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A B S T R A C T

In this contribution, an elasto-viscoplastic constitutive model based on the single mode EGP (Eindhoven
Glassy Polymer) model is proposed to describe the deformation behaviour of solid polymers subjected to
finite deformations under different stress states. The polymeric material examined in this work is a specific
commercial grade of Bisphenol, a polycarbonate called Makrolon 2607, for which there were experimental
results available in the open literature for: uniaxial compression, plane strain compression and tensile test
on a dumbbell shape specimen. The material properties of the original model are determined and calibrated
from a uniaxial compression-loading test. Then, several numerical examples under different stress states are
presented to illustrate the limitations of the single mode EGP model. A more general elasto-viscoplastic
model is proposed, which preserves the isotropy of the original model, using the lode angle parameter to dis-
tinguish shear-dominated stress states and capture the material post yield response. The numerical treatment
of the model, including the state update procedure and also the consistent tangent operator, required for the
finite implementation of the model within an implicit finite element scheme, is presented. A comprehensive
set of numerical examples is employed to compare the predictions of the original and new models against
experimental results and to investigate the effect of the proposed modifications. The numerical results show
that the proposed model provides a closer agreement with experimental evidence and opens the possibility
for computational simulations of amorphous polymers under different stress states.

© 2016 Published by Elsevier Ltd.
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1. Introduction

Polymers have become very important materials in structural applications due to their interesting properties such as being good
thermal and electrical insulators, and exhibiting lower density and higher yield strains when compared to metals. In addition, one
of the most interesting characteristics of polymers is that complicated shapes can be easily fabricated using processes such as
extrusion, injection molding and thermoforming. Some of the areas for the application of polymers are electronic products (e.g.
sensors), automotive industry (e.g. side view mirrors), healthcare (e.g. heart valve prosthesis), and civil and buildings engineering
(e.g. pipes) (Mackerle, 2003).

Over the last century, a considerable effort has been devoted to the development of material models capable of reproducing
the experimentally observed data. It can be said that the initiation of the efforts to determine the behaviour of polymers dates
back to 1930s. Eyring (1936) proposed a molecular theory for the yield stress of amorphous polymers, considering the yield be-
haviour as a thermally activated process. Temperature and strain rate effects are accounted for, in the theory. Mooney (1940)
proposed a strain energy function for rubber elastic materials. Haward and Thackray (1968) developed a one dimensional con-
stitutive model for glassy polymers. The work could be considered as the initial constitutive model proposed for predicting the
deformation behaviour of glassy polymers. According to this work, the post yield behaviour of glassy polymers includes two dif-
ferent phases: first, a rate dependent plastic flow, modelled by an Eyring dashpot, and second, a rate independent contribution of
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the entanglement, modelled by a Langevin spring. The three dimensional version of Haward and Tackray model was proposed by
Boyce et al. (1988). An alternative constitutive model that is able to predict the typical deformation behaviour of polymeric mate-
rials is the generalized compressible Leonov model, which has been proposed by Baaijens (1991) and extended by Tervoort et al.
(1998) and Govaert et al. (2000). Over the last decades, a wide range of constitutive models incorporating linear and non-linear
visco-elastic and visco-plastic material behaviour have been developed to capture different aspects of the behaviour of polymers
including molecular orientation, strain rate effects, failure, thermo-mechanical effects, among others (Mulliken and Boyce, 2006;
Richeton et al., 2007; Miehe et al., 2009; Anand et al., 2009; Ames et al., 2009; Li and Buckley, 2010; Bouvard et al., 2013;
Zhang and To, 2016; Srivastava et al., 2010).

It is known that classical yield criteria are not able to characterize yielding of polymers properly (Ghorbel, 2008). Several re-
searchers have devoted their research to develop modified versions of classical plasticity theories in order to adequately describe
the yield behaviour of polymers. Modified versions of von-Mises, Tresca and Drucker-Prager yield criteria are used by different
authors, e.g. (Ghorbel, 2008; Bowden and Jukes, 1972; Raghava et al., 1973; Fasce et al., 2008; Epee et al., 2011), in order to
describe the yield behaviour of different polymers. For a detailed discussion, the reader is referred to (Ghorbel, 2008). Neverthe-
less, constitutive models capable of characterizing the post-yield response of polymers under different loading conditions are still
lacking. In contrast to metallic materials, which show hardening after the yield point, some polymers show pronounced post yield
softening and then hardening. After the yield point, the true stress decreases while increasing the strain. The phenomenon is called
strain softening. During strain softening, the deformation proceeds at decreasing true stress levels. The physical justification for
the softening behaviour is not yet perfectly understood but it seems to be related to physical aging process (Govaert et al., 2000).
Plastic localization phenomenon in deformation of glassy polymers is known to be mainly caused by the strain softening behav-
iour (Govaert et al., 2000) and thus, it is very important to capture it properly. Besides, if the softening regime is not characterized
well, the final hardening regime might not be captured properly either.

One of the important issues raised in material constitutive modelling and material parameter identification is that the material
properties obtained from one specific stress state (e.g. uniaxial compression or tension) do not provide good estimation of the
material behaviour in other stress states. In other words, in order to have good estimation of material behaviour under different
stress states, one set of material properties may, most likely, not suffice. Typically, there are three approaches to overcome the
issue as follows. First, introducing additional material parameters; second, calibrating the material properties from one stress state
to the other and third, developing a constitutive model capable of predicting the deformation behaviour under different loading
conditions properly with a specific set of material properties. The objective of this work is to extend the constitutive equations of
the EGP based model presented by Mirkhalaf et al. (2016) using the third deviatoric stress invariant (or lode angle parameter) in
order to capture the post-yield behaviour of polymeric materials, namely post-yield softening and hardening regimes under dif-
ferent stress states.

Experimental results for a polycarbonate with trade name Makrolon 2607, under three different stress states: uniaxial compres-
sion, plane strain compression and tensile test on a dumbbell shape specimen, are taken from (Diez, 2010). Material properties
of the elasto-viscoplastic model presented by Mirkhalaf et al. (2016) are quantified and calibrated for uniaxial compression. The
material parameters are used for plane strain compression and the tensile test on the dumbbell shape specimen and it is shown
that the prediction of the model (using properties obtained for uniaxial compression) for the later stress states is not in agreement
with experimental evidence. Based on the observations in the comparisons, some modifications are proposed to improve the pre-
dictions of the model.

This paper is structured as follows. Section 2 presents the main equations of the original constitutive model which is used in
this study. Section 3 describes how to quantify the material parameters required by the constitutive model. In addition, some sim-
ulations, uniaxial compression, plane strain compression and tensile test on a dumbbell shape specimen, are performed using the
properties. In Section 4, the propositions to modify the predictions of the model for softening and hardening are provided. Section
5 provides the integration algorithm and finite element implementation of the enhanced model. Evaluation of the predictions of
the improved model is given in section 6. Finally, some concluding remarks are provided in section 7.

2. Original model

In this section, the hyper-elastic based finite strain elasto-viscoplastic constitutive model which is used and modified in this
study is briefly presented. The main features of this approach, particularized for the developed model, include the multiplicative
deformation gradient, logarithmic strain measure, existence of a free energy potential, existence of dissipation potential and addi-
tive decomposition of total stress into hardening and driving stresses.

2.1. Kinematic constitutive relations

The deformation gradient is multiplicatively composed of elastic and plastic deformation gradients (Bilby et al., 1957):

(1)
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Although this decomposition has been mainly referred to Lee (1969) by the scientific community, recently, Ref. (Sadik and
Yavari) depicted that it was first introduced by Bilby et al. (1957). The logarithmic (or natural) Eulerian (or spatial) strain is cho-
sen the measure the elastic deformations. By assuming this decomposition of the deformation gradient, an unstressed intermediate
configuration is obtained by elastic unloading from the final configuration. Application of polar decomposition to the elastic and
plastic deformation gradients gives:

(2)

(3)

where, R e is the elastic rotation tensor, U e is the elastic right stretch tensor and V e is the elastic left stretch tensor. The tensors
R p,U p and V p are the corresponding plastic terms. The velocity gradient is defined by:

(4)

By substituting Equation (1) in Equation (4), the velocity gradient could be rewritten as:

(5)

where, the elastic and plastic velocity gradients are given by:

(6)

(7)

The plastic stretching tensor (rate of plastic deformation), D p, and plastic spin tensor, Wp, are defined based on the plastic
velocity gradient:

(8)

(9)

where, the superscript T denotes the transpose of the tensor. We have assumed the plastic spin tensor to be null, i.e. Wp=0 which
in fact is compatible with plastic isotropy employed in the model. Boyce et al. (1989) and Timmermans (1997) addressed the
issue of different choices regarding the plastic spin tensor and it was concluded that the overall stress-strain behaviour of the ma-
terial is not considerably affected by choosing different plastic spin tensors. It is worth emphasizing that if plastic anisotropy is
considered, an appropriate plastic spin tensor should be constitutively defined.

To measure elastic deformations, the logarithmic (or natural) Eulerian (or spatial) strain is chosen. Logarithmic strain not only
is physically meaningful, but also simplifies the stress integration algorithm of the finite strain model such that infinitesimal elas-
tic predictor/return mapping algorithms can be naturally extended to finite strains. The Eulerian logarithmic elastic strain is given
by:

(10)

where ln(·) denotes the tensorial logarithm of (·) and, B e, is the left elastic Cauchy-Green deformation tensor defined by:

(11)

2.2. Material constitutive relations

To know the local state of the material within the formalism of thermodynamics with internal variables, the state variable of
the material should be known. The state variable could be classified into two main categories, namely observable variables (total
strain and temperature) and internal variables. Since in this study, constant temperature is considered, total strain is the only ob-
servable variable. A free energy potential of the following form is assumed:

(12)

where, ε e is elastic logarithmic strain and α is a set of internal variables. The kirchhoff stress tensor, τ, is constitutively defined
by:
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(13)

where, is the reference density. Kirchhoff and Cauchy stress, σ, tensors are related by:

(14)

where, the factor J is the determinant of the deformation gradient, J=det(F). In order to derive the constitutive relation, different
energy potentials can be used. In this work, the logarithmic strain-based hyperelasticity law (the so-called Hencky strain energy
function) which is widely used for different applications, is utilized. The Hencky strain energy function, in terms of principal
stretches, is given by:

(15)

where, are the principal stretches in principal directions; K is the bulk modulus and G is the shear modulus of the
material. Making use of relations (15) and (13), results in:

(16)

where, D e denotes the fourth order isotropic constant elastic tensor:

(17)

The symbols I s and I represent the fourth order symmetric and the second order identity tensors. The plastic flow rule of the
model is given by:

(18)

where, d p is the spatial plastic stretching tensor, which is the plastic stretching tensor at the intermediate configuration, D p, rotated
to the final configuration by the elastic rotation, R e:

(19)

In equation (18), the parameter is the equivalent rate of shear strain, Ψ is the dissipation potential and τ is the Kirchhoff
stress tensor. The dissipation potential is defined by:

(20)

where, s is the deviatoric part of the Kirchhoff stress. Thus, the flow vector, which is the derivative of the dissipation potential
with respect to the Kirchhoff stress tensor, is given by:

(21)

where, the norm of the deviatoric stress tensor, ||s||, is defined by:

(22)

The multi-dimensional plastic flow rule is obtained using relations (18) and (21):

(23)

In order to fully characterize the plastic flow rule, it is required to have the equivalent rate of shear strain constitutively de-
fined:

(24)
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where, τ eq is an equivalent stress defined by:

(25)

Using relations (23), (24) and (25), the plastic flow rule is obtained:

(26)

or in an equivalent form:

(27)

Relation (27) could also be represented by:

(28)

where, the viscosity function, η(τ eq), is given by:

(29)

The scalar parameter A is given by:

(30)

where, the scalar A 0 is a constant or pre-exponential factor involving the fundamental vibration energy, ΔH is the activation en-
ergy, R is the universal gas constant, T is the absolute temperature, the parameter μ is a pressure coefficient related to the shear
activation volume, V, and the pressure activation volume, Ω, according to:

(31)

In relation (30), P is the total hydrostatic pressure and D is a softening parameter. The softening parameter evolves during the
deformation and the evolution is modelled according to (Hasan et al., 1993):

(32)

where, D ∞ is the saturation value of the softening parameter and is an equivalent plastic strain rate defined by (Govaert et al.,
2000):

(33)

Using relations (25), (29), (30) and (32) and performing some mathematical manipulation, the following viscosity function is
obtained:

(34)

where, is the accumulated plastic strain. The rate of the accumulated plastic strain is defined by:

(35)
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The total stress, τ total, is additively composed of driving stress,τ driving, and hardening stress τ hardening:

(36)

It is worth mentioning that the stress components in the definition of the flow potential of the model are from the driving part
of the total stress. The hardening stress is defined by:

(37)

where, H is the hardening modulus and ε d depicts the total deviatoric strain. It should be emphasized that in this work, we do not
use any explicit yield function, i.e. at any time of the deformation and at any point of the structure, the total strain is assumed
additively composed of elastic strain (or reversible strain) and inelastic strain (or non-instantaneously reversible or non-reversible
strain). In order to facilitate the notation, the later is referred to by superscript p standing for ”plastic”. In fact, this decomposition
of strain is consistent with the physical phenomena happening during the deformation. Bending and stretching of strong chain
covalent bonds and also small displacement of adjacent molecules, which is resisted by the presence of van der Waals and hydro-
gen secondary bonds, contribute to the elastic deformation. At small deformations (less than 5%), viscoplastic strain should be
considered in terms of a cooperative movement of molecular chain segments. Chain entanglements have remarkable contributions
in the resistance of polymers to visco-plastic flow (Ghorbel, 2008). Mirkhalaf et al. (2016) provides more information about the
constitutive model, the integration algorithm and the finite element implementation.

3. Material properties and initial simulations

There is a large number of experimental studies designed to understand different features of the deformation behaviour of
polymers e.g. (Srivastava et al., 2010; Diez, 2010; Raha and Bowden, 1972; Boyce and Arruda, 1990; Arruda, 1992; Boyce et
al., 1994; Buckley et al., 1996; Khan and Zhang, 2001; Khan, 2002; Drozdov and Christiansen, 2003; Wu and Buckley, 2004;
Dupaix and Boyce, 2005; Del Piero and Pampolini, 2012; Balieu et al., 2013; Senden et al., 2013; Hachour et al., 2014; Mathiesen
et al., 2014; Poulain et al., 2014; Popa et al., 2014; Alisafaei et al., 2016). The experiments performed by Diez (2010) are adopted
here since the work reported experimental results on a specific commercial grade of Bisphenol, a Polycarbonate called Makrolon
2607, under three loading conditions namely, uniaxial compression, plane strain compression and a dumbbell shape specimen
under tensile loading. In this section, the material properties are determined and some simulations are conducted to evaluate the
predictions of the model. The cylinder upsetting experiments are used to determine the material properties. Compression experi-
ments are chosen due to the following reasons:

• In order to determine the Eyring properties, a relation between the yield stress and Eyring properties is derived (which will be
given in Section 3.1.1) and Diez (2010) provided experimental stress-strain curves for compression experiments;

• In order to calibrate the softening properties (explained in Section 3.1.2), using stress-strain curves is more convenient than
force-displacement curves;

• Similarly to the softening properties, hardening parameter (explained in Section 3.1.3) is more conveniently obtained form
stress-strain curve than a force-displacement curve.

3.1. Material properties

The material parameters required for the model presented in the previous section, are grouped into four different categories:

• Elastic properties: Young modulus, E, and Poisson's ratio, ν;
• Eyring (Yielding) properties: Activation energy, ΔH, Pre-exponential factor, A 0, shear activation volume, V, and pressure acti-

vation volume, Ω;
• Softening properties: h,D ∞;
• Hardening properties: Hardening modulus, H.

The first group of properties, i.e. the elastic properties, are directly taken from Ref. (Diez, 2010).

3.1.1. Eyring properties
The yield stress of polymers depends on pressure, temperature and also strain rate. The yield properties can be determined by

measuring the yield stress as a function of strain rate at different temperatures (Govaert et al., 2000). The following assumptions
are made in order to establish a relation between the yield stress and Eyring properties:

• At the yield point, the hardening stress is negligible and thus the total stress at the yield point is equal to driving stress;
• At the yield point, the rate of elastic strain is null and thus the total strain rate is equal to the inelastic strain rate;
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• At the yield point, the argument of the hyperbolic sine function in expression (34) is big enough such that it could be approxi-
mated by an exponential function.

The Eyring parameters are determined by measuring true stress at yield at different strain rates. The following relation is used
to obtain the yield properties.

(38)

Relation (38) could be rewritten as follows:

(39)

The yield stress over temperature as a function of the logarithm of strain rate is plotted for two different temperatures and three
different strain rates. Fig. 1 is called Eyring plot (Tervoort et al., 1998). By linear regression of the yield behaviour as a function
of strain rate, the following relations are obtained from the Eyring plots:

(40)

(41)

According to relations (39)–(41), the following system of equations could be written:

(42)

(43)

By solving equations (42) and (43), the activation energy and pre-exponential factor are obtained:
ΔH=2.87461E+5,A 0=4.16564E−30. Now, the other two parameters should be obtained: τ 0 and μ. We have:

(44)

In order to find the values of τ 0 and μ the following trial and error procedure is followed:

⊳ We guess a value for V;

Fig. 1. Eyring plot: Yield stress over temperature as a function of the logarithm of strain rate; circles: T=296K; squares: T=323K.
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⊳ The value of the parameter Ω is obtained from the slope of Eyring plot ( );

⊳ The parameters τ 0 and μ are obtained from relations (44);
⊳ Using the values of Eyring parameters, simulations are performed to obtain the yield stress of simulations;
⊳ The yield stress obtained in the previous stage is compared to measured yield stress. If the values are close enough, V and Ω

and consequently, τ 0 and μ are obtained. In case the obtained yield stress and measured one are not close together, the proce-
dure should be repeated. This trial and error procedure is continued until desired values are obtained.

It should be remarked that the parameters Ω and V were obtained at the temperature T=296K. The pressure coefficient and
pressure parameter are quantified: τ 0=0.91149E+06 and μ=8.8E−02. It should be emphasized that the yield stress might have a
bigger dependence on temperature and strain rate in low temperatures and high strain rates (Govaert et al., 2000) and consequently
the Eyring properties, which were obtained before, should be used carefully outside the range of temperatures and strain rates
considered in this study.

3.1.2. Softening properties
The post-yield behaviour of most of thermoplastics and thermosetting polymers is governed initially by strain softening and

then strain hardening. After the yield point, the true stress decreases by increasing the strain. The phenomenon is called soften-
ing. The physical justification of softening behaviour is not yet perfectly understood but it seems to be related to physical aging
process (Govaert et al., 2000). Plastic localization phenomenon in deformation of glassy polymers is known to be mainly caused
by the strain softening behaviour (Govaert et al., 2000). During strain softening, the deformation proceeds at decreasing true
stress. Local strain rates noticeably change in different parts of the specimen subjected to deformation and thus localization of the
deformation occurs. Wu and van der Giessen (1995) showed that intrinsic strain softening results always in strain localization.
They also showed that in case of no intrinsic strain softening, it is possible to overcome strain localization in case of sufficient
strain hardening. Hasan et al. (1993) proposed a phenomenological law for the evolution of the softening parameter, D, which is
rewritten here:

(45)

The softening parameters, D ∞,h, are non dimensional factors and they are obtained by fitting the post-yield softening predic-
tions of the model to the experimental results. It is known that the property h affects the slope of the softening regime of the
deformation and the parameter D ∞ determines the ultimate amount of softening behaviour (Timmermans, 1997). A trial and error
procedure is adopted to determine the mentioned properties such that the softening regime is captured best. The softening proper-
ties are obtained: h=67 and D ∞=22.

3.1.3. Hardening parameter
The final phase of the deformation behaviour is hardening. At large strains, softening reaches its saturation value and the true

stress starts to increase with increasing strain. The hardening behaviour of glassy polymers is commonly modelled as a gener-
alized rubber elastic spring with finite extensibility. The so-called three-chain and eight-chain models proposed by Arruda and
Boyce (1993a, 1993b) and also full chain model proposed by Wu and van der Giessen (1993) are used to model the hardening
behaviour. Another approach for modelling the hardening behaviour was introduced by Haward (1993) that consists in the ap-
plication of network models, employing Gaussian chain statistics (which results in a neo-Hookean strain hardening response), to
uniaxial experimental stress-strain curves. For glassy polymers, which show strong strain softening behaviour, application of the
Gaussian model to strain hardening is not straightforward and mechanical preconditioning is required (Govaert et al., 2000).

The final parameter to be specified is the hardening parameter, H. Timmermans (1997) obtained hardening parameter for dif-
ferent polymeric materials. The hardening module for Polycarbonate (PC) was obtained from a tensile test after mechanical reju-
venation by torsion. For Polypropylene and Nylon-6, an expression derived by Haward (1987) was used to determine the hard-
ening modulus. Haward (1987) derived the expression originally for a non-intrinsic softening material such as Polypropylene. In
this contribution, since the material under study shows remarkable post-yield softening behaviour and we do not have any results
from a mechanically rejuvenated specimen, a different hardening parameter is introduced called initial hardening modulus, H ini.
We measure this parameter from the initial slope of the hardening regime of the stress-strain curve in axisymmetric compression.
Having defined the new hardening parameter, initial hardening module, H ini, a relation for the total hardening, H, is introduced
which is not constant and it changes as deformation proceeds.

(46)

where, H ini is the initial hardening parameter determined from the initial slope of the hardening regime of the deformation;
is the accumulated plastic strain and a is new dimensionless parameter to be calibrated, which is called constant hardening

coefficient. With the aforementioned hardening factor, relation (46), the hardening property is not constant during deformation.
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Haward and Thackray (1968), Boyce and Arruda (1990) and Argon (1973) considered strain hardening as a result of evolving
resistance to chain alignment. Having an evolving hardening property could be associated to evolving resistance to chain align-
ment. The physical phenomenon is incorporated in relation (46). With the above mentioned processes of determination of material
properties, the following set of material properties, listed in Table 1, is obtained for axisymmetric compression test at room tem-
perature.

3.2. Simulations

In this section, some simulations are performed, using the material properties obtained in the previous section, under axisym-
metric compression, plane strain compression and a tensile test on a dumbbell shape specimen. The objective is to assess if the
material parameters obtained and calibrated using cylinder upsetting are able to capture other stress states and if not, how different
are the numerical predictions from the experimental results. It should be mentioned that the determination of the material prop-
erties is done for the strain rate of and room temperature, T=23 °C. In contrast to the remarkable dependence
of some of the material properties with temperature, strain rate (within quasi-static range) does not affect the material parameters
significantly.

3.2.1. Cylinder upsetting
Axisymmetric compression simulations are performed under three different strain rates,

and . In Fig. 2, the geometry and mesh of the cylinder upsetting sim-
ulation can be seen. The specimen is spatially discretized with 128 quadrilateral eight noded elements with reduced four integra-
tion Gauss points. Fig. 3 shows simulations and experimental results for axisymmetric compression under the three strain rates,

. It can be seen that the obtained and calibrated properties could provide a
good agreement with the experimental results under axisymmetric compression stress state. Yield stress, softening and hardening
regimes are reasonably well predicted. The difference in the yield strain stems form visco-elastic effects, which are not considered
because a single mode model is used (Tervoort et al., 1998; Timmermans, 1997; Van Breemen et al., 2011). One of the possible
approaches to overcome this issue, is extending the single mode EGP model to multi-mode such that a spectrum of relaxation
times are used. Using multi relaxation time could help to have the pre-yield non-linear behaviour captured (Tervoort et al., 1998;
Govaert et al., 2000; Timmermans, 1997; Van Breemen et al., 2011).

3.2.2. Cube compression
The same model with the same set of material properties is now used for plane strain compression. The mesh used for axisym-

metric compression, shown in Fig. 2, is also used for plane strain compression. Compressive simulations under three different
strain rates are performed. Fig. 4 depicts simulations and experimental results for three compressive strain rates. A more pro-
nounced difference in the elastic predictions of the model against experiments can be seen for cube compression compared to
cylinder upsetting stress-strain behaviour, resulting in different yield strain predictions. As mentioned before, using a spectrum of
relaxation times (extending the model to multi-mode) improves the pre-yield non-linear predictions. Since the goal of this study
is mainly to predict the post-yield response of amorphous polymers more accurately, modifications will be applied to the single
mode model. In contrast to the yield stress, which is well captured under all three different strain rates, softening and hardening
regimes of deformation under plane strain compression are not characterized properly.

3.2.3. Tension on dumbbell shape specimen
The next test is a 3D tensile test on a dumbbell shape specimen. The geometry and mesh of the example is depicted in Fig.

5. The specimen is discretized with 1100 eight noded elements with eight integration Gauss points. The displacement rate is
. The force-displacement curve of the specimen is shown in Fig. 6.

3.2.4. Butterfly specimen
The last example examined in this section is a butterfly specimen under pure shear and combined shear-tension loading con-

ditions. It should be mentioned that although experimental results for the butterfly specimen are not available for the mater-
ial under study, these simulations help to perform some qualitative comparison between the original and the modified models.
The specimen geometry is taken from Bai (2007). Fig. 7 depicts the details of the geometry of the specimen. The 3D butterfly
specimen is spatially discretized with 3392 twenty noded finite elements with eight integration Gauss points resulting in a dis-
cretization with 17465 nodes in the finite element mesh. The mesh of the specimen is shown in Fig. 8. The butterfly specimen
is loaded under pure shear and combined shear tension loading conditions. Schematic representation of pure shear and com-
bined shear tension loading conditions is provided in Fig. 9. The first simulation with the butterfly specimen is under pure shear
loading, represented in Fig. 9a. A total displacement equal to 8mm is applied in 200 increments and the displacement speed is

. The load displacement curve is shown in Fig. 10. When the butterfly specimen is subjected to pure shear load-
ing, no load softening is observed which is expected. When polymer chains are subjected to pure shear, the deformation resis



UNCORRECTED PROOF

Table 1
Material properties for Makrolon 2607.

E (MPa) ν (−) ΔH (J/mol) A 0 (s) τ 0(MPa) D ∞ (−) h (−) μ (−) R (J/mol K) H ini(MPa) a (−)

2347.8 0.304 2.87461E+05 4.16564E-30 0.91149 22 67 0.088 8.3143 26 2.2
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Fig. 2. The geometry and mesh of the cylinder upsetting simulations.

Fig. 3. True stress-true strain for the uniaxial compression test on PC at room temperature, solid line: simulation; circles: experiment; horizontal axis: true com-
pressive strain; vertical axis: True compressive stress (Pa); (a): ; (b): ; (c): .

tance proceeds increasingly. Hachour et al. (2014) also observed no load softening in pure shear experiment on a butterfly speci-
men made from HDPE. The next simulation with the butterfly specimen is under a combined shear tensile stress state, shown in
Fig. 9b. The total displacement of 5mm is applied in 500 increments. The load speed is equal to . The normalized
force-normalized displacement curve is shown in Fig. 11. Similarly to the tensile test on the dumbbell shape specimen and cor-
responding force-displacement curve, shown in Fig. 6, the force-displacement curve for the combined shear-tensile loading has a
load softening after the initial elastic behaviour (see Fig. 11). Taking into account that no load drop is observed in the pure shear
stress state, one could say that in the combined shear-tensile loading, presented in Fig. 9b, the tensile resistance to deformation is
dominant compared to the shear resistance.
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Fig. 4. True stress-true strain for the plane strain compression test on PC at room temperature, solid line: simulation; squares: experiment; horizontal axis: true
compressive strain; vertical axis: True compressive stress (Pa); (a): ; (b): ; (c): .

Fig. 5. The geometry and mesh of the 3D tensile test on a dumbbell shape specimen, the geometry is taken from Ref. (Diez, 2010).

4. Modified constitutive model

The results presented in Section 3 show that in contrast to axisymmetric compression, the model could not capture the behav-
iour of Makrolon 2607 under plane strain compression and under a tensile test on a dumbbell shape specimen with the material
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Fig. 6. Force-displacement curve of tensile test on dumbbell shape specimen under deformation speed . Circles: experimental results and solid line:

simulation.

Fig. 7. The details of the geometry of the butterfly specimen, Adopted from (Bai, 2007).

Fig. 8. The spatial discretization of the butterfly specimen.

properties obtained for axisymmetric compression. Therefore, in order to improve the predictive ability of a constitutive model,
three different approaches are typically followed in the literature:

• Introducing additional material parameters obtained for different stress states into the model;
• Attributing different values to the same set of material properties for different stress states;
• Modifying the constitutive equations to promote different deformation evolution under different stress states.



UN
CO

RR
EC

TE
D

PR
OO

F

14 International Journal of Plasticity xxx (2016) xxx-xxx

Fig. 9. Schematic representation of pure shear and combined shear tension loading conditions on the butterfly specimen, adopted from (Malcher et al., 2012).

Fig. 10. The force displacement curve for butterfly specimen under pure shear stress state.

Fig. 11. The normalized force-normalized displacement curve for butterfly specimen under combined shear-tension stress state.

The third approach is more convenient because if the developed constitutive model is capable of predicting different loading
conditions with a single set of material properties, it would be more general and highly desired. Hence, in this work, the third
approach is followed. The goal is to extend the single mode EGP based model by making use of the third invariant of the stress
deviator to distinguish shear dominated stress states. Therefore, the constitutive relations of the model will be changed such that
the model is able to capture the experimental trend for arbitrary stress states using the material properties calibrated from axisy-
metric compression.

4.1. Required enhancements

In this section, the enhancements required by the model, highlighted by comparing the experimental results with the numer-
ical predictions, are discussed. As shown previously, for plane strain compression and tensile test on the dumbbell shape speci
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men, the post-yield behaviour including softening and hardening were not well captured. In the following, the improvements on
the model are analysed in order to have better agreements in all stress states.

• Plateau like behaviour in plane strain compression

For plane strain compression, the yield stress prediction is good; the difference in the yield strain, as mentioned before, is due
to using single mode model and therefore is not going to be dealt with in this study. The softening slope is overestimated and the
plateau-like behaviour during softening, shown in Fig. 12, is not captured. The softening evolution function should be modified
in a way to remove, or at least minimize, this difference.

• Hardening underestimation in plane strain compression

Under plane strain compression state, as it can be observed in Fig. 13, the slope of the hardening regime is under estimated in
the simulations when it is compared with the experiments. The hardening stress should be enhanced in a way to make the harden-
ing regime of the deformation predicted by simulations closer to experiments.

• Softening overestimation in tension on dumbbell shape specimen

Having investigated the required enhancements in plane strain compression, now, comparison between simulations and ex-
periments should be done for the 3D tensile test in order to see in which way the results should be improved. As can be seen in
Fig. 6, the elastic regime of the deformation and also the yield behaviour under tensile loading condition is captured very well.
In contrast, the post-yield softening and also the final hardening regimes of deformation are not well-predicted. It is graphically

Fig. 12. Plateau-like behaviour in plane strain compression tests under three different strain rates. Solid line: simulation; circles: experiment; horizontal axis: true
compressive strain; vertical axis: True compressive stress (Pa); (a): ; (b): ; (c): .
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Fig. 13. Hardening comparison between simulations and experiments in plane strain compression tests under three different strain rates. Solid line: simulation;
circles: experiment; horizontal axis: true compressive strain; vertical axis: True compressive stress (Pa); (a): ; (b): ;
(c): .

shown in Fig. 14, that the softening is overestimated.

• Hardening underestimation in tension on dumbbell shape specimen

Under tensile stress state, the model prediction in the hardening phase of the deformation is underestimated in comparison to
experimental results. Fig. 15 shows the difference between the simulations and the experiments.

4.2. Lode angle

For any isotropic material, the stress state of each point could be defined in the Cartesian principal stress space (σ 1,σ 2,σ 3). The
second possible choice for the stress state of an isotropic material is a cylindrical coordinate system ( ). In the later, σ m is
hydrostatic pressure, is von Mises effective stress and θ is lode angle parameter. These coordinate systems are shown in Fig.
16. The lode angle parameter, θ, is related to the normalized third deviatoric stress invariant, ξ, with the following relation:

(47)

where,

(48)
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Fig. 14. Force-displacement curve of tensile test on dumbbell shape specimen under deformation speed : The post-yield softening prediction of the

model compared to experiments.

Fig. 15. Force-displacement curve of tensile test on dumbbell shape specimen under deformation speed : Difference in the post-yield hardening pre-

diction of the model compared to experiments.

Fig. 16. Stress state of an isotropic material in principal stress space and also cylindrical coordinate system, adopted from (Bai, 2007).

and

(49)

where, s is the deviatoric stress. Lode angle varies between 0 and π/3, see (Bai, 2007), (0≤θ≤π/3). Hence, the range for ξ is:
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−1≤ξ≤1. The lode angle parameter can be normalized:

(50)

The range of normalized lode angle is . It should be emphasized that lode angle parameter is geometry and load-
ing dependent and it does not depend on the material under study. Fig. 17 shows different loading conditions and their corre-
sponding values of the lode angle and stress triaxiality. As can be seen in Fig. 17, both geometry and loading conditions promote
different lode angle and triaxiality values. When polymer chains are subjected to shear, they start to deform, i.e. the main mecha-
nism of deformation in polymers is shear stress applied to polymer chains. According to the formulation of the model, presented
in section 2, the flow potential of the model is characterized by the shear stress in one dimensional case and deviatoric stress in
generic three dimensional case. We know that stress triaxiality is a representative for hydrostatic stress while lode angle is a rep-
resentative for shear stress. Due to the aforementioned facts, it is physically meaningful to incorporate lode angle parameter for
improving the constitutive equations. Besides, it can also be seen in Fig. 17 that the value of the lode angle under most of stress
states is , or . Hence, in addition to the physical appropriateness of the lode angle parameter to be included
in the constitutive equations of homogeneous polymers, it is mathematically and computationally convenient to be used. In the
next sections, the normalized lode angle, , will be used to modify the constitutive relations and distinguish shear-dominated
stress states.

4.3. Modifications proposed

As can be seen in Figs. 3, 4 and 6, the yield behaviour of the material under axisymmetric compression, plane strain com-
pression and also tensile test on the dumbbell shape specimen is captured well. As mentioned before, the majority of studies has
focused on the modification of constitutive models for polymers to better predict the yield behaviour. Since, we were able to
capture the yield behaviour properly, and in many practical problems it is important to characterize the post-yield softening and
hardening behaviour, in the next sections, constitutive equations characterizing the softening and final hardening behaviour will
be modified using two functions of the lode angle parameter.

4.3.1. Softening
It is known that plastic strain localization is glassy polymers is induced by intrinsic strain softening (Govaert et al., 2000; Van

Breemen et al., 2012). It should be mentioned that the stress drop after that yield point, which is the local maximum stress after
elastic regime in the typical stress-strain curve of glassy polymers, is referred as softening behaviour. As previously explained,
the slope of the post-yield softening in the plane strain compression simulations is overestimated by the model and the plateau
like behaviour is not captured. In order to include lode angle effects in the softening behaviour, the relation for the evolution of
the softening parameter, relation (32), is modified as follows:

(51)

Fig. 17. Different stress states and their corresponding values of stress triaxiality and lode angle, adopted from (Bai, 2007).
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where, is proposed to be defined by the following function:

(52)

Using relation (51), a modified expression is obtained viscosity:

(53)

As mentioned before, the lode angle parameter varies between −1 and +1: . Fig. 18 depicts how evolves
through the domain of the lode angle parameter. For axisymmetric compression and compression test on cylinders, the lode angle
parameter is equal to , (Bai, 2007). Therefore, the value of the function (52) is equal to the unity. This means that this
function does not affect the softening prediction of the model for the cylinders upsetting as required due to good predictions of the
model. The function reduces to for plastic plane strain compression. In this case, the stress state is characterized by a
lode angle of zero, , and is no longer shear dominated (as occurs with the cylinder upsetting case employed for calibration
of the material properties). Therefore, the evolution of the plastic flow should be reduced. It is know that the softening parame-
ter h affects the softening slope (Timmermans, 1997), and as it increases, the softening slope rises. Consequently, application of
softening modification function results in decreasing the softening slope in plane strain compression state. For stress states which
have the lode angle parameter equal to unity, , such as tensile tests on smooth round bars, the function does not influence
the softening prediction of the model.

The function proposed for the evolution of the softening parameter, , while phenomenological, is formulated to be con-
sistent with the intensity of shear effects promoted by the stress state. It will be shown in Section 6 that the introduction of function
(52) will considerably improve the predictive ability of the model in the softening regime.

4.3.2. Hardening
The hardening regime of the deformation, characterized by the increasing stress after the post-yield stress drop, was not pre-

cisely predicted under plane strain compression and tensile test on the dumbbell shape specimen. Similarly to strain softening,
strain hardening strongly depends on the stress state. The strain hardening response of the material increases at higher rate un-
der plane strain compression compared to axisymmetric compression. Arruda and Boyce (1993b) justified the difference in strain
hardening by different chain orientations in different stress states. They mentioned that chains are uniaxially oriented in plane
strain compression; in contrast, under uniaxial compression chains have planar orientation. Since under axisymmetric compres-
sion, chains have additional paths for deformation, larger strains are allowed under lower stresses whereas under plane strain
compression, stress increases at higher speed due to the same paths of the chain deformations. Substituting relation (46) in relation
(37) gives:

(54)

Fig. 18. How softening modification function, , evolves.
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In order to take into account the effect of different stress states on the hardening behaviour of the material, the hardening func-
tion will be multiplied by the following expression:

(55)

Using relations (54) and (55) results in relation (56) for hardening stress:

(56)

The evolution of the hardening modification function, l(θ), is depicted in Fig. 19. For cylinder upsetting, , the func-
tions takes the value of unity and since it is multiplied by the previous hardening function, it has no effect on the hardening pre-
diction of the model. The function increases as the lode angle parameter increases. For plastic plane strain compression, ,
the hardening modification function is . It helps to compensate the difference between the hardening slope predicted
by the model and the experimental results explained in Fig. 13.

The additional contribution, , to the hardening stress, τ hardening, is linear with respect to the normalized lode angle, . In
principle, any monotonic dependence on could be employed, but the simplest linear dependence has been used in the absence
of additional calibration.

5. Integration algorithm

Operator split algorithms are widely used for numerical integration of constitutive equations in the context of elasto-plastic-
ity and elasto-viscoplasticity (Simo and Hughes, 1998; Criesfield, 2000). Numerical implementation of constitutive models into
finite element codes basically requires the appropriate derivative of the state update procedure for the specific model and the
computation of the consistent tangent operator. Here, we shall focus on the particularization of the fully implicit elastic predictor/
return mapping method to the finite strain model introduced in Section 4. It must be emphasized that the derivation of the state
update procedure and consistent tangent operator will be performed on the small stain format of the constitutive equations and
they will be extended to finite strain counterparts with the finite strain extension described in De Souza Neto et al. (2008) and
used in Ref. (Mirkhalaf et al., 2016) for the original version of the model used in this study and explained in Section 2. The finite
strain extension keeps the most important features of the small strain formulation (De Souza Neto et al., 2008). In particular, the
small strain constitutive model preserves volumetric plastic deformation, finite plastic incompressibility, associativity and maxi-
mum plastic dissipation at large strains (De Souza Neto et al., 2008). This kind of extension has been, due to its suitable features,
widely used by different authors (e.g. (De Souza Neto et al., 1994; Peric et al., 1992; Rouinia and Peric, 1998)). Since this model,
is a modified version of the model presented by Mirkhalaf et al. (2016), the same approach for deriving the integration algorithm
and finite element implementation of the model is followed. In other words, the system of evolutionary equations is reduced to a
single non-linear scalar equation. For more details with regard to the integration algorithm and finite element implementation see
(Mirkhalaf et al., 2016).

Fig. 19. How hardening modification function, , evolves.
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5.1. State update

The system of equations to be solved iteratively at the state update level is reduced to the following single scalar equation.

(57)

where,

(58)

(59)

(60)

where, M5(η n+1) is given by:

(61)

where,

(62)

where Δt is the time interval between two consecutive time steps and is the norm of the trial deviatoric strain at time

step t n+1 given by:

(63)

where, is the trial deviatoric elastic strain at time step t n+1. We will use the well-known Newton-Raphson iterative pro-

cedure to solve the residual equation (57). To do so, we need to compute the derivative of the residual, R(η n+1), in order to the
viscosity, η n+1. Performing the derivations together with some algebraic manipulations leads to:

(64)

where,

(65)

(66)
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(67)

where, N 5 is given by:

(68)

where,

(69)

Having computed the aforementioned factors, we can apply the Newton-Raphson method to solve the residual equation in an
iterative fashion:

(70)

where, the superscript (k) and (k−1) stand for two consecutive Newton-Raphson iterations. Once the iterations on the viscosity
functions, R(η n+1), are converged, we can update all the other variables through relations (71)–(74):

(71)

(72)

(73)

(74)

The kinematic quantities introduced in Equations (71)–(74) are related to the logarithmic strain through Equation (63).

5.2. Tangent operator

In order to fully implement the model within an implicit quasi-static finite element code, it is required to obtain the tangent op-
erator consistent with state update algorithm. The procedure to determine the tangent operator is explained in detail in (Mirkhalaf
et al., 2016). In the spatial tangent module, the material related term, D, is the tangent operator consistent with the state update
algorithm. The tangent operator consistent with the state update, is obtained as follows:

(75)

where, K is the bulk modulus of the material, I d is the deviatoric fourth order identity tensor. The tensor z n+1 is given by:

(76)

The factors F 1-F 8 and also the components of tensor z n+1 in 2D and 3D spaces are given in Appendix A.
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6. Evaluating the modified model

In order to observe how the applied modifications, introduced in section 4.3, affect the predictions of the model, the sim-
ulations in section 3.2 are performed again using the model with lode angle modifications. In Fig. 20, uniaxial compression
simulations with the original model and the modified model, under strain rates , and

, together with the experimental results are provided. Since the predictions of the model were good under ax-
isymmetric compression condition, as previously seen in Fig. 3, it was desired to have the same good agreement under this stress
state using the modified model. Fig. 20 proves that this expectation is satisfied and good agreement between experiments and
simulations is retained using the enhanced model. Fig. 21 depicts the plane strain compression results, obtained form the original
model and the improved one, under strain rates , and with experimental
results. Plane strain compression results improved significantly by the applied lode angle changes to the constitutive relations.
The softening slope, plateau-like behaviour and the final hardening response of the material are accurately captured. One of the
important features of the integration algorithm and the FE implementation of the model to be investigated is the local (state up-
date) and global (equilibrium) convergence rates. To show the local convergence of the algorithm, Table 2 shows the values of
the state update residual for cylinder upsetting and cube compression simulations at strain rate of at different
increments of the simulations. Table 3 depicts the values of relative residual norm at four increments of the cylinder upsetting

Fig. 20. True stress-true strain for the uniaxial compression test on PC at room temperature, black solid line: simulations with original model; filled blue cir-
cles: experiment; unfilled red circles: simulations with modified model; horizontal axis: true compressive strain; vertical axis: True compressive stress (Pa); (a):

; (b): ; (c): . (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 21. True stress-true strain for the plane strain compression test on PC at room temperature, black solid line: simulations with original model; filled blue
squares: experiment; unfilled red squares: simulations with modified model; horizontal axis: true compressive strain; vertical axis: True compressive stress (Pa);
(a): ; (b): ; (c): . (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Table 2
Local convergence table for cylinder upsetting and cube compression simulations.

Iteration number State update residual value

Cylinder upsetting Cube compression

Increment (45) Increment (90) Increment (50) Increment (100)

1 7.53561 9.1897 10.5568 8.34592
2 0.954638 0.543587 0.872984 0.963259
3 0.732654E-02 0.356517E-02 0.589237E-01 0.598237E-02
4 0.672957E-04 0.472468E-05 0.283468E-03 0.254983E-04
5 0.982549E-07 0.196849E-08 0.654937E-06 0.436897E-07

and cube compression simulations under strain rate of . The 3D tensile test on the dumbbell shape specimen is
performed again in order to check if lode angle inclusion in the model could also improve the prediction of the model under this
stress state. Fig. 22 shows the force-displacement curve using original and improved models together with experimental results.
Fig. 22 simply shows that overestimation of the softening regime under tensile stress state is not seen anymore and the underesti-
mation of the hardening behaviour is relatively improved.
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Table 3
Global convergence table for cylinder upsetting and cube compression simulations.

Iteration number Relative residual norm (%)

Cylinder upsetting Cube compression

Increment (45) Increment (90) Increment (50) Increment (100)

1 13.7748 10.1546 14.2254 12.5137
2 0.583792 0.723894 1.25194 0.612379
3 0.568497E-02 0.612983E-02 0.672361E-02 0.755483E-02
4 0.256981E-04 0.587319E-05 0.593781E-03 0.916438E-03
5 0.487361E-06 0.812964E-07 0.873219E-06 0.539567E-07

Fig. 22. Force-displacement curve of tensile test on dumbbell shape specimen, black solid line: simulations with original model; filled blue squares: experiment;
unfilled red squares: simulations with modified model. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

The shear stress state on the butterfly specimen is numerically performed using the modified model as well. As mentioned
before, due to lack of experimental results for butterfly specimen, some qualitative comparisons will be performed between the
original and modified constitutive models. The force-displacement curve of the shear stress state on the butterfly specimen, with
the same loading condition as mentioned before, is depicted in Fig. 23. As mentioned before, in Section 3.2.4, under a pure shear
stress state on the butterfly specimen, no load drop is observed after the elastic regime of the deformation and thus, no difference
was expected between the simulations of the original model and the modified model. This can be seen in Fig. 23. Fig. 24 shows
the normalized force versus normalized displacement for the butterfly specimen under combined shear-tension stress state using
the original model and the modified one. In Section 3.2.4, it was mentioned that under the combined shear-tensile loading, the
tensile resistance to the deformation is dominant compared to the shear resistance. This could also be observed in Fig. 24, where,
the softening prediction with the modified model is reduced compared to the predictions of the original model, which is similar to
the tensile test of the dumbbell shape specimen as shown in Fig. 22.

Fig. 23. Force-displacement curve of shear loading on butterfly specimen, black solid line: simulations with original model; unfilled red squares: simulations with
modified model. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 24. The normalized force-normalized displacement curve for butterfly specimen under combined shear-tension stress state using the original and modified
models, black solid line: simulations with original model; unfilled red squares: simulations with modified model. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

7. Conclusions

In this paper, an elasto-viscoplastic model introduced in (Mirkhalaf et al., 2016), was used and improved to capture the be-
haviour of polymeric materials under different loading conditions. The extension retains the isotropy of the original model by
employing the third invariant of the stress deviator to distinguish different stress states. Despite the fact that the model could be
utilized for different polymeric materials, Makrolon 2607 (a commercial grade of polycarbonate) is the driving material of the
study. First, the evolution of the hardening modulus, which was constant in the initial model, was modified to be dependent on
the accumulated plastic strain. Therefore, the hardening factor is not constant anymore and has become dependent on deformation
via relation (46). After the parameter identification of the model for the specific material, using uniaxial compression tests, it was
realized that in order to have better prediction for plane strain compression and 3D tensile test on a dumbbell shape specimen, an
improved constitutive model is needed. Lode angle parameter was used to enhance the constitutive relations in order to have the
improved results for plane strain compression and tensile test on the dumbbell shape specimen. An effort was made to improve
the model in a way that the predictions for uniaxial compression remain unaltered and the other two aforementioned stress states
would be better captured. The extended model has been successfullyimplemented within an implicit quasi-static finite element
framework. The model is able to capture experimental trends displaying a significant improvement against the original model.

Acknowledgment

The authors acknowledge FCT (Fundação para a Ciência e a Tecnologia), Lisbon, through the 3 Quadro Comunitrio de Apoio,
the POCTI and FEDER programs, and the grant PTDC-EME-PME-108859-2008 (through IDMEC) and UID/CTM/50025/2013
(through IPC), and the SFRH/BD/74027/2010 PhD schollarship within POPH/FSE (Programa Operacional Potencial Humano/
Fundo Social Europeu).

Appendix A.

As mentioned in section 5.2, the tangent operator for different stress states model is given by:

(A.1)

The components of tensor z n+1 in 2D space (for plane strain and axisymmetric simulations) are given by:

(A.2)

(A.3)
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(A.4)

(A.5)

(A.6)

where, the factors A,B,C,D,E,F are given by:

(A.7)

(A.8)

(A.9)

In a generic case of 3D simulation, the components of the tensor z n+1 are given by:

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

where, the factors A,B,C,D,E,F are, in 3D case, given by:

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
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The factors F 1-F 4 in relation (A.1) are given by:

(A.22)

(A.23)

(A.24)

(A.25)

In relations (A.22)–(A.25), the factors F 9-F 13 are given by relations (A.26)–(A.30):

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

The factors in relation (A.1), which are not introduced yet (F 5-F 8), are provided below:

(A.31)

(A.32)

where,

(A.33)
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(A.34)

(A.35)

(A.36)

where,

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

The final factor in the closed form tangent operator is given in the following.

(A.44)

where,

(A.45)
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