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Analysis of bioregulatory networks as monotone systems 

Abstract 

1t is becoming increasingly clear that bistability, more generally multistability, is an 

important recurring theme. Not only in cell signaling, but in other biochemical networks 

as well. Bistability may be of partienlar relevanee to biological systems that switch 

between discrete state or generate oscillatory responses. Standard mathematica} methods 

allow the detection of bistability in some very simple feedback systems, in which one or 

two proteins or genes either activateeach other or inhibit each other. 

lt is shown that for positive feedback-systems of arbitrary order the stability properties of 

the system can be deduced mathematically from how the system behaves when feedback 

is blocked. lt will be necessary to verify that the open-loop, feedback-blocked system is 

monotone and possesses a sigmoidal characteristic, to guarantee the bistability of the 

system for some range of feedback strengths. 

A simpte graphical metbod for deducing the stability behavior is presented. A 

characteristic curve (for the open-loop system) and a straight line (which equates the 

input of the open-loop with the output) are plotted on one set of axes. The intersection 

points determine the steady statesof the system and the relative slopes of the two lines at 

the intersection points determine the stability of the steady states. The metbod is 

illustrated for two examples: a two-variable IK B- NF- KB I NF- KB system and a 

more complicated three-variable model of extracellolar matrix degradation. 

The property of existence of steady state input/output characteristic is not proverifled for 

the two-variable IK B- NF- KB I NF- KB system, hence it is monostable. 

For the "closed" model of ECM, the two critical properties necessary for applying the 

monotone analysis are verified. The stability behavior of the system showed that the 

system is monostabie when vis< 0.925 or when vis very large> 1000. Bistableis 

observed for v between 0.925< v < 1000. 
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The study of the "open" version for the model of ECM, shows that the property of 

monotonicity is not verified, thus the monotone analysis cannot be applied and the system 

shows monostability. 
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1. Introduetion 

Equation Chapter (Next) Section lEquation Chapter (Next) Section 1 
Cells are able to receive many different chemical signals from their surrounding, and 

have the capability to react to signals in an appropriate way. The signals are processed by 

the intracellular signaling network, which is mainly constructed by proteins which react 

with each other. 

The graduation work presents a method for analyzing positive-feedback systems of 

arbitrary order for the presence of bistability or multistability, bifurcation, and hysteretic 

behavior, subject to two conditions: monotonicity and existence of steady-state 

characteristic. Signaling pathways as the NF -KB and biochemical networks as the ECM 

balance could be analyzed with monotone functions. 

Chapter 2 introduces the reaction kinetics for enzymes used in the model. This includes 

the mass action law and the Michaelis-Menten equation, which describes the properties 

of the enzyme, and the way in which the enzyme responds to its cellul ar environment. 

The Hili equation and its characteristic sigmoidal curve are introduced as well. In 

chapter 3, the method for the detection of multistability, bifurcation, and hysteresis in 

positive-feedback systems in systems of arbitrary order is explained. Monotonicity and 

existence of certain steady-state input/output characteristic, are necessary to be verified. 

In this way, the bistability of the system forsome range of feedback strengths is 

guaranteed. The modularity of monotone systems is introduced, and will be important to 

di vide the network into subsystems. The behavior of the entire system can then be 

deduced from the behavior of the subsystems. 

In Chapter 4 a model of the NF -KB system is studied, applying the method for 

bistability deleetion explained in chapter 3. A simplified model with two variables in a 

positive-feedback loop of the NF -KB pathway. The inputfoutput characteristic is not 

sigmoidal and therefore, the system will show monostability. 
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Chapter 5 will deal with a model of the extracellular matrix balance and investigates the 

behavior of the "open model" and the "closed model" with the mathematica) method for 

analyzing positive-feedback systems, explained in chapter 3. It shows that the "closed 

model", neglecting matrix intlux and fragment efflux from the system, is bistable with 

reversible hysteresis. The graphical method for deducing the stability behavior and 

bifurcation diagram is explained with the "closed model" system. The "open model" is 

considered when matrix production by the cells and fragment degradation are taken into 

account. The dynamics show sustained oscillations, because of the emergence of a stabie 

limit cycle. Transitions out of and into oscillation areas are controlled by the model 

parameters. 

Conclusions of the graduation work are given in chapter 6. The Appendix shows the 

Matlab functions developed to imptement the si mulation of the different model and a 

glossary ofbiological and dynamical systems termsis given as well. 
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2. Reaction Kinetics 

Equation Section 3Equation Chapter (Next) Section 3Equation Section 3 
Equation Chapter (Next) Section 2 
In order to construct a model of the ECM synthesis and degradation, the reaction kinetics 

have to be discussed. This chapter introduces the mass action law as a fundamental 

concept of kinetic modeling and discusses the Michaelis-Menten mechanism, where the 

enzymatic modification of a substrate can be broken down into simple reactions, 

which can bedescribed by the mass action law. Furthermore, the Michaelis-Menten 

equation and the Hili equation will be introduced. 

2. 1 Mass action law 

Two main types of reaelions can be distinguished: 

• Unimolecular reactions 

• Bimolecular reaelions 

A-+P 

A+B-+P 

Higher order reactions such as (A+B+C-+P) are extremely rare. 

If diffusion is fast compared to time scales of the reaction, the concentration of 

reactants can be assumed to be homogenous. In this case, the reaction rate becomes 

obviously proportional to the molar concentration of the reactant in unimolecular 

reactions. It is proportion al to the product of the concentration of reactants in bimolecular 

reactions, because the colli si on probability of both reactants should be proportion al to 

either concentration. 

2.2 Enzymatic Kinetics 

The reaction carried out by an enzyme can be represented by the following equation: 

(2.1) 
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A is the substrate. 

P is the product. 

E is the enzyme 

In a normal, non-catalyzed chemica] reaction we would expect that the velocity of the 

reaction would be directly proportional to the concentration of substrate. The graphof 

velocity against substrate concentration would be a straight line. 

An enzyme catalyzed reaction, if we measure reaction velocity at various different 

concentrations, does not give a straight line but a curve instead (Figure 2.1). 

10 ---- - ---- ----·---·------------------------------

8 

8 

3 

2 

0~--+---+---+---+---+---+---~--~--~--~ 
0 10 20 30 40 50 80 70 80 80 100 

[Substrate] 

Figure 2.1 Graph of velocity/substrate concentration fora typical enzyme catalyzed reaction 

Enzymatic reactions can be deduced to basic bi- and unimolecular reactions: 

E+A +-+ EA--+ E+P (2.2) 

In the first step, enzyme E binds reversibly with substrate A, and in a second step, 

the enzyme releases the modified substrate P. The second step is assumed to be 

irreversible. 

The reaction scheme (2.2) is called Michaelis-Menten mechanism. The rates for the three 

reactions are v 1. v2, v3: 
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E+A ~ EA : v, = a[E] [A] , 

E+A ~ EA : v2 = d [EA] , 

EA ~ E+P : v3 =V [EA] , 

where [E]. [A] and [EA] are the concentrations of enzyme E, substrate A, and 

enzyme-substrate complex EA. a, d and V are rate constants. Thus, there are two 

unimolecular and one bimolecular reactions. 

The rate of production of Pis given by the Michaelis-Menten equation. 

2.2.2 The Michaelis-Menten Equation 

(2.3) 

(2.4) 

(2.5) 

The curve velocity/concentration substrate gives us information about the properties of 

the enzyme, and the way in which it responds to its environment in the cell. 

Our knowledge ofthe equation ofthe vurvev/[A] cao be represented by the Michaelis

Menten equation. 

v= 
Km +[A] 

V·[A] 
(2.6) 

The two variables in this equation are the reaction velocity, v, and the concentration of 

substrate, [A]. V, Km are explained below. 

The Michaelis-Menten constant, or Km, is defined as the substrate concentration which 

gives rise toa velocity equal to half of the maximal velocity. 

The Michaelis-Menten equation is linearly dependent on the concentration of the enzyme, 

while the rate of the reaction saturates as a function of substrate. 

The constant V is known as the maximal velocity or the limiting velocity of the reaction. 

lt is often known as V max. Vmax is the reaction velocity, which is approximated to occur 

when [A] ~ oo , this means at very large substrate concentrations. 
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2.3 The effects of substrate concentration on resetion rate 

The term enzyme kinetics implies a study of the speed, rate or velocity of an enzyme 

catalyzed reaction, and of the various factors which may affect this. lt is known that in 

the enzyme kinetic, the reaction velocity is altered by changes in the concentration of the 

enzyme's substrate. 

2.3.1 The effects of enzyme concentratien 

We have seen that the concentration of the substrate affects the velocity of an enzyme 

reaction. Not unreasonably the velocity is also dependent on the enzyme concentration. 

It is examined how a change in enzyme concentration might alter the values of the two 

kinetic parameters which are in the Michaelis-Menten equation, i.e., Vmaxand Km. 

V max is directly proportional to the concentration of enzyme: V max =[Er]· k2 • 

[Er] is equal to the total enzyme concentration, and k2 is the reaction rate (2.5). 

In Figure 2.2, the effect of halving the concentration of enzyme is shown. 

12 

~ V(=10) 
10 

8 

4 

2 

Enzyme concentration 
as before 

Enzyme at half previous 
Vf2 (=2.5) concentration 

-- l 
I 

0 +-~+---~--~---+--~--~--~----~--+-~ 

0 10 20 30 40 50 60 70 80 90 100 

[Subltrate] 

Figure 2.2 Graph V/[substrate] for different values of enzyme concentration 
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K", is an indicator of the affinity that an enzyme has for a given substrate, and hence the 

stability of the enzyme-substrate complex. Changing the number of enzyme molecules 

does not alter their individual chemical characteristics and you would therefore expect 

them, to be able to bind the substrate no better, and no worse, than before. Consequently 

K", is independent of enzyme concentration as it is shown in Figure 2.2. Reducing the 

enzyme con centration by 50% reduced V max in proportion but, of course, V max12. which is 

used for measuring K", is also reduced by half. Pi gure 2.2 shows that the V max12line for the 

50% enzyme cuts the curve at exactly the same point, relative to the horizontal axis, as 

the corresponding line for the full strength enzyme. The K", remains unchanged. 

2.3.2 The sigmoid plot and the Hili equation 

The Hili equation has three parameters and is a generalization of the Michaelis-Menten 

equation with only two parameters. 

As we have seen the equation of the hyperbolic plot is the Michaelis-Menten equation: 

V·[A] 
v=---

Km +[A] 
(2.7) 

This equation gives a hyperbolic curve when vis plotted against [A], it clearly cannot be 

the equation of the sigmoidal plot. lts equation is the closely related Hili equation: 

(2.8) 

As it can be seen the two equations are very similar. The principal difference is that in the 

Hili equation the substrate,[A}, is raised toa power, h, which is called the Hili or 

cooperativity coefficient. The other difference is the constant, insteadof K",, we have 

Ko.5. also raised to power h. 
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The value of the Hili coefficient gives us a measure of the degree of substrate 

cooperativity. If h were equal to one, it would effectively disappear from the equation, 

which would then be the same as the Michaelis-Menten equation with Ko.5 equal to Km. 

There a value of h equals to one means that there is no cooperativity and the graph is 

hyperbolic. An increasing value of h, however, will generate an increasingly sigmoidal 

curve showing positive cooperativity for the substrate. A value less than one shows 

negative cooperativity. 

12~-

8 

~ 
'ij 

6 ,g 
Ql 
> 

4 - h=4 

- h=2 

- h=1 

2 - h=0_5 

0 3 6 9 12 15 

[Substrate] 

Figure 2.7 VI{ A] plot for values h from 0.5 to 4 

Figure 2.7 shows the effects on the vi[A] plot of values of h from 0.5 to 4. In each case, 

the enzyme has a Vmax of 10 units and a K0.5 of 4 units. We can see that the h=l curve is a 

typical hyperbolic plot, while the h=2 and 4 lines are clearly sigmoidal, more so in the 

case of the h=4line. In other words, these are typical plots showing positive substrate 

cooperativity, with cooperativity increasing as the Hili coefficient rises. The h=0.5 curve, 
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showing negative cooperativity, is less easy to distinguish from a normal hyperbolic plot 

but, by comparing the two, it cao see that it has a faster initial rise and tails off much 

sharper. Alllines are heading towards the same maximal velocity and, as they share the 

same Ko.J, they all cross at the same point. 

The key element of the sigmoid curve that distinguishes from a hyperbolic graph is the 

"toe" that it shows at low substrate level (Figure 2. 7). At this point an increase in the 

concentration of substrate causes only a very small increase in velocity (the graph has a 

very shallow slope). 

Cooperativity is defined as the modification of the binding constant of the protein for a 

small molecule by the prior binding of another small molecule. Km is usually taken as the 

binding constant for substrates. The definition of cooperativity means that binding of one 

ligand to the protein will either increase or decrease the ability of the protein to bind a 

second ligand molecule. 

lf the modification increases the binding ability (or affinity) this is known as positive 

cooperativity. lf the binding ability is decreased it is called negative cooperativity. 
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3. Theory of monotone systems 

Equation Section 3 

Monotone systems constitute one of the most important classes of dynamical systems 

used in mathematica) biology models. The concept of monotone system has been 

traditionally defined only for systems withno extemal input (or "control") functions. 

In the standard sense of control theory, a continuous-time finite-dimensional system is 

defined as: 

0 

x= f(x,u) (3.1) 
y = h(x) 

The system is monotone with respecttosome area if and only if its incidence graph (see 

Chapter 3.1.1 Monotonicity) does not contain any negative cycle, including cycles when 

directionsof arroware ignored. Using this graphical characterization, many of system of 

interest in biology are indeed monotone [E.D. Sontag, June 2004]. 

3.1 Methad tor the detection of multlstability, bifurcation, and 
hysteretic iri positive-feedback systems. 

To visualize under what conditions a particular positive-feedback system will exhibit 

bistability two methods can be used, depending of the number of variables of the system: 

• Phase plane analysis: practically feasible if the system contains no more than 

three variables. lt is possible to plot 3 variables with a 3D plot. 

• Monotone systems: valid for positive-feedback systems of arbitrary order, but 

with certain restrictions, like monotonicity and existence of steady-state 110 

characteristics. 

A bistable system is one that toggles between two discrete, alternative stabie steady 

states, in contrast to a monostabie system, which slides towards a single steady state. 
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In this section, it is shown that fora positive-feedback system of arbitrary order the 

stability properties of the system cao be deduced mathematically from how the system 

behaves when feedback is blocked. Provided that this open loop, feedback-blocked 

system is monotone and possesses a sigmoidal characteristic, the system is guaranteed to 

be bistable for some range of feedback strengths. 

The key to our approach is to view system a as a feedback ciosure of the open-loop 

system b, in which the variabie w is seen as an input or "stimulus" variable, and TJ is the 

output or "response" variabie (Figure 3.1). 

a b 

{j) 

_____ ..,. 

Figure 3.1 Schematic view of a feedback system (a) before and (b) after breaking the feedback loop. 

We have analyzed the system by "breaking" the feedback loop, viewing the effect on the 

system of the manipulated input signal w, and only later, after analyzing the behavior of 

output 7J as a function of w, do we reclose the loop by letting w = TJ, and in this way 

reeavering the original, intact system. 

Thomas [Thomas. R, 1981] conjectured that the existence of at least one positive

feedback Joop is a necessary condition for the existence of multiple steady states, but is 

far from being sufficient. Positive feedback-loop does oot guarantee bistability, but is a 

requirement as are the monotonicity and existence of steady-state characteristic. 
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Now, a novel method is applied for analyzing positive-feedback systems of arbitrary 

order. [Angeli.D & Sontag. E.D, 2004] lt detects the presence of bistability or 

multistability, bifurcation, and associated hysteresis behavior, subject to two conditions: 

A. Monotonicity. 

B. Existence of steady-state characteristic. 

After verifying the two critical properties necessary for our methodology we can apply a 

graphical method to detennine the stability properties of the system. 

The analysis consists of the following: the characteristic curve k" (for the open loop 

system), which represents the steady-state output TJ as a function of the constant input OJ, 

and the diagonal TJ = w are plotled on one set of axes. The intersection points detennine 

the steady state of the system, and the relative slopes of the two lines at the intersection 

points detennine the stability of the steady states. At each of the points of intersection, 

the slope of the characteristic k" is considered and it is checked whether the slope is 

larger than unity or not. The points at which the characteristic has slope <1, are attracting 

( stabie) steady states, and if the slope is > 1 the steady state is unstable. We can conclude 

that every trajectory converges to the stabie fixed points. 

3.1.1 Monotonicity 

Monotone function is defined: Let A a subset of 9t, and Iet/be a function fromf: 

A--+ 9t, then: 

1. fis increasing, if x :S y implies that /(x) :S f(y), for all x and yin A. 

2. fis decreasing, if x :S y implies that /(x)~ f(y), for all x and yin A. 

3. fis monotone, ifjis either increasing or decreasing. 

lt is said that the system is strongly input/output (UO) monotone, if there are no possible 

negative feedback loops, even when the system is closedunder positive feedback. 
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The monotonicity of a system refers to the graphical structure of the interconnection 

among the dynamic variables. To make it more precise, the incidence graph is 

introduced; see (Chapter 3) for the physiological interpretation. 

For a system with n variables P;, the incidence graph has n + 2 nodes. The nodes are 

labeled m,77 and P;, i =1, .... , n. A labeled edge (an arrow with + or- sign attached to it) 

is drawn whenever a variabie P; (or inputm) affects directly the rate of change of a 

variabie pi (or the value ofthe output). A sign is attached toeach label: it is attached a+ 

sign whenever the effect is positive and- if the effect is negative. By definition, no edges 

are drawn from any P; to itself. 

lf the effect is ambiguous, because the sign of its effect depends on the actual values of 

the input or state variables, then the method does not apply. 

The sign of a path (the individual edges transversed in any direction, forward or 

backward) is defined as the product of the signs along it. The sign of the path can be 

positive or negative. 

The property of monotonicity that we need amounts to checking these requirements: 

i. Every loop in the graph, directedor not, is positive. 

ii. All of the paths from the input to the output node are positive. 

iii. There is a directed path from the input node to each node P;. 

iv. There is a directed path from each P; to the output node. 

lf these four requirements are verified for the incidence graph, it can be said that property 

of monotonicity is satisfied for the model. 
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3.1.2 Existence of steady-state characteristic 

The next step is to verify property B. lt is said that the system has a well-defined steady

state input/output (IlO) characteristic if the open-loop system has a monostabie steady

state response to constant inputs. 

This means that, for each constant-in-time input signal w(t) =a fort >0, and for any 

initial conditions p1 (0), the solution of the system b in (Figure 3.1) converges to a unique 

steady state. This state depends on the particular step magnitude a , but not on the initial 

states.lfthis property is holds, it is written kx,,(a) to indicate the steady-state vector 

lim, __ [p1(t), ... p1(t)] corresponding to the signal m(t) =a, and k"(a) to indicate the 

corresponding asymptotic value TJ( +oo) for the corresponding output signal. 

lf a m- k" plot shows a sigmoidal character in the curve for all m , the system will show 

bistability. lf the plotled response exhibits a linear response, a Michaelian-Menten 

response, or any response that lacks an inflection point, the feedback system is 

guaranteed to be monostabie despite its feedback [Angeli, D.Sontag, 2004]. 

lf the two cri ti cal properties are verified, the graphical method proposed by [Angeli , 

D.Sontag, 2004] can be applied to delermine the stability properties of the system. In this 

way, the presence ofbistability or multistability, bifurcation, and associated hysteresic 

behavior can be analyzed. 

The bifurcation diagram is a plot of the possible steady states as a function of the 

feedback strength v . In the open loop system, it studies the effect of a feedback law 

m = VXTJ, which amounts to intersecting the characteristic k" with lines TJ = <Yv> ·m. 

The bifurcation diagram is obtained from the graph of the 1/0 steady-state characteristic 

as the plot ofthe curve [~.k(w)], with m ranging over the allowed range of input. 
k(w) 
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We will try to find the values of the feedback strength v for which there is only one 

intersection. Between these values the theorem prediets two globally asymptotically 

stabie steady statesin the full system. There will be three intersections: one associated 

with an unstable state and the other two with stabie states. 

For values of v outside the interval, in which there is only one intersection, the theorem 

prediets a unique globally asymptotically stabie steady state in the full system. 

As conclusion, it can be said that if the characteristic k" had not been sigmoidal there 

could not be three intersections, and the system could not be bistable at any feedback 

strength. System composed of Hili equations or Michaelis-Menten equations can have a 

sigmoidal response [Angeli, D.Sontag, 2004]. 

lf the feedback can be blocked in a system, the feedback-blocked system is tested 

to be monotone, and the experimentally determined steady-state stimulus/response curve 

of the feedback-blocked system is sigmoidal, then the full feedback system is guaranteed 

to be bistable forsome range of feedback strengths. Conversely, ifthe open-loop system 

exhibits a linear response, a Michaelian-Menten response, or any response that lacks an 

inflection point, the feedback system is guaranteed to be monostabie despite its feedback. 

3.2 The modularity of Monotone systems 

One approach to analyze complex biochemical networkis to divide the network into 

subsystems or modules of a more traetabie size and hope that the behavior of the entire 

system can be deduced from the behaviors of these modules [Hartwell L.H, (1999)]. 

However, in real biological networks there are interconnections between modules, and 

under such circumstances there is no general guarantee that the behavior of an isolated 

module will bear any resemblance to the behavior of the module in its natural context. 
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There is an intrinsic modularity to monotone systems, as shown by [Angeli, D. & Sontag. 

E.D. (2003)], that any cascade composed of subsystems, each of which is monotone and 

admits a steady-state characteristic, will itself be monotone and admit a steady-state 

characteristic. So there is an intrinsic modularity to monotone systems, which is 

important in terms of devising approaches to the dissection of complex signaling systems. 

This modularity has been used in the study of the extracellular matrix balance (ECM) in 

Chapter 5. 
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4. The IKB-NF-KB signaling module 

4.1 The NF-KB model 
Equation Sectien 4 

In this chapter, a NF- KB model is analyzed with the theory of monotone systems. 

THE IKB- NF- KB MODEL WITH FIVE STATE-VARIABLES 

Model, consists of a series of ordinary differential equations descrihing the time 

evolution of concentrations of various molecules and molecular complexes of interest. 

In Figure 4.1 a schematic depietion of the model is drawn. NF -KB is held inactive in 

the cytoplasm of non-stimulated cell by three IK B isoforms. During cell stimulation, 

IKK complex is activated, leading to phosphorylation and ubiquitination of the IK B 

proteins. Free NF- KB translocates to the nucleus, activating genes including 

IKBa,IKB/3,IKBe that are synthesized at steady rate. All IKB forms have been 

lumped together, so only IKB is modeled. This allows complex temporal control of 

NF- KB activatien and involves negative feedback. 

The interactions of IKK, IK B isoforms, and NF- KB can be thought of as negative 

feedback, that receives signal from celi-surface recepters (inputs) and transmits signal 

(output). 
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Figure 4.1 Basic I KB- NF- KB signalig model. 

4.2 Behavior of the two variables NF- KB with a positive 
feedback 

A simplified version of the NF- KB model has been studied, which is composed of two 

variables with a positive-feedback loop. In this system, the molecular species 

IK B- NF- KB and NF- KB, which are respectively called/ and p for simplification 

reasons, interact in such a way thatfis positively regulated by p, whereas pis positively 

regulated by f. Self regulation is not included. Biochemically speaking,J activates p, 

whereas p stimulates the formation ofjFigure 4.2. 
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Figure 4.2 Schematic depietion of the NF-kB model. 

The regulation between variables has been implemented with Michaelis-Menten kinetics, 

as is shown in Eqs.(4.1)-(4.2). 

Thomas [Thomas. R, 1981] conjectured that the existence of at least one positive

feedback loop is a necessary condition for the existence of multiple steady states. 

(4.1) 

(4.2) 

In the model of the NF-kB we have a positive-feedback loop, so this necessary condition 

is verified, but we need to verify the next two conditions, for analyzing the presence of 

bistability or multistability in positive-feedback systems, Chapter 3.1: 

Monotonicity. 

Existence of steady-state input/output characteristic. 

The key to the approach is to view Eq.( 4.1) and ( 4.2) as a feedback ciosure of the 

following open loop Eq.(4.3) and Eq.(4.4), in which the variabie w is seen as an input 

"stimulus" variable, and TJ is the output or "response" variable: 
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(4.3) 

(4.4) 

In other words, we analyze the system by "breaking" the feedback loop at the step of the 

interaction of NF- KB with the complex IK B- NF -KB , viewing the effect of 

NF- KB on IK B- NF- KB as an input signal w ,see Figure 4.3. After analyzing the 

behavior of output 17 as a function of input w, the loop will be reclosed by letting w = 17 

and hence, recovering the original system. 

Figure 4.3 Schematic view of a feedback system before (left) and after (right) breaking the feedback loop. 

Before the application of the theorem, we must verify the next two properties, which are 

criticaland necessary for applying our methodology [Angeli. D &.Sontag, 2004]. 

A) The system must have a well-defined steady-state input-output (110) 

characteristic. This is explained in more detail in chapter 4.4.1. 

B) The system must be strongly 110 monotone. This is explained in more detail in 

Chapter 4.4.2. 

A ) The steady state input/output (110) characteristic for each constant in time input 

signal w(t) was drawn (Figure 4.4 ), but the solution only bas one or two intersection 
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points with the line of slope equal to one. In Figure 4.4 there are two intersection points, 

but only one with slope ofthe steady-state input-output characteristic less than unity. This 

first property bas therefore not been validated, so it can be said that for this system the 

theory of monotone system cannot be applied; the system is monostable. 
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Figure 4.4 Steady-state input/output characteristic. 

45 50 

As conclusion, the NF- KB model composed with Michaelis-Menten equation does not 

show bistability. The steady-state characteristic obtained is hyperbolic. 
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5. Extracellular matrix degradation 

5.1 Open model 
Equation Section 5 

Larrreta-Garde and Berry Hugues [Hugues,B, 2001] developed a model to describe 

extracellolar matrix (ECM) synthesis and degradation. A schematic representation of this 

model is shown in Figure 5.1. 

Extracellular matrix 
(insoluble proteins) 

m 

Proteinase 
p 

Transglutaminase 
g 

' ' I 
I 
I 
I 
I 
I 

.I 

Protealysis fragment& 
(soluble) 

f 

• •• 

p 

Figure 5.1 Scheme of the proposed model for ECM synthesis and degradation 

lndicated with bold letters are the variables representing the concentrations of the 

corresponding molecular species. lnsoluble ECM proteins m are produced by cells at 

constant rate rim and degraded by proteinases p into soluble proteolysis fragments.f. 

Fragments can be cross-linked by transglutaminase g or other intermolecular proteïn

eross-linking enzyme to yield back new ECM proteins. Fragments are subject to 

proteolysis from p and interact with cells to increase proteinase concentration (positive 

feedback loop, dasbed arrow ). Fragment production thus tends to enhance proteinase 

concentration and consequently, creating an indirect positive feedback loop. Proteinases 

themselves undergo autoproteolysis 
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ECM proteins solubilization is achieved via peptide honds hydrolysis catalysed by 

proteins. The tenn ''proteinase" designates any ECM proteinase. In the model, 

proteinases and transglutaminases become the two antagonist catalysts of a futile cycle 

between ECM proteins and their proteolysis fragments. Both enzymes are assumed to 

display Michaelis-Menten kinetic with kp and kg as the catalytic constants and Kp and Ka 

the Michaelis-Menten constants for proteinase and transglutaminase. 

Wedefine p, m andf as the state variables which represent the concentrations of 

proteinase, ECM proteins, and their corresponding fragments, respectively. The state 

equations are: 

dm m f 
-=-kP·p· +kg· +r =-V +V +V (5.1) 
dt Kp + m 8 Ka+ f •m I 2 3 

dp !" 
-=a·-~-
dt K~+ /" 

(5.3) 

In the open model there is non-zero values for 'im and S, Eq.(5.1)-(5.2)-(5.3) describes an 

"open" model in which the total ECM proteins and proteolysis fragments concentration is 

oot conserved. 

In Figure 5.2, the schematic depietion of the open model is shown, indicating the 

interaction between each variabie as is indicated in the differential equations, Eq(5.1)-

(5.2)-(5.3). 
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• •• 
v6 

• •• 
Figure 5.2 Schematic depietion of the open model 

We assume in the model a Hili equation for the dependenee of proteinase concentration 

change on fragment concentration, with a as the maximum rate, KR the threshold 

constant and n the Hili number. 

The parameter V4 bas been added for convenience: its value is one if fragment 

proteelysis is taken into account, and is zero in the other case. 

The autoproteolystic inactivation term v6 contains a i term, that originates from the fact 

that the enzyme and the substrate are both considered during autoproteolysis, described 

bere as Michaelis-Menten kinetics. 

Below the procedure to study the stability behavior of the open model with the theory of 

monotone system will be explained. 

Eq.(5.1)-(5.2)-(5.3) comprise system 1, the approach is to view system 1 as a feedback 

ciosure of the following open-loop system 2, in which the variabie m is seen as an input 

or "stimulus" variable, and TJ = f is the output or "response" variable. 
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dm m f 
-=-p· +kg· +r 
dt K p + m s K0 + J •m 

(5.4) 

(5.5) 

dp (J)n p2 
-=a· -k ,_..;...__ 
dt K" +w" deg K + p R deg 

(5.6) 

In other words, we analyze the system by "breaking" the feedback loop at the step of the 

interaction of fragmentfwith cells to increase proteinase concentration, viewing the 

effect of fragmentsf on proteinase p as an input signal w, see Pi gure 5.3. After analyzing 

the behavior of output TJ as a function of input w, the loop will be reclosed by letting 

w = TJ and hence, recovering the original system . 

• •• 

• •• 

• • • 

" 
Figure 5.3 Schematic view of a feedback system before (left) and after (right) breaking the feedback loop. 

We must verify before the application of the theorem the next two properties, which are 

criticaland necessary for applying our methodology [Angeli. D &.Sontag, 2004]. 
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A) The system must be strongly 110 monotone. (Explained in more detail in Chapter 

4.4.2). 

B) The system must have a well-defined steady-state input-output (110) 

characteristic. (Explained in more detail in chapter 4.4.1 ). 

A) The property of monotonicity refers to the graphical structure of the 

interconnection among the dynamic variables. We introduce the incidence 

graph in system 2, Figure 5.4. We know that the system has three variables, 

and will have two nodes. The nodes are labeled w , TJ and the variables m, f 

and p. It is composed of two subsystems. In the first subsystem, the positive 

arrow from w top reflects the term a· w" in Eq. (5.6}, which 
K" +w" R 

represents the rate of change of p. 

+ 

+ 

Figure 5.4 loeidenee graph of the open model system 2. 

In the second subsystem, the negative arrow from w tof represents the term 

-8 · p · f in Eq. (5.5), which represents the rate of change of f 
Kp+J 

In the second subsystem, the positive arrow from w tof is an increasing function of w, 

but the negative arrow from w to m is a decreasing function on m, as cao be derived from 
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Eq.(5.5). The variablesfand m mutually interact in a decreasing way. The choice of 

output 1J = f is represented by a positive arrow. 

Degradation effects are not reflected in the graph: for example, the decay term 

- k g · f in the Eq.(5.5) makes the rate of change of fbe smallerif/is greater, 
g KG+ f 

but is not included in the incidence graph. By definition, no edges are drawn from any 

state variabie to itself [Angeli, D.Sontag, 2004]. 

In each of the subsystems that compound the incidence graph of Figure 5.4, the four 

requirements explained in chapter 4.1.1 are checked, which are necessary to verify the 

property of monotonicity: 

Subsystem 1: The four requirements are verified. 

I. Because there are no loops present this property is automatically verified. 

11. All the paths from the input to the output node are positive. 

III. There is a directed path from the input node m to each variabie p, m . 

IV. There is a directed path from each variabie p, m to the output node 1J. 

Subsystem 2: 

I. This first requirement is not verified, because in the incidence graph not all the 

loops are positive. There are two negative loops, because the product of the 

signs along each loop is negative: 

a. The loop ( m, f, m, m ) is negative, because it is the product of three 

negative sign. 

b. The same negative loop as the first one, but with the arrow fromfto m 

in opposite direction. There is a bidirectional interaction betweenf and 

m. 

11. Notall the paths from the input to the output node are positive. The path 

(m,f, 1J ) is negative. 
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111. There is a directed path from the input node m to each variabie p, f, m . 

IV. There is a directed path from each variabie p, f, m to the output node TJ • 

Because subsystem 2 is not monotone as shown by its incidence graph there is negative 

loops, the model does not verified the property of monotonicity. Thus the prerequisite 

condition A (monotonicity) is not satisfied for the open loop system Eq.(5.4), Eq.(5.5) 

and Eq.(5.6), so the method to study the stability propertiescan not be applied. 

lt has been mathematica} proven that system 2 will notshow bistability, and it will be 

illustrated by numerical simulations that the system shows monostability. Depending on 

the value of different parameters the system will reach: 

SFP: Stabie fixed point. 

SLC: Stabie limit cycle. 

SSLC: Semi-stabie limit cycle. 

ULC: Unstable limit cycle. 

UFP: Unstable fixed point. 

lt can be seen in Figure 5.5, that whenf < KR = 0.01, p decreases because of 

autoproteolysis. In the clockwise limit cycle (Figure 5.6), this oornes with an increase in 

m due to constant ECM input. In this way, the system runs along the lower part of the 

limit cycle. Under the action of the proteinases on m, f increases when ECM 

concentration becomes elevated. 
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Figure 5.5 Temporal variations of the three concentrations p, m and f 

The upper-left corner of the limit cycle in the m-p phase of Figure 5.6, is reached when 

fragment concentration crosses over KR in Figure 5.5 . Then p abruptly increases because 

of fragment-induced neo-synthesis. As it can be seen in Figure 5.6, the system runs along 

the upper part of the limit cycle. Proteinase substrate (ECM proteins and fragments) 

concentration consequently decreases and the cycle starts over. 
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Figure 5.6 Projections in the (m-p) plane of the corresponding limit cycle. 

Below it is explained how the value of the different parameters of the system change the 

response of the system. 

loftuenee of k.,.1(oscillation period) in tbe response of tbe system 

In Figure 5.7 it is shown that a variety of characteristics in shape, amplitude, phase can be 

observed in the temporal variation of the concentrationsf, mand p varying the oscillation 

period ~8• lt can be seen that the oscillation period increases with decreasing ~8• 
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Figure 5.7 Temporal varlation of p, m andffor different values of kdet~· (A) kde11=1, (B) kt~e8=0.1 

Influence of kgg ( transglutaminase) in the response of the system 

The stability of the open model bas been studied, varying the values of transglutaminase 

k88• For low k88 , a single fixed point exits and is stable. When transglutaminase activity is 

increased, the system crosses over a Hopf bifurcation: the former stabie fixed point 

becomes unstable and a stabie limit cycle appears. As k88 increases further, the stabie 

limit cycle fuses with an unstable one, and forms a semi-stabie limit cycle at the 

bifurcation point. 
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Flgure 5.8 (A) Time evolution ofthe concentrations m,fandp. (B) Phase space showing stabie fixed point. 

In Figure 5.8 the time evolution of the three variables of the system for value of k88=0.1 

has been drawn, and it is shown that the three variables reach the stabie fixed point. In 

graph A, of Figure 5.8, the phase space for different initial conditions has been drawn, 

and we can see that, independent of the initial conditions of the state variables, the 

variables converge into only one stabie steady state. 
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Figure 5.9 (A) Time evolution of the concentrations m, f and p. (B) Phase space showing stabie limit cycle. 

In Figure 5.9 the time evolution of the three variables of the system for value of kgg=0.3 

has been drawn, and it is seen that the three variables present sustained oscillations. The 

p-m phase space for different initial conditions has been drawn, and the emergence of a 

stabie limit cycle can be observed (Figure 5.9B). 
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Figure 5.10 (A) Time evolution ofthe concentrations m,fand p. (B) Phase space showing semi-stabie limit 
cycle. 

In Figure 5.10 the time evolution and the m-p phase space is drawn fora semi-stabie limit 

cycle (SSLC). Depending on the initial conditions of the state variables, a limit cycle with 

stabie interlor and unstable exterior appears. It is seen that for initial conditions out of the 

limit cycle the evolution of the state variables is to high ECM and low proteinase 

concentrations. As this steady state is unstable, ECM concentration increase unboundedly 

and proteinase concentration vanishes with time. 

With initial conditions into the limit cycle, the evolution of the state variables will result 

in sustained oscillations. It is the same as has been shown in Figure 5.9. 
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Figure 5.11 (A) Time evolution of the concentrations m, f and p. (B) Phase space showing unstable fixed 
point. 

In the time evolution of the three variables and phase plane of the system for k88=0.5 has 

been drawn, showing unstable behaviour with high ECM and low proteinase 

concentrations. With the theory of monotone systems it has been mathematically proven 

that the open model is monostable, so there is only one steady state. lt is an unstable 

steady state because, ECM concentration increases unboundedly. 

The open version of the model does not show a stabie state with large ECM and low 

proteinase concentrations, which would a priori be considered as a normal physiological 

condition. lt has been seen that for transglutaminase actlvities lower than the Hopf 
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bifurcation, the system presents a stabie steady state. In this state, the ECM density is low 

and the proteinase concentration is high. 

One possible interpretation, although speculative, is that the normal physiological state 

could correspond to the oscillatory domain, where the average ECM concentration is 

constant and relatively high. 
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5.2 Closed model 

We have studied a simplified version of the open model (Eq (5.4)-(5.6)), that we can 

analyze in a two-dimensional phase space. It is obtained by setting r;m= 8 = 0 in the 

model. This means that we neglect ECM protein entry and fragment exit through 

proteolysis from the system Figure 5.12. 

Figure 5.12 Schematic depietion of the closed model 

The assumption was made that the global concentration of ECM proteins (matrix protein 

+fragment) is conserved: 

m(t) + f(t) = m(O) + /(0) = c0 (5.7) 

Where m( t ), ft t) and p( t) are the con centration along the time, of extracellular matrix, 

proteolysis fragments and proteinase respectively. 

co is a constant value for the global concentration of ECM proteins. mo andfo are the 

initial conditions for the concentration of matrix proteins and fragments. 

This constraint allows the reduction of the number of state equations, now there are two 

states equations, which compose system 1: 
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Figure 5.13 Schematic view of a feedback system before (left) and after (right) breaking the feedback 
loop 

The key to our approach is to view system 1 as a feedback ciosure of the following open

loop system 2, in which the variabie OJ is seen as an input or "stimulus" variable, and 

17 = f is the output or "response" variable. The equations of systems 2 are: 

df Co- f 
-=p· 
dt l+c0 -/ 

dp w" 
-=a·---
dt K" +w" R 

k f 
8 g. Ka+ f (5.10) 

(5.11) 

In other words, we analyze the system by "breaking" the feedback loop at the step of the 

interaction of fragmentfwith cells to increase proteinase concentration, viewing the 
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effect of fragments/ on proteinase pas an input signal w, see Figure 5.13. After 

analyzing the behavior of output 11 as a function of input w, the loop will be reclosed by 

letting w = 11 and hence, reeoverlog the original system. 

We must verify before the application of the theorem the next two properties, which are 

critical and necessary for applying our methodology [Angeli. D &.Sontag, 2004]. 

A) The system must have a well-defined steady-state input-output (110) 

characteristic. It is explained in more detail in chapter 4.4.1. 

B) The system must be strongly 110 monotone. It is explained in more detail in 

chapter 4.4.2. 

A ) The property of existence of steady state 110 characteristic is defined for each 

constant in time input si goal w(t), and for any initia) conditions, the solution of the 

system of differential equations (5.10) and (5.11 ), converges to a unique steady state. 

This state depends on the particular step magnitude w, but oot on the initial states. 

For the system 2, we cao see in its schematic representation Figure 5.13, that 17(-too) is 

the corresponding asymptotic value for the output signal of the system. We have plotted 

the steady-state characteristic of the system in Figure 5.14, this curve represents the 

output 11 of the system for every value of the input w . 
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Steady-state VO static characteristic n=3 
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Figure 5.14 Steady-state 110 static characteristic curve n=3 

We can observe the sigmoidal character of the curve, which is caused because in the 

model it is assumed a Hili equation for the dependenee of proteinase concentration 

change on fragment concentration. When the Hili number is equal to 3, a sigrnoidal curve 

is observed, but for values smaller, the curve is a typical hyperbolic plot (Figure 5.15). As 

explained in section 3.3.4, an increasing value of n, will show an increasingly sigrnoidal 

curve that shows positive cooperativity for the substrate. 
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Steacty-state VO static characteristic n=2 
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Figure S.IS Steady-state 110 static characteristic 

0.07 0.08 

The sigmoidal character of the steady-state 110 static characteristic curve will be critical 

for bistability. lf the steady-state 110 characteristic hadnotbeen sigmoidal there could 

not be three intersections with the diagonal 'fJ = m, and the system could not be bistable 

at any feedback strength.This first property has been verified because the output has a 

single value for each value of m, as we see in Figure 5.14. 

B) The property of monotonicity refers to the graphical structure of the 

interconnection among the dynamic variables. We introduce the incidence graph Figure 

5.16 ofthe system 2, Eq. (5.10), and Eq.(5.11). We know that the system has 2 variables, 

and will have 2 nodes. The nodes are labelect m , 'fJ and the variables f, p. 
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It is composed of two subsystems. The positive arrow from w top represents the fact 

that the term a· w" in Eq. (5.11), which determines the rate of change of p, is an 
K" +w" R 

increasing function of w. 

+ 

+ 

Figure 5.16 loeidenee graph 

The influence of w on lis an increasing function of w, but a decreasing function on m, 

as can be derived from Eq.(5.10) The variablesland m mutually interact in a decreasing 

way. The choice of output TJ =I is represented by a positive arrow. 

Degradation effects are not reflected in the graph: for example, the decay term 

- k g · I in the first equation makes the rate of change of p besmaller iflis 
g KG +I 

greater, but is not included in the incidence graph. By definition, it is notdrawedges 

from any P; to itself [Angeli, D.Sontag, 2004]. 

In each of the subsystems that compound the incidence graphof Figure 5.16 we check the 

four requirements explained in chapter 3.1.1 Monotonicity, that are necessary to verify 

the property of monotonicity: 

j. In the incidence graph there are two positive loopsbothof which are positive, 

because the product of the signs along each loop is positive: 
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a. The loop ( w, f, c0 - f, w ) is pos i ti ve, because it is the product of a 

positive sign and two negative signs. 

b. The second loop ( c0 - f, f ,c0 - f) is also positive, because it is the 

product of two negatives signs. 

k. All the paths from the input to the output node are positive. 

I. There is a directed path from the input node w toeach variabie p,f, co-f. 

m. There is a directed path from each variabie p,f, co1 to the output node Tl· 

Because each subsystem in the model Eq. (5.10) and Eq. (5.11) is monotone, the entire 

system is guaranteed to be monotone as well, and property B of Chapter 3, is satisfied. 

Thus the prerequisite conditions A and B are satisfied for the open loop system Eq.(5.10) 

and Eq. (5.11), and the method to study the stability propertiescan be applied. 

The next step consists of graphing together the steady-state 110 characteristic, with the 

diagonal Tl = w, which represent w as a function (Figure 5.14 red line ). In this way we 

can look for fixed points of the 110 characteristic. We find that there are three 

intersections between these graphs, which we will refer to as points FP1, FP2, FP3. We 

consider the slope of the 110 characteristic at each of the three fixed points and check 

whether the slopeis greater that unity or not. We see in Figure 5.14 that this slopeis < 1 

at FP1 and FP3, but >1 at FP2. 

The theorem concludes as follows. In the state-space of the closed-loop system 

(FP1,FP2,FP3) are present. The states FP1 and FP3 correspond to the points at which the 

characteristic has slope <1, are attracting (stable) steady states, whereas FP2 is unstable. 

We can conclude that every trajectory converges to either FP1 or FP3. These conclusions 

are consistent with the phase plane shown in Figure 5.17 .Two stabie states are shown, 

the attraction domaio span the whole positive orthant. 
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Figure 5.17 Phase-space and stability of the fixed points 

The mathematical proven bistability of the ECM degradation balance can be illustrated 

through numerical simulations. Typical sets of initial conditions for the closed model 

system were chosen, the differential equations were solved numerically (under unitary 

feedback). The time evolution of the state variables of the system are displayed in Figure 

5.18 and Figure 5.19. 

We can see that all the state variables eventually converge towards one of the two stabie 

steady states. There is an "on state" with a large concentration of proteinases p and 

fragmentsfand with a very low concentration of extracellular matrix proteins m. 

The other state is an "off state" with a very low concentration of fragments f and 

proteinases p, and very high concentration of ECM proteins m. 
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Figure 5.18 Time evolution of m (unitary feedback) 

250 300 

In Figure 5.18 the evolution m(t) with maximal initial ECM concentration [m(O)=co], and 

variabie initial proteinase concentrations p(O) is shown. As long as p(O) is lower than a 

threshold concentration, the system remains asymptotically in the FP1 state. This means, 

when proteinase concentration is large enough to reduce ECM concentration below FP2, 

the system switches to the other stabie fixed point FP3 (is a ECM poor state). This 

threshold effect is illustrated by curves blue-dashed line and the red line of Figure 5.18, 

when initial proteinase concentration change from p=0.28 to p=0.29. And this is enough 

to switch from a large ECM/zero-proteinase state to a low ECM/high-proteinase state. 
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[f p]=[O p(O)] [f p]=[O p(O)] 
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Figure 5.19 Time evolution of pand f (unitary feedback) 

lf we plot the possible steady stales as a function of the feedback strength v, a 

bifurcation diagram can be drawn for the closed model Figure 5.20. 

300 

We study the effect of a feedback law w = vXTJ which amount to intersecting the steady-

state 110 characteristic with lines TJ = _!_ • w, as shown if Figure 5.14 in which is has been 
V 

drawn the lines for values of v = 0.925 and v =1000. 

We can observe that for v <0.925 there is only one intersection (low fragments and low 

proteinases state), and for v > 0.925 there are two intersections (high fragment and high 

proteinases state, and the other state with a low amount offragments and proteinases). So 

the theorem prediets a unique globally asymptotically stabie steady state in the full 

system for values of v < 0.925. And for values v > 0.925 there will be three intersections, 

one is associated with an unstable state and the others with stabie states. 
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bifurcation diagram for f 
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Figure 5.20 Bifurcation diagram 

The resuJt is that the system is monostabie when vis< 0.925 (the "on-state .. disappears) 

or when vis very large> 1000 (the "off-state .. disappears) and is bistabJe for v between 

0.925< V < 1000. 
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In Figure 5.21 the phase space when the feedback is v =0.9 is drawn, and it can beseen 

that for whatever initial conditions of the variables f and p, the variables converge only 

into one fixed point (0,0). 

V= 0.9 monostable=> F.P (0,0) 
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Figure 5.21 Phase space showing monostability for v = 0.9 

In Figure 5.22 the time evolution of the two variables of the system for values of the 

feedback v = 0.9 have been drawn. As we can see in Figure 5.14 there will be only one 

intersection point between the steady-state characteristic and a line plotted for v = 0.9. 

We can see that the state variables p andf eventually converge towards only one stabie 

steady state. This state is an "off state" with a very low concentration of fragmentsfand 

proteinases p, and very high concentration of proteins m. 
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Figure 5.22 Time evolution of p andfwith feedback v =0.9 

In Figure 5.23 the phase space when the feedback is v =3 has been drawn, and we can see 

that for whatever initial conditions of the state variables f and p of the system, the 

variables converge into one of the two discrete steady states, which we have called FPl 

(0,0) and FP2 ( 1.55,0.85). 
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Figure 5.23 Phase space showing bistability for v = 3 
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In Figure 5.24 the time evolution of the two variables of the system for values of the 

feedback v =3 has been drawn, and, as required by the theorem, all of the variables 

converge into one of the two discrete steady states: 

An "on state" with most of the fragments f and most of the proteinase p. 

An "off state" with very low concentration of fragments and proteinases. 
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Figure 5.24 Time evolution of p and f with feedback v =3 

Finally, we can deduced from Figure 5.20 the hysteretic behavior of the system. 

lf we see the bifurcation diagram, a hysteretic behavior is shown in our system, because 

increasing v from low to high results in picking the lower branch in the bistable region, 

whereas decreasing from high to low takes the salution on the upper branch. 

A trivial fixed point of system I, Eq.(5.8) and Eq. (5.9) is (p0Jo)= (0,0) and will be 

referred as FPl. lt corresponds toa situation with maximal ECM concentration and 

without proteinase (nor protealysis fragment). 
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The nullclines of the system are the curves drawn in the phase portrait along which one 

of the state variables does not change in time. 

In Figure 5.25 the nullclines are plotted in the p-f phase-space, and we can see that for 

values of kgg < 0.06, two other fixed points (labeled FP2 and FP3) can coexist with FPl. 
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Figure 5.25 Nu Helines of the closed model with k88=0.05 

In Figure 5.25 and Figure 5.26 it is plotted the nullclines of the closed model in the p-f 

phase-space for different values of k88• We can see that for k88 = 0.05 (Figure 5.25), two 

other fixed points ('FP2', 'FP3') can coexist with FPl, and for k88 =0.06 ( Figure 5.26) 

there are no more fixed points. 
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Figure 5.26 Nullclines of the closed model for kn =0.06 
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6. Conclusions 

Equation Section 7 

In this workit is shown that fora large class of biological positive-feedback systems of 

arbitrary order, it is possible todetermine whether the system exhibits bistability, 

bifurcations, and hysteresis mathematically, without applying extensive numerical 

simulations. At least one positive-feedback loop is necessary for the existence of multiple 

steady states, which was used to open the system. Provided that this open-loop, feedback

blocked system is monotone and possesses a sigmoidal characteristic, the system will 

show bistability. 

In the study oftheNF -KB model with two variables, a positive-feedback loop 

(necessary condition), and no negative feedback loops are present. Hence, the property of 

monotonicity is verified. Moreover, the steady-state input/output characteristic is not 

sigmoidal, so the theory cannot be applied. The basic premise of the model is that all of 

the enzymatic reaelions reach a kinetic steady state rapidly, and therefore can be 

approximated by Michaelis-Menten equations, showing that the monotone analysis can 

not be applied to the proposed model of the NF -KB. 

Subsequently, another biological system was investigated, the extracellular matrix 

balance. The extracellular matrix degradation model is described as a cyclic bienzymatic 

system, with a positive-feedback regulation. Two models were considered: a "closed" 

and an "open" model. 

The study of the "open" version for the model of ECM, shows that the property of 

monotonicity is not verified because there are negative loops in the incidence graph. Thus 

the method to study the stability properties can not be applied and the system shows 

monostability. Depending on the value of different parameters the system will reach: 

SFP: Stabie fixed point, SLC: Stabie limit cycle, SSLC: Semi-stabie limit cycle, ULC: 

Unstable limit cycle, UFP: Unstable fixed point. lt is shown that when matrix production 

by the cells and fragment degradation are taken into account, the dynamics change to 

sustained oscillations because of the emergence of a stabie limit cycle. 
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It has been shown that for the "closed" model of ECM, the two cri ti cal properties 

necessary for applying the monotone analysis are verified. Furthermore its incidence 

graph verified the four requirements and the theorem has successfully been applied. lt is 

shown that when a Hili equation is assumed for the dependenee of proteinase 

concentration change on fragment concentration with n ~ 3 . The steady-state 1/0 static 

characteristic shows sigmoidal character and the system will be bistable, two states are 

possible. There is an "on state" with a large concentration of proteinases p and fragments 

f and with a very low con centration of extracellul ar matrix proteins m. The other state, is 

an "off state" with a very low concentration of fragments f and proteinases p, and very 

high concentration of proteins m. The stability behavior of the system has been deduced 

analyzing with the monotone system theory of [Angeli Et. Al, 2004] showed that the 

system is monostabie when vis < 0.925 (the "on-state" disappears) or when vis very 

large> 1000 (the "off-state" disappears). Bistableis observed for v between 0.925< v < 

1000. 

As has been shown in the study of the model of extracellular matrix balance, although the 

"open" and "closed" model have Hili equation for the dependenee of proteinase 

concentration change on fragment concentration. The "open" model does not show a 

steady-state IlO characteristic and the monotone theory cannot be applied, although it is 

possible for the "closed" model. 

The method for the detection of multistability in positive-feedback systems will help to 

analyze and onderstand the mechanistic basic of important system-Ievel biological 

behavior. Systems where the output feeds back directly to the input has been analyzed in 

this report, but more complicated feedback loops may be studied with the same 

techniques, by a reduction to unity feedback. The approach is based on the idea of 

breaking up loops and reconstituting the system by analyzing the various 

interconnections. Further research will be required to investigate negative feedback 

interconnections. 
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Appendices 

Appendix A 

In this appendix, the Matlab code used to calculate the steady-state 110 static 

characteristic and the bifurcation diagram are enclosed. Moreover the functions omodel 

and oopen, are included to draw the time evolution and the phase space of the steady state 

variables. 

%%%%%%%%%%%%%CLOSED MODEL%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% With this Matlab file the steady-state 110 static characteristic is calculated and drawn for the Closed model 
of the extracellular matrix degradation. 
% m=c0-f=0.1-f 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

[f,p]=solve('-p*(0.1-f)/(1+(0.1-t))+0.05*f/(0.1+f)=O','a"3/((0.1"3)+(a"3))-(p"2)1(1+p)=O') 

% steady-state I/0 static characteristic 
clear all; close all; figure(1) 
A=(linspace(O.()()()() 1,0.08,300)'); 
for i=1:1ength(A) 

a=A(i); 
fl=112/(4190000*a"3-10)*(99000*a"3-2200*a*(12500*a"4+10*a)"(1/2)-11+(757461000000*a"6-

100400000*a"4*(12500*a"4+10*a)"(1/2)+44582000*a"3+47600*a*(12500*a"4+10*a)"(l/2)+121)"(1/2)); 
fnew(i)=f1; 

end 
plot(A,fnew),hold on 
xl=A; 
y1=A; 
y2=(1/0.925)*A; %1/v=slope ofthe line. with v=0.925 the on state vanishes 
plot(x1,y2,'g-'), hold on, plot(xl,y1,'r--') 
y3=( 1150)* A; % 1/v=>if v is very large the off state vanishes 
plot(x1,y3,'y-') 
title('Steady-state I/0 static characteristic n=3') 
xlabel('input \omega ' ), ylabel('output \eta ') 
text(0.001,0.001 ,'FP1 '), text(0.027 ,0.0352,'FP2'), text(0.067 ,0.064,'FP3') 
text(0.068,0.082,'V = 0.925'), text(0.053,0.047,'V = 1'), text(0.052,0.004,'V > 50') 
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%%%%%%%%%%%%%CLOSED MODEL%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% With this Matlab file the Bifurcation diagram is calculated and drawn for the Closed model of the extracellular 
matrix degradation. 
% m=eO-f 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

[f,p ]=solve('-p*(0.1-f)/( 1 +(0.1-f) )+0.05*f/(0.1 +f)=O', 'a"3/((0.1"3)+(a"3))-(p"2)/( 1 +p )::0') 

clear all, close all; figure(3) 
A=(linspace(O.OOOO 1, 1.5,30000)'); 
for i=1:length(A) 
a=A(i); 
fl= 1/2/( 4190000*a"3-1 0)*(99000*a"3-2200•a•( 12500*a"4+ 1 o•a)"(l/2)-11 +(757461000000*a"6-

1 00400000*a"4*(12500*a"4+ 10*a)"( l/2)+44582000*a"3+47600*a*( 12500*a"4+ 10*a)"(112)+ 121 )"'( 112)); 
fnew(i)=f1; 

end 
plot(A,fnew),hold on 
figure(4),A=(linspace(0,1.5,30000)'); 
x1=A'Jfnew; y1=fnew; 
plot(xl,y1), text(5.5,0.005,'stable'), text(2,0.04,'unstable'), text(6,0.082,'stable') 
title('bifurcation diagram for \itf),xlabel('feedback strengh \itv'), ylabel('steady-state concentration of \itf) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% The function omodel represent the differential equations of the OPEN model 
% for the extracelular matrix degradation system 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

function dy=omodel(t,y) 
KR=0.01;KG=0.01; 
Kdeg=O.O 1 ;kdeg=0.1; 
kgg=0.1; %will produce SFP 
n=3;alfa=1;rim=0.01; 
tita=1; 
dy=zeros(3,1); 
dy(l )= -y(3)*y( 1 )/(1 +y(l ))+kgg*y(2)/(KG+y(2))+rim; %drnldt 
dy(2)= y(3)*y( 1 )/( 1 +y(l ))-kgg*y(2)/(KG+y(2))-tita*y(3)*y(2)/( 1 +y(2)); %df/dt 
dy(3)= alfa*y(2)"ni(KR"n + y(2)"n)-kdeg*(y(3)"2)/(Kdeg + y(3)); %dp/dt 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% The function oopen resolve the differential equations of the function omodel, and plot the time 
% evolution of the steady state concentrations and the Phase space of the variables m,p 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

function oopen 
clear all;close all; 
subplot(1,2,1) 
tspan=[O 80];YO=[O.l3 0.06 0.6];% [m=0.15 fp=0.6] 
[T, Y]=ODFA5( @omodel,tspan, YO); 
semilogy(T, Y ( :, 1) ),xlabel('\itTime'),ylabel('\itConcentrations'),hold on 
[T,Y]=ODFA5( @omodel,tspan, YO);semilogy(T, Y(:,2),'r. '),hold on 
[T,Y]=ODFA5(@omodel,tspan,YO);semilogy(T,Y(:,3),'g--') 
legend('\itm','\itf','\itp'),title('\itk_(gg)=0.1 SFP') 

subplot(l ,2,2) 
tspan=[O 800];YO=[O.l3 0.06 0.6];% [m=0.15 fp=0.6] 
[T,Y]=ODFA5( @omodel,tspan, YO); 
plot(Y(:,3),Y(:,1)),xlabel('\itp'),ylabel('\itm'),hold on 
YO=[O.OS 0 1];% [m=0.15 fp=0.6] 
plot(Y(:,3),Y(:,l),'r--'),hold on 
Y0=[0.05 0 3];[T,Y]=ODFA5( @omodel,tspan, YO); 
plot(Y(:,3),Y(:,1),'g') 
title('[\itm(O) \itf(O) \itp(O)] k_(gg)=0.1 SFP') 
legend('[O.l3 0.06 0.6]','[0.08 0 1]','[0.05 0 3]') 
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Appendix B (Giossary) 

Bifurcation diagram Is a depietion of the solution to a dynamical system as one or more 

parameters vary. The horizontal axis has the parameter and the vertical axis has some 

aspect of the solution. 

Bistability The property of ha ving two stabie fixed points, or a stabie fixed point and a 

stabie limit cycle. 

Fixed point A point at which the rates of change of all variables in a system are exactly 

zero. A system precisely at its fixed point (or steady state) will remaio there permanently. 

Smal] perturbations toa system that is initially poisedat a "stable" fixed point will be 

accompanied by a return to the stabie fixed point. 

Hopf bifurcation Is the appearance of a new branch of periodic solutions from a branch 

of fixed point. The classic earmark of this is that, a pair of complex con ju gate 

eigenvalues of the linearized system change from negative to positive real parts. 

Hysteresis As a parameter that represents some property of a system is increased, the 

behaviour makes a sudden jump at a particular value of the parameter. But, as the 

parameter is then decreased, the jump back to the original behavior does not occur until a 

much lower value. In the region between the two jumps, the system is bistable. 

Kinases enzymes catalysing phosphorylation of proteins. 

Multistability The property of ha ving more than one fixed point. 

Negative feedback A component of a system is subject to negative feedback when it 

inhibits its own level of activity. 

Limit cycle An isolated periodic orbit for which there are infinitely many periodic 

solutions passing through any region in phase space. 

Positive feedback A component of a system is subject to positive feedback when it 

increases its own level of activity. 

Nullclines Curves drawn in the phase portrait along which one of the sate variables does 

not change in time. 

Phase plane A two-dimensional phase portfait of a two-dimensional dynamical system. 
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