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Abstract 

In this work head-on collisions of viscous drops under the assumption of Stokes flow are 
studied. Furthermore, the preserree of an insoluble surfactant is considered. The resulting 
mathematica! equations are solved using a boundary integral method in combination with a 
fini te difference method for the evolution of the surfactant concentrat ion on the interface. The 
implementation in a numerical scheme is discussed and a comparison with test cases is made. 
A limited number of parameters is investigated and the results are compared with literature, 
consisting of analytica! solutions and numerical and experimental data. It is shown that this 
method can reproduce results obtained with thin film descriptions, while retaining information 
about the deformation of the whole drop. Interfacial distauces much smaller than w-3 times 
the undeformed drop radius can be descri bed, this in contrast with current numerical methods. 
No good comparison was found between external driven collisionsin the current method and 
asymptotic theories for general cases, but the current results matched experimental data quite 
well. Furthermore three mechanisms that result in slower film drainage in the preserree of a 
surfactant have been identified. 



Samenvatting 

Het onderwerp van dit onderzoek is de botsingen tussen druppels in een visceuze stroming. 
Verder is de invloed van een oppervlakte-actieve stof onderzocht. De boundary integral meth
ode is gebruikt om de wiskundige formulering van dit probleem op te lossen. Om de evolutie 
van de concentratie van de oppervalkte-actieve stof te volgen, is gebruik gemaakt van een 
eindige differentie schema. De implementatie van deze methoden is besproken en gemotiveerd 
en is getest met een aantal standaard problemen. Vervolgens is de invloed van een bepaald 
aantal parameters onderzocht en vergeleken met literatuur. Het blijkt dat afstanden tussen 
twee oppervlakten, die veel kleiner zijn dan w-3 de druppel straal, nauwkeurig en stabiel te 
beschrijven zijn. Met de huidige methode zijn resultaten voor botsingen door zwaartekracht 
effecten identiek aan resultaten behaald met asymptotische theorieën. Er is echter geen goede 
vergelijkingen gevonden voor botsingen tengevolge van externe stromingen. Verder kan ex
perimentele data goed worden gereproduceerd. Tenslotte zijn drie mogelijke mechanismen 
geïdentificeerd die kunnen verklaren hoe oppervlakte-actieve stoffen coalescentie kunnen ver
hinderen. 
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Chapter 1 

Introduetion 

1.1 Motivation 

Mixing of materials is of great interest since it is a cheap way to create new materials and 
it is a vitalpart in many production processes, for example in the food industry. Often the 
components do not mix or the thermodynamics favour phase-separation, and in this case 
domains form all of which contain mainly one materiaL If the amounts of the materials 
are roughly the same, large patches emerge. If, on the other hand, one of the components 
has a very low volume fraction, smaller dropiets in a continuons matrix are found. In this 
work the focus is on the latter. The addition of an extra component to a fluid can lead to 
quite different and complex fluid behaviour of the blend in comparison to the behaviour of 
the matrix fluid, even if the volume fraction is low and both components are Newtonian in 
nature. Theseparate material properties, external flow, micro-structure and rheology are all 
coupled to the properties of the whole blend. 

Here we focus on the interaction of two dropiets due to external flows or forces. If a 
droplet is placed in an extensional flow, it will deform and breakup can occur, depending on 
the imposed flow and material properties. In mixing it is often important to know what the 
size of the smallest droplet attainable is, and how to achieve this. Breakup is, of course, the 
way to decrease the drop size, but on the other hand, if two or more drops are investigated, 
coalescence can occur, the process which is stuclied here. Coalescence is the processin which 
two dropiets merge into one larger droplet. Coalescence between three or more drops is 
possible in theory, but the chance of occurring is very small. Hence, the focus is on two 
drop coalescence. Coalescence is a rather complicated phenomena. The distance at which 
two dropiets have to be to achieve coalescence is very small, and can be many orders smaller 
than the initia! droplet radius. This in contrast to break-up, where the neck radius does not 
have to be that small in comparison with the drop radius to ensure a break-up. Furthermore, 
coalescence is favoured by gentie collisions where deformations are small, yet an accurate 
description of these small deformations is vital for a detailed analysis of the phenomena at 
hand. 

One important extension to all this is deformation of dropiets with a surfactant presence, 
a field of study that has recently been given a lot of attention. Surfactauts are components 
inthefluid that preferentially sit on the interface between two components and influence the 
interfacial tension. The influence of surfactauts on coalescence can be quite drastic. 
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1.2 Literature overview 

A review of the current understanding of the behaviour of drops and evolution of micro
structure in blends is given by Thcker & Moldenaers [45]. Experimental, numerical and theo
retica! investigations concerning the deformation of a single droplet are reviewed by Stone [44]. 
A slightly less recent, but still relevant review of the coalescence process has been made by 
Chesters [13]. Theoretica! and numerical studies on drop dynamics in complex flows are 
summarized by Cristini & Tan [15]. 

Experimental work on coalescence is rather complicated. Most methods have either a dif
ficulty with visualising the very thin film that forms between the drops or cannot reproduce 
realistic flow conditions. Examples of experimental setups are the four roll mill, as used by for 
example Leal and co-workers [20], [24], [27], [47], sliding parallel plates used for studying coa
lescence in a shear flow (Guido & Simeone [19]) and rising air bubbles (Manga & Stone [33]). 
All of those focused on macroscopie effects and phenomena. To measure properties of the film, 
light scattering techniques can he used. See for example the works of Klaseboer et al. [26] 
and Zdravkov [53]. The drops, however, have to be placed in a cell in which it is hard to 
create the desired flow conditions. 

Numerical methods for analysing drop deformation in general and coalescence in particular 
can roughly be divided into two areas: front capturing and front tracking techniques. Front 
capturing techniques use a continuous function across the domain that is 0 in the matrix and 
1 in the drop ( or a variation on this theme) and the interface is defined by the gradient in this 
function. Examples of this method are: continuurn surface force (CSF) (Brackbill et al. [10]), 
the level set method ( Osher & Sethian [36]), volume of fluid (VOF) (Hirt & Nichols [22]) and 
diffuse interface method (DIM) (Anderson et al. [3]). Chang [12] used the level set method to 
study bubble coalescence, Jiang & James [25] used VOF to study head-on droplet collisions. 
Front tracking techniques consider an interface with zero thickness and track the movement 
of the interface in time. The finite difference method (FDM) can be used for example to 
update the position, see Nobari et al. [35]. Finite element modelling (FEM) of interfaces is 
usually done as a hybrid between front tracking and front capturing (see Hooper et al. [23] and 
Stegeman [41]). FEM has the advantage, that the inclusion of viscoelastic material behaviour 
and inertia is relatively simple. The disadvantage is that the demands on the mesh density 
are quite large when two interfaces are in close vicinity. 

Another class of theories models only the film, using equations based on lubrication the
ory. These so called asymptotic theories have provided useful information on film drainage, 
see for example Radoev et al. [39], Yiantsios & Davis [50], [51], Li [29] and Bazhlekov et 
al. [8]. In many cases this method is expanded to include surfactants: Danov, Valkovska & 
Ivanov [16], [46] , Yeo et al. [48], [49], Li [30] and Chesters & Bazhlekov [14]. One drawback 
of this method is, that only the film is described and nothing is known of the deformation 
and influence of the rest of the droplet or the velocity outside the film. 

The method used here, to track the deformation of the droplets, is a front tracking 
technique known as the boundary integral method (BIM), see for example Pozrikidis [38], 
Zinchenko et al. [54], Davis [17] and Loewenbergh & Hinch [31], [32]. BIM requires only 
geometrie knowledge of the surface of the dropiets to calculate the velocity at any point in 
the domain, and therefor computational costs can be kept low. The main disadvantage is 
that a numerical singularity exists on the interface. A conversion of the singular surface in
tegral into a non-singular contour integral has been recently proposed by Bazhlekov [5]. One 
other disadvantage is the fact that the boundary integral formulations only exists for New-
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Figure 1.1: Schematic representation of a head-on callision of two equal-sized drops and a 
view of the film that farms between them. 

tonian Stokes flow: inertia terms are neglected and the viscosity is constant. This, however, 
is a reasonable assumption in many cases, since only highly viscous drops are considered. 
Furthermore, topological changes are also a non-trivialevent when using BIM; if break-up or 
coalescence does occur, some drastic remeshing needs to be done. Despite all of this, BIM can 
give very detailed information about the location of the interface and, hence, is very suited 
for studying coalescence. The presence of a surfactant can also be incorporated in a BIM 
formulation: Stone & Leal [43], Stebe et al. [37] [18], Yon & Pozrikidis [52] and Bazhlekov et 
al. [6]. 

1.3 Theory on coalescence 

The coalescence process is typically divided into three parts. First there is the global approach 
of the drops. For now only a head-on collision between two dropiets is considered, since this 
simplifies the description of the phenomena at hand. Coalescence can also occur in collisions 
in which the drops skim pasteach other (see for example the experimentsof Guido & Sime
one [19] or the simulations of Zinchenko et al. [54]). Furthermore, there are in general two 
special cases considered for the approach: constant approach velocity and constant approach 
force. 

When drops come in very close contact with each other, the secoud stage begins: film 
drainage. A thin film forms between the drops, as is depicted in figure 2.1. Two important 
parameters in this stage are the viscosity ratio >. between the droplet and the matrix phase 
and the capillary number Ca, which represents the ratio between the viscous forces and the 
interfacial tension. There are three characteristic length scales: the droplet radius R, the film 
radius a and the film thickness h, and one can reasonably assume h ~ a ~ R. The film 
typically has a dimpled shape, since the pressure exerted on the center-line is the largest, and 
the local film thickness can vary over time as matrix fluid is either squeezed out or dragged in. 
The film drainage consists of a pressure gradient driven Poisseuille flow and a plug flow that is 
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(a) (b) (c) 

Figure 1.2: Th ree cases of film drainage: a.) immobile b.) partially-mobile c.) fully-mobile. 

formed by the hydrodynamica! velocity of the drop interface. The viscosity ratio >. determines 
the mobility of the interface and the strengthof this plug flow. Chesters [13] considered three 
cases for the interface mobility, see figure 1.2: for high values of>. the interface is considered 
to he immobile and has no tangential velocity component; film drainage is fully governed 
by the Poisseuille profile. As the viscosity ratio goes down, the interface becomes partially 
mobile and film drainage is a combination of a plug and a pressure driven flow. An interface 
that is shear-stress free, is considered to he fully mobile. 

Klaseboer et al. [26] found, for the case with a constant approach velocity and an immobile 
interface, that the film radius will evolve as a "' .fi,. According to the simple sealing theory 
of Leal et al. [47], [27], which considers the coalescence process as the squeezing between 
two parallel plates, the final value of the film radius should, scale as a "' RCa112. For the 
film thickness in a constant approach force situation, two asymptotes are found for the film 
drainage in time: hmin f"V r 112 for an immobile interface and hmin f"V r 213 for a partially
mobile interface {Yiantsios & Davis [50] and Bazhlekov et al. [8]). 

At some point during drop coalescence the interfacial distance can become so small that 
intermolecular forces (van der Waals forces) start to attract the drops. This marks the 
beginning of the third stage: film rupture. At this point coalescence is unavoidable. The 
critical film thickness at which this happens scales according to Chesters [13] as hcrit "' A 113, 

where A represents the strength of the van der Waals forces. One other result of Leal's sealing 
theory is that the total drainage time scales as tdrain "' Ca312 , which is also often confirmed 
by experiments. All these sealing relationships are reproduced in table 1.1. 

These are all results for pure interfaces. If impurities on the interface are considered, 
different physics can play a role. The presence of surfactauts on the interface lowers the 
interfacial tension. As the drop deforms, the hydrodynamica! velocity on the interface moves 
the surfactants. The non-uniform surfactant concentration leadstoa gradient in the interfacial 
tension, which in turn introduces Marangoni effects. The presence of a surfactant can he used 
to immobilize the interface. 
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Table 1.1: Various sealing laws for film drainage found in literature. 
a h 

CAF Constant; ""RCa112 Partly-mobile: hmin "" t-2/3 

Immobile: hmin "" r 112 

CAV ""v't -

Van der Waals farces hcrit ""A113 tdrain "" Ca3f2 

1.4 Objective and layout 

The objective of this study is to investigate the coalescence process using a BIM formulation. 
Film drainage will be stuclied and the results obtained will be compared with published 
experimental data and results from thin film descriptions. Of partienlar interest are the range 
in which the assumptions made in asymptotic theory are valid and how the deformation of the 
wholedrop influences the processes inside the film. Furthermore, the influence of an insoluble 
surfactant on film drainage is investigated. 

The layout of this thesis is as following: in Chapter 2 a mathematica! formulation for the 
problem will be presented. In Chapter 3 the conversion of this formulation into a numerical 
scheme suitable for implementation into a fortran-77 code will be discussed. Next some simple 
validations will be made. Chapter 4 gives the main results and a comparison with published 
literature. Finally, in Chapter 5 conclusions will be drawn and recommendations for future 
research will be given. 
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Chapter 2 

Mathematica! Formulation 

2.1 Governing equations 

The flow problem described in the previous chapter is cast into a mathematica! formulation. 
Drops with a deformable interface subjected to an external flow or an external force are 
considered. lt is assumed that both the drop phase and matrix fluid are Newtonian and 
incompressible. Moreover, as highly viscous drops are considered, inertia terms are neglected. 
This reduces the problem to Stokes flow. The governing equations for the full domain of each 
phase are: 

0 ' i= 0, 1,2, (2.1) 

where p is the pressure, f-t the viscosity, p the density and u the velocity. The index i refers 
to different phases, where the matrix phase is indicated by i = 0, see also figure 2.1. The 
buoyancy term pig acts as a body force. Buoyancy effects are considered, since it gives an 
opportunity to move dropiets without the need for an external flow. If a uniform external 
flow is considered, the velocity at infinity is prescribed: 

U 00 (x) = GL · x, (2.2) 

where G represents the strength of the flow and L the flow type. For both cases, the boundary 
conditions at the matrix-drop interface are continuity of velocity: 

(2.3) 

and a stress balance: 
(II0 (x)- rri (x)). n (x) = f (x). (2.4) 

The stress tensor in the ith fluid can be written as: 

(2.5) 

with I the unit tensor. The vector f from equation (2.4) contains the jump in interfacial 
forces across the interface. The interfacial forces considered here are the capillary pressure, 
the disjoining pressure (which is the force per unit area to compensate the van der Waals 
attraction) and the Marangoni stresses. The buoyancy term in equation (2.1) can also be 
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viscosity J-to = f-t 

density p0 = p 

r 
t 

n 

Figure 2.1: Schematic representation of two drops in matrix ftuid, with a viscosity f-ti and 
density pi for each phase. 

expressed as an interfacial force, since it can be considered as an additional hydrastatic 
pressure. The pressure in the ith fluid is corrected by the term -pi (g ·x). So finally f 
becomes: 

(2.6) 

where CT is the interfacial tension, K- the local curvature, H the dimensionfull Hamaker 
constant and h the local minimum film thickness. The curvature K- is defined as K- (x) = 
0.5 (1/Rl + 1/R2), where R1 and R2 are the main radii ofthe curvature. The curvature can 
also be defined as K- (x) = \18 • n (x), with \18 = (I- nn) · \1, also known as the surface 
gradient operator. Finally, the kinematic condition at the interface is: 

dx 
dt = Un (x, t) +V (x, t) . (2.7) 

The hydrodynamica! velocity is split into two parts: a normal component and a tangential 
one: 

Un=Unn=(u·n)n 

Ut = Ut t = (U · t) t. (2.8) 

The extra term in equation (2.7), v, is an arbitrary velocity tangential to the drop interface. 
An additional tangential velocity will not influence the solution, since the position of the 
interface remains the same. The reason for introducing this additional tangential velocity is 
purely a numerical one, and will be discussed in Chapter 3. 

2.2 Surfactants 

A non-uniform surfactant distribution willlead to a non-uniform interfacial tension. Here 
surfactauts are considered to be insoluble, i.e. there is no exchange between surfactauts on 
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the interface and the matrix Huid. This means that the total amount of surfactauts on one 
drop remains constant. The mass balance for a surfactant on a deforming interface was 
derived by Stone [42]. This includes the diffusive contribution, transport due to convection 
and a term that deals with the expansion of the droplet: 

ar 2 at + \7s ·(rut)- Ds \78 r + 2~unr = 0, (2.9) 

where r represents the local surfactant concentration and Ds the diffusion coefficient. Finally, 
the coupling between the surfactant concentration and the interfacial tension needs to be 
specified. Here, the model as suggested by Eggleton et al. [18] is used, which is basedon the 
von Szyckowski equation, in which the derivative of the interfacial tensiontor is given by: 

au 
ar 

RaT 
(2.10) 

where Ra is the universa! gas constant, T the absolute temperature and r 00 denotes the 
maximum surfactant concentration. Note that hereis an upper limit to the surfactant con
centration, since surfactants occupy a finite volume on the surface. 

2.3 Sealing 

Often it is convenient to reeast the equations into a non-dimensional form, since it makes the 
comparison between different cases easier. Two different scalings are introduced: one for an 
external flow driven and one for a buoyancy driven coalescence. In the first case the following 
dimensionless parameters are introduced: 

*RG *O"eq '* * u =u ; P = P R; f.ti = A t-to; O" = O" O"eqi 

\7* ~ ~ 
\7 = R; ~ = R; h = h*R; t = G; r = r*req, (2.11) 

where * indicates a dimensionless parameter. Furthermore Ris the undeformed drop radius, G 
is the shear or elongational rate, À is the viscosity ratio between the drop and matrix phase, 
and the subscript eq denotes the value in the initial, equilibrium situation. If two drops 
with a different drop radius are considered, an equivalent drop radius is used for sealing, 
R~~iv = ~ (R11 + R21

), but only equal size drops are stuclied in this work. From now on, 
only dimensionless parameters will be considered, and the index * is dropped. The stress 
jump across the interface in dimensionless form becomes: 

(2.12) 

in which the two dimensionless parameters Ca and A appear. Ca is the capillary number, 
the ratio between the viscous stresses and the interfacial tension, and A is the dimensionless 
Hamaker parameter: 

Ca= RGt-t; (2.13) 
O"eq 

The interfacial tension as function of the surfactant concentration in dimensionless form 
becomes: 

O"Q 
u= - + E ln (1- xr). 

O"eq 
(2.14) 
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The two dimensionless parameters are defined as following: Eis the elasticity parameter and 
is a measure of the sensitivity of a to r: 

E _ RaTf00 

- ' aeq 

and x is the fraction of the surface initially covered by surfactants: 

feq 
x=-. 

With E and x fixed, ~ can be determined: 
aeq 

roo 

ao -=1-Eln(1-x). 
aeq 

For the stress jump, this results in: 

( 
2 A ) 1 Ex 

f (x) = Ca (J (r) K (x) - h3 (x) n (x) - Ca 1- xr \7 sr. 

The mass balance in dimensionless form becomes: 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

where Pe8 is the surface Péclet number, which represents the ratio between the convection 
and the diffusion. Pe8 is defined as: 

GR2 

Pes = Ds . (2.20) 

Since there is no shear rate in the buoyancy case, a different charaderistic velocity and 
time scale are introduced: 

(2.21) 

where g is the gravitational acceleration. The new dimensionless form of the stress jump in 
this case becomes: 

( 
2 Abuo) 1 Ex 

f (x) = Boa (f) x; (x)- X2- h3 (x) n (x)- Bo 1 _ xf \7sf, (2.22) 

where there are two new, dimensionless parameters: the Bond number Bo and the Hamaker 
parameter for the buoyancy case, defined as: 

D..pgR2 H 
Bo = ; Abuo = 6 D.. R4 • 

aeq 7r pg 
(2.23) 

The additional term in equation (2.22), x2, is the local x2-coordinate scaled with R; the 
gravity is considered parallel to the x2-axis. Finally, the Péclet number in the mass-balance 
becomes: 

D..pgR3 
Pesbuo = D · 

' fJ, s 
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2.4 Boundary integral method 

The method used for calculating the velocity is the boundary integral method (BIM). This 
method is applicable, since the velocity only depends on the location of the interfaces. This 
is also the main advantage of BIM: only the interface needs to be described. BIM gives the 
velocity at any point xo on the surface Sas follows (see for example Pozrikidis [38]): 

(>. + 1)u (xo) = 2.u00 (xo) - 4~ Is G (xo, x) · f (x)dS(x) 

>. 4~ 
1 Is u (x) · T (xo, x) · n (x)dS(x), (2.25) 

where S includes all surfaces. In this equation the tensor G represents the Stokeslet, also 
known as the first-layer potential, and the tensor T the stresslet, also known as the double
layer potential. Only flows in unbounded regimes (no walls or solid objects in the domain) 
are considered. In this case the free-space kernels are defined as: 

G (x0 ,x) = G (x)= 
1
!

1 
+ ,:~, 

T (x0 , x) = T (x)= -6~~!, (2.26) 

with x= x- xo. The main disadvantage ofBIM is immediately clear: the kernels are singular 
at the pole xo. Several techniques to overcome this problem will be discussed later on. 
Important conservation properties of these kernels are: 

Is G (x) · n (x)dS(x) = 0; 

Is T (x) · n (x)dS(x) = -cl, 

(2.27) 

(2.28) 

where S is a closed surface. The constant c is 81r if x0 is inside the drop, 47r if x0 is on the 
drop surface and 0 if xo is outside the drop. 

For the velocity in- and outside of the drop /interface a slightly different formulation exists: 

and 

Uoutside (xo) = Uoo (xo) - 8~ Is G (xo, x) · f (x)dS(x) 

>- -1 r ----s;- J 
8 

u (x) · T (xo, x) · n (x)dS(x), 

1 
Uinside (xo) = ÀUoo (xo) ~ { G (x0 , x) · f (x)dS(x) 

87rA J 8 

>. -,1 f u (x). T (x0 , x)· n (x)dS(x). 
81r,... } 8 

(2.29) 

(2.30) 

These formulations are not important in tracking the deformation of the drops in time, but 
can be used for calculating a velocity field around the interface or for a streamline calculation. 
Note that in case of equal viscosities, >. = 1, the calculation significantly simplifies, since the 
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unknown velocity u is no longer found in the right hand side, thus eliminating the need for 
an iterative procedure or matrix inversion. Nevertheless, viscosity ratios unequal to 1 are, 
of course, of practical interest. For these cases, some special things have to be taken into 
consideration. First of all, using equation (2.28), one can remove the singularity around x 0 , 

which results in: 

Is u (x) · T (x) · n (x)dS(x) =Is (u (x) -u (x*)) · T (x) · n (x)dS(x) - 4?ru (x0 ), (2.31) 

The integration point x* is the point on the interface dosest to xo. 
It is also well known that the salution spectrum of the boundary integral equation includes 

rigid body modes and uniform drop expansion for viscosity ratios of À---+ oo and À---+ 0 (see 
Pozrikidis [38]). The standard technique for removing these marginal eigenvalnes is Wielandt's 
deflation. Combined with the singularity removal technique, the deflated velocity w on the 
interface becomes: 

2 
w (xo) = -,-uoo (xo) 

A+1 411" (À
1 
+ 1) fs G (x) · f (x)dS(x) 

4
7r ~;: 

1
) Is (w (x)- w (x*))· T (x)· n (x)dS(x) 

À-1 + À+ 
1 

(w (xo)- [w] + [w · n] n (xo)), (2.32) 

where [ ] indicates an average over the drop surface to which xo belongs. The interfacial 
velocity can then be reconstructed as: 

À-1 
u (xo) = w (xo) + -

2
- [w] . (2.33) 

Finally, one needs to solve this system for the unknown velocity w. The most commonly 
used method for this is an iterative salution method known as successive substitution. The 
salution from the previous iteration is inserted into the right hand side of equation (2.32) 
and a new velocity is calculated. This is repeated until the difference between the old and 
the new iteration is smaller than some imposed convergence criteria. The interfacial velocity 
is then reconstructed. This method, however, requires an increasing number of iterations in 
cases where drops are in very close vicinity or extreme viscosity ratios are considered. A more 
efficient method for these situations was suggested by Zinchenko et al. [54], who proposed 
a bi-conjugate gradient solver in combination with a successive substitution method. This 
latter method is used in this work. 
The method used for calculating the surface integrals and the way the other singularities are 
dealt with, are discussed in Chapter 3. 
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Chapter 3 

Numerical model 

3.1 Introduetion 

The equations of the previous chapter are recasted into a form suitable for implementation 
in fortran-77 routines. In this chapter the motivation and details of the numerical methods 
will be discussed. 

3.2 Axisymmetric representation 

For small capillary numbers, and head-on collisions, it was shown that the film formation 
is mainly axisymmetric (Rother et al. [40]) and, hence, in this study only axisymmetric 
situations are considered. This simplifies the equations, since the azimuthal part of the 
surface integration of the boundary integral method can be performed analytica!. This leaves 
two independent coordinates: z and r. The surface integration in the boundary integral 
equation becomes a line integration in this case. This reduces computation time significantly. 
The new boundary integral equation in axisymmetric form becomes: 

2 
w (xo) = >. + 1 Uoo (xo) 471" (; + 1) 1 M (i) · f (x)ds(x) 

471" ~;: 1) 1 Q (i)· n (x)· (w (x)- w (x*)) ds(x) 

>.-1 
+ >. + 

1 
(w (xo)- [w] + [w · n] n (x0 )), 

where the integration variabies is an are length parameter as defined in figure 3.1. 

(3.1) 

The definitions of M and Q can be found in for example Pozrikidis [38]. They are 
all expressed in terms of complete elliptic integrals of the first and second kind. All are 
reproduced in Appendix A for completion. 

Furthermore, there are three cases considered for the boundary condition at infinity: 
u00 = 0 in the buoyancy case and u00 = ± (- ~r, z), with a + sign for a uni-axial extensional 
flow and a- sign fora bi-axial extensional flow. 
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Figure 3.1: Axisymmetric representation of deformed drop in a cylindrical coordinate system. 
n is the unit normal and t is the unit tangential vector of the interface. The are length 
parameter s lies between 0 at the bottorn tip and l at the opposite tip. 

3.3 Singularity removal techniques 

Bazhlekov [7] recently introduced a non-singular contour-integration representation for the 
singular boundary integral. Definition and derivation of this formulation can be found there. 
The only result shown here is the conversion for the single-layer potential formulation: 

IG = i G (xo, x) · n (x)dS(x), (3.2) 

where the integration is over an arbitrary surface D, that is not restricted to being closed. For 
the axisymmetric case, IG becomes a vector, see Bazhlekova & Bazhlekov [9] and Appendix A. 
Besides making the boundary integral more accurate, the non-singular representation also 
increases the stability of the method. This makes the description of very small interfacial 
distauces possible and, hence, suited for studying coalescence. However, the contour-integral 
methad for the single-layer potential is only derived for a vector f in the direction of the 
normal vector. A different technique has to be used todetermine the Marangoni component. 
This is done by using the property that the two diagonal componentsof M, Mrr and Mzz' 
behave like a -2ln (lil) singularity. This singularity is subtracted inside the surface integral 
and added later outside of it again (see for example Pozrikidis [38] and Pawar & Stebe [37]): 

l M (x, xo) · \78 a ds (x) = l (M (x, xo) · \7 sO"Ix + 2ln (lil) \7 sO"Ixo) ds (x) 

-2\7 sO"Ixo lln (lil) ds (x). (3.3) 

A contour-integral representation is also derived for the double-layer potential. However, 
the axisymmetric version does not include the azimuthal integration of the unknown velocity 
u. So for now the subtraction technique as shown in Chapter 2, equation (2.31), is used. 
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Davis [17] showed that: 

l Q (x)· n (x)· (u (x) -u (x*)) ds(x) = 

l (Q (x)· n (x)· u (x)- Q' (x)· n (x)· u (x*)) ds(x). 

The definition of Q' is given in Davis [17] and reproduced in Appendix A. 

3.4 Calculating the integrals 

(3.4) 

The droplet interfaces are discretised by placing a finite number of nodes on them. In all 
simulations 200 nodesper drop were used, unless stated otherwise. At very small interfacial 
distances (h < 1.10-4 R), the results obtained with 200 nodes aften showed no convergence 
using finer meshes. Finer meshes would probably lead to better results at smaller interfacial 
thicknesses, but would also increase computation time drastically, not only due to an increased 
number of variables that have to be computed, but also due toa reduction of the time step 
to ensure numerical stability. An efficient salution would be to use adaptive mesh refinement, 
i.e to place additional nodes later on in the simulation. This, however, is administrative 
troublesome in BIM and no attempt was made. 

Allline integrals appearing in equation (3.1) are then calculated by summing over allline 
segments. The integrals per line segmented are calculated using either the trapezoid or the 
midpoint rule. For the single-layer potential without Marangoni contributions, this results in 
(see Bazhlekov [7]): 

l fn (x) G (x)· n (x)ds(x) = ~ l. fn (x) G (x)· n (x)ds(x), 
J 3 

(3.5) 

l. fn (x) G (x)· n (x)ds(x) = Un (xj)- fn (xj+l)) If, 
3 

(3.6) 

where the summation is over the line segments j between the nodes j and j + 1. One other 
advantage of this methad is, that only gradients in the interfacial farces enter the calculation. 
The vector If is calculated in the center of the line segment. 

The Marangoni contribution is calculated using standard trapezoid integration, although 
this proved not accurate enough on it self. The volume was not conserved in this way, but 
the error was consistent, although convergence with more nodal points was very slow. The 
largest error is made at the singular node. Therefor, some local refinement has been done 
around x0 . Ten additional points were laid on each of the two line segments surrounding xo, 
each point being twice as close to x0 as the previous. As a result the smallest subdivision is 
about 1000 times smaller than the originallength of the segment. All terros in these points 
were linearly interpolated between the two nodes surrounding the originalline segment. This 
proved to be an efficient way of increasing the accuracy of the method: only 20 additional 
kernels have to be calculated for each node. If the interfacial distances become small, the same 
refinement is made around the nearest node on the other surface. Since volume conservation 
was excellent (error was never larger than 0.1%), no rescaling was necessary, as has been done 
by Pawar & Stebe [37]. 
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Finally, the double layer potential is also written as a sum over the individual line seg
ments, each one being calculated using the midpoint rule. The value at x* was taken as the 
average of two points placed one either side of the node, each at a distance of one tenth of 
the length of the line segment (Baldessari [4] and Davis [17]). 

3.5 Curvature and normal vector calculation 

One important aspect in all numerical methods consirlering interfaces, is the calculation of the 
curvature and the normal vector. Several techniques for this have been developed. Here, the 
method as proposed by Davis [17] is used. At each node a local parabola is fitted, from which 
a normal vector and a meridian curvature are found. These can then be used to calculate the 
mean curvature. 

Pawar & Stebe [37]) proposed a different method for calculating the normal vector and 
curvature: 

dz dr 
n = ds er- ds ez, (3.7) 

where er and ez are the unit veetors in resp. the radial and the axial direction. Similar their 
curvature calculation becomes: 

and at the tips: 

_ ~ (iPzlds
2 

dzlds) 
"' - 2 dr I ds + r ' 

iPzlds2 

"'tip = dr I ds 

(3.8) 

(3.9) 

Alltermsof these equations are readily available, or can be easily calculated using the FDM 
method required for the surfactant update (see sections 3.7 and 3.8). There are, however, 
some problems with the calculations. The calculation at the tips is less accurate, and the 
whole FDM method is quite sensitive to the uniformity of the mesh, since it requires both 
cubic fits and an FDM discretisation. The choice was made for the first method, since 
it performs far better on a non-uniform mesh, although the accuracy maybe smaller on a 
uniform mesh (Bazhlekov, personal communication). It was already found by Davis that this 
method performs better in comparison with cubic spline fits on ellipsoirlal surfaces. 

3.6 Time marching scheme 

To update the position of the interface a simple explicit time marching scheme is used: 

(3.10) 

As mentioned in Chapter 2, the interface is only moved with the normal component of the 
velo city. 

To save computation time, a multiple time step scheme is used. The basis of this method 
is, to subdivide one big time-step into M smaller time-steps, where the kernels are calculated 
every big time-step, while f and U 00 are calculated every small time-step. The integrals 
are updated as for each pole x0 only f (x0 ) has changed. The main motivation for using 
this multiple time-step scheme is that the time step has to be suffi.ciently small to ensure 
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numerical stability, yet the position of the interface hardly changes duringa big time-step. The 
parameter M was taken 100 in every simulation. A detailed discussion concerning accuracy 
can be found elsewhere (see Bazhlekov et al. [7]). 
The value of the small time-step in simulations is initially Llt = 1.10-5 for Ca> 1.10-3 and 
tlt = 1.10-6 for Ca~ 1.10-3 . If the interfacial distance becomes smaller, especially when van 
der Waals forces are considered, there was a need for a smaller time step, to ensure stability 
with the changing interfacial velocity. Therefor, the time step is often reduced during the 
simulation. Furthermore, if more nodes are considered, the time step must also be reduced 
for numerical stability reasons. In most simulations, validation runs were done by reducing 
the time step or increasing the number of nodes, until a satisfactorily combination was found. 
For this, usually the evolution of the minimal film thickness is used. 

3. 7 Updating surfactant concentration 

To update the surfactant concentration at the new time, the equation for the surfactant 
mass balance (2.9) is casted in an are length formulation. This was original proposed by 
Stone & Leal [43] and later slightly modified by Pawar [37]. For completion, the result is 
given here: 

ar r (Utdrjds dUt 2 ) ar ( _ drjds) __ 1_ a2r _ O 
at + + d + KUn + a Ut p p a 2 - , r s s e8r es s 

(3.11) 

with the boundary condition ~: = 0 at the tips. This equation is solved using a finite 

difference method (FDM). Another method to determine ~~ is the finite volume method 

(FVM), as used by Yon & Pozrikidis [52] and Bazhlekov et al [6]. Bazhlekov even inserted an 
additional arbitrary tangential velocity, which was used for remeshing, see equation (2. 7). 

For the time integration a 8-scheme is used. With this the time derivative can be evaluated 
partly implicit and partly explicit, depending on e, where the case for e = 1 implies a full 
implicit integration and e = 0 a full explicit: 

(3.12) 

Besides of r, the temporal derivative of r in equation (3.11) is also a nmction of the 
velocity and the nodal coordinates. Evaluated at the old time gave unsatisfactory loss of 
surfactants. Similar probieros were also reported by Pawar [37]. However, when the nodal 
coordinates and spatial derivatives were evaluated at the new time, so after moving the nodes, 
and the time integration was fully implicit ( 8 = 1), this loss was negligible. This algorithm 
was also used by Stone & Leal [43]. They also reported a loss of surfactant, but used a 
relatively small amount of nodes and a relatively big time step. For the current case the 
error in comparison with the analytica! value is approximately 0.01% initially and is fully 
ascribed to the inaccuracy in the numerical determination of the total amount of surfactant. 
Over a longer time span the error never exceeded 0.1%. The velocity used for updating the 
concentration, was still the velocity at the old time. For a more correct implementation an 
iterative scheme would have to be made. Fortunately the accuracy of the current method 
proved sufficient. The surfactant concentration and interfacial tension are updated every 
small time step. 
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3.8 Finite difference method 

Initially a three-points finite difference scheme (FDM) was used to estimate derivatives to 
the are length and update the surfactant concentration. In order to improve the accuracy 
of this, a five-point scheme was implemented. Since the nodal distance is non-uniform over 
the are length, this requires a somewhat non-standard form. For completion, the derivation 
and resulting parameters are found in Appendix B. The result is a (in theory) fourth-order 
accurate scheme. To test the accuracy of the calculation of the derivatives, the following 
test case has been considered. A semi-eirele with radius of 1, is generated using an angle 
definition. Thus r = sin ( (}) and z = - cos ( (}). In the first node (} is set to zero, and for every 

following node, the value is updated with l:J..(} = N1f , where N is the number of nodes. 
-1 

Then ~: is calculated with the FDM scheme. Since for the unit circle s should correspond 

with (}, the following relationship can be derived: 

dr _ dr _ dsin ((}) _ (e) __ 
ds - d(} - d(} - cos - z, (3.13) 

and can be used to give an error estimate. lt was found that the order of the scheme was 
dependent on the calculation of l:J..s. 

Four different methods for calculating !::J..s have been compared: an analytical, a straight 
line, a circle projection and a polynomial fit. For the exact value for l:J..s, !::J..s = l:J..(}, the error 
was fourth order in !::J..s, as it should be. A straight line between two nodes gave only a second 
order result. The inaccuracy in the calculation of !::J..s eliminates any accuracy won by the 
five-point FDM scheme. The third method used, was the higher-order approximation of the 
interface as used by Bazhlekov [7]. For completion, a brief summary of that method is given 
here. Using the normal vector and local curvature, a circle with radius Rj and center Ûj is 
associated with each nodal point Xj· The line between two points is projected on a linear 
combination of the two circles associated with the nodal points. This yields a smooth and 
continuous curve. In the current case, the length of this curve is calculated by subdividing 
it into 100 straight lines, of which the length can be calculated very easy. This also yielded 
a second-order scheme. Apparently, the error in curvature and normal vector calculation 
was too big to improve any accuracy. The fourth method used, was to make a third-order 
polynomial fit through the four points surrounding the are length piece l:J..s. Although an 
analytical salution of the length of the curve exists, this expression is very complicated, 
therefore the length was calculated in the same way as in method three. This yielded a 
fourth-order accurate scheme, and is used in all calculations of the are length. Although this 
method gives a continuous approximation of the surface, since the polynomials fit exactly 
through the nodal coordinates, there is no demand that the fits should be smooth between 
two are length pieces. The two are length pieces at the tips were determined by a quadratic 
fit through the first, respectively last three nodes on the surface. Finally, since at the equator 
it is impossible to fit a 3rd order polynomial in r to yield z, the total are length was divided 
into three pieces: 

l 
0 ~ s ~ 4 : z = f (r); 

l 3 
4 < s < 41 : r = f (z) ; 

3 4l ~ s ~ l: z = f (r). (3.14) 
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Figure 3.2: Gonvergence for the relative error in ~: for Jour methods of calculating !::..s. 

The convergence for the four methods can be seen in figure 3.2. These are the results 
for a uniform mesh. The same method was tested for a slightly non-uniform mesh (!::..s = 
!::..sunifonn ± 0.3/::..sunifonn) but convergence still proved to he fourth order. For a very distorted 
mesh, where !::..s for example can be three times larger than the neighbouring line segment, no 
good results were obtained. This imposes an extra demand on the mesh. The are length pieces 
should not vary abruptly in length between two neighbouring pieces. Astrong non-uniform 
distribution over the total are length, however, is still possible. 

Finally, the polynomial fit can be used to make a better estimate of the local minimal 
film thickness, which is important if van der Waals forces are considered. lt was found that 
the infiuence of using an estimate based on these fits in comparison with the noclal distance 
when using two equal sized dropiets was negligible. When non-equal sized drops, or other 
situations when noclal coordinates are not nicely aligned, the polynomial fit can be used to 
improve the accuracy. 

3. 9 Convection-diffusion 

To check the implementation of the convection-diffusion, three test cases are considered. 
These were first presented by Yon & Pozrikidis [52] and also used by Bazhlekov et al. [6], who 
both used finite volume method. In the fust case pure diffusion is investigated. An initially 
non-uniform surfactant distribution, r(t = 0) = 1 - z, on a sphere is relaxed in time, due to 
diffusion with Pe = 1. The initia! distribution differs from the two above, due to a difference 
in coordinate system. The result and a comparison with the results from Bazhlekov can he 
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Figure 3.3: a.) r overs at various time instances for pure dijjusion with Pe = 1; b.) r over 
s at various time instances for convection-diffusion with Pe = 10. The symbols represent the 
current results; the lines the results from Bazhlekov et al. {6}. 

seen in figure 3.3a. In the second case both convection and ditfusion are taken into account. 
The sphere has initially a uniform surfactant distribution with Pe = 10. The interface itself 

does not move, but there is an interfacial velocity of Ut= ( -~z, z
2

; 
1
). These results are 

seen in figure 3.3b. The third test concerns the expansion of a sphere with Un = n. The results 
for this test alongside the analytica! salution are given in figure 3.4. In all these simulations 
100 nocles per drop were used. The results for these tests are excellent and it assumed that 
the surfactant concentration update is implemented correctly and accurate enough. 

3.10 Remeshing 

As stated before, the noclal coordinates are moved only with the normal velocity. In some 
cases it is desirabie to have a high concentration of nocles at a specific location. At places 
with high curvature or where the interfacial distance is very small, more nocles are needed to 
give an accurate description of the interface. 

This requires that nocles are also moved in the desired direction. The method used here 
for noclal redistribution is an extra tangential velocity v(x, t), where the, slightly modified, 
definition as proposed by Loewenberg & Hinch [31] is used: 

(3.15) 

The summation is only over the nocles Xj neighboring Xi. This yields an extra tangential 
velocity where a controls the uniformity of the mesh, b and f3 regulate the density of the 
mesh in the regions with small interfacial distance and c and 1 determine how fine the mesh 
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Figure 3.4: r in time for the expanding sphere. The symbols represent the current results; the 
line the analytica[ solution. 

is in the high curvature regions. In all simulations conducted in this work a was chosen as 
50, band f3 as 1, 'Y as 0 and thus cis irrelevant. 

The convection-diffusion equation for the surfactant concentration is not derived to include 
an extra tangential velocity. This problem is solved by linear interpolating the surfactant 
concentration of the new mesh over the old mesh. 

3.11 Symmetry of the flow problem 

Since only equal sized drops are considered in this study, there is the possibility of using the 
symmetry at the line z = 0. This has two advantages. First of all, when using two drops, very 
small numerical differences in calculating certain parameters, most notably in the polynomial 
fits, ensures that over longer time-spans, some anti-symmetry forms between the drops. The 
film, for example, moves out of the z = 0 plane. Furthermore, nodes are not exactly opposite 
to each other anymore, which is troublesome in calculating the disjoining pressure. These 
errors were very small, but nevertheless they were there. The second advantage maybe even 
greater: it effectively cuts computation time in half for cases with equal viscosities. This 
symmetry was used for calculating most parameters, but unfortunately it somehow failed 
when using the iterative solvers for cases with ). =J. 1, for reasans yet unknown. Yet these 
terms take up the bulk of the computation time. The advantage of using symmetry is thus 
mainly noticeable in cases with equal viscosities. 
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3.12 Algorithm 

To summarize this chapter, a short description of the algorithm in case of a surfactant presence 
is given below. 

1. Generate 2 semi-circles with uniform surfactant concentrations. 

2. Using the known surfactant distribution and nodal coordinates, calculate curvature, 
normal vector, interfacial tension and gradient in interfacial tension for one drop. Con
struct the vector f. Mirror all these terms to the other drop. 

3. Calculate contribution of single-layer potential and U 00 for one drop. Mirror to the 
other drop. 

4. If viscosity ratios unequal to 1 are considered, solve the full boundary integral methad 
via an iterative procedure. 

5. Movenodes with Un· 

6. Calculate all terms for convection-diffusion equation with new coordinates, except for 

interfacial velocity. Calculate ~~ and update surfactant concentration. 

7. If needed, movenodes with extra tangential velocity. 

8. If a remesh is done, interpolate the surfactant concentration for the new nodal coordi
nates. 

9. Go back to step 2 

In the absence of surfactants, all parts concerning them can be skipped. 
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Chapter 4 

Results and discussion 

4.1 Introduetion 

In this chapter some results obtained will he discussed, where we apply the methad discussed 
in the previous chapter to model drop coalescence. The focus will be on an external flow 
driven head-on collisions. First the influence of the capillary number on the film drainage will 
be investigated. With the current methad film thicknesses up to 10-4 R can be reached. This 
ensures that bath the influence of external flow and global deformation, as well as realistic 
length scales in the film can be described. No front tracking technique has been previously 
presented that can capture these two extremes. A comparison between an external flow driven 
callision and a callision due to body farces will be made. After this van der Waals farces are 
included and the critical film thickness and the total drainage time will be investigated. 
Finally, the influence of an insoluble surfactant on coalescence is shown. 

In all cases the initial configuration consists of two spherical drops that are placed at a 
distance of 3R between the mass centers; the initial "film thickness" is thus 1. In the initial 
stage, the approach, the influence of the drops on each others trajectory and deformation is 
assumed negligible and variation of this initial distance is done. 

Befare the results are shown, some additional notes about post-processing have to he 
made. Due to the discrete nature of the position of nodes and the additional tangential 
velocity, the film radius and minimal film thickness could make step wise position changes in 
time and, more notably, the position of any single node does not have to coincide with the 
minimal film thickness. To solve this problem parahalas were fitted through the node where 
the film thickness was minimal and the two surrounding nodes. The minimal film thickness 
and film radius were determined using these fits. Furthermore, there are some things that 
have tobetaken into account for accurately determining the drainage time at lower capillary 
numbers. The drainage time is defined as time from which the mass center distance is 2R to 
the point of rupture. It is di:fficult to exactly determine the center of mass of each drop. The 
volume here is estimated by consiclering each volume contribution between two nodes as a 
topped off cone. More nodes would lead to a better estimate. Furthermore the exact moment 
at which the drainage starts should also be captured, since the drainage time becomes smaller 
in comparison with the total simulated time for smaller capillary numbers, as we will see later 
on. This is all done in the post-processing stage, and therefor the time intervals at which 
output is generated should be su:fficiently small. 
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Figure 4.1: a.) Film radius in time for Ca = 0.005. b.) Final value of the film radius for 
multiple capillary numbers, with the line representing the sealing according to Leal et al. [4 7} 

4.2 Film drainage between clean interfaces without van der 
Waals forces 

In this section we study film drainage in the absence of van der Waals forces and surfactants, 
and we limit ourselves to viscosity ratios equal to 1. A head-on collision driven by an external 
flow is considered first. Instead of showing film shapes at multiple time instances, as done by 
many authors, we present only the evolution of three parameters in time: the film thickness 
at the center-line hcent, the minimal film thickness hmin and the film radius a. Together these 
three not only give a good impression of the shape of the film, without actually showing it, 
but also provide quantitative measures. 

First, the evolution of the film radius is shown in figure 4.1a for Ca= 0.005. In the initia! 
approach stage the film radius is 0, i.e. the drops are still spherical. As the drops come into 
contact, the film is formed and the film radius grows in time. In a relatively short time the 
film radius reaches a stabie value. A steady value of a is an indication of a constant approach 
force. For constant approach velocity cases, there is usually an increase in film radius over 
time (Abid & Chesters [1); Klaseboer et al. [26]). For multiple capillary numbers the end 
values are given in figure 4.1b together with the simple sealing theory of Leal and co-workers 
([27), [47]) that prediets a power-law relationship between a and Ca with an exponent of 
0.5. The data, especially in the range of 1.10-3 - 1.0-2, matches this relationship quite 
well. Notice that for the highervalues of Ca, the assumptions made in the theory loose some 
validity, and therefor it is quite plausible that deviations start to occur. On the other hand, 
at very low capillary numbers (Ca < 5.10-4) , no films forms at all in the parameter range 
discussed here; the capillary number is so small, that the droplet hardly deforms. There might 
be film formation at very small interfacial distances, but the current method lacks accuracy 
to capture these length scales. The other sealing relationship of Leal, a "' R, is a trivia! result 
for the current method, since all lengths are scaled by R. 

In figure 4.2a the evolution of the minimal film thickness in time is given for four different 
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Figure 4.2: a.) Minimum film thickness in time for multiple capillary numbers. b.) Film 
thickness at center line for multiple capillary numbers. 

capillary numbers: Ca = 0.05, 0.01, 0.005 and 0.001. For the low capillary numbers it is seen, 
that the film continues to thin in time. The partly-mobile asymptote of Yiantsios & Davis [50] 
for constant approach force, hmin "' r 213, obtained with a thin film description, is not 
reproduced (see also figure 4.7). In the current method the film seems to drain at a rate that 
is equal to r 4/ 5 • In the final stages the film thinning deviates from the asymptote. No similar 
drainage rate has been found in literature. However, the results of Bazhlekov et al. [8] might 
provide a partial comparison. In their figure 5, the drainage under assumption of constant 
approach velocity obtained with an asymptotic theory, is shown. Inspeetion of their data 
shows a drainage rate ofr312 , for ).* = 0 (also found by Abid & Chesters [1]) and ofr3/ 4 for 
.À* = 10, with a drainage rate that is decreasing with increasing viscosity ratio. The viscosity 
ratio is scaled as .À* = .À l U nfortunately, they presented no data for .À = 1. Interpolating 
this data leads to a rate that is similar to the one found with our full BIM analysis. There is 
one other similarity: they also found that a deviation from the asymptote over prolonged time 
spans occurs for .À* = 0. This is seen in the current results too, most notably for Ca = 0.01 
and Ca = 0.005. 

For Ca = 0.05 we observe that the film thickness does not decrease continuously, but 
reaches a steady value. This stabie film thickness was ascribed to the recirculation inside 
the droplet as aresult of the external flow, that will eventually balance the pressure driven 
film drainage. To show this mechanism, vector fields are presented in figures 4.3 to 4.6 at 
two length scales. The external flow generates a large vortex inside the droplet for both 
capillary numbers. As the film thickness decreases, a small vortex exists above the film, that 
is counter-rotating the large vortex in the drop, see figures 4.3 and 4.4. For Ca= 0.005 this 
vortex continues to exist (figure 4.5). However, for Ca= 0.05 it disappears in time (figure 4.6). 
It is likely that the external flow eventually halts the drainage of the lower capillary numbers 
too. The interfacial distance at which this happens is probably too small to he accurately 
described with the current method, or would require a large number of nodes and a very 
small time step. These results are very similar to the BIM simulations of Nemer et al. [34], 
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Figure 4.3: Velocity field for Ca = 0.005 at t = 2. a.) Macroscopie picture. b.) Zoom-in 
around the film. 

although the end value is different. Nemer et al. predicted an end-value for the minimal film 
thickness that scales as hmin "' Ca3 and for the distance over the center line hcent "' Ca312

, 

basedon a modified asymptotic theory. However, they only investigated a range of capillary 
numbers of 0.01 - 0.1. According to this sealing the end value of the film thickness should be 
1000 times smaller for Ca= 0.005 compared to Ca= 0.05, which is too low to bedescribed 
with the current method. 

The assumption that the internal flow is causing the halting of the film drainage, is further 
investigated by consiclering the case of constant approach force without external flow. This 
is modelled by introducing a buoyancy force, expressed in the Bond number, that is directed 
to the symmetry plane. In figure 4. 7 the result is shown for Bo = 0.05 for both drops. It is 
observed that the film drainage continues in time and that the partly-mobile asymptotes for 
constant approach force are reproduced, both for the minimal film thickness as well as for the 
center line thickness. 

It is concluded, that an external flow driven coalescence cannot be considered a constant 
approach force case, nor as a constant approach velocity case, and that the full droplet has 
to be taken into account in realistic flow fields. 

4.3 Van der Waals forces 

If van der Waals forces are included, it is important to know at which interfacial distance 
they become dominant. This distance is the critica! film thickness hcrit · In here the definition 
proposed by Chesters (13] is used, as illustrated in figure 4.8. 

The strength of the van der Waals forces, A, is varied for two capillary numbers. The 
infiuence on the critica! film thickness can be see in figure 4.9a. Different capillary numbers 
give a different relationship between the critica! film thickness and van der Waals forces. This 
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Figure 4.9: a.) Critical film thickness as function of A for two capillary numbers. b.) The 
same data converled to the sealing of Chesters & Bazhlekov {14} alongside two relationships 
from literature. 

can be explained with the original sealing in equation (2.13), which can be converted into: 

(4.1) 

It seems reasonable to adjust A with the capillary number. However, insteadof proposinga 
new relationship between A and hcrit, we compare our date with publisbed literature: the rela
tionship derived by Chesters [13] and an empirica! relationship proposed by Chesters & Bazh
lekov [14], basedon data collected with their thin film description. The current data, converted 
to the sealing of Chester & Bazhlekov, is presented in figure 4.9b alongside the relationship 
of Chesters and the empirica! formula. Their sealing requires a film radius, and for this, we 
used the steady film radius in the absence of van der Waals forces. It is observed that high 
values of A can lead to nose rupture, where no film is formed. Although only two capillary 
numbers are investigated, the data seems to collapse into a single curve. It is striking that 
not only the slope of the data corresponds, but also the absolute value. Furthermore, one can 
see that the empirica! relationship gives better description at lower values of A, which was 
also reported by Chesters & Bazhlekov. It can therefore be concluded, that the type of flow, 
or the magnitude of the velocity outside the film does not influence at which film thickness 
van der Waals forces become dominant. Therefore, for most studies it will be sufficient to 
track only the evolution of the minimal film thickness in time in the absence of van der Waals 
forces todetermine at which point film rupture will occur. 

Next we investigate the influence of the capillary number on the total drainage timetdrain 
in the presence of van der Waals forces. The strength of the van der Waals forces is modified 
by the capillary number using equation (4.1) . The parameter A was set 1.10-7 for Ca= 0.005, 
thus: 

A= 5.10-Io 
Ca 
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Typical reported values in literature are 10-19 - 10-21 J for H, 4mNm-1 for er and 100p.m 
for R, which leads to A ~ 1c~

1

• The corresponding critica! film thickness will be around 

500Á. The current value of A ensures that the distance at which van der Waals farces become 
dominant can still accurately be described with a reasanabie time step and relatively small 
number of nodes. 

The results for varying Ca can be seen in figure 4.10. For the higher capillary numbers 
(Ca > 3.10-3), a Ca312 sealing is found by experiments and predicted by the simple sealing 
theory of Leal et al. ([27], [47]). The drainage time increases with increasing capillary 
numbers, due to the fact that a larger capillary number will lead to a larger film radius 
and, hence, slower film drainage. Recirculation can also start to play a role. In the work 
of Baldessari [4], this sealing has also been found for a theory based on local film drainage, 
but corrected for global deformation. His full boundary integral analysis on the other hand, 
could not reproduce this result for >. = 0.096. It was concluded that film rupture occurred 
in the early stages of drainage where the film had not reached its maximum size. Notice 
that there is a plateau for the drainage time at the very low capillary numbers. This was 
also found experimentally by Leal et al.. This plateau can be explained by the fact that the 
strengthof the van der Waals farces becomes larger with decreasing capillary number. The 
critica! film thickness is reached befare a film is formed, which leads to nose rupture instead 
of rim rupture. Hence, the drainage stage is no langer governed by hydrodynamica! farces, 
but by the disjoining pressure. Indeed, in the simulations hardly no film formation is seen. 
The same explanation is given by Yang et al. [47], who mentioned this as a transition to 
coalescence between spherical drops, but this explanation might be too simple ( Gary Leal, 
personal communication). 

There are some other things to be noted about the experimental data. One other aspect 
is that the data for multiple drop radii collapses into a single curve if the drainage time is 
corrected by R-5/ 4• No explanation for this behaviour has been given, where in the current 
study the drop radius is not varied, so this sealing cannot be verified with simulations. Fur
thermore, absolute values of the drainage time do not correspond. This might be due to the 
fact, that certain parameters are not known, the most important probably being H, which 
has a drastic infiuence on critica! film thickness and thus drainage time. 

4.4 Non-unit viscosity ratios 

Although the boundary integral methad for viscosity ratios unequal to 1 was incorporated, no 
extensive simulations have been clone with it. The demand fora large number of nodes, 300 
per drop, and a small time step, combined with the need for an iterative salution procedure 
every time step, increases computational time drastically, up to the point where simulations 
over langer time spans would require weeks at best. Here only one result is shown: a head-on 
callision due to buoyancy effects with Bo = 0.025 and >. = 0.11. The evolution of the film 
radius and the minimum film thickness in time are given in figure 4.11 alongside the result 
for >. = 1. We see that the initia! film drainage is faster for >. = 0.11. However, there is a 
small increase in the film thickness, after which the drainage continues at a rate that is equal 
to the partly-mobile asymptote. The film radius is larger for the lower viscosity ratio. No 
further investigation has been clone. 
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4.5 Surfactauts 

In this section we present the results of head-on collisions of dropiets with a surfactant. For 
all simulations the value of E, see equation (2.15), will kept constant at 0.2. This value 
is based on the work of Eggleton et al. [18), and motivated by them from data of various 
surfactauts at aqueous-air and aqueous-oil interfaces. The Péclet nuffiber is set constant to 
1000 for all simulations, so the problem is convection dominated. Larger Péclet numbers will 
probably have no drastic effect on the results, but will decrease the numerical stability of the 
FDM solution method. For varying capillary numbers, the Péclet number is often defined as 
a function of the capillary number: 

Pe8 = ACa; (4.3) 

where A is taken constant. Since the capillary number is not varied in this work, the Péclet 
number is constant as well. Furthermore, we will only consider four different surface coverages: 
x= 0, x= 0.01, x= 0.1 and x= 0.25, all for Ca= 0.005. 

Surfactauts severely hinder film drainage. In figure 4.12b minimum film thickness in time 
is depicted. lnitially, the film drainage is equal to the clean interface. For x = 0.1 the film 
drainage suddenly stops, and even an increase over time for hmin. After a local maximum 
is reached, the minimal film thickness approaches the drainage for x = 0.25, although there 
is a small "over-shoot". The drainage for x = 0.01 also shows a local maximum, but this is 
reached at a lower interfacial distance, and after the maximum is reached, drainage continues 
at a faster rate. The case for x = 0.25 has no local maximum in hmin· It is clear that a 
surfactant leads to slower film drainage, yet this mechanism is not fully understood. 

Here, the case for x = 0.1 is further investigated. In the approach stage, the surfactant 
is expelled from the "film" . This is illustrated in figure 4.13a, where the evolution of the 
surfactant concentration on the interface is given. In this figure s starts inside the film. This 

32 



effect can also beseen in figure 4.13b, where the concentration at the center-line and at the 
location of the minimal film thickness in time are given. Since nearly all surfactant is expelled 
from the film, the interfacial tension should increase, which means that there is more resistance 
to deformation and the drop is less likely to forma film. This is also seen in figure 4.12a: film 
formation starts at a later time instance: a smaller film radius actually enhances film drainage. 
In figure 4.12b we observe, that for x = 0.1 and x = 0.25 the film thickness initially decreases 
faster than the clean interface, although the difference is small and temporarily. When the 
film formation starts, the global shape of the drop will have reached a steady situation. Now 
there is only film drainage. Due to the gradient that exists in the surfactant concentration, 
Marangoni effects will create an additional interfacial velocity that is directed inwards into 
the film, opposite to the direction of the film drainage. The film drainage will be severely 
halted by this phenomena or even reversed, as seen by the increase in minimal film thickness. 
This convective transport also returns surfactant to the film, but, since the external flow 
also has convected the surfactauts at the top of the droplet, the concentration inside the film 
will be higher than the initial concentration, see figures 4.13a and b. The local interfacial 
tension is lower in comparison with the clean interface and, hence, we see a larger film 
radius: figure 4.12a. As the surfactant concentration reaches a steady value, the Marangoni 
contribution to the interfacial velocity decreases. However, interface immobilisation should 
start. This phenomena is not fully understood, but it is believed that any additional gradient 
in interfacial tension due to hydrodynamica! velocity, is immediately countered by a velocity 
created due to the Marangoni effect, which leaves the interface immobilised. We, however, 
cannot reproduce this. If the data in figure 4.12b is extrapolated, the immobile asymptote 
might be approached. However, the gradient in surfactant concentration inside the film 
also decreases over time. But one should also observe that the minimal film thickness is 
already lower than 1.10-\ it is likely that film rupture already has occurred. Furthermore, 
simulations over these time intervals require long computation time; the current computation 
time for x = 0.1 was 3 weeks on an AMD Athlon 1GHz processor. All these mechanisms 
are schematically represented in figure 4.14. The amount of surfactant will determine the 
strength of each effect, and over which time span it will effect the drainage. For x = 0.25 
for example, the Marangoni effect will be stronger, so the negative interfacial velocity will 
play a role earlier on, but in doing so, it limits the gradient in interfacial tension, reducing 
its own effect. Film drainage will thus be reduced, but not reversed. Furthermore, a stronger 
Marangoni effect will also prevent that all surfactant from the top of the drop will be moved 
toward the equator or even into the film (results not shown here) reducing the effect of the 
varying film radius; the film radius for x= 0.25 is indeed slightly smaller than for x= 0.1. 

If these results are compared with publisbed literature, one can see some comparison 
with the data of Chesters & Bazhlekov [14]. This, however, is a constant approach case, 
and as seen previously, this is not a good representation of an external flow driven case, but 
nevertheless, they reported very similar findings. The surfactant is initially expelled from the 
film, after which the surfactant concentration gradient creates a negative surface velocity. In 
the final stages, the drainage approaches the immobile asymptote. Their reported surfactant 
concentration in the film at the final stages, however, was equal to the initial equilibrium 
value. This difference can be ascribed to the fact, that they only model the film. 

Ha et al. [20] reported that the effect of surfactauts on total drainage time quickly sat
urated at low concentrations. Something similar can be seen here. Film drainage at latter 
stages is virtually the same for any surface coverage (results for x = 0.5, not shown here, 
confirm this). No simulations with both a surfactant and van der Waals forces are conducted 
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Figure 4.13: a.) Surfactant concentration over the drop at various time intervals. b.) Sur
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Figure 4.14: Three ways in which surfactants influence film drainage: a.) change in film 
radius due to change in interfacial tension b.) negative interfacial velocity due to Marangoni 
effect c.) Marangoni effect immobilising the interface. 
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at this point, but it seems reasonable that once the critica! film thickness has been reached, 
the surfactant has no influence on film rupture. Chesters & Bazhlekov [14] found only a small 
increase in critica! film thickness when surfactants were included. 
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Chapter 5 

Conclusions and recommendations 

An axisymmetric boundary integral method with a contour-integral representation for the 
single-layer potential is used to simulate head-on collisions of viscous drops. The method 
is numerically stabie and consistent and can describe realistic interfacial distances. For the 
curvature calculation method the choice was made for stability instead of higher accuracy. 
A standard subtraction technique was used to calculate the Marangoni contribution. The 
convection-diffusion equation for the evolving surfactant concentration was solved with a five
points fini te difference method. The order of this method was dependent on the calculation of 
the arc-length. Comparison of results obtained with test cases was excellent. A bi-conjugate 
gradient solver in combination with successive substitution is used to solve the system of 
equations resulting from the double-layer potential. 

Although only a limited number of parameters were investigated, it was shown that a 
boundary integral method is a suitable tooi for studying coalescence. This is the first time 
a front tracking technique has been presented which can accurately and stabie describe in
terfacial distances up to and smaller than 10-4 times the undeformed drop radius. If the 
results obtained with this method are compared with asymptotic film descriptions, only a 
partly comparison is found. External flow driven coalescence is not accurately described with 
an asymptotic film description under the assumption of constant approach force, nor under 
the assumption of constant approach velocity. The internal flow inside the drop is the main 
reason for these differences, and at larger capillary numbers, the external flow can even halt 
the film drainage all together. The results fora buoyancy driven collision on the other hand 
are in perfect agreement with asymptotic theory. The external flow proved to have no in
fluence on the critica! film thickness. Furthermore, experimental results can be qualitatively 
reproduced: drainage time scales as Ca31~ for 3.10-3 <Ca< 3.10-2 and is constant at lower 
values of the capillary number. When a surfactant is added, the film drainage is significantly 
halted. Three mechanisms have been identified to explain this. A variation of the surfactant 
concentration inside the film leads to a larger film radius in comparison with a clean inter
face. In addition, Marangoni effects create a negative interfacial velocity, which slows or even 
reverses film drainage, and third: in the final stages the surface is immobilised by the sur
factants, although the latter effect could not be shown within the limits of the current method. 

Some recommendations for future research are given. 

• The predicted sealing of the end value of the minimal film thickness due to the recir
culation requires further investigation. One other aspects is the influence of the drop 
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radius, reported in literature. Also, since the removal of surfactant out of the film in 
the approach stage is a fundamental process in the film drainage between surfactant 
coated interfaces, it would be interesting to investigate the influence of the initial dis
tanee between the two drops, or the initial surfactant distribution. Furthermore, film 
drainage for multiple capillary numbers with multiple surface coverages would give a 
more complete picture of the influence of surfactants. 

• To investigate realistic problems, expansion tonon-unit viscosity ratiosis required. Due 
to extreme computation times at this point, no systematic investigation of influence of 
the double-layer potential has been made. A more ambitious long-term goal would 
be to couvert the contour-integral representation for the double-layer potential into an 
axisymmetric form as well, although this is a complicated mathematica! task. 

• As with every numerical method, reduction of computational time is preferred. As 
mentioned before, an adaptive mesh refinement would be very useful in the latter stages 
of film drainage to increase the accuracy. One other suggestion is to calculate only the 
velocity of the nodes in the vicinity of the film when the global drop shape is stable. 
The computation time required to solve the system created in cases of non-unit viscosity 
ratios also needs to be reduced. One solution might be to perform one LU-decomposition 
every large time step for the matrix, so the solution at every small time step can be 
computed in a straight forward matter. One other method could be to parallelise the 
code. This can be done, since many variables can be computed independent of each 
other. 

• Finally an expansion of the current implementation to include soluble surfactauts and 
diffusion into the bulk would be a valuable addition to investigate realistic problems. 
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Appendix A 

Axisymmetric representation of 
free-space kernels 

In this appendix the axisymmetric versions of the free-space kernels are given. 

Mzz = r (ho+ (z- zo)2 l3o) (A.l) 

Mzr = r (z- zo) (rl3o- rol31) {A.2) 

Mrz = r (z- zo) (rl31- rol3o) (A.3) 

Qzzz = -6r (z- zo)3 lso {A.5) 

Qzzr = -6r (z- zo)2 (rlso- rols1) (A.6) 

Qzrz = -6r (z- zo) 2 (rlso- rols1) {A.7) 

Qzrr = -6r (z- zo) (r5ls2 + r2 lso - 2rrolsl) (A.8) 

Qrzz = -6r (z- zo)2 (r ls2 - rolso) {A.9) 

Qrzr = -6r (z- zo) ( (r2 + r5) ls1 - rro (lso + ls2)) (A.lO) 

Qrrz = -6r (z- zo) ((r2 + r5) ls1- rro (lso+ ls2)) (A.ll) 
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Q~rz = -6r (z- zo) (r2 Is2- 2rrolsl + rÖlso) 

Q~rr = -6r (r3 Is2 - r2ro (!53 + 2fsi) + rrÖ (lso + 2Is2) - r8Is1) 

I<j = r (roln- rl10) 

If = r (z- zo) In 
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(A.l3) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A.l8) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 



In here Imn, which is the result of the azimuthal integration, is defined as: 

1
2

7!" cosn ifJ 
lmn = / dep, 

o (A2 - B 2 cos ifJ)m 2 
(A.23) 

with A= J (z- z5) + r2 + r5 and B = J2ITQ. Imn can be expressed in termsof complete 
elliptic integrals as following (see Lee & Leal [28]): 

4 
lmo cm Em/2 (k) 

4 ( 2 2 ) lml omB2 A Em/2 (k)- C E(m-2)/2 (k) (A.24) 

lm2 C~ B 4 (A4 Em/2 (k) - 2A20 2 
E(m-2);2 (k) + 0 4 

E(m-4);2 (k) 

lm3 O~ B6 (A
6 Em/2 (k) - 3A40 2 

E(m-2)/2 (k) + 3A2C4 
E(m-4)/2 (k) - 0 6 E(m-6)/2 (k)) , 

where C = v' A2 + B2 = V(z- zo)2 + (r + ro)2. Em;2 (k) is defined as: 

(A.25) 

Note that E 1; 2 (k) and E_1; 2 (k) are respectively the complete elliptic integrals of the first 
and second kind, and (see Byrd & Friedman [11]): 

(A.26) 

For all these terms the argument k is: 

k = v"i.B = 2y'ITO 
C V(z- zo)2 + (r + ro)2 

(A.27) 

For k < 0.29 the asymptotic expansion from Lee & Leal [28] were used, corrected by moving 
the factor 1r from the denominator to the numerator (see Davis [17]). For all other values of 
k the polynomial approximations of Abramowitz & Stegun [2]. 
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Appendix B 

FDM derivation 

i-1 i+1 i+2 

Figure B.1: Schematic representation of the discretisation of the are length. 

Derivation of a 1-D 5-points FDM scheme with non-uniform grid. 
Asi is the distance between node i and node i + 1. Ui is the value of the variabie in node i 

d 
(n)- anu 

an ui - asn. 

The first step is to make Tay lor expansions around Ui: 

(
A A ) (1) (!::..si + Asi+1)

2 
(2) (Asi + Asi+1)

3 
(3) 

Ui+2 = Ui + Si + Si+l Ui + 2 Ui + 
6 

Ui 

+
(!::..si + Asi+1)

4 ~4) + 0 (A 5) ~5) 
24 U~ i..l.S UZ 

. _ . _ (A . ) (1) (Asi-1)
2 

(2) _ (t::..si-1)
3 

(3) (b..si-1)
4 

(4) 
Uz-1 - Uz uSz-1 ui + 2 ui 6 ui + 24 ui 

+0 (b..s5) u~5) 

. _ . _ (A . A . ) (1) (Asi-1 + Asi-2)
2 

(2) _ (!::..si-1 + Asi-2)
3 

(3) 
Uz-2 - Uz i..l.Sz-1 + uS~-2 Ui + 2 Ui 6 Ui 

(b..si-1 + Asi-2)
4 

(4) 0 (!::.. 5) (5) 
+ 24 ui + s ui 

To extract u~ 1), the following definition is used: 

u~ 1 ) = aui+2 + /3ui+1 + "fUi + 8ui-1 + €Ui-2 + 0 (!::..s
4

) u~5). 

45 

(B.1) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 



To eliminate the second, third and fourth derivative and ui, the resulting system of linear 
equation is: 

1 1 1 1 1 0 
( .Ó.si + .ó.si+ 1) (.ó.si) - (.ó.si-1) - (.ó.si + .ó.si+l) 

a 
0 {3 1 

{À si +ö.si±1 }2 {ö.si)2 
0 (ÁSi-1)2 { ÁSi-1 +À Si- 2 )2 

0 (B.6) 
(ö.si+lsi±1 }3 2 2_ 3 2 3 'Y 

(Ási)3 
0 {ö.s,-1) - {ö.si-1 +ö.si-2) 8 0 

6 4 6 - 6 4 6 4 
{ö.si+ÁSi±d {ö.sit 0 (ÁSi-1} (ÁBi-1 +ÁSi-2) € 0 

24 24 24 24 

The solution to this problem is: 

{3 = (.ó.si-1 + .Ó.Si-2) (.ó.si + .ó.si+l) .Ó.si-1 
(.ó.si-2 + .Ó.si-1 + .Ó.si) (.ó.si-1 + .Ó.si) .Ó.si.Ó.si+l 

(B.8) 

(B.9) 

8 
= _ (.ó.si-2 + .ó.si-1) (.ó.si + .ó.si+l) .Ó.si 

(.ó.si-1 + .Ó.Si + .Ó.Si+l) (.Ó.Si-1 + .Ó.Si) .Ó.Si-2.Ó.Si-l 
(B.10) 

A simple validation forthese parameterscan be made by consiclering the case where the 
distance between all the points is equal. Using equations (B.7), (B.8), (B.9), (B.10) and 
(B.11), equation (B.5) reduces to: 

(1) _ -ui+2 + 8ui+l - Sui-l + Ui-2 
ui - 12.ó.s ' (B.12) 

which is exactly the result fora uniform mesh, as can beseen in for example Hirsch [21). 
As similar derivation can be made for the second derivative. By changing the right hand side 
of equation (B.6) into ( 0 0 1 0 of and solving the system once again, the parameters for the 
second derivative follow. They are not shown here. Finally, for the first and last two points 
on the grid, some terms must also be eliminated and the order of the method decreases. 
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