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Abstract

Planar Near field Acoustical Holography (PNAH) is going to be used as a contact-
less vibration detection method. Back grounds, challenges and possible new so-
lutions has been presented according to acoustical properties of working environ-
ment. Based on a model for vibration modes of a finite square plate, the governing
pressure field will be achieved above the surface. The pressure field is used for
backtracking from pressure to normal surface velocity again. The difference be-
tween the original assumed velocity field and the backtracked velocity for different
cut off frequencies and the trend of this error for different vibration frequencies will
be studied.
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Summary

In this report, in the first chapter, after definition of the problem and giving an
overview to it, basic concepts in sound radiation will be presented. First chapter
will be finished by introducing Rayleigh’s first integral formula as the key to direct
problem (generating pressure field from given normal velocity of a vibrating plate)
and also inverse problem.

In the second chapter, acoustical properties of working environment will be inves-
tigated and based on the results, challenging points regarding to PNAH will be
mentioned. Solutions for these challenges will be researched in literatures and pos-
sible new ideas as solutions will be presented which should be noticed for future
works.

In the last chapter, a baffled plate with pre-defined normal velocity will be con-
sidered for generating pressure field from normal velocity and the generated data
will be used to solve the inverse problem and backtrack from pressure to veloc-
ity. Errors will be calculated and physical concepts and details will be noticed to
gain more information about the presented method and possible challenges which
should be solved and optimized for real situation.
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Chapter 1

Introduction

In this chapter, a definition of the problem and some possible solutions are men-
tioned briefly. The best solution has been selected and basic concepts related to the
physical phenomenon used to solve the problem has been presented to provide a
deep grasp for next chapters.

1.1 Twinscan stages and contact-less vibration detection

Challenging specifications such as overlay, focus and throughput are crucial factors
in achieving optimized twinscan stages for future developments to be successful in
competitive society of lithography industry. In order to gain higher throughput,
some solutions has been considered such as higher scan speed and also accelera-
tion through light-weight stages or using larger substrates( 450 [mm] instead of 300
[mm]). Working with higher accelerations, forces us to control the dynamic behav-
ior of the stage. "Balance mass" system is currently used as a solution but control-
ling dynamic behavior of a vibrating structure needs dominant eigenfrequencies
and related mode shapes as input data. Gaining these data is possible through vi-
bration measurement and detection. Contact measurements are not proper at all
regarding to light weight plates and wafers, because of imposing extra mass and
changing the original dynamic behavior. One should keep in mind that we are
speaking about micro and nano scale for displacements. Different limitations are
imposed by different contactless vibration detection methods such as focus spot di-
ameter in LDV or least possible value in measurements. These limitations guide us
to use acoustic sensors and nearfield acoustical holography that has the following
benefits which makes it superior rather than other vibration contact less measure-
ments: The accuracy of this method is high enough, the processing time is low
enough and data acquisition speed is reasonable to use the results of this detection
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Introduction

online in a control loop to optimize the performance of twinscans. Using acous-
tic sensors is dependent on the knowledge of the acoustic topology and acoustic
properties of the operational space.

The main goals in this study are studying the topology and acoustic properties of
the interior and desired working space of the machine and as a result suggesting
the best setup for hologram(s) location.

1.2 Sound radiation concepts

In order to grasp the foundations of Fourier acoustics, fundamentals of sound ra-
diation is reviewed[1, 2]. The basic equation in sound radiation is wave equation.
If p(x, y, z, t)represents an infinitesimal variation of acoustic pressure from its equi-
librium magnitude, then by assuming homogeneous fluid without viscosity, wave
equation would be:

∇2 p− 1
c2

∂2 p
∂t2 = 0 (1.1)

Euler’s equation is the second important equation in acoustics:

ρ0
∂~υ

∂t
= −~∇p (1.2)

where ~υ = u̇î + v̇ ĵ + ẇk̂, ρ0 is density of medium and c is speed of sound in the
mentioned medium.

It is beneficial to consider both equations in frequency domain which will lead us
to steady state solutions through Fourier transforms that would finally guide us to
plane wave concept. In this way Helmholtz equation will represent wave equation
in steady state as

∇2 p̄ + k2 p̄ = 0 (1.3)

where k = ω
c , ω = 2π f and p̄ is p̄(x, y, z, ω) and also Euler’s equation in frequency

domain would be:

iωρ0~υ = ~∇p (1.4)

The solution to the Helmholtz equation can be suggested as:

p(ω) = A(ω)ei(kxx+kyy+kzz) (1.5)
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Introduction

and in time domain that would be:

p(t) = Aei(kxx+kyy+kzz−ω0t) (1.6)

As this equation should satisfy Helmholtz equation, so the following relation
should be satisfied:

k2 = k2
x + k2

y + k2
z (1.7)

If one considers that variation in pressure is due to defined vibrations of a surface,
then kx and ky of propagating pressure wave obey kx,ky of the vibrating surface
in other words they are free to take any value but kz is dependent on them. The
direction of plane wave can be achieved by~k as~k = kx î + ky ĵ + kz k̂ for plane waves.

1.2.1 Propogating, Evanescent waves and Coincidence

kz defines propagation of pressure wave in z direction. In a special case that kx =
ky = 0, plane waves propagate just in z direction.

Based on above equations it is obvious that kz = ±
√

k2 − k2
x − k2

y. One can easily
understand that kz can be real(positive or negative), zero or complex. In the case
that kz is real, pressure waves are called propagating waves. These waves are also
called supersonic waves, since the velocity of wave in x, y directions is higher than
the velocity of sound in air.

When pressure waves travel parallel to (x,y) plane, two situation can be imagined
which is different from propagating waves. This situation occurs when kz is non-
real which can be zero or complex. Direction of these kind of waves is defined by
~k = kx î + ky ĵ.

When kz = 0 coincidence happens which is a special condition and is turning from
supersonic to subsonic waves.

The last kind of waves are evanescent waves. kz is complex in these kind of
waves.This concept can be seen better in k-space and with the help of radiation
circle( a circle which is defined by k2 = k2

x + k2
y).

With the above explanation and considering 1.6 without time dependency, can re-
veal the difference between propagating and evanescent waves. Using a condensed
notation, we have:

Pressure in propagating wave

ei(kxx+kyy+kzz) (1.8)

3
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Pressure in evanescent wave

e−ḱzzei(kxx+kyy) (1.9)

where ḱz =
√

k2
x + k2

y − k2.

As it can be seen, evanescent waves die out in space exponentially (in planar coor-
dinates) as z increases.

1.2.2 Rayleigh’s First Integral Formula

Finding a solution for pressure field as a function of normal velocity is called direct
problem. Rayleigh’s first integral formula is a solution provided below. It is known
that a general unknown, steady state pressure distribution p(x, y, z) in a source-free
half space, z < 0 should be expressed uniquely and completely by a sum of plane
and evanescent waves. For a general problem, where the vibrating plate is infinite
the summation leads to integrals. This constructs the back bone of angular spec-
trum which results in Rayleigh’s integrals itself. In order to use the mentioned con-
cepts in a coupled vibration/radiation problem, some crucial assumptions should
be made in solving direct problem which is defined to determine the pressure in
the half space above the vibrating plate with the given normal surface velocity at
vibrating plate:

1. p must satisfy the Helmholtz equation 1.3 for z > 0

2. ẇ(fluid particle velocity) and p must satisfy the equation 1.4

3. η(x, y) (normal velocity of plate) must equal ẇ(x, y, z) at z = 0

4. There are no sources above the plate(z > 0)

These conditions are global and each approach that tries to find pressure field from
normal velocity of surface has to obey them.

Using these assumptions, one can find pressure, at each point above the vibrating
plate by :

p(x, y, z) =
−iρ0ck

2π

∫ +∞

−∞

∫ +∞

−∞
ẇ(x́, ý, ź)

eik|−→r −−→́r |

|−→r −−→́r |
dx́dý (1.10)
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Figure 1.1: Geometric interpretation of Rayleigh’s first integral formula

1.2.3 Direct solution for direct problem of an infinite plate

In special cases that velocity field has a specific form, ignoring Rayleigh’s first
integral formula, one can find pressure distribution by four assumptions men-
tioned above. As an example, for other approaches rather than Rayleigh’s formula,
which lead to pressure field from velocity distribution, an infinite plate is consid-
ered. The details of this approach and pressure derivation can be found in [1]. We
use this example to gain more information about the studied problem since there
exist similarities in both cases. If the plate is vibrating with normal velocity of
η(x, y) = η0 cos (kxx) cos (kyy) in a standing wave mode and at a single frequency
then by considering four conditions in section 1.2.2, the pressure field becomes:
p(x, y, z) = η0ρ0ck

kz
eikzz cos kxx cos kyy which complies with equation 1.10, because it

is a special case of the general form presented above.

It is known that kz can be found from equation 1.7, also it is worthful to pay atten-
tion to the role of kz in pressure distribution in this special example which will be
explained in more details later.

1.3 Planar nearfield acoustical holography:The inverse
problem

Planar acoustical holography which has the object to solve the inverse problem
mentioned above appeared in mid 1960s. In this inverse problem, the measured
acoustic parameters (pressure and/or particle velocity) on a specific plane, which
is parallel to source and has a specific distance from it (called hologram) will be
related to source identifications. It is crucial to note that when evanescent waves
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are present, sound field should be measured very close to the sources of interest
since evanescent waves decay exponentially by increasing the distance as can be
seen from the equation 1.9. Because of this fact, nearfield acoustic holography ap-
peared in 1980. In an inverse problem, generally the following steps should be
executed[1, 2], although because of presence of error sources and in order to de-
crease the error to have more precise results, some other steps will be added which
will be discussed in the next chapter:

1. Measure the pressure p(x, y, zh)

2. Compute its angular spectrum P(kx, ky, zh)

3. Multiply by the inverse propagator that relates P with Ẇ(kx, ky, zs)(GNwhich
will be described later)

4. Compute the inverse transforms, ẇ(x, y, zs)

6



Chapter 2

Literature survey and Assessment
of the environment

In the previous chapter, the problem was defined, the best strategy between possi-
ble known strategies has been selected and conceptual basics related to the physical
phenomenon used in back scene of selected strategy has been presented.

In this chapter, acoustical properties of the working environment will be assessed
and based on the gained information, results of the literature study will be pre-
sented to achieve more practical information about possible solutions which arise
to mind.

2.1 Assessment of the environment:Anechoic or Reverber-
ant

By the first step, simplifying the twin scan stage should be done. In a simplified
model we do not consider the presence of wafer so we only have two plates. The
vibrating plate which its control is the ultimate aim of this project can be mod-
eled as a baffled square plate and the granite plate which is located above the first
baffled plate. After getting familiar with Fourier acoustics plane wave expansions
especially for baffled square plate with traveling wave and also its inverse problem
(planar near field acoustical holography) one can project acoustic field quantities.
But before taking that action the working environment should be assessed.

Having an estimation about the working environment is inevitable. The vibrating
plate is assumed as the source of sound, also the presence of granite block on top
of vibrating plate makes doubt in having anechoic or semi-anechoic situation or
having reverberant environment. Transmission loss and transmission coefficient
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of the granite plate are useful concepts that can help us in finding the properties
of the environment. Transmission coefficient is defined as the ratio of transmitted
to incident sound intensities[3]: τ = πT

πI
and also transmission loss is defined by

TL = 10log 1
τ . Depending on the excitation frequency of a plate, different regions

named by, stiffness controlled, damping controlled and mass controlled regions ex-
ist which differ in derivation of transmission loss formula. However when a panel
is acoustically excited by a diffuse sound field it has been shown that forced bend-
ing waves govern its sound transmission characteristics. By these assumptions,
the mass law equation is governing equation for prediction of transmission loss
characteristics at frequencies below the critical frequency. Critical frequency of the
structure is the primitive criteria for selecting the proper equation for governing
TL. Knowing the dimensions and mechanical properties of the granite plate, one
can calculate its critical frequency (the frequency at which bending wave velocity

in the structure equals the speed of sound in the fluid)[3]: fc = c2

2π
2
√

ρs
2
√

12(1−ν2)
Et3

where ρs is mass per unit area,E is Young’s modulus of elasticity,ν is Poisson’s ratio
and t is thickness.

Using mechanical properties provided below, one would find granite block critical
frequency as fc = 2.6551[KHz]. As the desired range of frequency to control the
vibrating plate is 150 < f < 350[Hz] , so the excitation frequency is below the
critical frequency and the equation below (mass controlled region) can be used for
calculation of TL for a finite plane:TL = 10log{1 + ( ρsω

2ρ0c cos θ)2}.

As the first approximation, we can assume that incident waves are perpendicular
to granite block surface. For the given range of frequency, one would find that
124.1450 < TL < 141.0909 or in other words 7.7787e− 15 < τ < 3.8503e− 13 . As
it is known, damping and dissipation in granite is small because of high rigidity.
Based on this assumption, and since transmission coefficient is so small, so we
can assume that approximately all the incident waves, reflect back to the enclosure
space. As a conclusion, because of high reflections of granite plate we have to face
a reverberant environment.

Table 2.1: Dimensions and mechanical properties of granite plate
Modulus of Elasticity 70e6 [Pa]

Poisson’s ratio 0.3
Density 2900 [ kg

m3 ]
Thickness 150 [mm]

Surface Dimensions 600x600 [mm2]
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2.1.1 Challenges due to NAH

As it was mentioned in the part 1.2.2, one of the assumptions is that there should
be no sources above the vibrating surface. But since the granite plate reflects ap-
proximately all the incident waves, so it can be assumed as another source which
contradicts with first assumptions in direct problem and also makes the inverse
problem invalid. So in this environment, planar acoustical holography cannot be
used solely and needs some basic changes to overcome the echoic effects of reflec-
tion(s).

2.2 Literature study

2.2.1 Dual surface acoustical holography in reverberant environments

As it was mentioned, nearfield acoustical holography has a wide use for visualiz-
ing noise sources by pressure measurements in the environments that can be called
anechoic or semi anechoic. It should be mentioned that presence of one or more
reflections and reverberation environment can highly degrade the accuracy of re-
construction. In order to solve this problem, dual surface acoustical holography is
suggested[4, 5, 6]. The basic concept in this method is that the total sound field
is constructed by superposition of outgoing waves that travel from the vibrating
plate and incoming waves that come back as reflection[4, 5]. Separating incoming
and outgoing waves is the ultimate goal in this method which is done by combin-
ing transfer functions between particle velocity at source and measured pressure at
hologram surfaces. Thus by dual surface acoustical holography, the effective ane-
choic pressure (solely the contribution from the outgoing waves) can be derived[4].{

p1 = H11v1 + H12v2

p2 = H21v1 + H22v2
⇒ p = Hv , p =

(
p1
p2

)
, v =

(
v1
v2

)
, H =

(
H11 H12
H21 H22

)
(2.1)

The matrix Hij is the transfer function between the normal particle velocity on the
source plane j and sound pressure on the hologram i.

The benefit of this method is that it can be calculated and implemented in free field
completely and then the results can be added together by superposition to solve
for reverberant field.

2.2.2 regularization methods for acoustical holography

It is well known that because of existence of strongly decaying evanescent waves,
reconstruction of the normal surface velocity by means of measured pressures near

9
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Figure 2.1: Dual surface acoustic holography

a vibrating structure is an ill-posed inverse problem. Considering the fact that
measured pressure data contains noise and the presence of exponentially decay-
ing evanescent waves (in planar coordinates) leads to exponentiallike unnecessary
amplifications in reconstructed velocity. Regularization is the current found solu-
tion that tries to solve the ill-posedness nature of this problem. The basic idea of
regularization is to set a low pass filter in k-space to eliminate the small wavelength
(high k) evanescent waves that increase the error because of noise amplification in
the inversion process[7]. Basically each filter is defined by its shape and the break
point. One should keep in mind that up to now none of the regularization meth-
ods are known as the best method because of the dependency of the characteristics
of inversion problem on the physics of the problem. Landweber iteration, stan-
dard Tikhonov procedure and improved version of it and the conjugate gradient
approach are some of robust and famous regularization methods that determine
the shape of the filter. Discrepency principle of Morozov and generalized cross val-
idation(GCV) are two procedures that determine the break point of k-space filter.
The first needs a knowledge on noise variance but the second does not.

As it can be seen in below equations, eigenvalue decompositions such as (SVD) of
the system matrix are so important, since they are able to provide us with a very
physical grasp. Although it is possible to solve some problems without eigenvalue
decomposition but it is beneficial to do that for gaining physical insight.

If we name ẇ as normal velocity of a vibrating surface and p the measured pressure
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on hologram surface, and having:

F ≡
∫∫

dx dy e−ikxxe−ikyy (2.2)

F−1 ≡
(

1
2π

)2 ∫∫
dx dy eikxxeikyy (2.3)

GN =
ρck√

k2 − kp
2

ei
√

k2−kp
2d , kp

2 = kx
2 + ky

2 (2.4)

It can be shown that F has the following properties:

FH F = IM , F−1 = FH (2.5)

The superscript H signifies conjugate transpose.

Then from the preface presented in 1.3 and suppressing the harmonic time depen-
dency the following relationship governs:

p = F−1GN Fẇ (2.6)

All these equations are exact but the fact is that in real problems and in practice, the
infinite integrals should be replaced with finite ones over the finite measurement
holograms. Also all these finite integrals should be discretized and in this way
instead of integral calculations we face matrix multiplications. Matrices are made
different with operators by an underline in notation. It should be noted that GN
is a diagonal matrix because it relates single k-space component of ẇ to the same
k-space component of p. Also it should be mentioned that since all the measure-
ments are finite, so the infinite integrals should be replaced by finite integrals and
discretized. In this way one can find:

p = Hẇ , H = F−1GF (2.7)

Taking another look to equation 2.7 reveals that it is an eigenvalue decomposition
of H, (HX = XΛ ) with eigenvalues Λ = G and orthonormal eifenfunctions X =
F−1 = FH. So G ≡ diag[λ11, λ12, ..., λij, ...]. where

λij =
ρck√

k2 − kpij
2

ei
√

k2−kpij
2d , kpij

2 = kxi
2 + kyj

2 (2.8)

It is obvious that outside the radiation circle, |λij| decreases.

11
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2.2.2.1 Tikhonov Regularization

The basic idea in Tikhonov regularization is to minimize the general Tikhonov func-
tional Jα and find optimized value for α. In order to achieve this goal first mini-
mization will be done with respect toẇ and for a fixed parameter α. The Jα is given
below:

Jα(ẇδ) = ‖Hẇδ − pδ‖2
+ α‖Lẇδ‖2

(2.9)

Once the functional Jα has been minimized, the parameter α will be considered as
variable which determines shape of the filter.

‖.‖ denotes for L2 norm and the superscript δ is used for parameters that include
errors as well as accurate values. In the equation 2.9 the second term is called the
penalty term which exists to prevent reconstructed normal velocity from growing
without bound during the minimization procedure. If L = IM the regularization
method is called normal Tikhonov technique, while considering different L leads
to improved Tikhonov method.

The solution to the equation 2.9 is ẇα,δ( which is now dependent on α) can be found
as:

ẇδ = ẇα,δ = Rα pδ, Rα = (αLH L + HH H)−1HH = (αI + HH H)−1HH

(2.10)
Rα is called regularized inverse of H. The second equality in equation 2.10 is valid
just for standard form.

The singular Value Decomposition of transfer function H can be found as:

H = UΣVH (2.11)

where U, V are left and right unitary matrices and Σ is a diagonal matrix of real
and non negative singular values. Considering the equation 2.6, unitary matrices
properties and equation 2.5 reveals the following associations:

VH ⇔ F, U ⇔ F−1, Σ2 = GHG (2.12)

2.2.3 Border padding

After the above discussions about reverberant field and regularization, another
problem still exist in the nature of applied PNAH. It is well known that acoustic
imaging method results in significant errors when aperture dimensions are smaller
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than the source area. As it can be seen, the formulas provided in the inverse prob-
lem to achieve surface normal velocity from measured pressure contain infinite in-
tegrals, which has the physical meaning that the hologram plane is infinitely large.
In application, we always face finite array of sensors which contradicts with this as-
sumption and causes some errors especially in the case that aperture size is smaller
than the original source. This limitation in the measured hologram data leads to
leakage in the k-space[8]. Several solutions can be found in the literature, SONAH
(Statistically Optimized Near field Acoustical Holography) and Patch-NAH are
some of the most well known procedures that can be found in details[9, 10]. An-
other approach is to pre-process the hologram data before taking FFT and solv-
ing the inverse problem by extending the hologram virtually and extrapolating the
measured data. In this way three approaches will be introduced from the simplest
one to the most effective one which will be used in the next chapter. It is worthful
to mention again that all these three approaches should be applied to hologram
data and before taking FFT. These procedures are illustrated in following figures
and in 1-D to have a better grasp. In all figures, the thin black line is the original
data which is only measured within the region delimited by the dotted lines and
the thick black line is the result of the procedure which should be fed to FFT[8].

2.2.3.1 Windowing and zero padding

In this procedure the original data is windowed and then zeros are added to the
left and to the right in order to avoid distortion due to the periodicity implicit in
the FFT.

2.2.3.2 Basic Border padding

The measured data is extrapolated to left and right by constant values and then the
whole extended data would be windowed. Usually Tukey window is used, since
it does not change the central part (original measured data) but gradually leads
the outer part to zero in a smooth way. The thick gray line in the figure below
represents the extended aperture which should be windowed.

2.2.3.3 Linear Predictive Border-padding (LPBP)

The basic idea behind this procedure is to make a continuous and smooth transition
between the original data and the extended hologram. This goal is fulfilled by
generating the data outside the hologram data based on original given data (thick
gray line) and then pass extended data through a window to make edges zero. In
LPBP in order to generate extended data firstly a pth order autoregressive model
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(a) (b) (c)

Figure 2.2: 2-dimensional illustration of pre-Fourier conditioning of hologram data. (a)
Zero-padding, (b) Basic Border-padding, (c) Linear Predictive Border-padding. [8]

is used by Burg method to fit to one row or column of measured hologram data
to calculate the impulse response coefficients ai. Using these coefficients and the
general form difference function for a direct form Infinite Impulse Response (IIR)
filter results in:

p̃b(xs) = −
p+1

∑
i=1

ai p̃b(xs−i) + p̃(xs) (2.13)

This procedure has been selected for using as border-padding method in next chap-
ter.

2.3 Recommendations for future work

As it was said, the granite plate has high reflective properties, so it can be assumed
that all the incident waves will be reflected back in the environment and no dissipa-
tion or transmission occurs. By this assumption, the granite plate can be viewed as
a mirror. As a conclusion, a virtual source with exactly the same dynamic behavior
of original vibrating surface can be assumed to be present with the same distance
on the other side of granite plate and the reflecting surface can be removed. This
virtual source should produce the same acoustic field at granite plate as original
source does. p1, p2 are measured pressures on two holograms and v1, v2 are normal
velocities of two source planes. d is the distance between the source and holo-
gram plane. In our model, we can assume that the distance between two hologram
planes is called d, the distance between actual sound source and first hologram is
z1 and we can call the height of granite block from source, z2 as indicated in the fig-
ure below. In this way, we have two similar sources and two hologram surfaces at
different distances. Considering the above mentioned subjects and formulas about
dual surface holography and regularization presented in section 2.2 guides us to
the following results:

14



Literature survey and Assessment of the environment

Figure 2.3: Equivalent system with virtual source

{
p

1
= H11v1 + H12v2

p
2

= H21v1 + H22v2
⇒ p = Hv p =

[
p

1
p

2

]
, v =

[
v1
v2

]
, H =

[
H11 H12
H21 H22

]

Hi,j = F−1GF , G = diag
(
λi,j
)

, λi,j =
ρck√

k2 − kpij
2

ei
√

k2−kpij
2d , kpij

2 = kxi
2 + kyj

2

Tikhonov Regularization:

Two approaches exist:

1. Using the result of standard Tikhonov regularization which says: ẇδ = ẇα,δ =[
vα,δ

1
vα,δ

2

]
= Rα pδ ⇒ pα,δ = HRα pδ and

Rα = (αLH L + HH H)−1
HH , pδ =

[
pδ

1
pδ

2

]
, and also using the results of su-

perposition method,explained in previous section, one will find:

HH H + αI =
[

H11
H H21

H

H12
H H22

H

] [
H11 H12
H21 H22

]
+ αI =

[
F−1 0

0 F−1

] [
diag(|λ1|2 + |λ3|2 + α) diag(λ1

∗λ2 + λ3
∗λ4)

diag(λ2
∗λ12 + λ4

∗λ3) diag(|λ2|2 + |λ4|2 + α)

] [
F 0
0 F

]
(

αLH L + HH H
)−1

=
[

F−1 0
0 F−1

] [
A B
C D

] [
F 0
0 F

]

A = diag

(
|λ2|2 + |λ4|2 + α

E

)
, B = −diag

(
λ1
∗λ2 + λ3

∗λ4

E

)
,
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C = −diag
(

λ2
∗λ12 + λ4

∗λ3

E

)
, D = diag

(
|λ1|2 + |λ3|2 + α

E

)

E = diag{
(
|λ1|2 + |λ3|2 + α

) (
|λ2|2 + |λ4|2 + α

)
− (λ1

∗λ2 + λ3
∗λ4) (λ2

∗λ12 + λ4
∗λ3)}

Rα =
[

F−1 0
0 F−1

] [
Aλ1

∗ + Bλ2
∗ Aλ3

∗ + Bλ4
∗

Cλ1
∗ + Dλ2

∗ Cλ3
∗ + Dλ4

∗

] [
F 0
0 F

]

HRα =
[

F−1 0
0 F−1

]
X
[

F 0
0 F

]
Where

X =
[

λ1 (Aλ1
∗ + Bλ2

∗) + λ2(Cλ1
∗ + Dλ2

∗) λ1 (Aλ3
∗ + Bλ4

∗) + λ2(Cλ3
∗ + Dλ4

∗)
λ3 (Aλ1

∗ + Bλ2
∗) + λ4(Cλ1

∗ + Dλ2
∗) λ3 (Aλ3

∗ + Bλ4
∗) + λ4(Cλ3

∗ + Dλ4
∗)

]
2. The difference between this approach and the previous one is in performing

singular value decomposition. Although it is possible to do regularization
without decomposition, as like as previous approach which leads to tremen-
dous savings in computational time, but there exist benefits in it as like as
providing physical grasp. First we will perform SVD on H matrix and also
using the symbols U ≡ FH = F−1 and VH ≡ F so we find:H = USVH,
where U and V are unitary matrices and S is a diagonal matrix with nonneg-
ative real numbers on the diagonal. Applying SVD to the result of standard

Tikhonov regularization [7] which implies that ẇδ = ẇα,δ =

[
vα,δ

1
vα,δ

2

]
= Rα pδ

and also pδ =

[
pδ

1
pδ

2

]
⇒ pα,δ = HRα pδ , where regularized inverse of H is

derived from: Rα = (αLH L + HH H)−1
HH will lead us to the solution below

for standard Tikhonov regularization ( where L=I):

Rα = Vdiag
(

Si

α + Si
2

)
UH ⇒ HRα = Udiag

(
Si

2

α + Si
2

)
UH = UQαUH where Qα = diag

(
Si

2

α + Si
2

)
As it is seen, the filter factor Qα goes to unity when α� Si

2 and goes to zero when
α� Si

2.

The break point of the k-space filter should be determined too. Based on Morozov
discrepancy principle in k-space and its results, we will find out that:∥∥∥Qα

1 pδ
∥∥∥ = σ

√
M where pδ is the k-space representation of measured pressure with

noise and σ is squared root of noise variance and lastly Qα
1 = I−Qα = diag

(
α

α+Si
2

)
.
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Numerical simulations with simple examples should be done to gain more in-
formation about the difference between these two approaches. Governing errors
should be compared and then the best procedure should be applied as regulariza-
tion part to the inverse problem. A simple filter has been used to do regularization
as explained before but the shape and the cut off frequency of the filter can be tuned
easily. One can emphasize on the fact that this simple flexible filter is regularization
and fulfils the demonstrated duties.

As just one normal velocity for sources exist, a question occurs that if it is pos-
sible to decrease the distance between two holograms to zero and have just one
hologram surface at this specific situation to overcome the echoic effects. This pos-
sibility should be examined by numerical simulations. In any case, (dual surface
holography or mono surface holography with mentioned situations) needs solving
radiation problem and its inverse in free field. This part will be presented in the
next chapter with an example.
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Chapter 3

Modeling

In previous chapters, after definition of problem and explaining sufficient basics
about fourier acoustics and clarifying direct and inverse problem of radiation, usual
error sources has been presented and solutions has been studied. Based on the
mentioned discussions, numerical simulations will be done in free field as follow-
ing and the results should apply to reverberant field with the tricks explained in
previous chapter.

3.1 Modeling plate radiation

For modeling the plate radiation, one needs normal velocity of plate. For simplicity
we consider a baffled plate which vibrates by the given velocity field in spatial
domain: {

ẇ(x, y, z) = sin( 2πx
lx

) sin(πy
ly ) 0 ≤ x, y ≤ 0.5

0 else
(3.1)

where lx, ly are lengths of plate and both equal 0.5 [m]. This velocity field has been
illustrated in the figure below.

In order to find the pressure on a surface above the baffled plate, Rayleigh’s First
Integral Formula should be solved. As we are facing a baffled plate, so the infinite
integrals reduce to finite integrals. The pressure field is calculated on a parallel
surface which is located by a certain distance from the baffled plate. A resolu-
tion of 0.01 m has been considered for pressure field. In the following figure the
constructed pressure field on a plate with z=1m distance is illustrated above the
velocity field. The plate is vibrating with a frequency of 250 Hz. The shape of the
pressure distribution is expectable regarding to the normal velocity profile.
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(a) (b)

Figure 3.1: (a) Normal velocity of sample square plate, (b) Normal velocity of baffled plate
and resulting pressure field at parallel surface with 1[m] distance.

In the figure below the pressure distribution on parallel surfaces with the baffled
vibrating plate by 5, 6, 7, 8, 9 cm distances are plotted altogether to gain a better
grasp on pressure evolution along z direction. As it can be seen the magnitude of
peak value of pressure decreases with an increase in the distance between vibrat-
ing plate and constructed pressure field. Also the two lobes in each pressure dis-
tribution regarding to each construction surface gets wider along z direction which
seems completely reasonable and logical since the evanescent waves portion in con-
structing pressure fields decreases in z direction while propagating waves portion
remains constant.

Figure 3.2: Pressure field at parallel surfaces with different distance
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3.2 Inverse problem

As explained before, in inverse problem, reconstruction of normal velocity of vi-
brating plate from given pressure field is desired. We assume that the constructed
pressure (as explained in section 3.1) is the measured data from hologram. Based
on the discussed problems that occur in PNAH and the suggested solutions which
mentioned in literature survey, filtering and border padding should be done in ad-
dition to the steps named on section 1.3. So for solving inverse problem by having
the pressure data from measured hologram apertures or solving direct problem,
the following affairs should be done:

1. Extend the hologram data by LPBP. The Tukey window has been used as the
filter that explained before in LPBP

2. Compute the angular spectrum P(kx, ky, zh) of extended hologram

3. Multiply by the inverse propagator that relates P with Ẇ(kx, ky, zs)

4. Filtering the computed Ẇ(kx, ky, zs) by a low pass filter in k domain to over-
come the amplification error in backtracking evanescent waves.

5. Compute the inverse transforms ẇ(x, y, zs)

6. Removing the data which corresponds to the extended part and just keeping
the velocity of the points that are just under the hologram.

For inverse problem we have considered the pressure field on a hologram that has
0.05[m] distance with the vibrating plate. Some of the frequencies that are impor-
tant to consider and provide us a detailed understanding of the physics behind
this vibration/radiation problem are derived below. As it can be found from ve-
locity formula, kx = 4π, ky = 2π. In frequency domain these wave numbers lead
to fx = 686, fy = 343[Hz] respectively. Another important wave number which
should be considered is the wave number in which coincidence happens. As ex-
plained before when kz = 0 or k2 = k2

x + k2
y coincidence happens. The reason that

these waves are important can be found in the section 1.2.3. As it can be seen when
kz = 0,the denominator is 0 which has no meaning in mathematics. But the physics
behind this mathematic equation says that these waves are propagating parallel to
the x− y plane and there is no decay to infinity in z direction. Although the infinity
that occurs mathematically in the construction part can lead to high errors. In this
way k = 2

√
5π which results in frequency of 767[Hz] has been found. In practice

the vibrating plate is vibrating with a frequency between 150 and 350[Hz]. Consid-
ering these important frequencies, the direct and inverse problem has been solved
for these frequencies : 250, 343, 500, 686, 767, 1000, 1500, 2000, 2500[Hz] for different
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hologram locations and dimensions. As it was explained before, there exists an
inner filter in LPBP procedure. The filter order has been set 4 for all solutions.

The location and also dimensions of the holograms are different in the following
way:

Figure 3.3: Location and dimension of hologram and vibrating part of baffled plate

The first hologram is a 1× 1[m2] surface that contains array of microphones with
resolution of 0.01 m located exactly above the vibrating surface. As it can be seen
in figure 3.3 this hologram is larger than the vibrating part of the surface and com-
pletely covers it. The pressure field will be extended with the same resolution
by LPBP to a 4× 4[m2] surface which means the pressure field matrix dimension
should be extended four times. Then all other steps mentioned above should be
executed. The real part and absolute value of reconstructed velocity field is illus-
trated in figure 3.4 for f = 250[Hz] and cut off wave number 70. As it can be seen,
the reconstructed velocity is a complex value but imaginary part is so much less
than the real part. This small magnitude of imaginary part of the velocity is part of
the error in pressure construction and also velocity reconstruction.

(a) (b) (c)

Figure 3.4: Reconstructed velocity. (a)Real part of reconstructed velocity, (b) Absolute value
of reconstructed velocity, (c) Exact velocity in x-y plane
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(a) f = 250Hz (b) f = 343Hz (c) f = 500Hz

(d) f = 686Hz (e) f = 767Hz (f) f = 1000Hz

(g) f = 1500Hz (h) f = 2000Hz (i) f = 2500Hz

Figure 3.5: Reconstructed velocity in x-y plane for different frequencies.
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The figures illustrated in 3.5 (real part of reconstructed velocity field at different
frequencies with cutoff wave number of 70) provide more insight into the quality
of the method. One should keep in mind that changing the cut off wave number
has substantial effect in the governing error and the error can change essentially by
changing the cutoff wave number. This is a qualitative comparison.

In order to calculate the error quantitatively, the following formula has been used
to have an average error in a region. The root mean squared reconstruction error
is:

100%×

√√√√ 1
MN

N

∑
n=1

M

∑
m=1

|pex (m, n)− pre(m, n)|2

|pex (m, n)|2
(3.2)

In the equation 3.2, M and N are the number of rows and columns of the desired
region that error is calculated. Taking a surface of 0.09× 0.09[m2] centered at the
first peak with resolution 0.01[m] for calculating errors and changing the cut off
wave number for this dimension and location of hologram leads to the plotted
figure below. For each frequency, the cut off wave number used in the low pass
filter (explained on step 4 of section 3.2) has changed from 18 to over 100. The same
procedure will be done for other hologram location and dimensions.

Figure 3.6: Reconstruction error for different frequencies and versus cut off wave number

The second hologram is a 0.25 × 0.25[m2] surface that contains array of micro-
phones with resolution of 0.01[m] located above the vibrating surface as illustrated
below. As it can be seen in figure this hologram is smaller than the vibrating plate
and is located exactly above it with a distance of 0.05.
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Figure 3.7: Location and dimension of hologram and vibrating part of baffled plate

(a) (b) (c)

Figure 3.8: Exact and Reconstructed velocity. (a), (b) Real part of exact velocity in 3D and
x-y plane, (c) reconstructed velocity

25



Modeling

(a) f = 250Hz (b) f = 343Hz (c) f = 500Hz

(d) f = 686Hz (e) f = 767Hz (f) f = 1000Hz

(g) f = 1500Hz (h) f = 2000Hz (i) f = 2500Hz

Figure 3.9: Reconstructed velocity in x-y plane for different frequencies.
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The pressure field will be extended with the same resolution by LPBP to a 1× 1[m2]
surface which means the pressure field matrix should be extended four times to
have same regularization filter. Solving the inverse problem leads to figure 3.8 for
frequency 250[Hz] and cutoff wave number 70.

For Qualitatively comparison of velocity fields at different frequencies and same
cut off wavenumber figure 3.9 has been illustrated.

The evolution of reconstruction error with respect to different frequencies and also
different cut off wave numbers has been illustrated below. The same region has
been selected for calculating errors.

Figure 3.10: Reconstruction error for different frequencies and versus cut off wave number

3.2.1 Discussion

In all different holograms, same trend can be found in evolution of errors with
respect to vibrating frequency increase. The error grows up by increase in the vi-
brating frequency first and then decreases. This can be explained as below:

It can be seen that the increase in error is limited up to f = 767[Hz]. In other
words from f = 250 to f = 767[Hz], the reconstruction error increases and then
by increasing the frequency, the error decreases. As it could be found from veloc-
ity field, kx = 4π, ky = 2π. If we plot the radiation circle(a circle with vibrating
wave number as radius) for different working frequencies and noticing to k-space
as illustrated in the figure below, it will become clear that depending on the work-
ing frequency, 3 different regions exist. The velocity field forces us to have a fixed
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point as working point while the radiation circle changes by change in working
frequency. Starting from low frequencies, the working point in k-space (which is
defined by kx and ky) is outside the radiation circle. In other words kx or ky is
greater than k which results in a complex kz or evanescent waves as explained in
part 1.2.1. As discussed before, presence of evanescent waves can lead to more
errors, rather than the situation that there exist just propagating waves. By increas-
ing the working frequency, the radiation circle grows more and more which has the
physical meaning that the portion of evanescent waves in constructing the pressure
field becomes less and less, so one should expect a decrease in error with increasing
the frequency which is not the case here. The reason can be explained by coinci-
dence occurrence. As explained before, when k2

x + k2
y = k2 or kz = 0, we encounter

coincidence waves. In other words, the defined point by velocity wave numbers
lies on radiation circle. This happens for f = 767[Hz] by the given kx and ky. Con-
sidering the fact that coincident waves lead to huge errors as discussed in 1.2.3,
explains the increase and decrease trend in error diagrams. While growing the vi-
brating frequency, we get more near to the situation that coincidence happens, so
the reconstruction error increases, and after passing the mentioned frequency, as
explained, and because of decrease in portion of evanescent waves, the error starts
to decrease by increasing frequency.

Also as it is seen, for low cut off frequencies,the amount of error is so large which is
not surprising for the fact that important frequencies in reconstructing the velocity,
has been filtered. But by increasing the cut off frequency which keeps important
frequencies unaltered, the error decreases dramatically. The error remains approx-
imately constant for a range of cut off wave numbers for each vibrating frequency.
But increasing the cut off wave number after a certain value does not help more
and leads to larger errors because of contribution of unimportant wave numbers.
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Figure 3.11: k-space diagram showing location of a plane wave radiating from vibrating
plate with radiation circles of three different frequencies
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Conclusion

Planar Near field Acoustical Holography (PNAH) is going to be used as a contact-
less vibration detection method. Having a robust control on vibrations which are in
micro scale needs contactless vibration detection. Acoustic imaging as a contactless
vibration detection method has been chosen.

After giving an overview to basic concepts in sound radiation, inherent problems
that occur in solving inverse problem( governing normal velocity of a vibrating sur-
face from measured pressure field on a parallel surface) has been presented. The
main problem is the presence of acoustic reflections in the environment. Based on
the literature survey and passed performed researches as background, new solu-
tions has been suggested to solve these problems which has to be examined nu-
merically and experimentally to prove their functionality.

In order to find an in depth understanding, pressure field has been governed from
a given surface velocity and then inverse problem has been solved numerically.
Reconstruction errors has been calculated and several discussions has been made
by the results and the crucial role of coincidence has been emphasized.
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Appendix A

Matlab Codes

Velocity to pressure(Rayleigh’s first integral formula code:

1 %%%%%%%%%%%%%%%%%%%%//<<08-2010>>\\%%%%%%%%%by:Milad Mokhtari%%%%%%%%
2 %
3 % Rayleigh’s First Integral Formula.
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 % Technische Universiteit Eindhoven
6 % Dynamics and Control Technology
7 % Info: m.mokhtari@student.tue.nl
8 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
9 clear all

10 close all
11 ro=1.2; %Air density
12 c=343; %Propagation speed of soundwaves in air
13 lx=0.5; %Length of vibrating square plate
14 ly=0.5; %Width of vibrating square plate
15 freq=730; %Vibrating frequency of plate
16 k=2*pi*freq/343; %Wave number for desired range of frequency
17 x=-0.75:0.01:1.25;
18 y=-0.75:0.01:1.25;
19 z=0.05;
20 A=zeros(length(x)*length(y),3);
21 j=0;
22 for m=1:length(x)
23 for n=1:length(y)
24 j=j+1;
25 F= @(x_1,y_1)1e-6.*sin(2.*pi.*x_1./lx).*sin(pi.*y_1./ly).*
26 exp(i.*k.*sqrt( (x_1-x(m)).^2+(y_1-y(n)).^2+z.^2))./
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27 sqrt( (x_1-x(m)).^2+(y_1-y(n)).^2+z.^2);
28 Q(m,n) = dblquad(F,0,lx,0,ly,1e-12)*(-i)*ro*c*k/(2*pi);
29 P(m,n)=z+abs(Q(m,n));
30 A(j,1)=x(m);
31 A(j,2)=y(n);
32 A(j,3)=P(m,n);
33 end
34 end
35 save p
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