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ABSTRACT

Scale-free percolation is a mathematical model that combines features from perco-

lation and random graphs which are found in multiple real-world networks.�ere

are various regimes for themodel depending on the parameters.�is thesis focuses

mainly on improving the understanding of the regime where degrees have in�nite

variance, which corresponds to most real-world networks.�e three main contri-

butions are:

1) We show that the graph distance is �nite in the two cases where the expected

degree is in�nity.

2) We fully characterize transience versus recurrence for dimension 1 and 2 and

give su�cient conditions for transience in dimension 3 and higher.

3) We show the existence of hierarchical subtrees and obtain bounds on the

clustering density, when the parameters are chosen such that the vertices

have degrees with in�nite variance. In these trees, which we introduce as

hierarchically clustered trees, the branches have vertices in spatially disjoint

boxes.

�e proofs mostly rely on coarse-graining and modi�cations of “renormalization”-

techniques as used earlier for long-range percolation.
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1
INTRODUCT ION TO COMPLEX NETWORKS

I read somewhere that everybody on this planet is separated by only six
other people. Six degrees of separation between us and everyone else on
this planet.�e President of the United States, a gondolier in Venice, just
�ll in the names. I �nd it extremely comforting that we’re so close. I also
�nd it like Chinese water torture, that we’re so close because you have to
�nd the right six people to make the right connection... I am bound, you
are bound, to everyone on this planet by a trail of six people. [22]

�e above quote is from John Guare’s play Six Degrees of Separation and illus-
trates the enormous complexity of social networks. It is hard to grasp that in a

network that contains billions of people, one can reach a randomly selected person

in such a few steps.�e play was based on research on structures in social networks.

Although these structures, and in particular the short “distances” between people,

have been mentioned in literature before (see e.g. [23, 29, 39]), the research �eld

gained more attention a�er an experimental research conducted by Milgram [30].

He wanted to know the average path length between two randomly selected peo-

ple in the USA. In order to do so, as a starting point he selected people at random

in the cities of Omaha, Nebaska,Wichita and Kansas, and as an end point people in

Boston or Massachusetts.�e starting persons were asked whether they knew the

end persons on �rst-name basis, if so: a letter explaining the experiment, needed

to be forwarded immediately to the end-person; if not, it needed to be forwarded

to someone who might know the end person.�e next person gets the same in-

structions for sending the letter to the end person, and so on. It turned out that the

average path length was between 5.5 and 6.

Although his research methodology has been questioned [37], conducting simi-

lar research has become easier over the past years a�er the rise of the World-Wide

Web and social networks like Facebook. In 2011, it was determined that the aver-

age distance between two people on Facebook was 4.74 [2, 41]. Nowadays, with the

explosive growth of Facebook, the path length has even shortened [17]: 4.46 (see

Figure 1(A) for a visualization of Facebook’s social network).
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2 introduction to complex networks

Graph theory provides a framework to describe the topological structure of a

(social) network. A network can be modelled as a graph G, consisting of so-called
vertices V or nodes that are connected to others by edges E ⊂ V ×V , bonds, so we
write G = (V , E).1 Hence, we can model di�erent complex networks that we cope
with in everyday life in the samemanner (see Figure 1 for visualizations of complex

networks) :

• the airline network where airports are represented by vertices that are con-
nected by an edge when there is a direct �ight connection between the cor-

responding airports;

• the brain where neurons are represented by vertices and synapses by edges;

• the Internet where vertices correspond to routers and edges to cables;

• a social network in which vertices represent persons and edges a symmetric
relationship between people (e.g. shaken hands, collaboration).

At �rst sight, these networks seem entirely di�erent. However, they share some

remarkable and fundamental features when being modelled as a graph: they are

small-world and scale-free networks [4].

P1 �e small-world property. Distances within the network are very small in
comparison to the number of nodes. As mentioned above, this holds for so-

cial networks, but similar results hold for the WWW, neural networks, and

others [32]. Below we give a more precise de�nition of the small-world prop-

erty in a mathematical context.

P2 �e scale-free property.�e number of connections per node, the degree, be-
haves statistically like a power-law [4]. If we denote by Nk the number of

vertices in a graph on n vertices of degree k, then for a normalizing constant
cn and exponent a ∈ (1, 2),

Nk ∼ cnk−a.

For many real-world networks, it holds that a ∈ (1, 2) [33], implying that the
variation in the degrees is typically very high. Vertices with high degree are

also called hubs or connectors.
1 Using this de�nition, the network is modelled as a simple, undirected graph. However, there exists a

wide variety of graph models (e.g. multigraphs, directed graphs, labelled graphs, hypergraphs).



introduction to complex networks 3

(A)�e facebook network, December 2010 [11].

(B) Signals in a neural network [31]. (C)�e Internet network [36].�e edges rep-

resent major �ber-optic cables.

Figure 1: Visualizations of complex networks.

For amore detailed discussion and results of empirical studies on the above proper-

ties in real-world networks, we refer to [33]. Besides the scale-free and small-world

properties, we identify other properties that many real-world networks exhibit.

P3 Hierarchy.�e nodes can be hierarchically structured. A very ordinary per-
son in a small town,might know themayor, who on his turn knows a senator,

who knows a minister, who knows the prime minister and he, as a last step,

knows the Secretary-General of theUnitedNations.Moreover, themore “im-

portant’ people are, the more likely they are to know other important people,



4 introduction to complex networks

although they might be far away from each other.�is hierarchy can explain

the small-world property.

P4 Geometric clustering. Inmany cases the structure of the graph is heavily in�u-
enced by the geometric location of the nodes. Nodes that are geometrically

close to each other, are more likely to be connected. Social networks exhibit

this property since people who are geographically close to each other, e.g.

living in the same city, are more likely to know each other.

Next to the similarities in the topological structure of networks, there are analo-

gies in phenomena on networks (see [3, 12, 33] for an elaborate discussion and mo-

tivation). Two important phenomena in many complex networks are “robustness”

and “spreading”.

By robustness, we mean the behaviour of the topology of the network a�er re-
moving some edges or vertices in the corresponding graph, at random or targeted.

Will there still be a large component a�er removing? Does the network remain

small-world? Hence, for example, if we know the topological properties of a terror-

ist network, this could help us to degenerate the network using a minimal number

of attacks.�e same principles might help us to build a robust Internet network,

making sure that a few failures of routers does not lead to a signi�cant decrease in

the functionality of Internet.

By spreading, one can think of themechanisms behind the spreading of a disease.
Here, the spreading of a rumour in a social network, can be modelled in the same

way as the spreading of computer viruses over the Internet (see Table 1 for more

examples of spreading phenomena).

phenomena agent network

Rumor Spreading Information, Memes Communication Network

Di�usion of Innovations Ideas, Knowledge Communication Network

Computer Viruses Malwares, Digital viruses Internet

Mobile Phone Virus Mobile Viruses Social Network/Proximity Network

Bedbugs Parasitic Insects Hotel - Traveler Network

Malaria Plasmodium Mosquito - Human Network

Table 1: Examples of spreading phenomena in networks [3, Table 10.1].



2
MODELS OF COMPLEX NETWORKS

Many real-world networks are so complex, large, and rapidly evolving (e.g. neural

networks, the Internet) that it is hard to identify the exact graph corresponding to

the network.�is, amongst others, justi�es the idea of adding one more layer of

abstraction. Instead of considering the “original” graph, we produce a new graph

having certain crucial properties (e.g. scale-free, small-world) of the original net-

work. Phenomena as robustness and spreading can then be studied on this model,

a�er which we can test the “original” network on the presence of these phenomena

using statistical methods.

Above we have given a proper de�nition of the scale-free property in networks

that we use to verify the property in any graph. Yet, we have to de�ne properly what

we mean by “small” in the small-world property. A graph is small-world when the
average distance is at most of order of a logarithm of the number of vertices as we

let the number of vertices in the model go to in�nity. A network is ultra-small if
the average distance is at most of order of an iterated logarithm of the number of

vertices.1

Many models have been introduced in the past decades, and there are several

ways of classifying these. We brie�y discuss two types of classi�cations:

• Non-spatial vs. spatial. In contrary to non-spatial models, spatial models
have an underlying geometry, e.g. the d-dimensional Euclidean space where
each vertex is attached to some x ∈ Rd .

• Static vs. dynamic. Staticmodels describe the graph at a �xed time t, as where
dynamic models aim to explain the growth over time, by adding vertices

and/or edges.

An example of a non-spatial random graph model exhibiting the small-world

and scale-free property is the Norros-Reittu random graph (NRRG) [34] (see Fig-

1 Sometimes also a lower bound of the same order as the upper bound on the (average) distance is

assumed in the de�nition of the small-world property. Note that this may not be in line with the

evolution we see in the Facebook network, where despite the growth of the number of people the

average distance has become shorter [2, 17, 41].
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6 models of complex networks

ure 2(A), page 8).�e model produces a random graph G = (V , E) on a �xed set
of vertices V and a random edge set E ⊂ V × V : every vertex x ∈ V is assigned
an i.i.d. random weightWx > 0. Conditionally on the weights of its end-vertices x
and y, the edge {x, y} is present in E with probability pxy = 1 − exp(WxWy/N ),
independently of the status of all other edges (here N is a normalizing constant).
�e weightsWx can be seen as a parameter that describes the “�tness” or “power”

of a node x. Indeed, using this procedure, the nodes with a higher �tness have a
higher degree and play the role of so-called hubs. Using this de�nition, NRRG can

be classi�ed as a static model.2 Since vertex weights determine the probability that

an edge exists, it is amodel belonging to the class of inhomogeneous random graph.

For an extensive discussion on (inhomogeneous) random graphs, we refer to [26].

A well-known spatial model that allows connections over long distances is long-
range percolation (LRP, see Figure 2(B), page 8) [6–8, 24, 38]. Let Zd denote the

d-dimensional integer lattice. LRP is a percolation model that produces random
subgraphs of the graph (Zd ,Zd ×Zd) wherein an edge {x, y} ∈ Zd ×Zd is (inde-

pendently) retained with probability pxy ∝ λ/∣x − y∣α for some positive constants
λ and α, and removed otherwise.�us, the connection probabilities are monoton-
ically decreasing in α, and increasing in λ. For many choices of d and α, LRP has
a percolation phase transition in λ, meaning that there exists a λc(d, α) ∈ (0,∞)
such that when λ > λc there exists an in�nite cluster almost surely, whereas when

λ < λc , almost surely all clusters are �nite. When α ∈ (d, 2d), this model has the
clustering property, as well as something akin to the small-world property [8]. It is,

however, clearly not scale-free, since the decay of the degree distribution is faster

than exponential.

2.1 scale-free percolation

In this thesis, we study a network-model that is introduced by Deijfen, Hooghiem-

stra and Van der Hofstad [14]: scale-free percolation (SFP), also referred to in litera-
ture as heterogeneous long-range percolation. In contrary to the models mentioned
above, it admits to all four properties. It has the spatial structure as in long-range
percolation, but also the small-world and the scale-free property as the Norros-

Reittu random graph.�is makes it a realistic way to model a.o. social networks.

We start with a formal de�nition.

2 Note that we can interpret it as a dynamic model in the same fashion as described on page 7 for our

model. In order to do so, let λ be the time-parameter and replaceN byN /λ.
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De�nition2.1 (Scale-free percolation). Consider the graph (Zd ,Zd ×Zd) for some
�xed d ≥ 1. Assign to each vertex x ∈ Zd an i.i.d. weightWx , where the weights follow
a power-law distribution with parameter τ − 1 for some τ > 1:

P(Wx > w) = w−(τ−1)L(w), w > 0,

where L is a slowly-varying function (i.e., L(wa)/L(w) → 1 for all a > 0 as w →∞,
so the law of Wx is (τ − 1)-regularly varying). Conditionally on the weights, an edge
{x, y} ∈ Zd ×Zd is retained independently of all other edges with probability

pxy = 1− exp(−λ
WxWy

∣x − y∣α ) ,

where ∣x∣ = ∥x∥1 and λ, α > 0 are positive constants of the model.3 �e edge is re-
moved otherwise. We call retained edges open, and removed edges closed.We denote
the joint probability measure of edge occupation and weights by P(λ,W) (where the
subscript W refers to the law of the weights, not the actual values) and write just P if
the parameters are clear from the context.

It turns out that the following parameter is frequently useful to describe the be-

haviour of SFP concisely:

γ ∶= α(τ − 1)
d

. (2.1)

A Poissonian interpretation

Although SFP is a static model, we can interpret it as a time-dependent model. In-

stead of choosing a �xed λ, we consider it to be a parameter describing the time.
Conditionally on the weights Wx , we de�ne for every {x, y} ∈ Zd × Zd the in-

dependent Poisson-process N λ
{x,y} with intensityWxWy/∣x − y∣α and consider the

joint process.We de�ne an edge {x, y} to be open whenN λ
{x,y} > 0 (see Figure 3 on

page 10, for an “animation” of this). For λ = 0 all edges are closed. As we increase
λ, more and more edges will become open.
�is interpretation, amongst others, motivates the formal de�nition of the perco-

lation density

Θ(λ) ∶= P(λ,W)(0 is in an in�nite cluster),

3 We choose to work with the `1-norm because it is a practical metric, but de�ning SFP with respect

to any `p-norm with p ∈ [1,∞] gives qualitatively similar results.
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for SFP on Zd with parameter α and i.i.d. vertex weights whose lawW is (τ − 1)-
regularly varying.�emodel undergoes a phase transition at the critical percolation
density

λc = λc(d, α,W) ∶= inf {λ > 0 ∣Θ(λ) > 0}. (2.2)

When we choose λ = λc , we call the system critical. For λ < λc and λ > λc , we call

it resp. subcritical and supercritical.�roughout this thesis we assume λ > λc .

(A) Norros-Reittu random graph, τ = 1.95. (B) Long-range percolation, α = 3.9, λ = 0.9.

(C) Scale-free percolation, α = 3.9, τ = 1.95, λ = 0.1.

Figure 2: Simulations of the Norros-Reittu random graph (A), long-range percolation (B),

and scale-free percolation (C).�e size of the vertices is drawn proportionally to

their weights.
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brief discussion of results from literature

As shown in [14], the phase transition for the emergence of an in�nite cluster is non-

trivial, exceptwhen d ≥ 1 and γ < 2, inwhich case λc = 0, andwhen d = 1, γ > 2, and
α > 2d, in which case λc =∞. In the regime where SFP percolates, i.e. there exists
an in�nite cluster, the in�nite cluster C∞ is unique almost surely [20]. Deprez et
al. [15] show that the percolation density of SFP is continuous when α ∈ (d, 2d): at
λ = λc there is no in�nite cluster almost surely . Results that have been proven and

on which we build further, will be discussed in Chapter 3 and Chapter 4 below.

Scale-free percolation applied to the interbank network

Deprez et al. [15] also argue that the interbank network can be modelled by SFP
using the empirical results from [5, 40].�is (daily) network consists of banks and

has an edge between two banks when at least one transaction between them takes

place during the considered day.�ey choose the dimension d to be 2 (the surface
of the earth is two-dimensional). Further, they estimate τ̂ = 1.8, α̂ = 2 (see Figure 3
for a simulation for di�erent values of λ).

Similar models

Recently new models have been introduced that also admit three or four of the de-

scribed properties above. We mention the models introduced by Aiello et al. [1],
Bringmann, Keusch, and Lengler [10], Flaxman, Frieze, and Vera [19], van der Hof-

stad, van Leeuwaarden, and Stegehuis [27], and Jacob and Mörters [28].

notation

Before proceeding to the main results, we introduce some basic notation and de�-

nitions. We write x ∧ y for min{x, y}. Given two percolation con�gurations
ω,ω′ ∈ {0, 1}Zd×Zd

, we write ω′ ≽ ω if ω′(e) = 1 when ω(e) = 1 for all e ∈ Zd ×Zd ,

i.e., all edges that are open in ω are also open in ω′. We say that an event A is in-
creasing if ω ∈ A implies ω′ ∈ A for all ω′ ≽ ω. Given two random variables X
and Y , we say that Y stochastically dominates X if for every x ∈ R the inequality

P(X > x) ≤ P(Y > x) holds, and we write X ⪯d Y . By Unif[x, y] we denote a
uniformly distributed continuous random variable in the interval [x, y].
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(A) λ = 0. (B) λ = 0.01.

(C) λ = 0.05. (D) λ = 0.1.

(E) λ = 0.2. (F) λ = 0.5.

Figure 3:�e “evolving” network for 6 values of λ where the weights (Wx)x∈Zd are �xed.

α = 2, τ = 1.8. As λ increases we see an increasing connectivity. Note that the
choice of α and τ coincides with the estimated values in the interbank network
[15].



3
MAIN RESULT S

Asmentioned above, this thesis is based on results published byHeydenreich, Huls-

hof, and the author [25].

3.1 distances within the infinite percolation cluster

Given a graph G = (V , E), the graph distance on G between any x, y ∈ V is de�ned
as

dG(x, y) = # edges in E on a shortest path from x to y,

with the conventions that dG(x, x) = 0 and dG(x, y) =∞ if x and y are not in the
same connected component of the graph. We de�ne the diameter of G as the maxi-
mal distance between two vertices inG = (V , E), i.e., diamG = maxx,y∈V dG(x, y).
�e in�nite random subgraph C of (Zd ,Zd × Zd) corresponding to the in�-

nite component of supercritical SFP thus naturally produces a random metric on

Zd . We write dC for this metric. Our �rst result is the proof of a conjecture by
Deijfen et al. [14].

�eorem 3.1 (Finite diameter in the in�nite-degree cases). Consider SFP on Zd

with d ≥ 1, λ > 0, and with i.i.d. vertex weights whose law W satis�es for some τ > 1
and some c > 0,

P(W ≥ w) ≥ cw−(τ−1) ∧ 1, for all w > 0. (3.1)

�en diamC = 2 almost surely when γ ≤ 1, and diamC ≤ ⌈d/(d − α)⌉ almost surely
when α < d.

Note that (3.1) implies P(W < c1/(τ−1)) = 0, thus the weights are bounded away
from0. See Figure 4 for an overviewof the graph distances inwhichwe combine the

results of the present paper and those of [14, 15].�eorem 3.1 thus complements the

characterization of distances. Our proof for the case α < d is based on the proof of
a similar result for long-range percolation with α < d by Benjamini, Kesten, Peres,
and Schramm [6].

11



12 main results

For the Norros-Reittu random graph a similar result to�eorem 3.1 is known:

van den Esker et al. [18] prove that when the weights are distributed as an in�nite-
mean power-law, then the diameter of the graph is almost surely 2 or 3 (more pre-

cise results are obtained under extra conditions).

Figure 4: Overview of graph distances, combined results of�eorem 3.1, [14, 15]. By the

notation dC(x, y) ≲ f (x, y) we mean that there exists a constant c > 0, such that
lim∣x−y∣→∞ P(dC(x, y) ≤ c f (x, y)) = 1. For γ ∈ (1, 2) and α > d stronger bounds
have been proved [14,�eorem 5.1, 5.3] .

3.2 transience and recurrence

Graph distances are one way of characterizing the geometry of a graph. Another

way of doing this is by studying the behaviour of random walk on the graph.�e

notions of transience and recurrence are particularly relevant:
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De�nition 3.2 (Random walk, transience and recurrence). A simple random walk
on a locally �nite graph G = (V , E) is a sequence (Xn)∞n=0 with X0 ∈ V where Xn+1
is chosen uniformly at random from the “neighbours” of Xn, i.e.,

Xn+1 ∈ {x ∈ V ∶ {x,Xn} ∈ E},

independently of X0, . . . ,Xn−1. A graph is called recurrent if for every X0 a random
walk returns almost surely to its starting point X0. A graph is called transient if it is
not recurrent.

We prove the following two theorems, the results of which are summarized in

the phase diagram in Figure 5.

Figure 5: Recurrence vs. transience. Results of�eorem 3.3 and 3.4.

�eorem 3.3 (Transience in d ≥ 1). Consider SFP on Zd with d ≥ 1, i.i.d. vertex
weights whose law W satis�es (3.1), either 1 < γ < 2 or d < α < 2d, or both, and
λ > λc(d, α,W).�en the in�nite cluster of SFP is transient almost surely.
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Recall Pólya’s theorem, which states that the lattice of Zd with nearest neigh-

bour edges is recurrent if and only if d ∈ {1, 2}, and transient otherwise.�ere-
fore, transience in these dimensions shows a dramatic di�erence to regular lattices.

Berger [7] proved for LRP that the random walk is transient in one or two dimen-

sions if and only if α ∈ (d, 2d). For SFP the result is stronger: for any α > d, there
exists τ > 1 such that the in�nite cluster is transient.

�eorem 3.4 (Recurrence in two dimensions). Consider SFP on Zd with d = 2,
i.i.d. vertex weights whose law W satis�es

P(W ≥ w) ≤ cw−(τ−1)
, for all w ≥ 0, (3.2)

for some τ > 1 and c > 0, α > 4, and λ > λc(2, α,W), and such that either τ > 2 or
γ > 2, or both.�en the in�nite percolation cluster is recurrent P(λ,W)-almost surely.

Note that, as mentioned before, in dimension 1 when γ > 2 and α > 2 there
is no in�nite cluster almost surely [14], so in this case a random walk is trivially

recurrent. We therefore give a full characterization of recurrence and transience

of SFP in dimension one and two, while for d ≥ 3 we only characterize it when
α < 2d or γ < 2. For nearest-neighbour percolation it is known that the in�nite
cluster is transient [21]. It would be interesting to verify whether this is true for

other percolation models on Zd , in particular for scale-free percolation or long-

range percolation.

3.3 hierarchies and geometric clustering

We show that SFP has the geometric clustering property not only for α ∈ (d, 2d) as
shown by Deprez et al. [15,�eorem 6], but also when 1 < γ < 2. Moreover, these
clusters can be organized in a hierarchical structure, a phenomenon that is also

present in some real-life networks (see for example [13, Chapter 13] or [3, Chap-

ter 9]).�ese hierarchical structures are not only present in �nite boxes, they ex-

tend throughout Zd . Indeed, the in�nite component of SFP contains an in�nite

subgraph exhibiting a prescribed hierarchy. We introduce the notion of a hierarchi-
cally clustered tree.

De�nition 3.5 (Hierarchically clustered trees). Fix m ≥ 1 and x ∈ Zd . De�ne
Qm(x) ∶= x + [0,m − 1]d ∩Zd and consider the set of trees Tx,m of all unrooted,
connected, cycle-free subgraphs of (Qm(x),Qm(x)×Qm(x)) (i.e., trees onQm(x)),
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where each vertex v in such a tree is endowed with a weight Wv ∈ R. Fix ρ ∈ (0, 1]
and K > 0. We call an element T ∈ Tx,1 an (x, 1,K, ρ)-hierarchically clustered tree
if T = ({x},∅,{Wx}) (i.e., T is the isolated vertex x with a weight). For m ≥ 2, we
call an element T ∈ Tx,m an (x,m, ρ,K)-hierarchically clustered tree if the following
four properties hold:

1. [Positive density] T contains at least a fraction ρ of all the vertices in the box
Qm(x):

∣V ∣ > ρmd
.

2. [Ultra-small world] T is an ultra-small world in the sense that

diam (T) ≤ K max{1, log logm}.

3. [Ordered weights] If we root T at its maximum-weight vertex, then, for any
vertex in the tree, the weights decrease step-by-step along the path from the root
to that vertex.

4. [Spatial clustering] If we remove any given edge from T, then there exists an
m′ ≤ m (depending on T and the removed edge) such that the two trees that
remain, denoted by T ′1 = (V ′

1 , E′1,W ′
1 ) and T ′2 = (V ′

2 , E′2,W ′
2), satisfy

a) at least one (say T ′1 ) is an (x′,m′, ρ,K)-hierarchically clustered tree for
some x′ ∈ Qm(x), and

b) the other (say T ′2) has its vertex set V ′
2 disjoint with the box on which T ′1

is de�ned:

Qm′(x′)∩V ′
2 = ∅.

Note that condition (1) together with condition (2) implies that there existsK′ >
0, such that for all m ≥ 1

diam (T) < K′
log log ∣VT ∣ ,

so hierarchically clustered trees combine a topological and a spatial version of the

ultra-small world property.
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�eorem 3.6 (Hierarchically clustered trees). Consider SFP on Zd with d ≥ 1, i.i.d.
vertex weights whose law W satis�es (3.1), with 1 < γ < 2, and any λ > 0. Let Sm
denote the SFP con�guration inside the cube [0,m − 1]d .�ere exist ξ > 0, a density
ρ ∈ (0, 1],K > 0 and a constant m0 > 0, such that

1. for all m ≥ m0,

P(Sm contains a (0,m, ρ,K)-hierarchically clustered tree) ≥ 1− exp(−ρmξ), and

2. the in�nite component C∞ contains a.s. an in�nite, connected, cycle-free sub-
graph T∞ such that if we remove any given edge from T∞, a �nite and in�nite
connected component remain and there exist x ∈ Zd and m ≥ 1 such that the
�nite connected component is an (x,m, ρ,K)-hierarchically clustered tree.

Figure 6: A simulation of scale-free percolation in d = 1, α = 2, τ = 1.95, λ = 0.1.�e vertex-
height in the �gure depends on the weight (logarithmically).
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DI SCUS S ION

Graph distance

�is thesis combined with [14, 15] gives bounds on the graph distance for every

value in the parameter space, but the picture is not yet complete. We were not able

to prove a non-trivial lower bound on the diameter in the regime where γ < 2 and
d > α, and it is not clear to us that the upper bound is sharp. And in the regime
α ∈ (d, 2d) there is another gap, since there the best known bounds are [14, 15]:

lim
∣x∣→∞

P (c log ∣x∣ ≤ dC(0, x) ≤ c−1(log ∣x∣)log(2)/ log(2d/α)) = 1,

for some c > 0. What is the right asymptotics of dC(0, x) in this regime?
Moreover the upper-bound of the graph diameter in the regime d/2 < α < d and

γ > 1 is not yet proven to be sharp. For long-range percolation, we do know that it
is sharp [6].

Random walks

For nearest-neighbour percolation it is known that the in�nite cluster is transient [21]

when d ≥ 3. It would be interesting to verify whether this is true for other percola-
tion models onZd , in particular for all values of λ > λc in scale-free percolation or

long-range percolation. For λ large enough the random walk on the in�nite clus-
ter is transient, since we can have an in�nite subgraph that “dominates” nearest-

neighbour percolation.

Hierarchical structure

In Chapter 5, Section 5.4 below, we determine that the bound on ξ in�eorem 3.6
is

ξ < min{d(2− γ)/(τ + 1), d
2
(τ + 2−

√
(τ + 2)2 − 4(2− γ))}.

17
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Biskup [8] shows a result rather similar to�eorem 3.6 on the clustering density for

long-range percolation when α ∈ (d, 2d), where ξ < d(2− α).�e corresponding
range for ξ for scale-free percolation is ξ < d(2− γ). It might be possible to extend
�eorem 3.6 to hold for this regime of ξ.

Scale-free percolation on the torus

Scale-free percolation is de�ned as a model on the in�nite lattice Zd . A challeng-

ing question is the study of scale-free percolation, and in particular its critical be-

haviour, on the �nite torus. Working on the torus keeps the translation invariance

and provides the opportunity to compare themodel to its non-spatial counterparts,

such as the Norros-Reittu random graph [34].

For example, Bringmann, Keusch, and Lengler [10] introduce geometric inho-
mogenous random graphs, which generalise a certain class of hyperbolic random
graphs, and which could be described as “continuous SFP on the torus”. Indeed,

they do not use a grid, but place the points randomly. In a fairly general setup,

where, for example, in contrary to our model, the connection probability does not

necessarily approach to 1 as we letWxWy/∣x − y∣α go to in�nity, these authors prove
that such graphs are ultra-small [9]. Moreover, they claim that their results also

carry over to �nite boxes. Because of this more general setup, it would be interest-

ing (but possibly not straightforward) to see whether in their setting hierarchically

clustered trees are also present.

Generalization from Zd to Rd

Another model in which points are randomly placed in the grid is the Poisson Het-

erogeneous Random-ConnectionModel, introduced byDeprez andWüthrich [16].

�ey generalize SFP such that the set of vertices are generated by a homogeneous

marked Poisson point process in Rd .�eir results are qualitatively similar to the

results for SFP as proven in [14, 15]. Hence we believe that our results will carry

over to this model as well.
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PROOFS

organization . �e proofs of the main results partly rely on a number of

elementary properties of the vertex weights. We begin by proving these properties

in Section 5.1. In Section 5.2 we prove the boundedness of the graph distance for

α < d and γ ≤ 1. In Section 5.3 we prove the randomwalk results, and in Section 5.4
we prove�eorem 3.6 on hierarchical clustering.

5.1 preliminaries : properties of the vertex weights

Given two random variables X and Y , we say the pair of jointly distributed random
variables (X̂, Ŷ) is a coupling of X and Y if the marginals of (X̂, Ŷ) are X and Y .
Strassen’s�eorem (see e.g. [26, Lemma 2.12]) states that for any pair X,Y such
that X ⪯d Y there exists a coupling (X̂, Ŷ) such that P(X̂ ≤ Ŷ) = 1.

Lemma 5.1 (Stochastic domination for SFP). Let W and W ′ be random variables
such that W ′ ⪯d W. For any increasing event A,

P(λ,W)(A) ≥ P(λ,W′)(A). (5.1)

Proof. Apply Strassen’s coupling pairwise at each x ∈ Zd to {Wx}x∈Zd and {W ′
x}x∈Zd

with lawsW andW ′ such thatW ′ ⪯d W to obtain {(Ŵx , Ŵx)}x∈Zd with the prop-

erty that P(Ŵ ′
x ≤ Ŵx) = 1 for all x ∈ Zd . For each edge {x, y} ∈ Zd ×Zd let

p̂xy = 1− exp(−λ
ŴxŴy

∣x − y∣α )

and

q̂xy = 1− exp
⎛
⎝
−λ

Ŵ ′
xŴ ′

y

∣x − y∣α
⎞
⎠
.

Note that by Strassen’s coupling P(q̂xy ≤ p̂xy) = 1. Now attach to each edge {x, y}
an independent Unif[0, 1] random variable U{x,y}. Let (Ξ̂(W), Ξ̂(W′)) be a pair of

19
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jointly distributed {0, 1}Zd×Zd
-valued random variables such that for each edge

{x, y} ∈ Zd ×Zd ,

Ξ̂(W)({x, y}) = 1{p̂x y≤U{x ,y}}

and

Ξ̂(W′)({x, y}) = 1{q̂x y≤U{x ,y}}.

Clearly themarginal laws of Ξ̂(W) and Ξ̂(W′) areP(λ,W) andP(α,λ,W′), respectively.

Moreover, Ξ̂(W) ≽ Ξ̂(W′) almost surely.�e claim now follows from the de�nition

of stochastic domination.

We commonly use Lemma 5.1 to simplify the law ofW : If the law ofW satis�es

(3.1) and the law ofW ′ satis�es

P(W ′ ≥ w) = cw−(τ−1)
, for all w ≥ c1/(τ−1)

(5.2)

with the same constant c as in (3.1), then (5.1) holds.
�e upcoming lemmas allow us to construct a coarse-graining argument in the

proofs of�eorems 3.3 and 3.6.

Lemma 5.2. Let W be a random variable with law given by (5.2). Let W ′′ be a
random variable with law given by

P(W ′′ ≥ w) = w−(τ−1)
, for all w ≥ 1. (5.3)

�en, for y ≥ c1/(τ−1), the conditional law of W given {W ≥ y} is the same as the law
of yW ′′, i.e., P(W ≥ x ∣ W ≥ y) = P(yW ′′ ≥ x).

Proof. For x ≥ y

P(W ≥ x ∣ W ≥ y) = ( y
x
)

τ−1
= P(W ′′ ≥ x

y
) = P(yW ′′ ≥ x).

Lemma 5.3. Let {Wi}∞i=1 be an i.i.d. sequence of random variables with law given by
(5.2).�en, for all n ≥ 1 and all K2 ≥ K1 ≥ c1/(τ−1),

P(max
i=1,...,n

Wi ≤ K2 ∣Wi ≥ K1 for i = 1, . . . , n) ≤ exp(−n (K1
K2

)
τ−1

) .
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Proof. Using that the weights are i.i.d., that K2 ≥ K1, and that 1− x ≤ exp(−x), we
can bound the le�-hand side by

(1− (K2
K1

)
−(τ−1)

)
n

≤ exp(−n (K1
K2

)
τ−1

) .

Lemma5.4. Fix an integer d ≥ 1 and α ∈ (0,∞) such that γ = α(τ− 1)/d < 2. Assign
to each vertex in [0,N − 1]d ⊂ Zd an i.i.d. random variable with law satisfying (3.1).
Let EN ,β be the event that the box [0,N − 1]d contains at least logN vertices with
weight larger than βNα/2.�en, for all β > 0,

P (EN ,β)Ð→ 1, as N →∞.

Proof. Let Y denote the number of vertices in [0,N − 1]d with weight exceeding
logN . By (3.1) and independence of the weights we have Y ⪯d X, where

X ∼ Bin(Nd
, c (βNα/2)

−(τ−1)
) .

Note that since γ < 2 we obtain that E[X] = cβ−(τ−1)Nd(1−γ/2) ≫ logN and also
that Var(X) ≪ E[X]2. It follows by the Paley-Zygmund inequality that (when N
is su�ciently large),

P(EN ,β) ≥ P(X ≥ logN) ≥ (E[X]− logN)2
Var(X)+E[X]2 Ð→ 1.

We call any set that is a translate of [0,N − 1]d ⊂ Zd an N-box.We say that two
N-boxes Q1 = v1 + [0,N − 1]d and Q2 = v2 + [0,N − 1]d are “k boxes away from
each other” if ∣v1 − v2∣ = kN (where we recall that ∣ ⋅ ∣ denotes the `1-norm).

Lemma 5.5. Let d ≥ 1 and k ≥ 1. Consider two N-boxesQ1 andQ2 that are k boxes
away from each other. For arbitrary u1 ∈ Q1 and u2 ∈ Q2,

∣u1 − u2∣ ≤ 3dkN .
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Proof. Let v1 and v2 be such that Q1 = v1 + [0,N − 1]d and Q2 = v2 + [0,N − 1]d .
Applying the triangle inequality twice, one obtains

∣u1 − u2∣ ≤ ∣v1 − v2∣+ ∣u1 − v1∣+ ∣v2 − u2∣ ≤ kN + 2dN ≤ 3dkN .

Lemma 5.6. Fix N ∈ N and let Q1 and Q2 be two N-boxes that are k boxes away
from each other such that Q1 = Nv1 + [0,N]d and Q2 = Nv2 + [0,N]d , where we
choose v1, v2 ∈ Zd . Let β > 0 be given, the weights {Wx}x∈Zd be i.i.d. according to a
law satisfying (5.2), and {W ′

x}x∈Zd be i.i.d. with law (5.3). For i = 1, 2 write

ui = argmax
u∈Qi

Wu.

�en

P(λ,W) ({u1,u2} is open ∣Wu1 ,Wu2 ≥ βNα/2) ≥ P(λβ2(3d)−α ,W′)({v1, v2} is open).

Proof. Let U ∼ Unif[0, 1] denote a standard uniform random variable with distri-
bution P(U < x) = x for x ∈ [0, 1].�en, by De�nition 2.1,

P(λ,W) ({u1,u2} is open ∣Wu1 ,Wu2 ≥ βNα/2)

= P∗ (U < 1− exp(−λ W1W2
∣u1 − u2∣α

) ∣ W1,W2 ≥ βNα/2) ,

where the probability measure P∗ on the right-hand side is with respect to W1
and W2, which are i.i.d. with the same law as the elements of {Wx}x∈Zd , and an

independent random variableU ∼Unif[0, 1]. Using Lemmas 5.2 and 5.5 we bound
the right-hand side from below by

P∗∗ (U < 1− exp(−λβ2(3d)−α W ′
1W ′

2

kα )) ,

where the probability measure P∗∗ is with respect to W ′
1 and W ′

2 which are i.i.d.

with the same law as the elements of {W ′
x}x∈Zd and an independent random vari-

able U ∼ Unif[0, 1].
On the other hand, since ∣v1 − v2∣ = k, by De�nition 2.1 we also have

P(λβ2(3d)−α ,W′)({v1, v2} is open) = P∗∗ (U < 1− exp(−λβ2(3d)−α W ′
1W ′

2

kα )) .

�e claim thus follows.
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5.2 distances in the infinite degree case

Proof of�eorem 3.1(1). [�e case γ ≤ 1] By translation invariance of the model, it
su�ces to show P(dC(0, x) ≤ 2) = 1. Since we assumed that the law ofW satis�es

(3.1), there exists a c > 0 such thatWx ≥ c1/(τ−1) for all x ∈ Zd almost surely.

Fix x ∈ Zd . For k ≥ 1, let Qk denote the box centred at x/2 that has sides of
length lk ∶= 2k ∣x∣ and let Ak ∶= Qk ∖Qk−1 with A1 ∶= Q1. Note that Ak contains

(2d − 1)∣x∣d2d(k−1) vertices.

A1

A2

A3

A4

A5

v5

v4

v3

v2

v1

Figure 7: Construction for the proof of�eorem 3.1 for d = 2.

We prove that the probability that the vertex with maximal weight for everyAk
is connected to both 0 and x is strictly greater than some positive constant and let
the result follow by Borel-Cantelli.

For each k ∈ N, let vk be the vertex in Ak with maximal weight and let Ek be

the event that vk is connected by an open edge to both 0 and x. Let ak ∶= 2
dk
τ−1 and

denote Fk ∶= {Wvk ≥ ak}, which is an increasing event.
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Using Lemma 5.1 and Lemma 5.3 with K1 = c1/(τ−1) and K2 = 2
dk
τ−1 , we can bound

P(λ,W)(Fk) ≥ P(λ,W′)(Fk) ≥ 1− exp (−c(2d − 1)∣x∣d2d(k−1)2−
dk
τ−1 (τ−1))

= 1− exp(− c(2
d − 1)∣x∣d
2

) ,
(5.4)

where the measureP(λ,W′) refers to a model where all weights are distributed as in

(5.2).�e right hand side of (5.4) is bounded below by some δ > 0 uniformly in k.
Observe that ∣vk ∣, ∣vk − x∣ ≤ dlk and recall that τ > 1 and γ ≤ 1. Write ε = c1/(τ−1).

We can bound the probabilities on the events Ek by conditioning on Fk as follows:

P(λ,W)(Ek ∣ Fk) ≥ P(λ,W′)(Ek ∣ Fk) ≥ P(λ,ak)(Ek)

≥ (1− exp(− λεak
(dlk)α ))

2

= (1− exp(− λε
(d∣x∣)α 2

dk/(τ−1)−kα))
2

≥ 1
4

⎛
⎝
( λε
(d∣x∣)α 2

dk(1/(τ−1)−α/d))
2

∧ 1
⎞
⎠

=
⎛
⎝
( λε
2(d∣x∣)α )

2

(4d(1−γ)/(τ−1))
k⎞
⎠
∧ 1
4

≥
⎛
⎝
( λε
2(d∣x∣)α )

2⎞
⎠
∧ 1
4
=∶ η.

Since this bound is independent of k and of the weights {Wx}x∈Zd , it follows that

P(λ,W)(Ek ∣ Fk) ≥ η, and therefore,

P(λ,W)(Ek) = P(λ,W)(Ek ∣ Fk) P(λ,W)(Fk) ≥ η δ > 0.

Observe that the events Ek are independent of each other, hence we obtain the

result for γ ≤ 1 using the Lemma of Borel-Cantelli.

Proof of�eorem 3.1(2). [�e case α < d] By translation invariance it again su�ces
to show that

P(λ,W)(dC(0, x) ≤ ⌈d/(d − α)⌉) = 1, for all x ∈ Zd
.
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Recall that the assumption (3.1) on the law of W implies that W ≥ c1/(τ−1) al-

most surely. Note that {dC(0, x) ≤ ⌈d/(d − α)⌉} is an increasing event. Hence by
Lemma 5.1,

P(λ,W)(dC(0, x) ≤ ⌈d/(d − α)⌉) ≥ P(λ,c1/(τ−1))(dC(0, x) ≤ ⌈d/(d − α)⌉).

Observe that SFP with constant vertex weights is equivalent to long-range percola-

tion with the same d and α and some possibly di�erent parameter λ′.
Benjamini et al. [6, Example 6.1] show that the diameter of the in�nite cluster

in long-range percolation with α < d for any λ > 0 is equal to ⌈d/(d − α)⌉ almost
surely. Our claim about SFP therefore follows.

5.3 transience vs . recurrence

Transience proof

�e proof of�eorem 3.3 is inspired by Berger’s proof of transience for long-range

percolation [7,�eorem 1.4(II)]. We use in particular a multiscale ansatz which

roots back to the work of Newman and Schulman [32] for long-range percolation.

�e case 1 < γ < 2. In view of Lemma 5.1, we may assume (5.2) rather than (3.1)
without loss of generality. We show that the in�nite cluster of SFP almost surely

contains a transient subgraph.�e proof has two steps:

1. We �rst assume that λ is large enough. With small probability we remove
some vertices from the graph independent of each other.�en we use a mul-

tiscale ansatz: we group vertices into �nite boxes, and call boxes ‘good’ or

‘bad’ according to the weights and edge structure inside the box. We iterate
this process by considering larger boxes, which we call good or bad accord-

ing to the number of good boxes in them and the edges between vertices in

those boxes.�is will imply transience for large values of λ.

2. To couple the originalmodel (for any λ > λc) to themodel of the �rst step, we

use a coarse-graining argument: We ‘zoom out’ by considering large boxes

of vertices and only considering the vertices with maximum weight in the

boxes. We show that, with high probability, the weights of these vertices are

so high, that the graph, only de�ned on these vertices, dominates a graph as

described in the �rst step.
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n-stage, Cn = 3
(n− 1)-stage, Cn−1 = 2
(n− 2)-stage, Cn−2 = 1
(n− 3)-stage

Figure 8: n and (n − 1) stage bag of a renormalized graph

We use [7, Lemma 2.7], which describes a su�cient structure for a graph to be

transient. To this end, we introduce the notion of a “renormalized graph”:

We start with some notation. Given a graphG = (V , E) and a sequence {Cn}∞n=1,
let Vl( jl , . . . , j1) with l ∈ N and jn ∈ {1, . . . ,Cn} be a subset of the vertex set V .
Now let for l ≥ m

Vl( jl , . . . , jm) =
Cm−1
⋃

jm−1=1
⋯

C1
⋃
j1=1

Vl( jl , . . . , j1).

We call the sets Vl( jl , . . . , jm) bags, and the numbers Cn bag sizes.

De�nition 5.7. We say that the graph G = (V , E) is renormalized for the sequence
{Cn}∞n=1 if we can construct an in�nite sequence of graphs such that the vertices of
the l stage graph are labelled by Vl( jl , . . . , j1) for all jn ∈ {1, . . . ,Cn}, and such that
for every l ≥ m > 2, every jl , . . . , jm+1, and all pairs of distinct um,wm ∈ {1, . . . ,Cm}
and um−1,wm−1 ∈ {1, . . . ,Cm−1} there is an edge in G between a vertex in the l stage
graph Vl( jl , . . . , jm+1,um,um−1) and a vertex in Vl( jl , . . . , jm+1,wm,wm−1).

�e underlying intuition is that every n stage bag contains Cn (n− 1)-stage bags,
which contains again Cn−1 (n − 2)-stage bags. Every pair of (n − 2)-stage bags in
an n-stage bag is connected by an edge between one of the vertices in the bags (see
Figure 8).

Lemma 5.8 (Berger, [7, Lemma 2.7]). A graph renormalized for the sequence Cn is
transient if∑∞

n=1 C−1n <∞.

�e lemma follows from the proof of [7, Lemma 2.7].

Proposition 5.9. Consider scale-free percolation with γ < 2 and weight distribution
satisfying (5.3). Independently of this, perform an i.i.d. Bernoulli site percolation on
the vertices of Zd , colouring a vertex “green” with probability µ ∈ (0, 1].
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�en the subgraph of the in�nite scale-free percolation cluster that is induced by
the green vertices has a (unique) in�nite component Cλ,µ. �ere exists µ0 < 1 and
λ0 > 0, such that Cλ,µ is transient for µ ≥ µ0 and λ ≥ λ0 almost surely.

�e proof exploits a multiscale technique. Indeed, we proceed by showing that

Cλ,µ contains a renormalized subgraph that is transient.�erefore, Cλ,µ is also tran-

sient.

Proof of Proposition 5.9. For all n ∈ N, let

Dn ∶= 2(n + 1)2, Cn ∶= (n + 1)2d ,

and

un ∶= dα/2(n + 2)d(2−γ)/2
2
(n+2)α/2((n + 3)!)α

.

We partition the latticeZd into disjoint boxes of side length D1, so that each such
box contains Dd

1 vertices, and call these the 1-stage boxes. (By convention we call
vertices of Zd the 0-stage boxes.) We view these boxes as the vertices of a renor-
malized lattice. Now cover the lattice again, grouping together (D2)d 1-stage boxes
to form 2-stage boxes with sides of length D2. Continue in this fashion, so that the
n-stage boxes form a covering ofZd by translates of [0,∏n

k=1 Dk − 1]d .
We call a 0-stage box “good” if the vertex associated with it is green.

For every stage i ≥ 1, we de�ne rules for a box to be “good” or “bad”, depending
only on the weightsWx and the edges of C inside the box.�is implies that disjoint
boxes are good or bad independently of each other.

A 1-stage box is good if it contains at least C1 good 0-stage boxes and one of the
vertices in these boxes has weight at least u1. For each good 1-stage box, call the
maximum-weight vertex, having weight at least u1, and call it 1-dominant.
For n ≥ 2, say that an n-stage boxQ is good if the following three conditions are

satis�ed:

(E) At least Cn of the (n − 1)-stage boxes inQ are good.

(F) For any good (n − 1)-stage boxQ′ ⊂ Q, the (n − 2)-dominant vertices inQ′
form a clique (i.e., every two (n − 2)-dominant vertices inQ′ are connected
by an edge in C).

(G) �ere is an (n − 1)-dominant vertex in one of its good (n − 1)-stage boxes,
with weight at least un.
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W

Z

un

un−1

un−2

un−3

Figure 9: Sketch of the renormalization in�eorem 3.3 in d = 1 for
Dn = 4,Dn−1 = 3,Dn−2 = 2,Cn = 3,Cn−1 = 2,Cn−2 = 1.
‘Good’ boxes are marked with a solid line, ‘bad’ boxes have a dashed line.

For each good n-stage box, choose the maximum weight vertex and call it the n-
dominant vertex if its weight is at least un. (A vertex may be dominant for di�erent
values of n.) See Figure 9 for a sketch of this de�nition.
Note that by construction, the subgraph of C induced by the vertices that are in a

good n-stage box for every n ≥ 0 is a graph renormalized by a sequence of bag sizes
{Cn} that satis�es the transience condition of Lemma 5.8. Our aim is therefore to
show that almost surely such a subgraph exists.

De�ne En(v), Fn(v) andGn(v) to be the events that conditions (E), (F) and (G)
hold for the n-stage box containing the vertex v. For simplifying the notation, we
de�ne En ∶= En(0), Fn ∶= Fn(0) and Gn ∶= Gn(0) and write Ln(v) and Ln for
the events that the n-th stage boxes containing v and 0, respectively, are good. By
translation invariance it is su�cient to show that

P
⎛
⎝
∞

⋂
n=1

Ln
⎞
⎠
> 0.

�e events Ln are positively correlated, hence it is su�cient to show that
∞

∏
n=1

P(Ln) > 0.
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We bound

P(Lcn) ≤ P(Ec
n)+P(Fc

n ∣ En)+P(Gc
n ∣ En). (5.5)

First, we give an upper bound for P(Fc
n ∣ En). Recall that we use the `1-norm for

distance in the de�nition of the edge-probabilities of SFP.�e `1-distance between

two vertices in the same n-stage box is at most

d
n
∏
k=1

Dk = d2n((n + 1)!)2.

�e probability that two good (n − 2)-stage boxes are not connected by an open
edge between its (n − 2)-dominant vertices (which have weight at least un−2) is
therefore at most

exp (− λd−αu2n−2
n
∏
k=1

D−α
k )

= exp(−λd−α (dα/2nd(2−γ)/2
2
nα/2[(n + 1)!]α)

2

2
−nα((n + 1)!)−2α)

= exp(−λnd(2−γ)).

�ere are

(D
d
nDd

n−1
2

) < 4d(n + 1)4d

pairs of (n − 2)-stage boxes inside an n-stage box, so there are at most 4d(n + 1)4d
edges between (n − 2)-dominant vertices inside a good n-stage box. It follows by
taking the union bound that

P(Fc
n ∣ En) ≤ exp (d log(4)+ 4d log(n + 1)− λnd(2−γ)) . (5.6)

We proceed by establishing an upper bound on P(Gc
n ∣ En).�ere exists a con-

stant c1 > 0 such that

un−1
un

= 2−α/2 ( n + 1
n + 2)

d(2−γ)/2 1

(n + 3)α ≥ c1(n + 1)−α
. (5.7)
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Note that any good n-stage box contains at least Cn (n − 1)-dominant vertices
that all have weight larger than un−1. Using (5.7), Lemma 5.3, and γ = α(τ − 1)/d,
gives for some c2 > 0 that

P(Gc
n ∣ En) ≤ exp(−Cn (

un−1
un

)
τ−1

)

≤ exp (cτ−1
1 (n + 1)2d−α(τ−1))

≤ exp (−c2nd(2−γ)) .

(5.8)

�e last term we bound isP(Ec
n). All (n − 1)-stage boxes are good independent

of each other with probability P(Ln−1). Let X ∼ Bin(Dd
n ,P(Ln−1)) be binomially

distributed, so that P(Ec
n) = P(X < Cn). We use Cherno� ’s bound, so that if

X ∼ Bin(m, p), θ ∈ (0, 1), then P(X < (1 − θ)mp) ≤ exp(− 1
2
θ2mp). For our

model, this obtains

P(Ec
n) ≤ exp

⎛
⎝
− 1
2
(1− 1

2P(Ln−1)
)
2

P(Ln−1)Dd
n
⎞
⎠

≤ exp (−2d−3(2P(Ln−1)− 1)2(n + 1)2d) .
(5.9)

Combining (5.5), (5.6), (5.8), and (5.9), gives that

P(Lcn) ≤ exp(d log(4)+ 4d log(n + 1)− λnd(2−γ))+ exp (−c2nd(2−γ))

+ exp (−2d−3(2P(Ln−1)− 1)2(n + 1)2d) .

If λ large enough (say larger than λ0), there exists n0 such that for n ≥ n0

P(Lcn) ≤ 2 exp (−c2nd(2−γ))+ exp (−2d−3(2P(Ln−1)− 1)2(n + 1)2d) . (5.10)

De�ne the sequence

`n ∶= 1− (n + 1)−3/2,

and observe that

∞

∏
n=1

`n > 0. (5.11)
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For any �xed n1 > n0, we can �nd λ0 > 0 and µ0 < 1 such thatP(Ln1) ≥ `n1 , because

Ln1 depends only on the weights and edges inside a �nite box. We further bound
(5.10) for all n > n1 by

P(Lcn) ≤ exp (−c2nd(2−γ))+ exp
⎛
⎝
−2d−3 (1− 1√

2
)
2

(n + 1)2d
⎞
⎠

≤ (n + 1)−3/2 = 1− `n, (5.12)

and choose n1 so large, that the last bound in (5.12) holds.�us, using (5.11), (5.12)
and P(Ln) > 0 for all n, yields that

∞

∏
n=1

P(Ln) =
n1
∏
n=1

P(Ln)
∞

∏
n=n1+1

P(Ln) ≥
n1
∏
n=1

P(Ln)
∞

∏
n=n1+1

`n > 0.

With probability 1 the graph contains a cluster of good vertices that can be renor-

malized for the sequence Cn. By Lemma 5.8 this cluster is transient itself, since

showing transience for a subgraph is enough for transience on the whole graph [35,

Section 9].

�e case d < α < 2d.We need two lemmas from the literature, which are com-
plementary to the case α ∈ (d, 2d) of Proposition 5.9 and Lemma 5.4.

Lemma 5.10 (Deprez, Hazra & Wüthrich, [15, Lemma 9] ). Assume γ > 1 and let
α ∈ (d, 2d). Choose λ > λc and let α′ ∈ [α, 2d). For every µ ∈ [0, 1) and β > 0 there
exists M0 ≥ 1 such that for all m ≥ M0

P (∣Cm∣ ≥ βmα′/2) ≥ µ,

where Cm is the largest connected component in [0,m − 1]d .

Note that [15, Lemma 9] is proven for the exact power law distribution of the

weights in (5.3).�is is not a problem, since Lemma 5.1 implies that the result ex-

tends to a weight distribution satisfying (3.1) when c ≥ 1. For c < 1, and percolation
parameter λ′ > 0, we observe that the model is equivalent to the case where c = 1
and λ = λ′c′−2/(τ−1), since if the law ofW satis�es (5.2) for some c > 0 and forW ′

it holds forw ≥ 1 thatP(W ′ > w) = w−(τ−1), thenW d= c−1/(τ−1)W ′. Hence, we can

scale the parameters such that c = 1 and apply Lemma 5.1.
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Lemma 5.11 (Berger, [7, Lemma 2.7]). Let d ≥ 1, α ∈ (d, 2d) and λ > 0. Consider
the long-range percolation model on Zd in which every two vertices, x and y, are
connected by an open edge with probability

1− exp(− λ
∣x − y∣α ) ,

independently of other edges, and every vertex is good with probability µ < 1, inde-
pendently of all other vertices.
�ere exist µ1 < 1 and λ1, such that if λ ≥ λ1 and µ ≥ µ1, the in�nite cluster on the

good vertices is transient.

Lemma5.12. Consider scale-free percolationwithweight distribution satisfying (3.1).
Let Q1 and Q2 be two N-boxes that are k boxes away from each other. Let β > 0 be
given. Moreover, assume that Q1 and Q2 contain connected components C1 and C2,
respectively, of size at least βNα/2.�en

P(C1 connected by an open edge to C2 ∣ ∣C1∣, ∣C2∣ ≥ βNα/2)

≥ 1− exp(− λ(3d)−αβ2c2/(τ−1)

kα ) .

Proof. Since we assumed (3.1), all weights are at least c1/(τ−1). By Lemma 5.5, we

get for arbitrarily chosen vertices u ∈ C1, v ∈ C2 that

P({u, v} is closed) ≤ exp(−λ(3d)−αc2/(τ−1) 1

kNα ) .

Since both clusters contain at least βNα/2 vertices, there are at least β2Nα possible

edges. We obtain

P(C1 not connected by an open edge to C2 ∣ ∣C1∣, ∣C2∣ ≥ βNα/2)

≤ exp(−λ(3d)−αc2/(τ−1) 1

kNα )
β2Nα

= exp(−λ(3d)−αβ2c2/(τ−1) 1

kα ) .

Note that this is the α ∈ (d, 2d)-counterpart of Lemma 5.6.
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Proof of�eorem 3.3. �e previous lemmas readily imply the result for su�ciently
large λ, and we are le� to extend this to all λ > λc , which we achieve via coarse-

graining.

When γ < 2, let λ0 and µ0 be the values that we obtain from Proposition 5.9.
To apply the proposition for all λ > λc = 0, we partition Zd into (hyper)cubes of

side length N (for some large N to be determined below), which we call N-boxes.
In every N-box we identify the vertex in it with maximum weight and call it the
dominant vertex. We now choose β large enough so that λβ2(3d)−α > λ0. Second,
we call those N-boxes good that contain a vertex with weight at least βNα/2. We

choose N large enough so that the probability that an N-box is good is larger than
µ0 using Lemma 5.4. Lemma 5.6 implies that the probability that the dominant
vertices in two good N-boxes, being k boxes away from each other, are connected,
is bounded from below by P(λ0 ,W′′)({v1, v2} is open), where v1, v2 ∈ Zd such that

∣v1 − v2∣ = k, and whereW ′′
1 ,W ′′

2 are i.i.d. distributed according to (5.3).�us, the

status of the edges between dominant vertices in good N-boxes stochastically dom-
inates an SFP model onZd with parameters α, λ0 and weight-lawW ′′, combined

with a site percolation of intensity µ0, exactly as described in Proposition 5.9. We
now apply Proposition 5.9 to obtain the result for the case γ < 2.
�e case α ∈ (d, 2d) is analogous: When α ∈ (d, 2d), let λ1 and µ1 be the values

that we obtain from Lemma 5.11. To apply the lemma, we partition Zd into N-
boxes again. Choose β large enough, using Lemma 5.12, such that two N-boxes
being k-boxes away from each other, having clusters C1 and C2 with size at least
βNα/2 are connected by an open edge between C1 and C2 with probability at least
1− exp (−λ1/kα). Call the N-boxes that contain a cluster of size at least βNα/2 the

good boxes. ChooseN large enough so that the probability that anN-box is good is
larger than µ1, using Lemma 5.10. We thus �nd that the status of the edges between
the dominant vertices of good N-boxes stochastically dominates an LRPmodel on
Zd with independent edge probabilities px,y = 1 − exp(−λ1/∣x − y∣α), combined
with a site-percolation of intensity µ1. An application of Lemma 5.11 thus obtains
the result for the case α ∈ (d, 2d).
We conclude that in both cases we found a subgraph of the in�nite cluster on

which the randomwalk is transient, and hence the randomwalk is transient on the

in�nite cluster itself, cf. [35, Section 9].
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Recurrence proof

We verify that we can apply the following lemma.

Lemma 5.13 (Berger [7,�eorem 3.10]). Let d = 2, α ≥ 2d = 4 and let (Pi, j)i, j∈N

be a family of probabilities, such that

lim sup
i, j→∞

Pi, j
(i + j)−4 <∞.

Consider a shi� invariant percolationmodel onZ2 onwhich the bond between (x1, y1)
and (x2, y2) is open withmarginal probability P∣x1−x2 ∣,∣y1−y2 ∣. If there exists an in�nite
cluster, then this cluster is recurrent.

To bound the marginal probabilities we need a bound on the expectation of the

product of the weights.

Lemma 5.14. Assume that the weight-distribution satis�es (3.2). Let W1,W2 be two
independent copies of the random variable W.
If τ > 2, there exists a constant C > 0, such that for u ≥ 1:

E [(W1W2/u)∧ 1] ≤ Cu−1.

If τ ≤ 2, then there exists a constant C > 0, such that

E [(W1W2/u)∧ 1] ≤ C log(u)u−(τ−1)
.

Proof. �e proof for τ > 2 is straightforward. Observe that E[W] <∞, hence

E [(W1W2/u)∧ 1] ≤ E[W]2/u.

For τ ≤ 2, we prove the claim for weights that satisfy (5.2) for some c ≥ 1. Lemma
5.1 then implies that the claim holds for weights that satisfy (3.2).

Let H(u) denote the distribution function ofW1W2. From [14, Lemma 4.3] we
have for some C′ > 0 that

1−H(u) ≤ C′ log(u)u−(τ−1)
.

By

u

∫
1

vdH(v) ≤
u

∫
1

(1−H(v))dv,
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we obtain the result

E [(W1W2/u)∧ 1] = 1−H(u)+ 1
u ∫ u

1
vdH(v)

≤ 1−H(u)+ 1
u

u

∫
1

(1−H(v))dv

≤ C′ log(u)u−(τ−1) + C′

u

u

∫
1

log(v)v−(τ−1)dv

≤ C′ log(u)u−(τ−1) + C′′

u
log(u)u−(τ−2)

≤ C log(u)u−(τ−1)
.

Proof of�eorem 3.4. Observe that the scale-free percolation measure P(λ,W) is

indeed shi� invariant. According to Lemma 5.13, we need to prove that

lim sup
k→∞

k4P ({(0, 0), (i, j)} is open) <∞,

whenever ∣i∣+ ∣ j∣ = k. For convenience, we treat only (i, j) = (k, 0), the other cases
follow analogously. Lemma 5.14 and the bound 1− exp(−x) ≤ x give

lim sup
k→∞

k4P ({(0, 0), (k, 0)} is open) = lim sup
k→∞

k4E [1− e−λ
W(k ,0)W(0,0)

kα ]

≤ lim sup
k→∞

k4E [1− e−λ
W(k ,0)W(0,0)

kα ]

≤ lim sup
k→∞

k4E [(λ
W(k,0)W(0,0)

kα )∧ 1] .

For τ > 2, recall that α ≥ 2d = 4, and therefore

lim sup
k→∞

k4E [(λ
W(k,0)W0

kα )∧ 1] ≤ lim sup
k→∞

Cλk4−α ≤ Cλ <∞.
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For τ ≤ 2 and γ > 2,

lim sup
k→∞

k4E [λ
W(k,0)W0

kα ∧ 1] ≤ lim sup
k→∞

k4Cλτ−1
log(kα/λ)k−α(τ−1)

≤ lim sup
k→∞

C′ log(k)k4−α(τ−1)

= lim sup
k→∞

C′ log(k)k4−2γ

= 0.

5.4 hierarchical clustering

For the proof of�eorem 3.6 we largely use the same two steps as for the proof of

�eorem 3.3. First we prove the result for large values of λ on an SFP model com-
bined with an i.i.d. Bernoulli site percolation, but only along a sequence {mn}∞n=1
diverging to in�nity.�en, we prove the result in this SFP model for all su�ciently

large m. Lastly, by a coarse graining argument, we extend the result to hold for all
λ > λc = 0.
We assume the weights satisfy (5.2). Lemma 5.1 then implies that the claim holds

for weights that satisfy (3.1). We start with stating and proving a proposition in

which we consider a site-percolated version of SFP.

Proposition 5.15. Consider SFP on Zd with d ≥ 1, γ < 2, and weight distribution
that satis�es (5.3). Independently of this, perform an i.i.d. Bernoulli site percolation
on the vertices ofZd , colouring a vertex “green” with probability µ ∈ (0, 1]. Denote by
Cλ,µ the (unique) in�nite subgraph of the in�nite scale-free percolation cluster induced
by the green vertices. We call this the site-percolated SFP.
�ere exist constants µ1 < 1, λ1 > 0, ρ ∈ (0, 1],K > 0 and n2 ∈ N, and sequence

{mn}∞n=1 with mn ∈ N, such that for all ξ satisfying

0 < ξ < min(d(2− γ)
τ + 1 ,

d
2
(τ + 2−

√
(τ + 2)2 − 4(2− γ))) , (5.13)

the following hold:

1. �e probability that the site-percolated SFP con�gurationwith parameters such
that µ ≥ µ1 and λ ≥ λ1, contains a (0,mn, ρ,K)-hierarchically clustered tree
inside the box [0,mn − 1]d , is bounded from below by

1− 3 exp (−ρmξ
n) .
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2. Site-percolated SFP with λ ≥ λ1 and µ ≥ µ1 has an in�nite component Cλ,µ
almost surely. Cλ,µ contains a.s. an in�nite, connected, cycle-free subgraph T∞
such that removing an arbitrary edge yields a �nite and in�nite connected com-
ponent and there exist x ∈ Zd and m ≥ 1 such that the �nite connected compo-
nent is an (x,m, ρ,K)-hierarchically clustered tree.

Proof. LetD1 be a large integer to be determined later, and let {an}∞n=1, with an ∈ (0, 1],
be a sequence also to be determined later, such that

ρ ∶=
∞

∏
n=1

an > 0. (5.14)

Let

ξ′ ∈ (ξ,min(d(2− γ)
τ + 1 ,

d
2
(τ + 2−

√
(τ + 2)2 − 4(2− γ)))) .

�e bound ξ′ < d 2−γ
τ+1 implies

ζ ∶= d − ξ′

(α + ξ′)(τ − 1)− (d − ξ′) > 1. (5.15)

For all n ≥ 2, let Dn ∶= ⌈Dζ
n−1⌉, so that we have the telescoping product

Dn ≥ Dζ
n−1 ≥ D1

n−1
∏
k=1

Dζ−1
k ≥ Dζn−1

1 , (5.16)

and let

un ∶=
n
∏
k=1

D
d−ξ′
τ−1
k , and Cn ∶= anDd

n .

We give a sequence of graphs forZd by the same procedure as in Proposition 5.9.

We call the vertices the 0-stage boxes.We partition the latticeZd into boxes of side-

length D1, so that each box contains Dd
1 vertices, and call these the 1-stage boxes.

Iteratively, we groupDd
n−1 (n− 1)-stage boxes into n-stage boxes, so that the n-stage

boxes form a covering ofZd by translates of [0,∏n
k=1 Dk − 1]d .

We call a 0-stage box “good” if the associated vertex is green, and we call this

vertex “0-dominant”. For every stage n ≥ 1, we de�ne rules for a box to be “good”
or “bad” and for a vertex to be “n-dominant” depending only on the weightsWx
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and colours of the vertices and on the edges of Cλ,µ inside the box.�is implies that

disjoint boxes are good or bad independently of each other.

For n ≥ 1 we inductively de�ne that an n-stage box is good if the following three
conditions hold:

(E) At least Cn of the (n − 1)-stage boxes it contains are good.

(F) �e maximum weight (n − 1)-dominant vertex in one of its good (n − 1)-
stage boxes has weight at least un. Call this vertex n-dominant. (A vertex
can be dominant for multiple stages.)

(G) All (n − 1)-dominant vertices in the good (n − 1)-stage boxes are connected
to the n-dominant vertex by an edge in Cλ,µ.

N

N

Figure 10: Sketch of the renormalization in Proposition 5.15 for d = 2.

De�ne En(v), Fn(v) andGn(v) to be the events that respectively (E), (F) and (G)
hold for the n-stage box containing the vertex v. Denote by Ln(v) the event that the
n-stage box containing v is good, i.e., Ln(v) = En(v)∩ Fn(v)∩Gn(v). To simplify
notation we write En ∶= En(0), Fn ∶= Fn(0),Gn ∶= Gn(0), and Ln ∶= Ln(0).
On the event that Ln occurs, we can construct a graph by the following proce-

dure:
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1. Start with the set of all 0-dominant vertices inside the n-stage box containing
v.

2. For all i ∈ {0, . . . , n − 1}, connect each i-dominant vertex v to the (i + 1)-
dominant vertex inside the (i + 1)-stage box that contains v (unless this cre-
ates a self-loop).

We de�ne the sequence mk and obtain a bound:

mn ∶=
n
∏
k=1

Dk ≥ D
ζn−1
ζ−1
1 . (5.17)

We claim that the constructed connected component of the n-dominant vertex in
the n-stage box of v is a tree that satis�es the conditions given in De�nition 3.5.
Since (5.14) holds, the event Lk implies that the intersection of the site-percolated
SFP con�guration and the cube [0,mk − 1]d contains a tree with at least

n
∏
k=1

Ck =
n
∏
k=1

akDd
k ≥ ρmd

n

vertices, which veri�es Condition (1) of De�nition 3.5.We obtain Condition (2) for

someK > 0 because the box-sizemn aswell as the number of vertices in [0,mn − 1]d
both grow double exponentially fast in n. Conditions (3) and (4) follow straight-
forwardly from the construction. We therefore conclude that Proposition 5.15(1)

follows if we show that

P(Lcn) ≤ 3 exp(−ρ
n
∏
k=1

Dξ
k) , (5.18)

and that Proposition 5.15(2) follows if we show that

P(
∞

⋂
n=1

Ln) > 0.

�e events Ln are positively correlated, hence it is su�cient for assertion (2) of the
theorem that∏∞

n=1P(Ln) > 0, which follows from (5.18). It thus remains to prove
(5.18).

We bound

P(Lcn) ≤ P(Ec
n)+P(Fc

n ∣ En)+P(Gc
n ∣ En ∩ Fn), (5.19)
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and analyze the terms separately.

We start with proving two bounds on P(Fc
n ∣ En). By conditioning on En we

obtain a lower bound on the sum of the cluster sizes in the good (n− 1)-stage boxes
as∏n

k=1 Ck ≥ ∏n
k=1 akD

d
k . Using Lemma 5.3 with K1 = 1,K2 = un, the de�nition of

un yields that

P(Fc
n ∣ En) ≤ exp(−u−(τ−1)

n
n
∏
k=1

akDd
k) = exp(−

n
∏
k=1

akDξ′
k ) . (5.20)

Similarly, the conditioning on En gives that there are at leastCn vertices withweight

at least un−1. Using Lemma 5.3 with K1 = un−1,K2 = un, the de�nition of un yields
that

P(Fc
n ∣ En) ≤ exp

⎛
⎝
−anDd

n (D
−

d−ξ′
τ−1

n )
τ−1⎞

⎠
= exp (−anDξ′

n ) . (5.21)

Note that it is not a-priori clear which of these two bounds is better, since this may

depend on the choice of D1, n, τ, ξ′ and the sequence (ak).�erefore we use both
bounds.

We move on to P(Gc
n ∣ En ∩ Fn). For n ≥ 2 de�ne

βn ∶= unun−1
n
∏
k=1

D−α
k . (5.22)

Since Dn = ⌈Dζ
n−1⌉ by de�nition, it follows that

Dn−1 ≥ ( 1
2
Dn)

1/ζ
.

Substituting the values of un,un−1, ζ , and (5.16) gives

βn

βn−1
= un
un−2

D−α
n = D−α+ d−ξ′

τ−1
n D

d−ξ′
τ−1
n−1 ≥ ( 1

2
)
1/ζ

D−α+ d−ξ′
τ−1

n (D
(α+ξ′)(τ−1)−(d−ξ)

d−ξ′
n )

d−ξ′
τ−1

=( 1
2
)
1/ζ

D−α+ d−ξ′
τ−1

n Dα+ξ′− d−ξ′
τ−1

n = ( 1
2
)
1/ζ

Dξ′
n .

It follows that for some c > 0,

βn ≥ c ( 1
2
)
(n−1)/ζ n

∏
k=1

Dξ′
k .
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�e distance between two (n − 1)-dominant vertices in the same n-stage box is
at most d∏n

k=1 Dk .�ere are at most Dd
n good (n − 1)-dominant vertices (having

weight at least un−1). Recalling (5.22), by the union bound and the conditioning on
En and Fn, we thus obtain that

P(Gc
n ∣ En ∩ Fn) ≤ Dd

n exp(−λd−αunun−1
n
∏
k=1

D−α
k )

= Dd
n exp (−λd−αβn) (5.23)

≤ exp(d log(Dn)− cλd−α ( 1
2
)
(n−1)/ζ n

∏
k=1

Dξ′
k ) .

SinceDn grows double exponentially fast and ξ′ > ξ > 0, we obtain for n su�ciently
large (larger than n0, say), that

P(Gc
n ∣ En ∩ Fn) ≤ exp(−

n
∏
k=1

Dξ
k) . (5.24)

We move on to P(Ec
n). All (n − 1)-stage boxes are good independently of each

other with probability P(Ln−1). Let X ∼ Bin(Dd
n ,P(Ln−1)).�en,

P(Ec
n) = P(X < Cn) = P(X < anDd

n).

As in (5.9), we apply Cherno� ’s bound and obtain

P(Ec
n) ≤ exp(−

(P(Ln−1)− an)2

2P(Ln−1)
Dd

n) ,

whenever 0 <an < P(Ln−1). We now choose

an ∶= P(Ln−1)(1−
√
2D−d/2

n
n
∏
k=1

Dξ′/2
k ) . (5.25)

We will show below that an > 0 for all n ≥ 1 and that∏∞
n=1 an > 0, as required by

(5.14). Assuming these inequalities we have

P(Ec
n) ≤ exp(−P(Ln−1)

n
∏
k=1

Dξ′
k ) , (5.26)
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so that using P(Ln−1) > an > ρ, ξ′ > ξ, (5.20), and (5.24) yields

P(Lcn) ≤ exp(−P(Ln−1)
n
∏
k=1

Dξ′
k )+ exp(−

n
∏
k=1

ak
n
∏
k=1

Dξ′
k )+ exp(−

n
∏
k=1

Dξ
k)

≤ 3 exp(−
n
∏
k=1

ak
n
∏
k=1

Dξ
k) , (5.27)

which gives the desired bound (5.18). For later reference we note that if instead we

apply (5.19), (5.21), and (5.24), then we obtain for n su�ciently large

P(Lcn) ≤ exp(−P(Ln−1)
n
∏
k=1

Dξ′
k )+ exp (−anDξ′

n )+ exp(−
n
∏
k=1

Dξ
k) . (5.28)

All that remains is to show that an > 0 for all n ≥ 1 and that∏∞
n=1 an > 0. For pos-

itivity of an, it is by (5.25) su�cient to show that for some b > 0 and D1 su�ciently
large

D−d/2
n

n
∏
k=1

Dξ′/2
k < 1

2
√
2
D−bζn
1 . (5.29)

Since ξ′ > 0, ζ > 1,∏n
k=1 Dk ≤ (Dn+1/D1)1/(ζ−1) and Dn+1 = ⌈Dζ

n⌉ ≤ 2Dζ
n by (5.16),

we obtain

D−d
n

n
∏
k=1

Dξ′
k ≤ D−d

n (Dn+1

D1
)

ξ′/(ζ−1)
= D−d

n

⎛
⎜
⎝

⌈Dζ
n⌉

D1

⎞
⎟
⎠

ξ′/(ζ−1)

≤ ( 2
D1

)
ξ′/(ζ−1)

D
−d+ ξ′ ζ

(ζ−1)
n .

We show that

−d + ξ′ ζ
ζ − 1 < 0.

By de�nition ξ′ < d
2
(τ + 2−

√
(τ + 2)2 − 4(2− γ)). So we derive, a�er rearranging

terms and dividing by
√
d, that

− 1√
d

ξ′ +
√
d
2

(τ + 2) >
√
d
2

√
(τ + 2)2 − 4(2− γ).
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Squaring and substituting γ = α(τ − 1)/d yield

1

d
ξ′2 − ξ′(τ + 2)+ 2d − α(τ − 1) > 0,

so that a�er rearranging

1

d
(d − ξ′)2 > (α + ξ′)(τ − 1)− (d − ξ′).

Hence, we obtain the result a�er dividing by (d − ξ′) and, using (5.15), substituting
ζ :

1− ξ′

d
> 1

ζ
,

which can be inverted to give

−d + ξ′ ζ
ζ − 1 < 0.

Hence, there exists a constant b > 0 such that, when we choose D1 su�ciently large,

D−d/2
n

n
∏
k=1

Dξ′/2
k < 1

2
√
2
D−bζ

n .

By (5.16) we have Dn ≥ Dζn−1
1 , so (5.29) follows, and we may conclude that an > 0.

Observe that ∏∞
k=1 ak > 0 if and only if ∏∞

k=1P(Lk) > 0, since an approaches
P(Ln) double exponentially fast. Moreover, combining (5.25) and (5.29) gives

an ≥
1

2
P(Ln−1),

so that, using (5.28), we can bound

P(Lcn) ≤ exp(−P(Ln−1)
n
∏
k=1

Dξ′
k )+ exp(− 1

2
P(Ln−1)Dξ′

n )+ exp(−
n
∏
k=1

Dξ
k) .

(5.30)

De�ne the sequence

`n ∶= 1− (n + 1)−3/2,
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and observe that

∞

∏
n=1

`n > 0. (5.31)

For any �xed n1 > n0, we can �nd λ0 > 0 and µ0 < 1 such that P(Ln1) ≥ `n1 ,

because Ln1 depends only on the weights and edges inside a �nite box. Since Dk
grows double exponentially fast, we further bound (5.30) for all n > n1 by

P(Lcn) ≤ exp(−(1− 1√
2
)

n
∏
k=1

Dξ′
k )+ exp(− 1

2
(1− 1√

2
)Dξ′

n )+ exp(−
n
∏
k=1

Dξ
k)

≤ (n + 1)−3/2 = 1− `n. (5.32)

We thus choose n1 so large that the last bound in (5.32) holds. Using (5.31), (5.32)
and P(Ln) > 0 for all n, yields that

∞

∏
n=1

P(Ln) =
n1
∏
n=1

P(Ln)
∞

∏
n=n1+1

P(Ln) ≥
n1
∏
n=1

P(Ln)
∞

∏
n=n1+1

`n > 0.

Recalling that, by (5.25) and (5.29), this is equivalent to (5.14), the bound (5.27)

concludes the proof.

Observation. �e hierarchically clustered tree constructed in the proof of Propo-
sition 5.15 is by no means unique. For instance, for any n ∈ N, by Lemma 5.4, we

can take N in the renormalization so large that with high probability we have n
vertices with large enough weight in every good N-box. Labelling those vertices in
every box 1, . . . , n, and applying Proposition 5.15 for every label separately, gives n
vertex-disjoint hierarchically clustered trees. Note that we have to take N larger in
this case, and thus have a lower clustering density.

Moreover, the proof of Lemma 5.15 �nds the hierarchical structure on a sequence

of boxes ([0,mn]d)n, which in the limit gives rise to an in�nite hierarchical struc-
ture on the �rst quadrant. We can obtain such structures on the entire lattice by

shi�ing the boxes into a symmetric position, and then carrying out the same argu-

ment.

To prove �eorem 3.6 we need extend the above claims from the speci�c se-

quence {mn}∞n=1 to all (su�ciently large) m ∈ N. �is extension is the content

of the next lemma. A�er this lemma we extend the claim to hold for all λ > 0 and
weights following a power-law given by (5.2).
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Lemma 5.16. Consider SFP on Zd with d ≥ 1, γ < 2, and weight distribution that
satis�es (5.3). Independently of this, perform i.i.d. Bernoulli site percolation on the
vertices ofZd , colouring a vertex “green” with probability µ ∈ (0, 1]. Denote by Sm,λ,µ
the SFP-realization induced by the green vertices in the box [0,m − 1]d . We call this
the site-percolated SFP.
�en there exist a density ρ ∈ (0, 1] and constants µ1 < 1, λ2 > 0, and K′,m0 ∈ N,

such that for m ≥ m0, and parameters λ ≥ λ2, µ ≥ µ1, the probability that Sm,λ,µ
with parameters contains a (0,m, ρ,K′)-hierarchically clustered tree inside the box
[0,m − 1]d is bounded from below by

1− 3 exp (−ρmξ) ,

whenever ξ < min ( d(2−γ)
τ+1 ,

d
2
(τ + 2−

√
(τ + 2)2 − 4(2− γ))).

Proof. Let the constants µ1, λ1, ξ′,K, the sequences {Dk},{uk},{Ck} and {mk} be
as in Proposition 5.15, and ζ as in (5.15). Assume µ ≥ µ1, λ ≥ λ1, and let m be large
enough (how large precisely will be determined in several steps). We de�ne

n = sup{i ∶ mi ≤ m}, and k = ⌊ m
mn

⌋ , (5.33)

both depending onm, and note that n →∞ asm →∞. Partition the box [0, kmn]d
into kd boxes of side-length mn. We call these the n-boxes. Let v∗ be the vertex in
[0, kmn]d with maximum weight.
We use the same de�nition of good boxes and dominant vertices as in the proof

of Proposition 5.15. So in particular, an n-box is good if its n-dominant vertex has
weight at least un = m(d−ξ′)/(τ−1)

n . We de�ne E to be the event that at least 1
2
kd

n-boxes are good, F the event thatWv∗ ≥ (kmn)(d−ξ′)/(τ−1), and G the event that
every good n-box’s n-dominant vertex is connected by an open edge to v∗. Let
L = E ∩ F ∩G.
Observe that the event L implies that there exists a (0,m, ρ,K)-hierarchically

clustered tree. Properties (1), (3) and (4) ofDe�nition 3.5 readily follow fromPropo-

sition 5.15. For Property (2), we observe that, for any n ∈ N, the diameter of the

constructed tree, a�er connecting the separate trees via v∗, only increases by 2 in
comparison to Proposition 5.15. Hence there exists K′ > 0, such that Property (2)
is satis�ed. We bound

P(Lc) ≤ P(Ec)+P(Fc ∣ E)+P(Gc ∣ E ∩ F), (5.34)
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and analyze the three summands term by term.

By our assumption (5.3), all (kmn)d vertices haveweight at least 1. By Lemma 5.3,

P (Fc ∣ E) ≤ exp(−(kmn)ξ). (5.35)

�e `1-distance between two vertices in [0, kmn]d is bounded above by dkmn,

and the number of n-dominant vertices is at most kd .�erefore,

P(Gc ∣ E ∩ F) ≤ kd exp(−λd−αm2
d−ξ′
τ−1 −α

n k
d−ξ′
τ−1 −α) . (5.36)

We claim that

m2
d−ξ′
τ−1 −α

n k
d−ξ′
τ−1 −α ≥ c (kmn)ξ′

, for some constant c > 0. (5.37)

Indeed, by our choice of n and k in (5.33),Dn+1 = ⌈Dζ
n⌉ < Dζ

n + 1, andmn =∏n
k=1 Dk

by their de�nitions in (5.16) and (5.17), we have

k
mζ−1

n
≤ Dn+1

mζ−1
n

≤ Dζ
n + 1

Dζ−1
n ∏n−1

k=1 D
ζ−1
k

= Dn

mζ−1
n−1

+
n
∏
k=1

D1−ζ
k .

Iterating this gives

k
mζ−1

n
≤ Dn+1

mζ−1
n

≤ Dn

mζ−1
n−1

+
n
∏
k=1

D1−ζ
k

≤ Dn−1

mζ−1
n−2

+
n−1
∏
k=1

D1−ζ
k +

n
∏
k=1

D1−ζ
k ≤ ⋯ ≤ D1 +

n
∑
k=1

⎛
⎝

k
∏
l=1

Dl
⎞
⎠

1−ζ

.

Recall that by (5.15) ζ > 1, and by (5.16)∏k
l=1 Dl ≥ (1/D1)Dζ k/(ζ−1)

1 , so

k
mζ−1

n
≤ D1 +

n
∑
k=1

⎛
⎝

k
∏
l=1

Dl
⎞
⎠

1−ζ

≤ D1 +
∞

∑
k=1

⎛
⎝

k
∏
l=1

Dl
⎞
⎠

1−ζ

≤ D1 +
∞

∑
k=1

D−ζ k
1 <∞.

Hence, we can further estimate for some c′ > 0

k ≤ c′m−1+ζ
n = c′m

−1+
d−ξ′

(α+ξ′)(τ−1)−(d−ξ′)
n = c′m

−1+
d−ξ′
τ−1 (α+ξ′− d−ξ′

τ−1 )
−1

n ,
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so that

kα+ξ′− d−ξ′
τ−1 ≤ c′α+ξ′− d−ξ′

τ−1 m
−(α+ξ′− d−ξ′

τ−1 )+
d−ξ′
τ−1

n ,

and �nally

c′
d−ξ′
τ−1 −ξ′−α(kmn)ξ′ ≤ m2

d−ξ′
τ−1 −α

n k
d−ξ′
τ−1 −α

,

from which (5.37) follows. Consequently, by (5.36),

P(Gc ∣ E ∩ F) ≤ kd exp(−λd−αc′
d−ξ′
τ−1 −ξ′−α(kmn)ξ′) ≤ exp (−(kmn)ξ) , (5.38)

where we choose λ su�ciently large for the second bound (this determines the
value of λ2).
It remains to bound P(Ec). By Proposition 5.15, there exists ρ > 0, such that

for n large, n-boxes are good independently of each other with probability at least
1 − exp(−ρmξ

n). Let X ∼ Bin(kd , 1 − exp ( − ρmξ
n)). Writing out the binomial dis-

tribution, using (nk) ≤ nk and 1 − exp(−x) ≤ 1, further bounding the sum by its
maximum and the number of terms, we obtain

P(Ec) = P(X < 1
2
kd) =

⌊ 1
2
kd⌋

∑
l=0

(k
d

l
) exp (−ρmξ

n)
kd−l

(1− exp (−ρmξ
n))

l

≤ ( 1
2
kd + 1) k

1

2
dkd
exp(− 1

2
ρkdmξ

n)

= exp(log( 1
2
kd + 1)+ 1

2
dkd log(k)− ρ

2
kdmξ

n) .

For any ε with 0 < ε < d − ξ, we can take m large enough so that (using kd−ξ ≥ 1)

P(Ec) ≤ exp(− ρ
21+ε (kmn)ξ) . (5.39)

Combining (5.34), (5.35), (5.38), and (5.39) gives that for m su�ciently large,

P(Skmn contains a (0, kmn,
ρ
2
,K)-hierarchically clustered tree)

≥ 1− 3 exp(− ρ
21+ε (kmn)ξ) .
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From the construction it follows that

1

2
≤ kmn

m
≤ 1,

so that for m large

P(Sm contains a (0,m,
ρ
2d+1

,K′)-hierarchically clustered tree)

≥ P(Skmn contains a (0, kmn,
ρ
2
,K′)-hierarchically clustered tree)

≥ 1− 3 exp(− ρ
21+ε

mξ

2ξ ) ≥ 1− exp(− ρ
2d+1

mξ) ,

which �nishes the proof.

�e last step is to extend the claim to hold for all λ > 0 and weights following a
power-law given by (5.2).

Proof of�eorem 3.6. Recall that we consider SFP models with 1 < γ < 2 and any
λ > 0, and that in this setting, λc = 0 [14]. Let µ1 and λ1 be the values that we obtain
from Lemma 5.16. To apply Lemma 5.16, we partition Zd into N-boxes. In every
N-box we only consider the vertex with maximumweight and call it the dominant
vertex. Choose β large enough, using Lemma 5.6, such that two N-boxes that are
k-boxes apart, with dominant vertices u1 and u2 having weight at least βNα/2, are

connected by an open edge between u1 and u2 with probability at least

P(λ1 ,W′′)({v1, v2} is open),

for v1, v2 ∈ Zd such that ∣v1 − v2∣ = k and weights W ′′ with law given by (5.2).

De�ne the N-boxes that contain a vertex with weight at least βNα/2 to be the good

boxes. Choose N large enough so that the probability that an N-box is good is
larger than µ1 using Lemma 5.4.�us, the status of the edges between dominant
vertices in goodN-boxes in the SFPmodel with parameters α, λ andweight-lawW
stochastically dominates an SFP model on Zd with parameters α, λ1 and weight-
law W ′′ combined with a site percolation of intensity µ1, exactly as described in
Lemma 5.16. Let K′ and ρ′ be the constants we obtain from Lemma 5.16. Observe
that

⌊mN ⌋N
m

≥ 1
2
.

�en the assertions of�eorem 3.6 follows if we set K = K′ and ρ = ρ′
2dNd .



A
S IMULAT ION CODE

�e following Python-code was used to create Figure 3. It is straightforward from

this code to create the other simulations as well.

# Name: Poissonian graph process: Scale-Free Percolation

# Purpose: Thesis Scale-free percolation

# Author: Joost Jorritsma

# Created: 09-2016

import networkx as nx

import matplotlib.pyplot as plt

from matplotlib.backends.backend_pdf import PdfPages

import numpy

import random

import math

###########CONFIGURATION OF PARAMETERS#################

alpha = 2

tau = 1.8

gridsize = 40

times = numpy.arange(1, step=0.01)

#######################################################

filename = ’SFP ’ + str(gridsize) + ’ ; alpha= ’ + str(alpha) + ’ tau= ’ + str(tau) + ’

lambda ser i e s ’

filename = filename.replace( ’ . ’, ’ , ’) + ’ . pdf ’

class ScaleFreePercolation(nx.Graph):

"""

Creates a subgraph of a Scale-free Percolation Model on a grid.

Vertices have i.i.d. weights according to a pareto random variable.

Vertices are connected conditionally on the weights independently after Exp(W_xW_y

/|x-y|^\alpha)

"""

def __init__(self, gridsize, alpha, tau):

nx.Graph.__init__(self)

self.gridsize = gridsize

self.alpha = alpha

self.tau = tau
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self.positions = {}

def create_graph(self):

self.add_vertices()

self.add_edges()

def weight(self):

r = random.random()

w = (1 - r ** (-1 / self.tau))

return w

def add_vertices(self):

for x in range(1, self.gridsize + 1):

for y in range(1, self.gridsize + 1):

xpos = x

ypos = y

self.add_node((xpos, ypos), weight=self.weight())

self.positions[(xpos, ypos)] = (xpos, ypos)

def create_edge_opening(self, u, v):

’’’

Creates exponentially distributed opening time for an edge with parameter

W_uW_v/|x-y|^\alpha

’’’

w_u = self.node[u][ ’ weight ’]

w_v = self.node[v][ ’ weight ’]

t = random.expovariate(w_u * w_v / (self.dist(u, v) ** self.alpha))

return t

def add_edges(self):

’’’

Creates all edges and adds an exponential time as attribute

’’’

nodes_todo = self.nodes()[:]

while len(nodes_todo) > 0:

u = nodes_todo.pop()

for v in nodes_todo:

self.add_edge(u, v, time=self.create_edge_opening(u, v))

def create_graph(self):

self.add_vertices()

self.add_edges()

def dist(self, u, v):

’’’

# l1-distance between two vertices u and v

’’’

diff = numpy.subtract(self.positions[u], self.positions[v])

return abs(diff[0]) + abs(diff[1])

def draw(self, time=0, node_size=10):
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’’’

Draws all open edges of the graph at a certain time

’’’

to_draw = [e for e in G.edges(data=True) if e[2][ ’ time ’] < time]

node_sizes = [node_size * v[1][ ’ weight ’] ** 0.5 for v in G.nodes(data=True)]

nx.draw_networkx_nodes(self, self.positions, node_size=node_sizes, node_shape= ’

o ’)

nx.draw_networkx_edges(self, self.positions, edgelist=to_draw, edge_color= ’b ’)

G = ScaleFreePercolation(gridsize, alpha, tau)

G.create_graph()

pp = PdfPages(filename)

for t in times:

print( ’Draw graph at time ’ + str(t))

G.draw(time=t)

plt.axis( ’ equal ’)

plt.axis( ’ o f f ’)

plt.savefig(pp, format= ’ pdf ’, bbox_inches= ’ t i ght ’)

plt.figure()

pp.close()
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