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a b s t r a c t 

Decentralized control design is commonly applied to design controllers for multi-variable control appli- 

cations. The success of decentralized control design methodologies hinges on the quality of decoupling 

of the system. The aim of this paper is to develop a decoupling procedure that applies to multi-variable 

systems and only requires a frequency response function of the system. The proposed method builds on 

recent tensor decomposition methods. The potential of the method is shown both in a simulation and 

using experimental data. When applied on noisy data and on real-life systems, which are not possible to 

be exactly decoupled, the proposed method typically performs better compared to eigen-decomposition 

based method. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Control system design typically requires a model of the system.

he modeling effort depends on the particular control design ap-

roach and on the required model accuracy, and often constitute

he largest effort in the entire design [1] . In many cases the sys-

em model can be derived based on physical knowledge about the

ystem. However, there are quite often situations when it is not

asy to obtain a precise mathematical model in such way. Even in

ases when model equations are available, very often the exact pa-

ameter values for the real system are not known. System identi-

cation is often used by engineering practitioners in such real-life

ituations. 

As in the case of control engineering design, initially linear sys-

ems were used for many practical identification problems and the

esults are obtained by processing them mostly in time domain,

ee Ljung [2] , Söderström and Stoica [3] . Recently, methods based

n frequency domain are also becoming widespread as found in

intelon and Schoukens [4] , Pintelon et al. [5] due to their ad-

antages with respect to noise, plant operating in closed loop, but

lso because they permit in a very structural way to give an early
� This paper was recommended for publication by Associate Editor Dr. Marcel 

rancois Heertjes. 
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stimate about the level of the system non-linearity compared to

he linear system dynamics. The main concept is known the Best

inear Approximation (BLA), which is the linear dynamics approx-

mating best the nonlinear system output in mean square error

ense. 

Deriving models, which are applicable for control engineers

n practice, imposes additional constraints on the type of useful

odels. Presently, many industrial controllers are still single-input

ingle-output. Reasons include: 

• they are easily understood and tuned using manual loop-

shaping; 

• the tuning can be based on non-parametric frequency response

functions, which are often inexpensive and accurate; 

• they allow for manual on-site fine tuning. 

Such decentralized controllers achieve optimal performance if

he system is decoupled i.e., the interaction between loops is re-

oved. If the decoupling is not perfect, then interaction may lead

o performance degradation or even closed-loop instability. Sev-

ral approaches to decouple systems have been developed, see,

.g., Owens [6] , Mees [7] , Maciejowski [8] , MacFarlane and Kou-

aritakis [9] . Furthermore, the success of model-based control de-

igns also depends on successful decoupling, see, e.g., van Herpen

t al. [10] . The ability to decouple a mechanical system depends

n the actuator and sensor locations and orientations, the num-

er of (dominant) modes and the alignment of mode shapes with

he sensor and actuator matrices. High performance motion sys-

ems are often designed light and stiff, with the aim to move flex-
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ible mode behavior to frequencies above the intended closed loop

bandwidth. Often, motion systems behave as a rigid body at low

frequencies. 

For several classes of systems, e.g., motion systems, frequency

response functions are often used to identify systems, since these

are fast, inexpensive, and accurate. Identifying a MIMO paramet-

ric model in the form of rational transfer functions, or state-space

models can be the next step, which is researched in the area of

system identification. However, the identification of MIMO para-

metric models is significantly more challenging compared to the

non-parametric identification, especially if a large number of in-

puts and outputs are considered, see Oomen et al. [11] . There-

fore there is a motivation to use the frequency response in a non-

parametric way and the most intuitive and mature approaches for

this are valid for SISO case as in Vaes et al. [12] , Steinbuch et al.

[13] . 

Recently tensor methods have attracted attention with their in-

herent advantages to handle multi-dimensional data, as shown in

De Lathauwer [14] , 15 ], Kolda and Bader [16] , De Lathauwer et al.

[17] . Numerical tools have also been developed, which enable the

application of these methods on practical data, see Andersson and

Bro [18] . Although many techniques have been developed to de-

couple systems, the use of recent tensor-based methods seems un-

explored. The main aim of this paper is to develop such a decou-

pling method that explores the advantages of tensor-based meth-

ods and experimentally validate these on a mechatronic system.

Related results have been presented by Stoev et al. [19] . The pro-

posed methodology is implemented on two applications, involving

a vibration control problem and a motion control problem. 

First, the active vibration isolation system (AVIS) benchmark

Voorhoeve et al. [20] is used, which provides a good publicly avail-

able data. The purpose of AVIS is to isolate a payload with respect

to exogenous disturbances. The aim of this benchmark is to com-

pare different black box, linear time invariant identification tech-

niques to model complex industrial systems. The main idea is that

an industrial high-tech system automatically provides practically

relevant requirements for identification algorithms. The presented

benchmark system is complex in the sense of high order, lightly

damped flexible dynamics with a significant dimension in terms of

inputs and outputs. The proposed benchmark is based on a me-

chanical system that has applications in motion and vibration con-

trol. In the near future the requirements for motion and vibration

control will become much tighter. To meet these future demands,

it is envisaged that active control of flexible dynamics is required,

including the use of additional actuators and sensors and inferen-

tial control. This implies that the current trend is that the number

of inputs and outputs is likely to increase, as well as the order of

the relevant flexible dynamics. 

In the second application we demonstrate the practical useful-

ness of the approach for motion control using the test-setup de-

signed to perform experiments on the wing located in the wind

tunnel. The Active Aeroelastic Test Bench (AATB), as described in

more details by Ertveldt et al. [21] , is designed for the study of

low subsonic unsteady aerodynamics through forced motion exper-

iments of rigid wings in pitch and plunge. The use of state-of-the-

art electric linear actuators allow for arbitrary motion in both the

pitch and plunge degrees of freedom. 

Structure of the paper: We first explain what is the state of the

art in industry related in this domain and why decoupling is rel-

evant for the practical control engineering applications. We then

give some background related to the tensors and tensor decom-

position and explain the core result of this paper how the MIMO

FRF can be interpreted as a tensor and simultaneously diagonal-

ized, followed by a simple simulation example. Finally we apply

the method to two experimental sets - AVIS and AATB. 
. Industrial state of the art 

The industrial state-of-the-art control of motion systems is

ummarized as follows. By appropriate system design, most sys-

ems are either decoupled or can be decoupled using static input-

utput transformations. Hence, most motion systems and their

otion software architecture use SISO control design method and

olutions. The feedback controller is typically designed using fre-

uency domain techniques, in particular manual loop-shaping. A

ypical motion controller has a PID structure, with a low pass at

igh frequencies and one or two notch filters to compensate flexi-

le dynamics. In addition to the feedback controller, a feed-forward

ontroller is often implemented with acceleration, velocity, and

riction feed-forward for the reference signal. 

The first necessary step to perform any design of a controller

s to obtain some knowledge regarding the system dynamics. In

he case that the motion system has already been realized, sys-

em identification is an inexpensive, fast, and accurate approach

o model motion systems. In particular, the first step typically

nvolves a frequency response function (FRF) identification using

oise signals, single sine, swept sine, or multi-sine excitation. For a

eneral overview of such methods, see Pintelon and Schoukens [4] ,

nd for applications to motion systems, see, e.g., Voorhoeve et al.

20] . 

Once an FRF is available, the controller K can be designed di-

ectly based on the FRF data. First, manual loop-shaping for SISO

ystems is investigated. The key idea of loop-shaping is the modi-

cation of the controller such that the open-loop is made accord-

ng to specifications. In MIMO systems, it is much less trivial to

pply loop-shaping. The stability is determined by the closed-loop

olynomial, det (I + L (s )) , and the characteristic loci can be used

or this graphically. The characteristic loci are the eigenvalues of

he FRF L ( j ω) of the open-loop transfer function matrix L ( s ). The

haping of these eigenvalue loci is not straightforward if the plant

as large off-diagonal elements (interaction). In that case, a single

lement of the controller will affect more eigenvalue loci. This may

ead to many design iterations and lost of intuition. In the work of

osenbrock [22] it is shown that up to some extent, when the open

oop is diagonally dominant, one can allow plant interaction and

till use FRF-based loop-shaping design techniques. Many classical

IMO control design methods aim at decoupling the open loop

unction at some location in the feedback loop, e.g. at the plant in-

ut and/or plant output. The strong non-intuitive aspect of MIMO

oop-shaping, and the fact that SISO loop-shaping is used often, is

 major roadblock in application of modern design tools in indus-

rial motion systems. For that reason, a step-by-step approach is

sed, in which design complexity is only increased if justified by

he problem at hand: 

1. interaction analysis, 

2. decoupling transformations, 

3. independent feedback control design, 

4. sequential feedback control design, 

5. norm based control design. 

All steps, except for the last, can be performed with a non-

arametric model of the plant, i.e., an identified FRF. The norm-

ased control design requires a parametric model of the plant. A

urther description and motivation of these steps is provided in

23] . 

The main goal of the interaction analysis is to identify two sided

nteractions in the plant dynamics. If there is no two sided interac-

ion, then feedback design becomes a standard multi-loop SISO de-

ign problem. Two relevant measures of plant interaction include

kogestad and Postlethwaite [24] , Bristol [25] : 

• Relative Gain Array (RGA) per frequency, and 
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Fig. 1. SVD and rank-2 approximation as in Eq. (1) . 
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Fig. 2. CPD and rank-2 approximation of 3-dimensional tensor, corresponding to 

Eq. (2) . 
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• structured singular value of interaction as multiplicative output

uncertainty. 

To reduce interaction, one may redefine the input and output

f the plant using a decoupling transformation . For motion systems

ost transformations are found on the basis of kinematic models.

erein, combinations of the actuators are defined so that actua-

or variables act in independent (orthogonal) directions at the cen-

er of gravity. Similarly, combinations of the sensors are defined so

hat each translation and rotation of the center of gravity can be

easured independently. Thus, this basically amounts to the inver-

ion of a kinematic model of the plant. In certain situations, it may

e desirable to decouple the plant at other frequencies, or to use a

ynamic decoupling. 

The most widespread decoupling method is the procedure by

acFarlane and Kouvaritakis [9] . It uses the fact that if W is a ma-

rix such that G ∗ W = W ∗ �, where the columns of W are the

igen-vectors of A and � is a diagonal matrix with A ’s eigenval-

es on the main diagonal, then G = W �W 

−1 . The ALIGN procedure

hen can be used to provide a real solution approximating W and

 

−1 , as discussed by Maciejowski [8 , pp. 145–148] and Edmunds

nd Kouvaritakis [26 , pp. 787–796]. The main problem is that only

he information of the FRF-matrix at one frequency is taken into

ccount. In general, the eigen-vectors depend strongly on the fre-

uency. The alternative procedure by Steinbuch et al. [13] using

wo frequency points also has the issue of a proper selection of

he decoupling points. 

. Tensor decomposition 

In the following sections, the basic notions that are used in this

aper are defined. Further details and a more rigorous presentation

f tensors and their applications can be found in, e.g., De Lath-

uwer [15] , Cichocki et al. [27] , Comon [28] . We start with some

nalogies with matrices, which are a special case of tensors. 

Singular Value Decomposition (SVD) can be used to write a ma-

rix M ∈ R n ×m 

as the sum of rank one matrices: 

 = 

r ∑ 

i =1 

s i u i v T i + E, 

 = U�V 

T + E, (1) 

hen the error E is small in certain metric sense, this gives a com-

ressed representation for the matrix M (using (m + n ) r parameters

nstead of mn ). The error E = 0 in (1) if r = min (m, n ) . Such low

ank matrix approximations are widely applied, the most popular

an be obtained by SVD decomposition, using the r largest singu-

ar values and their related vectors, which corresponds to a mini-

ization of E using a Frobenius norm || A || F � 

√ 

A 

∗A , as shown by

ckart and Young [29] . An example of a rank 2 decomposition of a

atrix is shown in Fig. 1 . 

Tensors can be regarded as high dimensional generalizations of

atrices and (low order) tensor decomposition are a generalization

f some corresponding matrix decomposition. Although many ten-

or problems are computationally very difficult, as noted by Hillar
nd Lim [30] , de Silva and Lim [31] , several natural sub-classes of

ensor decomposition can be obtained in reasonable time using the

xisting and newly developed tools. 

efinition 1 (Outer product of vectors) . Let the vectors u, v be of

imension M, N respectively. Their outer product u � v , is defined

s a matrix A of dimension M × N , where A i j = u i u j . 

emark 1. In terms of linear algebra 

 � v = uv T = 

⎡ 

⎣ 

u 1 v 1 · · · u 1 v N 
. . . 

. . . 
. . . 

u M 

v 1 · · · u M 

v N 

⎤ 

⎦ . 

emark 2. The vector u can be interpreted as an order = 1 tensor

ith dimension M , and the vector v as an order = 1 tensor with

imension N . The result u � v is an order = 2 tensor with dimen-

ion ( M, N ). 

efinition 2 (Outer product of tensors) . Given a tensor A of order

 with dimensions (i 1 , . . . , i q ) , and a tensor B of order r with di-

ensions ( j 1 , . . . , j r ) , their outer product c is of order q + r with

imensions (k 1 , . . . , k q + r ) which are the i dimensions followed

y the j dimensions. ( A � B ) (i 1 , ... ,i q , j 1 , ... , j r ) = A (i 1 , ... ,i q ) 
B ( j 1 , ... , j r ) . The

uter product for general tensors is also called the tensor product. 

efinition 3 (Rank-one tensor) . Let a, b and c be non-zero vectors,

hen a � b ≡ ab 

T is a rank-one matrix and a � b � c is defined to

e a rank-one tensor. 

efinition 4 (Canonical polyadic decomposition) . The polyadic de-

omposition (PD) approximates a tensor with a sum of R rank-one

ensors. If the number of rank-1 terms R is minimal, the decom-

osition is called canonical (CPD) [32–34] . Let T be a tensor of di-

ensions I 1 × I 2 × ���I N , and let U 

( n ) be matrices of size I n × R

nd U 

(n ) 
r the r-th column of U 

(n ) = [ U 

(n ) 
1 

, U 

(n ) 
2 

, . . . , U 

(n ) 
R 

] , then 

 ≈
R ∑ 

r=1 

U 

(1) 
r � U 

(2) 
r � · · · � U 

(N) 
r . 

CPD may be regarded as a SVD generalization, and has found

pplication in statistics, signal processing, psycho-metrics, linguis-

ics and chemo-metrics, etc. CPD was introduced by Hitchcock

35] and later rediscovered several times by Carroll and Chang

36] , Harshman [37] . For this reason, the tensor rank decompo-

ition is historically also referred to as PARAFAC or CANDECOMP.

nother decomposition, which is also similar to SVD, was intro-

uced by Kroonenberg [38] , it was later referred to as Multi-linear

VD/HOSVD by Lathauwer et al. [39] . 

In particular, similar to (1) and Fig. 1 , a 3-dimensional tensor

an be decomposed as a sum of rank-1 components, as shown on

ig. 2 and (2) . The computation of CPD typically minimizes the

robenius tensor norm error || E || F . 
| E || F � 

√ ∑ 

j 1 , j 2 , ... , j n 

E 2 j 1 , j 2 , ... , j n 
, 
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Fig. 3. MIMO FRF decomposition in parallel branches. 
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T = 

∑ 

r=1 , 2 

U 

(1) 
r � U 

(2) 
r � U 

(3) 
r + E , 

T � U 

(1) ◦ U 

(2) ◦ U 

(3) + E , . (2)

The choice of the metric used to minimize the error is practi-

cally important, because selecting different metrics gives connec-

tion with the field of convex optimization, as shown by Tomioka

et al. [40] , 41] . 

Contrary to singular value decomposition (SVD) in the matrix

case, no orthogonality constraints are imposed on the matrices U 

( n ) 

to ensure uniqueness. It is clear that one can arbitrarily permute

the different rank-1 terms. Also, the factors of a same rank-1 term

may be arbitrarily scaled, as long as their product remains the

same. CPD was proven to be unique, subject to some dimension

conditions discussed by Sidiropoulos and Bro [42] , when it is only

subject to these trivial transformations. Several Matlab toolboxes

exist to perform this computation, such as Andersson and Bro [18] ,

Sorber et al. [43] , Bader et al. [44] . 

4. MIMO frequency response decomposition 

The problem addressed in this paper is to decouple a given set

of MIMO frequency response functions (FRF). Such decoupled rep-

resentation, if existing, would permit the MIMO FRF to be written

as a linear combination of parallel SISO FRFs. The existing methods

to convert the MIMO FRF into equivalent combination of SISO FRF

basically fall into two groups. 

• matrix decomposition methods use linear algebra based on

eigen-value, or singular-value decomposition, which are able to

diagonalise the frequency response at single, or with special

modification at few frequencies. These use mature linear alge-

bra routines and can handle systems with very high number of

inputs and outputs. 

• optimisation methods formulate the problem of simultaneous

diagonalisation of the frequency response at multiple frequen-

cies as optimisation problem. This is a much more general solu-

tion. The optimisation problem which usually has to be solved

is non-convex and for computational reasons can be applied to

much smaller number of inputs and outputs. 

The proposed decoupling relates to the approach in Dreesen

et al. [45] , where a related decoupling problem of multivariable

polynomials is considered. 

In this paper it is assumed that the system is already squared

down, so it has the same number of inputs and outputs N y = N u =
N. More general results can be obtained for non-square systems

along the same lines. At each frequency ω i , i = 1 . . . N f , we have

a square matrix H(ω i ) ∈ C 

N×N with the complex response of the

system relating the inputs and the outputs. 

Definition 5 (MIMO decoupling of dyadic systems) . 

H(ω i ) = T y S(ω i ) T u + E(ω i ) , i = 1 . . . N f , 

S(ω i ) = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

S 1 (ω i ) 0 · · · 0 

0 S 2 (ω i ) · · ·
. . . 

. . . 
. . . 

. . . 
. . . 

0 · · · · · · S N (ω i ) 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, 
(3)

where S ( ω i ) is a diagonal matrix containing SISO FRFs S k (ω i ) ∈ C

on the main diagonal, T y ∈ R 

N×N , T u ∈ R 

N×N , E ( ω i ) is error, and we

restrict the dimension of the decoupled system to the number of

system inputs and outputs N 

1 . 

An approximate MIMO system decoupling is intuitively shown

on Fig. 3 . 
1 This may be overly restrictive, and probably can be relaxed. 

h  

a  

q

emark 3 (Decoupling using eigen-decomposition) . By definition,

he dyadic systems can be transformed into diagonal form (3) . It

as shown by MacFarlane and Kouvaritakis [9] , that if such form

xists, the diagonalizing transformation matrices can be found us-

ng the information of the FRF at one single frequency using the

rocedure based on eigen-decomposition. For relatively smooth

nd low noise data this works very well. However for noisy data,

nd for systems, which do not have the strict dyadic property, the

ecoupling depends strongly on the selected frequency. There are

uidelines in the control case for selecting the frequency close to

xpected cross-over. However the solution is still representative for

 particular MIMO FRF data for a single frequency. The situation is

ade more complicated by the fact that the dyadic property is not

uaranteed to hold globally, or even locally. Related method using

wo frequency points is given by [13] , however it still requires se-

ecting frequencies, which may not be trivial especially for noisy

ultidimensional data. 

Such decomposition is not guaranteed to exist in general even

n the ideal (noise-less) case. It may exist for some classes of sys-

ems. In motion systems for instance, the rigid-body dynamics can

ften be decoupled, i.e., for frequencies below the resonance phe-

omena such systems approximately satisfy (3) . In the experimen-

al case it may also be affected by noise and non-linearities. There-

ore in the practical cases the matrix ˆ S (ω i ) = T −1 
y H(ω i ) T 

−1 
u will not

e purely diagonal, but rather diagonally dominated , such that the

rror E ( ω i ) is small in some sense. 

The array H(ω i ) , i = 1 . . . N f of complex matrices can be repre-

ented as a 3-dimensional tensor H . The core result of this paper

s that the (perhaps approximate) decomposition (3) can be found

y rephrasing (3) as a CPD problem of Eq. (2) and Fig. 2 . This is

hown on Fig. 4 , where T y , T u , S d can be directly computed (a sin-

le Matlab function call) using CPD provided in each of the pack-

ges by Andersson and Bro [18] , Sorber et al. [43] , Bader et al. [44] .

athematically equivalent form of CPD is shown in the lower part

f Fig. 4 , where the tensor S contains the rows of matrix S d on each

f its diagonals in the third dimension, which is exactly the prob-

em of simultaneous diagonalisation, as shown by De Lathauwer

14] , 15 ], de Lathauwer et al. [46] . Therefore Fig. 4 can be com-

actly rewritten in (4) using the notation from (2) . 

 = T y ◦ T T u ◦ S T d + E (4)

The above transformation effectively diagonalises the original

requency response tensor H using two transformation matrices T y ,

 u . This operation is closely related to the SVD on a single matrix,

owever in this case the (approximate) diagonalisation occurs for

 set of matrices, each describing the MIMO FRF at different fre-

uency. 
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Fig. 4. Decomposition of 3-d tensor as denoted in (4) . 
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Fig. 5. Starting point of the decoupling procedure in the simulation case - Bode 

diagrams (Magnitude in dB). Original fully diagonal S ( ω) in (7) has no off-diagonal 

elements, which is coupled into H ( ω) in (8) , as well as H ( ω) in (8) disturbed by 

random noise. 

Fig. 6. Diagonalized SISO components from CPD3_SD routine for the simulation 

case. 
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Dealing with complex data: In our particular case the direct

pplication of a CPD procedure on the above complex data ten-

or would result in complex solutions, including complex matrices

 y ∈ C 

N×N , T u ∈ C 

N×N . This is not useful for a practical decoupling of

hysical systems and the Definition (3) requires real solutions for

he matrices T y , T u . The direct solution we use for this is to take

he imaginary and real part of the complex tensor H ∈ C 

N ×N ×N f ,

ach of them a real tensor by itself, and stack them one behind

he other in the dimension of the frequencies, thus getting an aug-

ented real-valued tensor H̆ ∈ R 

N ×N ×2 ∗N f . The application of the

PD procedure on the tensor H̆ results in T y ∈ R 

N×N , T u ∈ R 

N×N . Due

o the properties of the multiplication of a complex number and

eal numbers, these matrices diagonalise also the original complex

ensor H . More sophisticated ways to get real solutions are pre-

ented by Edmunds and Kouvaritakis [26] . 

.1. Simplified simulation example 

We present a simplified example, which is easy to understand

nd can be used to obtain reproducible results. Construct a 2 × 2

oupled MIMO system as a randomly selected mixture of two SISO

ystems. 

 y = 

[
0 . 1298 0 . 0032 

0 . 4304 0 . 5103 

]
(5) 

 u = 

[
0 . 3206 0 . 6716 

0 . 9439 0 . 0064 

]
(6) 

 = 

[
3948 

s 2 +25 . 13 s +3948 
0 

0 

3 . 948 e 05 
s 2 +251 . 3 s +3 . 948 e 05 

]
(7) 

(ω) = T y S(ω) T u , (8) 

here we apply the coupling transformation at each frequency

elected in this simplified example automatically by the Matlab

reqresp function in the range of [1, 1 e 4] rad/s. 

The resulting coupled MIMO system H is shown together with

ts original SISO components on the diagonal on Fig. 5 . Also there

e show the noisy version of H ( ω) with real and imaginary parts

isturbed at each frequency by normal random numbers with stan-

ard deviation 6 . 10 −3 . 

The application of the CPD procedure described above, and ap-

lying the cpd3_sd tool from Sorber et al. [43] on the coupled

oise-less FRFs on Fig. 5 results in two real matrices 

 y = 

[
−0 . 0063 −0 . 3180 

−1 . 0 0 0 0 −1 . 0544 

]
(9) 
o  
 u = 

[
1 . 0 0 0 0 0 . 4308 

0 . 0067 0 . 9025 

]
. (10) 

he corresponding matrices obtained from the noisy FRFs are 

 y = 

[
−0 . 0087 −0 . 2886 

−1 . 0 0 0 0 −0 . 9575 

]
(11) 

 u = 

[
1 . 0 0 0 0 0 . 4173 

0 . 0058 0 . 9088 

]
. (12) 

s we see, the matrices in the noisy, and the noise-less case are

elatively close. The corresponding diagonalized SISO components

btained from the CPD decomposition are shown on Fig. 6 . The
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Fig. 7. Simulation case starting from the coupled MIMO FRF H ( ω) in (8) , the result- 

ing practically decoupled form (13) obtained using decoupling matrices (9), (10) , 

also given is (13) with noisy decoupling matrices (11), (12) . The noise-free decou- 

pling matrices result in -300dB off-diagonal drop, which indicates very good decou- 

pling, while the noisy decoupling matrices give smaller off-diagonal drop -50dB. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8. Simulation system transfer functions (13) obtained after eigen- 

decomposition based decoupling on corresponding noisy FRF, and on original 

noise-free data. Also given for comparison is the tensor based decoupling using the 

same noisy data, which is shown also on Fig. 7 . The eigen-decomposition based 

decoupling obtained from noisy data depends strongly on the frequency where the 

decoupling was performed. 
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comparison indicates that in the noise-less case, as expected the

CPD has recovered correctly the shape and the phase of the SISO

components, but is not matching the original magnitude. This is

due to the non-uniqueness properties of the transformation, which

does not affect the decoupling. The noisy components have also

recovered the system at the low frequencies, but are still disturbed

by the noise at high frequencies, where the signal-to-noise ratio is

worse for our example low-pass system. 

To demonstrate that the procedure is useful, we first apply the

diagonalizing matrix transformation (9),(10) on the coupled noise-

less data, then apply on the same data the transformation (11),(12) .

In this way we compare how the real system will be decoupled in

ideal, and in noisy conditions. 

ˆ S (ω) = T −1 
y H(ω) T −1 

u (13)

The result is shown in Fig. 7 . We note that in the ideal case, when

using (9),(10) , the application of the linear transformation has re-

sulted in very big drop of the off-diagonal magnitudes, which indi-

cates that the procedure has worked as expected. The off-diagonal

elements are not exactly zero, but in this ideal case they are in

the range of the numerical precision of the computation. The use

of decoupling matrices (11),(12) , obtained from the system where

noise is added, gives a less-pronounced effect, but still the diag-

onal elements are recovered quite well and there is clear drop in

the off-diagonal elements for low frequencies. 

In the following we compare the results of our approach

with the results of the baseline eigen-decomposition procedure,

where the decoupling was obtained at single frequency points.

For comparison we use the original noise-free data and the same

noisy coupled FRF presented on Fig. 5 . We perform an eigen-

decomposition decoupling at each individual frequency below

20Hz of the FRF both of noisy and noise-free data. We have se-

lected the value of 20Hz based on Fig. 5 to give a better chance to

the baseline eigen-decomposition, since above this frequency the

noise levels appear to be higher than the signal and the single-

frequency baseline method performs poorly in noisy conditions,

which is shown below. We then apply the obtained set of decou-

pling matrices on the original true , noise-free system and check
ow the decoupling performs. The results are shown on Fig. 8

ompared to the decoupling we obtained on the noisy data using

he proposed tensor procedure. On Fig. 8 the eigen-decomposition

ased procedure gives very good decoupling when applied at any

requency point of the noise-free data. It results in large drop ( ≈
00 dB ) of the off-diagonal elements, which is comparable to our

oise-free tensor based results on Fig. 7 . This indicates that with

oise-free data and perfectly dyadic system (as in this case by de-

ign), there is little benefit of the proposed tensor method. How-

ver using the baseline eigen-decomposition approach on the noisy

ata results in much higher off-diagonal magnitudes, while the di-

gonal elements also show very big differences depending on the

requency point where the eigen-decomposition was applied. Thus

e clearly see on this specific example the benefits of our method

ompared to this baseline decoupling using FRF data at a single

requency - on noisy FRF data the eigen-decomposition based de-

oupling is worse in all cases and in all frequencies compared to

he tensor-based results. 

.2. Relative Gain Array (RGA) 

The RGA R ( ω) is an established tool to measure the degree of

oupling in the MIMO systems. RGA was first defined by Bristol

47] , and can be useful for establishing the best input-output pair-

ngs for use in the control of a multivariable system. The array

 ( ω) is defined as the element-by-element product of the transfer-

unction matrix H ( ω) and the transpose of the inverse of this ma-

rix at each frequency. For our system the interpretation of RGA

lots is as follows (for more details see the work of Bristol [47] ): 

• strong coupling - the magnitude of the RGA array is close to 1; 

• strong decoupling - the magnitude of the RGA array is close to

0. 

RGA for our test system H ( ω) is shown on Fig. 9 , which was ob-

ained after applying RGA at each frequency of the data on Fig. 8 .

n both ideal noise-less eigen-decomposition case, and the noisy

ensor case, the RGA values are very close in magnitude. Since in
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Fig. 9. Relative Gain Array (RGA) magnitudes (row 1,3) and phases (row 2,4) for 

the simulation system R ( ω) (line styles same as Fig. 8 ). Magnitude 1 indicates cou- 

pling, magnitude zero indicates decoupling. Tensor based decoupling provides good 

decoupling, while the legacy decoupling procedure results are less reliable. 
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Fig. 11. AVIS system Bode plot magnitudes (row 1,3) and phases (row 2,4) starting 

from almost decoupled diagonal dominated data S dec ( ω), which is artificially cou- 

pled using (14) . 
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oth cases the diagonal element magnitudes are close to 1, and

he off-diagonal elements are close to 0, they strongly indicate

he decoupled system can be regarded as two separate SISO sys-

ems. In the same time the RGA results from the baseline eigen-

ecomposition method applied on noisy data are less robust and

epend very much on the frequency at which eigen-decomposition

as performed. 

In the following we show that the same approach can be ap-

lied also to the experimental data, which have also noise and per-

aps non-linearities. 

. Experimental data 

.1. Validation on AVIS benchmark 

AVIS benchmark by [20] , shown on Fig. 10 , provides realistic ex-

erimental data from frequency response measurements on real-
Fig. 10. Photograph of the experimental AVIS setup. 
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B  
ife system . The goal of the AVIS is to isolate the payload with re-

pect to exogenous disturbances. The system consists of two main

arts, i.e., a movable payload and a chassis that is connected to

he floor. The payload and chassis are connected by four isolating

odules. On the one hand, these isolating modules provide pas-

ive damping through a pneumatic air-mount. On the other hand,

he isolated modules are equipped with Lorentz motors and geo-

hones that enable active vibration isolation. Specifically, the iso-

ation modules are each equipped with two motors, leading to

ight actuators in total. In addition, three out of four modules are

quipped with two geo-phones each that construct measurements

f the velocity, leading to six sensors. The system can not be ex-

ctly decoupled due to the flexible dynamics it contains, but it has

een transformed using other methods to a form with a dominat-

ng diagonal entries in certain frequency range i.e., the rigid-body

ode, which is a -1 slope here (due to absolute velocity sensors).

n the following we present results for a particular 2 × 2 subsys-

em with dominating diagonal entries in a frequency range of pre-

ominant rigid body behaviour, as shown on Fig. 11 . Similar results

an be obtained also for the larger MIMO data. This data is used

s a realistic start of the almost-decoupled system and to demon-

trate our method we couple it by applying the linear transform

 coupled (ω) = 

[
1 0 . 1 

0 . 05 1 

]
S dec (ω) . 

[
1 0 . 07 

0 . 03 1 

]
(14)

e have thus obtained close to realistic data of a system, which

ontains noise and is not subject to full decoupling. We will show

n the following that we can obtain a reasonable estimate of the

riginal almost-decoupled system. 

Due to the non-ideal properties of the data, we have to provide

ome guidance to the CPD procedure to concentrate on particular

requency range. Due to the velocity measurements, the data also

ontains an integrator in each output, which makes low frequency

agnitudes stronger and dominating the medium ones. The rele-

ant frequency range can be targeted better by removing the inte-

rator from the data and weighting the data. One possibility is to

pply a band-pass filter on the data in frequency domain. We use a

utterworth band-pass filter of order 5 and frequency range from
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Fig. 12. Bode magnitude plot for the decoupled AVIS. Legacy eigen-decomposition 

based decoupling is compared to tensor based results and diagonal-dominated sys- 

tem. Legacy results are very good at frequencies where the decoupling was per- 

formed, but differ significantly on other frequencies. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13. Relative Gain Array (RGA) magnitudes (row 1,3) and phases (row 2,4) for 

AVIS system R ( ω) (line styles same as Fig. 12 ). Magnitude 1 indicates coupling, mag- 

nitude zero indicates decoupling. Both tensor, and legacy method provide decou- 

pling in the middle frequencies. The legacy results are less reliable at low frequen- 

cies below 1Hz. 

Fig. 14. The Active Aeroelastic Test Bench (AATB) illustrating the leading and trail- 

ing edge linear actuators and the wing. 
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a  
0.5 Hz to 60 Hz. We also remove the integrator by multiplying the

FRF with j ω at each frequency. The CPD procedure is applied (af-

ter converting the tensor to a real-form) on the resulting data and

provides a decoupling matrices T y ∈ R 

2 ×2 , T u ∈ R 

2 ×2 . 

Fig. 12 demonstrates that the static decoupling procedure using

only the two matrices T y , T u has almost recovered the S dec . This is

visible by the very good match between the tensor decoupled, and

the original decoupled FRF data. 

As in the simulation case above, we also perform a baseline

eigen-decomposition based decoupling on the same data used in

the tensor-based procedure and obtain decoupling matrices only at

the frequencies from 20 to 60Hz, which is inside the range of the

Butterworth band-pass filter above. The resulting multiple FRFs are

shown also on Fig. 12 . An important observation is, that the magni-

tudes of off-diagonal elements of each FRF obtained with the base-

line procedure demonstrate large drops at the frequency where

the decomposition was performed. This confirms that the eigen-

decomposition works very well and reaches complete decoupling,

however only at the frequency where the procedure is applied. Due

to the noise present in the coupled FRF, such decoupling does not

work so well at the neighbouring frequencies. 

On Fig. 13 we provide the RGA plot for the same data on Fig. 12 .

The result indicate clearly that only partial decoupling has been

achieved, but this is inline with the original diagonally-dominant

system. The decoupling is best at middle frequency range, where

the magnitudes of the diagonal entries are close to 1, and the

magnitudes of the off-diagonal elements are close to 0. There is

a very good match between the tensor-decoupling and the orig-

inal diagonal dominated system. On the other side, we see the

eigen-decomposition decoupling again performing very differently

depending on the frequency point, which was also observed in dif-

ferent form on Fig. 12 . 

5.2. Validation on AATB setup 

The Active Aeroelastic Test Bench (AATB) is illustrated in Fig. 14 .

The complete AATB is mounted in the 1.3 × 0.45 meter wind tun-

nel section, and provides support and actuation for a wing model
n two degrees of freedom (pitch θ and plunge x ) using two linear

otors at the leading edge (LE) and trailing edge (TE) with their

orresponding positions x LE , x TE measured using the linear motor

ncoders. The control inputs u LE , u TE can be set-points for posi-

ions, velocities or torques, depending on the configuration of the

ower drives. The goal of the aero-elastic experiments is to move

he wing according to the desired trajectory of θ and x and to

ccomplish this task, a controller needs to be designed. The ini-

ial version of the controller used is composed of two indepen-

ent SISO controller loops using the built-in PID implementation

n the power drives of the motors tracking references r LE , r TE . A

onfiguration like this is shown on Fig. 16 with T 1 = T 2 = I. The

ontrol loop is stable, but not able to reach the required perfor-

ance. Fig. 14 shows that the system is coupled and using SISO

ontrollers for each of the individual linear motors is sub-optimal.

he system incorporates nonlinear behavior due to kinematics of

he system, but also due to the friction in the linear motors and

he suspension driving the wing. This goal of this validation case

s to illustrate how the proposed procedure using static decoupling

sing the tensor method can be used to design a MIMO controllers.

The setup is active in the sense that it can inject energy into the

ero-elastic system being studied, through motion of the actuators.
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Fig. 15. AATB MIMO frequency response measurements of H ( ω) and related mea- 

sures of the nonlinear distortions and measurement noise performed according to 

Pintelon and Schoukens [4] . The results indicate strong non-linearities at low fre- 

quencies. 

Fig. 16. Decoupling applied in feedback configuration for the AATB system. 
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Fig. 17. AATB decoupled SISO components S 1 ( ω), S 2 ( ω). 
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To obtain a model of the system, a series of multisine experi-

ents is performed in closed loop, where the method used is de-

cribed in the work of Pintelon and Schoukens [48] . The results

hown on Fig. 15 give characterization of the Best Linear Approx-

mation (BLA) and the non-linearities present in the system. It is

lear that the non-linearities are very strong at low frequencies be-

ow 1Hz, which probably can be physically explained by the non-

inear friction. Therefore it is not realistic to expect and aim for

ood decoupling at low frequencies. The feedback-relevant system

ynamics is above 5Hz. 

In the following we use the previously described tensor-based

ecoupling to design a MIMO controller for the system. The pro-

osed controller structure is shown on Fig. 16 , where the matrices

 1 = T −1 
y and T 2 = T −1 

u and T y and T u were defined in (3) . The de-

oupling procedure described and demonstrated above is applied

n the data shown on Fig. 15 . As in the AVIS case, we first re-

ove the integrators from the FRFs and pre-filter the data in fre-

uency domain to give priority to the frequency band of interest.

n this case we use a Butterworth filter of order 4 and band-pass

and from 3 Hz to 50 Hz. The frequency range was selected in

his case based on the observation, that the level of non-linearities

isible on Fig. 15 below 3 Hz is relatively high, and these cannot

e expected to be decoupled by the considered static matrices. In
he same time we are mostly interested in good decoupling in the

robable bandwidth area, which we expect to be below 50Hz. 

The resulting SISO components of FRF response are shown

n Fig. 17 , where the decoupling matrices have values T y =
−0 . 5736 0 . 7993 

0 . 8192 0 . 6010 

]
, T u = 

[
0 . 5639 −0 . 8258 

0 . 7934 0 . 6088 

]
. 

It is also relevant to compare on this data-set how the ten-

or method compares with the existing baseline single-frequency

igen-decomposition based tools. For this purpose we have se-

ected the same frequency band 3 Hz and 50 Hz, which we used

or the band-pass Butterworth filter of order 4 in the tensor based

ecomposition. At each of the frequencies available in this range

e have performed eigen-decomposition based decoupling of the

RF. Then, keeping in mind that this is experimental data and we

o not have the real plant, as was the case in the simulation ex-

mple on Fig. 8 , we have used the resulting decoupling matrices on

xperimental FRF measurements. The result is shown on Fig. 18 . 

As a measure of interaction we provide again the RGA for the

ystem before and after the decoupling on Fig. 19 . The results in-

icate the high sensitivity of the baseline method to noise in the

RF measurements. Thus picking a proper frequency in the base-

ine method is an important task taking into account also that real

easurements have noise and nonlinear distortions, which will af-

ect significantly the baseline method. 

The SISO components on Fig. 17 can be used to identify lin-

ar parametric models and from there a rich variety of control

ethods can be applied. In this particular case our goal is just

o demonstrate the basic idea about the tensor based decoupling

ethod and we adopt an approach to design SISO controllers for

ach of the components using directly the non-parametric FRF

ata. For SISO systems this is possible to be done in the simple

ase manually using for example the tool by Bruijnen et al. [49] .

he resulting SISO controllers were chosen to be of PID type and

re conservatively targeted at bandwidth > 15 Hz , phase margin >

0 °, gain margin > 10 dB , output sensitivity peak < 3 dB . The cor-

esponding SISO open loops are shown on Fig. 20 . The resulting

IMO closed loop corresponding to Fig. 16 is shown on Fig. 21 . 

The low level of off-diagonal elements indicates that there will

e relatively small interaction between r LE and x TE on one side, and

 and x on the other. 
TE LE 
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Fig. 18. Bode plot with magnitudes for the decoupled AATB. Proposed tensor-based 

decoupling of AATB system is compared to the baseline eigen-decomposition based 

decoupling calculated at multiple frequencies. Legacy results are better at frequen- 

cies where the decoupling was performed, but differ significantly on other frequen- 

cies. 

Fig. 19. AATB Relative Gain Array (RGA) R ( ω) magnitudes (row 1,3) and phases 

(row 2,4) for the coupled H ( ω) and the decoupled S ( ω) system (line styles same as 

Fig. 18 ). As expected from Fig. 15 , decoupling is not perfect at low frequencies due 

to the non-linearities. The baseline eigen-decomposition decoupling are not consis- 

tent at low frequencies. 

 

 

 

 

 

 

 

Fig. 20. AATB open SISO loops including the PID controllers PID 1 ( ω) S 1 ( ω) and 

PID 2 ( ω) S 2 ( ω). 

Fig. 21. AATB closed loop from r LE , r TE to x LE , x TE , where peak off-diagonal values 

are correspondingly −12 . 6 dB and −11 . 4 dB. 
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6. Conclusion 

We present results demonstrating an application for the ten-

sor decomposition for the design of a static decoupling of a MIMO

system. The results in this paper are obtained on a non-parametric

frequency domain model of the plant and indicate that the pro-

cedure is more robust that the baseline eigen-value based decou-

pling, which is using the FRF at single frequency. In particular the

advantages of this method with respect to some of the existing
ethods can be found when the FRF data available is disturbed

y noise. Our results indicate the benefit to tune the decoupling

atrices taking into account a wider frequency range. We demon-

trate that such results can be obtained using off-the-shelf numer-

cal tools provided by the modern freely available tensor libraries. 

Further work may involve improvements on the pre-filtering

rocedures, extensions to non-square systems, and further exper-

mental demonstration and comparison with classical approaches.

t is also possible to apply the same approach to design ILC feed-

orward controllers. 
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