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Abstract 

In this report we present a study in the identification of discrete-time hybrid system in 
the Piece-Wise ARX form. Piecewise ARX models consist of a number of ARX models 
and the system jumps from one to other when the conditions of the systems changes. 
The partition of the regressor space into regions where each of the models are valid 
allow to identify these both the affine submodels and the polyhedral partition of the 
domain on which each submodel is valid avoiding gridding procedures. In order to 
achieve or goal, we provide an algorithm that exploits the combined use of clustering, 
linear identification and patter recognition techniques. For the separation of points by a 
nonlinear surface in the original space of patterns, and maximizing the distance between 
separating planes in a higher dimensional space, we are able to define indefinite, 
possibly discontinuous, kernels, not necessary inner products ones, that generate highly 
nonlinear separating surfaces. Some examples show different results between different 
procedures of clustering and the comparison of the simulated responses of the identified 
models with the responses of the real system show that the obtained models are able to 
describe relevant aspects of the dynamics of the experimental setup. The validation of 
the identification and the estimation of the regions confirm the good result of each 
procedures. 
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Chapter 1 

Introduction. 

Linear system identification is becoming a nature science (Ljung 1999, Stoica, P and 
Sodestrom 1989) and there are many successful application of linear system 
identification (Zhu, 2001). Nowadays, nonlinear system identification starts attracting 
more attention. One way to model a nonlinear system is hybrid systems (models). 

In this chapter we address the problem of identifying discrete-time hybrid systems in the 
Piece-Wise Affine (PWA) form. 

Then we introduce the class of input-output models that reflects the structure of a PWA 
system. Not surprisingly those models are obtained by generalizing classical 
AutoRegressive eXogenous (ARX) models to Piecewise ARX (PW ARX) models. 
PW ARX models are obtained by partitioning the space of the regressors in a finite 
number of polyhedral regions and by considering an affine submodel on each region. 
Therefore, the identification problem can be formulated as the reconstruction of a 
possibly discontinuous PW A map with a multi-dimensional domain. 

In the past years, the Neural Network community developed algorithms to solve 
regression problems with PWA maps. Among them, one may cite Breiman's hinging 
hyperplanes (Breiman 1993) and multilayer neural networks with PWA activation 
functions (Haykin 1994). However all such algorithms focus on the estimation of a 
continuous PW A function. A key feature of PW ARX models is that the output-update 
map can be discontinuous along the boundary of the regions. This is due to the fact that 
many logic conditions can be represented through discontinuities in the state-update and 
output maps of a PW A system. Concerning the identification of PW A systems, in 
(Skeppstedt et al. 1992) an algorithm based both on adaptive and competitive learning 
for the on-line identification of PW ARX models was proposed. However, its 
performance strongly depends on the initialization and the values of many learning 
parameters whose choice is seldom perspicuous. Finally, input signals that produce 
many consecutive switchings between different dynamics, may prevent the algorithm 
from converging to sensible estimates unless a high number of datapoints is employed. 

An off-line procedure for the reconstruction of a special class of PW ARX models can 
be found in (Johansen and Foss 1995) where a gridding procedure is exploited to find 
the regions of validity of each submodel. The main limitation is that the estimated 
regions are constrained to have a rectangular shape and a good approximations of more 
general domains can be achieved only by introducing an high number of small regions. 

For reconstructing discontinuos PW A maps, first we have tried to do only with 
clustering analysis and the result obtained is wrong, as you can see in the demonstration 
below (chapter 2). 

So, the main difficulty in reconstructing discontinuos PW A maps is that estimation of 
the linear submodels cannot be separated from the problem of classifying the data, i.e., 
of assigning each datapoint to the submodel that more likely generated it. In order to 
achieve our goal, we exploit the combined use of clustering, pattern recognition and 
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linear identification techniques. The key idea of the algorithm lies in a procedure that 
reduces the problem of classifying the data to an optimal clustering problem. Optimal 
clustering is known to be computationally hard (Duda and Hart 1973), and the common 
practice is to resort to suboptimal but efficient algorithms like K-means. However, all 
the classical procedures suffer from two drawbacks: first, poor initialization allows the 
algorithms to be trapped in local minima, second, their performance may be 
compromised by the presence of outliers. We propose a "K-means"-like algorithm that 
exploits confidence measures on the points that have to be clustered in order to reduce 
the influence of outliers and poor initializations. Clustering is performed on suitably 
defined feature vectors that carry information both on the coefficients and the spatial 
localization of the submodels. This allows to distinguish between submodels that share 
the same coefficients but are defined on different regions. 

Once the data have been classified, linear regression can be used to compute the final 
submodels. Anyway, pure least squares regression is not the optimal choice since it is 
sensitive to outliers (Huber 1981) that may be present because of classification errors. In 
order to alleviate this shortcoming, we employ weighted least squares, using weights 
computed from the confidence measures on the feature vectors. Finally, in order to find 
the shape of the regions, we exploit a classical technique that is based on linear SVM 
(Vapnik, [27]) that is computationally advantageous. We exploit also a variation of this 
SVM, that consist on an implicit Lagrangian formulation (see [20] for more 
information) of the dual of a simple reformulation of the standard quadratic program of 
linearSVM. 

In Chapter 2 we explain a clustering technique and is demonstrated that for solving the 
Identification of Piecewise ARX System we need the combination of clustering, pattern 
recognition and linear identification (Chapter 3). In this last chapter we work with the 
parameters of each mini-cluster (Local Data set, IDs) and in Chapter 4 we work with 
the gains. For finishing the Identification of Piecewise ARX Systems we need to 
estimate the regions X; (Chapter 5). After this, is showed the results of one example 
(Chapter 6) and for concluding the report we make a conclusion (Chapter 7). 
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Chapter 2 

Clustering technique 

2.1 Data description and clustering 

If we have a group of samples viewed geometrically, these samples form clouds of 
points in a d-dimensional space. Suppose that we knew that these points came from a 
single normal distribution. Then the most we could learn from the data would be 
contained in the sufficient statistics: the sample mean and the sample covariance matrix. 
In essence, these statistics constitute a compact description of the data. The sample 
mean locates the center of gravity of the cloud. It can be thought of as the single point x 
that best represent all of the data in the sense of minimizing the sum of squared 
distances from x to the samples. The sample covariance matrix tell us how well the 
sample mean describes the data in terms of the amount of scatter distributed, then the 
cloud has a simple hyperellipsoidal shape, and the sample mean tends to fall in the 
region where the samples are most densely concentrated. 

Of course, if the samples are not normally distributed, these statistics can give a very 
misleading description of the data. 

Due to the goal of this work is to find subclasses, one of the best alternative is to use a 
clustering procedure. Roughly speaking, clustering procedures yield a data description 
in terms of cluster or groups of data points that possess strong internal similarities. The 
more formal procedures uses a criterion function such as the sum of squared distances 
from the clusters centers, and seek the grouping that extremizes the criterion function. 

2.2 Similarity measures. 

Once we describe the clustering problem as one of finding natural groupings in a set of 
data, we have to define also what we mean by a natural grouping. This question actually 
involves two separate issues: how should measure the similarity between samples, and 
how should evaluate a partitioning of a set of samples into clusters? 

The most obvious measure of similarity (or dissimilarity) between two samples is the 
distance between them. One way to begin a clustering investigation is to define a 
suitable distance function and compute the matrix of distances between all pairs of 
samples. If the distance is a good measure of dissimilarity, then one would expect the 
distance between samples in the same cluster to be significantly less than the distance 
between samples in the different clusters. 
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2.3 Criterion functions for clustering. 

Suppose that we have a set X of n samples x1, . .. Xn that we want to partition into exactly 
c disjoint subset X1, ••• Xc. Each subset is to represent a cluster, with samples in the same 
cluster being somehow more similar than the samples in different clusters. One way to 
make this into a well-defined problem is to define a criterion function that measure the 
clustering quality of any partition of the data. Then the problem is one of finding the 
partition that extremizes the criterion functions, postponing until later the question of 
how to find an optimal partition. 

2.4 The Sum-of Squared-Error Criterion. 

The simples and most widely used criterion function for clustering is the sum-of 
squared-error criterion. Let n; be the number of samples in X; and let m; be the mean of 
those samples, 

Then the sum of squared errors is defined by 

c 

Je = L Lllx-m; W 
i=l xexj 

This criterion function has a simple interpretation. For a given cluster X;, the mean 
vector m; is the best representative of the samples in X; in the sense that it minimizes the 
sum of squared lengths of the "error" vectors x- m;. Thus, le measures the total squared 
lengths of the error incurred in representing the n samples XJ, ... Xn by the c clusters 
centers mJ. ... , me. The value of le depends on how the sample are grouped into clusters, 
and an optimal partitioning is defined as one that minimizes le. Clustering of this type 
are often called minimum variance partitions. 

What kind of clustering problems are well suited to a sum-of-squared-error criterion?. 
Basically, le is an appropriate criterion when the clusters form essentially compact 
clouds that are rather well separated from one another. 

2.5 Iterative optimization. 

Clustering becomes a well-defined problem in discrete optimization: find those 
partitions of the set of samples that extremize the criterion function. Since the sample 
set is finited, there are only a finite number of possible partitions. Thus, in theory the 
clustering problem can always be solved by exhaustive enumeration. However, in 
practice such an approach is unthinkable for all but the simplest problems there are 
approximately en I c ways of partitioning a set of n elements into c subsets, and this 
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exponencial growth with n overwhelming. Thus, in most applications an exhaustive 
search is completely infeasible. 

The approach most frequently used in seeking optimal partitions is iterative 
optimization. The basic idea is to find some reasonable initial partition and to "move" 
samples from one group to another if such a move will improve the value of the 
criterion function. Like hill-climbing procedures in general, these approaches guarantee 
local but not global optimization. Different starting points can lead to different 
solutions, and one never knows whether or not the best solution has been found. Despite 
these limitations, the fact that the computational requirements are bearable makes this 
approach significantly. 

Let us consider the use of iterative improvement to minimize the sum-o(:.squared-error 
criterion J,, written as: 

where 

1; = Lllx-m; W 
xeX1 

and 

Suppose that a sample x currently in cluster X; is tentatively moved to Xj. Then mi 
changes to: 

A x-m . 
m*=m . + 1 

1 1 n . +l 
1 

and .lj increases to 

1/= Lllx-m/W +llx-m/W = 
xeXj 

n . = J . + _1_11 x- m . W 
1 n . +1 1 

1 

Under the assumption that n; *- 1 (singleton cluster not be destroyed), a similar 
calculation shows that m; changes to 
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x-m. m.*=m.- 1 

I I n. -1 
I 

and 1; decreases to 

1;* = 1;- nn~ 1 11 x-m; W 
I 

This equations greatly happens simplify the computation of the change in the criterion 
function. The transfer of x from X; to Xj is advantageous if the decrease in 1; is greater 
than the increase in 1j .This is that case if 

n; II A 11 2 n i II A 11 2 -- x-m; >-- x-mi 
n; -1 ni +1 

which typically happens whenever x is closer to mj than to m;. If reassignment is 
profitable, the greatest decrease in sum of squared error is obtained by selecting the 
cluster for which this equation is minimum: 

n . 
-

1-llx-m .w 
n . +1 1 

J 

This leads to the following clustering procedure: 

2.6 Procedure. 

Basic Minimum Squared Error 

6 

1. Select an initial partition of the n samples into clusters and compute 1e and the 
means mJ, ... ,mc. 

2. Select the next candidate sample x. Suppose that x is currently in X;. 

3. If n;= 1 go to Next step; otherwise compute 

i. Pi = __!L_ II x- m; W 
n. -1 

I 

4. Transfer x to Xj if /)j < p; . 
s. Update 1e, m;, and mj. 

6. If 1e has not changed inn attempts consecutively, stop; otherwise go to step 2. 
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It has been experimentally observed that this procedure is more susceptible to being 
trapped al a local minimum, and it has the further disadvantage of making the results 
depend on the order in which the candidates are selected. 

The distance measure that we have used in the programs is Euclidean distance: 

dij =( }) X;k- xik / )112 
k=J 

where Xik and Xjk are, respectively, the kth variable value of the p-dimensional 
observations for individuals i and j. This distance measure has the appealing property 
that the dij can be interpreted as physical distances between two p-dimensional points 
xl= (xu, ... ,x;p) and x/= (xj1 •••• ,Xjp) in Euclidean space. Formally this distance is also 
known as the l2 norm. 

2. 7 Examples. 

In this character we are going to explain the different programs and ideas for solve the 
clustering. 

In our first program we have used the clustering procedure of Basic Minimum Squared 
E"or. 

First of all, with the input-output of our dynamical system, the order of the system (na, 
nb) and the number of samples we obtain the sequence matrix: 

y(k), u(k) k=1 .. N (y(k) -y(k-1) ... -y(k-na) u(k-1) ... u(k-nb)) 

For example, if N=8, na=2, nb=2: 

y{l) u{l) 

y{2) u{2) y{3) -y{2) - y{l) u{2) u{l) 

y{3) u{3) y{4) -y{3) -y{2) u{3) u{2) 

y{k)= 
y{4) 

u{k)= 
u{4) 

7 
y{5) -y{4) -y{3) u{4) u{3) 

y{5) u{5) y{6) - y{5) -y{4) u{5) u(4) 

y(6) u(6) y{7) - y(6) - y(5) u(6) u(5) 

y(7) u{7) y{8) -y(7) -y{6) u(7) u{6) 

y(8) u(8) 

Our system is a dynamical system, so: 

y(k) =- aJY(k-1)- ••• - anoJ(k-na) + bJu(k-1) + ... + bnbu(k-nb) +e(k) 

7 Eduardo Millan Belsue 
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We haveN- na rows or N- nb rows if na>nb or nb>na respectively. So, the number of 
rows depends on the value of na and nb. 

Every row is seen like a point in a p-dimensional space where p=l +na+nb. 

Procedure 1: 

1. Select c different samples randomly for the initial cluster centers. 

2. Cluster the feature vector into s disjoint subset Fj. We put every points in the 
subset which is closed to its centers. These centers are chose randomly. 

3. Iterative optimization: Basic Minimum Squared E"or 

4. Put in temporal order each subset F;: 

For example: (order=2) 

In the subset F1 there are only 6 points which belongs to the same subsystem 

y(8) - y(7) -y(6) u(7) u(6) 

y(9) - y(S) -y(7) u(S) u(7) 

Subset Ft = 
y(21) - y(20) - y(19) u(20) u(19) 

y(38) - y(37) - y(36) u(37) u(36) 

y(39) - y(38) - y(37) u(38) u(37) 

y(50) - y(49) - y(48) u(49) u(48) 

s. Obtain the regressors of each subset F; and the output Y; 

6. Obtain til= [regressors ones] 

7. Identify the parameters of each subset: B; = tii\Y; 

The results obtain with this program depends on the type of dynamic system due to for 
one system we can obtain a good subsystem, thereby a good identification, but for 
another subsystem we can obtain a bad subsystem due to be trapped in a local 
minimum. 

Examples: 

System 1: 

8 

uE [-4,4], na=O, nb=l, N=lOO 

{ 

y(k) = 4u(k-1) + 0 + e(k); 

y(k) = 2u(k-1 )+ 0 + e(k); 

-4<=u(k-1)<=-1 

-1<u(k-1)<=4 
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with e(k) = 0 and the offset= 0. The result obtain is: 

10 

5 

0 

-~ ~--~--~~--~--~----~--~----~--~--~ 
-4 -3 -2 -1 0 1 2 3 4 5 

u(k-1) 

Figure 1. 

This result is good for this example due to is equal to the parameters of the real system. 

But if we change only one parameter of this system, the result obtained is wrong how 
you can see in the next picture 

9 

System 2: (change the parameter b 1 =2 7 -8) 

uE [-4,4], na=O, nb=l, N=100 

-4<=u(k-1)<=-1 
{ 

y(k) = 4u(k-1) + 0 + e(k); 

y(k) =- Bu(k-1) + 0 + e(k); -1<u(k-1)<=4 

Eduardo Millan Belsue 
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with e(k) = 0 and the offset= 0. The result obtain is: 

10 
0 

5 

0 

-5 ~0 

-10 ~/ -15 

-20 

-25 

-30 

-35 
-4 -3 -2 -1 

A (-8J and 81 = 
0 

0 
u(k-1) 

Figure 2. 

8 = (1.6672] 
2 -4.37 

0 

2 

0 
0 

~~ 

3 ' 4 

This result is wrong because the clustering makes a bad subsystem. One of the 
subsystem has been identified good but the other has points of each subsystem, so the 
identification is wrong. 

This is because clustering techniques have always been oriented to solve classification 
and pattern recognition problems. However, we have applied ourself unchanged to 
construct initial models for function approximators. Nevertheless, classification and 
function approximation problems present quite different objectives. 

It could be that the wrong solution is due to a bad initial center sample but if we draw 
first the points that we have (we only can draw if the order of the system is n=l, because 
if the order is higher is more difficult to find the center of the cluster) and we select 
approximately the center of each subsystem the result that we obtain is the same. 

Therefore, the program must be changed for obtaining a good solution. 
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Chapter 3 

Clustering linear identification and pattern recognition 

3.1 Problem statement 

A PW A map is defined by the equation 

II/ [;] if x E X, 

ftx)= (1) 

II/ [;] i[XE Xs 

where X c R0 is a bounded polyhedron, {X;Pi=I is a polyhedral partition of X, i.e. 
X;nXj= 0 for every i, j = 1, .. . ,s and u;=l X; =X, and 8; E Rn+l are parameter vectors. 

A PWA regression problem amounts reconstructing the PWA map /from a finite set of 
datapoints (x(k), y(k)) generated by the model 

y(k) = f(x(k)) + E(k) (2) 

where E(k) are Gaussian independent identically distributed random variables with zero 
mean and variance d. 

When considering dynamic models, an input/output description of a multi-input single
output PW A system, with continuous-valued inputs and outputs is provided by 
Piecewise ARX (PW ARX) models that are defined by the equation (2) where k is now 
the time index and the vector of regressors x(k) is defined as 

x(k) = [-y(k- 1) -y(k- 2) . .. - y(k- na) u(k- 1) u(k- 2) . . . u(k- nb)] (3) 

11 Eduardo Millan Belsue 
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In (3), yE Rand uE Rm represents the outputs and the inputs of the system, respective}~, 
and na, nb are the model orders. In this case, the bounded polyhedron X c R , 
n=na+m·nb is referred to as regressor set. Note that PW ARX models are a class of 
hybrid systems for which the switching law between the affine submodels is specified 
by the shape of the regions {Xdsi=l· In view of the definition of the regressor vector, it is 
clear that the identification of PW ARX systems amounts to a PW A regression problem. 

Throughout this paper we assume that N input/output data (x(k), y(k)), k = 1, ... , N, 
have been collected. 

Assumption 1. The data are generated from the PWA model (2) specified by the 
dimension n, the number of submodels s, the parameter vectors fB;P;=J and the sets X, 
{X;Pi=l· Moreover, if the PWARX structure is assumed, the true model orders arena 
andnb. 

Remark 1 If the data are generated according to Assumption! and n (na and nb for 
PW ARX models), s, X and {X;Pi=I are known, the regression (identification) problem 
amounts to solve s linear estimation problems. In fact, since the sets X; are known, the 
vectors x(k) can be classified i.e. partitioned in s sets F; according to the rule 
(x(k),y(k))E F; if x(k) E X;. Then, the i-th submodel can be estimated by using the 
datapoints in the set F;. 

The reconstruction of the map /becomes non-trivial if we do not know all the quantities 
mentioned in Remark 1. In particular, the difficulty of the problem depends on which 
quantities are assumed to be known. 

Assumption 2. The number of submodels s is given. 

The number of models depends on the number of operative conditions in which the data 
are collected. For instance, for PW ARX models, one can collect data knowing in 
advance that the systems may only switch between a normal and a faulty operating 
condition, i.e. s = 2. 

Assumption 3. In the identification of PWARX models, the orders na and nb are fixed. 
If Assumption 1 holds, na and nb are known. 

Assumption 3 is useful to discuss the property of the identified PW ARX model, 
especially when Assumption 1 holds as well. For instance, consistency properties of 
ARX models are often proved in this scenario (i.e. the true system belongs to the class 
of models considered (Ljung 1999)). However, in practice na and nb are seldom known 
and a large stream of research focused on the estimation of the sensible orders (Ljung 
1999, Soderstrom and Stoica 1989) of ARX models. Note that if na and nb are 
unknown, also the dimension n = na + nb of X is unknown. This means that neither X 
nor the partition X;, i = 1, ... , s, can be assumed as given in general. Assumption 3 will 
be used in order to focus on the peculiarities of the identification of PW ARX systems 
by avoiding the difficulties arising from the order estimation. Nevertheless, in order to 
study the identification problem in a fair scenario, the regions X; are assumed unknown. 

In PW A regression, the set X represents the region of validity of the model and can be 
assumed as given. In PWARX identification, once na and nb are chosen, it is often 
possible to specify a candidate regressor set X. In fact, the shape of X should reflect 
physical constraints on the inputs and the output of the system. In practice, it is common 
to specify constraints in terms of box-bounds on each input/output sample or on each 
input/output increment. For example, typical constraints on the output are 

iy(t)l S Ymax· or iy(t + 1)- y(t)l S Aymax (4) 
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Then, it is easy to derive from (4) the explicit representation of the bounded polyhedron 
X where the regressors lie. 

3.2 The identification algorithm 

General identification techniques for identifying discrete time hybrid system in 
piecewise affine (PWA) form were developed in Ferrari-Trecate et al. (2001,2002). In 
this paper we apply this techniques but with some variation that will be indicated. 

Based on the previous discussion, the identification problem we consider reads as 

Problem 1. Assume that the dataset S = {(x(k), y(k)), k ={ 1, ... , N}}, is generated 
according to Assumption 1 and that Assumption 2 (and 3 in the case of PWARX 
identification) holds. Estimate the partition Xi, i = 1, ... , s, and the parameter vectors 
{ ~li=l characterizing the PWA model (2). 

The main difficulty in solving Problem 1 is that the estimation of the regions Xi cannot 
be decoupled from the identification of each submodel. The algorithm we propose to 
solve Problem 1 exploits a combined use of clustering, classification and linear 
regression techniques. More in detail, it is composed of eight steps: 

1. Build small Local Data sets (LDs) from the original data. 

2. Identify a parameter vector based on each LD. 

3. Partition the parameter vectors in s clusters. Clustering the feature vectors. 

4. Classify the original data. 

5. Estimate the s submodels. 

6. Reallocate the outliers. 

7. Estimate again with the new groups of data. 

8. Estimate the partition xj, i = 1, . . ' S, by using a general classification algorithm. 

Such a procedure will be illustrated by using the following toy example. 

3.2.1 Build small Local Datasets (LDs) from the original data. 

Example 1. 

The data are generated by the PWARX system 

[1 1.5 2 2.5 OJ [-y(k-1) -y(k-2) u(k-1) u(k-2) 1{+E(k) X1E [-4, -1] 

y(k)= (5) 

[0.1 0.2 0.3 0.4 OJ [-y(k-1) -y(k-2) u(k-1) u(k-2) 1{ +E(k) X2E (-1,4J 
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where s = 2, na = 2, nb = 2, X= [-4, 4], and the input samples u(k) E Rare generated 
randomly according to the uniform distribution on X. 

The first step of the identification hinges on the observation that a PW A map is locally 
linear. Thus, small subsets of points x(k) that are close to each other are likely to belong 
to the same region X;. For each datapoint (x(j), y(j)), j = 1, ... , N, we build an LD q 
collecting (x(j), y(j)) with the c - 1 nearest neighbors (distinct datapoints (.X, y ) which 
are closer). 

Note that each LD Ci can be labeled with the point (x(j), y(J)) so defining a bijective 
map between points and LDs. Moreover it may happen that different LDs Cjt and Cj2 
contain the same points. The parameter c has to be fixed by the user and this is a "knob" 
of our algorithm that can be adjusted. Some LDs will collect only data belonging to a 
single submodel. Those LDs will be referred to as pure LDs. LDs collecting data 
generated by different submodels will be called mixed LDs. 

As it will be clear in the sequel, our procedure hinges on the property that the ratio 
between mixed and pure LDs is small. The number of mixed LDs depends both on the 
sampling schedule in the X-space and the choice of the parameter c. Concerning the 
sampling schedule, the algorithm gives good results under the implicit assumption that 
the sampling in the Xspace is "fair", i.e. that the input is persistently exciting and that 
the X-points are not all concentrated around the boundary of the sets X;. In fact, in the 
latter case it may happen that all the LDs q become mixed even if a large number of 
samples belonging to each submodel has been collected. However, we point out that the 
problem of input design for hybrid systems is quite difficult because all reachable 
modes have to be sufficiently excited. 

It can be proved that, under mild assumptions, the ratio between mixed and pure LDs 
vanishes asymptotically when the number N of input-output pairs goes to infinity. 
Consider a PW A regression problem and let Np(N) and Nmu(N) denote the number of 
pure and mixed LDs, respectively; thus, Np(N) + Nmix(N) = N. LetS be the separation set 
of the partition rxri=I. defined as 

S = { x E clX; n clXj : i :;e j, i, j = 1, ... , s} 

where cl A is the closure of the set A. 

Theorem 1. (Ferrari-Trecate,2002) For a fixed c, if the X-points x(k), k =1, ... , N, have 
been drawn independently from a probability distribution P, acting on X, and P(S) = 0, 
then almost surely. 

lim Nmix(N) I Np(N) = 0 
N---+oo 

3.2.2 Identify a parameter vector based on each LD. 

We assume that c > n so that we can identify an ARX model by using the samples 
contained in each LD. For this purpose, we adopt least squares estimation. The vector of 
coefficients rJSi estimated from the data in q is computed through the well-known 
formula 

(6) 
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xi 1 

x2 1 

XC J 

where x; are the vectors of regressors belonging to q and yq is the vector of the output 
samples in Cj. A classical result in least squares theory ensures that if Ci is a pure ill, 
the estimated parameter vectors are Gaussian random vectors with mean 8,, being r the 
index of the submodel that generated the datapoints in q. Moreover, the empirical 
covariance matrix of tPi can be computed as (Ljung 1999). 

SSR. -if 1 \'J = J ( rp, r 
c-(n+l) 

(7) 

We also introduce the scatter matrices (Duda and Hart 1973) 

Qi= L( x-mj )( x-mj l (8) 
( x,y ):Cj 

1 
mi=- LX· j=l .... ,N 

C ( x,y ):Cj 

that measure the sparsity of the X-points in the ills q . Note that the total scatter matrix 
(Qr) does not depend on how the set of samples is partitioned into cluster. It depends 
only on the total set of samples. 

Both V 1i and Q-1i are related to the confidence we should have in the fact that ~ is 
derived by using data belonging to a single submodel. In fact, the covariance of the ffSi 
based on pure ills dew.nds only on the noise level and is expected to be smaller than 
the covariance of the fPi based on mixed ills. The reason is that, in the latter case, a 
single hyperplane is fitted on datapoints generated by at least two hyperplanes: If they 
do not coincide, \tj will also take into account the model mismatch that increases the 
sum of the squared residuals SSRj . On the other hand, the confidence level on ~ should 
also depend on the sparsity of the X-points in the ill Cj. Indeed, scattered clouds of X
points are more likely to belong to different submodels than dense clouds. Therefore the 
confidence level should be also proportional to the "magnitude" of Q-1i . 

Consider now the feature vectors 9 = [(f!S(l,mll '<:/j = 1, ... ,N. Following the previous 
discussion we can approximately mode the feature vectors as the realization of 
Gaussian random vectors with mean Q and variance 
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(9) 

A scalar measure of the confidence level we assign to the point Q is then given by 

1 
w.= (10) 

1 ~( 2fl )2
n+l det( R j ) 

that is the peak of the Gaussian centered at § and with covariance Rj . 

If the data are corrupted by a small amount of noise, if c is small enough and the 
sampling schedule is "fair", a picture of the vectors Q, j = 1, ... , N, should show s 
major clusters and some isolated points, hereafter referred to as outliers. In fact, we 
observe that if two LDs . Cj1 and C·2 are pure and collect datapoints belonging to the 
same submodel, then fPJ1 and fPJ1' should be similar (in the limit case of noiseless data 
all such vectors coincide). The outliers correspond to feature vectors computed from 
mixed LDs. However, the information provided by the 8-vectors alone may be 
misleading, since it can also happen that the same vector of coefficients (}characterizes 
submodels defined on different regions. In this case the estimated 8-vectors collapse 
into a single cluster. The separation of the corresponding feature vectors is achieved 
because of the vectors mj that measure the spatial localization of the models based on 
the LDs Cj. Since the models are defined on different regions, the mj vectors will be 
different even if the coefficients fPj are not. 

3.2.2.1 Tuning the parameter c. 

The parameter c should be suitably chosen in order to obtain non-overlapping clusters 
of feature vectors and minimize, at the same time, the number of outliers. Consider the 
estimated parameter vectors tPj, if the signal to noise ratio is high, even a low c would 
produce well defined clusters in the 8-space. 

Moreover a low c means that (under the assumption of a "fair" sampling), the ratio 
between the number of mixed and non mixed LDs is low and then the number of 
outliers in the feature space is low. When the noise level is not negligible, a low c 
produces poor estimates of the parameter vectors, i.e. estimates with a high variance. 
Then, it may happen that the 8-components of different clusters of feature vectors 
become overlapping, thus preventing a good partitioning of the feature vectors. In this 
case, the natural remedy is to increase c. This fact can be noticed with this example: 

Example 2: 

{4 2} { u(k-1) 1/+ 0+ E(k) X1E {-4,-1} 

y(k)= 

-8 1] {u(k-1) 1/+ 0 +E(k) X2E (-1,4] 

the offset is 0 
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In the Figure 3, where, for the toy example, plots of the feature vectors for different 
noise levels are represented. 
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Figure 3. 

In all the experiments the parameter c was fixed equal to 6. This value is satisfactory 
when the noise variance ranges from 0.002 to 0.05 (Figure 3 (a), (b) and (c)) but should 
be increased when the noise variance is 0.2 (Figure 3 d)). 

On the other hand, if c is too large a high number of mixed ills (and then outliers in the 
feature space) will be generated. In the limit case c = N all the ills are mixed and all the 
fPi collapse in a single point, i.e. the single hyperplane fitting all the data. 
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Thus, in order to have well defined clusters, a good choice of the parameter c is always 
a trade-off between the two phenomena described above. When a validation dataset is 
available, a sensible idea would be to tune c with cross validation techniques. 

Finally, as the number N of data increases, it is sensible to choose c = c(N) growing 
moderately slow. In fact, for c .fixed and more points available, the matrices V; become 
"bigger" due to the smaller variability in the regressors. Therefore, the confidence 
measures wi computed on the basis of LDs in regions where the regressors are 
concentrated will be small, even if the corresponding LDs are pure. This means that in 
the estimation of the final submodels the well-classified points, could be downweighted 
by a small Wj. 

3.2.3 Partition the parameter vectors in s clusters: Clustering the feature 
vectors 

On the basis of the previous discussion, the next step of the algorithm is to cluster the 
feature vectors into s disjoint subsets D;. For this purpose, in principle, any clustering 
algorithm can be used but the performance of classical algorithms is often spoiled by 
the presence of outliers. Moreover, poor initialization lets many common procedures 
become trapped in local minima. In our case we can exploit the measures of the 
confidence on each vector Q in order to alleviate these shortcomings. We consider the 
clustering cost functional 

s 

J( {D;li=l,( f./1li=J) = I Ill ~j - j,lj II 2
R- 1j (11) 

i=l ~Di 

where IJ.; are the centers of the cluster D;. The goal of optimal clustering is to find the 
subsets D; and the centers IJ.; that minimize J. However, in (Selim and Ismail 1984) it is 
shown that minimizing J amounts to solving a nonconvex program for which local 
minima might exist. The usual practice is to resort to suboptimal (but computationally 
fast) algorithms at the price of possibly converging to a local minimum of J. 

The clustering technique we propose is a variation of the batch variation K-means 
algorithm by Ferrari-Trecate et al (2001, 2002). 

Algorithm 1. 

18 

1. Initialize the centers #L/0> i = 1, .. . , s, set r = 0 and compute the clusters 
D/0

> of feature vectors that minimize 

2. Update the centers by solving, for i = 1, ... , s, the linear system 

3. Compute the cluster D/'+lJ of ~-points that minimize 

J({D;l;=J,f f.l1(r+npi=J) 

Eduardo Millan Belsue 



Chapter 3: Clustering, linear identification and pattern recognition 

4. If does not possible to minimize J due to is in the minimum, then exit; 
otherwise let r = r+ 1 and go to step 2. 

The main differences between Algorithm 1 and the classical K-means are the use of the 
matrices R/ as distance measures for assi,m-ing the vectors Q to the clusters vt> and the 
formula (12) for updating the centers p.? >of the clusters. However, it is important to 
note that these modifications do not spoil the computational efficiency of K-means. 

The difference between the Algorithm 1 and the Algorithm of Ferrari-Trecate is in the 
points 2 and 3: 

Algorithm Ferrari-Trecate, only points 2 and 3: 

2. Update the centers by solving, fori= 1, .. . ,s, the linear system 

(12) 

If it holds that J ({ Dt J r i=l ,{ P.t+ lJ r i=l ) = J ({ D/ r J r i=l ,{ P.t J r i=l ) 

then set D; * = Dt J ,p./ = P.t J and exit; otherwise go to step 3 

3. Compute the cluster D/ r+l J of ~-points that minimize: 

1a vir i=l ,r P.t+n r i=l J 

If it holds that J ({ vt+l) r i=l ,{ P.t+l) r i=l ) = J ({ vt) r i=l ,{ P.t+l) r i=l ) 

then set D; * = Dt J ,p./ = p./ r+J J and exit; otherwise let r = r+ 1 and go to step2 

The condition in the step 2 it is not good at all because if we have one structure of D; 
that minimize the J, when we calculate our new J, is suppose that it will be lower and if 
we calculate the new f.J.; ( r+J J and the condition of the step 2 is true, that is mean that the 
point is an outlier due to the centers f.J.; depends on the feature vector based on pure 
LDs and if we calculate the new centers and J do not changes (condition of the step 2) it 
mean that is an outlier, but we can have others points that minimize also the value of J 
and if we stop, our cluster will be not good at all. 

What we do, in our Algorithm 1, is minimize J until obtain the minimum value. 

Moreover, as stated in the next theorem, Algorithm 1 enjoys the convergence properties 
of K-means. 

Theorem. Consider Algorithm 1. Then, the following facts hold: 

a) The sequence of values J(·, ·)generated by the algorithm is strictly decreasing; 

b) The algorithm terminates in a finite number of steps; 
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The use of the norms II· IIRj-1 in (11), (II X IIRj-J = ~xr Ri -J X ), 

allows assigning little influence to the feature vectors based on mixed LDs. Similar 
considerations justify the use of the matrices R/ in (11). Then, it is expected that the 
centers J.L; will mainly depend on the feature vectors based on pure LDs. We can exploit 
the matrices R/ also to provide a good initialization of the centers in steg 1 of 
Algorithm 1. For the initialicing we randomly assign the § vectors to s sets vr > (in a 
way so that each set collects approximatively N/s samples) and to compute the initial 
centers J.L; as the weighted means of the elements in vrl). (i.e. by using formula (12) 
with r = -1 ). If the number of feature vectors based on pure LDs is much larger than the 
number of outliers, it is expected that, because of the implicit averaging in (12), the 
centers will be barely influenced by the outliers. In practice, we noticed that this 
initialization procedure gives very good results compared to other common strategies 
like choosing the centers randomly in the set of feature vectors. 

3.2.4 Classify the original data 

By using the bijective maps between feature vectors and X-points, the original data can 
now be classified. In fact, each point § is associated with a single LD q that is labeled 
with the datapoint (x(j), y(j)). Therefore we can form disjoint subsets F;, i = 1, ... , s, of 
S according to the following rule: if§ ED;*, then (x(j), y(j)) E F;. 

3.2.5 Estimate the's' submodels 

Since the original data are now classified, it is possible to identify the final s submodels. 
More precisely the ith submodel is estimated on the basis of the datapoints collected in 
the set F;. Again one can use least squares to accomplish this task. However, one of the 
main drawbacks of least squares lies in the sensitivity of the method to outliers (Huber 
1981) that may be present due to classification errors. We can reduce the harmful effect 
of the outliers by using the confidence levels Wj. computed via (10), in the weighted 
least squares algorithm (Ljung 1999). Therefore, each vector ~ is computed as the 
minimizer of 

Iwj 11 y( i J-B/~Tr i J 1Y w 
(X( j ),y( j j:Fi 

therefore 

where Wbe the desire weightime matrix (is simetrical positive definite). 

For the Example 1, (5), we obtained the following estimates: 

( c=6, N=500, s=2, na=2, nb=2) 

• with variance error very low, cr2=0.00000 1 

etT=[0.9997 1.4993 2.ooo1 2.5001 o.oo11] 

el=[0.1 o.2oo5 o.3oo7 0.4004 o.oo13] 

(13) 
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• with variance error, cr2=0.001 

e~T=[0.9815 1.5111 2.0358 2.4833 o.o749] 

e2T= [0.1037 o.1943 o.3211 0.3983 o.oo58] 

that provide a good approximation of the PW ARX system (5). 

Another possibility, for computing the final models, is to resort to robust regression 
techniques (Huber 1981) that are less sensitive to outliers than least squares. In 
particular, when the number of outliers is a small fraction of the points in F;, robust 
regression procedures are expected to perform well even if the confidence measures Wj 

are neglected. 

So far we have obtained an estimate of each ARX submodel. 

3.2.6 Reallocate the outliers. 

When the estimate parameters, £Pi, for each subsystem has been obtained, we must do 
the reallocation of the points that actually do not belong to the subsystem where are, 
like outliers, and we must put in the correct group. So, for all points, N, and with the 
estimate parameters, £Pi, j=1, .. ,s we obtain the output for each point with all the 
estimate parameter, ifSi, j=1 , .. ,s and compare with the real output. For example, if there 
are 2 subsystems, s=2, and N points, we have two estimate parameters, £Pi>j=1,2. If the 
pointj 

[y(j) -y( j-1) ... -y(j-na) u(j-1) ... u(j-nb)] 

is in the groups = 2 and when we estimate the output with 01 and 02 as 

y i =0 * [- y( j -1) ... - y( j- na) u( j -1) ... u( j- nb) ], 

we obtain y .1 and y i 2 respectively, and if y iJ is closer to the real output y(j) 
than y i 2 ,therefore the point j must be changed to the group s = 1. It must be done for 
all N points. 

Procedure: 

For j=1: N 

Fork=1:s 

Estimate_output(k) =estimate parameters (k)*point(j) 

end 
group _closer= Compare ( estimate_output, real_output(j)) 

If group_closer -= group_belong 

Changes point j from group_belong to group_closer 

end 

end 

Finally, there are in each group the points which belong to the same subsystem. 

There are other procedure for solving this problem but is worst as you can see below. 
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First of all, it is need to construct a matrix with the estimate regressors as: 

LW j) - y( j -1) ... - y( j - na) u( j -1) ... u( j- nb)] ; j =, 1. .. ,N 

but when it is obtained this matrix it is introduced an error because when it is obtained 
the estimate output, y, is not exactly equal to the real output, y. So, for the next point 
we introduce a small error in the regressor and this error for the next points can increase 
and make a bad classification. Due to we are working off-line, we can work with the 
real values for doing the identification of the subsystems. When we are working on-line 
we have the estimate parameters of each subsystem and the estimate regions, we only 
need to classified the new values in real time. 

3.2. 7 Estimate again with the new groups of data. 

After reallocating the outliers its done the same estimation of the parameters than before 
and the result is more accurate due to not exist outliers. If already are outliers the 
identification is good because the use of a low weight for these outliers. 

3.2.8 Estimate the partition X;, i = 1, ... , s, by using a linear classification 
algorithm. 

This step is too large (section 5) and must be present after testing and verificating that 
the identification procedure is good. 
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In the next diagram it is showed the steps of this procedure: 

Form Local Dataset 
(LD)Ci 

Estimate parameters of each LDJ 

Clustering in s groups the parameters 
K-mean algorithm 

Classify the original data 

Estimation of the submodels 

Reallocate the outliers. 

Estimation of the submodels 

For the next example, we have represented in the next figures the estimate output with 
the real output for the result of the identification and validation of the identification. 
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-0.1-0.5 0.6 OJ [-y(k-1) -y(k-2) u(k-1) 1/+E(k) X1E [-4,-1] 

y(k)= 

[-0.2- 0.3 0.4 OJ [-y(k-1) -y(k-2) u(k-1) 1/ +E(k) X2E (-1,4J 

with u generate randomly and mean cero and the error E(k) with variance 0.01 

It is generated 600 dates, the first 300 points for the identification and the others 300 for 
the validation of the identification. 

Forna=2,nb=1,c=9,s=2,1V=300 

3 

2 

0 

-1 

-2 

-3 

-4 

50 100 150 200 250 300 

Figure 4. Measured output (dashed) and predicted output (solid) 

For doing the validation (simulated output), it is used points that are not be used for the 
identification. With these points and the estimate parameters, 9;, i = 1, . .. ,s it is created 
a matrix with the estimate outputs that has been obtained for each points: 

[y( j ) - Y( j -1) . . . - y( j - na ) u( j - 1 ) . . . u( j - nb ) ], j = 1, ... ,N 

where 

y i = B * [ - y( j -1 ) . . . - y( j - na ) u( j -1) . .. u( j - nb ) ] , 

The estimate parameter, B, that is used for each point is the estimate parameter that 
produce the estimate output, y i , closer to the real output, y i 
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Figure 5. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
(solid) and real parameters (dashed). c) Measured output (dashed) and simulated output 
(solid) 

And the estimate parameters obtained are: 

-0.2029 -0.1330 

... -0.3000 ... -0.4896 
Bl = 

0.4037 
82 = 

0.5764 

0.0003 0.0115 

3.3 Identification of Pick-and-Place machine. 

Another example of identification of an industrial hybrid system is the identification of 
an electronic component placement process in the pick-and-place machines (this 
example has been given by A.Lj. Juloski). 

Pick-and-place machines are used to automatically place electronic components on the 
printed circuit board (PCB), and form a key part of an automated PCB assembly line. 
The pick-and-place machine works as follows: the PCB is placed in the working area of 
the mounting head; the mounting head, carrying an electronic component, is navigated 
to the position where the component should be placed on the PCB; the component is 
placed, released, and the process is repeated with the next component. 

Control of the pick-and-place machine is a complex hierachical problem. In the sequel 
we tum our attention to the mounting heads, i.e. to the process of the component 
placement on the PCB. Assuming that the mounting head, carrying the component, is in 
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the right position above the PCB, the component is pushed down, until it comes in 
contact with the PCB, and released. PCB is not rigid, but, depending on the material, 
has certain elastic properties. The whole operation should be as fast as possible (to 
achieve maximal throughput), while satisfying technological and safety constrains (e.g. 
the exerted forces must not damage the component). For the purpose of the analysis, 
control design and simulation, models of the placement process are needed. 

During the placement process at least two different situation can be distinguished: when 
the component is not in contact with the PCB, and when there is a contact between the 
component and the PCB. There is at least one switch between these two situations. This 
motivate the search for the model in the area of hybrid system. 

The result obtain for the different values of na, nb, s and c are shown in the next 
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pictures 

Figure 6. Data set for the identification Real output (solid) Real escaled input (dashed) 

Figure 7. Data set for the validation Real output (so lid) Real escaled input (dashed) 

The influence of the value of c in the results are shown in the next figures: 

For na=2, nb=2, s=2, c= 90, N=300 
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Chapter 3: Clustering, linear identification and pattern recognition 

Figure 8. Measured output (dashed) and predicted output (solid) 
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Figure 9. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 
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For na=2, nb=l, c =80, s=2, N=300 
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Figure 10. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 

For na=2, nb=2, c =80 s=2, N=300 
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Figure 11. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 

Forna=2,nb=2,c=10 s=2,N=300 
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Figure 12. Measured output (dashed) and predicted output (solid) 
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Figure 13. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid). 
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For na=2, nb=2, c=90 s=3, N=300 
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Figure 14. Measured output (dashed) and predicted output (solid) 

25 

20 

15 

10 

5 

v j 

0 
0 50 100 150 200 250 300 

Figure 15. Measured output (dashed) and simulated output (solid) 

We do not have the real parameters of each subsystem, so the estimate step responses 
are not very useful (that is the best way to see when is better). Thereby, we compare the 
simulated output to the measured output for different values of c (figure 9, 11 and 13) 
and we see that the best result (when these output are closer) is for na=2, nb=2, c=80 for 
N=300. 

The validation (simulated output) show that our estimate parameters are good enough, 
so, the procedure of the identification is good. The result obtained depend on the 
number of data, N, the number of subsystem, s, the order, na and nb, and the number c 
of data for doing the LDs. All of these variables are fixed except c. We must adjust the 
value of c for obtaining the best result. 
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3.4 Compare the estimation of the subsystem with and without 
weight. 

In this section is compared the result obtained with and without weight in the estimation 
of the s subsystem, (13), for seeing the advantageous of using weights, (all of the 
figures above have been calculated taking into account the weight): 

na=2, nb=2, c=90 s=2, N=300 
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Figure 16. WITH WEIGHT. Measured output (dashed) and predicted output (solid) 
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Figure 17.WITHOUT WEIGHT. Measured output (dashed) and predicted output 
(solid) 
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As we can see in the figure 17, it is a little bit better the result obtained with weights 
than without weights but the difference is not too high. 

In the figures 17 and 18 it is shown the error between the model response and the 
system output for seeing better the difference: 
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Figure 18. WITH WEIGHT: Error 
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Figure 19. WITHOUT WEIGHT: Error 

As we can see, the difference is very small and we can not know which of these two 
alternatives (with or without weight) are better. In order to know which is better we 
suggest another altemati ve. 

For the example (5), where we know the real parameter, we obtain the estimate 
parameter t times, for the same input but for different error (although the variance of the 
error is equal in each case) and we calculate the mean and the standard deviation of the t 
estimate parameter obtained. 
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The test time is set in the range of 6 to 18 times the process settling time. The minimum 
length of test time is necessary for at least two reasons: 1) to average out the effect of 
unmeasured disturbance and 2) to make use of available theoretical results of 
identification which are often asymptotic in the number of data N (assuming N-7 oo). 
The test time can be short (5 to 8 times the settling time) if the number of inputs is small 
and if the signal-to-noise ratio is high. The test time should be long (14 to 18 times the 
settling time) if there are many inputs and the signal-to-noise ratio is low. Of course, if 
the process is linear and almost noise free, the test can be much shorter ( 1 to 2 times the 
settling time). 

In our example the variance of the error is 0.0001 and the number of data are 200 
points, so the number of select test is t = 15. In order to see the differences between the 
procedure taking into account the weight or not, we compare both results: 

For na=2, nb=2, c=8, s=2, N=200, t=15: 

With weight: 

0.0999 

0.2002 

E[Ol 1 = 0.2996 

0.3999 

0.0017 

Without weight: 

0.0851 

0.2618 

,E[02 1= 

E[Oj] = 0.0511 ,E£02 1 = 

0.4330 

0.4854 

Real parameters 

0.1 

0.2 

(}1 = 0.3 ' 
0.4 

0 

0.9999 0.0013 0.0004 

1.4995 0.0006 0.0020 

2.0019 ,sdt[Oj] = 0.0031 , sdt[02 1 = 0.0069 

2.5004 0.0017 0.0037 

0.0048 0.0079 0.0183 

1.0203 0.0292 0.0776 

1.4482 0.0209 0.2004 

1.9391 ,sdt[01 1 = 0.1443 , sdt[02 1 = 0.2358 

2.4187 

-0.2077 

1 

1.5 

(}2 = 2 

2.5 

0 

0.0674 0.3138 

0.3005 0.8002 

If we compare the average of each estimate parameter, E[ Oi 1, obtained by the test of 
with and without weight, with the real parameters we can see that is closer each other 
with weigh than without weight. Moreover, the deviation of the program without weigh 
is higher than with weight. 

So, we can say that is much better taking into account the weight, (13), than not taking 
into account it, (6), when we estimate the parameters. 
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3.5 Other interesting results. 

Figure 20 show the real output and the subsystem where belong for each output. (for the 
example of the chapter 3.3 of A.Lj. Juloski) 

For na=2, nb=l , c=78, s=2, N=200 

Figure 20. Real output, circles 7 subsystem 1, x-mark~ subsystem 2 

Figure 21 shows, (with the same conditions above), in which subsystem belong each 
estimate regressor. 
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Figure 21 circles 7 subsystem 1, x-mark~ subsystem 2 
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In order to demonstrate t at the procedure of clustering the feature vector, (chapter 
3.2.3), is correct it is showed in the figure 22 the result of this procedure. 

The clustering is done for feature vectors § = [( rfSil,mll V j = 1, ... ,N. Due to we are 
only able to represent points in a three-dimensional space, we can only plot three 
components of each ~. so we plot the three first of ~. 

With the same condition above: 
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Figure 22 Circles-? subsystem], x-mark -7 subsystem2 

-0.4 

As we can see, the points (feature vector) have been classified into two differentiable 
groups. 
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Clustering using the gains 

Assume that gains of each submodels are very different, then we can use model gain as 
a point in clustering. The procedure with the gain has one advantageous and is when an 
error exist, the parameters that we obtain for each small-clusters (small Local Datasets 
(LDs)) are very influence by this error but the gain is less influenced, due to is a 
combination of these parameters. 

G . = sum( bi , .. bnb ) 
' 1 +sum( a1 , ... ana) 

If we make small-clusters which contain c samples (which are closer together) for each 
sample, so, we will have N small-clusters of c samples each one. If we make the 
identification of each small-cluster and with the parameters obtained we obtain the gain 
of each small-cluster, and we work with the gain like a point. So the points (gains) 
which are closer together, the correspond sample will be also closer. When we have 
obtained the final group of points, after clustering the gains and classify, with the 
correspond samples we make the identification. 

For example: 

If N=500, c = 4, na=1, nb=1: (There are 499 points) 

y(2) 
y(3) 

- y(1) 

-y(2) 
u(1) 

u(2) 

y(k) - y(k -1) u(k -1) 

y(500) - y( 499) u( 499) 

For every row (which is like a point, N-1 rows in this case), we make a small-cluster, 
with c-1 points closer to this one (Euclidean distance), for each points (since point 1 to 
point 499 in this case) and we put in temporal order. 
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In this example, there are matrix (with crows (c points) and 3 columns) for the points 1, 
2, j-1 and 499, i.e. 

y(2) - y(J) u(l) y(3) - y(2) u(2) 

y(36) - y(35) u(35) y(5) -y(4) u(4) ........ ........ 
y(221) - y(220) u(220) y(150) - y(149) u(149) 

y(340) - y(339) u(339) y(152) - y(l51) u(151) 

y(6) -y(5) u(5) y(lO) -y(9) u(9) 

y(8) - y(7) u(7) y(45) - y(44) u(44) 

y(j) - y(j -1) u(j -1) y(321) - y(320) u(320) 

y(478) - y(477) u(477) y(500) - y(499) u(499) 

We have N-1 matrix, of small-clusters LDs, with c samples. 

We obtain the parameters ~and the gain, G;, for each matrix ('Vi =1, ... ,N-1), and this 
G; correspond to the sample i. That is to say, when we obtain the groups of gains which 
are closer together we will take its correspond sample i (classify the original data) and 
put all samples in temporal order for doing the identification of each group (each 
subsystem). After this, there is the same steps than the procedure with the parameters 
(chapter 3). 

4.1 Procedure. 

The procedure is: 

37 

1. Build small Local Datasets (ills) from the original data 

2. Identify a parameter vector based on each LD and obtain the gain G;. 

3. Partition the gain in s clusters. Clustering the gains, G;, into s disjoint subset Fj. 
Iterative optimization: Basic Minimum Squared Error for the gains. G;.: 

4. Classify the original data: Obtain the sample with corresponds with each gain G;. 
for each subsystems. 

5. Estimate the s submodels. 

6. Reallocate the outliers. 

7. Estimate again with the new groups of data. 

8. Estimate the partition X;, i = 1, ... , s, by using a linear classification algorithm. 
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One problem of this method is that we can have samples ("points") which belong to 
different subsystem but its gain, Gj, of its correspond small-cluster are closed with 
another gain which belong to another subsystem, that is to say, when we make the 
small-cluster with c samples, it could be that one or more of these points belong to 
different subsystem (mixture cluster, LDs), therefore the parameters and the gain that 
we obtain will be either. So, it could be for example that for one sample that belongs to 
subsystem 1, when we make a small-cluster (c=:5), two of this points belong to 
subsystem 2 (it is a mixed LDs), so the gain that we obtain could be that be closed to the 
gains of the small-clusters belongs to subsystem 2 instead of subsystem 1. 

For solving this problem we introduce the weight for the identification of the s 
subsystem. Now, the gains which come from a mixed LDs (outliers) are not taken into 
account a lot for the identification because they have a low weight. Due to we are 
working with the gain, we must found the equation that give us the weight, w: 

w = 1 I Cov(G(fP)): 1 I [G'(fP)l [Cov(fP)J [G'(fP)J 

where: 

Thereby 
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G'(fPJ= oG( o J .. 
ao 

oG(B) 

ob1 

oG(B) 

oal 

A-5 SSR . J 1 Cov( u-- )= \tj = 1 
( ¢Jf!l T 

c-(n+1) 

G. = sum( bl , .. bnb) 

' 1 +sum( a1 , ••• ana) 

_oG(B)_ 1 - ... -
obnb 1 +sum( a1, ••• ,ana) 

= = 
oG(B) 

= 
-sum( b1 , ••• ,bnb) 

oana [ 1 +sum( a1 , ••• ,ana )} 2 
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Chapter 4: Clustering using the gains 

bl + ... +bnb 

1 +a1 + ... +ana 

bl + ... +bnb 

1+a1 + ... +ana 
1 

1 

Due to we take into account the offset, the covariance of the parameters have been 
influenced by this offset, so we must append in the last row of G'(rfS) a zero. Now the 
dimension of the matrixes are correct for multiplying each other and obtain the weight. 

Now, we can obtain the weight w. 

So, when we do the identification of the parameters of each subsystem we use the 
weight Wj for not taking into account the points which come from a gains, Gj. which are 
from a mixture LDs and for obtaining a good estimation of the parameters. 

rfSi = (i/Ji W ¢Ji')"1¢Ji Wyq 

(Note: W is a diagonal matrix where the vector w is the diagonal) 
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In the next diagram it is showed the steps of this procedure: 

40 

/

DATE/ 
Input 
Output 

, 
Form Local Dataset 

(LD) Ci 

Estimate parameters of each LDJ 
and obtain the gain, GJ 

,, 
Clustering in s groups the gains G1 

Basic Minimum Squared Error 

I Classify the original data I 

I Estimation of the sub models I 

I Reallocate the outliers. I 

I Estimation of the sub models I 

.J.----~~~r······E~ti~~~ .. ;h~·;~~~·~··x;··············l 
[ END ] ! ....................................................................................................... ..! 
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4.2 Example. 

With the next example we are going to identify the submodels and compare the real 
output with the estimate output. (This example is the same of the p.p 24). 

[-0.1 -0.5 0.6 0} {-y(k-1) -y(k-2) u(k-1) 1{+E(k) X1E {-4,-1] 

y(k)= 

{-0.2 -0.3 0.4 0} {-y(k-1) -y(k-2) u(k-1) 1{+E(k) X2E (-1,4} 

with u generate randomly and mean cero and the error E(k) with variance 0.01 

Forna=2,nb=l,c=l8,s=2,1V=300 

Figure 23. Measured output (dashed) and predicted output (solid) 
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A -0.4563 A -0.3030 
(}I = 
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Figure 24. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
(solid) and real parameters (dashed). c) Measured output (dashed) and simulated output 
(solid) 

The step response of each subsystem with real and estimated parameter are very close. 

If we do the same with the example of pick-and-place machines (the input-output data 
for the identification and validation are the same than the used for the procedure with 
the parameters, chapter 3.3), the results with the gain are different than with the 
parameters as you can see in the next figures. 

Forna=2,nb=2,c=90,s=2,N=300 

Figure 25. Measured output (dashed) and predicted output (solid ) 
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Figure 26. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 

Forna=2,nb=2,c=80,s=2,1V=300 
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Figure 27. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 

43 Eduardo Millan Belsue 



Identification of Piecewise ARX Systems 

Forna=2,nb=2,c=30,s=2,1V=300 
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Figure 28. a) y b) Step response subsystem! and subsystem 2 from estimate parameters 
c) Measured output (dashed) and simulated output (solid) 

For the procedure with the gain the results are very similar for each value of c, as we 
can see in the figures 26 , 27 and 28. These results are a little bit worse (if we compare 
only the simulated outputs) than the result from the procedure with the parameters 
(compare with the figures 9 c), 11 c) and 13 c)). 

The procedure with the gain does not depend on the number of available data, JV, that is 
to say, for the same value of c and different number of data, JV, we have always the 
same results. But for the same number of data, JV, when we modify c, the results 
obtained are different but very close among them (both step response and simulated 
output), see figures 26 , 27 and 28. On the other hand, for the procedure with the 
parameters, when the number of data, JV, increase, we must modify c for obtaining good 
results, c=c(JV), (see chapter 3.2.2.1 for more details). The procedure with the 
parameters depends a lot on the value of c and JV. 

For this example we can not say which procedure is better because we can not compare 
the estimate step response with the real step response (we do not have available the real 
parameter of each subsystem). We can only say that the step resonse for the procedure 
with the gain, (a) and b) from figure 26, 27, and 28) are closer to the step response for 
the procedure with the parameters for c=90, (compare with the figures 9 a) and b)) than 
with the value c=80 or lower value of c (compare with a) and b) from figure 11, 13) 
and we can suppose that due to both results from different procedures, for these 
conditions, are equal, the real step response should be close to these results but we can 
not prove it. 

Both procedure with the gain and procedure with parameters, we obtain always the 
same results for the same conditions. For this example, we have worked all the time 
with the same available data, JV, for every cases. 
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Forna=2,nb=2,c=90,s=3,N=300 
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Figure 29. Measured output (dashed) and predicted output (solid) 
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Figure 30. Measured output (dashed) and simulated output (solid) 

Eduardo Millan Belsue 



Identification of Piecewise ARX Systems 

4.3 Compare the estimation of the subsystem with and without 
weight. 

In this chapter is compared the result obtained with weight and without weights in the 
estimation of the s submodels, (13), for seeing the advantageous of using weights. The 
simulation is with the next values: For na=2, nb=2, c=90 s=2, N=300 
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Figure 31.WITH WEIGHT. Measured output (dashed) and predicted output (solid) 
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Figure 32.WITHOUT WEIGHT. Measured output (dashed) and predicted output 
(solid) 
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Like in the chapter 3.4, it is very difficult to discriminate which of them, with or 
without weight, is better. So, we do the same test but now apply for the procedure of the 
gain. The result obtained for the same example, (5), and fort =15 are: 

For na=2, nb=2, c=S, s=2, N=200, t=15: 

With weight: 

0.1005 0.9999 0.0012 

0.2001 1.4999 0.0007 

E[Bd = 0.2992 ,E[B2 1 = 1.9993 ,sdt[B1 1 = 0.0031 

0.3997 2.4997 0.0013 

0.0012 -0.0016 0.0073 

Without weight: 

0.1374 

0.3055 

0.4990 

1.4938 

E[Bd = -0.2043 ,E[B2 1 = 2.2717 ,sdt[Bd = 
0.6252 2. 7579 

0.7123 0.6003 

Realll,arameters 

0.1 1 

0.2 1.5 

81 = 0.3 ' 82 = 2 

0.4 2.5 

0 0 

0.0272 

0.0168 

0.1249 

0.0676 

0.4691 

0.0001 

0.0018 

, sdt[ 02 1 = 0.0037 

0.0021 

0.0122 

0.0007 

0.0013 

, sdt[B2 1 = 0.0405 

0.0160 

0.0567 

Like in the chapter 3.4, if we compare the average of each estimate parameter, obtained 
by the test of with and without weight, with the real parameters we can see that is closer 
each other with weigh than without weight. Moreover, the deviation of the program 
without weigh is higher than with weight. 

So, we can say that is much better taking into account the weight, (13), than not taking 
into account, (6), when we estimate the parameters for this procedure. 
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4.4 Other interesting results. 

Figure 33 show the real output and the system where belong for each output (for the 
example 3.3 of A.Lj. Juloski). 

Forna=2,nb=l,c=86,s=2,N=250 
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Figure 33. Real output, circles ~subsystem 1, x-mark~ subsystem 2 

Figure 34 shows, (with the same conditions above), in which subsystem belong each 
estimate regressor. 
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Figure 34. circles ~subsystem 1, x-mark~ subsystem 2 
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In order to demonstrate that the procedure of clustering the gain, (scalar value), is 
correct it is showed in the figures 35 the result of this procedure. 

The clustering is done for the gains, G;, tf i = l, ... ,N. So, we plot all the points (all the 
gains) indicating in which system belongs. See the figure 35: 

With the same condition above: 
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Figure 35. Gains: Circles~ subsystem], x-mark~ subsystem2 

As we can see, the points (gains) have been classified in two differentiable groups. But 
for the procedure with the gain, for some values of c (between 60 and 70), the system 
give us a bad result because the cluster procedure give us all points except one (the 
farthest) belonging to the same system and the other point to the another system. 

Forna=2,nb=2,c=65,s=2,N=250 
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Figure 36. Gains: Circles~subsysteml, x-mark~subsystem2 
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Chapter 5. 

Estimate the partition X; 

So far we have obtained an estimate of each ARX submodel. The final step is to obtain 
an approximation for the unknown regions {X;li=l · Since all the sets X; are polyhedral 
and convex, for each pair X;, Xj, with i =t j, a separating hyperplane exists. 

Once the available datapoints have been subdivided into the s subsets F;, the 
reconstruction of the sets {X;Pi=l can be performed in different ways. The way we 
follow consists in finding the hyperplane that separates the convex hull of the points in 
F; from that of the points in Fj, for any pair i, j with i =t j. According to basic results in 
statistical learning theory (Vapnik 1998), a convenient way of accomplish this task is to 
employ Support Vector Machines (SVM) (Cortes and Vapnik 1995, Vapnik 1998) with 
a linear kernel or nonlinear kernel. As detailed in (Vapnik 1998), SVM classification 
amounts to solve a quadratic programming problem for which the number of constrains 
scales linearly with the number of the datapoints. 

5.1 The Support Vector Machines. 

Unfortunately, most real-world problems involve non-separable data for which there 
does not exist a hyperplane that successfully separates the class members from non
class members in the training set. One solution to the inseparability problem is to map 
the data into a higher-dimensional space and define a separating hyperplane there. This 
higher-dimensional space is called the feature space, as opposed to the input space 
occupied by the training examples. With an appropriately chosen feature space of 
sufficient dimensionality, any consistent training set can be made separable. 

However, translating the training set into a higher-dimensional space both 
computational and learning-theoretic costs. Representing the feature vectors 
corresponding to the training set can be extremely expensive in terms of memory and 
time. Furthermore, artificially separating the data in this way exposes the learning 
system to the risk of finding trivial solutions that overfit the data. 

Support vector machines elegantly sidestep both difficulties. SVMs avoid overfitting by 
choosing a specific hyperplane among the many that can separate the data in the feature 
space. SVMs find the maximum margin hyperplane, the hyperplane that maximizes the 
minimum distance from the hyperplane to the closest training point. The maximum 
margin hyperplane can be represented as a linear combination of training points. 
Consequently, the decision function for classifying points with respect to the hyperplane 
only involves dot products between points. Furthermore, the algorithm that finds a 
separating hypeplane in the feature space can be stated entirely in terms of vector in the 
input space and dot products in the feature space. Thus, a support vector machine can 
locate a separating hyperplane in the feature space and classify points in that function 
without ever representing the space explicitly, simply by defining a function, called a 
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kernel function, that plays the role of the dot product in the feature space. This 
technique avoids the computational burden of explicitly representing the feature vectors. 

The election of an appropriate kernel function is important since the kernel function 
defines the feature space in which the training set examples will be classified. As long 
as the kernel function is legitimate, an SVM will operate correctly even if the designer 
does not know exactly what features of the training data are being used in the kernel
induced feature space. The definition of a legitimate kernel function is given by 
Mercer's theorem: the function must be continuous and positive definite. 

In addition to counteracting overfitting, the SVM's use the maximum margin 
hyperplane leads to a straightforward learning algorithm that can be reduced to a convex 
function. Unlike the backpropagation learning algorithm for artificial neural networks, a 
given SVM will always deterministically converge to the same solution for a given data 
set, regardless of the initial conditions. 

Another appealing feature of SVM classification is the sparseness of its representation 
of the decision boundary. The location of the separating hyperplane in the feature space 
is specified via real-valued weight on the training examples. Those training examples 
that lie far away from the hypeplane do not participate in its specification and therefore 
received weights zero. Only the training examples that lie close to the decision 
boundary between the two classes receive non-zero weight. These training examples are 
called the support vectors, since removing them would change the location of the 
separating hyperplane. 

The SVM learning algorithm is defined so that, in a typical case, the number of support 
vectors is small compared to the total number of training examples. This property 
allows the SVM to classify new examples efficiently, since the majority of the training 
examples can be safely ignored. 

Classical learning approaches are designed to minimize error on the training dataset and 
it is called the Empirical Risk Minimization (ERM). Those learning methods follow the 
ERM principle and neural networks are the most common example of ERM. On 
the other hand, the SVMs are based on the Structural Risk Minimization (SRM) 
principle rooted in the statistical learning theory. It gives better generalization abilities 
(i.e. performances on unseen test data) and SRM is achieved through a minimization of 
the upper bound (i.e. sum of the training error rate and a term that depends on VC 
dimension) of the generalization error. 

The VC dimension is a scalar value that measure the capacity of a set of function~. The 
VC dimension of a set of functions is p if and only if there exist a set of points { x' } P i=I 

sucp that these points cab be separated in all 2P possible configuration, and no set 
{ x' }qi=I exists where q>p satisfying this property. 

Consider a hyperplane parameterized by wand b, (w,b) E SxR 

{xES: (w x)+b)=O} 

if we additionally requiere 

.min rwx; )+bl = 1 
1=l, ... ,n 

i.e, that the scaling w and b be such that the point closest to the hyperplane. 

The distance d(w,b;x) of a point x from the hyperplane (w,b) is: 
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. _I< w,xi > +bl 
d( w,b, x)- ll~l 

the optimal hyperplane is given by maximizing the margin p: 

p( w,b) = min d( w,b; xi ) + min d( w,b; xi ) = 
x1:y1=-1 x1:J' =l 

. I< w,xi > +bl . I< w,xi > +bl 
= mm + mm = 

y} : /=-1 ~~~~ xi:yi =1 ~~~~ 

= II·~JI( min I< w,xi > +bl + min I< w,xi > +bl) = 
rv1 x1:y1=-1 x1:y1=1 

5.1.1 The Linear Support Vector Machine 

The basic idea of the SVMs is to construct a hyperplane as the decision plane, which 
separates the positive (+1) and negative (-1) classes with the largest margin, which is 
related to minimizing the VC dimension of SVM. In a binary classification problem 
where feature extraction is initially performed, let us label the training data XiE j(i with a 
label YiE { -1,+1}, for all the training data i=1 , .. . ,1, where lis the number of data and 
dis the dimension of the problem. When the two classes are linearly separable in Rd, we 
wish to find a separating hyperplane which gives the smallest generalization error 
among the infinite number of possible hyperplanes. Such an optimal hyperplane is the 
one with the maximum margin of separation between the two classes, where the 
margin is the sum of the distances from the hyperplane to the closest data points of each 
of the two classes. As we say before, these closest data points are called Support 
Vectors (SVs). The solid line on the figure 37 represents the optimal separating 
hyperplane. 
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Figure 37. Linear separating hyperplanes for the separable case. The support vectors 
are circled. 

The separation problem is to determiate the hyperplane such that w.x; + b ~ +1 for 
positive examples and w.x; + b ~ -1 for negative examples Since the SVM finds the 
hyperplane, which has the largest margin, it can be found by minimizing: 

min ¢1( w) = ll»il
2 

w.b 2 

the optimal separating hyperplane can thus be found by minimizing this equation under 
the next restriction to correctly separate the training data 

y;(x;.w+b)-1'?:.0, Vi 

this is a Quadratic Programming (QP) problem for which standard techniques 
(Lagrange Multipliers, Wolfe dual) can be used. 

5.1.2 Linear Support Vector Machines for Non-separable case. 

In practical applications for real-life data, the two classes are not completely separable, 
but a hyperplane that maximizes the margin while minimizing a quantity proportional to 
the misclassification errors can still be determined. This can be done by introducing 
positive slack variables,;, which then becomes 

y ;(X;. W +b)'?:. 1- ~i, 't/ i 

If an error occurs, the corresponding'; must exceed unity, so L~; is an upper 
bound for the number of misclassification errors. Hence the objectiVe function to be 
minimized can be changed into 

min¢'( w) = ll»il
2 

+ c±~i 
w.b 2 i 

subject to y;( X;.w +b) '?:.1- ~;, i =1,2, ... ,N; ~ 
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The purpose of the extraterm cL;; , where the sum is fori =1,2, ... ,N, is to keep under 
control the number of misclassified points, that is to say, makes the hyperplane less 
sensitive to the presence of outliers in the training set. Where Cis a parameter chosen 
by the user that controls the tradeoff between the margin and the misclassification 
errors. A larger C means that a higher penalty to misclassification errors is assigned 
(minimize the number of misclassified point), and a small C maximize the minimum 
distance llllwll. Minimizing equation under the constraint gives the Generalized 
Separating Hyperplane. This still remains a QP problem. The nonseparable case is 
illustrated in the Figure 38. 
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Figure 38. Linear separating hyperplane for the non-separable case 

5.2 Lagrangian Support Vector Machines. 

An implicit Lagrangian for the dual of a simple reformulation of the standard quadratic 
program of a linear support vector machine is proposed. This leads to the minimization 
of an unconstrained differentiable convex function in a space of dimensionality equal to 
the number of classified points. This problem is solvable by an extremely simple 
linearly convergent Lagrangian Support Vector Machine (LSVM) algorithm. LSVM 
requires the inversion at the outset of a single matrix of the order of the much smaller 
dimensionality of the original input space plus one. Other standard classification test 
problems were also solved. Nonlinear kernel classification can also be solved by 
LSVM. Although it does not scale up to very large problems, it can handle any positive 
semidefinite kernel and is guaranteed to converge. 

5.2.1 Introduction LSVM 

Support vector machines (SVMs) are powerful tools for data classification. 
Classification is achieved by a linear or nonlinear separating surface in the input space 
of the dataset. In this chapter is proposed a very fast simple algorithm, based on an 
implicit Lagrangian formulation of the dual of a simple reformulation of the standard 
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quadratic program of a linear support vector machine. This leads to the minimization of 
an unconstrained differentiable convex function in an m-dimensional space where m is 
the number of points to be classified in a given n dimensional input space. The 
necessary optimality con ition for this unconstrained minimization problem can be 
transformed into a very simple symmetric positive definite complementarity problem 
(24). A linearly convergent iterative Lagrangian Support Vector Machine (LSVM) is 
given for solving (24). LSVM requires the inversion at the outset of a single matrix of 
the order of the dimensionality of the original input space plus one: (n+ 1). The 
algorithm can accurately solve problems with millions of points and requires only 
standard native MATLAB commands without any optimization tools such as linear or 
quadratic programming solvers. 

As was the case, the following two simple changes were made to the standard linear 
SVM: (i) The margin (distance) between the parallel bounding planes was maximized 
with respect to both orientation (w) as well as location relative to the origin (;?. Such a 
change was also carried out in the successive overrelaxation (SOR). (ii) The error in the 
soft margin (y) was minimized using the 2-norm squared instead of the conventional 1-
norm, (see equation (19)). These straightforward, but important changes, lead to a 
considerably simpler positive definite dual problem with nonnegativity constraints only. 
See equation (20). In theory, this change could lead to a less robust classifier in the 
presence of outliers. However, this modification to the SVM does not seem to have a 
detrimental effect. 

In this section of the paper we begin with the standard SVM formulation and its dual 
and then give our formulation and its dual. After, we give our simple iterative 
Lagrangian Support Vector Machine (LSVM) Algorithm. LSVM, stated in 11 lines of 
MATLAB, solves once at the outset a single system of n + 1 equations in n + 1 
variables given by a symmetric positive definite matrix. It then uses a linearly 
convergent iterative method to solve the problem. 

We now describe our notation. For a vector x in the n-dimensional real space Ir, x+ 
denotes the vector in Ir with all of its negative component zero. This correspond to 
projecting x onto the nonnegative orthant. Let e is a vector of ones in a real space of 
arbitrary dimension. 

5.2.2 The Linear Support Vector Machine Lagrange 

We consider the problem of classifying m points in the n-dimensional real space Ir, 
represented by the m x n matrix A, according to membership of each point A; in the 
class A+ or A- as specifie by a given mxm diagonal matrix D with plus ones or minus 
ones along its diagonal and y is the error in the soft margin. For this problem the 
standard support vector machine with a linear kernel is given by the following 
quadratic program with parameter v > 0: 

min ~· y + !._w' w s.t. D( Aw-ey )+ y ~ e,y ~ 0 
( w,y,y J=Rn+l+m 2 

(14) 

(Note: y = 0 if convex hull of A+ and A- do not intersect.) 

Here w is the normal to the bounding planes: 

x'w= y±J (15) 

and ydetermines their location relative to the origin. See the next figure 
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x'w = 1' 

Figure 39. The bounding planes (15) with a soft (i.e. with some errors) margin 2 !ll»il
2

, 

and the plane ( 16) approximately separating A+ from A-. 

The plane x'w = y + 1 bounds the class A+ points, possibly with some error, and the 
plane x 'w = y- 1 bounds the class A- points, also possibly with some error. The linear 
separating surface is the plane: 

x'w= r (16) 

midway between the bounding planes (15). The quadratic term in (14) is twice the 
reciprocal of the square of the 2-norm distance 2 111~1.? between the two bounding planes 
of (15) (see Figure 39). This term enforces maximizatiOn of this distance, which is often 
called the "margin". If the classes are linearly inseparable, as depicted in the figure 39, 
then the two planes bound the two classes with a "soft margin". That is, they bound 
each set approximately with some error determined by the nonnegative error variable y: 

~ w + Y; ~ y + 1, for Dii = 1 

~w-y; ~y-1 , forDii=-1 

(17) 

Traditionally the constant v in (14) multiplies the 1-norm of the error variable y and acts 
as a weighting factor. A nonzero y results in an approximate separation as depicted in 
the figure 39. The dual to the standard quadratic linear SVM (14) is the following: 

min !_u' DAA' Du -e'u s.t. e' Du =0, 0 ~ u ~ ve 
ueRm 2 

(18) 

The variables (w, n of the primal problem which determine the separating surface (16) 
can be obtained from the solution of the dual problem above. We note immediately that 
the matrix DAA 'D appearing in the dual objective function (18) is not positive definite 
in general because typically m > > n. Also, there is an equality constraint present, in 
addition to bound constraints, which for large problems necessitates special 
computational procedures such as SMO or SVMlight. Furthermore, a one-dimensional 
optimization problem must be solved in order to determine the locator y of the 
separating surface (16). In order to overcome all these difficulties as well as that of 
dealing with the necessity of having to essentially invert a very large matrix of the order 
of m x m, we propose the following simple but critical modifications to the standard 
SVM formulation (14). We change the 1-norm of y to a 2-norm squared which makes 
the constraint y ~ 0 redundant. We also append the term -( to w'w. This in effect 
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maximizes the margin between the parallel separating planes (15) by optimizing with 
respect to both w and y, that is with respect to both orientation and location of the 
planes, rather that just with respect tow which merely determines the orientation of the 
plane. This leads to the following reformulation of the SVM: 

, 1 
min vy y +-(w'w+y2

) s.t. D(Aw-ey)+y~e (19) 
( w,y,y );Rn+l+m 2 2 

the dual of this problem is: 

min !:_u'(!_+D( A'A+ee' )D)u-e'u 
OS.ueRm 2 V 

(20) 

The variables (w, y) of the primal problem which determine the separating surface (16) 
are recovered directly from the solution of the dual (20) above by the relations: 

w=A'Du, y =u ,y=-e'Du 
v 

(21) 

We immediately note that the matrix appearing in the dual objective function is positive 
definite and that there is no equality constraint and no upper bound on the dual variable 
u. The only constraint present is a nonnegativity one. These facts lead us to our simple 
iterative Lagrangian SVM Algorithm which requires the inversion of a positive definite 
(n+1)x(n+1) matrix, at the beginning of the algorithm followed by a straightforward 
linearly convergent iterative scheme that requires no optimization package. 

5.2.3 LSVM (Lagrangian Support Vector Machine) Algorithm 

Before stating our algorithm we define two matrices to simplify notation as follows: 

1 
H = D[A - e ], Q = - + HH' 

v 

With these definitions the dual problem (20) becomes 

min f( u ):= !:_u' Qu-e' u 
OS.ueRm 2 

(22) 

(23) 

It will be understood that within the LSVM Algorithm, the single time that Q-1 is 
computed at the outset of the algorithm. Hence only an (n + 1) x (n + 1) matrix is 
inverted. 

The LSVM Algorithm is based directly on the Karush-Kuhn-Tucker necessary and 
sufficient optimality conditions for the dual problem (23): 

0 $ u _l Qu - e ~ 0 (24) 

By using the easily established identity between any two real numbers (or vectors) a 
andb: 

0 $a _i b ~ 0 ~a= (a- ab)+, a> 0 (25) 

the optimality condition (24) can be written in the following equivalent form for any 
positive a: 

57 Eduardo Millan Belsue 



Identification of Piecewise ARX Systems 

Qu-e= ((Qu-e) -au)+- (26) 

These optimality conditions lead to the following very simple iterative scheme which 
constitutes our LSVM Algorithm: 

i+l Q-1( ((Q i ) i) ) . 0 1 u = e+ u-e -au+,z=, , ... , (27) 

for which we will establish global linear convergence from any starting point under the 
easily satisfiable condition: 

2 
O~a~-

v 
(28) 

We impose this condition as a= 1.9/v in all our experiments, where vis the parameter 
of our SVM formulation (19). It turns out, and this is the way that led us to this iterative 
scheme, that the optimality condition (26), is also the necessary and sufficient condition 
for the unconstrained minimum of the implicit Lagrangian associated with the dual 
problem (23): 

min 4u,a) =min iu'Qu -e'u +J__(Ir -au +Qu-e J+ll2 -IIQu -ell2
) (29) 

ueRm ueRm 2 2a 

Setting the gradient with respect to u of this convex and differentiable Lagrangian to 
zero gives 

1 1 
(Qu-e)+-(Q-al )((Q-al )u-e)+ --Q(Qu-e)=O (30) 

a a 

or equivalently: 

( a! - Q )( ( Qu - e ) - ( ( Q - a! )u - e )+ ) = 0 (31) 

which is equivalent to the optimality condition (26) under the assumption that a is 
positive and not an eigenvalue of Q. 

Code LSVM MA TLAB Code 

function [it, opt, w, gamma] = svmi(A,D,nu,itmax,tol) 

% lsvm with SMW for min 1/2*u'*Q*u-e'*u s.t. U=>O, 

% 0=1/nu+H*H', H=D[A -e] 

% Input A, D, nu, itmax, tol; Output it, opt, w, gamma 

% [it, opt, w, gamma] = svmi{A,D,nu,itmax,tol); 

[m,n]=size(A);alpha=1.9/nu;e=ones{m, 1 );H=D*[A -e];it=O; 

S=H*inv( (speye(n+ 1 )/nu+H'*H)); 

u=nu*(1-S*(H'*e));oldu=u+ 1; 

while it<itmax & norm(oldu-u)>tol 

z=(1 +pl(((u/nu+H*(H'*u))-alpha*u)-1 )); 

oldu=u; 
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u=nu*(z-S*(H'*z)); 

it=it+1; 

end; 

opt=norm(u-oldu);w=A'*D*u;gamma=-e'*D*u; 

function pi = pl(x); pi = (abs(x)+x)/2; 

5.2.4 LSVM for Nonlinear Kernels 

In this section of the paper we show how LSVM can be used to solve classification 
problems with positive semidefinite nonlinear kernels. 

The only price paid for this extension is that problems with large datasets can be 
handled using the Sherman-Morrison-Woodbury (SMW) identity only if the inner 
product terms of the kernel are explicitly known, which in general they are not. 
Nevertheless LSVM may be a useful tool for classification with nonlinear kernels 
because of its extreme simplicity as we demonstrate below with the simple MA TLAB 
code for which it does not make use of the Sherman-Morrison-Woodbury identity nor 
any optimization package. 

We ~h~ll us~ ;he nota~ion: For A. E l("xn an~ BE I('x
1
, t~zn.!~:~~~~ ~(~,B) maps l("xn 

xlt 1 mto I(' 1
• A typical kernel IS the Gaussian kernel £ n ' .Jr , z, 1 = 1, .. . ,m, l = 

m, where £ is the base of natural logarithms, while a linear kernel is K(A,B)=AB. For a 
column vector x in/(', K(x', A') is a row vector in/(", and the linear separating surface 

(16) is replaced by the nonlinear surface 

K([x' -1{ -A~}Du =0 (32) 

where u is the solution of the dual problem (23) with Q re-defined for a general 
nonlinear kernel as follows: 

I 
G=[A - e], Q=-+DK(G,G')D. (33) 

v 

Note that the nonlinear separating surface (32) degenerates to the linear one (16) if we 
let K(G,G') = GG' and make use of (21). 

If we rewrite our dual problem for a linear kernel (20) in the equivalent form: 

min !_u'( !.._+ DGG' D )u -e'u 
0"5.ueRm 2 V 

(34) 

and replace the linear kernel GG' by a general nonlinear positive semidefinite 
symmetric kernel K(G,G ') we obtain: 

min !_u'(!_+DK(G,G' )D)u-e'u 
O"S.ueRm 2 V 

(35) 

This is the formulation given above in (33). We note that the Karush-Kuhn-Tucker 
necessary and sufficient optimality conditions for this problem are: 
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O~ul. (-+DK([A -el )D)u-e'2:.0 I [A'] 
v -e' 

(36) 

which underly LSVM for a nonlinear positive semidefinite kernel K(G,G'). The positive 
semidefiniteness of the nonlinear kernel K(G,G') is needed in order to ensure the 
existence of a solution to both (35) and (36). 

A point x E ]('is classified in class 1 or -1 according to whether the decision function: 

sign (K(x',A')Du) 

yields 1 or 0 respectively. 

All the results of the previous section remain valid, with Q re-defined as above for any 
positive semidefinite kernel K. However, because we do not make use of the Sherman
Morrison-Woodbury identity for a nonlinear kernel, the LSVM MATLAB Code is 
somewhat different and is as follows: 

Code LSVM MATLAB Code for Nonlinear Kernel K(·, ·) 

function [it, opt,u] = svmlk(nu,itmax,toi,D,KM) 

% lsvm with nonlinear kernel for min 1/2*u'*Q*u-e'*u s.t. U=>O 

% 0=1/nu+DK(G,G')D, G=[A -e] 

% Input: nu, itmax, tol, D, KM=K(G,G') 

% [it, opt,u] = svmlk(nu,itmax,toi,D,KM); 

m=size(KM, 1 );alpha=1.9/nu;e=ones(m, 1 );l=speye(m);it=O; 

0=1/nu+D*KM*D;P=inv(Q); 

U=P*e;oldU=U+1; 

while it<itmax & norm(oldu-u)>tol 

oldu=u; 

u=P*(1 +pi(Q*u-1-alpha*u)); 

it=it+1; 
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end; 

opt=norm(u-oldu);[it opt] 

function pi = pl(x); pi = (abs(x)+x)/2; 

5.3 Kernel function. 

Chapter 5: Estimate the partition Xi 

In order to accomplish nonlinear decision function, an initial mapping ¢J of the data into 
a (usually significant higher dimensional) Euclidean space His performed as ¢J: J(l-7H, 
and the linear classification problem is formulated in the new space with dimension d. 
The training algorithm then only depends on the data through dot product in H of the 
form ¢(xi).¢(xj) since the computation of the dot product is prohibitive if the number of 
training vectors ¢(xi) is very large since ¢Jis not know a priori, the Mercer's theorem for 
positive definite functions allows to replace ¢(xi).¢(xj) by a positive definite symmetric 
kernel function K(xi,Xj), that is K(x;,Xj) = ¢(xi).¢(xj). In training phase, we need only 
kernel function since it is implicitly defined by the choice of kernel K(xi,Xj) = ¢(x;). ¢(xj). 
The data can become linearly separable in feature space although original input is not 
linearly separable in the input space. Hence, kernel substitution provides a route for 
obtaining nonlinear algorithm from algorithms previously restricted to handling linear 
separable dataset. The use of implicit kernels allows reducing the dimension of the 
problem and overcoming the so-coiled "dimension curse". Variant learning machines 
are constructed according to the different kernel function K( Xi,Xj) and thus construct 
hyperplane in feature space. 

• • 
.(;5) • 

• 
(a) input space (b) leature space 

Different kernel functions: 

• Simple dot product: AB 

Polynomial Kernel: (AB+J.Lab').d • 

• G . R dial B . F . · -~~IA';-B.l · · l auss1an a asts unction. e , Z,J = , .. . m, 

In linear SVM, kernel function is just a dot product in input space, in Nonlinear SVM is 
needed to chose a appropriate kernel function 
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Example: 

Let us call the space in which the data are live, L ('low dimensional"), and H for ("high 
dimensional"). 

Suppose that our data are vectors in If, and we choose L(x;,Xj)=(x;,xil Then, it is easy 
to find a space H, and mapping f/J from If to H such that (x.yl=fXx)fXy) we choose 
H=If and 

note that neither the mapping f/J nor the SJJ,ace H are unique for a given kernel. We could 
equally well have chosen H to again be Rand 

in general there may exist data such that the Hessian is indefinite, and for which the 
quadratic programming problem will have no solution (the dual objective function can 
become arbitrarly large). However, even for kernels that do not satisfy Mercer's 
condition, one might still find that a given training set results in a positive semidefine 
Hessian, in which case the training will converge perfectly well. 

5.4 Examples of SVM 

Using the generalized program LSVM above for the estimation of the {X;}, i =l, ... s, for 
the next example: 

[-0.1 -0.5 0.6 0] [-y(k-1) -y(k-2) u(k-1) 1/+E(k) X1E [-4,-1] 

y(k)= (37) 

[-0.2 -0.3 0.4 0] [-y(k-1) -y(k-2) u(k-1) 1/+E(k) X2E (-1,4] 

with u generate randomly and mean cero and the error E(k) with variance 0.01 

Once we have obtained the estimate parameters, { 8/.s }, i = l, ... s, and the final group 
of points F; , we used the program non-linear LSVM, ("lsvmk") for determining the 
hyperplanes that separate the groups of points. 
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First of all, we form the diagonal matrix D with 1 or -1 (depend on the groups that 
belongs each point) and the matrix A: 

A= lY/k-1) ... Y/k-na) u/k-1) ... u/k-nb)j; j= 1, ... ,N 

And select one of these kernel funtion and obtain the kernel matrix KM: 

• Polynomial Kernel: KM = (AB+JJ.ab').d 

• G . R dial B . F . KM -.u!A';-B.l · · 1 auss1an a as1s unct10n: = e , l,J = , ... m, 

Call the function lsvmk(KM,D) and obtain the optimal value of u, (u is not the input!). 
After this, it is done a test for seeing how many points have been separated good in the 
correspond group by the hyperplane. So, for all points we calculate: 

Sign( K ![x• -1 { ~~.] )Du ) (38) 

If the sign is + 1, these points belong to the group 1 and if the sign is -1 or 0 belong to 
the group 2. Then, compare for each point if actually are in this group. 

After this, we make a test for validating the SVM program. With the date for the 
validation and the matrix A, D and u obtained before (from the optimal hyperplane), 
calculate for each point the matrix kernel KM=K(x',A') and classify into the group i = 1 
if the sign is +1 or i = 2 if the sign is -1 (equation (~W· After classifying the points, 
obtain the estimate output with the correspondent { 8; }, i = 1, .. . s, and the optimal 
regressors and compare with real outputs: 

y ( k) = 8/.s * [Yr k -1) ... Y( k- na) u( k -1) ... u( k- nb )],i =1, .. . ,s, k=1, .. . N 

For the example (37) and the next conditions na=2, nb=1, c=9, s=2, N=300, the result of 
the validation test is: 
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Kernel function polynomial, ,u=l, d=4, a=b=e, where e=ones(m,l) 
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Figure 40. Validation ofSVM. Measured output (dashed) and simulated output (solid) 

For the example of the chapter 3.3 and different values of c and kernel function, the 
results obtain are (for doing the identification of each subsystem we have used the 
procedure with the parameters): 

Kernel function polynomial, ,u=l, d=4, a=b=e, where e=ones(m,l), c=90 
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Figure 41. Validation ofSVM. Measured output (dashed) and simulated output (solid) 
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Kernel function polynomial, ~1, d=4, a=b=e, where e=ones(m,l), c=70 
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Figure 42. Validation ofSVM. Measured output (dashed) and simulated output (solid) 

Gaussian Radial Basis Function, ~10, c=90 
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Figure 43. Validation ofSVM. Measured output (dashed) and simulated output (solid) 
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Gaussian Radial Basis Function.J,FlO, c=70 
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Figure 44. Validation ofSVM. Measured output (dashed) and simulated output (solid) 

As we can see, the results are better with the polynomial kernel that with the_Gaussian 
Radial Basis Function Kernel for this example. 

5.5 SVMs Applied to multi-Class Classification 

The basic SVMs are for two-class problem. However it should be extended to multi
class to classify into more two classes (S. Bernhard, Pairwise classification and support 
vector machines,1999). There are two basic strategies for solving q-class problems with 
SVMs. 

5.5.1 Multi-class SVMs: One to Others 

Take the training samples with the same label as one class and the other as the other 
class, then it becomes a two-class problem. For the q-class problem (q >2), q SVM 
classifiers are formed and denoted by SVMi, i =1,2, ... ,q. As for the testing sample x, 
d,{x)=w/ x+b/ can be obtained by using SVMi. The testing sample x belongs to jth 
class where 

d.(x)=maxd .(x) 
J i=J-q I 
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5.5.2 Multi-class SVMs: Pairwise SVMs 

In the pairwise approach, l machines are trained for q-class problem [12]. The pair
wise classifiers are arranged in trees, where each tree node represents an SVM. A 
bottom-up tree, which is similar to the elimination tree used in tennis tournaments was 
originally proposed in [11] for the recognition of 3D objects. Regarding the training 
effort, the one-to-others approach is preferable since only q SVMs have to be trained 
compared to l SVMs in the pairwise approach. However, at runtime both strategies 
require the evaluation of q-1 SVMs, [2]. 

3 
4 

4 3 2 2 3 4 5 6 7 8 

(a) example oftop-dm\11 tree structure (b) example ofbottom-up tree structure 

Figure 45. The tree structure for multi-class SVMs. (a) The decision Directed Acyclic 
Graph (DAG) for finding the best class out of four classes. The equivalent list state for 
each node is shown next to that node, (b) The binary tree structure for 8 classes. For a 
coming test data, it is compared with each two pairs, and the winner will be tested in an 
upper level until the top of the tree is reached. The number 1-8 encode the classes. 

67 Eduardo Millan Belsue 



Identification of Piecewise ARX Systems 

Chapter 6. 

Identification of SERCA in intact heart. 

In this chapter is used the example of the article [13]. We only make an extract of the 
main ideas of this article and work with the inputs-outputs data of the hearts give us by 
Tomas lvanics and Laszlo Ligeti. For more details read the report [13]. 

In many areas of physiology the possibilities to obtain reliable, quantitative time-series 
data of key system variables have increased in recent years. For example, understanding 
of the excitation-contraction coupling in skeletal and cardiac muscle has benefited 
greatly from fluorescent probes that respond to the free calcium concentration. 
Nowadays it is possible to study calcium transients in intact, beating hearts. 

In cardiomyopathies of different aetiology the properties of the Sarcoplasmic Reticulum 
Ca2

+ -A TPase (SERCA) are known to be changes. As SERCA is the most important 
calcium extrusion pump, changes in its kinetics strongly affect the dynamics of the 
calcium transients and the calcium loading of the Sarcoplasmic Reticulum. Since the 
Ca2

+ transients determine not only the strength of individual contractions, but also the 
rate of relaxation of the myocardium, it is of utmost importance to gain insight in the 
function of SERCA in the behaviour of the malfunctioning, intact heart. 

The input action potential has been approximated as a square wave [0,1] with a period T 
(heart beat) and a duty cycle of tiff (u=1 during the depolarisation period). The output 
is the amount of Ca2

+. 

We have worked with the data of one heart (N=680 input-output), that have been 
divided in N/2 dates for doing the identification and N/2 for doing the validation. 

The next figures show the data used for the identification (the data for the validation is 
not showed because is similar than figure 46). 
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Figure 46. 

This example is executed with the 2 available procedures: procedure with the parameter 
(chapter 3) and procedure with the gain (chapter 4). 

6.1 Example of the procedure with parameters. 

It is taken into account the weights for the identification because give us the best result 
(as we demonstrate in chapter 3.4) and for doing the hyperplane is selected the 
polynomial kernel function. The best result obtained is for these values. 

Forna=2.nb=l,c=22,s=2,~1,d=4,N=350 
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Figure 47. Measured output (dashed) and predicted output (solid) 
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Figure 48. Measured output (dashed) and simulated output (solid) 
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Figure 49. Validation of SVM. Measured output (dashed) and simulated output (solid) 

Figure 50 show the real output and the system which belong for each output 
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Figure 50. Real output, circles 7 subsystem 1, x-mark~ subsystem 2 

6.2 Example of the procedure with the gain 

Like in the section above it is taken into account the weights for the identification 
because give us the best result and for doing the hyperplane is selected the polynomial 
kernel function. The best result obtained is for these values. 

Forna=2.nb=2,c=55,s=2,~1,d=4,N=380 
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Figure 51. Measured output (dashed) and predicted output (solid) 
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Figure 52. Measured output (dashed) and simulated output (solid) 
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Figure 53. Validation of SVM. Measured output (dashed) and simulated output (solid) 
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Figure 54 show the real output and the system which belong for each output 
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Figure 54. Real output, circles ~subsystem 1, x-mark-7 subsystem 2 

If we compare the results between the two different procedures we can see that the 
results of the procedure with the parameter are a little bit better than the procedure with 
the gain. But we can not say exactly which procedure are better for this example 
because we do not have the real parameter of each subsystem and we can not compare 
the estimate step response and the real step response. 

If we execute (with the same condition) this example t times, the results are different 
because for this example, the available data, N, are not always the same due to we have 
to manipulate the data a little bit in the beginning of each case for working with them 
(both procedure with the parameters and procedure with the gain). The reason is that 
when we make the small Local Data set, some matrix has a lower rank and we can not 
calculate neither the estimate parameters nor the gains. So we manipulate a little bit the 
input-output for working with them. So, for this example we execute both procedures 
until we have the best result. So, we obtain the best hyperplane and then we can use it 
for working on-line. 
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Chapter 7. 

Conclusion 

In this report we have suggested a procedure for the Identification of Piecewise ARX 
S,.ystems. It is composed of two differentiable parts: the identification of the submodels 
B;, i=l, ... ,s and the estimation of the regions X;. Thereby, we can control each one 
separately and the final response will be better. 

For doing the identification of the submodels we have suggested two procedures: 
procedure with the parameters (chapter 3) and procedure with the gain (chapter 4). The 
procedure with the parameters (we have followed the idea of Ferrari-Trecate, 2002, 
with some changes in the clustering procedure that improve the method) give always 
results for any value of c and the results are a little bit better than the procedure with the 
gain (if we compare the simulated outputs). The procedure with the gain (complete new 
procedure) is only useful when the gains of each subsystems are not very close together 
(otherwise the result is not very good), and for some values of c (depending on the 
Piecewise ARX system) give us a bad results (see p.p 49). One advantage of the 
procedure with the gain, is that is faster that the procedure of the parameters because 
we only work with a scalar value (the gain) in the cluster procedure, while the 
procedure with the parameters work with higher dimension (two times the order of the 
system+ 1). Moreover, when the number of available data varies, is not necessary 
modify the value of c (is not the case of the procedure with the parameters). Both 
procedures have different characteristics and for selecting one of them for one real case, 
we must prove first both of them and compare the results that we have available and 
consider significant and select the best one. 

The estimation of the partition X; is solved by the Support Vector Machine (SVM). We 
have suggested a general SVM for solving every cases (we have followed the idea of 
Olvi Mangasarian): separable-cases, non-separable cases and non-linear kernels. SVM 
finds the maximum margin hyperplane; the hyperplane that maximizes the minimum 
distance from the hyperplane to the closest training points. This general support vector 
machines makes essentially no or few assumptions on the kernel employed: symmetry 
and positive definiteness of the kernel. Perhaps the biggest limitation of the support 
vector approach lies in choice of the kernel. We have proved the estimation of the 
partition with two different function kernels: Kernel Function Polynomial and Kernel 
Gaussian Radial Basis Function. For the examples proposed, the best results are 
obtained with the Kernel Function Polynomial. 

The SVMs are quite naturally designed to perform classification in high dimensional 
spaces, even in the presence of a relatively small number of data points. The kernel 
matrix are computed and stored in memory and it requires extremely large memory. 
Another alternative is proposed by Platt: a Sequential Minimal Optimization (SMO) that 
quickly solve the SVM QP problem without any extra matrix storage and without using 
numerical QP optimization steps at all. 
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Programs 

There are available 2 programs in two languages: English and Spanish 

These programs are: 

• procedure with the parameter: folder parameter 

• procedure with the gains: folder gain 

Both procedures have the same variables that depend on the example we are going to 
work some of them we do not use. 

Where 

Procedure parameters: ipas(trace_yjrecuencia,c,na,nb,s,N,mu,d,kemel) 

Procedure gain: ipas_gain(trace_yJrecuencia,c,na,nb,s,N,mu,d,kemel) 

• na, nb are the order of the system. 

• Trace_y and frecuencia (less than 150) are only useful for the 
example2. 

• cis the number of points in each ills.(depend on the example and 
procedure) 

• sis the number of subsystem( we work with 2 subsystems) 

• N is the number of data: only for the example 3, (good value: more 
than 600) 

• mu: for the gaussian kernel function (good value: 1) 

• d: for the polinomial kernel function (good value: 4) 

We have 3 examples and we must select one of them: 

1. Example 1: Data of the hearts: ipas_hean( c,na,nb,s,mu,d,kemel) 

l:l date=xlsread('book2_1 '); 

l:l [X,Xvalidacion]=maurice(date); 

2. Example 2: Data pick and place machine: first execute newl.mat for 
obtaining the data: ipas_Pick_Place(trace_yJrecuencia,c,na,nb,s,mu,d,kemel) 

l:l FormarX() 

3. Example 3: mine: ipas_muestra3(c,na,nb,s,N,mu,d,kemel) 

l:l Muestra3() 



If we want to work with 

l:l polynomial kernel: kernel=1 

l:l gaussian kernel: kernel=2 

If we work with the example 1: ipas_heart(c,na,nb,s,mu,d) we must put a delay in the 
final signal in order to obtain a good solution. So, in the function validation() and 
validationSVM() we must changes in the line 70 and 67 the command plot(yr,'r--') for 
plot(yr(2:num_puntos) , 'r--'); 

NOTES: for the Example 1 we have modified the data, input-output, for working with 
them, otherwise the rank of cpT is low. We add a very small error to the data. Not is 
necessary for every examples. 


