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Abstract

The discovery of the Bose-Einstein condensation (BEC) of dilute
ultracold atomic gases in 1995, and subsequently the successful cre-
ation of a BEC of Chromium, which is an atom with a strong perma-
nent magnetic dipole, in 2005 have spurred interest in the theoretical
study of BECs. We report calculations and simulations on vortices
in BECs of (dipolar) dilute atomic gases. Using the mean-field ap-
proach of the Gross-Pitaevskii equation and the numerical technique
of conjugate gradients, we have successfully created a fully 3D model
to calculate the order parameter in the case of a single vortex as
well as a double vortex. These simulations are also valid outside the
Thomas-Fermi limit of high density. Furthermore, we have incorpo-
rated dipolar interactions into the model and report the occurrence of
“ripples” close to the region of instability. These ripples behave like
an underdamped harmonic oscillator, exhibiting exponential decay.
We have derived an expression that predicts the maximum strength
of dipolar interactions before instability occurs, as a function of den-
sity and trap strength. The dipolar interaction potential between two
vortices is also probed and found to go as r−3 for long distances, but
with a smaller exponent for smaller distances.

1



Contents

1 Introduction 4
1.1 Bose-Einstein condensation . . . . . . . . . . . . . . . . . . . . 4
1.2 Superfluidity and superconductivity . . . . . . . . . . . . . . . 6
1.3 Gross-Pitaevskii Equation . . . . . . . . . . . . . . . . . . . . 7
1.4 Vortices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Multiple vortices . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6 Hydrodynamic equations . . . . . . . . . . . . . . . . . . . . . 13
1.7 Dipolar Interactions . . . . . . . . . . . . . . . . . . . . . . . . 15
1.8 Screening . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.9 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 Single Vortex 25
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Non-dipolar case . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1 Basic theory . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2.2 The Gross-Pitaevskii equation and vortices . . . . . . . 27
2.2.3 The hydrodynamic equations . . . . . . . . . . . . . . 28
2.2.4 Numerical results . . . . . . . . . . . . . . . . . . . . . 29

2.3 Dipolar case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.3.1 The dipolar Gross-Pitaevskii equation . . . . . . . . . . 32
2.3.2 Numerical results and the dipolar “ripple” . . . . . . . 33

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Multiple Vortices 41
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 Non-dipolar case . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.1 The rotating double vortex . . . . . . . . . . . . . . . . 41
3.2.2 The phase profile for a double vortex . . . . . . . . . . 41
3.2.3 Switching to the rotating frame . . . . . . . . . . . . . 42

3.3 Dipolar case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 Conclusion and Outlook 52

5 Technology Assessment 54

A The conjugate gradient method 55
A.1 The steepest descent method . . . . . . . . . . . . . . . . . . . 55
A.2 From steepest descent to conjugate gradient . . . . . . . . . . 56

2



B Discrete Fourier Transforms 57
B.1 Theoretical framework . . . . . . . . . . . . . . . . . . . . . . 57
B.2 Application to dipolar potentials . . . . . . . . . . . . . . . . 58

C The mW-transform 62

D Minimization of the grand potential 64

E Calculating the steepest descent vector 66

F Scaling 68

3



1 Introduction

1.1 Bose-Einstein condensation

In 1924, Einstein predicted a new state of matter based on the work of Indian
physicist Satyendra Bose, who had sent him some of his work on the statistics
of photons, but failed to get it published [1]. Einstein expanded Bose’s
idea to include all bosons (particles with integer spin), not just photons [2].
When cooling down an ensemble of bosons to sufficiently low temperatures,
a large (macroscopic) fraction of all particles in the ensemble will condense
into a single, macroscopic quantum state now known as a Bose-Einstein
condensate (BEC). In practise, the temperature required to achieve Bose-
Einstein condensation of a cloud of atoms is typically below 1 µK. Bose-
Einstein condensation results in a different, sharper, spatial distribution of
atoms compared to a normal (thermal) cloud of atoms (see figure 1).

Figure 1: Bose-Einstein condensation. The colour coding shows the density
of atoms, where blue indicates a high density and red a low density. Left: a
thermal cloud, above the transition temperature. Middle: part of the atoms
have condensed into the ground state. Right: most of the atoms have con-
densed into the BEC state. Picture taken from [5].

Because of the experimental difficulty of achieving such low temperatures,
it was not until 1995 that a dilute Bose-Einstein condensate was finally real-
ized experimentally, independently by two groups led by Cornell and Wieman
[3] (who used 87Rb), and Ketterle [4] (who used 23Na) respectively. Theo-
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retically, the reason such low temperatures are required can be understood
by considering the quantum mechanical “size” of particles, which is given by
the de Broglie wavelength:

λB =

√
2πh̄2

mkBT
, (1.1)

where h̄ is the reduced Planck’s constant, m is the mass of the particle,
kB is Boltzmann’s constant and T is the temperature. When the particle
“size” is large enough, the particles will overlap and form a Bose-Einstein
condensate. From the definition of the de Broglie wavelength it is apparent
that the wavelength will increase when the temperature is reduced. How
much should the temperature be reduced?

Particles will overlap when the de Broglie wavelength cubed is equal to
or greater than the density of atoms. Taking the equal sign, the transition
temperature Tc can be obtained in terms of the density n:

Tc =
2πh̄2n2/3

mkB
. (1.2)

In other words, to satisfy the criterion for Bose-Einstein condensation,
one can lower the temperature or raise the density. However, at low tem-
peratures high density ensembles of atoms tend to liquefy or solidify, making
Bose-Einstein condensation impossible. Therefore, a small enough density
is required so that three-particle recombination becomes less likely and the
Bose-Einstein condensate can be metastable over experimental timescales.
This, in turn, requires a very low temperature to reach the BEC regime.

To achieve such low temperatures is no trivial task. The main techniques
used for cooling atom clouds are laser cooling and evaporative cooling. Laser
cooling is a technique in which a laser is detuned slightly below a certain
atomic transition1. When an atom moves towards the laser, the Doppler
shift makes it more likely to absorb and emit a photon from the laser than an
atom moving away from the laser. Because the emitted photon has a random
direction, the result is a net slowing of the atom cloud in the direction of the
laser beam. By aligning several lasers in all directions, the atom cloud can
be cooled up to the recoil limit, which is related to the energy of a single
photon.

In evaporative cooling, the atoms with the highest energy are allowed to
escape the atom cloud. The remaining cloud is then allowed to thermalize
again, and the process is repeated as required. Using this technique, tem-
peratures low enough for Bose-Einstein condensation can be achieved.

1For a general text on laser cooling, see [11].
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Recently, researchers have also succeeded in creating Bose-Einstein con-
densates of polaritons, quasiparticles resulting from strong coupling of pho-
tons with an electric or magnetic dipole-carrying excitation. Since these par-
ticles have an effective mass which is small relative to atoms, this opens up
the possibility of Bose-Einstein condensation at much higher temperatures,
possibly even room temperature [12]. Furthermore, in 2010 researchers suc-
cessfully created a Bose-Einstein condensate of photons in an optical lattice
[13] – thus creating a “true” condensate in the sense Bose envisioned in 1924.

The understanding of Bose-Einstein condensation is essential to various
topics in physics, from superconductivity and superfluidity to even more
exotic phases and physical phenomena. The study of dipolar (d-wave) Bose-
Einstein condensates (see section 1.7) has also been linked to understand-
ing high-temperature superconductivity, the disappearance of electrical re-
sistance in certain materials at “high” temperatures above ≈30K and even
above the boiling point of nitrogen (≈77K). This phenomenon was first dis-
covered in 19862 by Karl Müller and Johannes Bednorz [14]. D-wave interac-
tions are thought to play a role in this type of superconductor [15]. However,
alternative explanations have also been proposed [16]. Bose-Einstein conden-
sation also plays a role in the Higgs mechanism, which explains why W and
Z bosons (and possibly more particles) have mass [17, 18, 19]. In the case of
the Higgs mechanism, there is a vacuum expectation value in a charged field,
which is analogous to superconductivity.

1.2 Superfluidity and superconductivity

Superfluidity is the state of matter in which there is no viscosity; in other
words, a fluid that flows without friction. It was discovered in 1937 by
Kapitsa, Allen and Misener [20], although the phenomenon was not under-
stood until the theoretical framework was laid down by Landau, London and
others – Landau received the 1962 Nobel Prize in physics for his theory on
superfluidity. Landau proposed the existence of rotons in order to explain
superfluidity, which will be discussed in section 1.7.

One of the most common superfluids is 4He, which is superfluid below
2.17 K at atmospheric pressure [24]. The superfluid state is furthermore
characterized by delocalization of the constituent particles into one coherent
state. A three-dimensional Bose-Einstein condensate is also a superfluid.

Superconductivity, the disappearance of electrical resistance in metals
at low temperature, is analogous to superfluidity and is often regarded as a

2The significance of this discovery is perhaps highlighted by the fact that they received
the Nobel Prize in physics only a year later.
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BEC of condensed pairs of fermions called Cooper pairs. The basic theory for
superconductivity was developed by Cooper, Bardeen and Schrieffer [21, 22].

Superfluidity, superconductivity, and BECs of dilute atomic gases are all
caused by the same underlying physical phenomenon (the overlap of wave-
functions in bosons). However, because of the simplicity of the dilute gas and
the relative weakness of interactions in such a cloud, this system provides an
ideal opportunity to better understand Bose-Einstein condensation.

One of the more exotic phases related to BECs is the so-called supersolid,
discovered at Penn State Univ. in 2004 [23], where solid matter acts like a
superfluid. However, this phase of matter is not yet well-understood.

1.3 Gross-Pitaevskii Equation

In a BEC, all the particles are condensed into the ground state. Naively one
might think that it would be simple to calculate the ground state, and that
it would simply be a product of single particle ground state wave functions.
However, particles in a BEC interact and this interaction can be difficult to
describe mathematically. The “ordinary” single-particle Schrödinger equa-
tion is given by:

ih̄
∂

∂t
φ(r, t) =

[
− h̄2

2m
∇2 + V (r)

]
φ(r, t), (1.3)

where φ(r, t) is the single-particle wavefunction and V is the potential. One
approach to describe a BEC in a mean field picture can be achieved by
adding to the potential the term g|Ψ(r, t)|2 and regarding the wavefunction
as a macroscopic wavefunction for the entire BEC. The result, which was in-
dependently derived by Gross [25] and Pitaevskii [26], is the Gross-Pitaevskii
equation:

ih̄
∂

∂t
Ψ(r, t) =

[
− h̄2

2m
∇2 + V (r) + g|Ψ(r, t)|2

]
Ψ(r, t). (1.4)

This result is obtained using the assumption that the interactions can be
described by a contact potential between two particles U(r−r′) = gδ(r−r′).3
Additionally, it is assumed that the many-particle wavefunction Ψ (not to be
confused with the wavefunction or order parameter Ψ in the Gross-Pitaevskii
equation) can be written as a product of single-particle wavefunctions φ:

Ψ(r1, r2, ..., rN) =
N∑
i=1

φ(ri). (1.5)

3For a derivation using second quantization theory, see e.g. [50].
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The mean-field coupling parameter g is given by:

g =
4πh̄2a

m
, (1.6)

where a is the s-wave scattering length. The reason for the name is historical
– it is a reference to the name of electron orbitals in atoms. Like the l = 0 or-
bitals in atoms, the s-wave interactions are isotropic, which greatly simplifies
their treatment. The mean-field approach is similar to classical electrody-
namics, where quantized photon fields, described by creation and annihilation
operators, are described by classical fields. Similarly, the macroscopic wave-
function Ψ is a classical field without explicitly regarding the creation and
annihilation operators for the bosons that constitute the BEC.

The Gross-Pitaevskii equation is a nonlinear equation, unlike the Schrö-
dinger equation. It is important to note that while the macroscopic wavefunc-
tion describes the condensate, it is not equal to the many-body wavefunction
of the condensate. The BEC is a metastable state, and the ground state of
the many-body wavefunction at T = 0 will generally be a solid state.

The Gross-Pitaevskii equation (1.4) can be derived by minimizing the
energy functional:

E[Ψ] =

∫ [ h̄2
2m
|∇Ψ(r)|2 + V (r)|Ψ(r)|2 +

1

2
g|Ψ(r)|4

]
d3r (1.7)

with respect to changes in Ψ, under the normalization condition

N =

∫
|Ψ(r)|2 d3r. (1.8)

In other words, the number of particles N is kept fixed and we work in
the canonical ensemble. If we transform to the grand canonical ensemble,
the chemical potential µ can be conveniently used as a Lagrange multiplier,
resulting in the time-independent Gross-Pitaevskii equation:[

− h̄2

2m
∇2 + V (r) + g|Ψ(r)|2

]
Ψ(r) = µΨ(r). (1.9)

The key difference between this equation and the time-independent Schrö-
dinger equation, apart from the added factor g|Ψ(r)|2, is the fact that the
eigenvalue is the chemical potential µ, instead of the energy as is the case for
the ordinary Schrödinger equation.

The Gross-Pitaevskii equation usually has to be solved by numerical
means. However, there are some important limiting cases. If the number
of particles is very large, N → ∞, and the external potential is a harmonic
trap, V (r) = 1/2mωhor

2 (where r is the distance with respect to some axis
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of symmetry in cylindrical coordinates), we can neglect the term with the
Laplacian4, which is usually called the kinetic term or the quantum pressure
term. This limit is called the Thomas-Fermi limit and we can solve the GP
equation exactly in this case:

|Ψ(r)|2 =
1

g
(µTF − V (r)), (1.10)

if µTF > V and 0 otherwise [8]. The chemical potential is given by

µTF =
h̄ωho

2

(15Na

aho

)2/5
, (1.11)

where ωho is the harmonic trapping frequency and aho is the harmonic os-
cillator length (2.21). The solution is therefore parabolic, since the spatial
dependence is determined solely by the harmonic trap V (r). Typically, one
enters the Thomas-Fermi regime at > 105 atoms [6].

The opposite regime to the Thomas-Fermi regime is the tightly trapped
regime. In this regime the chemical potential is not constant (in the sense
that changing α will change the background density) but depends linearly
on the dimensionless parameter α:

α =
n0g

h̄ωz
, (1.12)

where n0 is some characteristic density and ωz is the trapping frequency in
the z-direction. When α � 1 one is in the tightly trapped regime, and for
α � 1 one is on the Thomas-Fermi regime. The tightly trapped chemical
potential is given by [7]:

µTT = µTF

(1

2
+ α

√
1

2

)
. (1.13)

Since we only know the exact values at the limits and there is a discontinuity
at α = 1, the chemical potential in the intermediate regime is only an approx-
imation. In our numerical implementation, we start with µTF for α > 1 and
the tightly trapped chemical potential otherwise, and then determine the
correct chemical potential iteratively (that is, the chemical potential that
results in some fixed background density n0).

1.4 Vortices

Since superfluids flow without friction, the fluid dynamics are significantly
altered with respect to an ordinary fluid. Consider an ordinary rotating fluid

4For a proof, see e.g. [6].
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in a container. Generally, the fluid will co-rotate with the container, so that
the velocity field in cylindrical coordinates (r, θ, z) is given by:

v = Ω× r = Ωrêθ, (1.14)

such that the vorticity is:

∇× v = ∇× (Ω× r) = 2Ω. (1.15)

However, as we shall see, in a superfluid (and therefore also in a BEC)
there is no friction, and the vorticity must then be zero. If one starts to rotate
a BEC5, angular momentum is transferred to the system. A possible way
in which the BEC can accommodate angular momentum while still having
zero vorticity is by concentrating the angular momentum into singularities –
vortices6. Figure 2 shows a measurement of such vortices. The formation of
vortex lattices has also been observed for molecular pairs of fermionic atoms
[9].

Figure 2: a measurement of vortices in a rotating BEC [10]. Dark spots
indicate regions of low density; a vortex has zero density at its core. The
images show various lattices of vortices, which tend to align in triangular
lattices.

A vortex has a velocity field given by:

5In practise, this can be done, for example, using a rotating EM field.
6A different route is by forming collective excitations in the condensate, in which the

entire condensate vibrates [33]. We will not discuss collective excitations here.
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v =
h̄s

mr
êθ, (1.16)

where m is once again the atom mass, r is the distance from the vortex
core and s is the vortex winding number, which must be an integer. Be-
cause s is an integer, we thus have quantized vortices. Quantized vortices
are an important subject of study because it allows testing of the theory of
BECs at distances much smaller than the size of the condensate, while the
Gross-Pitaevskii equation usually tends to manifest itself at macroscopic dis-
tances. The vorticity follows straightforwardly and is zero everywhere except
at vortex cores:

∇× v =
sh̄δ(r)

mr
êθ, (1.17)

where δ(r) is the Dirac delta function. A rotating BEC will generally form
a lattice of s = 1 vortex cores, because the s = 1 vortices are favoured
energetically (we will soon see why).

To understand why the vorticity must be zero, it is instructive to write
the macroscopic wavefunction in terms of a modulus and a phase:

Ψ(r, t) = |Ψ(r, t)| exp(iϕ(r, t)), (1.18)

so that the density n(r, t) = |Ψ(r, t)|2 and the function ϕ(r, t) describes the
phase. The particle current density is then given by: [49]

j =
h̄

2mi
[Ψ∗∇Ψ−Ψ∇Ψ∗] = |Ψ|2 h̄∇ϕ

m
. (1.19)

Since the velocity field v obeys j = nv it follows that:

v(r, t) =
h̄

m
∇ϕ(r, t). (1.20)

Since the rotation of a gradient is zero, the vorticity must also be zero, except
at points where the phase ϕ is singular. The circulation κ over some contour
C is given by:

κ =
h̄

m

∮
C

dl · ∇ϕ = ∆ϕ|C, (1.21)

where ∆ϕ is the change in phase over the contour. Since the macroscopic
wave function is single valued, it follows that this change in phase must be an
integer times 2π, from which the quantization of the vortex winding number
s in (1.16) follows - in units of 2πh̄/m. Using Stokes’s theorem, this result
can be rewritten to obtain (1.17).
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1.5 Multiple vortices

As mentioned in the previous section, when rotating a BEC one or more
vortices can form, which are arranged in a lattice. In general, the energy per
unit length εv of a single vortex with winding number s in a uniform medium
is approximately given by: [50]

εv ≈ s2πn
h̄2

m
ln
b

ξ
, (1.22)

where n is the density, b is the radius of a cylinder containing the condensate
and ξ is the healing length, which is a measure of the distance from the vortex
core to the background density. Because of the factor s2, multiply quantized
vortices with s > 1 will generally not be stable to decay to a state with several
singly quantized vortices with s = 1. To make this case more convincingly,
we must take into consideration the interaction energy between two vortices
with winding numbers s1 and s2.

Regard two vortices in a uniform medium separated by a distance d in a
container with radius R � d. Furthermore we assume that d � ξ, so that
the velocity fields v1 and v2 generated by both vortices can be regarded as
independent of each other. Recall that the velocity field is given by (1.16).
The energy of interaction per unit length is given by: [50]

εint = nm

∫
v1 · v2 d2r. (1.23)

Because the velocity field drops off slowly, as 1/r, most of the energy contri-
bution will come from the far field. Therefore we can neglect the area close
to the vortices, and we can assume that both velocity fields have the same
direction, which is true for the limit that r →∞. Therefore,

εint ≈
nh̄2s1s2
m

∫ R

0

1

r(r − d)
d2r. (1.24)

Because the integrand is independent of the polar angle this gives:

εint ≈ 2π
nh̄2s1s2
m

∫ R

0

1

r − d
dr ≈ 2π

nh̄2s1s2
m

ln
R

d
, (1.25)

which is much smaller than the energy of the multiply quantized vortex (1.22)
provided d� ξ. So as long as vortices do not overlap significantly, a rotating
BEC will form a lattice of s = 1 vortices. Multiply quantized vortices can still
be stable in some configurations, such as a stronger than harmonic trapping
of the BEC [52, 53].
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Furthermore, it can be concluded that vortices with winding numbers
of the same sign will repel each other, while there is an attractive interac-
tion between oppositely charged vortices. The repulsive interaction between
vortices of like charge is what drives the formation of a regular lattice.

The problem of vortex motion can be significantly simplified using a ther-
modynamic theorem called Kelvin’s theorem. According to this theorem, the
circulation around a contour moving with the fluid is a constant in time [54].
For vortices, this implies that vortex lines move with the local fluid veloc-
ity. If one regards multiple vortices, this means that vortices move along
the phase fields caused by all other vortices [59] as long as vortices do not
interact or overlap. Following the reasoning above, (1.25) suggests that this
implies d� ξ. Also, in this limit a “Biot-Savart law” for vortices holds: [60]

v =
κ

4π

∫
(s− r)× ds

|s− r|3
, (1.26)

where v is the velocity field at a point r due to vortex line distributions along
contours described by s. The Biot-Savart law is valid as long as ∇·v = 0. As
an example of (1.26), consider the velocity field of a single vortex (1.16). We
place the vortex line at the origin and regard the problem as one-dimensional.
Suppose the vortex has circulation 2πh̄/m. The magnitude of the velocity
|v| at some distance r from the origin is then given by:

|v(r)| = h̄

2m

∫
|(s− r)× ds|
|s− r|3

. (1.27)

Since |(s − r) × ds|θ = r (the polar direction θ gives the only non-zero
contribution to the integral) we obtain:

v(r) =
h̄

2m

∫ ∞
−∞

r

(s2 + r2)3/2
ds =

h̄

mr
. (1.28)

Thus we have obtained the vortex velocity field (1.16).7

1.6 Hydrodynamic equations

It’s possible to write the Gross-Pitaevskii equation in terms of the aforemen-
tioned velocity v and the density |Ψ|2. To this end we write the GP equation
in a different form by substituting Ψ(r, t) = f(r, t)eiϕ(r,t), as in (1.18), so
that the density is given by n = f 2.

For the time derivative we have:

7Note that this problem is very similar to solving the magnetic field due to a current
in an infinite wire.
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∂Ψ

∂t
=
(∂f
∂t

+ if
∂ϕ

∂t

)
eiϕ, (1.29)

while the Laplacian is given by:

∇2Ψ = eiϕ
(
∇2f + 2i∇f · ∇ϕ+ if∇2ϕ− f(∇2ϕ)2

)
. (1.30)

In terms of f and ϕ, the GP equation can then be written as:

h̄
∂f

∂t
=
−h̄2

2m

(
2∇f · ∇ϕ+ f∇2ϕ

)
, (1.31)

−h̄f ∂ϕ
∂t

=
−h̄2

2m

(
∇2f − f(∇ϕ)2

)
+ V (r)f + gf 3. (1.32)

These equations are known as the hydrodynamic equations. In case of
a stationary solution, ∂

∂t
= 0. Regard the velocity field due to two vortices,

one at (x1, y1) in the x,y-plane, and one at (x2, y2). The vortex lines are thus
in the z-direction. The gradient of the phase (which is proportional to the
velocity) of a single vortex is given by:

∇ϕ =
s

r
êθ (1.33)

in cylindrical coordinates (r, θ, z), so that the square is given by:

(∇ϕ)2 =
s2

r2
. (1.34)

Since the cylindrical symmetry is lost in the case of two vortices, we rewrite
this to Cartesian coordinates:

∇ϕ =
s

r21
((y1 − y)êy − (x1 − x)êx), (1.35)

with r1 =
√

(x1 − x)2 + (y1 − y)2, with an analogous expression for the vor-
tex at (x2, y2). The sum of the velocity profiles of both vortices ∇ϕt is then
given by:

∇ϕt = s
(y1 − y

r21
+
y2 − y
r22

)
êx − s

(x1 − x
r21

+
x2 − x
r22

)
êy, (1.36)

so that the square is given by:

(∇ϕt)2 =
s2

r21
+
s2

r22
+ 2s2

(y1 − y)(y2 − y) + (x1 − x)(x2 − x)

r21r
2
2

. (1.37)
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In the limiting case where r1 = r2, this reduces to 4 times (1.34), while for
r2 →∞ we obtain (1.34) as expected.

For a single vortex, the phase satisfies the Laplace equation ∇2ϕ = 0.
Therefore f and ϕ must satisfy, according to (1.31):

∇f · ∇ϕ = 0. (1.38)

This requirement reduces to the condition that ∂f/∂θ = 0. For the case of
two vortices, the phase still satisfies Laplace’s equation, however the require-
ment (1.38) now does not have such a simple solution as in the one-vortex
case. To show that Laplace’s equation is still satisfied, regard the phase
profile (1.36). The Laplacian is given by the divergence of the gradient;
∇2ϕ = ∇ · ∇ϕ. Calculating this explicitly, we obtain:

∇ · ∇ϕ = s
∂

∂x

(y1 − y
r21

+
y2 − y
r22

)
− s ∂

∂y

(x1 − x
r21

+
x2 − x
r22

)
. (1.39)

The derivatives are calculated straightforwardly, since the numerators are
independent of the variables to which they are differentiated. It follows that,
e.g.:

∂

∂x

1

r21
=

∂

∂x

1

(x1 − x)2 + (y1 − y)2
=

4(x1 − x)

r31
, (1.40)

so that

∇ · ∇ϕ = 4s
((x1 − x)(y1 − y)

r31
+

(x2 − x)(y2 − y)

r32

)
− 4s

((x1 − x)(y1 − y)

r31
+

(x2 − x)(y2 − y)

r32

)
= 0. (1.41)

1.7 Dipolar Interactions

In 2005, researchers at the University of Stuttgart [27] succeeded in realiz-
ing a BEC of 52Cr atoms, which is an atomic species with a high dipolar
moment of 6 Bohr magnetons. This has spurred increased interest in the
role of dipolar interactions in BECs. In addition, BECs of molecules open
up the possibility of BECs with large electric dipoles, which can be tuned
using external electric fields. Experimentalists are close to realizing such a
condensate [28, 29]. Because of this strong dipolar interaction, the simple
picture of local interactions described by a parameter g no longer suffices.
The dipolar (non-local) two-particle interaction is given by:
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Udd(r) =
Cdd
4π

1− 3 cos2 θ

r3
, (1.42)

where r is the distance between the particles and θ the angle r makes with
respect to the polarization axis (usually taken to be the z-axis, see Figure 3).
The dipolar potential thus has d-wave symmetry, analogous to the d-wave
orbitals known from atomic physics (see Figure 4).

Figure 3: Dipolar interactions are anisotropic and dependent on the angle θ
with respect to the polarization axis.

Figure 4: dipolar interactions have d-wave symmetry. The potential is repul-
sive in the blue region and attractive in the red region.

Cdd describes the magnitude of the dipolar interactions. In the case of
magnetic dipoles dm, such as in 52Cr, Cdd = µ0d

2
m [61]. The permanent

magnetic dipolar monent of chromium is six times as large as that of rubidium
or sodium, so dipolar effects are 36 times as large. The dipolar interaction
is dependent on the orientation of the dipoles with respect to each other,
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which impacts the macroscopic behaviour of the BEC as well and makes it
sensitive to, for example, the geometry of the trapping potential. In the case
of electric dipoles, Cdd = E2α2/ε0, where E is the magnitude of the applied
electric field, which can be used to tune the interactions in the case of electric
dipoles, α is the static dipolar polarizability and ε0 is the permittivity of free
space.

To take into account dipolar interactions, we add yet another term to the
Gross-Pitaevskii equation. The interaction potential becomes:

U(r − r′) = gδ(r − r′) + Udd(r − r′). (1.43)

The new, “dipolar” Gross-Pitaevskii equation becomes:

ih̄
∂

∂t
Ψ(r, t) =

[
− h̄2

2m
∇2 + V (r) + g|Ψ(r, t)|2 + Φdd[n](r)

]
Ψ(r, t). (1.44)

The dipolar term, Φdd, is given by:

Φdd[n](r) =

∫
Udd(r − r′)n(r′) d3r′, (1.45)

where n = |Ψ(r, t)|2, the density of the condensate. Unlike the s-wave inter-
actions, which only depend on the density at one point, the dipolar interac-
tion depends on the distribution of the entire condensate. This makes the
dipolar Gross-Pitaevskii equation a nonlinear integro-differential equation,
and solving it generally requires numerical methods, except for some rare
limiting cases.

An important property of the dipolar potential (1.45) is that it is linear
with respect to the density n, in other words the potential due to a distribu-
tion n = na +nb is equal to the sum of the potentials due to distributions na
and nb respectively (see Figure 5). One can exploit this fact by noting that
the potential can also be written as: [31, 32]

Φdd(r) = −Cdd
( ∂2
∂z2

φ(r) +
1

3
n(r)

)
, (1.46)

where φ(r) is given by:

φ(r) =
1

4π

∫
n(r′)

|r − r′|
d3r′. (1.47)

This equation is identical in form to an electrostatic potential, and indeed
Poisson’s equation also holds; ∇2φ = −n. If the density can be decomposed
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Figure 5: the dipolar potential can be decomposed into several parts since it
is linear in the density. This is convenient if the density contains a constant
part. Picture from [33].

such that n(x, y, z) = n′(x, y, z)+n0(z),8 then the dipolar potential for n0(z)
can be calculated easily, because in this case Poisson’s equation reads:

∇2φ(z) =
∂2

∂z2
φ(z) = −n0(z), (1.48)

so that the dipolar potential due to n0(z) is simply:

Φ0(z) = −Cdd(−n0(z) +
1

3
n0(z)) =

2

3
Cddn0(z). (1.49)

In order to compare the strength of the s-wave and dipolar interactions,
it is often convenient to introduce the dipolar parameter

εdd =
Cdd
3g

. (1.50)

The factor 3 is chosen such that when g and Cdd are both positive, a
homogeneous BEC will collapse when εdd > 1. This collapse occurs because
of the anisotropy of the dipolar interactions; since the dipolar interactions
are partially repulsive and partially attractive, there is a point where the
attractive interactions outweigh the repulsive interactions and cause the con-
densate to collapse. However, using anisotropic traps it is possible to make
metastable BECs with εdd > 1. Introducing dipolar interactions also changes
the chemical potential (at a certain fixed density n0) in the time-independent
picture [7]:

µTF,dip = µTF (1 + 2εdd), (1.51)

µTT,dip = µTF

(1

2
+

√
1

2
α(1 + 2εdd)

)
. (1.52)

Since the dipolar interaction is partially attractive and partially repulsive,
one can choose the trap such that the repulsive interactions are enhanced,

8Obviously, this is only useful if n′(x, y, z) is simpler or more well-behaved than
n(x, y, z).
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which is when the dipoles are aligned side by side. More specifically, the
ratio of trap frequencies is given by:

λ =
ωz
ωr
, (1.53)

where ωz is the harmonic trapping frequency in the direction of the polariza-
tion axis and ωr the trapping frequency in the perpendicular plane, taken to
be a cylindrically symmetric trap for simplicity. If λ � 1, the condensatie
will be “squeezed” in the plane perpendicular to the polarization axis, align-
ing the dipoles side by side. Therefore, choosing an oblate (“pancake”) trap
with λ � 1 results in a more stable condensate (see figure 6). However, it
has been predicted that making the trap too oblate can cause the formation
of a series of local prolate configurations of atoms, once again making the
condensate unstable [34] if the dipolar interactions are too large. Such an
instability has been linked to an anomalous dispersion relation in the roton
spectrum [36], similar to what is found in superfluid 4He [38, 39, 40, 41].
This will be explained in the next section.

Figure 6: the influence of trap geometry on the stability of the condensate.
Top: in a prolate (cigar) trap, the dipoles are aligned head to tail and mostly
attractive, resulting in an unstable condensate. Bottom: in an oblate (pan-
cake) trap, the dipoles are aligned side by side and mostly repulsive, resulting
in a stable condensate [35].

The dispersion relation gives the energy E of excitations in the condensate
as a function of the momentum of the excitations p. For a free particle, the
dispersion relation has the familiar form:

E =
p2

2m
, p = h̄k, (1.54)
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where m is the particle mass and p the magnitude of the momentum vector.
As Bogoliubov calculated in 1947 [42], the dispersion relation for a BEC of
a weakly interacting dilute atomic gas has a slightly different form, namely:

E(p) =
[gn
m
p2 +

( p2
2m

)2]1/2
, (1.55)

where g is the familiar mean-field parameter and n is the density. If the
s-wave interactions are finite, g > 0, this drastically alters the macroscopic
behaviour of the BEC as we shall soon see.

For a dipolar BEC (as well as superfluid helium), however, the dispersion
relation has a different form schematically depicted in Figure 7. This form
of the dispersion relation was predicted on theoretical grounds by Landau
in 1941 [55], although it took two decades before neutron scattering experi-
ments allowed experimental verification [48]. As Landau argued9, elementary
excitations travel with a minimum critical velocity (called the Landau critical
velocity) given by:

vL = (E/p)min. (1.56)

For a free particle, this critical velocity is obviously zero. However, it is non-
zero for a dipolar BEC, since the linear curve E/p intersects the dispersion
relation of Figure 7 at a non-zero value as long as the gap ∆ > 0. This
gap represents the energy difference between the roton mode and the k = 0
mode. As the dipolar interactions are increased, the anomalous minimum
lowers (and ∆ decreases), until at some point this minimum (at a charac-
teristic wavenumber kroton) has negative energy compared to k = 0, and
the condensate collapses. As the condensate reaches this situation, distur-
bances with a wavenumber ≈ kroton will increase exponentially in time and
the condensate “explodes”.

For an s-wave BEC, the critical Landau velocity is also nonzero since at
low momenta the dispersion relation (1.55) reduces to the phonon-like form
E(p) ≈ cp, with c =

√
gn/m, so that E/p = c > 0. At large momenta the

dispersion relation approaches the free particle relation; E(k) ≈ p2/2m+ gn.
Interestingly, the inverse wavenumber k−1 at which the transition takes place
is equal to the healing length [6] (see section 1.5).

9For a more detailed explanation of the argument, see [43].
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Figure 7: The dispersion relation for a superfluid for various values of the
dipolar interaction strength Cdd. At small wavelengths, the energy increases
linearly according to E = cp, where c is the speed of sound and p the momen-
tum. At some characteristic wavenumber kroton, there is a local minimum in
the energy, and the value of the energy at the minimum (sometimes called the
gap) ∆ decreases as the dipolar interactions are increased. The condensate
becomes unstable as ∆ approaches zero (bottom line). The dispersion relation
for a free particle is quadratic in k (not shown).
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1.8 Screening

The dipolar interaction is long-range. How exactly do these long-range inter-
actions alter the behaviour of the BEC with respect to an “ordinary” BEC
with only s-wave interactions?

First of all, note that the dipolar potential (1.45) is linear. In other words,
the potential at some point r due to some distribution of dipoles n is equal
to the potential caused by the sum of distrubutions n1 + n2 if n = n1 + n2.

A vortex in a dipolar BEC will cause a dip in the density, because the
density must vanish at the center of the vortex. This is because the velocity
field (1.16) has a singularity there, and any nonzero density would lead to
infinite energy. One can regard such a dip in density as a “negative dipole”.
Such a negative dipole will attract positive dipoles. This results in a “ripple”
of added density around the vortex core, which can be regarded as an analog
of Friedel oscillations [44] (see Figure 8), which have been observed experi-
mentally (see Figure 9). These ripples have been predicted using numerical
models [36].

Figure 8: In a dipolar BEC, numerical models predict the existence of “rip-
ples” (a) which can be seen as an analog of Friedel oscillations. These ripples
are the result of dipolar screening, akin to Debye shielding in plasmas (b).
Picture from [33].
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Figure 9: Friedel oscillations of electrons around a positively charged im-
purity (dark spot). Around the impurity are alternating regions of negative
and positive charge, even though the impurity is positively charged. Classi-
cally, one would expect a purely negative charge surrounding the impurity.
The wavelength of the oscillations decreases as the electron energy increases.
Picture from [45].
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1.9 Outline

The aim of this work is to investigate vortices in Bose-Einstein condensates
of dilute (dipolar) atomic gases. In particular, we investigate the interaction
potential of vortices and we describe our numerical method to do so. This
Report consists of three chapters. Chapter 2 details calculations and sim-
ulations for a homogeneous Bose-Einstein condensate with a single vortex.
Two cases are considered: a BEC with only s-wave interactions, and a BEC
with both s-wave and dipolar interactions, where the relative strength of the
interactions is varied by changing the parameter εdd = Cdd/3g.

Chapter 3 considers a BEC with two vortices, and considers the same
two cases as in the single-vortex case. Additionally, the vortex potential is
calculated, i.e. the interaction energy between vortices as a whole.

Chapter 4 contains the conclusions from our theoretical and numerical
work.

Chapter 5 contains a technology assessment, where several technological
applications of BECs and future prospects are described.

Finally, the appendices detail calculations and give more detailed outlines
of our numerical methods.

This Report is a Master Thesis, written as part of the Applied Physics
master at the Univ. of Technology, Eindhoven (TU/e). Most of the mathe-
matics that lies at the core of the simulations and calculations is presented
in the appendices, while the body of the Report mostly contains results and
some derivations where it is deemed necessary or insightful, and focuses on
the physics of vortices in Bose-Einstein condensates. This work builds on a
previous Master Thesis by R. M. W. van Bijnen [33], published in 2008.
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2 Single Vortex

2.1 Introduction

This Chapter details calculations and numerical simulations regarding a sin-
gle vortex in a BEC. We calculate the vortex profile numerically and compare
with literature. Furthermore, we calculate the vortex profile in the case of
non-zero dipolar interactions, and compare this to the case of pure s-wave
interactions. Furthermore, we derive a formula that predicts the maximum
dipolar strength before attractive interactions cause the condensate to be-
come unstable. The next Chapter will consider the case of two vortices.

2.2 Non-dipolar case

2.2.1 Basic theory

As one rotates a Bose-Einstein condensate of a dilute gas, its response is
limited by the fact that the vorticity must be zero, as we have shown in
section 1.4. This rotation of a BEC is generally induced by a perturbation
of the trapping EM-field, and will cause the BEC to rotate about the axis
of symmetry of the trap. The energy can then be lowered if the angular
momentum of the BEC is nonzero, since the energy of the rotating system
is given by [56]:

Erot = E −Ω ·L. (2.1)

As the condensate is rotated with a higher frequency, it thus becomes more
beneficial to have nonzero L.

Because a BEC is superfluid, it cannot rotate in a rigid motion in a
response to rotating the “container” (in an experimental setting, this is an
electromagnetic trap). It can accommodate angular momentum by creating
vortices, which have zero vorticity everywhere except at a singularity, where
the density vanishes and the vorticity is given by a delta peak:

∇× v =
sh̄δ(r)

mr
êθ, (2.2)

where v is the velocity field given in cylindrical coordinates (r, θ, z), m is the
mass of a particle and s is the vortex charge which is usually given by s = 1
as explained in section 1.4. The circulation around a vortex core is given by:∮

∇ϕ · dl = 2πs, (2.3)
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where the gradient of the phase is identified with the velocity of the conden-
sate;

v =
h̄

m
∇ϕ. (2.4)

This velocity field is given (in cylindrical coordinates) by:

v =
h̄

m

s

r
êθ. (2.5)

One can easily verify that this field is irrotational everywhere. As one ramps
up the frequency from zero, at first the condensate will not respond, because
there is also an energy penalty associated with the formation of a vortex
[50]. The energy per unit length of vortex εv is given (in the Thomas-Fermi
limit10) by [57]:

εv = πn
h̄2

m
ln
(

1.464
R

ξ

)
. (2.6)

In this expression n is the density, m the mass of a particle in the system,
R the size of the system (assumed to be cylinder with radius R) and ξ
the healing length (2.18), which is a characteristic length scale for vortices
and will be further explained in a later section. Since the energy penalty
associated with the creation of a vortex does not depend on the rotation
frequency Ω, at a certain frequency the formation of a vortex will become
favourable. This frequency is given by [50]:

Ωc =
5

2

h̄

mR2
ln
(

0.671
R

ξ

)
. (2.7)

When the rotation frequency is increased, a single vortex will form at this
frequency. Further increasing the frequency causes the formation of a vortex
pair (with equal charge), and then three vortices in a triangular lattice, etc.
In general the lattice will have triangular symmetry in the limit of many
vortices. If there are many vortices, the average rotation per unit area is
equal to [50]:

∇× v = 2Ω, (2.8)

which is precisely the result for rigid rotation. Early numerical simulations
in the weakly interacting limit were performed by Butts et al. [58] Under
most conditions, multiply charged vortices with s > 1 will not form because
the energy of two vortices with s = 1 is smaller than the energy of a single

10The meaning of this limit is explained further in this section.
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vortex with s = 2 (see section 1.4) as long as the distance separating them
is significantly larger than the healing length ξ. However, under some condi-
tions multiply charged vortices are predicted to occur (see e.g. [52, 53]). We
will focus exclusively on (positive) singly charged vortices in this work.

The study of a single vortex in a BEC gives insight into the properties
of rotating BECs. We will first consider the simplest case, with only (short-
range) s-wave (van der Waals) interactions, and later include (long-range)
dipolar interactions.

2.2.2 The Gross-Pitaevskii equation and vortices

The shape of the vortex is determined by the (time-independent) Gross-
Pitaevskii equation:[

− h̄2

2m
∇2 + V (r) + g|Ψ(r)|2

]
Ψ(r) = µΨ(r), (2.9)

where Ψ is the macroscopic wavefunction, V (r) is the trapping potential, µ
is the chemical potential and g is the mean-field parameter given by:

g =
4πh̄2

m
as, (2.10)

where as is the s-wave scattering length. The parameter g thus controls the
strength of the interactions in the BEC. The scattering length can be tuned
to large positive and negative values using so-called Feshbach resonances
[30]. The chemical potential is taken to be the Thomas-Fermi value (1.11) if
α� 1 or the tightly trapped value otherwise. In this Report we will consider
a harmonic trap in the z-direction only, so that:

V (r) =
1

2
mω2

zz
2. (2.11)

In the x- and y-directions the condensate is not trapped. While this
does not produce a stable condensate in a real experiment, it does illuminate
vortex properties in the condensate from a theoretical perspective. To find
a solution to the Gross-Pitaevskii equation, we note that it is obtained by
minimizing the energy functional with respect to arbitrary variations in the
wavefunction Ψ:11

E[Ψ] =

∫∫∫
Ψ
(
− h̄2

2m
∇2 + V (r) +

1

2
g|Ψ|2 − µ

)
Ψ d3r. (2.12)

11For a detailed calculation, see Appendix E.
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In this picture, the chemical potential µ can be seen as a Lagrangian mul-
tiplier, or in other words: we are working in the grand canonical ensemble
where we do not keep the number of particles fixed, but instead minimize
E − µN , where N is the total number of particles. The GP equation is not
found by “sandwiching” the Hamiltonian

H = − h̄2

2m
∇2 + V (r) + g|Ψ(r)|2. (2.13)

This is because Ψ is not the wavefunction of the condensate but rather the
order parameter of the BEC, as noted earlier. However, “wavefunction” is
commonly used and we will adhere to that practice.

2.2.3 The hydrodynamic equations

It can be instructive to write the macroscopic wavefunction in terms of a
modulus and phase;

Ψ(r) = f(r)eiϕ(r), (2.14)

which results in the (stationary) hydrodynamic equations (see section 1.6):

−h̄2

2m

(
2∇f · ∇ϕ+ f∇2ϕ

)
= 0, (2.15)

−h̄2

2m

(
∇2f − f(∇ϕ)2

)
+ V (r)f + gf 3 = µf. (2.16)

Since the gradient of the phase ∇ϕ is known (see section 1.4), ∇ϕ =
(s/r)êθ in cylindrical coordinates (r, θ, z), it can be inserted to obtain an
equation for f (the top equation is trivially zero for a single vortex as ∇2ϕ =
0, and ∇f · ∇ϕ = 0 due to symmetry):

−h̄2

2m

(
∇2f − f s

2

r2

)
+ V (r)f + gf 3 = µf, (2.17)

where r is distance from the vortex core. Therefore one only needs to solve
this equation to find a wavefunction that minimizes the energy. This equation
can be solved numerically, but also using a variational solution due to Fetter
[69]. To this end, the function f is scaled to its value far from the vortex core
f0, and length scales are scaled by the healing length ξ, which is a length scale
for the distance at which the wavefunction returns to its bulk value from an
impurity (such as a vortex). It is given by:

ξ =
h̄√

2mn0g
. (2.18)
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2.2.4 Numerical results

The variational solution is obtained by minimizing the energy with respect
to the parameter β in the trial function (which has the correct properties
near the vortex core and far from the core):

f

f0
=

r/ξ√
β + (r/ξ)2

, (2.19)

which gives β = 2. Figure 10 shows the variational solution as well as
the numerical solution (compare to e.g. [50]). Our numerical method is
nonlinear conjugate gradients (see Appendix A for details). The steepest
descent vector, which is used in the conjugate gradients method, is calculated
in Appendix E.

Note that the variational solution was derived in the context of a homo-
geneous condensate (V = 0), but as it turns out, is also valid in the case
of trapping in the z-direction. The numerical code allows flexibility to tune
the system to the Thomas-Fermi (high density) limit as well as the tightly
trapped and intermediate regimes. The parameter which controls in which
regime we are working will be denoted by α and it is given by:

α =
n0g

h̄ωz
. (2.20)

If α � 1 we are in the Thomas-Fermi regime, while for α � 1 we are in
the tightly trapped regime. In the Thomas-Fermi regime, where n0g is high
compared to h̄ωz, the density is high and one can neglect the kinetic term
−h̄2/2m∇2. In this case the profile in the z-direction will be parabolic. In
the tightly trapped regime, the energy of the harmonic oscillator levels is
very high compared to other energy scales, which forces the system to be in
the ground state as the excited states have prohibitively high energies. In
this case, then, the profile in the z-direction will be a Gaussian. Another
important length scale is the harmonic oscillator length in the z-direction,
which is given by:

lz =

√
h̄

mωz
, (2.21)

where ωz is the trapping frequency. The healing length and oscillator length
are related according to the simple relation

ξ = lz
√

2α. (2.22)

For more information on these parameters, see Appendix F on scaling.
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Figure 10: normalized square root of the density f/f0 as a function of the
distance to the vortex core, with only s-wave interactions. Shown are the
variational solution (dashed line, (2.19)) and the numerical solution (solid
line). α = 10.

Qualitatively, as one varies the parameter α, the vortex shape remains
the same. Figures 11 and 12 show the result for α = 1.1 and α = 0.1
respectively. Note that the healing length depends on g and therefore on α,
hence the figures not being plotted in the same figure.

Figure 11: normalized square root of the density f/f0 as a function of the
distance to the vortex core, with only s-wave interactions. α = 1.1.
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Figure 12: normalized square root of the density f/f0 as a function of the
distance to the vortex core, with only s-wave interactions. α = 0.1.

The shape of the solution in the z-direction depends on the regime one
is in, i.e. the parameter α. In the Thomas-Fermi regime, α � 1, the shape
will be parabolic, while for α � 1 (the tightly trapped regime) the shape
will be Gaussian. Figure 13 shows the profile in the x,z-plane at an y-value
intersecting the vortex for α = 1.1. A surface plot of the x,y-plane is shown
in Figure 14.

Figure 13: normalized square root of the density f/f0, with only s-wave inter-
actions. Solution for the x,z-plane at an y-value intersecting the vortex core.
α = 1.1. The profile of the wavefunction in the z-direction is intermediate
between a parabola and a Gaussian. Only one half of the x,z-plane is shown,
the other half is identical due to symmetry.
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Figure 14: normalized square root of the density f/f0, with only s-wave in-
teractions. Solution for the x,y-plane at an z = 0. α = 1.1. The plot shows
the singularity at the vortex location in the center of the grid.

2.3 Dipolar case

2.3.1 The dipolar Gross-Pitaevskii equation

The study of dipolar interactions in BECs has seen increased interest since
the experimental realization of a BEC of chromium in 2005 [27] and the
anticipated experimental realization of a BEC of polar molecules (see e.g.
[28]). In the case of dipolar interactions between atoms, the Gross-Pitaevskii
equation is expanded with a dipolar term. Unlike the s-wave interactions, this
term is not local but long-range, which turns the equation into a nonlinear
integro-differential equation:

ih̄
∂

∂t
Ψ(r, t) =

[
− h̄2

2m
∇2 + V (r) + g|Ψ(r, t)|2 + Φdd[n](r)

]
Ψ(r, t). (2.23)

The dipolar term, Φdd, is given by:

Φdd[n](r) =

∫
Udd(r − r′)n(r′) d3r′, (2.24)

Udd(r) =
Cdd
4π

1− 3 cos2 θ

r3
, (2.25)

where V (r) is the trapping potential, g is the mean-field parameter for s-wave
interactions, n(r, t) = |Ψ(r, t)| is the density, Cdd is a measure of the strength
of the dipolar interactions, and θ is the angle between the polarization axis
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(we will always take the z-axis in this Report) and r (in the argument of
Udd).

In terms of the stationary hydrodynamic equations, eq. (2.16) now be-
comes:

−h̄2

2m

(
∇2f − f(∇ϕ)2

)
+ V (r)f + fΦdd[f

2] + gf 3 = µf. (2.26)

Our numerical algorithm (for details, see Appendix A, D and E) solves this
equation using nonlinear conjugate gradients. This is an iterative procedure,
in which we start with an initial guess f/f0 and then determine the lowest
energy state.

2.3.2 Numerical results and the dipolar “ripple”

To solve equation (2.24) we need to determine the dipolar potential on a dis-
crete grid due to the density distribution on the same grid. However, at each
point on this grid the potential is influenced by the entire condensate, since
the interactions are long range. Therefore, a direct integration would imply
computing N discrete sums, which have on the order of N terms, where N
is the number of grid points. This is computationally very expensive, espe-
cially on a 3D grid. There is, however, a more efficient way of calculating
the integral. Note that equation (2.24) is a convolution. We can exploit this
by Fourier transforming the dipolar potential and applying the Fourier con-
volution theorem, which states that the Fourier transform of a convolution
is equal to the Fourier transform of the functions being convoluted. This
is significantly faster than using direct integration – the speedup is on the
order of a factor 104. A detailed description of this approach is given in Ap-
pendix B.2. For the interested reader, the preceding sections of this appendix
also give a general background on the application of Fourier transforms for
numerical calculations. The accuracy of the Fourier transforms can be en-
hanced using several mathematical techniques. Appendix C describes an
efficient technique for evaluating integrals with oscillating integrands, called
the mW-transform, and Appendix D describes how one can correct for the
error of the boundary term when using partial integration.

The value of f/f0 in the case of the single-vortex problem with dipolar
interactions is shown in Figure 15, compared with the s-wave solution for
α = 10. Figure 16 shows the same profile for the intermediate value of
α = 1.1. Figure 17 shows the profile in the tightly trapped-limit with α =
0.1. As reported in [37], there are “ripples” with a characteristic wavelength
on the order of λ ≈ 2πlz. These ripples are fluctuations in the density
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with oscillatory behaviour, which can be regarded as an analog of Friedel
oscillations in plasmas. Furthermore, it is apparent that the density reaches
values higher than the background density. This can be explained as follows.
The vortex causes a dip in the density. Since the dipolar potential is linear,
such a dip can also be regarded as a “negative dipole”. This is because, as
was explained in section 1.8, a density that depends only on the coordinate
z only contributes a constant in the dipolar potential. Therefore, such a
density can be subtracted from the total density, and the ripples can then
be regarded as oscillating between positive and negative density values. In
a response to this negative dipole, the condensate then moves more density
around the vortex, i.e. there is a positive dipole around the vortex. This in
turn causes another, but smaller, negative dipole to form around the ripple,
resulting in the oscillatory behaviour seen in Figure 15. The structure of the
vortex shows a strong similarity with theoretical predictions of vortex shapes
in Helium-4, see e.g. [41].

Figure 15: normalized square root of the density as a function of the distance
to the vortex core with s-wave and dipolar interactions. Shown are the nu-
merical solution for εdd = 0 (dashed line) and the numerical solution with
dipolar interactions and εdd = 1.1 (solid line). α = 10. A “ripple” due to the
dipolar interactions is visible.

The ripple pattern looks very similar to that of an underdamped harmonic
oscillator. Indeed, one can attempt to model the ripples mathematically to
such an harmonic oscillator. The general form of such an oscillator is:

f(x) = C + e−γx
(
A sin(kx) +B cos(kx)

)
. (2.27)
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Figure 16: normalized square root of the density as a function of the distance
to the vortex core with s-wave and dipolar interactions. Shown are the nu-
merical solution for εdd = 0 (dashed line) and the numerical solution with
dipolar interactions and εdd = 1.8 (solid line). α = 1.1. A “ripple” due to
the dipolar interactions is visible.

Figure 17: normalized square root of the density as a function of the distance
to the vortex core with s-wave (dashed line) and both s-wave and dipolar (solid
line) interactions. Shown are the numerical solution for εdd = 0 (dashed
line) and εdd = 10.7 (solid line). α = 0.1. A “ripple” due to the dipolar
interactions is visible. Dipolar effects are the most pronounced in this case.
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Because of the boundary conditions of our problem, i.e. limx→∞ f(x) = 1,
we have C = 1. We then transform to the frame in which the top of the first
ripple is at x′ = 0, i.e. x′ = x − 3.9lz, so that A = 0. Using a fit for the
other parameters, we can determine the decay coefficient γ, the amplitude
B and the (modulated) wavenumber k. This produces a good match to the
tail of the function f/f0 (see Figure 18). Near the vortex core, there are
deviations from the underdamped harmonic oscillator behaviour, since the
vortex term dominates there. The main difference in character between this
screening effect and Friedel oscillations is that Friedel oscillations do not
fall off exponentially, but as sin(x)/xd, where d is the dimensionality of the
system [51] (in our case, d = 2 since the ripples are visible in the x, y-plane).
The exponential decay is instead characteristic of Debye screening. However,
in the case of Debye screening there is no “ripple” effect but instead a smooth
decline of the charge density. So the dipolar screening effect appears to be
an “in between”-case!

Figure 18: normalized square root of the density as a function of the dis-
tance to the vortex core with both s-wave and dipolar (solid line) interactions.
Shown are the numerical solution for εdd = 10.7 (solid line) and the fit to an
underdamped harmonic oscillator (dashed line, γ = 0.25, k = 1.0, B = 0.2).
α = 0.1.

Figure 19 shows the dependence of the maximum value of the param-
eter εdd on the parameter α. In the Thomas-Fermi limit, the maximum
value of εdd is approximately 1. This is because the dipolar attractions are
partially attractive, and the attractive interactions eventually cause the con-
densate to become unstable. However, as α is reduced, the trapping in the
z-direction becomes stronger. This effectively makes the condensate more

36



oblate (pancake-like). Because dipoles are attractive when aligned in the
z-direction, and repulsive when in the x, y-plane, this means there are rela-
tively more repulsive interactions when the condensate is more oblate, and
the dipolar interactions can be larger before the onset of the roton instability
discussed in section 1.7. This is also apparent from our results. For α = 10
the maximum value for εdd ≈ 1.1, and only a small “bump” around the vor-
tex core is visible. For smaller values of α more ripples are visible. However,
as noted in the introduction, a too oblate trap can cause the condensate to
become unstable due to local density fluctuations. Therefore, the optimum
regime for studying these ripples is for α ≈ 1.

The maximum value of εdd as a function of α appears to be predicted
accurately by the following Ansatz:

εdd,max =
α + 1

α
. (2.28)

This surprisingly simple formula is of great practical use for experimentalists,
as the maximum dipolar strength can be derived from a few controllable
experimental parameters. This formula can be explained as follows. For the
condensate to be stable, the energy associated with the interactions must be
smaller than the trap energy, i.e.

Edip − Es−wave < Etrap. (2.29)

Here, the s-wave energy is given by n0g and the trap energy by h̄ωz. To
find an estimate for the energy associated with dipolar interactions, consider
that the untrapped condensate becomes unstable when εdd > 1. Therefore,
Edip = 1

3
Cddn0. The dipolar energy is positive, because the instability occurs

as a result of the positive interactions within the condensate, i.e. those in
the polarization direction (in our case, the z-axis). The relevant trap energy
is therefore also the trap energy in the direction of the polarization axis – in
the perpendicular plane the dipolar interactions and s-wave interactions are
both repulsive. This reduces to:

1

3
Cddn0 < n0g + h̄ωz. (2.30)

Dividing by n0g,

εdd < 1 +
h̄ωz
n0g

= 1 +
1

α
=
α + 1

α
. (2.31)

As seen in e.g. Figure 17, for α = 0.1 the volume of the vortex becomes
smaller as the strength of the dipolar interactions εdd is increased. This can be
explained as follows. The vortex core behaves as a “negative dipole”. As the
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dipolar interactions are increased, this negative dipole attracts the positive
dipoles that surround the vortex core more strongly. This causes the vortex
to compress and the vortex volume to decrease. This effect is not as strongly
present in the Thomas-Fermi limit as is apparent from Figure 15 (in this case,
the vortex volume is decreased by roughly a factor of 3 [33]). The reason
for this is that as α is reduced, the condensate is effectively “squeezed”
in the z-direction, therefore the net repulsion in the entire condensate is
much stronger, as opposed to the Thomas-Fermi limit, where repulsion and
attraction balance each other for εdd = 1. The stronger repulsion then causes
a stronger attraction to the vortex core, and compression of the vortex core
results. Figure 20 shows the reduction in vortex core size as a function of α
at the critical dipolar strength (shown in Figure 19).

Figure 19: phase diagram of the critical strength of the dipolar interactions
εdd,max as a function of the parameter α. The figure shows a stable region
below the critical εdd and an unstable region above. The blue line is given
by (α + 1)/α. The error bars are due to time constraints as the maximum
dipolar interaction energy is probed manually.
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Figure 20: Ratio of the volume of the s-wave vortex to the vortex with dipolar
interactions at the critical dipolar strength for various values of the parameter
α.

39



2.4 Conclusion

The preceding paragraphs detail our calculations on Bose-Einstein conden-
sates of dilute gases with a single vortex. Our numerical code accurately re-
produces the solution for the case where dipolar interactions are zero (εdd =
0). Furthermore, the code enables significant flexibility in tuning the strength
of dipolar interactions and also allows calculations beyond the Thomas-Fermi
limit.

The “ripples” observed in vortex profile patterns are possible evidence for
screening in dipolar BECs, as they are very similar in shape to e.g. Friedel
oscillations in plasmas [44]. The main difference is that the density response
falls off exponentially as opposed to the expected 1/r2 as would be the case
for Friedel oscillations. A possible explanation for this discrepancy lies in
the dispersion relation. In Friedel oscillations, Pauli blocking only allows
excitations around wavenumber k ≈ kF , where kF is the Fermi wavenumber.
In dipolar BECs close to the instability, there is a mixture of states near kroton
and k = 0. The latter states potentially allow the exponential response of
the density. In the next chapter we investigate the influence of the vortex
shape on the long-range potential. Similar patterns have been observed,
using different methods, in calculations on trapped BECs [37]. However,
our result contrasts with the aforementioned reference because of the use of
a homogeneous BEC (with trapping only in the z-direction as opposed to
all directions). The advantage of this is that vortex-related properties are
illuminated, but the obvious disadvantage is that it is an academic example
which cannot be reproduced in an experimental setting. Furthermore, since
one does not need to sample the entire condensate, numerical efficiency is
much greater and the vortex core can be sampled with greater resolution.
This has the additional benefit of allowing the use of an uniform grid, greatly
simplifying the complexity of the numerical algorithm. However, the results
are expected to be accurate as long as the healing length ξ is much smaller
than the condensate size R.

We observe a reduction in vortex core volume at the critical dipolar
strength εdd,max. This reduction is greatest for large values of εdd and ap-
pears to be weaker around α ≈ 1.
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3 Multiple Vortices

3.1 Introduction

This Chapter concerns calculations and simulations with two vortices in a
BEC. Two cases are considered: only s-wave interactions, and both s-wave
and dipolar12 interactions. Furthermore, we calculate the interaction energy
of the vortices in both cases and attempt to establish how this “vortex po-
tential” depends on the spatial separation of the vortices. We do this by
applying a quasi-static approximation, neglecting repulsion and/or attrac-
tion between vortices that would alter their separation. We also assume
vortices rotate about each other with a constant velocity v, i.e. we assume
that the core size is small enough and the vortex separation large enough so
that the phase gradient due to one vortex can be considered constant at the
location of the other vortex. The double-vortex case is interesting, because
it gives insight in the properties of vortex lattices, which occur in rotating
BECs. These vortex lattices also occur in superfluid helium [46] as well as
rotating neutron stars [47].

3.2 Non-dipolar case

3.2.1 The rotating double vortex

A rotating BEC can form several vortices if the rotation frequency is increased
beyond the value required for a single vortex. Since a vortex creates a velocity
field around its core, this field will affect the other vortex, and the vortices
will co-rotate. The s-wave interactions are unaffected, in the sense that they
can be described using the same parameter g. However, contrary to what
may be expected intuitively, the condensate wavefunction is no longer an
eigenstate of the angular momentum operator Lz if axisymmetry is lost [49].

3.2.2 The phase profile for a double vortex

In the case of multiple dipolar vortices, there is no longer cylindrical symme-
try in the system under consideration. As in the previous chapter we will first
consider the two-vortex case without dipolar interactions. If the vortices are
not too close to each other, d� ξ, with d the distance between the vortices
and ξ the healing length, we expect to be able to add the velocity fields as
in section 1.6. In this case solving the Gross-Pitaevskii equation is not triv-
ial, because we need to explicitly verify that both hydrodynamic equations

12Sometimes also called “d-wave”-interactions
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are satisfied. Our numerical code in MATLAB solves equation (2.26), with
the assumption that the gradient of the phase can be written as the sum of
single-vortex profiles (1.36):

∇ϕt = s
(y1 − y

r21
+
y2 − y
r22

)
êx − s

(x1 − x
r21

+
x2 − x
r22

)
êy. (3.1)

Here s is the vortex charge, and the vortices are located at positions (x1, y1)
and (x2, y2). r1 and r2 denote the distances to vortex 1 and 2 respectively;
r2n = (xn − x)2 + (yn − y)2.

3.2.3 Switching to the rotating frame

The phase profile (3.1) will induce a rotation of the vortices around each
other. The main mathematical problem posed by this, is that we now have
to correct for this rotating motion. In the case of a single vortex, this is
not necessary, because there is cylindrical symmetry in the problem, and
therefore the rotating frame is the same as the non-rotating frame. This
symmetry is broken if there are multiple vortices. We transform our frame
of reference from the laboratory frame to the rotating frame. Recall that the
time-independent GP equation is given by (2.9):[

− h̄2

2m
∇2 + V (r) + g|Ψ(r)|2

]
Ψ(r) = HΨ(r) = µΨ(r), (3.2)

where H is the Hamiltonian. We transform to the rotating frame by sub-
tracting from the Hamiltonian the operator Ω · L̂ = Ω · (r × p), where Ω is
the rotation frequency vector, L̂ is the angular momentum operator and p is
the momentum operator −ih̄∇. Since the rotation is about the z-axis, this
gives:

Ω · L̂ = −ih̄Ω(x
∂

∂y
− y ∂

∂x
). (3.3)

The transformation to the new Hamiltonian H′ = H − Hrot results in
added terms in the hydrodynamic equations (2.15 - 2.16). We once again
write the macroscopic wavefunction as Ψ = feiϕ. Since the terms due to the
original Hamiltonian are unchanged, we will focus on the rotation term only:

HrotΨ ≡ Ωih̄(x
∂

∂y
− y ∂

∂x
)feiϕ. (3.4)

Arranging real and complex parts then gives:
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HrotΨ = ih̄Ω
[
x(eiϕ

∂f

∂y
+ ifeiϕ

∂ϕ

∂y
)− y(eiϕ

∂f

∂x
+ ifeiϕ

∂ϕ

∂x
)
]
. (3.5)

The hydrodynamic equations (in the rotating frame) are thus given by:

−h̄2

2m

(
2∇f · ∇ϕ− h̄Ω(x

∂f

∂y
− y∂f

∂x
) + f∇2ϕ

)
= 0, (3.6)

−h̄2

2m

(
∇2f − f(∇ϕ)2

)
− h̄Ωf(x

∂ϕ

∂y
− y∂ϕ

∂x
) + V (r)f + gf 3 = µf. (3.7)

The rotation frequency can be calculated by considering the phase gradi-
ent at the location of one vortex due to the other vortex. Since the gradient
due to a single vortex is given by s/rêθ, the phase gradient due to a vortex a
distance R away on another vortex line is s/Rêθ. The velocity field at that
point is then:

v =
h̄s

mR
êθ. (3.8)

Assuming a rigid rotation about the center of the two vortices with a rotation
frequency Ω;

vrot = Ωr, (3.9)

where r is the distance from the center of the two vortices (in the x,y-plane),
the rotation frequency is given by:

Ω = − 2h̄s

mR2
, (3.10)

since this rotation cancels the velocity field at r = R/2. Our algorithm, then,
minimizes the energy of the system using the conjugate gradient method,
which is equivalent to solving equation (3.7), using the fixed phase gradient
profile (3.1). We can then check if equation (3.6) is satisfied. To calculate the
wavefunction for the two-vortex case (shown in Figure 21), we assume that
any vortex motion caused by the repulsion of the vortices can be neglected.
In other words, we use a quasi-static approximation. This generally requires
around 100 iterations with our algorithm, which takes around 15 minutes on
a simple desktop computer.

Figure 22 shows the value of the left-hand part of (3.6), divided by Ω (the
Laplacian of the vortex profile is zero, which simplifies the requirement). We
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Figure 21: Surface plot of the x, y-plane (z = 0) of f/f0 with two vortices
located at (0.3, 0.3)r′ and (0.7, 0.7)r′, where r′ = 95.35 · lz. α = 1.1.

divide by the rotation frequency, because this is the relevant timescale of ro-
tation; if ∇f · ∇ϕ/Ω� 1,13 then the vortices will have rotated around each
other many times before seeing any appreciable change in the wavefunction.
To see why, note that the equality with zero only holds if the time derivative
∂f/∂t is zero. Therefore, a deviation from zero in the left-hand part of eq.
(3.6) will indicate how much this solution will change in time. Figure 22
shows a close-up of the bottom left vortex, where for ∇ϕ the phase gradient
due to the top right vortex is taken. The value of ∇f · ∇ϕ/Ω shown in the
figure is independent of the vortex separation distance R (as long as R� ξ),
however the value of ∇f · ∇ϕ does approach zero as R increases. The shape
of the deviation can be understood as follows. The rotation is assumed to be
caused by the phase gradient field of the vortex as evaluated at the center of
the core of the other vortex. However, the phase gradient is monotonically
decreasing, while the fixed rotation is monotonically increasing (see Figure
23). Therefore, the rotating frame overestimates (underestimates) the veloc-
ity field caused by the other vortex for distances larger (smaller) than the
vortex core separation R. This produces the “4 leaf clover” pattern in Fig-

13We will use ∇f · ∇ϕ as shorthand notation for (3.6), as the term induced by the
rotation is not of physical but only of mathematical significance.
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ure 22. In this pattern, the error caused by neglecting repulsion between the
vortices is not visible, so this error is negligible compared to the error caused
by the finite size of the vortices.

A typical lifetime for a condensate is on the order of 1 second, and a
typical rotation frequency is on the order of a Hz. Therefore, our quasi-
static approximation is valid, as long as one does not regard fast-rotating
condensates or closely packed vortices.

Figure 22: a close-up around the vortex located at (0.3, 0.3)r′, where r′ =
38.14

√
2lz. Shown is the value of ∇f ·∇ϕ2/Ω, where ϕ2 is the phase gradient

due to the other vortex located at (0.7, 0.7)r′. The absolute value is < 0.2,
showing the continuity equation (3.6) is moderately well-satisfied. This value
of 0.2 can be interpreted as meaning that the condensate can rotate roughly
1/0.2 = 5 times before the wavefunction completely changes. The black circle
shows the location of the vortex with a radius of 1 healing length around the
vortex core.

Recall that the energy of a vortex pair (per unit length in the z-direction)
is given by:

εint = 2π
nh̄2s1s2
m

ln
R

d
, (3.11)
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Figure 23: Rigid rotation of the frame implies a linearly increasing velocity
field vϕ. The velocity field induced by a vortex drops off as 1/r.

where d is the distance between vortex cores, n is the density and R is a
characteristic size of the system. The interaction energy of two vortices with
no dipolar interactions is shown in Figure 24. Figure 25 shows that the
logarithmic behaviour is reproduced.

Figure 24: the interaction energy as a function of the ratio of the vortex
separation distance divided by the length of the diagonal. α = 1.1.
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Figure 25: the interaction energy as a function of ln(R/d). The dotted line
shows a linear fit of the data points. α = 1.1.
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3.3 Dipolar case

The dipolar case requires careful consideration since the dipolar interactions
are long-range. The time dynamics of such a system are much slower than
relativistic speeds, so the dipolar potential is unaffected:

Udd(r) =
Cdd
4π

1− 3 cos2 θ

r3
. (3.12)

A plot of the modulus of the wavefunction f for the case with dipolar interac-
tions as well as s-wave interactions is shown in Figure 26. For this calculation,
we took the value of εdd = 1.8, which for this value of α = 1.1 is close to
the roton instability discussed in section 1.7. This instability manifests itself
numerically if one chooses a too large value of εdd, the ripples shown in Figure
26 will then grow with each iteration and the solution “explodes”.

Figure 26: a surface plot of the x, y-plane (z = 0) of the modulus of
the normalized wavefunction f with two vortices located at (0.3, 0.3)r′ and
(0.7, 0.7)r′, where r′ = 38.14 · lz. α = 1.1, εdd = 1.8.

The dipolar vortex potential is shown in Figure 27, for the case of the
limit of εdd → 0. That is, we use the s-wave solution as compute the dipolar
interaction potential for a finite value of εdd, which should be equal to the
result of computing the profile for εdd > 0 and then calculating the dipolar
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interaction potential, as long as εdd � 1. Looking at it in a different sense,
we non-adiabatically ramp the interactions up to the finite value εdd = 1 in
an arbitrarily short timespan and then immediately investigate the system
without letting it equilibrate. This potential is calculated as follows. First,
the background density is subtracted, since this only gives an offset value.
We then calculate the dipolar interaction with one vortex due to the density
distribution of the other vortex. This is done for various separation distances
between the vortex cores, and the dependence of the energy on this distance
is plotted. As the vortex separation goes to infinity, the potential falls off
as R−3, as one would expect from the form of (3.12). At shorter distances,
with R only about an order larger than the condensate size in the z-direction
Z, the potential falls off as R−n with n > 3. According to Ref. [33], the
potential should behave according to the following formula:

Udip =
4

3
Cddπd

4n2
0Z

2
[ 1

R3
− 9Z2

5R5
+O(R−7)

]
, (3.13)

where d is a measure of the vortex core size in the x, y-plane. This formula
is valid in the limit that α →∞, d� R and Z � R. The behaviour of the
potential does not match this prediction - indeed, we see an increase in the
energy as R becomes smaller, rather than a decrease. This discrepancy could
be explained by considering that the vortex core size is significant for small
R, we are not in the (pure) Thomas-Fermi limit and the precise profile in the
z-direction could also play a role. The faster decrease at small R does not
appear to follow a decay of the type R−n, with some fixed n > 3. Instead,
the decay is increasingly faster as R becomes smaller.

Figure 28 shows the behaviour for the case where εdd = 1.8 and α =
1.1. This produces similar behaviour to the εdd → 0-limit, except that the
prefactor C is much smaller. Therefore, there is screening, but the screening
is in the form of a constant factor, while the character of the long-term
behaviour is unaltered. The screening is still fairly strong, however, as 98%
of the dipoles are screened at long range.
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Figure 27: the dipolar energy of two vortices separated by a distance R. At
long distances the potential falls off as 1/R3. The blue line represents a fit
to the data points of the function C/R3, where C = 3.8 · 103m3.

Figure 28: the dipolar energy of two vortices separated by a distance R. At
long distances the potential falls off as 1/R3. The blue line represents a fit
to the data points of the function C/R3, where C = 0.15 · 103m3.
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3.4 Conclusion

Our numerical algorithm in MATLAB solves the Gross-Pitaevskii equation
for the case of two vortices rotating around each other. We adopt a quasi-
static approximation, in which we switch from the laboratory frame to the
rotating frame. This approximation is valid in the slowly-rotating limit, i.e.
if the rotation frequency is ≈ 1Hz or less.

Furthermore, we observe “ripples” in the condensate wavefunction, which
are a signature of dipolar screening. However, this screening behaviour does
not alter the long-range dipolar potential, which still falls off as r−3. It
should be noted that the energy scale of the dipolar interactions is negligible
compared to the repulsion of the vortices in the s-wave case (see Figure 25) –
the energy difference ∆E/n0g associated with the displacement of vortices in
their velocity field is on the order of 1, while the dipolar interaction energy is
on the order of 10−2 or less for α = 1.1 and εdd = 1.8. Therefore the value of
the order parameter Ψ is dominated by the former effect and not by dipolar
effects. This can be explained by noting that the velocity field falls off as 1/R,
while the dipolar interaction energy falls off as 1/R3 (if R� ξ). We observe
a flat reduction in the long-range vortex-vortex potential that amounts to
98 ± 1 %, when comparing the limit of εdd → 0 to the case of εdd = 1.8
for the case of α = 1.1. This reduction is greater than what one would
expect based on the reduction of the vortex volume due to dipolar effects;
the volume fraction of the dipolar vortex compared to the s-wave vortex in
the case of α = 1.1 is ≈ 0.4, which would give an expected screening factor
of 1− 0.42 ≈ 0.84, which is significantly smaller than observed.
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4 Conclusion and Outlook

This Report contains calculations and simulations on vortices in Bose-Einstein
condensates (BECs) of ultracold dilute atomic gases. We have used the
Gross-Pitaevskii equation to calculate the order parameter Ψ for various
cases. Specifically, we have considered the case with only s-wave interactions,
as described by the mean-field parameter g, and the case of dipolar (d-wave)
interactions as well as s-wave interactions. Furthermore, in both cases we
regard a single vortex (in Chapter 2) and a double vortex (in Chapter 3).

The solution for the s-wave case with a single vortex is a well-studied prob-
lem, which allows comparison with known solutions in literature. Pethick [50]
and Fetter [69] have computed a numerical solution and a variation solution
respectively, which agree well with the solution given in Chapter 2 in the
Thomas-Fermi limit (our solution uses α = 10, which results in a solution
close to the TF-limit of α → ∞). This also implies that our conjugate gra-
dient (CG) algorithm works well in 3D, at least in the aforementioned limit.
Furthermore, the results of Pethick and Fetter are also valid in the case of
z-trapping, and not just for homogeneous BECs.

As the dipolar interactions are turned on, we find a solution in the
Thomas-Fermi regime in agreement with previous work [33]. Outside of the
TF-limit, the solution to the Gross-Pitaevskii equation produces “ripples”
in the condensate wavefunction, which have also been reported in e.g. [37].
These ripples are found to obey the behaviour of an underdamped harmonic
oscillator with a characteristic wavenumber k = l−1z and a decay coefficient
γ that is equal to ≈ 0.25l−1z . The exponential decay characteristic of the
underdamped harmonic oscillator is further evidence for screening in dipolar
Bose-Einstein condensates. The dipolar interactions can be ramped up to
a certain maximum εdd,max dependent on the parameter α = n0g/h̄ωz. We
have derived and confirmed that this maximum dipolar strength depends on
α according to the relation (α + 1)/α.

In Chapter 3 calculations and simulations with respect to a double vortex
are described. A quasi-static approximation is applied, implying a transfor-
mation to the rotating frame in which the repulsion of vortices is neglected.
This approximation holds reasonably well in the slowly-rotating limit (with
rotation frequencies on the order of a Hz) for short-lived BECs with a lifetime
of ≈ 1s or shorter.

For the dipolar double-vortex case, we have calculated the vortex-vortex
potential. This potential falls off as 1/R3 for large R, where R is the separa-
tion between the two vortices. As the vortex separation distance is reduced,
the potential falls of faster, however, the behaviour is not as as expected from
theoretical calculations in [33]. In future work, this should be investigated
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further. We observe screening in the form of a constant factor reduction; we
find the reduction to be equal to 98±1%. However, the character of the long-
range behaviour is unchanged in the case of dipolar interactions compared
to the limit where εdd → 0.

The study of dipolar Bose-Einstein condensates is of particular relevance
because of the expected realisation of a BEC of dipolar molecules [28], which
can be tuned using electric fields. This greatly expands the experimental pos-
sibilities in experimenting with dipolar BECs. Furthermore, a better under-
standing of BECs can contribute to the understanding of high-temperature
superconductivity and the Higgs mechanism, which are two of the most im-
portant unsolved problems in modern physics.
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5 Technology Assessment

The study of Bose-Einstein condensates of dilute atomic gases enables the
experimenter to study the quantum world with great experimental control.
Electromagnetic traps, for example, can be tuned easily to alter the dynamics
of the system, as we have also seen in this work. The BEC can be used as
a model system for various – and often more complex – systems, such as
superfluids, superconductors and supersolids, but also in condensed matter
physics. Specifically, since dipolar interactions are long-range, this system is
also useful as a testing ground for systems with long-range interactions. If
experimenters succeed in producing a BEC of dipolar molecules, this would
greatly enhance the experimental control of dipolar BECs.

Although Bose-Einstein condensates of dilute atomic gases are primarily
of interest to fundamental physics, there are numerous practical applications.
Perhaps the most prevalent in modern society is the superconductor, which
is used in numerous hi-tech applications such as MagLev trains. Super-
conducting magnets exhibit unique magnetic properties – they are perfectly
diamagnetic – which makes them particularly useful for this application.
Dipolar interactions are thought to play a role in understanding high-Tc su-
perconductors. Understanding these materials may lead to room temper-
ature superconductors in the future, opening up a wide array of practical
applications.

The study of BECs has also indirectly spurred the development of laser
cooling technology, which is a technique used to cool bunches of atoms
trapped in an electromagnetic trap. Since a BEC of a dilute gas of atoms has
to be very cold (< µK) this requires cutting edge technology and methods
[11].

Furthermore, the study of BECs could assist with the development of
atom lasers and quantum computing. Atom lasers are coherent beams of
atoms, akin to a laser beam consisting of a coherent beam of photons. Quan-
tum computing is thought to be a possible replacement for our current binary
systems, leading to possible large improvements in computing speed.
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A The conjugate gradient method

In our numerical algorithm to solve the Gross-Pitaevskii equation, we use a
numerical method called the conjugate gradient method14 (henceforth: CG).
This is a numerical method to solve systems of the type:

Ax = b, (A.1)

where A is a square, symmetric and positive-definite matrix and x and b are
vectors (b is known). Problems of this kind are encountered when minimizing
a function f which obeys: [67]

f(x) =
1

2
xTAx− bT + c. (A.2)

To use this recipe for our problem, we discretize the Laplacian operator
∇2 and sample the wavefunction f on an evenly spaced rectangular grid. CG
is a modified version of the algorithm known as steepest descent (henceforth:
SD), which is a conceptually more simple algorithm, but which tends to
converge to the solution more slowly than CG. Since CG relies on the steepest
descent vector we will first briefly explain the steepest descent method.

A.1 The steepest descent method

The steepest descent method solves systems of the type (A.2). To minimize
the function f , we calculate the gradient of f , and then take a step in the
negative direction (in which f decreases), so that at the next step, we have a
lower value of f . The process is repeated until a desired tolerance is achieved.
The negative gradient is given by:

−f ′(x) = b− Ax = r. (A.3)

So in each iteration, one takes a step:

xi+1 = xi − αiri. (A.4)

The size of the step α is given by:

αi =
rTi ri
rTi Ari

. (A.5)

This step size ensures that one chooses the point in the direction of steepest
descent where the gradient is perpendicular to the direction of steepest de-
scent, which is a (local) minimum in the direction of steepest descent. Note

14For an extensive explanation of the CG algorithm, see [67].
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that this point cannot be a (local) maximum, since we initially started look-
ing in the direction of the negative gradient. The problem can thus be solved
by taking an initial guess and repeating the iteration steps above.

A.2 From steepest descent to conjugate gradient

In the conjugate gradient method, one takes an initial step in the steepest
descent direction, but constructs the other directions in such a way that they
are A-orthogonal. Two vectors xi and xj are A-orthogonal if:

xTi Axj = 0. (A.6)

The method of conjugate gradients is then simply starting by taking an
initial step in the steepest descent direction and ensuring the next directions
are A-orthogonal to the initial direction. The advantage to this approach is
that the algorithm minimizes the function f in each A-orthogonal direction
regardless of the initial point; this ensures that we only have to move in this
direction once, greatly reducing the number of iterations required for the
solution to converge, at the cost of some increased mathematical complexity.

CG can be used to minimize functions more complicated than (A.2), in
which case the gradient may be nonlinear in x. In this case (which happens
to be our case) one needs to use nonlinear CG. The recipe15 for the nonlinear
CG algorithm is:

d0 = r0 = −f ′(x0), (A.7)

minimize the following expression with respect to αi (see the section on cal-
culating the steepest descent vector for our application);

f(xi + αidi), (A.8)

xi+1 = xi + αidi, ri = −f ′(xi+1), (A.9)

βi+1 = max
{rTi+1(ri+1 − ri)

rTi ri
, 0
}
, (A.10)

di+1 = ri+1 + βi+1di. (A.11)

Here we have used the so-called Polak-Ribière method [68] to calculate
β, although other methods are possible.

15A derivation is beyond the scope of this work. For more details the reader is referred
once again to [67].
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B Discrete Fourier Transforms

B.1 Theoretical framework

In this Report, Fourier transforms are frequently encountered. To use Fourier
transforms in numerical calculations, one needs a discrete approximation of
the Fourier transform, i.e. a discrete Fourier transform. The numerical
calculations use the widely popular Fast Fourier Transform (FFT) in its
MATLAB implementation. However, we will not discuss the specifics of
the FFT and instead focus on the basic principles of the discrete Fourier
transform. For this we largely follow the discussion of Brigham [62], to which
the reader is referred for further details.

Consider some function h(t) (where t denotes time), defined on the inter-
val (−∞,∞). We will denote the Fourier transform of this function by H(f)
(where f denotes frequency). The Fourier transform is defined as:16

H(f) =

∫ ∞
−∞

h(t)e−i2πft dt. (B.1)

The inverse transform is defined as:

h(t) =

∫ ∞
−∞

H(f)ei2πft df. (B.2)

Because of technical limitations, the numerical approximation of a function,
as well as its Fourier transform, can only be given on a finite number of
points and not on the entire time and frequency intervals. That is, if we are
sampling the function h(t) we have to multiply it by a sampling function ∆0:

h(t)∆0(t) = h(t)
∞∑

k=−∞

δ(t− kT ) =
∞∑

k=−∞

h(kT )δ(t− kT ), (B.3)

so that the sampling points are seperated by a distance T . This introduces an
error called aliasing ; if T is chosen too large, this can introduce a significant
error because different frequency components become indistinguishable (see
figure 29). Aliasing will cause the discrete Fourier transform H(f) to be
periodic, even if the continuous Fourier transform is not.

The problem with the above equation is that it still evaluates the function
h(t) at an infinite number of points, when we need a finite number of points.

16Different definitions of (B.1) are possible, which differ by a constant factor before the
integrand and/or in the exponential.
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Figure 29: an example of aliasing. Both sines provide a fit for the sampling
points. [63]

Therefore, h(t) is truncated by multiplication with a “block function” x(t)
so that:

h(t)∆0(t)x(t) =
N−1∑
k=0

h(kT )δ(t− kT ), (B.4)

x(t) = 1, −T/2 < t < T0 − T/2, 0 otherwise. (B.5)

Since the Fourier transform of a block function is sin(f)/f , this also intro-
duces an error and can lead to “rippling” of the discrete Fourier transform.

Care must be exercised when using discrete Fourier transforms. By con-
vention, a discrete Fourier transform will be numerically represented by a
vector H(f1, f2, ...fN), where negative frequencies are stored in the latter
half of the vector!

B.2 Application to dipolar potentials

To solve the Gross-Pitaevskii equation, we need to determine the dipolar
potential. The dipolar term in the GP equation is equal to:

Φdd[n](r) =

∫
Udd(r − r′)n(r′) d3r, (B.6)

and Udd is given by:

Udd(r) =
Cdd
4π

1− 3 cos2 θ

r3
, (B.7)

where θ is the angle with respect to the polarization axis (we take the z-axis).
A well known theorem from Fourier analysis is the convolution theorem,
which states that the Fourier transform of a convolution is equal to the
product of the Fourier transforms, or inversely, that the Fourier transform of
a product is equal to the convolution of the Fourier transforms [62]. We would
like to compute the dipolar potential in the frequency domain, because using
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direct integration to tackle a convolution is very computationally expensive
– this requires solving N integrals, where N is the number of grid points
being sampled. Since the code is fully 3D, this number is large, on the order
of 107. The Fourier transform of Udd is given by:

F [Udd](ν) =
νz
ν
− 1

3
= cos2 α− 1

3
, (B.8)

where α is the angle ν makes with the z-axis.
Suppose we want to calculate the Fourier transform of the potential, but

with the interactions cut off beyond a certain threshold value z = Z. In
other words, we multiply the potential by a step function:

∆Z(r) =

{
1 if |z| ≤ Z.
0 otherwise.

(B.9)

The Fourier transform of ∆Z is given by:

F [∆Z(r)](ν) = δ(νx)δ(νy)
sin(2πZνz)

πνz
. (B.10)

We can use this to calculate the Fourier transform of ∆Z(r)Udd(r):

F [∆Z(r)Udd(r)](ν)

Cdd
=

∫∫∫ (
cos2 α′ − 1

3

)
δ(νx − ν ′x)δ(νy − ν ′y)

× sin(2πZ(νz − ν ′z)
π(νz − ν ′z)

d3ν ′

= cos2 α− 1

3
+ e−2πZνr [sin2 α cos(2πZνz)− sinα cosα sin(2πZνz)]

≡ FZ
Cdd

. (B.11)

Suppose that we also wish to cut off the dipolar interactions beyond a cer-
tain radius R in polar coordinates. Using a Hankel transform, the Fourier
transform of this step function can be determined. A Hankel transform is
similar to a Fourier transform, but is especially useful when calculating the
Fourier transform of a function with cylindrical symmetry. While a Fourier
transform uses sines and cosines, the Hankel transform expresses functions
in terms of Bessel functions of the first kind, so that the Hankel transform
of order ν of a function f(r) is given by:

Fν(k) =

∫ ∞
0

f(r)Jν(kr)r dr, (B.12)
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where where Jν is the Bessel function of the first kind of order ν with ν >
−1/2.

The step function is given by:

∆R(r) =

{
1 if r ≤ R,
0 otherwise,

(B.13)

and the Fourier transform follows:

F [∆R](ν) = 2πδ(νz)

∫ R

0

J0(2πνrr)r dr = δ(νz)R
J1(2πRνr)

νr
, (B.14)

where Jn is the n-th order Bessel function of the first kind. Cutting off the
interactions at both r = R and z = Z requires the use of the convolution
theorem in reverse once again and we obtain (in polar coordinates):

F [∆R∆ZUdd] = Cdd

∫ 2π

0

∫ ∞
0

FZ(|νr − ν ′r|, νz)RJ1(2πRν ′r) dν ′r. (B.15)

Because FZ consists of three terms, the integral can be split up into three
parts. Fortunately, the integration over the polar angle can be integrated for
two out of these three terms, and we obtain:

F [∆R∆ZUdd] =
1

3
(F0 + F1 + F2), (B.16)

where F0 = −1, F1 is a single integral and F2 is a double integral. F1 is
given by:

F1 = R

∫ ∞
0

6πν2z
J1(2πRν

′
r) dν ′r√

(ν ′2r − 2ν ′rνr + ν2r + ν2z )(ν ′2r + 2ν ′rνr + ν2r + ν2z )
, (B.17)

and F2 is given by:

F2 = 3R

∫ 2π

0

∫ ∞
0

J1(2πRν
′
r) exp(−2πZ|νr−ν ′r|)

[
cos(2πZνz)

|νr − ν ′r|2

|νr − ν ′r|2 + ν2z

− sin(2πZνz)
|νr − ν ′r|νz
|νr − ν ′r|2 + ν2z

]
dν ′rdν

′
θ. (B.18)

In polar coordinates it follows that:

|νr − ν ′r| =
√
ν ′2r + ν2r − 2ν ′rνr cos(ν ′θ). (B.19)
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These integrals can be evaluated numerically, which can be computa-
tionally intensive, but has to be done only once for a specific numerical grid,
after which the stored Fourier coefficients can be used for subsequent calcula-
tions. The main advantage of splitting is that now F2 drops of exponentially
as ν ′r > νr, which means the integration to infinity is numerically feasible.
F1 is a type of integral with an oscillatory term and it converges to zero
slowly. This kind of integral can be efficiently tackled using the so-called
mW-transform due to Sidi [64, 65] (see Appendix C).
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C The mW-transform

To calculate the dipolar potential, we encounter integrals of the form (B.18),
which contain an oscillatory integrand that drops off slowly as ν ′r → ∞.
To tackle integrals of this form, we can use the mW-transform, where “m”
stands for “modified”, i.e. it is the modified W transform. Both of these
algorithms are due to Sidi [64, 65]. More generally, the form of the integral
we wish to solve is written as:

I =

∫ ∞
a

f(x)w(x) dx, (C.1)

where w(x) is some oscillatory function of x and f(x) is eventually mono-
tonically decreasing. There are various methods to tackle such integrals (for
a review, see [66]), but we will focus only on the mW-transform, which is a
type of transform similar to the better-known Shanks transform. The idea
is that we cut off the integral at some point, and then write the remaining
integral as an infinite series of integrals. By analyzing the behaviour of this
series, convergence can be significantly accelerated compared to e.g. direct
integration using a numerical method such as the trapezoid method. If the
integral is divided between the zeros of w(x), the integral can be written as
the sum

Ij =

j∑
i=0

ui =

j∑
i=0

∫ xi+1

xi

f(x)w(x) dx. (C.2)

Obviously, as j → ∞, Ij → I. However, convergence is typically slow
and can be accelerated using the mW-transform. Since we want to use the
mW-transform to tackle the integral (B.17), w(x) is a Bessel function. This
introduces a problem, because determining the zeros of a Bessel function is
not trivial. However, once the zeros are known, the mW-transform works as
follows [66].

F (xs) =

∫ xs

a

f(x)J1(x) dx, ψ(xs) =

∫ xs+1

xs

f(x)J1(x) dx, (C.3)

M s
−1 = F (xs)/ψ(xs), N s

−1 = 1/ψ(xs), (C.4)

M s
p = (M s

p−1 −M s+1
p−1 )/(x−1s − x−1s+p+1), (C.5)

N s
p = (N s

p−1 −N s+1
p−1 )/(x−1s − x−1s+p+1), (C.6)

W s
p = M s

p/N
s
p , (C.7)
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where s = 0, 1, ... and p = 0, 1, ..., and the x-points are chosen at the zeros
of J1(x). W 0

p then gives an approximation for the integral.
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D Minimization of the grand potential

The Gross-Pitaevskii equation can also be derived from minimizing the en-
ergy of the system, which is given by:

E[f ] =

∫∫∫ [
h̄2

2m

(
(∇f)2 + f 2(∇ϕ)2

)
+ U(r)f 2 +

1

2
gf 4 +

1

2
f 2Φdd[f

2]

]
d3r.

(D.1)
Note that we have written the wavefunction as Ψ = feiϕ, where the density
is equal to n = |Ψ|2 = f 2 and ϕ is the phase. Minimizing this integral thus
corresponds to finding the ground state of the Gross-Pitaevskii equation.
The grand potential is given by:

ΦG[f ] = E[f ]− µ
∫
f 2 d3r (D.2)

After scaling (for more information on these scaling constants, see Appendix
F) this can be written as:

ΦG[f ]

E0l3zn0

=

∫∫∫
A1

1

2

[
(∇f)2 +

s2

r2
f 2

]
+ A3C1

1

2
z2f 2

+ A4
1

2

[
f 4 + f 2Φdd[f

2]
]
− µf 2

E0

d3r. (D.3)

In our algorithm, we would like to find the direction in which the energy
decreases, since the ground state is the state with lowest energy and we can
then (hopefully) reach the solution using an iterative procedure. For this
goal, we determine the variation of ΦG with respect to an arbitrary function
h times a scalar λ, which is given by:

ΦG[f + λh]

E0l3zn0

=

∫∫∫
A1

1

2

[
(∇(f + λh))2 +

s2

r2
(f + λh)2

]
+A3C1

1

2
z2(f+λh)2

+ A4
1

2

[
(f + λh)4 + (f + λh)2Φdd[(f + λh)2]

]
− µ(f + λh)2

E0

d3r. (D.4)

Applying partial integration to the gradient term, we obtain:
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ΦG[f + λh]

E0l3zn0

=

∫∫∫
A1

1

2
f [−∇2 +

s2

r2
]f + 2λh[−∇2 +

s2

r2
]f

+ λ2h[−∇2 +
s2

r2
] + A3C1

1

2
z2(f + λh)2

+ A4
1

2
[(f + λh)4 + (f + λh)2Φdd[(f + λh)]− µ(f + λh)2

E0

d3r

+

∫∫
© f∇f · n+ 2λh∇f · n+ λ2h∇h · n dS. (D.5)

Collecting like powers of λ and differentiating with respect to λ then gives:

d

dλ

ΦG[f + λh]

E0l3zn0

= λ0
{∫∫∫

hA1[−∇2+
s2

r2
]f+hA3C1z

2f+hfA4[gf
2+Φdd[f

2]]

+ f 2A4[gfh+ Φdd[fh]]− 2µhf

E0

d3r +

∫∫
© 2h∇f · n dS

}
+ 2λ1

{∫∫∫
hA1

1

2
[−∇2 +

s2

r2
]h+ A3C1

1

2
z2h2 + f 2A4

1

2
[gh2 + Φdd[h

2]]

+ fhA4[2fhg + 2Φdd[fh]] + h2A4
1

2
[gf 2 + Φdd[f

2]]− h2µ

E0

d3r

+

∫∫
©h∇h · n dS

}
+ 3λ2

{∫∫∫
hfA4[gh

2 + Φdd[h
2]] + h2A4[gfh+ Φdd[fh]] d3r

}
+ 4λ3

{∫∫∫
h2A4

1

2
[gh2 + Φdd[h

2]]] d3r

}
. (D.6)

This equation, which looks complicated but is in principle straightforward
to calculate, is used in our algorithm to minimize the grand potential in the
direction of steepest descent (or one of its A-orthogonal directions). Note that
despite its complex appearance, it is simply a polynomial in λ. Therefore
the minimization with respect to λ is trivial, and we exploit this fact in our
numerical algorithm. We have neglected the surface integral term since we
found it to be negligible for our purposes. However, for other applications it
might be important and one should be wary of whether it should be taken
into account. In particular, the surface integral term will be of importance
if ∇f is significant at the edge of the integration domain.
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E Calculating the steepest descent vector

In this work, our goal is to find a solution to the Gross-Pitaevskii equation,
that is we wish to minimize the energy. Since we are working in the grand
canonical ensemble, this boils down to minimizing the grand potential E −
µN , where E is the energy, µ is the chemical potential and N is the number
of particles. The energy is given by:

E[f ] =

∫∫∫ [
h̄2

2m

(
(∇f)2 + f 2(∇ϕ)2

)
+ U(r)f 2 +

1

2
gf 4 +

1

2
f 2Φdd[f

2]

]
d3r,

(E.1)
where we have written the macroscopic wavefunction as Ψ = feiϕ. Our goal
is to choose a certain phase gradient ∇ϕ and then minimize the energy, while
keeping ∇ϕ fixed. This gives an exact result in the single-vortex case, since
the phase profile is already known in that case. To calculate the steepest
descent vector we need to determine the functional derivative, then, of the
following expression:

Φ[f(r)] =

∫∫∫
h̄2

2m

(
f(r)∇2f(r) + f(r)2(∇ϕ)2

)
+

U(r)f(r)2 +
1

2
gf(r)4 +

1

2
f(r)2Φdd[f(r)2]− µf(r)2 d3r. (E.2)

Here we have used partial integration to rewrite the term (∇f)2 to f∇2f .
Therefore we neglect the resulting boundary term, which is valid if ∇f |C = 0,
where C is the edge of the domain. The functional derivate is calculated using
the following definition:

δ

δf(r′)
Φ[f(r)] = lim

ε→0

Φ[f(r) + εδ(r − r′)]− Φ[f(r)]

ε
, (E.3)

where δ(r) is the Dirac delta function. For the terms with a constant times
a power of f the functional derivative results in the “obvious” answer; e.g.
δ

δf(r′)

∫
f(r)2 d3r = 2f(r′). Applying this definition to the term with the

Laplacian in the functional (E.2) we obtain:

lim
ε→0

1

ε

∫∫∫
(f(r)+εδ(r−r′))∇2(f(r)+εδ(r−r′))−f(r)∇2f(r) d3r. (E.4)

The last term in the integral cancels and after rearranging the terms it can
be written as:
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lim
ε→0

∫∫∫
δ(r−r′)∇2f(r)+f(r)∇2δ(r−r′)+εδ(r−r′)∇2δ(r−r′) d3r. (E.5)

Taking the limit, the final term vanishes. The second term can be calculated
using partial integration so that the final result is:

δ

δf(r′)
ΦL[f(r)] = 2∇2f(r′). (E.6)

For the term containing the dipolar potential Φdd, it follows that:

lim
ε→0

1

2ε

∫∫∫
(f(r)+εδ(r−r′))2Φdd[(f(r)+εδ(r−r′))2]−f(r)2Φdd[f(r)] d3r,

(E.7)

(f(r) + εδ(r − r′))2 = f(r)2 + 2εf(r)δ(r − r′) +O(ε2). (E.8)

We will neglect terms in ε2 since these will vanish in the limit. The remaining
terms are then:

lim
ε→0

1

2ε

∫∫∫
2εf(r)δ(r−r′)Φdd[f(r)2]+f(r)Φdd[2εf(r)δ(r−r′)] d3r. (E.9)

We can switch the terms in the integral and those between square brackets
(this amounts to switching the order of integration, since Φdd itself is a triple
integral), so that both terms are equal. The dipolar part of the functional
derivative is then:

δ

δf(r′)
ΦD[f(r] = 2f(r′)Φdd[f(r′)2]. (E.10)

The total functional derivative - the steepest descent vector - is then equal
to:

δ

δf(r′)
Φ[f(r] =

h̄2

2m

(
2∇2f(r′) + 2f(r′)(∇ϕ)2

)
+

2U(r′)f(r′) + 2gf(r′)3 + 2f(r′)Φdd[f(r′)2]. (E.11)
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F Scaling

In the main body of the Report, several non-dimensional scaling parameters
and characteristic length scales are encountered. These are:

α =
n0g

h̄ωz
, (F.1)

ξ =
h̄√

2mn0g
. (F.2)

lz =

√
h̄

mωz
, (F.3)

where ωz is the trapping frequency, n0 a characteristic density, g the s-wave
mean-field interaction parameter and m the mass of a particle. The healing
length and oscillator length are related according to the simple relation

ξ = lz
√

2α. (F.4)

The parameter α arises when writing the Gross-Pitaevskii equation in a
non-dimensional way. To see this, regard the equation for the square root of
the density f = |Ψ|:

−h̄2

2m

(
∇2f − f(∇ϕ)2

)
+ V (r)f + Φdd[f

2] + gf 3 = µf. (F.5)

To get a numerical solution, we scale f by its value far from a vortex
core, so that f → f/f0. We have two (relevant) choices for scaling the
spatial coordinate, dividing by the healing length or diving by the oscillator
length. Both are possible in our numerical implementation, so that either
r → r/ξ or r → r/lz. We divide by the energy n0g to obtain:

−h̄2

2mn0g

(
∇2f − f(∇ϕ)2

)
+

1

n0g

1

2
mω2

zz
2f +

1

n0g
Φdd[f

2] + f 2 =
µ

n0g
f, (F.6)

which becomes:

ξ2

r2

(
∇2f − f(∇ϕ)2

)
+
α2

4
ξ−2z2f + εddΦ

′
dd[f

2] + f 2 =
µ

n0g
f. (F.7)

From this equation it is apparent that if α� 1 (Thomas-Fermi regime), the
first term is negligible.
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