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Summary The purpose of this work is the continuum modeling of transport and pile-up of infinite discrete dislocation walls driven by non-

local interaction and external loading. The underlying model for dislocation wall interaction is based on the non-singular Peierls-Nabarro

(PN) model [e.g., 4, Chapter 8]. The influence of strongly non-local (SNL; long-range) interaction, and its approximation as weakly non-

local (WNL; short-range), are studied in the context of wall pile-up at a boundary. The boundary is modeled via a spatially dependent

dislocation mobility. The pile-up behavior predicted by the current SNL-based continuous wall distribution modeling is consistent with that

predicted by discrete wall distribution modeling [e.g., 1, 6]. Both deviate substantially from the pile-up behavior predicted by WNL-based

continuous wall distribution modeling [e.g., 2, Chapter 2]. As such, it is essential to account for the intrinsic SNL character of the interaction

between same-sign dislocations ”close” to the boundary. Gradient-based WNL ”approximation” of this interaction is not justified.

BASIC RELATIONS

Consider a family of infinite, straight edge dislocation lines in an isotropic linear elastic medium with constant shear

modulus G and Poisson’s ratio ν. Let the lines be oriented parallel to z with Burgers vector of length b in the x direction.

Assume the lines glide only and remain in their glide planes. The glide plane of each line is then parallel to the (x, z) plane,

and the glide plane normal is parallel to y. Assume that the dislocations arrangement in the y direction perpendicular to the

glide planes takes the form of straight walls with uniform spacing h between adjacent dislocations in each wall. Consequently,

each wall itself represents an h-periodic discrete distribution of lines. Given no climb, each such wall is maintained at all times.

Since the distribution is then h-periodic in y, we can (without loss of generality) focus attention on a single glide plane, for

example at y = 0, and the only remaining spatial dependence is in x. Let ρ(x, t) represent the number of mobile walls per unit

length at (x, t). Then 1/ρ represents the wall spacing in x direction. The initial value ρ(x, 0) = ρ0(x) is assumed to be known

and the total number of dislocations, i.e. the integral of ρ over the one-dimensional region under consideration, is constant.

Under the influence of external loading and interaction, the walls flow (glide) in x direction, resulting in a change in their

number per unit length along x. The transport relation takes the form ∂ρ/∂t + ∂Φ/∂x = 0 in terms of the dislocation flux

Φ(x, t) = ρ(x, t) v(x, t) depending on the wall (line) velocity v(x, t). A positive flux implies that the (positive) walls flow in

the +x direction. Restricting attention to quasi-static conditions and overdamped motion, v(x, t) = m(x) b {τ+σ(x, t)} holds

via Peach-Koehler in terms of the wall (line) mobility m(x), Burgers vector magnitude b, and the shear stress field τ +σ(x, t)
on the glide plane y = 0. In the current work, this depends on the constant applied external shear stress τ and the contribution

σ(x, t) resulting from wall interaction. In view of the inherently long-range character of dislocation interaction, the basic

model relations are completed by the strongly non-local (SNL) form σ(x, t) = σw ∗ ρ (x, t) for σ(x, t) as the convolution of

the stress field σw(x) of a single dislocation wall with ρ(x, t). In what follows, all stresses are scaled byG/(1−ν), all lengths

by b, and the t-dependence of fields is suppressed for notational brevity.

Given the assumption of uniform spacing h of wall dislocations, the relation

σPN
w (x) =

1

2π

x

x2 + c2
− x

πh2
�ψ(1)(ζh,c(x))−

c

πh2
�ψ(1)(ζh,c(x)) (1)

[5] holds for the (equilibrium) xy component of the (non-dimensional) stress field for a wall consisting of Peierls-Nabarro

(PN) edge dislocations located at y = 0. Here, �ψ(1) represents the real, and �ψ(1) the imaginary, part of the first-order

polygamma function ψ(1)(z). As well, ζh,c(x) := 1 + c/h + ıx/h, ı =
√−1, and c := d/2(1 − ν) in terms of the glide-

plane spacing d. The weakly non-local (WNL) approximation is based as usual on the Taylor series expansion of ρ(x − ξ)
in σ(x) = σw ∗ ρ (x) about ρ(x) assuming |ξ| � 1, yielding σPN

WNL = −1/2 (c + 1/3h) ∂ρ/∂x represents the lowest-order

WNL approximation to σPN
SNL. In case of SNL model, the convolution is calculated with the help of the fast Fourier transform

(FFT). The time integration of the transport relation is based on first order forward finite difference (FD) approximation while

upwind FD is employed for discretizing the space.
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EXAMPLE RESULTS

The SNL and WNL models are compared here in the context of dislocation pile-up. The results are shown in Figure 1

for different mobility functions in the form of m(x; a, p) := sinh(2ap)/cosh(2ax) + cosh(2ap) with p the position of the

center of the boundary region, and 1/a its effective width. As expected, the dislocation ”penetration depth” increases, and

the maximum pile-up density ρmax decreases, as the boundary width 1/a increases. As seen in Figure 1 (left), away from

the boundary, the PN-WNL density profile for the sharpest boundary (blue curve, ah = 200) agrees with Volterra (V)-based

WNL results of [2, §2.4.2] (dashed line). Analogous results for the PN-SNL case are shown in Figure 1 (right). In contrast to

the WNL case, ρ(x) is non-linear next to the boundary and in the tail region, and linear in between. Note that the PN (blue
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Figure 1: Pile-up distribution resulting from wall transport driven by the external stress τ = −1/40 [2, §2.4.2] and wall

interaction based on σPN
WNL (left) and σPN

SNL (right) for m(x) = f(x; a, p = 5h) with ah = 10 (red), ah = 20 (green),

ah = 200 (blue). Shown for comparision is the result (dashed line) of [2, §2.4.2] based on σV
WNL assuming an impenetrable

boundary (a = ∞) and the pile-up distribution in discrete ensembles of Volterra-based walls [e.g., 1, 6] (hollow squares).

Material parameter values chosen are for aluminum.

curve) and continuous Volterra results (dashed curve) for ρ(x) in Figure 1 (right) converge for a spacing of 1/ρ � 2 (this

compares with d =
√
2/
√
3). This agrees with a corresponding convergence of the Volterra- and PN-based stress profiles.

More results and comparison between WNL and SNL models including the effects of the initial distribution, free surface and

the corresponding pile-up stress fields will be shown in the presentation.

CONCLUSIONS

A model for transport and strongly non-local interaction of infinite discrete dislocations walls has been developed in

this work based on the Peierls-Nabarro (PN) dislocation model [e.g., 4, Chapter 8]. The pile-up distribution predicted by

the current PN-SNL-based continuous distribution modeling agrees both qualitatively and quantitatively quite well with that

predicted by Volterra-based discrete distribution modeling [e.g., 1, 6]. In particular, this is true for the non-linear distribution

next to the wall and in the tail of ρ(x). Between these two regimes in the linear part of the distribution, the WNL-based results

agree well with the corresponding SNL-based ones. The deviation of WNL- and SNL-based results near the boundary and in

the tail could be related for example to the breakdown of shielding or screening effects [e.g., 3] in these regions. As such, it is

important to account for the SNL nature of the interaction near the boundary.
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