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Impulsive Steering Between
Coexisting Stable Periodic
Solutions With an Application
to Vibrating Plates
Single-degree-of-freedom (single-DOF) nonlinear mechanical systems under periodic
excitation may possess multiple coexisting stable periodic solutions. Depending on the
application, one of these stable periodic solutions is desired. In energy-harvesting appli-
cations, the large-amplitude periodic solutions are preferred, and in vibration reduction
problems, the small-amplitude periodic solutions are desired. We propose a method to
design an impulsive force that will bring the system from an undesired to a desired stable
periodic solution, which requires only limited information about the applied force. We
illustrate our method for a single-degree-of-freedom model of a rectangular plate with
geometric nonlinearity, which takes the form of a monostable forced Duffing equation
with hardening nonlinearity. [DOI: 10.1115/1.4034273]

Keywords: control of mechanical systems, nonlinear systems, coexisting periodic
solutions, Duffing equation, domains of attraction, plates

1 Introduction

Single-degree-of-freedom (single-DOF) systems are commonly
used in the analysis and design of nonlinear mechanical structures
which are excited near the first resonance frequency (see, for
example, Refs. [1–5]). These systems may possess coexisting sta-
ble periodic solutions. Depending on the initial conditions, one of
these solutions will be observed in the steady-state behavior.
Because the coexisting periodic solutions can differ strongly in
amplitude, in general, some periodic solutions are undesired and
others are desired in the steady-state behavior.

In energy-harvesting applications, nonlinear resonators are used
to widen the bandwidth in which significant power can be harvested.
These resonators are typically modeled by a Duffing equation,
excited in the frequency range where there are multiple stable peri-
odic solutions (see, for example, Refs. [2,3]). Since the stable peri-
odic solutions have different amplitudes/energy content, the
performance of these harvesters depends strongly on which periodic
solution will be observed in the steady-state behavior. In these
applications, a method to obtain one particular (large-amplitude)
periodic solution may improve the performance (see Refs. [4,5]).

The problem of coexisting stable periodic solutions may also occur
in vibration reduction problems. In this case, the periodic solution(s)
with small amplitude are preferred in the steady-state behavior. A
large variety of control strategies is available for vibration reduction
in nonlinear systems. Most of these methods can be characterized as
passive or active. In passive methods, vibration reduction is achieved
by the design of the structure itself, e.g., by introducing additional
damping (see, for example, Refs. [6,7]), whereas active methods use
sensors and actuators to reduce vibrations. Different (active) feedback
control strategies for nonlinear systems are available and have been
applied (see, for example, Refs. [8,9]).

A particular stable periodic solution in a single-DOF system
can be obtained using feedback control, as was shown by Nij-
meijer and Berghuis [10], who used Lyapunov methods to design
a feedback controller that can be used to track periodic solutions

of the Duffing equation. Another method for the control of peri-
odic solutions is due to Ott, Grebogi, and Yorke (OGY) [11].
They showed that (small) perturbations in the Poincar�e section
can be used to stabilize an unstable periodic solution in a chaotic
attractor. More recently, Liu et al. [12] proposed a control strategy
for this problem based on intermittent control (which is closely
related to “act and wait” control, see, for example, Ref. [12] and
the references therein). In this strategy, a feedback controller simi-
lar to the one from Ref. [10] is activated when the position error is
below a certain tolerance. Effectively, this strategy amounts to the
application of one or multiple impulsive forces, at moment(s)
when the position error is sufficiently small.

In this paper, we propose a feedforward control strategy to steer
the system from an undesired to a desired stable periodic solution.
We show that the success of our strategies can be guaranteed,
even when only limited information about the shape of the applied
impulsive force is available. We illustrate our method for a single-
DOF model of a rectangular plate with geometric nonlinearity,
which takes the form of a monostable forced Duffing equation
with hardening nonlinearity.

Similarly as in Ref. [12], our strategy results in the application
of an impulsive force during a well-chosen time interval. In con-
trast to the strategy in Ref. [12], in which the applied force is
described by a feedback law, we use a feedforward control strat-
egy which requires only limited information about the shape of
the pulse. Additionally, the two triggering conditions in this paper
are different from the ones used in Ref. [12].

The remainder of this paper is organized as follows: In Sec. 2,
we propose and motivate two control algorithms that can be used
to steer the solution toward a desired stable periodic solution. In
Sec. 3, we show how an appropriate duration of the impulsive
force can be determined, based on the domain of attraction of the
desired periodic solution and Lyapunov theory. In Sec. 4, the
single-DOF model of a rectangular plate with geometric nonli-
nearity is derived. In Sec. 5, we apply the proposed strategies to
this model. In Sec. 6, conclusions are presented.

2 Control Strategy

We consider a controlled single-DOF mechanical system with
periodic excitation
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_x1ðtÞ ¼ x2ðtÞ
m _x2ðtÞ ¼ FðxðtÞÞ þ FeðtÞ þ FcðtÞ

�
(1)

The state-vector xðtÞ ¼ ½x1ðtÞ; x2ðtÞ�> has a position component
x1ðtÞ and a velocity component x2ðtÞ. The coefficient m> 0 repre-
sents the (effective) mass, FðxðtÞÞ represents the internal forces
acting on the mass, FeðtÞ is the periodic excitation, and FcðtÞ is
the control force. The period of FeðtÞ is denoted T> 0, i.e.,
Feðtþ TÞ ¼ FeðtÞ. It will be assumed that F(x) is (locally)
Lipschitz continuous.

We are interested in the situation where system (1) possesses
coexisting stable periodic solutions for FcðtÞ � 0. Depending on
the initial conditions, a solution will converge to one of these sta-
ble periodic solutions. Figure 1 shows a Poincar�e section at a time
t¼ t0, in which two stable periodic solutions are visible (the filled
dots). A solution with initial conditions xðt0Þ ¼ x0 in the desired
domain of attraction (white area) will converge to the desired peri-
odic solution (filled dot in the white area), and a solution with ini-
tial conditions in the undesired domain of attraction (gray area)
will converge to the undesired periodic solution (filled dot in the
gray area). The open dot in Fig. 1 represents an unstable periodic
solution with a one-dimensional stable manifold (solid line in
Fig. 1). The domains of attraction of the stable periodic solutions
are typically separated by the stable manifold of the unstable peri-
odic solution (also called the separatrix), see, for example,
Ref. [13]. By considering the Poincar�e map P : xðt0Þ7!xðt0 þ TÞ,
these manifolds can be computed using the algorithms in Ref. [14].

By applying an impulsive force FcðtÞ during the short time
interval ½t0; t0 þ Dt�, we are able to steer from an undesired peri-
odic solution to a desired periodic solution. To do this, FcðtÞ must
be applied in such a way that xðt0 þ DtÞ will be inside the domain
of attraction of this desired periodic solution. During the time
interval ½t0; t0 þ Dt�, we assume that FðxðtÞÞ;FeðtÞ � FcðtÞ, which
allows the approximation

m _x2ðtÞ � FcðtÞ (2)

Integrating Eq. (2) over time from t0 to t0 þ Dt yields

x2ðt0 þ DtÞ � x2ðt0Þ � Gc=m (3)

where Gc is the linear impulse of the control force FcðtÞ

Gc :¼
ðt0þDt

t0

FcðtÞdt (4)

For the limiting case Dt # 0, i.e., FcðtÞ ¼ Gcdðt� t0Þ is a Dirac-
delta, it holds that

lim
t#t0

x1ðtÞ
x2ðtÞ

� �
¼ lim

t"t0

x1ðtÞ
x2ðtÞ

� �
þ 0

Gc=m

� �
(5)

The change in velocity Gc=m can be used to steer a solution x(t)
from the undesired domain of attraction to the desired domain of
attraction in the following way. Consider a solution, yðtÞ ¼
½y1ðtÞ; y2ðtÞ�> of Eq. (1) with FcðtÞ � 0, i.e.,

_y1ðtÞ ¼ y2ðtÞ
m _y2ðtÞ ¼ FðyðtÞÞ þ FeðtÞ

�
(6)

inside the desired domain of attraction, so y(t) converges to the
desired periodic solution. Now, we can design a Dirac-delta
impulsive force using the following algorithm.

Algorithm 0. Design of a Dirac-delta impulsive force
1. Choose a solution y(t) of Eq. (6) inside the desired domain

of attraction.
2. Monitor y1ðtÞ and x1ðtÞ and detect a moment t¼ t0 for

which y1ðt0Þ ¼ x1ðt0Þ.
3. Compute Gc ¼ mðy2ðt0Þ � x2ðt0ÞÞ and apply the impulsive

force FcðtÞ ¼ Gcdðt� t0Þ.
Note that the success of Algorithm 0 is guaranteed by Eq. (5)

(which shows that xðtÞ ¼ yðtÞ for t > t0) and that Algorithm 0 can-
not be applied in a practical situation, because of the infinite con-
trol force that is required.

Algorithm 0 is illustrated by the vertical arrow in Fig. 1, which
starts in limt"t0 xðtÞ and ends in limt#t0 xðtÞ. This arrow represents
the change in velocity of Gc=m resulting from the Dirac-delta
FcðtÞ ¼ Gcdðt� t0Þ in the Poincar�e section at t¼ t0.

2.1 A First Realistic Algorithm. Of course, no practical
actuator can realize a true Dirac-delta impulsive force; the force
delivered by the actuator is limited and the time interval during
which the force is exerted is strictly positive. Therefore, we now
consider a straightforward extension of Algorithm 0, where the
(bounded) control force is applied during a (short) time interval
½t0; t0 þ Dt�. We write

Fc tð Þ ¼ Gc

Dt
�

t� t0

Dt

� �
t 2 t0; t0 þ Dt½ �

0 otherwise

8<
: (7)

where the shape function � satisfies

� : ½0; 1� ! R;

ð1

0

�ðsÞ ds ¼ 1 (8)

Note that the use of Gc in Eq. (7) is consistent with the use of Gc

in Eq. (4).
For Dt > 0 sufficiently small, the applied control force FcðtÞ

will still resemble the Dirac-delta Gcdðt� t0Þ, and the influence of
the actual shape of �ðsÞ will be minimal. This means that Eq. (5)
will still give a good approximation of xðt0 þ DtÞ. We therefore
expect that the following algorithm will still be successful for Dt
sufficiently small.

Algorithm 1. Design of a bounded impulsive force by extension
of Algorithm 0

1. Choose a solution y(t) of Eq. (6) inside the desired domain
of attraction.

2. Monitor y1ðtÞ and x1ðtÞ (FcðtÞ is still zero) and detect a
moment t¼ t0 for which y1ðt0Þ ¼ x1ðt0Þ.

3. Apply a (short) impulsive force FcðtÞ as in Eq. (7) during
½t0; t0 þ Dt� with Gc ¼ mðy2ðt0Þ � x2ðt0ÞÞ.

For Dt too large, Algorithm 1 will fail. In Sec. 3, we will pro-
vide a method to determine a Dt that will guarantee that xðt0 þ
DtÞ is inside the desired domain of attraction, based on limited
information about the shape function �ðsÞ.

Algorithm 1 is illustrated in Fig. 2, which shows the trajectories
x(t) and y(t) for t 2 ½t0; t0 þ Dt�. The startpoints of the arrow indi-
cate xðt0Þ and yðt0Þ, and the endpoints of the arrows indicate
xðt0 þ DtÞ and yðt0 þ DtÞ. The domains of attraction at t ¼ t0 þ Dt
are indicated by the white and gray areas. Observe thatFig. 1 Domains of attraction in the Poincar�e section
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x1ðt0Þ ¼ y1ðt0Þ, and that the endpoint xðt0 þ DtÞ is inside the
desired domain of attraction (white area).

It should be noted that Algorithm 1 cannot be realized precisely
in a practical implementation. In particular, at the moment t¼ t0
at which the pulse is applied, there will typically be an implemen-
tation error, i.e.,

y1ðt0Þ ¼ x1ðt0Þ þ e1; y2ðt0Þ � x2ðt0Þ ¼ Gc=mþ e2 (9)

with Gc as in Eq. (4), and e1 and e2 as the (small) implementation
errors made. Based on the approach in Sec. 3, we will see that the
algorithm is still successful for je1j and je2j sufficiently small.

2.2 An Alternative Realistic Algorithm. An alternative
algorithm can be derived by aiming at the difference

eðtÞ :¼ xðtÞ � yðtÞ (10)

to be zero at t ¼ t0 þ Dt. By subtracting Eq. (6) from Eq. (1), we
find that

_e1ðtÞ ¼ e2ðtÞ;
m _e2ðtÞ ¼ FðyðtÞ þ eðtÞÞ � FðyðtÞÞ þ FcðtÞ

�
(11)

By the assumption that FðxðtÞÞ;FðyðtÞÞ � FcðtÞ on ½t0; t0 þ Dt�,
we can again approximate

m _e2ðtÞ � FcðtÞ (12)

Integrating this equation from t to t0 þ Dt, we find for
t 2 ½t0; t0 þ Dt�

mðe2ðt0 þ DtÞ � e2ðtÞÞ �
ðt0þDt

t

Fcðt0Þ dt0 (13)

Using that e2ðtÞ ¼ _e1ðtÞ, we integrate Eq. (13) from t¼ t0 to t0 þ
Dt to find

mðe2ðt0 þ DtÞDt� e1ðt0 þ DtÞ þ e1ðt0ÞÞ � G0c (14)

where

G0c :¼
ðt0þDt

t0

ðt0þDt

t

Fcðt0Þ dt0 dt (15)

Evaluating Eq. (13) for t¼ t0, we also find

mðe2ðt0 þ DtÞ � e2ðt0ÞÞ � Gc (16)

We want to design the impulsive force FcðtÞ in such a way that
eðt0 þ DtÞ ¼ 0, therefore we set eðt0 þ DtÞ ¼ 0 in Eqs. (14) and
(16) and replace the “ � ” signs by “ ¼ ” signs. This gives

e1ðt0Þ ¼ G0c=m; e2ðt0Þ ¼ �Gc=m (17)

Note that G0c can be expressed in terms of the shape function �ðsÞ
using Eq. (7) as

G0c ¼ GcDt��; �� :¼
ð1

0

ð1

s

�ðs0Þ ds0ds (18)

By dividing the two equalities in Eq. (17), we find by using
Eq. (18)

e1 t0ð Þ
e2 t0ð Þ

¼ �Dt�� (19)

Note that this equation can be used to determine t0 independent of
Gc and m. This leads to the following algorithm.

Algorithm 2. Design of a bounded impulsive force by aiming at
eðt0 þ DtÞ ¼ 0

1. Choose a solution y(t) of Eq. (6) inside the desired domain
of attraction.

2. Calculate �� based on a chosen shape �ðsÞ of the impulsive
force and choose Dt.

3. Monitor e(t) (based on y(t) and x(t) while FcðtÞ is still
zero) and detect a moment t¼ t0 for which Eq. (19) is
satisfied.

4. Compute Gc ¼ �me2ðt0Þ and apply an impulsive force
FcðtÞ as in Eq. (7).

Note that for Dt # 0, Eq. (19) approaches e1ðt0Þ ¼ 0, which was
the equation to determine t0 in Algorithm 1. Just as for Algorithm
1, Algorithm 2 will fail when the duration Dt is too large.

Algorithm 2 is illustrated in Fig. 3, which shows the trajectories
x(t) and y(t) for t 2 ½t0; t0 þ Dt�. Again, the startpoints of the
arrows indicate xðt0Þ and yðt0Þ, and the endpoints of the arrows
indicate xðt0 þ DtÞ and yðt0 þ DtÞ. Observe that it does not hold
that x1ðt0Þ ¼ y1ðt0Þ, which was the case in Fig. 2. Based on the
approximations in Eqs. (14) and (16), we expect the difference
kxðt0 þ DtÞ � yðt0 þ DtÞk to be smaller for Algorithm 2 than for
Algorithm 1.

Just as for Algorithm 1, it should be noted that Algorithm 2 can-
not be realized exactly in a practical implementation. Again, at
the moment t¼ t0 at which the pulse is applied, there will be
implementation errors, meaning that Eq. (17) is not satisfied
exactly but is replaced by

G0c=m ¼ e1ðt0Þ þ e1; Gc=m ¼ �e2ðt0Þ þ e2 (20)

with Gc as in Eq. (4), G0c as in Eq. (15), and e1 and e2 as the imple-
mentation errors. In Sec. 3, we will see that the algorithm is still
successful for je1j and je2j sufficiently small.

3 Determining the Duration of the Impulsive Force

In this section, we will provide a method to compute an elliptic
region centered at yðt0 þ DtÞ, which will contain xðt0 þ DtÞ.
When this region is completely contained in the desired domain
of attraction, the applied impulsive force FcðtÞ will result in the
desired steady-state behavior.

For Algorithms 1 and 2, the method to determine the elliptic
region is similar. Therefore, the general approach for both

Fig. 3 Illustration of Algorithm 2

Fig. 2 Illustration of Algorithm 1
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algorithms is discussed in Sec. 3.1, and more specific formulas for
Algorithms 1 and 2 are given in Sec. 3.2.

3.1 The General Approach. We consider the dynamics of
e(t) in Eq. (11). In order to remove the “large” force FcðtÞ, we
introduce other state variables

zðtÞ :¼ eðtÞ � CðtÞ (21)

where CðtÞ ¼ ½C1ðtÞ;C2ðtÞ�> will be defined later in Sec. 3.2, such
that

Cðt0 þ DtÞ ¼ 0; Cðt0Þ ¼ eðt0Þ þ e (22)

Here, e ¼ ½e1; e2�> is the implementation error introduced in
Eq. (9) or Eq. (20) for Algorithm 1 or Algorithm 2, respectively.
Note that eðt0Þ (with e¼ 0) is different for Algorithms 1 and 2,
which implies that C(t) will be chosen differently for both algo-
rithms. The dynamics in Eq. (11) now become in z-coordinates

_z1ðtÞ ¼ _e1ðtÞ � _C1ðtÞ
¼ e2ðtÞ � _C1ðtÞ
¼ z2ðtÞ þ C2ðtÞ � _C1ðtÞ

m _z2ðtÞ ¼ m _e2ðtÞ � m _C2ðtÞ
¼ FðyðtÞ þ eðtÞÞ � FðyðtÞÞ
þFcðtÞ � m _C2ðtÞ

¼ FðyðtÞ þ zðtÞ þ CðtÞÞ � FðyðtÞÞ
þFcðtÞ � m _C2ðtÞ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

(23)

Now introduce

ZðtÞ ¼ mz2
2ðtÞ þ kz2

1ðtÞ (24)

where k> 0 is a constant. When the system in Eq. (1) contains a
positive linear stiffness, the sharpest estimates will be found when
the constant k is chosen equal to this stiffness. In situations for
which the linear stiffness in Eq. (1) is not positive, there is no
straightforward choice for k. However, the approach below can be
applied for any choice of k> 0. Observe that

_ZðtÞ ¼ 2mz2ðtÞ _z2ðtÞ þ 2kz1ðtÞ _z1ðtÞ (25)

We assume that we are able to select a non-negative function ~aðtÞ
and a non-negative nondecreasing continuous function g(u)
(depending on the specific form of F(x) and C(t)), such that

_ZðtÞ � 2
ffiffiffiffiffiffiffiffi
ZðtÞ

p
ð~aðtÞ þ gð

ffiffiffiffiffiffiffiffi
ZðtÞ

p
ÞÞ (26)

If we now introduce

uðtÞ :¼
ffiffiffiffiffiffiffiffi
ZðtÞ

p
(27)

we see that

_uðtÞ � ~aðtÞ þ gðuðtÞÞ (28)

By construction of C(t) in Eq. (22), it follows that zðt0Þ ¼ e and
thus that

uðt0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me2

2 þ ke2
1

q
(29)

If we now integrate Eq. (28) from t0 to t (with t 2 ½t0; t0 þ Dt�), we
find

uðtÞ � uðt0Þ þ k~ak1 þ
ðt

t0

gðuðt0ÞÞ dt0 (30)

where

k~ak1 :¼
ðt0þDt

t0

j~aðt0Þj dt0 (31)

Based on the selected functions ~aðtÞ and g(u), the Bihari–LaSalle
inequality [15,16] gives a bound Umax on uðt0 þ DtÞ.

LEMMA 1. (Bihari–LaSalle). Let u(t) and b(t) be positive contin-
uous functions on t1 < t � t2 and let a � 0. Further, let g(u) be a
non-negative nondecreasing continuous function for u> 0 and
assume that for t1 < t � t2

uðtÞ � aþ
ðt

t1

bðt0Þgðuðt0ÞÞ dt0 (32)

Introduce

G uð Þ ¼
ðu

u0

du0

g u0ð Þ
; u0 > 0 (33)

When t is such that GðaÞ þ
Ð t

t1
bðt0Þ dt0 is in the range of G, then

uðtÞ � G�1ðGðaÞ þ
ðt

t1

bðt0Þ dt0Þ (34)

Concerning this lemma, we note the following. Note G is mono-
tonically increasing, so that the range of G can be computed when
g(u) is known as ðlimu!0Gð0Þ; limu!1GðuÞÞ. Since G(a) is
clearly in the range of G, it follows that GðaÞ þ

Ð t
t1

bðt0Þ dt0 will be
in the range of G for t sufficiently close to t1. For g(u)¼ u, Gron-
wall’s inequality (see, for example, Ref. [8]) appears, and the
range of G equals R. It can be shown that the right-hand side of
Eq. (34) is independent of the choice of u0 in Eq. (33), see Ref.
[15].

Since Eq. (30) is of the form Eq. (32) with a ¼ uðt0Þ þ k~ak1

and b(t)¼ 1, the upperbound Umax is computed as

uðt0 þ DtÞ � Umax ¼ G�1ðGðuðt0Þ þ k~ak1Þ þ DtÞ (35)

Since Cðt0 þ DtÞ ¼ 0, it follows that

Zðt0 þ DtÞ ¼ me2
2ðt0 þ DtÞ þ ke2

1ðt0 þ DtÞ (36)

so that the bound on uðt0 þ DtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zðt0 þ DtÞ

p
now gives an

elliptic region in the Poincar�e section at t ¼ t0 þ Dt

D ¼ fx ¼ ½x1; x2�>jmðx2 � y2ðt0 þ DtÞÞ2
þkðx1 � y1ðt0 þ DtÞÞ2 < U2

maxg
(37)

We now need to check whether D is completely contained in the
desired domain of attraction. Recall that the domains of attraction
are typically separated by the stable manifold of the unstable peri-
odic solutions, which can be computed using the algorithms in
Ref. [14]. To determine the maximally allowed duration Dt, we
compute Umax for different values of Dt in order to find a value of
Dt for which D touches the boundary of the domains of attraction.

The power of the above method is that (an upperbound for)
k~ak1 and the function g(u) in Eq. (26) can typically be chosen
based on only limited information about the shape of the impul-
sive force �ðsÞ. This means that the desired steady-state behavior
can be obtained, even when the precise shape function �ðsÞ is
unknown.

To get an idea about the allowable magnitude of the error e, the
following can be helpful. Note that since G is monotonically
increasing, also G�1 is monotonically increasing, which implies
that
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Umax ¼ G�1ðGðuðt0Þ þ k~ak1Þ þ DtÞ
� G�1ðGðuðt0Þ þ k~ak1ÞÞ
� uðt0Þ þ k~ak1 � uðt0Þ

(38)

So, if we now have an idea about the maximal allowable value for
Umax from the computed domains of attraction, this also gives an
idea about the maximal allowable magnitude of e through
Eqs. (38) and (29).

3.2 Formulas for Algorithms 1 and 2. We now show how
the approach from the Sec. 3.1 can be applied for Algorithms 1
and 2. This reduces to determining the function C(t) that satisfies
Eq. (22), and computing _Z for this particular function of C(t).

First, introduce

c tð Þ :¼ 1

m

ðt0þDt

t

ðt0þDt

t0
Fc t00ð Þ dt00 dt0 (39)

By differentiating Eq. (39), respectively, once and twice with
respect to time t, we find

_c tð Þ ¼ �1

m

ðt0þDt

t

Fc t00ð Þ dt00; €c tð Þ ¼ 1

m
Fc tð Þ (40)

In particular, we see from Eqs. (4) and (15)

cðt0Þ ¼ G0c=m; _cðt0Þ ¼ �Gc=m (41)

For Algorithm 1, we set

CðtÞ :¼ 0

_cðtÞ

� �
(42)

We now check that Eq. (22) holds for this definition of C(t). From
Eq. (40), it follows that Cðt0 þ DtÞ ¼ 0. Also, note that Eq. (9)
states that

eðt0Þ ¼
�e1

�Gc=m� e2

� �
(43)

Because of Eq. (41), it follows now that Cðt0Þ ¼ eðt0Þ þ e. Now
using the second equality in Eq. (40), the z-dynamics Eq. (23)
become

_z1ðtÞ ¼ z2ðtÞ þ _cðtÞ
m _z2ðtÞ ¼ FðyðtÞ þ zðtÞ þ CðtÞÞ � FðyðtÞÞ

�
(44)

Using Eq. (44) in Eq. (25), we see that

_ZðtÞ ¼ 2ðFðyðtÞ þ zðtÞ þ CðtÞÞ � FðyðtÞÞ þ kz1ðtÞÞz2ðtÞ
þ2kz1ðtÞ _cðtÞ (45)

For Algorithm 2, we use

CðtÞ :¼ cðtÞ
_cðtÞ

� �
(46)

We again check that Eq. (22) is satisfied. Clearly, Eqs. (39) and
(40) show that Cðt0 þ DtÞ ¼ 0. From Eq. (20), it follows that

eðt0Þ ¼
G0c=m� e1

�Gc=m� e2

� �
(47)

Because of Eq. (41), it now follows Cðt0Þ ¼ eðt0Þ þ e. With this
definition of C(t), the z-dynamics become

_z1ðtÞ ¼ z2ðtÞ
m _z2ðtÞ ¼ FðyðtÞ þ zðtÞ þ CðtÞÞ � FðyðtÞÞ

�
(48)

and the derivative _ZðtÞ is

_ZðtÞ ¼ 2ðFðyðtÞ þ zðtÞ þ CðtÞÞ � FðyðtÞÞ þ kz1ðtÞÞz2ðtÞ (49)

Note that the term 2kz1ðtÞ _cðtÞ in Eq. (45) is not present in
Eq. (49). This will generally allow a sharper estimate of _Z for
Algorithm 2 than for Algorithm 1.

4 Derivation of the Single-DOF Plate Model

In this section, a single-DOF dynamic model for a rectangular
plate with geometric nonlinearity is derived, which shows coexist-
ing stable periodic solutions near the first (nonlinear) resonance
peak. In Sec. 5, Algorithms 1 and 2 will be illustrated using this
model.

4.1 Large-Amplitude Vibrations of Plates. The dimensions
of the considered plate are indicated in Fig. 4. We use a Cartesian
coordinate system x, y, z. Although these variables have been used
differently earlier, there is no risk for confusion. The loading con-
sists of a distributed surface load Fðx; y; tÞ and a prescribed dis-
placement of the supported edges weðtÞ. We assume homogeneous
and isotropic material properties; q, E, and � denote the mass den-
sity, the Young’s modulus, and Poisson’s ratio, respectively. In
the undeformed state, the midplane is located at z¼ 0. Kirchhoff’s
hypothesis now leads to the following displacement field:

dðx; y; z; tÞ ¼

uðx; y; tÞ � zw;xðx; y; tÞ

vðx; y; tÞ � zw;yðx; y; tÞ

wðx; y; tÞ þ weðtÞ

2
66664

3
77775 (50)

where the subscripts ; x and ; y denote differentiation with respect
to x and y, respectively. The displacement of a point (x, y) on the
midplane z¼ 0 is w ¼ wðx; y; tÞ in the z-direction (with respect to
the displacement of the supported edges weðtÞ), u ¼ uðx; y; tÞ in
the x-direction, and v ¼ vðx; y; tÞ in the y-direction.

Based on the nonlinear Von Karman strain–displacement rela-
tions, the F€oppl-Von Karman equations for the large-amplitude
vibrations of plates are derived (see, for example, Ref. [17])

qh €u ¼ Nxx;x þ Nxy;y (51)

qh €v ¼ Nyy;y þ Nxy;x (52)

qh €w ¼ ðNxxw;xÞ;x þ ðNyyw;yÞ;y þ ðNxyw;yÞ;x þ ðNxyw;xÞ;y�Mxx;xx

� 2Mxy;xy �Myy;yy � qh €we � F

(53)

where Nxx, Nxy, and Nyy are the in-plane forces per unit length

Fig. 4 Dimensions and loads of the considered rectangular
plate
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Nxx :¼ Eh

1� �2
u;x þ

1

2
w;xð Þ2

� �
þ � v;y þ

1

2
w;yð Þ2

� �� �

Nxy :¼ 1

2

Eh

1þ � u;y þ v;x þ w;xw;yð Þ

Nyy :¼ Eh

1� �2
v;y þ

1

2
w;yð Þ2

� �
þ � u;x þ

1

2
w;xð Þ2

� �� �

and Mxx, Mxy, and Myy are the in-plane torques per unit length

Mxx :¼ Eh3

12 1� �2ð Þ w;xx þ �w;yyð Þ

Mxy :¼ Eh3

12 1� �2ð Þ 1� �ð Þw;xy

Myy :¼ Eh3

12 1� �2ð Þ w;yy þ �w;xxð Þ

We consider the situation where all the edges of the plate are
clamped, i.e.,

u ¼ v ¼ w ¼ w;x ¼ 0; at x ¼ 0; a (54)

u ¼ v ¼ w ¼ w;y ¼ 0; at y ¼ 0; b (55)

4.2 Out-of-Plane Shape Function. Assuming that the dis-
placement of the edges of the plate weðtÞ is harmonic with a fre-
quency near the first eigenfrequency of the plate, we can use a
single-mode approximation for the out-of-plane displacement

wðx; y; tÞ ¼ qðtÞWðx; yÞ (56)

where q(t) is the generalized coordinate. The shape function W is
chosen as (a good approximation of) the first eigenmode of the
linearization of Eq. (53) around the equilibrium u ¼ v ¼ w ¼ 0

qh €w ¼ �Mxx;xx � 2Mxy;xy �Myy;yy � qh €we � F (57)

which is independent of u and v. There is no analytic expression
available for the eigenmodes of Eq. (57) with the boundary condi-
tions in Eqs. (54) and (55), see Ref. [18]. We therefore use the
common approximation from Refs. [18,19]

Wðx; yÞ ¼ Xðx=aÞXðy=bÞ (58)

where XðnÞ is the first eigenmode of a clamped–clamped beam.
For XðnÞ we use the approximation of the first eigenmode of the
clamped–clamped beam from Ref. [20]

XðnÞ ¼ 1� cosð2pnÞ; 0 � n � 1 (59)

The accuracy of the modeshape is verified based on the dimen-
sionless frequency parameter k11 (see Ref. [19]). For the shape
function in Eq. (58), we find k11 ¼ 27:857 which is relatively
close to the value found in Refs. [18,19] of k11 ¼ 27:010.

4.3 Corresponding In-Plane Shape Functions. Now substi-
tuting Eq. (56) in Eqs. (51) and (52) and neglecting the in-plane
inertia qh€u and qh€v result in

u;xx þ �v;yx þ
1� �

2
u;yy þ v;xyð Þ ¼ �q2 tð ÞWu (60)

v;yy þ �u;xy þ
1� �

2
u;yx þ v;xxð Þ ¼ �q2 tð ÞWv (61)

where

Wu ¼ 1

2
W;xð Þ2 þ � W;yð Þ2

h i
;x
þ 1� �

2
W;xW;yð Þ;y (62)

Wv ¼ 1

2
W;yð Þ2 þ � W;xð Þ2

h i
;y
þ 1� �

2
W;xW;yð Þ;x (63)

Observe that Eqs. (60) and (61) are satisfied for

uðx; y; tÞ ¼ q2ðtÞUðx; yÞ; vðx; y; tÞ ¼ q2ðtÞVðx; yÞ (64)

when U and V satisfy the (static) partial differential equations

U;xx þ �V;yx þ
1� �

2
U;yy þ V;xyð Þ ¼ �Wu (65)

V;yy þ �U;xy þ
1� �

2
V;xx þ U;yxð Þ ¼ �Wv (66)

The solutions U and V of Eqs. (65) and (66) will be called in-
plane shape functions corresponding to (out-of-plane) shape func-
tion W.

Based on the selected out-of-plane shape function W(x, y) in
Eq. (58), U and V are approximated by

Uðx; yÞ ¼
XNu

n¼1

XMu

m¼1

pnmUnmðx; yÞ (67)

Vðx; yÞ ¼
XNv

n0¼1

XMv

m0¼1

rn0m0Un0m0 ðx; yÞ (68)

where

Unm x; yð Þ ¼ sin
npx

a

� �
sin

mpy

b

� �
(69)

and determined by a Galerkin discretization of Eqs. (65) and (66).
Based on the symmetry properties of the used shape function for
W, it can be shown that only the Unm with n even and m odd
contribute to U, and only the Unm with n odd and m even contrib-
ute to V. The solutions for Nu ¼ Mu ¼ Nv ¼ Mv ¼ 8 (taking into
account only contributing terms) are shown in Fig. 5.

4.4 Single-Mode Approximation. Based on the expressions
for w, u, and v in Eqs. (56) and (64), the shape function W defined

Fig. 5 Corresponding in-plane shape functions U(x, y) and
V(x, y)
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by Eqs. (58) and (59), and the shape functions U and V from Eqs.
(67) and (68) with Nu ¼ Nv ¼ Mu ¼ Mv ¼ 8 we make a Galerkin
discretization of Eq. (53). This leads to an ordinary differential
equation for q(t) of the form

m€qðtÞ þ k1qðtÞ þ k3q3ðtÞ ¼ �me €weðtÞ � �FðtÞ (70)

where

m ¼ qhhW;Wi

k1 ¼ hMxx;xx þ 2Mxy;xy þMyy;yy;Wi

k3 ¼ �hðNxxw;xÞ;x þ ðNyyw;yÞ;y
þðNxyw;yÞ;x þ ðNxyw;xÞ;y;Wi

me ¼ qhh1;Wi

�FðtÞ ¼ hFðx; y; tÞ;Wi

and h	; 	i is the L2-innerproduct, i.e., hf ; gi :¼
Ð a

0

Ð b
0

fg dydx. For a
300
 200
 1 mm3 aluminum plate (with E¼ 70 GPa, � ¼ 0:33
and q¼ 2700 kg/m3), we find the values for m, k1, k3, and me in
Table 1.

4.5 Response Under Harmonic Excitation. We add viscous
damping c _qðtÞ to Eq. (70), to find

m€qðtÞ þ c _qðtÞ þ k1qðtÞ þ k3q3ðtÞ ¼ me �we cosð2pfetÞ (71)

where we have assumed that �FðtÞ ¼ 0 and that the acceleration of
the supported edges is harmonic, i.e.,

€weðtÞ ¼ �we cosð2pfetÞ (72)

The MATLAB-package MATCONT [21] was used to continue the
periodic solutions of Eq. (71) in fe. Figure 6 shows the result for
c¼ 3.51356 N s/m, �we ¼ 50 m/s2, and the parameter values in
Table 1. The amplitude on the y-axis is defined as

1

2
max

t
q tð Þ �min

t
q tð Þ

� 	
(73)

Observe that for the parameter values in Table 1, i.e., for
fe¼ 240 Hz, there are three coexisting periodic solutions. Two of
them are stable.

5 Application of the Control Strategies

We will now apply the approach from Sec. 3 to the single-DOF
model from Sec. 4 given by Eq. (71).

To simplify computations, we bring Eq. (71) to its dimension-
less form by introducing a dimensionless time ~t and dimensionless
coordinate pð~tÞ and find

€pð~tÞ þ 2f _pð~tÞ þ pð~tÞ þ lp3ð~tÞ ¼ cosðx~tÞ (74)

For the values in Sec. 4.5, we find f ¼ 0:01; l ¼ 0:0030 and
x ¼ 1:3906. We now introduce xð~tÞ ¼ ½pð~tÞ; _pð~tÞ� and rewrite Eq.
(74) in first-order form

_x1ðtÞ ¼ x2ðtÞ
_x2ðtÞ ¼ �2fx2ðtÞ � x1ðtÞ � lx3

1ðtÞ þ cosðxtÞ þ FcðtÞ

�
(75)

where we have written t instead of ~t by a slight abuse of notation,
and added a dimensionless control force FcðtÞ. Note that Eq. (75)
is of the form Eq. (1) with m¼ 1 and

FðxðtÞÞ ¼ �2fx2ðtÞ � x1ðtÞ � lx3
1ðtÞ

FeðtÞ ¼ cosðxtÞ
(76)

5.1 Algorithm 1. To determine a maximal duration of the
impulsive force for Algorithm 1 based on the method from Sec. 3
for the single-DOF system (75), we substitute the expression for
FðxðtÞÞ in Eq. (44). This leads to

_z1ðtÞ ¼ z2ðtÞ þ _cðtÞ
_z2ðtÞ ¼ �2fðz2ðtÞ þ _cðtÞÞ � z1ðtÞ � 3ly2

1ðtÞz1ðtÞ
�3ly1ðtÞz2

1ðtÞ � lz3
1ðtÞ

8<
: (77)

where c(t) is as in Eq. (39). Also, observe that the linear stiffness
k¼ 1 in Eq. (75). Now, we find using Eq. (45) that

_ZðtÞ ¼ �4fðz2ðtÞ þ _cðtÞÞz2ðtÞ � 6ly2
1ðtÞz1ðtÞz2ðtÞ

� 6ly1ðtÞz2
1ðtÞz2ðtÞ � 2lz3

1ðtÞz2ðtÞ þ 2 _cðtÞz1ðtÞ (78)

Note that m ¼ k ¼ 1 means that ZðtÞ ¼ kzðtÞk2
so that

jz1 tð Þj; jz2 tð Þj �
ffiffiffiffiffiffiffiffi
Z tð Þ

p
; and jz1 tð Þz2 tð Þj � 1

2
Z tð Þ (79)

Using these estimates, it can be verified that Eq. (26) is satisfied
with

~aðtÞ ¼ ð1þ 2fÞj _cðtÞj
gðuÞ ¼ r1uþ r2u2 þ r3u3

(80)

where

r1 ¼
3

2
lky1k2

1; r2 ¼
3

2
lky1k1; r3 ¼

1

2
l (81)

and ky1k1 :¼ maxt2½t0 ;t0þDt�jy1ðtÞj.
To compute G(u), we consider the partial fraction decomposi-

tion of 1=gðuÞ

Table 1 Coefficients in Eq. (70) for the considered plate

Symbol Value Unit

m 0.162 kg
k1 1:90511
 105 N/m
k3 7:01664
 1011 N/m3

me 0.108 kg

Fig. 6 Frequency–amplitude plot of Eq. (71) for the parameter
values in Table 1, computed in MATCONT [21]
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1

g uð Þ
¼ c1

u� b1

þ c2

u� b2

þ c3

u� b3

(82)

For the particular values of the jri as considered here, we find that
c1 is real and b1 ¼ 0 and that b2 ¼ �b3 and c2 ¼ �c3 are the com-
plex numbers. An antiderivative of 1=gðuÞ is now

~G uð Þ ¼ 2 c1 log uð Þ þ 2Im c2ð Þatan
Im b2ð Þ

u� Re b2ð Þ

� ��

þRe c2ð Þlog

�

u� Re b2ð ÞÞ2 þ Im b2ð Þð Þ2

��
(83)

so that GðuÞ ¼ ~GðuÞ � ~Gðu0Þ. By substitution of the expression
for ~aðtÞ see Eq. (80), in Eq. (31), kak1 can be computed. We do
not consider any implementation errors, e¼ 0 and thus uðt0Þ ¼ 0.
We are now able to compute Umax from Eq. (35), where the
inverse G�1ðyÞ is computed by solving G(x)¼ y numerically.

The results of this approach are shown in Figs. 7 and 8. We
have chosen x(t) for t < t0 to be the (undesired) small-amplitude
stable periodic solution and y(t) to be the (desired)
large-amplitude stable periodic solution. We used the shape
function

�ðsÞ ¼ 1� cosð2psÞ; s 2 ½0; 1� (84)

Application of Algorithm 1 with Dt ¼ 0:050T (where T ¼ 2p=x)
now results in the (dimensionless) values of Gc ¼ 28:23 and
t0 ¼ 1:54 mod T. The resulting time history of x2ðtÞ is shown in
Fig. 7. The arrows in Fig. 8 indicate the trajectories of x(t) and
y(t) for t 2 ½t0; t0 þ Dt�. The startpoints of the arrows indicate xðt0Þ
and yðt0Þ and the endpoints of the arrows indicate xðt0 þ DtÞ and
yðt0 þ DtÞ. Recall that xðt0Þ is on the small-amplitude periodic
solution. The dark-gray area represents the undesired domain of
attraction of the small-amplitude periodic solution, and the white

area represents the desired domain of attraction of the
large-amplitude periodic solution, both in the Poincar�e section at
t ¼ t0 þ Dt.

Using these values of Gc and Dt and the considered shape func-
tion in Eq. (84), we compute ~aðtÞ from Eq. (80) and k~ak1 from
Eq. (31). Using the values of t0 and Dt also ky1k1 is found, from
which g(u) in Eq. (80) is determined. Using Eqs. (82) and (83),
we find G(u) and solve Eq. (35), which results in Umax ¼ 7:06. The
hatched area in Fig. 8 shows the resulting elliptic region D from
Eq. (37) for m ¼ k ¼ 1. Note that D is contained in the desired
domain of attraction, meaning that any impulsive force FcðtÞ as in
Eq. (7) with �ðsÞ as in Eq. (84) with Gc ¼ 28:23; t0 ¼ 1:54 mod T
and Dt � 0:050T will always bring a solution x(t) starting on the
small-amplitude periodic solution to the domain of attraction of the
large-amplitude periodic solution. Because D touches the border of
the desired domain of attraction, Dt ¼ 0:050T is the maximal dura-
tion of FcðtÞ for which this method can be applied.

It should be noted that Fig. 8 only depends on the used shape
function �ðsÞ through _cðtÞ in Eq. (80). Even when the exact shape
function �ðsÞ is unknown, it is often possible to estimate k _ck1. To
make this more clear, note that substitution of Eq. (7) in the
expression for _cðtÞ in Eq. (40) gives

_c tð Þ ¼ Gc

m
�1

t� t0

Dt

� �
; �1 sð Þ ¼ �

ð1

s

� s0ð Þ ds0 (85)

which means that

k _ck1 ¼
����Gc

m

����Dtk�1k1; k�1k1 ¼
ð1

0

j�1 sð Þj ds (86)

Now k�1k1 can be estimated based on very limited information. For
example, when it is only known that �ðsÞ � 0 it follows that �1ðsÞ is
monotonically increasing from �1 to 0, and thus that k�1k1 � 1. It
should be noted that k�1k1 � 1 even holds for shape functions �ðsÞ
that are not positive for all s, which may occur in the experimental
impulsive force time histories. For k�1k1 ¼ 1 we can also determine
a maximal duration Dt for which D touches the border of the desired
domain of attraction, using a figure similar to Fig. 8. This leads to a
maximal impulsive force duration of Dt ¼ 0:027T meaning that any
impulsive force FcðtÞ as in Eq. (7) with �ðsÞ satisfying Eq. (8), and
k�1k1 � 1; Gc ¼ 28:23; t0 ¼ 1:54 mod T, and Dt � 0:027T will
always bring a solution x(t) starting on the (undesired) small-
amplitude periodic solution to the domain of attraction of the
(desired) large-amplitude periodic solution.

5.2 Algorithm 2. We will now determine the maximally
allowed pulse duration for Algorithm 2 by the method from
Sec. 3. Substituting the expression for FðxðtÞÞ from Eq. (76) in
Eq. (48), we find

_z1ðtÞ ¼ z2ðtÞ
_z2ðtÞ ¼ �2fðz2ðtÞ þ _cðtÞÞ � ðz1ðtÞ þ cðtÞÞ

�3ly2
1ðtÞðz1ðtÞ þ cðtÞÞ � 3ly1ðtÞðz1ðtÞ þ cðtÞÞ2

�lðz1ðtÞ þ cðtÞÞ3

8>><
>>:

(87)

Using these expressions in Eq. (25) and expanding the brackets
yield

_ZðtÞ ¼ �4fðz2ðtÞ þ _cðtÞÞz2ðtÞ � 2cðtÞz2ðtÞ

� 6ly2
1ðtÞz1ðtÞz2ðtÞ � 6ly2

1ðtÞcðtÞz2ðtÞ

� 6ly1ðtÞz2
1ðtÞz2ðtÞ � 12ly1ðtÞz1ðtÞcðtÞz2ðtÞ

� 6ly1ðtÞc2ðtÞz2ðtÞ

� 2lz3
1ðtÞz2ðtÞ � 6lz2

1ðtÞcðtÞz2ðtÞ

� 6lz1ðtÞc2ðtÞz2ðtÞ � 2lc3ðtÞz2ðtÞ (88)

Fig. 7 Time history of an application of Algorithm 1
(Dt 5 0:050T )

Fig. 8 Determining the maximal duration Dt for Algorithm 1
(Dt 5 0:050T )
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Based on the estimates in Eq. (79), it follows that Eq. (26) is satis-
fied for

~aðtÞ ¼ 2fj _cðtÞj þ ð1þ 3lky1k2
1ÞjcðtÞj

þ 3lky1k1jc2ðtÞj þ ljc3ðtÞj
gðuÞ ¼ r1uþ r2u2 þ r3u3

(89)

where

r1 ¼
3

2
lky1k2

1 � 3lky1k1kck1 þ
3

2
lkck2

1

r2 ¼
3

2
lky1k1 þ

3

2
lkck1

r3 ¼
1

2
l

(90)

From these expressions, k~ak1 can be determined from Eq. (31),
and G(u) can be computed similarly as in Sec. 5.1. From k~ak1 and
G(u), Umax can then be solved from Eq. (35), and the elliptic
region D from Eq. (37) can be found.

Figure 9 shows the result of this approach. Just as in Sec. 5.1,
we have chosen x(t) for t < t0 to be the (undesired) small-
amplitude stable periodic solution and y(t) to be the (desired)
large-amplitude stable periodic solution. Applying Algorithm 2
for Dt ¼ 0:13T and �ðsÞ as in Eq. (84), we find
�� ¼ 1=2; Gc ¼ 26:98; and t0 ¼ 1:26 mod T. The arrows in Fig. 9
again indicate the trajectories x(t) and y(t) for t 2 ½t0; t0 þ Dt�.
Based on the expressions for ~aðtÞ and g(u) in Eq. (89), we find a
value of Umax ¼ 7:28. The light-gray hatched area in Fig. 9 indi-
cates the corresponding elliptic area D from Eq. (37) with
m ¼ k ¼ 1. For Dt ¼ 0:13T the elliptic region D touches the bor-
ders of the desired domain of attraction, meaning that for every
impulsive force FcðtÞ as in Eq. (7) with �ðsÞ as in Eq. (84),
Gc ¼ 26:98; t0 ¼ 1:26 mod T, and Dt � 0:13T a solution x(t)
starting on the (undesired) small-amplitude periodic solution will
always be inside the domain of attraction of the (desired) large-
amplitude periodic solution at t ¼ t0 þ Dt. Indeed, the maximal
value of Dt found for Algorithm 2 (Dt ¼ 0:13T) is larger than for
Algorithm 1 (Dt ¼ 0:05T), which indicates that the estimates of _Z
are sharper for Algorithm 2 (at least for this example). This is in
agreement with the observation at the end of Sec. 3.2.

For Algorithm 2, the elliptic region D can also be constructed
based on limited information about the shape function �ðsÞ. To
this end, we express c(t) as in Eq. (39) in terms of the shape
function �ðsÞ using Eq. (7)

c tð Þ ¼ Dt
Gc

m
�2

t� t0
Dt

� �
; �2 sð Þ ¼

ð1

s

ð1

s0
� s00ð Þ ds00 ds0 (91)

If we assume that k�1k1 � 1 (just as in Sec. 5.1), we find that

j�2 sð Þj �
ð1

0

����
ð1

s0
� s00ð Þds00

���� ds0 � 1 ) kck1 � Dt
Gc

m
(92)

from which it follows that

kckk1 � Dt
Gc

m

� �k

Dt; k ¼ 1; 2; 3 (93)

Now we can use the estimate for k _ck1 in Eq. (86) and the esti-
mates in Eq. (93) to find an upperbound for k~ak1 (with ~a as in
Eq. (89)), and the estimate for kck1 in Eq. (92) to find an upper-
bound for g(u) in Eq. (92). Again, we do not consider any imple-
mentation errors (e¼ 0), and thus, uðt0Þ ¼ 0 We now find a
maximally allowed pulse duration of Dt ¼ 0:065T meaning
that any impulsive force FcðtÞ as in Eq. (7) with �ðsÞ such that
Eq. (8) is satisfied and k�k1 � 1; �� ¼ 1=2; Gc ¼ 26:98; t0 ¼
1:26 mod T and Dt � 0:065T will always bring a solution starting
on the (undesired) small-amplitude periodic solution to the domain
of attraction of the (desired) large-amplitude periodic solution.

6 Conclusions and Discussion

In this paper, we have considered single-DOF nonlinear
mechanical systems with coexisting stable periodic solutions. In
many applications, a particular stable periodic solution is desired
in the steady-state behavior. We have proposed two algorithms to
design a suitable impulsive force (with correct triggering time and
impulse) to switch from an undesired to a desired stable periodic
solution. A suitable duration for the impulsive force can be deter-
mined by an application of the Bihari–Lasalle Lemma using a
properly chosen Lyapunov function and the computation of the
domains of attraction via manifolds. In principle, only limited
information about the shape of the impulsive force is required.
However, if the shape of the impulsive force is known, this leads
to a less strict bound on Dt.

These results have been applied to a single-DOF model of a
rectangular plate with geometric nonlinearity, which takes the
form of a monostable Duffing equation with hardening nonlinear-
ity. For the considered parameter values, we find a maximally
allowed duration for the impulsive force of 5% of the period of
excitation for Algorithm 1 and of 13% for Algorithm 2, when the
shape function of the impulsive force is known. Based on very
limited information about the shape of the impulsive force, we
find a maximally allowed duration of 2.7% for Algorithm 1 and of
6.5% for Algorithm 2. The algorithms seem to be applicable to
many single-DOF nonlinear systems with coexisting stable peri-
odic solutions.

It should be noted that Eq. (1) does not include a noise term. In
both energy-harvesting and vibration reduction applications, a cer-
tain amount of noise will be present. When the noise level is low,
the stability of the periodic solution itself will be sufficient to
keep the solution in the desired domain of attraction. In this situa-
tion, one impulsive force is sufficient to drive the solution to the
desired domain of attraction, and the method is very effective. For
higher noise levels, the solution might (occasionally) be pushed
back to the undesired domain of attraction, meaning that another
impulsive force is required to steer the solution back to the desired
periodic solution. When the noise level is high, this effect can
reduce the efficiency (in terms of control effort) of the proposed
control strategy.

This problem is particularly important in energy-harvesting
applications, since the actuator might consume a significant part
of the harvested energy. In this context, it is worth noting that for

Fig. 9 Determining the maximal duration for Algorithm 2
(Dt 5 0:13T )
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the four simulations considered in Sec. 5, the work of the control
force is approximately 0.05 J (after transformation back to the
coordinates of full dimension of the rectangular plate from Sec.
4). Regarding this number, we note two things. First, the power
consumption of the actuator will depend on many parameters,
e.g., plate dimensions, material properties, and difference in
amplitude between the two considered periodic solutions. Second,
for the resulting efficiency, the noise level and the difference in
energy content of both periodic solutions should be known.
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