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Modeling the formation of dendritic spines
morphologies for a non-constant bending rigidity

René de Bruijn
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Abstract

Dendritic spines are protrusions of the dendrite, located at the synapse. Both the morphology
and changes in the morphology of dendritic spines are associated with Long Term Potentiation
(LTP), a process which is thought to be closely related to learning and memory. It has been
shown that, in a continuum approximation, these spinal membranes can be modeled as a surface
that resists bending. In this thesis we consider a one-dimensional toy model to obtain a better
understanding of the growth of dendritic spines. Previous research, for a homogeneous bending
rigidity, was not able to qualitatively cover the experimentally observed shapes. Therefore we
include a non-constant bending rigidity to investigate whether a Post Synaptic density (PSD),
a region with elevated bending rigidity, will be formed. Our model shows that the shape of the
dendritic spine can be modeled with this non-constant bending rigidity. A possible cause for the
non-constant bending rigidity are proteins. Two-dimensional projections of the experimentally
observed shapes can be obtained and explained. In membranes proteins can move relatively
freely through the membrane. We model this with two different models. the first model assumes
a constant shape and minimizes the energy for variable protein distribution. the other model
assumes the shape and proteins freely influence each other. These models show that proteins
will not accumulate in the PSD spontaneously if the shape is predetermined and that a PSD
is not an equilibrium situation if the shape and protein distribution are coupled. Our two
dimensional spine model can therefore only explain the shapes if the non-constant bending
rigidity is predetermined.

Supervisors:
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Part I

Introduction

Dendritic Spines

Figure 1: A schematic overview of a neuron.
Dendritic spines are tiny bulges on the den-
drites.

The human brain is a collection of neuronal networks
consisting of billions of neurons. These neurons are
specialized biological cells that can transmit informa-
tion by means of electrical or chemical signals. In
figure 1 a schematic overview of an neuron can be
seen. The neuronal networks that are formed by these
neurons underlie all that we are, from emotions and
thoughts to our ability to speak and our behaviors.
Although this has been known for at least an century,
the actual work-principles are still being unraveled.
An important part of the neuron are the dendritic
spines, because most excitatory synapses in the brain
are formed there [1]. An electron microscopy image
of dendritic spines is shown in figure 2. Experimental
evidence has also shown that changes in spine mor-
phology account for functional changes at the synap-
tic level [2]. Current understanding of these changes
suggest that they are also the basis of learning and
memory in the human brain [3]. By gaining a better
understanding about dendritic spines from both a bi-
ologic and physical perspective, the workings of the
brain can be understood better.

Dendritic spines can, based on their morphology,
be categorized in three categories; thin, filopodia-like
protrusions (”thin spines”), short spines without a
well-defined spine neck (”stubby spines”) and spines
with a large bulbous head (”mushroom spines”) [1]. Even in mature spines these morphologies are
not static, but change continuously, which also reflects their plastic nature [4].

An important part of mature spines are their postsynaptic densities (PSD). This PSD is usually
found at the tip of the dendritic spine and is directly opposed to the presynaptic active zone [5]. The
PSD is a postsynaptic organizing structure with an increased density of receptors, adhesion molecules
and channels. As a consequence of this, this region has an elevated bending rigidity. A variety of
signaling molecules are also grouped in the PSD[5]1.

1For deeper insight in the postsynaptic density we advise to read this reference as a whole, because it gives a proper
insight in the internal structure.
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Figure 2: An electron microscopy of a dendrite with dendritic spines [1]. A huge variety of shapes
can be distinguished. Both the thin spines and the mushroom spines can be seen.

Elastica - Curves that resist bending

Membranes can macroscopically be modeled like surfaces that resists bending. In the 1970’s Canham
and Helfrich both proposed a model based on surfaces that resist bending to model bilayer lipids
and biomembranes [6][7]. These models showed remarkable agreement with the experimental results
and are nowadays accepted as good start to model biomembranes. The functional to describe the
surfaces that resist bending is the so called Canham-Helfrich functional. In this thesis, however, we
will be looking at one-dimensional systems. A steady basis for my research was already done by
C.A. Miermans [8] and R. Kusters in previous works. While previous work [8] modeled the spine
morphology with a constant bending rigidity, we consider shapes with a non-constant bending rigidity.
It is believed that proteins influence the bending rigidity [9]. Thus, knowing that the PSD contains a
large amount of proteins in comparison with the other parts of the dendritic spine, it can be expected
that the bending rigidity is different [5][10]. The shape of the dendritic spine is also influenced by
the actin cytoskeleton. The actin cytoskeleton pushes the spine upwards and functions as a skeleton
to remain the shape [11]. These effects can also be modeled as an effective bending rigidity.

The one-dimensional spine curves we consider in this work are a special kind of Euler’s Elastica.
Euler’s Elastica is the common name for all one dimensional curves that resist bending with constant
bending rigidity and have been under study since at least the 13th century [12]. In 1744 Euler
published the solutions and the family of curves now known as said elastica in an appendix of his
landmark book on variational techniques.

In the following parts of this thesis we will first concretize my research questions, then we will
explain the general and necessary aspects of the theory. After that we will show the results and lastly
we will discuss and conclude my work described in this work and will give a short outlook.

Research questions

1. If we model the bending rigidity κB with a step function, what shapes are produced? Will there
be formation of a plateau at the top of the shape?

2. How are certain metrics (such as energy landscape, shape volume, head-to-neck diameter, . . . )
of the shape affected by a position-dependent κB?

3. How can we most energetically efficient create a PSD using a position-dependent κB? How is
this affected if the fortifying proteins are allowed to move in the in-plane direction?
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Part II

Theory

Curvature Energy

In this work we consider curves that resist bending. Their energy-functional can be written as

E =

∫
κ(s)ds

R(s)2
, (1)

where R is the radius of curvature and κ is the bending rigidity [12] [13]. Because 1/R =
dθ

ds
equation

(1) can be rewritten to

E =

∫
κ(s)

(
dθ

ds

)2

ds, (2)

where θ is the tangential angle and s is the arc-length parameter [14].

The θ-model

In this section we present the first model. In this model we impose a certain bending rigidity κ and
minimize the energy in respect to θ. The model is named after the variable in respect with which the
energy is minimized.

In figure 3 we show the boundary conditions and constraints that are applied to the system.
The basis x(−A/2) − x(A/2) of the shape is held constant at L. We can estimate the size for L
by comparing experimental results. This comparison gives us 0.1µm ≤ L ≤ 0.5µm, therefore we
estimated L ≈ 0.25µm [15][16]. Keeping the basis of the shape constant is a constraint that is put on
the system, thus to minimize the energy of equation (2), it is necessary to include this constraint. In
the Euler-Lagrange formalism this is naturally done by including a Lagrange multiplier. The extrema
of the energy

E =

∫
L(q, q̇, s)ds (3)

satisfy the Euler-Lagrange equation. In the functional L(q, q̇, s) q is the generalized coordinate, q̇ is
the derivative of the generalized coordinate to s and s is the parameterization parameter. The Euler
Lagrange equation is

dL

dq
− d

ds

(
dL

dq̇

)
= 0. (4)

The equation we obtain by applying this formalism to equation (2) is

θ̈(s)κ(s) + κ̇(s)θ̇(s) = −λ sin θ(s), (5)
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where λ is a Lagrange multiplier and λ sin θ(s) is the constraint expression for the force to maintain the
width at the basis of the shape. The (Dirichlet) boundary conditions are θ(0) = 0 and θ(±A/2) = 0
(see figure 3).

Figure 3: In this figure we show the boundary conditions. Image is reproduced of [8].

To calculate x(s) and y(s), the following set of equations are used:

ẋ = cos θ(s) (6a)

x(0) = 0 (6b)

ẏ = sin θ(s) (6c)

y(0) = 0 (6d)

Bending Stiffness

A step-like bending rigidity κ is our primary research target. We have, however, two reasons to
reject the use of an actual step-function. (i) Although the step function itself looks simple, it’s
implementation is not. This is because the step function itself is not continuous at the transition
and it’s derivate is singular at the transition. (ii) Even though evidence shows that there is a phase
separation at the PSD, the size of the PSD still demands that we include the finite dimension of the
proteins.

Point (i) is probably solved by solving equation (5) for both plateaus of the step function separately

and demanding that both θ(s) and
dθ(s)

ds
are continuous over the transition, which might also open

possibilities for deriving an analytical solution. But point (ii) still remains.
Therefore, instead of a step-function, we used a hyperbolic tangent as κ, because for the limiting

case
H(x) = lim

m→∞
tanh (m · s)

the Heaviside step-function H(x) is retained. For m far below this limit the hyperbolic tangent looks
like a step-function, but just more smooth. It also introduces one new variable that needs to be taken
into account. For completeness of the research we take the location of the stiffness also into account.
To research this we defined two different κ’s. These bending rigidities are defined as

κB1(s) = κbaseline + ∆κ+ ∆κ tanh[m(s− A
2β

)] (7)
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and

κB2(s) = κbaseline + ∆κ(tanh[m(s− α)]− tanh[m(s− A
2β

)]). (8)

Here κbaseline is the baseline bending rigidity. In equation (7) ∆κ is half the difference between
the κbaseline and maximum value. In equation (8) ∆κ is the difference between the κbaseline and the
maximum value for κB2.

A
2β

Is a fraction defining where the transition happens. α Is the value
for s where the first transition in the κB2 model happens and m is a measure for the sharpness of
the transitioning region. For illustration both functions are plotted in figure 4, where the effects of
varying m and β are also shown.
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Figure 4: In the left plot the shape of κB1 is shown, where β is varied to illustrate it’s effect. In the
right plot the shape of κB2 is shown, where m is varied to illustrate it’s effect on the bending rigidity.

The bending rigidity function κB1 is used to investigate the effects of a relatively more stiff spine
head. The bending rigidity function κB2 is used to investigate the effects of a relatively more stiff
spine neck.

One of the reasons to not use a step function was the finite size of the proteins. We can give
an approximate value for the scaling parameter m, by comparing the dimensions of proteins and the
PSD. The order of proteins is 100− 101nm whereas the PSD is in the order of 10−1µm [5][17][15][16].
L has the same order as the PSD and thus we can demand that the width transition zone is δκTZ ≈
10−1L−10−2L. The transition zone is defined as 5% maximum till 95% maximum, which gives O(m)
≈ 101 − 102.

Shooting method

A simple and relatively fast way to solve equation (5) is by applying the shooting method. It also
gives the possibility to calculate λ as it’s value is not known. In the shooting algorithm described
below the shooting is done from s = A/2 to s = 0 (see figure 3). The other half of the shape is
obtained by mirroring the shape in s = 0. To use the shooting method it is necessary to reformulate
the boundary value problem to an initial value problem. This is done by imposing that dθ

ds
(A/2) = ε,

where ε is unknown. Equation (5) can then be reformulated to the set of first order ODEs
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θ̇(s) = ζ (9)

ζ̇ = −λ sin θ(s)

κ(s)
− κ̇(s)

κ(s)
ζ(s), (10)

with initial conditions θ(A/2) = 0 and dθ
ds

(A/2) = ε. The endpoint are x(0) = 0 and θ(0) = 0.

The numerical solutions of equations (9) and (10), θ̃(s, λ, ε) and x̃(s, λ, ε), need to converge at these
endpoints. This gives

θ̃(0, λ, ε)− θ(0) = 0 (11a)

x̃(0, λ, ε)− x(0) = 0. (11b)

These equations can be solved for λ and ε by root-finding methods, as long the initial guess is
reasonable close to a root.

Although (single) shooting is a relatively fast and easy method, it does not guarantee to converge
to the global solution. If the initial estimates for ε and λ are close to a local extremal, it can converge
to this solution. These local extrema have a higher energy but are a solution to the Euler-Lagrange
equations with the given boundary conditions. The solutions corresponding to these local extrema
can be seen as higher mode solutions and they also behave like higher (Fourier) modes.

The κ model

In this section we present the κ model. In this model we let θ be a predetermined function and
minimize the energy in respect to κ. This model will be used to determine the most energetically
efficient way to create a PSD. In the implementation of the model the minimization is with respect
to a protein concentration φ(s). Direct minimization with respect to κ had one major problem:
it doesn’t constraint κ(s) to positive values, thereby creating point(s) of zero bending energy (at
the crossing of the axes) and negative bending energy. Including a quadratic term for our bending
rigidity (i.e. κ(s) = κmembrane + δ(s)2) to solve this problem did not help, because the system of
differential equations became extremely sensitive for the initial parameter estimation. This made the
implementation hardly usable.

Therefore we redefine our bending rigidity as κ ≡ κ(φ(s)), where we predefined the shape of
κ(φ(s)) and minimize the energy with respect to φ(s). In this model κ is defined as

κ(φ(s)) = κmembrane + ∆κ(1 + tanh(aφ(s)− b)). (12)

In this equation φ(s) is the (locally) normalized concentration of proteins, i.e. 0 ≤ φ(s) ≤ 1. This
means that we assume that a local maximum concentration exists and we normalize φ(s) accordingly.
a And b are constants set equal to a = 5 and b = 2.5, because this gives a smooth curve for the locally
normalized φ(s) as seen in figure 5. We are unable to actually force this normalization, and therefore
try to evade any breaking of this normalization.
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Figure 5: The function κ(φ(s) for a = 5, b = 2.5.

To prohibit local accumulation of proteins we also include the new energy term

Egrad = h

∫
φ̇2(s)ds. (13)

In this functional h is the (scalar) strength of the gradient energy term. This energy Egrad can
physically be seen as a diffusion term and is included to prevent accumulation of proteins. The
value for h is estimated by comparing it to the diffusion coefficient of proteins in a membrane. This
comparison is not one-on-one, as h includes more than just the diffusion coefficient, but is only used
for a really crude estimation. To convert the diffusion coefficient D into h, we assume that they are
proportional. The approximation can be written as h = νD, where ν is a constant. We have currently
no way to determine this ν, but set it to 1 for easiness. The diffusion coefficient D in the membrane
is D ≈ 2µm2/s and the diffusion coefficient in the PSD is D = 0.002µm2/s [18][19]. By converting
this into units of my model we obtain the approximation 0.01L2/s ≤ h̃ ≤ 10L2/s.

In the κ model we also define the constraint as the total concentration of proteins in the system,∫
φ(s)ds = C, (14)

where C is a measure for the total proteins in the system. The value of C is restricted to 0 ≤ C ≤ A/2,
because the total minimum concentration is 0 while the maximum is when the concentration φ(s) = 1
everywhere. This term is included because the most energy efficient distribution for φ(s) is φ(s) = 0
(κ is minimal in this case, thus the bending energy is too). By forcing a certain amount of proteins
in the membrane we can look at the distribution of φ(s). If we include these terms in the bending
energy functional we obtain

E =

∫
κ(φ(s))

(
dθ

ds

)2

ds+ h

∫
φ̇2(s)ds+ γ

(∫
φ(s)ds− C

)
. (15)

Minimizing with respect to φ(s) gives

φ̈ =
γ + θ̇2κ̇(φ(s))

2h
. (16)
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The (Neumann) boundary conditions of the system are
dφ

ds
(A/2) = 0 (because at the edge of the

spine the local protein concentration is the same as the environment) and
dφ

ds
(0) = 0 (demanded by

symmetry). The equivalent system of first order ODEs is

φ̇(s) = η, (17)

η̇ =
γ + θ̇2κ̇(φ(s))

2h
. (18)

The initial values are φ(A/2) = ε2 and
dφ

ds
(A/2) = 0. The Lagrange multiplier γ and the initial

value ε2 are determined by applying the shooting method. The endpoint conditions for shooting are∫ 0

A/2 φ(s)ds− C = 0 and
dφ

ds
(0) = 0.

We also investigated the Cauchy boundary conditions φ(A/2) = 0 and
dφ

ds
(0) = 0. The converted

initial boundary conditions give
dφ

ds
(0) 6= 0. This means that the derivative of φ(s) is not continuous

on the edge of the spine (assuming that the derivative of the environment is zero). This is, in the
continuum approximation, not physical and therefore not used.

The κ-θ model

In the θ model and the κ model described in the previous sections either the bending rigidity κ or
the shape θ was imposed. In the actual spine the proteins in the membrane can move freely over the
membrane, which alters the shape of the spine. Thus, by imposing either the bending rigidity or the
shape, the interplay between the bending rigidity κ(s) and the shape θ(s) is neglected. In the κ-θ
model that we present here, we include this interplay.

To include this interplay in our model we have to combine the κ and the θ models. In the κ-θ
model we use the same κ(φ(s)) as the κ model. The energy functional for this model can be written
as

E =

∫
κ(φ(s))

(
dθ

ds

)2

ds+ λ

(∫
cos θ(s)ds− L/2

)
+ h

∫
φ̇2(s)ds+ γ

(∫
φ(s)ds− C

)
. (19)

We can, again, minimize the energy of this energy functional by applying the Euler-Lagrange formal-
ism in respect with both φ(s) and θ(s). This gives

θ̈ =
−λ sin θ(s)− 2θ̇(s)κ̇(φ(s))φ̇(s)

2κ(φ(s))
(20)

and

φ̈ =
γ + θ̇2κ̇(φ(s))

2h
. (21)

The boundary conditions are the combined boundary conditions of the κ model and the θ model.
Therefore the initial conditions and shooting endpoints are also the combination of the initial condi-
tions and shooting endpoints of the κ and θ model.
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Part III

Results & Discussion

1 θ model

These results are obtained by a shooting algorithm to solve for the set of equations (9), (10) and (6).
The shooting methods and procedures can be found in appendix A. Alongside the research questions,
We’ve been studying the effects of the variables that we introduced: ∆κ,m, β, α. We also studied the
effects of having the enforced part in the head (figure 8) or in the neck (figure 6 and figure 7).

For a fortified head (i.e. κ = κB1), the morphology can roughly be characterizable in a ”balloon-
like” shape or a ”mushroom-like” shape. For a fortified neck (i.e. κ = κB2) the morphology is either
”rod-like” or ”8-like” (self crossing). Figure 7 illustrates that bulbous shapes can also develop for
fortified necks. The self crossing shapes are of no particular interest, because they are not physical.
We only include them out of completeness. The shapes are within expectation for both cases. For
the fortified head a critical expression will be derived in the next section which gives a boundary
condition between mushroom-like and balloon-like. In appendix B are some more plots of shapes
that we obtained and have also been analyzed, but are not of interest to show in this section.
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Figure 6: Plots of the spine shapes for κB2 with α = 0.25, β = 1.2,m = 50 for various values for
A. The thick red line corresponds to the upper plateau of κB2, the orange line corresponds to the
transitioning area.
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Figure 7: Plots of the spine shapes for κB2 with α = 0.25, β = 2,m = 50 for various values for
A. The thick red line corresponds to the upper plateau of κB2, the orange line corresponds to the
transitioning area.
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Figure 8: Plots of the spine shapes for κB1 with β = 1.5,m = 50 for various values for A. The thick
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area.
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1.1 Shape analysis - Fortified head

1.1.1 Shape formation

In the first part of the shape analysis the expression κ = κB1 is used from equation (7). All the
obtained data can be found in an previous unpublished work [20]. If the head has a higher κB than
the neck, it will prefer less bending in the head, as in this case any bend by the same amount will
be energetically more costly in the head than in the neck. Therefore we can derive a geometrical
condition on β whether a PSD can be formed or not, as β determines the position of the transition
zone (see figure 4a). The maximum PSD area can be derived from the isosceles trapezoid shape
shown in figure 9. Here we assume that a PSD only consists of areas where κB is high. Although this
is not necessary true, this makes the derived condition an upper boundary critical value on β which
is valid independently of this assumption.

Figure 9: The shapes in figure 8 can be first order approximated the isosceles trapezoid shown here.

In figure 9 C = 1
2
L, thus C = 0.5, B is half the length of the PSD and A is the length of the

neck. A PSD can then geometrically develop if the area with the higher κB can be approximated
by a straight line. This condition, as can be seen in figure 9, can be written as A + C > B. For
A+ C = B we have no shape and a flat line. For any value for A+ C > B a PSD-like structure can
be created. In this case B = A

2
(1− 1

β
) and A = A

2β
. The critical condition can than be written as

βC =
2A
A− 1

≈ 2 for A � L. (22)

This condition on β gives a rough estimate when a PSD will be formed as function of β. If
1 ≤ β < βC a PSD can form. For β > βC a PSD will most likely not form as it needs to bend in
areas with a high bending rigidity, which is energetically unfavorable. I expected to see balloon-like
shapes, which I did see. For β ≈ βC I foresee that either (i) the PSD will form, but it’s curvature
will be (slightly) higher or (ii) no PSD will form as it is energetically favorable to have a lesser and
more graduate curvature along the head of the spine, i.e. the head will obtain a semicircle-like shape.
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1.1.2 Metrics

Shape Height, Head and Neck Width

Shape Height
We used an isosceles trapezoid approximation to derive an critical expression in the previous sec-
tion. For β < βC it is expected that the shapes will develop like an isosceles trapezoid and
therefore the height of the shapes should also develop in this way. The height for an isosceles
trapezoid can be derived with the Pythagorean theorem and is in our case given by yIsoT (0) ∼√

(A
β

)2 − (L −A · (1− 1
β
))2. Here we made the approximation that the PSD area is equal to the

area with κBH . For A � L the height yIsoT (0) scales like A. This linear relation is also expected
because we look at one-dimensional shapes. If we would compare the height as function of the arc
length, y(0)(A), with it’s counterpart with a constant bending rigidity it is expected that the linear
growth will be lower. This is caused by the non-constant bending rigidity that forces the head to
grow in the width. In figure 10a the y(0)(A) curve is plotted for β = 1.5 and m = 150 including
both described scales. The linear fit is y(0) = 0.186586 + 0.229557 · A. If we compare this with the
fit for constant bending rigidity yConst(0) = 0.4017A [8]. This growth for a constant bending rigidity
is higher compared to my values which is in agreement with my expectations. The fit for A ≈ L is

y(0) = 0.41426 ·
√

(A
β

)2 − (L −A · (1− 1
β
))2.

For β > βC the trapezoid height approximation breaks down. The trapezoid shape, however, is
also not expected in this case, because a PSD cannot form and the trapezoid approximation only
works in this limit. We expect that the shapes will grow like a balloon. These shapes are more
gradually curved and therefore I only expect to see a linear growth in y(0), with intercept zero.
Figure 10b shows that this is agreement with my expectations as y(0) = 0.399011 · A is an excellent
fit.
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(a) Plot of the height-curve for β = 1.5 and m =
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plotted.
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Figure 10: plots of the height versus A for β < βC on the left and for β > βC on the right.

The next metric we consider is the relative height of the neck compared to the total height. We
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defined the height of the neck as the height of the x-position halfway between dhead and dneck, i.e. we
solve the equation

x(sneck) = (dhead + dneck)/2 (23)

numerically for sneck and define y(sneck) as the height of the neck. for A � L the total height grows
linear. Because the shape is one-dimensional we believe that dneck, dhead and thus hneck will also grow
linear. Therefore we expect that for A � L the relative height hneck

htotal
will become constant. This is in

agreement with the obtained data as seen in figure 11.
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Figure 11: 11a Plots of the relative neck height as function of A. Blue corresponds to m = 5, red
corresponds to m = 10, green corresponds to m = 50, brown corresponds to m = 150. 11b A plot of
the shape corresponding to β = 1.5 and m = 50. The horizontal line corresponds the hneck.

Head and neck diameter
The diameter of the head is defined as the maximum width, whereas the diameter of the neck is
defined as the minimum width. The head diameter of the shapes showed growth whereas the neck
diameter of the shapes showed shrinkage. In the first order we could look at these growths as linear
growths and build a toy-model around this. For the neck this gives us

dneck = db − db
A−A∗

ASC −A∗
, (24)

where db is the width of the neck at the moment that it is created, ASC is the value of A when the
shape crosses itself and A∗ is the value for A at the moment that the neck is created. For the head
diameter we can give a similar model

dhead = db + d∗
A−A∗

ASC −A∗
. (25)

Here we expect that the growth rate d∗ for the head diameter is not the same as the neck diameter
for β < βC , because the non-constant bending rigidity forces the head to grow more in the width.
For β > βC such strong coupling is not expected and therefore it is expected that d∗ is approximately
equal to db. The ratio dhead

dneck
is given by

dhead
dneck

=
db + d∗ A−A

∗

ASC−A∗

db − db A−A
∗

ASC−A∗

. (26)
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This clearly diverges to ∞ for A → ASC. The graphs are plotted in figure 12 for β = 1.5 and
β = 4. For β = 1.5 we determined ASC = 17.6, A∗ = 1.6, db = 0.8 and d∗ = 5.6. For β = 4 we
determined ASC = 21.4, A∗ = 2.3 db = 0.84 and d∗ = 3.94. The model shows remarkable agreement
with equations (24), (25) and (26).
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Figure 12: The diameters and its ratio are plotted as function of the arc-length A. The diameter
of the head is green, the diameter of the neck is red and it’s ratio is blue. The dotted, dashed lines
correspond to the linear fits. The ratio of these is plotted by the dot-dashed line. The fits are all in
excellent agreement with the modeled data.

Energy landscape

The general energy landscape E(A,m, β,∆κ), as seen in figures 14, can be easily understood. For
A = L the energy is zero, as there is no bending. For A ≈ L, within the Monge representation y(x),
we can approximate the shapes by a Fourier series [8][13]. If we only include the lowest mode, y(x)
is given by

y(x) =
ε

2
(1− cos

2πx

L
). (27)

Here ε is a height parameter. The energy is then given by

E ∼
∫ L
0

κ(x)

(
y′′(x)

(1 + y′(x)2)3/2

)2

dx ≈ κ̄

∫ L
0

(y′′(x))2dx. (28)

We neglect y′(x) here, because in this limiting case y′(x) � 1. This integral can be calculated and
gives

E ∼ π4ε2

L3
. (29)

We can calculate ε by normalizing the arc-length,

A =

∫ L
0

√
1 + y′(x)2dx ≈

∫ L
0

(1 + 1/2y′(x)2)dx = L+
ε2π2

4L
. (30)

Rewriting the last expression gives ε2 = L(A− L)/π2. Thus the energy for A ≈ L is given by

E ≈ 4π2κ̄
A− L
L2

, (31)
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i.e. E scales like A for A ≈ L.
For A � L both the growth in the width as in the length is linear. Thus, as first order ap-

proximation, the shapes can be approximated by summation of (partial) spheres, whose radius of
curvature R grows proportional to the available fraction of A and is also in some way proportional to
κB. Unfortunately we do not know this dependency and thus we will leave it out here. The energy
can thus be approximated like

E ∼
∫
ds
κB
R2

∼
∫ A

2β−1

0

κBL

( A
2β−1 )2

+

∫ A/2

A
β−1

κBH
((1− β−1)A/2)2

ds

∼ κBLβ

A
+

κBH
(1− β−1)A

.

Thus for A � L
E ∼ 1/A.

For a less ad-hoc approach we will invoke a method developed by C.A. Miermans. He used a
method analog to the method used to derive an expression for A ≈ L for the whole energy landscape
for shapes with a constant bending rigidity. With his method he derived the following equation within
the Monge representation to approximate and explain the whole energy landscape [8][13]

H2 ∼ 4π2

L2

x

1 + x+ x2
. (32)

H2 Is the squared curvature and x = 4(AL − 1). The bending energy can be written as E ∼
∫
κB ·

H2dx′ ≈ κ̄
∫
H2dx′, therefore we can integrate this to get an expression for the energy, where we used

the average κ̄ in stead of κB. This integration gives

E
κ̄
∼ 4π2

L
4(AL − 1)

1 + 4(AL − 1) + (4(AL − 1))2
. (33)

The (normalized) curves are remarkably close to their respective fits for first order approximation
and the expression given does give good results as can be seen in figure 13. In figure 14 the energy
divided by the average κ, E/κ̄, is plotted as function of A. The total bending rigidity,

∫
κ(s)ds, for

all curves is (approximately) equal for equal arc-length.

The variations in the energy as function of m, as seen in figure 14, can also be easily understood.
For low m the total area with higher κB1 is higher then for higher m as the transition area is wider.
Therefore the energy for the same total length will be higher for lower m. The shapes for increasing
m also seem to asymptotically go to the system-energy for when κB1 was represented with a step
function. This is to be expected as the difference with m ∼ 10 with an actual step function is already
small and the higher m becomes, the tinier the difference between adjoining values of m becomes,
(see figure 4b).

The variations in the energy as function of ∆κ are in correspondence with my expectations, as a
higher ∆κ would lift the energy landscape to higher values. It is also clear that a higher ∆κ will force
the shape to bend less in these areas, as the energy is only approximately a factor 0.25 higher, while
2∆κ is 10-fold greater. That the effects of the higher bending rigidity on the energy doesn’t scale
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Figure 13: plots of the energy landscapes, where the sold curves correspond to the obtained data and
the dashed curves correspond to the fitted model given by (33). Red corresponds to m = 10, green
corresponds to m = 150.

with the higher upper plateau of the bending rigidity is also visible in figure 14b. The increase of the
energy with the increase of β is caused by the greater area with a higher κB, which is energetically
more costly to bend.
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Figure 14: On the left are plots of the energy landscapes with varying m. Blue corresponds to m = 5,
red corresponds to m = 10, green corresponds to m = 50, brown corresponds to m = 150. On
the right are plots of the energy landscapes with varying ∆κ. Blue corresponds to ∆κ = 100, red
corresponds to ∆κ = 30, green corresponds to ∆κ = 300, brown corresponds to ∆κ = 1000.
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Volume

In this work we define the two-dimensional volume (i.e. area under the curve) as

V ≡
∫
|xdy| = 2

∫ A/2
0

ds|y′(s)(x(s)− 1

2
L)|. (34)

For A ≈ L and β < βC we expect the volume to behave like a trapezoid, because the shape
develops like a trapezoid. The volume V ≈ h · 1

2
(a + b), where h is the height, a is L and b is the

PSD. Expressing everything in terms of L and A gives h =
√

(A
β

)2 − (L −A · (1− 1
β
))2, a = L and

b = A(1− 1
β
), thus V ≈

√
(A
β

)2 − (L −A · (1− 1
β
))2 · 1

2
(L+A(1− 1

β
)).

For A � L the volume will develop like A2, because if a shape grows in all directions the volume
scales with the squared circumference. In figure 15 it can be seen that the scaling is as predicted.
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Figure 15: plots of the ratio of Volume as function of A. In the left image the red dotted line
corresponds to the trapezoid fit and the black to a quadratic fit ∼ A2. In the right image the red
dotted line corresponds to the quadratic fit.

1.2 Shape analysis - Fortified neck

In this section we analyze the shapes which we modeled with equation (8), κB2. We will only show the
metrics that did differ from the exceptions from the previous section: Head and neck width, energy
landscape and volume.

1.2.1 Metrics

Head and Neck Width

For the the widths dhead and dneck (and for α = 0.25) we expect to see a linear relation, as we also did
in the previous section. The ratio dhead

dneck
should follow the relation given by equation (26). A linear fit

for dhead and dneck is wrong in this case, and it has also (at least) a quadratic term as can be clearly
seen in figure 16. This effect is present for all α > 0 and β > 1. We compared this to the cases where
α = 0 and that one does have linear fit. Therefore I suspect that α > 0 causes the non-linearity.
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In figure 16 we plotted the fit including the quadratic term on the left, and the fit only including
the linear term on the right. In the end the linear model was (just) a first order approximation that
worked well previously, but for fortified necks where α 6= 0 the approximation is not valid and higher
terms have to be included.
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Figure 16: plots of the ratio dhead/dneck as function of A. Blue corresponds to m = 5, red corresponds
to m = 10, green corresponds to m = 50, brown corresponds to m = 150.

20



Energy landscape
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Figure 17: 17a Is the fit on a linear scale. 17b Is the fit on a loglog scale. The dashed line corresponds
to the fitted (32) and the normal line corresponds to the obtained data. The loglog fit shows that the
limit case (A � L the energy E ∼ 1/A) is obtained for large A, but the energy prediction is way off
for A ∼ L. The linear scale image shows that in general the energy landscape is described properly,
but the location of its head is not well described.

In graph 17 we show the normalized energy landscape in a linear scale and log-log scale. The linear
scale shows that in general the fitted dashed model of equation (33) is in agreement with the overall
energy landscape. The log-log plot, however, shows that it does significantly differ more in comparison
with the fortified head and takes significantly longer, growth-wise, before E behaves like 1/A.

Volume

with the fortified neck shapes we expect to see three regions of volume growth, with a transition zone
between them. The first region of volume growth is for A ≈ L. We expect that the volume will grow
as a triangle, V ∼ 1

2
L · y(0). This region of growth is not seen in the obtained data. Either this only

happens for really low values of A − L, where we have no data of. The second region of growth we
expect to be linear. After the triangle region the shape will develop in a rectangle like structure. The
volume of a rectangle with a constant basis grows linear with it’s circumference. the fit is plotted in
figure 18b, and is in agreement with my expectations. For A � L we expect the shape to grow as
A2. This region is also fitted in figure 18b and is in agreement with the obtained data.
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Figure 18: 18 The volume as function of A. Blue corresponds to m = 5, red corresponds to m = 10,
green corresponds to m = 50, brown corresponds to m = 150.18b The linear and quadratic fits are
shown.

2 κ model

In this section we present the results from the κ model. This model is used to investigate the
energetically most efficient distribution of κ for a fixed shape θ. In this model we used the fixed shape
with parameters β = 1.11 (realistic PSD size [10]) and β = 1.5 (large PSD) for κ1 with ∆κ = 100,
κmembrane = 10. Both shapes have two regions of no or little bending (neck and PSD-plateau) and
it is therefore expected that both these regions will have a higher protein concentration. Because
we penalize gradients, we believe that a shape with a small PSD will most likely have most proteins
accumulated at the neck. For shapes with a larger PSD we believe that most proteins will accumulate
in the head, at least for relatively high h. For small values for h the gradient isn’t penalized a lot
and therefore the proteins will most likely accumulate in the neck because of the zero-bending point.
The concentrations for β = 1.11 and β = 1.5 are, respectively, plotted in figures 19a and 19b. Both
graphs show that the distribution is in accordance with these expectations. The distrubution shows
the same for all lengths of A. These distributions were found for all values of ∆κ and C.
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Figure 19: plots for the shapes obtained in the κ model. The total concentration of proteins is C = 1
and h = 31 on the left and h = 29 on the right. The blue curve in graphs 19b and 19a is the protein
concentration φ(s), whereas the black curve is the bending rigidity κ(φ(s)). The proteins accumulate
on the neck and the head.

3 κ-θ model

In this section we present the results from the κ-θ model. This model is used to investigate the system
configuration with the lowest energy. The model shows that there are a few solution branches. We
have found three distinct solution branches: a ”stubby” spine with a fortified head and a filopodia-like
spine. Mushroom spines were not found. This solution branch for filopodia-like spines is shown in
figure 20. In figure 21 we show the corresponding results for the distribution of κ and φ for the total
concentration C = 0.7 and h = 0.9. Varying h made the distrubution wider. Varying C was more
difficult, because we were unable to actively force the local normalization 0 ≤ φ(s) ≤ 1. For higher
values for A it is possible to include higher values for C. The netto effect is that the shapes obtain
longer flat necks.
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Figure 20: plots for the shapes obtained in the κ-θ model. The total concentration of proteins is
C = 0.7 and h = 0.9. The proteins accumulate on the flat regions of the neck.
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Figure 21: plots for the obtained κ and φ in the κ-θ model. The total concentration of proteins is
C = 0.7 and h = 0.9.

We also find so-called ”stubby spine”. This are spines with no clear structure but can have a
small PSD-like structure. we found two classes of stubby spines, one with a PSD-like structure and
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one without. In figure 22 we show the distrubution and shapes of the stubby spines we obtained.
The stubby spines solutions were found for h = 3 and h = 2.5 and for A . 2.5L. For higher values
of A we did not such shapes. We believe that this is caused by the bigger part of the neck with
little bending and therefore the solution branch stops to exist. If we compare E/κ̄ of both stubby
spines given in figures 22a and 22b, we find that 22a is energetically more efficient then the shape in
22b. We can see in figures 22c and 22d that the shapes have areas where the protein concentration
is overconcentrated, i.e. φ(s) > 1. This is possible because we did not restrict φ(s) < 0 and φ(s) > 1.
In reality these concentrations are not possible, but we included them anyways to illustrate that the
filopodia-like shapes are not the only mathematically, possible shapes.
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Figure 22: plots for the stubby spines of the κ-θ model. The total concentration of proteins is C = 0.7
and h = 2.5 on the left and C = 0.7 and h = 3 on the right. The blue curve in graphs 22c and 22d is
the protein concentration φ(s), whereas the black curve is the bending rigidity κ(φ(s)). The proteins
accumulate on the neck and the head.
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4 Discussion

The analysis results of the shapes can be compared to the analysis results of the shapes with a
constant bending rigidity. The energy landscape is the most important metric in our system. The
landscapes for a fortified head compared to the energy landscape with shapes with constant bending
rigidity, show remarkable agreements [8]. The general shape of the landscapes is the same and the
used approximation to describe the shape is also in remarkable agreement. The energy per average
κ, E/κ̄, is, however, lower. This is because the bending at the region of the upper plateau of the
bending rigidity κB1 is lower and therefore its effect on the total energy is minimized. For a fortified
neck the energy landscape behaves generally the same, but the approximation is less accurate.

The height growth is also in agreement. It was expected that the slope for y(0) for the constant
bending rigidity case is higher than the slope of the height for the fortified head. This is expected
because we force the shape to grow in the width. On the other hand, the slope is expected to be
lower than the slope of the fortified neck, because the fortified neck forces the shape to grow in the
height. The slope for the height in the fortified neck model was indeed considerably higher with a
non-constant bending rigidity compared to a constant bending rigidity. In the fortified head model
the height slopes are bigger for β < βC . For β > βC we did not expect much difference, which is also
in agreement with the obtained data.

For the head-neck relations we expect that for the fortified head the values for dhead are higher
and dhead/dneck diverges later, due to the sideways growth. For the fortified neck we notice that
dneck grows slower than for the constant bending rigidity case, whereas dhead/dneck diverges. Both are
within expectations. We did not expect that for the fortified neck model the toy model for dhead and
dneck becomes inaccurate in comparison with the constant bending rigidity. However, it remains a
toy model and a first order approximation. It might be in agreement with the growth for some cases,
but higher order terms can become influential eventually.

The volume growth had different regions of growth, but that is to be expected. The shapes for
the fortified head are completely different and are therefore to be expected to also grow differently,
volume-wise. The fortified neck shapes did grow similarly to the shapes with constant bending rigidity,
but it had an extra region of linear growth, caused by the elongated rod-like shape growth.

For the κ model we were unable to shoot for O(h) . 1, because the shooting algorithm became
unstable and extremely sensitive for initial shooting parameters. Therefore we can only hypothesize
how the shape will develop for lower values for h. We expect that the distributions will, in general,
be very similar, but have larger gradients. We also expect the distributions to be more localized at
the neck of the shape and not at the head.

Although we did use the θ, κ and κ-θ models to describe the system, we don’t give any reason
which (if any) of the models is realistic. We know that proteins are not the only important factors
in shape formation and it is known that proteins can be anchored in the underlaying fortification
of the membrane[21]. On top of that it is believed that the actin cytoskeleton is also an important
shape forming mechanism [11]. The unknown factor is the relative strength of the actin cytoskeleton
compared to the protein-based bending modulus and protein-based spontaneous curvature. Thus we
believe that there are a few possible situations which correspond to different models. If the actin
cytoskeleton is the dominating factor, fluctuations or (in)stability in the shape are caused by proteins.
This corresponds to a modified κ model to include fluctuations caused by the protein-based bending
rigidity. If proteins are the dominating factor there are two possibilities: they are either truly free
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moving or are anchored in position when they reach their position. This corresponds respectively to
the κ-θ model and the θ model.

We believe that none of these effects will be the dominating factor and it is an interplay between
all three models. The actin cytoskeleton will, at least for filipodia-stage growth, be the dominating
factor. After this growth stage the proteins are brought to the spine head by, among others, exocytosis
or transport trough the membrane. We believe that these effects will together create a flat-like region
at the top of the spine, creating the PSD. we believe that a combination of the κ and κ-θ model is
the most realistic.

Part IV

Conclusion and Outlook
Research goals
In this thesis we had three primary research goals:

1. If we model the bending rigidity κB with a step function, what shapes are produced? Will there
be formation of a plateau at the top of the shape?

2. How are certain metrics (such as energy landscape, shape volume, head-to-neck diameter, . . . )
of the shape affected by a position-dependent κB?

3. How can we most energetically efficient create a PSD using a position-dependent κB? How is
this affected if the fortifying proteins are allowed to move in the in-plane direction?

Shape formation
The shapes that were obtained for the fortified neck and fortified head models can be categorized
in three categories. For κ = κB1 the shapes were either ”balloon-like”, or ”mushroom-like”. For
κ = κB2, the shapes were all ”rod-like”. Self-crossing shapes were also observed but are not physical
and therefore not included. The ”mushroom-like” shapes were obtained if β was lower than the critical
value βC . For β greater than this critical value the shapes that were obtained were ”balloon-like”.
The ”mushroom-like” shapes had region with a lower curvature at the tip of their head. Therefore
we conclude that for κ = κB1 and β < βC a PSD-like structure will form. The actual area of the PSD
is usually around 10% of the total area [10]. This would suggest that β ≈ 1.11 is the more realistic
value for β, which is below βC .

From studying the variations in the width of the transition zone in κ, characterized by m, we
conclude that the effects on the shape are small but noticeable. We investigated these variations
because the relative scale of the proteins compared to the scale of the dendritic spine demands that
we include the finite size of the proteins. For O(m) ∼ 101 − 102, which is equal to the expected
value for m, the difference is extremely small, even though there is an order difference. Therefore we
believe that the obtained shapes for m = 50 and m = 150 are close to the shapes of any value of m
for the expected order for m. From studying the variations of the strength of the non-constant κB,
characterized by ∆κ, we conclude that for a greater strength the curvature was lower where κ was
higher. For a lower strength the curvature was lower.
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Metrics
We analyzed the shapes that were obtained for both the fortified neck and the fortified head model.
In this analysis we analyzed certain metrics of the shape (i.e. Shape height, energy landscape, . . . ).
For the fortified head model, the metric were compared to the metrics for a constant bending rigidity.
This comparison showed that the metrics do not qualitatively change, but change quantitatively. The
approximations and toy-models to explain the metrics are still valid. The fitting parameters in these
toy-models do change. For the fortified neck model we noticed some small discrepancies between the
toy-models and the obtained data for dhead/dneck and the energy landscape. In this case both dhead
and dneck involved quadratic terms, were I did expect a linear shape. This is, however, not surprising,
as the linear shapes were just a toy-model that worked nicely for constant bending rigidity and the
fortified head model, but is less of a hard truth and more of a (first order) approach.

In this research the only shapes that were looked at are shapes in which the PSD-size also grow
linearly with the shape. This means that the total fraction of the arc-length were the bending rigidity
is higher stays the same for all arc-lengths. In actual spines the formation process does not grow
like this from the beginning, but starts without accumulation of proteins. More realistic growth
processes will therefore also qualitatively alter the spine formation and metrics. This qualitative
change, however, is a combination of the metric obtained in these results and can therefore be
explained.

Thus, concluding my second research question, the metrics do change, but their general relations
don’t. If different growth processes would be introduced he metric could change qualitatively, but
it is still a combination of metric from the minimal energy solutions and therefore understandable.
For example, if the higher bending rigidity was added in a later stage of the shape formation, the
energy-landscape has a second maximum that is created at the moment that the κB is introduced in
the growth process.

Energy efficient PSD
The κ and κ-θ models are used to investigate energy efficient protein distributions. The κ model
was intended to investigate the energetically most efficient distribution of κ, but the model did not
succeed to give us information about this. In the κ model we used the values β = 1.11 and β = 1.5 to
investigate both small and big PSD’s. The results show that for h ≈ 30 the proteins in a small PSD
will mostly accumulate in the neck. For lower h the shooting algorithm became unstable, but it is
expected that almost all proteins will accumulate in the neck, because the gradient is penalized less
and there is a region of zero curvature in the neck. For h ≈ 30 for large PSD most proteins accumulate
in the PSD area and some accumulate in the neck. we expect that for lower h more proteins will
accumulate in the neck, but again the shooting algorithm became unstable and therefore we could
not test these hypotheses. The κ model showed that for a predefined shape most proteins will be
positioned in the neck for β = 1.11.

The κ-θ model showed that the most energetically efficient distribution of proteins in a completely
free model is in the neck for this 2D model. Stubby spines were also found in the κ-θ model, which
showed that stubby spines with a PSD-like head are energetically a better distribution then stubby
spines of a semicircle shape.

In a real PSD almost all proteins are located in the head and therefore the models do not describe
the problem well. There are two explanations for this. Firstly, the neck does always bend in the
axial direction in a true 3D model of the spine, but has a point where it does not bend in a 2D
model. This point of zero bending accumulates moest proteins of the spine. Secondly, we neglected
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the influence of the actin cytoskeleton directly. It can be modeled by an effective bending rigidity
that is not caused by proteins. However, this effective bending rigidity is not included separately, but
in the protein-based bending rigidity.

Thus, concluding my third research question, we were unable to find the optimal κ distribution to
minimize the bending energy to build a PSD. We wanted to use the κ model but the proteins mainly
accumulated on the neck. A method to determine this energetically optimal κ distrubution to build
a PSD is described in the next section. We did investigate the effects of free protein movement on
the bending rigidity κ and on the shape θ. We found that the main effect is that the proteins moved
to and accumulated in the neck. For the totally free model κ-θ, the lowest energy solution was the
accumulation of proteins on the neck of the spine. We also found two stubby spine solutions, which
had a higher energy compared to the solution where all the proteins accumulate in the neck. We only
found these stubby spines for cases where the concentration was over-concentrated and are therefore
not necessarily physically realistic. Mushroom-spines were not found and are therefore assumed to
not be a minimal energy solution.

Outlook
In this thesis we investigated the effects of a fixed, inhomogeneous bending rigidity on the shape, the
effects of the shape on a variable bending rigidity and the effects of a variable shape and bending
rigidity. We included protein-based bending rigidity and let the shape be influenced by this. Our
current model, however, has its shortcomings. In this section we describe a few ways we believe that
the model can be altered to overcome several of these shortcomings.

We were unable to include the local normalization constraint that 0 ≤ φ(s) ≤ 1. This constraint
might be included by assuming that there is a potential well which makes values outside this region
energetically costly. We could, for example, include the term

Eφ ∼
∫ (

e
−φ(s)

φ0 − e−
φ(s)−1
φ0

)
ds, (35)

where φ0 is a reference term how strongly the normalization constraint is constrained on the system.
Another aspect that could be included is the spontaneous curvature that proteins usually have

[22]. This can be added to the model by, for example, altering the bending energy term to

Ebend =

∫
κ(φ(s))

(
1

R(s)
− 1

R(φ(s))

)2

ds. (36)

In equation (36) R(φ(s)) is the preferred radius of curvature for the proteins.
Whether this added complexity will actually fulfill its function is debatable though. The 2D

model used in this work is used to obtain insight in the shape formation of dendritic spines which
are 3D structures. Adding more 3D physics in our 2D model will not necessary improve our model
or improve our understanding of the physics of the model. We do believe that the next step would
be to model the dendritic spines in three dimensions and continue the research laid out in this work
in those models.

We were also unable to find the best way to make a PSD. The problem is rooted in the fact that a
PSD is not a minimal energy solution of the shape equations and therefore not an equilibrium state.
The shape equations can therefore not be used directly to calculate the minimal energy solution for
the PSD. Another problem is that we need a clear definition of a PSD. During the process we focused
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on the κ model to give the results for the ideal distrubution of κ, but this was fruitless. We have,
however, an idea how we can tackle this problem.

To resolve this problem we would need to clearly define a PSD geometrically. We can define a PSD
by the shape it has and its size. These two parameters can be used to find a minimal energy solution
with a certain PSD-like area. The method uses a combination of the κ and θ models. Firstly, we
predefine a shape θ̃PSD of the PSD, e.g. if we define the PSD as a region with constant curvature S
in the domain [A/5, 0], then θ̃PSD only contains this shape information. The second step is to define
the residual from the predefined shape information θ̃PSD and the shape that we obtain numerically
for the PSD θPSD. We can define the residual as

RPSD ≡
∫
PSD

Rlocal(s)ds =

∫
PSD

(θPSD(s)− θ̃PSD(s))2ds. (37)

The local residual Rlocal represents the local difference between the predefined shape of the PSD and
the obtained shape in the model. The total RPSD represents the accumulated difference between the
predefined PSD and the PSD of the shape. To obtain the energetically optimal κ distribution we
need to minimize the bending energy and the residual RPSD or minimize the bending energy and
view RPSD as a constraint that should be zero.
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Appendix A: Methods and procedures: Shooting

θ-model

In this appendix we present the methods and procedures we used in this research. The shooting
method we implemented can be found here. At the start of the shooting procedure a reasonable
initial guess is made for both λ and ε by shooting for a range of values. Mathematica will give an
error notice when the shooting parameters are not close to the the roots and can therefore not find
the roots. We visually inspect the shape to make sure it is the first mode shape. If it is we used the
obtained values for λ and ε of this process to shoot for the values for λ and ε for different values of
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A. This means that in the script below we grow the shape with predefined steps of arclength and use
the previous shooting result to calculate the next. All the shapes that are produced are then checked
for inconsistencies or other problems such as discontinuities in the shape or higher mode shapes. The
shooting method printed below has the following variables:

Datte Contains the date.
β A/2β is the location of the middle of the transition zone.
m measure for the width of the transition zone.
λ Is the Lagrange multiplier for the constraint in the θ model.
ε Is the initial condition for the θ model.
s The arc length parameter.
Symm A dummy variable, set to be equal to A/2.
sEnd A variable, equal to A/2.
F A dummy variable, set to be equal to β.
handles A dummy variable which we give the plotoptions.
DifferentialEquation[] Contains the used ODEs.
solveDifferntialEquaiton[]The solve procedure.
ComputeEnergy[] The module to calculate the energy of the shape.
makeP lotShot[] The module to create the plots of the shapes.
makeplotBendingRigidity[] The module to plot the upper plateau fo the bending rigidity on the shape.
makeScoreShot[] The module wherein the endpoint conditions for shooting are described.
makeSolTable[] The module wherein the shooting method is applied. See page 7

for details on the shooting methods.

The code on page ”Shooting1.nb | 3” is the code to initiate the shooting program. We build the
”SolutionTable”, a table containing all the values for λ,ε and sEnd. This table is exported to be
used for analysis. The energy is calculated and stored in ”ETable”. The For-loop is used to plot
and export the images from makeP lotShot[] combined with makeplotBendingRigidity[]. In the next
step the SolutionTable is loaded by the analysis where we analyze the shapes.

κ and κ− θ model

This script is also as basis for the scripts of the κ and κ-θ models. In the κ model the ODEs in
DifferentialEquations[] are replaced by the set of equations described in the theory section of the
κ model. The Lagrange multiplier and initial conditions are replaced according to the κ model. ζ
And θ are replaced by previously shot functions. The endpoint-conditions in makeScoreShot[] are
altered to comply with the κ model. The algorithm is the same for the other parts.

In the κ-θ model the same parts are altered as the script for the κ model, but then for the κ-θ
model.
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Datte =

Block@8$DateStringFormat = 8"Day", "-", "Month", "-", "Year"<<, DateString@DD;

Clear@kappa, Dkappas, Β, mD;

kappa@n_, s_, Symm_, F_D = 110 + 100 Tanh@n Hs - HSymm � FLLD ;

Dkappas@n_, s_, Symm_, F_D = D@kappa@n, s, Symm, FD, sD;

Β = 1.5;

m = 50;

Clear@x, y, Θ, xCoordD
Clear@DifferentialEquationD

DifferentialEquation@Λ_, Ε_, s_, Symm_D :=

8Θ'@sD � Ζ@sD, Ζ'@sD � - Λ � Hkappa@m, s, Symm, ΒDL Sin@Θ@sDD -

Ζ@sD * HDkappas@m, s, Symm, ΒDL � Hkappa@m, s, Symm, ΒDL,

x'@sD � Cos@Θ@sDD, y'@sD � Sin@Θ@sDD, Θ@0D � 0, Ζ@0D � Ε, x@0D � 0, y@0D � 0<

solveDifferentialEquation@Λ_ ?NumericQ, Ε_ ?NumericQ, sEnd_ ?NumericQD := NDSolve@
Evaluate@DifferentialEquation@Λ, Ε, s, sEndDD, 8Θ, Ζ, x, y<, 8s, 0, sEnd<D

ComputeEnergy@Λ_, Ε_, sEnd_, F_D := ModuleA8ΖSol, sol, s, E<,

sol = solveDifferentialEquation@Λ, Ε, sEndD;

ΖSol = Ζ@sD �. sol;

E = NIntegrateA2 * Hkappa@m, s, sEnd, FDL * HΖSolL2
, 8s, 0, sEnd<E;

E = EP1T;

E

E
makePlotShot@Λ_, Ε_, sEnd_, handles_D := ModuleB8sol, xSol, ySol, s, u<,

sol = solveDifferentialEquation@Λ, Ε, sEndD;

xSol = Hx �. solLP1T;

ySol = Hy �. solLP1T;

ParametricPlotBIfBs < sEnd, :xSol@sD -

1

2

, ySol@sD2 > �� Flatten,

:
1

2

- xSol@2 sEnd - sD, ySol@2 sEnd - sD2 > �� FlattenF, 8s, 0, 2 sEnd<, handlesF

F

Printed by Wolfram Mathematica Student Edition



makePlotBendingRigidity@Λ_, Ε_, sEnd_, handler1_, handler_D :=

Module B8sol, xSol, ySol, s, s1, s2<,

sol = solveDifferentialEquation@Λ, Ε, sEndD;

xSol = Hx �. solLP1T;

ySol = Hy �. solLP1T;

s1 = Solve@kappa@m, s, sEnd, ΒD � 0.95 H210L, sD@@1DD@@1DD@@2DD ;

s2 = Solve@kappa@m, s, sEnd, ΒD � 0.05 H210L, sD@@1DD@@1DD@@2DD ;

ShowBParametricPlotB::xSol@sD -

1

2

, ySol@sD2 > �� Flatten,

:
1

2

- xSol@sD, ySol@sD2 >> �� Flatten, 8s, s2, s1<, handlerF,

ParametricPlotB::xSol@sD -

1

2

, ySol@sD2 > �� Flatten,

:
1

2

- xSol@sD, ySol@sD2 >> �� Flatten, 8s, s1, sEnd<, handler1FF

F

makeScoreShot@Λ_, Ε_, sEnd_D := ModuleA8sol, Σ, ΘSol, xSol, ySol,

xEnd, ΘEnd, score, s, NIntSteps, VecIntSteps, yDerSol, xDerSol<,

NIntSteps = 10;

sol = solveDifferentialEquation@Λ, Ε, sEndD;

ΘSol = HΘ@sD �. solL;

xSol = Hx@sD �. solL;

ySol = Hy@sD �. solL;

xEnd = xSol �. 8s ® sEnd<;

ΘEnd = ΘSol �. 8s ® sEnd<;

score = 9HxEnd - 0.5L2
, HΘEnd - 0L2=;

score

E

makeSolTable@sStart_, ΛStart_, ΕStart_, ds_, NShots_D :=

Module@8sOld, ΛOld, ΕOld, SolTable, Λ, Ε, ΛΕSol<,

sOld = sStart;

ΛOld = ΛStart;

ΕOld = ΕStart;

SolTable = 8<;

Do@8
ΛΕSol = 8Λ, Ε< �. FindRoot@

Flatten@makeScoreShot@Λ, Ε, sOldDD � 80, 0<, 88Λ, ΛOld<, 8Ε, ΕOld<<D;

AppendTo@SolTable, 8ΛΕSolP1T, ΛΕSolP2T, sOld<D;

sOld = sOld + ds;

ΛOld = ΛΕSolP1T;

ΕOld = ΛΕSolP2T;

<,

8i, 1, NShots<D;

SolTable

D

2     Shooting1.nb
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t1 = AbsoluteTime@D;

SolutionTable = makeSolTable@0.6, 300, 4, 0.1, 50D;

Export@StringJoin@"D:\Desktop\BEP", "\\",

ToString@DatteD, "\\", "PSD", "\\", "SolutionTable", "beta=",

ToString@ΒD, "_m=", ToString@mD, ".dat"D, SolutionTableD
AbsoluteTime@D - t1

ΛTable = Table@82 SolutionTablePi, 3T, SolutionTablePi, 1T<,

8i, 1, Length@SolutionTableD<D;

ΕTable = Table@82 SolutionTablePi, 3T, SolutionTablePi, 2T<,

8i, 1, Length@SolutionTableD<D;

ETable = Table@82 SolutionTablePi, 3T, ComputeEnergy@ΛTablePi, 2T, ΕTablePi, 2T,

SolutionTablePi, 3T, ΒD<, 8i, 1, Length@SolutionTableD, 1<D;

88
ListPlot@ΛTable, PlotLabel ® "Λ Lagrange multiplier", Frame ® True,

FrameLabel ® 8"A", ""<, ImageSize ® Small, PlotStyle ® BlackD,

ListPlot@ΕTable, PlotLabel ® "Ε Initial condition", Frame ® True,

FrameLabel ® 8"A", ""<, ImageSize ® Small, PlotStyle ® BlackD,

ListPlot@ETable, PlotLabel ® "Energy landscape", Frame ® True,

FrameLabel ® 8"A", ""<, ImageSize ® Small, PlotStyle ® BlackD
<< �� TableForm

For@i = 1, i < 1 + Length@SolutionTableD, i++,

Export@StringJoin@"D:\Desktop\BEP", "\\", ToString@DatteD,

"\\", "PSD", "\\", "beta=", ToString@ΒD, "_m=", ToString@mD,

"\\", "A=", ToString@2 SolutionTablePi, 3TD, ".PDF"D,

Show@makePlotShot@SolutionTablePi, 1T, SolutionTablePi, 2T,

SolutionTablePi, 3T, 8PlotRange ® 8Full, 80, 3.2<<, PlotStyle ® Black,

Frame ® True, FrameLabel ® 8"x", "y"<, PlotLabel ® StringJoin@"A=",

ToString@2 SolutionTablePi, 3TD, ", E=", ToString@ETablePi, 2TDD<D,

makePlotBendingRigidity@SolutionTablePi, 1T, SolutionTablePi, 2T,

SolutionTablePi, 3T,

8PlotRange ® All, PlotStyle ® Directive@Red, ThickD, Axes ® False<,

8PlotRange ® All, PlotStyle ® Directive@Orange, ThickD, Axes ® False<D,

ImageSize ® AutomaticDDD

Shooting1.nb    3
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Appendix B: Additional Shapes
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Figure 23: plots of β = 4,m = 50 for various values for A. The thick red line corresponds to the area
where the value of κB are higher.
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Figure 24: plots of α = 0, β = 2, j = 25 for various values for A. The thick red line corresponds to
the area where the value of κB are higher.
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