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Abstract

This report considers single server and multiple server polling systems with non-
zero switchover times. Both ordinary polling systems and systems with retrials and
glue periods are analyzed. One property of these systems is the routing policy. The
aim of this report is to minimize the mean total waiting time of these polling systems
by looking at different routing policies. The policies that are studied are variants of
static and dynamic routing policies. For the polling systems with retrials and glue
periods also the influence on the mean total waiting time of the glue period is studied.
In this report for each polling system there are four different datasets studied. For
the systems with the symmetric dataset the routing policy did not influence the mean
total waiting time. For the other datasets the dynamic routing policy was better than
the static routing policy. In the case of the polling systems with retrials and glue
periods there is an optimal glue period.
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1 Introduction

Polling systems are a variant of queueing models. In a polling system one or more servers
serve the customers in an arbitrary number of queues. There is already a lot of literature
about polling systems. Most of this literature analyse the system with static routing
policies. In this report not only static routing policies are analyzed but also the dynamic
routing policies are analyzed. We studied the ordinary polling system and the polling
system with retrials and glue periods. Polling systems with retrials and glue periods are
used for modeling optical networks, this is the reason why we also analyzed this system.
For the literature about ordinary polling systems we refer to the lecture notes of polling
systems [2] and for the literature about the polling systems with retrials and glue periods
we refer to Abidini, Boxma and Resing [6].

1.1 Problem description

The main question of this report is about allocating waiting queues to different servers in
ordinary polling systems and systems with retrials and glue periods. We observe static and
dynamic allocation of queues to servers. Later in this report the difference between those
allocations is explained. We will look if there is an optimal way to allocate waiting queues
to a server in a multiple server polling system. In this context optimal means lowest average
waiting time. Also the difference in waiting time between static and dynamic allocation
will be investigated. First the ordinary polling system is analyzed. This system is used as
a step to eventually analyse the polling system with retrials and glue periods. This step
is made because there is already a lot of information in literature about ordinary polling
systems.

1.2 Outline

The structure of the report is explained on the basis of Figure 1. In this diagram all the
different polling models which are studied in this report are given. Note that there are
different variants within a specific polling model but these variants are discussed in later
sections of this report. For now we stick to the eight models.
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Figure 1: Structure of polling systems

The first part of this report, Chapter 2, is a literature study about polling systems. For
this section we studied the lecture notes of polling systems [2] and the paper of Boxma and
Groenendijk [3] about the pseudo-conservation law. It starts with a theoretical part of the
basic properties of a polling system. After this theoretical part there is a mathematical
analysis of ordinary polling with static allocation. With other words, in this section models
1 and 2 are studied. The mathematical analysis of the other systems is more complicated
and sometimes it does not even exist. Especially for the dynamic allocation there is not
much in literature known. So these systems are analyzed with simulation. This brings us
to the second part of the report. This part consists of simulation related sections. It begins
with a description of the specific models, done in Chapter 3. After this model description,
in Chapter 4, the simulation is described. The simulation is described for the ordinary
polling system and the polling system with retrials and glue periods. The results are given
in Chapter 5 of the report. This chapter starts with the results of static allocation, with
other words models 1 and 2. These results are compared with the results from dynamic
allocation (models 3 and 4). After the analysis of the ordinary polling system we can
have a look at systems with retrials and glue periods. As before, we will first look at the
static allocation (models 5 and 6) and compare these systems with the dynamic allocation
systems (models 7 and 8). The verification of the simulation is done in Chapter 6. For this
section we studied the paper of Abidini, Boxma and Resing [6] and the paper of Boon, van
der Mei and Winands [7]. The third and last part of the report consists of the conclusion
and discussion. The conclusion is given in Chapter 7 and the discussion in Chapter 8. In
this chapter there are also suggestions for future research.

2 Analysis of polling systems

The main question of this report can not be answered without any knowledge of polling
systems. At the beginning of this section we will give some theoretical aspects of this
model and at the end we will focus on the mathematical analysis.
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2.1 Theoretical aspects

For this part of the report we studied the lecture notes of polling systems [2].
A polling model consists of an arbitrary number of queues Q1, Q2, .., QN attended by

a server. Each queue has its own arrival rate and we denote this by λi. We assume that
the arrival process is a Poisson arrival process. Hence it follows that the inter-arrival times
are exponentially distributed. The service times are generally distributed and we denote
the first moment by bi and the second moment by b

(2)
i . Below there is a figure of a polling

system.

Figure 2: Polling system

We can describe polling systems by means of three properties which are stated below.

i. the routing policy,

ii. the service policy,

iii. the service order.

The routing policy describes the order in which the server should visit the queues.
There are a lot of different possibilities for this policy. The routing policy can for example
be strictly cyclic. In this case the server S visits the different queues in the following way,
Q1, Q2, ..., QN , Q1, Q2, ..., QN , .... Another example of cyclic ordering is star polling, which
we can represent as follows Q1, Q2, Q1, Q3, Q1, .... All the examples given so far are static
which means that the ordering does not depend on the state of the system. However there
are also dynamic routing policies. In this case the ordering does depend on the state of
the system, for example the length of all the queues in the system. But this is not the
only dynamic policy, for more examples we refer to page 9 of the lecture notes of polling
systems [2].

The service policy prescribes how many customers the server should serve before switch-
ing to the next queue. A few classical service disciplines are stated below.

1. Exhaustive service. In this case the server serves this queue until the queue is empty.
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2. Gated service. The server serves all customers in the queue present at the start of
the visit.

3. k-Limited service. The server serves at most k customers.

These are also time based service policies. One example of this service policy is that the
server stays a certain time at the queue before switching. On page 10 of the lecture notes
of polling systems [2] this service policy and other time based policies are further studied
but in this report we do not study this kind of policies.

The service order prescribes in which order the server serves the customers in the queue.
This can for example be FCFS (First Come First Served). But this is not the only service
order. In Boxma, Bruin and Fralix [1] more service orders are described, for example LCFS
(Last Come First Served) and serving in a random order.

The switchover time, the time it takes for the server to switch from Qi to Qi+1, of a
polling system is also an important feature. There are models with zero switchover times
and models with non-zero switchover times. In the case of non-zero switchover times these
times are generally distributed. We denote the first moment of switching from Qi to Qi+1

by si and the second moment by s
(2)
i .

2.2 Mathematical analysis

For this part we studied the lecture notes of polling systems [2] and the paper of Boxma
and Groenendijk [3] about the pseudo-conservation laws in cyclic-service systems.

Now all the theoretical aspects of a polling model are explained so we continue with
the mathematical analysis. This analysis is about ordinary polling systems with static
allocation. The routing policy is cyclic, the service order FCFS and the switchover times
are non-zero. For the service policy all three classical disciplines which are stated in the
previous section are analyzed. First we will come up with some basic formulas and with all
these formulas we hope to give an expression for the mean waiting times for each queue.
We know the stability condition for M/G/1 queueing systems namely that the occupation
rate must be less than one. Hence ρ = λE(B) < 1. For exhaustive and gated service policy
it is almost the same stability condition

∑N
i=1 ρi < 1, where ρi = λibi. For the stability

condition of the k-limited service policy we refer to page 8 of the lecture notes of polling
systems [2]. We know that ρ =

∑
ρi is the fraction of time during which the system is

working. It follows that 1−ρ is the fraction of time during which the system is not working.
One cycle consists of a visit of queue 1, switchover time from queue 1 to queue 2, visit of
queue 2 until the switchover time from queue N to 1. This is visually expressed in Figure
3. We denote the cycle time with C.
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Figure 3: Cycle of polling system

The fraction of time that the system is not working is the total mean switchover time
divided by the mean total cycle time. So we can write this in the following expression:

s1 + s2 + ...+ sN
E(C)

= 1 − ρ. (1)

If we denote s = s1 + s2 + ...+ sN , the equation can be rewritten as:

E(C) =
s

1 − ρ
. (2)

With the decomposition of work we can prove the pseudo-conversation law. The pseudo-
conservation law states that the total amount of work in a system is equal for all service
orders. In Boxma and Groenendijk [3] the following decomposition of work is proved,

V
d
= VM/G/1 + VI , (3)

with
V := the amount of work in the system at an arbitrary epoch,
VM/G/1 := the amount of work at an arbitrary epoch in the corresponding M/G/1 system,
VI := the amount of work in the system at an arbitrary epoch in a non-serving interval.
The corresponding M/G/1 system is the system with one server and this server serves the
customers in order of arrival (FCFS). The arrival and service rate for queue i are the same
as the arrival and service rate for queue i in the polling system. Note that VM/G/1 and
VI are independent. If we take the expectations on both side of (3) we get the following
equation:

E(V) = E(VM/G/1) + E(VI). (4)

The amount of work in the system at an arbitrary epoch is the mean number of cus-
tomers times the service time for all queues plus the remaining serving time for one cus-
tomer in this queue times the fraction of time the queue is working. We denote the amount
of customers in queue i by Xi and the residual service for queue i by RBi

. This leads to
the following equation:
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E(V) =
N∑
i=1

biE(Xi) +
N∑
i=1

ρiE(RBi
)

=
N∑
i=1

biE(Xi) +
N∑
i=1

ρi
b
(2)
i

2bi

=
N∑
i=1

ρiE(Wi) +
1

2

N∑
i=1

λib
(2)
i . (5)

For the second equality we used that E(RBi
) =

b2i
2(bi)

. This equation is derived in the lecture

notes polling systems [2]. For the third equality we used Little’s law, E(Xi) = λiE(Wi).
The amount of work at an arbitrary epoch in the corresponding M/G/1 system is the

fraction of the remaining serving time for one customer in the queue divided by the fraction
of time the queue is not working. The formula is expressed below

E(VM/G/1) =

∑N
i=1 ρiE(RBi

)

(1 − ρ)

=

∑N
i=1 λib

(2)
i

2(1 − ρ)
. (6)

When substituting (5) and (6) in (4) we get the following expression for the mean waiting
times:

n∑
i=1

ρiE(Wi) = ρ

∑N
i=1 λib

(2)
i

2(1 − ρ)
+ E(VI). (7)

The mean amount of work in the cyclic-service system at an arbitrary epoch in a switching
interval is the weighted sum of the amount of work in the cyclic-service system during an
switchover from Qi to Qi+1. So it holds that,

E(VI) =
N∑
i=1

si
s
E(VI,i). (8)

The amount of work in the system during the switchover from Qi to Qi+1 can be divided
into three parts:

• EM
(1)
i , the amount of work in Qi when leaving this queue (note that in an exhaustive

service policy this is equal to zero),

• EM
(2)
i , the amount of work in the rest of the system when leaving Qi,

• EM
(3)
i , the amount of work arrived during the past part of the switching time.
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The expression for the amount of work in the system during switchover from Qi to Qi+1

therefore becomes:

E(VI,i) = EM
(1)
i + EM

(2)
i + EM

(3)
i . (9)

Now we want to calculate these expressions. Let us begin with EM
(3)
i , this is the amount

of work arrived during the past part of the switching time under consideration. We know
that the past part of the switching time and the residual switching time have the same
distribution. Therefore is the mean of both times the same. It follows that E(RSi

) is the
expected residual switchover time of queue i. So

∑N
j=1 λjE(RSi

) is the expected number of

customers that arrive during the past part of the switching time. Hence
∑N

j=i λjbjE(RSi
)

is the expected amount of work arrived during the past part of the switching time. This
expression can be rewritten as:

EM
(3)
i =

N∑
j=1

λjbjE(RSi
)

=
N∑
j=1

ρjE(RSi
)

= ρ
s
(2)
i

2si
. (10)

For EM
(2)
i it is not easy to give an expression. We will show the idea for two queues. EM

(2)
1

is the amount of work in the rest of the system, Q2 in this specific case, when leaving Q1.
This equals the amount of work in Q2 when leaving this queue (EM

(1)
2 ) plus the amount of

work arrived during the switchover from Q2 to Q1 plus the amount of work arrived in Q2

during the service of Q1. The expected switchover time from Q2 to Q1 equals s2. It follows
that λ2s2 is equal to the expected number of arrivals during this switchover and λ2b2s2 is
the expected amount of work. We know from (2) that s

1−ρ is equal to the expected cycle

time. The expected service time of Q1 is ρ1s
1−ρ . It follows that λ2ρ1s

1−ρ is the expected number

of arrivals at Q2 during the service of Q1 and λ2b2ρ1s
1−ρ is equal to the expected amount of

work:

EM
(2)
1 =EM

(1)
2 + λ2b2s2 + λ2b2

ρ1s

1 − ρ

=EM
(1)
2 + ρ2s2 + ρ2

ρ1s

1 − ρ
. (11)

In general,
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EM
(2)
i =ρi−1

(
si−1 +

ρis

1 − ρ

)
+ ρi−2

(
si−2 +

ρi−1s

1 − ρ
+ si−1 +

ρis

1 − ρ

)
+ ...+ ρi+1

(
si+1 +

ρi+2s

1 − ρ
+ si+2 +

ρi+3s

1 − ρ
+ ...+ si−1 +

ρis

1 − ρ

)
(12)

+
∑
j 6=i

EM
(1)
j .

Now we have all the expressions of (9) except EM
(1)
i but this expression depends on the

service discipline. So we can substitute (10) and (12) into (9) and substitute the result of
that in (8) and get an expression of EVI . The exact calculations are shown in Boxma and
Groenendijk [3]. The final expression is stated below,

E(VI) = ρ
s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
i=1

ρ2i

)
+

N∑
i=1

EM
(1)
i . (13)

This was the only missing expression in equation (7) so we can substitute (13) in this
equation and finally get an expression for the mean waiting time. If follows that:

N∑
i=1

ρiE(Wi) = ρ

∑N
i=1 λib

(2)
i

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
i=1

ρ2i

)
+

N∑
i=1

EM
(1)
i , (14)

with EM
(1)
i the amount of work left behind in Qi after switching from that queue to

another. For some of the different service policies we can give an explicit expression for
this. In an exhaustive policy the server leaves only if the queue is empty, hence there is
no work that is left behind. For the gated service policy only the customers who arrive in
that specific queue during the visit period are left behind. So it is the average time for a
visit period times the amount of work that arrived during this period. Below the different
equations for the service policies are stated.
Exhaustive:

EM
(1)
i = 0.

Gated: Recall that ρis
1−ρ is the expected visit time at Qi. It follows that λi

ρis
1−ρ is the expected

number of customers that arrived during this period. The expected amount of work arrived
during the expected visit time at Qi is λibi

ρis
1−ρ . This leads to the following expression for

EM
(1)
i :

EM
(1)
i =

ρ2i s

1 − ρ
.

1-Limited: This expression is derived on page 962 of Boxma and Groenendijk [3],

EM
(1)
i =

ρ2i s

1 − ρ
+ ρi

λis

1 − ρ
E(Wi).
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Now we have an expression for
∑N

i=1 ρiE(Wi) but we also want to know the mean total
waiting time, which is given by the following equation:

E(W ) =
N∑
i=1

λi
λ
E(Wi). (15)

So we need an expression for E(Wi). In Borst [5] there are two exact expressions given:

• E(Wi) = (1 − ρi)E(RDi
) for the exhaustive service policy,

• E(Wi) = (1 + ρi)E(RAi
) for the gated service policy,

with Di the server inter-departure time at Qi and Ai the server inter-arrival time at Qi. It

follows that E(RDi
) =

E(D2
i )

2E(Di)
and E(RAi

) =
E(A2

i )

2E(Ai)
.

We can derive the expression for the gated service policy quite easily.

Figure 4: Visit and intervisit time at Qi

A customer can arrive at a visit period or at the intervisit of Qi. In both cases the customer
must wait until the beginning of the next visit period. The expectation for this time is
E(RAi

). The customer is not served immediately at the start of a visit period. It can be the
case that there are customers waiting in front of him. The expected time that the customer
has to wait before he is served is ρiE(RAi

). So the waiting time is E(Wi) = (1 +ρi)E(RAi
).

From the two expressions from Borst [5] we can give approximations for E(Wi). We
approximate E(RDi

) and E(RAi
) by constants respectively Cexh and Cgat which we assume

to be equal for all the different queues. These approximations are given in Boxma and
Meister [4]. The approximations we get are stated below:

• E(Wi) ≈ Cexh(1 − ρi) for the exhaustive service policy,

• E(Wi) ≈ Cgat(1 + ρi) for the gated service policy.

We can get the value of the constant Cexh by substituting the approximation for the
exhaustive service policy in (14) and analogous the constant Cgat by substituting the ap-
proximation for the gated service policy in (14). The only thing left to do is solving the
two equations for respectively Cexh and Cgat. We will show the calculations for Cexh:
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N∑
j=1

ρjCexh(1 − ρj) = ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

)
,

Cexh =
1∑N

j=1 ρj(1 − ρj)

(
ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

))
,

Cexh =
1

ρ−
∑N

j=1 ρ
2
j

(
ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

))
. (16)

We have now the expression for Cexh and we can substitute this in the approximation for
the exhaustive service policy to get an approximation for the mean waiting time for each
queue,

E(Wi) ≈
1 − ρi

ρ−
∑N

j=1 ρ
2
j

(
ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

))
. (17)

Similarly we can do this for the gated service policy and get the following approximation:

E(Wi) ≈
1 + ρi

ρ+
∑N

j=1 ρ
2
j

(
ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

)
+

N∑
j=1

ρ2js

1−ρ

)
. (18)

Finally we can approximate the mean total waiting time for an ordinary polling system.
The only thing left to do is substitute (17) or (18) in (15). So the mean total waiting time
for a polling system with an exhaustive service policy is approximately equal to:

E(W ) ≈
N∑
i=1

λi
λ

(
1 − ρi

ρ−
∑N

j=1 ρ
2
j

(
ρ

∑N
j=1 λjb

(2)
j

2(1 − ρ)
+ ρ

s(2)

2s
+

s

2(1 − ρ)

(
ρ2 −

N∑
j=1

ρ2j

)))
. (19)

2.3 Optimization

Now we have a good approximation for the mean waiting times for each queue. This holds
for ordinary polling systems with static allocation, cyclic routing policy, service order FCFS
and switchover times which are non-zero. With the approximation we can calculate the
mean total waiting time for the system. The main question was about allocating servers
to different queues in an optimal way. If we consider a multiple server ordinary polling
system we can analyze the mean waiting times by applying the following statement:

A multiple server polling system with n servers and static allocation can be seen as n
single server polling systems.

So if we optimize the following formula E(W ) =
∑N

i=1
λi
λ
E(Wi), with the E(Wi) from

the single server analysis, we tackled our problem for this system. In multiple server
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polling systems with static allocation each server has its own occupation rate. We studied
if minimizing the maximum occupation rate of these servers give us the same allocation
as minimizing the mean total waiting time. Both optimizations problems are stated below
for clarification:

1. min
(
E(W )

)
2. min

(
max (ρSi

)
)
, with ρSi

the occupation rate of server i

In almost every case these two optimization problems give the same allocation. Consider
for example the multiple server system with two servers and the following characteristics.

Queue Inter-arrival time Service time Occupation rate
1 Exp(2) Exp(10) 0.2
2 Exp(3) Exp(10) 0.3
3 Exp(1) Exp(10) 0.1
4 Exp(2) Exp(10) 0.2

Table 1: Multiple server optimization with different allocations

For this system, optimization of problem 1 gives us that the first server must serve queues
1 and 4 and the second server must serve queues 2 and 3. When problem 2 is optimized
the same allocation is found. The mean total waiting time for both optimization problems
becomes 0.575.

Unfortunately there are systems where the optimization problems give different allo-
cations. Consider for example again the multiple server system with two servers but now
with the following characteristics.

Queue Inter-arrival time Service time Occupation rate
1 Exp(2) Exp(10) 0.2
2 Exp(4) Exp(10) 0.4
3 Exp(0.0019) Exp(0.01) 0.19
4 Exp(2) Exp(100) 0.02

Table 2: Multiple server optimization with different allocations

The optimization of problem 1 gives us that the first server must serve queues 1, 2 and
4 and the second server serves queue 3. With this allocation the mean total waiting time
for the system is 1.2412. The optimization of problem 2 gives that the first server must
serve queues 1, 3 and 4 and the second server serves queue 2. With this allocation the
mean total waiting time for the system is 15.6116.
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3 Model description

In this part of the report the models that are analyzed using simulation are explained.
First the ordinary polling system and secondly the polling system with retrials and glue
periods. For the polling system with retrials and glue periods there is also explained why
this system is representative for the optical networks.

Recall that for the ordinary polling system there are four models to simulate (Figure 1).
Because of the statement that a multiple server system with n servers and static allocation
can be seen as n single server systems with static allocation, this number is reduced by
one. For the static routing policy we considered a system where the routing policy is cyclic,
the service order FCFS and the switchover times are non-zero. For the service policy now
the gated policy is analyzed. For the dynamic routing policy we studied two systems. The
single server and multiple server system. Note that the multiple server system with n
servers can not be seen as n single server systems due to the dynamic allocation. For both
single server and multiple server systems the service order is FCFS and the switchover
times are non-zero. The switchover time distribution is the same for each queue. The
service policy is now dynamic. For the dynamic allocation we study two different routing
policies. The first policy is based on expected number of customers. In this policy the
server goes to the queue with the highest number of expected customers at the start of a
visit period. The second policy is based on the expected amount of work. In this policy
the server goes to the queue with the highest amount of expected work at the start of a
visit period. Recall that a visit period is the time that a server serves a queue.

For the polling system with retrials and glue periods there are again four models to
simulate. Note that for this system the statement that a multiple server system with n
servers and static allocation can be seen as n single server systems with static allocation
holds. For the static allocation system the routing policy is cyclic and the switchover times
are non-zero. In optical networks the light particles can not wait so they go in a loop. This
loop is modeled with so called retrials of customers. When a customer arrives at the queue
and the server can not serve this customer the customer will try again after a certain time.
However due to the fact that the probability that a server is at queue i and a customer
arrives at this queue is negligible we will introduce a glue period. The glue period takes
care of this problem. The glue time is a certain time that the customer can be served
by the server. In optical networks the glue time is achieved by decreasing the speed of
the light particle at the end of the loop. When customers arrive at the glue period of a
queue these customers are served with a service order that is FCFS. Only customers that
arrive in the glue period are served so if the server is serving at queue i but the glue period
already ended for this queue the arriving customers at this queue will retry after a certain
time. This server policy is comparable with the gated service. For the dynamic allocation
system the switchover times are non-zero and the switchover time distribution is the same
for each queue. The customers that arrive at the glue period of that queue are served
with a service order that is FCFS. The routing policy is dynamic. Just like the dynamic
allocation for ordinary polling there are two dynamic policies analyzed. One policy that is
based on the expected number of customers at the start of a visit period and the other is
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based on the expected amount of work at the start of a visit period.

3.1 Variables

Now all the variables that we will use in the next part of the report will be stated and
explained. Each variable is general explained but can also be for a specific queue. When
the variable is for a specific queue the subscript of the queue is added. So for example λ1
is the arrival rate in queue 1.

Variable Explanation
λ Arrival rate
b Mean service time
s Mean switchover time
ρ Occupation rate (fraction of time system is working)
1 − ρ Fraction of time system is not working
ν Retrial rate
G Glue time
f Number of times visiting the queue
E(C) Mean cycle time
E(W ) Mean waiting time
E(RS) Mean residual switchover time
E(RB) Mean residual service time
E(U) Expected number of customers in system at start of glue period
E(Y ) Expected number of customers in system at start of visit
E(Z) Expected number of customers in system at start of switchover
E(R) Expected number of customers in system
E(T ) Expected sojourn time

Table 3: Relevant variables

3.2 Assumptions

• The arrival process is a Poisson arrival process. Most of the arrival processes are
assumed to be Poisson arrival processes because of the memoryless property of the
inter-arrival times. When a customer arrives the probability that another customer
arrives within a given time is the same as the probability that a customer arrives
within this time when the last customer did arrive minutes ago.

• Switchover time distribution is the same for all queues. With other words, the
switchover time from Q1 to Q2 and the switchover time from Q1 to Q3 are samples
from the same distribution. Note that this is only important for dynamic allocation.
We think this is a reasonable assumption when we look at optical networks.
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• The retrial time for each queue is the same. In the case of optical networks the loop
for the light particles is equal for all the queues.

• The glue period for each queue is the same. This assumption is reasonable because
we already assumed that the retrial time is the same for each queue. The glue periods
represent a certain decrease in speed of the light particle at the end of the loop.

4 Simulation description

In this section of the report both of the simulations are described. First the ordinary
polling system with a single server and secondly the polling systems with retrials and a
glue period. This system is also single server. The multiple server system is an extension of
the single server and after both single server descriptions we describe what these extensions
are.

We decided to simulate the polling system based on events. In this way the simulation
is discrete-event simulation. To get a better understanding of the simulation all the events
are stated below and it is explained what they do.

4.1 Ordinary polling system

Initialization:

• Introduce time variable t, initialized to 0,

• Introduce a variable for total number of customers, initialized to 0,

• Create arrival events for all the queues at t+ arrivalDistribution,

• Create switchover event.

In the most important simulation-loop we run all the events from the FES(Future Event
Set), until the maximal number of customers is achieved. The time is updated to the time
of the event.

Arrival event:

• Create a new customer c with a service time and add this customer to the specific
queue,

• Create arrival event for this specific queue at t+ arrivalDistribution.

Departure event:

• Register the waiting time for this customer,

• Remove the customer from the waiting queue,
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• If there are customers in front of the gate create departure event at t+serviceDistribution,

• If there are no customers in front of the gate create switchover event at t+switchoverDistribution
for the next queue.

Switchover event:

• If queue is empty create switchover event at t+ switchoverDistribution for the next
queue,

• If there are customers in the queue create departure event at t+serviceDistribution.

• Set gate behind last customer in the queue.

4.2 Polling system with retrials and glue periods

This simulation is almost the same as the simulation of the ordinary polling system. But
there are some adaptations. This is the reason why the polling system with retrials and
glue periods is described below. We describe this simulation in the same way we described
the ordinary polling system.

Initialization:

• Introduce time variable t, initialized to 0,

• Introduce a variable for total number of customers, initialized to 0,

• Create arrival events for all the queues at t+ arrivalDistribution,

• Create switchover event.

In the most important simulation-loop we run all the events from the FES(Future Event
Set), until the maximal number of customers is achieved. The time is updated to the time
of the event.

Arrival event:

• Create arrival event for this specific queue at t+ arrivalDistribution,

• If there is a glue period create a new customer c and add this customer to the queue,

• If there is not a glue period create retrial event at t+ retrialDistribution.

Departure event:

• Register the waiting time for this customer,

• Remove the customer from the waiting queue,
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• If there are customers in the queue create departure event at t+serviceDistribution,

• If there are no customers in the queue create switchover event at t+switchoverDistribution
for the next queue.

Switchover event:

• From this moment there is a glue period.

• Create glue period event at t+ glueperiodDistribution.

Glue period event:

• This moment is the end of the glue period,

• If there are customers in the queue create departure event at t+serviceDistribution,

• If there are no customers in the queue create switchover event at t+switchoverDistribution
for the next queue.

Retrial event:

• If there is a glue period create a new customer c and add this customer to the queue,

• If there is not a glue period create retrial event at t+ retrialDistribution.

4.3 Multiple server polling

The simulation for the multiple server polling system is almost the same as for the sin-
gle server system. Starting with the ordinary polling model the only extension is in the
departure and switchover event. For these events the server has to be known, because
each server has its own departure or switchover event. In the initialization there are more
than one switchover events created. The number of these events depend on the number of
servers. Almost the same holds for polling system with retrials and glue periods. The only
difference is that for this model also the server has to known its glue period.

5 Results

The simulations are described in Chapter 4 and the models are described in Chapter 3.
Now we can generate the results of our simulation. Recall that first the ordinary polling
system is studied and after that the polling system with retrials and glue periods.
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5.1 Ordinary polling systems

The simulation of the ordinary polling system is described in 4.1. All the simulations are
done with 10.000.000 customers. We also give a 95% confidence interval for all the mean
waiting times. The switchover times have the same distribution for each queue. This is
already stated in the assumptions.

5.1.1 Static allocation

First we look at a symmetric single server system or with other words a system where all
the queues have the same arrival rate and service time distribution. In each queue the
inter-arrival times are exponentially distributed with a rate of 20 customers per time unit.
The service time is exponentially distributed with a rate of 100 customers per time unit
and the switchover time is exponentially distributed with rate 5. There are four queues in
this system.

Queues

1 2 3 4
Waiting time 2.540 2.537 2.540 2.541

Lowerlimit 2.533 2.531 2.533 2.536
Upperlimit 2.546 2.544 2.546 2.548

Table 4: Symmetric polling system 4 queues static allocation

In Table 4 it is seen that all the mean waiting times for the different queues are the
same. For each queue the inter-arrival times, the service times and the switchover times
have the same distribution. This is the reason for the same mean waiting times.

To check the results with the mathematical analysis we will now fill in (14) and control
if this will give us the same mean waiting time.
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With the approximation given by (18) we can calculate the mean waiting time for each
queue and it follows that 2.54 is the total mean waiting time. This approximation of
the total mean waiting time is exact because of the symmetric system. If we compare
the analysis with the simulation, we can conclude that both give us the same mean total
waiting time.

Secondly we will study a single server model that is not symmetric. The switchover
time is as before. The distributions of the inter-arrival time and service time for each queue
are given in the table below.
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Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 1.765 2.400 1.698 1.745

Lowerlimit 1.760 2.396 1.693 1.740
Upperlimit 1.770 2.403 1.703 1.750

Analysis 1.756 2.394 1.676 1.729

Table 5: Polling system 4 queues static allocation

The mean total waiting time for this system is 2.148. For the non-symmetric case
the analysis gives us an approximation for the mean waiting time for each queue. This
approximation gives almost the same values as the simulation. To control how good the
results of the simulation are, equation (14) is filled in for this case:

simulation: 1.6068 = 1.6007.

With the result given above we can conclude that the simulation gives us a good approxi-
mation for the mean waiting time for each queue. After studying the single server polling
system, we can continue with the multiple server polling systems with static allocation.
Recall the important property of this system:
A multiple server polling system with n servers and static allocation can be seen as n single
server polling systems.

We consider a multiple server polling system with the following characteristics.

Queue Inter-arrival time Service time
1 Exp(10) Exp(100)
2 Exp(40) Exp(80)
3 Exp(5) Exp(100)
4 Exp(10) Exp(120)
5 Exp(10) Exp(100)
6 Exp(40) Exp(80)
7 Exp(5) Exp(100)
8 Exp(10) Exp(120)

Table 6: Multiple server characteristics

Note that the single server polling system which consists of queues 1, 2, 3 and 4 from
Table 6 is the same single server polling system analyzed as in Table 5. So when we allocate
server 1 to queues 1, 2, 3 and 4 and server 2 to queues 5, 6, 7 and 8, we get the following
waiting times.
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Queues
Server 1 Server 2

1 2 3 4 5 6 7 8
Waiting time 1.765 2.400 1.698 1.745 1.765 2.400 1.698 1.745

Lowerlimit 1.760 2.396 1.693 1.740 1.760 2.396 1.693 1.740
Upperlimit 1.770 2.403 1.703 1.750 1.770 2.403 1.703 1.750

Analysis 1.756 2.394 1.676 1.729 1.756 2.394 1.676 1.729

Table 7: Polling system 8 queues multiple server static allocation case 1

The mean total waiting time is given by (15) and we can calculate this for this specific
case.
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= 2.148

But this is not the only possible allocation of the queues to the servers. Consider for
example the allocation where server 1 serves queues 2, 3, 4 and 7 and server 2 serves queues
1, 5, 6 and 8.

Queues
Server 1 Server 2

2 3 4 7 1 5 6 8
Waiting time 2.022 1.440 1.476 1.424 2.167 2.160 2.941 2.138

Lowerlimit 2.019 1.435 1.472 1.420 2.161 2.154 2.936 2.132
Upperlimit 2.026 1.444 1.481 1.428 2.173 2.166 2.945 2.145

Table 8: Polling system 8 queues multiple server static allocation case 2

The mean total waiting time for this is case 2.248. Note that this mean total waiting
time is higher than the mean total waiting time of the system studied in Table 7. This
result can be clarified with the concept of section 2.3. If the multiple server model consists
of two identical single server models, for example model A and model B, which is the case
in this situation. The optimal server allocation will always be one server to model A and
the other server to model B. In this way the maximal occupation rate of the two models
is minimized.
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5.1.2 Dynamic allocation

In this part of the report we will look at the dynamic allocation of the queues to the server
in the ordinary polling system. Recall that we study two policies. One policy based on
the expected number of customers at the beginning of a visit period and one policy based
on the expected amount of work at the beginning of a visit period. A visit period is the
time that a server serves a queue. Not only the waiting times are analyzed but also the
number of times a server goes to queue i (in this report denoted by the frequency), the visit
time (length of a visit period) for each queue and the transition matrix P . The transition
matrix P has entries pi,j, with pi,j the probability that the server is switching from Qi to
Qj after the visit period in Qi. Note that this is not the normal transition matrix for a
Markov chain because there is a certain dependency in the system.

First we will look at the symmetric polling model. Note that for the symmetric model
both policies are basically the same. In the system with policy 1 the server goes to the
queue with the highest amount of customers (Xi + λisi) with Xi the amount of customers
in queue i just before a switchover. In the system with policy 2 the server goes to the
queue with the highest amount of work (biXi + λibisi). It follows that for the symmetric
model only Xi is important, so both policies are in this case the same. The results of both
policies are stated in the tables below.

Queues

1 2 3 4
Inter-arrival time Exp(20) Exp(20) Exp(20) Exp(20)

Service time Exp(100) Exp(100) Exp(100) Exp(100)
Waiting time 2.541 2.540 2.541 2.539

Lowerlimit 2.539 2.539 2.539 2.538
Upperlimit 2.542 2.542 2.542 2.541
Frequencies 31228 31210 31221 31254

Visittime 0.801 0.800 0.801 0.801

Table 9: Symmetric polling system 4 queues dynamic allocation policy 1
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Queues

1 2 3 4
Inter-arrival time Exp(20) Exp(20) Exp(20) Exp(20)

Service time Exp(100) Exp(100) Exp(100) Exp(100)
Waiting time 2.538 2.536 2.539 2.542

Lowerlimit 2.536 2.535 2.538 2.540
Upperlimit 2.539 2.537 2.541 2.543
Frequencies 31226 31267 31245 31229

Visittime 0.800 0.800 0.801 0.800

Table 10: Symmetric polling system 4 queues dynamic allocation policy 2

The mean total waiting time for the system with dynamic allocation policy 1 is 2.540±
0.001. The mean total waiting time for the system with dynamic allocation policy 2 is
2.539 ± 0.001. If we compare both policies we can conclude that there is no difference
between the two. This is consistent with the statement that for the symmetric model both
policies are the same. If we compare the dynamic allocation policies with the static allo-
cation policy we can conclude that these policies have the same mean total waiting time.
Now we will have a look at the transition matrices of both dynamic allocation policies.
We denote the transition matrix of dynamic allocation policy 1 with P1 and the transition
matrix of dynamic policy 2 with P2. Both matrices are stated below:

P1 =


0.0 0.334 0.335 0.331

0.325 0.0 0.330 0.346
0.340 0.336 0.0 0.324
0.335 0.330 0.335 0.0

 , P2 =


0.0 0.334 0.334 0.332

0.333 0.0 0.330 0.333
0.337 0.329 0.0 0.324
0.326 0.338 0.336 0.0

.

When we look at both transition matrices we can conclude that these matrices are
approximately the same. Which is again consistent with the statement that for the sym-
metric model both policies are the same. Remarkable is that the server never goes back to
the same queue. Now we will have a look at the transition matrix of the static allocation
policy. We denote this matrix with P3. It follows that:

P3 =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

.

If we compare this matrix with the matrices of the dynamic allocation policies the
conclusion can be made that these matrices are different.

The diagonal of the transition matrices P1 and P2 contains only zeros. We want to
clarify this with a short example. Let X1 and X2 be two random variables. The amount
of customers arriving in queue i is a Poisson process. Assume that the server was at queue
1 and made a switch to queue 2. Now we want to calculate the probability that the server
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goes again to queue 2 instead of queue 1. Denote X1 as the number of customers arriving
in queue 1 during a visit period of queue 1, the switch from queue 1 to queue 2 and the
visit period of queue 2. Denote X2 as the number of customers arriving in queue 2 during
the visit period of queue 2. This is visually expressed in Figure 5.

Figure 5: Visual expression of random variables X1 and X2

If follows that a good approximation is X1 ∼ Poisson(λ1(E(visit1) + E(Switch) +
E(visit2))), and X2 ∼ Poisson(λ2E(visit2)). So when the values of Table 9 are filled in we
get the following expressions. X1 ∼ Poisson(36) and X2 ∼ Poisson(16). The probability
we want to know is:

P(X2 > X1) =
∞∑
k=0

P(X2 = k) · P(X1 < k),

=
∞∑
k=0

16k

k!
e−16 ·

k−1∑
l=0

36l

l!
e−36,

≈ 0.0018636.

This probability is extremely low. So this illustrates why the server never goes to the
same queue.

We will also look at the single server polling system which is not symmetric. With
static allocation this system has a total waiting time of 2.148 (see Table 5).

Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 2.464 1.154 4.135 2.451

Lowerlimit 2.461 1.154 4.129 2.449
Upperlimit 2.466 1.155 4.141 2.454
Frequencies 37054 110196 20938 36721

Visittime 0.415 0.698 0.368 0.349

Table 11: Polling system 4 queues dynamic allocation policy 1
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Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 2.265 1.076 4.352 2.922

Lowerlimit 2.265 1.076 4.346 2.919
Upperlimit 2.266 1.077 4.358 2.925
Frequencies 34450 119399 19911 30739

Visittime 0.445 0.645 0.387 0.417

Table 12: Polling system 4 queues case 1 dynamic allocation policy 2

The mean total waiting time for the system with dynamic allocation policy 1 is 1.785±
0.001. For the system with dynamic allocation policy 2 the mean total waiting time is
1.855 ± 0.001. If we compare both dynamic policies with the static allocation policy it
is clear that both dynamic allocation policies have a lower mean total waiting time. If
we compare the mean total waiting time for each queue, we can conclude that especially
queue 2 has a lot of benefit from the dynamic allocation policies. Both transition matrices
of the dynamic policies are stated below. We denote the transition matrix for dynamic al-
location policy 1 with P1 and the transition matrix for dynamic allocation policy 2 with P2,

P1 =


0.0 0.951 0.024 0.025

0.315 0.198 0.171 0.316
0.046 0.909 0.0 0.046
0.038 0.929 0.033 0.0

 , P2 =


0.0 0.997 0.012 0.011

0.280 0.309 0.161 0.251
0.023 0.956 0.0 0.021
0.020 0.969 0.011 0.0


For both transition matrices the probability that the server stays at queue 2 (p2,2) is

not zero. If we compare P1 and P2 we can conclude that policy 2 is more focused on queue
2.

In general we can conclude that dynamic allocation gives us a lower total waiting time
than static allocation for all the systems except the symmetric model. Policy 1 is for the
systems that we analyzed better than policy 2.

5.2 Simulation polling systems with retrials and glue period

The simulation of the polling system is described in section 4.2. All the simulations are
done with 10.000.000 customers. We also give a 95% confidence interval for all the waiting
times.

5.2.1 Static allocation

First we look at the symmetric single server polling system with retrials and glue period.
We used the following distributions, which are almost the same as in the analysis of the
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ordinary polling systems. The inter-arrival times are exponentially distributed with a rate
of 20 customers per time unit, the services times are exponentially distributed with a rate
of 100 customers per time unit, the switchover time is exponentially distributed with rate
5 and the retrials are exponentially distributed with a rate of ν = 10 customers per time
unit. The glue time (G) is constant equal to 0.05.

Queues

1 2 3 4
Waiting time 10.768 10.766 10.771 10.762

Lowerlimit 10.711 10.709 10.714 10.705
Upperlimit 10.824 10.822 10.827 10.818

Table 13: Symmetric polling system with retrials and glue periods 4 queues static allocation

All the queues have the same mean waiting time, which was expected because the inter-
arrival times, service times, switchover times and retrials distributions are the same for each
queue. The mean waiting times is higher than for the ordinary symmetric polling system
but this system did not have glue times. Now a single server polling system with retrials
and glue periods which is not symmetric is studied. This system has the same switchover
times and retrials distributions. Also the glue times are the same. The inter-arrival times
and service times distributions are different.

Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 7.896 8.658 7.804 7.856

Lowerlimit 7.857 8.619 7.766 7.817
Upperlimit 7.934 8.696 7.843 7.894

Table 14: Polling system with retrials and glue periods 4 queues static allocation

We can calculate the mean total waiting time for this system the same way as we did
for the ordinary polling system. It follows after some calculations that the total waiting
time is 8.352. Note that this waiting time is much higher than the polling system studied
in Table 5.

For the multiple server system we will use the same allocation as in Table 8. The
distribution of the inter-arrival and service times for each queue are stated in Table 6. The
results are denoted in the table below.
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Queues
Server 1 Server 2

2 3 4 7 1 5 6 8
Waiting time 7.253 6.550 6.589 6.535 9.683 9.668 10.615 9.644

Lowerlimit 7.222 6.519 6.558 6.504 9.634 9.619 10.566 9.595
Upperlimit 7.284 6.581 6.620 6.566 9.731 9.717 10.663 9.693

Table 15: Polling system with retrials and glue periods 8 queues multiple server static
allocation

When we calculate the mean total waiting time for this system it follows that it is
8.738. This mean total waiting is higher than for the system in Table 14. It seems that
for static allocation in a multiple server system it still holds that the allocation is optimal
when the maximum occupation rate for the two servers is minimal.

5.2.2 Dynamic allocation

Now the results for the for the system with retrials and glue periods with dynamic allocation
are given. The different policies for dynamic allocation are already mentioned in the model
description and in section 5.1.2. Only the formulas will change because now the system
has retrials and glue periods. Policy 1 becomes λiG+ (Xi + λisi)(1 − e−νiG), with Xi the
amount of customers in orbit. Note that λiG is the amount of customers that arrive in a
glue period. The expected number of customers in orbit at the beginning of a glue period
is Xi + λisi, but not all customers in orbit are served. The probability a customer in orbit
will be served is equal to 1 − e−νiG. This leads to the expression of policy 1. Policy 2
becomes λibiG + (Xi + λisi)(1 − e−νiG)bi, which can be derived with analogous reasoning
as for policy 1. We will compare this system with the static allocation system. The same
characteristics as in section 5.2.1 are used.

First we will study the single server model and after that the multiple server model.

Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 12.027 3.664 22.846 12.049

Lowerlimit 12.009 3.661 22.796 12.031
Upperlimit 12.046 3.666 22.896 12.068
Frequencies 26913 95955 14053 26776

Visittime 0.571 0.802 0.548 0.480

Table 16: Polling retrials system 4 queues case 1 dynamic allocation policy 1
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Queues

1 2 3 4
Inter-arrival time Exp(10) Exp(40) Exp(5) Exp(10)

Service time Exp(100) Exp(80) Exp(100) Exp(120)
Waiting time 13.216 3.313 24.993 15.556

Lowerlimit 13.195 3.311 24.938 15.532
Upperlimit 13.236 3.315 25.047 15.580
Frequencies 24516 106045 12820 20765

Visittime 0.627 0.726 0.600 0.617

Table 17: Polling retrials system 4 queues case 1 dynamic allocation policy 2

The mean total waiting time for the system with dynamic allocation policy 1 is 7.718±
0.007. For policy 2 the mean total waiting time is 8.387 ± 0.007. When comparing both
dynamic policies the conclusion can be made that dynamic policy 1 has a lower mean total
waiting time than dynamic policy 2. The mean total waiting time for the static allocation
is 8.352 (see Table 14). If we compare all three allocation, we can conclude that dynamic
policy 1 has the lowest mean total waiting time. The dynamic allocation policy 2 has the
highest mean total waiting time. Now the transition matrices for both dynamic policies
are stated below.

P1 =


0.0 0.958 0.012 0.030

0.265 0.332 0.137 0.266
0.032 0.937 0.0 0.032
0.040 0.939 0.021 0.0

 , P2 =


0.0 0.986 0.005 0.009

0.227 0.461 0.119 0.193
0.011 0.981 0.0 0.008
0.013 0.982 0.005 0.0


The transition matrix shows us that for both dynamic policies the server stays regularly

at queue 2. For policy 2 this probability is higher than for policy 1. We can conclude that
policy 2 is more focused on queue 2 which has a negative effect on the other queues.
Apparently this negative effect is bigger than the positive effect on queue 2 since the total
waiting time of the system with dynamic policy 2 is the highest.

Now we will study the multiple server model.

Queues

1 2 3 4 5 6 7 8
Waiting time 11.913 3.584 22.939 11.906 11.917 3.588 22.885 11.912

Lowerlimit 11.887 3.581 22.868 11.880 11.891 3.584 22.814 11.886
Upperlimit 11.939 3.588 23.010 12.932 11.943 3.591 22.956 11.938
Frequencies 13467 48587 6923 13404 13457 48543 6943 13414

Visittime 0.572 0.792 0.555 0.478 0.571 0.792 0.555 0.478

Table 18: Polling retrials system 8 queues multiple server dynamic allocation policy 1
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Queues

1 2 3 4 5 6 7 8
Waiting time 13.231 3.257 25.371 15.645 13.220 3.260 25.327 15.626

Lowerlimit 13.202 3.253 25.292 15.611 13.191 3.256 25.249 15.592
Upperlimit 13.259 3.260 25.449 15.679 13.248 3.263 25.406 15.660
Frequencies 12147 53404 6248 10232 12148 53351 6261 10239

Visittime 0.633 0.720 0.615 0.626 0.634 0.722 0.612 0.626

Table 19: Polling retrials system 8 queues multiple server dynamic allocation policy 2

The mean total waiting time for the system with dynamic allocation policy 1 is 7.633±
0.007. For policy 2 the mean total waiting time is 8.394 ± 0.008. This mean total waiting
time is higher than the mean total waiting time for the system with dynamic policy 1. The
system with static allocation has a mean total waiting time of 8.352. The conclusion is
that dynamic allocation policy 1 has the lowest mean total waiting time. The mean total
waiting time for the system with policy 2 is the highest.

5.3 Short analysis of dynamic allocation

With the results in sections 5.1.2 and 5.2.2 we can give some relations between the variables.
Given only the frequencies and visit time of the model it is possible to calculate the different
occupation rates (ρi) for each queue.

Take for example the single server model for ordinary polling (Table 11). With the
frequencies and visit times we can calculate the mean queue visit time.

E(QueueV isitT ime) =
4∑
i=1

Vi ·
fi

f1 + f2 + f3 + f4
(20)

= 0.415 · 37054

204909
+ 0.698 · 110196

204909
+ 0.368 · 20938

204909
+ 0.349 · 36721

204909
= 0.550

A visit contains of a queue visit and a switchover. So it follows that

E(V isitT ime) = E(QueueV isitT ime) + E(Switchover)

= 0.550 + 0.2

= 0.75.

The occupation rate for each queue per visit time is given by Vi · fi
f1+f2+f3+f4

. We denote
this variable as α. After some calculation we get that α1 = 0.075, α2 = 0.375, α3 = 0.038
and α4 = 0.063. The ρ is defined per time unit so we just have to scale the α with the
mean visit time. With other words it holds that
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ρi = αi ·
1

E(V isitT ime)
. (21)

Filling in all the known variables we get that ρ1 = 0.100, ρ2 = 0.500, α3 = 0.051 and
α4 = 0.084. These results are consistent with Table 11.

5.4 Optimization glue periods in polling system with retrials and
glue periods

In the previous sections about polling systems with retrials and glue periods we assumed
that the glue periods were constant equal to 0.05. But in optical networks the glue period
is most of the times something that is adaptable. This is the reason why in this section the
different systems are analyzed with different glue times. For each system three policies are
analyzed, namely the static allocation, the dynamic allocation policy 1 and the dynamic
allocation policy 2. First the symmetric model is studied.

Figure 6: Optimal Glue times symmetric model

In the figure above it is clearly seen that there is an optimal which is approximately
equal to 0.175. Remember that for this model the different dynamic policies are the same.
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In the figure all the lines are the same. So the conclusion is that for the symmetric system
the policy does not influence the mean total waiting times but the glue time does.

For the asymmetric single server models described in 5.2.1 and 5.2.2 we did the same.

Figure 7: Optimal Glue times single server model

Figure 7 makes it clear that there is a difference in mean total waiting time for the
different routing policies. Policy 1 has for the glue times between 0.05 and 0.5 the lowest
mean total waiting time. The system with static allocation has the highest mean total
waiting time for these glue times. The figure also shows that there is an optimal glue time
which is approximately equal to 0.2.

6 Verification and validation

The polling systems are programmed in JAVA. The static allocation of ordinary polling
can be verified with analysis in this paper and in other papers. The polling systems with
dynamic allocation are harder to verify because there is not much theory known about
this. First we will focus on the part of static allocation. After that we try to come up with
ways to verify the dynamic allocation system.
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The single server ordinary polling system with static allocation can be compared with
the vacation model mentioned in Boon, van der Mei and Winands [7]. From this paper we
know that the waiting time for a system with arrival rate 8, service rate 12 and switchover
times that are exponentially distributed with a rate of 5 is 0.7677 (E(W ) = 0.7677). When
we control this result with the simulation we conclude that it is the same. The model can
also be verified with the analysis from this report stated in 2.2. In Table 4 we see that the
simulation and the analysis find the same value.

For the polling system with retrials, glue periods and static allocation the theoretical
expressions are stated in Abidini, Boxma and Resing [6]. For one queue the following
equations hold.

E(U) =
λES + λρG

(1 − ρ)(1 − e−vG)
(22)

E(Y ) = λG+ (1 − e−vG)E(X) + e−vGE(X) (23)

E(Z) =
λρG+ λES

(
ρ(1 − e−vG) + e−vG

)
(1 − ρ)(1 − e−vG)

(24)

E(R) = ρ+
λ2E(B2)

2(1 − ρ)
+
λE((G+ S)2)

2E(G+ S)
+
λρE(G+ S)

1 − ρ
+λ(ρG+E(S))

e−vG

(1 − ρ)(1 − e−vG)
(25)

Now we consider the model with one queue and the following distributions. The inter-
arrival time is exponentially distributed with a rate of 40 customers per time unit, the
service time is exponentially distributed with a rate of 100 customers per time unit, the
switchover time is exponentially distributed with rate 5 and the retrials are exponentially
distributed with a rate of 10 customers per time unit. The glue times are constant equal
to 0.05.

analysis simulation
E(U) 37.2752 37.2128
E(Y ) 39.2752 39.2095
E(Z) 29.2752 29.2259
E(R) 38.1419 -
E(W ) - 0.9428

Table 20: Polling system with retrials and glue periods verification

With Little’s law we can get an numerical expression for the mean waiting time. We
know E(R) = λE(T ). So it follows that E(T ) = 0.9535. We know E(T ) = E(W ) + E(B),
hence we can calculate the mean waiting time (E(W ) = 0.9435). When we compare the
value of the mean waiting time from the analysis with the result of the simulation we can



6 VERIFICATION AND VALIDATION 33

conclude that they are almost the same and that the value is within the 95% confidence
interval from the simulation (note that the lowerlimit and upperlimit are not stated in this
case).

Now we consider the model with two queues. The inter-arrival and service time dis-
tributions for each queue are stated below. The retrials, switchover and glue times are
the same as the verification done before. Again the theoretical equations can be found in
Abidini, Boxma and Resing [6].

Queue Inter-arrival time Service time
1 Exp(40) Exp(100)
2 Exp(30) Exp(100)

Table 21: Polling system with retrials and glue periods characteristics (verification)

We denote U j
i as the number of customers in queue i at the beginning of the glue period

at queue j, Y j
i as the number of customers in queue i at the beginning of the visit period at

queue j and Zj
i as the number of customers in queue i at the beginning of the switchover

period at queue j.

analysis simulation
E(U1

1 ) 164.35 164.58
E(U2

1 ) 134.75 134.55
E(U1

2 ) 95.76 95.83
E(U2

2 ) 123.26 123.41

a) Glue

analysis simulation
E(Y 1

1 ) 166.35 166.58
E(Y 2

1 ) 136.75 136.55
E(Y 1

2 ) 97.26 97.32
E(Y 2

2 ) 124.76 124.91

b) Visit

analysis simulation
E(Z1

1) 126.35 126.54
E(Z2

1) 156.75 156.63
E(Z1

2) 117.26 117.38
E(Z2

2) 89.76 89.86

c) Switchover

Table 22: Polling system with retrials and glue periods verification 2 queues

From Table 22 we can conclude that the simulation is consistent with the results found
by applying the formulas from Abidini, Boxma and Resing [6] to the system.

For the dynamic allocation the verification of the program is harder to do because there
is no analysis to compare the results with. We looked at the symmetric model and the
simulation gives the same mean waiting times for each queue. Also when we compare the
dynamic allocation with the static allocation the conclusion can be made that the dynamic
allocation always has a mean total waiting time which is less or equal to the mean total
waiting time for the system with static allocation.
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7 Conclusion

After all these results there are a lot of conclusions that can be made. The focus of this
report was about optimization of ordinary polling systems and systems with retrials and
glue periods. First we will look at the conclusions for the ordinary polling system and after
that at the polling system with retrials and glue periods.

The multiple server ordinary polling system with static allocation can be optimized in
two ways. The optimization can be done by the formulas we have derived, but most of
the time it is enough to find the allocation where the maximal occupation rate for the
servers is minimal. If we look at the difference between static and dynamic allocation for
ordinary polling systems we can conclude that dynamic allocation gives us a lower mean
total waiting time and therefore is better. For the symmetric system both allocations
are equally good. When we look at the difference between dynamic routing policy 1 and
dynamic routing policy 2 the conclusion can be made that policy 1 is better than policy 2.
Recall that policy 1 is based on the expected amount of customers at the start of a visit
period and policy 2 is based on the expected amount of work at the start of a visit period.

For the polling system with retrials and glue periods we can conclude that there is an
optimal time for the glue period. When we look at the difference between the static routing
policy and the dynamic routing policy for the system with this optimal glue period we can
conclude that the dynamic policies are better. When we compare the dynamic policies we
can conclude that policy 1 is better than policy 2. The remarkable conclusion that can
be made for the polling system with retrials and glue periods is that for the symmetric
system the static routing policy and the dynamic routing policies have the same mean total
waiting time.

8 Discussion and suggestions for future research

In this section of the report the discussion points are stated. Also there are suggestions
for future research.

In this report we did neglect the warm up interval. The simulation started with an
empty system and after some time the system was in steady state. We did neglect these
results because we assumed that these results had hardly any effect on the mean total
waiting times if the simulation is done for 10 million customers. This assumption can be
studied in future research. In this report we analyzed four datasets and based on these
datasets we made conclusions. A suggestion for further research is to study the eight
systems from Figure 1 for more datasets. For the datasets we studied, the service time
was always exponentially distributed. The suggestion is to study the systems with another
service time distribution.

For the polling system with retrials and glue periods we only studied the effect of the
glue time on the mean total waiting time. The reason for this is that in optical networks the
glue time is most of the times adaptable. But also the effect of the retrials and switchover
time distribution on the mean total waiting time can be studied. Another possibility is
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that the glue periods are not constant but that the glue times are samples from some
distribution.

In this report we focused on the analysis of ordinary polling with static allocation.
For dynamic allocation there is hardly any analysis. We hope that this report is a good
motivation for the future research of this analysis.
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