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Simulation Optimization ofDiscrete-Event Manufacturing Systems: 
a Sequentia! Approach based on Linear Regression Approximations 

Discrete-event simulation is widely used to analyse and to imprave the performance of manufacturing 
systems. The related optimization problem often includes integer design variables and is defined by 
objective function and constraints that are expected values of stochastic functions. These stochastic 
functions have to be evaluated using the simuiatien model at the integer levels of the design varlab les. 
A sequentia! approximate optimization approach has been developed in the Systems Engineering 
group for the salution of such an integer simulation-based optima! design problem. The strategy 
is currently based on a series of linear approx.imate subproblems. Each subproblem is built from 
the outeernes of simulation experiments. A D-optimal design of · experiments is used to plan the 
simuiatien experiments. Stochasticity in eenstraint and objective functions is dealt with explicitly 
using safety indices. 

Assignment 

Flow time (or cycle time) is a characteristic measure that is often included as objective or eenstraint 
function in optimization problems of (discrete,.event) manufacturing systems. The difficulty however 
is that flow time shows a highly nonlinear behavier with respect to design variables such as the 
number of machines in a werkstation. This may cause the sequentia! linearization metbod to fail or 
stop far away from the correct optima! solution. An improved approx.imation is necessary to deal with 
nonlinearly behaving functions such as the flow time. 
Extend the currently available_ sequentia! approx.imate optimization approach such that linear regres
sion approximations can be used instead of purely linear approx.imations in the design variables. 
Restriet to the class of convex linear regression approximations that build a convex nonlinear approx
imate optimization problem when the integer constraint is relaxed. Develop and imptement for this 
purpose new Matlab functions for the approx.imate modelbuilding, the design of experiments, the so
lution of the approximate optimization problem, the movelimit strategy, and the convergence criteria. 
Carry out several analytica! and simulation-based optimization examples to test the approach. Try 
to find convex linear regression expressions that yield more accurate flow time approximations com
pared with the pure linear one, but that requires a camparabie number of simuiatien experiments to 
build the approximation. k ç/ , / 
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Preface 
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Master of Science in Mechanica! Engineering, with a specialization in Systems Engi
neering. 

The Systems Engineering Group, at the Eindhoven University of Technology, aims 
to develop methods, techniques and tools for the design of advanced industrial systems. 
It focuses on production systems containing multiple communicating subsystems that 
work in parallel. Such systems are for example a single production system, a multiple 
product flow line, or a complete production system. 

My final assignment is performed within the Optimization and Control research 
theme, with a focus on the optimization part. The Optimization and Control research 
of the Systems Engineering group aims to develop controller design and optimization 
tools starting from computer models of manufacturing systems and machines. These 
tools should enable an efficient and systematic decision making for the design and control 
of advanced industrial systems. 

I would like to show my appreciation for my coaches Pascal Etman and Johan Ja
cabs for all their enthusiasm, valuable support and pleasureful cooperation. I would 
also like to thank all the students who joined me in the Systems Engineering laboratory 
during the last year, they contributed toa pleasant and inspiring working environment. 
Finally, I would like to thank all those, whomade my stayin Eindhoven, and by that 
also my life as a student, a superb period. 

Joost Gijsbers, October 2002. 
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Summary 

Optimization of manufacturing systems has been a research theme within the Systems 
Engineering group for some years. During this period, an optimization tool has been 
developed for simulation-based optimization of manufacturing systems. Such optimiza
tion probieros possess certain properties which make them difficult to solve. First, the 
simulation model generally contains stochasticity. Thus, objective and constraint func
tion values, and the optimization problem are stochastic as well; Second, simulations 
are computationally expensive; Third, the optimization problem contains integer design 
variables. 

A previous research project gave the initia! impetus to the development of a simula
tion-based optimization approach. The approach makes use of a series of approximate 
optimization subproblems. These subproblems are build using pure linear regression 
roodels to approximate objective function and constraints. The approximations are 
only valid in a subregion of the design space. The salution of a subproblem determines 
the size and location of the next search subregion. This process is stopped if no further 
impravement in the solutions found is observed. 

From test probieros has been observed that in many cases the proposed approach did 
not find a local or global minimum. This has been mainly attributed to linearization 
errors. Pure linear regression roodels are nat able, to characterize the highly non
linear behavior in the design variables, typically observed for manufacturing systems' 
performance measures, such as the flow time. To cape with this inconvenience, the 
class of linear regression roodels is introduced. Linear regression roodels are linear in 
the parameters but not necessarily linear in the design variables. This resear_ch shows 
that the use of linear regression roodels instead of pure linear regression roodels can 
greatly imprave the performance of the sequentia! approximate optimization algorithm. 

The introduetion of linear regression roodels affects all steps in the original approach. 
For that reason, all steps in the original approach are revised and adjusted if necessary. 

First, linear regression roodels as well ·as the assumptions that justify its use are 
introduced. The concepts varianee of the parameter estimates and varianee of the pre
dicted response arealso introduced. These are properties of regression roodels on which 
the next step in the approach, optima! design of experiments, is founded. Especially 
multi-response regression is an important subject in the context of the sequentia! ap
proximate optimization approach. Within this research, multiple responses are assumed 
to be independent, such that standard regression techniques may be used. 

Observations are required to estimate the unknown parameter values of the regres-
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IV Summary 

sion models. Observations are made for all treatments in an experimental design. In 
this research, optimal experimental designs are used.- Their main advantage is that an 
arbitrary number of treatments is allocated over the search 

subregion such that a criterion related to the regression roodels is optimized. From 
the class of optimal experimental design, the D-optimal experimental design is selected. 
Already available heuristics are used to create a functionality that is able to generate a 
single D-optimal experimental design that is shared by multiple regression models. 

The fitted regression approximations build an approximate optimization subprob
lem valid over a subregion of the design space. Since the regression approximations 
contain uncertainties, the approximate subproblem is corrected. Correction is basedon 
the varianee of predicted response which is used to compute a 95% confidence intervals 
for each approximate constraint. Then, each approximate constraint is replaced by its 
corresponding upper bound. In this manner, correction of the approximate subprob
lem reduces the chance of erroneously accepting an infeasible design. Subsequently, an 
integer nonlinear programming solver is used to find a salution for the corrected approx
imate optimization subproblem. Dependent on the salution found, the search region is 
repositioned and resized according to the so-called move limit strategy. 

The revised sequentia! approximate optimization approach is implemented in Mat
lab. The implementation is tested on basis of previously used test problems. The first 
two test probieros experiment with the implementation of the revised approach. The 
third test problem considers an analytica! model of a two-workstation production line. 
This problem is also used to derive an adequate regression model for the flow time. A 
similar regression model is used in the fourth and last test problem to design a four
workstation production line. For this test problem a discrete-event simulation model is 
used. 

The implemented sequentia! approximate optimization approach is successful. Bath 
pure linear and linear regression roodels can be used. The test problems illustrate that 
for nearly all problems, a salution equal to the global or local minimizer, or an element 
of its discrete neighborhood is found. If adequate regression roodels are used, then 
the implemented sequentia! approximate optimization approach is found suitable for 
simulation-based optimization of manufacturing systems. 



Samenvatting (in dutch) 

Aan het optimaliseren van industriële systemen wordt binnen de sectie Systems Engi
neering sinds enkele jaren aandacht besteed. Gedurende die tijd is er een optimaliser
ingsgereedschap ontwikkeld en getest dat is toegespitst op het optimaliseren van fab
ricagesystemen. Een dergelijk optimaliseringsprobleem laat zich kenmerken door inte
ger ontwerpvariabelen, evenals door een doelfunctie en beperkingen welke alleen met 
een simulatiemodel kunnen worden geëvalueerd. Er wordt aangenomen dat een sim
ulatiemodel het fabricagesysteem beschrijft en dat dit model stochastische elementen 
bevat. Zodoende zal ook het optimaliseringsprobleem stochastisch van aard zijn. 

In een eerder onderzoek is een aanpak voor het optimaliseren van dergelijke simu
latiemodellen voorgesteld. Deze aanpak bestaat uit het oplossen van opeenvolgende lin
eaire benaderingen van het optimaliseringsprobleem. De benaderingen worden gemaakt 
met behulp van puur lineaire regressiemodellen en zijn geldig in een deelgebied van 
de totale ontwerpruimte. Aan de hand van de oplossing van een benaderend opti
maliseringsprobleem wordt een nieuw deelgebied gedefinieerd waarvoor wederom een 
benaderend optimaliseringsprobleem wordt opgesteld en opgelost. Dit proces wordt 
voortgezet totdat geen significante verbetering van de oplossing meer plaatsvindt. 

Testproblemen hebben aangetoond dat de oorspronkelijke aanpak veelal niet in staat 
is om een optimum of het juiste optimum te vinden ten gevolge van linearisatiefouten. 
Dit is niet erg verwonderlijk, want karakteristieke prestatie-indicatoren van een fab
ricagesysteem, zoals de doorlooptijd, vertonen in het algemeen sterk niet-linear gedrag 
in de ontwerpvariabelen. Daarom wordt in dit onderzoek het gebruik van benader
ingsmodellen voorgesteld, die niet-lineair zijn in de ontwerpvariabelen. Deze benader
ingsmodellen worden verondersteld te behoren tot klasse van lineare regressiemodellen; 
dat wil zeggen, modellen die lineair gedrag in de parameters vertonen maar niet-lineair 
in de ontwerpvariabelen mogen zijn. Dit rapport laat zien dat de prestatie van het 
optimaliseringsalgoritme door deze ingreep drastisch kan verbeteren. 

Introductie van lineare regressiemodellen heeft gevolgen voor alle stappen in de 
oorspronkelijke aanpak. Om deze reden, worden alle stappen heroverwogen en herzien 
daar waar nodig. 

Allereerst wordt de regressie-analyse bekeken, alsmede de aannamen die het ge
bruik van regressie rechtvaardigen. De begrippen variantie van de parameterschatters 
en variantie van de voorspelde respons worden geïntroduceerd als eigenschappen van re
gressie modellen. Deze eigenschappen vormen de basis voor het genereren van optimale 
proefopzetten in de volgende stap. Voor de benaderende optimaliseringsstrategie is met 
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VI Samenvatting (in dutch) 

name de regressie van meerdere responsies van belang. Verondersteld wordt dat de 
responsies onderling onafhankelijk zijn zodat standaard beschikbare regressiemethoden 
kunnen worden gebruikt. 

Om de onbekende parameters van de regressiemodellen te schatten, moeten waarne
mingen worden verzameld. Waarnemingen worden gedaan in trainingspunten welke zijn 
vastgelegd in een proefopzet. Binnen dit onderzoek wordt gebruik gemaakt van opti
male proefopzetten. Het voordeel hiervan is dat een willekeurig aantal trainingspunten 
dusdanig over de ontwerpruimte worden gealloceerd, zodat een criterium gerelateerd 
aan een eigenschap van het regressiemodel, wordt geoptimaliseerd. Er wordt gebruik 
gemaakt van een D-optimale proefopzet welke wordt gegenereerd middels een heuristiek. 
Een reeds voorhanden implementatie van twee heuristieken is dusdanig aangepast dat 
één proefopzet gegenereerd kan worden voor meerdere responsies. 

Na het schatten van de parameters vormen de regressiemodellen een niet-lineair 
benaderend optimaliseringsprobleem geldig in een deelgebied van de totale ontwerp
ruimte. Het benaderend optimaliseringsprobleem bevat onzekerheden en wordt daarom 
gecorrigeerd middels een correctie op de benaderende eaustraint functies. Deze cor
rectie is gebasseerd op de variantie van de voorspelde respons en vervangt de be
naderende constraint functies door de bovengrens van het bij de constraint behorende 
95% betrouwbaarheidsinterval. Vervolgens wordt een 'integer nonlinear programming 
solver' gebruikt om het gecorrigeerde benaderende optimaliseringsprobleem op te lossen. 
De oplossing van dit probleem wordt gebruikt om een nieuw deelgebied te definiëren 
waar een nieuw benaderend optimaliseringsprobleem kan worden opgesteld. Voor het 
definiëren van een nieuw deelgebied wordt gebruik gemaakt van een 'move limit' stra
tegie. 

Het herziene algoritme is geïmplementeerd in Matlab. Deze implementatie is getest 
aan de hand van reeds eerder gebruikte testproblemen. De eerste twee testproblemen 
experimenteren met de implementatie van de herziene aanpak. Het derde test pro
bleem beschouwt een analytisch model van een produktielijn en introduceert een re
gressiemodel waarmee de doorlooptijd adequaat benaderd kan worden. Het vierde en 
tevens laatste testprobleem gebruikt een soortgelijk regressiemodel om een produktielijn 
met vier werkstations te ontwerpen. Hierbij wordt gebruik gemaakt van een 'discrete
event' simulatie model. 

De implementatie van de nieuwe herhaald benaderende optimaliseringsmethode is 
succesvol. De implementatie kan zowel met puur lineaire als lineaire regressiemodellen 
overweg. De testvoorbeelden wijzen uit dat in nagenoeg alle gevallen een globaal of 
lokaal minimum, of een buurpunt daarvan, wordt gevonden. Indien adequate regressie 
modellen worden gebruikt, is het ontwikkelde optimalisatie-gereedschap geschikt bevon
den voor het optimaliseren van fabricagesystemen. 
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ai 
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a 
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Chapter 1 

Introduetion 

1.1 Introduetion 

Due to increasing complexity, it becomes more and more difficult to design manufac
turing systems. The Systems Engineering group uses discrete-event simulation models 
to study the behavior and performance of manufacturing system designs. Optimiza
tion of manufacturing system performance using discrete-event simulation is subject of 
this research project. The related problem is referred to as a simulation optimization 
problem. 

Simulation optimization problems involving manufacturing systems usually en
counter three properties which make them difficult to solve. First of all, the objective 
function and constraints are often of stochastic nature, e.g. due to variability in process 
times [HopOO]. Secondly, since the system under study is a manufacturing system, most 
of the design variables (e.g. number of machines in a workstation) can be evaluated 
only at integer values. Finally, when the number of input variables is large andjor the 
simulation model complex, the simulation optimization may become computationally 
expensive. 

1.2 Previous work 

Startingin 1998, Abspoeland co-workers [Abs99, AbsOl] gave the initial impetus to the 
field of optimization of manufacturing systems within the Systems Engineering group. 
Abspoel [Abs99] reviewed available simulation optimization techniques and developed 
an approach suited for manufacturing system problems. This approach is based on 
response surface methodology. It comprehends a sequence of linear approximations 
of objective and constraint functions in combination with a linear mixed-integer pro
gramming algorithm to solve the approximate optimization problems. Abspoel's work 
resulted in an implementation of the approach in Matlab [Matülc]. 

Both Abspoel [Abs99] and Vervoort [VerOO] built several test problems. They con
cluded that the implemented approach is applicable; for many problems they found an 
'optimum' in the neighborhood of the true global or alocal optimum. Notfinding such 
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2 Chapter 1. Introduetion 

an 'optimum' has been attributed to the following factors: linearization errors, the move 
limit strategy and stochasticity. 

1.3 Scope of the report 

This research project continues the development of the sequentia! approximate optimiza
tion approach as initiated by AbspoeL The main improverneut will be the implemen
tation of response surface models that allow to build response surface approximations 
other than strictly linear ones. Abspoel used purely linear approximations; that is, lin
ear approximations with respect to the design varia bles. However, typical performance 
measures of a manufacturing system, such as the cycle time, show highly nonlinear 
behavior with respect to, for example, the number of machines in a workstation. The 
expectation is that with a generalization towards so-called linear regression models, in
stead of purely linear approximations, the performance of the algorithm will greatly 
improve. Linear regression models are linear with respect to the unknown parameters 
in the model, but may be non-linear with respect to the design variables. 

The main contribution of the present work is the generalization of the response
surface-based sequentia! approximate optimization approach to include linear regression 
models. For this purpose, the different steps of the approach as described in [Abs99) 
and [AbsOl) have been revised. The Problem definition and the revised approach are 
discussed in Chapter 2. New Matlab functionality has been developed for the design 
of experiments, the approximate model building and the salution of the approximate 
optimization problem. The theoretica! background and the implementation of these 
new functions are described in Chapters 3 to 6. 

The implementation of the revised approach will be subject to analytica! as well 
as simulation-based test examples to investigate its properties and performance. The 
test examples of Abspoel and co-workers [Abs99, AbsOO, AbsOl, VerOO) will be used 
here as well, such that a direct comparison with Abspoel's approach is possible. The 
results of these experiments are presented in Chapter 7. Special attention is paid to 
simulation optimization problems that try to minimize the mean flow time. Increased 
performance of the approach is demonstrated by the introduetion of a linear regression 
model capable of characterizing the highly non-linear behavior of the flow time. 

Conclusions and recommendations regarding the revised sequentia! approximate op
timization approach are presented in Chapter 8 of this report. 



Chapter 2 

The simulation optimization 
problem 

This chapter discusses the main aspects of the simulation optimization problem. A 
general optimization problem concerns a design model including an evaluation criterion 
and constraints. The best possible design, the salution to the optimization problem, 
needs to be found. The best possible design is named the optimal design and the 
criterion used to find it, is the objective. The objective is a function in the design 
variables of the design model which needs to be minimized. Requirements pertaining 
to the problem are the constraints which are also expressed in terrus of the design 
variables. For an introduetion into general engineering optimization problems is referred 
to Papalambros and Wilde [PapOO]. 

The most charaderistic feature of simulation optimization problems is that the 
design model usually does not contain closed form relations between the design variables. 
That is, the design model relies on an implicit relationship in the design variables. A 
simulation experiment is required to obtain values for the objective and constraint 
functions. The design model is discussed inSection 2.1. 

Since it is too costly to perform experiments on real-life manufacturing systems, the 
behavior of these systems is modeled using discrete-event simulation. These simulation 
models contain stochasticity and therefore it is desired to characterize the stochastic 
response obtained from these simulation models. Simulation of manufacturing systems 
and simulation output analysis is discussed inSection 2.2. A strategy basedon Response 
Surface Methodology (RSM) is used to search for the optimal setting of the design 
variables. Sections 2.3 and 2.4 respectively argue and discuss RSM. 

An overview of the sequentia! approximate optimization approach is presented in 
Section 2.5. The specific contribution presented in, as wellas the requirements needed 
for, this research are both treated inthelast section (Section 2.6) of this chapter. 

3 



4 Chapter 2. The simulation optimization problem 

2.1 Problem Formulation 

The simulation optimization problem of interest is stated as, 

Problem 

minimize: 

subject to: 

p 

E[F(x, R(x, w))] 

E[Gj(x, R(x, w))] ~ Cj, 

x~~ Xi ~ x'f, 
Xi E z, 

j = l, ... ,m 

i= 1, ... ,n 

{2.1a) 

{2.1b) 

(2.lc) 

{2.1d) 

Problem P states that the expected value of objective function F{x, R(x, w)) should be 
minimized subject to m constraints on the expected values of Gj(x,R(x,w)). Herein, 
x denotes a vector containing the n design variables, x= (x1, ... ,xn)T. Each of these 
design variables Xi can take integer values only {2.1d) and are imposed to lower- and 
upper-bounds (2.lc) creating an n-dimensional integer design space, zn. 

Both objective function F(x,R(x,w)) and constraint functions Gj(x,R(x,w)) com
prehend explicit, as well as implicit, evaluation of the design variables. The explicit 
part of the objective can be completely written in terms of the design variables x, while 
the implicit part concerns simulation responses R( x, w). Parameter w represents the 
stochastic effects that are usually present in discrete-event simulation responses. In 
most cases, none of the functions in (2.1a) and (2.1b) will be explicitly known. Ex
amples of both explicit and implicit functions are encountered in the test examples 
presented in Chapter 7. 

Objective and constraint functions 

The simulation optimization problem includes a simulation model, an evaluation cri
terion and constraints. The evaluation criterion is some performance measure for the 
simulation model. The optimal design needs to be found using the evaluation criterion 
that is enclosed in the objective. The problem should also satisfy the constraints which 
are the requirements pertaining to the problem. Both objective and constraints are 
expressed as functions of the design variables. 

Objective function as wellas constraint functions are considered to bedependenton 
simulation responses. For manufacturing systems, typically discrete-event simulation 
models are employed. Most discrete-event models of manufacturing systems contain 
stochastic process time distributions. Each simulation run will produce only estimates 
of the true responses. In Appendix A, that treats simulation output analysis, one can 
see that objective- and constraint- function values are therefore only known with a 
certain margin of error. Both discrete-event simulation models and simulation output 
analysis are discussed in more detail in Section 2.2. 

In most cases the response estimates will be averages of responses measured during 
the simulation run. Theorems state if the number of observations, i.e. the simulation 
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run length, goes to infinity the average value will be normally distributed. Although 
this may not be true in practice, it still provides a reasonable estimate of the true 
behavior. Therefore the responses obtained from simulation experiments are assumed 
to be normally distributed. 

The evaluation of the objective and constraint functions using a simulation model 
is considered to be computationally expensive. Careful planning of a simulation exper
iment is required, such that the number of simulation runs is kept to a minimum. 

Design variables 

Design variables x= (x1, ... ,xn)T are the input variables whose values or settingscan 
be controlled by the experimenter. Presumably, if one changes the settings of the design 
variables, the values ofthe response variables (objective- and constraint function values) 
vary as well. Typical design variables for manufacturing systems are: buffer capacity, 
number of machines per workstation, batch sizes, processing times, sequencing rules 
applied, etc. 

Most design variables are quantitative, like buffer capacity. But design variables can 
be qualitative as well, e.g. the sequencing rule used. The quantitative design variables 
can be subdivided in continuous, discrete and integer design variables. 

Integer design variables are allowed to take integer values only. The number of 
machines in a workstation is a typical example of an integer design variable. Discrete 
design variables may assume only values from a discrete set. In a mechanica! design op
timization problem where only plate thicknesses of 4mm, 8mm and lûmm are available, 
the plate thickness is said to be a discrete design variable. In contrary to integer and 
discrete design variables, continuous design variables are allowed to take any real value. 
All design variables in this research are considered to be integer, see Equation (2.1d). 

2.2 Simulation of manufacturing systems 

In the previous section is stated that objective and constraint functions are dependent 
on simulation responses. These responses are considered to be stochastic. Stochasticity 
is present due to stochastic elements in the discrete-event simulation model, such as 
variabie processing times. Such stochastic elements are modeled as randomly distributed 
variables within the simulation model. The statistica! distributions are realized using 
pseudo-random number generators. Simulation models containing stochastic elements 
are called stochastic simulation models. In this thesis the stochastic simulation models 
are discrete-event models of manufacturing systems. Typical responses of these systems 
are aften based on averages such as the average throughput or flow time. 

The stochastic simulation models are discrete-event systems. The characteristic 
feature of a discrete-event system is that the system is completely determined by a 
sequence of random event times t 1, t 2 , ... , and by the changes in the state of the system 
which take place at these moments ([Resûl]). The specification language x [Kleûl] is 
used to model the dynamica! behavior of discrete-event manufacturing systems. 
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Simulation output analysis 

Since stochasticity is present in the discrete-event simulation models, runs of the sim
ulation model will result in estimates of the expected response value. These estimates 
are realizations of random variables with a certain variance. Therefore it is desired 
to quantify the quality of the estimate, e.g. by computing confidence intervals on the 
calculated mean responses. Hereby two major problems arise. Firstly, the successive 
observations within a simulation run are rarely independent and identically distributed 
(liD) observations. The distributions of the successive observations change over time 
(non-stationary) and the successive observations are correlated with each other (au
tocorrelation). Therefore, classica! statistica! techniques are not directly applicable. 
Secondly, there is a clear trade off between simulation run length ( computational costs) 
and the varianee on the simulation responses (estimated mean values), which are as
sumed to be based on averages. 

Simulation output analysis including computation of averages, variances, confidence 
intervals and determination of run length is described extensively in a.o. [Ale98], [Lawüü] 
and [Resül]. Appendix A presents a summary on these subjects. 

With regard to output analysis two types of simulation exist: 

• Finite-horizon simulations: The simulation starts at a specific state and is run 
until some terminating event occurs. 

• Steady-state simulations: The 'long run' behavior of the system is of interest. 
Performance measures of such a system are called steady-state responses if they 
are realizations of the steady-state distribution of a stochastic output process. 

Performance measures of manufacturing systems such as the average throughput or 
mean flow time are typically steady-state responses. Several methods, see [Ale98], 
[Lawüü] and [Resül ], exist which estimate the steady-state and deal with non-stationarity 
and autocorrelation of successive observations within a simulation run. These methods 
are described in Appendix A.2. From these methods the batch means method is se
lected to be used. The batch means method divides the successive observations of a 
single simulation run in a number of contiguous batches and uses the sample means of 
these batches to calculate point and interval estimators for the estimated mean value. 
The number of observations that form a batch (batch size) should be large enough such 
that the batch means are liD. The batch means method is selected because it has to 
deal only once with the initialization effect. 

The initialization effect is a typical problem for steady-state simulations. The start
ing conditions of a simulation run affect the output data in such a way that the expected 
value for the estimated mean will not equal the true mean. The effect caused by this 
problem can be reduced by discarding initial observations. Appendix A.2 refers to a 
method to determine the number of observations to discard. 

The performance measure of main interest during this research is the mean flow time. 
Both Vervoort [Verüü) and Abspoel [Abs99] observe that the varianee on the mean flow 
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Feedback on the progress 

input Simulation output Optimization 
Model Strategy 

Figure 2.1: The simulation optimization cycle 

time for a specified run length depends on the utilization. In this thesis, the simulation 
run length is set to a constant value for all different simulations determined by the worst 
case scenario, i.e. the design with the highest utilizations. It would he ideal to vary 
the simulation run length with respect to the design. As a result the computational 
costs could he considerably reduced. However, an adequaterelation between utilization 
and varianee would he required. For now is only known that the varianee on the 
mean flow time increases with the utilization more than proportionally [VerOO]. Further 
investigation into such a relation deserves future attention. 

2.3 Simulation Optimization 

Simulation optimization can he defined as a process of finding the best design variable 
values from among all possibilities without explicitly evaluating each possibility [Car97]. 
The values of the objective function and constraints are responses that can only he eval
uated by computer simulation. The optimization problem is generally solved through a 
series of simulation experimentsas can heseen from Figure 2.1. Output of each simula
tion experiment is used by the optimization strategy in order to compute new settings 
for the design variables. With each cycle an improved design should he found until the 
optimization process stops when eertaio stopping criteria are met. 

The objective of simulation optimization is to minimize the resources spent while 
maximizing the information obtained from simulation experiments. The resources spent 
are infiuenced by the problem dimensionality and refer to the computational costs . The 
obtained information refers to the feedback provided to the optimization strategy that 
in turn guides further input to the simulation model as can he seen in Figure 2.1. 
Eventually the output of the optimization strategy should lead to an optimum solution. 

Reviews on Simulation optimization have been provided by Meketon [Mek87], Jacob
son and Schruben [Jac89], Fu [Fu94], Carson and Maria [Car97] and Azadivar [Aza99]. 
Swisher et al. [SwiOO] survey the simulation optimization literature. 

Methodologies 

Frequently used simulation optimization techniques are described in Appendix B. It is 
assumed that the optimization problem is the problem as stated by Equation (2.1). An 
overview of the techniques described is presented in Figure 2.2. 
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Figure 2.2: Simulation optimization methods 

Selection 

From the methods described in Appendix B, Response Surface Methodology (RSM) is 
selected. The main reasans for the use of RSM are stated below. 

First of all, implementation of RSM in the approach by Abspoel [Abs99] gave promis
ing results. Furthermore, RSM uses the simulation model as a black-box, which allows 
the optimization routine to interface directly withand operate on such a black-box with
out intervention of the modeler. Only the inputs and outputs of the simulation model 
are observed, therefore RSM is applicable to all kinds of simulation models ( determin
istic, stochastic, discontinuous). A drawback of the black-box approach is that RSM 
cannot take advantage of the specific structure of simulation models. Therefore, several 
simulation runs are required insteadof one. Unlike other methods in Appendix B, RSM 
does not require derivative information. Derivative information is not availéible from 
the specification language x. Other advantages are the widespread know ledge on RSM 
and the mathematica! ease associated with RSM. This makes the methad easier to im
plement than most methods mentioned in Appendix B. Moreover, RSM does not only 
provide an estimate of the optima! point, but also facilitates the understanding of the 
behavior of the model. A final advantage is that the user can practice direct infiuence 
on the computational effort, by deciding for the number of simulation runs. 

2.4 Response Surface Methodology 

Focus is on the optimization of manufacturing systems by means of simulation. RSM 
will be used as simulation optimization methad and aims at the following three points. 

1. Mapping response surfaces that approximate the behavior of objective and con
straints over a particular region of interest. 

2. Optimization of the response by solving the approximate optimization problem 
that is built from the response surfaces. 

3. Minimization of the computational effort. 

Regarding the first goal, RSM attempts to fit locally response surface models to 
sample observations, data collected from the simulation model. Each response surface 
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model is a mathematica! model of some form and its parameters are estimated using 
regression analysis. The response surface models generated in this way are approxima
tions of the true unknown relationships between the response variabie and the design 
variables. Reeall that the design variables are the infl.uencing factors of the simulation 
model. 

It should be clear that RSM is a set of techniques that encompasses more than 
solely regression. Additional techniques are employed before, while, and after a regres
sion analysis on the data is performed. Preceding the regression analysis the experiment 
must be designed. That is, the input variables must be selected and their values during 
the actual experimentation designated. Designing the experiment is subject of Chap
ter 4. After the regression analysis is performed, certain model testing procedures and 
optimization techniques are applied. This is subject of Chapter 5 and should result in 
the optimal settings for the design variables. 

The setond goal states that the fitted response surface models form an approxi
mation of the true optimization problem which needs to be optimized. However, this 
approximate optimization problem is generally only valid in a subregion of the design 
space. Therefore, the optimizer1 can only be within the subregion where it is valid. 
Since generally only a subregion of the design space is considered, several approximate 
subproblems are needed to find the optimum over the entire design space. 

When one employs RSM, one should always keep the computational effort in mind. 
Each time a response surface model is fitted, one should consider how many sample 
observations are needed to obtain a desired level of accuracy. In general, increasing 
the computational costs will increase the accuracy of the approximations, at least if 
it is done with sense. Statistica! techniques treated in Chapter 3 can be used to say 
sarnething about the quality of the approximations. 

2.5 Sequentia! approach 

As stated in the previous section, approximations are generally only valid in a subspace 
of the n-dimensional integer designspace defined by Equation (2.1c). As a consequence 
a sequence of approximations, and associated optimizations of the approximate sub
problems, is needed to find the optimizer over the entire design space. 

This section presents an overview of the revised sequentia! approximate optimization 
approach and discusses the steps within this approach. Figure 2.3 represents a flowchart 
of this approach, which is basedon the approach by Abspoel [Abs99] . In the remainder 
of this Chapter, all steps in the sequentialapproach, with emphasis on the differences 
that are present compared to the approach presented by Abspoel, are discussed in the 
light of Figure 2.3. The goal of the remainder of this Chapter is to create an overview of 
the sequentia! approximate optimization strategy that is used to solve the optimization 
simulation problem as presented by Equation (2.1). 

1Following [PapOOJ optimizer refers to the the settings of the design variables that belong to the 
optima! design 
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Figure 2.3: flowchart for response-surface-based sequentia! approximate optimization 
approach 
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Problem definition 

The first step in the flowchart is to define the problem. An import issue here is the 
background to the experiment. For manufacturing systems this includes the knowledge 
on performance measures such as work in process, flow time and throughput. These 
measures are extensively described by Hopp and Spearman [HopOO]. The problem 
should be statedas defined in Equation {2.1). It is for the experimenter to decide which 
design variables should be included. These design variables are allowed to take only a 
finite number of integer values {Equations (2.1c) and (2.ld)). 

Approximating functions 

The models relating the responses obtained from the simulation model to the design 
variables are referred to as the approximating response functions. These functions 
should approximate the true but unknown functional relationships for objective and 
constraints as good as possible. This research is focused on functions that belong to the 
class of linear regression models. The form of these models may have a strong influence 
on the accuracy of the approximations and the associated size of the region where the 
approximations are considered to be valid. 

Start design 

An initial guess for the settings of the design variables is needed. This initial design 
should be within the designspace and preferably in the neighborhood of the unknown 
optimum design. M Simulation experiments are performed for this design point to 
obtain estimates for mean and standard deviation of objective function and constraints. 

Move limit strategy 

Around the (start) design a search subregion is defined. Within this subregion a search 
for an improved design is performed. This search subregion is defined by the move 
limit strategy. The move limit strategy defines the bounds of the current search sub
region and applies to all design variables. Generally the settings for the move limits 
are reconsidered for each new approximation and change as the sequentia! optimization 
proceeds. By decreasing/increasing the move limits the approximation can be made 
more/less accurate and applicable over a narrowerjwider region. 

Experimental design 

The experimental design defines simulation experiments to he performed within the 
search subregion defined in the previous step. The simulation experiments are defined 
by allocation of the design points in the search subregion. Each design point assigns 
an integer level (value) to each of the design variables and is often referred to as a 
treatment. The size of the experimental design N is constrained by the computational 
costs. In general, an increase in the number of treatments N effects an increase in the 



12 Chapter 2. The simulation optimization problem 

accuracy of the approximations but also in the computational effort. Preferably, those 
treatments are included such that the approximating response functions are fitted best. 

Simulation 

Response values follow from simulation runs defined by the experimental design. Simu
lation experiments are performed for each treatment resulting in values for objective and 
constraint functions. The obtained responses should satisfy several assumptions to be 
of good use. The results of the experiment can be summarized in tables or graphically 
investigated. 

Build approximate subproblem 

The parameters of the approximating response functions are estimated using regres
sion techniques. Closed form functional relationships for objective and constraints are 
obtained as a result. These relationships produce estimates for the objective function 
and constraints which are valid in the current search subregion. If the approximations 
turn out to be inaccurate, one has several options to increase the accuracy. The first 
possibility reconsiders the farm of the approximating response function such that a bet
ter fit may be possible. Other options are an increase in the number of treatments 
of the experimental design or narrowing of the move limits such that more accurate 
approximations may be generated over a smaller search subregion. 

Solve approximate subproblem 

The approximating functions for objective and constraints define an approximate opti
mization subproblem. The subproblem is expected to contain nonlinearities. Moreover, 
the subproblem contains uncertainties due to stochasticity present. Therefore, the sub
problem is corrected such that the chance of erroneously finding an infeasible salution 
is decreased. Correction of the subproblem is clone by tightening the constraints. Since 
all design variables are restricted to integer values only, the corrected approximate op
timization subproblem can be solved using an integer nonlinear programming solver. 

Acceptance of the solution 

If a salution for the approximate subproblem is found, it should be verified whether or 
nat this salution should be accepted. For that purpose the salution is compared with 
the previous solution(s). A salution is accepted ifit is an improved or at least equally 
good salution and nat previously found. Furthermore, the salution should be feasible 
unless all previous solutions were unfeasible. In the latter case a salution is accepted if 
the maximum eaustraint vialation has decreased. 

Stopping criteria 

If the problem satisfies its stopping criteria, then the optimization is terminated. This 
occurs when it is unlikely that further impravement of the current design will be found. 
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If the optimization does not terminate there are two possibilities: 

• If the stopping criteria are not met and the design is accepted, then the design is 
used as starting point of a new optimization cycle. 

• If the stopping criteria are not met and the design is not accepted, then the cycle 
is repeated (iterated) with a repositioned or reduced search subregion. 

2.6 Contribution and requirements 

The main contribution of this research is the introduetion of linear regression models. 
As a result, all steps in the sequentia! approximate optimization approach proposed by 
Abspoel [Abs99] are revised. This section discusses the requirements for the revised 
approach and the contribution presented in this report. 

In the approach by Abspoel the choice of modelsis very limited. The experimenter 
can only decide which design variables to include in the pure linear regression model. 
For linear regression models one is given much more freedom regarding model choice. 
Non-linearities with respect to the design variables may be included in the regression 
model as long as the model stays linear with respect to the model parameters. Therefore, 
one is able to choose approximating response functions that are much more capable of 
following the true response in the region of interest. However, careful selection of the 
regressar variables that build these approximating response functions is required. In 
Chapter 7 approximating response functions are used that seek to match the behavior 
of the flow time in manufacturing systems. 

The design of experiments for pure linear regression models is straightforward. If 
multiple regression models are required to share the same design of experiments, also 
no difficulties arise. However, if linear regression models are used, experimental design 
is less straightforward and each model asks for a specific design of experiments. Thus, 
a functionality is required that is able to create a single experimental design suited for 
multiple linear regression models. 

If the parameters of the linear regression models are estimated, an approximate 
optimization subproblem is generated. In contrary to the approach by Abspoel this 
subproblem is not linear. The integer linear programming solver used by Abspoel is not 
sufficient and should be replaced by a nonlinear variant. Solving a nonlinear problem 
creates new opportunities in correcting the approximate optimization subproblem for 
uncertainties present in the approximating functions. In this research the correction of 
the subproblem is revised. 

This research can also contribute to the development of an improved move limit 
strategy. The move limit strategy developed by Abspoel is quite conservative. With the 
use of improved approximations it should be investigated whether or not the sequentia! 
approximate optimization approach can do with a less conservative strategy. 

Summarizing, the main contribution of this research lies in the introduetion of lin
ear regression models in the sequentia! approximate optimization approach proposed 
by AbspoeL A revised approach is proposed and all steps in the revision are stuclied 
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in detail. The main implications are found in the design of experiments and, forming 
and solving the approximate optimization subproblem. Also, achievements in all other 
steps are made. Finally, the revised approach is implemented in Matlab. The imple
mentation is subject to several test problems. These test problems are used to test 
the properties and performance of the sequentia! approximate optimization approach. 
Special attention is for approximations of the flow time. 



Chapter 3 

Regression approximations 

Regression analysis is a statistica! technique for rnadeling and investigating the rela
tionship between two or more variables. It is used to fit a model by which the response 
for arbitrary settings of the design variables is predicted within the design space. Such 
roodels are built for objective and constraint functions and consist of several model 
terms. Each model term includes a parameter and a functional expression in one or 
more of the design variables. The parameters are initially unknown and estimated by 
regression analysis. Hereafter these fitted roodels are used for optimization of the re
sponse. These roodels are usually referred to as response surface models, regression 
models, approximating models, or approximating response functions. 

Before discussing the actual regression technique (least squares) and linear regression 
models, approximation roodels in general and associated errors are explained. From 
that, assumptions justifying the use of least squares follow. Henceforth linear regression 
roodels are discussed in detail including varianee of the parameter estimates and varianee 
of the predicted value of the response. Both types of varianee are closely related to the 
experimental design treated in Chapter 4. Multi-response roodels are the last subject of 
this chapter. These roodels are of interest since approximations are needed for as well 
objective function as constraint functions; thus, there will be several response variables 
that are under investigation simultaneously. 

3.1 Approximation and error 

To describe the exact relationship 'fJ between a response variabie y and a set of design 
variables x= (x1, x2 , ... , xn)T an approximation is used. Where the exact relationship 
between. response and design variables laid down by a simulation model is, 

E(y) = TJ(X), (3.1) 

one wants to use an approximation for the relationship 

TJ(x) ~ 4>(x, ~) (3.2) 

15 
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oversome region of interest R(x). This region is a subspace of the designspace defined 
by Equation (2.1c). The response y is approximated by rp(x, {3), where rp is a continuous 
function from R(x) to IR affected by n design variables denoted by the (n x 1) vector x 
and p parameters described by the (p x 1) vector f3. The vector parameter f3 is unknown 
and estimates for f3 are obtained by implementation of least squares. The approximation 
model can arise from a theoretica! relationship. If no theoretica! knowledge on the 
relationship between the design variables exists, the model choice should be based on 
inspeetion or initia! experimentation. 

To examine the approximating response function rp(x,/3), the responses of the sim
ulation model (the exact relationship ry(x)) and the approximation are evaluated for N 
treatments. Each treatment produces an observation of the true response, the response 
value following from the simulation model, as well as a predicted response value follow
ing from the approximating response function. The results are depicted in two (N x 1) 
vectors, the vector of observations y = (y1, ... , YN )T and the ~ector of predicted re
sponse values cp(x, {3) = ( rp1 (x, {3), ... , r!JN(x, {3) )T. Since the simulation model contains 
stochastic elements, the simulation experiments will contain random errors denoted by 
€ = (E1, E2, ... , EN )T. The exact relationship for stochastic simulation modelscan now 
be written as, 

y = 1J(x) + €. (3.3) 

Now using the approximating response function 

y = cl>( x, {3) + ó(x) + €, (3.4) 

where ó(x) equals 17(x) - cp(x, {3), it becomes clear that two types of errors can occur. 

• Random errors € due to the stochastic effects. 

• Modeling error (or bias) ó(x) due to misspecification of the model. 

To justify the use of least squares, some assumptions regarding both errors should be 
made. 

Assumptions 

To use an approximating function rp(x, {3), its parameters f3 must be estimated. For that 
purpose the regression model is fitted to data obtained from a simulation experiment 
using least squares. 

Estimation of the parameters using least squares requires several assumptions re
garding bath random and rnadeling error. The random errors € are assumed to be 
uncorrelated random variables with mean zero and equal variance. Furthermore these 
random errors are assumed to be independentand normally distributed. Equation (3.5) 
denotes these assumptions. 
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E(Ei) = 0 

Var(Ei) = a 2 

Cov(Ei, Ej) = 0 

i= 1, ... ,N 

i= 1, . .. ,N 

i, j = 1, ... , N, i =I= j 
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(3.5a) 

(3.5b) 

(3.5c) 

Usually it is not very realistic to assume constant varianee (Equation (3.5b)) for 
simulations containing randomness. Both Abspoel [Abs99] and Vervoort [VerOO] noticed 
that varianee on the response varies for different input combinations. In spite of this 
fact the equal varianee assumption is still assumed to be valid. Justification fortheuse 
of this assumption is inherent to the fact that the regression approximations are only 
valid in a subspace of the design space. In small subspaces the variances are assumed to 
be constant. If these assumptions do not hold, the generalized least squares methad can 
be used as an alternative to the (ordinary) least squares I.llethod which is used during 
this research. Generalized ieast squares are described by Khuri and Cornell [Khu96] 
and Montgomery and Runger [Mon99]. 

The rnadeling error is assumed to be absent. That is, the regressar model used 
to relate the design variables is assumed to be correct and therefore behaves similar 
to the simulation model. A correct model implies that all important design variables 
are included in the correct form and that it does not include any unimportant design 
variables. As a result, the true response is a function of the approximating function plus 
disturbance in the form of white noise defined in Equation (3.5). If a rnadeling error 
is nevertheless present , Box and Draper [Box87] demonstrate that biased estimates for 
the parameters will be produced and the estimator of a 2 will be biased upward. Both 
the parameters estimates and a 2 are discussed further on in this chapter. 

To justify the use of least squares the assumptions regarding random and rnadeling 
error need to be validated. Analysis of the residuals can be performed to check whether 
the errors are approximately normally distributed with constant variance. The residuals 
from a regression model are defined as ei = Yi - fli, i = 1, 2, ... , N where Yi is an 
observation and Yi the corresponding fitted value from the regression model. To check 
the normality a histogram or a normal probability plot of residuals can be made. To 
verify the constant varianee assumption the residuals can be plotted in time sequence, 
against Yi and against each of the design varia bles. The adequacy of the regression model 
can be judged by the coefficient of determination or by a lack-of-fit test. The coefficient 
of determination represents the amount of variability in the observations accounted 
for by the regression model1. For the lack-of-fit test, a test-statistic is computed with 
the null hypothesis that the model adequately fits the data. lf the null hypothesis is 
rejected the model is not very adequate and a more appropriate model should be used, 
else the proposed model is adequate enough. Both the coefficient of determination and 
the lack-of-fit test are described more extensively by Montgomery and Runger [Mon99]. 

1 The coefficient of determination always approaches unity if enough model terros are added, therefore 
it should be used with care. 
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3.2 Regression 

For the regression model rp(x, {3) holds that the response variabie y is related to an 
arbitrary number of k known regressor variables and an arbitrary number of p unknown 
parameters, which are called the regression coefficients. The regressor variables are 
functions in terms of the design variables x and also referred to as model terms. With 
use of regression technique, the method of least squares, estimates can be made for {3, 
so as to minimize the sum of squares of the N discrepancies Yi- rp(xi, {3), 

N 

S(f3) = l)Yi- r/J(xi,/3))2 (3.6) 
i=l 

The function above is called the sum of squares function. The choice of f3 that 
minimizes S(/3), is called the least squares estimate and is denoted by /3. Ifthe regression 
model riJ( x, {3) is linear in its parameters, explicit expressions for the estimates /3 can 
be found. Else the parameter estimates can be found iteratively. 

The choice of the regressor variables is of influence on the accuracy of the approx
imation, a good choice of them improves the accuracy and makes the approximation 
applicable over a wider region of the design space. Therefore it is of importance to 
use engineering knowledge in order to construct a regressionmodel descrihing the true 
functional form of the response adequately. 

The linear regression model and matrix notation 

For convenience the mathematica! expressions will be in matrix notation in the remain
der of this report. Besides that, only models linear in the parameters will be considered. 

For regression models linear in the parameters, the number of parameters p equals 
the number of regressor variables k. A linear regressionmodel does not necessarily has 
to be linear in the design variables, nor has the shape of the surface it generates to be 
linear. The only requirement for a regression model to be linear is that it is linear in 
its parameters. 

For the purpose of illustration and to adept matrix notation the following linear 
regression model is considered. Suppose there are k regressor variables and N obser
vations. The parameters are denoted by f3o ,fh, ... ,{h and the corresponding regressor 
variables are chosen as (1, x1 , x2, ... , xk), such that k equals the number of design vari
ables n. In this way a multiple linear regression model is created that is also linear in the 
design variables. The model relating the regressor variables to the response including 
the random error may be written as 

This model, which consistsof N equations can be written in matrix notation as, 

y = Xf3 + e (3 .8) 
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where 

x= [ ~1: :~: 
XNl XN2 

• = [~tI 
The ( N x 1) vector y contains the observations, X is the ( N x p) extended design matrix, 
/3 is the (p x 1) vector with the regression coefficients and e is the (N x 1) vector of 
random errors. 

The least squares estimate of /3 in matrix notation given by [Mye95], 

(3.10) 

As a result the predicted response can be calculated using the fitted regression model, 

(3.11) 

where fT (xi) = [1 , Xil , Xi2 , . .. , Xi k] , one of the rows in the extended design matrix X. 
Equivalently all predicted response values for the treatments defined in the experimental 
design can be defined as, 

y=XS. (3.12) 

From Equation 3.10 it can heseen that the (p x p) matrix xrx plays an important 
role in estimating the model parameters. Matrix xrx is referred to as the information 
matrix, Section 3.3 shows how the information matrix relates to important properties 
of the least squares estimators S. 

3.3 Properties of the regression approximation 

The question remains if the generated approximating response function is an accurate 
representation of the true unknown model. lt is desired to measure the model adequacy 
and to verify how well one prediets with the fitted model. The model adequacy can 
be measured by constructing confidence regions on the estimated parameters. For that 
purpose the covariance matrix of S is required. The quality of the prediction can be 
reflected by the varianee on the predicted response. Both covariance matrix and varianee 
on the predicted response are closely related to the information matrix defined in the 
previous section. 
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Covarianee matrix and varianee estimator 

If the assumptions (Equation( 3.5)) are satisfied then /3 is an unbiased estimator of f3. 
Then, the variances of /!Jare expressed by the elements ofthe covariance matrix [Mye95], 
the inverse of the information matrix times the constant a2 . 

(3.13) 

The (p x p) covariance matrix of /3 is a symmetrie matrix whose jjth element is the 
varianee of ~j and whose ijth element is the covariance between ~i and ~j, where 
i,j = 0, 1, 2, ... ,pand i i= j. 

Since the varianee is unknown, an estimator is used for a2 which is the mean square 
error of the fitted response surface-defined as the sum of squares of the residuals 
divided by the N-p degrees of freedom [Mye95]. 

~ 2 2.:?=1 (Yi - i/i) 2 

a = ==~----'-
N-p 

(3.14) 

This estimator is aften referred to as the error or residual mean square. 
The varianee of parameters Var(.êo, ,811 ... , ,Bk) is a measure for the accuracy of 

the estimator /!J. Constructing a confidence region for the estimated parameters pro
vides insight in the model adequacy and is discussed extensively by Myers and Mont
gomery [Mye95], Box and Draper [Box87], Atkinson and Donev [Atk92] as well as by 
Khuri and Cornell [Khu96]. The generated confidence region takes the shape of an 
ellipsoid, the content of this ellipsoid should be minimized in order to produce accu
rate parameter estimates and is closely related to the information matrix. The fact is, 
that the length of the axes of the ellipsoid are proportional to the square roots of the 
eigenvalues of (XTx)- 1 , which are the reciprocals of the eigenvalues of the informa
tion matrix xrx. Since the determinant IXTXI is proportional to the product of the 
eigenvalues of xrx, it should be maximized resulting in a confidence region of small 
content. Experimental designs which maximize IXTXI are referred to as D-optimal 
designs. D-optimal designs are discussed in Chapter 4. 

Also the shape of the confidence region depends u pon the information matrix xrx. 
Orthogonal designs, xrx is diagonal, produce ellipsaids where the axes of the ellipses 
are parallel to the co-ordinate axes. If the matrix xrx has non-zero off diagonal 
elements (is not orthogonal), the axes of the ellipses do not lie along the co-ordinate 
axes and the axes are of different length. This results in parameter estimates with very 
different variances. Such a design, in which the eigenvalues differ considerably, will 
typically produce long thin confidence ellipsoids. There are design criteria which take 
the above into account, they will also be treated in Chapter 4. 

Varianee of the predicted value of the response 

The varianee of the predicted response can provide a rough idea about the relative 
quality of the predicted response in various locations in the design region R(x). When 
the varianee of the predicted response is calculated fora specific design point, it can be 
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used in constructing confidence limits around the predicted response at that point. If 
the assumptions given by Equation (3.5) are valid, the prediction variance, or varianee 
of a predicted value is given by [Atk92], 

(3.15) 

where the vector fT (x) represents one of the rows in extended design matrix X; that is, 
the design vector x expanded to the model space. As a consequence Var{y(x)} varies 
from location to location in the design space. Moreover presence of (Xrx)-1 indicates 
that the predicted varianee is dependent on the experimental design. Again, a2 (see 
Equation 3.14) is used as an estimator for a 2. 

When comparison of designs is of interest, it is convenient to scale the prediction vari
ance. This can be accomplished by division by a2 and multiplication by N what allows 
for varianee on a per observation basis, this is called the standardized varianee [Atk92]. 

d( c ) = N Var{y(x)} 
x,.."N A 2 , 

a 
(3.16) 

where ÇN denotes an N-point experimental design, see Chapter 4. The standardized 
varianee will be of interest when experimental designs will be generated in Chapter 4. 
In Chapter 5 the varianee of predicted response will be used to compute confidence 
limits for the approximated constraints. It will be shown that a 100(1- a)% confidence 
interval on the mean response is given by, 

(3.17) 

where ta;2,N-p represents a quantile ofthe t distribution with N-p degrees offreedom. 

3.4 Multi-response Models 

Until now experimentation involved a single response variable. However, in the problem 
definition (Equation (2.1)) multiple functions are.involved. Approximating functions for 
both objective and several constraints need to be fitted to simulation responses. An 
experiment in which a number of responses are measured simultaneously for each setting 
of a group of design design variables, is called a multi-response experiment. 

Linear multi-response model 

The objective for multi-response experiments is to estimate the unknown parameters 
of multiple regression models simultaneously. That is, one design of experiments is 
shared by all regression models. Let there be N experimental runs and consider l linear 
regression models, 

(3.18) 
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where Yh is an (N x 1) vector of observations on the hth response. Xh Is an (N x Ph) 
design matrix of rank Ph· {3 h Denotes the (ph x 1) vector of unknown constant parameters 
and €h is the (N x 1) random error vector associated with the hth response. 

Assumptions 

For each of the individual regression models in Equation (3 .18), the assumptions re
garding eh, Equations (3.5a)-(3.5c), must be satisfied, 

E(eh)i = 0 

Var( eh)i = a~ 
Cov{(eh)i, (eh)j} = 0 

i=1, ... ,N, h=l, .. . , l 

i= 1, ... , N, h = 1, ... , l 

i,j = 1, ... , N, i i= j, h = 1, ... , l 

Reeall that these assumptions state that the random errors of observations on the same 
responses are assumed to be uncorrelated random variables with mean zero and equal 
variance. Regarding multi-response experiments an additional assumption needs to 
be satisfied. This assumption states that the random errors of various responses are 
uncorrelated (independent). This additional assumption is expressed as, 

Cov{ep,eq} =0 p,q= 1, ... ,l,pf=q (3.20) 

This last assumption seems not very realistic, however for mathematica! ease this as
sumption is considered to be valid . If the above assumption does not hold, then is 
referred to Khuri and Cornell [Khu96). They describe a methad to estimate the best 
linear unbiased parameter estimates that takes correlation of random error variables 
between various responses into account2 . If one uses the methad proposed by Khuri 
and Cornell, then one should be aware of the fact that the formulas for the covariance 
matrix and the varianee of predicted response, defined respectively in Equation (3.13) 
and Equation (3.15), should be adapted. 

Parameter estimation 

If the assumptions defined for multi-response models hold, then the parameter esti
mates can be simply computed for each of the l regression models separately using 
Equation (3.10), 

(3.21) 

2In order to take the correlation of the random error variables between various responses into account, 
one should know or estimate their covariances. If t"he covariance structure is known or estimated, then 
extra information is available that results into a better fit for each of the regression models. Not making 
using of a covariance structure can still result in good parameters estimates although better estimates 
can be obtained if the covariance structure is taken into account. In contrary, the use of an incorrect 
covariance structure can lead to very poor estimates of the parameters. 
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The parameter estimates fh are the same as the parameters that would be abtairred 
from the ordinary least-square estimator by fitting the hth model individually (h = 
1, 2, ... , l). Thus, the main difficulty with multi-response modelsis nat in the parameter 
estimation. The main difficulty lies in the design of experiments which is discussed in 
the next Chapter. Alll models must share the samedesign of experiments. 

3.5 lmplementation 

From the Matlab statistica! taalbox [Matüla] the function regress is used to estimate 
the parameters for each regression model. Given the extended design matrix X and the 
responses y, this function returns the estimated parameters ~; their 95% confidence 
intervals; the residuals and a 95% confidence interval for each residual, and a vector 
with the coefficient of determination, the F-statistic (for the hypothesis test that all 
the regression coefficients are zero) and corresponding p·value. Matlab functions reaplot 
and normplot can be used to analyze the residuals as discussed inSection 3.1. 

3.6 Summary 

Chapter 3 introduces the reader into regression analysis and linear regression models. 
Regression models are used to relate the design variables to a response variable. Linear 
regression models are linear in the parameters, nat necessarily linear in the design 
variables. Linear regression models are capable of characterizing nonlinear behavior of 
the response variabie with respect to the design variables. Emphasis in this chapter 
is on properties of the regression approximations which will play an important role 
in Chapter 4. Regression approximation properties introduced in Section 3.3 include 
the varianee of the parameter estimates and varianee of the predicted response. The 
varianee of the parameters estimates is a measure for the accuracy of the estimates. 
The varianee of predicted responses refiects the quality of the prediction over the design 
region. Section 3.4 discusses multi-response regression models. That is, simultaneous 
fitting of multiple regression models. Throughout the chapter, assumptions regarding 
random- and modeling- error, justifying the use ofregression, are closely watched. Model 
bias assumed to be absent. The random errors are assumed to be uncorrelated random 
variables with zero mean and equal variance. Moreover, random errors of multiple 
responses are also assumed to be uncorrelated. 
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Chapter 4 

Design of Experiments 

Design of experiments (DOE) concerns the planning of the simulation experiment in 
such a way that the regression approximations following from Chapter 3 may be fitted 
best. For that purpose a lirriited number of treatments N must be selected from all 
possible treatments. Reeall that a treatment ( or design point) assigns an integer value to 
each of the design variables. The candidate treatments Ne are all integer design points 
in the region of interest R(x). The selected treatments define the experimental design. 
Each treatment defines a simulation run and results in an observation of the response( s). 
Due to the integer restrietion (see Equation( 2.1d)), the number of candidate points in 
the region of interest, a subspace of the design space, is restricted to a finite value. 

In the context of the current research, the designed experiment should retrieve as 
much relevant information from the simulation model as possible while minimizing the 
computational effort. The simulations are considered to be computationally expensive 
and therefore the number of treatments should not be excessive. The relevanee of the 
obtained information depends on the model structure of the approximating function 
and the allocation of the treatments in the region of interest. That is, each specific 
approximating model asks for a unique experimental design. An extra difficulty is 
posed, if multiple responses follow from the simulation model. 

Chapter 4 introduces the class of experimental designs that will be used for the linear 
regression model based sequenti'al approximation approach. The chapter is outlined 
as follows. Section 4.1 defines the experimental design. Optimal designs and their 
optimality criteria are discussed in Section 4.2. Algorithms suitable for constructing 
these optimal designs are treated in Section 4.3. Section 4.4 deals with the difficulties for 
multi-response experiments. Implementation and testing of the algorithms is presented 
in Sections 4.5 and 4.6. Section 4. 7 gives a brief summary. 

4.1 Experimental Design 

To define an experimental design, it is assumed that N independent observations can 
be made. These observations are made at s distinct design points denoted by xi, i = 
1, ... , s where Xi = (xil ... , Xin)T E R(x). The number of design variables is denote 
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by n. The number of observations made in design point Xi equals ri. If more than 
one observation is made for one of the distinct design points, a treatment is repeated. 
Repetitive observations of a treatment will vary about a mean due to the stochastic 
nature of the simulation model. Therefore, repetition of treatments will increase the 
quality of the approximation. The experimental design is denoted by é,N, where N 
refers to the number of treatments. Following the notation of [Ber99], the experimental 
design can be denoted by a collection of variables, 

é,N = (xl ... 'Xsi rl, ... 'rs; N), (4.1) 

where :E:=l ri = N and Xi E R(x), i = 1, ... , s. Clearly, in order to create a practicabie 
design the number of observations made in a design point should be an integer number. 
Designs for which ri E Z are referred to as exact designs é,N. In contrary, also discrete 
designs exist. For discrete experimental designs, the number of observations per de
sign point is not restricted to integer values. Continuous designs are an even further 
generalization of the experimental design, the experimental design is characterized by 
a probability measure over R(x). Exact, discrete and continuous designs are discussed 
in Appendix C.l. 

All design points defined by Equation (4.1) can be denoted in the (N x n) experi
mental design matrix D, 

x u 

x u 
X21 

D= 
X21 

Xsl 

Xsl 

Xln 

X!n 

X2n 

X2n 

Xsn 

Xsn 

} r1 times 

} r2 times 

} r, times 

(4.2) 

The (N xp) extended design matrix X in Equation (3.7) follows from the design matrix 
D in Equation (4.2). The design points in Equation (4.2) are transformed from the 
design space to the model space resulting in the extended design matrix. Thus, the 
experimental designDis of direct influence on the extended design matrix X. Therefore, 
also the quality of the estimated model parameters, as well as the predictive quality of 
the regression model, are dependent on the experimental design. Reeall that both the 
quality of the estimated model parameters and the predictive quality are properties of 
the fitted approximation model. These properties are already discussed in Section 3.3. 



4.2. Optima] designs 27 

Traditional designs versus optimal designs 

Experimental designs can be constructed using a traditional design or an optima! de
sign (other experimental designs are available but not treated in this research). Tradi
tional designs allocate design points in a structured way, according to a predetermined 
pattern. Optima! designs in contrary allocate an arbitrary number of design points 
according toa eertaio criterion which optimizes the design according to that criterion. 

Numerous traditional designs have been developed over the years. Some of the 
most well known are the (fractional) factorial design, simplex design, central composite 
design and Box-Behnken design, all discussed in detail by Montgomery [Mon97]. All 
these designs have specific properties and are often suited for particular approximating 
functions, e.g. quadratic models. For the current research traditional designs seem not 
suitable and the choice for optima! designs is more appropriate. Situations which make 
optimal designs preferabie are described by Schoofs [Sch87] and listed below, 

• The region of interest is irregularly shaped. 

• It is needed to augment or repair an existing design. 

• The number of levels for the design variables varies considerable. 

• Designs have to be constructed for models other than polynomial models. 

• Designs have to be constructed for simultaneous observation of several responses. 

With exception of the first situation, only cubic search regions are considered within 
this research, all of them can occur. Especially the last two situations are charaderistic 
in the context of the current research. 

These situations indicate the use of optima! experimental designs. Furthermore some 
other reasons/situations, that prefer optima! experimental designs above traditional 
designs, can be identified. First, optima! designs offer the possibility of identifying the 
most appropriate design for arbitrary linear regression models and an arbitrary number 
oftreatments N whereas traditional designs are much more inflexible. Next, exponential 
growth of the number of treatments for increasing number of design variables makes 
traditional designs undesirable. Possibilities to reduce the number of treatments for 
increasing number of design variables are very limited. In contrary, optima! designs 
offer the possibility of identifying the most appropriate design for an arbitrary number 
of treatments N. Moreover, there is the possibility to link the number of treatments to 
the number of parameters in the experimental design. This offers the experimenter a 
guideline in selecting the number of treatments N. 

4.2 Optimal designs 

Optima! experimental designs optimize the experimental design with respect to a certain 
criterion: those N treatments are selected from all candidate treatments Ne such that 
the selected criterion is optimized. Optimization criteria of interest are based on the 
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varianee of the estimated parameters or the varianee of the estimated response. Reeall 
from Chapter 3 that covariance matrix and standardized varianee are defined as, 

Cov({J) = CT2(xrx)-1 

and 

d(x,ÇN) = Nfr(x)(xrx)-1f(x). 

In both cases the quality of the design is related to the inverse of the information 
matrix (xrx)-1. The design that minimizes (xrx) - 1 over all possible designs is 
searched for. In that way, the information contained by the design is maximized. Since 
there is nota unique measure for the smallness of (Xrx)-1 , various criteria are available 
which minimize (xrx)-1 somehow or other. These criteria are referred to as design 
optimization criteria. These criteria are characterized by letters of the alphabet. The 
optimality criteria below are defined for fixed values of the number of observations N. 

D-optimal design 

A D-optimal design is one that minimizes the determinant JXTX-1
1 which is equivalent 

to the maximization of JXTXJ, i.e. the so-called generalized varianee of the parameters 
estirnates is minimized. As described in Section 3.3, this can be accomplished by min
imization of the product of the reciprocals of the eigenvalues of xrx, À1, . . . 'Àp· For 
the confidence ellipsoid mentioned inSection 3.3 it means that its volume is minimized. 
For an exact experimental design f.N, D-optimality is defined as: 

p 1 
D- optimality : min ll ~ 

i=1 t 

(4.4) 

The counterpart of the D-optimal design is that other properties, than only the 
minimization of the confidence region, may be of interest. D-optimality does not address 
the shape of the confidence region. Small, thin ellipsaids oriented along or close to 
the parameter axes will result in poor estimation of one or more of the parameters. 
Their variances will be large. If the ellipsoid is oriented at an appreciable angle to the 
axes, contrast in the parameters will be imprecisely estimated. A- and E- optimality 
anticipate to these shortcomings. 

A-optima! design 

A-optimality comprehends the minimization of trace(Xrx)-1 , minimization of the sum 
of the eigenvalues of (xrx)-1 . This means minimize the average of the variances of 
the parameters estimates which is equivalent to: 

p 1 
A- optimality : min L ~ 

i=1 t 

(4.5) 
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A-optimality is less commonly used as a criterion than D-optimality. This is mainly 
because A-optimality is computationally more difficult. 

E-optimal design 

An E-optimal design is achieved if the maximum eigenvalue of (XTx)-1 is minimized, 

E- optimality : min max( ;i) (4.6) 

As a result, this criterion minimizes the least well estimated contrast, where a contrast 
is defined as the total effect of a design variable. 

Where D-, A-, and E- optimality refer to the varianee of the parameters estimates, 
G- and V- optimality refer to the standardized variance. 

G-optimal design 

A G-optimal design minimizes the maximum value of the standardized varianee over 
the region of interest R(x). For this reason the G-optimal criterion is often referred to 
as the min-max criterion. For an exact design f.N, G-optimality is defined as: 

G-optimality: min max d(x,f.N) 
xE'R.(x) 

(4.7) 

As well as V -optima! designs, it is a useful design if the main purpose is response 
estimation. The G-criterion is to be used if only few estimates are to be made and if 
the deviation between estimation and observation is not too large [Cam90]. 

V -optima! design 

The last design criterion treated in this sectionis V-optimality which is an alternative 
to G-optimality in which the average of the standardized varianee over the design region 
R(x) E zn is minimized. 

Ne 

V- optimality : min ~ L d(xi, f.N) 
c i=l 

(4.8) 

where Ne refers to all possible treatments x1, x 2, ... , X Ne in the region of interest. In 
contrary to the G-criterion, it should be used when many response estimations are to 
be made [Cam90]. 

Most standard designs are relatively easy to construct. However, designs based on 
the optimality criteria mentioned above, can in general only be constructed with the aid 
of computers. Section 4.3 discusses the algorithms used to compute optima! designs. 
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Selection 

From the design criteria discussed, the D-optimal criterion is selected. This choice 
does not seem appropriate at first sight since response estimation is of main interest. 
Therefore, the use of G- or V -optimal designs is expected. Motivation for the use of 
D-optimal designs is as follows. 

A-, E- and V optimal designs miss a property that makesD-or G-optimal design 
favorable. D- and G-optimal designs do not depend upon the scale of the design vari
ables; they are insensitive to linear transformations, where the other criteria are not. 
However, if scaled variables were used, units of measurement becomes irrelevant and 
either of the design criteria could be used. 

Reasons to prefer D-optimal design above G-optimal designs arealso available. Van 
Campen, Nagtegaal and Schoofs (Cam90] mention that the D-criterion is more suitable 
if the number of design variables and/or number of discrete levels is very large, or if 
multiple responses are involved. In these cases the main advantage of D-optimal designs 
is in the computational ease and computing time. Both cases are very likely to occur 
for optimization problems in relation to manufacturing systems. Furthermore Atkinson 
and Donev (Atk92] as well as Mitchell (Mit74] note, from the practical point of view, 
that D-optimal designs perform well according to the other design criteria in most cases. 

The last reason that motives the choice for a D-optimal is its close relationship to 
the G-optimal design. In special cases an exact N-point design f.N (see Equation (4.2)) 
can be D- and G-optimal at the same time. So-called continuous D-optimal designs 
Ç* (Appendix C.l) are always also G-optimal. This is one of the results of the general 
equivalence theorem by Kiefer and Wolfowitz (1960). Actually this theorem is the cen
tral result on which the optimum design of experiments depends. Optimal design theory 
and the general equivalence theorem are treated in Appendix C.l. In Appendix C.3 the 
performance of exact designs is compared with the performance of the corresponding 
continuous optimal design. 

The close relation between both design criteria also follows from the next section 
where the varianee of predicted response, a design property related to the G-criterion, 
is used to construct D-optimal designs. Minimization of the D-criterion is done by an 
algorithmic procedure. This procedure employs a certain search strategy in order to · 
find the best design. 

4.3 Design optimization algorithms 

The main target of the design optimization algorithm will be to determine that exact 
N-point experimental design that obeys best to the selected design criterion. The N 
design points are selected from a finite set of candidate points Ne which consist of all 
integer design points in 'R(x), which is defined by the move limit strategy. Due to the 
integer restrietion the number of candidate points is finite and therefore it is possible to 
generate and evaluate all possible designs. It should be clear that this is only an option 
if the number of design variables and corresponding number of integer levels as well as 
the size of the design (N) are not too large. To overcome this problem various salution 



4.3. Design optimization algorithms 31 

strategies are available. Solution strategies are subdivided in the following four classes 
by van Campen, Nagtegaal and Schoofs [Cam90]: 

1. Generate all possible experimental designs. This tnethod requires much compu
tation time and is therefore only feasible for small values of N. A similar method 
has been developed by Welch [Wel82]. This method does not evaluate all possible 
designs but uses a branch-and-bound strategy to reduce the number of evalu
ations. This algorithm guarantees global D-optimal designs against very high 
computational costs. 

2. Direct maximization of the optimality criterion using mathematica! optimization 
techniques. This is equivalent to algebraic minimization of IXTX-11. Due to the 
complexity of the information matrix this method is in general not very successful. 

3. Neglect the integer character and generate an optimum discrete design which will 
be rounded-off to an exact design. This may result in an appropriate approxi
mation if the number of design points N is sufficiently larger then the number of 
parameters p. 

4. Use of exchange algorithms. These algorithms try to maximize the optimality 
criterion by creating an appropriate random start design and exchanging those 
points intheN-point design with candidate points such that maximum increase 
in the design criterion is obtained. These algorithms are heuristics which search 
for 'good' designs. Since convergence is not guaranteed, it is recommended to run 
these algorithms several times. 

Shortcomings of the first three strategies, as well as difficulties regarding the imple
mentation of them within the sequentia! approximate optimization approach has lead 
to the choice for implementation of exchange algorithms. 

Exchange algorithms 

Various exchange algorithms are discussed in this section. For a more detailed discus
sion is referred to Cook an Nachtsheim [Coo80], Johnson and Nachtsheim [Joh83] and 
Nguyen and Milier [Ngu92]. 

All exchange algorithms use the standardized varianee of predicted response (Equa
tion (3.15)) to affect maximum increase in the chosen optimality criterion, maximization 
of the determinant IXTXI. Moreover, addition to the experimental design of a design 
point where d(x, ~N) is a maximum will result in the largest possible increase in IXTXI. 
In order to demonstrate this, let b.N = IXTXI. Then addition of one further design 
point Xi yields the determinant, 

b.N+l = IXTX + f(xi)fT(xi)l. (4.9) 

Intheir hook, Atkinson and Donev [Atk92] refer to Rao (1973), whoshows that, 
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(4.10) 

Therefore, 

(4.11) 

Note that a property related to G-optimality is used to construct a D-optimal design. 
In Equation (4.11) , the standardized varianee introduced in Equation 3.15 is divided by 
N which leads to the varianee function for the exact N-point experimental design f.N, 

(4.12) 

The varianee function in Equation (4.12) is a function of the location x and of the 
extended design matrix X. Varianee function values can be calculated for all Ne can
didate design points in the region of interest n(x). All the exchange algorithms use 
V(x, f.N) and arebasedon the following principle: 

• Candidate points (xi E R(x)) that maximize the varianee function over R(x) are 
added to the experimental design. 

• Design points that are part of the experimental design (xi E f.N) and minimize 
the varianee function are deleted from the experimental design. 

Addition of a design point to the experimental design, foliowed by deletion of a design 
point from the experimental design (or vice versa), is referred to as an exchange. 

Sequentia! or Dykstra methad 

This algorithm is due to Dykstra (1971). Starting with an empty experimental design, 
it will search through the candidate list of points, and choose in each step that design 
point that maximizes the chosen criterion, the determinant of xrx. There are no 
iterations involved, thus it will simply piek the requested number of points sequentially. 

Simple exchange algorithm (Wynn-Mitchell method) 

This algorithm is attributed to Mitchell and Milier (1970) and Wynn (1972). The 
methad starts with an initia! experimental design of size N. In each iteration one 
design point is removed from the experimental design and another point from the set of 
candidate points is added. The design point to be removed from the experimental design 
minimizes the varianee function over all points in the experimental design. Subsequently, 
the design point from the list of èandidates that maximizes the varianee function over 
the region of interest will be added. The algorithm stops when no further impravement 
is achieved with additional exchanges. An algorithm developed by van Schalkwyk is very 
similar but the exchange passes in reversed order. That is, first a design point will be 
added from the list of candidate points and thereafter one point from the experimental 
design will be removed. 
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Detmax algorithm 

Detmax, due to Mitchell [Mit74], is similar to both the Wynn-Mitchell method and van 
Schalkwyk's algorithm. Again, first an initia! experimental design is constructed. Then 
the search begins with a simple exchange. However, if the criterion does not improve, 
the algorithm will undertake excursions. Specifically, the algorithm will add or subtract 
more than one point at a time, such that, during the search, the number of points in 
the design may vary between N +NE and N- NE, where N is the requested design 
size, and NE refers to the maximum allowable excursion, as specified by the user. The 
iterations will stop when the chosen criterion no longer improves within the maximum 
excursion. 

Fedorov algorithm 

The Fedorov algorithm is the simultaneous switching method proposed by Fedorov 
[Fed72]. Unlike the exchange algorithms already mentioned, the exchange is not se
quentia!, but simultaneous. It also begins with an initia! experimental design of the 
requested size N. In each iteration, all possible exchanges ( that is, all design point 
- candidate point combinations) are evaluated. The algorithm will then exchange the 
pair that optimizes the design with regard to the chosen criterion. It is easy to see that 
this algorithm is potentially inefficient, since in each iteration N x Ne- 1 comparisons 
are performed, in order to exchange a single point. 

Modifications of the Fedorov algorithm 

Atkinson and Donev [Atk92] generalized this algorithm to develop the so-called KL
exchange algorithm, which incorporates as well Fedorov's as van Schalkwyk's algorithm. 
In contrary to Fedorov, only K points in the design are compared with L points from 
the candidate list and possibly changed, if they contribute to optimization of the design 
according to the chosen criterion. For K , L = 1 this method equals van Schalkwyk's 
algorithm and for K = N and L = Ne this method equals Fedorov's algorithm. If 
K = L , this method is referred to as k-exchange. 

Cook and Nachtsheim (1980) present another modification of the basic Fedorov 
algorithm. Beneficia! exchanges are made as soon as they are discovered, updating the 
experimental design after each exchange. In an iteration the algorithm deals with the 
design points in the N-point experimental design one at a time. Each experimental 
design point is compared with each point in the candidate list and an exchange is made 
if there is a pair that improves the chosen optimality criterion. 

All simultaneous switching algorithms terminate when there are no further improve
ments in the respective optimality criterion. 

The salution found by one of the exchange algorithms does not necessarily have to be 
the best salution to the design optimization problem. More specific, there are usually 
several 'local minima'. Therefore, several different initia} designs should be tried in 
order to draw conclusions about the resulting design. If several times the same, or 
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very similar, final experimental designs are found, then it can be said with reasonable 
certainty that a satisfying salution is found. 

Discussion 

The choice for the algorithms to be implemented in the approximate optimization tooi 
is basedon the conclusions drawn by Cook an Nachtsheim (Coo80), Johnson and Nacht
sheim (Joh83) and Nguyen and Milier [Ngu92). In order to construct designs inexpen
sively, it is recommended to use either the Wynn-Mitchell or van Schalkwyk algorithm. 
When high quality designs are required, a modification of the Fedorov algorithm is 
recommended. The original Fedorov algorithm may insome cases produce even better 
designs but is also much more expensive regarding the computational time. Finally, 
the detmax algorithm is reasonable in terms of both time and qualit:y of the design. 
Especially for large values of N , the detmax algorithm may represent the best choice. 
These recommendations are verified for the implemented exchange algorithms in the 
first test example of Section 4.6. The secoud test example illustrates the behavior of 
the exchange algorithms. 

In the present work, Detmax, k-exchange, Wynn-Mitchell and the van Schalkwyk 
algorithms have been implemented as Matlab functions. The Matlab implementation is 
basedon the workof Poland 1 (Polül) . He implemented both detmax and k-exchange 
in Matlab. In the present work, the main contribution to these files is the generalization 
towards multi-response experiments. 

The discussion focused until now on optimization of designs where only a single 
response variabie is of interest, whereas in this research several responses are considered. 
Therefore, preceding the implementation and testing, the next section discusses how is 
dealt with the design of experiments in case of multi-response experiments. 

4.4 Multi-response experiments 

In the case of multi-response experiments (Section 3.4), multiple response surface models 
have to be fitted to the data obtained from the simulation model. Each of the response 
surface models could be of completely different form. Still one design of experiments is 
desired for all responses since the simulation runs are considered to be computationally 
expensive. For that reason, the D-criterion, selected in Section 4.2, should be modified 
such that it incorporates an optimality-measure pertaining to all rèsponses. 

Each of the 'single-response' algorithms discussed inSection 4.3, with the exception 
of the sequentia! method, starts with an N-point experimental design. The choice for 
points to add to, or delete from, the design depends on the varianee function V(x, ~N ). 

Khuri and Cornell (Khu96) discuss design of multi-response experiments in section 
7.3 of their book. They start with an empty experimental design and add one design 
point at a time. Khuri and Cornell show that the design point, from the list of candidate 

1 J. Poland is a staff memher of the chair in computer architecture at the universität Tübingen in Ger
many. His interest are among others in rnadeling and optimizing of complex systems and combinatorial 
optimization. Homepage: http: / jwww-ra.informatik. uni-tuebingen.de/mitarb fpolandjwelcome.html 
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design points, that maxiruizes the sum of V(x, ~N) over alll regression models, should be 
added. The process is stopped if addition of an extra design point does not any longer 
affect a significant increase in the design criterion. Khuri and Cornell show that for 
continuous designs this approach eventually leads to the continuous D-optimal design 
Ç*. Following Khuri and Cornell, the design criterion for multi-response experiments is 
defined as, 

l 

max rr IXfXil· (4.13) 
i=l 

The design criterion presented by Khuri and Cornell is based on maximization of 
the determinant IZT Zl, where Z is defined as the block-diagonal diag(X1, ... , Xt)· E.g. 
for l = 3 the block-diagonal matrix Z is defined as, 

(4.14) 

The design criterion max IZT Zl can be re-written such that the criterion presented in 
Equation 4.13 is obtained. 

Khuri and Cornell's approach will be used to modify the exchange algorithms pre
sented in Section 4.3 such that multi-response experimental designs can be generated. 
Instead of only subsequent addition of design points, also design points need to be 
deleted from the experimental design. For the deletion of a design point from the ex
perimental design the same rationale holds as for the addition of a design point. Now, 
the exchange of design points can be defined by the following rules, 

• add a candidate point to the experimental design that maximizes 
l 

L Vi(x, ~N ), x E R.(x) 
i=l 

• remove a point from the experimental design that miniruizes 
l 

LVi(x,~N), x E ~N 
i=l 

(4.15) 

(4.16) 

For single-response design of experiments, a single exchange should lead to an in
crease in the determinant of the information matrix. In case of multi-response experi
ments an increase in TI~=l IXfXil should be realized, such that more accurate parameter 
estimates can be obtained. 

The following section will present the implementation of the selected exchange algo
rithms modified for multiple-response design of experimentsin Matlab. These exchange 
algorithms find an experimental design ~N that seeks to maximize f1~= 1 1XfXil over 
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the region R{x). The third test example presented in Section 4.6 investigates the im
plementation of multi-response design of experiments. 

4.5 lmplementation 

The algorithms Detmax, k-exchange and Wynn-Mitchell are implemented in Matlab. 
Poland provided the single response implementation for the exchange algorithms det
max and k-exchange. The functionality created by Poland is extended such that also the 
Wynn-Mitchell algorithm is included. Furthermore, all exchange algorithms are modi
fied such that multi-response experimental designscan be generated. All corresponding 
Matlab code can be found in Appendix [Gij02]. 

This section fi.rst presents some specific requirements for the design of experiments 
implementation. Three exchange algorithms are implemented within a single Matlab 
function. The implemented exchange algorithms will be discussed including the formulas 
used by the algorithms. 

Requirements 

The implementation should be a stand-alone functionality. That is, given the correct 
input arguments, only the files incorporated by the tool are required to produce the 
output. 

Next, the implementation should be able to deal with linear regression models, 
defined in Chapter 3. Moreover, the tool must be able to handle several regression 
models at a time, producing a single design of experiments shared by and suited for 
each of the models. 

Furthermore, it is desired to augment existing designs. That is, if simulation results 
are already available within the region R(x) these results should be used in estimat
ing the model parameters. Given several design points with responses known a priori 
{inclusions), the exchange algorithm should be able to select additional design points 
such that the determinant of the information matrix is maximized. This results in less 
computing time and/or more information available to produce a good fit. 

A remark should be made regarding the use of scaled design variables. Using sim
ple linear regression models, the variables are usually scaled between -1 and + 1 to 
ensure a good condition of the extended design matrix X and thus a good condition 
of information matrix XTX. A well conditioned information matrix provides good nu
meric stability while computing the inverse of xTx. With the use of linear regression 
models sealing becomes more difficult and insome cases useless. Section 4.6 as well as 
Appendix C.3 present examples that show the effect of sealing on the extended design 
matrix. Both examples show that sealing can make the condition of XTX even worse. 
Since the influence of sealing on the condition of the information matrix is different for 
each unique regression model, and no problems are encountered using unscaled design 
variables, it is decided nat to scale the design variables. 
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Matlab implementation 

As said, the exact Matlab implementation can be found in [Gij02] . The Matlab code in 
the appendix is provided with comment such that the interested reader can follow the 
steps taken in each of the functions. The most essential steps are discussed on basis of 
the flowchart represented in Figure 4.1. 

Figure 4.1: Flowchart of the design of experiments implementation. 

The function call for the design of experiments implementation is as follows, 

function [design] = doe_perform(relation, xcand, xincl, Ncand, bWdh, algo, N) 

The input arguments required from the user are briefiy discussed. A more detailed 
discussion on input arguments can be found in Chapter 6. The regressar terms for · 
each of the response surface models should be included in the input argument relation. 
Besides that a list of candidate points is required, all integer design points in the region 
of interest 'R.(x) should be included in xcand. Possible inclusions can be defined in 
xincl. The number of treatments allowed in the experimental design is given by Ncand. 
If b Wdh = 1, repetitions in the design are allowed. The input argument algo defines 
which exchange algorithm will be used. N Defines how many experimental designs 
should be generated starting from a random experimental start design. The output 
argument design presents the experimental design that maximizes jXTXj. 

If the correct input is provided, a random nonsingular start design is generated. 
Next the exchange algorithm defined by algo is used to compute a design that strives 
to be D-optimal. Possible repetitions are removed from the design if nat allowed. The 
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selected exchange algorithm produces as many designs as desired (N), each time with 
a different random start design. In Section 4.3 it was already pointed out that several 
runs were made in order to avoid a local optimum. The best design, the design with 
the highest value for the criterion as defined in Equation (4.13), is kept and presented 
as output argument. 

lmplementation of the exchange algorithms 

The implemented exchange algorithms, detmax, k-exchange and Wynn~Mitchell, use 
the matrix formulas presented in Appendix C.2. Each algorithm generates a random 
nonsingular start design and the value ofthe design criterion fi~= 1 1XfXil is computed. 
Then the varianee function is calculated for all candidate points for each regression 
model and stared in a matrix. This simplifies the problem of finding a point to add to 
(or delete from) the current N-point design. Polancl's implementation of the detmax 
algorithm is slightly different from the original detmax algorithm by Mitchell. Poland 
implemented some proposals made by Galil and Kiefer, discussed in the artiele by 
Nguyen and Miller [Ngu92] . Therefore, the implemented detmax algorithm is referred 
to as modified detmax. 

The implementation of the detmax and k-exchange algorithm is now discussed in 
more detail. The simple exchange and van Schalkwyk's algorithm are simplified versions 
of detmax and k-exchange and therefore not discussed separately. 

Modified detmax 

Detmax first initializes a failure set F to be empty. F is supposed to contain all those 
designs (determinants forspace-saving reasons) which did not lead to an improvement. 
Reeall that that the detmax algorithm undertakes excursions in order to find better 
designs. Each time a design point is added to or deleted from the experimental design, 
there are three possibilities. If N D denotes the number of points in the experimental 
design and N the desired number of design points in the experimental design, these 
possibilities can be defined as: 

1. Nv = N. Then a random decision is made whether to add or remave a treatment. 

2. Nv > N. A treatment is removed if the current experimental design is not inF. 
Otherwise, a treatment is added to the experimental design. 

3. Nv < N. A treatment is added if the current experimental design is not in F. 
Otherwise, a treatment is removed. 

The treatment with the largest (or smallest) value for the sum of the varianee func
tion over all responses (Equations (4.16) and (4.16)) is added to (or removed from) the 
design. Hereafter update formulas (C.8) and (C.9) are used when a point is added or 
update formulas (C.lü) and (C.ll) are used when a point is removed. Because of accu
mulation of floating point errors, an exact calculation of determinant and information 
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matrix is performed aftereach 10 steps. When, aftera step Nn = N, there is a check 
whether the multi-response design criterion rr:=l IXfXil has improved. If so, failure 
set F is emptied, otherwise all designs met during the excursion are added to F. The 
algorithm terminates if N D - N exceeds a certain value NE, the number of excursions 
allowed. If no excursion are allowed this algorithm equals the Wynn-Mitchell algorithm. 

k-Exchange Reeall that this algorithm incorporates both modified Fedorov and van 
Schalkwyk's algorithm. The algorithm is basedon the idea that it might not be optimal 
to add a candidate and thereafter delete a design point. Therefore, in k-exchange 
these two steps are considered as one step. First the k candidate points are selected 
that yield the biggest value for the sum of the predicted variances of response over all 
responses. Thereafter k treatments are selected from the experimental design that yield 
the smallest value for the sum of the predicted variances of response over all responses. 
Hereafter Fedorov's delta function (C.14) is calculated for all k x k possible exchanges. 
This is clone separately for each regression model. The exchange that yields the best 
improvement; that is, the sum over all k regressar models of Fedorov's delta function 
is biggest, is made. The algorithm continues until no further improverneut is possible. 
Also k-exchange uses the update formulas presented in Appendix C.2. 

4.6 Test examples 

Three test examples are investigated. The first experiment seeks to validate the imple
mented algorithms and verifies the recommendations regarding the use of the exchange 
algorithms in Section 4.3. The secoud test example is designed to describe and under
stand the behavior of the exchange algorithms. The third test example uses two opposite 
response surface models to test the behavior of a multi-response experiment. The fol
lowing abbreviations are used, WMEA for the Wynn-Mitchell exchange algorithm, SEA 
for the van Schalkwyk exchange algorithm, MD stands for (modified) detmax. KEA 
stands for k-exchange where k = N (# treatments in the experimental design). All ex
periments ·were performed on a Pentium III 930 MHz i686 PC under the Linux (release 
2.4.7-10) operating system. 

Test Example 1: Validation 

This example is taken from Nguyen and Miller (Ngu92]. A saturated linear response 
surface model is considered with 11 unknown parameters p and 11 treatments to be 
selected to form the exact experimental design Ç11 . The ith row of the extended design 
matrix X is the 11-dimensional row vector fT(xi) = (1 , x1i, X2i, ... ,xl0i) where the 
regressar variables are all cocled and can take only the values ±1. The goal is to choose 
the 11 veetors out of 210 = 1024 candidate veetors to form the extended design matrix 
X such that the design criterion IXTXI = 25 x 232 which is the known maximum. 
Table 4.1 gives a comparison of the implemented exchange algorithms. 

Both MD and KEA are able to find the optimum design; the other two exchange 
algorithms require substantially less time but are unable to generate the optimum de-
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WMEA SEA MD KEA 

#tries 1000 1000 1000 1000 
#success 0 0 2 30 
time [sec} 16.97 18.28 60.96 32.14 
det{X) +8.4570E + 10 +7.7582E + 10 +1.0737 E + 11 +1.0737E+ 11 
timejtry [sec} +1.69E- 02 +1.83E- 02 +6.09E- 02 +3.07E- 02 
#succesjsec 0 0 0.03 0.93 

Table 4.1: comparison of various exchange algorithms in the linear example fora single 
response 

sign. The results in Table 4.1 are quite similar to those found by Nguyen and Miller: 
KEA performs more or less equally good as the modified Fedorov algorithm. Thus, the 
implementation of the exchange algorithms seems correct. One remarkable difference is 
that in the Nguyen and Milier experiment MD does not produce any optimal designs. 
This difference is attributed to a larger value for the number of excursion NE in the 
current experiment resulting in 2 optimum designs. Up to 6 excursions are allowed 
whereas in the experiment by Nguyen and Milier only an excursion of three is allowed. 
The number of successesjsec in case of KEA differs significantly from the successes by 
MD and therefore KEA is the algorithm that performs best for this test example. 

SEA and KEA actually use the same algorithm, k-exchange (Section 4.3). In case 
of SEA, k equals one and in case of KEA, k equals N. Table 4.2 shows what happens 
for intermediate values of k. If the number of successesjsec are compared, k = N seems 
favorable. 

#tries 
#success 
time [sec] 
det(X) 
time/try [sec] 
#succes/sec 

k=3 

1000 
0 
25.48 
+ 1.0400E + 10 
+2.54E- 02 
0.0 

k=5 
1000 
3 
28.41 
+ 1.0737 E + 11 
+2.84E- 02 
0.11 . 

k=7 
1000 
9 
29.76 
+ 1.0737 E + 11 
+2.97E- 02 
0.30 

k=9 
1000 
19 
31.21 
+1.0737E + 11 
+3.12E- 02 
0.61 

Table 4.2: result obtained with k-exchange for various values of k 

One . of the recommendations made in Section 4.3 pointed out that detmax may 
represent the best choice for large val u es of N. Four experiments are performed, both 
MD and KEA are tested for N = 25 and N = 50, in case of MD the number of allowed 
excursions is set to 6. The result are presented in table 4.3. 
Since the optimum value of the design criterion is not longer known, it is only possible 
to compare the values produced by both algorithms and the corresponding computation 
times. · The value found for the design criterion by MD is slightly better than the value 
found by KEA in case of N = 25. The performance of MD and KEA is expressed as 
repetitions of the best design found per second. For N = 25 the performance of both 
exchange algorithms does not differ significantly. If N is increased further to 50, the 
design criteria values are again almost equal. However, the performance of MD exceeds 
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#tri es 
#repetitions 
time {sec] 
det(X) 
timejtry [sec] 
#repetitionsjsec 

MD 25 

1000 
5 
83.7 
+2.219E + 15 
+8.37E- 02 
+5.9E- 02 

MD50 

1000 
5 
100.87 
+4.707E+ 18 
+10.08E- 02 
+4.9E- 02 

KEA 25 

1000 
4 
73.72 
+2.182E + 15 
+7.37E- 02 
+5.4E- 02 

KEA 50 

1000 
1 
262.8 
+4.704E+ 18 
+26.28E- 02 
+3.8E- 03 

Table 4.3: comparison of KEA and MD for increased values for N 
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KEA by far. Regarding this experiment, the recommendation regarding the use of MD 
in Section 4.3 seems correct. 

Test example 2: Behavior 

The second test example illustrates the behavior of exchange algorithms. Experimental 
designs are generated for various response surface models and compared. The first 
experiment regards the most simple model possible, only a constant term is included 
in the regression model. The regression model is subsequently expanded such that 
more complex response surface models are build. The regression models are build with 
respect to one design variabie x1 , x1 E [1, 11), such that the example stays simple and 
illustrative. The number of treatments N equals four and repetitions in the experimental 
design are allowed. Allocation of the design points is depicted in Figure 4.2. 

If the model includes only a constant term, the extended design matrix becomes a 
(N x 1) matrix of ones. As a result, the treatments are placed at random (see (a)). 
Allocation of the treatments is of no influence on the design criterion IXTXI. Addition 
of an extra regressar term forces the design points to be placed at the boundaries of the 
design space ( (b) and ( c)). 

If again an extra term is added, one of the design points can be placed in between the 
boundaries of the design region. Allocation is dependent on the regressar terms present 
in the regression model. A treatment is placed such that as much relevant information 
as possible can be obtained if experiments are performed. An extra quadratic term 
xi will be placed in the middle of the design region (see (e)), whereas fora redprocal 
term 1/x1 will be located near the lower bound of the design region (see (d)). Also 
in case of a regression model with two regressar terms not linear in design variabie 
x1, only one design point will be placed in between the boundaries. The model model 
f3o+f31;}

1 
+f33xi clearly takes the middle course ofthe two previous models ((d) and (e)). 

Allocation is such that the amount of relevant information obtained, if the experiment 
is performed, will be maximized ( see ( f)). 

Addition of another regressar terms makes it possible to allocate two treatments in 
between the boundaries (see (g)). For this example, no more regressar terms can be 
added since only four treatments are allowed. For responses surface models invalving 
multiple design variables the same reasoning as presented in this test examples is ap
plicable. However as the number of candidate point grows, is becomes more and more 
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f3o 
(a) I 0 0 0 0 

f3o + fJ1x1 
(b) 

f3o + !31-fï 
(c) <b 

(d) 
f3o + (31x1 + !32-fï ' 

f3o + fJ1x1 + (32x? l 
(e) $ · o 

f3o + !31-fï + fJ2xi i 
(j) ~ 0 0 

0 

3 5 7 9 11 

design variabie x1 

Figure 4.2: allocation of the design points in an one-dimensional design space for various 
regression models. 

difficult for the exchange algorithms to find the optima! design as is demonstrated by 
the second test example in Chapter 7. 

Test example 3: Multi-response experiment 

The third test example concerns a multi-response experiment. First the behavior of 
the implemented exchange algorithms will be tested. Next, the effect of sealing will be 
investigated. To test the implementation two 'opposite' response surface models are 
considered. For both models a separate experimental design will be constructed. Then, 
a single experimental design will be shared by both response surface models. The two 
opposite models are defined as follows, 

1 1 1 1 
/310 + f3n- + !312- + /313 2 + /314 2 

x1 x2 x 1 x 2 

(4.17a) 

1 1 1 1 
{320 + {321 12 - X1 + {322 12 - X2 + {323 (12 - X1 ) 2 + {324 (12 - X2) 2 

(4.17b) 

where Xi E [1, 11], Xi EZ, i= 1, 2. Figures 4.3(a) and 4.3(b) represent surface plots of 
both models where f3jk = 1 and (310 = 0 for j = 1, 2, k = 1, . . . , 4. Figures 4.3(c) and 
4.3(d) presenttheseparate experimental designs. 
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Figure 4.3: Representation and allocation of treatments for two opposite models. 
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The experimental designs in Figures 4.3{c) and 4.3{d) clearly demonstrate that both 
models are 'opposite' . Note that four treatments are placed at the corners of the design 
region, the remaining treatments are placed on two imaginary lines in the design space. 
The same behavior as outlined in test example 2 is shown. In this example repetitions 
in the design are allowed, if more then 9 treatments are allowed, repetitions will occur 
in both experimental designs. 

Figure 4.4 depiets the multi-response experimental design for various numbers of 
treatments N. Repetitions in the experimental design are allowed. 

Figure 4.4(a) shows similarities in comparison with the experimental designs repre
sented in Figures 4.3(c) and 4.3{d) . From figures 4.4{a), 4.3(c) and 4.3{d) is expected 
that an additional treatment would be placed in the upper-left corner of the design 
space. Figure 4.4{b) confirms this expectation. The total number of distinct treat
ments in experimental designs of Figures 4.3{c) and 4.3(d) equals 14. Figure 4.4{c) 
represents the multi-response experimental design if 14 treatments are allowed. All dis
tinet treatments of the separate designs are selected. If more treatments are allowed, the 
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Figure 4.4: multi-response experimental designs in 2 dimensions for increasing N. 

multi-response experimental design becomes the design represented by Figure 4.4(d). 
Herein several treatments are repeated. 

To investigate the effect of sealing, the same problem is considered using scaled 
design variables. The condition immbers of extended design matrices X for both the 
original and the scaled problem are studied. The condition number is defined as the 
ratio of the largest singular value of the extended design matrix to the smallest. A 
large condition number indicates an ill-conditioned matrix, the most perfect condition 
number is unity. If the condition number is large, a relative small change in the elements 
of the extended design matrix X causes a relatively large change in the solution. As a 
consequence, numerical instability is more likely to occur while computing the inverse 
of the information matrix. 

The regressar roodels in scaled design variables are defined as, 
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{3* {3* 1 {J* 1 • 1 • 1 . 
0 + 1 xi + 1.2 + 2 x; + 1.2 + (33 (xi + 1.2)2 + {34 (x; + 1.2)2 (4.18a) 

{3* {3* 1 {J* 1 {J* 1 {J* 1 
0 + 1 2.4- (xi + 1.2) + 2 2.4- (x2 + 1.2) + 3 (2.4- (xi + 1.2))2 + 4 (2.4- (x2 + 1.2))2 

(4.18b) 

where x; = xi/5- 1.2, Xi E [1 , 11] n Z, i= 1, 2 such that x; E [-1, 1]. Models (4.18a) 
and (4.18b) produce the same experimental designs as in Figure 4.4 with the treat
ments are placed in the scaled design space. Table 4.4 presents the condition numbers 
of extended design matrices X for scaled and original design variables for various ex
perimental designs. 

design model 4.17a model 4.17b model 4.18a model 4.18b 

N=9 7.67e + 2 8.40e + 2 6.30e + 3 3.40e + 3 
N=lO 8.05e + 2 8.05e + 2 5.33e + 3 5.33e + 3 
N = 14 6.62e + 2 6.62e + 2 3.37e + 3 3.37e + 3 
N=20 5.26e + 2 5.26e + 2 3.65e + 3 3.65e + 3 

Table 4.4: Condition numbers for the original and scaled problem 

From the Table 4.4 follows that the problem in original design variables is better 
conditioned then the problem in scaled variables. In cases where diverse regressor, such 
a x2 and 1/x, are used , sealing causes a worse condition of the extended design matrix. 
Therefore, it is decided in Section 4.5 not to scale the design variables. Appendix C.3 
shows another example where the original problem results in a better conditioned ex
tended design matrix. 

4.7 Summary 

In this Chapter optima! experimental designs are introduced. Optima! experimental 
designs allocate an arbitrary number of treatments according to a certain criterion such 
that the respective criterion is optimized. The D-criterion is selected which maximizes 
I(XTx)-1 1. Motivation for this choice is presented in Section 4.2. Exchange algo
rithms are used to compute D-optimal experimental designs. Exchange algorithms are 
heuristics that try to maximize the design criterion. Section 4.3 discusses well known ex
change algorithms in the light of single-response models. InSection 4.4 single-response 
D-optimal design of experiments is generalized towards multiple responses. A Matlab 
functionality provided by Poland [Pol01] for D-optimal single-response experimental 
designs is modified such that multi-response experimental design is included. In Sec
tion 4.6 the implementation is subject to three test examples. These test examples 
verify the proper working of the exchange algorithms and illustrate their behavior. The 
third test examples also investigates the influence of sealing of the design variables. 
From the test examples can be concluded that the implemented functionality is able 
to compute D-optimal experimental designs. Sealing of the design variables can be of 
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infl.uence on the search for a D-optimal experimental design in a negative manner and 
is therefore not used. 



Chapter 5 

Approximate optimization 
subproblem 

The experimental design discussed in Chapter 4 contains the simulation treatments to be 
performed within the search subregion defined by the move limit strategy. The responses 
that follow from these experiments are used to fit the approximating response functions 
for objective and constraint functions as outlined in Chapter 3. These approximations 
define an approximate optimization subproblem (AOS), an approximation of the original 
problem as defined by Equation (2.1) valid over the subregion R(x). In contrary to the 
the original problem relations, the approximating functions are cheap to evaluate. 

The AOS is an integer nonlinear programming problem (INLP): the design vari
ables are allowed to take only integer values and the approximating functions are not 
necessarily linear in the design variables. 

Due to stochasticity present in the responses obtained from the simulation exper
iments, the fitted response surface models will contain uncertainties. Therefore, the 
AOS will not he solved directly. To deal with these uncertainties, the constraints of the 
AOS are tightened. This correction of the constraints is discussed in Section 5.1 and 
results in a reduced chance of erroneously accepting an infeasible design. 

Section 5.2 treats difficulties associated with INLP problems and presents a methad 
that can be used to solve the AOS. When a salution (new design) is found for the AOS, 
it needs to be verified whether this salution is feasible and whether or not the solution 
leads to a significant increase in objective function value. If the new design is feasible 
and its objective function value has not significantly increased, then the new design is 
accepted. InSection 5.3 statistica! techniques are presented which are used todetermine 
whether or not a solution should be accepted. 

The i:r~plementation of the algorithm used to solve the AOS is presented in Sec
tion 5.4. \ 

Throughout this chapter common engineering optimization definitions are used. In 
Appendix D.1 the definitions used for local and global optimum, feasible domain, dis
crete neighborhood, convex function and convex set, are explained. 

47 
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5.1 Optimization problem formulation ofthe approximate 
subproblem 

When the parameters for approximating objective and constraint functions are esti
mated, closed-form approximate relationships are available. These relationships define 
the AOS that needs to be optimized over a subregion of the integer design space. The 
subproblem can be formulated as, 

subproblem Ps 

minimize: f(x) (5.1a) 

subject to: gj(x) ~ Cj, j = 1, ... ,m (5.1b) 

xis ~ Xi ~ xis, (5 .1c) 

Xi E z, i= 1, ... ,n (5.1d) 

The subproblem Ps defined by Equation ( 5.1) is very similar to the original opti
mization problem stated in Equation 2.1. However, the relationships for objective (2.1a) 
and constraints (2.1b) are replaced by approximations (5.1a, 5.1b). These approxima
tions are explicit functions in the design variables such that evaluation requires much 
less computational casts. Equation (5.1c) expresses that these approximations are only 
valid over a subregion of the design space, denoted by 'R(x). This subregion is defined 
by the veetors x~ and x~, which are the upper and lower bounds on the design variables. 
These bounds follow from the move limit strategy that will be discussed inSection 6.1. 
All design variables need to satisfy integer restrictions (5.1d). 

It is assumed that for bath the approximate objective function and approximate (un
corrected) constraint functions, the underlying functional relationships are continuous 
and convex. If these assumptions hold and the integer restrietion is relaxed, then the 
AOS becomes a convex optimization problem. Appendix D.2 treats convex optimization . 
and shows that continuous convex optimization problems possess a unique minimum. 

Corrected constraints 

Since the approximations for bath objective function and constraint functions are based 
on stochastic output data, these approximations are only estimates of the true behavior. 
Using these estimates can result in solutions for the AOS that are actually infeasible. 
In order to avoid such an event ( to a certain extent), the approximate constraints are 
tightened. 

To correct the approximate constraints, a 95% confidence interval on the mean 
response value of each approximating constraint function will be computed. Such a 
confidence interval contains in 95% of the cases the true mean. Note that the assump
tions defined by Equation (3.5) regarding the random errors should be satisfied in order 
to draw valid conclusions when using such a confidence interval. Moreover, the model 
is not supposed to contain any model bias. 
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Using a book on statistics (e.g. [Mon99]) a confidence interval can be constructed 
on the expected mean response estimator E(Y) at design point xo = xo1 , Xo2 , . .. ,Xon· 
The mean response at this point, defined as E(Y(x0)) = J.t(x0) = JT(xo)f3 is estimated 
by, 

(5.2) 

Because E(JT(xo)#) = JT(x0)(3 = J.t(x0) this estimator is unbiased. The varianee of 
the estimated mean response is defined by Equation 3.15, 

Var{p,(xo)} = fT(xo)(XTx)-1 f(xo) · a 2 

An unbiased estimator of a 2 , the residual mean square is defined in Section 3.3 as, 

'2 'E~=l (Yi - Yi) 2 

a = ===:~--'-''-
N-p 

Using this estimator, a 100(1 - a)percent confidence interval on the mean response 
J.t(xo) at the point xo can be constructed from the statistic, 

p,(xo) - J.t(xo) 
(5.3) 

resulting in 

(5.4) 

where ta;2,N -p represents a quantile of the t distribution with N-p degrees of freedom. 
The t distribution is used instead of a standard normal distribution because it should 
overcome the effect ofreplacing the the varianee a 2 by an estimate 8-2 ; The t distribution 
has heavier tails than the normal distribution. 

Instead of the estimated mean constraint value, the upper bound on its 95% con
fidence .interval is used for the AOS. As a result, the feasible region decreases, as well 
as the chance of erroneously accepting an infeasible design. Figure 5.1 illustrates the 
effect of constraint tightening: constraint function g is replaced by its upper-bound ge . 
The feasible region decreases as does the chance of erroneously accepting an infeasible 
design. The experimenter should be aware of the fact that constraints tightening also 
increases the chance of falsely rejecting a fèasible design. The fact that only integer de
sign variables are considered reduces the chance of accepting an infeasible design even 
further. This sterns from the fact that integer optima will be located, in the majority of 
cases, near the constraint boundaries in stead of on one or more constraint boundaries 
as is the case for continuous design variables. 
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Figure 5.1: Chance of erroneously accepting an infeasible design. The constraint bound 
is denoted by eb. The constraint and corresponding 95% confidence interval are denoted 
by g and ge. The arced area represents the reduction of the feasible area (gray) when 
using the up per bound on the confidence interval ge as corrected constraint. 

as, 
Using the tightened constraints the AOS defined by Equation 5.1 is re-formulated 

subproblem 

minimize: 

subject to: 

Ps 

j(x) 
9j(x) ::; Cj, 

X~s ::; X ::; x is' 

Xi EZ, 

j = 1, ... ,m 

i= 1, ... ,n 

where the corrected constraints are represented by gj, j = 1, ... , m. Using the 95% 
confidence interval from Equation (5.4), the constraint tightening is defined as1 , 

(5.6) 

An extra term is added to the approximating constraint functions presented in Equa
tion (5.1). These functions are assumed to he convex functions. Will these functions 
still he convex after constraint correction? Another question of interest: how does the 

1The reader who is familiar with the work by Abspoel will notice that constraint tightening in the 
current research is based on the N treatments in the experimental design treatments, and not on M 
replications of a single design point. 
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constraint correction behave for increasing the number of treatments in the experimen
tal design? The following example presents the answers to these questions. In order to 
examine the effect of constraint tightening on the convexity of the problem, the varianee 
function defined by Equation (4.12) is examined. Reeall that the varianee function is 
defined as V(x,ÇN) = fT(x)(xrx)-1f(x), where ÇN refers to an exact N-point de
sign. The influence of N, the number of treatments is examined by investigating the 
standardized varianee (Equation (3.16)), which is defined as d(x, ÇN) = N x V(x, ÇN ). 

Example: varianee function 

Each row in Figure 5.2 corresponds to a particular regression model. The regression 
models are assumed to be continuous and to be dependent on a single design variabie 
x in the range, -1 ::; x ::; 1. For each regression model, the varianee function V (x, ÇN) 
and standardized varianee function d(x, ÇN) are examined for different values of N. The . 
number and allocation of treatments is such that the D-criterion is satisfied. The third 
figure on each row represents a regression line and corresponding confidence interval. 
The number of treatments N and the varianee a 2 are chosen such that illustrative 
contribution of the figures is maximized. Provided that N is a multiple of the number 
of parameters j3 in each model, the only influence of N and a 2 is on the width of 
the confidence interval. For other values of N the allocation of treatments becomes 
unbalanced which is of influence on the shape of the (standardized) varianee function. 
Thus, also of influence on the shape of the confidence interval. 

The first model is a pure linear regression model, j30 + /31 x. The minimum number 
of treatments equals the number of parameters, N = 2. According to a D-optimal 
design these treatments are, of course, allocated at the boundaries of the design re
gion. Figure 5.2(a) represent the varianee function for different values of N. The 
varianee function is clearly a convex function, as is always the case for pure linear mod
els. Figure 5.2(b) shows that doubling the number of treatments is of no influence on 
the normalized varianee function. This is not very surprising, since the treatments for 
N = 2 are simply repeated. Note that the other regression models exhibit the same 
behavior. For those values of N that are not a multiple of 2, the experimental design be
comes unbalanced. As aresult the shape of the (standardized) varianee function would 
change. Figure 5.2(c) represents a regression line and associated confidence interval. lf 
the feasible region is located above the regression line, then the upper bound on the 
confidence interval represents the tightened constraint, which is also a convex function. 

The second model is defined as f3o + /311/(1.2 +x). This model is chosen as an 
example since it is likely that an approximating function for the flow time will contain a 
term invalving an asymptote. The minimum number of treatments N again equals two 
and placement is again at the boundaries of the design region. The varianee function 
in Figure 5.2(d) is again convex, its shape is different from the varianee function in 
Figure 5.2(a). This difference is caused by the second regressar term. Figure 5.2(f) 
shows that the tightened constraint is a convex function. 

The third model involves three regressar terms including a constant, linear and 
quadratic term, f3o + f31x + f32x2. From Figures 5.2(g) and 5.2(h) becomes immediately 
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varianee function, N-2,4,8 
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design variabie x 
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varianee function, N-2,4,8 
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1.2 . 

-0.5 0 0.5 
design variabie x 
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varianee function , N-3,6,12 
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design variabie x 
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(i) 

Figure 5.2: Eaeh row of figures eorresponds to a regression model in one design variable, 
these model are respeetively defined as: f3o + (31x, (30 + (311/(1.2 +x) , (30 + f31x + f32x2. 
The first figures on eaeh row represent the varianee function V(x, f.N) for different values 
of N , the seeond figure displays the standardized varianee d(x, f.N) for the same values 
of N . The third figure illustrates a 95% eonfidenee interval around a regression line. 
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clear why this model is used as an example. The varianee function shows non-convex be
havior, behavior that effects the constraint tightening such that the corrected constraint 
becomes a non-convex function. The non-convexity demonstrates itself as a wrinkling 
over the corrected constraint. 

0 

The example shows that due to tightening of the constraints, convex approximate con
straint functions may be replaced by non-convex corrected constraint functions. One 
should always be attentive to non-convex corrected constraints. Also demonstrated by 
this example is the effect of increasing the number of treatments N. For this particular 
example the varianee function is proportional to 1/N, V(x,eN) "' 1/N. If arbitrary 
values of N are used, then also the shape of the varianee function is subject to changes. 
An increase in N also effects the estimator for CJ2 and the quantile of the t-distribution 
tet;2,N-p· In general, an increase in N decreases the width of the confidence interval. 
Moreover, for N -t oo, the amount of constraint tightening approaches zero. 

5.2 Solving the approximate optimization subproblem 

In the previous section the AOS is posed, this section presents the strategy that is used 
to solve the subproblem. The AOS belongs to the class of INLP problems. Due to the 
integer restrietion on the design variables, these problems are harder to solve than NLP 
problems. 

Integer nonlinear programming 

Nonlinear integer programming belongs to the class of mixed discrete nonlinear pro
gramming (MDNLP) problems. The term mixed means that the problem can include 
continuous variables as well as discrete ones. Continuous, discrete and integer design 
variables are discussed inSection 2.1. The research field concerned with MDNLP prob
lems is called 'combinatorial optimization'. A classification of MDNLP problems can be 
made by the type of variabie they can handle, for this research project only all-integer 
problems are considered. 

Presence of integer design variables makes solving nonlinear programming (NLP) 
problems more difficult. The most obvious solution for an INLP problem is to use a 
standard technique for NLP problems and relax the integer requirements. The values 
for the design variables are then round off to the nearest integer values. Rao [Rao96] 
mentions the following difficulties, 

• Rounding off variables frequently requires substantial changes in the values of 
some other variables to satisfy all the constraints. 

• The round-off solution may give a value of the objective function that is very far 
away from the true integer optimum value. 
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2 3 4 5 6 7 
x1 

Figure 5.3: Convex continuous problem with two integer minimizers. The square de
notes the continuous optimum (3.01, 2.96), the star marks the integer optimum (1, 2) . 

Loh and Papalambros [Loh91b) name another difficulty. Integer problems may have 
many local minimizers, such that it may be meaningless to find a a local minimizer 
unless the minimum found is within a certain ( acceptable) distance from a known bound 
on the global one. Note that multiple local minima are also present if the underlying 
continuous problem is convex. The following example is taken from the artiele by Loh 
and Papalambros [Loh91a] and demonstrates both the difficulties regarding a round-off 
salution and multiple local minima. 

Example: characteristics of INLP problems 

Loh and Papalambros considered the following convex optimization problem, 

minimize: 

subject to: 

f =x~- 8x2 

91 : -8.63xl + x~ ~ 0 

92: Xl- 5 ~ 0 

93 : 0.5 - Xl ~ 0 

Xl,X2 E z 

(5.7a) 

(5. 7b) 

(5.7c) 

(5.7d) 

(5.7e) 

Figure 5.3 shows a contour plot including the objective function and the constraint 
bounds. The objective is decreasing towards the upper left corner of the design region, 
the feasible region is enclosed by the constraints. All feasible designs are marked with a 
circle. The continuous problem is convex and therefore it possesses only one minimizer 
which is located at (3.0127, 2.9625). The integer problem in contrary has two local 
minimizers located at (1.2) and (4, 3). A design point is defined to be alocal minimum 
if all its discrete neighbors have an higher objective function value or are infeasible (see 
Appendix D.l). The objective function values at the local minima equal f(1, 2) = -15 
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which is less then f ( 4, 3) = -8. From this example one can see that the round-off 
solution, which would be (3, 3), is not located within the feasible region. Moreover, 
the integer optimum is not even located in the discrete neighborhood of the round-off 
solution. 

D 

The difficulties mentioned for INLP problems, can be overcome if the optimization 
problem is posed and solved as an integer programming problem. The simplest method 
of solving the above problem is enumerating all integer points, discarding infeasible 
ones, ev~luating the objective function at all integer feasible points, and identifying 
the point that has the best objective function value. This is, even for moderate-size 
problems, computationally expensive . The branch-and-bound method can be considered 
as a refined enumeration method in which most of the non promising integer points are 
discarded without testing them. Other popular techniques for solving these problems are 
the cutting plane method of Gomory (1958) or the sequentiallinear integer programming 
method. Loh and Papalambros [Loh91b] present a review of techniques for MDNLP 
problems. 

Branch-and-bound 

The branch-and-bound method was first developed by Land and Doig (1960) to solve 
linear integer programming problems. Their algorithm has been modified by Dakin 
(1965), Gupta and Ravindran (1983) applied Dakin's method to nonlinear (mixed-) 
integer problems. They used a generalized reduced gradient method (see e.g. [PapOO]) 
to solve a sequence of continuous nonlinear subproblems and published results for several 
test problems [Gup83]. 

The basic concept underlying branch-and-bound technique is to divide and con
quer. Since the original 'large' problem is to difficult to solve directly, it is divided into 
smaller and smaller subproblems until these subproblems can be conquered. The divid
ing (branching) is done by partitioning the entire set of feasible solutions into smaller 
and smaller subsets. the conquering (fathoming) is done partially by bounding how 
good the best solution in the subset can be and then discarding the subset if its bound 
indicates that it cannot possibly contain an optima! solution for the original problem. 
In this manner, the branch-and-bound algorithm goes through a 'search tree'. The suc
cessof branch-and-bound depends on the number of branches inthetree that can be 
fathomed. Figure 5.4 shows a search tree. · 

Each circle in the search tree represents a subproblem, and each of these subproblems 
is solved as a nonlinear optimization (NLP) problem. The circles with an 'S' represent 
subproblems that are divided into two smaller subproblems. The numbers in the circles 
are objective function values which correspond to the salution of that subproblem. The 
circle marked with an '*' represents an integer feasible salution to the problem. The 
subproblems that are not branched (not necessarily integer solutions) are fathomed 
since they cannot possibly contain a better solution then the one marked with '*'. 
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Figure 5.4: A branch-and-bound search tree. S Denotes a subproblem that is divided 
into smaller subproblems . . The numbers in circles denote the integer solutions. of the 
subproblems. 

It is obvious that there are multiple ways to traverse a BNB search tree. Section 5.4 
discusses this aspect of the branch-and-bound algorithm in more detail as wellas other 
specific matters regarding the implementation of branch-and-bound. The remainder 
of this chapter discusses the basic salution procedure used. Figure 5.5 depiets this 
procedure by a flowchart. Following Sandgren [San90] the salution procedure can be 
summarized as follows: 

1. First the problem is solved as an NLP problem by relaxing the integer restrictions 
on the design variables. If the salution of the relaxed problem happens to be 
an integer solution, it represents the optimum salution of the INLP problem. 
Otherwise, at least one of the integer variables must assume a non integer value. 

2. If X i is not an integer then select integer Z such that Z < Xi < Z + 1 and formulate 
two new subproblems, 

• A subproblem with an additional upper bound eaustraint Xi :::; Z. 

• Another subproblem with the lower bound eaustraint Xi :?: Z + 1. 

The process of finding these subproblems is called branching. This procedure 
eliminates some portion of the continuous space that is not feasible for the integer 
problem, while ensuring that none off the integer solutions are eliminated. 

3. Solve one or bath of the subproblems as a NLP problem such that new nodes are 
formed. From each node two new branches may originate. Continue the process 
of branching and solving NLP problems until an integer salution is found . This 
salution becomes an upper bound on the minimum value of the objective function. 

4. Eliminate all continuous solutions (nodes) whose objective function values are 
larger than the upper bound. This process is called fathoming, a node(solution 
subset) can be fathomed if any of the following conditions are true: 
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Form ,_ node by solving 
NLP problem wtth 

additional constraint 

Form ,_ node by solving 
NLP problom wlth 

additional constralnt 

Figure 5.5: Flowchart for the nonlinear branch and bound procedure 

• The continuous solution is an integer feasible solution. 

• The problem does not have a continuous feasible solution. 
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• The optimal value of the continuous problem is larger than the current upper 
bound. 

The upper bound value of the objective nmction is updated whenever a better 
bound is obtained. 

5. Select nodes for further branching until all all the nodes have been fathomed. The 
particular fathomed node that has the integer feasi~le solution with the lowest 
value of the objective function gives the optimum solution of the original INLP 
problem. 

The branch-and-bound algorithm as outlined in this section is able to find the 
global minimum provided that the underlying continuous approximate optimization 
subproblem is a convex problem. If the approximate optimization subproblem is not 
convex, BNB usually still finds a good solution. Convex optimization is discussed in 
Appendix D.2. 

A drawback of BNB is that even for moderate problem size many function evalua
tions are needed. BNB then needs to solve numerous NLP probierus and therefore it 
is potentially expensive. Moreover, the performance of a BNB solver is very dependent 
on the NLP solver that is used. 



58 Cbapter 5. Approximate optimization subproblem 

5.3 Acceptance of the INLP subproblem solution 

If a new design follows from the AOS, it must be verified whether this design should be 
accepted. In order to be accepted it must satisfy the following three conditions which 
are adopted from [Absül] , 

• the design is feasible 

• the design is not previously found 

• the objective function value has not increased compared tothelast accepted design 

If the start design is infeasible the approximate optimization problem may not have 
a feasible solution in the search subregion. In that particular case an infeasible solution 
may be accepted if, 

• the design was not previously found 

• the maximum relative constraint vialation has decreased. 

For verification of these conditions two stochastic objective function values have 
to be compared and the stochastic constraint values need to be compared with the 
deterministic constraint boundaries. To produce estimates for the mean and varianee of 
objective and constraint functions, M observations are assumed to be available for both 
the newly found design and the previous design. Appendix A treats output analysis and 
presents methods to estimate mean and varianee from simulation models. As discussed 
inSection 2.2, the batch means method is used to estimate mean and variance. 

Objective function 

In camparing two objective function values, a comparison is made between two expected 
responses. Therefore the confidence interval for the difference in the two expectations is 
computed. A confidence interval is preferred above hypotheses testing sirree the latter 
only results in a 'reject' or a 'fail-to-reject' conclusion. A confidence interval also gives 
this information but moreover it quantmes how much the expectations differ. 

The problem is one of statistica} inference in means of two distributions when the 
variances of both distributions are unknown and not expected to be equal. This is a 
valid assumption sirree varianee is dependent on the utilization of the manufacturing 
system. It is assumed that the observations, Yil, Yi2, ... , YiM; for i= 1, 2 are a sample of 
Mi independent identical distributed (IID) observátions from design i and J.Li = E(Yij) 
is the expected response of interest. Both objective function values should be normally 
distributed or the conditions of the centrallimit theorem should apply, see Appendix A 2• 

The Welch confidence interval (see [Mon99] and/or [LawOO]) is used for constructing 
a confidence interval for p.1 - J.L2· Also another technique, the paired t-test [Mon99] , 

2Law and Keiton [LawOO) mention that also non normally distributed responses could be used instead. 
Troublesome skewness present in the underlying distributions of the output random variables should be 
improved upon subtraction, assuming the distributions are skewed in the same direction 
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could he used. This method is successful if it is used in cooperation with common 
random numhers [Res01], a varianee reduction technique. However, the paired t-test 
requires that ohservations on the distrihutions of the two ohjective function values are 
collected in pairs3 and thus M1 = M2. 

Welch confidence interval 

Instead of the classica} two-sample-t confidence interval ( see any texthook on statistics) 
an approximate solution hy Welch (1938) is used since the classica} approach assumes 
that Var(Ylj) = Var(Y2j ), j = 1, ... , M. If this is not true, the classica} approach can 
exhihit loss of coverage. 

Mean fi(Mi) and and estimated varianee S[(Mi) for i = 1, 2 are as usual, see 
Appendix A.I. The estimated degrees of freedom are computed as, 

~ [S?(M1)/M1 + S~(M2)/M2]2 
v = [sr(MI)JMIP /(MI- 1) + [Si(M2)/M2J2 J(M2- 1) 

(5.8) 

resulting in the 100(1 - o:)% Welch confidence interval which is defined as4, 

(5.9) 

If mean }\(MI) and varianee S?(M1) are the mean and varianee of the newly found 
design, then the decrease in ohjective function value is significant if the whole interval 
enclosed hy the Welch confidence interval is negative. If the interval contains zero, there 
is neither a significant increase nor a significant decrease. Else there is a significant 
increase in ohjective function value. 

Gonstraint functions 

Each of the stochastic constraint values should he compared with its corresponding 
deterministic constraint hound defined hy Equation (2.1). For the same reason as for the 
ohjective function confidence intervals are computed. The computation of a confideuce 
interval for each of the stochastic constraint values is more straightforward than in the 
case of the stochastic ohjective functions. In any statistica} texthook one can find the 
confidence interval on the mean of distrihution with unknown variance. If mean Y(M) 
and estimated varianee S2 (M) are again computed as usual (Appendix A.1), then the 
100(1 - o:)% confidence interval is computed as, 

Y(M) ± to:f2,n-IS(M)jVM. (5.10) 

3 To improve the efficiency of the sequentia! approximate optimization algorithm one could make the 
simulation run-length dependent on the location in the design space. This is a reasonable assumption 
since varianee is dependent on the utilization. Using the batch means approach (Appendix A.2) this 
implies that M1 =/; M2 and thus observations should be discarded which in turn leads to lossin efficiency. 

4For M1 = M2 and S1(M1) = S2(M2), the Welch confidence interval equals the classica! two-sample-t 
confidence interval. 
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If for all constraints the values enclosed within the 100(1- a)% confidence interval are 
smaller than the corresponding constraint bound, then the design is feasible. 

One should be aware of an overall coverage that is less than 95%. In the case of 
multiple constraints several confidence intervals are computed and the chance that all 
true realizations are caught withinthese confidence intervals will be less than 95%. This 
result matches the multiplication rule, which is a common rule in the field of probability 
theory. This rule is defined as, · 

P(A n B) = P(AIB)P(B) = P(BIA)P(A) (5.11) 

where P(A n B) represents the probability of the intersection of two events denoted by 
A and B. P(AIB) denotes the conditionat probability of event A given an event B. 

5.4 lmplementation 

Branch-and-bound algorithm 

The branch-and-bound algorithm developed by Kuipers5 [KuiOO) (BNB), is used to 
solve the INLP subproblems. The Matlab implementation is presented in [Gij02). Only 
changes specific matters and changes made to BNB are discussed in this section. 

The algorithm is originally written and tested in Matlab 5.3 Rll and uses the 
Matlab function FMINCON from the Optimization tooibox 2.0 as NLP algorithm. The 
sequentia! simulation optimization approach is written and tested in Matlab 6.0 R12 and 
uses the optimization tooibox 2.1. To prevent the solver from hanging in Matlab 6.0 R12, 
a slight modification has been made in the options structure ofFMINCON. Furthermore, 
a slack variabie is introduced to solve approximate optimization subproblems that are 
entirely located outside the feasible region. This variabie relaxes the constraint(s) ofthe 
AOS until a feasible solution is included in the search subregion. Another modification 
of BNB is the removal of the GUl (graphical user interface). 

With the exception of the branching procedure, the BNB algorithm by Kuipers 
functions as outlined in Section 5.2. In the general branch-and-bound procedure two 
additional subproblems are generated if one of the design variables does not satisfy the 
integer restriction. In contrary, BNB generates more than two subproblems, e.g. X i < Z, 
X i = Z, Z + 1 ~ X i ~ Z + 3 and X i 2: Z + 4. The number of subproblems generated 
is dependent on the bounds defined for the design variabie that is branched. A reasou 
that could motivate the choice for this branching strategy is that BNB accounts for 
non-convexity in the optimization problem. 

As mentioned in Section 5.2, the general branch-and-bound procedure does not 
express how to traverse the search-tree. Moreover it also does not prescribe which 
variabie to branch. Both these matters are examined further. 

The variabie selected to branch will be the one that satisfies the integer requirement 
least of all; that design variable that is removed furthest from an integer value. The 

5E.C. Kuipers developed BNB during an intemship as a physics student at the State University of 
Groningen. email: E.C.Kuipers@cpedu.rug.nl 
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reasoning is that this strategy willlead to an all-integer solution as fast as possible. 
The branch-and-bound search tree can be traversed in several manners. Several 

possibilities are described in [Iba87]. The implemented search strategy works all the 
way through a branch and thereafter starts working on a new branch as close as possible 
to the root of the search tree. This search strategy is called depth-first search with back
tracing. In this way, the algorithm seeks to find an integer feasible solution as fast as 
possible. It is important to traverse the branch in such a manner that a good solution is 
quickly found. A good solution has the ability to fathom many or all remaining nodes. 

The way in which the search-tree is traversed for depth-first search is determined by 
the subsequent selection of one of the two nodes ( subproblems) that follow from a solved 
NLP subproblem, see Figure 5.4. The algorithm will select the specific subproblem 
that includes the round-off solution of the previous subproblem in its subset of feasible 
solutions. Argumentation is simple; it is most likely that the integer solution will be 
the round-off solution of the NLP problem. 

NLP algorithm 

The implemented NLP solver is the Matlab routine FMINCON [Matüla]. This solver 
falls in the class of classical (or non-global) optimization routines. Such an algorithm 
terminates as soon as a minimum is found and could therefore find a non-global mini
mum. Global optimization algorithms form the other class of optimization algorithms 
and are useful for problems where multiple minima are expected. However, their speed 
of convergence is much worse then that of classica! optimization algorithms and they 
are less suited for a large number of design variables. 

FMINCON requires an iterative procedure to establish a direction of search at each 
major iteration. Therefore the problem is transformed into an easier subproblem that 
is solved and used as the basis of the iterative procedure. FMINCON uses sequential 
quadratic programming (SQP) which is discussed in detail in [PapOO]. SQP is basedon 
a sequence of quadratic approximations, at each iteration a QP subproblem is gener
ated. lts solution is used to form a search direction for a line search procedure. Focus 
is on the solution of the Karush-Kuhn-Tucker (KKT) equations. The KKT equations 
are necessary conditions for optimality for a constrained optimization problem. If the 
problem is a convex programming problem, objective and constraints are convex func
tions, then the KKT equations are both necessary and suflident for a global solution 
point [PapOO]. More information on FMINCON can be found in the Matlab user manual 
on the optimization tooibox [Matülb]. 

FMINCON is a simple algorithm, not very fast but stable. If a more efficient algo
rithm is available it is possible to replace FMINCON with another MATLAB algorithm 
or possibly a FORTRAN or C/C++ algorithm using the MEX-interface that comes 
with MATLAB. 
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5.5 Summary 

The fitted approximating response functions for objective and constraint functions de
fine an approximate optimization subproblem. This problem is an approximation of 
the original problem as defined by Equation {2.1) valid over the subregion R(x). This 
subproblem is corrected for uncertainty present in the approximating functions. The 
approximating constraints are tightened such that the chance of erroneously finding a 
solution to the AOS that is actually infeasible decreases. A test example is used to 
investigate the effect and behavior of constraint tightening. 

A branch-and-bound implementation by Kuipers [KuiOO] is used to solve the cor
rected AOS. If the corrected subproblem is convex, the solver is guaranteed to find 
the global optimum solution. The search strategy used by Kuipers' implementation of 
branch-and-bound is described in Section 5.4 

The solution that follows from the AOS is subject to M simulation experiments. On 
basis of the results is decided whether or not the solution should be accepted as start 
design for a new cycle. Provided that the start design is feasible, a solution is accepted if: 
the design is feasible, the design is not previously found and the objective function value 
has not increased compared to the last accepted design. To verify whether the design 
is feasible, confidence intervals on all estimated mean constraint values are computed 
(Equation {5.10)). The change in objective function value is investigated by the Welch 
confidence interval (Equation ( 5.9)). 



Chapter 6 

lmplementation 

With the exception of the move limit strategy and stopping criteria, Chapters 3 to 5 
discussed all steps in the revised sequentia! optimization approach as presented in Chap
ter 2. The subject of this chapter will be the implementation of the approach as outlined 
in this report. Befare the implementation will be discussed, move limit strategy and 
stopping criteria are treated respectively in Sections 6.1 and 6.2. Compared to the move 
limit strategy proposed by Abspoel [Abs99], a small change is made. The stopping crite
ria remain unchanged. Regarding the move limit strategy and stopping criteria various 
suggestions are presented for improvement. 

Section 6.3 discusses the implementation of the sequentia} approximate optimization 
approach. Focus is on the interaction with the experimenter and the most important 
Matlab functionalities. The implemented approach requires input from the experi
menter and generates output intended for the experimenter. The actual implementation 
is presented in [Gij02]. 

The implemented approach camprises a series of approximate optimization cycles. 
In short, a new cycle is started if the salution of the AOS has been accepted. This 
salution is then used as the start design of a new cycle. If a salution has not been 
accepted, the cycle is repeated (iteration) with another search subregion (accepting 
designs is discussed in Section 5.3). The same notation as used by Apspoel [Absül] 
will be adopted throughout the remainder of this report. The starting point of the p-th 
cycle will he denoted by x(p,O), whereas the AOS salution of the p-th cycle for the q-th 
iteration will be denoted by x(p,q). 

6.1 Move-limit strategy 

The move limit strategy defines the size and location of the search subregion on basis of 
information obtained so far during the optimization run. Within the search subregion, 
the original simulation optimization problem is replaced by an approximate optimiza
tion subproblem (AOS). The AOS is assumed to be an accurate approximation of the 
original simulation optimization problem over the search subregion. When the AOS 
is solved, search subregion size and/ or location are changed and a new AOS follows. 

63 
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By decreasing/increasing the search subregion size, the approximation can be made 
morefless accurate, and applicable over a narrowerfwider region. 

Abspoel's strategy 

The strategy developed by Abspoel et al. defines a n-dimensional hypercube as search 
subregion in the design space. Such an hypercube may be placed according to two 
different directional methods. The first directional methad is depicted in Figure 6.1 (a) 
and is referred to as the corner-point method. This methad uses the last accepted 
salution of the AOS as a cycle start design x(p,O). The cycle start design marks the 
corner of the next search subregion. The opposing corner is placed in the direction 
of the previous search direction. Abspoel et al. [AbsOl] define the lower- and upper
bounds of the search subregion as, 

(6.la) 

(6.lb) 

(6.1c) 

where mip,q) denotes the move limit defined for design variabie Xi· The move limit 
determines the size of the search subregion in the dimension of Xi . The search direction 
is denoted by sign(sip-l)). 

The second directional method is referred to as the midpoint method, Figure 6.l(b). 
This method uses x(p,O) as center point of the search subregion. For the midpoint 
method, Abspoel et al. [Absül) define theupper- and lower-bounds as, 

(6.2a) 

(6.2b) 

The strategy of Abspoel et al. starts with a midpoint design in order to determine 
an initia! search direction. The user decides for the initia! size of the search subregion 
by selecting move limit values m(o,o) for each design variable. After the first cycle, the 
strategy switches to the corner-point method which is used until a salution of the AOS 
is nat accepted. If a design is nat accepted and the corner-point methad is used then 
the search subregion will be positioned according to the midpoint method. If thereafter 
again a design is nat accepted then the search subregion size is reduced by reduction of 
the move limits. 

There is a possibility that search subregion bounds may violate the design space 
bounds x 1 and xu as defined by Equation (2.1c) in the original simulation optimization 
problem. In case of vialation the entire search subregion is shifted such that it lies 
completely within the design space. 
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design variabie x
1 

(a) Corner-point method: the search sub
region is placed in the direction of the pre
vious search direction s<P-l) with x(p,O) as 
a corner-point. 

design variabie x1 

(b) Midpoint method:the search subre

gion is placed using x (p ,O) as its center 
point. In this figure also a move limit re
duction is visualized. 

Figure 6.1: Directional methods. Figures based on [Absül] 
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Note that if due to move limit size reduction the values for x~(p,q) or xr(p,q) are not 

integer, then x~(p, q) is decreased and xr(p,q) is increased towards its first integer value. 
Moreover, the move limit size cannot decrease any further than size two, such that 
at least three integer levels are defined for each design variable; to use the midpoint 
directional method, three integer levels are required. 

Suggestions regarding move limit strategy 

Some suggestions are presented that could possibly improve the move limit strategy .as 
proposed by Abspoel et al. [Absül]. Toropov [Tor89] uses a different move limit strategy. 
Ideas presented by Toropov can serve as suggestions and possible future modifications 
of the implemented move limit strategy. 

If the move limits are decreased, then the approximation will be in general more 
accurate but also reliable over a narrower region. Toropov uses this understanding 
to decide for the size of the next search subregion. Therefore, Toropov defined error 
parameters that refiect the order of adequacy of the approximations. If one or more of 
the approximations is not accurate enough the next search subregion will be reduced. 
Giunta and Eldred [GiuOO] use this insight not only to reduce the search subregion but 
they state that one can increase the search subregion size if the approximations are 
accurate enough. 

Another idea presented in the artiele by Toropov [Tor89] regards the movement of 
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the search subregion. He states that if the AOS salution is located on a boundary of the 
search regionone should continue searching in the direction as defined by Equation (6.1). 
This idea corresponds with the implemented strategy. However, if the salution to the 
AOS is located inside the search subregion Toropov states that this salution can be 
considered as an approximation of the final solution. In that case, the search subre
gion should be reduced and the search region can be placed according to the midpoint 
directional method. 

A further generalization of the insight provided by Toropov is possible. In the cur
rent implementation of Abspoel all move limits are reduced simultaneously. Moreover, 
the directional method applies to all design variables. Another possibility is to consider 
each search subregion dimension separately. Then, unique move limits and a directional 
method are assigned to each design variable. As a result, for each design variabie is 
verified whether or not the design variabie is a 'boundary point' or an 'interior point '. 
According to the result the search subregion is repositioned and/or reduced in the di
mension of the corresponding design variable. In case of .a 2-dimensional design space 
this suggestion can be completely defined by the three situations illustrated by Fig
ure 6.2. In the figures the initia! search subregion is the region intheupper left corner 
of the designspace marked (1). The start design and the salution to the approximate 
optimization problem are marked with a dot. Figure 6.2(a) illustrates the situation for 
a salution with two boundary points, Figure 6.2(b) for a single boundary point and in 
Figure 6.2(c) none of the salution design points are located at the boundary. 

design variabie x1 

(a) two boundary points; 
corner-point directional 
method and no move 
limit size reduction m 
both dimensions 

---~ --- - - ---- --~ .. ···i·-··-- ··1··----- .. . ... ., . .... t ..... -y······ 
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design variabit x
1 

(b) one boundary 
point; corner-point- and 
midpoint- directional 
method, move limit 
size reduction only in 
the dimension of design 
variabie x2 

design variabie x1 

( c) zero boundary points; 
midpoint directional 
method and move limit 
size reduction is both 
dimensions 

Figure 6.2: Suggestion for an improved move limit strategy; separate search subregion 
size and directional method in each dimension. 
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Modification of the move limit strategy 

For this research only an obvious adjustment is made such that the efficiency of the 
move limit strategy as proposed by Abspoel may increase. The revised move limit 
strategy discriminates between interior points and boundary points. If an interior point 
is found and the corner-point directional methad is used, then the revised strategy will 
switch to the midpoint directional methad without decreasing the search subregion size 
as proposed by Toropov. 

6.2 Stopping criteria 

Also the stopping criteria used by Abspoel are adopted. Abspoel reasans that the 
sequentia! optimization approach should stop if it is unlikely that further impravement 
of the current design will be found. Following Abspoel, the search for better solutions 
is stopped if either one of the following criteria is satisfied, 

• two times in a row a salution has been accepted but there is na significant increase 
nor decrease in the objective function value. 

• a salution is nat accepted but na new search subregion can be placed because 
the move limits have reached their minimum value. This occurs if the midpoint 
directional methad is used and the maximum move limit size (max mi) is smaller 
than 2. 

Also regarding this strategy some suggestions for impravement can be made. Ver
voort [VerOO] already noticed that the first criterion could bring about a premature 
termination of the optimization process. He observes that in Abspoel's implementa
tion the stopping criterion is satisfied when objective function value f(x(p,q+1)) has nat 
significantly increased nor decreased with respect to f(x(p,q)), and f(x(p,q)) has nat 
significantly increased nor decreased with respect to f(x(p,q- 1)). Vervoort reasans that 
the chance of prematurely terminating the optimization process will be reduced if also 
f(x(p,q+ 1)) and f(x(p,q- 1)) are compared. 

Another suggestion might introduce a new stopping criterion. If also the accuracy 
of the approximation is taken into account and the same design is found for two times 
in a row, and all approximations satisfy a certain accuracy level, then the optimization 
process could also be terminated. The accuracy could be described by parameters 
simHar to those used by Toropov [Tor89] discussed in Section 6.1. This extra criterion 
should deal with the effect that the same design is found numerous times befare the 
optimization process is finally terminated. 

6.3 Matlab implementation 

The sequentia} optimization approach as presented in this research is implemented in 
Matlab 6.0 release 12 [MatOlc] and uses bath Matlab's optimization taalbox (MatOla] 
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and statistica! tooibox [Matülb). This section presents an overview of the implementa
tion. First, all required user-input will be discussed. Next, the most important functions 
in the implemented sequentia! approximate optimization approach pass the review and 
finally the output is presented. 

All steps in the sequentia! approach are implemented as Matlab functions which can 
be found in (Gij02). All these functions are grouped in several directories which should 
all be placed in a Matlab working directory. This same directory should also contain 
the Matlab scripts problem. m and sequ.ence. m. The latter defines the order in which all 
Matlab functions are called and passes through all arguments. 

User-input through problem.m 

The implemented tool requires user input. All user-input is collected in the Matlab file 
problem. m and discussed here. 

Regressar roodels 

Regressar models and/or explicit relationships are defined in the structure relation. 
Each relation is defined by the fields name and def The field name is defines the 
relationship's name by a string. The field · def defines either the regressar terms or 
an explicit functional relationship in a nested cell array. The example below shows 
an explicit relation for the 'objective' and a pure linear regressar model is used to 
approximate the constraint function. 

relation(l).name = 'objective'; 
relation(l).def = {{'5+1.5*x(:,l)+x(:,2)'},{}}; 

relation(2).name = 'constraint'; 
relation(2).def = {{},{'1';'x(:,l)';'x(:,2)'}}; 

The relationships should be defined in correct order. First, the objective must 
be defined. Next, the constraints are defined in the order wherein the responses are 
returned from the simulation model. Explicit constraint functions are defined last. The 
constraint bounds are denoted by the vector constrainLbou.nds. 

Simulation model 

The simulation model is defined by the structure model with fields name and type. Both 
fields are strings. The first field should correspond with the name of the simulation 
model. The second field indicates whether a Matlab- or x- model is used. E.g., 

model.name='fourstat'; 
model.type='chi'; 

x Models are expected to return mean values and standard deviations for objective 
and constraints. Mean and standard deviation should be calculated within the x model. 
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In contrary, Matlab roodels are expected to return single realizations of objective and 
constraints. Mean and varianee are then calculated by the optimization tool. This 
distinction is due to the fact that x roodels use the batch means method to compute 
mean and standard deviation whereas Matlab roodels use the independent replications 
method, see Appendix A. 

Design variables 

Regarding the design variables a start design, the design space, move limits and their 
status must be defined. The start design contains the initial settings for the design 
variables and is defined by the n-dimensional vector x0 • The designspace is defined by 
the (n x 2) matrix globaLbounds. Herein each row denotes the (global) lower- and upper
bound on each design variable. The move limits are denoted by the n-dimensional vector 
move limits and represents theinitial move limit on each design variable. xstat Defines 
the status of each design variable, 0 denotes a continuous design variabie whereas 1 and 
2 respectively refer to an integer or fixed design variable. E.g., 

xO= [ 4 2 3 5] ' ; 
global_bounds=[4 14; 2 12; 3 13; 5 15]; 
move_limits=[4 4 4 4]'; strategy='mystrategy'; 
xstat = [1 1 1 1]'; 

Design of experiments 

Various exchange algorithms are available, the variabie algo defines which algorithm is 
used. the experimenter can discriminate between the strings 'detmax', 'kexchange' and 
'simple '. The number of treatments N in the experimental design is defined by Ncand. 
Optional arguments are b Wdh and runs. The default value for b Wdh equals 1 which 
denotes that repetitions in the experimental design are permitted. If repetitions in the 
design are not desired, b W dh should equal 0. The default value for runs equals 20. 
That is, the best experimental design is returned from the 20 experimental designs that 
are generated. E.g., 

Ncand = 15; bWdh = 1; algo = 'kexchange'; runs= 20; 

Simulation experiments 

Within the sequentia! approximate optimization approach, simulation experiments are 
performed for two different purposes. In this report . M defines the number of experi
ments that are performed 'to obtain estimates for mean and standard deviation of the 
current design point. N Defines the number of experiments performed in the search 
subregion to collect observations which are used to fit the regression models. In the 
implementation both M and N are defined as similar ( 4 x 1) vectors. These veetors are 
defined as, 
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[ 

#simulations I designpoint l 
M N = #lots in warmup period 

' #lots I batch 
#batches 

A common structure is used for ease of implementation. This structure permits a 
correct input-structure for both the independent replications methad as well as the 
batch means method. E.g., if a Matlab model is used, then M = [15 0 0 0) denotes that 
15 independent replications are made. If N = [1 0 0 0) then one experiment is performed 
for each treatment in the experimental design. For x models M = [1 10000 50000 10) 
indicates that the batch means methad is used. A single simulation run of 510.000 lots 
is made. The first 10.000 lots are discarded (warm-up effect) and the remaining lots 
are divided in 10 equal batcl:J.es. If N = [1 20000 100000. 1), then onesimulation run is 
performed for each of the N treatments in the experimental design, from each run the 
first 20.000 lots are discarded. 

x Models need to be of version 0.7.6 and receive as input arguments vector M or 
N and the settings for the design variables. The call for the x model is made from 
the Matlab environment. The output arguments of the x model are the means and 
standard deviations of its responses. To calculate mean and standard deviation within 
the x model it is recommended to make use of the scripting language Python, which is 
well described in [Lut99). A x -t Python interface is developed by Hofkamp [HofD1]. 

Approximate optimization subproblem 

Regarding the subproblem several input arguments need to be defined. Correction of 
constraints is defined by the structure correct with fields correct and def. If the field 
correct equals 1, the constraints are corrected. Field def discriminates between 'abspoel' 
and 'mycorrection'. In case the field def equals 'mycorrection', then alpha defines the 
alphapercent confidence interval that is used to tighten the constraint(s). alpha Is also 
used for the alphapercent confidence intervals that verifies whether the salution of the 
AOS should be accepted. If the constraints are not corrected, correct. correct should 
equal 0. 

There are also more advanced settings regarding the approximate optimization sub
problem. Variabie opts represents the options structure. The field MaxSQPiter is set 
to the default value of 1000 to prevent BNB from hanging 1 . If the search subregion is 
positioned entirely in the infeasible domain BNB will not be able to find a solution. To 
overcome this problem a slack variabie has been introduced. As a result, constraints 
of the AOS are relaxed until a salution is found. Variabie bp is the slack variable's 
parameter value; by default bp = le5. The variabie setts refers to the branching of non
convergent subproblems. The default value for setts equals 0 which means that BNB 
will always branch a non-convergent subproblem so it can try again to find a solution. 
If setts equals 1, then non-convergent subproblems are not branched [KuiOO). E.g., 

1In Matlab version 5.3 the options structure is defined different from Matlab 6.0. In order to use 
BNB for Matlab 5.3, another version of BNB should be used. Details are in [Gij02] 
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correct = 1; alpha = 95; setts = 0; bp = 1e5; 
opts = optimset('Display','off' ,'MaxSQPiter',1000); 

Matlab functions in sequence. m 

The Matlab function sequence. m is a refiection of the flowchart presented in Figure 2.3. 
Following Figure 2.3, all major functions will be discussed on basis of their function 
definition line. The previous subsection already discussed the user-input defining the 
problem, including approximate relationships. All these input arguments will not be 
mentioned again during discussion of input- and output-argumentsof the Matlab func
tions. 

First, simulation experiments are performed to estimate means for objective (JO) 
and constraints (gO) as wel! as their standard deviations denoted respectively by fsO 
and gsO. 

[fO,fsO,gO,gsO]=evaluate(model,relation,xO,M); 

Next, is verified whether the start design is feasible. If not, the maximum relative 
constraint vialation maxviol is returned. That is, the maximum vialation of the ( uncor
rected) expected mean constraint response in terms of percentage. Note that, maxviol 
can be negative! Input argument n denotes the number of observations used to estimate 
means and standard deviations. 

[feasible,maxviol]=feasibility(relation,gO,gsO,constraint_bounds,n, alpha); 

All following functions are repeated until the stopping criteria are satisfied. The 
current cycle number p and iteration number q are initialized. 

Each iteration starts by positioning and sizing of the search subregion. All integer 
candidate points (xcand) within this region are computed. Input argument xp denotes 
the result of the previous optimizationcycle. Input argument accept denotes whether 
the last salution to the AOS has been accepted. xl And xu denote the upper- and 
lower- bounds on the (previous) search subregion. The (previous) directional methad 
is denoted by mm. 

[xcand,xl,xu,movelimits,mm]=movelimit_strategy(xO,xp,movelimits, ... 
global_bounds,p,accept,mm,strategy,xl,xu); 

Matlab function doe_perform. m uses the exchange algorithm defined by algo to gen
era te the experimental design matrix xdesign. Input argument xincl denotes previously 
evaluated design points that should be included in the experimental design matrix. 

xdesign=doe_perform(relation,xcand,xincl,Ncand,bWdh,algo,runs); 

Ncand Should be equal to, or smaller than, the number of xcand for doe_perform. m. If 
more treatments than candidate point are desired, then the following script is used. 
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if size(xcand,l)>=Ncand 
xdesign=doe_perform(relation,xcand,xincl,Ncand,bWdh,algo,runs); 

el se 

end; 

Ntemp=size(xcand,l); Nrest=Ncand-Ntemp; 
xdesign=doe_perform(relation,xcand,xincl,Ntemp,bWdh,algo,runs); 
%divide remaining Ncand 
Dtemp=xdesign; 
while Nrest>=Ntemp 

Dtemp=[Dtemp;xdesign]; Nrest=Nrest-Ntemp; 
end; 
xdesign=[Dtemp;xdesign(l:Nrest,:)]; 

Then, the treatments defined by xdesign are evaluated. The returned observations 
of the objective are stored in yf and the observations for the constraint(s) are stored 
in yg. Output arguments yfs and ygs remain empty because generally all treatments in 
xdesign are only evaluated one time. 

[yf,yfs,yg,ygs]=evaluate(model,relation,xdesign,N); 

Observations yf and yg are used to estimate the parameters for the regressor models 
defined by relation. Parameter estimates are stored in the field relation. parameters. Also 
the extended design matrix is added to the structure relation. 

[relation]=regression(relation,[yf yg],xdesign); 

Before the approximate subproblem is solved, the problem should be corrected for 
uncertainties in the approximations. For that reason the varianee estimator and t
statistic are computed. Their values are stored in the fields rmse and tstatistic are 
added to the field relation. 

[relation]=buildasp(relation,[yf yg],xdesign,xl,xu,alpha); 

Next, the branch-and-bound solver by Kuipers [KuiOO] is used to solve the AOS. First, 
a slack variabie is introduced an added to xO, xstat, xl and xu which are then denoted by 
xOs, xstats, xls and xus. The approximate objective function and approximate constraint 
functions are separate Matlab functions and denoted by the strings 'objfun' and 'confun'. 
Input arguments gsO and n are only used if the approximate constraint are tightened 
as proposed by AbspoeL The only relevant output argument is x which denotes the 
solution design of the AOS. 

[errmsg,z,x,t,c,fail] = bnb20('objfun' ,xOs,xstats,xls,xus, [], [], [), [), ... 
'confun',setts,opts,relation,constraint_bounds,correct,bp,gsO,n); 

Again, the Matlab function evaluate. m is used. Estimates are computed for the 
means and standard deviations of objective and constraint functions for the design 
found by bnb20. m. 
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[f,fs,g,gs]=evaluate(model,relation,x,M); 

Matlab function acceptence. m compares the salution of the AOS with the previous 
found solutions. If the solution is not accepted, then output arguments xO, jO, fsO, gO 
and gsO remain unchanged. Else these arguments adopt the values that correspond 
with the solution of the AOS. Output argument accept can adopt three values: 0, the 
objective function value has not been accepted; 1, the design has been accepted; 2, the 
design has been accepted but neither a significant increase nor decrease in objective 
function value has been observed. feas And mxvl denote the feasibility of the design 
and maximum relative constraint violation. Arguments feasible and maxviol are only 
updated if the design has been accepted. 

[xO,xp,fO,fsO,gO,gsO,accept,feas,mxvl]=acèeptance(relation,xO,x,x_list, ... 
fO,fsO,gO,gsO,f,fs,g,gs,constraint_bounds,n,feasible,maxviol,alpha); 

if accept==l I accept==2, feasible=feas; maxviol=mxvl; end; 

At the end of each iteration is verifiedwhether the stopping criteria are satisfied. If 
so, a summary of the optimization run is printed to the screen. If not, the optimization 
run continues and the search subregion is resized or repositioned. The stopping criteria 
are verified as follows, 

%stop if: directional method=2, max movelimits<2, solution not accepted 
if accept==O & max(movelimits)<2 & mm=='direction2' 

cycle(p).stop=l; sc=O; 
elseif accept==2 

%stop if: 2 times no significant change in objective function value 
if -exist('sc'), sc=l; else, sc=sc+l; end; 
if sc==2, cycle(p).stop=l; else, cycle(p).stop=O; end; 

el se 
cycle(p) . stop=O; sc=O; 

end; 

where variabie sc is cleared each time a new cycle is started. 

During the each optimization run, relev~nt information is stored in the structure 
cycle. Structure cycle contains the fields: 

Y.informtion regarding start of a new cycle(p,O) 
cycle(p).design_start, cycle(p).obj_mean_start, cycle(p).con_mean_start, 
cycle(p).obj_std_start, cycle(p).con_std_start, cycle(p).feasible_start, 
cycle(p).maxviol_start 
Y.information regarding current iterate(p,q) 
cycle(p).design_result{q}, cycle(p).design_matrix{q}, 
cycle(p).design_responses{q}, cycle(p).mvl_size{q}, cycle(p).mvl_bounds{q}, 
cycle(p).obj_mean{q}, cycle(p) . con_mean{q}, cycle(p).obj_std{q}, 
cycle(p).con_std{q}, cycle(p).accept{q}, cycle(p).feasible{q}, 
cycle(p).maxviol{q}, cycle(p).stop{q} 

The Matlab script iniLhistory. m describes the contents of the structure in the help text. 
The structure cycle proves useful if the course of the optimization run must be studied. 
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Output 

As said, information is stared in the structure cycle during the optimization run. Also 
various pieces of information are printed to the screen during the run. This information 
updates the user on the progress of the optimization run. When the stopping criteria 
are satisfied, a summary table is printed which contains the course foliowed by the 
sequentia! optimization approach. An example is printed below. 

cyc iter acpt feas objf mmvl mviol design 

1 1 1 0 241.75 4 17.27 6 6 
2 1 1 0 109.30 4 2.20 6 4 
3 1 1 1 157.77 4 0.00 5 3 
4 1 0 1 160.73 4 0.00 5 3 
4 2 0 0 39.83 4 15.58 6. 3 
4 3 0 1 157.47 2 0.00 5 3 
4 4 0 1 154.91 1 0.00 5 3 

The results of each cycle and its iterations are displayed. The start design, its 
corresponding objective function value and its maximum constraint vialation are not 
displayed. Thus, the first row denotes the results of the first iteration. In the summary, 
design presents the salution found for the AOS in cycle (cyc,iter). The corresponding 
objective function value is denoted in the column objf. Whether or not the design is 
accepted is denoted in the column acpt. Reeall that accept can assume the values 0, 
1 or 2. The feasibility of the design is denoted by feas; 0 denotes an infeasible design 
whereas 1 denotes a feasible design. If the design is not feasible, the maximum relative 
constraint vialation is given by mviol. Finally, the maximum value of the move limits is 
denoted in the column mmvl. If is started with equal move limits for all design variables, 
the the value in column mmvl represent the move limit size in all dimensions. 

The data in this summary is from the first test example discussed in Chapter 7. An 
optimization run is started from (10, 10), and the initia! move limit size equals four. 
Although the first solution is infeasible, x(l ,l) = (6, 6) is accepted. Therefore, the start 
design had to be infeasible as well. The design has been accepted because the maximum 
constraint violation has decreased. For the same reason also design x(2,l) = (6, 4) has 
been accepted. In the third cycle a feasible design has been found for the first time. The 
objective function value has increased but the design is accepted because it is feasible. 
Salution x(4,l) = (5, 3) is not accepted because it is previously found. Since this design is 
not accepted, the move limit strategy switches froni the corner-point directional method 
to the midpoint method. The next solution found equals x(4,2) = (6, 3) is infeasible, 
thus not accepted. The following solutions are neither accepted (previously found) , thus 
the move limits are subsequently decreased. When the move limits are all smaller than 
2, then one of the stopping criteria is satisfied and the optimization run is terminated, 
x(3,l) = (5, 3) is the final solution. Although mmvl equals one forthelast design found , 
the actual search subregion is still of that size, such that the directional midpoint method 
can be used. 
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6.4 Summary 

With completion of this chapter all steps in the sequentia! approximate optimization 
procedure are described. Regarding bath the move limit strategy and the stopping 
criteria several recommendations are made. The move limit strategy is slightly extended. 
The revised strategy discriminates between interior solutions and boundary solutions. 

The required user-input is also described in this chapter and it should he clear that 
the user bears the responsibility for a correct simulation model that is able to interact 
with the implemented sequentia! approximate optimization approach. If all user-input 
is defined correctly, then the sequentia! optimization starts. 

The major functions in the implementation are discussed following the flowchart 
presented in Figure 2.3. Linear regression models are used to approximate the response 
based objective and constraints. Move limits are used to define a search subregion 
where these approximations are considered .to he valid. Within this search subregion 
the approximations are build using the responses from simulation experiments that are 
planned according to a D-optimal design. The approximations define an AOS that is 
solved using BNB. To reduce the chance of erroneously accepting an infeasible design, 
the constraints of the AOS are tightened. Therefore, the expected mean response of 
the approximating constraint functions is replaced by the upper bound on its 95% 
confidence interval. Solutions of the AOS can he accepted or rejected. Depending on 
the situation, both accepted an rejected designs can satisfy the stopping criteria. If 
one of the stopping criteria is satisfied, then the optimization run terminates. If these 
criteria are not satisfied then new approximations of objective and constraint functions 
are build in a repositioned or reduced search subregion. 

The next Chapter will present several test problems which are used to experiment 
with the implemented sequentia! optimization approach. 
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Chapter 7 

Test problems 

The previous chapters discussed the successive steps in the sequentia! optimization 
approach. Chapter 6 presented its implementation and this chapter will test the perfor
mance of the developed sequentia! approximate optimization algorithm. Testing of the 
performance is done according to four test problems. Behavior of all these problems has 
already been tested for the optimization tool developed by Abspoel (Abs99). Results 
are presented in (Abs99), [AbsOO), [VerOO) and in [Abs01). 

The same test problems are used for two reasons. Firstly, camparisou of the results 
can serve as validation of the implemented approach. If a completely deterministic 
problem is considered and pure linear approximating functions are used, the results 
should be similar to those obtained using Abspoel's algorithm. Secondly, camparisou 
of results can clearly demonstrate the difference in performance. 

Inthetest examples Mis used to denote the number of replications of a treatment. 
Reeall that treatments are replicated to evaluate an approximate optimum with respect 
to objective function change, and feasibility of the design. The number of treatments 
that are allowed in the experiment al design is denoted by N. In the test examples the 
infiuence of parameters M and N is investigated. Furthermore, DN denotes discrete 
neighborhood and m~p,q) denotes the move limit size of design variabie Xi in cycle p 
and iteration q. The discrete·neighborhood of a design point is thesetof points whose 
integer variables differ -1, 0 or + 1 integer units from the corresponding variables of the 
design point. The discrete neighborhood is formally defined in Appendix D.l. 

7.1 Test problem 1: non-convex constraints 

The first test example is a stochastic integer optimization problem with a non-convex 
feasible region. The problem is derived from a continuons deterministic optimization 
problem presented by Loh and Papalambros [Loh91a). Stochasticity is introduced by 
adding relative error terms. The error terms are normally distributed with a zero mean 
and a standard deviation equal to 5% of the corresponding objective- or constraint 
value. The optimization problem is: 

77 
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mm1m1ze : E(F) 
subject to : E( GI) ::; 3. 718, E( G2) ::; 15.854, 

0 :S X1 , X2 :S 10, 
X1,X2EZ 

where, 

~: !9:i€~ 1~;1;2 9~ ;o;; 18:2\
246o, 

91 = x1 - (0.2768x~ - 0.235x2), 
92 = x1 - ( -0.019x~ + 0.446x~ - 3.98x2), 
EJ E N(O,I0.05fl), E9i E N(0,!0.059jl), j = 1,2. 

(7.1) 

The optimization problem is visualized in Figure 7.1 The dashed lines represent the 
contour plot of the objective function. The objective function value decreases while 
moving towards the lower right corner. The two solid lines represent the contour lines 
of the constraint bounds, E(Gl) = 3.718 and E(G2) = 15.854. Two integer optima are 
identified. The global optimum is located at (5, 3) and another local optimum is found 
at (3, 0). 
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Figure 7.1: The constraints, objective and optima forthenon-convex test problem. The 
global optimum is located at (5, 3) another local optimum is located at (3, 0) 

Previous results 

Abspoel et al. [Abs01] solved the deterministic problem and the stochastic problem. 
For the deterministic problem, not finding an optima! point (5 , 3) or (3 , 0) has been 
fully attributed to linearization errors. Using improved approximations should increase 
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the frequency by which optima are found. Moreover, a decrease in the number of 
optimization cycles to arrive at the final salution is expected. 

For the stochastic problem the influence of parameters M and N has been inves
tigated. Increasing N lead to improved linear approximations. Increasing M lead to 
more accurate estimates of mean and standard deviation. On the basis of the standard 
deviation calculated from M replications Abspoel corrected the constraints. Increasing 
M resulted in less correction; thus, in an increased feasible region. Somewhere in be
tween M = 25 and M = 2000 the shift in corrected constraint facets caused a turning 
point in the solutions found. For large M and N the stochastic problem approached 
the deterministic optimization problem. 

In this research the amount of constraint correction depends on N. Therefore, 
a change in N will not only affect the quality of the approximations, but also the 
tightening of the constraints. The M replications of the approximate optimum are only 
used to evaluate the optimum with respect to objective function change and feasibility 
of the design. As a result, conclusions based on test results regarding M and N are 
expected to be different from those by Abspoel et al. To campare Abspoel's constraint 
tightening with the correction presented in this report , experiments are included that 
use Abspoel's constraint correction. 

Deterministic problem 

The first deterministic problem solved uses pure linear approximating functions , such 
that the implementation (at least part of) can be validated. This experiment is identical 
to the deterministic problem as presented in [AbsOl] and should produce similar results. 
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Figure 7.2: deterministic optimization problem using pure linear approximations 

The problem is solved starting from each integer design point in the design space 

with initia! size of the search subregion ml02°) = 4. The D-optimal experimental design 
' 
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consistsof N = 4 treatments, one treatment at each corner. Figure 7.2 shows for each 
design on the grid of start designs the optimum that is found. For this problem the 
performance is measured in termsof the frequency by which the true minimizer (5, 3) is 
found. In 53.7% of the optimization runs the approach converged to the global optimum; 
36.4% ended in either (6, 4) or (5, 4), discrete neighbors of the global optimum. The 
other local optimum (3, 0) is found in 7.4% of the cases whereas one of its discrete 
neighbors (3, 1) and (4, 1) is found for 2.5% of the optimization runs. Design points 
other then the two local optima are found due to linearization errors. The results 
closely match Abspoel's results. 

Two start designs resulted in a final salution different from the salution found by 
AbspoeL Start design (4, 0) finds the global optimum (5, 3) insteadof (4, 1). Also start 
design ( 4, 5) results in the global optimum in stead of (5, 4). Thus, the performance of 
the revised implementation is slightly better. To investigate these differences, the move 
limit strategy by Abspoel is used to solve the problem. Using Abspoel's move limit 
strategy, the results remain unchanged. Further investigation learns that Abspoel's im
plementation of the move limit strategy behaves somewhat different from the strategy 
described in [Abs01). The strategy in [Abs01), dictates to use the corner-point methad 
after the first cycle. However, the test results presented by Abspoel give proof of differ
ent behavior: If during the first cycle a salution of the AOS is nat accepted the search 
subregion size is reduced. If thereupon a salution is accepted a new cycle is started. 
This cycle does nat place the search subregion according to the corner-point methad 
but uses the midpoint method. To mimic the behavior of Abspoel's move limit strat
egy implementation, an adjustment is made in the current implementation: After the 
first cycle, the corner-point methad will only be used if the search subregion size still 
equals the initia! search subregion size. With this adjustment the exact same results 
as produced by Abspoel are obtained. However, Abspoel's strategy neededon average 
6 approximations to solve an optimization problem, whereas the revised approach only 
needed 5.5. In the remaining test examples the adjustment is nat made, the move limit 
strategy as described inSection 6.1 is used. 

The sameexperiment can be repeated for approximating functions other than linear. 
Since the relations for objective function and constraints are explicit polynomials in the 
design variables, 'exact' approximation models can be constructed; those terms are 
included in the regression model that are also present in the explicit relations defined 
in Equation 7.1. Now, the deterministic optimization problem is solved using these 
'exact' approximations. The problem is solved for each point in the design space as 
start design, the initia! move limit size equals m~02°) = 4 and the number of treatments 
in each experimental design is increased to N = ' 8 such that it is possible to genera te 
nonsingular experimental designs. 

Figure E .1 in Appendix E.1 presents the solutions found for this problem. In 86.7% 
of the cases the global optimum is found. In all other cases (13.2%) the other local 
optimum is found. Discrete neighbors or other solutions are nat found. Not finding 
the global or local optimum in case of linear approximations has been attributed to 
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linearization errors. This condusion seems correct since for exact approximation models 
only optima are found. Nat finding the global optimum in all for the cases is due to the 
non-convexity of the optimization problem. 

In genera!, using simulation models, the experimenter will be nat that well informed 
regarding which regressar variables to include in the approximating models. Use of an 
'exact ' approximation model is very unlikely. Therefore, an experiment is performed 
to verify the performance for a more general model. FU.ll quadratic models without 
interaction will be used to approximate objective and constraints. Figure E.2 in Ap
pendix E.1 presents the results. Again only optima are found, in 84.4% of the cases 
the global optimum (5, 3) is found. For all other cases the other local optimum (3, 0) is 
found. Compared to the results obtained using the exact approximating models only a 
slight decrease in performance is observed. Start designs that did nat lead to the global 
optimum using exact approximations, also do nat lead to the global optimum using 
quadratic approximations. In addition also (0, 1) , (0, 2) and (1 , 7) lead to the local op
timum (3, 0). These points did nat find the global optimum (5, 3) due to approximation 
errors. 

Stochastic problem 

In case of the deterministic problem improved approximations lead to an increase in 
performance, the frequency by which the global optimum (5, 3) has been found. Now 
stochasticity is added and the problem is first solved using linear approximations. 

The results are nat expected to equal those previously obtained by Abspoel for two 
reasons. First, the constraint tightening is defined different from Abspoel's constraint 
tightening as discussed during the previous results. Second, a modified move limit 
strategy, as discussed in Section 6.1 , is used. Fifteen optimizations are started from 
each integer design point. The initia! search subregion size equals mi~2o) = 4. Values 
for the number of replications M and number of treatments N are varied. The results 
are presented in Table 7.1. In order to define the performance 5 salution categories are 
defined. A salution is either equal to the global optimum (5, 3), to the local optimum 
(3, 0), a discrete neighbor of (5, 3), a discrete neighbor of (3, 0) or it belongs to the 
remaining solutions grouped in the category 'other'. The discrete neighborhoods of 
integer optima (5, 3) and (3, 0) do not overlap such that all categories are unique and 
contain all solutions found. 

The following observations are made: 

1. Increasing M decreases the frequencyby which other solutions than (5, 3), DN(5, 3), 
(3, 0) and DN(3, 0) are found. The influence of M decreases for increasing M. 

2. For N = 8, N = 32 and M 2: 10, the performance approaches 100%. 

3. Somewhere in-between N = 32 and N = 1024, increasing N causes a turning point 
in the set of solutions found due to less correction of the constraints. 

4. For increasing N, the resemblance with the deterministic problem, presented in 
Figure 7 .2, increases. 
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M 5 10 25 2000 
N design [%] [%] [%] (%] 
8 (5,3) 97.98 99.56 99.34 99.78 

DN(5,3) 0.46 0.11 0.28 0.06 
(3,0) 0.83 0.17 0.33 0.11 

DN(3,0) 0.00 0.00 0.06 0.00 
other 0.73 0.17 0.00 0.06 

32 (5,3) 93.55 98.18 99.50 99.67 
DN(5,3) 0.17 0.33 0.06 0.11 

(3,0) 0.72 0.17 0.22 0.17 
DN(3,0) 0.33 0.00 0.22 0.06 

other 5.23 1.32 0.00 0.00 
1024 (5,3) 68.87 71.63 72.67 70.69 

DN(5,3) 13.83 16.20 16.80 18.57 
{3 ,0) 7.38 7.44 7.27 7.44 

DN(3,0) 3.42 3.31 3.25 3.31 
other 6.50 1.43 0.00 0.00 

Table 7.1: Optimization results for the non-convex test problem with pure linear ap
proximations. 

Regarding the third observation the constraint correction is further investigated. In 
Figure 7.3 the approximate subproblem is is displayed for various values of N. The ap
proximations are valid in the hordered search subregion defined by x 1 E [4, 6] , x2 E [3, 5]. 
The deterministic constraints are displayed by the dotted lines, the pure linear approxi
mations of the constraints are displayed by solid lines and the corrected constraints are 
displayed by dashed lines. Clearly, the amount of correction decreases for increasing 
N. As a consequence, the feasible region for the approximate optimization subproblem 
increases. This increase causes a turning point in the solutions found for this problem 
as illustrated by Figure 7.3. For N = 8 (Figure 7.3(a)), four feasible solutions for the 
approximate subproblem are identified. For N = 32 (Figure 7.3(b)) , one additional 
salution (4, 5) has been identified. For both these approximate subproblems the global 
optimum (5, 3) is found as solution of the subproblem. If N is increased to N = 1024 
(Figure 7.3(c)), another possible solution for the approximate subproblem is identified. 
This salution (6, 4), will be the salution to the approximate subproblem for N = 1024. 
These three situations support the third observation: in-between N = 32 and N = 1024 
an increase in the feasible region causes another solution to be found for the approximate 
subproblem. 

To verify the fourth observation an additional experiment is performed, M and N 
are further increased. For N = 2048 and M = 5000 the distribution of the calculated 
optima is expected to approach the distribution of the deterministic problem. The 
global optimum (5, 3) is found in 58.35% of the cases. The other local optima (3 , 0) 
is found in 30.91% of the cases. 7.44% and 3.31% of the optimization runs ended re
spectively in DN(5, 3) and DN(3, 0). These results support observation four. Table 7.1 
suggests, that the increase in N causes most of the changes in the set of solutions found. 
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Figure 7.3: feasible solutions for linear approximations of the problem in the region 
XI E [4, 6], x2 E [3, 5]. Feasible solutions for the approximate optimization problem are 
marked with an 'o'. 

As can be seen from Table 7.1, the effect of increasing M becomes less for larger M, 
M > 10. 

Next the stochastic optimization problem is solved using the 'exact' approximating 
models. This problem is analyzed in a similar way as for the pure linear approximating 
models. With the exception of N = 8, fi.fteen optimization runs are started from each 
design point. For N = 8 only one optimization run is started from each design point. 
After presentation of the results, diffi.culties encountered for N = 8 will be investigated. 
The results are presented in Table 7.2. 

The following observations are made: 

1. lncreasing M decreases the frequency by which other solutions than (5, 3) and 
(3, 0) are found. The influence of M decreases for increasing M. 

2. Although the performance decreases, increasing N leads to more accurate approx
imations. 

3. For N = 1024 and M = 2000 the stochastic optimization problem produces 
exactly the same result as the deterministic optimization problem using exact 
approximating functions. 

Regarding the second observation, appi:"oximate optimization subproblems are visu
alized for different values of N in Figures 7.4(a), 7.4(b) and 7.4(c). The approximations 
are valid in the search subregion defined by XI E [3, 7), x 2 E [1, 5). Increasing N results 
for N = 1024 (Figure 7.4(c)) in approximations and correction of the constraints that 
approximate the original constraints extremely wel!. 

To investigate the implemented constraint correction, also the approximate sub
problem using pure linear approximations is visualized. The pure linear approximate 
subproblems are presented in Figures 7.4(d), 7.4(e) and 7.4(f) and valid over the same 
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Figure 7.4: Exact and linear approximate subproblems for various values of N valid in 
the search subregion XI E [3, 7] , X2 E [1, 5]. The optimum design (5, 3) is marked with 
a square. 
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M 5 10 25 2000 
N design [%] [%] [%] [%] 
8* (5,3) 87.6 92.6 91.7 95.9 

DN(5,3) 0.0 0.0 0.8 0.0 
(3,0) 9.9 5.8 6.6 4.1 

DN(3,0) 0.0 0.0 0.0 0.0 
other 2.5 1.7 0.8 0.0 

32 (5,3) 88.84 89.13 89.48 89.46 
DN(5,3) 0.41 0.19 0.17 0.00 

(3,0) 8.68 9.73 10.30 10.33 
DN(3,0) 0.00 0.00 0.00 0.00 

other 2.07 0.95 0.06 0.21 
1024 (5,3) 84.46 86.08 86.78 86.78 

DN(5,3) 0.22 0.28 0.06 0.00 
(3,0) 13.28 13.17 13.06 13.22 

DN(3,0) 0.11 0.00 0.00 0.00 
other 1.93 0.50 0.11 0.00 

Table 7.2: Optimization results for the non-convex test problem with 'exact' approx-
imations. For N = 8 the results are based on a single optimization run started from 
each design 

search subregion as the exact approximations. Surprisingly, the amount of correction 
for linear approximations is less than for the exact approximations in cases of both 
N = 8 and N = 32. For N = 1024 the amount of correction is minimal for both ap
proximations. What causes the correction in case of linear approximations to be less? 
First of all, the approximation of constraint E(G2 ) includes an extra parameter that 
causes lossof one degree of freedom. Second, the varianee function V(x, ~N) for exact 
approximations assumes highervalues as can beseen from Figure 7.5. 

(a) linear, N = 8 (b) exact , N = 8 (c) exact, N = 8 

Figure 7.5: Varianee function V(x, ~N) for exact and linear approximate subproblems 
for N = 8 valid in the search subregion x1 E [3, 7], x2 E [1, 5] 

In Figure 7.5(a) , the varianee function is depicted for the linear approximate con
straints. Since both constraints share the same design of experiments, and both approx-
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imations contain the same regressor variables, the varianee function is the same for both 
constraints. Figure 7.5(b) depiets the varianee function for the exact approximation of 
constraint E(GI) and Figure 7.5(c) for E(G2 ). 

As a matter of fact, the use of confidence intervals around the estimated mean re
sponse assumes the regression model to be correct; that is, no model bias. In case of 
linear approximations, model bias is evident and therefore the constraint should not be 
corrected using such an confidence interval. If used, coverage of the confidence interval 
is much less then the indicated 95%. This is illustrated by the linear approximations in 
Figure 7.4 where the feasible region of the approximate subproblem contains a consid
erable region that is actually infeasible. 

As already mentioned, only a single optimization run is started from each design 
point for N = 8. The problem with N = 8 is the presence of a considerable chance 
that an experimental design needs to be generated for move limit size m1,2 = 2 within 
the domain x2 E [0, 2). For N = 32 and N = 1024, this situation is very unlikely to 
occur due to more accurate approximations. If an extended design matrix needs to 
be computed for move limit size m1,2 = 2 within the domain x2 E [0, 2]. then it is 
impossible to generate an experimental design X such that (Xrx)-1 is nonsingular 
for the approximate constraint of E(G2) . This is illustrated for the search subregion 
XI E [2 , 4), X2 E [0, 2) , 

2 0 0 0 
3 0 0 0 
4 0 0 0 

[ 87 
27 45 81 

2 1 1 1 

XE(G2) = 3 1 1 1 'X~(G2)XE(G2 ) = 
27 15 27 

51 ] 
45 27 51 99 . 

4 1 1 1 
81 51 99 195 

2 2 4 8 
3 2 4 8 
4 2 4 8 

Matlab returns zero for the determinant IX~(G2 ) XE(G2 )I i thus, X~(G2 )XE(G2 ) should 
be singular. Actually it is nearly singular as follows from its large condition number. 
Near singularity is aresult of the regressor terms x2 , x~ , x~ and the location and size 
of the search subregion. The experimenter should be aware of the fact that situations 
like this can occur! 

Also for the stochastic optimization problem quadratic approximating functions are 
used. Again 15 optimization runs are started from each design point . The results are 
presented in Table 7.3. Very similar observations are made as for the stochastic prob
lem using exact approximating models. The differences are found for N = 1024 with 
M ;::: 25. For these cases, the problem resembles the deterministic problem closely in 
stead of exactly. Visualizations of the approximate optimization problem for various 
values of N are presented in Figure 7.6. In contrary to the linear approximations pre-
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M 5 10 25 2000 
N design [%] [%] [%] [%] 
8 (5 ,3) 89.77 90.73 92.45 92.21 

DN(5,3) 1.34 2.48 1.82 1.42 
(3,0) 5.99 5.14 4.79 6.14 

DN(3,0) 0.00 0.00 0.06 0.00 
other 2.89 1.65 0.88 0.24 

32 (5,3) 86.67 88.76 89.20 89.46 
DN(5,3) 0.22 0.17 . 0.00 0.00 

(3,0) 10.80 9.86 10.58 10.54 
DN(3,0) 0.00 0.00 0.00 0.00 

other 2.31 1.21 0.22 0.00 
1024 (5,3) 80.94 84.46 85.01 85.56 

DN(5,3) 0.55 0.06 0.06 0.00 
(3,0) 14.93 14.38 14.55 13.80 

DN(3,0) 0.00 0.00 0.00 0.00 
other 3.58 1.10 0.39 0.55 

Table 7.3: Optimization results for the non-convex test problem with quadratic approx-
imations. 

sented in Figure 7.4, the approximate subproblems in Figure 7.6 do not include regions 
that are actually infeasible. Note that in Figure 7.6(a) the optimal design point (5, 3) 
is nat included in the feasible domain. However, renewed experimentation in this area 
may create an approximate optimization subproblem in which (5, 3) is included in the 
feasible domain. 

An additional experiment is performed to illustrate the effect of the constraint cor
rection used in this research in camparisou with the metbod used by AbspoeL Linear 
approximations are used for the stochastic problem. However, eenstraint correction is 
performed as proposed by Abspoel [Abs99). Again fifteen optimization runs are started 
from each design point. The results are presented in Table 7.4. 

From Table 7.1 bas been observed that somewhere in-between N = 32 and N = 1024, 
increasing N caused a turning point in the set of solutions found due to less correction of 
the constraints. Since in Abspoel's implementationcorrection is not dependent on N but 
on M, this turning point is now in between M = 25 and M = 2000. Dependenee of the 
eaustraint correction on Mis illustrated in Figure 7.7. For increasing N and M = 2000 
the problem grows to resembie the deterministic problem presented in Figure 7 ;2. 

Summary 

The optimization problem defined by Equation 7.1 has been investigated. Bath the 
deterministic and stochastic case of this problem are solved for pure linear, 'exact' and 
quadratic approximations. For the deterministic problem the pure linear approxima
tions yield similar results as obtained by AbspoeL From this test foliowed an inconsis
tency in Abspoel's implementation of the move limit strategy which has been removed 
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Figure 7.6: Quadratic approximate subproblems for various values of N valid in the 
search subregion x 1 E [3, 7], x2 E [1 , 5] . The optimum design (5, 3) is marked with a 
square. 

M 5 10 25 2000 
N design [%] [%] [%] [%] 
8 (5,3) 94.60 97.08 95 .48 83.47 

DN(5,3) 0.72 0.72 2.15 12.29 
(3,0) 0.99 0.83 1.32 3.03 

DN(3,0) 0.33 0.33 0.61 1.05 
other 3.36 1.05 0.44 0.17 

32 (5,3) 94.77 98.13 98.29 78.46 
DN(5,3) 0.44 0.11 0.66 15.59 

(3,0) 0.83 0.17 0.66 4.19 
DN(3,0) 0.06 0.06 0.17 1.65 

other 3.97 1.54 0.22 0.11 
1024 (5,3) 93.28 98.07 99.83 57.80 

DN(5,3) 0.11 0.17 0.17 31.46 
(3,0) 0.39 0.00 0.00 7.44 

DN(3,0) 0.22 0.00 0.00 3.31 
other 6.01 1.76 0.00 0.00 

Table 7.4: RepHeation of the experiment performed by Abspoel 
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Figure 7. 7: Linear approximate optimization subproblems for various values of M 
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in the revised implementation. It has been observed that the revised move limit strategy 
uses on average less subproblems to find a salution to the problem. If exact approxima
tions are used, the problem does not suffer from linearization errors. All optimization 
runs ended in optima (5, 3) and (3, 0). Also quadratic approximations are suited to 
solve the optimization problem. The performance, defined as the frequency by which 
(5, 3) is found, decreases only slightly due to approximation errors. 

The stochastic problem has been used to investigate the influence of M and N. 
Regarding M , the following observations are made: If linear approximations are used, 
increasing M leads toa decrease of the frequency by which solutions other than (5, 3), 
(3, 0) and their discrete neighbors are found. For the exact and quadratic approxima
tions also the frequency by which discrete neighbors of the optima are found decreases. 
The influence of parameter M on the salution of the optimization problem decreases as 
the value for M increases. 

Regarding N more interesting observations are made. In the current implementa
tion of the sequentia! approximate optimization approach, N influences the amount of 
constraint correction. As a result , N causes a turning point in the set of solutions found 
if N is increased. This turning point has been illustrated for the stochastic optimiza
tion problem with pure linear approximations. An increase in N causes the amount 
of constraint correction to decrease, such that the feasible region of the approximate 
optimization subproblem increases. 

If approximations are used that contain considerable model bias, such as the lin
ear approximations, the corrected feasible region can include design points that are 
actually infeasible. Constraint correction seems only adequate if 'good' approximation 
models are used. For this specific example 'good' approximations are the 'exact ' and 
full quadratic model. 

This test example also illustrated a problem regarding the design of experiments. In 
particular situations the optimization run stop because Matlab generates an extended 
design matrix such that xrx becomes nearly singular. The experimenter should be 
aware of the fact that this situation can occur. 
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7.2 Test problem 2: stepped cantilever beam 

The second test example is derived from an analytic cantilever beam problem (Svanberg 
1987). The introduetion to the problem is derived for the greater part from [Abs01]. A 
stepped cantilever beam is built from 5 beam elements, with quadratic cross sections, as 
shown in Figure 7.8. The beam is rigidly supported at node 1, and an external vertical 
force is acting at node 6. 

Node 1 Node2 Node3 Node4 

I D _thickness 
X; ur (fixed) 

NodeS 

Figure 7.8: Cantilever beam 

Node 6 

The heights of the different beam elements are taken as the design variables X i. The 
thicknesses are held fixed. The objective is to minimize the weight of the beam. There is 
one behavior constraint, a limit on the vertical displacement of node 6. The constraint 
is made stochastic by adding a relative error-term following a zero mean normal with 
a standard deviation equal to 5% of the current constraint value. The design variables 
are positive integers. The problem definition can be stated as follows, 

minimize : j = C1 (xl + X2 + X3 + X4 + Xs) 

subject to: E(G) ~ C2 
0 ~ Xi ~ 10, X i E Z, i = 1, .. . , 5 

where 
G + 9 _ 61 + 37 + 19 + 7 + 1 = 9 Eg, - ;r ~ ~ X"f ;y' 

(7.2) 

Eg E N(O , I0.05gl). 

Parameters C1 and C2 are constauts whose values depend on material properties, the 
magnitude of the given load, etc. They are taken equal to C1 = 0.0624 and C2 = l.O. 

Nine different local optima are identified for the deterministic problem. These local 
optima were also found by [Abs01]. The optimà are subdivided into four groups; the 
optima within a group share the same objective function value. All local optima with 
corresponding objective and constraint function value are listed in Table 7.5. 

Previous results 

Abspoel et al. [Abs01] investigated both the deterministic problem and the stochastic 
problem starting from initial design (10, 10, 10, 10, 10) with initia! search subregion size 
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Group Local optimum f g 

65542 1.3728 0.9648 
I 66442 1.3728 0.9850 

66532 1.3728 0.9900 
85442 1.4352 0.9464 

11 85532 1.4352 0.9514 
86432 1.4352 0.9716 

III 65445 1.4976 0.9927 
6 5 5 3 5 1.4976 0.9977 

IV 65832 1.4976 0.9998 

Table 7.5: Local optima of deterministic cantilever beam with corresponding with cor
responding objective function value (f) and constraint value (g). 

set to 4. For the deterministic problem, the number of treatments N included by the 
experimental design was set to 32. Optimization of the deterministic problem resulted 
in (5, 6, 6, 4, 2), a discrete neighbor of the group I optiinal designs presented in Table 7.5. 
Not finding a group I memher of the local optima has been attributed to linearization 
errors in combination with the positioning of the successive search subregions. 

For the stochastic problem 200 optimization runs, for several combinations of M 
and N, were started from (10, 10, 10, 10, 10). The majority of runs resulted in a group 
I discrete neighbor. The greater part of the remaining runs resulted in a group I 
optimum. Increasing N lead to more accurate approximations. The frequency by which 
other points than group I memhers or discrete neighbors were found decreased with 
increased N, but were hardly affected by M. Increased M did affect the frequency by 
which the true optimum was found, the frequency increased. The only exception was 
the case with N = 1024 and M = 2000 where almost all solutions yielded a neighbor of 
the group I optima. This corresponded with the discrete optimization case. 

Deterministic problem 

The deterministic optimization problem is solved for three different approximating func
tions: a pure linear, 'exact' and redprocal approximation function. The exact approx
imation nmction follows from the explicit polynomial relationship defined for the con
straint in Equation (7.2). The regressar variables used in the redprocal approximation 
include the reciprocals of all design variables. 

First, the deterministic problem is solved using the pure linear approximating func
tion with search subregion size m~o,o) = 4 and N = 32. In spite of the highly nonlin
ear constraint behavior, starting from initia! design (10, 10, 10, 10, 10) yields the group 
I optimum (6, 5, 5, 4, 2), which is a better result than the result found by Abspoel 
(5, 6, 6, 4, 2). An explanation forthese two different solutions is not on hand. When the 
'exact' approximate constraint function is used, again the group I optimum (5, 6, 6, 4, 2) 
is obtained. Surprisingly, the redprocal approximation yields (5, 5, 5, 5, 5) as a solution. 
A summary of an optimization run using the redprocal constraint approximation is 
included to illustrate what happens. 
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cyc i ter acpt feas objf mmvl mviol design 
--------------------------------------------------------------------------

1 1 1 1 1.87 4 0.00 6 6 6 6 6 
2 1 0 0 1.37 4 54.17 6 6 6 2 2 
2 2 0 0 1.50 4 3.30 7 4 5 4 4 
2 3 1 1 1.56 2 0.00 5 5 5 5 5 
3 1 0 0 1.44 2 0.03 6 5 4 4 4 
3 2 0 0 1.44 1 0.03 6 5 4 4 4 

--------------------------------------------------------------------------
Apparently, subsequent approximations of the constraint function result in approx

imate optimization subproblems that include integer design points that are actually 
infeasible. As a result, the optimization run terminates prematurely because the move 
limit size obtains its minimum value. 

Stochastic problem 

The same approximation functions used to solve the deterministic problem are also used 
for the stochastic problem as defined in Equation 7.2. For each approximation function 
fifty optimization runs are started from initia! design (10, 10, 10, 10, 10) for different 
values of M and N. All optimization runs are started using m~o,o) = 4. The results 
are presented in tables. These tables campare the results with the deterministic optima 
from Table 7.5. 

M 5 10 25 2000 
N design [%] [%] [%] [%] 
12 group I 0 0 0 4 

DN(group I) 92 96 98 94 
other 8 4 2 2 

24 group I 0 0 0 2 
DN(group I) 98 96 94 94 

other 2 4 6 4 
48 group I 0 0 4 0 

DN(group I) 86 96 90 100 
other 14 4 6 0 

. 1024 group I 0 0 2 2 
DN(group I) 14 22 8 18 

other 84 78 90 80 

Table 7.6: Optimum solutions of the stochastic cantilever beam starting 50 optimization 
runs from (10, 10, 10, 10, 10) using linear approximations. 

Table 7.6 presentstheresult fora pure linear approximation of the constraint func
tion. For N = 12, N = 24 and N = 48 the majority of the runs end in a discrete 
neighbor of a group I optima. For N = 1024 the performance decreases and most 
solutions found are neither a group I salution nor a discrete neighbor. 

Compared with Abspoel's results, these results are much worse and·require a word 
of explanation. Small values of N correspond with a considerable amount of constraint 
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correction. Therefore, the approximate subproblem cuts off a part of the feasible do
main. As a result, optimization runs miss the true optimum and end up in a neighbor. 
For larger val u es for N, the amount of constraint reduction decreases and better results 
are expected. Eventually, an increase in N and sufficiently large value for M should 
lead to an approximation of the deterministic problem; thus, group I memher solutions 
should be obtained. However, an increase in N decreases the performance. Investi
gation revealed that the implementation of design of experiments causes the decrease 
in performance. The explanation is as follows: Abspoel used a simple algorithm to 
produce a D-optimal experimental design. This algorithm subdivides N treatments, as 
equally as possible, over the corners of the design region. For pure linear approxima
tions this approach results in a D-optimal design. In contrary, the current approach 
uses a heuristic to compute an experimental design. As the number of candidate points 
becomes larger, the beuristic finds an increasing variety of experimental designs. 

For this specific problem the search subregion has 32 corner points. However, if 
an experimental design is generated for N = 32 and search subregion size mf'q = 
4, it does not include all corner points. A variety of other designs is generated, all 
more or less similar to the experimental design that includes all corner-points. To 
solve this imperfection, the set of candidate points that serves as input for the DOE 
implementation is restricted to contain only the corner-points of the search subregion 
in question. Again the stochastic optimization problem is solved using pure linear 
approximations. The results are presented in Table 7.7. 

M 5 10 25 2000 
N design [%] [%] [%] [%] 
12 group I 0 0 4 2 

DN(group I) 94 96 92 96 
other 6 4 4 2 

24 group I 0 0 0 2 
DN(group 1) 86 98 94 94 

other 14 2 4 2 
48 group I 0 0 2 0 

DN(group I) 88 98 92 98 
other 12 2 6 2 

1024 group I 8 52 80 86 
DN(group I) 92 46 20 14 

other 0 2 0 0 

Table 7.7: Optimum solutions ofthe stochastic cantilever beam starting 50 optimization 
runs from (10, 10, 10, 10, 10) using linear approximations and a reduced set of candidate 
points. 

the following observations are made: 

1. For small N N ::; 48 again discrete neighbors of the group I optima are found in 
the majority of the cases. 

2. The influence of M is for N S: 48 only evident for small M. Large values of M 
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are of no infiuence on the solution found. In case of N = 1024 the infiuence of M 
becomes less for increasing M . 

3. For N = 1024 and M = 2000 the problem start to resembie the deterministic 
problem. 

For small val u es of N , group I optima are hardly found due to the considerable 
amount of constraint correction forthese values of N. For N = 1024 and M = 2000, a 
group I optimum is found in 86% of the cases. Apparently, an increase in N has lead to 
a turning point in the solutions found. An increase in the quality of the approximations 
is also demonstrated by Table 7.8. This table contains the number of different solutions 
found starting 50 times from (10, 10, 10, 10, 10) for various values of M and N. The 
number of different solutions found decreases if N is increased from N = 12 toN= 24 
and from N = 48 to N = 1024. An increase in N from N = 24 to N = 48 does not seem 
to affect the number of different solutions found. M is of no infiuence on the absolute 
number of different solutions found as can be seen from Table 7.8. 

M 5 10 25 2000 
N [#] [#] [#] [#] 
12 23 17 23 20 
24 18 13 14 16 
48 18 12 15 14 

1024 4 6 4 4 

Table 7.8: Number of different solutions found starting 50 optimization runs from 
(10, 10, 10, 10, 10) using linear approximations and a reduced set of candidate points. 

Table 7.9 presents the results for the stochastic optimization problem using 'exact' 
approximations. The results are obtained without any restrietion on the candidate 
points. The same problem using a reduced set of candidate points ( only corner points) 
produces approximately the same results. These results can be found in Table E.1 in 
Appendix E.2. 

Regarding the results in Table 7.9 the following observations are made: 

1. Hardly any other solutions than group I memhers and its discrete neighbors are 
found. 

2. An increase in M from M = 10 to M = 25, causes the majority of solutions found 
to switch from group I discrete neighbors to group I members. In all other cases 
an increase in M is of minor infiuence. 

3. Increasing N , increases the quality of the approximations. The frequency by which 
group I memhers are found increases for increasing N. Th ere is not one obvious 
turning-point that causes another set of solutions to be found. 

4. For N 2:: 48 and M 2:: 25 the problem starts to resembie the deterministic problem. 
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M 5 10 25 2000 
N design [%] [%] [%] [%] 
12 group I 14 18 42 52 

DN(group I) 86 82 56 46 
other 0 0 2 2 

24 group I 22 38 76 76 
DN(group I) 78 60 24 22 

other 0 2 0 2 
48 group I 18 36 90 90 

DN(group I) 80 64 10 10 
other 2 0 0 0 

1024 group I 24 50 90 92 
DN(group I) 72 50 10 8 

other 4 0 0 0 

Table 7.9: Optimum solutions of the stochastic cantilever beam starting 50 optimization 
runs from (10, 10, 10, 10, 10) using exact approximations. 

M 5 10 25 2000 
N [#] [#] [#] [#] 
12 12 12 11 13 
24 11 13 9 9 
48 11 10 5 6 

1024 9 8 5 5 

Table 7.10: Number of different solutions found starting 50 optimization runs from 
(10, 10, 10, 10, 10) using 'exact' approximations and a reduced set of candidate points. 
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observations 3 and 4 are supported by Table 7.10. For M ~ 25, an increase in N 
decreases the absolute number of different solutions found . For M :::; 10 this effect is 
less significant. Especially for N :::; 48 the 'exact' approximations produce much better 
result than the purely linear ones. This can be observed from both the frequencies by 
which group I memhers are found and the number of different solutions found. 

Although the deterministic optimization problem resulted in another salution than 
any of the local optima identified by Table 7.5, the stochastic optimization problem with 
a redprocal approximation of the constraint is investigated. Again fifty optimization 
runs are started from {10, 10, 10, 10, 10) with initia! move limit size m~o,o) = 4. The 
results are presented in Table 7.11. Table E.2 in Appendix E.2 presents the results 
if the problem is solved using a reduced set of candidate points. Redudng the set of 
candidate point has little effect for N = 12 and N = 1024 and increases the frequency 
by which other solutions are found for the intermediate values of N. 

M 5 10 25 2000 
N design [%] [%] [%) [%] 
12 group I 0 0 0 4 

DN(group I) 66 76 82 68 
other 34 24 18 28 

24 group I 0 0 0 0 
DN(group I) 80 88 88 94 

other 20 12 12 6 
48 group I 0 0 4 2 

DN(group I) 88 100 98 96 
other 12 0 2 2 

1024 group I 0 0 0 0 
DN(group I) 0 0 0 0 

other 100 100 100 100 

Table 7.11: Optimum solutions of the stochastic cantilever beam starting 50 optimiza-
tion runs from {10, 10, 10, 10, 10) using redprocal approximations. 

Regarding Table 7.11 the following observations are made: 

1. For small N, increasing N causes the frequency by which group I discrete neighbors 
are found to increase. For N = 48 the frequency approaches 100%. 

2. For N = 1024 only other solutions than group I memhers or their discrete neigh
bors are found. This corresponds with the deterministic case. 

3. Only an increase in M from M = 5 to M = 10 is of little influence. 

Summary 

The optimization problem defined by Equation 7.2 regards a stepped cantilever beam. 
The objective is to minimize the weight of the beam. The objective function is a linear 
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M 5 10 25 2000 
N [#] [#] [#] [#] 
12 18 17 15 16 
24 10 9 8 8 
48 7 2 4 6 

1024 3 2 2 1 

Table 7.12: Number of different solutions found starting 50 optimization runs from 
(10, 10, 10, 10, 10) using reciproeal approximations and a reduced set of candidate points. 

function in the design variables and does not suffer from stoehasticity. In eontrary the 
constraint function is a highly nonlinear function in the design variables and contains 
stochastieity. Due to the integer restrietion on the design variables, 9 different local 
optima are identified. Three global minima that share the same minimum value for the 
objeetive are identified. 

The optimization problem is first solved excluding all stoehasticity. If the eenstraint 
function is approximated by a linear or 'exact' approximation, one of the global optima 
is found. Surprisingly, a redprocal approximation yields a non optimal solution. From 
inspeetion of the corresponding optimization run can he eoncluded that the redpro
cal eenstraint approximation includes some part of the design space that is actually 
infeasible. 

The stochastic optimization problem is solved using the same approximating con
straint functions. For linear eenstraint approximations, satisfying results were obtained 
after reduction of the set of candidate points. Because the implemented DOE func
tionality is a heuristic, a variety of experimental designs will found for a large set of 
candidate points. However, the most appropriate design is generally not found. As for 
the previous test example, an increase in N causes a turning point in the set of solutions 
found. In the case of the pure linear, and reciprocal, approximate eenstraint functions, 
this turning point is very obvious. If an 'exact' approximate constraint is used, multiple 
turning-points can he identified. 

In general the approximations become more accurate for increasing N . This cbser
vation is supported by the number of different solutions found for increasing N. The 
influence of M is in general only evident for small values of M. lf M has surpassed a 
certain value, then a further increase in M does not affect the solution found. 
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7.3 Test problem 3: two station flow line 

The third test example follows from [AbsOO). This specific example is included to 
experiment with linear regression models capable of characterizing the flow time cp. 
The example considers a two-station production flow line. The two workstations are 
named W1 and W2 as can beseen from Figure 7.9. Workstation i (i= 1, 2) is assumed to 
consist of Xi identical parallel machines that share a single infinite buffer. Jobs arrive at 
the first workstation W1 with a mean inter arrival time of ta = 0.05 hour and a squared 
coefficient ofvariation of c~ = 0.25 hour. The first workstation has x1 identical machines 
with a mean process time of tel = 0.12 hour and a squared coefficient of variation of 
c;1 = 4.0. The second workstation has x2 identical machines with te1 = 0.12 hourand 
c;l = 4.0. 

Figure 7.9: Two-workstation flow line 

The optimization problem is defined as, 

minimize : f = 5.0 + l.6x1 + x2 
subject to : E( G) ~ 0.5 

X1 > 2.4, X2 > 3.6xl, X2 EZ 
where 

G = cp + t, tE N(0,0.05cp) 

(7.3) 

The objective function f represents the costs being the sum of fixed and variabie cost. 
Instead of the two constraints defined in [AbsOO), only the constraint on the flow time 
E(G) is considered. The constraint on the flow time is set toa maximum of 0.5 hour. 
Both design variables are bounded from below because the utilization of each worksta
tion, defined as Ui = tedtami, may not become greater than or equal to 1. For infinite 
buffer size, an utilization of 1 or greater than 1 implies an unstable system with ever 
increasing flow times [HopOO). In the analytica! model that is used for this problem, the 
flow time is computed following the relations fora G/G/M queuing system from Hopp 
and Spearman [HopOO), 

(7.4) 

(7.5) 

Herein c/Jq denotes the waiting time in the queue of the workstation, m denotes the 
number of machines in a workstation, u the utilization and cd the departure coefficient 
of variation. The stochastic response G from Equation (7.3) is obtained by adding a 
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normally distributed error term to the flow time with a standard deviation equal to 
5% of the deterministic flow time value. The optimization problem is visualized in 
Figure 7.10(a). The feasible domain is the upper right part of the plot. The objective 
function value decreases towards the lower left corner. The optimum design for the 
deterministic optimization problem equals ( 4, 5). 

14~~~~~~,.~~~~~~,--~ 

13 ·\ ... \ .. :\. ... :\ . .: \. 
. : \ . : : ' : ' : ' : 12 \ : ··'·· , '· · .... , . · ;,.·· 

11 .,, .. ;, ... :. , .: .... : . . \ : 
' : ' . \ · ' 10 ., \ , . . :" · ... :· ' . 

<;.1 9 .; ~._. . ; . .. ; \ : ... ;. \ .; \ .; . .\ ; 
\ · ' \ ' :\ B 

7 
\: 6 . 

5 

' : ' ···: , ··· , ·:···· y 
·\ : .\ : . \: 

. . . ~ :' . \. : \ 
: \ . \ : ··· , ~···~ , ~. 

. ,, ..... ·\ .. : ... \ . \ .. 

.. . · \ · . 

4 . . : ,. , ' .. , : . 

3 4 5 6 7 B 9 10 11 12 13 
x1 

(a) t. 1 = 0.12 hour, optimum in (4, 5) 

14~~.-,~. ~-~,.~~~~--~,-~~ 

13 " . . .. \ . :\. . . :\ :' : ' ' : ,: 
: \ .... 

12 . : ·' · . ' . . ,, ' .. . , . . . \ .. · .... :, 
11 '\ .: .... o\ .. : :. \ .. : ... :. \ .: .. . : .. \ . 

\ : ' . \ · . \ 
10 ., \ . , ... .. :" . . . ' 

C\1 9 :, .... ;., ., .. . ;. \ .; .. \ . ;. · ... \ ;. 
x ' \ ' :\ B 

' \.... : : : \ : : "' : y 7 ... ' : . . 

6 \ ~ ·\ ' :--, ~ . 
5 . '. '~ .. \ ;.. ., .. 

' . \ 
~· , · ~ . , ~ 

: ... \ .. \ . .. 

4 . ' .. : . .. ' ' . . . . . · . .. ' :· . . .. , : .. 

3 4 5 6 7 B 9 10 11 12 13 
x1 

(b) t. 1 = 0.14 hour, optimum in (4, 6) 

Figure 7.10: deterministic two-station flow line problem 

The problem in [AbsOO] also included an additional constraint on the average number 
of jobs waiting in the queue of the second workstation. This constraint is left out of the 
problem for two reasons. First, the most important goal of this example is derivation 
of regressor variables that result in a good approximation of the flow time constraint. 
Second, the additional constraint does not add new difficulties to the problem. The 
difficulties observed by [AbsOOJ also arise if only the flow time constraint is considered. 

Previous results 

Abspoel et al. [AbsOO] investigated the problem with an additional constraint on the 
maximum average number of jobs waiting in the second work station. First , the de
terministic problem was solved starting from all integer design points in the region 
x 1 E [3, 13], x2 E [4, 14]. About 88% of the optimization runs converged to the opti.: 
mum solution (4, 5) . Not converging to the optimum design has been attributed to the 
inaccuracy of the pure linear constraint approximations and to the fact that ( 4, 5) lies 
close to the bound of the additional constraint, which is excluded from the current test 
example. It was shown, that the performance ( defined as the frequency by which the 
optimum design is found) decreased if the mean process time of the machines in the 
first workstation equaled 0.14 hour. Only 32% of the optimization runs ended in the 
repositioned optimum solution (4, 6). The deterministic problem for te1 = 0.14 is illus
trated in Figure 7.10(b). As aresult of the increase in te1, the integer value of x1 = 3 
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comes much closer to the relocated boundary x1 ~ 2.8, where the utilization of the first 
workstation approaches one. At this location, the curve of the flow time increases in a 
highly nonlinear fashion. 

The deterministic problem with tel = 0.14 hour suffered from the so-called 'bridge 
over the river'-phenomenon. This effect has been stuclied by Vervoort [VerOO) while 
investigating a similar problem. Regarding the deterministic problem with te1 = 0.14, 
the 'bridge over the river'-phenomenon revealed itself if an optimization run ended in 
(4, 9), (4, 10), (4, 11), (4, 12) or (4, 13). Optimization runs endedinthese points because 
the pure linear approximations of the flow time constraint cut off a considerable part 
of the feasible domain. As a result, no improved solutions were found in the search 
subregion created around these points. 

The stochastic optimization problem for te1 = 0.12 has been solved for various values 
of M and N. An incr:ease in the number of treatments N lead to an increase in the 
performance. Increasing parameter M decreased the number of designs found other 
than (4, 5) and (4, 6) . For N = 32 and M = 25, the problem grows to resembie the 
deterministic problem. 

Deterministic problem 

First, pure linear approximations will he used to solve the deterministic problem for bath 
tel = 0.12 hour and tel = 0.14 hour. For tel = 0.14 hour it is expected that the 'bridge 
over the river'-phenomenon will manifest itself. Subsequently, improved approximations 
will he introduced. It is hoped for that improved approximations produce better results 
and do nat suffer from the 'bridge over the river'-phenomenon. 

The deterministic problems for te1 = 0.12 hourand te1 = 0.14 hourare bath solved 
starting from each integer point in the design space x1 E [3, 13), x2 E [4, 14), with 

initia! size of the search region mi02°) = 4. The number of treatments N equals four. 
For te1 = 0.12 hour the optimizati~n runs result for about 86% in the optimum design 
(4,5) . All other optimization runs end in (4,6). Nat ending in (4,5) is fully attributed 
to linearization errors. As expected, the performance decreases if te1 is set to 0.14 
hour. The optimum design is only found for 42% of the optimization runs, 41% of 
the runs end in (4, 7) and the remaining optimization runs end in either (4, 8), (4, 9), 
(4, 10), (4, 11), (4, 12) or (4, 13). These optimizations runs end prematurely due to 
phenomenon described by Vervoort [VerOO). Figur~ 7.11 illustrated the inability of the 
p:ure linear approximations to follow the behavior of the highly nonlinear flow time 
constraint. The deterministic constraint bound is represented by the dotted line; The 
pure linear approximation of the flow time constraint is represented by the solid line; 
Integer feasible solutions cut off by the approximation are marked with an 'o'. The 
approximations are valid within the hordered search subregion. Figure 7.11(b) clearly 
demonstrates the 'bridge over the river'-phenomenon around design (4, 8). 

By introducing improved approximations of the flow time it is hoped for that the 
'bridge over the river'-phenomenon is banned. The improved flow time approximations 
are derived from Equation (7.4) . The derivation of the approximation for the flow time 
constraint is discussed in Appendix F. For each workstation, the i-th regressar term is 



7.3. Test problem 3: two station flow line 101 

defined as, 

1 
f3i ( I ) . Xi Xi - tei ta 

(7.6) 

The regression model for the two-station flow line becomes, 

1 1 
E(G1) = f3o + {31 + !32---:----:---:-

xl(xl- tedta) x2(x2- te2/ta) 
(7.7) 

Use of the improved flow time approximation results in an increase in the perfor
mance of the deterministic optimization problem. For te1 = 0.12 hour the optimum 
(4, 5) is found for all optimization runs. For the more difficult deterministic optimiza
tion problem with tel = 0.14 hour also all optimization runs end in the optimum (4, 6). 
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Figure 7.11: Pure linear approximations ofthe flow time constraint for N = 4 in various 
regions of the design space 
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Figure 7.12: Improved approximations of the flow time constraint for N = 4 in various 
regions of the design space 

The improved flow time approximation, takes care of the 'bridge over the river'-
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phenomenon. Figure 7.12 demonstrates the ability of the improved flow time approxi
mation to characterize the behavior of the flow time. 

Stochastic problems 

On the basis of the deterministic test results,it is expected that the improved flow time 
approximations will also positively affect the performance of the stochastic optimization 
problem. First, the stochastic problem (Equation 7.3) with te1 = 0.12 hour is solved 
with pure linear approximations for the flow time constraint. The objective remains 
deterministic. Fifteen optimization runs are started from each integer point in the 
designspace x1 E [3, 13], x2 E [4, 14], with initial size ofthe search subregion m~~2o) = 4. 
The values for M and N are varied. The results are depicted in Table 7.13. 

M 5 10 25 
N design [%] [%] [%] 
4 (4, 5) 12.67 12.23 13.28 

(4,6) 31.25 30.52 29.70 
other 55.81 57.25 57.02 

8 (4, 5) 44.74 44.85 44.79 
(4,6) 39.06 41.28 41.60 
other 16.20 13.33 13.61 

32 (4,5) 82.15 84.85 85.01 
(4,6) 17.85 15.15 14.93 
other 3.20 0.00 0.06 

Table 7.13: Optimization results for the stochastic two-station test problem with tel = 
0.12 hour using pure linear approximations of the flow time constraint. 

The following observations are made: 

1. The accuracy increases for increasing N. The frequency by which design (4, 5) is 
found increases while the frequency by which solutions other than (4, 5) and (4, 6) 
are found decreases. 

2. For N 2: 8 and small M, an increase in M decreases the frequency by which other 
solutions are found. 

3. For N = 32 and M 2: 10 the results approach the deterministic result for the 
two-station flow line with te1 = 0.12 hour. 

The same stochastic optimization problem is now solved with the improved approx
imation function for the flow time. The results are depicted in Table 7.14. 

The following observations are made: 

1. For increasing N, the approximations become more accurate, the frequency by 
which the true optimum is found increases while the frequency by which ( 4, 6) 
and other solutions are found decreases. 
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M 5 10 25 
N design [%] [%] [%] 
4 (4, 5) 66.61 69.42 69.70 

(4,6) 13.44 13.17 9.59 
other 19.94 17.41 20.72 

8 (4, 5) 91.29 94.33 93.22 
(4,6) 8.71 5.62 6.61 
other 0.00 0.06 0.17 

32 (4,5) 96.58 100.00 100.00 
(4, 6) 3.25 0.00 0.00 
other 0.17 0.00 0.00 

Table 7.14: Optimization results for the stochastic two-station test problem with tel = 
0.12 hour using improved approximations of the flow time constraint. 

2. For N = 32 and M ;:::: 10 the results for the stochastic problem equal the deter
ministic results. All simulation runs end in the optimum design (4, 5) . 

3. Only for small values of M, an increase in M seems to affect the results , the 
frequency by which other solutions than (4, 5) are found decreases. 

In comparison with the results for pure linear approximations, the performance is 
greatly improved. Moreover, the average number of subproblems that needs to be solved 
per optimization run decreases if improved approximations are used. This observation 
is illustrated in Table 7.15. Especially for increasing N the difference becomes more 
evident. 

linear improved 
experiment [#] [#] 
N4 M5 6.44 6.24 
N4 MlO 6.38 6.31 
N4 M25 6.43 6.20 
NB M5 7.27 6.47 
NB MlO 7.28 6.50 
NB M25 7.29 6.49 
N32 M5 7.76 6.29 
N32 MlO 7.80 6.33 
N32 M25 7.78 6.32 

Table 7.15: Average number of subproblems solved per optimization run for pure linear 
and improved approximations 

Also the more difficult stochastic problem for te1 = 0.14 hour is solved. Since the 
deterministic problem yielded the true optimum ( 4, 6) in 100% of the cases, it is expected 
that for increasing N and sufficiently large M the stochastic problem will produce the 
same results as the deterministic problem with te1 = 0.14 hour. The results of fifteen 
optimization runs are depicted in Table 7.14. Because many optimization runs ended in 
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design (5, 5) , also the frequency by which this design is found, is included in Table 7.14. 
Also additional optimization runs are made for N = 1024 . . . 

M 5 10 25 
N design [%] [%] [%] 
4 (4, 6) 8.04 11.52 12.73 

(4, 7) 8.04 8.15 8.10 
(5, 5) 26.56 26.50 25.67 
other 57.36 53.83 53.50 

8 (4, 6) 24.24 37.96 39.17 
(4, 7) 8.48 7.99 7.44 
(5 , 5) 59.56 52.32 51.57 
other 7.71 1.82 1.82 

32 (4, 6) 23.31 35.15 32.95 
(4, 7) 31.46 29.53 28.65 
(5, 5) 39.83 34.99 38.40 
other 5.40 0.33 0.00 

1024 (4, 6) 64.46 96.75 100.00 
(4, 7) 1.60 0.11 0.00 
(5, 5) 25.73 2.42 0.00 
other 8.21 0.72 0.00 

Table 7.16: Optimization results for the stochastic two-station test problem with tel = 
0.14 hour using improved approximations of the flow time constraint. 

The following observations are made: 

1. Increasing N increases the accuracy of the approximating function. 

2. The frequency by which other design than (4, 6), (4, 7) and (5 , 5) are found de
creases for increasing M. 

3. For N = 1024 and increasing M the frequency by which designs other than (4, 6) 
are found decreases. 

4. For N = 1024 and M = 25 the salution equals the deterministic case. 

Because the true optimum is located close to the deterministic constraint bound
ary, the sequentia! approximate optimization approach finds it diffi.cult to locate the 
true optimum design (4, 6) . This illustrated in Figure 7.13, approximations of the con
straint bound (solid) and tightened constraint (dashed) are depicted. For N < 1024 
the true optimum is in-between the constraint approximation (solid line) and tightened 
constraint approximation. The optimum salution is cut off from the feasible domain. 

Even if N = 1024, the sequentia! approximate optimization approach may still not 
find design (4, 6) as solution. If (4, 6) is presented as a salution of the approximate 
optimization subproblem, it can still be rejected because M replications may decide 
that the design is not feasible. For increasing M the chance of rejecting ( 4, 6) as a 
salution decreases. 
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Figure 7.13: Improved approximations in the region x1 E [3, 7], x2 E [5, 9] for various 
values of N. 

Summary 

This test example considers an analytica} two-station production flow line. The number 
of identical machines in each workstation are the design variables. The objective is to 
minimize the sum of fixed and instaBation casts of the machines. The objective is a 
completely deterministic function. The problem is subjecttoa stochastic constraint on 
the flow time. 

First, two cases of the deterministic problem are considered. The first case takes 
the mean processing time of the first workstation equal to 0.12 hour. Pure linear 
approximations are used for the flow time constraint. In the majority of the cases the 
true optimum is found. For the second case, the mean processing time of the fust 
workstation is increased to 0.14 hour. This results in a repositioned true optimum 
{4, 6). Moreover, this optimum is located very close tö the highly nonlinear flow time 
constraint. As a result , the deterministic optimization problem suffers from the so-called 
'bridge over the river'-phenomenon. Less than 50% of the optimization runs end in the 
true optimum. Introduetion of an improved approximation for the flow time constraint 
results in a performance of 100% for both cases. 

With the introduetion of stochasticity, the improved flow time approximation proves 
to he an adequate approximation of the flow time. First, the stochastic optimization 
problem is solved for te1 = 0.12 hour. For suflident large M and N , pure linear 
approximations of the flow time result in an approximation of the deterministic case 
of the same problem. About 85% of the optimization runs end in the optimum design 
{4, 5). With the use of improved flow time approximations the performance increases 
and equals 100% for sufficiently large M and N. Moreover, the improved flow time 
approximations decrease the average number of subproblems that need to be solved per 
optimization run. 

Next, the more difficult stochastic optimization problem with· te1 = 0.14 hour is 
solved. This problem is more difficult due to the closeness of the true optimum ( 4, 6) to 
the stochastic flow time constraint boundary. This difficulty is illustrated by Figure 7.13. 
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Due to considerable constraint tightening for small val u es of N, the optimum is cut off 
from the feasible domain. As a result, the majority of the optimization runs end in ( 4, 7) 
and {5, 5), discrete neighbors of {4, 6). To find the true optimum design more regularly, 
N needs to be increased. For N = 1024 and M = 25 all optimization runs end in {4, 6). 
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7.4 Test problem 4: four station flow line 

This test problem is the first problem that includes a simulation model. All previous 
test problems were basedon closed form formulas subjecttoa relative error-term. Main 
advantage of such test problems is their fast analysis of design points. Moreover, the 
analytica! test problems are perfectly suited to test the performance and behavior of 
the sequentia! approximate optimization approach. In the third test example an ap
proximation function has been derived capable of characterizing the flow time in case 
of a two-station production flow line. A similar relation will be used in the current test 
problem. 

This test example considers the design of a production flow line as an optimization 
problem. Abspoel et al. [Abs01] took the data for the problem from the 1996 edition 
of [HopOO], pages 598-602. As said, the current test problem uses a simulation model 
instead of an analytica! model. A four-workstation production flow line is modeled 
using the specification language x. The specification of the simulation model used can 
be found in Appendix G. The model is visualized in Figure 7.14. 

Figure 7.14: Representation of the four-station production flow line. 

Herein process G denotes a generator which generates jobs and sends them to the 
first workstation. The jobs arrive at the first workstation W1 according to a negative 
exponential arrival pattem of 2.5 jobs an hour. Each workstation Wi is modeled as Xi 

identical parallel machines that share a single infinite buffer. A Gamma distribution is 
used to model the di~tribution of their processing times. The mean processing times 
te and squared coefficients of varianee c~ for the machines in each workstation can be 
found in Table 7.17. The exit process E consumes all finished jobs. Process E is also 
used to compute the estimated expected flow time. The scripting language Python is 
used to compute estimates for mean flow time and its standard deviation using the 
batch means method described in Appendix A.2. The Python code is also included in 
Appendix G. 

Station Fixed cost Unit cost te c2 e 
($1,000) ($1,000) [hrs) [-] 

1 225 100 1.50 1.00 
2 150 155 0.78 1.00 
3 200 90 1.10 3.14 
4 250 130 1.60 0.10 

Table 7.17: Data of the line design problem (taken from Hoppand Spearman (1996)) 

The data presented in Table 7.17 applies to each of the workstations in the simulation 
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model. All Xi machines in workstation i share the same mean process time tei and 
squared coefficient of varianee c~i· Also the fixed costs (FCi) and unit costs (UCi) for 
each machine in workstation i are presented. 

The objective of the simulation optimization problem is to determine the number of 
machines Xi in each workstation that yields the minimum cost solution. The problem is 
constrained by the expected average flow time </J. The maximum allowed value for the 
expected average flow time equals 6.0 hours. 

All design variables Xi are bounded from below because the utilization of each work
station, defined as Ui = tedtami, may not become greater than or equal to 1. For 
infinite buffer size, an utilization greater than one implies an unstable system with ever 
increasing flow times (HopOO). Using this bound on the utilization, the minimum num
ber of machines at each work station can be calculated. This solution represents the 
minimum cost utilization feasible solution. This solution is presented in Table 7.18. 

Station Machines Utilization Cost[$1000] 

1 4 0.94 625 
2 2 0.98 460 
3 3 0.92 470 
4 5 0.80 900 

tot al 2,455 

Table 7.18: Minimum cost utilization feasible configuration 

The optimization problem is formulated as follows: 

minimize : f = ~i=l FCi + ~i=l UCiXi 
subject to : E( <P) ::; 6.0 

X1 2:: 4, X2 2:: 2, X3 2:: 3, X4 2:: 5 
XiEZ, i=1,2,3,4 

(7.8) 

where f denotes the costs being the sum of fixed and variabie cost; E(<P) denotes the 
expected average flow time. 

Previous results 

Before any optimization runs were made, Abspoel et al. (Abs01) determined a satisfac
tory run length for the simulations. On the basis of plots of the average flow time and its 
standard deviation for the minimum cost utilization feasible solution, Abspoel decided 
to use a run length of 50000 jobs. Next, fifty optimization runs have been carried out 
starting from the minimum cost utilization feasible solution (4, 2, 3, 5). The flow time 
constraint has been approximated by a pure linear regression model. The initia! search 
subregion size has been set to 4, both the number of experiments N and repetitions M 
are taken 15. Nine different solutions were found. Design (6, 3, 6, 6) was found in 36% 
of the cases, the corresponding costs equal 3,210,000$. Most other solutions are discrete 
neighbors of (6, 3, 6, 6). 
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Simulation optimization problem 

In this test problem Abspoel's experiment is repeated using the improved approximation 
for the flow time. A similar approximation has been used in the previous test example. 
Appendix F present the derivation of the improved flow time approximation. In case of 
the four-station production flow line, the approximation model is defined as follows, 

1 1 1 1 
f3o + fJ1 + fJ2 + (33 + (34 . (7.9) 

XI(XI- tedta) X2(X2- te2/ta) X3(X3- te3/ta) X4(X4- te4/ta.) 

Besides improved approximations, the batch means method will be used instead of 
independent replications to estimate mean and varianee of the flow time. The batch 
means method is described in Appendix A.2. One long simulation run will be made 
to compute M batch means. From this simulation run some initial observation, repre
senting the warm-up period of the model, will be discarded. Also the warm-up period, 
or initialization effect, is described in Appendix A:2: The method of Welch(1983), dé
scribed by Law and Keiton [LawOO] will be used todetermine how many observations 
will be discarded. 

The method of Welch is used as follows: First, 7 replications of the simulation 
run are made for the minimum cost utilization feasible solution. The simulation run 
length equals 500, 000 jobs. For each job an updated value of the average flow time is 
computed. The average flow time for the 7 simulation runs is depicted in Figure 7.15(a). 
Let }ji be the ith observation from the jth replication. Next let Yi = 2::::}=1 }ji/n 
for i = 1, ... , 500,000. To smooth out high-frequency oscillations in the averages, the 
moving average Yi ( w) ( where w denotes window) is computed. If i is not too close to the 
beginning the }i(w) simply denotes the average of 2w + 1 observations of the averaged 
process centered at observation i. The moving average is depicted in Figure 7.15(b). 
On basis of the course of the moving average in Figure 7.15(b) it is decided to d~s.çard . 
the first 15, 000 observations. · · · ... ·- . _-

The same run length as used by Abspoel (50,000 jobs) iS used for each batch. To 
investigate the batch means method, one simulation run is made such that 100 batches 
are included. Figure 7.16(a) shows the distribution of calculated mean flow time for one 
hundred batches. The distri bution has a mean of 33.7 hours and a stanqar..d deviation 
of 5.5 hour and is almost normally distributed. For too small .batch sizes the batch 
means can be highly correlated, a plot of the batch means provides an indicafion of 
the existence of correlation between batch means. Figure 7.16(b) shows the subsequent 
realizations of the 100 batch means. Obvious correlation between the subsequent batch 
means is not evident. 

Using the improved app(oximations and the batch means method, fifty optimization 
runs are started from minimum cost utilization design (4, 2, 3, 5). Both the number of 
treatments N and the number of repetitions M (batches) equal15. Sirree a run length of 
50,000 jobs is used for each batch, the total run length becomes 15.000 + 15 x 50.000 = 
765.000 jol;>s. For the evaluation of each of the N treatments, 65.000 jobs are processed 
sirree the first 15.000 observations are discarded. The results are depicted in Table 7.19. 
Generally each optimization run converges within four cycles whereas Abspoel needed 
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Design Frequency Objective 
X1 X2 X3 X4 [#] (1000$] 

6 3 5 6 45/50 3120 
7 5 6 5 4/50 3490 
7 3 5 6 1/50 . 3220 

Table 7.19: Calculated optimum designs for the four-station flow line 

four or five cycles. Instead of nine different solutions only three different solutions are 
found. Moreover, salution (6, 3, 5, 6) is found in 90% of the optimization runs. This 
design was not found by Abspoel using pure linear approximations. Since this design 
is found with such a high frequency, it is very likely that this solution represents the 
optimum design. The corresponding objective function value equals 3, 120, 000$. The 
expected average flow time for this design equals 5.80 hours with a standard deviation 
of 0.039 hours. These results foliowed from 30 batches of each 50,000 runs. The discrete 
neighborhood of (6, 3, 5, 6) is searched for feasible solutions with an improved objective 
function value. No improved solutions are identified. This observation supports the 
suggestion that (6, 3, 5, 6) is the optimum solution. 

Two out of fifty optimization runs carried out by Abspoel endedindesign (5, 3, 6, 6) 
which has a lower objective function value than the optimum suggested by Table 7.19. 
Experimentation revealed that this solution is actually infeasible; 30 batches of each 
50,000 jobs result in an expected average flow time of 6.06 hours with a standard 
deviation of 0.035 hours. 

Summaries of optimization runsending in (7, 5, 6, 5) and (6, 3, 5, 6) are shown. These 
surveys illustrate the search history. Regarding the optimization run that ends in 
(7, 5, 6, 5), the first iteration in the secoud cycle results in a solution that is actually 
infeasible. As a result the search subregion size is reduced and the optimization run 
ends prematurely because no more improved solutions are found. 

optimal design found by sequential optimization approach: 

7 5 6 5 

cyc iter acpt feas objf mmvl mviol design 

1 1 1 1 3835.00 4 0.00 8 6 7 5 
2 1 0 0 3145.00 4 -0 . 11 6 4 5 5 
2 2 1 1 3490.00 2 0.00 7 5 6 5 
3 1 0 1 3145.00 2 0.00 6 4 5 5 
3 2 0 1 3145.00 1 0.00 6 4 5 5 
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optimal design found by sequentia! optimization approach: 

6 3 5 6 

cyc iter acpt feas objf mmvl mviol design 
--------------------------------------------------------------------

1 1 1 1 3965.00 4 0.00 8 6 7 6 
2 1 1 1 3235.00 4 0.00 6 4 6 5 
3 1 0 1 4445.00 4 0.00 8 6 8 9 
3 2 1 1 3120.00 2 0.00 6 3 5 6 
4 1 0 1 3465.00 2 0.00 7 4 6 6 
4 2 0 0 3135.00 1 2.82 5 4 6 5 

Summary 

The last test problem considers the design of a four-workstation production flow line. 
A number of identical machines must be assigned to each workstation such that the the 
sum of fixed and variabie cost is minimized. The expected average flow time must be 
less than or equal to a maximum flow time. A simulation model is used to estimate 
the expected average flow time. Instead of the pure linear approximations for the flow 
time, improved approximations are used. The batch means method is used to estimate 
expected average flow time and standard deviation. 

Fifty optimization runs are started from the minimum cost utilization feasible solu
tion. Ninety percent of these runs endedindesign (6, 3, 5, 6) , this salution was not found 
by Abspoel et al .. Only two other solutions are found. These results suggest that the 
most frequent found salution is the optimum design. This suggestion is supported by 
the fact that none of its discrete neighbors yield an feasible salution with an improved 
objective function value. 



Chapter 8 

Conclusions and 
recommendations 

8.1 Conclusions 

This research project continued the development of a sequentia! approximate optimiza
tion approach suited for simulation-based optimization of manufacturing systems. An 
improved version of the approach developed by Abspoel et al. [Absül] has been pre
sented. This approach is generalized such that instead of only pure linear, also linear 
regression approximations may be used. To meet this purpose, all steps in the approach 
by Abspoel have been revised. 

The revised approach including linear regression approximations has been imple
mented in Matlab. The implementation has been subject to several test examples that 
demonstrate an improved performance of the implementation provided that the approx
imating models are adequate. Linear regression models have proved to be capable of 
characterizing highly non-linear behavior, such as the flow time in a multiple worksta
tion production line. 

The sequentia! approximate optimization approach solves a series of approximate 
subproblems in search subregions of the design space until no further impravement in 
the solution is evident. In each search subregion, N experiments are planned according 
to a D-optimal experimental design. Within the current implementation, it is pos
sibie to generate an experimental design that is shared by multiple linear regression 
approximations. An increase in N positively affects the accuracy of the fitted regres
sion approximations. However, if a regression approximation contains a considerable 
amount of model bias, then an approximation of a constraint boundary may cut off 
parts of the feasible domain or may include areas of the design space that are actually 
infeasible. 

Due to stochasticity present in the (simulation) model, regression approximations 
contain uncertainties. To correct a subproblem for these uncertainties, the approximate 
constraint functions are corrected. For that purpose, a 95% confidence interval around 
the estimated mean response is computed. The estimated mean constraint is then 
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replaced by its upper-bound. The correction decreases the feasible region, thus the 
chance of erroneously accepting an infeasible design. For more accurate approximations, 
thus for increasing N, the amount of correction decreases. If a regression approximation 
contains a considerable amount of model bias, then coverage of the confidence interval 
may be far below the indicated 95%. 

For the design of experiments as well as for the constraint correction an adequate 
regression approximation is required. As a result, the most relevant experiments will be 
included by the D-optimal experimental design and coverage of the confidence interval 
will approximately equal the desired 95%. Moreover, adequate approximating relations 
will reduce the average number of subproblems that need to be solved before a final 
solution of the optimization problem is reached. 

On basis of M observations it is decided whether or not the solution of a subproblem 
should be accepted. The reliability of this decision increases for increasing M. The 
influence of M on the final solution is in general only evident for small M. If the 
solution is located very close to a constraint boundary, a larger value for M is needed. 
A modified version of Abspoel's move limit strategy, one that discriminates between 
'interior' and 'boundary' solutions, is used to locate and resize the search subregion. 
This modification contributes to a decrease in the average number of subproblems to 
be solved. 

If the current implementation of the sequentia! approximate optimization approach 
is used with adequate regression approximations, then deterministic optimization prob
lems generally end in a global or local minimizer. If stochasticity is introduced in the 
same problem, then the same solutions are found for sufficiently large M and N. If 
worse regression approximations are used also solutions in the discrete neighborhood of 
global and local minimizers are found and sametimes even worse solutions. 

8.2 Recommendations 

The conclusions underline the importance of adequate regression approximations. How
ever, the revised approach does not take model adequacy into account. It deserves future 
attention to define a parameter capable of characterizing the model adequacy. This pa
rameter can then be used in various steps of the sequentia! approximate optimization 
approach: 

1. If an approximate constraint function is inadequate, it may cut off a part of 
the feasible domain or may include areas of the design space that are actually 
infeasible. As a result, a design far removed from the optimum design or an 
infeasible design may be found. An error parameter could be used to increase or 
decrease the amount of correction such that a better solution may be obtained. 

2. An error parameter could also be used for the move limit strategy. If one or more 
regression approximations are not very adequate, then the search subregion size 
could be reduced. On the other hand, if all regression approximations are very 
accurate, then the search subregion size could be increased. lf an 'interior' point 
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is found and the regression approximations are adequate, then the search can be 
continued in a smaller search subregion around that point. 

3. A D-optimal design of experiments proves to generate useful designs if the regres
sion approximations are adequate. If not, an experimental design that di vides the 
design points equally over the search region may represent a better choice. 

The current research does not consider the multivariate nature of the response data 
obtained from the simulation model. That is, both the regression analysis and design 
of experiments do not take any variance-covariance structure for the multiple responses 
into account. Better parameter estimates and an improved design of experiments can 
be obtained if such a structure may be estimated or is known a priori. 

In the test problems experimentation concentrated on the parameters M and N. 
Especially experimentation with the move limit strategy and stopping criteria deserves 
future attention. The performance of the optimization tool can be enhanced if the move 
limit strategy and stopping criteria are modified, improved or extended. In this report 
already some suggestions regarding both subjects are made. 

The implemented design of experiments is a heuristic. If the number of candidate 
points grows large, the heuristic finds a variety of experimental designs. None of these 
designs may be the most optima! design. In the current implementation, the heuristic 
starts with a completely random nonsingular start design. The variety of the experi
mental designs found can be reduced if the heuristic starts with a partially random start 
design. That is, some design points in the start design are chosen at random and the 
remaining points are chosen to minimize the respective design criterion. Another option 
is to reduce the set of candidate points. E.g., only the design points of a traditional 
experimental design are included in the set of candidate points. 

The remaining recommendations suggest possible improvements that could affect 
an increase in the efficiency of the implemented sequentia! approximate optimization 
approach: 

1. The variability on the flow time typically depends on the utilization level of the 
manufacturing system. In spite of that, the simulation run length is based on 
the 'worst-case-scenario'. A great deal of simulation time could be saved if the 
run length can be related to the utilization. That is, each simulation run has a 
unique run length, the simulation run is terminated if the estimated response has 
obtained a certain confidence level. 

2. The current implementation does not re-use previous observations. In many cases 
a search subregion willoverlap previous ones such that observations for the current 
search subregion are already available. These observations could be used again 
to obtain more accurate approximations or to reduce the number of remaining 
observations that are required for the current search subregion. 

3. The current implementation of branch-and-bound uses a Matlab routine to solve 
NLP problems. This routine is stabie but not very fast. In view of the fact that 
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the branch-and-bound routine spends most time solving NLP problems, a more 
efficient NLP solver could improve the overall efficiency of the implementation. 
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Appendix A 

Output analysis 

Section 2.2 states that standard statistkal techniques are not directly applicable to 
the analysis of simulation output. Observations within a single simulation run are 
not independent identically distributed (liD). In order to produce liD observations 
several independent 'replications' are made. In Appendix A.2 is explained how these 
liD observations are collected while Appendix A.1 focuses on construction of point and 
interval estimators which are constructed from these liD observations. 

A.l Confidence intervals 

Since the outcome of a simulation experiment is an estimator of the performance mea
sure, the quality of that specific estimator is of interest. The quality of an estimator 
can be addressed by constructing a confidence interval. 

Observations X1, X2 , ... , Xk are supposed to be liD random variables with finite 
mean J.L and varianee a 2• Let 

1 k 

X(k) = k :Lxi 
i=l 

(A.1) 

be the sample mean of the Xï's. Since E(X(k)) = J.L, X(k) is an unbiased estimator of 
J.L. From the strong law of large numbers follows that X(k) -t J.L as k-t oo, which says 
in fact that the sequence X1,X2 , ... converges to J.L almost surely. Similarly the sample 
varianee 

k 

S2 (k) = k ~ 1 L(Xi- X(k)) 2 

i=l 

(A.2) 

is an unbiased estimator of the varianee a2, since E(S2(k)) = a2. On page 250 of 
their hook Law and Keiton [LawOO) show that the Var(X(k)), which is needed for the 
confidence interval, decreases as the sample size increases since 

Var(X(k)) = a2 jk. (A.3) 
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The bigger the sample size k the closer X(k) should be to J.L· An unbiased estimator of 
Var(X(k)) is obtained by replacing a 2 by the sample varianee S2 (k). 

To construct a confidence interval, the centrallimit theorem is used which states for 
sufficiently large k and 0 < a 2 < oo that the random variabie 

X(k)- J.L 

aj..fk 
(A.4) 

is approximately a standard normal random variable, regardless of the underlying distri
bution of the X i's. The centrallimit theorem remains valid if the unknown parameter a 2 

is replaced by its unbiased estimator S2 (k), since the sample varianee S2 (k) converges 
to a 2 as k gets large. Now it follows that for largek that 

P ( IX(k) - J.Li < z ) ::::::: 1- a 
S(k)/Vk - 1-a/2 

(A.5) 

where z1-a;2 denotes the 1 - a/2 quantile of N(O, 1). From here follows, for unknown 
J.L, the approximate two-sided 1 - a confidence interval 

- S(k) 
X(k) ± z1-a/2 ..Jk (A.6) 

The left-hand side of Equation (A.5) denotes the probability that the confidence interval 
given in Equation (A.6) contains the true mean J.L· This probability is called the coverage 
probability of Equation (A.6) . The coverage probability can be interpreted as the 
proportion of confidence intervals that contain J.L· 

Still the question remains how many observations are required for the coverage 
interval to approximate 1 -a. Both Law and Keiton and Alexopoulos and Seila state 
that the more skewed the underlying distri bution of the X i's, the larger the number of 
observations needed. If k is chosen too small, the actual coverage will generally be less 
then 1- a. In order to avoid situations wherein the coverage probability is smaller than 
1 - a for small k, the normal quantile z1-a;2 can he replaced by the larger quantile 
tk- 1,1-a; 2 of the t distribution with k- 1 degrees of freedom resulting in 

- S(k) 
X(k) ± tk-1,1-a/2 ..Jk (A.7) 

as an approximate two-sided confidence interval. 

A.2 Steady-state analysis 

Three different methods for steady-state analysis will he reviewed, all these methods are 
discussed in greater detail in [Ale98] , [LawOO] and [Res01]. The steady state analysis 
focuses on the collection of random liD variables that are used to compute point and 
interval estimators for the response of interest. First a common problem for steady
state simulation will he addressed, the initialization effect. Other narnes encountered 
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in literature to describe this effect are the problem of initia! transient or the startup 
problem. 

Initialization bias 

Let }j, j = 1, ... , n denote an observation of the steady state random variabie Y and 
let I denote the set of starting conditions for the simulation model. Next, assume that 
as the number of observations n goes to infinity, P(Y(n) ::::; xii) --+ P(Y ::::; x), where 
the conditional probability P(Y(n) ::::; xll) is the probability that theevent (Y(n) ::::; x) 
occurs given the initia! conditions I. As stated in [Ale98], the steady-state mean of 
the stochastic output process Y1, Y2, ... , Yn is J.L = limn-+ooE(Y(n)II). The problem for 
finiten however is that E(Y(n)II) :f:. J.L and thus E(Y(n)II) :f:. p.. The most common 
salution to this problem to discard the first l observations Y1 , Y2, ... , Yi such that the 
estimator is only based on the remaining observations. 

(A.8) 

This is legitimate since the initia! conditions are expected to primarily affect the stochas
tic output data at the beginning of the simulation run, such that these observations may 
not be very representative of the steady-state behavior. The question remains how to 
compute the index l. 

Both [LawOO] and [Ale98] mention several methods. During this research the grapb
ical method by Welch is used as discussed on pages 519-525 in [LawOO]. 

Independent replications metbod 

The independent replications metbod runs k independent replications of the simulation 
each of length n observations where n is much larger than the index l. The index l 
defines the first l observations to discard from each run in order to remove initialization 
bias. The liD sample means 

l:j=l+l Yij . 
Xi= l for~=1,2, ... ,k 

n-
(A.9) 

are used to compute point and interval estimators for the steady-state mean J.L as de
fined in Equation (A.1) and (A.6). Note that Xi only uses the observations from the ith 
replication, Yi,l+l, Yi,l+2, ... , Yi,n such that there is no correlation between observations 
x1,x2, ... ,xk. 

The independent replications metbod can be wasteful of data since the truncated 
observations defined by the index l are removed from each replication. The following 
two methods seek to overcome this problem. 

Regenerative metbod 

This metbod only needs a single simulation run and seeks to identify time indices at 
which the process probabilistically starts over, i.e. regenerates. These time indices are 
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called regeneration points and the behavior of the process after a regeneration point 
is independent of, and probabilistic identical to, the behavior of the process before the 
regeneration point. The regeneration point are used to obtain liD random variables. 
Standard statistica! techniques can be used to obtain point and interval estimates for 
the mean J.L· Main advantages of this method are the fact that the observations are 
really liD and that the initialization effect is of no importance. In spite of the fact 
that this method is neediest is statistica! sense, it is not a very good alternative since 
regeneration hardly occurs. The best regenerative point are the ones where the system 
is completely empty. However for highly utilized manufacturing systems the number 
of times that the system is empty will be very few. An extremely long simulation run 
would be required to generate enough independent estimators. 

Batch means method 

As well as the regenerative method, the batch means method only needs a single sim
ulation run. The methods divides the simulation output Y1 , Y2, ... , Yn in a number 
of contiguous batches and uses the sample means of these batches (batch means) to 
compute point and interval estimators for the mean J.L using Equations A.l and A.6. 
Since the batch means method is based on a single simulation run, warm-up data has 
to be removed only once. For this reason the batch means method is preferred to 
the independent replications method. The main problem with use of the batch means 
method is the choice of the batch size b. Alexopoulos and Seila [Ale98) describe the 
infiuence of choice of batch size. For small batch sizes the batch means can be highly 
correlated and as a result, the confidence interval will frequently have coverage below 
the user specified nominal coverage 1 - a. Alternatively, large batch sizes result in few 
batches and potential problems with application of the centrallimit theorem ( discussed 
in Appendix A.1) to obtain a confidence interval as defined in equation (A.7). 

Several batehing rules are described in [Ale98). Also an artiele by Schmeiser (1982) is 
mentioned that reviewed some procedures and concludes that selecting between 10 and 
30 batches should suffice for most simulation experiments. A plot of the batch means 
usually provides a good indication of the effects of initial conditions, non-normality of 
batch means and existence of correlation between batch means. 

If the batch size b is known, the simulation output Y1 , Y2, ... , Yn can be divided into 
k batches (n =kb). Then for i = 1, 2, ... , k, the ith batch mean is given by 

1 b 

Xi(b) = b 2::: Y(i-l)b+j· 

j=l 

(A.10) 

The so called great batch mean equals (see Equation A.1), 

k 

X(k, b) = Y(n) = ~ L Xi(b) 
i=l 

(A.ll) 

and the varianee is estimated by (see Equation (A.2)), 
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k 

S2 (k,b) = k ~ 
1 

l:::(Xi(b)- X(k,b)) 2
. 

i=1 

(A.12) 

Using Equation (A.7) the approximate 1- a confidence interval for p, can be computed 
as: 

- J S2 (k, b) 
X(k, b) ± tk-1,1-a/2 k · (A.13) 
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Appendix B 

Simulation optimization 
methodologies 

Gradient based search methods 

Gradient based search methods estimate the response function gradient to determine 
a search direction. In this direction a line search is carried out, in order to find the 
optimum along this line. 

To be successful the method must be reliable and efficient. Reliability is important 
because of the stochastic nature of the simulation responses, a large error in gradient 
estimation may result in a movement in a entirely wrong direction. The efficiency 
refers to estimation of the gradients with minimum number of function evaluations. 
Gradient estimation methods that are often employed are: 'finite difference estimation', 
'perturbation analysis', 'frequency domain analysis' and 'likelihood ratio estimators'. 
For more reading on these subjects is referred to Carson and Maria [Car97]. 

Stochastic A pproximation 

Stochastic approximation methods refers to procedures that approach to the minimum 
or maximum of functions whose values are not known analytically. The theoretica! 
optimum of a stochastic response surface is approached using noise observations made 
on the function. Difficulties are the implementation of constraints within this method 
and the large number of iterations required which results in slow convergence. 

Response Surface Methodology 

According to Box and Draper [Box87], Response Surface methodology comprises a group 
of statistica! techniques for empirica! model building and model exploitation. By careful 
design and analysis of experiments, it seeks to relate a response, or output variabie to 
the levels of a number of predictors, or input variables, that effect it. 
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The strength of the methad is in applications where the calculation of the design 
sensitivity information is difficult or impossible to compute, as well as in cases with noisy 
functions, where sensitivity information is not reliable, or when the function values are 
inaccurate. An important objective in response surface construction is to achieve an 
acceptable level of accuracy while attempting to minimize the computational effort, i.e. 
the number of function evaluations. 

Heuristic methods 

Reuristic methods try to limit the search region using intuitive rules or heuristics. 
Within this reduced search region , the heuristic methods searches for an optimum 
using function evaluations only. Reuristic methods do not use gradient or higher order 
derivatives to find an optimum. This makes heuristic methad robust for . numerical 
difficulties. The optimum is not guaranteed to be found but· most of the times the 
found salution is a good one. The best known heuristics are described briefly below ,for 
more reading on these approaches is referred toAarts [Aar97). 

Simulated annealing is based on an analogy with the physical process of annealing, 
in which a pure lattice structure of a solid is made by heating up the solid in a heat 
bath until it melts, then cooling it down slowly until it solidifies into a lower-energy 
state. 

Simulated annealing belongs to the class of threshold algorithms, these algorithms 
continuously select a neighbor of the current salution and campare the difference in cost 
between the two solutions with a threshold. When using simulated annealing, better
cast neighbors are always accepted if they are selected, worse-cast neighbors are also 
accepted, although with a probability that is generally decreased when the algorithm's 
execution advances. 

Tabu Search directs the search away from local minima, such that other parts of the 
search region can be explored. The next salution visited has to be a legal neighbor even 
if the cost of that salution are worse. The set of legal neighbors is restricted by a tabu 
list, which prevents the search from going back to recently visited solutions. This list is 
dynamically updated and defines the solutions that are not acceptable for the next few 
iterations. 

Simplex search starts with the evaluation of points in a simplex consisting of 'design 
variables + 1' vertices in the feasible region. It proceeds by continuously dropping the 
worst point from among the points in the simplex and adding a new point determined 
by the reflection of this point through the centraid of the remaining vertices. 

N eural networ ks : Thanks to ad vances in development of integrated circuits, parallel 
computers can be used to build a neural network. Rerein are nodes, computational units, 
mutually linked through so called weighted connections. Such a network should attain 
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a certain network configuration by means of the collective computation of the nodes. 
This process is called self-organization. 

Genetic algorithms use the concept from population genetics and evolution theory 
to construct algorithms that try to optimize the fitness of a population of elements. 
This is achieved through reproduction, recombination and mutation of their genes. The 
population consists of representations for the values of the design vatiables, the fitness 
of a design is the value of its objective function. Eventually the strongest salution will 
survive. 

A-Teams 

According to Carson [Car97] an A-Team, wh.ere 'A' stands for asynchronous, is a process 
that involves combining various problem solving strategies so that they can interact 
synergistically. 

Sample path optimization 

Deterministic optimization techniques are applied to a sample path observed on the 
simulation model. The expected value of the objective function is estimated by the 
average of a large number of observations at each point. The problem of this simulation 
optimization methad is the large number of system evaluations involved. 

statistica! methods 

These methods use statistica! tests to determine, which design is the best. Since all 
designs are evaluated, statistica! methods can be used only if the number of choices is 
not too large. When dealing with stochastic systems even more evaluations are needed 
because multiple evaluations of the same design may be necessary. The best known 
techniques are 'ranking and selection' as wellas 'multiple comparisons'. For more on 
bath of these methods is referred to Law and Kelton [LawOO). 
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Appendix C 

Optimal design of experiments 

C.l Optimal design theory 

The optimal experimental designs defined in Section 4.2 are defined for a fixed number 
of observations N. In order to describe the general equivalence theorem and thus to 
explain the analogy between D- and G- optimal design criteria, normalized designs are 
introduced. Normalized design arealso fit to compare designs with different values for 
N . 

This appendix only presents a brief discussion and results. For a more complete 
overview of the optimal design theory including derivation of theorems and various 
examples is referred to the syllabus by van Berkurn [Ber99] and the book of Atkinson 
and Donev [Àtk92] . 

N ormalized designs 

Normalization of the experimental design is done by correction for the number of ob
servations. The exact experimental design ~N as defined by Equation 4.1 is used to 
introduce three definitions for normalized experimental designs. 

In the optimum design theory a distinction is made between continuous, discrete 
and exact designs. Igrioring the constraint that the number of trials at any design point 
must be an integer leads to continuous and discrete designs. 

Reeall that the experimental design is assumed to have treatments at s distinct 
design points x1, x2, ... , x 8 in R(x). lf the exact experimental ~N from Equation 4.1 
is normalized, then the the number of observations per design point Ti, i = 1, ... , s is 
divided by the total number of observations N, 

(C.1) 

where L:::=l Ti= N. 

For so-called normalized discrete designs a weight wi is assigned toeach design point. 
A normalized discrete design is defined as, 
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Xs } • 

Ws 
(C.2) 

In contrary to the exact experimental design, the discrete experimental design is 
not necessarily practicable. However, each discrete experimental design can be approx
imated arbitrarily close by an exact design [Ber99]. 

Continuous designs can be represented by a probability measure over the region of 
interest R(x) [Ber99]. The nomendature is somewhat confusing since the probabil
ity measure is not necessarily continuous. Continuous designs are named continuous 
because they represent a further generalization of the concept experimental design. 

Continuous designs can be useful in finding optimal designs but do not have any 
purpose in practice. An optimum continuous design is denoted by C. For contin
uous designs it is always possible to construct an equally good discrete design using 
at most ~(l + 1) + 1 design points, where l is the number of regressor variables, see 
Fedorov [Fed72]. 

From the designs mentioned, only exact designs are practicable. Difficulties in find
ing exact designs usually arise when N is close to the number of regressor variables, 
leading to a poor approximation of C. Therefore in comparing exact designs, the value 
of the design criterion is of importance and not the closeness of ÇN to Ç*. 

Also the normalized information matrix can be derived. The information matrix for 
a N-point exact experimental design is defined inSection 3.2 and can also be written as 
'L:~i f(xi)fT(xi)ri, where f(xi) represents the design vector x expanded to the model 
space. That is, the ith row in the extended design matrix. For the continuous design 
the information matrix ~{Ç) is defined as [Ber99], 

for the discrete design as, 

~(Ç) = { f(x)fT(x)dÇ(x) 
Jn(x) 

s 

~(Ç) = L f(xi)fT (xi)wi 
i=l 

(C.3) 

(C.4) 

and for the exact experimental design the normalized information matrix becomes a 
scaled version of xr X because of the presence of the weights rïfN, 

s 

~(Ç) = L f(xi)fT (xi)rï/N 
i=l 
xTx 

(C.5) = --
N 
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The standardized varianee as defined in Section 3.3 is the standardized varianee for 
an exact design. For continuous and discrete designs the standardized varianee is given 
by, 

(C.6) 

With help of the above definitions the optimal design criteria, already discussed in 
Section 4.2, can be defined independently of the number of observations, 

An experimental design C is : 
D-optimal ifmin I.6.-1 (Ç)I 

~ 

A-optimal ifmin tr .6. - 1 (Ç) 
~ 

E-optimal ifmJnm;uc Ài(Ç) 

G-optimal ifminmax d(x, Ç) 
~ xER 

V -optima! ifmin ~ t d(x, Ç) 
~ s . 1 

]= 

where Ài is the ith eigenvalue of b.(Ç). 

General Equivalence Theorem 

=1.6.-l(Ç*)I, (C.7a) 

=trb. - 1 (Ç*), (C.7b) 

= m?JC Ài(Ç*), (C.7c) 
t 

= max d(x, Ç*), 
x ER 

(C.7d) 

1 s 

=- Ld(x,Ç*) (C.7e) 
s . 

J=l 

Except from some simple cases, there are no designs minimizing all optimum design 
criteria in Equation (C.7). However, for continuous designs a strict relation between D
and G- optima! designs exists. The General Equivalence Theorem states the equivalence 
of the following three conditions on the optimum continuous measure Ç*: 

1. C minimizes lb.I-1(Ç) 

2. Ç* minimizes maximum value of d(x, Ç) over R(x) 

3. maximum value for d(x, Ç*) over n(x) equals l, the number of regressor variables 
in the approximating response function. 

The general equivalence theorem holds for continuous designs represented by the 
measure Ç. In general it does not hold for exact designs ÇN. From the equivalence 
theorem follows that continuous designs w hich are D-optimal are also G-optimal. In that 
way the general equivalence theorem provides methods for constructing and checking 
of optimum designs. While constructing the design both properties from D-optimality 
and G-optimality can be used. For more reading on this subject is referred to Atkinson 
and Donev [Atk92] and Fedorov [Fed72). 

For the construction of optima! designs mostly computer searches are needed to find 
exact designs for specific N. Because ÇN is exact, the search for the design minimizing 
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the selected criterion is a combinatorial optimization problem. The solution of the 
combinatorial optimization problem will rarely equal the continuous optimal design 
since most continuous optimal designs C are nat practicable. Moreover, the computer 
search is usually restricted to a search over a finite number of candidate design points. 
The set of candidate points that is used is of great influence on the optimality of the 
design. 

Nevertheless, the relationship .between D- and G-optimality is still of good use to 
find exact designs that strive to be optimal. 

C.2 Matrix formulas 

The experimental design tool uses matrix algebra among other things for updating the 
determinant xT x and the inverse of the information matrix (XT x)-1 . Matrix algebra 
is also used to calculate Fedorov's delta function. Last mentioned is a measure for 
the change in determinant XT X when a candidate point is exchanged with a design 
point. The formulas discussed in this sectionare taken from the articles by Cook and 
Nachtsheim [Coo80) and Nguyen and Miller [Ngu92). 

Let ÀN = XT X and assume ÀN to be nonsingular. The N rows of the extended 
design matrix X areN veetors fT(x) that are functions of the design points; the de
sign points are expanded to the model space. For ease of notation fT (x) is denoted as fT. 

If f;{ is a row vector to be augmented to X, then the updated determinant and 
updatedinverse of ÀN are, 

ID.N + faf[l = ID.NI(1 + fJ' Àj\/fa), 
(ÀN + fafJ')-l = D.!./ + wuuT, 

where w = -1/(1 + fJ' Àj\/fa) and u= D.N-1fa)· 

(C.8) 

(C.9) 

Let ÀNa = ÀN + fafJ'. If fJ' is a row vector to be removed from the new extended 
design matrix X, then the updated determinant and inverse are: 

JÀNa- fdfJ'I = JÀNaJ(l- fJ' ÀN~fd), 
(ÀNa- fdf:f)- 1 = ÀN~+ WdUdUJ, 

where Wd = -1/(1- fJ' D.N-~fd) and u= D.N-~fd)· 

From Equations (C.8) and (C.lO) follows, 

ID.N + faf!- fdfJ'i = ID.NI(1 + r;; D.N-1fa)(1- rr D.N-~fd) 
= JD.NJ{1 + À(fd, fa)}, 

(C.lO) 

(C.ll) 

(C.12) 

(C.13) 
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where .6.(fd, fa) is Fedorov's delta function, 

.6.(fd, fa) = (1 + r;; .6.ï/fa)(1 - rJ .6.:V~fd) - 1 

= fJ' .6.:V1fa- rJ .6.:V1fd + (fJ' .6.:V1fd) 2
- f;I' .6.:V1fafJ .6.:V1fd (C.14) 

Equation (C.14) eau also he written in terms of the varianee function and covariance 
function ofthe exact N-point design ~N· The varianee function is defined inSection 4.3 
as, 

V(x, ~N) = rT .6.:V1f. 

The covariance function of ~N is defined similarly as, 

(C.15) 

such that the Equations (C.8)-(C.14) eau all he written in terms of the varianee and 
covariance function of the design ~N. 

C.3 Test example: Exact experimental designs 

This example serves two purposes. First of all, the effect of a search over a set of 
candidate points is demonstrated. Therefore a camparisou is made between au exact 
experimental design constructed by a search over a fixed number of candidate points, 
and the corresponding true exact D-optimal experimental design constructed by a search 
over the continuous region. The search over candidates is performed with the imple
mentation of k-exchange. Also the effect of sealing is considered in this example. This 
example will prove that sealing will not always he favorable. A full quadratic model in 
two design variables x1 and x2 is used for this example. 

(C.16a) 

(C.16b) 

Equation (C.16a) represents the model in original design variables, Xi E [1, 11], Xi E 

Z, i = 1, 2. The same model but in scaled design variables is presented in Equa
tion (C.16b) where xi = xï/5 - 1.2. If sealing is used the extended design matrix is 
much better conditioned; thus, it is preferred to use the scaled version of the problem. 

In Figure C.1 the exact D-optimal experimental designs and experimental designs 
found searching over au 11 x 11 grid are displayed for 6, ... , 9 treatments. The D
optimal optimum designs found by a search over the continuolis region are given by 
Atkinson and Donev [Atk92]. The true D-optimal design points are marked with a 
circle and the design points found by a search over the 11 x 11 grid with a circle. 

To campare the different experimental designs their efficiencies are used. The ef
ficiency of a experimental design reflects how close a ·design is to the true optimum 
continuous design. For D-optimal designs efficiency is defined as, 
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Figure C.1: Comparison of D-optimal experimental designs generated by a search over 
the continuous region ( o) and ( *) by a search over a 11 x 11 grid. 

1 

{ 
1~(~)1 }p 

DeJJ = I~(Ç*)I (C.17) 

Using the power ~ results in a efficiency measure which is proportional to design size, 
irrespective of the dirneusion of the model. In Table C.1 the design effi.ciencies are 
reproduced for the problem as outlined in this section; that is for the exact D-optimal 
experimental design as well as for the search over 11 x 11 = 121 candidate points. 
Notice that the integer grid used in this example is very fine. Therefore D-effi.ciencies 
are expected to be high. Atkinson and Donev [Atk92) show that even if a coarser grid 
is used little efficiency is lost. They use a 32 factorial (9 design points) as a grid. 

From this example can be concluded that a search over a list of candidate points in 
stead of the search over a continuous region seems suitable for finding near optimal de
signs. Moreover, searching over a continuous region becomes too time-consuming with 
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N continuous square region Ne= 121 Nc=9 
6 0.8915 0.8602 0.8849 
7 0.9487 0.9454 0.9454 
8 0.9611 0.9603 0.9572 
9 0.9740 0.9740 0.9740 

Table C.1: Design efficiencies 

increasing problem dirneusion and/or number of factors. Next to that, only integer 
solutions are of interest. An interesting observation is made for N = 6. Apparently 
k-exchange is not able to find those six design points from the 32 factorial grid that 
result in a design efficiency of 0.8849. 

To illustrate the pitfall of sealing another but similar example is considered. Again 
a quadratic model structure is used only with other regressar variables . . 

1 1 1 1 1 
f3o + (31- + (32- + f3a -- + (34- + f3s-

X1 X2 X1X2 xi X~ 
(C.18a) 

(.l (.l* 1 (.l* 1 (.l* 1 (.l* 1 (.l* 1 
1-'0 + ~-' 1 xi + 1.2 + P

2 x; + 1.2 +Pa (xi + 1.2)(x2 + 1.2) + P4 (xi + 1.2)2 +PS (x2 + 1.2)2 
(C.18b) 

Equation C.18a represents the model in case of original design variables. If scaled 
variables are use the model is represented by Equation C.18b. Again Xi E [1, 11], Xi E 

Z, i= 1, 2 and xi = Xi/5- 1.2 such that x; E [-1, 1]. Note that sealing becomes more 
complex duetoother regressar variables. Therefore, it cannot be said in advance which 
of the models will produce the extended design matrix that is conditioned best. The 
allocation of the design points for the original problem as well as for the scaled problem 
is presented in Figure C.2 for N = 9. 
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Figure C.2: allocation of treatments in original and scaled design space 
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Compared to the 9-point design in Figure C.l the allocation of the treatments has 
changed as expected. The allocation of the design points is such that as much relevant 
information as possible can be obtained from the simulation model. With computation 
of these designs it is possible to construct the extended design matrices for them. For 
the original design variables, the condition number becomes cond = 0.6074e + 003, 

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 0.5000 1.0000 0.5000 0.2500 1.0000 
1.0000 0.0909 1.0000 0.0909 0.0083 1.0000 
1.0000 1.0000 0.5000 0.5000 1.0000 0.2500 

Xoriginal = 1.0000 0.5000 0.5000 0.2500 0.2500 0.2500 
1.0000 0.0909 0.5000 0.0455 0.0083 0.2500 
1.0000 1.0000 0.0909 0.0909 1.0000 0.0083 
1.0000 0.5000 0.0909 0.0455 0.2500 0.0083 
1.0000 0.0909 0.0909 0.0083 0.0083 0.0083 

In case of scaled design variables, cond = 9.3553e + 003 

1.0000 5.0000 5.0000 25.0000 25.0000 25.0000 
1.0000 2.5000 5.0000 12.5000 6.2500 25.0000 
1.0000 0.4545 5.0000 2.2727 0.2066 25.0000 

Xscaled = 1.0000 5.0000 2.5000 12.5000 25.0000 6.2500 
1.0000 2.5000 2.5000 6.2500 6.2500 6.2500 
1.0000 0.4545 2.5000 1.1364 25.0000 0.2066 
1.0000 2.5000 0.4545 1.1364 6.2500 0.2066 
1.0000 0.4545 0.4545 0.2066 0.2066 0.2066 

The problem in the original design variables is better conditioned. Due to the 
regressar term {1/x*), the scaled problem has a higher ratio of the largest singular 
value to the smallest in the extended design matrix and thus a worse condition of the 
extended design matrix (large condition numbers indicate nearly singular matrices). 



Appendix D 

Integer nonlinear optimization 

This appendix presents some common definitions in engineering optimization as well as 
a special class of engineering optimization problems, the class of convex optimization 
problems. 

D .1 Definitions 

Definitions 

The definitions are based upon ones by Papalambros and Wilde [PapOO] and Loh and 
Papalambros [Loh91b]. 

Feasible domain 

Regarding the AOS discussed in Chapter 5, the system of constraints (5.1b) and set 
constraint (5.1d) isolate a region in the n-dimensional integer space zn. Any point inside 
that space represents an acceptable design. The set of values for the design variables x 
satisfying all constraints is called the feasible space or feasible domain. 

(Global) minimum 

The value f(x*) is said to be the global minimum and the point x* the global minimizer 
if x* is feasible for the optimization problem and f(x*) ::=; f(x) for all feasible x. 

Discrete neighborhood 

The discrete neighborhood of a point x in an all-integer problem is defined as the set 
of all points y, whose integer components differ +1, 0 or -1 integer units from the 
corresponding factors of x. Formally the set is defined as, 

DN(x) = {y: IYi- xil = 1 or 0 integer units, i= 1, .. . , n; y #x} (D.l) 
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(a) 

• 
• • D • 
• 

(b) 

Figure D.1: Various convex sets (a) and non-convex sets (b) taken from Papalambros 
and Wilde [PapOO] 

Local minimum 

Design point XI is said to be a local minimizer, if XI is feasible for the optimization 
problem and XI ~ f(y) for all feasible y contained in DN(xl). 

convex set 

A set S Ç IRn is convex if for all x, y E S and 0 with 0 ~ 0 ~ 1, the point 

x(O) = Oy + (1- O)x (D.2) 

belongs also to the set. The geometrie meaning of convexity of a set is that a line 
between two points of the set contains only points that beloog to the set. 

convex function 

A function f : X -+ IR, X Ç JR11 is convex if the domaio of f is a nonempty convex set 
and if for all x, y E X 

f(Oy + (1- O)x) ~ Of(y) + (1- O)f(x) (D.3) 

where 0 ~ 0 ~ 1. Geometrically this inequality means that the line segment between 
(x, f(x)) and (y, f(y)), i.e. the chord from x and y lies above the graphof f. A function 
f is concave if - f is convex. 
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Figure D.2: Convex function 

D.2 Convex optimization problem 

It is assumed that the problem stated by Equation (5.1) is a convex optimization prob
lem, Bath objective function (5.1a) and all inequality constraints {5.1b) are assumed to 
be convex functions. The most important property of the class of convex optimization .· 
problems is that the feasible set of a convex optimization problem is convex, see [Boy02]. 
Therefore a fundamental property of convex optimization problems is that any locally 
optima! design point is also {globally) optima!. Note that this only holds for the con
tinuous optimizer, the proof given by Boyd and Lievenberghe is as follows: 

Suppose x is locally optima! for a convex optimization problem, i.e. x is 
feasible and 

J(x) = inf{f{z)lz feasible, llz- xll ~ R}, (D.4) 

for some R > 0. Now Suppose that x is nat globally optima!, i.e., there is 
a feasible y such that f(y) < f(x). Evidently IIY- xll > R, since otherwise 
f(x) ~ f(y). Consider the point z given by 

R 
z=(1-0)x+Oy, 0=2lly-xll (D.5) 

Then llz- xll = R/2 < R, and by the convexity of the feasible set, z is 
feasible. 
By convexity of f, 

f(z) ~ {1- O)f(x) + Of(y) < f(x), (D.6) 

which contradiets D.4. Hence there exists no feasible y with f(y) < f(x), 
i.e., x is globally optima!. 

Thus, using an adequate nonlinear programming {NLP) solver, the global optimum 
of the underlying continuous problem of the subproblem defined by Equation {5.1) will 
be found. 
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Appendix E 

Test examples 

E.l Nonconvex problem results 
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Figure E.l: Results for the deterministic optimization problem using 'exact' approxi
mations starting from each design defined by the grid of start designs. 
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Figure E.2: Results for the deterministic optimization problem using quadratic approx
imations starting from each design defined by the grid of start designs. 

E.2 Cantilever beam problem results 
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M 5 10 25 2000 
N design [%) [%] [%) [%] 
12 group I 18 24 68 60 

DN(group I) 82 76 32 40 
other 0 0 0 0 

24 group I 16 54 84 88 
DN(group I) 84 44 14 12 

other 0 2 2 0 
48 group I 22 42 74 90 

DN(group I) 78 58 24 10 
other 0 0 2 0 

1024 group I 28 66 86 86 
DN(group I) 72 34 14 14 

other 0 0 0 0 

Table E.1: Optimum solutions of the stochastic cantilever beam starting 50 optimization 
runs from (10, 10, 10, 10, 10) using exact approximations and a reduced set of candidate 
points. 

M 5 10 25 2000 
N design [%] [%] [%] [%] 
12 group I 2 2 4 2 

DN(group I) 74 72 64 72 
other 24 26 32 26 

24 group I 0 0 0 2 
DN(group I) 50 60 72 60 

other 50 40 28 38 
48 group I 0 2 4 4 

DN(group I) 26 22 34 40 
other 74 76 62 56 

1024 group I 0 0 0 2 
DN(group I) 6 0 4 2 

other 94 100 96 96 

Table E.2: Optimum solutions of the stochastic cantilever beam starting 50 optimiza-
tion runs from (10, 10, 10, 10, 10) using redprocal approximations and a reduced set of 
candidate points. 
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Appendix F 

Derivation of the flow time 
regressar variabie 

The test examples regarding the two-station flow line (Section 7.3) and the fom-station 
flow line (Section 7.4) use the number of machines in each of the workstations as design 
variables. The output variabie of these test examples is the expected average flow time. 
We would like to have for an adequate linear regression relationship that relates the 
design variables to the average flow time. This appendix presents the derivation of one 
regressar variabie that is able to relate each of the design variables to the mean flow time. 
The relations fora GJGJM queueing system from Hoppand Spearman [HopOO) are used 
to derive such a regressar variable. These queuing relations were already presented in 
Section 7.3 and repeated below, 

(F.l) 

(F.2) 

Herein, cPq denotes the waiting time in the workstation's queue; Ca denotes the arrival 
coefficient of variation; cd denotes the departure coefficient of variation; Ce denotes the 
mean process time coefficient of variation; m denotes the number of machines in the 
workstation and u denotes the utilization. 

For a k-station flow line, the total flow time cPtot is defined as, 

k k 

cPtot = L tei + L cPqi (F.3) 
i=l i=l 

The first term in the left hand side of Equation (F.3) represents a constant. Therefore, 
the regression model will include a constant term (30 . Equation (F.l) will be used to 
derive k regressar variables that approximate the second term in the left hand side of 
Equation (F.3). The derivation is as follows: 

147 



148 Appendix F. Derivation of the flow time regressar variable 

Although c~ in Equation (F .1) is dependent on the number of machines in the 
workstations that preeede the current workstation (see Equation (F.2)), (c~ + c~)/2 is 
assumed to be a constant value1 . Assuming this term to be constant, the waiting time 
in the i-th workstation queue can be rewritten as, 

(yf2(m;+l)-1) 
U · 

</Jqi = f3i ~ (1 ) te mi -Ui 
(F.4) 

If the term J2(mi + 1) - 1 in Equation (F.4) is neglected and the utilization is 
written in terms of the mean processing time t~, the number of machines m and the 
inter-arrival time ta, then Equation (F.4) becomes, 

(F.5) 

If the last term in Equation (F.5), tei, is included in f3i· Then, Equation (F.5) can be 
re-written as, 

(F.6) 

This relation is used to relate the number of machines in the i-th workstation to the 
output, the average flow time. If this relation is substituted in Equation (F.3), then the 
average flow time can be completely written completely in terms of the design variables 
and constants, 

(F.7) 

1 Note that the squared arrival coefficient of variation c~ of workstation i equals the squared departure 
coefficient of variation c~ of workstation i - 1. For that reason Equation (F.2) is often referred to as 
the linking equation. 



Appendix G 

Four-station flow line simulation 
model 

x code: fourstat.chi 

11 fourstat.chi 
11 
11 september 2002 

11 four-workstation production line 

type lot = nat#real 

11 Generator 

proc G(a: !lot) 
I [ ta: real, u: -> real, n: nat 
I ta:= getG("G") 

n:= 0 
u:= exponential(ta) 
*[ true 

-> a!<n,time>; delta sample u; n:= n + 1 
] 

J I 

11 Werkstation 

proc B(a: ?lot, b: !lot) = 
I [ xs: lot*, x: lot 
I xs := [] 

*[ true; a?x -> xs:= xs ++ [x] 
I len(xs) > 0; b!hd(xs) -> xs:= tl(xs) 
] 

J I 
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func myGamma(muc2: real#real) -> (-> real) = 
I [ mu,c2: real 
I <mu,c2>:= muc2 

J I 

[ c2 0.0 -> ret constant(mu) 
I c2 > 0.0 -> ret gamma(1/c2, mu*c2) 
] 

func pred(x,y: lot#real) -> bool = I [ ret x.l < y.l ] I 

proc T(j,N: nat, a: ?lot, b: !lot)= 
I [ te,ce2: real, u: -> real, xs: (lot#real)*, x: lot 
I <te,ce2>:= getW("W"+n2s(j)) 

J I 

u:= myGamma(<te,ce2>); xs:= [] 
*[ len(xs) < N; a?x 

] 

-> xs:= insert(xs, <x, time + sample u>, pred) 
len(xs) > 0; delta (hd(xs).l- time) 
-> b!hd(xs).O; xs:= tl(xs) 

syst BT(j,N: nat, a: ?lot, c: !lot) = 
I [ b: -lot I B(a,b) 11 T(j ,N,b,c) ] I 

I/ Exit process E 
I/ M.O: #replications (not relevant) 
I/ M.l: #lots in warm-up period 
I/ M.2: #lots in each batch 
I/ M.3: #batches 
/I bm : batch mean 
I/ gbm: grand batch mean 
I/ gbs: standard deviation 

proc E(M: nat~4, a : ?lot) = 
I [x: lot, j,k,n: nat, bt,gbm,gbs: real, bm: real* 
I n:= 0; k:= 0; j := 0; bt:= 0.0; gbm:= 0.0; gbs:= 0.0; bm:=[] 

*[ n < M.l -> a?x; n:= n+l] 
*[ j < M.3; a?x 

] 

-> k:=k+l; n :=n+l 
bt:= bt + -(time -x.l) 
[ k < M.2 

] 

-> skip 
k = M.2 
-> bm:= bm ++ [bt/M.2] 

bt:= 0.0 
j := j+l; k:= 0 



J I 

gbm:= myMean(bm) 
gbs:= myStd(bm,gbm) 
!gbm, tab() , gbs, nl() 
terminate 

syst A(M: nat-4, x: nat-4) = 
I [ a: (-lot)-5 
I G(a . O) 

11 j: nat<- 0 . . 4: BT(j, x.j, a.j, a.(j+1)) 
11 E(M, a.4) 
J I 

xper(M: nat-4, x : nat-4) = I [ A(M,x) ] I 

Python code 

io.ext 

/1 io.ext 
11 
11 fourstat.chi 

language "python" 
file "fourstat" 

ext getG(s: string) -> real = "getValues" 
ext getW(s: string) -> real#real = "getValues" 
ext myMean(bm : real*) -> real = "getMean" 
ext myStd(bm: real*, gbm: real) -> real = "getStd" 

fourstat.py 

# fourstat.py 

data = None 

def getValues(s): 
global data 
if data == None: getData() 
return data [s] 

def getDataO: 
global data 
j = open('fourstat .dat','r') 
stringj = j.read() 
j . close() 
data = eval(stringj) 
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def getMean(bm): 
t = 0.0 
for x in bm: 

t = t+x 
return t/len(bm) 

def getStd(bm,gbm): 
t = 0.0 
if len(bm) <= 1: 

t = 0.0 
else: 

for x in bm: 

Appendix G. Four-station flow line simulation model 

t = t + pow((x-gbm),2) 
t = pow(t/(len(bm)-1),.5) 

return t 

fourstat.dat 

{'G': (0.4), 'WO': (1.5, 1.0), 'W1': (0.78, 1.0), 'W2':(1.10,3.14), 'W3':(1.60,0.10)} 


