirical observations
in the transition region, the epistemic uncertainties related to the
parameter p reduce. This would have led the Wald confidence
intervals and the likelihood-ratio based confidence interval of
p to be coincident and would have made the Wald confidence
interval relevant.

Table 4 shows that the 6PRFLM confers higher likelihood
on data in comparison to the RFLM and BRFLM. Moreover,
the lower values of AIC and BIC in Table 6 confirm the more
efficient fit of the 6PRFLM in comparison to the RFLM and the
BRFLM.

4.1.2. Non-informative Bayesian Inference
The Non-Informative Bayesian Inference has been per-

formed by employing the MCMC methods to generate poste-
rior samples, according to Section 3.2. The initial value θ0 of
the Markov Chain has been set equato to θ̂MLE . Calibrating
the candidate means finding a value of δ which determines a
well mixed Markov Chain. A too narrow candidate distribu-
tion determines a high acceptance rate and a slow convergence
since successive samples will move slowly inside the parame-
ter space. On the other hand, a too high value decreases the
acceptance rate because the candidate is likely to be in the re-
gions of low probability; this gives a slow convergence as well.
The optimal value of δ is found to be dependent on how narrow
the related posterior marginal distribution and likelihood are.
The smaller the coefficient of variation, COV, estimated with
the MLM, the smaller the value of δ should be. In the frame-
work of this paper, in order to assure good convergence and a
well mixing Markov Chain, δ has been set equal to:

δ =



4.02E − 02
1.79E − 02
9.65E − 04
2.81E − 03
2.56E − 03
2.27E − 02


(40)

The Markov Chain was run for 1.00E+06 times. Fitting the
6PRFLM to fatigue test data by employing Non-Informative
Bayesian analysis making use of the Random Walk Metropolis-
Hastings algorithm shows to be computationally more intensive
than employing the Maximum Likelihood Method. The “burn-
in” period has been estimated considering the autocorrelation
function. All the steps to the step t at which a low autocorrela-
tion was obtained, < 0.1, have been removed from the Markov
Chain. The Bayesian posterior mean estimator of the 6PRFLM
parameters is given by the mean value of the Markov-Chain
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Table 6: Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75% Wald and likelihood-ratio based (Wilks) confidence intervals for “Large
Sample” data.

75% confidence intervals
AIC BIC Wald Likelihood-Ratio

R

-1.79E+02 -1.62E+02

β̂0 (9.52E+00; 1.01E+01) (9.26E+00; 1.01E+01)
F β̂1 (-2.37E+00; -2.11E+00) (-2.51E+00; -2.11E+00)
L σ̂ (1.05E-01; 1.25E-01) (9.48E-02; 1.25E-01)
M µ̂v (1.36E+00; 1.45E+00) (1.30E+00; 1.44E+00)

σ̂v (7.22E-02; 1.07E-01) (5.78E-02; 1.09E-01)

B

-1.68E+02 -1.52E+02

β̂0 (1.21E+01; 1.24E+01) (1.20E+01 ; 1.24E+01)
R β̂1 (-3.36E+00; -3.22E+00) (-3.42E+00; -3.22E+00)
F σ̂ (1.38E-01; 1.54E-01) (1.30E-01; 1.55E-01)
L µ̂v (1.52E+00; 1.56E+00) (1.49E+00; 1.56E+00)
M σ̂v (4.72E-02; 9.83E-02) (3.08E-02; 1.04E-01)

6

-1.89E+02 -1.68E+02

β̂0 (1.07E+01; 1.15E+01) (1.03E+01; 1.14E+01)
P β̂1 (-2.94E+00; -2.61E+00) (-3.08E+00; -2.60E+00)
R σ̂ (1.23E-01; 1.40E-01) (1.14E-01; 1.41E-01)
F µ̂v (1.51E+00; 1.56E+00) (1.47E+00; 1.56E+00)
L σ̂v (4.91E-02; 9.63E-02) (3.26E-02; 1.01E-01)
M p̂ (2.66E-01; 6.83E-01) (1.42E-01; 7.52E-01)
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Figure 5: Profile likelihood (continuous line) and marginal (long-run) distributions of the parameters (dashed line) related to the RFLM (red), BRFLM (blue) and
6PRFLM (black) fitting the “Large Sample” data.
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Table 7: Non-informative Bayesian posterior mean estimator of the parameters
of the 6PRFLM - “Large Sample” data.

Estimated Parameters

β̂0 β̂1 σ̂ µ̂v σ̂v p̂
1.09E+01 -2.70E+00 1.29E-01 1.52E+00 8.98E-02 6.70E-01

generated using the Random Walk Metropolis-Hastings algo-
rithm after removal of the “burn-in”. The estimated values are
reported in Table 7.

The MLE of the 6PRFLM reported in Table 4 and the Non-
informative Bayesian posterior estimator of β0, β1, σ and µv

are not significantly different (<3%), whereas the estimators
of σv and p significantly differ (>23%). In general the Non-
informative Bayesian posterior mean estimator of a parameter
is not equal to the MLE (θ̂MLE), unless the likelihood function is
symmetric. Indeed, despite the posterior having the same shape
of the likelihood, if it is not symmetric, its mode ,the MLE, and
its mean, the Non-informative Bayesian posterior estimator, do
not have the same value. The difference between the MLE and
the Bayesian mean posterior estimators of σv and p suggests
that, despite the “Large Sample” data being characterized by a
large number of observations, still few data are available in the
very high cycle fatigue region, at low stress levels. In Figure 6
comparison is made between the S-N curves evaluated by the
MLM and the NBI. Due to the difference encountered in the
estimator of σv, the 5% quantile of the fatigue limit evaluated
by NBI (23.36 MPa) is 10% lower than that one estimated by
MLM (26.05 MPa).

For the “Large Sample” data, the Bayesian Credible Intervals
and the Frequentist Confidence Intervals tend to be coincident.
In Figure 7 the posterior CDF of the 6PRFLM parameters are
shown. The Posterior distribution of a model parameter is di-
rectly estimated from the Markov Chain, excluding the “burn-
in”. A two sided prediction interval of the posterior distribution
defines a Bayesian Credible Interval, which is a measure of the
epistemic uncertainties affecting the analysis.

4.1.3. Informative Bayesian Analysis
To perform Informative Bayesian Inference, the prior distri-

butions for the model parameters of interest need to be derived.
In the framework of this paper, the prior distributions have been
derived and applied to β1, µv and σv. Two different approaches
have been employed to derive the informative prior distribu-
tions.

In order to derive the prior distribution for β1, the indepen-
dent datasets reported in [37] related to several types of welded
connections transversally loaded have been considered. In [37]
the LSM has been employed in order to estimate the parame-
ters β0 and β1 of Equation 1. For the purpose of determining
the prior distribution for β1, its estimators have been collected
from [37] and a parametric PDF has been fitted to them. Since
for welded joints the fatigue life is considered to be dominated
by fatigue crack propagation, the parameter p of Equation 4 is
expected to be close to p1 of the Forman-Mettu relation, typ-
ically 0.5 [25]. This determines for Equation 4 a fast clos-

ing to its asymptote making it reasonable for the parameter β1
to have a value close to the estimator of the LRM. The loca-
tion and scale parameters of the fitted Lognormal distribution,
LN(−β1), have been found to be µlog(−β1) = 1.15E + 00 and
σlog(−β1) = 2.00E − 01, respectively.

In order to derive the prior distribution for µv andσv, the PDF
reported in [40] has been employed:

f (µv, σv; m′, s′, ν′, n′) = kσ−[ν′+δ(n′)+1]
v

exp
{
−1
2σ2

v
[ν′s′2 + n′(µv − m′)2]

}
(41)

where s′ = E(σv) is the prior expectation of the standard devi-
ation, ν′ is the number of degrees of freedom for s′, m′ = E(µv)
is the prior expectation of the mean value and n′ is the number
of degrees of freedom for m′. If n′ = 0, the function δ(n′) = 0
otherwise δ(n′) = 1. In case of vague information, the degree
of freedom should be zero whereas, if experience leads to al-
most deterministic knowledge, a value between 20 and 40 can
be assigned, [40]. Thus, only the prior expectation of the stan-
dard deviation and the mean value of the fatigue limit need to
be evaluated. The notch stress approach has been employed for
this purpose, [41].

Svesson [42] proposed an empirical equation to relate the
stress amplitude of the fatigue limit S 0,a at R = −1 to the ul-
timate tensile strength σu of carbon steels, Cr-Mo steels and
ferritic stainless steels. The regression line is represented by:

S 0,a = 46.3 + 0.49σu + ε(0, σεr ) (42)

where εr represents the residuals assumed to be normally dis-
tributed with zero mean and standard deviationσεr = 16.1 MPa.
The ultimate tensile strength can be estimated by employing the
relations in [27]. In this paper, a structural steel having nomi-
nal yield stress of 355 MPa is considered. As shown in [43]
and [44], the fatigue distribution of the fatigue resistance at a
given fatigue life is correlated to the distribution of geometrical
parameters. By using parametric formulae available in litera-
ture, it is possible to calculate the theoretical stress concentra-
tion factor (Kt) for the selected local geometry parameters. In
the present paper, the stress concentration factor to predict the
maximum theoretical stress at the notch root of a welded cover-
plated beam, see Figure 2, is calculated by [45]:

Kt = −3.539log(Z/T f ) + 1.981log(Tcp/T f ) + 5.798 (43)

In [45], the standard error of the estimate of Kt is reported equal
to 9.22E−02. The fatigue notch factor (K f ) has been calculated
considering the critical distance approach derived by consider-
ing the micro-structural notch support from Peterson [46]. The
following formulae relate the theoretical stress concentration
factor, Kt, to the notch fatigue factor,K f :

K f = 1 +
Kt − 1

1 + a∗/ρ
(44)

a∗ = 0.025
(

2068
σu

)1.8

(45)
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Table 8: Definition of informative prior distributions for Informative Bayesian
Inference.

Model Parameters Scenario a. Scenario b.

β̂1 LN(-β1) LN(-β1)
µ̂v - Equation 41
σ̂v

where ρ is the notch radius and a∗ is a material dependent pa-
rameter. In the present paper, the stochastic variability of the
notch radius, ρ has been considered to determine the notch fa-
tigue factor. The weld toe radius, ρ, of fillet welds has been
measured in [44]; the measured sample followed a lognormal
distribution having a mean of 0.6 mm and a standard deviation
of 0.3 mm. Another effect to explicitly take into account that
further affects the fatigue life is the mean stress effect. At the
weld toe, because of welding residual stresses, a high stress ra-
tio characterizes the stress fluctuation regardless of the stress
ratio R of the applied load [47]. In this paper, the Goodman
correction for the mean stress effect is applied. The resulting
stress cycle is characterized by a stress ratio R such that the
maximum stress equals the yield stress, that is σmax = σy.

In order to calculate the fatigue limit distribution, a Monte
Carlo simulation is used. For each Monte Carlo sample, the
fatigue limit of the plain material at R = −1 estimated from
Equation 42 is first divided by the fatigue notch factor, Equa-
tion 44. The Goodman’s mean stress correction is then ap-
plied resulting in an equivalent stress range having σmax = σy.
The result of the simulation determines the stochastic variabil-
ity of the fatigue limit from which E(σv) and E(µv) are esti-
mated. The statistical variability and correlation among input
data have been considered when running the Monte Carlo Sim-
ulation. The mean and the standard deviation of the logarithm
of the obtained values determine the expectations of µv and σv,
resulting in E(µv) = 1.55E + 00 and E(σv) = 7.24E − 02. The
prior distribution, see Equation 41, proposed in [40] has loca-
tion parameters m′ = E(µv) and s′ = E(σv). According to [40]
the degrees of freedom n′ and ν′ have both been set equal to
20, since high degree of belief is here attributed to these esti-
mations. In order to sample a well-mixing Markov Chain, the
value of δ has been set equal to:

δ =



2.32E − 02
1.03E − 02
5.33E − 04
1.62E − 03
1.36E − 03
1.39E − 02


(46)

In this paper, two scenarios have been defined, see Table 8.
The Bayesian posterior mean estimators are reported in Table
9. The marginal posterior CDF are shown in Figure 7 for the
scenarios (a) and (b). By comparing the results in Figure 7 it
shows that the posterior distribution of the parameters for which
a prior is defined are affected by the employed prior distribu-
tions. The estimated uncertainties are affected by the introduc-
tion of the prior distributions. Because of the high degree of
correlation existing between β0, β1 and σ, the estimation of β0,

σ and the related uncertainties are affected in both the scenarios
(a) and (b) by the introduction of the prior distribution of β1. It
appears that the prior related to β1 also affects the estimation
of the uncertainties of µv and p, but not the estimator. This is
ascribed to the degree of correlation and the number of data.

By comparing Tables 4, 7 and 9, it shows that the Bayesian
posterior mean estimator of µv resulting from IBI is almost
equal to the MLE and to the Bayesian posterior mean estimator
resulting from NBI. This is also shown in Figure 6. In terms of
stress range, the maximum difference is in the order of 1 MPa,
which is negligible.

4.2. Small Sample Results

In order to generate the “Small Sample” dataset, test data are
sampled from the “Large Sample” dataset. The “Small Sam-
ple” contains eight data in the finite life regime at four stress
levels and six in the infinite life regime, in agreement with the
minum requirements for fatigue tests in [2]. Thus, in the fi-
nite life regime, two data have been randomly selected for four
stress range levels. In order to sample the data in the infinite
life regime, the staircase method is simulated. The first sample
is randomly drawn from the lowest stress range level available
at which failure did not occur. The next data is randomly drawn
either from the higher or lower adjacent stress range level if the
previous data is a runout or failure respectively. The sampling
procedure stops after collection of six data. The data in the in-
finite life regime are shown in Table 10 in the order they are
sampled.

The LRM and the LRM-EN estimators are shown in Table
11. The unbiased estimators of σw differ for the LRM and the
LRM-EN. As for the “Large Sample” data, this difference is
due to the higher value of S E resulting from the analysis. The
median curve and the 5% lower bound are shown in Figure 8.

4.2.1. Maximum Likelihood Estimation of Parameters
The MLE of the RFLM, the BRFLM and the 6PRFLM model

parameters are shown in Table 12, where the log-likelihood
value at θ = θ̂MLE and the correlation matrix are also reported
for each model. Figure 8 shows the S-N plots of the median
curve and the 0.05 quantile for the considered models. The pro-
file likelihood and marginal (long-run) distribution of the model
parameters are shown in Figure 9. Both the estimated Wald and
likelihood-ratio based 75% confidence intervals are reported in
Table 13 for every parameter and model considered. The confi-
dence intervals evaluated by the Wald statistic are not always in
good agreement with those evaluated using the likelihood-ratio
statistic and the degree of agreement is lower than in the “Large
Sample” analysis. In addition, the 75% Wald confidence inter-
val is not meaningful for p, which can be smaller than zero, in
contrast with its domain. Comparing Table 12 and Table 13,
it shows that despite the 6PRFLM conferring higher likelihood
on data in comparison to the RFLM and BRFLM, the AIC and
the BIC statistic are more in favour of the BRFLM. This is at-
tributed to the penalty provided for the extra parameter in the
6PRFLM. With so few data, the added value of this extra pa-
rameter is limited.
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Figure 6: S-N curves evaluated by employing Maximum Likelihood Method (black), Non-informative Bayesian Inference (red) and Informative Bayesian Inference
scenario a (blue) and scenario b (green) for the 6PRFLM fitting the “Large Sample” Data. The failure data (circles) and the runouts (triangles) are also plot. The
curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles.

Table 9: Bayesian posterior mean estimator resulting from Informative Bayesian Inference of “Large Sample” data.

Scenario β̂0 β̂1 σ̂ µ̂v σ̂v p̂

a. 1.11E+01 -2.80E+00 1.32E-01 1.52E+00 8.70E-02 5.15E-01
b. 1.12E+01 -2.82E+00 1.34E-01 1.54E+00 7.36E-02 4.31E-01

Figure 7: CDF of the posterior marginal distribution obtained by NBI (black), IBI scenario a (red) and IBI scenario b (blue) for the “Large Sample” data.
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Figure 8: S-N curves for the “Small Sample” data fitted with RFLM (red), BRFLM (blue), 6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure
data (circles) and the runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles.

8 10 12 14

0

0

0.5

1

R
(

)

0

1

2

pd
f

-5 -4 -3 -2 -1

1

0

0.5

1

R
(

)

0

2

4

pd
f

0 0.2 0.4

w

0

0.5

1

R
(

)

0

10

20

pd
f

0.5 1 1.5 2

v

0

0.5

1

R
(

)

0

2

4

pd
f

0 0.5 1

v

0

0.5

1

R
(

)

0

2

4

pd
f

0 0.5 1 1.5
p

0

0.5

1

R
(

)

0

0.5

1

pd
f

Figure 9: Profile likelihood (continuous line) and marginal (long-run) Normal distributions of the parameters (dashed line) related to the RFLM (red), BRFLM
(blue) and 6PRFLM(black) given the “Small Sample” data.
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Table 10: “Small Sample” dataset.

Sample Region ∆S [MPa] N [cycles] δ

finite life

165.00 47500 1
165.00 77400 1
138.00 231400 1
138.00 186300 1
110.00 208900 1
110.00 344100 1
83.00 907500 1
83.00 1113300 1

Infinite life

31.70 100000000 0
32.40 37714000 1
34.50 89314000 0
32.40 34930000 1
34.50 8451000 1
41.40 100000000 0

Table 11: Least Square Estimators for the LRM and the LRM-EN - “Small
Sample” data.

Estimator Models
LRM LRM-EN

β̂0 1.28E+01 1.17E+01
β̂1 -3.55E+00 -3.00E+00
σ̂w 1.98E-01 2.41E-01
S E 3.37E-01 5.81E-01

m 11

4.2.2. Informative Bayesian Inference
In order to infer “Small Sample” data by using Bayesian

analysis and quantitatively show how by employing prior dis-
tributions on the model parameters the (epistemic) uncertainties
can be reduced, scenario b defined in Table 8 has been evalu-
ated. In this analysis, the prior distribution for the fatigue limit
location and scale parameters have been employed in two ways.
At first, similarly to the analysis of the “Large Sample” data,
the degrees of freedom n′ and ν′ of Equation 41 have been set
equal to 20, defining case (1). Then, in order to show how the
shape of the prior distribution affects the parameter estimators
and the uncertainties resulting from the analysis, i.e. the shape
and the location of the posterior distribution, both the degrees
of freedom are set equal to 10, defining case (2). The Bayesian
posterior mean estimators of θ are reported in Table 14 and the
marginal posterior CDF are shown in Figure 11 for the cases (1)
and (2). For this estimation, the value of δ has been set equal
to:

δ =



2.32E − 02
1.03E − 02
5.33E − 04
1.62E − 03
1.36E − 03
1.39E − 02


(47)

By comparing the results in Figure 11, it shows that performing
Informative Bayesian Inference employing prior distributions
having different degrees of freedom does significantly affect the
estimation of the uncertainties of the posteriors related to the
parameters for which the prior have been defined. Furthermore,
the estimator of the scale parameter σv of the fatigue limit dis-

tribution in case (2) results to be 12% larger than in case (1), see
Table 14. However, as shown in Figure 10, this does not affect
the location of the selected lower quantile of the fatigue limit.

Because of the small amount of data, which results in hav-
ing a flatter likelihood in comparison to the “Large Sample”
case, the prior distributions employed have a stronger effect in
determining the shape and the location of the posterior. By em-
ploying a flatter prior, i.e. setting a lower value for the degrees
of freedom in n′ and ν′ of Equation 41, the posterior distribu-
tions of σ̂v and p̂ are more uncertain as well. By comparing
Figure 6 and Figure 10, it shows that depending on the prior
distribution employed, inferring the “Small Sample” data using
Informative Bayesian Analysis may result in a S-N curve close
to that obtained by inferring the “Large Sample” data.

5. Conclusions

In this paper, in order to estimate the variability of the fatigue
life, i.e. the aleatory uncertainties, a novel S-N curve has been
introduced and the 6 Parameter Random Fatigue Limit Model
(6PRFLM) has been defined. The proposed S-N curve has been
compared to the S-N curves employed in the RFLM and in
the Bilinear Random Fatigue Limit Model (BRFLM) [15, 16],
which revealed to be two particular cases of the proposed rela-
tion. Thus, the proposed S-N curve consists in a generalization
of them.

The proposed curve has shown to keep the strength of the
curve employed in the RFLM in terms of introducing a smooth
transition from the finite life to the infinite life regime, avoiding
the conservatism due to the sharp knee-point present in the S-N
curve employed in the BRFLM. This results in a more accurate
description of both S-N data and the aleatory uncertainties at
stress levels approaching the fatigue limit, which is relevant in
high-cycle fatigue. In addition, similarly to the S-N curve em-
ployed in the BRFLM, the proposed equation induces a weak
correlation between the location parameters of the fatigue limit
and the finite life region. This avoids biasing of parameter es-
timators during the inferential procedure, which is observed in
the RFLM and is caused by the mathematical model formula-
tion of the S-N curve.

Two sets of data have been considered, a “Large Sample”
and a “Small Sample”, both belonging to welded cover-plate
steel beam specimens and consisting of 214 and 14 data, re-
spectively. As results of the bias in the RFLM, the estimator of
µv of the RLFM was 27.3% and 33% lower than the BRFLM
and the 6PRFLM estimators respectively for the “Large Sam-
ple” and “Small Sample” data. Thus, employing a regression
model which is characterized by a weak or very weak statical
correlation between finite life and infinite life parameters per-
mits to avoid biasing of relevant model parameters.

In any case, it was observed that the 6PRFLM confers higher
likelihood on data in comparison to the RFLM and BRFLM.
However, since the number of model parameters is different,
AIC and BIC statistic have been employed confirming the more
efficient fit of the 6PRFLM for the “Large Sample”. For the
“Small Sample” data the added value of the extra parameter is
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Table 12: MLE, log-likelihood and Correlation Matrices for the “Small Sample” data.

MLE log[L(θ)] β̂1 σ̂ µ̂v σ̂v p̂

R β̂0 1.09+01

-2.247

-9.97E-01 -1.41E-01 -8.86E-01 8.26E-01
F β̂1 -2.8E+00 1.61E-01 8.57E-01 -8.14E-01
L σ̂ 1.27E-01 2.76E-02 -2.17E-01
M µ̂v 1.31E+00 -7.78E-01

σ̂v 2.01E-02

B β̂0 1.28E+01

-1.117

-9.91E-01 3.01E-03 -1.01E-03 4.79E-04
R β̂1 -3.56E+00 -2.79E-03 9.36E-04 -4.45E-04
F σ̂ 1.75E-01 -1.40E-03 6.57E-04
L µ̂v 1.52E+00 -4.02E-01
M σ̂v 2.22E-02

6 β̂0 1.24E+01

-1.085

-9.97E-01 4.59E-01 -1.17E-01 3.76E-01 -9.09E-01
P β̂1 -3.41E+00 -4.47E-01 1.16E-01 -3.83E-01 8.83E-01
R σ̂ 1.70E-01 -4.01E-02 1.31E-01 -4.87E-01
F µ̂v 1.52E+00 -3.81E-01 1.67E-02
L σ̂v 2.16E-01 -2.36E-01
M p̂ 1.77E-01

Table 13: Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75% Wald and likelihood-ratio based (Wilks) confidence intervals for the
“Small Sample” data.

75% confidence intervals
AIC BIC Wald Likelihood-Ratio

R

14.493 17.689

β̂0 (9.60E+00; 1.23E+01) (6.91E+00; 1.22E+01)
F β̂1 (-3.41E+00; -2.19E+00) (-3.37E+00; -2.18E+00)
L σ̂ (6.76E-02; 1.87E-01) (6.04E-02; 1.96E-01)
M µ̂v (1.08E+00; 1.55E+00) (9.21E-01; 1.49E+00)

σ̂v (5.97E-02; 3.42E-01) (1.09E-01; 4.86E-01)

B

12.238 15.430

β̂0 (1.23E+01; 1.32E+01) (1.23E+01 ; 1.32E+01)
R β̂1 (-3.79E+00; -3.33E+00) (-3.79E+00; -3.32E+00)
F σ̂ (1.32E-01; 2.18E-01) (1.40E-01; 2.29E-01)
L µ̂v (1.39E+00; 1.66E+00) (1.27E+00; 1.64E+00)
M σ̂v (4.07E-02; 4.03E-01) (9.14E-02; 5.46E-01)

6

14.170 18.001

β̂0 (1.12E+01; 1.36E+01) (1.09E+01; 1.32E+01)
P β̂1 (-3.95E+00; -2.87E+00) (-3.77E+00; -2.74E+00)
R σ̂ (1.19E-01; 2.20E-01) (1.17E-01; 2.27E-01)
F µ̂v (1.39E+00; 1.65E+00) (1.27E+00; 1.64E+00)
L σ̂v (4.05E-02; 3.91E-01) (9.50E-02; 5.33E-01)
M p̂ (-3.98E-01; 7.52E-01) (0.00E-00; 1.38E+00)

Table 14: Bayesian posterior mean estimators resulting from Informative Bayesian Inference of “Small Sample” data. The last row shows the percentage change
between case (1) and (2)

CASE β̂0 β̂1 σ̂ µ̂v σ̂v p̂

1 1.17E+01 -3.06E+00 2.14E-01 1.55E+00 8.23E-02 4.64E-01
2 1.17E+01 -3.09E+00 2.13E-01 1.54E+00 9.23E-02 4.62E-01

0.57% 1.01% -1.57% -0.15% 12.16% -0.43%
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Figure 10: S-N curves evaluated by employing Maximum Likelihood Method (black) and Informative Bayesian Inference case 1 (blue) and case 2 (green) for the
6PRFLM fitting the “Small Sample” data. The failure data (circles) and the runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05
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Figure 11: CDF of the posterior marginal distribution obtained by NBI case 1 (red) and case 2 (blue) for the “Small Sample” data.
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limited due to the lack of data in the transition zone between
finite and infinite life.

The weak correlation between the finite life parameters and
the location parameter of the fatigue limit is relevant in Infor-
mative Bayesian Inference. Employing a prior distribution for
a parameter in the finite life regime should not significantly af-
fect the estimation of any of the parameters in the infinite life
regime and vice-versa. Thus both the BRFLM and the 6PRFLM
are suited for this purpose.

The fit of the 6PRFLM resulting from Informative Bayesian
analysis is significantly affected by less uncertainties in com-
parison to Non-Informative Bayesian Inference and the Maxi-
mum Likelihood Method for the “Large Sample” data.

In order to increase the confidence with respect to the cur-
vature and the path of the S-N curve for very high numbers of
cycles, it would be valuable to have more test data in that region.
Especially for welded joints, the number of test data (both fail-
ure and runouts) at relatively low stress ranges is limited. There
is a need for such test data. In absence of this, it is shown in
this paper that the Bayesian estimator can be used to estimate
the S-N curve in this region.

From the “Small Sample” data analysis, it results that the
posterior estimators and the related uncertainties, i.e. the
marginal posterior distributions, are strongly affected by the
shape of the prior distributions employed. Furthermore, it was
observed that, in every scenario, the posterior distribution of p
is affected by the introduction of prior distributions for other
variables. This is due to the correlation among parameters.
Since the estimation of the uncertainty is strongly affected by
the prior distributions employed, it is relevant to choose an ap-
propriate method for deriving the location parameters of the
selected prior distributions. The Notch Stress Approach was
found to be suited for this purpose.

The prior distribution for the parameter controlling the slope
of the S-N curve may be employed when fitting fatigue test data
of transversally loaded welded joints. Alternatively, since the
fatigue life of welded connection is assumed to be dominated
by crack propagation, the variability in the exponent of the Paris
equation may be also assumed as prior distribution for the slope.
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curves using maximum likelihood, in: EUROSTEEL, 2014.

[17] Y. Pawitan, In All Likelihood, Clarendon Press, 2001.
[18] L. Held, D. S. Bov, Applied Statistical Inference, Springer, 2014.
[19] G. Edwards, L. A. Pacheco, A bayesian method for establishing fatigue

design curves, Structural Safety 2 (1984) 27–38.
[20] M. Guida, F. Penta, A bayesian analysis of fatigue data, Structural Safety

(2010) 64–76.
[21] I. Babuska, Z. Sawlan, M. Scavino, B. Szabo,́ R. Tempone, Bayesian in-

ference and model comparison for metallic fatigue data, Comput. Meth-
ods Appl. Mech. Engrg (2016) 171–196.

[22] N. Metropolis, A. W. Rosenblut, M. N. Rosenblut, A. H. Teller, T. E.,
Equations of state calculation by fast computing machines, Journal of
Chemical Physics 21 (1953) 1087–1092.

[23] W. K. Hastings, Monte carlo sampling using markov chain and their ap-
plications, Biometrika 57 (1970) 97–109.

[24] Y. Zhang, S. J. Maddox, Fatigue testing of full-scale girth welded pipes
under variable amplitude loading, in: OMAE 2012 31st Annual Confer-
ence on Ocean, Offshore and Arctic Engineering, 2012.

[25] FITNET-MK7, FITNET FFS - section 7: Fatigue module, Tech. rep., Eu-
ropean Fitness for Service Network (2006).

[26] M. El Haddad, T. Topper, K. Smith, Prediction of non-propagating cracks,
Eng. Fract. Mech. 11 (1979) 573584.

[27] The Joint Committee of Structural Safety, JCSS. Probabilistic Model
Code, 2001.

[28] D. C. Montgomery, A. E. Peck, Introduction to Linear Regression Anal-
ysis, Wiley, 1993.

[29] A. F. Hobbacher, Recommendations for Fatigue Design of Welded Joints
and Components, IIW Collection, Springer, 2016.

[30] S. Wilks, The large-sample distribution of the likelihood ratio for testing
composite hypothesis, The Annals of Mathematical Statistics 9 (1938)
60–62.

[31] H. Akaike, Information theory and extension of the maximum likelihood
principle, in: 2nd International Symposium on Information Theory, 1973.

[32] K. P. Burnham, D. R. Anderson, Model Selection and Multimodel Infer-
ence, Springer-Verlag, 2002.

[33] W. Q. Meeker, L. A. Escobar, Statistical Methods for Reliability Data,
John Wiley and Sons., 1998.

[34] W. Bolstad, Understanding Computational Bayesian Statistics, Wiley,
2010.

[35] G. O. Roberts, A. Gelman, W. R. Gilks, Weak convergence and optimal
scaling of random walk metropolis algorithms, Annals of Applied Proba-
bility 7 (1997) 110–120.

[36] J. W. Fisher, P. A. Albrecht, B. T. Yen, D. J. Klingermann, B. M. Mc-
Namee, Effect of weldments on the fatigue strenght of steel beams, Tech.
rep., Fritz Engineering Laboratory Report (1969).

19



[37] G. Sedlacek, A. Hobbacher, J. B. Schleich, A. Nussbaumer, S. J. Mad-
dox, J. Brozzetti, B. Chabrolin, R. Helmerich, E. Piraprez, P. Kleineidam,
C. Muller, J. Stotzel, First draft of the background document prEN 1993-
1-9, draft.

[38] J. W. Fisher, R. E. Slockbower, Fatigue resistance of full scale cover-
plated beams, Tech. rep., Fritz Engineering Laboratory Report (1977).

[39] J. D. Evans, Straightforward statistics for the behavioral sciences,
Brooks/Cole Publishing, 1996.

[40] Background documentation Eurocode 1 (ENV 1991) - Part 1: Basis of
design, Tech. rep., JCSS Joint committee on structural safety - Project
Team Eurocode 1.1 (March 1996 (Working Document)).

[41] D. Radaj, C. M. Sonsino, F. W., Fatigue Assessment of welded joints by
local approaches, Cambridge: Woodhead Publishing Limited, 2006.

[42] T. Svesson, B. Wadman, J. De Mar, Determination of the fatigue limit
method and problems, Tech. rep., Sweedish Institute of Applied Mathe-
matics : ITM Report (2000).

[43] K. Hentschel, P. Berger, K. Rossler, M. Schmidt, Weld geometry as a
factor controlling the fatigue strength of butt-welded joints, Welding In-
ternational 4 (1990) 494–499.

[44] V. V. Jakubovskii, I. I. Valteris, Geometrical parameters of butt and fillet
welds and their influence on the welded joint fatigue life, Tech. rep., IIW
Doc XIII-1326-89 (1989).

[45] N. Zettlemoyer, J. W. Fisher, Stress gradient correction factor for stress
intensity at welded stiffeners and cover plates, Welding Journal 12 (1977)
393–1977.

[46] R. E. Peterson, Relation between stress analysis and fatigue of metals, in:
Proceedings SESA, 1950.

[47] E. Niemi, Random loading behavior of welded components, in: IIW In-
ternational Conference on Performance of Dynamically Loaded Welded
Structures, 1997.

20


