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Abstract

Electron emission due to photoionization from ultracold Rubidium atoms in a con-
stant electric field has been studied. This report focuses on the temporal length and
structure of the electron bunches that are produced when ionizing with a femtosecond
laser pulse. Simulations show that when using a femtosecond laserpulse for ioniza-
tion the electron bunches changes from a continuous bunch, which it is when using
a nanosecond laser pulse, to a pulse train. The idea behind this is that electrons
are only able to escape the ions at distinct times, most likely after every orbit. By
assuming that the Rubidium atoms behave like Rydberg atoms, an expression for the
orbital period has been found. This expression has been compared with the period of
the pulse trains as follows from simulations done using a general particle tracer (GPT)
code, in which the exact Rubidium potential was used combined with a static external
electric field. The theoretical expression turned out to be a factor four off, possibly
caused by the electrons only being able to escape the atoms every so many orbits. The
simulations show an effective bunch length of maximal 60 ps and a pulsetrain-period
in the order of 5 ps for typical experimental conditions. Bunch stretching due to the
finite size of the Rubidium source adds another 20 ps to the pulse. Knowing this, a
way to measure an electron bunch of at least 80 ps with a picosecond resolution is
investigated, using a radiofrequent cavity. In the cavity is a quickly oscillating mag-
netic field. Electrons entering the cavity at different times are deflected more or less
than other electrons. This produces a streak, where time in the bunch is translated
to a position on a detector. Using this method and an available cavity we are able to
achieve a resolution of 350 fs for pulses as long as 160 ps, using 200 W of RF power.
By increasing the power this resolution can easily be improved to under 100 fs. The
device is now ready for implementation and can be used to experimentally measure
the electron bunches in the future.
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1 Introduction

Over the past years photoionization has been a subject of many studies. When an
electron which is bound to an atom absorbs a photon with sufficiently high energy,
this electron can escape the atom, leaving a positively charged ionic core. This is
called photoionization. In this report we study photoionization in ultracold plasmas
(UCP). We can create UCP’s by laser cooling [1] a cloud of Rubidium atoms in a
magneto-optical trap (MOT), after which the atoms are ionized using a laser beam.
We use UCP’s to produce ultracold and ultrashort electron bunches, which can be
used in ultrafast electron science. Hitting an object with a pulse (either laser or
electron) produces a diffraction pattern, which contains information about the shape
of the object. If this object changes over time, the changes can be tracked by hitting
the object with a train of these pulses. Then the diffraction pattern will also change
over time, producing a movie of the changes in the object. If we could reach sub-
nm spatial resolutions and sub-100 fs temporal revolutions with this technique, we
would be able to study phenomena on a molecular level [2]. For example, if we could
make a movie of the folding of a protein, this would be a great help to biochemists in
understanding this process. Because electrons have a nonzero mass, they can reach
higher spatial resolutions than reachable with photons.

The temporal length of the electron bunches that are produced with our UCP depends
on the duration of the laser pulses which are used to ionize the atoms. When using
nanosecond laser pulses we retrieve a single electron pulse of about the same length.
However, simulations show that when we use femtosecond laser pulses, the bunch
lengths are in the picosecond regime and show a different behavior. Instead of a
constant stream of electrons, the bunch becomes a pulsetrain, as shown in the figure
below.

Figure 1.1: This figure shows the simulation of an electron bunch created using a
femtosecond laser pulse

In this report the duration and behaviour of these bunches will be investigated. In the
first chapter, we do a theoretical approximation using Rydberg atoms to understand
this behaviour. We also explain the Rubidium potential and its consequences. In the
second chapter, the orbits of electrons around the Rubidium atoms are simulated and
compared with the theory of the first chapter. Then we simulate the actual electron
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bunch and see how they change when the experimental conditions are varied. In the
third chapter we develop a method for experimentally studying these bunches using
a radiofrequent (RF) cavity.
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2 UCP setup

In this chapter the experimental setup which is used to create the ultracold electron
bunches and for which we develop our bunchlength-measuring device is described.
Because the actual setup isn’t used in this project, this description will be relatively
short. For a more extensive description, the reader is referred to the master’s thesis
of M.A van der Heijden [3]. In the setup, atoms are cooled and trapped in a magneto-
optical trap (MOT). Using laser-doppler cooling, the atoms are cooled down to the
Doppler limit temperature TD = 142.41 µK. They are then trapped using a quadrupo-
lar magnetic field. Then the ultracold plasma is created by exciting the atoms with
an excitation laser, while simultaneously ionizing them with an ionization laser. In
previous bunchlength experiments a nanosecond laser was used for ionization. The
aim is to now do the same with a femtosecond ionization laser. In the final step an
external electric field accelerates the ions and electrons in opposite directions. The
field works over an effective distance of 2.7 cm and the cavity can sustain a maximal
accelerating voltage of 30 kV. The electrons form the so called electron bunch. The
three steps are shown schematically in figure 2.1.

(a) First, Rb atoms are cooled and
trapped in a MOT which consists of 6
lasers and 2 coils.

(b) Then the trapping laser is turned off,
a 780 nm excitation laser excites the Rb
atoms to an excited state. A 480 nm
pulsed laser ionizes the excited atoms.

(c) Finally, the static electric field ac-
celerates the Rb+ ions and the electron
bunch in opposite directions.

Figure 2.1: The creation of a UCP

The experimental setup is shown in figure 2.2.
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Figure 2.2: Schematic representation of the experimental setup, the most important
parts like the RF cavity and the MCP are labeled.

After the electron bunch is created inside the vacuum chamber, magnetic steering
coils are used to guide the electron bunch through the beam line. With the solenoid
lens the bunch can be correctly focussed. At about one meter from the MOT our RF
cavity will be placed. The RF cavity will be the device used to measure the bunch
lengths, which will be explained later. At half a meter from the cavity, the detector
is placed.
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3 Ultracold electron pulse

In this chapter, the length and shape of the produced ultracold electron pulses will be
predicted both analytically and by simulations. From previous research it is known
that the electrons aren’t distributed uniformly over the entire pulse, but that the
pulse actually is a pulsetrain. A simple classical explanation for this is that while
the cloud of rubidium atoms is hit by the excitation laser, the electrons orbit around
their ions. After every orbit, an electron will have a chance to escape its ion. As a
consequence, a part of the total amount of released electrons will escape immediately
after excitation, a smaller part after one orbit time, an even smaller part after two
orbit times, and so on. According to this explanation, the period in the pulse shape
should be the same as the orbit time of the electrons around the nuclei. To test this,
this orbit time will first be approximated analytically, followed by simulations of the
rubidium atoms in an external electric field.

3.1 Orbit time of a Rydberg atom

To derive a formula for the orbit time of the electrons, the excited rubidium atoms will
be considered hydrogen atoms. This seems acceptable, because each rubidium atom
has one electron in an orbit with very high principal quantum number n. This makes
it a Rydberg state which can be approximated by a hydrogen atom, after which the
classical Bohr model can be used to derive a formula for the orbit time. The electron
is held in a circular orbit by electrostatic attraction. This means that the centripetal
force should be equal to the Coulomb force.

mev
2

r
=
Zkee

2

r2
(3.1)

Here me is the mass of an electron, v its speed, r its radius and e its charge. The
parameter Z is the atomic number of the atom (in the case of a Rydberg atom this
is one) and ke Coulomb’s constant, often written as 1

4πε0
, where ε0 is the vacuum

permeability. This equation determines the electron’s speed at any radius, which is
given by

v =

√
Zkee2

mer
. (3.2)

According to quantum physics, the angular momentum L always is a multiple of the
reduced Planck’s constant ~ [5],

L = mevr = n~. (3.3)

Substituting 3.2 into 3.3 yields

√
Zkee2mer = n~. (3.4)

Finally, equation 3.4 can be rewritten into an equation for the orbit radius rn as a
function of the principal quantum number n

rn =
n2~2

Zkee2me
. (3.5)
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The constant ~2

kee2me
is usually called the Bohr radius (a0), and is defined as the radius

of the electron in the orbit as close as possible to the nucleus of a hydrogen atom.
From this, the orbit time can be derived as

t =
s

v
=

2π

r
. (3.6)

Substituting the previously derived equations for r and v into this equation yields

t =
2π

Z2

√
mea30
kee2

n3. (3.7)

Now the only thing left to determine is the principal quantum number n as a function
of the parameters set in our simulations and real experimental setup. In the simu-
lations, one of these parameters is the excess energy Eexc [6]. This excess energy is
given by the sum of the ionization energy with respect to the ionization threshold
(Eλ) and the Stark shift of the ionization threshold by the electric field F in the
accelerator (EF ), also shown in figure 3.1 and given by

Eexc = Eλ + EF = hc(
1

λ
− 1

λ0
) + 2H

√
F

F0
. (3.8)

Here, h is Planck’s constant, c is the speed of light, λ is the wavelength of the used
excitation laser, λ0 is the ionization threshold (479.06 nm for the used Rubidium
atoms), H is the Hartree energy and F0 the atomic unit of field strength.

Figure 3.1: This figure shows the Coulomb potential combined with the Stark poten-
tial which is applied to an electron as a function of the position of the electron. It
also shows all relevant parameters.

The total energy of the electron can be derived by adding the kinetic energy to the
potential energy and using equations 3.5 and 3.2, giving

En =
1

2
mev

2 − Zkee
2

rn
= −RE

n2
. (3.9)
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Here, RE is the Rydberg energy, equal to
k2ee

4me

2~2 . Because a laser with a wavelength
at the ionization threshold λ0 will through definition excite the electron from the
non-excited state to E = 0, this energy is equal to the photon energy with respect to
the ionization threshold and therefore given by

Eλ = hc(
1

λ
− 1

λ0
). (3.10)

Now combining equations 3.9 and 3.10 yields for the principle quantum number n as
a function of the wavelength λ

n =

√
RE
hc

1
1
λ − 1

λ0

. (3.11)

Substituting this result into equation 3.7 yields

t =
2π

Z2

√
mea30
kee2

(
RE
hc

1
1
λ − 1

λ0

)
3
2 . (3.12)

This is already useful, because in the experiments λ will be the parameter. However,
in the simulations the excess energy and the electric field strength will be varied.
By using F = V

d , where V is the electric field strength in the accelerator and d the
effective length of the accelerator and rewriting equation 3.8 another formula for the
orbit time can be obtained

t =
2π

Z2

√
mea30
kee2

(
RE

Eexc − 2H
√

V
dF0

)
3
2 . (3.13)

Later, this will be compared with the results of the simulations.

3.2 Critical angle

The external electric field in which the electrons are placed, the so-called Stark field,
gives rise to a change in the shape of the conventional Coulomb potential. The Stark
potential has a negative slope and therefore produces a saddle point in the total
potential, as shown in the figure below.
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Figure 3.2: This figure shows the Coulomb potential combined with the Stark poten-
tial which is applied to an electron as a function of the position of the electron.

The slope of the dashed line grows with the accelerating voltage. The external field
induces a saddle point in the potential. Electrons that obtain an energy above this
level will be able to escape the atom. This explains field-induced ionization. By
increasing the field, the threshold energy for the electrons to escape will drop and
(more) electrons will be able to escape. The presence of this saddle-point energy also
influences the trajectories of electrons excited above this energy. For large kinetic
energies, the interaction of the electron with its ionic care may be neglected. However,
this doesn’t hold for electrons with a low kinetic energy. For slow electrons in a
Hydrogen atom, the trajectories have been discussed by Bordas [4]. We define the
ejection angle β as the angle between the direction of the static electric field and
the direction in which the electron is launched from its ion. In classical mechanics,
an electron launched under an angle β smaller than a certain critical angle βc can
never escape the attraction field of its ion, even though its energy may lay above
the saddle point energy.The critical angle only matters for energies between zero and
the saddle-point energy. Below this energy, all electron trajectories are bound. For
positive energies, all trajectories are open.

The Rubidium potential has practically the same effects as the Hydrogen potential
but differs in one point. The presence of other electrons acts as a perturbation in the
potential. This allows the electrons in a Rubidium potential to randomly escape their
ions, even when the Bordas model predicts otherwise. This is more likely to happen
if the electron is closer to the nucleus. As a consequence, electrons launched under an
angle larger than the critical angle always have the chance to escape the attraction
fields of their ions.

3.3 Simulations

To test the previously obtained results, simulations have been done in GPT (general
particle tracer.) In these simulations, a real Rubidium potential is used to calculate
the behavior of the electrons in an external electric field. The program considers a set
amount of non-interacting electrons a set amount of times, and determines after how
long each electrons reaches a screen at a set distance. As the electrons don’t interact
in the simulation, considering all electrons at the same time, or all electrons one by
one will yield the same result. However, the simulation runs faster if a good balance
is found between these two. GPT generates a file containing those times, which can
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then be read into matlab. Several parameters can be varied in the GPT script. It
is also possible to scan over one or multiple variables. First the number of particles
can be set, which is always twenty. The number of recurrences can also be set, which
determines the accuracy of the simulations. As most important parameters, there are
the acceleration voltage and the excess energy, but the script can easily be rewritten
to obtain de wavelength of the used excitation laser as a parameter. Using this, the
pulse shape was analyzed as a function of acceleration voltage and excess energy. A
characteristic oscillation period in the pulse shape could be determined, as well as
a characteristic degrading time. As a last, the orbits of the electrons around the
Rubidium atoms were looked into.

3.4 Oscillation period of the pulse

First, we can look at what the orbits look like for a hydrogen atom. In GPT we
simulate a hydrogen potential combined with an external electric field, where we can
set the ejection angle β of the electron. For three different values of β, the trajectories
are shown in the figure below.

Figure 3.3: 2D trajectories of an electron in a hydrogen potential for three different
values of the ejection angle β.

In figure 3.3 the effect of the critical angle can clearly be seen. For an angle of 0.301π,
the electron is able to escape. But when the angle is just a fraction larger, 0.302π,
the electron is trapped in an orbit. Then for higher angles, here 0.5π, the trajectory
is still closed and complex. The assumption is that the trajectories for the Rubidium
potential will look very much like the trajectories for the Hydrogen potential. This
assumption is correct, as for electrons in an orbit with high principal quantum number
n, the rubidium potential will approximately be the same as a hydrogen potential.
Although, the very slight differences are crucial. The other electrons of the rubidium
atom act as small perturbations on the orbit of the outer electron. This may cause
the outer electron to escape the rubidium potential at any time, even if it is supposed
to be in a closed orbit according to the hydrogen model. This is more likely to happen
if the electron is close to the nucleus, and close to the other electrons, since than the
perturbations will be larger. Therefore it is useful to look at the distance from the
outer electron to the nucleus as a function of time. This is again done for the same
three angles as before and shown in the figure below.
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Figure 3.4: Distance from the electron in the hydrogen potential to the nucleus as a
function of time for three different values of the ejection angle β.

In the first case, the electron just flies away. In the second case, the electron is
captured in an orbit and its distance to the nucleus oscillates in time. In the final
case, the oscillation is faster. There also seems to be some kind of second oscillation
in the amplitude of the main oscillation. Performing a Fourier transformation on the
plots of figure 3.4, we can extract the dominant period. Doing this for all angles /beta
ranging from 0 to π results in the figure below.

Figure 3.5: Dominant period of the oscillation of the electron in the hydrogen potential
around the nucleus as a function of the ejection angle β.

It is obvious that at an angle of ≈ 0.3π, which is the critical angle, the period goes to
infinity. We observe that the period is smaller for larger angles /beta. The peaks can
be contributed to simulation errors due to the inaccuracy. What is confusing however
is that there is a small jump in period at a certain angle (≈ 0.55π.) We don’t know
for sure what this means. Earlier there appeared to be two different periods in the
oscillation of the electron around the nucleus, so possibly this may be the point where
the smaller period becomes dominant over the other. Unfortunately we don’t know
how to translate this result to the period of the electron pulse due to a number of
problems.

In the simulations, each electron has a random ejection angle. So in order to translate
the results in figure 3.5 to an electron pulse, some kind of weighted average over all
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angles might have to be taken. As a second, we don’t know what the effect of the
two periods in the oscillation of the electrons around the nucleus is. It is not the aim
of the project to investigate this. However, it might be interesting for future research
because it could be possible to completely understand the behaviour of the electron
pulse of figure 1.1 from this.

We can already understand a small part of the behaviour of the electrons. We know
that the electrons circle around the nucleus and that the period of this circulation
is somehow connected to the period in the electron pulse. We can also divide the
electrons in two different parts; electrons with an ejection angle smaller than the
critical angle βc, and electrons with an ejection angle larger than the critical angle.
The first group will not be captured in an orbit and escape the nucleus immediately.
These electrons will be the first ones to arrive at the screen and will cause the first
part of the bunch. The second group will be captured in an orbit, and these electrons
will orbit the nucleus once or more and then escape, they are the cause of the rest of
the electron pulse. This is illustrated in figure 3.6.

Figure 3.6: Electron bunch divided in two parts, angles smaller and larger than the
critical angle.

Now we will look at the electron pulses themselves, and see if there’s a connection
with the previously discussed theory. To do this we simulate these electron pulses for
different accelerating voltages (V ) and excess energies (Eexc). We recall formula 3.13;

t =
2π

Z2

√
mea30
kee2

(
RE

Eexc − 2H
√

V
dF0

)
3
2 . (3.14)

Here we can see that when the accelerating voltage is increased, the period should
decrease and the oscillation should be faster. Increasing the excess energy should
have the same effect. For typical simulation conditions of Eexc = 5 meV and V = 10

kV, we can calculate that the term 2H
√

V
dF0

is in the order of 50 meV and therefore

dominates the excess energy. This means we expect the influence of the excess energy
on the result to be substantially smaller than the effect of the accelerating voltage.
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When varying the accelerating voltage, the excess energy is always 5 meV. When
varying the excess energy, the accelerating voltage is always 5 kV.

Figure 3.7: This figure shows the amount of electrons arriving at the screen as a
function of the time for two different accelerating voltages, 2 kV and 10 kV. The
excess energy was 5 meV.

For two different accelerating voltages, 2 kV and 10 kV, the electron bunches are
shown in figure 3.7. It is clear that for 2 kV the period is larger than for 10 kV, as
expected. For 2 kV the period seems to be in the order of 10 ps, while for 10 kV the
period is in the order of 3 ps, whereas formula 3.14 predicts periods about a factor
four lower.

Figure 3.8: This figure shows the amount of electrons arriving at the screen as a func-
tion of the time for two different excess energies, 2 meV and 10 meV. The accelerating
voltage was 5 kV.

The same has been done in figure 3.8 for the excess energy. For an excess energy of
2 meV the period is in the order of 5 ps, while for an excess energy of 10 meV the
period is the same. There can be seen no significant difference, as we expected from
formula 3.14. Therefore we can conclude that the excess energy has practically no
effect on the period of the pulse. However, for very high excess energies (≈ 20 meV
and higher), another effect occurs. The pulse for an excess energy of 30 meV is shown
in figure 3.9.
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Figure 3.9: This figure shows the amount of electrons arriving at the screen as a
function of the time for an electron bunch created with an excess energy of 30 meV.

Due to the high excess energy, the critical angle βc approaches π. As a consequence,
almost all electrons are extracted from the rubidium atoms immediately. The charac-
teristic pulse-like behaviour disappears. However, for our typical experimental value
of Eexc = 5 meV this will never be a problem. Therefore we will only investigate the
effect of the accelerating voltage.

Using a Fourier transformation, the frequency of the bunches of figure 3.7 can be
determined more accurately. Figure 10(a) shows the spectrum of the pulse. The
important peak is in the very first part of this spectrum, which is shown in figure
10(b). Here, the circled peak is the desired peak. The period can then be calculated
from the frequency by using equation

t =
1

f
. (3.15)
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(a) The entire spectrum

(b) First part of the spectrum

Figure 3.10: This figure shows the Fourier spectrum of the electron pulse

This has been done for accelerating voltages ranging from 0 kV to 30 kV. For very low
accelerating voltages, the critical angle becomes larger, which means more electrons
will be able to escape the atoms immediately. Fewer electrons will be in the actual
pulse train and it becomes impossible to extract the period from the result. Therefore,
low accelerating voltages have been left out. The periods have been plotted as a
function of the accelerating voltage in figure 3.11. Because earlier we saw that formula
3.14 appeared to be a factor four different from the actual results, four times this
formula has been plotted with the simulation results.
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Figure 3.11: GPT Simulation results for the periods of the electron bunches as a
function of the accelerating voltage, plotted together with four times the theoretically
predicted values.

Figure 3.11 shows that it now corresponds very reasonable, which is quite surprising.
There are a few possible explanations for this. First there is the possibility that the
theoretical Rydberg approximation of chapter 3.1 doesn’t work well enough. Second,
there is the possibility that the electrons aren’t able to escape their atoms in each orbit,
but only in every so many orbits. This last has been suggested by other simulations
as well. The exact reason for this is unknown, and left for future research.

We have predicted that for typical experimental conditions the pulsetrain will have a
period in the order of 5 ps. As later we want to measure these pulsetrains, and we
will want to be able to see this pulsetrain behaviour, our measurement method will
need a temporal resolution at least in the order of 1 ps.

3.5 Decay time of the pulse

In the previous section we have looked at the resolution which our measurement
method will require. In this section we will look at what kind of typical bunch
lengths we will want to be able to measure. As the pulsetrain experiences some kind
of exponential decay, the true bunch length is very long. Therefore we have to cut
off the bunch at a certain point up to where we want to be able to measure the
bunch. In order to do this, we define the decay time of the electron bunch, td, as
the time at which 75 percent of the electrons have passed. There is no reason why
exactly 75 percent is chosen for this, other values like 90 would work as well. But
wanting to measure at least three quarters of the total signal sounds as a reasonable
demand. If we recall figures 3.7 and 3.8, we can make an indication of what this
decay time will do as a function of excess energy and accelerating voltage. First we
look at the accelerating voltage. If the accelerating voltage, and thus the strength
of the external electric field, is larger, the energy threshold which the electrons have
to conquer (figure 3.2) is lower. This means the electrons will be able to escape the
atoms more easily and thus the decay time to be lower. In figure 3.12 this is clearly
visible, for an accelerating voltage of 2 kV there’s still significant signal left at 60 ps,
while for 10 kV there isn’t. Also, if the excess energy is higher, one would expect the
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electrons to be able to escape more easily, and again the decay time to be lower. This
becomes clear in figure 3.13.

Figure 3.12: This figure shows the amount of electrons arriving at a as a function of
the time for two different accelerating voltages, 2 kV and 10 kV. The excess energy
was 5 meV.

Figure 3.13: This figure shows the amount of electrons arriving at the screen as
a function of the time for two different excess energies, 2 meV and 10 meV. The
accelerating voltage was 5 kV.

For different values of the excess energy and accelerating voltages this decay time has
been calculated. The results are shown in the figure below.
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Figure 3.14: The decay time of the pulsetrains as a function of accelerating voltage
(left) and excess energy (right).

Figure 3.14 shows that for typical experimental conditions the decay time is in the
order of 30 ps, where the longest decay times are in the order of 60 ps. From this we
can conclude that the longest typical bunch length we want to be able to measure is
about 60 ps. This 60 ps is the bunch length of the bunch when it is created at the
source. However, there is one effect which the simulation doesn’t take into account
that stretches our bunch. This is schematically shown in figure 3.15.

Figure 3.15: Schematic representation of the effect that stretches the bunch in our
setup. The red electron is given a higher speed and therefore reaches the cavity earlier
than the blue electron.

The cloud of Rubidium atoms in our experimental setup has a finite size. Therefore,
electrons that are ionized at the back of the cloud (red electron in figure 3.15 will
travel longer through the electrical field than electrons that are ionized at the front
of the cloud (blue electron). They will therefore have a greater velocity when they
reach the edge of the cavity. There is a point where the blue electron catches up with
the red electron, where the bunch length is minimal. However, one can calculate that
this point is at about 2 cm after the cavity, where we cannot measure anything in our
setup. After this point, the blue electron will gain more and more distance over the
electron and this causes the bunch to stretch. The finiteness of the Rubidium cloud
causes a typical energy spread of about 0.1 percent for the electrons. We assume a
standard electron energy of 10 keV. We can calculate the velocity of the electrons by
using the kinetic energy

v =

√
2fE

m
. (3.16)
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In equation 3.16 E is the standard electron energy of 10 keV, m is the electron
mass, and f is a random number between 0.999 and 1.001, representing the energy
spread. Using these two extreme values, the maximal velocity difference between two
electrons can be calculated. From this the difference in the time to travel from source
to our measurement device, which will be one meter in our setup (figure 2.2), can be
calculated to be 17 ps. This means that the bunch we want to measure is at worst 17
ps longer than it was when it was created. Adding this up with the maximum decay
time of 60 ps we retrieved earlier, we can conclude that we will want our measurement
device to be able to measure bunch lengths up to at least 80 ps.
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4 Radiofrequent cavity

Radiofrequent cavities, or RF cavities contain radiofrequent electromagnetic fields
which follow the Maxwell equations. The Maxwell equations for the cavities have
multiple solutions which give rise to several different field arrangements, the so called
modes. The modes also depend on the shape of the cavity. In this case, both cylin-
drical and rectangular cavities have been investigated. Electrons will pass through
the cavity in the z-direction. Then two modes can be distinguished. The first is the
transverse electric (TE) mode, which has only a transverse electric field, so no electric
field component in the z-direction. The other is the transverse magnetic (TM) mode,
which likewise has only a transverse magnetic field, so no magnetic field component
in the z-direction. For using the cavities as a streak camera, a TM mode is required.

4.1 Cylindrical cavity

For using a cylindrical cavity as streak camera, a TM110 is required. This index
means that the electric field in the z-direction has one node in the φ-direction, one in
the r-direction and no node in the z-direction [9]. The electric field then becomes

Ez = E0J1(kr)cos(φ)cos(ωt). (4.1)

Here J1(kr) is the first order Bessel function, k is the wavenumber of the EM waves
inside the cavity and ω is the resonance frequency of the cavity. At the edge of the
cavity, so at r = R, the field has to be zero. This means that value of kR, where
k is the wavenumber has to correspond with the first node of J1(x), which is at
x = 3.832. As the desired frequency of the mode is 3 GHz, it can now be calculated
that the radius of the cavity should be 61 mm. Using the Maxwell equations, all other
components of the electric and magnetic fields can be calculated. Doing this yields
that only Br and Bφ are non-zero, leaving Er, Eφ and Bz to be zero. The solutions
are

Br =
E0

ωr
J1(kr)sin(φ)sin(ωt) (4.2)

Bφ =
E0

ω

∂

∂r
J1(kr)cos(φ)sin(ωt). (4.3)

For r << R, 1
rJ1(kr) and ∂

∂rJ1(kr) are approximately k
2 . The magnetic fields in

cylindrical coordinates can be rewritten to cartesian coordinates. Assuming that r is
small, so for points on and close to the z-axis, this yields

Bx = 0 (4.4)

By =
E0

2c
sin(ωt). (4.5)

As the remaining magnetic field is in the y-direction, the electrons travelling in the
z-direction will be deflected to the x-direction.

What is important to know is the amount of power such a cavity would require. The
power loss of the cavity depends on both the energy stored in the cavity, its quality
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factor and the resonance frequency. To calculate the total energy stored in the cavity,
the energy density u has to be integrated over the entire volume of the cavity, which
yields

u =
ε0
2
E2 +

1

2µ0
B2. (4.6)

Here, E2 = E2
z and B2 = B2

r + B2
φ. Integrating this energy density over the entire

volume of the cavity leads to the total energy U

U =

R∫
0

2π∫
0

d∫
0

urdrdφdz =
1

4
dε0E

2
0πR

2J0(kR)2. (4.7)

Here R is the radius of the cavity and d its length. Now the power loss in the cavity,
and thus the power that needs to be supplied to it, can be calculated with

Ploss =
ωU

Q
. (4.8)

A fair approximation for the quality factor Q is given by Q ≈ 2V
δA . Here V and A

are respectively the volume and surface of the cavity, and δ the skin depth of the
electromagnetic field inside the cavity, which in the case of a copper cavity is 1.2µm.
Using this leads to a complete expression for the power loss of a cylindrical cavity

Ploss =
1

8
δε0E

2
0ωJ0(kR)2(2dπR+ 2πR2). (4.9)

This power loss can be dramatically decreased by inserting a dielectric into the cavity
[7], but that won’t be necessary here.

4.2 Rectangular cavity

We now perform the same calculations for a rectangular cavity. Here, assuming a
TM mode, the fields can be calculated for an arbitrary mode (TMmxmymz

) indices by
using the Maxwell equations. Also it can be assumed that mz is zero. This yields that
Ex, Ey and Bz are all zero, much like for the cylindrical cavity. The other components
are given by

Ez = Ez0sin(
mxπ

ax
x)sin(

myπ

ayy
cos(ωt) (4.10)

Bx = −Ez0
myπ

ωay
sin(

mxπ

ax
x)cos(

myπ

ayy
)sin(ωt) (4.11)

By = −Ez0
mxπ

ωax
cos(

mxπ

ax
x)sin(

myπ

ayy
)sin(ωt). (4.12)

Here ax and ay are the sizes of the cavity in respectively x- and y-direction. For
using the cavity as a streak camera, a magnetic field is desired which only has a
component in one direction on the z-axis, either x or y. If the direction is y, an
electron propagating in the z-direction will be accelerated in the x-direction (and vice
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versa). It can easily be seen that on the z-axis (x = ax
2 , y =

ay
2 ) the magnetic field

component Bx is zero if my is chosen to be odd and mx to be even. Now the electrons
will be accelerated into the x-direction, but they will stay very close to the axis. Close
to the axis, the magnetic fields can be approximated with

Bx = 0 (4.13)

By =
E0mx

axω
(−1)

mx+my+3

2 . (4.14)

The factor (−1)
mx+my+3

2 only determines if the electrons are deflected in either posi-
tive or negative x-direction and is therefore not important for the rest of the calcula-
tions.

In the same way as for the cylindrical cavity, for the rectangular cavity the energy
density (4.6) and total energy stored in the cavity (4.7) can be calculated

U =

ax∫
0

ay∫
0

az∫
0

(
ε0
2
E2
z +

1

2µ0
(B2

x +B2
y))dxdydz (4.15)

U =
azE

2
0(a2xa

2
yε0 +

(a2ym
2
x+a

2
xm

2
y)π

2

µ0ω2 )

16axay
. (4.16)

Because now the resonance frequency of the cavity is tunable by two independent
parameters (ax and ay) instead of only one (R) for the cylindrical cavity, a condition
for the relation between ax and ay can be obtained. The resonance frequency of a
rectangular cavity is known to be

ω = πc

√
(
mx

ax
)2 + (

my

ay
)2. (4.17)

Now ax can be set to be nay, where n is a real number greater than zero. This yields
a new expression for the frequency, from which the power loss can be derived. Using
equation 4.8, and again the approximation that Q ≈ 2V

δA , results in

Ploss =
cδε0E

2
0(c(m2

x + (nmy)2) + 4az
√
m2
y + (mx

n )2n(1 + n)ωπ)

128nωπ2
. (4.18)

Now taking the derivative of equation 4.18 with respect to n and equalling this to
zero, will lead to the optimal proportion between ax and ay. This can not be solved
analytically, but filling in all the numerical values results in an ideal n of about 1.12.

4.3 Ideal streak cavity

Now it will be investigated whether either the cylindrical or rectangular cavity can
be used in our setup. We consider an electron travelling through the cavity. Due to
the Lorentz force, this electron will receive a transverse momentum. The angle of
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deflection θ from the axis can be calculated by dividing the transverse momentum by
the longitudinal momentum, which results in

θ =
px
pz

=
vx
vz
. (4.19)

In equation 4.19, vz can be calculated from the kinetic energy E of the particles,
which is here chosen to be 10 keV

vz =

√
2E

me
. (4.20)

The speed in the x-direction can be calculated by integrating the acceleration over
the z-axis of the cavity. The force F working on each electron with charge e can be
calculated from

~F = e~v × ~B. (4.21)

Now using Newton’s second law yields

ax =
evzBy
me

. (4.22)

The velocity of each electron can then be calculated by integrating the acceleration
over the time spent in the cavity, assuming an initial velocity of 0. Then dividing by
the velocity in the z-direction yields

θ =
e

me

tc+
1
2 ttr∫

tc− 1
2 ttr

Bydt (4.23)

where tc is the time at which the electron is at the center of the cavity and ttr is the
transition time of the electron through the cavity, which is equal to d

vz
, where d is the

length of the cavity.

4.3.1 Cylindrical cavity

Using equations 4.23 and 4.5 yields that for the cylindrical cavity

θ =
eE0

mecω
sin(ωtc + φ0) sin(

1

2
ωttr). (4.24)

When a bunch with duration tb is deflected, the difference in deflection angle between
the first electron (tc = t0 − 1

2 tb) and the last (tc = t0 + 1
2 tb) is

∆θ =
2eE0

mecω
sin(

1

2
ωtb) cos(ωt0 + φ0) sin(

1

2
ωttr). (4.25)

From this follows that the maximal streak is obtained when the phase of the field φ0
is adjusted so that ωt0 + φ0 = 0. This is the case when the middle electron of the
bunch receives netto 0 deflection. Also, ωttr should be taken equal to π. This means
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that it’s ideal electron to travel through the cavity in exactly half a period of the
oscillation of the magnetic field. For short bunches (tb < 100 ps), equation 4.25 can
then be written as

∆θ ≈ eE0tb
mec

. (4.26)

As ∆θ is very small, the length of the streak l on the detector can easily be calculated
from

l = ddet∆θ ≈
eE0tbddet
mec

(4.27)

where ddet is the distance from the cavity to the detector. Now given the spatial
resolution of the detector xres, which is about 100µm, for a desired time resolution
tres, the necessary field strength E0 can be calculated to be

E0 =
mecxres
ddetetres

. (4.28)

4.3.2 Rectangular cavity

The same can be done for the rectangular cavity. This yields the exact same results,
only a different prefactor. The deflection angle θ now is

θ =
2eE0mx

axmeω2
sin(ωtc + φ0)sin(

1

2
ωttr) (4.29)

and

∆θ ≈ 2eE0mxtb
axmeω

. (4.30)

From this we can again calculate the required field strength, which is

E0 =
2πxresaxmeω

ddetemxtres
. (4.31)

4.4 Comparing cylindrical with rectangular cavity

For both the cylindrical and rectangular cavity we can now calculate what the required
field strength and power input is to reach a resolution of 1 ps. For the rectangular
cavity we chose a TM210 mode, as this is the least power consuming. The results are
shown in figure 4.1. For convenience the required electric field has been converted to
the required magnetic field by dividing by the speed of light.
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Figure 4.1: This figure shows the important parameters for both the cylindrical and
rectangular cavity required to reach a time resolution of 1 ps.

To reach a temporal resolution of 1 ps, the rectangular cavity requires less field and
power than the cylindrical cavity. It is also slightly smaller. Therefore we can state
that the rectangular cavity is more efficient than the cylindrical cavity. However,
since the cavity we will use in our experiments is a cylindrical cavity, the rest of the
report will be focussed on cylindrical cavities.

4.5 Real streak cavity

Now it would be possible to construct a suitable streak camera for our setup. However,
in previous work, another streak camera was already built, so it was decided to try
it with that one. The main problem is that this cavity was specially designed for
electrons with an energy in the order of 100 keV, while in our setup the electrons
have an energy in the order of 10 keV. As a result, the transition time of the electrons
will be too long, which might have some strange effects on the streak. The ideal cavity
works best if the electrons are in the cavity during half an oscillation of the field. In
the case of this real cavity, the electrons will be in there longer. The designed cavity
isn’t a simple cylindrical or rectangular cavity, but is shaped differently to minimize
the power consumption. As a result, the magnetic field isn’t constant over the z-axis.
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Figure 4.2: This figure shows both the experimental and simulated results of the field
profile on the z-axis of the available cavity. Plotted is the ratio between the magnetic
field en the maximum magnetic field as a function of the z-position in the cavity. This
figure was taken from the report of Jacco Nohlmans [9].

Figure 4.3 shows the cavity field profile on the z-axis, both measured and simulated
(with Microwave Studio.) To calculate the effect of a non-uniform profile on the
streak, the profile was approximated with

B = −1

2
B0(1 − cos2(π

zmax − z

zmax
)) sin(ωt+ φ0) (4.32)

where zmax is 25 mm.

Figure 4.3: Cavity field profile used in the calculations to approximate the real field
profile. Plotted is the ratio between the magnetic field en the maximum magnetic
field as a function of the z-position in the cavity.

The problem in equation 4.32 is that the position of the electron z also depends on
the time t. This position is equal to the z-velocity of the electron, multiplied by the
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time the electron has been inside the cavity and thus given by

z = vz(t− te). (4.33)

Here, te is the time at which the electron enters the cavity. In terms of tc, this is
equal to te = tc − 1

2 ttr. Also, zmax is the z-position at the end of the cavity, so is
equal to zmax = vzttr. Using all this yields a new equation for B, now fully in terms
of the time

B = −1

2
B0(

cos(2( 1
2 ttr + tc − t)π

ttr
) − 1). (4.34)

Now the deflection angle theta can be calculated by integrating the magnetic field B
as before. Using equation 4.23 yields

θ =
e

m

tc+
1
2 ttr∫

tc− 1
2 ttr

Bdt = − 4B0eπ
2

m(ω3t2tr − 4ωπ2)
sin(ωtc + φ0)sin(

1

2
ωttr). (4.35)

For the ideal cavity, ωttr would be π. Now if the cavity is c times larger than the ideal
cavity, ωttr will be cπ. Now θc is the deflection angle from a cavity c times larger
than the ideal cavity. We define θ1 as the deflection angle given by the ideal cavity.
We can calculate the ratio η between those, which is a measure for how effective the
cavity is and given by

η =
θc
θ1

= 3
sin( cπ2 )

c2 − 4
. (4.36)

Now this ratio can be plotted as a function of c.

Figure 4.4: The ratio between the deflection angle of a cavity with arbitrary length
and the deflection angle of a cavity for which ωttr = π, as a function of the coefficient
c.

What is remarkable is that this ratio exceeds one in a certain area. So apparently, due
to the cavity field profile not being uniform, ωttr = π is no longer the ideal condition
for the length of the cavity. In this case, the available cavity has an interaction
length of about 25 mm, whereas the ideal one had an interaction length of about 10
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mm for 10 keV electrons, which means c ≈ 2.5. Using this value in equation 4.36
yields that in our available cavity, the deflection angle is still more than 94% of the
original deflection angle, which is a surprisingly good result and means that the cavity
probably is suitable for our experiments.

We know that the maximum magnetic field amplitude that can be generated by the
cavity is about 8 mT, for a power input of 1 kW. As for us it is more convenient to use
a 200 W amplifier, the used value will be 2 mT, but keep in mind that this can easily
be boosted up by a factor four. Now using equation 4.35, for different bunch lengths
the streak can be calculated. In figure 4.5, the transverse position of the electron on
the detector is shown as a function of the bunch length, for both the first electron
of the bunch (tc = t0 − 1

2 tb) and the last electron of the bunch (tc = t0 + 1
2 tb), for

different phase shifts φ0. The streak itself is also shown.

Figure 4.5: This figure shows the deflection of the first (purple line) and last electron
(blue line) of the bunch as a function of the bunch length for different phase shifts.

In the left top corner, the phase shift is optimal. Both the first and last electron are at
the maximal positions, and the streak is placed in between them. When the phase is
shifted a little, the last and lowest electron of the streak moves up, while the highest,
but not the first electron, will stay at the same position. This is because the electrons
can’t exceed a certain maximum deflection, and in a way, the entire streak is moved
up, but reflected at the maximum value. This can be used to easily optimize the phase
shift in the experiments. Not only will the streak need to have the maximum length,
for a symmetric bunch it also must be symmetric around the origin for the optimal
phase shift. So one could use a symmetric test bunch to find the optimal phase before
measuring the real bunches. It can also be seen that as the bunch length grows, the
streak will also grow but eventually reach a limit at a certain time tbmax

, which is at
1
2f ≈ 167 ps. For longer bunch lengths, electrons at a time t will be deflected to the
same position as electrons at a time t+ tbmax . The streak will start overlapping itself
and the original pulse profile will be difficult to derive. Therefore, it is desired that
the bunch length is shorter than 167 ps, which in our set up should be the case. For
bunches in this regime, a time resolution tres can be determined with

tres = tb
xres
∆x

. (4.37)

Here, xres is the spatial resolution of the detector, which is about 100µ m, and ∆x is
the size of the streak. Equation 4.37 is plotted in figure 4.6.
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Figure 4.6: The time resolution of the streak as a function of the bunch length.

For this cavity, a resolution of about half a picosecond can be reached. But again,
the magnetic field strength can be increased from 2 mT to 8 mT to reach a four times
better resolution.

4.5.1 Dependence on the exact cavity profile shape

The problem is that the field profile we assumed only looks like the real field profile,
but doesn’t match it. Since we don’t know the exact profile, we will investigate the
influence of changing the profile on the resulting streak. As the used profile isn’t very
different from the real profile, this result isn’t expected to be dramatically different
for the real cavity. To check the influence of the exact shape of the profile, a parabolic
function can be added to flatten the middle part of the profile. The new approximation
is then given by

B = −1

2
B0(

cos(2( 1
2 ttr + tc − t))π

ttr
− 1)(1 + (

n(t− tc)

ttr
)2). (4.38)

For different values of the parameter n, a plot like in figure 4.4 can be made.

Figure 4.7: Left the cavity field profiles for different values of n (0, 1, 2 and 3). Right
the corresponding efficiencies as a function of the coefficient c.

Making n larger than 3 will result in a profile with a dip in the middle, instead of
being flat there. Figure 4.7 shows that the value of n has a significant influence on
the ratio of the deflection angles η. For the available cavity, where c = 2.5, the ratio
drops with increasing n.
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Figure 4.8: Ratio between the ideal cavity and the extended as a function of n

In figure 4.8, for each value of n the deflection angle of the ideal cavity is compared
with the deflection angle of the cavity which is 2.5 times as long. What follows is
a significant effect of the value of n. Because for figure 4.3 no numerical data are
available, we don’t know what value of n corresponds best with the real field profile,
and thus we don’t know what effect the real cavity will have. Therefore, the cavity
field profile was measured.

4.5.2 Measuring the cavity field profile

It is known that inserting an object into a resonant cavity changes the cavity’s res-
onance frequency ω0. The frequency shift is caused by the change in volume of the
cavity and is given by [10]

∆ω

ω0
= −3ε0∆V

4W
(
εr − 1

εr + 2
E2 +

µr − 1

µr + 2
B2c2). (4.39)

Here W is the total energy stored in the cavity, ∆V the volume of the small object,
and µr and εr respectively its relative magnetic permeability and relative electric
permittivity. To be exact, one would have to integrate the magnetic field B over the
volume of the object, but as long as the object is small and on the z-axis, simply
using the magnetic field on the axis will suffice. In fact an object that is as small as
possible is desired, but the shifts also still have to be able to be measured accurately,
so a good compromise has to be found. It is known that the magnetic field on the
z-axis is at least ten times as strong as the electric field (Bc > 10E). Also, if the used
object has a high µr, we can write

∆ω ∼ B2. (4.40)

Now the frequency shift caused by the object on position z on the z-axis, is a measure
for the magnetic field in that point. Doing this at various z-positions yields the field
profile of the cavity.
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Figure 4.9: Schematic setup for measuring the cavity field profile.

In the measurement two different objects were used, both manufactured from the
same type of steel with sufficiently high µr and εr. Both were cylinders, one with a
diameter and length of 1.9 mm and and the other with a diameter of 2.8 mm and a
length of 2.1 mm, with a small 0.6 mm diameter hole in the middle, glued to a fishing
line. The line can be moved through the cavity using an electric micrometer, with
which the displacement of the steel cylinders can be measured. The setup used to
perform the measurements is shown in figure 4.9. We can determine the frequency
shifts by measuring the absorbance spectrum of the cavity with a network analyzer.
This sends a low-power RF signal into the cavity through a coaxial cable with a loop
antenna and measures the amplitude and phase of the reflected signal. The network
analyzer sweeps the signal frequency through a given range and displays a plot of the
amplitude or phase of the reflected signal as a function of frequency. The absorbance
peaks at the resonance frequency.
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Figure 4.10: Cavity field profile measured with both a small (black line) and a larger
(red line) object. Plotted is the ratio between de magnetic field and the maximal
magnetic field as a function of z-position in the cavity.

For the small cylinder, the resonance frequency shifted over a range of about 500 kHz,
while for the larger cylinder the maximum frequency shift was higher, 1400 kHz. As
according to equation 4.39 ∆ω scales with the volume of the inserted object, the ratio
between the shifts should be about the same as the ratio between the volumes. The
cylinders have a volume of V = lπ(d22 − d21), where l is the length of the cylinder and
d2 and d1 respectively its diameter and the diameter of the hole. This yields for the
small cylinder a volume of V ≈ 61 mm3 and for the larger cylinder V ≈ 155 mm3.
From this follows a ratio of 155

61 ≈ 2.54, whereas the ratio between the frequency shifts
is 1400

500 = 2.8, so this corresponds fairly well.

From the frequency shifts the relative magnetic fields can be derived, which is shown
in figure 4.10. Around the center of the cavity, where the field is strong, both mea-
surements match. However, near the end of the cavity, some differences appear, which
were actually expected. Because for the larger cylinder the magnetic field is integrated
over a bigger area, it is logical that the profile is smoother and less edgy. As a result,
the measurement with the smaller cylinder is the most trustworthy. Using this profile,
the real streak can be calculated, using the same method as before for a magnetic
field strength of 200 W.

Figure 4.11: Time resolution of the available cavity as a function of the bunch length.
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We actually expected that the time resolution would be worse than previously ap-
proximated (figure 4.6), but in figure 4.11 it can be seen that it is actually better.
Whereas before the time resolvable resolution used to be about 450 fs, in case of the
real cavity it is 350 fs, which is actually better than we need. We also know that
cavity projects the bunch linearly on the detector. Using this result, we can easily
calculate the bunches original length and structure from the streak. The cavity is
now ready for implementation.
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5 Conclusion

In this report we have studied the photoionization with a femtosecond laser of ultra-
cold Rubidium atoms in a constant electric field. We have looked at the length and
shape of the electron bunches that are produced with this process. It was already
known that when using a femtosecond laser to ionize the atoms, the resulting electron
bunch is a pulsetrain. This project had two goals. The first goal was to understand
and predict this length and shape.

From theory, which was based on the comparison with Rydberg atoms, we retrieved
an equation for the period of the pulsetrain. This equation turned out to be a factor
four different from the results of our simulations. From the simulations, the period
turned out to be in the order of 5 ps for typical experimental conditions. For the
same conditions the effective bunch length, defined as the time after which 75 percent
of the bunches electrons had passed, was at most 60 ps. Due to the finite size of the
Rubidium source which wasn’t taken into account in the simulations, bunch stretching
adds another 20 ps to the bunch length. These numbers have been used to define our
second goal, building a device to measure this bunch length.

To be able to measure the entire bunch, and still see the distinct pulses of the pulse-
train, we needed a device which could measure time for as long as 80 ps with a
picosecond resolution. To achieve this, we used a radiofrequent cavity. At first both
cylindrical and rectangular radiofrequent cavities were investigated and compared,
but as the only RF cavity we had available in the lab was a cylindrical one, inves-
tigation was later focussed on that type. The cavity streaks the electron bunch and
translates the temporal length of the bunch, to a spatial streak length on a screen,
which is then a measure for the original temporal length of the bunch. Expressions
for the length of this streak and its resolution were found.

Using a magnetic field strength of B0 = 2 mT, bunches with a length up to 160 ps can
be resolved with a resolution of 350 fs. However, the cavity can produce magnetic
field strengths up to B0 = 8 mT using a 1 kW RF source, which would lead to a
resolution of under 100 fs. The device still has to be implemented and tested to see
if these resolutions are also possible in our setup, but this is left for future research.
The predictions look promising, as we aimed for a picosecond resolution.
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