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Abstract

No-slip boundary conditions play a significant role in vortex dynamics. In this study the
interaction of a vortex ring with a spherical no-slip boundary is investigated by means of
numerical simulations. The problem is simplified by assuming axial symmetry. In addition, the
flow is assumed to be incompressible. Because of these assumptions it is possible to use the
stream function formulation of the vorticity equation. This equation is solved numerically for
various values of the size and strength of the vortex ring. A Gaussian vorticity profile is used
to model the vortex ring. Different types of interaction are characterized and the regimes in
which they occur are located.
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Chapter 1

Introduction

Stable vortex structures of multiple kinds occur frequently in nature, which makes their dy-
namics a both rich and interesting subject to study. Some of these vortex structures, like the
two-dimensional dipole and the three-dimensional vortex ring, show self induced motion. The
vortex structure translates steadily through the fluid until it encounters a boundary. In reality,
the influence of such boundaries is governed by no-slip boundary conditions.

There have been many studies regarding the interaction of two-dimensional vortex structures
and boundaries with no-slip conditions[4][7]. In general, a vortex interacts with vorticity of
opposite sign that is produced in the boundary layer as the vortex approaches. In some cases,
this secondary vorticity can become separated and form new vortex structures. This usually
happens at high values for the circulation based Reynolds number. The three-dimensional case
of a vortex ring approaching a flat no-slip boundary has also been studied, with much the same
result[8][9][3]. If the Reynolds number is high enough, vorticity generated in the boundary
layer separates and forms secondary vortex rings. In contrast to two-dimensional vortices,
vortex rings experience intensification due to stretching, as the radius of the ring is affected by
the interaction.

Although some experiments and numerical simulations have been done on the interaction
of a vortex ring with a sphere, the range of values for the parameters involved has thus far
been limited[2][5]. The objective of this study is to characterize different types of behavior of
this interaction, and to locate the regime in which they occur. The parameters that are varied
are the radius of the vortex ring and the Reynolds number, giving rise to a two-dimensional
state diagram. In chapter 2 a decription of the problem and the associated theory is presented.
Chapter 3 discusses the numerical setup and its validation. Finally, in chapter 4 the results of
the simulations are presented.
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Chapter 2

Problem Description

2.1 Geometry and Initial Conditions

In order to simplify the problem, an axial symmetric model is used to simulate the flow. In
view of the symmetry it is natural to use cylindrical coordinates. In addition to the symmetric
limitation, this study is limited to vortex rings without swirl velocity, so that the vorticity ω
is directed towards the azimuthal direction,

ω = ∇× v = ωθeθ =
(
∂vr
∂z
− ∂vz

∂r

)
eθ. (2.1)

In equation 2.1 vr and vz are the radial and axial components of the velocity field v, respectively,
and eθ is the unit vector in the azimuthal direction. It is also convenient to introduce a toroidal
coordinate system, as indicated in figure 2.1.

Figure 2.1: Overview of the geometry
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The center of a sphere with radius R is located at the origin, the initial position and major
radius of the vortex ring are denoted by z0 and λ respectively. The toroidal radial coordinate
ρ is related to z0 and λ by

ρ =
√

(r − λ)2 + (z − zo)2. (2.2)

The initial distribution of vorticity in the vortex ring is modeled by a Gaussian function, which
is given by

ωθ(t = 0) = Γ
πα2 exp

(
− ρ

2

α2

)
. (2.3)

In equation (2.3)α is a measure of the minor radius of the vortex ring, as indicated in figure 2.1.
In this study the ratio of the minor to major radius of the ring is kept constant at α/λ = 1/5.
Γ is a measure for the strength of the vortex ring and is related to the total circulation induced
by the ring, i.e.

Γ =
∮
C
v · dl =

∫ ∫
A
ωθdrdz, (2.4)

where C is a curve in the r, z-plane enclosing area A, which is large enough to contain all the
vorticity of the ring.

2.2 Governing Equations and Boundary Conditions

The evolution of the flow initialized by the vorticity distribution (2.3) is governed by the
equations expressing the conservation of mass and momentum. Apart from the axial symmetry,
the flow is assumed to be incompressible, so that the equation for conservation of mass is reduced
to

∇ · v = 0. (2.5)

The equation expressing conservation of momentum is the Navier-Stokes equation. For incom-
pressible fluids this equation reads

∂v

∂t
+ (v · ∇)v = −1

ρ
∇p+ ν∇2v, (2.6)

where p is the pressure, ρ is the mass density, and ν is the kinematic viscosity. By applying
the curl operator ∇× to (2.6) one obtains the vorticity equation, describing the evolution of
the vorticity. For incompressible fluids with uniform density, ∇ρ = 0, this equation is given by

∂ω

∂t
+ (v · ∇)ω = (ω · ∇)v + ν∇2ω. (2.7)

The incompressibility of the flow (2.5) combined with the axial symmetry and the absence of
swirl velocity facilitates the introduction of the Stokes stream function Ψ, allowing the velocity
field to be written in terms of the scalar stream function as

v = ∇Ψ×∇θ. (2.8)

The vorticity then becomes

ω = ∇× v = ∇× (∇Ψ×∇θ) =
(
−∇2Ψ + 2

r

∂Ψ
∂r

)
∇θ, (2.9)
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confirming the statement that the vorticity only has an azimuthal component. Writing the
azimuthal components of equations (2.7) and (2.9) in terms of Ψ and dropping the subscript
of ωθ finally leads to the following set of governing equations[8]:

∂ω

∂t
= 1
r

∂Ψ
∂z

(
∂ω

∂r
− ω

r

)
− 1
r

∂Ψ
∂r

∂ω

∂z
+ ν∇2ω, (2.10)

ω = −1
r
∇2Ψ + 2

r2
∂Ψ
∂r

. (2.11)

The model is made dimensionless using the following relations:

x̃ = x

R
, (x = r, z, ρ, α, λ), (2.12)

t̃ = Γt
R2 , (2.13)

ω̃ = R2ω

Γ , (2.14)

Ψ̃ = Ψ
ΓR, (2.15)

where the tildes indicate dimensionless variables. Equation (2.12) summarizes the scaling for
all variables that have the unit of distance. From this point on the tildes are omitted, and all
the variables mentioned are understood to be dimensionless. Substituting (2.12) to (2.15) into
(2.3), (2.10) and (2.11) finally leads to the following set of dimensionless equations:

∂ω

∂t
= 1
r

∂Ψ
∂z

(
∂ω

∂r
− ω

r

)
− 1
r

∂Ψ
∂r

∂ω

∂z
+ 1
Re
∇2ω, (2.16)

ω = −1
r
∇2Ψ + 2

r2
∂Ψ
∂r

, (2.17)

ω(t = 0) = 1
πα2 exp

(
− ρ

2

α2

)
. (2.18)

The Reynolds number Re = Γ/ν is introduced in equation (2.16) as the ratio of the strength
of the vortex ring and the viscosity. To complete the description of the problem, boundary
conditions have to be defined at the surface of the sphere (r2 + z2 = 1) as well as at the axis of
symmetry (r = 0). The boundary conditions at r = 0 are governed by the following equations:

vr = 0 at r = 0, (2.19)

∂vz
∂r

= 0 at r = 0. (2.20)

Because of symmetry there can be no radial component of the velocity field at r = 0 (2.19),
while (2.20) is necessary to avoid a discontinuity in the derivative of the velocity field at r = 0,
which would be physically incorrect. The no-slip conditions at r2 + z2 = 1 are given by

vn = 0 at r2 + z2 = 1, (2.21)

vτ = 0 at r2 + z2 = 1, (2.22)
where n and τ are the local normal and tangential coordinates, respectively. Because vn = 0,
and so ∂Ψ

∂τ
= 0 at the boundaries, Ψ is constant along both the surface of the sphere and the

axis of symmetry. Since only the derivatives of Ψ are important, this constant can be chosen
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to be zero without loss of generality. The boundary conditions are easily written in terms of ω
and Ψ, using equations (2.1) and (2.8), resulting in

Ψ = 0 at r2 + z2 = 1 and r = 0, (2.23)

∂Ψ
∂n

= 0 at r2 + z2 = 1, (2.24)

ω = 0 at r = 0. (2.25)

From these equations can be seen that vorticity is only generated at the no-slip boundary.
Since ∂Ψ

∂n
= ∂Ψ

∂τ
= 0, the boundary represents a local extreme of Ψ. From equation 2.17 follows

that a minimum, ∇2Ψ > 0, corresponds to negative vorticity, while a maximum, ∇2Ψ < 0,
corresponds to positive vorticity. The vortex ring considered in this study has positive vorticity
(Γ > 0), which leads to the generation of negative secondary vorticity at the no-slip boundary.
This process is illustrated in figure 2.2, which shows examples of the profile of the stream
function on a line perpendicular to the surface of the sphere.

Figure 2.2: The generation of secondary (left) and tertiary (right) vorticity due to the boundary
condition (2.24). The normal distance to the boundary is denoted n.

On the left side of figure 2.2 a primary ring of positive vorticity is shown at some distance
from the sphere, associated with a maximum of the stream function. The boundary condition
(2.24) forces the stream function to have oppositely signed curvature in a boundary layer,
which corresponds to oppositely signed vorticity. This secondary vorticity is generated at
the boundary itself, as the vorticity equation (2.7) prohibits the spontaneous generation of
vorticity elsewhere in the fluid. As the secondary vorticity is advected by the flow induced by
the primary vortex ring, it can get separated from the boundary. If this separated vorticity is
strong enough, so that the stream function is negative at some point between the primary ring
and the boundary, this leads to the generation of positive tertiary vorticity, as is shown of the
right side of figure 2.2.
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Chapter 3

Numerical Setup

The governing equations (2.16) and (2.17) are solved numerically on the computational domain
defined by 0 ≤ r ≤ L, |z| ≤ L and r2 + z2 ≥ 1, which is necessarily bounded. Various
values for the domain size L are used to verify the domain independence of the results, see
appendix. In addition, multiple mesh settings, incorporating a finer mesh near the no-slip
boundary, are applied to verify the mesh independence. The software used to solve equations
(2.16) and (2.17) is COMSOL Multiphysics. This code solves the relevant equations using the
finite element method. Integrations are carried out with a second-order, backward-difference
scheme and implicit time-stepping. Error control is enforced by prescribing a relative tolerance
of 10−5.

To minimize the influence of the sidewalls, stress-free boundary conditions are applied at
|z| = L and r = L. These conditions are given by

vn = 0 at r = L and |z| = L, (3.1)
∂vτ
∂r

= 0 at r = L and |z| = L. (3.2)

In terms of Ψ and ω these equations are written as

Ψ = 0 at r = L and |z| = L, (3.3)

ω = 0 at r = L and |z| = L. (3.4)
To further verify the validity, the model is executed without the presence of a sphere, and the
resulting translation velocity of the vortex ring is compared to a theoretical expression found by
Fukumoto and Moffatt[6]. Their expression for the translation velocity U , made dimensionless
and adapted for an initial vortex ring thickness α, is given by

U = 1
4πλ

ln
 4λ√

t
Re

+ α2

4

− 0.5580− 3.6716
(

t

λ2Re
+ α2

4λ2

) . (3.5)

This adaptation (3.5) is valid for values of α,λ, Re and t for which (4t/Re + α2) << λ2. The
positive vorticity of the primary ring implies that the vortex ring translates in the positive
z-direction, so that the initial position z0 has to be negative. Various values of z0 are tested, as
the initial position has to be far enough to minimize immediate interaction, but close enough
to avoid the vortex ring decaying too much before it reaches the sphere. The study focuses on
high values for the Reynolds number, 2000 ≤ Re ≤ 20000, and a wide range for the vortex ring
radius, 1/5 ≤ λ ≤ 4.
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Chapter 4

Results

4.1 Translation Velocity

The formula (3.5) for the translation velocity is valid for (4t/Re + α2) << λ2. To meet this
requirement, the ratio of the minor to major radius of the vortex ring is set to λ/α = 50 for this
simulation. Without the presence of a sphere, the scaling given by equation 2.12 is arbitrary.
The radius of the vortex ring can therefore be chosen to be λ = 1 without loss of generality. The
resulting translation velocity, obtained by evaluating the time derivative of the z-coordinate of
the centroid of vorticity, compares reasonably well to the theoretical description, as is shown
in figure 4.1. This figure corresponds to Re = 10000, simulations with other values for the
Reynolds number show similar results. The discrepancy between the graphs is likely due to the
fact that equation (3.5) is based on the Gaussian vorticity distribution (2.3), which is not an
exact solution of the Navier-Stokes equation, whereas the numerical calculation only uses this
distribution as an initial condition.

Figure 4.1: Translation velocity of the ring vortex determined from the numerical simulation
and from the analytical result (3.5).
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4.2 Primary Vortex Ring Trajectory

The effect of the sphere on the motion of the primary vortex ring is mainly dependent on the
radius of the ring. For λ > 1/2 the effect of the interaction is straightforward. The radius of
the ring grows as it approaches the sphere, as can be seen in figure 4.2. The figure shows the
trajectory of the primary ring for various values of λ. This trajectory is defined as the radius
and z-coordinate of the vortex ring, determined by following the position of the maximum of
the stream function Ψ in the r, z-plane. The increased radius causes the vorticity to increase
while the ring becomes thinner, due to vortex tube stretching. The influence of the sphere on
the motion of the primary ring quickly decreases for λ > 2. Figure 4.3 shows the trajectory of
the core for λ = 1 for different Reynold numbers. As a lower Reynolds number is associated
with a larger boundary layer, the radius of the ring is slightly more affected as it moves around
the boundary layer.

Figure 4.2: The trajectories of vortex rings with various radii, with Re = 5000

Figure 4.3: The influence of the Reynolds number on the trajectory
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The sudden change in direction that occurs in the trajectory of vortex rings with λ < 2
is caused by secondary vorticity generated in the boundary layer close to the sphere. As the
primary ring reaches the wall secondary vorticity is advected by the flow induced by the primary
vortex ring. The boundary layer separates and forms a secondary vortex ring, which in turn
affects the motion of the primary ring. This separation occurs if the Reynolds number is high
enough, approximately Re > 1000, and the radius of the vortex ring is not much larger than the
sphere, λ < 4. For λ < 1/2 this interaction is strong enough to reverse the motion of the vortex
ring core, as is shown in 4.4. As secondary vorticity wraps around the primary ring it induces a
radially inward motion, causing the radius of the vortex ring to become smaller. Ultimately the
primary ring reaches a stationary state, where it decays while being held in place by secondary
vorticity. For low Reynolds numbers, Re < 1000, no separation occurs. Instead the vortex ring
decays quickly while the radius grows, stopping the rings forward progress. How far the core
travels before decaying depends on both the radius and the Reynolds number.

Figure 4.4: The trajectories of small vortex rings with Re = 5000

In the case of λ = 1/2 the vortex ring is captured by the secondary vorticity if 1000 < Re <
5000. For Re > 5000 the primary ring keeps moving forward as it produces multiple secondary
rings. During this process the primary ring slows down and decays quickly. In order for the
ring to completely escape the influence of the sphere the Reynolds number has to be very high,
Re > 20000.

The presence of the sphere also has an influence on the shape of the primary ring. The
disturbance of the flow field causes vorticity to escape the core as the ring approaches the
boundary, forming a ’tail’ behind the vortex. This vorticity can separate from the primary ring
to form an additional vortex ring.

13



4.3 Secondary Vorticity Separation and Ejection

Distinction can be made between two types of secondary vorticity separation, depending on the
position of the resulting secondary vortex ring. In the case depicted in figure 4.5, secondary
vorticity is dragged along by the primary ring, forming a stretched patch connecting the sphere
to the inside of the ring. As the primary ring moves away, this patch gets separated from
both the sphere and the vortex ring. The separated secondary vorticity then starts to curl up,
forming one or more secondary vortex rings. For this ’inside’ separation to occur the Reynolds
number has to be high enough to cause separation, Re > 1000. In addition, the radius of the
primary vortex has to be large enough for the ring to travel past the sphere, but small enough
to have interaction, roughly 1/2 < λ < 4. The secondary rings have opposite vorticity, causing
them to translate in the negative z-direction back towards the sphere.

Upon reaching the sphere a secondary vortex ring interacts with tertiary vorticity in the
same way as the primary ring, only with a smaller radius and a lower Reynolds number. The
radius of the secondary ring is almost independent of the parameters of the primary ring, and
is approximately 3/4. The strength of the secondary vortex ring depends on the radius of the
primary ring, and is maximally about one tenth of the strength of the primary ring.

Figure 4.5: Numerically obtained snapshots of the vorticity demonstrating the so-called inside
separation, with Re = 5000. The contours denote iso-vorticity lines.

If the primary ring gets very close to the boundary, a different type of separation occurs. The
secondary vorticity gets wrapped around the core, causing it to separate and form a secondary
vortex ring on the outside of the primary ring. As a result of the influence of the secondary
ring, the motion of the primary ring slows down and changes direction. The conditions for
this ’outside’ separation to occur are Re > 1000 and λ < 2. For λ < 1/2 the effect of the
secondary vorticity is strong enough to completely stop the forward progress of the primary
ring, as mentioned before. If λ > 1/2 the primary ring keeps moving, producing multiple
secondary vortices. The amount of secondary rings that are generated depends on both the
Reynolds number and the radius of the primary ring. Figure 4.6 shows this interaction for
λ = 1/2 and Re = 10000.
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Figure 4.6: Numerically obtained snapshots of the vorticity demonstrating the so-called outside
separation, with Re = 10000. The contours denote iso-vorticity lines.

Secondary vortex rings generated in this way can escape in the negative z-direction if the
Reynold number is high enough. As the position of the formation of the secondary vortex ring
depends on the radius of the primary ring, so does the value of the Reynolds number for which
this ’ejection’ occurs. For small rings λ < 1/2 secondary vorticity is ejected if Re > 5000, for
larger rings a higher Reynolds number is required. Figure 4.7 roughly summarizes the various
characteristics of the interaction in parameter space.

Figure 4.7: Summary of the various characteristics of the interaction
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4.4 Stationary States

For λ < 1/2 and 1000 < Re < 5000 both the primary and secondary vortex rings are captured,
as is shown in figure 4.7. In this case the primary and secondary vorticity interacts in such a
way as to form a ’stationary state’. The secondary vorticity holds the primary ring in place and
vice versa. Upon reaching such a state, no further motion is observed and all vorticity remains
stationary while slowly decaying. Figure 4.8 shows such a state, with λ = 1/5 and Re = 2000.
The patch of positive vorticity near the axis r = 0 is what remains of the ’tail’ of the primary
ring, after it gets separated. Similar configurations of vortex cells are observed for different
values of λ, only the position changes. For larger values of λ < 1/2 the complete configuration
is shifted to the right, along the boundary.

Figure 4.8: Numerically obtained snapshots demonstrating the stationary decay of vorticity
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Chapter 5

Conclusion

This study shows that the interaction between a vortex ring and a spherical no-slip boundary
is largely determined by the radius of the vortex ring. Provided the Reynolds number is high
enough for separation of secondary vorticity to take place, Re > 1000, the primary vortex
ring is captured by the sphere if λ < 1/2. Based on the value of λ, further distinction can be
made between two types of separation. In the case of ’inside’ separation the secondary vorticity
remains on the inside of the primary ring, as it curls up to form a secondary vortex ring. This
interaction takes place in the wake of the sphere, and occurs if Re > 1000. In addition, the
radius of the primary vortex ring has to be large enough for the ring to travel past the sphere,
and small enough to cause interaction, roughly 1/2 < λ < 4. ’Outside’ separation occurs if the
distance between the boundary and the primary ring is small enough, so that the secondary
vorticity wraps around the core of the primary ring. This happens if λ < 2 and Re > 1000.
The secondary vorticity separates to form a secondary vortex ring on the outside of the primary
ring, causing the primary ring to slow down and change direction. In some cases the primary
and secondary vorticity interacts in a way that leads to a stationary state. The vortex rings
then hold each other in place while they decay. As the ratio of the minor to major radius of the
vortex ring is kept constant in this model, further study is needed to investigate the influence
of this parameter. An additional aspect that could be studied is for example the influence of
swirl velocity on the interaction. In conclusion it has to be noted that the assumption of axial
symmetry is a significant limitation of this model, and that in practice real vortex rings are
prone to develop azimuthal instabilities, especially when interacting with boundaries[8][5].
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Appendix A

Computational Domains and Mesh
Settings

Table A.1 shows the different computational domains used. Domains A and B are used for
λ ≥ 1/2, while domains C and D are used for λ ≤ 1/2.

Domain Domain size L Number of mesh elements
A 2500 188300
B 250 469058
C 5 156133
D 5 536925

Table A.1: The computational domains

The mesh settings for each domain are specified in the following tables.

Subdomain Maximum Minimum Max. element Resolution
element size element size growth rate of curvature

(1 <
√
r2 + z2 < 3) 0.05 0.01 1.05 0.2

(
√
r2 + z2 > 3, 3 0.125 1.03 0.2

r < 250, |z| < 500)
(250 < r < 500, 16.8 0.5 1.05 0.2
|z| < 500) and
(500 < |z| < 1500,
r < 500)
(500 < r < 2500, 70 10 1.1 0.25
|z| < 1500) and
(1500 < |z| < 2500,
r < 2500)

Table A.2: Computational domain A

19



Subdomain Maximum Minimum Max. element Resolution
element size element size growth rate of curvature

(1 <
√
r2 + z2 < 3) 0.025 0.005 1.05 0.2

(
√
r2 + z2 > 3, 1.5 0.05 1.01 0.2

r < 20, |z| < 50)
(20 < r < 50, 1.68 0.05 1.05 0.2
|z| < 50) and
(50 < |z| < 150,
r < 50)
(50 < r < 250, 7 1 1.1 0.25
|z| < 150) and
(150 < |z| < 250,
r < 250)

Table A.3: Computational domain B

Subdomain Maximum Minimum Max. element Resolution
element size element size growth rate of curvature

(1 <
√
r2 + z2 < 1.25) 0.007 0.0035 1.05 0.2

(
√
r2 + z2 > 1.25, 0.0335 0.001 1.015 0.2

r < 2, |z| < 2)
(2 < r < 5, 0.14 0.02 1.1 0.25
|z| < 2) and
(2 < |z| < 5,
r < 5)

Table A.4: Computational domain C

Subdomain Maximum Minimum Max. element Resolution
element size element size growth rate of curvature

(1 <
√
r2 + z2 < 1.25) 0.0035 0.0001 1.05 0.2

(
√
r2 + z2 > 1.25, 0.0335 0.001 1.01 0.2

r < 2, |z| < 2)
(2 < r < 5, 0.065 0.0075 1.08 0.25
|z| < 2) and
(2 < |z| < 5,
r < 5)

Table A.5: Computational domain D
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