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Abstract
We investige the existence of winning strategies in a certain chip-firing game on metric cactus
graphs, known as the Brill-Noether game. We link the Brill-Noether game to the concept
of linear systems of divisors on metric graphs. Inspired by recent work of Cools, Draisma,
Payne and Robeva concerning Brill-Noether theory on metric graphs that combinatorially are
chains of loops, we then provide an elementary proof of the existence part of a Brill-Noether
theorem on metric cactus graphs.
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Chapter 1

Introduction

A metric graph is a metric realisation of a weighted graph. Similarly, a metric cactus graph
is a metric realisation of a discrete cactus graph. The Brill-Noether game is a so-called chip-
firing game for two players, that is played on the points of a metric graph Γ. Its rules are as
follows:

• To start with, Player 1 (usually called Brill, after the German mathematician Alexander
von Brill) places d chips on Γ.

• Next, Player 2 (Noether, after the German mathematician Max Noether) challenges
Brill by specifying r points (that need not be distinct) on Γ.

• Brill’s objective is to cover all points in Noether’s challenge by the chips he placed on Γ
when he first started the game. He may move his chips along Γ in order to achieve this.
He may do this in several rounds. In each round he selects one or more of the chips
and moves them along Γ to a new position. This can be seen as a continuous path.
However, he may only move his chips in such a way that the net movement along any
cycle in the graph is equal to zero.

We are interested in winning strategies for Brill, when the metric graph Γ is a cactus graph.
Such a winning strategy prescribes the positions of Brill’s d chips, such that Brill wins,
regardless of Noether’s challenge. The existence of such winning strategies will depend on the
parameters r and d, and, as it will turn out, the genus g of the metric graph. In particular,
we will show that a winning strategy for Brill exists as soon as

g − (r + 1)(g − d+ r) ≥ 0. (1.1)

A divisor on a metric graph Γ is an element of the free group on the elements of Γ. As such,
it can be seen as a formal integer linear combination of the points in the metric graph. A
strategy of Brill can be seen as a divisor on Γ, and the same holds for Noether’s challenge.

Recently, people have become interested in divisors on metric graphs, and more specifically
the analogies among divisors on metric graphs, discrete graphs and certain curves [Luo09].
The Brill-Noether theorem is a theorem concerning the existence and nonexistence of effective
divisors of given rank and degree on curves [GH80].

7



8 CHAPTER 1. INTRODUCTION

In this thesis, we describe some of the analogies between divisors on curves, discrete graphs
and metric graphs. Moreover, we describe the connection between divisors on metric graphs
and the Brill-Noether game described above. The analogies between divisors on curves and
graphs culminate in Baker’s Specialisation Lemma [Bak08], which connects divisors on dis-
crete graphs to divisors on curves, v.v. In particular, this lemma and the Brill-Noether theorem
for curves show that a winning strategy for Brill exists as soon as the inequality in Equation
(1.1) is satisfied.

This proof, however, uses sophisticated algebraic geometry and we would like to construct a
more elementary proof. A recent analysis of divisors on metric graphs concluded with a com-
binatorial proof of the Brill-Noether theorem [CDPR10]. The class of metric graphs under
consideration in the article are so-called chains of cycles. This thesis gives a combinatorial
analysis of divisors on the class of metric cactus graphs, which contains also the class of chains
of cycles.

1.1 Outline of this thesis

In Chapter 2, we give a brief overview of discrete graphs, metric graphs, and divisors on
such graphs. In Chapter 3, we describe two chip-firing games on discrete graphs, and show
that they are equivalent in some sense. Moreover, we describe the Brill-Noether game on
metric cactus graphs in more detail. Next, in Chapter 4, we give a brief description of the
analogies between curves, discrete graphs and metric graphs and we show the connection
between the Brill-Noether game and divisors on metric graphs. Also, we give an overview
of recent developments in the area of divisors on metric graphs. In particular, we describe
useful concepts and algorithms concerning reduced divisors, and the combinatorial tools used
in the analysis of divisors on chains of cycles. Eventually, in Chapter 5, we describe our
combinatorial analysis of divisors on metric cactus graphs, thus proving the existence of a
winning strategy for Brill in the Brill-Noether game, whenever the inequality in Equation
(1.1) holds. In this chapter, we will also prove our main result:

Theorem 1.1.1. Let Γ be a metric cactus graph of genus g, without any cycles of degree 2.
Then a divisor of degree d and rank r on Γ exists as soon as the inequality in Equation (1.1)
is satisfied.



Chapter 2

Graphs and divisors

In this chapter, we will first give a brief overview of terminology used in connection with dis-
crete graphs. In section 2.1, we will also elaborate a bit on a special class of discrete graphs
known as trees. In particular, we will prove some results that we will need later on. Next, we
will define what we mean by a metric graph and describe some classes of metric graphs. In
the final section, we will define the notion of divisors on graphs (both discrete and metric).

For this chapter, we borrowed heavily from [Die00] (discrete graphs), [BN07] (divisors on
discrete graphs) and [HKN08, Luo09] (metric graphs and divisors). See these sources (and
references therein) for more information on these topics.

2.1 Discrete graphs

A (discrete) multigraph (or simply graph) is an ordered triple G = (V,E, ε) of disjoint
sets V and E and a map ε : E → V ∪

(
V
2

)
. The elements of V are called vertices and the

elements of E are called edges. For a graph G, we will often write V (G) and E(G) to denote
the set of vertices and the set of edges, respectively, of G. For v ∈ V (resp. e ∈ E), we will
often say that it is a vertex (resp. edge) in G. The map ε maps each edge to either one or
two vertices, which are called its ends. We will restrict ourselves to finite graphs, meaning
that |V | <∞ and |E| <∞.

A graph G can be represented graphically by drawing a dot for each vertex and then for each
pair {v, w} of vertices draw as many line segments between the corresponding dots as there
are edges e ∈ E such that ε(e) = {v, w}.

A vertex v ∈ V is called incident with an edge e ∈ E if v ∈ ε(e). If this is the case, e is
called an edge at v. If e ∈ E is such that ε(e) = {v, w}, we say that e joins v and w. It
could be that v = w, in which case we say that e is a loop at v. If G does not contain any
loops, it is called loopless. Two vertices v and w are called adjacent if there exists an edge
e joining v and w. In this case, v and w are called neighbours of each other.

The set of neighbours of a vertex v will be called N(v), or NG(v) if we want to stress the
dependence on the graph G. The multiset (bag) of edges leaving at v is denoted by E(v). In
this multiset, the multiplicity of any edge e is 1, except when e is a loop at v, in which case

9



10 CHAPTER 2. GRAPHS AND DIVISORS

its multiplicity is 2. The degree of v ∈ V is denoted by deg (v) := |E(v)|. If we want to
stress the dependence of the degree on the underlying graph G, we write degG (v).

It will often be the case that no two different edges join the same pair of vertices (or equiva-
lently, ε is injective). In this case, E can be identified with a subset of

(
V
2

)
, and G is called a

simple graph. If this is the case, and e joins v and w, we can write e = vw (or v = wv). If
G is a simple graph, we will often suppress ε and just write G = (V,E), with E ⊆

(
V
2

)
.

Let G = (V,E, ε) be a graph. A graph G′ = (V ′, E′, ε′) is called a subgraph of G (notation:

G′ ⊆ G), if V ′ ⊆ V , E′ ⊆ E and ε′ = ε |E′ maps E′ into V ′ ∪
(
V ′

2

)
.

A path is a loopless simple graph P of the form

V = {x1, x2, . . . , xn}, E = {x1x2, x2x3, . . . , xn−1xn}, (2.1)

with xi 6= xj for i 6= j. The vertices x1 and xn are called then end points of P and |V | = n is
called the length of the path. We say that P connects x1 and xn, or that P is a path from
x1 to xn (or the other way around). A graph G is called connected if for any two distinct
vertices v and w in G, there exists a path that connects v and w.

If P is a path of length n ≥ 3, having V (P ) = {x1, x2, . . . , xn} and E(P ) = {x1x2, x2x3, . . . , xn−1xn},
then the graph C, having V (C) = V (P ) and E(C) = E(P )∪{xnx1} is called a cycle of length
n. A cycle of length 2 can also be defined, but in this case P is not a simple graph anymore.

Paths and cycles are often denoted by the (cyclic) sequence of their vertices. In the definitions
above, we could write P = x1x2 . . . xn and C = x1x2 . . . xnx1.

A graph G is called a forest if it does not contain any cycles as subgraphs. A connected
forest is called a tree.

The genus of a connected graph G is the number g = |E| − |V |+ 1. The genus of a graph is
the number of independent cycles in the graph.1

A weighted graph G is a graph with assigned to it a function w : E → R. For e ∈ E, the
value w(e) is called the weight of e.

2.1.1 Trees

Trees play an important role in this thesis. Therefore, we will elaborate a bit on this sub-
ject. To start with, there are various equivalent characterisations of trees, as recorded in the
following Theorem.

Theorem 2.1.1. The following are equivalent for a simple graph G.

(i) G is connected and does not contain any cycles;

(ii) G does not have any cycles, and a cycle is formed if any edge is added to G;

1Nota bene: the term genus in graph theory is often used for a different concept, namely the smallest genus
of any surface in which the graph can be embedded (informally: can be drawn without intersections).
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(iii) G is connected, and is not connected anymore if any edge is removed from G;

(iv) Any two vertices in G are connected by a unique path.

In a tree, the vertices of degree one are called leaves. From now on, we will call the number
of leaves in a tree w1. Similarly, we will call the number of vertices of degree i in a tree wi
for i = 2, 3, 4, . . ..

It turns out that there exits a relation among the numbers w1, w2, . . .. For example:

Theorem 2.1.2. Suppose that wi = 0 for i ≥ 4. Then w1 = 2 + w3.

Proof. Note first that we can assume that w2 = 0, since a degree 2 vertex can easily be
removed by connecting its two neighbours, and this is not of influence of either w1 or w3.

We will prove the assertion by induction on w3. The first few cases are easy: for w3 = 0, the
tree is actually a path and clearly has only two endpoints. If w3 = 1, the tree is a star and
has exactly 3 vertices of degree 1.

Now assume that the assertion holds for w3 = k. Let G be a tree with w3 = k + 1, w2 = 0
and w1 leaves. There is a vertex v of degree 3 of which two neighbours are leaves. Let G′ be
the graph that results when v and the leaves that are connected to it are replaced by a single
leaf. This graph has k degree 3 vertices and w1 − 1 leaves, so by the induction hypothesis,
w1 − 1 = k + 2, or equivalently w1 = (k + 1) + 2 = w3 + 2, which proves that the assertion
also holds for w3 = k + 1.

The result in Theorem 2.1.2 is a special case of a much more general Theorem.

Theorem 2.1.3. For any tree G we have

w1 = 2 +
∞∑
i=2

(i− 2)wi. (2.2)

The equality in this theorem can also be written as

∞∑
i=1

(2− i)wi = 2. (2.3)

Proof. Note first that, since we are considering finite trees, the series is actually a finite sum.
Also, like in the proof of Theorem 2.1.2, we can assume without loss of generality that w2 = 0.

We will prove the formula by induction on the number of non-leaves, x. For x = 0 and x = 1
the proof is again trivial. Assume that the assertion holds for x = k ≥ 1. Let G be a tree with
k+ 1 non-leaves. Since removing all leaves again yields a tree, the tree contains a non-leaf of
degree d ≥ 2, that has d−1 leaves as a neighbour. Replace this non-leaf and the neighbouring
leaves by a single leaf. The resulting tree has k non-leaves, one leaf of degree d less and d− 2
leaves of degree 1 less. From the induction hypothesis, it follows that

w1 − (d− 2) = 2 +

∞∑
i=2

(i− 2)wi − (d− 2)× 1, (2.4)

which proves that the statement also holds for x = k + 1.
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Figure 2.1: A discrete caterpillar graph.

Corollary 2.1.1. Assume w2 = 0. Let g be the number of vertices in G. Then it holds that

g ≤ 2w1 − 2 (2.5)

Proof. From Theorem 2.1.3 it follows that

w1 = 2 +
∞∑
i=3

(i− 2)wi ≥ 2 +
∞∑
i=3

wi = 2 + g − w1, (2.6)

from which we conclude that g ≤ 2w1 − 2.

A special type of tree is the caterpillar tree.

Definition 2.1.1. A caterpillar tree is a tree with the property that removing all leaves
results in a (possibly empty) path, which will be called the central path. A largest path
that is a subgraph of the caterpillar tree is called a body of the caterpillar tree, while the
other vertices are called legs.

It should be noted that the choice of the body is not unique. The central path is always a
subgraph of the body. The extremal vertex/-ices in the body can be called head and tail.

2.1.2 Cactus graphs

A type of graph that looks somewhat like a tree, is the so-called cactus, which is often called
a cactus tree.

Definition 2.1.2. A discrete graph is called a cactus if it is connected and any two cycles
have at most one vertex in common.

Alternatively, a cactus is a connected graph in which any two distinct simple cycles have no
edge in common. Obviously, a tree is also a cactus, but not conversely.

Definition 2.1.3. In a cactus graph, a bridge is an edge which is not contained in a cycle.
The cactus is called bridgeless, if it does not contain any bridges.

Alternatively, a bridge is an edge e, such that (V,E \ {e}) is not connected.
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∗
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Figure 2.2: A discrete cactus graph. The edges indicated with an asterisk (*) are bridges.
Removing these edges results in a disconnected graph.

2.2 Metric graphs

Loosely speaking, a metric graph is just a finite, connected, positively weighted graph G,
in which every edge is identified with a segment of corresponding length. Thus a compact
metric space is obtained. There is nothing special about the vertices V (G) of G; in particular,
vertices of degree two can be removed by glueing the edges that are incident to it. Therefore,
different discrete graphs may have the same metric graph associated to it.

More formally, metric graphs are compact, connected metric spaces, that can be constructed
in the following way. Let e1, e2, . . . , en be closed line segements of positive length. Let C be
a partition of the endpoints of these line segments, with the property that no two endpoints
belonging to the same segment fall into the same class. Provided that the resulting structure
is connected, by identifying the endpoints that fall in the same C-class, we obtain a compact,
connected metric space with a natural metric m, which we will define more rigourously later.
We will denote the set of all connected metric spaces that can be constructed in this way byH.

It is clear that elements of H can be associated to loopless graphs with vertex set C and edges
corresponding to e1, e2, . . . , en. However, by splitting up one of the edges, identifying the new
endpoints and adding the class containing these two endpoint to C, a different graph can be
constructed from the same metric graph! We want to introduce a more general concept of
vertex set. The following definition is taken from [Luo09].

Definition 2.2.1. We say that Ω is a vertex set of H ∈ H, if Ω is a non-empty finite subset
of H, satisfying the following conditions:

(i) H \ Ω is a disjoint union of subspaces e◦i that are isometric to open intervals.

(ii) If ei is the closure of e◦i , then ei \ e◦i contains exactly two points and those are elements
of Ω.

It can be shown that there is a smallest vertex set, meaning that any other vertex set has at
least as many elements as Ω0. We will denote a smallest vertex set by Ω0. It should be noted
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that in general, Ω0 is not unique.

If we see H ∈ H as a metric realisation of a discrete graph, we can define the degree of any
point v ∈ H in a natural way; namely, it is just the degree of v, when v is seen as a vertex in
the underlying discrete graph. This is made precise in the following definition.

Definition 2.2.2. Let H ∈ H and let v ∈ H. The degree deg (v) of v is given by

deg (v) =

{
2 if v is an interior point of some ei

|K| if v belongs to the C-class K
(2.7)

Definition 2.2.3. If Ω is a vertex set of H ∈ H, the associated weighted graph on Ω is
defined as the weighted graph on Ω, with edge set {e◦i } and ε defined by

ε(e◦i ) = cl (e◦i ) \ e◦i . (2.8)

The weight function w assigns to each edge e◦i the length of this line segment.

We are now ready to define the metric m on H ∈ H more rigourously. Let x, y ∈ H and let
Ω be a vertex set containing the points x and y. Let G be the associated weighted graph on
Ω with weight function w. Let ` be the length of the shortest path from x to y in G. We can
then define

m(x, y) := `. (2.9)

Lemma 2.2.1. m is a well-defined metric on H.

Lemma 2.2.2. Any vertex set Ω contains all elements of degree unequal to 2 in Γ.

Proof. Assume to the contrary that there exists a vertex set Ω and point v of degree unequal
to 2 in Γ. Let A be the subspace of of H \ Ω containing v; then A is isometric to an open
interval and for some ε > 0 the set

S(ε) := {x ∈ H : m(x, v) < ε}. (2.10)

is fully contained in A. S(ε) is a connected subset of an subspace that is isometric to an
open interval, hence it is an open interval itself. But then v cannot have degree 2. A
contradiction.

Two elements H1, H2 ∈ H are called isometric if there exists a bijective map H1 → H2 that
preserves both degree and distance. In this case we write H1 ' H2.

Definition 2.2.4. A metric graph is an element of H/ ' (i.e. a '-equivalence class of H).

We will often use Γ to denote a metric graph.

If Γ is a metric graph and there exists an isometry between any two realizations H1, H2 ∈ Γ,
we can speak of the elements of Γ in the same way as we would speak of the elements of H1

and H2.

We define the genus of the metric graph Γ to be the genus of the associated weighted graph
with respect to some vertex set Ω.
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Lemma 2.2.3. The definition of genus is independent of the choice of Ω.

Proof. By Lemma 2.2.2, Ω contains all elements of degree not equal to 2 in Γ. We will show
that the genus g of Γ depends solely on these elements, so any element of degree 2 in Ω can
effectively be ignored. If this is the case, only the subset of Ω consisting of the elements of
degree not equal to 2 in Γ matters, and this subset is the same for alle vertex sets of Γ.

Let Ω be a vertex set of Γ, containing an element v of degree 2. Denote the associated weighted
graph by A ≡ AΩ(Γ) and assume that |V (A)| = n, |E(A)| = m. Then g = m − n + 1. By
removing v from the vertex set Ω, this vertex is removed from G as well. Moreover, the two
edges adjacent to v are replaced by a single edge, joining the neighbours of v in G. The
resulting graph, A′ ≡ AΩ′(Γ) say, is again an associated weighted graph to Γ, and we find
|V (A′)| = n− 1 and |E(A′)| = m− 1. It follows that g = |E(A′)| − |V (A′)|+ 1. This proves
that any element of degree 2 in Ω can be removed, without influencing the value of g and
by the discussion in the previous paragraph, g depends solely on the elements of degree not
equal to 2, which is independent of Ω.

2.2.1 Discrete graphs associated to metric graphs

There are several ways in which we can associate a discrete graph to a metric graph Γ. We
have already seen the associated weighted graph with respect to some vertex set, Ω. We
will denote this discrete graph by AΩ(Γ).

We say that Γ is a cycle if AΩ(Γ) is a discrete cycle graph. Two cycles are independent if
they share at most one point. If Γ is a metric graph with independent cycles γ1, γ2, . . . , γN ,
the induced cycle graph is the discrete graph on {γ1, γ2, . . . , γN}, in which there is an edge
between γi and γj if i 6= j and the cycles γi and γj share a vertex in Γ.

2.2.2 Special classes of metric graphs

As in the case of discrete graphs, we are particularly interested in just a few classes of metric
graphs. The class of metric graphs that we will consider in this thesis is the class of metric
cactus graphs, and the subclass of metric cactus graphs, known as caterpillar graphs.

Definition 2.2.5. A metric graph Γ is called a (metric) cactus graph, if the associated
weighted graph AΩ(Γ) is a cactus graph, for any vertex set Ω. The metric cactus graph is
called bridgeless if the associated discrete graph AΩ(Γ) is bridgeless.

A bridge is any closed segment B ⊂ Γ, such that cl (Γ \B) is not connected.

Lemma 2.2.4. The above definition is independent of the choice of the vertex set Ω.

Proof. We will first show that for discrete graphs G, it holds that G is a cactus graph, if and
only if any two distinct cycles in G have at most one vertex of degree at least 3 in common.
If we assume that this is true, the Lemma follows from the fact that any vertex set contains
every element of degree not equal to 2 in Γ (the proof of which can be found in the proof of
Lemma 2.2.3), and the defining property of the cactus graph depends solely on the vertices
of degree at least 2.
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To prove the equivalence, note that the implication from left to right is trivial. To show the
implication from right to left, assume that any two distinct cycles have at most one vertex of
degree at least 3 in common. We want to prove, then, that any two distinct cycles have at
most one vertex in common. Suppose that this is not the case. Then there are two distinct
cycles, C and C ′ say, that have at least two vertices in common. By assumption, at least one
of these vertices must have degree 2. Without loss of generality, C : c1c2c3 . . . cn, and c1 is
a vertex of degree 2 that is a common vertex of C and C ′. Traverse c2, c3, . . . , cn until you
reach a vertex of degree at least 3. Distinguish two cases:

(i) You reach c1 again, before you reach a vertex of degree at least 3. In this case, C is a
subgraph of C ′, showing that C = C ′, which cannot be the case by assumption.

(ii) You reach some vertex ci 6= c1 of degree at least 3. Then this vertex is a common vertex
of C and C ′.

Next, traverse C in the other direction. At some point in time, we must find a vertex cj of
degee at least 3. Note that j ≥ i. We distinguish again two cases.

(i) Suppose j = i. In this case, C is a subgraph of C ′, and again C = C ′, which cannot be
the case by assumption.

(ii) Suppose j > i. In this case, cj is a common vertex of C and C ′. We find that the
distinct cycles have two vertices of degree at least 3 in common, which cannot be the
case by assumption.

This shows that if C and C ′ have at most one vertex of degree at least 3 in common, they
have at most one vertex in common, which is what had to be proven.

The following result gives a useful characterisation of cactus graphs (and can be used as an
equivalent definition).

Theorem 2.2.1. A bridgeless metric graph Γ is a cactus graph if and only if the associated
cycle graph C(Γ) is a tree.

If Γ is a cactus graph and γ is a cycle in Γ, we can use this characterisation to define the
degree of γ: it is just the degree of γ as a vertex in C(Γ).

A metric caterpillar graph is like a discrete caterpillar graph, except that the legs and body
segments now consist of cycles.

Definition 2.2.6. A bridgeless metric cactus graph Γ is called a caterpillar graph if the
induced cycle graph C(Γ) is a discrete caterpillar graph.

2.3 Divisors on discrete graphs

Let G be a finite loopless graph. Define Div (G) to be the free Abelian group on the vertices
of G. We can think of the elements of G as formal integer linear combinations of the elements
of V (G), and write D ∈ Div (G) as

D =
∑

v∈V (G)

av(v). (2.11)
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Figure 2.3: Example of a metric cactus graph with inscribed induced cycle graph. The vertices
in the induced cycle graph that correspond to “body cycles” are drawn as small rectangles.

We will often write D(v) if we mean the coefficient of v in D (e.g. in Equation (2.11),
D(v) = av). We will denote the unit element in Div (G) by 0.

We will call elements of Div (G) divisors on G.

The degree of a divisor D is the number deg (D) =
∑

v∈V (G)D(v). The support of D is the
set of all vertices with a nonzero coefficient,

suppD := {v ∈ V (G) : D(v) 6= 0}. (2.12)

We define a partial order on Div (G) as follows: for D,D′ ∈ Div (G), we say that D ≥ D′ if
and only if D(v) ≥ D′(v) for all v ∈ V (G). We say that a divisor E ∈ Div (G) is effective if
and only if E ≥ 0 and we define Div+ (G) to be the set of all effective divisors on G (obviously,
this is not a subgroup of Div (G)!).

LetM (G) := {f : V (G)→ Z} be the Abelian group of integer-valued function on the vertices
of G (with pointwise addition as operation). Define the function ∆ :M (G)→ Div (G) by

∆(f) =
∑

v∈V (G)

∆v(f)(v), (2.13)

where

∆v(f) = deg (v) f(v)−
∑

w∈N(v)

f(w) =
∑

w∈N(v)

(f(v)− f(w)). (2.14)

Divisors of the form ∆(f) are called principal divisors and we define Prin (G) to be the set
of principal divisors on G, Prin (G) := ∆(M (G)). The function ∆ is a linear map, as is
shown in the following Lemma.

Lemma 2.3.1. For any f, g ∈M (G) and any λ ∈ Z, we have

∆(f + g) = ∆(f) + ∆(g), ∆(λf) = λ∆(f). (2.15)

Moreover, we have ∆(f) = 0 is f is constant.
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Proof. Let f and g by any two elements of M (G). Let λ ∈ Z and let v ∈ V be any vertex.
Linearity follows immediately from

∆v(f + g) =
∑

w∈N(v)

(f(v) + g(v)− f(w)− g(w))

=
∑

w∈N(v)

(f(v)− f(w)) +
∑

w∈N(v)

(g(v)− g(w)) = ∆v(f) + ∆v(g) (2.16)

and

∆v(λf) =
∑

w∈N(v)

(λf(v)− λf(w)) = λ
∑

w∈N(v)

(f(v)− f(w)) = λ∆v(f). (2.17)

For the last assertion, assume that f is constant, say f(v) = α for all v ∈ V . We then find
that

∆v(f) =
∑

w∈N(v)

(f(v)− f(w)) =
∑

w∈N(v)

(α− α) = 0. (2.18)

This holds for any v, thus proving that ∆(f) = 0.

From this Lemma, we can conclude that we can add any constant function to a function f ,
and the associated principal divisor will still be the same. As a consequence, if v is any vertex
and ∆(f) is a principal divisor, the function f can be chosen in such a way that f(v) = 0.
The Lemma above is used in the proof of the following fact.

Lemma 2.3.2. Prin (G) is a subgroup of Div (G). Moreover, any principal divisor has degree
0.

Proof. Note first that 0 ∈ Prin (G), since 0 = ∆(0). The first claim now follows from the fact
that −∆(f) = ∆(−f) ∈ Prin (G).

The second assertion follows from the fact that in the double sum
∑

v∈V (G)

∑
w∈N(v) f(w),

each value f(w) is counted exactly deg (w) times, namely, once for each of its neighbours.

If D,D′ ∈ Div (G) are divisors, we say that D is linearly equivalent to D′ (notation:
D ∼ D′), if D −D′ ∈ Prin (G). Obviously, ∼ is an equivalence relation.

Corollary 2.3.1. Let D1, D
′
1, D2, D

′
2 ∈ Div (G). If D1 ∼ D′1 and D2 ∼ D′2, also D1 +D2 ∼

D′1 +D′2.

Corollary 2.3.2. D ∼ D′ implies deg (D) = deg (D′).

Let D be a divisor. The linear system associated to D, |D|, is the set of all effective divisors
linearly equivalent to D,

|D| := {E ∈ Div (G) : D ∼ E,E ≥ 0}. (2.19)

We define the rank (in [BN07] the term dimension is used) r(D) of D to be equal to -1 if
|D| = ∅, and for each integer s ≥ 0 set

r(D) ≥ s⇐⇒ |D − E| 6= ∅, for all effective divisors E of degree s. (2.20)
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An equivalent definition of the rank of a divisor is

r(D) = min
E≥0,|D−E|=∅

deg (E)− 1. (2.21)

The rank of a divisor depends solely on the ∼-equivalence class of D, as is shown in the
following Lemma.

Lemma 2.3.3. Let D,D′ ∈ Div (G), such that D ∼ D′.

(i) If r(D) = −1, also r(D′) = −1;

(ii) If r(D) ≥ s, also r(D′) ≥ s.

Proof. Suppose D,D′ ∈ Div (G) and D ∼ D′.

(i) If r(D) = −1, there are no effective divisors linearly equivalent to D. Since is an
equivalence relation, there are also no divisors linearly equivalent to D′.

(ii) Suppose r(D) ≥ s and let E be an effective divisor of degree s. Then there exists
an effective divisor E′ that is linearly equivalent to D − E. By Corollary 2.3.1 then
E′ ∼ D′ − E as well, which shows that r(D′) ≥ s.

2.4 Divisors on metric graphs

Let Γ be a metric graph. Analogous to the definition of divisors on discrete graphs, we can
define Div (Γ) to be the Abelian group on the elements of Γ. Elements of Div (Γ) are again
called divisors and can be seen as formal integer linear combinations of the elements of Γ,

D =
∑
v∈Γ

av(v), (2.22)

and as before we write D(v) for the coefficient av of v in D. Note that, although Γ contains
infinitely many points, we have av 6= 0 for only a finite number of elements, so the sum is in
fact finite. The term degree and effective are defined analogously to the discrete case, and
the support of D is given by

suppD := {v ∈ Γ : D(v) 6= 0}, (2.23)

which is analogous to the definition of support on a discrete graph.

Definition 2.4.1. Let Γ be a metric graph. A rational function on Γ is a continuous and
piecewise linear function f : Γ→ R with integer slopes.

Example 2.4.1. As an example of a rational function, consider the metric graph Γ depicted
in Figure 2.4, consisting of two circles that have a single point in common. On Γ, we indicated
several points with labels A, B, C and D. We labeled each of the resulting segments with their
lengths. Consider the function f that is linear on each of these segments and takes on the
values f(A) = 0, f(B) = f(C) = 1 and f(D) = 12 is it easily checked that the function f is
indeed a rational function according to the definition above. For example, the slope on the
segment from A to D (in the direction of D) is 6, while the slope from B to C is 0.
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Figure 2.4: A metric graph Γ, with lengths and values of the rational function f at points A,
B, C and D.

Let f be a rational function on Γ. The order ordv(f) of f at v ∈ Γ is defined as the sum of
the outgoing slopes of f at v. To any rational function f , we can associate a divisor ∆(f) on
Γ, which is defined as

∆(f) :=
∑
v∈Γ

ordv(f)v. (2.24)

Analogous to the discrete case, divisors of the form ∆(f) are called principal divisors, and
we define Prin (Γ) to be the set of all principal divisors on Γ. The following is the metric
analogue to Lemma 2.3.2.

Lemma 2.4.1. Prin (Γ) is a subgroup of Div (Γ). Moreover, any principal divisor has degree
0.

Proof. The first assertion follows from 0 = ∆(0) and −∆(f) is ∆(−f).

To prove the second assertion, let f be any rational function on Γ. The number of points
with nonzero order is finite, therefore, there exists a vertex set Ω, such that the slope of f
on the resulting segments is constant. The degree of ∆(f) is just

∑
ω∈Ω ordω(f). The value

ordω(f) can be written as the sum of all outgoing slopes at ω. These values come in pairs:
if s is a segment with endpoints ω and ω′, and the outgoing slope at ω is given by k, then
the outgoing slope on the same segment at ω′ is −k. These pairs cancel in the sum over all
ω ∈ Ω, and we conclude that the degree of any principal divisor must be zero.

As in the discrete case, we say that D,D′ ∈ Div (Γ) are linearly equivalent if D − D′ ∈
Prin (Γ), in which case we will write D ∼ D′, and we define the linear system |D| associated
to D to be the set of all effective divisors that are linearly equivalent to D.

The rank r(D) of D ∈ Div (Γ) can be defined analogously to the rank of divisors on discrete
graphs, viz. , r(D) = −1 if |D| is empty, and for any integer s ≥ 0,

r(D) ≥ s⇐⇒ |D − E| 6= ∅ for every effective divisor E of degree s. (2.25)

An equivalent definition would be

r(D) = min
E≥0,|D−E|=∅

deg (E)− 1. (2.26)



Chapter 3

Chip-firing games

Let G be a discrete graph. We can place stacks of chips on the vertices of this graph. The
number of chips placed on each vertex can be encoded as a divisor D ∈ Div (G). Conversely,
a divisor

D ≡ α1v1 + α2v2 + . . .+ αnvn ∈ Div (G) (3.1)

can be understood as encoding information about stacks of chips placed at the vertices of G.
In particular, the stack on vertex vi contains αi chips (or |αi| antichips, if αi is negative).

Similarly, a divisor D ∈ Div (Γ) can be understood as encoding information on stacks of chips
placed on the points of Γ, and vice versa.

This is the reason that divisors are often referred to as chip configurations, especially in a
combinatorial context [CDPR10].

If we consider the graph G (or metric graph Γ) fixed, we can specify rules according to which
chips can be moved around this graph. In this way, we can define games, usually referred to
as chip-firing games.

In this chapter, we will describe various games on both discrete graphs and metric graphs.
We use the discussion of games on discrete graphs as a means of acquanting ourselves with
the terminology used in this context. The description of the game on metric graphs is crucial
in this thesis: it is the Brill-Noether game, with which this thesis is concerned.

3.1 Two chip-firing games on discrete graphs

In this section, we will describe two chip-firing games on connected discrete graphs, and prove
that they are equivalent in a certain sense.

Moving chips around the graph introduces movement along the edges of the graph in a natural
way. A related concept is that of net movement along a cycle in the graph, which we will
define first.

Definition 3.1.1. Let C = v1v2 . . . vkv1 be a cycle in G. Let ni denote the net movement
along the edge (vi, vi+1) in C, in the direction of vi+1 (here, we use the convention vk+1 = vk).

21
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The net movement along the cycle C is defined as

n(C) :=

∣∣∣∣∣
k∑
i=1

ni

∣∣∣∣∣ . (3.2)

Definition 3.1.2 (Discrete Game A: DA). This game was described in [BN07]. The initial
configuration assigns to each vertex an integral number of chips. A vertex to which a negative
amount of chips is assigned, is said to be in debt. A move consists of a vertex either receiving
a chip from each of its neighbours, or sending a chip to each of its neighbours. The objective
of the game is to reach, through a sequence of moves, a configuration in which none of the
vertices is in debt. A sequence of moves that attains such a configuration is called a winning
strategy.

Definition 3.1.3 (Discrete Game B: DB). The second game is somewhat different from the
first game. In every move in this game, some nodes may send a number of chips to one or
more of their neighbours, in such a way that the net movement along any cycle in the graph
is zero and none of the vertices is in debt in the resulting chip configuration.

As discussed in the introduction of this chapter, every chip configuration can be identified
with a divisor D ∈ Div (G). If D,D′ ∈ Div (G), we say that D ∼DA D′ if there is a sequence
of Game A moves transforming D into D′. Similarly, we say that D ∼DB D′ if there is a
sequence of Game B moves transforming D into D′. Clearly, the relations ∼DA and ∼DB are
equivalence relations.

We will prove that if an effective chip configuration D can be transformed into an effective
chip configuration D′ via Game A moves, then we can also transform D into D′ via Game B
moves, v.v.

Theorem 3.1.1. Let D,D′ ∈ Div (G) be effective divisors. Then

D ∼DA D′ ⇐⇒ D ∼DB D′. (3.3)

Before we turn to the proof in case of a general discrete graph G, we will first discuss the case
in which G is a cycle.

Assume that G = Cn is a cycle on n vertices v1, v2, . . . , vn, labeled in clockwise direction; see
the left part of Figure 3.1. It is sufficient to show that the result of a sequence of Game A
moves can also be achieved by a sequence of Game B moves, v.v.

First, note that any Game A move can be encoded by a function f ∈M (G) in the following
way: if v is the vertex that either sends or receives a chip in the move, set f(v) = 0. For all
w ∈ V \ {v}, set f(w) = −1 if v receives chips, and set f(w) = 1 if v sends chips. This also
works the other way around. It is not hard to see that F ′ = F + ∆(f); here, F (resp. F ′) is
the chip configuration at the beginning (resp. end) of the move. See Figure 3.1.

To show the implication from right to left, it is sufficient to show that any Game B move can
be encoded as a function f ∈ M (G). By an application of Lemma 2.3.1, the function f can
be written as f = f1 + f2 + . . . + fn, where f1, f2, . . . , fn is a number of function satisfying
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Figure 3.1: Encoding a move in Discrete Game A as a function f ∈ M (G), in the case that
G is a cycle graph. From left to right: the graph G = C5; the function f ; the result of the
move (which is ∆(f).

fi(vi) = 0 for some vi and f is constant (with |f(w)| = 1) on V \ {vi}, for all i = 1, 2, . . . , n.
This set of functions corresponds to a sequence of Game A moves. We construct the function
f as follows:

• In step 1, set f(v1) = 0.

• In step i, 2 ≤ i ≤ n, set f(vi) = f(vi−1) + αi, where αi is the net movement of chips
along the edge from vi−1 to vi (note that αi can be negative, if the net movement along
this edge is in the direction of vi−1).

From the zero net movement assumption, it follows that the net movement from α1 :=
f(v1)−f(vn) is the net movement along the edge from vn to v1. Note that for any vi ∈ V (G),
we have

∆vi(f) = (f(vi)− f(vi−1)) + (f(vi)− f(vi+1)) = αi − αi+1, (3.4)

(we will assume that vn+1 = v1, et cetera) which is the net increase at vertex vi during the
move. It follows that if the current chip configuration is F and the resultant chip config-
uration is F ′, these two configurations are connected via F + ∆(f) = F ′, or equivalently,
F − F ′ = ∆(−f). This concludes the proof in the cycle case.

It turns out that the above approach works in the general case as well, although the nota-
tion will be somewhat more involved. We will construct a function f ∈ M (G), such that
D −D′ = ∆(f). In order to do so, execute the following algorithm:

• Select an arbitrary starting vertex v0 ∈ V (G) and set V0 = V = {v0}.

• In step i ≥ 0, consider an enumeration

vi,1, vi,2, . . . , vi,si (3.5)

of elements of Vi, and for j = 1, 2, . . . , si let N(vi,j) be the set of neighbours of vi,j ,
choose v ∈ (N(vi,j) \V )∪Vi, set f(v) = f(vi,j) +α if vi,j sends α chips to v (or receives
−α chips from v) and set V = V ∪{v}. Repeat this, until N(vi,j)\V is empty and then
move on to the next j. Finally, set Vi+1 = V \ (V0 ∪V1 ∪ . . .∪Vi); stop when V = V (G)
and go to step i+ 1 otherwise.
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Since G is connected, the algorithm stops after a finite number of steps. By the assumption
that the net move along any cycle is equal to zero, the outcome of the algorithm is unique up
to an additive constant. It is immediate from the construction of f that D −D′ = ∆(f).

To prove the implication from left to right, we need the concept of reduced divisors on discrete
graphs. In the next chapter, we will define the analogue of reduced divisors for metric graphs,
but we will not describe reduced divisors on discrete graphs. For details concerning reduced
divisors on discrete graphs, see [BN07].

3.2 The Brill-Noether game

The Brill-Noether game is a two-player chip-firing game played on a connected metric graph
Γ. The rules are as follows.

• To start with, Player 11 places d chips on Γ. As was noted in the previous chapter, this
information can be encoded as an effective divisor on Γ.

• Next, Player 2 (Noether) challenges Brill by specifying r points (that need not be
distinct) on Γ. Again, this challenge can be encoded by an effective divisor.

• Brill’s objective is to cover all points in Noether’s challenge by the chips he placed on Γ
when he first started the game. He may move his chips along Γ in order to achieve this.
He may do this in several rounds. In each round he selects one or more of the chips
and moves them along Γ to a new position. This can be seen as a continuous path.
However, he may only move his chips in such a way that the net movement (which is
defined similar to the discrete case) along any cycle in the graph is equal to zero.

We say that Brill wins if he is able to cover all points in Noether’s challenge by a sequence of
such moves. If he is not able to do so, Noether wins. If Brill wins, independent of Noether’s
challenge, we say that his initial configuration is a winning strategy.

We are concerned with determining under which circumstances such a winning strategy ex-
ists. In particular, we are interested in the minimal value of d, such that a winning strategy
in the Brill-Noether game on Γ exists (when we consider r fixed).

In the next Chapter (see Lemma 4.2.2), we will show that the Brill-Noether game described
in this Section can be linked to the concepts of divisors, degree, and rank, that we defined
in the previous Chapter. We will then see that we can formulate questions about winning
strategies (e.g. , “Given a fixed value of r, what is the minimal value of d in the Brill-Noether
game on Γ, such that there exists a winning strategy for Brill?”) as questions about divisors
on Γ (in this particular case, “What is the minimal degree of a rank r divisor on Γ?”).

First, however, we will make precise what we mean by a move and net movement.

1Player 1 is usually called Brill, and player 2 is usually called Noether, after the German mathematicians
Alexander von Brill and Max Noether. Around 1874, Brill and Noether did research in the area of divisors
on curves. The Brill-Noether game, that is the subject of this thesis, is inspired by the research of these two
mathematicians.
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If A ∈ Div+ (Γ) and d = deg (D), let A1, A2, . . . , Ad be an enumeration of points in Γ, such
that A =

∑d
i=1(Ai). Let Sn be the symmetric group on {1, 2, . . . , n} and define

µ : Div+ (Γ)×Div+ (Γ)→ R≥0 ∪ {∞} (3.6)

by

µ(A,B) =

min
σ∈Sd

d∑
i=1

m(Ai, Bσ(i)) if deg (A) = deg (B) =: d

∞ if deg (A) 6= deg (B) .

(3.7)

Lemma 3.2.1. µ is a metric on Div+ (Γ), thus turning Div+ (Γ) into a metric space.

Proof. Non-negativity, identity of indiscernables and symmetry follow trivially from the def-
inition and the fact that m is a metric on Γ. We only need to check if the triangle inequality
holds.

Let A,B,C ∈ Div+ (Γ) be three divisors on Γ. If the degrees do not match, the statement is
trivial, so without loss of generality, we assume that

deg (A) = deg (B) = deg (C) =: d. (3.8)

Let τ ∈ Sn. We find that

min
σ∈Sn

d∑
i=1

m(Ai, Bσ(i)) ≤ min
σ∈Sn

(
d∑
i=1

m(Ai, Cτ(i)) +

d∑
i=1

m(Bσ(i), Cτ(i))

)

=
d∑
i=1

m(Ai, Cτ(i)) + min
σ∈Sn

d∑
i=1

m(Bσ(i), Cτ(i))

=
d∑
i=1

m(Ai, Cτ(i)) + min
σ∈Sn

d∑
i=1

m(Bστ−1(i), Ci)

=

d∑
i=1

m(Ai, Cτ(i)) + min
σ∈Sn

d∑
i=1

m(Bσ(i), Ci).

(3.9)

Here, the inequality follows from the triangle inequality for the metric m. The last equality
holds because σ ∈ Sn implies that στ−1 ∈ Sn, v.v. Equation (3.9) holds for any τ ∈ Sn, so in
particular for the bijection τ that minimises the right-hand-side of this inequality. Thus, we
find

µ(A,B) = min
σ∈Sn

d∑
i=1

m(Ai, Bσ(i)) ≤

min
τ∈Sn

d∑
i=1

m(Ai, Cτ(i)) + min
σ∈Sn

d∑
i=1

m(Bσ(i), Ci) = µ(A,C) + µ(C,B), (3.10)

which is wat had to be proven.
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Definition 3.2.1. Let D = D1 +D2 + . . .+Dd be an effective divisor of degree d. A chip-
firing move of D is a d-tuple of simple paths f1, f2, . . . , fd : [0, 1] → Γ, with the property
that fi(0) = Di for i = 1, 2, . . . , d.

A chip-firing move M = (f1, f2, . . . , fd) induces a path f in Div+ (Γ), which can be described
by

f(t) =
d∑
i=1

fi(t), 0 ≤ t ≤ 1. (3.11)

Note that deg (f(t)) = d for all t, and f(0) = D. By abuse of notation, we will also write
M = f .

Definition 3.2.2. Let Ω be a vertex set in Γ and let γ be an oriented cycle in Γ. let
f = (f1, f2, . . . fd) be a chip-firing move on Γ with the property that fi([0, 1])\Ω is connected
for all i. If fi([0, 1]) ∩ γ 6= ∅, then fi has a well-defined direction (either along or against the
direction of γ). We define the movement of fi along γ as

ν
(i)
γ,Ω(t) :=


0 if fi([0, 1]) ∩ γ = ∅,
length(fi([0, t])) if fi moves along the direction of γ,

−length(fi([0, t])) if fi moves against the direction of γ,

(3.12)

for 0 ≤ t ≤ 1. The net movement of f along γ is given by

νf,γ,Ω(t) :=
d∑
i=1

ν
(i)
γ,Ω(t), 0 ≤ t ≤ 1. (3.13)

For an illustration of the net movement along a cycle, see Figure 3.2(a). For an oriented
closed segment I ⊆ Γ, such that I \ Ω is connected, we can define a similar notion of net
movement. Note that if I1, I2, . . . , In are oriented closed segments with disjoint interiors, and
the cycle γ is the union of these closed segments, such that the orientation of γ is compatible
with the orientation of I1, I2, . . . , In, then the net movement along γ is equal to the sum of
net movements along the closed segments. For an illustration, see Figure 3.2(b).

Definition 3.2.3. A chip-firing move f is called a Brill-Noether move, if for all (oriented)
cycles γ in Γ the net movement along γ is zero.

length = 1

(a) Net movement along this cycle (assum-
ing clockwise orientation): -1.

(b) An oriented cycle made up of closed seg-
ments with a compatible orientation.

Figure 3.2: Illustration of net movement along a cycle.



Chapter 4

Literature overview

In this chapter, we will give a brief overview of some of the literature that is available on
Brill-Noether theory on curves, graphs and metric graphs.

In section 4.1, we will provide some historical background; we will describe how the theory
evolved from a theory concerning divisors on curves to a theory concerning divisors on (metric)
graphs, and how these concepts are related. Next, in section 4.2 we will describe some of the
tools concerning the (metric) graph case that were developed quite recently and that we
can use in the analysis of the Brill-Noether game on metric cactus graphs. In particular,
we will introduce the notion of v0-reduced divisors, describe an algorithm to construct such
reduced divisors, and use them to show the relation between the Brill-Noether game described
in Chapter 3 and Brill-Noether theory on metric graphs. We will also describe the very
useful concept of rank-determining sets; finite rank-determining sets provide an algorithm for
computing ranks of divisors. In section 4.3 we will give a very short introduction to Brill-
Noether theory. In the final section, we will describe some of the results of a recent research
on Brill-Noether theory on a class of metric graphs known as generic chains of cycles.

4.1 A little background: from Riemann surfaces to graphs

A Riemann surface X is a one-dimensional complex manifold. Hence, it is a space that
locally “looks like” the complex plane C. More precisely, every point x ∈ S has a neighbour-
hood that is homeomorphic to an open set in C (such a homomorphism is called a chart and
the set of all charts is called an atlas). An example of such a surface is the so-called Riemann
sphere, which can be seen as the complex plane wrapped around the sphere, with an extra
point (“at infinity”) added.

If D ⊆ C is an open subset of the complex plane, and f : D → C, then f is called holomor-
phic if it is complex differentiable in D. If f is holomorphic on D, except maybe for a finite
set of isolated points, which are poles of f , then f is called meromorphic.

Since a Riemann surface locally looks like open subsets of C, we can define the concepts of
holomorphic and meromorphic for Riemann surfaces as well. In particular, if X and Y are
Riemann surfaces, then f : X → Y is called holomorphic if for all charts φX in the atlas on
X and all charts φY in the atlas on Y , the function φY ◦ f ◦ φ−1

X is holomorphic in the usual

27
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sense on its domain. f is called meromorphic, if it is holomorphic on X, except maybe for a
set of isolated points, which are poles of f .

Note that the set of complex-valued meromorphic functions on X, equipped with pointwise
addition and scalar multiplication, forms a complex vector space. This is easy to see if X is
an open subset of C, but it holds for general X as well.

A divisor D on X is an element of the free Abelian group on X, the degree deg (D) of D is
defined to be the sum of all coefficients of D; these concepts are familiar from the correspond-
ing definitions for discrete and metric graphs, see the corresponding sections in Chapter 2.

The group of divisors on X comes with a partial order ≤, similar to the partial order we
defined earlier the group of divisors on discrete or metric graphs.

We can define principal divisors much in the same way as before. Let f be a non-zero
meromorphic function on X, then the associated principal divisor is

∆(f) =
∑

z∈P (f)

ordz(f)z; (4.1)

here, P (f) is the set of all zeroes and poles of f and ordz(f) is the order of f at z,

ordz(f) :=

{
a if z is a zero of f of order a,

−a if z is a pole of f of order a.
(4.2)

Like before, we say that two divisors D and D′ on X are linearly equivalent if there exists
a meromorphic function f on X, such that

D −D′ = ∆(f). (4.3)

The principal divisor associated to a meromorphic function f can be used to describe the
zeroes and poles of f : namely, when the principal divisor is seen as a function X → Z, it
assigns to every zero of f the order of that zero, and to every pole of f minus the order of
that pole. To every other point, the value 0 is assigned.

Suppose now that we are interested in complex-valued meromorphic functions h on X, such
that h has zeroes x1, x2, . . . , xk of order at least α1, α2, . . . , αk and poles y1, y2, . . . , ym of order
at most β1, β2, . . . , βm. For such a meromorphic function, it must hold that

∆(h) +D ≥ 0 (4.4)

and vice versa, where

D =

m∑
i=1

βiyi −
k∑
j=1

αjxj . (4.5)

We define L(D) to be the set of all meromorphic functions h on X such that Equation (4.4)
holds, to which the function z 7→ 0 is added. From now on, we will assume that X is not only
a one-dimensional complex manifold, but also that it is compact.
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Lemma 4.1.1. L(D), equipped with the usual pointwise addition and scalar multiplication,
is a vector space.

Proof. Obviously, L(D) is a subset of the set of all complex-valued meromorphic functions,
which is a vector space. Also, by definition, the zero function z 7→ 0 is an element of L(D).
Hence, we only need to verify that L(D) is closed under addition and scalar multpliciation.

(i) Addition: Let g and h be two elements of L(D). If at least one of these elements is
z 7→ 0, we are done. Otherwise, we need to prove two things:

(a) Each xi, i = 1, 2, . . . , k, is a zero of g + h of order at least αi.

(b) g + h has no poles, except possibly yi, i = 1, 2, . . . ,m. Moreover, these poles have
order at most βi.

Note that xi is a zero of order at least αi of both g and h. Then is must also be a zero
of order at least αi of g + h.

For the second part, note that g + h can have a pole only at those points where either
g or h has a pole, by linearity of differentiation. We find that

z 7→ (z − yi)βi(g(z) + h(z)) = (z − yi)βig(z) + (z − yi)βih(z) (4.6)

does not have a pole at z − yi, which shows that the possible pole at yi has order at
most βi.

(ii) Scalar multiplication: This follows from the fact that for any complex-valued mero-
morphic function and any non-zero λ ∈ C, we have ∆(λh) = ∆(h).

We need compactness of X to ensure that L(D) is finite-dimensional. For example, if X = C
and D = −1(p) for some p ∈ X, it is easy to construct an independent sequence with zeroes
of increasing order at p, showing that in this case L(D) is not finite-dimensional. Riemann’s
inequality, proved by Bernhard Riemann in 1857, gives a lower bound for the dimension of
L(D):

dimL(D) ≥ deg (D)− g + 1. (4.7)

The difference between the right-hand-side and the left-hand-side was later made precise by
Riemann’s student, Gustav Roch; the result is known as the Riemann-Roch Theorem.

Recently, people have become attracted to study the analogies among algebraic curves, dis-
crete graphs, metric graphs and also tropical curves (see e.g. [Luo09] and references therein).
Of particular interest is [Bak08], which links the rank of a divisor D on certain curves C to
the rank of a divisor on a discrete graph G associated to C; we will not describe the relation
between C and G in this report. In particular, [Bak08] defines a degree-preserving group ho-
momorphism τ mapping divisors on C to divisors on G and they prove the following so-called
Specialisation Lemma:

Lemma 4.1.2 (Specialisation Lemma, [Bak08]). For any divisor D on C, we have

rkGτ(D) ≥ rkCD. (4.8)
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In an appendix to the article, Brian Conrad shows that every discrete graph G can occur as
the discrete graph associated to some curve. Using this result, the Specialisation Lemma can
be used as a vehicle to translate results about divisors on graphs into results about divisors
on curves and vice versa. For example, if a curve C admits a divisor of degree d and rank
at least r, then so does the associated graph G. On the other hand, non-existence of graphs
admitting such divisors, implies non-existence of curves admitting such divisors (within the
class of curves under consideration).

About a year earlier, some results regarding divisors on discrete graphs were described in
[BN07] (note that the author of [Bak08] is also one of the authors of this article), they
proved, for example, an analogue of the Riemann-Roch theorem for discrete graphs.

The analogies between discrete graphs and metric graphs were studied in [HKN08]. In the
article, a metric graph Γ is said to correspond to a discrete graph G if Γ is obtained from
G by identifying each edge with a closed interval op unit length. Any divisor D ∈ Div (G)
induces a divisor in Div (Γ), which is zero on the interior of the edges; by abuse of notation
we will denote this divisor on Γ also by D. In [HKN08] it was shown that there is a strong
relation between divisors on discrete graphs and divisors on the corresponding metric graph;
in particular, they proved the following theorem.

Theorem 4.1.1. Let D be a divisor on a graph G and let Γ be the metric graph corresponding
to G. Then it holds that

rkGD = rkΓD. (4.9)

It is pointed out in the article that the statement of the theorem is not trivial, since the sets
of effective divisors and principal divisors on Γ are both strictly larger than the respective
sets for G.

The analogies between discrete graphs and metric graphs were pursued further in [Luo09].
In particular, in this article it is shown that the requirement of unit edge lengths in the
corresponding metric graph is not necessary.

Definition 4.1.1. Let Γ be a metric graph and let A be a non-empty subset of Γ; let
D ∈ Div (Γ). The A-restricted rank rA(D) of D is defined as rA(D) = −1 if |D| = ∅ and

rA(D) ≥ r ≥ 0⇐⇒ |D − E| 6= ∅ for any E ≥ 0, suppE ⊆ A. (4.10)

The set A is called rank-determining if rA(D) = rΓ(D) for all D ∈ Div (Γ). The following
was proved in [Luo09].

Lemma 4.1.3. Every vertex set is a rank-determining set.

4.2 Divisors on metric graphs

A useful concept that was used as a tool in [HKN08, Luo09] is the concept of v0-reduced
divisors. For some base point v0 ∈ Γ, a v0-reduced divisor is a divisor that is effective away
from v0 and of which the points, loosely speaking, are as close to v0 as possible [CDPR10]. It
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turns out that every ∼-equivalence class in Div (Γ) admits a unique v0-reduced representant,
which will be useful in further analysis.

If X is a closed connected subset of Γ, and if v ∈ ∂X, we define the number of edges
leaving X at v to be the maximum size of a collection of segments with disjoint interiors
in Γ \ (X \ {v}) with an end in v. Let D be a divisor on Γ. We say that v is saturated
with respect to D and the subset X, if the number of edges leaving X at v is at most D(v);
otherwise, v is non-saturated (with respect to D and X). For an example, see Figure 4.1.

u

v

w

X

Figure 4.1: Let D = (u) + (w) be a divisor on this metric graph. The point w is saturated
with respect to D and X, while the point u is non-saturated.

Definition 4.2.1. Let D ∈ Div (Γ) and let v0 ∈ Γ be some point. We say that D is v0-
reduced1, if

(i) D + k(v0) is effective, for some integer k;

(ii) every closed connected set X ⊆ Γ \ {v0} contains a non-saturated boundary point.

As mentioned earlier, every divisor is linearly equivalent to a unique v0-reduced divisor.

Theorem 4.2.1 (Theorem 10 in [HKN08]). Let D ∈ Div (Γ) and let v0 ∈ Γ. There exists a
unique v0-reduced divisor D0 linearly equivalent to D.

To check if a given effective divisor D is v0-reduced, in theory we need to check infinitely
many closed connected subsets of Γ. However, in [Luo09] an elegant algorithm for determin-
ing whether D is v0-reduced was developed. As this algorithm provides some basic insight in
the meaning of being v0-reduced, and we need it later on to show the analogy between the
Brill-Noether game and linear equivalence of divisors, we will briefly describe it here.

Let S be a non-empty, finite subset of Γ. We define US,v0 to be the maximal connected subset
of Γ, such that v0 ∈ US,v0 and S ∩ US,v0 = ∅. The algorithm now works as follows:

(i) Set k = 0, Sk = suppD \ {v0}.

(ii) If Sk = ∅ or all the boundary points of UcSk,v0
are saturated with respect to UcSk,v0

and
D, return Sk.

1An analogous concept exists in the context of divisors on discrete graphs, see [BN07]. In particular, a
divisor D on a discrete graph is called v0-reduced if the map v 7→ D(v) restricted to V (G) \ {v0} is a so-called
G-parking function based at v0. It is shown in [HKN08] that D ∈ Div (G) is a v0-reduced, if and only if D is
v0-reduced in the metric graph corresponding to G.
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v0

v1 v2

v3

v4

(a) A metric graph
with a few distin-
guished points.

2

1

1

(b) D = 2v2 + v3 + v4.

2

1

1

(c) v2 is non-saturated

1

1

(d) v3 and v4 are satu-
rated.

2

1

(e) D = 2v2 + v3.

2

1

(f) v2 is non-saturated.

1

(g) Meeting the point
v3 . . .

(h) which is non-
saturated.

Figure 4.2: Illustration of the burning algorithm. The burning algorithm shows that the
divisor 2v2 + v3 is v0-reduced, while the divisor 2v2 + v3 + v4 is not v0-reduced.

(iii) Let Nk be the set of non-saturated boundary points of UcSk,v0
, set Sk+1 = Sk \Nk and

increase k by 1. Go to step (ii).

Lemma 4.2.1 (Lemma 2.6 in [Luo09]). D is v0-reduced if and only if the output of the
algorithm is empty.

There is a nice interpretation of the algorithm in terms of “burning” the graph, starting from
v0. The interpretation of D is then that it encodes a certain amount of water at certain points
in the graph. We set Γ on fire, starting at v0. The fire will extend to other parts of the graph;
burning every position it reaches. As soon as it encounters water at point v, there are two
options:

(i) there is at least as much water as there are incoming edges at v (v is saturated); in this
case, the fire is stopped;

(ii) there is less water than incoming edges at v (v is non-saturated). In this case, the water
evaporates and the fire moves on.

We say that D is v0-reduced if the whole graph Γ can be burned in this fashion, see Figure
4.2.
Based on the burning algorithm, in [Luo09] an algorithm for computing the v0-reduced divisor
that is equivalent to a given effective divisor was developed. A concept that plays an important
role in this algorithm is that of basic v0-extremal functions, introduced in [HKN08].
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Definition 4.2.2. A rational function f on a metric graph Γ is called basic v0-extremal if
there exist closed, connected subsets Xmin(f) and Xmax(f) of Γ, with the following properties.

(i) v0 ∈ Xmin;

(ii) f is constant on Xmin and Xmax;

(iii) every point of degree unequal to 2 is contained in Xmin ∪Xmax;

(iv) if v ∈ ∂Xmin, then ordv(f) is equal to the number of edges leaving Xmin at v;

(v) if v ∈ ∂Xmax, then −ordv(f) is equal to the number of edges leaving Xmax at v;

(vi) ordv(f) is zero if v 6∈ (∂Xmin ∪ ∂Xmax).

Note that f attains its maximum on Xmax, its minimum on Xmin, and that Γ \Xmax \Xmin

consists of disjoint open intervals of equal length.

Let D be an effective divisor on Γ and let Ω be a fixed vertex set of Γ, with v0 ∈ Ω. Let S
be a subset of suppD \ {v0}, such that all the boundary points of UcS,v0 are saturated with
respect to D. The idea of the following algorithm is to move the chips at S closer to v0, thus
obtaining a divisor that is (very loosely speaking) “more v0-reduced” than the original divisor
D. We can define the v0-move with respect to S and Ω as a path in Div+ (Γ). Define the
function M : [0, 1]→ Div+ (Γ) as follows:

MS,v0,D(0) := D

MS,v0,D(t) := D +

J∑
j=1

∆(fj(t)), 0 < t ≤ 1
(4.11)

Here, J is the number of connected components in UcS,v0 , which we will label X1, X2, . . . , XJ .

For j = 1, 2, . . . , J , the functions fj(t) are basic v0-extremal functions2, with the property
that

Xmax(fj(t)) = Xj , ∂Xmin(fj(t)) = Pj(t) (4.12)

where Pj(t) is defined as

Pj(t) := {p ∈ US,v0 : m(Xj , p) = tdj}, (4.13)

and

dj := m(Xj ,US,v0 ∩ Ω). (4.14)

We can now compute the unique v0-reduced divisor that is equivalent to a given divisor D ≥ 0,
as follows:

• Set D0 = D and S0 = S;

• In step i ≥ 1, let Si−1 be the output of the burning algorithm for Di−1. If Si−1 is
empty, output Di−1. Otherwise, make the v0-move MSi−1,v0,Di−1 , yielding a divisor
Di = MSi−1,v0,Di−1(1) ≥ 0. Go to step i+ 1.

2Note that the object fj(t) is a rational function on Γ, for each t!
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1

1

(a) The v0-move with
respect to S0. . .

4

(b) . . . and its result.

Figure 4.3: The v0-move with respect to S0 and its result.

For details and proofs, we refer to the original article.

Example 4.2.1. Consider the metric graph depicted in Figure 4.2, and the divisor D =
2v2 + v3 + v4. The output of the burning algorithm is S0 = {v3, v4}, and it follows that D
is not v0-reduced. The v0-move with respect to S0 is depicted in Figure 4.3 (we assume here
that the length of the two arrows are equal). Note that the result is still not v0-reduced; so
we need to make a new v0-move with respect to S1 = {v2}.

We are now able to link the Brill-Noether game described in the previous chapter to the
concepts of divisors, ranks, and degrees.

Lemma 4.2.2. Each sequence of Brill-Noether moves corresponds to a principal divisor in
∆(f) ∈ Div (Γ), v.v.

The lemma shows that we can describe linear equivalence of divisors in terms of valid moves
in the Brill-Noether game, v.v. This means that in order to show that two effective divisors
are equivalent, we can see them as chip configurations in the Brill-Noether game and try to
transform one of the positions into the other position by Brill-Noether moves. This makes
the analysis of divisors and linear systems more intuitive. In the remainder of this report, we
will often use the concepts of divisors, linear equivalence et cetera and their corresponding
interpretations in terms of the Brill-Noether game interchangeably.

Theorem 4.2.2. Brill has a winning strategy in the Brill-Noether game if and only if the
degree-d divisor corresponding to his chips has rank at least r.

Proof of Lemma 4.2.2. Let D and D′ be two effective divisors on Γ. We will show that if
D ∼ D′, then there exists a sequence of Brill-Noether moves transferring D to D′, while if D
can be transferred to D′ using only a sequence of valid Brill-Noether moves, then also D ∼ D′.

We will first prove that D ∼ D′ implies the existence of a sequence of Brill-Noether moves.
Let v0 be some point on Γ. Since D ∼ D′, there exists a unique v0-reduced divisor D0, that is
linearly equivalent to both D and D′. Above, we described an algorithm for computing this
divisor D0; if we can show that each of the function fj(t) is a valid Brill-Noether move, we
are done.

To start with, we need to show that for each t ∈ (0, 1]

D +
J∑
j=1

∆(fj(t)) ≥ 0. (4.15)
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Note that

Nj{v ∈ Γ : ∆(fj(t))(v) < 0} = {v ∈ Xj : outdegXj
(v) > 0}, (4.16)

and these are the only interesting points. Note that the Nj are pairwise disjoint, so we only
need to check that D + ∆(fj(t))(v) ≥ 0 for each v ∈ Nj , for all j. By definition of Xj , we
know that v ∈ ∂Xj is saturated with respect to Xj and D, so D(v) ≥ outdegXj

(() v). By
definition of v0 extremal functions, we know that ordfj(t)(v) = −outdegXj

(() v) ≤ −D(v).
We conclude that for all v ∈ Nj ,

(D + ∆(fj(t)))(v) = D(v)− ordfj(t)(v) ≥ 0. (4.17)

We now proceed to show that the net movement of fj(t) is zero, for each j = 1, 2, . . . , J . Fix j
and let Xmin(t) ≡ Xmin(fj(t)), Xmax ≡ Xmax(fj(t)). Note that for t > 0 the set Γ \Xmin(t) \
Xmax is a union of disjoint open intervals, which we will enumerate I1(t), I2(t), . . . , In(t) (as a
consequence of Lemma 2.2.2, we can choose this enumeration such that Ii(t1) ⊆ Ii(t2) for all i
and all t1 ≤ t2). Define the degree-n chip-firing move g = (g1, g2, . . . , gn) by setting gi(t) equal
to the unique point on cl (Ii(1)) at distance tdj from Xj . Note that length(gi([0, t])) = tdj for
all i and all t.

D + ∆(fj(t)) = D + g(t)− g(0), (4.18)

for each 0 < t ≤ 1.

Let γ be any oriented cycle in Γ. The cycle γ contains an even number of intervals cl (Ii(1)).
On these intervals, γ induces an orientation: either towards Xmax or towards Xmin. These
intervals have respective index sets Cmax and Cmin. Moreover, the number of intervals of either
orientation is just half of the number of intervals contained in γ. Note that the movement of
gi along γ is given by3

ν
(i)
j,γ(t) =


tdj if i ∈ Cmin,

−tdj if i ∈ Cmax,

0 otherwise.

(4.19)

Hence, we find that the net movement of g along γ is equal to

νγ,j(t) = |Cmin|tdj − |Cmax|tdj = 0. (4.20)

To show that the implication in the other direction holds as well, we need to show that
for a Brill-Noether move g = (g1, g2, . . . , gn) on Γ (with respect to a vertex set Ω′), it
holds that g(0) ∼ g(t) for all 0 ≤ t ≤ 1. If we can construct a rational function f ,
such that g(0) − g(t) = ∆(f), we are done. Note that the only interesting points are
S := suppg(0) ∪ suppg(t). Let Ω := Ω′ ∪ S be a vertex set containing S and let AΩ(Γ)
be the weighted graph associated to Ω. We want to construct a function that is linear on
each of the edges in AΩ(Γ), and hence linear on each of the connected components of Γ \ Ω.
Such a function can be defined by defining only the function values at the vertices Ω of AΩ(Γ).

3For simplicity, we will omit any reference to the underlying vertex set Ω. This can be done without loss
of generality, since Ii(1) ∩ Ω = ∅ for all i = 1, 2, . . . , n.
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We will construct the rational function f as follows: choose ω0 ∈ Ω, set f(ω0) = 0 and set
V = {ω0}. For a subset W ⊆ Ω, denote by N(W ) the set of neighbours of vertices in W .
Execute the following algorithm:

(i) If V = Ω, we are done;

(ii) select ω ∈ N(V ) \ V and let [ω′, ω] be an edge in AΩ(Γ), such that ω′ ∈ V ;

(iii) let ν be the net movement of g along the closed segment corresponding to [ω′, ω] in the
direction of ω (ν is an integer multiple of the length of this segment) and set f(ω) =
f(ω′) + ν;

(iv) add ω to V ;

(v) go to step (i).

By the assumption that the net movement along any cycle is zero, it follows that f is a
rational function. Choose ω′ ∈ Ω and let e1, e2, . . . , em be an enumeration of the edges in
AΩ(Γ) having ω′ as one of its ends. Close inspection of the net movement νi of g along
ei = [ω, ωi] towards ωi, i = 1, 2, . . . ,m, shows that

νi = ni × length(ei), (4.21)

with

ni := #{j ∈ {1, 2, . . . , n} : ∃0 ≤ t1 < t2 ≤ 1 s.t. fj(t1) = ω, fj(t2) = ωi}
−#{j ∈ {1, 2, . . . , n} : ∃0 ≤ t1 < t2 ≤ 1 s.t. fj(t1) = ωi, fj(t2) = ω}. (4.22)

This means that ni is the slope of ei towards ωi. It follows that the order of f at ω is

ordω(f) =
m∑
i=1

ni. (4.23)

This shows that g(t) = g(0) + ∆(f), or equivalently g(0)− g(t) = ∆(−f). Therefore, g(0) is
linearly equivalent to g(t) for 0 < t ≤ 1.

4.3 Brill-Noether theory

Brill-Noether theory studies linear equivalence classes of divisors on algebraic curves; in par-
ticular the existence and non-existence of effective divisors of prescribed rank and degree.
The main result in this area is known as the Brill-Noether Theorem and was first proven in
full generality in [GH80].

Let W r
d be the set of linear equivalence classes of divisors of degree d that have rank at least

r. Define the Brill-Noether number

ρ(g, r, d) := g − (r + 1)(g − d+ r). (4.24)

The Brill-Noether Theorem can then be stated as follows:
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Theorem 4.3.1 (Brill-Noether theorem [GH80]). Let C be a general curve of genus g, then

(i) if ρ(g, r, d) < 0 then W r
d = ∅;

(ii) if ρ(g, r, d) ≥ 0, then W r
d has dimension min(g, ρ(g, r, d)).

A weaker version, namely that W r
d is non-empty as soon as ρ(g, r, d) ≥ 0, was proved much

earlier; see e.g. [KL72] and references therein.

4.4 Analysis of the Brill-Noether game on a generic chain of
cycles

A recent study [CDPR10] of divisors on metric graphs constructs metric graphs of every genus
with the property that if ρ(g, r, d) < 0, no effective divisors of rank r and degree d exist, thus
confirming Conjecture 3.9(2), 3.10(2) and 3.15 of [Bak08]. Moreover, by an application of the
Specialisation Lemma and the discussion in Appendix B of [Bak08], this gives a new proof of
the Brill-Noether theorem.

The class of metric graphs considered in [CDPR10] is the class of bridgeless metric cactus
graphs Γ of which the associated cycle graph is a path. For obvious reasons, such graphs are
called chains of cycles. Let us label these cycles γ1, γ2, γg, and define the point vi to be
the unique point shared by γi and γi+1 for i = 1, 2, . . . , g − 1. Moreover, we choose v0 6= v1

on γ1 and vg 6= vg−1 on γg. The cycle γi can be seen as the union of two closed segments
with endpoints vi−1 and vi, and we will denote the lenghts of these segments `i and mi,
respectively. See Figure 4.4.

γ1v0
v1

γ2

v2

γ3

v3

γ4
v4

γ5 v5

`1

m1

Figure 4.4: A chain of five cycles.

Definition 4.4.1. The chain of cycles Γ is said to be generic if none of the ratios `i/mi is
equal to the ratio of two positive integers whose sum is less than or equal to `i +mi.

One of the main results in [CDPR10] is that if Γ is a generic chain of cycles and ρ(g, r, d) is
negative, then Γ has no effective divisors of degree d and rank r, while if ρ(g, r, d) is nonnega-
tive, the dimension of W r

d (Γ) is min(g, ρ(g, r, d)). The genericity assumption is necessary for
the nonexistence part in this statement.
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It follows from Lemma 4.2.1 that if D is a v0-reduced divisor on Γ then each of the punctured
cycled γi \ {vi−1} supports at most one point of D. Such a point can be identified with its
clockwise distance to vi−1; this shows that there is a 1-1 correspondence

{v0-reduced divisors} ↔ Z× R/(`1 +m1)× R/(`2 +m2)× . . .× R/(`g +mg), (4.25)

identifying a v0-reduced divisor D with the data (D(v0);x1, x2, . . . , xg), where xi is the dis-
tance in clockwise direction of the unique point on γi \ {vi−1} to the point vi−1, if γi \ {vi−1}
contains such a chip, and 0 otherwise.

In [CDPR10], it is shown that v0-reduced divisors can also be linked to combinatorial objects
called lingering lattice paths.

Definition 4.4.2. A g-step lingering lattice path in Zr is a sequence p0, p1, . . . , pg of
points in Zr, such that for i = 1, 2, . . . , g the difference pi − pi−1 is either (−1,−1, . . . ,−1), a
standard basis vector, or zero.

Using the correspondence 4.25 we can associate to each v0-reduced divisor (and thus to each
divisor class) a lingering lattice path.

Definition 4.4.3. Let D be a degree-d divisor, corresponding to (D(v0);x1, x2, . . . , xg). The
associated lingering lattice path in Zr is defined as follows:

p0 = (D(v0), D(v0)− 1, . . . , D(v0)− r + 1) (4.26)

and for i = 1, 2, . . . , g

pi−pi−1 =


(−1,−1, . . . ,−1) if xi = 0;

ej if xi ≡ (pi−1(j) + 1)mi mod (`i +mi) and pi−1, pi−1 + ej ∈ C;
0 otherwise.

(4.27)

Here, ej , j = 0, 1, . . . , r − 1 are the r standard basis vectors in Zr and C is the open Weyl
chamber in Rr,

C := {x ∈ Rr : x(0) > x(1) > . . . > x(r − 1) > 0}. (4.28)

Lingering lattice paths have an interpretation in terms of the Brill-Noether game, that was
described in the previous chapter. By Lemma 4.1.3, we may assume that Noether places
his challenge on the vertices v0, v1, . . . , vg, since these vertices form a rank-determining set.
Brill starts with a large pile of chips at v0 (corresponding to a v0-reduced divisor!), which he
then “reduces” to v1, picking up an extra chip if a chip is placed on γi \ {vi−1} in a “smart”
way, and leaving behind a chip if this is not the case. If Noether placed one or more of his
challenges at v0, Brill leaves some chips behind to cover these points as well; in other words,
Brill’s chips are moved as close to v1 as possible, while covering any challenge of Noether at
v0. This process is then repeated when Brill moves his pile of chips to v2 and tries to cover
Noether’s challenges at v1 as well. This intuitive explanation is made precise in the following
Lemma, which is Lemma 3.10 in [CDPR10]:
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Lemma 4.4.1. Let D be the effective divisor corresponding to Brill’s chip configuration
and let E be the effective divisor corresponding to Noether’s challenge. Without loss of
generality suppE ⊆ {v0, v1, . . . , vg}. Let Ei := E|{v0,v1,...,vi} and let Di be the vi-reduced
divisor equivalent to D − Ei. Assume deg (Ei) = j < r. Then

(i) D(vi) ≥ pi(j);

(ii) if j > i, then Di|γj\{vj−1} = D|γj\{vj−1}.

This Lemma is then used to prove the following theorem, which is Theorem 3.6 in [CDPR10]:

Theorem 4.4.1. The divisor D has rank at least r if and only if the associated lingering
lattice paths lies in the open Weyl chamber.

The case ρ(g, r, d) = 0 turns out to be a bit special, as it admits an enumeration of every
effective v0-reduced divisor with these parameters.

Let D be a such a v0-reduced divisor and let P be its associated lingering lattice path. Note
that, in the correspondence (4.25), the number of nonzero xi is d − D(v0). Since the total
number of steps in the associated lingering lattice path is g, this shows that the number of
steps in P in the direction (−1,−1, . . . ,−1) is given by g − (d −D(v0)). By Theorem 4.4.1,
P ∈ C, so for the last coordinate, we find

pg(0) > gg(1) > . . . > pg(r − 1) > 0. (4.29)

For j = 0, 1, . . . , r − 1, we have

pg(j) = D(v0)−j−(g−(d−D(v0)))+#{steps in ej direction} = d−g−j+#{steps in ej direction}.
(4.30)

From the inequality pg(r − 1) > 0, it follows that

#{steps in er−1 direction} ≥ g − d+ r. (4.31)

By varying j, we can easily show that this inequality holds not only for er−1, but for every
ej , j = 1, 2, . . . , r − 1. Note that the total number of steps is therefore bounded by

g ≥ #{steps in (−1,−1, . . . ,−1) direction}+
r−1∑
j=0

#{steps in ej direction} ≥ (r+1)(g−d+r).

(4.32)

Moreover, ρ(g, r, d) = 0 implies that the above inequality holds with equality, thus showing
that the number of steps in each direction is exactly g − d + r. Since such a path has no
0-steps, each such a path gives rise to a unique v0-reduced divisor of degree d and rank r.
Hence, such divisors can be enumerated by enumerating all lingering lattice paths that lie
within C and take exactly g−d+r steps in each direction e0, e1, . . . , er−1 and (−1,−1, . . . ,−1).
Such paths can be recorded in a rectangular array with r+ 1 columns and g − d+ r rows, as
follows. We let the first r columns correspond to steps in the direction e0, e1, . . . , r− 1, while
the last column corresponds to steps in the direction (−1,−1, . . . ,−1). We then put the step
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number i = 1, 2, . . . , (r + 1)(g − d+ r) in the array, such that the column in which i appears
corresponds to the direction of step i.

The resulting array is unique up to ordering of entries in each column, so we can arrange
them in increasing order. By the assumption that P is in C, it follows that the numbers in
each row are increasing as well.

Rectangular m×n arrays containing each of the numbers 1, 2, . . . ,mn exactly once and having
the property that the sequences in each row and column are increasing, are called standard
Young tableaux on the m×n rectangle [Yon07]. Above, we described a 1-1 correspondence
between lingering lattice paths with g − d+ r steps in every nonzero direction, an no 0-steps
and standard Young tableaux on the (r + 1)× (g − d+ r) rectangle.

A vast theory concerning Young tableaux exists; for example, the number of standard Young
tableaux on rectangles can be counted using the so-called hook-length formula [FH91], which
shows that the number of standard Young tableaux is given by an (g−d+r)-th r-dimensional
Catalan number. Thus, we obtain the following result.

Theorem 4.4.2. Suppose ρ(g, r, d) = 0. Then the number of effective v0-reduced divisors
with degree d and rank r is given by

λ = g!
r∏
i=0

i!

(g − d+ r + i)!
, (4.33)

which is the (g − d+ r)-th Catalan number of dimension r.

The discussion above also shows the following, which is a weakened version of Theorem 1.1
in [CDPR10].

Theorem 4.4.3. If ρ(g, r, d) is negative, then Γ has no effective divisors of degree d and rank
r.



Chapter 5

Analysis of the Brill-Noether game
on cactus graphs

This chapter contains the main results of our research.

The order of sections in this chapter reflects the order in which we conducted our research. In
particular, at first we restricted ourselves to the analysis of rank-1 divisors on metric cater-
pillar graphs, as this more restrictive setting seems to be easier to describe combinatorially,
compared to the more general case we will condiser later. After the analysis of rank-1 divisors
on metric caterpillar graphs, we extended our research to metric cactus graphs, before turning
to divisors with general rank.

5.1 Problem statement

Let Γ be a metric graph of genus g. Recall the definition of the Brill-Noether number ρ(g, r, d)
from Equation (4.24),

ρ(g, r, d) := g − (r + 1)(g − d+ r). (5.1)

Theorem 5.1.1 (Existence part of the Brill-Noether theorem for cactus graphs). If Γ is a
metric cactus graph of genus g containing no cycles of degree 2, and if ρ(g, r, d) ≥ 0, then
there exists a divisor of rank r and degree d on Γ.

The theorem above was proven in [Bak08], but the proof uses sophisticated algebraic geome-
try. We are interested in an elementary proof.

An elementary proof of the theorem in the case that Γ is a generic chain of loops was given in
[CDPR10], see Chapter 4. The aim of this research is to try to extend the work by Cools et
al. to cactus graphs. In particular, we will show that the theorem holds in the case of metric
cactus graphs in which no cycles of degree 2 exist.

It will also follow from our discussion that the non-existence part of the Brill-Noether theorem
does not hold in general. This was also remarked in [CDPR10] for the case that Γ is a chain
of cycles (which is a special case of a cactus graph); take for example `i = mi for all i in

41
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Figure 4.4; on the resulting non-generic graph exists an effective divisor of degree 2 and rank
1, independent of the genus of Γ.

5.2 General remarks

We will start the exposition of our research with some general remarks, that will be important
throughtout the remainder of the chapter.

In these observations, Γ will denote a chain of cycles, which is a bridgeless metric graph of
which the cycle graph is a path. γ will denote any of the cycles in Γ, and D will be a rank-1
divisor on Γ.

Lemma 5.2.1. There exists an effective divisor D′ that is linearly equivalent to D, such that
the degree of D′, restricted to γ, is at least 2.

Proof. Assume the contrary, so deg (D′|γ) ≤ 1 for all effective D′ linearly equivalent to D.
Let v1 and v2 be two distinct points on γ. Let D1 be the v1-reduced divisor that is linearly
equivalent to D. Since D has rank 1, D1(v1) ≥ 1. By assumption, it must hold that D1(v1) =
1. Now reduce D1 to v2. By assumption, v1 is non-saturated in each step, showing that
D2(v1) ≥ 1, where D2 is the v2-reduced divisor linearly equivalent to D1. However, since D2

has rank 1, it must hold that D2(v2) ≥ 1, thus showing that deg (D2|γ) ≥ D2(v1) +D2(v2) ≥
1 + 1 = 2. A contradiction.

Lemma 5.2.2. If v ∈ γ, then there exists an effective divisor D′′ that is linearly equivalent
to D + (v), such that the degree of D′′, restricted to γ, is at least three.

Proof. Just take D′′ = D′ + (v), where D′ is as in the previous Lemma.

As a consequence, in the rank-1 Brill-Noether game on Γ, any point in γ can be covered by
at least two chips, if in a winning strategy another chip is added to the loop γ.

An important observation, that will be used often, is the following.

Lemma 5.2.3. Suppose that D′ is an effective divisor that is linearly equivalent to D. Let
v be a point on γ. If D′(v) = n+ 1, then

rkγ(D′|γ) ≥ n. (5.2)

Equation (5.2) implies that for each w ∈ γ, there exists an effective divisor E on γ, that is
linearly equivalent to D′|γ , having E(w) ≥ n. In terms of the Brill-Noether game: if a single
point v can be covered with n+1 chips, then any point in a cycle containing v can be covered
by at least n chips. In fact, this holds even without the assumption that Γ is a chain of cycles.

Proof. This is most easily seen in terms of the Brill-Noether game. Given a stack of n + 1
chips, placed on v, we can move n of those chips anywhere we want, while using the last chip
to make sure that the net movement along γ is zero.

It should be noted that bridges in metric graphs can savely be ignored in the analysis of
the Brill-Noether game. Since bridges are not part of any cycle, they do not impose any
restrictions on the Brill-Noether moves and hence are not of influence on linear equivalence
of divisors. A bridge can always be contracted to a single point, by identifying its end points
and removing its interior, see Figure 5.1.
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(a) Before. . . (b) . . . and after.

Figure 5.1: Removing a bridge by identifying its endpoints and removing its interior. The
bridge is indicated by a dotted line.

5.3 Rank-1 divisors on caterpillar graphs

5.3.1 Existence

Let Γ be a bridgeless metric caterpillar graph of genus g and let Γ′ be its body. We will
denote by g1 the genus of Γ′ and by g2 := g− g1 the number of legs in Γ. Borrowing notation
from [CDPR10], we will denote the cycles in the body γ1, γ2, . . . , γg1 . Moreover, on Γ′, we
will choose vertices v0, v1, . . . , vg1 , as was done in [CDPR10], see Figure 5.2.

γ1v0
v1

γ2

v2

γ3

v3

γ4
v4

γ5 v5

Figure 5.2: A caterpillar graph Γ, in which the body consists of cycles γ1, γ2, . . . , γ5, and in
which points v0, v1, . . . , v5 are distinguished.

Theorem 5.3.1. There exists a divisor of degree d and rank 1 on Γ, whenever d ≥ g1+2
2 , or

equivalently, in terms of the Brill-Noether number, ρ(g1, r, 1) ≥ 0.

Proof. We will first prove the theorem under the assumption that Γ′ is a generic chain of
loops, which is the setting studied in [CDPR10].

Under this assumption, there exists a v0-reduced divisor D on Γ′, that corresponds to the
lingering lattice path P (g1) on Z, that is given by

P (g1) =

{
1, 2, . . . , g1+1

2 − 1, g1+1
2 , g1+1

2 , g1+1
2 − 1, . . . , 1 if g1 is odd,

1, 2, . . . , g12 ,
g1
2 + 1, g12 , . . . , 1 if g1 is even.

(5.3)
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The lingering lattice path P (g1) is called the greedy lingering lattice path and the corre-
sponding divisor is called the greedy divisor on Γ′. The greedy divisor D has degree 1+ g1+1

2
if g1 is odd, while its degree is 1 + g1

2 if g1 is even. We conclude that

deg (D) =

⌈
g1 + 2

2

⌉
. (5.4)

For each i = 1, 2, . . . , g1, there exists a divisor Di on Γ′ that is linearly equivalent to D and
that is such that Di(vi) ≥ P (g1)i, by Lemma 4.4.1. For each i = 2, 3, . . . , g1 − 1, let Ni be
the number of legs that are attached to γi, and let vi,1, vi,2, . . . , vi,Ni be an enumeration of
the vertices that are shared by γi and the legs that are attached to it. From the discussion
following Lemma 5.2.3, it is clear that for each i = 2, 3, . . . , g1−1, and for each j = 1, 2, . . . , Ni,
there exists an effective divisor E that is linearly equivalent to D and has the property that

E(vi,j) ≥ max{Di(vi), Di−1(vi−1)} − 1 ≥ 2, (5.5)

except when g1 = 3, but this case is easily checked. By another reference to the discussion
following Lemma 5.2.3, this shows that every point in any of the legs can be covered by at
least one chip, which implies that the divisor D has rank at least 1. Moreover, as was shown
in [CDPR10], the assumption of genericity in the proof above ensures that the divisor D has
rank exactly 1, and that if this assumption is dropped, D has rank at least 1.

5.3.2 Counting rank-1 divisors

In the previous section, we saw that a rank-1 divisor of degree d exists as soon as ρ′(1, d) :=
ρ(g1, 1, d) ≥ 0. It follows from [CDPR10] that ρ′(1, d) ≥ 0 is also a necessary condition for a
rank-1 divisor of degree d to exist, if the body Γ′ of Γ is a generic chain of loops, and that if
the assumption of genericity is dropped, rank-1 divisors with a smaller degree may exist. It is
a natural extension to Theorem 4.4.2 to count the classes of minimum-degree rank-1 divisors
on a metric caterpillar graph Γ, that is, the number of classes of divisors for which ρ′(1, d) = 0.

To start with, note that ρ′(1, d) = 0 implies that g1 = 2n is even. Hence, we consider the case
where the body consists of an even number 2n of cycles. As in [CDPR10], we will assume
that the body is a generic chain of loops. It follows from Theorem 4.4.2 that there exist

λ =
(2n)!

n!(n+ 1)!
=

1

n+ 1

(
2n

n

)
(5.6)

distinct v0-reduced effective divisors with Γ′-restricted rank 1. It should be clear, however,
that not all such v0-reduced divisors have rank 1, when seen as divisors on Γ.

The following lemma, however, shows that every minimum-degree v0-reduced rank-1 divisor
on Γ is also one of the λ v0-reduced rank-1 divisors on Γ′.

Lemma 5.3.1. Let Γ be a caterpillar graph in which the body Γ′ is a generic chain of loops.
Let D be a v0-reduced rank-1 divisor and assume that deg (D) = d = 1 + g/2, so that
ρ′(1, d) = 0. Let γ be a leg in Γ and define γ′ := γ \ Γ′. Then deg

(
D|γ′

)
= 0.

Equivalently, if D is a v0-reduced divisor, then its support is contained within Γ′.



5.3. RANK-1 DIVISORS ON CATERPILLAR GRAPHS 45

Proof. It follows from the burning algorithm that the punctured γ′ supports at most one chip,
or deg

(
D|γ′

)
≤ 1).

Suppose to the contrary that deg
(
D|γ′

)
= 1. Let D′ ∼ D be an effective divisor that is

linearly equivalent to D. Then deg
(
D′|γ′

)
≥ 1. Otherwise, there has been a net movement

along γ. This means that deg (D′|Γ′) < d, or at most d − 1 chips can be used to cover any
point on Γ′, but since Γ′ is assumed to be a generic chain of loops, this cannot be done, since

rkΓ(D) ≤ rkΓ′(D) < 1, (5.7)

where the strict inequality is a consequence of Theorem 4.4.3 and the fact that ρ′(d′, 1) < 0
for any d′ < d.

The lemma shows that, when counting v0-reduced rank-1 divisors on Γ, we do not need to
worry about chips being placed outside the body of the caterpillar.

Next, let γi be the cycle between vi−1 and vi in Γ′. For any w ∈ γi, define `i,i−1(w) and
mi,i−1(w) to be the two distances from w to vi−1, and define `i,i(w) and mi,i(w) similarly.
See Figure 5.3.

Definition 5.3.1. Let Γ be a caterpillar graph. Let A := {v ∈ Γ : deg (v) = 4, v 6=
vi for some i}. The graph Γ is called leg-generic if for all i ∈ {1, 2, . . . , g′−1} and v ∈ A∩γi it
holds that `i,i−1(v) 6= mi,i−1(v) and `i,i(v) 6= mi,i(v). If we want to emphasize the dependence
on the particular choice of the body Γ′, we say that Γ is leg-generic with respect to Γ′.

γi−1
vi−1 γi

vi
γi+1

v
mi,i(v)

`i,i(v)

mi,i(v) = `i,i(v)

Figure 5.3: An example of a caterpillar graph that is not leg-generic.

The assumption of leg-genericity ensures that if a lingering lattice path can be constructed
such that at least one of the i− 1-st or i-th position contains a 2, and the remaining position
contains a 1, while a leg is attached to the body segment γi, this body path does not corre-
spond to a rank-1 divisor. See Figure 5.3.

To simplify things further, we will now make another assumption, namely that to every body
segment in Γ at least one leg is attached. We can now state and prove the following result:

Theorem 5.3.2. Let Γ be a leg-generic caterpillar graph in which the body Γ′ is a generic
chain of cycles of genus g1 = 2n ≥ 4. If ρ′(1, d) = 0, there exist at least

λ′ =
1

n

(
2(n− 1)

n− 1

)
(5.8)
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different effective v0-reduced rank-1 divisors on Γ.

Proof. In [CDPR10] (see Theorem 4.4.2), the v0-reduced rank-1 divisors on a generic chain of
loops Γ′ are put into 1-1 correspondence with a certain set of lingering lattice paths, namely
those that are positive (in the open Weyl chamber C), take n steps in the positive direction
and also n steps in the negative direction. Moreover, these paths start with 1. The paths
described are paths p0, p1, . . . , pg1 on Z, such that p0 = pg1 = 1 and pi − pi−1 = ±1 for every
i.

By Lemma 5.3.1 and the discussion following its proof, these are just the paths that we
are looking for in the case described in the this theorem, except that now there is an extra
property that must be satisfied, namely that at least one of every pair pi−1, pi must be at
least 3, when i = 2, 3, . . . , g1 − 1. Hence, we are looking for paths p0, p1, . . . , pg1 , such that
p0 = pg1 = 1, pi − pi−1 = ±1, and such that for all i ∈ {1, 2, . . . , g1 − 2}, pi > 1. There is a
natural correspondence between such paths and paths of length g1− 1 on Z that are positive,
start and end with a 1 and in each step either go up or go down by one, and such paths label
v0-reduced rank-1 divisors on a generic chain of g1−2 cycles. Hence, by Theorem 4.4.2, there
are exactly λ′ such paths.

The proof above counts all the effective v0-reduced rank-1 divisors in the case that at least
one leg is attached to each body segment. The number λ′ is exact in this case. However,
in general it need not be the case that a leg is attached to each body segment. If two
neighbouring body segments that share a vertex vi both have no legs attached to them, the
path element pi associated to vi may assume the value 1 as well. In fact, the minimum-degree
v0-reduced rank-1 divisors on Γ can be put into 1-1 correspondence with lingering lattice
paths P = (p0, p1, . . . , pg1) on Z with the following properties:

(i) For each i = 0, 1, . . . , g1 it must hold that pi > 0;

(ii) If a leg is attached to γi, then either pi−1 = pi = 2 or at least one of pi−1, pi is at least
3.

This is made precise in the following theorem.

Theorem 5.3.3. Let Γ and Γ′ be defined as above and let D be a v0-reduced divisor on Γ,
with support contained within Γ′. Let P be the lingering lattice path associated to D, when
D is viewed as a divisor on Γ′. Then D has rank at least 1 if and only if P satisfies conditions
(i) and (ii) above.

Note that this theorem covers the case that g1 is odd as well.

Example 5.3.1. This example is based on Example 3.7 in [CDPR10]. Consider a leg-generic
caterpillar graph Γ consisting of a body Γ′, which is a generic chain of four cycles, so g1 = 4,
and assume that to both γ2 and γ3 a leg is attached, see Figure 5.4(a). Example 3.7 in
[CDPR10] shows that there are exactly two rank-1 divisors of degree 3 on the body Γ′, cor-
responding to the lattice paths (1, 2, 1, 2, 1) and (1, 2, 3, 2, 1), respectively.

In this case, property (ii) above translates to p1, p2, p3 > 1, from which it is easily seen that
only one of the two lattice paths (namely (1, 2, 3, 2, 1)) corresponds to a rank-1 divisor on Γ.
This divisor is depicted in Figure 5.4(b).
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v0

(a) A caterpillar graph, with distin-
guished vertex v0.

1

1
1

(b) The only v0-reduced winning strat-
egy using three chips on the caterpillar
graph depicted on the left.

Figure 5.4: A winning strategy on the caterpillar graph Γ in Example 5.3.1. This winning
strategy corresponds to the lingering lattice path 1, 2, 3, 2, 1.

5.4 Extension to cactus graphs

The results concerning minimum-degree rank-1 divisors on metric caterpillar graphs, that
were formulated in the previous section, can be generalised to cactus graphs. In the analysis
of minimum-degree divisors on caterpillar graphs, the body played an important role. In
cactus graphs, we can define a concept that is similar to the body in caterpillar graphs.

Definition 5.4.1. Let Γ be a metric cactus graph and let C(Γ) be the cycle graph induced by
Γ. A maximal chain of cycles in Γ is a subgraph of Γ formed by the cycles corresponding
to the vertices in a path of maximal length in C(Γ).

It is evident that when a caterpillar graph is seen as a special type of cactus graph, the defi-
nitions of body and maximal chain of cycles are equivalent.

Let Γ′ be a maximal chain of cycles in Γ and label the cycles in Γ′ γ1, γ2, . . . , γg1 as before
and assume that these cycles correspond to vertices q1, q2, . . . qg1 in the cycle graph C(Γ).

Definition 5.4.2. For i = 2, 3, . . . , g1 − 1, define w(γi), the width of γi, to be the maxi-
mal discrete graph distance form γi to any leaf that is not γi in the connected component
containing γi in the maximal subgraph of C(Γ) on the vertices

Σi := V (C(Γ)) \

 g1⋃
j=1,j 6=i

{γj}

 , (5.9)

plus 1. In other words, the width of γi is the eccentricity of γi in Σi, plus one. For an example,
see Figure 5.5.

The definitions of genericity and leg-genericity can be extended to maximal chains of cycles
in a straightforward way.
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γ4

Figure 5.5: Illustration of the width of cycle γ4 in the maximal chain of cycles (dashed). The
longest path from γ3 to a leaf is indicated as a dotted line. In this case w(γ4) = 4.

Assume that Γ is a cactus graph and that Γ′ is a maximal chain of cycles, with distinguised
vertices v0, v1, . . . , vg1 . Assume also that Γ′ is a generic chain of cycles and that it is leg-
generic. Theorem 4.4.3 shows that any divisor of rank at least 1 should have degree at least
g1+2

2 . In fact, a rank-1 divisor with degree
⌈
g+2

2

⌉
exists. It is the divisor on Γ′ that is de-

scribed by the greedy lingering lattice path with g1 steps.

Define, as before, ρ′(r, d) := ρ(g1, r, d). Lemma 5.3.1 holds on caterpillar graphs as well:

Lemma 5.4.1. Let Γ be a cactus graph and let Γ′ be a maximal chain of cycles in Γ. Assume
that Γ′ is a generic chain of g1 cycles with distinguised vertices v0, v1, . . . vg1 and assume that
Γ is leg-generic with respect to Γ′. Let D be a v0-reduced rank-1 divisor and assume that
d = deg (D) satisfies ρ′(1, d) = 0. Then the support of D is contained within Γ′.

We will omit the proof as it is similar to the proof in the case that Γ is a caterpillar graph.
Similar to the case that Γ is a caterpillar graph, Lemma 5.4.1 shows that the support of
any minimum-degree v0-reduced divisor on Γ is contained within Γ′. Therefore, in order to
describe the minimum-degree divisors of rank at least 1, we only need to consider the divisors
of minimum degree on Γ′. In fact, if D is a minimum-degree v0-reduced divisor of rank at
least 1 on Γ′, and if P = (p0, p1, . . . , pg1) is the lingering lattice path associated to D, we have
the following result.

Theorem 5.4.1. If

(i) For each i = 0, 1, . . . , g1 it holds that pi > 0 (hence, P is in the open Weyl chamber);
and

(ii) if w(γi) > 1, then either pi−1 = pi = w(γi) or at leat one of pi−1, pi is at least w(γi) + 1.

then D has rank at least 1 on Γ′.

Proof. The proof is most easily given in terms of the Brill-Noether game on Γ. We distinguish
between two cases, depending on Noether’s challenge c, which is just a point on Γ.

First, if Noether’s challenge is on the maximal chain of cycles Γ′, it can be covered by at least
one chip. This follows from Theorem 4.4.1, since (p0, p1, . . . , pg1) is a lingering lattice path
that lies within the open Weyl chamber.
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Figure 5.6: A large metric cactus graph with distinguished points v0, v1, . . . , v8 on a maximal
chain of cycles that is both generic and leg-generic.

If Noether’s challenge is not on Γ′, it is placed on a cycle γ on some branch. Let γi be the
cycle in Γ′ that is closest to γ and let v be the point on γi that is closest to c. Property (ii)
ensures that at least w(γi) chips can be moved to v. Let Γc be the smallest chain of cycles
in Γ containing both v and c. Then Γc consists of at most w(γi)− 1 cycles. Ignore all chips
on Γ, except the w(γi) that were moved to v. We will move these chips in the direction of c,
losing at most one chip on every cycle. Hence, c can be covered by at least one chip, showing
that indeed the rank of D is at least 1.

Note that the statement of Theorem 5.4.1 only gives a sufficient condition. This condition is
not necessary, as is made clear in the following examples.

Example 5.4.1. Consider the metric graph in Figure 5.6. Clearly, the greedy lingering lattice
path (1, 2, 3, 4, 5, 4, 3, 2, 1) defines a rank-1 divisor on this metric graph.

Example 5.4.2. Consider again the metric graph in Figure 5.6 and assume L1 = L2. In
this case, the lingering lattice path P = (1, 2, 3, 4, 3, 4, 3, 2, 1) defines a rank-1 diviso on this
metric graph. Note, however, that the width of γ4 is 4, so in this cse Theorem 5.4.1 does not
apply. In general, the path P does not define a rank-1 divisor on the metric graph, we really
need the assumption L1 = L2 for that.

5.5 General rank

Suppose now that Γ is a bridgeless metric cactus graph with genus g. For now, we will assume
that Γ contains only cycles of degree 1 and 3, meaning that the corresponding vertices in the
associated cycle graph C(Γ) have degree either 1 or 3. We will denote the number of degree i
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cycles (leaves in the associated cycle graph) by wi, so in this case w2 = 0 and wi = 0 for i ≥ 4.
To avoid trivial cases, assume w3 ≥ 1. Later on, we will show that these assumptions can be
loosened to Γ containing no cycles of degree 2, but for now it makes the analysis a little easier.

We need to show the following:

Theorem 5.5.1. Under the assumptions described above, for given natural numbers r and
d, there exists a divisor of degree d and rank at least r, as soon as

ρ(g, r, d) := g − (r + 1)(g − d+ r) ≥ 0. (5.10)

In the discussion below, we will often make use of the following trivial fact.

Lemma 5.5.1. ρ(g, r, d) is an increasing function of d.

Let us first develop some intuition for the problem. Suppose that D is a divisor/chip config-
uration that has a single chip on every cycle of degree 3. If we place another chip on one of
the cycles of degree 3, this chip can move around freely along the cycles of degree 3, but not
on the leaves (since this would violate the no-net-movement rule). It is not very hard to see
that if we place a second chip on one of the cycles of degree 3, we can move a chip to any
point on Γ, showing that the resulting divisor has degree at least 1. This can be used in a
more general setting: if 2r “free” chips are placed on cycles of degree 3, they can all move
around freely along the cycles of degree 3 and the resulting divisor has rank at least r, since
at most 2 chips are needed to cover any point on Γ (one for each point on a cycle of degree 3,
and at most two for each point on a cycle of degree 1). This shows that there exists a divisor
of rank at least r of degree w3 + 2r.

Also, if r > w1, we can be more economical. In fact, by moving w1 chips to each of the leaves,
we need at most r extra points to cover any r points on the graph. This shows that adding
w1 + r “free” chips to D yields a divisor of rank r, as soon as r ≥ w1.

How good are these seemingly naive divisors in terms of the number of chips needed? Recall
Theorem 2.1.3, which relates the number of leaves in a tree to the number of non-leaves. In
this case the theorem translates to the equality

w1 = w3 + 2. (5.11)

Suppose that r ≤ w1, as in the first case. Then d = w3 + 2r, and substituting this into the
formula for ρ(g, r, d) yields

ρ(g, r, w3 + 2r) = g − (r + 1)(g − w3 − 2r + r) =

2w3 + 2− (r + 1)(2w3 + 2− w3 − r) = r2 − (w3 + 1)r + w3. (5.12)

This is a polynomial of degree 2 in r, of which the roots are r = 1 and r = w3. Since the
coefficient of the quadratic term is positive, we find that ρ(g, r, w3 + 2r) ≤ 0 for 1 ≤ r ≤ w3.
Since ρ(g, r, d) is increasing in d, we find that for 1 ≤ r ≤ w3, ρ(g, r, d) ≥ 0 implies that
d ≥ w3 + 2r, so in these cases, there exists an effective divisor of degree d and rank r.
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Next, assume that r = w1 − 1. In this case, we find that

ρ(g, r, w3 + 2r − 1) = g − w1(w1 + w3 − (w3 + 2w1 − 3) + w1 − 1) =

g − 2w1 = −2 < 0, (5.13)

showing that w3 +2r is indeed the smallest integer d′ such that ρ(g, r, d′) ≥ 0. Thus, Theorem
5.5.1 is proven in the case 1 ≤ r ≤ w1 − 1.

Next, suppose that r > w1 and d = w3 + w1 + r. In this case, we find that

ρ(g, r, w3 + w1 + r) = g − (r + 1)(g − d+ r) = g > 0, (5.14)

since w3 + w1 = g. However, note that

ρ(g, r, w3 + w1 − 1) = g − (r + 1), (5.15)

which is negative as soon as r > g− 1. This shows that if r ≥ g, then d = w3 +w1 + r = g+ r
is indeed the smallest number such that ρ(g, r, d) ≥ 0. Thus we find that Theorem 5.5.1 holds
true in this case.

The above considerations can be formalised and summarised in the following way. Let
γ1, γ2, . . . , γw3 be an enumeration of the cycles of degree at least 3. Furthermore, choose
some point v on the union of the γi. Consider the family of divisors parameterised by

D(α, q1, q2, . . . , qw3) := α(v) +

w3∑
i=1

(qi), α ∈ N, qi ∈ γi, i = 1, 2, . . . , w3. (5.16)

Often, we will write D(α) instead of D(α, q1, q2, . . . , qw3). Note that deg (D(α)) = α+ w3.

Definition 5.5.1. For a divisor D on Γ, we will say that it is of type D(α), if it can be
written as D(α, q1, q2, . . . , qw3) for some qi ∈ γi, i = 1, 2, . . . , w3 and some v on the union of
the γi.

We have the following results.

Lemma 5.5.2.

(i) If r > 0, then rkD(2r) ≥ r;

(ii) if r ≥ w1, then rkD(w1 + r) ≥ r;

(iii) if r < w1 − 1 and d = deg (D(2r)), then ρ(g, r, d) ≤ 0;

(iv) if r = w1 − 1, then for any d′ < d we have ρ(g, r, d′) < 0;

(v) if r ≥ g and d = deg (D(w1 + r)), then for any d′ < d we have ρ(g, r, d′) < 0.

So far, we have found that the naively guessed divisor works for proving Theorem 5.5.1 in the
cases that either r < w1 or r ≥ g. We still need to cover the cases w1 ≤ r < g. We showed
above that in this case

ρ(g, r, g + r − 1) ≥ 0, (5.17)
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which does not yield any information. We also find that

ρ(g, r, g + r − 2) = g − 2(r + 1) ≤ w1 + w3 − 2(w1 + 1) = −4 < 0 (5.18)

showing that indeed d′ := g + r − 1 is the smallest value of d such that ρ(g, r, d) ≥ 0. Thus,
we are left to prove that in the case w1 ≤ r < g, we can construct a divisor with degree
d = g + r − 1 and rank r. In terms of the Brill-Noether game, this means that we may use
one chip less than the naive chip configuration D(r + w1) does. This inspires us to have a
closer look at naive chip configuration: perhaps we can choose some of the chips in a smart
way, so that we need less chips in order to obtain a divisor of the same rank.

Note that this does not pose any problem if not every leaf contains a point that needs to be
covered, since the number of chips needed in the case that e < w1 leaves contain a challenge
is at most

e+ r ≤ w1 − 1 + r = w1 + r − 1, (5.19)

which shows that the free chips at v suffice in this case.

5.5.1 A different game

In this subsection, we will describe a game that is played on the vertices of the cycle graph
G := C(Γ) associated to Γ. It turns out that a winning strategy in this game can be trans-
lated to a winning strategy in the case w1 ≤ r < g using only d = g + r − 1 chips.

Let k be such that 0 ≤ k ≤ w3 − 1. The following game is played on the vertices of G.

(i) Player 1 assigns to each vertex of degree 3 a triple of non-negative integers that sum
to k; each element of the triple is then assigned to one of the edges connected to this
vertex.

(ii) Player 2 assigns to each edge a nonnegative integer, such that the sum of all these
integers is equal to k.

(iii) Player 2’s assignment induces a triple at each vertex v of degree 3, such that the element
corresponding to each of the edges connected to v is just the sum of the integers player
2 placed on the corresponding side of v. We say that player 1 wins if at least one of his
triples agrees with the induced triple of player 2’s assignment at the same vertex.

We call k the parameter of the game. For an example of a winning strategy for player 1,
see Figure 5.7.

As we will see later on, a winning strategy for player 1 can be constructed in a rather easy
way. But first, we will show how a winning strategy in this game can be used to construct a
winning strategy in the Brill-Noether game with w1 ≤ r < g and d = g + r − 1.

Connection to the Brill-Noether game

Assume that w1 ≤ r < g. The discussion above suggests that we look at variations of the
naive divisor D(w1 + r − 1), such that the resulting divisor has rank at least r.
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Figure 5.7: A winning strategy for player 1 in the discrete game with parameter w3 − 1.

Consider the subset Ω3 ⊆ Γ, formed by all points of degree four in Γ, and a subset Ω2 ⊆ Γ
containing for each cycle of degree 1 a point of degree 2 on this cycle. It is not hard to see
that Ω := Ω3∪Ω2 is a vertex set in Γ, and therefore, by Lemma 4.1.3 it is a rank-determining
set. Without loss of generality, we may assume that all challenges of Noether are placed on
points in Ω.

If γi is one of the cycles of degree 3 in Γ and γi,1, γi,2, γi,3 are its neighbouring cycles, denote
by ti,j the element of the 3-tuple that is assigned to γi, that corresponds to γi,j . Also, denote
by `i,j the number of leaves in G to which the edge [γi, γi,j ] leads. Note that

∑3
j=1 ti,j = r−w1

and
∑3

j=1 `i,j = w1. Moreover, let zi,j be the point of degree four in Γ that is shared by the
cycles γi and γi,j ; note that zi,j ∈ Ω3.

The discussion at the end of the previous section shows that D(w1 + r− 1) is a winning chip
configuration as soon as at least one of the points in Ω2 is not covered by the challange; hence,
for the remainder of this section, we will assume that Ω2 is a subset of the points in Noether’s
challenge.

Every challenge (encoded as an effective divisor E) from Noether that is placed on the vertex
set Ω induces a player 2 strategy in the discrete game on G, as follows. Consider a cycle γi
of degree 3. Let

Γi,j := {v ∈ Γ \ γi : m(v, zi,j) < m(v, zi,j′), j
′ 6= j} ∪ {zi,j} (5.20)

be the closed metric subspace of Γ containing all points on Γ \ γi ∪ {zi,j} that are closer to
zi,j than to any zi,j′ , j

′ 6= j, and let ti,j be the Γi,j-restricted degree of E,

ti,j := deg
(
E|Γi,j

)
. (5.21)

Assume that there exists a winning strategy for player 1 in the game on the vertices of G
with parameter r−w1. The winning strategy assigns to every degree-3 vertex v ∈ V (G) a 3-
tuple of natural numbers, corresponding to the three neighbours of v. This translates directly
to 3-tuples being assigned to cycles of degree 3 in Γ. The following algorithm constructs a
sequence of divisors

D1(w1 + r − 1), D2(w1 + r − 1), . . . , Dw3(w1 + r − 1) (5.22)
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in such a way that in Di(w1 + r−1) the points q1, q2, . . . , qi are chosen in a smart way. More-
over, each of the Di(w1 +r−1) is of type D(w1 +r−1) and Dw3(w1 +r−1) has rank at least r.

Choose points q∗i ∈ γi, i = 1, 2, . . . , w3 and consider the divisor

D∗0 := D(w1 + r − 1, q∗1, q
∗
2, . . . , q

∗
w3

) = (w1 + r − 1)(v) +

w3∑
i=1

(q∗i ). (5.23)

Each of the w1 leaves contains a unique point of degree four. We will label these points
y1, y2, . . . , yw1 . Note that D0 is linearly equivalent to a divisor of the form

D0 := D(r − 1, q1, q2, . . . , qw3) +

w1∑
i=1

(yi). (5.24)

In the following algorithm, the i-th step moves qi a little along γi, so that it becomes a “smart”
chip. With “smart”, we mean that if r − 1 of the spare chips are moved to γi, the r chips on
γi can be distributed over zi,1, zi,2 and zi,3 according to the tuple (ti,1, ti,2, ti,3).

• Step 0: start with a divisor of the form D0.

• Step i, 1 ≤ i ≤ w3: consider the divisor Di−1. Move the r − 1 chips at point v to cycle
γi. Using the point qi, we can move the chips along γi and we find that

Di−1 ∼
w3∑
j=1

(q̃j)+

w1∑
j=1

(yj)+(ti,1+`i,1)(zi,1)+(ti,2+`i,2)(zi,2)+(ti,1+`i,1−1)(zi,3), (5.25)

with q̃j ∈ γj for j = 1, 2, . . . , w3. Move q̃i to zi,3. The resulting divisor will (in general)
not be linearly equivalent to Di−1. However, it is linearly equivalent to

Di := D(r − 1, q′1, q
′
2, . . . , q

′
i−1, q

′
i, qi+1, . . . , qw3) +

w1∑
j=1

(yj), (5.26)

which can be seen by moving the r − 1 spare chips back to point v.

Lemma 5.5.3. Let D := Dw3 . Then

(i) D is linearly equivalent to a divisor of type D(w1 + r − 1);

(ii) deg (D) = g + r − 1;

(iii) rkD ≥ r.

Proof.

(i) The first claim follows from the fact that Dw3 = D(r − 1) +
∑w1

i=1(yi), and each of the
yi can be moved to v, yielding a divisor of type D(w1 + r − 1).

(ii) By part (i), D is linearly equivalent to a divisor of type D(w1 + r− 1). Hence its degree
is w3 + w1 + r − 1 = g + r − 1.
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(iii) Earlier discussion showed that the only case left for consideration is the case where on
every cycle of degree 1 at least one point must be covered. So Noether first chooses w1

points, one on each of the cycles of degree 1 (i.e. one on each of the points in Ω2). After
that, he chooses another r−w1 points (without loss of generality on Ω3). The points in
Ω3 is in natural correspondence with the edges in C(Γ) and therefore induce a player-2
distribution in the discrete game on C(Γ). Since we assumed existence of a winning
strategy in the discrete game, there exists a tuple (ti,1, ti,2, ti,3) such that the divisor D
is linearly equivalent to a divisor of the form

∑
j 6=i

(q̃j) +

w1∑
j=1

(yj) + (ti,1 + `i,1)(zi,1) + (ti,2 + `i,2)(zi,2) + (ti,1 + `i,1)(zi,3). (5.27)

where the ti,j + `i,j on zi,j , together with the yj , are sufficient to cover all ti,j + `i,j
challenges on the γi,j side of γi. This shows that D has indeed rank r.

It follows that D is a divisor of degree g + r − 1 and rank r, proving Theorem 5.5.1 in the
case w1 ≤ r < g.

Constructing a winning strategy

Let γ1, γ2, . . . , γw3 be an enumeration of the vertices of degree 3 in G. We will assume that
they are labeled in such a way that for i = 2, 3, . . . , w3, γi is a neighbour of some γj , j < i.
Define the sequence of graphs G1, G2, . . . , Gw3 as follows: Gi is the smallest tree in G, such
that γ1, γ2, . . . , γi ∈ V (Gi) and γ1, γ2, . . . , γi are not leaves in Gi. Note that Gw3 = G and
that Gi has i+ 2 leaves, by an application of Theorem 2.1.3.

Assign to γ1, γ2, . . . , γw3−k the triple (0, 0, 0). We will call this a strategy on Gw3−k. Next,
we will construct a strategy on Gw3−k+1, Gw3−k+2, . . . , Gw3 recursively. Given a strategy on
Gi, w3 − k ≤ i < w3, we can construct a strategy on Gi+1, as follows. Assign to γi+1 the
triple (i−w3 + k, 0, 0), where the first entry corresponds to the edge that is connected to the
(unique!) edge that does not lead to a leaf in Gi+1. For each of the vertices γ1, γ2, . . . , γi as-
sign the triple that was assigned to this vertex in the strategy on Gi, except that the element
corresponding to the edge leading in the direction of γi+1 is increased by 1.

The algorithm is illustrated in Figure 5.8.

Lemma 5.5.4. For each i = w3 − k,w3 − k + 1, . . . , w3, the constructed strategy on Gi is a
winning strategy for player 1 in the game with parameter i− w3 + k that is played on Gi.

Proof. We will prove the statement by induction on i. For i = w3−k, the statement is trivial.
Assume that the statement holds for some i, w3−k ≤ i < w3; we will show that the statement
also holds for i+ 1.

Since the 3-tuple at γi+1 is set to (i − w3 + k, 0, 0), player 2 must request at least 1 on one
of the edges corresponding to the last two zeroes; if he does not, he will lose automatically.
He can distribute the remaining i− w3 + k (note: the number i− w3 + k − 1 in the proof of
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Figure 5.8: Illustration of the algorithm for finding a winning strategy for player 1 on the
associated cycle graph.
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Lemma 5.5.4 is wrong) freely over all the edges in Gi+1. These last i−w3 +k induce a player
2 strategy on Gi and by the induction hypothesis, at least one of player 1’s 3-tuples in the
strategy on Gi covers this induced strategy of player 2. Since at each of the γ1, γ2, . . . , γi the
element of the 3-tuple corresponding to the edge leading in the direction of γi+1 is increased
by one, this compensates for the first request by player 2; thus showing that the statement
also holds for i+ 1.

The following theorem is a direct consequence of Lemma 5.5.4.

Theorem 5.5.2. On a tree G with w1 leaves, w3 vertices of degree 3 and no other vertices,
there exists a winning strategy for player 1 in the game with parameter w3 − 1.

Inspection of the example in Figure 5.8 reveals a particular structure of the winning strategy
for player 1; namely, the 3-tuple assigned to vertex γ of degree 3 contains exactly the numbers
of vertices in the direction of each edge leaving from v. This holds in general, as is shown by
the following Lemma.

Lemma 5.5.5. A winning strategy for player 1 in the game with parameter w3 − 1 can be
constructed by assigning to each vertex γi the triple (ti,1, ti,2, ti,3) corresponding to the three
neighbouring vertices γi,1, γi,2 and γi,3, where ti,j is the number of degree-3 vertices in the
connected component containing γi,j in the discrete graph that is obtained by removing γi,j′ ,
j′ 6= j, from V (G).

Proof. We will prove this by showing that the construction described at the beginning of this
section yields a winning strategy with this property; in particular, we will use induction to
show that for each i = 1, 2, . . . , w3, the constructed strategy on Gi is a winning strategy for
player 1 in the game with parameter i− 1, satisfying this property. To start with, note that
the constructed strategy onGi is indeed a winning strategy, as was the content of Lemma 5.5.4.

For i = 1, the statement is trivial. Suppose that the statement holds for some i < w3, then
adding the vertex γi+1, the number of leaves on the γi+1 side of every vertex γ1, γ2, . . . , γi
is increased by one, while the algorithm updates every triple on these vertices accordingly.
Moreover, the triple assigned to γi+1 is (i, 0, 0), where the last two entries correspond to the
two leaves that were added, and the first entry corresponds to the edge leading in the direction
of the vertices γ1, γ2, . . . , γi.

5.5.2 Extension to the case w2 = 0

The result described above for metric cactus graphs with the property that w2 = 0 and wi = 0
for i ≥ 4 can be extended to metric cactus graph having only w2 = 0. The analysis in this
case is very similar to the analysis in the more restricted case.

As before, let g =
∑∞

i=1wi be the genus of Γ. Recall Corollary 2.1.1, which shows that

g ≤ 2w1 − 2. (5.28)

In our analysis, the naive divisor D(α, q1, q2, . . . , qw3) needs to be replaced by a naive divisor
that has a chip on every cycle of degree at least 3, and an extra stack of chips at some point
on the union of all cycles of degree at least 3. We can parameterise such divisors as

D(α, q1, q2, . . . , qw1−2) (5.29)



58 CHAPTER 5. THE BRILL-NOETHER GAME ON CACTUS GRAPHS

in a obvious way, and we find deg (D(α, q1, q2, . . . , qw1−2)) = α+ w1 − 2.

If, in the analysis of such naive divisors, the number w3 is replaced by w3 +w4 + . . . = g−w1

where necessary and using Equation 5.28, we are able to prove the following variant of Lemma
5.5.2:

Lemma 5.5.6. Let D(α) = D(α, q1, q2, . . . , qw1−2).

(i) If r > 0, then rkD(2r) ≥ r;

(ii) if r ≥ w1, then rkD(w1 + r) ≥ r;

(iii) if 0 < r ≤ w1 − 1 and d = deg (D(2r)), then for any d′ < d we have ρ(g, r, d′) < 0;

(iv) if r ≥ g and d = deg (D(w1 + r)), then for any d′ < d we have ρ(g, r, d′) < 0.

In the remaining cases, i.e. w1 ≤ r < g, we find

ρ(g, r, g + r − 1) ≥ 0, ρ(g, r, g + r − 2) ≤ −4 < 0, (5.30)

so, as before, we are done if we can find a divisor of degree w1 + r − 1, having rank at least
r. Previously, we constructed such a divisor from a winning strategy in the game on the
associated cycle graph G = C(Γ), and this construction can be extended to the case w2 = 0.
Namely, we can define a similar game to be played on G, where to each vertex of degree i ≥ 3
an i-tuple of numbers is associated. From a winning strategy for the game with parameter
g−w1−1 on G, a winning strategy in the Brill-Noether game can be constructed in the same
way as in the previous case.

This concludes the proof the Theorem 5.1.1.
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