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Abstract 

The measurement of the Pulmonary Blood Volume (PBV) provides valu
able information about the cardiovascular system functionality. Nowadays, 
all the available techniques for an accurate assessment of this parameter are 
very invasive. This study proposes a novel method for a minimally invasive 
measurement of PBV by means of Magnetic Resonance Imaging(MRI). 

A small bolus of MRI contrast agent can be peripherally injected in the 
blood stream and subsequently detected for the measurement of Indicator 
Dilution Curves (IDCs), i.e., the time concentration curve in specific loca
tions. 

Several models to fit and interpret the IDC have been introduced since 
the Sixties. In this work, a new model based on the Poisson distribution is 
elaborated and linked to the physics of the diffusion process. 

Focusing on the proposed Poisson model and on the Local Density Ran
dom Walk (LDRW) model, introduced by Sheppard, several simulations were 
carried out in order to test the accuracy and the robustness to noise of the 
fittings. The LDRW model provides slightly better results. 

A set of in-vitro experiments were also performed. Four different volumes 
of manganese-doped water were measured by IDC analysis after the injection 
of a 0.025 mmol bolus of gadolinium, an MRI contrast agent. Water was 
doped with manganese in order to reproduce the magnetic properties of 
blood. The results were very satisfactory. The percent error of the volume 
estimates was always smaller than 5% of the real volume. 



Chapter 1 

Introduction 

This study concerns the assessment of the Pulmonary Blood Volume (PBV), 
a cardiovascular parameter that provides valuable information for diagnos
tics and follow up of cardiovascular disfunction. The available techniques 
for an accurate measurement of the PBV are based on the diffusion of an 
indicator, a non-toxic substance, injected into the blood stream. All these 
techniques make use of Indicator Dilution Curves (IDCs), whose meaning 
and interpretation is presented in Chapter 2. Nowadays the techniques based 
on the analysis of the IDCs are highly invasive, due to the need of a double 
catheterization: one catheter must be used to injected the indicator, another 
one, equipped with a specific sensor, must be inserted in loco, to detect the 
passage of the indicator particles. From the IDCs it is possible to extract a 
parameter, the Mean Transit Time (MTT), correlated to the time that the 
indicator takes to cover the distance between the injection and the detection 
section. From this parameter it is possible to calculate the blood volume 
included between the two sections. 

Imaging techniques, minimally invasive, may represent the future of the 
analysis of the IDCs. Chapter 2 gives a brief overview on the Magnetic 
Resonance Imaging (MRI). 

In Chapter 3, it is introduced the necessity of using models to fit the 
IDCs. These models help to overcome the difficulties caused by the presence 
of contrast recirculation, after the first passage through the detection site. 
Recirculation, in fact, hides the trend of the IDC in its terminal part. An 
overview of the major IDC models developed up to the present is given. 

Moreover, a new model, based on the Poisson distribution, is introduced. 
The possibility of using the Poisson statistics to fit the IDCs, was suggested 
by Sheppard in his main work, "Basic principles of tracer methods: intro
duction to mathematical tracer kinetics" (1962) [1], but this method has 
never been developed. Starting from the statistical meaning of the Poisson 
parameters, a possible physical interpretation linked to the diffusion process 
of the indicator is presented in Chapter 3. 
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Once the theory of the IDCs is presented and the new model is in
troduced, two fitting models are selected and focused: the Local Density 
Random Walk model (LDRW) and the Poisson model. 

In Chapter 4 a Matlab algorithm to perform the fitting is introduced 
together with the simulations performed to evaluate the selected models. 
The aim of the simulations was to test the robustness of the models to the 
noise, to investigate how they fit mutually and to individuate the curves 
that are interpolated in a better way. Moreover, the study of the concavity 
of the surfaces representing the Mean Square Error (MSE) is presented. 

The simulated data are accomplished by in-vitro experiments, performed 
at the Department of Radiology of the Catharina Hospital in Eindhoven. A 
clinical 1.5 T MRI system has been adopted. The measurement in-vitro 
set up is presented in Chapter 5, and the modality of the experiments are 
described in details. Three sets of experiments have been carried out in 
order to measure different volumes with different MR-settings of the trigger 
frequency and the pulse sequence. Two contrast agents have been used: 
Manganese and Gadolinium. The first one has been used to dope the water 
and give it the magnetic characteristic of blood, the other one has been 
injected to obtain the IDCs. 

The collected IDCs have been analyzed by means of the four pre-existing 
fitting models and also by the Poisson model introduced in this study. In 
Chapter 6, the results of the experiments are presented, with the aim of 
determining which model returns the best results in term of accuracy of the 
fitting and of the estimated volumes. Again, special attention is given to 
the LDRW and Poisson models. 
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Chapter 2 

Clinical parameters and their 
measurement 

2.1 Cardiovascular quantification 

The evaluation of the efficiency of the heart and of the cardiovascular system 
provides valuable information on the functionality of the whole body. In 
fact, the heart is basically a pump which makes the blood flow through 
the circulatory system, therefore it is liable for the transportation of oxygen 
and nutrients to and waste materials away from all body tissues. The overall 
efficiency of the heart and the circulatory system is usually characterized by 
a few important parameters such as the Cardiac Output (C0)1 , the Ejection 
Fraction (EF) 2 and the Pulmonary Blood Volume (PBV). In this study we 
focus on the PBV, which is the blood volume between the pulmonary artery 
and the left atrium. It is, therefore, the volume of blood that is inside the 
lungs, as shown in figure 2.1. 

The measurement of the PBV can be an important tool to evaluate the 

1 Cardiac Output is defined as the volume of blood that is ejected by the left ventricle 
into the aorta and it is expressed in liters per minute. The CO is often represented by a 
single value, which is a measure of the average flow. The CO can be defined as given in 
the following formula: 

CO= SV · PR, 

where PR is the Pulse Rate, the number of cardiac cycles per minute, and the SV is the 
Stroke Volume, which is the volume of blood ejected from the ventricle to the artery in 
one cardiac cycle. The SV equals the difference between the end diastolic volume (Ved, 
maximum volume) and the end systolic volume (Ves, minimum volume). 

2 The Ejection Fraction is a measure of the efficiency of the myocardial contraction. 
The percent EF is defined as given below 

EF% = Ved; Ves . lOO, 
ed 

where Ved and Ves are the diastolic volume and the end systolic volume respectively. 
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cardiac pre-load and the symmetry of the cardiac efficiency, fundamental 
parameters in anaesthesiology, intensive care and cardiology. 

Figure 2.1: Scheme of the Pulmonary Blood Volume (PBV) measurament. The 
volumes of the compartment that is included in the measurement is filled with gray 
color. 

2.2 Indicator Dilution Curves 

Several techniques for the PBV measurements make use of the dilution of 
an indicator in blood. The indicator is an inert, harmless and non-toxic 
substance that is injected into the blood stream. Many indicator types 
exist, also referred to as contrast agent, and their use leads to different 
sensors and techniques. The main concept on which the indicator dilution 
theory is based is that, if the concentration of an indicator that is uniformly 
dispersed in an unknown volume V is determined and the volume of the 
indicator (dose) is known, then the unknown volume can be determined 
too. Since Q(t) = dV(t)jdt (where Q(t) and V(t) are, respectively, the 
instantaneous flow and the volume of the carrier) and C(t) = dMjdV (M, 
is the mass of the tracer and C(t) its concentration at time t) an useful 
differential equation can be derived: 

Q(t) = dV(t) = _1_. dM. 
dt C(t) dt 

(2.1) 

Several applications that use this concept exist, they differ in the way 
the indicator is infused: the infusion can be a continuous injection during 
all the measurement process or rapid injection of a small dose (bolus) of 
indicator. This study focuses on the second typology. 

All measurements that are based on the fast injection and the subsequent 
detection of an indicator bolus [2, 1], are founded on the analysis of the 
Indicator Dilution Curves (IDCs). 

The IDC represents the indicator concentration-time curve C(t) (Fig. 
2.2) and it contains all the information to estimate the mean flow of the 
blood. 

All the IDC methods are based on some assumptions [3], which are often 
cause of measurement errors in clinical practice: 
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Figure 2.2: Measurement of the tracer concentration versus time (IDC) in an 
infinite tube model. The indicator is injected at distance 0 and detected at distance 
xo from the origin. 

• the indicator injection has to be fast and can be modeled as a Dirac 
impulse, 

• there is an instantaneous, uniform and complete mixing of the injected 
indicator with the fluid, 

• the loss of indicator has to be either absent or known. 

Eq. (2.2), which is referred to as Stewart-Hamilton equation, shows how 
the flow can be calculated by an integration over time of Eq. (2.1), 

roo roo roo dM M 
Jo Q·C(t)dt = Q Jo C(t)dt = Jo dtdt = M =} Q = fooo C(t)dt' (2.2) 

In Eq. (2.2) Q is the flow, which is assumed to be constant and can, there
fore, be moved out of the integration, and M is the mass of the indicator. 

If the flow is known, a measure of the volume V between the injection 
and detection sections is obtainable measuring the indicator concentration 
downstream, at a certain distance away from the injection site. It is nec
essary to estimate the Mean Transit Time (MTT), i. e., the time that the 
indicator takes to cover the distance between these to points (see section 
2.2.1). 
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Therefore, to apply the indicator dilution techniques to PBV measure
ments, the first requirement is the introduction of the indicator into the 
cardiovascular system, where the carrier fluid (blood in this application) is 
flowing, by a fast injection. In clinical practice the contrast agent is usually 
injected into the central vein and then it is detected in the aorta out-tract. 
Then, the MTT between the injection and detection sites has to be calcu
lated by means of the IDC analysis. In order to obtain the blood volume 
between the two sections, the MTT is then multiplied times the Cardiac 
Output: 

V=CO·MTT. (2.3) 

The measured V is the PBV plus the average volume of the four car
diac chambers, i.e. the Intra-Thoracic Blood Volume (ITBV, blood volume 
between the RA and the LV). 

2.2.1 Mean Thansit Time 

From the previous section it is clear that the measurement of the PBV 
requires to know the time that the indicator takes to cover the distance 
between the injection and the detection sections, i. e., the MTT of the 
indicator. The MTT is normally estimated as the first moment of the IDC, 
which is 

MTT =~a= T. j(T)dT. (2.4) 

The definition of the MTT as the first moment of the curve is appropriate 
only under the single passage hypothesis: the indicator may not pass more 
than once through the detection section during the sample period. 

In Eq. (2.4) j(T) equals the normalized indicator concentration, 

C(T) 
j(T) = fo= C(T)dT' (2.5) 

where C(T) is the IDC. Therefore, substituting Eq. (2.5) in Eq. (2.4), we 
have 

MTT = f0=TC(T)dT 
fo= C(T)dT · 

(2.6) 

Adopting a model of an infinite tube, where the fluid flows with a steady 
flow Q, and assuming that the indicator bolus is injected at time t=O, we 
define the volume to measure as the tube segment between the indicator 
injection and detection section [4]. 

Under the single passage hypothesis, the fraction of leaving particles 
corresponds to the fraction of particles that appear at the detection section. 
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Due to this, if f(t)dt represents the fraction of the indicator that leaves the 
segment in the time interval [t, t + dt], the fraction of the indicator that has 
left the volume by time t is: 

(2.7) 

In the time interval [0, dt] the volume of fluid that enters the tube is 
Q · dt and the fraction that leaves the segment by the timet is Q · dt · F(t). 
Therefore, the volume of fluid that enters and leaves the tube segment in 
the time interval [0, t] is: 

(2.8) 

The difference between the entering and the leaving fluid volume in the 
same time interval is given as: 

(2.9) 

and it represents a volume that is still in the segment at timet. Considering 
the limit t ----> oo, we can evaluate the total volume V of the segment. Since 
all the fluid in the segment is replaced by fluid that has entered for t 2': 0, 
we have that: 

v = lim Q(t- rt F(T)dT) 0 

t-oo Jo (2.10) 

Eq. (2.10) can also be formulated as: 

(2.11) 

Eq. (2.10) derives from integration per parts of J~ T j(T)dT, which allows 
replacing J~ F(T)dT in Eq. (2.10). In fact, 

lot T j(T)dT =lot TdF(T) = [TF(T)]b- lot F(T)dT. (2.12) 

In conclusion, considering the hypothesis of the single passage through 
the detection section, and the definition of f(t), the right term of Eq. (2.11) 
can be expressed as the multiplication of the flow Q times the MTT of the 
indicator. Therefore, the volume V is given as 

V=Q·MTT. (2.13) 
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2.3 Indicator dilution techniques for cardiovascu
lar quantification 

Nowadays, the techniques based on the analysis of the IDCs are very invasive 
due to the need for contact between sensor and indicator [14]. Therefore a 
catheter must be inserted through a peripheral vassel up to the position 
where the IDC is measured and a second catheter is necessary to inject the 
indicator in the proper site. The most important invasive techniques are: 
Fick method, thermodilution, dye and lithium dilution3 (the last one is less 
invasive). 

The invasive techniques are usually employed in anesthesiology, both in 
the operating rooms and in the intensive care units. For these applications, 
in fact, the need for catheterization does not represent an obstacle and the 
derived parameters are considered important for monitoring the condition 
of the patient. 

As an alternative to these methods there are typologies of analysis, such 
as Echocardiography and Magnetic Resonance, where the injected contrast 
is detected by means of non-invasive medical imaging techniques. 

The use of these minimally invasive methods for the measurement of 
indicator dilutions may allow the application of these techniques without 
need for hospitalization. This could make the methods available to cardiol
ogist, adding diagnostic possibilities to standard cardiologic investigations. 
Another advantage of these techniques is the flexibility in choosing the de
tection site. It is sufficient to place the Region of Interest (ROI) in the the 
area of anatomy to be scanned. 

This study focuses on the Magnetic Resonance method, which is illus
trated in the next section. 

2.3.1 Magnetic Resonance Imaging 

Magnetic resonance imaging (MRI) is an imaging technique used primarily 
in medical settings to produce high quality images of the inside of the human 
body [5, 6]. It is a relatively safe typology of analysis, in that it does not 
involve ionizing radiation and there are no clearly demonstrated biological 
effects. However, the MRI system and its environment are potentially very 
hazardous to both patients and staff working in the MRI unit. The primary 
hazard is associated with the presence of a strong magnetic field (from 0.3 to 
3 T), which causes ferromagnetic attraction. When a ferromagnetic object, 

3 Nowadays, what is considered the gold standard technique for CO measurements is the 
thermodilution, especially the cold one. Still very common in the clinical practice is the 
dye-dilution method. The Fick method procedure is more complicated, since it requires 
the use of both a spirometer and a gas analyzer. This is the reason why the thermodilution 
and the dye-dilution methods are preferred. Also the use of lithium dilution is spreading 
due to the less invasive approach. 
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e.g., one containing iron or steel, is brought close to the magnet, it will 
experience a force that can turn the object into a dangerous projectile. The 
bigger the object the stronger the forces involved. Metal in or around the 
scanned area can also cause a magnetic field inhomogeneity, which in turn 
causes errors in the reconstructed images (artifacts). The MRI device is 
located within a specially shielded room (Faraday cage), which reduces or 
eliminates interference between outside radio waves and those from the MRI 
unit (very close in frequency to those of ordinary FM radio stations). 

MRI is based on the principles of nuclear magnetic resonance (NMR), a 
spectroscopic technique used by scientists to obtain chemical and physical 
information about molecules. This method allows the distinction between 
different materials depending on the magnetic properties of their atoms. 

Since Hydrogen is the most abundant element in the human body, it is 
used in the analysis of the biological tissues. Each hydrogen atom shows an 
angular moment (spin, I), which is due to the nucleus rotation around its 
own axis. Since the proton in the hydrogen nucleus rotates, it generates a 
magnetic field, characterized by a magnetic moment 

(2.14) 

where 1 is a physical constant called the gymmagnetic ratio (for Hydrogen 
1 = 2.685 · 108rad · s-1 · T-1 ). 

If we consider a volume containing a certain number of Hydrogen atoms, 
since they are not aligned, the total magnetization is void. If an external 
magnetic field ~ (common magnetic field strengths range are from 0.3 to 
3 teslas) is applied, the spinning protons tend to align themselves in the 
direction of the field (generally it is assumed to be the z-axis), as shown in 
figure 2.3. 

ZQ~7P 
A 
~ 

f:Y¢ 
0 Q -Cr 

Figure 2.3: Orientations of the spins in the cases of absence or presence of the 
magnetic field Ba. 

In this case they assume the two different orientations that are allowed: 
parallel and antiparallel. The two spin orientations, which are also referred 
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to as spin up and spin down, have different energies, due to the Zeeman 
effect. This effect is attributed to the interaction between the magnetic 
field and the magnetic dipole moment associated with the orbital angular 
momentum. When placed in an external magnetic field, the energy of the 
atom changes because of the energy of its magnetic moment in the field. 
According to classical mechanics, the magnetic moment experiences a torque 
r from the external magnetic field ~) which is equal to the rate of change 
of its angular moment I, and it is given by the equation of motion for 
isolated spins: 

--7 al --7 =-' 
T = at = JL X Bo. 

The energy of the spins is: 

E = -JLBo. 

(2.15) 

(2.16) 

Using the definition of the Bhor magneton 4 , we have JL = JLB · m (m is the 
magnetic quantum number which describes the unique quantum state of an 
electron), therefore, 

E = -m · JLB · Bo (2.17) 

Since for the hydrogen atoms m = ±!, the variation in the energy, fj.E, can 
be expressed as: 

jj.E = JLB · Bo. (2.18) 

At equilibrium, the number of spins at the lower energy level (parallel) 
exceeds that at the higher level (Fig. 2.4). This leads to Mz, the longitudinal 
magnetization, a net magnetization in the direction of the field, which is the 
vectorial sum of all the magnetic moments of the nuclei in the considered 
object . 

Combining Eq. (2.14) and Eq. (2.15), we can derive: 

afl -,--+ --+ at =I JL x Bo. (2.19) 

As a result, the magnetic moment precesses around the axis of the ex
ternal magnetic field at a particular frequency that is referred to as Larmor 
Frequency (!£), and it is given as: 

4 Bohr magneton is a physical constant of magnetic moment, defined in S.l. units by: 

en 
J.LB = 2me' 

where e is the elementary charge, n is the reduced Planck's constant and me is the electron 
rest mass. 
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Figure 2.4: Disposition of the spins when an external magnetic field B 0 is applied: 
the number of the Spin Up exceeds the number of the Spin Down. 

"(=+ 
h = 2nBo. (2.20) 

This is the frequency at which the nuclei can receive the RF energy to 
change their states and exhibit nuclear magnetic resonance. Therefore, if an 
additional alternate field ".B; (the RF pulse) perpendicular to the z-axis with 
frequency equal to the Larmor frequency is applied, then the spin system 
absorbs energy, increasing the population at the upper level. For this reason 
the net magnetization vector is no longer in the direction of the external 
field. It moves away from the z-direction and it is flipped of an angle equal 
to o: = "(Blf).t, where /).t is the duration of the RF pulse. The angle o: is 
referred to as Flip Angle. As a result, the net magnetization vector traces a 
spiral motion on a spherical surface as shown in figure 2.5. 

An RF energy pulse required to rotate the net magnetization into trans
verse plane is referred to as 90° pulse. If enough energy is supplied, the 
net vector can be completely flipped over with a 180° clockwise shift in the 
opposite direction with respect to the external magnetic field. There are var
ious techniques for acquiring MR images depending on the RF pulses and 
the magnetic field gradients used to generate the MR signal. Characteris
tics and timing of the RF pulses and magnetic fields gradients are referred 
to as pulse sequences. The most common pulse sequences are: Spin Echo, 
Inversion Recovery, Gradient Echo (see appendix B). During the image 
acquisition, the sequence must be repeated several times. The time between 
repeated RF excitation pulses is referred to as repetition time (TR). 

Once the RF pulse is finished, the magnetization vector returns to its 
original steady state through the relaxation process, therefore, the longitu
dinal component of the magnetization vector is restored and the transver
sal one is annulled. During this process the energy previously absorbed is 
emitted at the Larmor frequency and it is detected by receiving coils per
pendicular to the z-axis. The MR signal, obtained in this way, is called Free 
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Figure 2.5: Schematic drawing of the trajectory described by the magnetization 
vector Mz when both the static magnetic field B0 and the alternate field B 1 are 
applied. 

Induction Decay (FID). 
The process of relaxation is characterized by two time constants that are 

distinctive for different tissues. They are referred to as T1 and T2, and they 
are respectively the longitudinal and transversal relaxation times. 

T1 is also called spin-lattice relaxation and it is due to the exchange of 
energy between protons and the environment. T2 is the spin-spin relaxation 
and it is related to the fact that the magnetic moments of the spins turn 
out of phase as a result of their mutual interaction. 

Since the longitudinal component varies much slower than the transversal 
component, T1 > T2 (T1 is typically about 1 s, while T2 <100 ms). Moreover 
the actual rate of signal decay is faster than the prediction based on T2. In 
fact, the observed transverse relaxation time, referred to as T2, is affected 
by local magnetic field inhomogeneities, which cause the precessional rate 
of the individual spins to differ from each other and dephase. As a result: 

(2.21) 

Another important parameter in MRI is the spin density p. The spin 
density is proportional to the effective number of hydrogen nuclei per unit 
volume contributing to the MR signal. It can be used together with T1 and 
T2 to distinguish different tissues. 

In general, the T2 relaxation does not provide reliable information on the 
specific tissue. In order to obtain information related to the T2 relaxation 
time of tissue, a 180° RF pulse is used to invert the dephasing process and 
rephase the spins at a later moment as an echo. An echo is another form of 
MR signals. A feature distinguishing an echo signal from a FID is the "two-
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sidedness" of the former, one side is generated during the rephasing of the 
transverse magnetization, and the other side during its following dephasing 
period. The time between the application of the RF excitation and the 
formation of the echo, taken from the center of the RF pulse to the center 
of the echo, is the echo time (TE). When the MR signal decay is evaluated 
for refocused spins, then the signal depends on T2 rather than T:J (Fig. 2.6). 

\'•,
7
. T2* decay T2,decay 

' ......... 
\ ................ 

' ... ,,. .... -..... __ _ 
' ' 

I 
------............ I ---· 

I 
1• spin echo 2"' spin echo 3" spin edm I 

Figure 2.6: Decay of signal with time in a sequence characterize d by the applica
tion of 180° rephasing pulse. A line drawn through the peak amplitude of a large 
number of echoes describes the T2 decay, while individual echoe exhibits T2 decay. 

Image formation 

If the RF pulse is applied through a coil perpendicular to the applied mag
netic field, the measured MR signal does not contain localization informa
tion: all the nuclei within the area covered by the detection coil would 
resonate at about the same frequency. Therefore, in order to reconstruct an 
image, it is necessary to make a spatial encoding [5, 7]. 

An additional magnetic field gradient, G (imaging gradient, which in
creases linearly in strength along a particular direction), is superimposed on 
the static external magnetic field. In this way, since the precession frequency 
is proportional to the magnetic field magnitude, the spatial location within 
the object can be encoded with localized precession frequencies. Imaging 
gradients are applied in the three orthogonal axes at different times allow
ing three-dimensional location of the signals' origins. 

During the exposure to an imaging gradient, it is possible to apply an 
excitation with a narrow bandwidth RF pulse. The RF will excite only tis
sues that process at the appropriate frequency, corresponding to a particular 
position along the axis of the imaging gradient. In this case the imaging gra
dient is referred to as slice-select gradient. Two or more slice-select gradients 
can be applied simultaneously to excite protons selectively in an arbitrary 
slice orientation. 
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If an imaging gradient Gx is applied orthogonally to the slice-select gra-

dient while receiving the signal, variation in signal frequency are created 
---=+ 

along the Gx gradient axis. Therefore, the differences in the frequency of 
the MR signals measured during the readout, allow the localization of the 
signal source in one dimension. In particular, the Fourier transform of the 
detected signal is a projection onto the x-axis. The amplitude of each fre
quency component is proportional to the summed signal in the y-direction 
for that x-position. This process is called frequency encoding (FE), and 
the applied gradient is termed the read-out gradient or frequency encoding 
gradient. 

The y-axis (orthogonal to the fixed C:-axis) of the image is localized 
by the phase encoding (PE), which involves mapping the location of the 
sources of MR signals based on differences among their phases readout. The 
phase-encoding gradient is established by applying a single brief magnetic 
field pulse perpendicular to the axes of slice selection and frequency encod
ing. This gradient pulse causes precessional frequencies to vary momentarily 
along this axis. Once the phase encoding gradient pulse has ended, the pre
cessional frequencies are once again uniform, but the phase changes persist 
(phase memory). The phase-encoding gradient must be applied repeatedly 
(Ny times) at different strengths (depending on TpE, the PE interval) to 
locate the sources of MR signal along the phase-encoding axis. 

The slice-select, the frequency and the phase encoding precesses are 
based on a similar principle: a gradient is applied and spatial information 
is determined based on the spins frequencies. The main difference between 
the three cases is in the moment of their application (Fig. 2.7). Slices are 
selected by superimposing an imaging gradient during the radio excitation. 
After the slice excitation, the brief phase gradient pulse is applied, then the 
signal is sampled during continuous application of the frequency gradient, 
acquiring Nx data points. 

Slice 
selecoon 

)( 

)( 

Phase 
Encoding 

Frequency 
Encoding 

)( 

y 

Figure 2.7: Correct sequence of application of the encoding gradients during the 
spatial localization. 
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The combination of the frequency and phase encoding gradients com
pletes the spatial encoding of the spins. This is the basis for multiple
dimensional Fourier transform techniques. 

The expression of the MR signal S ( t) detected by the receiving coil from 
an object with spin density p(--r') (--r' is the location) is given as [8] 

(2.22) 

where G is the spatial gradient. 
----,--+ 

If we define a vector k as 

(2.23) 

then Eq. (2.22) can be written as 

S(k) ex 1 p(--r')ei2rr k.'f" d--r', 
obj 

(2.24) 

Expression 2.24 corresponds to the three-dimensional Fourier transfor-
---c-+ 

mation of the space --r' into the space k , which is commonly defined as 
k-space. From Eq. (2.24) it is clear that the reconstruction of an image 
p(--r') consist of the Fourier inverse transformation of S(k). Both the k
space and the output image are discrete. 

K-space is the raw data matrix which stores the already-encoded MR 
signals, but not yet reconstructed to an anatomical image (Fig. 2.8). It has 
two axes, the KpE and the KFE· 

Kpf 

~~ 
K FE 

Figure 2.8: K-space sampling trajectory of an encoded FID signal. 

In the absence of spatial encoding, MR data are, by definition, at the 
center of k-space (the origin), at the location (0, 0). The application of 
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the gradients can be seen as the definition of a path or trajectory through 
k-space (in frequency domain), as shown in figure 2.8. 

Focusing on a selected slice ( G z), therefore considering the two-dimensional 
case, the effective position in k-space is determined by the coordinates, 

(2.25) 

where 1 is the gyromagnetic ratio, G the gradient strength and t the reading 
time. 

In the simplest case it is assumed that the object under examination is 
bounded by a rectangle of widths Wx and Wy (Fig. 2.9). Therefore, the 
sampling requirements according to the Nyquist theorem are given as 

(2.26) 

X KpE 

K FE 

h.Kyi 

1--1 

Wx h.Kx 

Figure 2.9: On the left, the object being imaged. On the right, the sampling of 
k-space. 

Since the FE is used along the x direction and the PE is used along the 
y direction, Eq. (2.27) can be derived from Eq. (2.25), 

{ 
b..KFE = ?:;rGxb..t 
b..KpE = 2:b..GyTPE, 

(2.27) 

where b..t is the sampling time interval, b..Gy is the PE gradient step size, 
and TPE is the PE interval. Therefore, substituting Eq. (2.27) in Eq. (2.26), 
the requirements on the data acquisition parameters are given as: 
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- -yGxWx { ~t<~ ~Gy :S -yT;;Wy · 
(2.28) 

Assuming that we wish to produce a final image, with n x m pixels, we 
need to acquire m data points from each echo, and sample n lines in k-space 
to completely map the k-domain. 

The final image is obtained by means of a inverse 2D-Fourier of the 
k-space. 

MRI contrast agents 

Both the images obtained analyzing T1 and T2 relaxation times (respec
tively T1-weighted and T2-weighted images) are acquired for most medical 
examinations. However, these two sets of images are not always sufficient to 
adequately show anatomy or pathology. Therefore, it is possible to admin
ister a contrast agent to influence the MR signal, by the alteration of the 
relaxation times. 

A contrast agent may be as simple as water, taken orally, for imaging the 
stomach and small bowel. Alternatively, substances with specific magnetic 
properties may be used. 

MRI contrast agents often are molecular constructs containing paramag
netic atoms such as gadolinium (Gd3+) or manganese (Mn2+) ions. Para
magnetism requires that the atoms individually have permanent dipole mo
ments even without an applied field, which typically implies a partially filled 
electron shell. In pure paramagnetism (without an external magnetic field), 
these atomic dipoles do not interact with one another and are randomly 
oriented, resulting in zero net moment. Paramagnetic materials in mag
netic fields, instead, act like magnets and the atomic dipoles tend to align 
with the magnetic field and consequently to strengthen it. When the field 
is removed, thermal motion will quickly disrupt the magnetic alignment (no 
magnetic memory properties) [9]. In general, paramagnetic effects are small 
(magnetic susceptibility5 of the order of 10-3 to 10-5). 

The effect of such contrast agents can be the shortening of T1, as a 
result of dipole-dipole interaction; in this case they are referred to as positive 
contrast agents because the effect results in increased signal intensity. This 
provides high sensitivity for detection of vascular tissues (e.g., tumors) and 
permits assessment of brain perfusion (e.g., in stroke). 

More recently, superparamagnetic contrast agents (such as iron, Fe2+, 
Fe3+) have become available. These contrast agents predominantly affect 
T2 or T:f relaxation and are referred to as negative relaxation agents. The 
effect is, in fact, a decreased MR signal intensity. These agents appear very 

5 Magnetic susceptibility is the degree of magnetization of a material in response to a 
magnetic field. 
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dark on T2* -weighted images and they may be used, for instance, for liver 
imaging, because normal liver tissue retains the agent (abnormal areas, like 
scars and tumors, do not). 

Diamagnetic agents, e.g., barium sulfate, have been studied for potential 
use in the gastrointestinal (GI) tract, but are less frequently used. 

Relaxivity (R) is a parameter that describes the effectiveness of the con
trast agent to reduce T1 and T2 as a function of its concentration. The 
addition of a paramagnetic solute causes, as already explained, an increase 
in the longitudinal and transverse relaxation rates, r1- 1 and r2-1 ' respec
tively. The observed relaxation rates, T 1-

1obs and T21obs, of such solutions 
is a sum of the diamagnetic and paramagnetic relaxation rates: 

T -1 b r-1 + r-1 
1 0 s = 1 1p ' (2.29) 

T.-1 b r.-1 r.-1 
20S=2 +2pl (2.30) 

where T 1-
1 and T 2-

1 are the (diamagnetic) solvent relaxation rate constant 
in the absence of a paramagnetic species and TI;/ and T2-; 

1 represent the 
additional paramagnetic contribution. 

In the absence of solute-solute interactions, the solvent relaxation rate 
constants are linearly dependent on the concentration of the paramagnetic 
species (C). Therefore the influence on the T1 and T2 values of tissue can 
be formalized as given in Eq. (2.31) and Eq. (2.32), respectively: 

(2.31) 

(2.32) 

Motion and flow artifacts 

An image artifact is any feature which appears in an image which is not 
present in the original imaged object. An image artifact can be the result of 
improper actions, or a consequence of natural processes or properties of the 
human body. It is important to be familiar with the appearance of artifacts 
because artifacts can obscure, and be mistaken for, pathology. 

Several typology of image artifact exist. The most common are motion 
and flow artifacts. 

Motion artifacts are, as the name implies, caused by motion of the im
aged object or part of the imaged object during the imaging sequence. The 
result of this motion is a blurring of the image with ghost images in the 
phase encoding direction. The motion of smaller portions of the imaged 
object results in their blurred representation (Fig. 2.10). 
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Figure 2.10: Example of an image with motion. 

The solution to a motion artifact is to immobilize the patient or imaged 
object. However, motion artifacts are often caused by heart beating or 
patient breathing which of course can not be eliminated. The solution in 
these cases is to gate the imaging sequence to the cardiac or respiratory cycle 
of the patient. For example if the motion is caused by a pulsing artery, one 
could trigger the acquisition of phase encoding steps to occur at a fixed 
delay time after the R-wave in the cardiac cycle. By doing this, the artery 
is always in the same position. 

Flow artifacts [7] are caused by the flowing blood or any other fluid that 
flows in the human body. 

Flow-related enhancement (FRE), also called in-flow enhancement, is an 
enhancement of flowing blood seen on a gradient echo pulse sequences (see 
appendix B) as well as in entry slices of multi-slice spin echo sequences. This 
enhancement is a result of inflow of unsaturated (completely relaxed) spins 
into a slice plane or imaging volume between RF excitations (Fig. 2.11). 

Figure 2.11: Schematic representation of the in-flow effect. 

Stationary spins within the imaging volume will undergo incomplete T1 

relaxation between RF excitations resulting in less signal following the next 
RF pulse when compared to inflowing, completely relaxed spins in flowing 
blood. The distance that the unsaturated blood can extend into an imaging 
volume, and therefore the degree of enhancement, is inversely proportional 
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to the repetition time (TR) of the pulse sequence and directly proportional 
to the velocity of the blood. It is possible to use an additional goo pulse to 
presaturate spins before they enter the imaging slice, eliminating the effect. 

Another artifact caused by the flow is the flow void effect, it appears 
when the flow velocity in a spin echo measurement is increased. It is the 
result of spins leaving the image slice between the goo excitation pulse and 
the slice selective 180° refocusing pulse. Since both pulse are required for a 
signal to be detected, a decreasing of the signal is observed. 
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Chapter 3 

Indicator dilution curve 
modeling 

In the previous chapter, the IDC analysis had been introduced as a method 
for the estimation of the blood flow, and the consequent measurements of 
blood volumes. 

Since the circulatory system is a closed system, all the IDC techniques 
are affected by a noise source: the recirculation of the contrast that occurs 
before the first passage curve is completed. A secondary curve overlaps 
the tail of the primary curve, therefore the first pass IDC down-slope is 
covered by the rises due to the recirculation, as shown in figure 3.1. For this 
reason, not only indicator-free fluid enters the system after injection of the 
indicator. In most cases it may be possible to determine the constants which 
describe the curve before significant recirculation occurs. However, since it 
is important to know the shape of the first pass curve, which is needed in 
the calculation of flow, some methods of extrapolation are required to derive 
the tail of this curve. Thus, it is necessary to adopt a model in order to fit 
the first part of the curve and try to estimate the lower part of the tail. 

The use of a model plays also the function of suppressing the rest of the 
noise components introduced by the measurement system. 

Several models have been used for the IDC fitting. They are usually 
distinguished in two main groups [10]: 

- the compartmental models. 

- the statistical (distributed) models. 

The first group represents the dilution process as a cascade of mixing 
chambers. Each chamber may be interpreted as a linear system that is 
represented by an impulse response. The second group describes the dilution 
process by means of statistical distributions. Since the input is usually 
modeled as an impulse, also the statistical distribution can be interpreted 
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Figure 3.1: The continuous line shows the theoretical IDC (first passage of the 
indicator) while the dots represent the measured IDC. The second rise due to the 
recirculation and the noise due to the measurement system are evident. 

as the impulse response of a linear system. Therefore, in practice, it does 
not make sense to distinguish into two groups and the focus should turn to 
the function that describes the impulse response of the system. 

In the following section an overview of the main indicator dilution models 
is given. 

3.1 Overview of the IDC models 

Several models have been proposed to fit and interpret the IDC. The aim 
is to obtain a mathematical formulation of the IDC that is accurate and 
allows a physical and physiological interpretation [ 11]. If such a formulation 
was available, it would also be possible to characterize more accurately the 
IDCs and perhaps to gain insight into some of the factors determining the 
shape of the curves. 

A number of theoretical and empirical mathematical expressions for C( t) 
have been suggested. The models mostly used to fit the IDCs are: 

- The Lognormal. 

- The Gamma Variate. 

- The Local Density Random Walk (LDRW). 

- The First Passage Time (FPT). 

The last two models are often reported as to give the best IDC fit in 
terms of mean square error. Moreover, they are related to the physics of 
the dispersion process, being solution of the diffusion equation. The first 
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two, even without an hemodynamic interpretation, provide accurate IDC 
interpolations. 

Sheppard [1] also suggested the Poisson distribution as a model of the 
primary dilution curve, even if this method is not commonly used. 

3.1.1 Lognormal 

A lognormal random variable x is one for which X' = ln x is normally 
distributed with mean J-t and standard deviation CJ. This interpretation 
of the lognormal distribution arises from application of the central limit 
theorem to the product of many independent effects. 

The normal distribution is a two-parameter distribution with parameters 
J-t and CT. The probability density function for this distribution obtained 
substituting x = t is given by [12] 

(3.1) 

The lognormal probability density function (pdf) can be obtained, re
alizing that for equal probabilities under the normal and lognormal pdfs, 
incremental areas should also be equal, or: 

Taking the derivative yields: 

This substitution yields: 

j(t)dt = j(T')dT'. 

dT' = dt. 
t 

f(t) = !(~')' 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

The parameters J-t and CJ are the mean and the standard deviation respec
tively of the normal distribution from which the logarithmic transformation 
was obtained. 

In order to obtain an expression that can be used to interpolate an IDC, 
we have to multiply all the equation by a coefficient A, which represents the 
area of the curve. 

Thus, the resulting expression is 
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A (lnt-:f)2 

C(t) = atv''ii/- 2" (3.6) 

From the previous equation the concentration of indicator in a given 
point of time will be a function of three parameters A, a and J.L· The term 
J.L is a time related parameter. The parameter a allows the IDCs to have 
different skewness. Skewness is the term used to describe the asymmetrical 
appearance of the curve. 

Figure 3.2 shows how lognormal distribution behaves when varying the 
skewness parameter. 

1.5 

1.0 

0.0 0.5 1.0 1.5 
tis) 

-0'=10 
··- 0'=3/2 
---- 0'=1 
- 0'=112 
·-· 0'=1/4 

2.0 2.5 3.0 

Figure 3.2: Lognormal curves for different values of u and 11 = 0. 

To calculate the PBV it is necessary to derive the MTT of the curve. The 
MTT corresponds to the first moment of the curve, which for the lognormal 
distribution is given as: 

(3.7) 

3.1.2 Gamma Variate 

For the first time in 1959, Evans [13] used the Probability Density Function 
of the Gamma Variate as a model to fit the IDCs, that since the represen
tation of its PDF bears a remarkable resemblance to the first passage of the 
IDCs. 

Gamma Variate are members of a class of random variables whose dis
tribution originates from the Gamma Distribution function. In probability 
theory and statistics, the Gamma Distribution is a two-parameter family 
of continuous probability distributions that represents the sum of a expo-
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nentially distributed random variables, each of which has mean (3. Its PDF 
is: 

a,/3 > 0, (3.8) 

where a is the shape parameter and (3 is the scale parameter. The shape 
parameter allows the distribution to take a variety of shapes, so that this 
distribution is flexible enough to model a variety of data sets. The scale 
parameter, instead, has the effect of stretching or shortening the PDF. 

The different behavior of the Gamma distribution varying the parameters 
a and (3 is shown in figure 3.3. 
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Figure 3.3: Different behavior of the Gamma distribution varying the parameters 
a and (3. 

The name Gamma Distribution comes from the fact that integration of 
the nominator of Eq. (3.8) produces a Gamma Function, as shown in Eq. 
(3.9), 

(3.9) 

In order to use this function to fit the IDCs, the indicator concentration 
can be expressed as: 

C(t) = j(t) ·A, (3.10) 

where A is the total area under the curve. In this way it is possible to reach 
the expression of the concentration of a tracer as a function of time by means 
of a model based on the Gamma Distribution. The final expression is: 
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t 

A·e-/3 ·tcx 
C(t) = (Ja+l. r(a + 1)" (3.11) 

For later use, since it is verified that, for integer values of a, 

r(a + 1) =a. r(a) =a!, (3.12) 

we can derive the expression of C(t) as given in Eq. (3.13). 

(3.13) 

Eq. ( 3.11) shows clearly that the concentration of the indicator is depen
dent on the Gamma function at the denominator. Computing this function 
is complicated, thus the last equation is modified and simplified as given in 
the following expression, 

(3.14) 

where k is a scale factor and it is given as 

(3.15) 

The model in Eq. (3.14) is referred to as Gamma Variate. The integral 
of this statistical model in time is: 

(3.16) 

Substituting Eq. (3.15) in Eq. (3.16), we have that the integral is equal to 
A, the total area under the curve. 

The first statistical moment of the IDC, which corresponds to the MTT, 
is obtained with the same substitution and it is given as: 

MTT = (J(a + 1). (3.17) 

It was demonstrated [11] that the Gamma Variate distribution fits the 
IDC giving very good results in terms of mean square error and correlation 
coefficient. 
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3.1.3 Local Density Random Walk 

In the Local Density Random Walk model (introduced by Sheppard and 
Savage in 1951 [1]) the indicator is regarded as moving in a steady stream 
and spreading out by diffusion. It is supposed to be injected, as a Dirac 
impulse, in a fluid flowing with constant velocity u into a straight infinitely
long tube and after that to move in the system with a Brownian motion. 
Under these hypothesis, in every moment the concentration of the contrast 
can be described by a normal distribution that moves along the tube with 
the same velocity as the carrier (mean equal to tu) and spreads with a 
variance that is a linear function of time (Fig. 3.4). 
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Figure 3.4: LDRW model for A equal to 1, 5, and 10. J.l is fixed and equal to 10 s. 

To find the link between the statistical and physical interpretation of 
the dilution process, we have to consider a = 2D, where D is the diffusion 
coefficient, so C(x, t) is a solution of the mono-dimensional diffusion with 
drift equation, which is given as 

ac(x, t) = Da2C(x, t) _ u ac(x, t) 
at ax2 ax 

(3.18) 

The boundary conditions are given as in Eq.(3.19) and Eq. (3.20) [14] 
and represent the fast injection hypothesis and the mass conservation law 
respectively. 

M 
C(x, 0) = Auo(x) 

{oo M 
Jo C(x, t)dx =A 

(3.19) 

(3.20) 

Focusing on a fixed section of the tube, referred to as detection section 
and which is distant x = x0 = UJ.l ( J.l is the MTT of the indicator) from 
the injection point, and evaluating there the concentration of the indicator 
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versus time, it is possible to derive a model for the IDC interpretation. Wise 
and Bogaard [15, 16] formalized the concentration time curve as given in Eq. 

2 u02 
(3.21), where Q = uA is the flow of the carrier and A = Tz5- = ~ is a 
parameter related to the skewness of the curve. 

(3.21) 

The MTT for the LDRW model corresponds top,, but differently from 
the others models it is not the same as the first moment of the curve, given 
in Eq. (3.22) and which is referred to as Mean Residence Time (MRT) of 
the indicator between the injection and the detection sites, 

MRT = f0
00 

tC(t)dt = ( _!) 
f

0
00 C(t)dt 1-l 

1 + A · 
(3.22) 

That is true due to the fact that not only a single passage of the contrast 
through the detection section is allowed. The LDRW model hypothesis, in 
fact, contemplate multiple passages. 

3.1.4 First Passage Time 

The First Passage Time (FPT) model can be derived from the LDRW model, 
since these two models fulfill the same hypothesis. The only difference be
tween them is that the FPT allows only a single passage of the contrast 
through the detection section, so that its formulation is given as in Eq. 
(3.23) [16], where the meaning of the symbols is the same as for Eq. (3.21). 
Therefore, Eq. (3.18) is still valid, even if with another boundary condition 
that assumes an absorbing barrier right after the detection site. 

(3.23) 

Particles passing the detection site are caught at their first arrival, which 
explains the name of this probability density function. 

In this case the MRT matches with the MTT, and they both equal the 
first moment of the dilution curve, which is equal to p,. 

3.2 Poisson model 

In this study a new model to fit the IDCs based on the Poisson Distribution 
is developed. The idea of using the Poisson Distribution function to fit IDCs 
in blood studies comes from the meaning of its parameters, which seem to 
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be easily connectable to the movement of indicator particles in the blood 
stream from the injection to the detection section. 

In probability theory and statistics, the Poisson Distribution (formulated 
by Simon-Derris Poisson in 1837) is a discrete probability distribution. It 
expresses the probability of a number of events occurring in a fixed period 
of time, if these events are independent of the time since the last event. 

It is well known that the Poisson Distribution is derived from the Bino
mial distribution, where only two possible outcomes, "success" and "failure", 
are possible [17]. Poisson considered the limit p ---> 0 of the probability of 
a "success" in a single trial and the limit n ---> oo of the number of trial, in 
such a way the product np remained constant. According to that, replacing 
the product np by >. the Poisson Distribution is defined. 

In order to find the PDF of the Poisson distribution, it is necessary 
to focus on certain random variables N that count a number of discrete 
occurrences (the "successes") that take place during a time-interval of given 
length. The probability that there are exactly k occurrences ( k being a 
non-negative integer, k = 0, 1, 2, ... ) is: 

(3.24) 

where >. is a positive real number, equal to the expected number of occur
rences during the given interval. Figure 3.5 shows the Poisson Probability 
Density Function for different values of >.. 
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Figure 3.5: Poisson Probability Density Function for four values of the parameter 
.\. 

Sometimes >. is taken to be the rate, i.e., the average number of occur
rences per unit time. In that case, if Nt is the number of occurrences within 
time t, then we have that the probability density function is 

P{Nt = k} = f(k; >.t) = e->-t ~!(>.t)k k = 0, 1 .... (3.25) 
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When time is involved, then we have a !-dimensional Poisson Process. A 
Poisson Process is a stochastic process that assigns to each bounded interval 
of time or to each bounded region in some space a random number of events 
in such a way that: 

- The number of events in one interval of time or region in space and 
the number of events in another disjoint (non-overlapping) interval of 
time or region in space are independent random variables. 

- The number of events in each interval of time or region in space is a 
random variable with a Poisson distribution. 

The idea of using this function to fit IDCs arises from the meaning of its 
statistical parameters, which can be linked to the diffusion of the indicator 
from the injection to the detection section. 

Therefore, the main aim of this section is to find a possible physical 
explanation that can connect the Poisson Process model to the dilution 
process. To start finding the link between the statistical and the physical 
interpretation of the transportation of the indicator, we can view the system 
where the flow passes as a cascade system comprising a number n of well
mixed compartments [2], each having the same volume V0 • Then the total 
volume V is given by: 

V = n· Vo. (3.26) 

We can imagine the system as a straight tube in which the compartments, 
cylinder-shaped, are next to each other (Fig. 3.6). 

0 
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X 

Figure 3.6: Schematic drawing of the multi-compartmental tube model. 

By assumption, the fluid enters each compartment at a constant rate Q 
[vol·time-1], and leaves at the same rate. We imagine a mass M of indicator 
to be injected suddenly into the first tank at zero time. In fact, one of the 
assumption of the process is a fast injection modeled as a Dirac impulse. 
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Since fluid is carried away at the rate Q, and no new indicator is added, the 
rate of change of indicator mass within the compartment is given by: 

dM 
dt = -Q· c, (3.27) 

where C is the indicator concentration. If the indicator is well mixed, 

so that (3.27) becomes 

M 
c=-v, 

dC Q 
-=--·C. 
dt v 

(3.28) 

(3.29) 

Substituting Eq. (3.28) in Eq. (3.27) we obtain the differential equation 
governing concentration change in the first compartment which is: 

dM M 
-=-Q·-. 
dt Vo 

(3.30) 

The solution of Eq. (3.30) (symbolizing the mass and the concentration of 
indicator in the lh compartment as Mj and Cj respectively) is: 

(3.31) 

The differential equation for the second compartment is 

(3.32) 

Eliminating M1 by substituting from Eq. (3.31) and solving the equation 
we obtain 

) [ Qt] -Rt 
M2(t) = M1(0 · Vo · e Vo . (3.33) 

The solution for M2 is the same as the solution for M1 (Eq. 3.31) except 
for the factor in square parentheses. Then proceeding in the same way we 
obtain for the lh compartment 

_ _g_t 
e Vo 

(j- 1)!. (3.34) 

Therefore, taking into account Eq. (3.28) and considering M1 (0) = M, we 
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obtain the expression of the concentration of the tracer in the jth compart
ment in time 

M · (Qt)i- 1 

cj ( t) = -Vr----'--'-v;--'-i _--:;1,.--
o. 0 (j-1)!" 

(3.35) 

Without any loss of generality, we can consider the injection time t0 

equal to zero and the injection position x(to) equal to zero too. If the 
distance between the injection and the detection site is x 0 and ~x is the 
thickness of each compartment, the lh compartment corresponds to the 
(rx)th compartment. therefore we can derive 

Qt 

M ( Qt) ~ -1 e- Vo 

C(t) = Vo · Vo (rx -1)!. (3.36) 

The fraction rx represents an integer number of compartments. Consid
ering an increasing number of compartments and a decreasing size of them, 
i.e., with the limits n ---* oo and V0 ---* 0, we might interpret each com
partment as a section of the tube. In this way, the thickness ~x of each 
compartment is assumed to be infinitesimal. It results in a higher spatial 
resolution for the system representation. 

The expression in Eq. (3.36) has the same form as the equation for the 
Poisson statistics (Eq. 3.25) except for the scale factor t{. This can be 
noticed by the following substitutions: 

{ 
~-1 
Vo 

=k 
= >.. (3.37) 

According with the Poisson Distribution, if an event has a very small 
probability of occurring in a single trial, the probability that it will occur k 
times in a series of large number of trials in an interval [0, t] is given in Eq. 
(3.25). 

Recalling that the Poisson formula is derived from the Binomial Distri
bution, considering one particle that is placed in the first compartment, we 
can regard its washing out as a probabilistic process [1]. Particles make con
tinually repeated trials to leave each compartment. Every time they succeed 
in leaving, it is regarded as a success. Instead, if they remain inside the com
partment, it could be accounted as a failure. According to that, appearance 
of a particle in the (rx)th compartment is regarded as (rx- 1) successes. 
In any compartment, at a given instant, all particles may be accounted as 
being in the same stochastic state, since they have the same probability of 
leaving. 

Since it is assumed that each compartment is a section of the tube, 
the number of successes can be seen as the number of steps forward of 
infinitesimal length ~x. That could be stated assuming a special case in 
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which the probability of no steps approaches to zero, therefore no reverse 
transport rates are included. 

As we have already stated, the physical quantity that represents the 
product A = np, parameter of the Poisson Distribution, is the fraction ~. 
Since A is a finite positive real constant, when the system consists of a large 
number of very small compartments, infinitesimal at the limit, the value ~ 
has to be a finite positive real constant according to the definition of A. That 
can be demonstrated taking under consideration that when the volume Vo 
approaches zero, the flow Q through the single compartment goes to zero 
with the same behavior. We can express the flow and the volume respectively 
as in (3.38), 

{ 
Q - A· ~X - ~t 

Vo =A· D.x, 
(3.38) 

where A is the section of the tube and D.x the thickness of each compartment, 
which is the dimension that really goes to zero. The ratio Q /Vo is a finite 
quantity having the dimension of [time-1]. 

The derivation of a model for the IDC interpretation requires to focus on 
a fixed section of the tube (detection section) where the concentration of the 
indicator is evaluated versus time. The distance between the injection point 
and the detection section is determined by xo = UJ.L, where u is the constant 
velocity of the carrier fluid, and J.L is the MTT defined as the average time 
that the contrast bolus takes to go from the injection (at time to) to the 
detection site. 
Considering this, making the correct substitutions ( u = ~) and defining 

~ =~'we can transform Eq. (3.36) in Eq. (3.39): 

M (t)~-1 C(t) =- · -
T· Q T (~ -1)!" 

(3.39) 

Since, as already stated, J.L represents the MTT between the injection and 
the detection section and T is the time constant of a single compartment, 
the fraction ~ represents the number of compartments. For this reason, as 
K;; in Eq. (3.36), ~ has to be an integer value. 

Intuitively, for the limit T -+ 0, the dimension of each compartment 
goes to zero too, while the number of compartments approaches infinity. It 
results in a higher spatial resolution for the system representation. 

In conclusion, Eq. (3.39) explains the link between the Poisson model 
and the physical interpretation of a dilution process. 

Since it is well known that any such statistical model has to obey the 
mass conservation law as given in Eq. (3.40), 

{oo M 
lo C(t)dt = Q' (3.40) 
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it is possible to verify the dimensional agreement of the expressions. 
Integrating in time Eq. (3.39) a quantity that is dimensionally [mass· 

flow- 1] is obtained. That is correct since the integral of: 

_T1 . (-Tt) ~-1 e-~ 
(~-1)!' 

(3.41) 

which corresponds to the statistical distribution, is equal to 1. 
The volume to measure, the PBV, is defined as the tube segment between 

the indicator injection and detection section. It is well known [14] that to 
evaluate this volume, by means of the formula in Eq. (2.3), we need to know 
the MTT of the indicator, which equals the first moment of the IDC as given 
in Eq. (2.4). 

This approach is appropriate due to the assumption we made which 
allows only a single passage of the contrast through the detection section. 
Under this hypothesis, the MTT corresponds to the MRT (Mean Resident 
Time) of the indicator in the defined segment and it equals JL. That can be 
explained since, in this case, the particles appearance time at the detection 
point also corresponds to the disappearance time from the segment. 

Therefore, the Poisson model, as also the First Passage Time (FPT) 
model, is less general than the Local Density Random Walk (LDRW) model, 
which does not satisfy the hypothesis of a single passage of the indicator 
and whose MRT, which is still represented by the first moment of the curve, 
differs from the MTT. 

3.3 Similarities between the Gamma Variate and 
Poisson models 

It is known from the statistics that it is possible to use two interpretations 
of the random variables to describe a Poisson process: the first is the arrival 
times, the other is the number of successes in the interval [0, t] for t ~ 0. 
These interpretations are dual with respect to each other. Therefore, it is 
possible to consider the probability density function of a Poisson process 
(see Eq. 3.25 in Section 3.2 on page 29) as the distribution of the arrival 
times in a particular point. 

The times between arrivals, known as inter-arrival times, must be inde
pendent, identically distributed random variables each having the exponen
tial probability density function, as given in Eq. (3.42), 

f(t) = >.e->.t t ~ 0. (3.42) 

The kth time of arrival is simply the sum of the first k inter-arrival times. 
Therefore, the density function of the kth arrival time (seen as a continuous 
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random variable), is the k-fold convolution of f(t), which can be expressed 
as: 

t>O (3.43) 

This distribution is the Gamma Distribution that represents the time that 
is necessary for k arrivals. 

It is now clear that a link between the Gamma Variate model and the 
Poisson model can be found. 

Starting from the expression of the PDF for a Poisson Process (Eq. 3.25), 
after some rearrangements and the substitutions given below: 

{ 
k =a 
\ -1 ' /\ - (3 

(3.44) 

we achieve the expression of the PDF of a Gamma Variate as given in Eq. 
(3.8) in Section 3.1.2. In this case k corresponds to the shape parameter 
and rate parameter A is the inverse element of the scale parameter. 

The Gamma Distribution is one of the most used model to interpolate 
curves having the general appearance of the IDC, although no correspon
dence with the physical dilution process is reported. Therefore, since we 
found a physical explanation to justify the use of the Poisson Process model 
to characterize the dilution process, a justification for the use of the Gamma 
Variate model could also be found. 

In Section 3.2, analyzing a system of well-mixed compartments, we ob
tain the expression of the Poisson model (Eq. 3.39) for the characterization 
the dilution process. 

Developing further the substitutions made before (Eq. 3.44), in order to 
achieve the complete expression of the Gamma Variate model (Eq. 3.13), 
we obtain: 

{ 
~-1=a 
T = (3. 

(3.45) 

As shown in the substitutions given above, the parameter a of the Gamma 
Variate model is related to the position of the detection section, instead 
the scale parameter f3 is related to the the MTT (time constant) of the 
single compartment. According to these substitution, the term A in Eq. 
(3.13) corresponds to ~ in Eq. (3.39), then it should have the dimension of 

[mass· flow- 1]. That ensues also applying of Eq. (3.40), in fact the integral 
of Eq. (3.13) in time equals A. 

Another important match point between the Poisson and the Gamma 
Variate models could be found in the expression of the Mean Transit Time. 
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It is known from Eq. (3.17) that the MTT for the Gamma Variate model 
equals f](a + 1), substituting in that expression the matching terms for the 
Poisson model, J.l is obtained, that is exactly the MTT according to the 
multi-compartmental model in Eq. (3.39). 

Considering the similarities given above between the parameters of the 
Poisson and the Gamma Variate models, we can justify the use of the 
Gamma fitting and provide a physical interpretation of the estimated pa
rameters. 
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Chapter 4 

Poisson and LDRW model 
interpolation 

After the introduction to the most common fitting models (Section 3.1), 
this study focuses on two models: the LDRW and the Poisson models. The 
first has been chosen because it is based on a physical interpretation of the 
dilution process, and it usually gives good results both in the fitting of very 
skew curves and in the IDC interpretation for volumes measurements [16]. 
The Poisson process has never been used for the IDCs fitting, therefore it is 
interesting to test its applicability and outcomes. 

In the next sections the most common fitting techniques, the Least 
Square Estimation (LSE), and its adaptation to extract the parameters of 
interest from a model by means of a Multiple Linear Regression, is intro
duced. The Regression Analysis is a statistical technique for modeling and 
investigating the relationship between two or more variables. 

A specific fitting algorithm to extract the optimum vector of parameter 
for the above mentioned models, is presented in the next section as well. 

4.1 Least Square Estimation (LSE) 

The method of least squares is the one used in this study for data fitting. 
The fitting process requires a parametric model that relates the response 
data to the predictor data. The result of the fitting process is an estimation 
of the parameters of the model that lead to the best interpolation of the real 
data. 

For a least squares fit, to obtain the coefficient estimations, it is neces
sary to determine the parameters that minimize the sum of squared residuals 
[18, 19]. The residual for the ith data point ri ([}_) is defined as the differ
ence between the observed response value Yi and the fitted response value 
fh = f(ti, [}_) ([}_ is the vector of parameters to optimize and t is the time 
variable), and it is identified as the error associated with the data. The 
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summed square of residuals (SSR) is given by: 

n 

SSR = r(!}_) = 2)Yi- f(ti, /}_)) 2
, (4.1) 

i=l 

where n is the number of samples that represents the signal. 
The models used to fit the IDCs are nonlinear. Therefore, the first 

solution appears to be a non linear interpolation. The goal is to minimize 
the square error, as given in Eq. (4.1), using the nonlinear least squares 
regression to fit the nonlinear model to data. 

Nonlinear models are more difficult to fit than linear models because an 
iterative approach is required. This approach has to follow the steps given 
below: 

1. Start with an initial estimation for each coefficient. For some 
nonlinear models, a heuristic approach is provided that produces 
reasonable initial values. For other models, random values on the 
interval [0,1] are provided. 

2. Produce the fitted curve for the current set of coefficients. 

3. Adjust the coefficients and determine whether the fit improves. The 
direction and magnitude of the adjustment depend on the fitting 
algorithm. Different algorithms exist, the most known are: 

Gauss Newton 

Levenberg-Marquardt 

Steepest Descent 

All of these algorithms approximate the error by Taylor expansion 
around the initial value as: 

r(!}_ +h) = r(!}_) + J(!}_)h + O(llhll 2
), (4.2) 

where J(!}_) is the Jacobian matrix1 . The minimum of this function 
gives the value of {3 for the following step. 

The main problem of the iterative algorithms is the convergence time. 
Often the IDC fitting, because of the large residuals, leads to a long conver
gence time. The speed of convergence toward a solution may also depend 
upon the choice of the method for finding solutions, the choice of starting 
values for the parameters, and possibly the choice of the step size [20]. 

1The Jacobian matrix contains the first partial derivatives of the function components. 

Then, J(j]);J = 8~~~(!_), where i = 1 ... nand j = 1 ... p (pis the number of the parameters). 
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Another problem in nonlinear fitting is the possibility of having multiple 
solutions or local minima. An unfortunate choice of the starting point may 
"drive" the solution toward a local minimum rather than to the absolute 
minimum (wrong fitting). Before attempting a nonlinear least-squares fit, 
therefore, it is useful to search the parameter space to locate the main min
ima and identify the desired range of parameters over which to refine the 
search. 

A possible solution to avoid these obstacles, is to linearize the function in 
order to be able to apply a linear regression algorithm. In this way, without 
the need of initialization, the result is already optimum in the LSE sense. 

4.1.1 Multiple Linear Regression 

The multiple (or multivariate) linear regression is used in order to solve a 
linear system with LSE. 

It is possible to apply a linear regression fitting starting from a nonlinear 
function. In order to do this, it is necessary to transform that function into 
a linear function. An easy method, suitable in this application, may be 
to apply a logarithmic transformation [20]. For example, starting from an 
exponential decay problem of the form: 

y = ae-bx, (4.3) 

where a and bare the unknown parameters, it would seem reasonable to take 
the logarithm of both sides of the function and to fit the resulting equation 

lny = lna- bx. (4.4) 

At this point the method of least squares minimizes the error function 
with respect to each of the coefficients lna and lnb. 

A common form to express a multiple regression model is the matrix 
notation [21], 

(4.5) 

where: 

Jl. is an n-by-1 vector of observations. 

X is a n-by-p matrix of the levels of the independent variables. 

!}_ is the p-by-1 vector of the regression coefficients. 

f;. is an n-by-1 vector of random disturbances. 

39 



The aim of the method is to find the vector of least squares estimators, 
li_, that minimizes 

n 

L = L ri = rT r = (y_- X§..f(y_- X§_). (4.6) 
i=l 

The least square estimator §_ is the solution for §_ in the equations 

8L 
8/3 = 0. (4.7) 

The resulting equations that must be solved are [22]: 

(4.8) 

To solve the equations, it is necessary to multiply both sides of Eq. ( 4.8) by 
the inverse of xr X. Therefore, the least square estimate of §_ is 

(4.9) 

4.2 Software implementation 

A Matlab algorithm had been developed in order to find the optimal fit based 
on both the models of interest (LDRW and Poisson). In the following, the 
main points of this algorithm are explained and the relative Matlab scripts 
are presented in appendix D. 

In the analysis of real IDCs, obtained from an MRI scanning, some pre
processing steps has to be done on the data. First of all, the baseline has to 
be estimated and subtracted from the signal C(t). It can be evaluated in a 
region of C(t) before the IDC appearence or after it is vanished. The best 
method can be chosen case by case depending on the positioning of the IDC 
within the signal C ( t). Sometimes, it can be also useful to filter the signal 
by means of a low-pass filter to remove the high frequency noise introduced 
by the measurement system. 

After the preprocessing steps, the algorithm is processed into two main 
phases, which are mutually concatenated. In the first phase, different fitting 
intervals are considered. In the second phase, for each of these intervals, 
a multiple linear regression is performed varying the position of the IDC 
within the signal C(t) (at the theoretical injection time to. The double loop 
(presented in the flow chart in figure 4.1) is performed till the optimum value 
of the parameters is found. 

In order to find the fitting interval, the algorithm determines the time 
coordinate tmax of the maximum value of the signal C(t). Starting from this 
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Figure 4.1: Flow chart of the algorithm for the best parameters estimation. 

time, the regression time interval is defined for tt:[tstart, tend]· The range of 
variation of tstart will be between 5% and 30% of the peaks along the rising 
edge of the IDC. C(tend), instead, even if it is known from the literature [23] 
that the contrast recirculation usually appears at around 0.3 · C(tmax) along 
the descending edge of the curve, will vary from 15% to 50% of the peak. 
That is due to the fact that this algorithm will be used to fit curves obtained 
by means of in-vitro experiments, where recirculation is not contemplated. 
For both tstart and tend, the step width will be 0.05 · C(tmax)· In this way 
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48 time intervals are tested. The assessment of the fitting in each interval 
is based on the values of the correlation coefficients (normalized measure of 
the linearity of the relationship between two vectors of samples) obtained 
between the original signal and the curve resulting from the fitting. 

Once the time interval is defined, the second phase of the algorithm can 
start. The used dilution model is In-transformed to obtain a suitable linear 
model for the multiple linear regression analysis. 

The derivation of the linear models for the LDRW and Poisson fittings 
are given below. 

Starting from the expression of the C(t) for the LDRW in Eq. (3.21), 
the result is: 

where: 

and 

xo = 1 
XI = (t- to) 

- I 
X2 - (t-to)' 

f3I = ln(/:b) +A+ 1Zn(;~) 
/32 = 2>.. 

>..f.l-
(33 - ~ - 2 . 

(4.10) 

f3I, /32 and /33 are the model parameters to be optimized, XI and x2 are 
the variables of the linearized model, and to is the injection time which is 
estimated apart. 

The LSE of the parameters f3I, /32 and /33 is solved by Eq. (4.9), which 
gives the optimum estimation jj. The matrix [X] and the vector yare defined 
as shown in Eq. (4.11), where Xii and xi2 (it:[1 ... n]) are the ;;; samples of 
XI and x2 in the regression interval: 

[X]~ [; 

xn XI2 

X2I X22 

Xni Xn2 
(4.11) 

ln(C(xn)) + Iln(xn) I 
ln(C(x2I)) + 2ln(x2I) 

1!_= 

ln(C(xni)) + 1Zn(Xni) 

For the Poisson model instead, because of the presence of a factorial 
term in the curve expression (Eq. 3.39), before the linear transformation is 
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performed, the definition below is assumed, 

M 1 
k = -i!:.-. (J.L )'. 

TrQ :r-1, 
(4.12) 

Moreover, since~ must be an integer, it is taken as a parameter in the fitting 
and it is called p. The resulting function is: 

(4.13) 

Starting from Eq. (4.13), the same procedure used for the LDRW is 
adopted. It leads to the linear model given in Eq. (4.14), 

where: 

and 

xo = 1 
x1=ln(t-~) 
xz = (t- ~), 

/31 = ln(k) 
f3z = p- 1 

!33 = ~· 

In this case the vector y is defined as: 

}I_= 

ln(C(xlz)) 
ln(C(xzz)) 

ln(C(xnz)) 

(4.14) 

(4.15) 

In appendix C, the same procedure is explained also for the other models: 
FPT, Lognormal and Gamma Variate. 

Eq. (4.9) is applied recursively in order to find the optimum to, which is 
assessed calculating the squared of the residuals in the considered segment 
of the curve. 

Since by definition tstart > to, the optimum to can be estimated by 
applying the linear regression recursively for decreasing values of~ starting 
from ~ = tstart until the LSE of the fit is found. That is correct because 
the relation between the Mean Square Error (MSE) of the fit and ~ (for 
~ :S tstart) shows a global minimum for~ =to (Fig. 4.2). 

In order to decrease the time-complexity, the search of~ is performed by 
two sub-searches. The first one decreases the value of~ by steps of 100 ms. 
The second one increases the same time-parameter of 10 ms each recursion. 
Therefore, the final resolution is 10 ms. 
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Figure 4.2: MSE of the fitting in the regression interval as a function of istart- ~
On the left, a graph related to the LDRW model, on the right, a graph obtained 
with the Poisson model. 

Once the most accurate value of t 0 is determined, therefore the correct 
position of the IDC wjthin the signal C(t) is determined, and the optimum 
vector of parameters !}_ of the model is calculated by the regression analysis, 
it is possible to proceed in the MTT estimation. 

For the LDRW model, since MTT= p,, it will be 

MTT= if;. (4.16) 

The MTT is equal to p, also for the Poisson model, but for the different 
definition of the parameters: 

MTT = (,82,8: 
1
). (4.17) 

In order to estimate the volume between two sections, it is necessary 
to acquire two IDCs in the relative sites. Then the IDCs are fitted, with 
the aim of estimating the MTT of the contrast between the two detection 
sections, ~MTT, defined as: 

~MTT = MTT2- MTT1. (4.18) 

Since the estimation of the injection time is in general different for the two 
curves, when the ~MTT is calculated, it is necessary to take into account 
also the difference between the estimated to. The volume Vis then obtained 
multiplying ~MTT times the flow Q, 

V=~MTT·Q. (4.19) 
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4.3 Simulations 

Once the algorithms to perform the Poisson and the LDRW interpolation 
are elaborated and tested, the subsequent step is to test which of the two 
models performs the best fitting. Theanalysis identifies which curves are 
fitted more accurately and, especially, which values of the parameters are 
easier to estimate. 

Another aim of the simulation was to test how the different models be
have when noise is added in order to evaluate their robustness to the noise. 

4.3.1 Selection of the parameters 

A set of parameters were selected to generate the curves to be fitted. Since 
the Poisson model is a new method in the interpolation of the IDCs, the 
parameters were chosen based on physiological values of the parameter f.1 
and A for the LDRW model (the ratio M/Q is fixed). Therefore, A varied 
between AI = 3 and AlQ = 12, with step of 1, while f.1 was bounded in the 
time interval 8000-17000 ms (f-1 1 - J.Lw), the resolution was 1000 ms. The 
combination of these parameters led to 100 couples of parameters, which 
can be represented by the n x n matrix Lp, 

where n = 10. 

(J.Ln, AI) l ' 
(J.Ln, An) 

(4.20) 

Starting from these couples of parameters, an equivalent number of 
curves were generated according with the LDRW model. In figure 4.3 the 
curves, resulting from the extreme combinations of the parameters A and f.1 
are presented. 

Fixed a value of f-1, the higher is the value of A, the more symmetrical is 
the curve and the higher is the peak. On the contrary, fixed the value of A, 
the higher is f-1, the wider is the curve (fig. 4.4). 

A fitting of the LDRW curves performed by the Poisson model provided 
the equivalent values of the parameters T and p. In this way the extreme 
values of the Poisson parameters were specified: p varies between 4 and 13.4, 
and T varies between 647.1 ms and 5194 ms. From this fittings, it comes 
out that the smallest values ofT are always coupled with high p. Therefore, 
not all the possible combinations of the parameters bounded in these ranges 
model plausible IDCs. For instance, when both p and T assume the upper 
limit values, the peak of the curve is very low (i.e., 20), if compared with a 
real IDC, and the curve extends beyond the end of the fixed time coordinate. 
Therefore it is not complete. 
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Figure 4.3: Four examples of curves modeled with extreme combinations of the 
parameters p, and >.. 
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Figure 4.4: On the left, the LDRW curves modeled with a fixed p, = 9000ms and 
>. variable. On the right, the curves with a fixed >. = 5 and p, variable. 

For this reason some values were excluded. Moreover, those intervals 
were adjusted in order to have a matrix Pp (n x n as Lp), with a linear 
increment in the values of the parameters. This processing of the data led 
to a range of variation of the parameters between p1 = 3 and p10 = 12, with 
unitary steps , and r1 = 900 ms and rw = 2700 ms, subdivided in time 
intervals of 0.2 s. The resulting matrix Pp has the same shape of Lp, 

[Pp[~ [ 
(Pn; TI) l ' 
(pn, Tn) 

(4.21) 
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The four combinations of the limit parameters model the curves shown 
in figure 4.5. 
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Figure 4.5: Four examples of curves modeled with extreme combination of the 
parameters p and T. 

It is clearly visible that these curves are more variable in the shape, they 
can reach an higher peak and a they can be wider. It is also noticeable the 
correspondence between the parameter>. of the LDRW model and pin the 
Poisson model. Both of them are shape parameters and, therefore, influence 
the symmetry of the IDCs. 

Figure 4.6 shows the trend of some of the curves obtained with the 
Poisson fitting. 
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Figure 4.6: On the left, the POISSON curves modeled with a fixed T = 1900ms 
and >. variable. On the right, the curves with a fixed p = 5 and T variable. 
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In particular, on the left it is presented how the shape changes varying p, 
with a fixed value ofT. The higher is p, the more symmetrical is the curve. 
On the right, instead, the influence of varying T is shown: when T increases, 
the peak of the curve decreases. 

4.3.2 Addition of the noise 

Once the range of variation of the Poisson and LDRW parameters is de
termined and the curves had been generated, the subsequent step was the 
addition of the noise. 

In order to obtain noisy curves comparable with real IDCs as much as 
possible, a preventive analysis on real IDCs had been carried out. Those sig
nals had been acquired during in vitro-experiments in an earlier study [27]. 
The IDCs were fitted by means of the LDRW model. The noise was obtained 
subtracting the reconstructed curves from the original signals. Applying the 
formula given below, 

SNR = 20 * log(max(C(t))), 
<Jn 

(4.22) 

it was possible to calculate the value of the SNR, as a function of the peak of 
the acquired signal, max(C(t)), and of the standard deviation of the noise, 
an. This estimation gave results between 29 and 37 dB. For this reason 
the values of SNR chosen to simulate the curves were 35 dB, 25 dB and 15 
dB. The last value represents the worst case, which has never been reached 
in the in vitro experiments. However, it can be interesting to study the 
behavior of the models in the case of noisier signals, especially considering 
the possibility of in vivo applications. 

The correlation coefficients between the noise amplitude and the fitted 
signal had been also evaluated. The correlation coefficients result to be 
always below 0.25, that proves a poor correlation between the two signals. 
Figure 4. 7 shows the acquired signal separation in its two components, the 
IDC signal and the noise. 

Due to the absence of relation between the noise amplitude and the IDC 
intensity, the Matlab function chosen to add the noise to the simulated sig
nals was mndn. It generates arrays of random numbers whose elements are 
normally distributed with mean equal to zero. The standard deviation of 
the elements can be specified multiplying the output of the function mndn 
by the desired value of an. The standard deviation of the noise was calcu
lated inverting Eq. ( 4.22) and substituting, for every single simulation, the 
correspondent value of the SNR, 

max(C(t)) 
an= SNR 

10----zD 
(4.23) 
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Figure 4. 7: Modeled IDC and noise overlapped in the same graph. 

In this case max( C ( t)) represents the maximum value of the modeled curve. 
The noisy signals were obtained adding the arrays of elements that sim

ulate the noise, to the relative curves. 

4.3.3 Modality of the simulation and results 

Once the ranges of variation of the parameters for the two models had 
been determined and the procedure of adding noise had been settled, the 
simulations could start. 

As already stated three simulations were performed, each one with a dif
ferent value of SNR (15, 25, 35 dB). For each combination of the parameters, 
first the curve was generated, imposing a sampling frequency of 2.6 Hz (the 
double of an hypothetical real signal, where the frequency of the shots of 
the MRI system has to be synchronized with the beating heart, i.e., around 
80 bpm, which correspond to a trigger frequency of 1.3 Hz), and then 50 
different noise sequences were added. At every iteration, the fitting with 
the model was performed and the results were memorized. The idea was to 
consider the average value of the 50 iterations, with the aim of having more 
statistically significant results. 

Since the curve had been simulated, the instant to of the injection of 
the contrast agent was known. Therefore, it was not necessary to perform 
the whole fitting. The algorithm presented in Section 4.2 was modified 
eliminating the loop relative to the determination of to. 

By means of the fitting, the values of the parameters were estimated. 
The estimated parameters were used to regenerate the curves and calculate 
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the MSE between the original curves and the fitted ones. Since outside the 
IDC peak the curve is equal to zero, the evaluation of the MSE along the 
whole curve would had returned an underestimation of the error. For this 
reason the calculation of the MSE was restricted to the part of the curve 
bounded between the 10% of the peak in the ascendent and descendent edges 
of the original IDC. The formula applied to estimate the MSE was: 

(4.24) 

where n is the number of samples in the selected segment, Yi are the samples 
of the original curve and fli the samples of the fitted curve. 

LDRW results 

Analyzing the data resulting from the simulations relative to the LDRW 
model, it is clearly visible that the trend of the MSE, and the calculated 
errors for both the parameters, is the same for each of the three simulations, 
independently from the fixed value of SNR. 

Considering the average of the MSE (Fig. 4.8) calculated in the 50 
iterations for the different combinations of the parameters, it can be noticed 
that the maximum value of the MSE is obtained for the curves with a high 
value of,\ and a low 1-l· In particular, it is always reached within the curve 
with .\=12 and J.L=8000 ms. This curve has the highest peak and is the 
most symmetrical. When the curves are wide, instead, the lowest value of 
the MSE is obtained. 

SNR35 - LI:RW Fitting 

Ul 

LAMBDA MU 

Figure 4.8: Representation of the trend of the MSE (SNR=35 dB) calculated for 
the different combinations of the parameters of the LDRW model. 
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A possible explanation of this result can be found analyzing the way in 
which the MSE is calculated. Since, as already explained, the evaluation 
of the MSE is limited to an interval dynamically selected (it is bounded 
between the 10% of the peak in the ascendent and descendent edges of the 
IDC), the sharper is the shape of the curve (i.e., less wide), the smaller is 
the considered interval. Therefore, the mean of the square residual can be 
higher. In addition, since the values of C(t) in the considered samples is 
higher, a small error in the evaluation of the parameters can lead to large 
residuals. 

Considering now the three simulations performed with different values 
of SNR, as expected, the values of the MSE increase according with the 
ammount of the added noise. In the first simulation with SNR=35 dB, the 
worst value of MSE is 4.09. When SNR=25 dB, that value becomes 19.249, 
while in the worst case, with SNR=15 dB, the MSE increases up to 230.2. 

Moreover, it is possible to evaluate the mean error made on the single 
parameters, calculating, for each curve, the absolute differences between 
the generated parameters and the estimated ones and, then, computing the 
average within the 50 iterations. 

In regard to the parameter A, the absolute error is lower when the pa
rameter assumes smaller values, and, therefore, the curve is asymmetrical. 
In the curves generated with different values of fL instead, no differences in 
the estimation of A are detectable. Fixed the value of A, the error is almost 
the same for every value of fL· 

In figure 4.9, the trend of the error made in the evaluation of A is shown. 
The considered case is relative to the simulation with SNR=35 dB, how
ever, despite the other simulations are characterized by an higher noise, the 
distribution of the error is similar. 

When a single parameter is considered, it can be more meaningful to 
compute the percentage P of the error in respect to the original value of 
the parameter. In the case of A, when the percentages P>.. is computed, the 
surface representing the percent error has not a constant slope. The range 
of variation of P>.. for every single combination of the parameters modeling 
the original curves is small. In particular, when the SNR=35 dB, P>.. varies 
between 2.3 % and 3.6 %; when SNR=25 dB it is bounded in the interval 
4.1%-6.8%. When SNR=15 dB, the range of variation of P>.. is larger, it can 
assume values between 12.4% and 26.8%). 

When the parameter fL is considered, the error reaches the maximum 
value (64.99 ms in the simulation with SNR=35 dB) in the fitting of curves 
wide and asymmetrical, therefore, modeled with high values of fL and low 
values of A. The graph in figure 4.10 shows the slope of the surface repre
senting the error relative to the parameter fL· It is characteristic to all the 
simulations relative to the LDRW model. 

The computation of the percentage PJ.L leads to values always smaller 
if compared with P>... In the simulation with SNR=35 dB, PJ.L does not go 
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Figure 4.9: Representation of the the mean error on the parameter>. obtained in 
the fitting (SNR=35 dB) of the curves modeled with the different combinations of 
the LDRW parameters. 
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Figure 4.10: Representation of the the mean error on the parameter f-L obtained 
in the fitting (SNR=35 dB) of the curves modeled with the different combinations 
of the LDRW parameters. 

beyond 0.5370%. This upper limit increases in the other simulations, it is 
1.19 % in the second one with SNR=25 dB, and 3.6 % in the worst case. 
PJ.L assumes the highest value when both 11 and >. are small. Therefore, the 
curves have an high peak and are still asymmetrical. 
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Poisson results 

As in the results of the LDRW simulations, the MSE calculated from the 
average of the 50 iterations in each simulation reaches the higher value when 
the curve is high and narrow. In the case of the Poisson model, this is the 
case of the lowest values of both 7 and p as shown in figure 4.11. 

SNR35 -POISSON Fitting 
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Figure 4.11: Representation of the trend of the MSE (SNR=35 dB) calculated for 
the different combinations of the parameters of the Poisson model. 

The maximum error reached in the simulation with SNR=35 dB is 11.28. 
When the peak becomes lower the value of MSE decreases rapidly, and it can 
reach values of the order of 0.1. When more noise is added, this tendency 
is even more evident. For instance, in the simulation with SNR=25dB, the 
MSE calculated in the case of curves with 7=1100 ms and p=3 is 45.9, but 
it immediately grows to a value of 4964 when 7=900. The same behavior is 
evident when SNR=15 dB; the MSE reaches in this case 9028. 

As for the LDRW fitting, the reason of this tendency can be found in 
the dynamism of the selection of the interval in which the MSE is evaluated. 
When 7=900 ms and p=3, considering that the imposed time period between 
the samples is 375 ms, the interval includes only 18 samples and, moreover, 
the peak of the curve is over 300. 

It is possible, also for the simulation relative to the Poisson model, to 
evaluate the error made on the single parameters, averaging the absolute 
differences between the generated parameters and the estimated ones within 
the 50 iterations. 

The error on 7 is higher when the parameter has the value 7=2700 ms, 
therefore the curve is wide and peak does not go over 150. Figure 4.12 
shows the trend of the error for the different combinations of the generating 
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parameters. 
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Figure 4.12: Representation of the the mean error on the parameter T obtained 
in the fitting (SNR=35 dB) of the curves modeled with the different combinations 
of the Poisson parameters. 

When the parameter p is considered, the maximum errors are reached 
for curves symmetrical, especially if T assumes small values (Fig. 4.13). 
This consideration is similar to that drawn for the parameter A. That was 
expected since both p and A are shape parameters, respectively for the 
Poisson and LDRW models. 

Since the error is bigger for higher values of the considered parameter, 
computing the percentage error P with respect of the original value of T 

and p leads to values approximatively equivalent for every combinations of 
the parameters. Both the percentage errors, P7 and Pp, for the simulation 
with SNR=35 dB are bounded between 1.82% and 3.5%. When more noise 
is added, the percentage errors grows for both the parameters, but more in 
the case of the parameter p. Pp is calculated between 3.5-14.24% for the 
second simulation (SNR=25 dB) and between 11.8-30.45% for the last one, 
when SNR=15 dB. P7 , instead, does not go beyond 19.06%, even with the 
highest noise. 

Tables 4.1 and 4.2 summarize the main results obtained for the two 
models. 

From this analysis, since the fitted curves are not the same for the two 
models, it is not possible to have a complete comparison between the two 
models. It is possible to understand which values of the parameters are easier 
to estimate, but it is not clear how the different models behave when an 
increasing noise is added. Therefore a new set of simulations were performed, 
whose modality and results are presented in Section 4.5. 

54 



SNR35 ·POISSON Fitting 

12 

TPJJ RHO 

Figure 4.13: Representation of the the mean error on the parameter p obtained 
in the fitting (SNR=35 dB) of the curves modeled with the different combinations 
of the Poisson parameters. 

Table 4.1: Maximum percent error on the parameters for the LDRW modeL 

SNR P>.. PJ.L 
35 dB 3.6% 0.54% 
25 dB 6.8% 1.19% 
15 dB 26.8% 3.6% 

Total increment 23.2% 3.06% 

Table 4.2: Maximum percent error on the parameters for the Poisson modeL 

SNR Pp PT 
35 dB 3.32% 3.5% 
25 dB 14.24% 8.2% 
15 dB 30.45% 19.06% 

Total increment 27.13% 15.56% 

4.4 Study of the concavity of the MSE surfaces 

Once this first set of simulations had been performed, and the results had 
been analyzed, the subsequent idea was to evaluate the concavity of the 
MSE surfaces. An MSE surface is obtained, for each couple of parameters, 
applying Eq. (4.24), i.e., 
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In this case the samples Yi are relative to the original curve generated with 
the couple of parameters under examination, while fh are the samples of 
the interpolated curve. The number n of samples on which the calculation 
of the MSE is computed, is, also in this case, dynamically selected. Each 
result is stored in a point of the surface, whose coordinates correspond to 
the values of the varied parameters, >. and J.L, for the LDRW model, and T 

and p for the Poisson model. 
In correspondence to the original combination of the parameters, where 

the MSE between the original curve and the result of its interpolation is 
stored, each surface has a minimum (it is equal to zero) and it is concave 
upward. The more the generating parameters of the curve to be fitted differ 
from the considered couples, the higher is the MSE. 

Two examples of MSE surfaces, obtained with this procedure, are pre
sented in figure 4.14. 
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Figure 4.14: MSE surfaces obtained from the two different fittings. On the left, 
a surface relative to the LDRW model, on the right, one relative to the Poisson 
model. 

The aim of this section is to verify if a correspondence between the 
concavity of these surfaces around the minimum and the accuracy of the 
fitting of the relative couples of parameters, can be found. Theoretically, 
when the concavity of the MSE surface is more pronounced, the fitting 
returns more accurate results. 

It is clearly visible, observing the surfaces in figure 4.14, that the grid is 
denser than in the other surfaces obtained from the analysis of the simulated 
data. In fact, in order to have a more accurate evaluation of the concavity of 
the surfaces, the step increment of the parameters was quartered. Therefore, 
the number of possible combinations of the parameters is larger. Moreover, 
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the ranges of variation of the parameters were also increased, both in the 
upper and lower limits. That was in order to make possible the computation 
of the derivative also for the parameters on the border of the surface. 

For each MSE surfaces, for both the Poisson and LDRW models, an 
analysis of the second-order derivatives with respect to the two parameters, 
has been carried out. The second derivatives can be used to characterize 
many properties of a surface, in this case, whether it is concave and how 
steep is its shape around the minimum. 

Therefore, the function gradient of Matlab, was applied two times. Con
sidering, for instance, the LDRW model, the function gradient was applied 
as shown below: 

[FJL, F.X] = gradient(F, 250, 0.25) (4.25) 

where F is a matrix representing the MSE surface. This function returns 
the JL and .X components of the two-dimensional numerical gradient (com
puting the central derivative). F JL corresponds to ~~, the differences in the 

JL (column) direction. F.X corresponds to ~f, the differences in the .X (row) 
direction. The other inputs of the function specify the constant spacing be
tween points for each dimension (b.JL = 250 ms and fl.),= 0.25 respectively). 

The double application of this function made possible to build the Hes
sian matrix, matrix of second-order partial derivatives ofF, defined as follow: 

[ ~:{ ::~ l 
[H(F)] = 

&2F &2F 
&>.&J.L &>.2 

(4.26) 

According with the theorem of Schwartz, it is verified that the mixed deriva
tives are symmetrical. 

Calculating the second partial derivatives at the point of the known 
minimum, it is possible to obtain a value that is relate to the concavity 
of the surface at that point and in the considered direction. The higher 
is the magnitude of the second derivative, the steeper is the slope of the 
surface. These values were then stored in a matrix, each value in the position 
correspondent to the coordinate of the minimum. 

The same procedure had been applied for the Poisson MSE surfaces. In 
that case, the spacing parameters were b.p = 0.25 between the columns and 
flT =50 ms between the rows. 

The results of the concavity analysis has been compared with the out
comes of the simulations previously performed (see Section 4.3.3). Since the 
slope of the error surface of the parameters is similar for all the simulations, 
with the different SNR, the graphs relative to the simulations with SNR=35 
dB has been considered. 
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Starting from the LDRW model, and considering the second derivative 
along each direction, a correspondence between the concavity of the MSE 
surface and the trend of the error on the single parameter, can be found. 

Figure 4.15 shows two filled contour graphs. On the left the isolines 
calculated from the matrix relative to the error on the parameter f.-l are 
displayed; on the right, the isolines are relative to the matrix of the second
order derivatives with respect to fL. 

SNR36- MU ERROA 

Figure 4.15: On the left, the contour plot that represent the slope of the f.l-error 
surface. On the right, the isolines of the second-order partial derivatives with 
respect to f1 for the different combination of the parameters. 

It is clearly visible that where the second derivative is higher, the error is 
smaller, and on the contrary, when the second derivative is lower, the error 
becomes bigger. 

When the parameter >.. is considered, this correspondence is not perfectly 
verified (Fig. 4.16). 

The error has almost the same growth rate when >.. increases for any value 
of f.-l· Instead, the concavity reaches the maximum value in the MSE surfaces 
obtained for small values of both f.-l and >... Although there is not total 
correspondence, it is still verified that for low magnitude of the concavity, 
the error is bigger than for the other couples of parameters. 

Considering the magnitude of the second-order partial derivatives, the 
ones computed with respect of >.. have always the highest values. In particu
lar they have the order of magnitude four times higher than the values of the 
derivatives with respect to fL. That is because the sensitivity on variations 
of the parameter>.. is higher. A small error in>.. can cause a big variation in 
the shape of the curve, while, the same error in f.-l, is not significant, since 
its values are expressed in ms. 

Analyzing the results relative to the Poisson model, similar conclusions 
can be drawn. As regard to one parameter, in this case T, there is a good 
symmetry between the two surface, as shown in the plots in figure 4.17. 
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Figure 4.16: On the left, the contour plot that represent the slope of the .A-error 
surface. On the right, the isolines of the second-order partial derivatives with 
respect to .A for the different combination of the parameters. 
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Figure 4.17: On the left, the contour plot that represent the slope of the T-error 
surface. On the right, the isolines of the second-order partial derivatives with 
respect to T for the different combination of the parameters. 

When the error on the parameter T is big, the second-order derivative 
with respect to T shows a small value. When, on the contrary, the error 
decreases, the value of the second partial derivative increases. 

The results of the analysis carried out on the parameter p are shown 
in figure 4.18. As the trend of the error on p is similar to that relate to 
). for the LDRW, the same similarity is recognizable in the trend of the 
second derivatives of the MSE surfaces with respect of the two parameters. 
Therefore, despite also in this case there is no perfect correspondence, the 
worst errors are returned for the couples of parameters that are the minima 
of the less steep MSE surfaces. 

When the surfaces representing the trend of the MSE resulting from 
the simulations are considered, it is not possible to find a correspondence 
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Figure 4.18: On the left, the contour plot that represent the slope of the p-error 
surface. On the right, the isolines of the second-order partial derivatives with 
respect to p for the different combination of the parameters. 

between them and the MSE surfaces, for both models. Several attempts, 
combining in different ways the second derivatives with respect of the two 
parameters, have been made to find a matching point. The trace2 and the 
determinant3 of the Hessian matrix, the product of the partial second-order 
derivatives, and the lower of the two had been considered, but no clear 
relation has been found. Probably, also in this case, the absence of relation 
can be attributed to the selection of the segment of the curve where the 
MSE analysis is performed. As already stated, it determines a peak of the 
error when the curves are high and narrow. 

4.5 Comparison between LDRW and Poisson model 

The analysis of the results of the simulations previously performed allows 
to understand which values of the parameters are easier to estimate, and, 
therefore, which curves are interpolated more accurately, but it is not clear 
how the two different fitting models behave when an increasing disturbance is 
added to the simulated curves. Therefore, in order to have a more complete 
and consistent comparison between the Poisson and LDRW model, another 

2The trace of the Hessian matrix is the sum of the second-order partial derivatives with 
respect to each single parameter. For instance, for the LDRW model, it is: 

82F 82 F 
0Jl2 + {))...2. 

3 The determinant of the Hessian matrix, for the LDRW model, is defined as follow: 
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simulation was necessary. The aim of this simulation was to test how the 
two models fit mutually and, moreover, which results they obtain in the 
fitting of the same noisy curves. 

Therefore, in a first moment, the curves modeled with the LDRW model 
(with the same range of variation of the parameters chosen for the previous 
simulations), had been fitted by means of the Poisson model. Afterward, 
the obtained curves had been interpolated again with the LDRW model. 
These fittings were performed without adding noise, and, for each curve, the 
determination coefficients ( R 2

) between the original curve and the reshaped 
one were memorized, for both the models. These values made possible to 
determine the quality of the fitting. It is always verified R2 ;::: 0.99, which 
proves a very good fitting. An example of the mutual fitting of the two 
models is presented in figure 4.19. 

Although the shape of the curves is similar, both fits show some difficul
ties in following correctly the low part of the IDC. 

A second step in this simulation was the addition of the noise to the 
curves. The added values of the SNR were the same of the previous simula
tion: 35, 25, and 15 dB. 50 noise sequences were added. 

In regard to the Poisson model, the curves were generated starting from 
the parameters obtained in the preventive fitting. In this way, the curves to 
be fitted had almost the same characteristics of intensity and symmetry of 
the LDRW curves. As regard to the LDRW, since the ranges of variation of 
the parameters were the same fixed in the previous simulations, it was not 
necessary to perform again the simulations. Therefore, the results previously 
obtained are considered. 

Considering the MSE, the values are comparable in all the simulations. 
The difference between the average MSE never goes beyond 3. 

In regard to the percent error in the estimation of the parameters, a 
good correspondence can be found between the parameters ).. and p. In 
this case, the results returned by the Poisson model are noticeably better. 
Pp assumes values bounded between 1.9% and 3.25% when SNR=35dB, 
between 3.26% and 6.04% when SNR=25dB, and between 10.4% and 22.1% 
in the worst case. When SNR is equal to 35 dB and 25 dB, the difference 
between the values of P>.. and Pp is very small. A bigger difference exists 
when SNR=15 dB, in this case, P>.. reaches the value of 26.8%. With regard 
to the standard deviation of the 50 iterations and considering the error on 
the shape parameter, almost the same values are obtained with the two 
models. The maximum values of the standard deviation of ).. error are 0.24, 
0.54, and 2.5, for increasing noise; the same values for p error are 0.27, 0.59, 
and 2.28. Also in this case the bigger difference is obtained when SNR= 15 
dB, and it shows better results for the Poisson model. 

Both J-L and T show the worst estimation when the curves are wide. When 
the time-relate parameters are considered, the LDRW model returns better 
results. PJ.t never goes beyond 3.6%, also in the case of SNR= 15 dB, while 
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Figure 4.19: The first graph is an example of Poisson fitting, starting from a curve 
shaped with the LDRW model. The second one represents the previously obtained 
Poisson curve fitted with the LDRW model. 

P7 in that case reaches 18.6%. These results are confirmed by the values 
of the standard deviation of the errors in the 50 iterations. The maximum 
values of the standard deviation in the estimation of J.t are 41.93 ms, 123.58 
ms, and 328.16 ms, for increasing values of the noise, while the same values 
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in the estimation ofT are 69.34 ms, 166.72 ms, and 454 ms. 
These fitting models are used to estimate the MTT of the IDCs, there

fore, it would be interesting to understand which one of the two methods 
would return the most accurate results if these parameters were calculated. 
In particular, since the MTT, for the LDRW model, corresponds to the pa
rameter f.l, it has been decided to evaluate, in addition, the MRT. MRT 
corresponds to the first moment of the curve, and it is the parameter that 
characterizes the MTT, when the multiple passage hypothesis is not satis
fied. Therefore, for both the models, the first moment of the curve had been 
calculated. 

The obtained values has been compared with relation to the values of 
the same parameters calculated from the original curves. Then, the percent 
error has been evaluated. 

With regard to the MTT (which for the Poisson model is obtained mul
tiplying p and A), the worst results have been obtained for the wider and 
more asymmetrical curves, for both the models. However, when the error 
is considered, the LDRW model obtains the best results. The maximum 
errors, for the LDRW model, are in the average 64.9 ms, 164.25 ms and 
483.19 ms, considering the three simulations with an increasing noise. The 
maximum errors for the Poisson model are 138 ms, 297 ms, 700.4 ms. 

Assuming the case of an hypothetic in-vitro experiment, if the flow was 
1.8 L/min and SNR was equal to 25 dB, the obtained values of MTT would 
lead to an error of 4.92 mL in the estimation of the volume, in the case of 
the LDRW model. For the Poisson fitting, instead, the error would reach 
the value of 8.91 mL, with a MTT error of 297 ms. 

The MRT, for the LDRW, is defined as 

Therefore, its value is calculated combining the estimations of the parame
ters f.l and A. The maximum error of the MRT grows from 210.4 ms, when 
SNR= 35 dB, to 414 ms, when SNR= 25 dB, and it reaches 1294 ms in the 
worst case. Consequently the hypothetic error, with a flow of 1.8 L/min 
and considering the case with SNR=25, is 12.42 mL. Therefore, when the 
first moment of the distribution is considered, the Poisson model returns the 
best estimation of the volumes. 

It is interesting to notice that, in the average, the estimations of the MTT 
and of the MRT for both the models, result always in an underestimation. 
Only in one case, for the LDRW model when SNR=25 dB, an over estimation 
is returned: the estimated MTT is 0.23 ms longer then the real one. 

Tables 4.3 and 4.4 summarize the main results obtained for the two 
models as regard with the estimation of the parameter and the MSE. 
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Table 4.3: Maximum percent error on the parameters and MSE for the LDRW 
model. 

SNR P>.. pjt MSE 
35 dB 3.6% 0.54% 4.09 
25 dB 6.8% 1.19% 19.25 
15 dB 26.8% 3.6% 230.2 

Total increment 23.2% 3.06% 226.11 

Table 4.4: Maximum percent error on the parameters and MSE for the Poisson 
model. 

SNR Pp PT MSE 
35 dB 3.25% 3.4% 4.23 
25 dB 6.04% 6.46% 21.74 
15 dB 22.1% 18.6% 228.73 

Total increment 18.85% 15.2% 224.5 

Table 4.5 presents the results of the estimation of MTT and MRT for 
the two models. 

Table 4.5: Maximum errors in the estimation of MTT and MRT for Poisson and 
LDRW models. 

SNR MTT Poisson MTTLDRW MRTLDRW 
35 dB 138 IDS 64.9 IDS 210.4 IDS 

25 dB 297 IDS 164.25 IDS 414 IDS 

15 dB 700.4 IDS 483.19 IDS 1294 IDS 

64 



Chapter 5 

Experimental measurements 

In order to test and validate the measurement of PBV by means of MRI 
dilution techniques, a set of in-vitro experiments were carried out. The 
measurements were executed at Dept. of Radiology of the Catharina Hos
pital in Eindhoven, and a clinicall.5 T MR system was adopted (Gyroscan 
Intera, Philips Medical System). 

5.1 Contrast agents 

In order to obtain more realistic experiments, the water flowing in the in
vitro circuit was doped in advance with Manganese Chloride (MnCl 2 ). Man
ganese ion (Mn2+) is a paramagnetic positive contrast agent, therefore its 
effect results in an increased MR signal intensity and a reduced relaxation 
time. The choice of manganese is due to the fact that, choosing the right 
concentration of the paramagnetic ion, the manganese-doped water can as
sume relaxation times comparable with those of human blood. 

The relaxation times of the blood depend on the hematocrit and the 
temperature. T1 depends also on the magnetic field strength (B), according 
to the formula [24] 

(5.1) 

With the scanner of 1.5 T used in the experiments, the longitudinal 
relaxation time of blood is about 1350 ms. Unlike T1, the transversal relax
ation time T2 is much less susceptible to variations of field strength B. It 
varies from 50 ms (venous blood) to 200 ms (arterial blood). 

The approximate functional form of the T1 and T2 values of the aqueous 
paramagnetic solution obtained at 1.5 T are reported below [6]: 

T1(s) = (5722[Mn] + 0.0846)-1 

T2(s) = (60386[Mn] + 3.644)-1, 
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where the concentration of the Manganese is expressed in [moles· L-1]. 

Based on these equations, the solution prepared for the simulation had 
the molarity1 equal to 0.12 mM, which corresponds to 15 mg/L of MnCl2 . 

In this way the spin-lattice (T1) and spin-spin (T2) relaxation times of the 
water are adjusted respectively to 1296 ms and 91.8 ms, values that approx
imatively comply with the physiologic characteristics of the human blood. 

Another contrast agent was used in the experiment in order to obtain 
the IDCs, the gadolinium. Gadolinium is a non-toxic extracellular contrast 
agent for MRI, with a low molecular weight. It is in the form of a sterile 
solution for intravenous injection. Like manganese, gadolinium is a positive 
relaxation agent. 

The specific contrast agent used in the experiment was Gadoteridol, (for 
further information see appendix A on page 92). 

In order to be sure that the IDCs obtained in the measurements are not 
saturated, the dose of the contrast should be well chosen. A saturated curve 
has no linear relationship between the signal intensity and the concentration 
of the contrast. Above a certain concentration of the contrast all values of 
the signal intensity are the same. Earlier research [27] (see appendix A) 
has proven that several scan techniques show an almost linear relationship 
between signal intensity and contrast concentration up to a concentration 
of Gadolinium of 1.5 mmol/L. 

According to these results, the dose of Gadolinium injected during each 
experiment was 0.025 mmol. Considering an hypothetic flow of 1.8 L/min 
and a duration of the injection of 1 s, this quantity of contrast was diluted in 
0.03 L of manganese-doped water. Therefore, the resulting value (worst case) 
of the concentration of Gadolinium used to perform the IDC experiments 
was approximatively 0.83 mmol/L, which is clearly inside the linear zone. 

The use of Manganese to dope the water, in addiction to the injection 
of Gadolinium, both positive contrast agents, intuitively will cause an SNR 
decrease in the acquired IDCs. Therefore, after the acquisition of the data, 
an analysis of the noise has been carried out in order to test if this effect 
occurred. The results are reported later in Section 6. 

5.2 MRI Settings of the setup 

The used scan technique during the experiments is the Turbo Field Echo 
technique (TFE), which is the Philips name for an ultra fast gradient echo 
sequence [7]. TFE is simply a basic gradient echo sequence (GE) (see ap
pendix Bon page 94) optimized in order to obtain the highest image quality 

1 Molarity is a way of expressing concentration. It is the number of moles of solute 
dissolved in one liter of solution. The measure unit is therefore moles per liter. This units 
is abbreviated as M, with the capitol letter. 
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possible within a very short scan time. Typically, the echo times (TE) in 
a TFE measurement are 3-5 ms, while the TRs are 7-10 ms (see Section 
2.3.1 for the definitions of TR and TE). The short TR allows complete data 
acquisition to occur successively per slice, therefore, every TR an image is 
created (one shot sequence). 

A TFE sequence is usually preceded by a contrast preparation prepulse 
(most frequently an initial180° inversion pulse during the preparation mod
ule). In the pulse sequence timing diagram (Fig. 5.1), the basic ultra fast 
gradient echo sequence is illustrated. The 180° inversion pulse is executed 
one time (to the left of the vertical line), the right side represents the data 
collection period and it is often repeated depending on the acquisition pa
rameters. 

RFin 

Slice-select 
gradient 

Phose-encoding 
gradient 

Frequency-encoding 
gradient 

Signol out 

Figure 5.1: Ultra Fast Gradient Echo sequence. 

The major application of TFE is the reduction of artifacts due to res
piratory motion and abdominal peristaltic motion. Other applications of 
TFE include the imaging of restless patients and dynamic studies to moni
tor contrast agent wash-in/wash-out (e.g., for perfusion imaging, differential 
diagnosis, rejection of transplanted organs, etc.). 

A TFE sequence can be used to make T1, T2 or proton density (PD) 
weighted images. It depends on TR, TE and the flip angle a (see Section 
2.3.1) whether an image is T1, T2 or PD weighted. Table 5.1 gives a summary 
of the relation between the weighting technique and the parameters TR and 
a. 

In the experiments, it was used a TFE technique with a flip angle of 25 
degrees and a TR of 10 ms, the shot duration was 370 ms. 

Three different sets of experiments were performed. In the first measure
ment the repetition time between shots was 750 ms, in order to simulate an 
heart rate of 80 beats/min (Fig. 5.2). 

The second set of experiments included, before the pulse sequence, an 
additional pre-pulse to saturate the spins before they enter the imaging slice. 
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Table 5.1: Relation between weighing technique and the parameters. 

TFE (Short TE, 8-15ms) Short TR Long TR 
Small flip angle (5 - 15°) PD PD/T2 
Big flip angle (20- 90°) TI/T2 T1 

Figure 5.2: Repetition of the shots. 

This helps to reduce or eliminate the effect of flow-related enhancement 
(Section 2.3.1). 

The last experiments were performed with a trigger frequency of 60 sam
ples/min. Therefore the sampling period was longer (1000 ms). 

To carry out these experiments, an in-vitro setup was prepared to sim
ulate lungs and heart. A complete description of the system is provided in 
the next section. 

5.3 In-vitro set up 

A specific hydrodynamic system was built to produce different water vol
umes. The system, which is shown in figure 5.3, consisted of a generator 
(a calibrated Medtronic 550 Bio-Console centrifugal pump), two bowls (one 
filled with manganese-doped water and one empty for contrast waist), and a 
network of tubes that simulates the PBV. In particular the system of tubes is 
composed of three parts: the volume network, the measurement plane, and 
the connection tubes, which bring the water from the pump to the network 
and then from the network to the two bowls. 

The characteristics of the elements that compone the system are briefly 
given below. 
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Figure 5.3: Schematic drawing of in-vitro configuration used in this study. 

Centrifugal Pump The Medtronic Bio-Pumpcentrifugal blood pump is 
used as a flow generator. It uses the constrained forced-vortex pump
ing principle in which a series of smooth-surfaced rotating cones pull 
the fluid into the vortex created by the rotation (Fig. 5.4). 

Figure 5.4: Outlet opening design of the Bio-Pump Plus centrifugal pump and the 
pump coupled with the Medtronic Bio-ConsolePump System. 

As the liquid flows towards the pump outlet, the vortex energy created 
by these cones transfers to the fluid in the form of pressure and veloc
ity. The Bio-Pump pump is constructed from molded polycarbonate 
parts and features a double-lip seal design over precision bearings for 
optimum strength, robust construction, and dependability. The Bio
Pump centrifugal pump couples with the Medtronic Bio-ConsolePump 
System which includes speed control, flow and pressure measurement, 
and associated alarm. In particular it is equipped with an electromag
netic flowmeter, which allows the constant monitoring of the flow. In 
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fact it provides a digital display of the flow expressed in [litri ·min - 1
]. 

Measurement Plane The setup has to respect certain requirements in 
order to obtain correct dilution curves. The plane surface, where the 
image with the MRI scanner is made, should be large enough in order 
to make sure that the time that the contrast is in the plane is longer 
than the MRI pulse sequence (shot). This time is dependent on the 
velocity of the flow in the tubes, which is imposed by the pump. The 
flow is equal to the velocity in the tube multiplied by the section of the 
tube (A). Since from earlier experience it is known that the minimum 
time that is needed to make an image is 300 ms (tmin) and since the 
maximum flow Qmax allowed is fixed at 5 L/min (according the normal 
flow in a human heart, which is not much higher than this value), it is 
possible to calculate the length A of the tube within the measurement 
plane. In the case under analysis the tubes have a radius of 0.375 em, 
therefore the tube on the measurement plane should be at least 56.59 
em long, as shown below: 

_ Qmax _ 5000 _ 188 9 em 
Vmax - ------::;r- - 0.441·60 - · s' (5.3) 

A = Vmax · tmin = 188.9 · 0.3 = 56.58cm 

To obtain a high spatial resolution in the images, the field of view 
(FOV) of the scan should be as small as possible. Therefore, the tube 
is laid on the measurement plane in the form of a serpentine. The 
places where the IDCs are acquired are marked, in figure 5.5, with 
crosses. 

Figure 5.5: Measurement plane. 

At these places the inflow artifacts (see Section 2.3.1 on page 19) 
have completely disappeared. 
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Volume Network The manganese-doped water flows inside a system of 
tubes. In order to obtain a more realistic setup a volume network is 
added which models the lungs. It is a symmetric network consisting 
of 8 branches (each one is 170 em long) whose shape is shown in figure 
5.6. 

170cm 

Figure 5.6: Volume network used to simulate the lungs. 

The volume network is placed between the first and the second passage 
of the measurement plane. 

The volume of the total network is 777.5 mL, but it is connected with 
the measurement plane with the same tubes that are used in the rest 
of the setup, therefore, adding extra volume. For safety reasons these 
tubes should be long enough so that the volume network is not located 
in the MRI scanner during the measurements. Due to the longer tubes 
there is a bigger offset volume. Therefore, the total volume, including 
the offset and the volume network, is 1051.5 mL when no tubes are 
clamped. 

However, it easy to decrease the volume to 665.5 mL, 482.5 mL, 413.5 
mL by means of plastic clamps that close some of the tubes (Fig. 5. 7). 

input output 

Figure 5.7: Four different configurations of the volume network used to simulate 
the lungs. 

The different volumes of the network are summarize in Table 5.2. 
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Table 5.2: The four volumes used in the measurements. 

volume I 413.5 mL 
volume2 482.5 mL 
volume3 665.5 mL 
volume4 1051.5 mL 

5.4 Modality of the experiments 

Each set of experiment was carried out with the same modality, except for 
the MRI settings. In this section a detailed description of the procedure is 
given. 

First of all, because metal is not allowed in the examination room, where 
the scanner is located, the setup was positioned in order that the pump 
and all the metallic tools were outside the room (the examination room is 
magnetically shielded, with a Faraday cage, therefore metal objects outside 
the room cause no problems). In the wall between the operating and the 
examination room there was a gateway were the tube passed the Faraday 
cage. 

One end of the tube-circuit was submerged in manganese-doped water 
and attached to the programmable, volume-controlled flow system. The 
other extremity is characterized by a double end. Each end was positioned 
in a different bowl. The water could not leave the circuit at the same time 
through both the ends, the two ends were alternatively closed by clamp
ing the tube. At the beginning of the experiment, before the injection of 
the contrast, the water flowed out into the bowl for the water free from 
gadolinium (recirculation bowl). 

After the positioning of the instrumentation, the experiments started. 
The pump was programmed to generate a flow rate of about 1.65 L/min. 

This value, which is lower than the maximum flow allowed in the normal 
heart (5 L/min), had been chosen mainly for safety reasons. It assures that 
the pressure in the tubes is not too high. In this circumstance, in fact, it is 
possible that a leak of water occurs, especially in the points where the tubes 
are connected with splitters. That would be cause of damage to the MRI 
scanner. 

Since the flow rate is one of the factors that should be considered care
fully to obtain reliable results from the experiment, every time that a new 
experiment was performed, a procedure of calibration was executed and the 
flow rate was note down. This procedure consisted of the measurement of the 
water coming out of the circuit for half a minute and then the determination 
of the volume with the help of a scale. 

Once the pump filled the system with the manganese-doped water from 
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the first bowl, the contrast agent was injected. Then the water with the 
contrast agent passed through the measurement plane, later through the 
volume network, and then again through the measurement plane. During 
the double passage in the measurement plane, two measurements were done. 
The first one before the volume network and it represented the Right Ven
tricle IDC. The other measurement was made after the volume network and 
it represented the Left Atrium IDC (Fig. 5.8). 

1706 -·· 
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·jl~OB··· · ~· 
:s 1306 
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1100 " 

~0 40 6tl 80 100 12'0 
Time(s) 

Figure 5.8: On the left, MR image of the measurement plane. The ROis related to 
the two different acquisitions are pointed out with circles. On the right, an example 
of IDC. 

In order to produce four experiments for each MRI setting, the volume 
of the tube-network was changed by closing some branches in specific sites 
by means of plastic clamps, as explained in Section 5.3. 

During the measurements the water mixed with gadolinium was taken 
into the second bowl for the polluted water. Afterward, at the end of the 
measurements, and after a time long enough to be sure that all the polluted 
water had flowed out from the circuit, the manganese-doped water was again 
collected in the first bowl, therefore, allowing recirculation. In this way the 
available amount of doped water was sufficient to perform all the planned 
measurements. 
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Chapter 6 

Results of the experiments 

After the performance of the three sets of experiments, the subsequent step, 
was the data-analysis. Each couple of curves, relative to the IDCs of the 
RV and LA of each measurement, were fitted by means of the five models 
presented in Section 3.1. The simultaneous measurement of the two IDCs 
allows the assessment of the MTT of the indicator between the two regions 
of interest1 . Therefore, since the flow had been registered, it was possible 
to calculate of the network volume by means of (2.13), i.e., 

V=Q·MTT. 

All models show some difficulties in interpolating the peak of the IDC 
(Fig. 6.1); this is probably caused by the limited number of samples that 
characterized the curves, especially the ones relative to the RV. In these 
case, in fact, the peak is spikier and the curve is less spread. 

However, no differences are evident between the three different sets of 
experiments, despite the fact that one group of experiments was performed 
with a longer repetition time between the shots. That is because the Nyquist 
limit is always fullfilled also in the case of lower sampling frequencies. 

Figure 6.2 shows an example of power spectrum of the interpolation 
(LDRW) of an acquired signal. The presented data refer to the experiments 
with the sampling frequency Us) of 60 samples/min and to the smallest 
volume. It is clear that the IDC information is bounded in frequencies 
that are lower than a half of the sampling frequency (in this case, in fact, 
fs =1Hz). 

An analysis of the noise, with the same modality explained in Section 
4.3.2 on page 48, had been carried out in order to determine if the addition of 
Manganese to the flowing water, really caused the increasing of the noise on 
the signals. The SNR values resulting from this analysis had been compared 

1It must be specified that the MTT, in this case, represents the difference between 
the MTTs of the LA IDC and the RV IDC respectively. It is, in fact, the time that the 
indicator takes to pass through the volume network, which represents the lungs. 
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Figure 6.1: Example of fitting of the RV and LA IDCs. 
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Figure 6.2: Frequency content of the RV IDC relative to the smallest volume. 

with the one ensued from the data collected in an earlier study [27], in which 
the fluid used in the in vitro experiment was plain water. The outcomes of 
the analysis validate the hypothesis previously made. The signals collected 
in the past experiments were characterized by a SNR between 32 and 37 
dB (only for one curve the SNR was lower, 29 dB), while the new data are 
noisier (18 dB:::; SN R::::; 33 dB). 

The results of the data analysis of the three different sets of measure
ments are reported in the next sections. 
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6.1 First experiment 

The first set of experiments was characterized by a trigger frequency of 80 
beats/min. 

Four measurements were performed, each one with a different volume 
network, as explained in the previous section concerning the modality of 
the experiments. In table 6.1, the values of the flow measured during each 
experiment are summarized. 

Table 6.1: The values of the flow relatively to each volume measured during the 
first experiment. 

Volume Flow {L/min) 
v1 1.78 
v2 1.67 
v3 1.64 
v4 1.63 

The collected data has been analyzed and fitted with the five models in 
order to calculate the difference between the MTTs of the IDCs recorded in 
each experiment. 

The determination coefficients (correlation coefficients squared) obtained 
between the interpolated curves and the acquired signal for the different 
models are presented in table 6.2. Except for two cases (the RV IDC of the 
first volume, for the Poisson and Gamma Variate models), the correlation 
values are always above 0.9. This is sign of a good fitting. 

Table 6.2: Square correlation coefficients obtained for all the IDCs in the first 
experiment for all the volumes, from the smallest to the biggest. 

FPT LDRW GammaV. Lognor. Poisson 
RV LA RV LA RV LA RV LA RV LA 
0.961 0.974 0.961 0.974 0.886 0.973 0.967 0.974 0.885 0.973 

0.973 0.959 0.973 0.959 0.973 0.959 0.973 0.959 0.973 0.959 

0.902 0.945 0.902 0.945 0.902 0.945 0.910 0.945 0.902 0.945 

0.978 0.969 0.978 0.969 0.987 0.983 0.981 0.9693 0.987 0.983 

As already explained in Section 2.2.1, usually the MTT is equal to the 
first moment of the curve. The only model that has a different interpretation 
is the LDRW model. In this case, in fact, because of the hypothesis of 
multiple passages of the particles through the detection section, the first 
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moment of the curve is referred to as the MRT and the MTT corresponds 
to f..l (see Section 3.1.3). 

In table 6.3, the values ofMRT and MTT, obtained by the LDRW model, 
are presented in comparison. 

Table 6.3: MTT and MRT calculated by means of the LDRW model expressed in 
ms (first experiment). 

Vol. LDRW (MRT) LDRW (MTT) 
v1 13915 13705 
v2 16822 16393 
v3 23739 23268 
v4 37984 36124 

The value of MRT is always higher. That is because its formulation, 

1 
MRT = f..l(1 + -:\"), 

overestimates the MTT by an amount f..l / >... 

(6.1) 

After a first analysis, it was observed that the values of the MTT of the 
LDRW model appeared much lower if compared with the results obtained 
in the other four measurements (that is clear comparing Tab. 6.3 and Tab. 
6.4, where the MTT obtained by the five different models are summarized). 
Calculating the MRT, instead, the values seemed to be more aligned to the 
others. Therefore, the MRT is used to calculate the volumes in the case of 
the LDRW model. 

Table 6.4: MTT expressed in ms calculated for the first experiment. 

Vol. FPT LDRW (MRT) GammaVar. Lognormal Poisson 

v1 13915 13915 13880 14009 13630 
v2 16831 16822 16787 16869 16786 
v3 23739 23739 23551 23904 23551 
v4 38006 37984 38139 38239 38139 

The reason way, in this case, the MRT will be considered in the estima
tion of the volumes, can be explained considering the position of the ROI. 
Since it includes a large area along the tube, instead a section of the same, 
the hypothesis of the multiple passages is evidently not verified. For this 
reason, the time that the indicator takes to cover the distance between the 
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injection and the detection sections corresponds to the first moment of the 
curve. 

It is clear the correspondence between the values obtained with the FPT 
and the LDRW models and between the Gamma Variate and the Poisson 
models. That depends on the links that exist between the physical inter
pretation of these two couples of models and on their similar mathematical 
formulation. 

The estimate volumes according to the different models are shown in 
table 6.5. 

Table 6.5: Volumes expressed in mL calculated for the first experiment. 

Vol. FPT LDRW GammaVar. Lognormal Poisson 
413.5 412.81 412.8 411.76 415.59 404.34 
482.5 468.46 468.22 467.24 469.53 467.22 
665.5 648.87 648.88 643.72 653.39 643.73 
1051.5 1032.5 1031.9 1036.1 1038.8 1036.1 

Comparing the estimated volumes with the real volumes of the different 
experiments, it is possible to conclude that the models interpret the IDCs 
very well. This can be proven by the correlation coefficients of the two data 
sets: real and estimated volumes. All models show a correlation coefficient 
above 0.99, which proves an accurate volume estimation. 

All the measurements return an underestimation of the volumes, except 
for the first volume calculated by means of the Lognormal model, which 
overestimates the real value by 2.09 mL. Except for the first volume, the 
Lognormal model always returns the best estimation, even if the values 
obtained by means of every single model are really close to the real measures. 
The error, expressed as a percentage of the real volume, is always lower than 
3.5%. The graph in figure 6.3 shows the evaluated volumes and the real ones 
by comparison. 

In particular, it can be noticed that the error is bigger for bigger volumes 
(although when the percent error is estimate that is not always verified). 
The only exception is for the third volume returned by the Poisson and 
the Gamma Variate models. In this case, in fact, the underestimation is 
bigger than for the forth volume. A possible explanation can be found 
in the disposition of the tube-network. Inevitably, arranging the system of 
tubes in the examination room, the network was slightly twisted. Under this 
hypothesis the volumes turn out to be decreased. Even if this reduction can 
be hardly quantified, it is intuitive that, since the biggest volume includes a 
larger number of tubes, in its measure the effect of the twisting is overdrawn. 

The graphs in Fig. 6.4 show the relation between the real and the es
timated volumes, resulting from the analysis executed with the LDRW and 

78 



1100 

1000 

900 

800 
'E 

700 

600 

500 

400 
413,5 482,5 665,5 

ml 

1051,5 

Gamma Variate 
•Lognormal 

Figure 6.3: Comparison between Real and Estimated Volumes (first experiment). 

Poisson models (these models are the main objects of this study). 
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Figure 6.4: Comparison between Real and Estimated Volumes in the first exper
iment (The one above is related to the LDRW model, the other to the Poisson 
model). 
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Comparing the two models, it is possible to notice that the LDRW has 
better results in term of estimation of the volume. The lowest error is 
registered for the first volume of the LDRW model and it is equal to the 
0.17% of the real volume. The highest error, instead, belongs to the measures 
obtained by means of the Poisson model. It is for the third volume and it 
is equal to 3.27%. 

6.2 Second experiment 

The second set of experiments was performed with the same sampling fre
quency of the first one, 1.33 Hz. The only difference was the presence of a 
prepulse before the starting of the regular pulse sequence. The application 
of this additional pulse had the aim of presaturating the spins before they 
enter the imaging slice. Intuitively it may also improve the SNR of the data. 

This hypothesis had been validated comparing the results of the analysis 
of the noise already carried out on the acquired signals. As expected, the 
signals collected in the second experiment have generally an higher SNR, if 
compared with those of the other two sets of measurements. That is true 
especially in the IDCs relative to the RV. In those cases the SNR is always 
above 30 dB, instead of being between 22 and 30 dB as in the other cases 
(only the LA IDCs relative to the third experiments have SNR:=:;22). How
ever, the values of the SNR remain generally lower than the ones calculated 
during the experiments earlier performed without the use of Manganese
doped water [27]. 

In table 6.6, the values of the flow registered during the four experiments 
are summarized. 

Table 6.6: The values of the flow relatively to each volume measured during the 
second experiment. 

Volume Flow (L/min) 
v1 1.61 
v2 1.70 
v3 1.76 
v4 1.74 

From the comparison of the determination coefficients returned by the 
fittings, it is clear that the results of the interpolations are even better than 
in the first experiment (Tab. 6. 7). The values are, except for few cases, 
above 0.95. 

The analysis of the data shows in general the same results of the first 
experiment. The value of the MRT for the LDRW model has been used, 
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Table 6. 7: Square correlation coefficients obtained for all the IDCs in the second 
experiment for all the volumes, from the smallest to the biggest. 

FPT LDRW GammaV. Lognor. Poisson 
RV LA RV LA RV LA RV LA RV LA 

0.988 0.987 0.988 0.987 0.987 0.987 0.98862 0.987 0987 0.987 

0.983 0.990 0.988 0.987 0.981 0.990 0.98605 0.990 0.981 0.990 

0.979 0.969 0.979 0.969 0.974 0.968 0.9795 0.970 0.974 0.968 

0.990 0.944 0.990 0.944 0.989 0.943 0.98988 0.944 0.989 0.943 

also in this case, to calculate the volumes, for the same reasons previously 
explained. 

Table 6.8 shows, for each model, the values or the MTT for the four mea
surements. In the subsequent table instead (Tab. 6.9), the same values are 
already multiplied by the flow intensity, so that it shows the effective values 
of the estimated volumes. Observing those results, the similarities between 
the FPT and LDRW, and between the Poisson and Gamma Variate models 
are clear, even more than in the first set of experiments. Especially, within 
the second couple of models, a complete correspondence is recognizable. 

Table 6.8: MTT expressed in ms calculated for the second experiment. 

Vol. FPT LDRW (MRT) GammaVar. Lognormal Poisson 
v1 15243 15239 15171 15354 15171 
v2 16636 16636 16595 16701 16595 
v3 22305 22301 22176 22328 22176 
v4 35749 35706 35583 35930 35582 

Table 6.9: Volumes expressed in mL calculated for the second experiment. 

Vol. FPT LDRW GammaVar. Lognormal Poisson 
413.5 409.01 408.92 407.09 412 407.09 
482.5 471.36 471.35 470.2 473.19 470.2 
665.5 654.27 654.16 650.5 654.95 650.5 
1051.5 1036.7 1035.5 1031.9 1042 1031.9 

As for the first set of experiments, the correlation coefficients between 
the real and the estimated volumes in the four measures are high. All of 
them are above 0.99. 
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The estimation of the volumes shows the same characteristics as well: all 
the volumes are underestimated. That is clear observing the graph in figure 
6.5. It shows the the evaluated volumes and the real ones by comparison. 
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Figure 6.5: Comparison between Real and Estimated Volumes (second experi
ment). 

The values of errors are, in this measurements, bounded within a smaller 
range of variation in terms of percentage of the real volume (error :::; 2.55%). 
That is probably due to the lower noise. The best assessment is that of the 
first volume, but the error is generally bigger than in the first experiment: it 
has values around 1%, except for the Lognormal model that returns an error 
of 0.36%. The Lognormal model shows the best results for all the volumes. 
Especially it returns the best estimation for the fourth volume, which has 
an error of about 0.90%. The worst estimations ensue from the Poisson 
and the Gamma Variate models. The error is never lower than 1.55% (first 
volume) of the real volume, however, it has, in the second measurement, the 
maximum percentage of 2.55%, which is still an accurate value. 

As in the previous case a special attention is given to the LDRW and 
Poisson models. The graphs below (Fig. 6.6) show the relation between the 
real and the estimated volumes, resulting from the analysis executed with 
the two fittings. 

In all the volumes, the LDRW model returns better results, even if the 
difference is really small. With respect to the correlation coefficients, the 
results are approximately the same. 
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Figure 6.6: Comparison between Real and Estimated Volumes in the second ex
periment (The one above is related to the LDRW model, the other to the Poisson 
model). 

6.3 Third experiment 

In the last set of measurements the repetition time between shots was 1000 
ms, in order to simulate an heart rate of 60 beats/min. 

In table 6.10, the values of the flow measured during each experiment 
are summarized. 

Table 6.10: The values of the flow relatively to each volume measured during the 
third experiment. 

Volume Flow (L/min) 
vl 1.68 
v2 1.58 
v3 1.63 
v4 1.77 
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Analyzing the determination coefficients (Tab. 6.11), it is observable 
that they are similar to those calculated in the first experiment. In general, 
they are lower than those of the second experiment, according to the fact 
that the curves are more noisy. However, except for the fitting of the LA IDC 
in the fourth volume, when for all the model the determination coefficient 
is 0. 78, the obtained coefficients confirm a good fitting. 

Table 6.11: Square correlation coefficients obtained for all the IDCs in the third 
experiment for all the volumes, from the smallest to the biggest. 

FPT LDRW GammaV. Lognor. Poisson 
RV LA RV LA RV LA RV LA RV LA 

0.978 0.938 0.978 0.938 0.978 0.938 0.978 0.938 0.978 0.938 

0.921 0.910 0.921 0.910 0.920 0.908 0.922 0.910 0.920 0.908 

0.959 0.901 0.959 0.900 0.959 0.899 0.959 0.902 0.959 0.899 

0.927 0.788 0.927 0.788 0.926 0.782 0.940 0.788 0.926 0.782 

The observations made for the previous cases about the MTT of the 
LDRW are still valid. Therefore, the MRT was used in order to carry out 
the analysis. 

In table 6.12 the values of the MTT used in the calculation of the volumes 
are reported. 

Table 6.12: MTT expressed in ms calculated for the third experiment. 

Vol. FPT LDRW (MRT) GammaVar. Lognormal Poisson 

v1 14722 14721 14714 14729 14714 
v2 19098 18984 18762 19251 18762 
v3 24423 24409 24326 24483 24326 
v4 33962 33962 34398 34123 34398 

The similarities between the LDRW and the FPT models and between 
the Poisson and the Gamma Variate models arise also in this set of exper
iments. Due to this, the values of the estimated volumes are also similar 
(Tab. 6.13). 

The correlation coefficients calculated from the two sets of data, the real 
and the estimated volumes, are slightly lower than in the first two cases, 
but always above 0.99. This is still indicative of a good estimation of the 
volumes. 

It has to be noticed, as the graph in figure 6. 7 shows, that the calculated 
volumes are not always underestimated. In the calculation of the second 
volume, in fact, all the models return a value that is bigger than the real 
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Table 6.13: Volumes expressed in mL calculated for the third experiment. 

Vol. FPT LDRW GammaVar. Lognormal Poisson 
413.5 412.2 412.2 412 412.41 412 
482.5 502.92 499.92 494.06 506.94 494.06 
665.5 663.48 663.11 660.86 665.12 660.85 
1051.5 1001.9 1001.9 1014.7 1006.6 1014.7 

one. The lowest error is an over estimation of 2.40% of the real volume (Pois
son and Gamma Variate models) and the worst error is 5.07% (Lognormal 
model). 
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Figure 6.7: Comparison between Real and Estimated Volumes (third experiment). 

In this set of experiments, the effect of the twisting of the tubes is over
drawn. The underestimation of the fourth volume is bigger than in the other 
measurements. It is always between 3.50% and 4. 72%. The estimation of 
the first and the third volumes is instead closer to the real values, it never 
overcomes the 5 mL of error (percent error< 1%). 

This set of experiments returns the worst results in term of volume es
timation (with peaks of error> 5%) and of correlation coefficients, that is 
probably caused by the higher intensity of the noise superimposed to the 
IDC signals, as states previously (Section 6.2). 

The graphs relative to the results obtained by means of the LDRW and 
Poisson model are reported below (Fig. 6.8). 

Differently from the other two sets of experiments, in this case the results 
of the analysis carried with the Poisson model show a better correspondence 
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Figure 6.8: Comparison between Real and Estimated Volumes in the third ex
periment (The one above is related to the LDRW model, the other to the Poisson 
model). 

in terms of volume estimation. The error percentage obtained with this 
model is always below 3.5%, while the error with the LDRW reaches 4. 72% 
of the real volume. 

6.4 Summary of the results for the Poisson and 
LDRW models 

Summarizing the results presented separately for the three experiments, it 
is possible to conclude that all the models produce accurate results in terms 
of fitting, since only few cases return determination coefficients below 0.9. 
Moreover, all the models, those related to the diffusion process of particles 
with a brownian motion, the others based on the statistical distributions 
and also the Poisson model, whose physical interpretation is linked to the 
transportation of the indicator in a multi-compartmental system, return 
satisfactory results in term of volume estimation. The correlation coefficients 
between the real and estimated volumes are always above 0.99. 
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Focusing on the LDRW and Poisson models, in the most cases, the first 
model provides the best volume estimations, while the Poisson model is the 
one that usually has the higher percentage of error, also in comparison with 
the other models. When the SNR is lower (third experiment), instead, the 
Poisson fitting returns, in two cases, the second and fourth volumes, the best 
volume estimations. In any case, often the errors in the volume estimations 
result to be under-estimations, fact that matches with the outcomes of the 
simulation previously performed. 

The details of some of the curves, whose fittings give quite different 
volume estimations for the different models, are given below. Their analysis 
may help to understand possible reasons of error in the data analysis. 

Starting from the first experiment, it is clearly visible that the method 
based on the Poisson distribution returns an estimation of the first volume 
that is noticeable lower than the average volume obtained with the other 
models. Looking at the reconstructed curves, it is observable that, especially 
for the RV IDC (Fig. 6.9), the Poisson fitting is not completely accurate. 

normV1 RV IDC POISSON fitting 
~----~--~--~--~~~--~ 

250 

.· 

-~ ~ 
-: J 1 . . . 01 , .. ••• ;1 ~· ... ··.""' •.• ,. 
~ ......... . "' ... ., .... ~ ... 

normV1 RY IDC LDRVI frttmg 

.. .. ·•• : .... .#..:. ... : . .., .. 
·.·· ,. ..... 

-500~---::----:-----;6~---::----::,,0;--~,2 "50o~---::----:----6;:-----:;----::,10;--~12 
Time (ms) x 10~ T1me (ms) x 104 

Figure 6.9: RV IDC fitting of the volume1 for the first experiment, comparison 
between the Poisson (on the left) and LDRW (on the right) fittings. 

That is clear also comparing the determination coefficients for the two 
fittings. As regard to the LA IDC, the values are almost the same (0.974 for 
the LDRW and 0.973 for the Poisson), while for the RV IDC, the correlation 
coefficient of the Poisson is significantly lower: it is 0.885 against the 0.961 
obtained for the LDRW model. 

Figure 6.9 shows how the LDRW model traces a better approximation of 
the real dilution curve. The peak, even if it is not reached in both the cases, 
is closer to the one delineated by the LDRW model. The Poisson curve is 
also wide with respect to the distribution of the real samples of the signal. 
Therefore, it is possible to assert that the LDRW model fits better the down 
slope of this curve. 

Another example where the volume estimation returned by the two mod-
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els is not coinciding, is the case of the fourth volume of the last set of ex
periments. In this case, the Poisson model returns the best result. 

The fitted RV IDCs (Fig. 6.10), in the two different cases, are close 
to each other (the determination coefficients are 0.927 and 0.926, for the 
LDRW and the Poisson interpolations respectively). Both of them do not 
reach the peak of the curve, but they show a good approximation of the 
descending part of the IDC. 
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Figure 6.10: RV IDC fitting of the volume4 for the third experiment, comparison 
between the Poisson (on the left) and LDRW (on the right) fittings. 

For the LA IDCs, instead, the curves do not coincide. As figure 6.11 
shows, the one obtained by means of the Poisson fitting, is wider. 
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Figure 6.11: LA IDC fitting of the volume4 for the third experiment, comparison 
between the Poisson (on the left) and LDRW (on the right) fittings. 

It is not easy to determine which one gives the best approximation of the 
down slope, because the data are very noisy. Also the correlation between 
the acquired signal and the reshaped IDCs is not very good. The determina
tion coefficient is 0. 78 in both fittings. Probably, according with the better 
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result obtained in the volume estimation, the Poisson fitting is the one that 
traces more accurately the trend of the indicator concentration in time. 

Based on these observations, and analyzing all the curves resulting from 
the fitting of the acquired data, it is possible to assert that when the peak of 
the IDC is higher and sharper the LDRW model present a better fit of the 
C(t) samples. If the curve is wider, the peak is properly fitted by both the 
models. Considering the fitting of the descending edge of the curve, instead, 
it is not clearly definable which model obtains better results. In most of the 
cases, in fact, the two fittings approximately coincide. 
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Chapter 7 

Conclusions 

This project focuses on the study of the Indicator Dilution Curves (IDCs), 
curves representing the dilution of an indicator fast injected into the blood 
stream. It is proven that the analysis of IDCs may allow the quantification of 
cardiovascular parameters, like the Pulmonary Blood Volume (PBV). The 
measurement of the PBV can be important to evaluate the cardiac pre
load and the symmetry of the cardiac efficiency, fundamental parameters in 
cardiology, anaesthesiology, and intensive care. 

In this study, the attention is concentrated on the analysis of the IDCs 
acquired by means of Magnetic Resonance Imaging (MRI). Due to the image 
quality and its minimal invasiveness, MRI may represent the future for indi
cator dilution methods in diagnostics. Moreover, MRI provides flexibility in 
choosing the ROI, therefore, different anatomic organs can be scanned and 
analyzed. 

The main models developed in the past to fit the IDCs and, therefore, 
to overcome the problem of the recirculation of the contrast, are briefly pre
sented (Local Density Random Walk-LDRW, Gamma Variate, Lognormal 
and First Passage Time-FPT). Moreover, a new model based on the Pois
son Distribution is introduced. The statistical interpretation of the Poisson 
model has been linked to the physical interpretation of the diffusion process 
of an intravascular indicator. That was possible by representing the dilution 
system, where the blood and the indicator flow, as a multi-compartmental 
system, and the washing out of the indicator particles as a probabilistic pro
cess. Due to the similarity of the formulations of the Gamma Variate and 
the Poisson models and their statistical link, it has been possible to pro
vide a physical interpretation also for the parameters of the Gamma Variate 
model. 

In order to verify the quality of the fitting in presence of noise of the pro
posed Poisson model, a set of simulations has been carried out. The results 
returned by the Poisson fitting have been compared with those obtained 
with the well known LDRW model, introduced in the Sixties by Sheppard. 
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The Matlab algorithm used to perform the fitting is based on a Linear Re
gression Method. Therefore, the linearization of the non-linear models (by 
means of logarithmic transformation) is necessary. 

Three simulations with different SNR (35, 25, and 15 dB) have been 
performed and the results have been analyzed. From this analysis it is 
possible to understand which curves show the most accurate interpolation. 
Considering both estimations of the parameters and trend of the MSE, the 
models show the same behavior. Concerning the MSE the worst results are 
returned for curves that are high and narrow. The error in the estimation of 
the time-related parameters reaches the maximum for wide curves. When 
the curves are symmetrical the estimation of the shape parameter is less 
accurate. Moreover, it has been found a correspondence between the errors 
in the evaluation of the parameters and the concavity of the MSE surfaces. 
This surfaces are obtained computing the MSE between a fixed curve and 
the curves obtained by varying the parameters. 

From a second simulation, the mutual fit of the two models has been 
evaluated and their robustness to the noise has been tested. The two models 
fit each other very accurately, returning determination coefficients between 
the original curves and the fitted ones that are always above 0.99 when no 
noise is added. 

When the same curves are fitted and increasing noise is added (SNR=35, 
25, and 15 dB), the LDRW model seems to behave better. It achieves the 
best results when the estimation of the time-related parameter, i.e., the 
MTT, is considered. 

To complete the study, three sets of in-vitro experiments have been car
ried out in order to measure different volumes. The experiments have been 
performed injecting Gadolinium, a positive contrast agent, in a system of 
tubes where manganese-doped water was flowing. The measured IDCs have 
been later analyzed by means of the presented models, with a special atten
tion to the LDRW and Poisson models. From the analysis of the IDCs, the 
volumes have been estimated. Although the Lognormal model is the one 
that shows in general the best results, the estimations are very accurate for 
all the considered models. A percent error of 5% of the real volume is never 
overcome. The determination coefficients of the fittings are also satisfactory. 
Except from few cases, they are always above 0.9. 
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Appendix A 

Calibration experiments 

The specific contrast agent used in the calibration was Gadoteridol ( Gd
HP-D03A or ProHance [Bracco ALTANA]). Gadoteridol is a non-ionic ex
tracellular contrast agent for MRI, with a low molecular weight complex of 
gadolinium. It is in the form of a sterile solution for intravenous injection. 
The FDA approved the clinical use of Gadoteridol in the United States in 
1992 for a dose range of 0.1 to 0.3 mmoljkg [28] soon after that it has been 
approved by regulatory authorities in Japan and many European countries. 
Partly because of the ring nature of the chelate, Gd-HP-D03A is more stable 
both in vitro and in vivo than either Gd-DTPA or Gd-DTPA-BMA. 

Gadoteridol is a positive relaxation agent since it decreases T1 relaxation 
times. At recommended doses, the effect is observed with greatest sensitivity 
in the T1-weighted sequences. The published and standardized values for 
the relaxivity parameters of Gadoteridol are R 1 = 3.7 ± 0.1 mM-1s-1 and 
R2 = 5.5 ± 0.1 mM- 1s-1 . 

A set of experiments was carried out in order to evaluate the relationship 
between contrast agent concentration and the MR signal intensity. 

These experiments consisted of diluting in water a solution of Gado
teridol (0.5 mmol/L) in seventeen different concentrations. These solutions 
were then introduced into tubes of 16 mm of diameter and 10 em length. 
The concentrations of the solutions varied between 0 and 4 mmol/L with 
steps of 0.25 mmoljL. The calibration experiments were carried out at room 
temperature by means of the same clinical1.5 T MR system of the IDC ex
periments. 

The pulse sequence, chosen to perform the calibration, was the TFE 
with exactly the same settings used in the experiments (see Section 5.2). 
The acquired MR images were recorded and their analysis (one example is 
presented in figure A.1) was performed measuring the MR signal intensity 
for different concentrations in a specific ROI. 

The resulting data are plotted in a graph. The graph in figure A.2 shows 
that the signal intensity increases with the contrast concentration up to 1.5 
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Figure A.l: MR image of the seventeen tubes containing different concentrations 
of Gadoteridol. The tubes are arranged with increasing Gadoteridol concentration. 
The bottom row contains the tubes with the lowest concentrations and the top row 
contains the tubes with the highest concentrations. The concentration increases 
from left to right. 

mmol/1. Beyond this concentration, the signal intensity starts to saturate, 
and, eventually, it decreases. 
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Figure A.2: Graph of signal intensity as a function of gadolinium concentration 
for a TFE sequence, with T1 contrast enhancement, TR=lO ms, flip angle=25°. 

The determination coefficient between concentration and signal intensity 
up to 1.5 mmol/1 is 0.87. Therefore, with this acquisition technique, the 
contrast concentration can be considered as linearly related to the measured 
signal intensity for concentrations :S 1.5 mmol/1. 
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Appendix B 

Pulse Sequences 

In this section two of the most important pulse sequence are presented: the 
Spin Echo and the Gradient Echo sequences. 

The most common used pulse sequence in clinical MRI is the spin echo 
(SE) pulse sequence. The pattern of the basic pulse sequence is the same 
from one repetition to the next. 

Figure B.1 shows the timing pattern of RF excitation pulses, the mag
netic gradient used to select a particular planar section (the slice selection 
gradient), the gradients used to resolve the signals from all voxels within the 
selected section (the phase encoding and frequency encoding gradients), and 
the measurement of RF signal from the patient on each sequence repetition. 

Signal out 

Figure B.1: Spin Echo sequence. 

In the SE sequence, the 180° pulse is applied after the goo pulse in order 
to rephase the transverse magnetization (Fig. B.2), which had begun to 
dephase after the goo pulse due to spin-spin interactions and magnetic field 
inhomogeneities. Thus, the 180° pulse reverses the direction of all transverse 
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magnetization, making the relaxation, which occurs between the initial goo 
RF pulse and signal echo, immune to fixed magnetic field inhomogeneities. 
As a result, the transverse relaxation measured in SE sequences is related 
entirely to T2 relaxation effects, i.e., the irreversible dephasing of transverse 
magnetization resulting from spin-spin interactions. 

's 
t = 't t = 2't 

Figure B.2: In the image on the left, the partly dephased transverse magnetiza
tion is turned into mirror-image positions by a 180-degree RF pulse that tips the 
magnetization about the y axis. Beside it is shown that the fastest precessing spins 
(F) catch up with those precessing more slowly (S), leading to rephasing. 

Figure B.l shows how the slice selection gradient is turned on only when 
slice-selection RF pulses are applied into the patient. The phase encoding 
gradient is turned on, to a different strength for each repetition of the ba
sic sequence, sometime between signal excitation and signal measurement. 
The signal from the patient is measured by receiver coils during the total 
sampling time (Ts) while the frequency encoding gradient is turned on. 

The SE signal amplitude for a voxel with tissue parameters T1 , T2 , and 
pis given as in Eq. (B.l), 

(B.l) 

A gradient echo (GE) is generated by using a pair of bipolar gradient 
pulses. In the pulse sequence timing diagram, the basic gradient echo se
quence is illustrated (Figure B.3). 

There is no refocusing 180° pulse and the data are sampled during a 
gradient echo, which is achieved by dephasing the spins with a negatively 
pulsed gradient before they are rephased by an opposite gradient with op
posite polarity to generate the echo after a time TE. The excitation pulse 
is termed the a pulse. It tilts the magnetization by a flip angle a, which 
is typically between 0° and goo. With a small flip angle there is a reduc
tion in the value of transverse magnetization that will affect subsequent RF 
pulses. The flip angle can also be slowly increased during data acquisition. 
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Figure B.3: Gradient Echo Sequence. 

The data are not acquired in a steady state, where z-magnetization recovery 
and destruction by ad-pulses are balanced. However, the z-magnetization is 
used up by tilting a little more of the remaining z-magnetization into the 
xy-plane for each acquired imaging line. Gradient echo imaging is typically 
accomplished by examining the FID, whereas the read gradient is turned 
on for localization of the signal in the readout direction. T2 is the char
acteristic decay time constant associated with the FID. The contrast and 
signal generated by a gradient echo depend on the size of the longitudinal 
magnetization and the flip angle. 

In standard GE imaging, this basic pulse sequence is repeated a large 
number of times (e.g., 128, 192, or 256, depending on the desired spatial 
resolution in the phase encoding direction), each repetition with a different 
degree of phase encoding so that a sufficient number of phase encoding 
"views" is collected to form an image. 
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Appendix C 

Ln-transformation 

Linear model for the FPT fitting {from Eq. 3.23): 

3 
ln(C(x1)) + 2zn(x1) = fhxo- f32x1- f33x2, (C.1) 

where: 

and 

x 0 = 1 
x1 = (t- to) 

1 
X2 = (t-to) 

Linear model for the Lognormal fitting {from Eq. 3.6): 

where: 

and 

x 0 = 1 
x1 = ln(t- to) 
x2 = ln2(t- to) 

2 

!31 = ~ 
!32 = .fh -ln(-a-) cr cr.J2if 
{3 - 1 
3-~· 

(C.2) 

Linear model for the Gamma Variate fitting (from Eq. 3.14): 

(C.3) 
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where: 

and 

xo = 1 
x1 = ln(t- to) 
x2 = (t- to) 

f31 = ln(k) 
/32 =a 

1 /33 = 7J· 
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Appendix D 

Matlab scripts 

Code for POISSON MODEL: 

.function r=MTTpoissonmri(Y data,Xdata) 

.Z=Ydata; 

. [Mad,SP]=max(Z); 

.corrcontrol=O; 

.for k=1:6 
for j=1:8 

start=SP; 
stop=SP; 
while (Z(start )>(0.05*k*Mad) )&(start> 1) 

start=start-1; 
end 
while (Z(stop) >(0.10+0.05*j)*Mad)&(stop<length(Y data)) 

stop=stop+ 1; 
end 
tOstart=Xdata( start); 

% initialization of the first raster 
bestP=[1 1 1]; 
resnorm=lOOOOOO; 
previousresnorm= 11 00000; 
t0=0; 
Xd=Xdata(start:stop); 
Y d= Y data( start:stop); 
Xd=Xd-Xdata( start); 

% start of the first raster with accuracy 100 ms 
while resnormjpreviousresnorm 

previousresnorm=resnorm; 
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t0=t0+100; 
Xd1=Xd+t0; 
Yd1=Yd; 

% in-transformation of the nonlinear model 
XO=ones(1,length(Xd1)); 
X1=log(Xd1); 
X2=-Xd1; 
Y=log(Yd1); 
X=zeros(length(Xd1) ,3); 
X(:,1)=XO'; 
X(:,2)=X1'; 
X(:,3)=X2'; 
[P,resnorm] =lsqlin(X, Y'); 
resnorm=resnorm/length(X); 

end 
% end of the first raster 

% initialization of the second raster 
resnorm=lOOOOOO; 
previousresnorm= 11 00000; 

% start of the second raster with accuracy 10 ms 
while resnorm<previousresnorm 

previousresnorm=resnorm; 
tO=t0-10; 
Xd1=Xd+t0; 
Yd1=Yd; 

% in-transformation of the nonlinear model 
XO=ones(1,length(Xd1) ); 
X1=log(Xd1); 
X2=-Xd1; 
Y=log(Yd1); 
X=zeros(length(Xd1) ,3); 
X(:,1)=XO'; 
X(:,2)=X1'; 
X(:,3)=X2'; 

[P,resnorm] =lsqlin(X,Y'); 
if resnorm <previousresnorm 

tau=1/(P(3)); 
rho=(P(2)+1); 
kappa=exp(P(1)); 
tOref=tO; 
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bestP=P; 
end 

% end of the second raster 

end 
z= [kappa, tau,r ho, tO start-tOref, tOstart ,start,stop]; 

% evaluation of linear regression 
Ro=corrcoef(Y data,ftObisprovapoisson(z,Xdata)); 
determcoeff=Ro(1,2) A2; 
if determcoeff>corrcontrol 

r= [ z determcoeff]; 
corrcontrol=determcoeff; 

end 
end 

.end 

.function r=ftObisprovapoisson( z,Xdata) 

.Xd=Xdata-z(4); 

.for i=1:length(Xd) 
if Xd(i)>O 

r(i)=z(1 )*(Xd(i)). A (z(3)-1 )*exp( -Xd(i) /z(2)); 
else 

r(i)=O; 
end 

.end 

Code for LDRW MODEL: 

.function r=MTTldrwmri(Y data,Xdata) 

.Z=Ydata; 

.[Mad,SP]=max(Z); 

.corrcontrol=O; 

.for k=1:6 
for j=1:8 

start=SP; 
stop=SP; 
while (Z( start)> ( 0.05*k*Mad) )& (start> 1) 

start=start-1; 
end 
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while (Z(stop) >(0.10+0.05*j)*Mad)&(stop<length(Y data)) 
stop=stop+ 1; 

end 
tOstart=Xdata( start); 

% initialization of the first raster 
bestP=[1 1 1]; 
A=1; 
mi=1; 
lambda=1; 
resnorm=1000000; 
previousresnorm=1100000; 
t0=0; 
Xd=Xdata(start:stop); 
Y d= Y data(start:stop); 
Xd=Xd-Xdata( start); 

% start of the first raster with accuracy 100 ms 
while resnormjpreviousresnorm 

previousresnorm=resnorm; 
t0=t0+100; 
Xd1=Xd+t0; 
Yd1=Yd; 

% in-transformation of the nonlinear model 
XO=ones(1 ,length(Xd1)); 
X1=Xd1; 
X2=1./Xd1; 
Y =log(Y d1 )+0.5*log(Xd1); 
X=zeros(length(Xd1),3); 
X(:,1)=XO'; 
X(:,2)=-X1'; 
X(:,3)=-X2'; 
[P,resnorm]=lsqlin(X,Y'); 
resnorm=resnorm/length(X); 

end 
% end of the first raster 

% initialization of the second raster 
resnorm=1000000; 
previousresnorm= 1100000; 

% start of the second raster with accuracy 10 ms 
while resnorm <previousresnorm 
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previousresnorm=resnorm; 
tO=t0-10; 
Xd1=Xd+t0; 
Yd1=Yd; 

% in-transformation of the nonlinear model 
XO=ones(1,length(Xd1)); 
X1=Xd1; 
X2=1.1Xd1; 
Y =log(Y d1)+0.5*log(Xd1); 
X=zeros(length(Xd1) ,3); 
X(:,1)=XO'; 
X(:,2)=-X1'; 
X(:,3)=-X2'; 

[P,resnorm]=lsqlin(X,Y'); 
if resnorm<previousresnorm 

mi=sqrt(P( 3) I (P ( 2)); 
lambda=2*P(2)*mi; 
A=exp(P(1 )-lambda-0.5*log( (lambda *mi) I (2*pi) )+log(mi)); 
tOref=tO; 
bestP=P; 

end 
% end of the second raster 

end 
z= [ mi,lambda,A, tO start-tOref, tOstart ,start ,stop]; 

% evaluation of linear regression 
Ro=corrcoef(Y data,ftObisprovaldrw( z,Xdata)); 
determcoeff=Ro(1,2) A2; 
if determcoeff>corrcontrol 

r=[z determcoeff]; 
corrcontrol=determcoeff; 

end 
end 

.end 

.function r=ftObisprovaldrw( z,Xdata) 

.Xd=Xdata-z ( 4); 

.for i=1:length(Xd) 
if Xd(i)>O 

r(i)=(z(3) lz(1) )*exp(z(2) )*sqrt( (z(2)*z(1)) I (2*pi.*Xd(i)) )* 
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exp( -z(2) /2*( (Xd(i). /z(l) )+(z(l). /Xd(i)))); 
else 

r(i)=O; 
end 

.end 

104 



Bibliography 

[1] C.W. Sheppard, "Basic principles of tracer methods: introduction to 
mathematical tracer kinetics", Wiley, New York, 1962. 

[2] K.H. Norwich, "Molecular dynamics in biosystems", Pergamon Press, 
1977. 

[3] E.V. Newman, M. Merrell, A. Genecin, C. Momge, W.R. Milnor and 
W.P. Me Keever, "The Dye Dilution Method for Describing the Central 
Circulation: An Analysis of Factors Shaping the Time-Concentration 
Curves", Circulation, vol. 4, pp. 735-746, 1951. 

[4] M. Mischi, Z. Del Prete, H. H. M. Karsten, "Indicator Dilution Tech
niques in Cardiovascular Quantification", Dept. of Electrical Engeneer
ing, Eindhoven University of Technology. 

[5] D.G. Mitchell, M.S. Cohen, "MRI Principles", Saunders, Philadelphia, 
2004. 

[6] J. Hornak, "The basic of MRI", 1996.(e-book) 

[7] "Basic Principles of MR Imaging", Philips. 

[8] Zhi-Pei Liang and P. C. Lauterbur, "Principles of rna gnetic resonance 
imaging: a signal processing perspective", IEEE Press, Piscataway, 
2000. 

[9] W. Nordh0y, "Manganese and the heart, Intracellular MR relaxation 
and water exchange across the cardiac ell membrane", Department of 
Circulation and Medical Imaging The Norwegian University of Science 
and Technology, 2004. 

[10] E.A. von Reth and J.M. Bogaard, "Comparison of a two-compartment 
model and distributed models for indicator dilution studies", Med. 8 
Biol. Eng. 8 Comput., vol. 21, pp. 453 459, 1983. 

[11] H.K. Thompson, C.F. Starmer, R.E. Whalen and H.D. Mcintosh, "In
dicator Transit Time Considered as a Gamma Variate", Circulation 
Research, vol. 14, pp. 502-515, 1964. 

105 



[12] R.A.F. Linton , N.W.F. Linton, D.M. Band, "A new method of 
analysing indicator dilution curves", Cardiovascular Research, vol. 30, 
pp. 930-938, 1995. 

[13] R.L. Evans, "Two comments on the estimation of blood flow and central 
volume from dyedilution curves", J. Appl. Physiol., vol 14, pp. 457, 
1959. 

[14] M. Mischi , "Contrast Echocardiography for Cardiac Quantifications", 
Dept. of Electrical Engeneering, Eindhoven University of Technology, 
2004. 

[15] M.E. Wise, "Tracer dilution curves in cardiology and random walk and 
lognormal distributions", Acta Physiol. Pharmacal. Neerl., vol. 14, pp. 
175 204, 1966. 

[16] J.M. Bogaard, J. R. C. Jansen, E. A. von Reth, A. Versprille, and 
M. E. Wise, "Random walk type models for indicator-dilution studies: 
comparison of a local density random walk and a first passage times 
distribution", Cardiovascular Research, vol. 20, no. 11, pp. 789 796, 
1986. 

[17] G.M. Clarke, D. Cooke, "A basic Course in Statistics", Edward Arnold, 
1983. 

[18] Les Kirkup, "Principles and Applications of Non-Linear Least Squares: 
An Introduction for Physical Scientists using Excels Solver", Depart
ment of Applied Physics, Faculty of Science, University of Technology, 
Sydney, New South Wales, Australia, 2007. 

[19] K. Madsen, H.B. Nielsen, 0. Tingleff, "Methods for Non-Linear Least 
Squares Problems", Informatics and Mathematical Modelling Technical 
University of Denmark, April 2004. 

[20] P.R. Bevington, D.K. Robinson, "Datareduction and error analysis for 
the physical sciences", McGraw-Hill, Inc., 1994. 

[21] D.C. Montgomery, G.C. Runger, "Applied Statistics and Probability 
for engineers", John Wiley and Sons Inc., 1999. 

[22] W.J.Krazanowsky, "An introduction to statistical modelling", Arnold, 
New York, 1998. 

[23] R.K. Millard, "Indicator-dilution dispersion models and cardiac out
put computing methods", The American Physiological Society, vol.272, 
no.4, 1997. 

106 



[24] P.A. Bottomley, T.H. Forster, R.E. Argersinger , L.M. Pfeifer, "A re
view of normal tissue hydrogen NMR relaxation times and relaxation 
mechanisms for 1-100 MHz. Dependence on tissue type, NMR fre
quency, temperature, exision and age", Med Phys, Volume 11, Pages 
425-448, 1984. 

[25] R.G. Bryant, K. Marill, C. Blackmore, C. Francis, "Magnetic relaxation 
in blood and blood clot", Magnetic Resonance in Medicine , Volume 
13, Issue 1, Pages 133-144, 1990. 

[26] P.T. Beale, S.R. Amtey, and S.R. Kasturi, "NMR Data Handbook for 
Biomedical Applications", Pergamon Press, New York, 1984. 

[27] S. Goncalves, "Modeling of Gadolinium dilution curves for Pulmonary 
Blood Volume Measurement:an in vitro study", TUE, Eindhoven, 2006. 

[28] D.D. Stark and W.G. Bradley Jr, "Magnetic resonance imaging", 3rd 
ed., Mosby, London, 1999. 

107 


