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Abstract

This study examines how the collision of a vortex dipole with a circular obstacle de-
pends on the radius of the obstacle. In order to investigate these collisions, simulations and
laboratory experiments have been conducted. In the numerical model only 2-dimensional
flows were considered, while this condition was ensured in the laboratory by introducing a
background rotation. The radius of the obstacle (normalized in terms of the dipole’s radius)
is varied between 0.1 and 2.5.

The mean radius of curvature is calculated for the trajectories of the secondary dipoles
from numerical and experimental data. The simulation results show an asymptotically
decreasing mean radius of curvature, as the obstacle’s radius increases. A simulation for
the collision with a flat wall provides a limit value for this asymptote. Experimental and
numerical results show the same trend. For obstacle radii > 1 good agreement is observed.
However, for radii < 1 there is a discrepancy of about 31% in the results. It is suggested
that this is due to the influence of the Reynolds number, which has a greater effect for
smaller radii of the obstacle. A calculation of the enstrophy in the simulations provide an
insight into the collision process, and indicates that the interaction time is independent of
the radius of the obstacle.
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1 Introduction

Vortices are a very common phenomenon in nature, and can be observed in geophysical flows.
Because of the earth’s rotation, large scale geophysical flows behave 2-dimensional. A special
vortex configuration is the vortex dipole, a compact coherent flow structure consisting of two
counter-rotating vortices. The two counter-rotating vortices interact with each other, making
the couple to move along a straight line. An interesting aspect is the collision of such a dipole
with a structure, for example the collision of a dipolar vortex with an island in geophysical flows.

In this study the collision of a vortex dipole with circular obstacles is considered. As a vortex
dipole approaches a no-slip boundary, a boundary layer is formed. A complex interaction takes
place between the dipole and the boundary layer. The boundary layer forces the dipole to split
and form two new dipoles, moving along a curved track. In previous investigations, the collision
with a flat wall was studied by Orlandi [1], and the collision with circular obstacles by Verzicco et
al. [2] and Orlandi [3]. However, the influence of the size of the obstacle was not systematically
investigated.

By simulations and experiments, it is studied what influence the radius of the obstacle has
on the trajectories of the secondary dipoles, by using obstacles of different radii.
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2 Theory

The basic equations for a study with an incompressible Newtonian fluid are the equations for the
conservation of mass and the conservation of momentum. These basic equations can be rewritten
as the vorticity equation [4], which will be used in this study. For the modeling of the vortex
dipole, the Lamb dipole is used.

2.1 Governing equations

The equation describing the conservation of mass of an incompressible fluid is referred to as the
continuity equation and is given by

∇ · v = 0, (2.1)

while the equation expressing the conservation of momentum, known as the Navier-Stokes equa-
tion, is given by

∂v

∂t
+ (v · ∇)v = −1

ρ
∇p+ ν∇2v + g. (2.2)

In these equations v is the velocity vector, t the time, ρ the fluid density, p the pressure, ν the
kinematic viscosity and g the gravitational acceleration. A suitable formulation for the study of
vortex dynamics can be derived from the Navier-Stokes equation (2.2) in the form of the vorticity
equation. The vorticity is defined as ω = ∇ × v. By taking the curl of eq. (2.2) and by using
the vector identity

(v · ∇)v = (∇× v)× v +
1

2
∇(v · v) = ω × v +∇(

1

2
V 2), (2.3)

in which V = |v|, the equation

∂ω

∂t
+∇× (ω × v) =

∇ρ×∇p
ρ2

+ ν∇2ω (2.4)

is obtained. The second term on the left side can be rewritten, using

∇× (ω × v) = ω (∇ · v) + (v · ∇)ω − (ω · ∇)v − v (∇ · ω) . (2.5)

The first term on the right side is zero because the conservation of mass for an incompress-
ible fluid, eq. (2.1). The last therm is identically zero because the gradient of a curl is zero.
Substituting eq. (2.5) in eq. (2.4) result in the vorticity equation

∂ω

∂t
+ (v · ∇)ω = (ω · ∇v) +

∇ρ×∇p
ρ2

+ ν∇2ω. (2.6)

The first term on the right side describes the vorticity generation by vortex tube tilting, stretching
or squeezing. The second and last term describes the baroclinic and viscous effects, respectively.
Baroclinic effects are absent in this study, so the second term on the right side of eq. (2.6) can be
neglected. Furthermore, when the flow is considered 2-dimensional, the vorticity ω will point in
the direction perpendicular to the plane of motion ω = (0, 0, ω) and the velocity vector v can be
defined as v = −k×∇ψ, in which k is the unit vector perpendicular to the plane of motion and
ψ is the stream function. As a result the vorticity equation can be reduced to a scalar equation

∂ω

∂t
+ J(ω, ψ) + ν∇2ω = 0, (2.7)
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in which J(ω, ψ) is the Jacobian. For Cartesian coordinates in the plane of motion the Jacobian
can be defined as

J(ω, ψ) =
∂(ω, ψ)

∂(ω, ψ)
= (∇ω ×∇ψ) · k =

{
∂ω

∂x

∂ψ

∂y
− ∂ω

∂y

∂ψ

∂x

}
. (2.8)

Also, when a 2-dimensional flow is considered, the definition of the vorticity can be expressed in
terms of the stream function,

ω = −∇2ψ. (2.9)

2.2 Vortex dipoles

A dipolar vortex is a compact coherent flow structure consisting of two counter-rotating vortices.
A dipole can be symmetric or asymmetric. A symmetric dipole embedded in a fluid without
background flow will translate along its symmetry axis. An asymmetric dipole will translate
along a curved track, curved towards the stronger patch.

In order to solve eq. (2.7) and (2.9), a vortex dipole model described by Lamb is used, as it
has a continuous vorticity distribution. Lamb assumed a linear relationship between the vorticity
ω and the stream function ψ within a circular region of radius a,

ω = k2ψ, (2.10)

in which k is some constant. Assuming there is no vorticity in the exterior region (r > a), this
mathematical problem can be formulated as

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2
= −k2ψ, 0 ≤r ≤ a

= 0, r > a, (2.11)

in which (r, θ) are polar coordinates in the co-moving frame of the dipole,. The general solution
for the interior region 0 ≤ r ≤ a is

ψi(r, θ) =
∑
n

{AnJn(kr) +BnYn(kr)}{Cn sin(nθ) +Dn cos(nθ)}, (2.12)

where n is an integer, An, Bn, Cn and Dn are unknown coefficients, Jn is the nth order Bessel
function of the first kind and Yn the nth order Bessel function of the second kind. A dipolar
solution is found by truncating the series expansion at n = 1,

An = Bn = Cn = Dn = 0 n 6= 1 (2.13)

Since Y1 goes to ∞ as r → 0, the coefficient B1 = 0. Figure 1 shows the behavior of J0(x) and
J1(x) graphically.

For the exterior region r > a a potential flow is assumed, which is equivalent to a flow around
a cylinder placed in a stream with uniform speed U . It can be derived by standard potential
flow theory that the exterior region solution is

ψe(r, θ) = −U
(
r − a2

r
sin(θ)

)
, r > a, (2.14)

when θ = (0, π) is the symmetry axis.
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Figure 1: The zeroth and first order Bessel functions of the first kind.

In the stream function for the interior region, the wave number k and coefficients A, B and
C are still unknown. These can be obtained by requiring continuity of ψ at r = a,

ψi(r = a) = ψe(r = a). (2.15)

As the stream function for the exterior region is proportional to sin(θ), the coefficient D1 is
set to 0 and the coefficient A1 is set to 1. Also J1(ka) = 0 to met the requirements. This
implies ka ≈ 3.83 as can be seen in figure 1, resulting for the wave number in k = 3.83

a . To
obtain a condition for the last unknown coefficient C1, the azimuthal velocities are required to
be continuous at r = a,

vθ(r = a−) = vθ(r = a+)→ ∂ψi
∂r

∣∣∣∣
r=a

=
∂ψe
∂r

∣∣∣∣
r=a

, (2.16)

which results in the condition for the coefficient C1,

C1 = − 2U

kJ ′1(ka)
= − 2U

kJ0(ka)
. (2.17)

Now problem (2.11) is solved and equations concerning the Lamb dipole are obtained,

ψi(r, θ) = − 2U

kJ0(ka)
J1 (kr) sin(θ), 0 ≤r ≤ a

ψe(r, θ) = −U
(
r − a2

r
sin(θ)

)
, r > a (2.18)

With the stream functions for the interior and exterior regions of the Lamb dipole, the stream
line pattern in the co-moving frame can be plotted as shown in figure 2.

2.3 Background rotation

The formulation of the model in section 2.2 corresponds to a 2-dimensional flow field. In order
to achieve a similar situation in the experiments, background rotation is introduced by rotating
the system at a constant angular speed Ω. This will result in the presence of the Coriolis force,

Fcor = −2ρΩ× v, (2.19)
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Figure 2: The stream line pattern for the Lamb dipole in the co-moving frame.

in which ρ is the density, Ω the angular velocity and v the velocity of the flow relative to the
rotating frame. The Navier-Stokes equation(2.2) has to be modified by introducing the Coriolis
force,

∂v

∂t
+ (v · ∇)v = −1

ρ
∇p+ ν∇2v + g − 2ρΩ× v. (2.20)

This modified Navier-Stokes equation is made dimensionless by introducing,

ṽ =
v

U
, p̃ =

p

ρΩUL
, t̃ = tΩ, r̃ =

r

L
, (2.21)

where the tilde represents a dimensionless variable and U and L are a typical speed and length
scale of the system. The dimensionless variables are inserted in eq. (2.20),

∂ṽ

∂t̃
+

U

ΩL

(
ṽ · ∇̃

)
= −∇̃p̃+

ν

ΩL2
∇̃2ṽ − 2k × ṽ, (2.22)

in which k is the unit vector in the direction of Ω. In this equation two dimensionless groups of
variables are formed, namely the Rossby and the Ekman numbers, given by, respectively,

Ro =
U

ΩL
, E =

ν

ΩL2
(2.23)

The Rossby number Ro represents the ratio between inertial forces and the Coriolis force, while
the Ekman number E represents the ratio of viscous forces and the Coriolis force. If the flow is
considered stationary and if Ro� 1 and E � 1, then the dimensionless Navier-Stokes eq. (2.22)
can be reduced to,

0 = ∇̃p̃+ 2k × ṽ (2.24)

It can be shown that the velocity of the flow is independent of the z̃-coordinate, by taking the
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curl of eq. (2.24),

0 = ∇̃ ×
(
−∇̃p̃

)
+ ∇̃ × (2k × ṽ) ,

= 2
{
k
(
∇̃ · ṽ

)
− ṽ

(
∇̃ · k

)
+
(
ṽ · ∇̃

)
k −

(
k · ∇̃

)}
,

= −2
(
k · ∇̃

)
,

=
∂ṽ

∂z̃
. (2.25)

This result is known as the Taylor-Proudman theorem. It states that the flow can be considered
2-dimensional, because the flow is independent of the z-coordinate, resulting in the formation of
so-called Taylor columns.

An important aspect when studying vortex dynamics is the conservation of potential vortic-
ity ωpot,

ωpot =
2Ω + ω

H
, (2.26)

here is ω the vorticity, H the fluid depth and Ω the angular velocity of the background rotation.
The potential vorticity is conserved when the flow can be considered as a two-dimensional inviscid
motion in the shallow water approximation. Consequently, the vorticity in a vortex will change
if the fluid depth changes. If a symmetric dipole encounters an asymmetric fluid depth change,
the dipole becomes asymmetric. [5, 6]

Another important variable is the dimensionless Reynolds number Re, describing the ratio
between inertial and friction forces in the flow,

Re =
UL

ν
, (2.27)

where U and L are a typical speed and length scale in the system and ν the kinematic viscosity.

2.4 Vortex dipole collision

The interaction of a vortex dipole with different obstacles has become an attractive topic in recent
years. In previous studies, the symmetric collision of a dipole with a flat wall was considered by
for example P. Orlandi [1]. From the series of images shown in figure 3 it can be seen that the
vortex dipole approaches the flat wall along its symmetry line. A patch from the primary vortex
induces a boundary layer with vorticity of opposite sign as the dipole approaches the wall, for
any side of the dipole. During the interaction this vorticity will be ’scraped’ off the boundary
by the primary patch. Then two asymmetric secondary vortex dipoles are formed, moving along
curved tracks.
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Figure 3: The collision of a vortex dipole with a flat wall. (From Orlandi [1]).

The collision of a vortex dipole with a circular obstacle has also been studied by Orlandi [3]
and by Verzicco et al. [2]. Images from these studies are presented in figure 4 and 5. When a
patch from the primary vortex dipole is approaching the obstacle, a boundary layer with opposite
vorticity is induced. Some vorticity will be ’scraped’ off the boundary by the primary patch.
Then the primary patches form, with the vorticity from the boundary layer, two asymmetric
vortex dipoles. The interaction is similar to the case with a flat wall. However, for thin cylinders
the secondary dipole can move beyond the circular obstacle, as can be seen in fig. 5. Even when
the obstacle is small, vorticity is created in a boundary layer and the primary dipole splits in
two secondary dipoles.
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Figure 4: The collision of a dipole with a circular obstacle with approximately the same radius
as the dipole. (From Verzicco et al. [2]).

Figure 5: The collision of a dipole with a circular obstacle with a much smaller radius than the
dipole. (From Orlandi [3]).
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Figure 6: Geometrical disposition of the model used to simulate the collision of a Lamb dipole
with circular obstacles of different radii. The numbered shapes represent the initial position of
the Lamb dipole (1), the obstacle (2) and the outer boundary of the domain (3).

3 Methodology

In this study the collision of a vortex dipole with circular obstacles of different radii is considered.
In this chapter the method implemented for the numerical simulations and the experiments are
discussed.

3.1 Numerical procedures

Numerical simulations are done in the Comsol program [7], this software solves the vorticity
equation (2.7) and eq. (2.18) numerically. A no-slip condition is imposed on the boundary of the
obstacle.

There are three different geometrical models used for the simulations in this study. All the
models are checked for grid independency, by refining the grid until there is no difference with
the coarser one. The position of the lowest point of the obstacle is adjusted, so the distance
between the starting point of the dipole and the obstacle remain constant in all the simulations.
The Reynolds number is also kept constant in all the simulations at Re = 1000.

The first geometric model used is shown in figure 6. The Lamb dipole is initially located in
the area within the circular shape (1) with radius a. The circular shape (2) with radius Dc is
the obstacle. The rectangular shape (3) is the outer boundary of the domain, with a stress-free
condition imposed to reduce the influence of the boundary.

The second geometric model is shown in figure 7. It is used to simulate the collision of a
dipole with a flat wall instead of a circular obstacle, for comparison purposes. The Lamb dipole
is initially located in the area within the circular shape (1) with radius a. The rectangular
shape (2) is the flat wall. The rectangular shape (3) is the outer boundary of the domain, with
a stress-free condition imposed.

The third geometric model is shown in figure 8. It is used to calculate the so-called the
enstrophy

Gn =
1

2

∫
Sn

ω2 dS, (3.1)
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Figure 7: Geometrical disposition of the model used to simulate the collision of a Lamb dipole
with a flat wall. The numbered shapes represent the initial position of the Lamb dipole (1), the
flat wall (2) and the outer boundary of the domain (3).

in two regions of the domain. Here Sn is the surface of the region n. The domain is divided
into region (I) and (II). The boundary between the regions is represented by the line (4) that
does not restrict the flow. The Lamb dipole is initially located in the area within the circular
shape (1) with radius a. The circular shape (2) with radius Dc is the obstacle. The rectangular
shape (3) is the outer boundary of the domain, with a no-slip condition imposed on it.

The simulations are carried out to examine the trajectory of the secondary dipoles, the points
of minimum vorticity and the enstrophy when the dipole collides with an obstacle. Because
symmetric collisions are simulated, only the left side of the domain is analized. The left patch of
the primary dipole is tracked using the position of the point of maximum stream function ψmax,
which is located in the core of the patch. The point of minimum vorticity ωmin is in the core
of the right patch, but at a certain moment during the collision ωmin is located in the left side
of the boundary layer. After the collision, ωmin is located in the newly formed patch of the left
secondary dipole. The position data from ψmax and ωmin is exported from Comsol to Matlab [9]
to process the data.

The behavior of ψmax and ωmin is illustrated in figure 9. It is a result from one of the simu-
lations and it shows the position of ψmax and ωmin during the evolution of the flow. The crosses
represent ψmax and the dots ωmin as a function of time. The circle and diamond represent ωmin
and ψmax at the detachment time, which corresponds with ωmin not being in the boundary layer
anymore. The line between the patches at that time is shown with the dotted line. The large
black circle is the obstacle and in this example the obstacle is the same size as the dipole.

The trajectories of the secondary dipoles are curved in general. In order to compare these
trajectories, the mean curvature, cm, of the trajectory of the secondary dipole is calculated, by
using ψmax in the primary patch. In the calculation, only the upper half of the circular trajectory
is taken into account. The positions of ψmax are fitted by a polynomial to obtain an equation
for x(t) and y(t). The curvature is calculated with,

cn =
|x′ny′′n − x′′y′n|
(x′2
n + y′2

n )
3
2

, (3.2)

for every data point n, where ′ indicates the derivative with respect to the time. From this
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Figure 8: Geometrical disposition of the model used to calculate the enstrophy in three different
regions of the domain (labeled as I and II). The numbered shapes represent the initial position of
the Lamb dipole (1), the obstacle (2) and the outer boundary of the domain (3).
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Figure 9: The positions of ωmin and ψmax as a function of time. The circle represent the
obstacle and the dotted line represent the line connecting the cores at the time when ωmin is not
in the boundary layer anymore.
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Figure 10: Convention used for the calculation of the angle αω.

the mean curvature can be calculated. Then the mean radius of curvature, rm is found with
rm = c−1m .

Additionally, the point of minimum vorticity ωmin is used to calculate the scattering direction
of the secondary dipole, at the moment ωmin is no longer in the boundary layer. It is considered
that this marks the end of the collision and the boundary layer has detached from the wall. The
direction of the secondary dipole is perpendicular to the line connecting the two patches (the
dotted line in fig. 9). The scattering direction is defined by the scattering angle αω, according
to the convention presented in figure 10, where the dotted line is the line connecting the two
patches and the line αω =

(
π
2 ,−

π
2

)
is parallel to the symmetry line.

To be able to compare the results from simulation data with the results from the experiments,
the size of the obstacle Dc and mean radius of curvature rm are made dimensionless. They are
normalized in terms of the radius of the dipole a,

d =
Dc

a
, Rm =

rm
a
. (3.3)

The radii of the obstacles considered in the simulations are summarized in table 1. The values are
chosen around d = 1. Values higher than 2.5 are not necessary, in view of the results presented
in section 4.1. For values lower than 0.1 the grid in the model is not fine enough. Therefore, the
collision with obstacles with a very small radius are left aside and could be the subject for future
studies.

Table 1: Radii of the obstacle d used in the simulations.

Series Diameter
No. d
1 0.1 0.2 0.3 0.4 0.5
2 0.6 0.7 0.8 0.9 1.0
3 1.1 1.2 1.3 1.4 1.5
4 1.6 1.7 1.8 1.9 2.0
5 2.1 2.2 2.3 2.4 2.5

3.2 Experimental procedures

Laboratory experiments were conducted to validate the numerical model. A schematic view of
the experimental setup is shown in figure 11. The experiments are performed in a water tank
with dimensions 100 cm × 150 cm. The tank is attached to a motor to produce the background

14
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Figure 11: Schematic view of the experimental setup. The elements of the setup are the water
tank (1), the motor (2), the dipole generator(3) and the obstacle(4).

rotation with angular speed Ω. The cylindrical obstacle is placed in the tank and a dipole is
created by a dipole generator (a cylinder moving forward and upward).

As a result of the background rotation, the free water surface will acquire a parabolic shape
and the water depth will not be constant. According to the conservation of potential vorticity,
eq. (2.26), this will result in an asymmetric dipole. To overcome this, the bottom of the watertank
is shaped to match the free surface’s curvature. Despite the careful alignment of the bottom in the
tank, slight variations in the water depth remain. Because of this and unavoidable asymmetries
in the vorticity distribution in the wake of the generator, the dipoles are still slightly asymmetric.

The angular speed of the motor Ω is set to 0.64 s−1 in every experiment. To obtain a rigid-
body rotation of the water, the water tank was rotated for a longer time than the half-life spin-up
period, also called the Ekman spin-up time tE [5],

tE = E−1/2Ω−1 = H (Ων)
−1/2

. (3.4)

The Ekman spin-up time is calculated using the typical values for the water depth H = 20 cm,
the angular velocity of the background rotation Ω = 0.64 s−1 and the viscosity of water ν =
10−6 m2/s, which results in a Ekman spin-up time tE = 250 s. The table was rotated for 30
minutes before performing an experiment.

As is derived in section 2.3, background rotation forces the flow to be independent of the
z-coordinate when Ro � 1 and E � 1. For the viscosity of water ν ≈ 10−6 m2s−1, the angular
velocity of the background rotation Ω ≈ 1 s−1 and the length of the domain L = 1 m, the
typical Rossby numbers are Ro ≈ 10−6. Also, for the speed of the flow U ≈ 10−2 ms−1, the
angular velocity of the background rotation Ω ≈ 1 s−1 and the water depth L ≈ 10−1 m, the
typical Ekman numbers are E ≈ 10−1. The criteria for Ro and E are met and the flow can be
considered 2-dimensional.

The flow evolution is recorded by a camera fixed to the rotating table. The vortex dipole is
visualized with fluorescent dye inserted inside the generator and illuminated by slide projectors
to reduce the illumination of the background. The recordings are used to track the cores of
the dipoles with the software program Tracker [8], which is also used to measure the radii a of
the dipole. The mean radius of curvature rm is calculated with the same method as is used
for the simulations. Because the primary dipoles and the collisions are slightly asymmetric, the

15



Table 2: Values of the experimental parameters.

Experiment Rc a d
No. (cm) (cm)
1 6.8 20 0.3
2 10.3 19 0.5
3 23.5 19 1.2
4 48.5 22 2.2

trajectories for the left and right secondary dipoles are averaged. To compare the results with
the simulation, rm is normalized in terms of the radius of the dipole a to obtain a dimensionless
mean radius of curvature Rm (eq. (3.3)).

The radii considered in the experiment are summarized in table 2, along with the radius of
the dipole a and the obstacle Dc. These radii were selected in view of the results obtained from
the simulations (section 4.1).

In the simulations, the Reynolds number is kept constant. In order to calculate the corre-
sponding Reynolds number for the experiments (eq. (2.27)), the measured speed of the dipole is
used as the typical velocity U , the measured diameter of the dipole as the length L and a value
of 10−6 m2s−1 is assigned to the viscosity. Since the speed of the dipole is a function of time t,
the Reynolds number is expected to be Re(t).
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4 Results

The results from the numerical simulations and the experiments are described in this chapter.
Further discussion of particular aspects of these results are given in chapter 5.

4.1 Numerical Results

Vortex dipole collisions against circular obstacles of different radii are simulated. The selected
radii for the obstacles are in the range of 0.1 ≤ d ≤ 2.5, as can be seen in table 1. The trajectories
of the primary and secondary dipole are presented in figure 12.
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Figure 12: Dipole trajectories represented by ωmin (cyaan/gray) and φmax (red/black). The
horizontal and vertical axis represents the (x,y)-coordinates. The filled circle represent the obsta-
cle and the small thick line connects the cores at the time the secondary dipole is detached from
the boundary layer.
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The sequence of images illustrates the effect of the size of the obstacle on the trajectory of the
secondary dipole. It is seen that the curvature of the trajectory is increasing as the radius of
the obstacle increases. However, for values d > 2 the curvature seems to be the same, while for
values d < 0.8 the curvature has the largest variations.

The line joining the two cores, the small thick line in fig. 12, is perpendicular to the direction
of the secondary dipole when the point of maximum vorticity is not in the boundary layer
anymore. This moment indicates the end of the collision. The direction of the secondary dipole
is approximately horizontal when d = 0.1 and almost vertical when d = 2.5. For all other cases
the direction seems to ’rotate’ between these two states.

From the ψmax-data the mean radius of curvature Rm is calculated for the secondary dipole.
These results are presented in figure 13, together with the mean radius of curvature for the
simulation with a flat wall, presented by a dashed line.
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Figure 13: Mean radius of curvature Rm for the trajectory of the secondary dipole as a function
of the radius of the obstacle d. The dashed line represent the result corresponding to a flat wall
(d =∞).

This graph shows the effect of the size of the obstacle on the trajectory of the secondary dipole.
An asymptotic behavior is clearly seen for values d > 2, when the mean radius of curvature
seems to become independent of d. This asymptotic behavior is represented by a collision with
a flat wall. Simulations for obstacles with radii d > 2.5 would probably produce the same result,
but no further confirmation is pursued. The discrepancy of the point for d = 2.5 and the other
points is assumed to be due to numerical effects.

The scattering angle αω of the secondary dipole at the end of the collision is calculated, for
every value of d and for the flat wall. The resulting graph is shown in figure 14.
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Figure 14: Scattering angle αω as a function of the radius of the obstacle d. The dashed line
represents the scattered angle produced by a flat wall.

The angle αω is related to the direction of the secondary dipole according to the convention in
fig. 10. The first point is apart from the other points, because the value for the scattering angle
is −π ≤ αω ≤ π. These results have similar characteristics as the results for the mean radius of
curvature (fig. 13), because an asymptotic behavior is seen. For values d < 0.8 the change of the
angle is large, while for values d > 1 the angle becomes independent of d. However, the value for
the simulation with a flat wall is not on the asymptote.

Additionally, for simulations with values d = 0.5, 1.0 and 2.0 the total enstrophy GT and the
enstrophy in region II, GII , is calculated (eq. (3.1)) and plotted as a function of time in figure 15.
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Figure 15: Total enstrophy GT and enstrophy in region (II) GII for the values d = 0.5 (solid
line), 1.0 (dashed line) and 2.0 (dotted line).

It is observed that total enstrophy is initially decreasing slightly. At t ≈ 5, the enstrophy
increases, at the same rate for all cases. Clearly the maximum attained value for the enstrophy,
GTmax

depends on d. For instance the largest GTmax
corresponds to the case d = 0.5 and it is

observed that the radius of the obstacle increases as GTmax
decreases. After GTmax

is reached,
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the descent rate and the post-collision enstrophy seems to be the same for all cases.
The enstrophy in region (II) is initially zero, as expected. It is seen that the highest contri-

bution to the total enstrophy is produced in region II. However, GII shows a bump during the
decreasing of the enstrophy, decreasing as d increases. As this bump is not present in the total
enstrophy, the graph of the enstrophy in region (I) has a dale.

4.2 Experimental Results

The radii for the obstacle are selected by examining the simulation results for the mean radius of
curvature. Due to the steep behavior observed in fig. 13 and 14 for d < 1, two experiments were
conducted for obstacles with d = 0.3 and d = 0.5. Another experiment is conducted for d = 2.2
to investigate the asymptotic behavior and intermediate d = 1.2 is also considered.

Selected frames from the experiments are compared to the images from the simulations in
figures 16-23. The figures are arranged in increasing radii for the obstacles. Because the vorticity
in the boundary layer becomes very high compared to the vorticity within the dipole, the color
scale is ’locked’ in the simulation images to make the dipole and the boundary layer both visible.
The experimental and simulation images are not at the same scale.

(a) (b) (c)

Figure 16: Experimental results for d = 0.3.

(a) (b) (c)

Figure 17: Numerical results for d = 0.3.
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(a) (b) (c)

Figure 18: Experimental results for d = 0.5.

(a) (b) (c)

Figure 19: Numerical results for d = 0.5.

(a) (b) (c)

Figure 20: Experimental results for d = 1.2.

(a) (b) (c)

Figure 21: Numerical results for d = 1.2.
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(a) (b) (c)

Figure 22: Experimental results for d = 2.2.

(a) (b) (c)

Figure 23: Numerical results for d = 2.2.

In all figures, subfigure (a) shows the dipole approaching the obstacle. In the simulation the
forming of the boundary layer can already be seen. In (b) the dipole is colliding with the
obstacle and in the simulation is seen that the boundary layer is removed from the obstacle.
This boundary layer will form the new patch of the secondary dipoles, as seen in (c) where the
newly formed dipoles are translating in a curved track towards the symmetry line. The filaments
of vorticity behind the secondary dipoles are clearly seen as they move away from the obstacle.
The speckles in front of the boundary layer, only visible in the simulation results, are due to
numerical effects.

The trajectory of the scattered dipoles have been tracked using the recordings. Then, these
trajectories are compared to the simulations by plotting them in the same graph, as shown in
figure 24.
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Figure 24: Trajectories of the secondary scattered dipole for d = 0.3 (a), d = 0.5 (b), d = 1.2 (c)
and d = 2.2 (d). Simulation and experimental results are represented by a solid and dashed line,
respectively.

The trajectory of the experiment is scaled and translated to have the same origin and axis scale
as the simulations. It can be seen that the trajectory from the experiment for d = 0.3 and
0.5 are more curved than the trajectories from the simulations, while the trajectories from the
experiments for d = 1.2 and 2.2 have a comparable curvature with the corresponding simulations.
However, the position of the experimental trajectory for d = 2.2 has an offset, this is because
the collision was slightly asymmetric and the origin of the mean trajectory has an offset. These
results confirm that the curvature increases when the radius of the obstacle increases. In order
to see this behavior more clearly, the trajectories of the different experiments are plotted in the
same graph in figure 25.
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Figure 25: Comparison of the experimental trajectories of the secondary dipoles. From the
experiments with d = 0.3 (solid line), 0.5 (dotted line), 1.2 (dashed line), and 2.2 (dash-dotted
line).

Now the effect of the radius of the obstacle on the trajectories is clearly seen. The trajectory data
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from the experiment with d = 2.2 has again an offset, but the curvature fits in the trend. The
mean radius of curvature, Rm, is calculated for all cases, stated in table 3, which also contains
the radii of the obstacle Dc and the dipole a.

Table 3: Experimental results.

Experiment Dc a d Rm

No. (cm) (cm)
1 3.4 9.8 0.30 0.71
2 5.2 9.5 0.50 0.65
3 12 9.7 1.2 0.59
4 24 11 2.2 0.53

For the simulation with d = 1.2 the Reynolds number for the primary dipole is calculated,
using the values L = 2a = 19 cm, ν = 10−6 m2s−1 and the velocity of the dipole U(t). As the
velocity of the dipole is a function of time t, the Reynolds number varies accordingly, shown in
figure 26.
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Figure 26: Reynolds number of the primary dipole as a function of time. It is calculated for
the experiment with d = 1.2. The dashed line represents the mean value.

The Reynolds number is fluctuating with a maximum of Remax = 1.7 × 105, a minimum of
Remin = 6.2 × 104 and a mean value of Rem = 1.1 × 105 for the primary dipole. This is
significant higher than the Reynolds number used in the simulations (Re = 103).
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5 Discussion

When the results for the mean radius of curvature, Rm, from the simulations are examined
(fig. 13) a trend is clearly seen. The mean radius of curvature decreases asymptotically as the
size of the obstacle increases. Since Rm for a simulation with a flat wall is near the asymptote,
it is concluded that the limit d→∞ means the collision with a flat wall. The change in Rm for
values d > 2 is very small, meaning that the collision with a circular obstacle with twice the size
of the dipole gives the same result as a collision with a flat wall. As can be seen in the recordings
and trajectory data from the simulations and experiments, the secondary dipole will translate
further ahead of the boundary for smaller obstacles.

When d→ 0, Rm is increasing rapidly. At the limit d = 0 the trend suggests that the dipole
will not interact with the point obstacle (Rm = ∞ is a straight line). However, this process is
physically unrealistic because it involves infinitely small obstacles. It is assumed that when a
obstacle has a finite size, a boundary layer will form and the dipole will split and scattering will
take place.

The numerical and experimental results for Rm are compared in figure 27. The trend seen
in the numerical results is also seen in the experimental results, although there are not enough
experimental results to see the behavior of Rm in the limits.
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Figure 27: Mean radius of curvature Rm for the trajectory of the scattered dipole as a function
of d for the simulation and experiments.

For the values d = 1.2 and 2.2 the results from the simulations and experiments are comparable,
while for values d < 1 there is a discrepancy of about 31%. The possible influence of the Reynolds
number could be the reason behind such discrepancies. The Reynolds number for the dipole is
different for the simulations and the experiments, and apparently its influence is greater for
obstacles with small radii. Despite these large differences a similar trend is observed in both the
experimental and numerical results.

When the scattering angle is examined (fig. 14) an asymptotic behavior is seen. When the
radius of the obstacle increases, the scattering angle rotates towards − 1

2π, which corresponds to
the direction parallel to the line of symmetry. In contrast, the simulation with a flat wall shows
a different behavior, because the corresponding angle is still at some distance apart from the
other points. This suggests that the scattering angle will continue to rotate for d > 2.5, and
eventually come close to the flat wall value for d→∞. Therefore, it is not certain there is in fact
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an asymptote. For the limit d → 0 the scattering angle seems to decrease rapidly, but because
the scattering angle is −π ≤ αω ≤ π the value for the scattering angle in the lower limit cannot
be defined, properly.

As the examination of the scattering angle does not provide more insight in the collision, the
distribution of the enstrophy in the whole domain and in region II is examined (fig. 15). At
t = 0, the value for the total enstrophy is due to the dipole, present in region (I). As expected,
the enstrophy in region (II) is zero. With time the total enstrophy decreases slightly, due to
viscous effects. The sudden increase of GT at time t = 4 s is associated to the formation of the
boundary layer, because the increase is due to the increase in region (II). Apparently, the rate of
the formation is independent of the curvature of the boundary. Because an obstacle with a small
radius has a small boundary layer, the vorticity generated inside is concentrated in a narrower
band, resulting in a higher value for Gmax. This supports the assumption that a boundary layer
developed around small cylinders (d→ 0) will still split the primary dipole.

While the generated vorticity is spreading, a small bump is present in the graph for GII ,
after t = 10 s. This bump is not present in the total enstrophy, therefore it is concluded that the
intrusion of the primary patch into region (II) provides the increased enstrophy. The trend that
the secondary dipole will translate further ahead of the boundary for smaller obstacles is also
seen here, the bump decreases as the radius of the obstacle increases. The decrease of the total
enstrophy occurs at approximately the same time and the same rate, meaning that the total
interaction time is independent of the size of the obstacle.

It is found that the interaction time is independent of the size of the obstacle and perhaps the
scattering angle should be defined by this time. The scattering angle is here defined as the angle
of the secondary dipole’s direction at the time the maximum vorticity is not in the boundary
layer anymore. It could be interesting to compare that time to the interaction time found in the
study of the total enstrophy.

26



6 Conclusions

This study examines how the collision of a vortex dipole with a circular obstacle depends on the
radius of the obstacle.

A numerical model is derived from the Navier-Stokes equation in vorticity formulation and
simulations are performed for obstacles with radii in the range 0.1 ≤ d ≤ 2.5. Laboratory
experiments are conducted for selected cases (d =0.3, 0.5, 1.2 and 2.2) in order to validate the
model. Scripts are created to process the data obtained from the numerical simulations and the
laboratory experiments.

The simulation results show an asymptotically decreasing Rm, as d increases. A simulation
for the collision with a flat wall provides a limit value for this asymptote. Experimental and
numerical results show the same trend. For d > 1 good agreement is observed. However, for
d < 1 there is a discrepancy of about 31% in the results. It is assumed that this is due to the
influence of the Reynolds number, with a greater influence for the smaller radii of the obstacle
d < 1.

For the scattering angle also a trend is seen. It seems to rotate asymptotically counterclock-
wise to the value αω = − 1

2π, when d is increasing. However the scattering angle corresponding
to a flat wall is still at some distance apart from the other points. The value for the scattering
angle in the lower limit d→ 0 cannot be defined.

From the calculation of the enstrophy, it is found that the interaction time is independent of
the radius of the obstacle. It is also seen that the secondary dipole translate further beyond the
boundary of the obstacle when the radius decreases.

It is suggested that the interaction time should be used to define the scattering angle, instead
of the position of ψmax. Also is it still uncertain how the dipole reacts during a collision in the
limit d → 0, although some interesting aspects has been found. Furthermore, the influence of
the Reynolds number on the trend for the mean radius of curvature has to be assessed. These
two aspects should also be assessed in future studies.
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A Nomenclature

Symbol Description
a Radius of the dipole
A,B,C,D Constants
cm Mean curvature of the trajectory
d Normalized radius of the obstacle
Dc Radius of the obstacle
E Ekman number
Fcor Coriolis force
G Enstrophy
H Typical depth
J Jacobian matrix
Jn nth order Bessel function of the first kind
k Constant
k Unit vector normal to the plane of motion
L Typical length scale
p Pressure
r Cylindrical coordinate
rm Mean radius of curvature of the trajectory
Re Reynolds number
Rm Normalized mean radius of curvature of the trajectory
Ro Rossby number
tE Ekman half-life spin-up time
U Typical speed
v Velocity of the flow
V Speed of the flow
Yn nth order Bessel function of the second kind
z Cartesian coordinate

αω Scattering angle
θ Cylindrical coordinate
ν Kinematic viscosity
ρ Density
φ Stream function
ω Vorticity
ωpot Potential vorticity
Ω Angular velocity
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