
Modeling of Double Barrier 
Resonant Tunneling Diodes: 
D.C. and Noise Model 
by 

Th.G. van de Roer 

EUT Report 95-E-285 

ISBN 90-6144-285-0 

January 1995 



Eindhoven University of Technology Research Reports 

EINDHOVEN UNIVERSITY OF TECHNOLOGY t u) 

ISSN 0167-9708 

Faculty of Electrical Engineering 

Eindhoven, the Netherlands 

Coden:TEUEDE 

MODELING OF DOUBLE BARRIER RESONANT TUNNELING DIODES: 

D.C. AND NOISE MODEL 

by 

Th.G. van de Roer 

EUT Report 95-E-285 

ISBN 90-6144-285-0 

Eindhoven 

January 1995 

-



CIP-DATA KONINKLIJKE BUILIOTHEEK DEN HAAG 

Roer, Th.G. van de 

Modeling of double barrIer resonant tunneling diodes: 

D.C. and noise model/by Th.G. van de Roer. -

Eindhoven: Eindhoven UnIversity of Technology , 

Faculty of Electrical Engineering. - Fig., tab. -

(EUT Report, ISSN 0167-9708; 95-E-285) 

With ref. 

ISBN 90-6144-285-0 

NUGI 832 

Subject headings: semiconductor quantum wells / 

resonant tunnelling devices /electron device noise. 



Modeling of Double Barrier Resonant Tunneling Diodes: 

Abstract 

D.C. and Noise Model 

Th.G. van de Roer 

A simulation model for Double Barrier Resonant Tunneling diodes is presented 
based on a transmission matrix formalism, including scattering effects, to 
calculate the current through the barrier structure. Accurate models for the 
contact regions on both sides are added, so that a realistic representation 
of the I-V characteristic can be obtained. Only the material system 
A1GaAs/GaAs is shown here but the program can easily be adapted to other 
material combinations. On the basis of the d.c. model a noise model for the 
lower microwave frequencies is developed. Good agreement with experimental 
results is obtained for both the I-V and noise characteristics. 
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I. INTRODUCTION 

Double Barrier Resonant Tunneling diodes [11 have received much attention in 

recent years and many laboratories have been able to fabricate devices with 

good performances. Fig. 1.1 shows schematically the layer structure, the 

doping profile and the conduction band diagram with and without bias. The 

heart of the device is the double·barrier structure consisting of two thin 

layers of a large-bandgap semiconductor with low-bandgap layers in between 

and on the outside. Here the material system AIGaAs/GaAs is shown but other 

combinations like InAIAs/InGaAs, GaSb/InAs or Si/SiGe have been used 

successfully. 

microwave The negative-resistance characteristics of DBRT's can lead to 

applications like oscillators [21, self-oscillating mixers, 

multipliers etc. For these applications it is important to 

microwave properties. Such knowledge can only be based on 

understanding of their operation. 

frequency 

know their 

a thorough 

In this report a first step towards this goal is taken in the form of a 

calculation of the current-voltage characteristic. The analysis is based on a 

quantum-mechanical model of the barrier region, developed by Joosten, Lenstra 

and Noteborn [3,41, to which models for the contact regions are added. The 

barrier region model is furthermore extended to the case of different 

effective masses in different layers and a model for non-coherent tunneling. 

Finally, on the basis of the d.c. model a noise model for the lower microwave 

frequencies is developed. 

1 
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Fig. 1.1. SCrucCure, doping and band diagram of a DBRT diode. 

2 



II. TRANSMISSION MATRICES 

11-1. Schrodinger's equation 

In semiconductors, using the effective-mass approximation, the motion of an 

electron can approximately be described by a Schrodinger-equation, which 

reads in 1 dimension 

iha>!> 
at 

h
2 a2

>!> + -.- - V(z)>!> 
2me az2 (II-la) 

Here h is Planck's constant, m the effective mass of the electron and V its 
e 

potential energy, i.e. the energy in the minimum of the conduction band. 

The probability to find the electron at a time t in a place z is proportional 

to 1>!>(t,z)1 2 (the integral of 1>!>(t,z)1 2 over the area we are considering must 

be 1) and the current density per electron is 

J _ ~Im(.p*a>!» 
z m 8z 

e 
(II-2a) 

a With a harmonic time dependence (one Fourier-component) at - -iw and Planck's 

relation hw - E, Schrodinger's equation becomes 

h
2 a2

>!> -.- - V(z)>!> - E>!> 
2me az 2 

(II-lb) 

For plane wave solutions, in a region where V is constant, we may write 
a ik, with 

k - ± !.I2m (E-V) E ~ V he' (II-3a) 

± i~ ~ - !.I2m (V-E) E < V , he' (II-3b) 

The last formula describes the case that the electron is in the forbidden gap 

so instead of a propagating wave we have a standing vibration with an 

exponentially decreasing amplitude. 

The formula for the current density now gives 

J _ ~kl>!>12 
z m 

(II-2b) 
e 

if k is real (E>V) , and zero at imaginary k (E<V). 

In heterojunctions 

interface. We have 

both V and mare 
e 

on the left and right 

3 

different on both sides of the 

different solutions which we match 



to each other with the boundary conditions 

l/J continuous, 1 ">/> .~, continuous. 
m

i 
cZ 

(II-4) 

On both sides of the jWlction we can have a right and a left traveling wave. 

The amplitudes of these waves are related to each other by a scattering 

matrix, as in microwave theory. Referring to Fig. 2.1 the S -matrix is 

defined by 

Fig. 2.1. Scattering n~trix 

a 
~2-

b --2---+ 

(II-5) 

When we have a number of structures in series the transmission matrix is more 

handy. which has the property that the T-matrix of a chain is equal to the 

product of those of the components. It is defined by 

(II-6) 

The relation between T B.nd S matrices is 

[ 1 -s ) ~[t21 _:t) T _ -.!... ;;:2 
S -s s-D t 1 

21 11 S 11 12 
(II-7) 

with D s s s s and D t t t t 
• 11 22 12 21 t 11 22 12 21 

(II-B) 

For a number of simple structures we can now derive the T-matrix. 

We always take V constant in a region. 

II-2. Uniform region 

-r-------------;- E 

--;------+_ V 
Fig. 2.2. Uniform region 

z-o z-d 

4 



The T-matrix of a uniform region, Fig. 2.2, is simple: 

For real k only a phaseshift occurs, for imaginary k attenuation. 

11-3. Heterojunction 

E -----------------
,----- V 

2 

Fig. 2.3. Heterojunction V---...J 

On the left we have: 

.p (z) 
1 

k 
1 

1 z-O 

a exp(ik z) + blexp(-ik z) 
1 1 1 

!.12m (E-V ) 
h 1 1 

.p' (x) - ik (a exp(ik z) - b exp(-ik z)) 
1 1 1 1 1 1 

and on the right: 

.p2(Z) - b exp(ik z) + a exp(-ik z) 
2 2 2 2 

k - .!ohm (E-V ) 
2 h 2 2 

.p' (z) - ik (b exp(ik z) - a exp(-ik z)) 
2 2 2 2 2 2 

(II-9) 

(II-lOa) 

(II-lOb) 

(II-lOc) 

(II-lla) 

(II-llb) 

(II-llc) 

Applying the boundary conditions at z-O yields the T-matrix for this junction 

1 
T - "2 

1 + 
mk 

1 2 

mk 
2 1 

mk 
1 - 2.2 

mk 
2 1 

mk 
1 2 

l-mk 
2 1 

mk 
1 + 2.2 

mk 
2 1 

(II-12) 

If in one of the two regions E is smaller than V, the corresponding k is 

5 



replaced by i-y. with -y ~;iven by (II-3b). In (II-lO) or (II-ll) then the right 

(left) propagating wave is replaced by a standing vibration exponentially 

decreasing to the right (left). 

Continuity of the current demands 
k k 
~(It 12 _ It 12) _ 2. 
m 22 12 m 1 . 2 

Check: 

k 1 [( m k )2 ( m k )2) k 1 12 12 2 m't;' 1 + m k - - 1 - m k - m 
1 21 21 2 

By putting these elementary structures in series we can model all kinds of 

barriers. The I-matrix of a complicated structure is the product of the 

elementary I-matrices. In the following we will treat the single and double 

barriers. 

11-4. Single barrier 

This is drawn schematically in Fig. 2.4. 

Fig. 2.4. , -------I~:-------!',-------- V 

For the first junction woe have. see (II-12) 

T 
1 

1 
2 

mk 
1 2 

l+mk 
2 1 

1 -
mk 

1 2 

mk 
2 1 

mk 
1 2 1-

mk 

1 + 

2 1 

mk 
1 2 

mk 
2 1 

For the barrier region w"' find with (II-9) 

T 
2 [

eXP(-ik d ) 
2 2 

o eXP(+i: d J 
2 2 

6 

d 
2 

3 

(II-l3) 

(II-14) 



And for the second junction, with (11-12) 

T 
3 

1 
2" 

mk 
2 3 l+ mk 
3 2 

mk 
2 3 1- mk 
3 2 

mk 
2 3 

1- mk 
3 2 

mk 
1 + 22 

mk 
3 2 

(II-1S) 

In the practice of RTD's usually the position of the energy levels is as in 
• Fig. 2.4, so k, and k3 real, k2 - i"2· Then one has for T, and T3: t'2 - t u ' 

• where the indicates the complex conjugate. T is real. 
2 

If E is higher than V then k is real too. In this case T and T are real 
2 2 1 3 

and T produces a phase shift. 
2 

For the case of imaginary k (k - 11<) let us define: 2 2 2 

m" mk 
Z - 1 + i...2.2 Z - 1 i22 € - exp(" d ) 12 mk 23 m" 2 2 2 1 3 2 

Now we can write the matrix of the barrier, which we call A, as: 

- -' ["" A 4 • 
z 12 

:;,] [: 
12 

o 1 ["" 
1/€ z:3 

1 • • 
+ -z Z € 12 23 

1 • 
+ -z z € 12 23 

It turns out that A 
22 

If k is real we define: 
2 

mk 
1 2 

y,2 - m k 
2 1 

mk 
2 3 

Y23 - m k 
3 2 

:~] 
23 

• 
A 

12 

'I' - k d 2 2 2 

Now the transmission matrix of the barrier becomes: 

[

l+y 
1 12 

A- T 
1-y 12 

1-
Y12] [eXP (-i'l'2) 0 ) [l+Y 23 

l+y 0 exp(i'l') 1-y 
12 2 23 

7 

1-y ] 23 

l+y 
23 

(II-16) 

(II-l7) 

(II-1S) 



(l-y y )COS<p 
12 23 2 

(l+y Y )COS<p 
12 23 2 

• 

- i(Y12-Y2,)Sin<p2] 

+ i(y,2+Y2,)sin<p2 

(II-19) 

Here again A 
22 

A Joosten [4] has shown that this is generally 
12 

valid. 

In the following we shall need the wave reflection and transmission 

coefficients. These are for a wave incident from the left: 

Wave transmission coefficient t _ ( b 2 
) 

A ~ a-O 
2 

Wave reflection coeffici,ent r - (~) 
A a , a-O 

2 

For an incident wave from the right: 

1 
A 

11 

A 
21 

- -A--
11 

Wave transmission coefficient t' _ ( b
, 

) _ A 
A --a;- a -0 22 

1 

Wave reflection coeffici.mt r~ _ ( :2 ) _ -
2 a-O 

1 

A 
12 

A 
11 

A A 
12 21 

A 
11 

(II-20a) 

(II-20b) 

(II-21a) 

(1I-2lb) 

It is interesting to compare the current densities on the left and the 

right. If we let an el"ctron come in from the left, 

the barrier we have a current to the right 

J _ ~k la 12 
l~ m 1 1 

1 

and one to the left 

To the right of the barrier we have 

J 
r~ 

8 

then a - O. Left of 
2 

(1I-22a) 

(II-22b) 

(1I-22c) 



The current transmission coefficient T of the barrier then is 
A 

T 
A 

mk 
_1_3. It 12 

m k A 
3 1 

The current reflection coefficient R of the barrier is 
A 

R 
A 

On the 

with 

T' 
A 

D 
A 

R' 
A 

right hand side we have: 

mk mk Jlf-
_3_1. It' 12 3 1 

Jrf- m k A Iilk· 

A A 
11 22 

J 
r~ 

J 
rf-

1 3 1 3 

A A 
12 21 

ID I 
A 

IA 12 
11 

For D we find after inserting (11-17) and (11-19) 
A 

D 
A 

mk 
1 3 

Iilk· 
3 1 

From which follows T' - T and R' - R . 
A A A A 

(II-23a) 

(II-23b) 

(II-24a) 

(II-24b) 

For these quantities R + T - 1, because of current continuity. This can be 

checked by substitution of (11-17), resp. (11-19). The conservation law does 

not hold for the wave transmission and reflection coefficients! 

For k - i~ T is smaller and R closer to 1 the greater ~ d is. In this case 
2 2 2 2 

the terms with € dominate in (11-17) and we can approximate t and r by 
A A 

t '" 
4 

A 

€Z12Z 23 

2 *2 2 
(Z12-Z ,2) (Z23 

t' '" 4 
A 

€Z23 

SO T «1 and R"'l. 
A A 

'2 -z ) 
23 

9 

r '" A 

r' ~ 
A 

, 
Z 

12 

Z 
12 

, 
Z 

23 

Z 
23 

(II-2Sa) 

(II-2Sb) 



If E is much higher than V we see from (11-19) that R becomes small and T 
2 A A 

large. So if we let E increase from a low value to a very high one, then we 

see that T goes from 0 to 1 and R the other way. This holds only if the 

effective masses do not differ too much. In the case of strongly different 

effective masses R remaIns large for all E. 

11-5. Double barrier 

Fig. 2.5. 

.--------,v 
2 ,.-----..,v 

4 
E ------- ---------
---V 

1 

L-----'v 
3 

+---:d,-----7) +-( --d~~ +-( --d~----7 

2 3 4 

V 
5 

The potential profile Is sketched in Fig. 2.5. Between the various wave 

amplitudes, see Fig. 2.6, we have the relations: 

where A has the form of (II-17) or (II-19). C has the same form as A, but 

with the indices 34 anc:1 45 in stead of 12, resp. 23. B has the form of 

(II-14), with index 3 instead of 2. 

a-----) ~a a~ ~a 
1 2 3 4 

A B C 
Fig. 2.6. b(-- ~b b~ ~b 

1 2 3 4 

The total T-matrix of th," double barrier, which we call D, becomes 

[

eXP(-irp)A C +exp(+:lrp)A C 
11 11 12 21 

D - . 
exp(-irp)A C +exp(+jLrp)A C 

21 11 22 21 

with rp - k d . 
3 3 

exp(-irp)A C +exp(+irp)A C 1 
11 12 12 22 

(II-26) 
exp(-irp)A C +exp(+irp)A C 

21 12 22 22 

10 



Like in the single barrier here too the part of the electron current that 

goes through is determined by the transmission coefficients. The wave 

transmission now is 

t 
o 

1 
-d--

[
exp {-i'P)A C (1 

1111 

. 12 21 A C ))-1 + exp{21'P)~ -
11 

t t 
A C 

- exp{i'P)-.1-_--e-x~p~{~2~i''P')~r~'~r~ 
A c 

1111 

(II-27) 

We can understand this formula better if we expand it in a power series: 

t - exp{i'P)t t (1+y+yZ+y3+ .... ), 
o A C 

with Y - exp{ 2i'P)r'r 
A C 

(II - 28) 

Z 
The term y represents a wave that has bounced once back and forth, y one 

that bounced two times, etc. These multiple reflections can interfere 

constructively or destructively, leading to a resonance in the transmission. 

If tA and tc are very small, then 

denominator can become small if 'I' ~ 0 

r' and rare 
A c 

or 2n~. Then the 

close to 1 and the 

total transmission is 

much greater than the product of the transmissions of both barriers. 

For the wave reflection of the whole structure we find 

r o 

d Z1 
-d-

11 

exp{-i'P)AZ1C
ll 

+ exp{i'P)AzzCz1 
exp{ i'P)A C + exp{i'P)A G 

11 11 12 21 

r + exp{2i'P){t't -r r')r 
A A A A A C 

1 - exp{2i'P)r'r 
A c 

(II-29) 

For the current transmission and reflection we find from (II-27) , resp. 

(II-29), using (II-23) and (11-24): 

mk T T 
T ~'It I

Z A C 

0 m k 0 1 + R R - 2~cos~ 5 1 
A CAe 

(II-30a) 

R + R 2~cos~ 
R _ 1 r IZ A C A C 

0 0 1 + RR 2~cos~ A C A C 

(II-30b) 

where 

2'1' + arg{r') + arg{r ) -
A C 

2k d -" + arg{A /A ) + arg{G IG ) 
3 3 1 11 21 11 

(II-30c) 

Here use is made of (II-20b) and (II-21b). 

11 



Again the relation R + T - 1 is valid. Above it has already been said that 
o 0 

T has a peak when cos~ - 1, or ~ - 0, 2~, etc. 
o 

With the definitions (II-l6) and the approximations (I1-2S) we find by 

substitution in (II-30c) that 

~ " 2", - ~ + 2arctB.n(m kIm It ) + 2arctan(m It 1m k ). 
2323443 

If It and 
2 

I< are large (barriers high with respect to electron 
4 

energy) this 

is about 2rp. The resonances in the transmission thus lie at cp f:: m1r, or 

k d - m~. These are aLso the eigenvalues of an infinitely deep well with 
3 3 

width d . In other words: we have the maximal transmission for electrons that 
3 

have an energy approximately equal to that of the discrete energy levels in 

the well. 

If T and T are small the transmission at resonance is about equal to 
A C 

T T 
A C (II-30d) 

If T and T are exactly equal this is 1 and the double barrier is completely 
A C 

transparant. If they are not equal the transmission is always smaller than 1. 

This is the most impo:rtant reason why double barriers have a negative 

resistance up to high t"mperatures. At higher temperatures there are always 

electrons whose energy is equal to a resonant level and there would he a 

large current at all bias voltages. At higher voltages however the barrier 

potential profile will be tilted so much that T becomes much greater than T 
C A 

and from (II-30d) we can derive that in this case the resonant transmission 

will be much smaller than 1. It is therefore the tilting of the barriers that 

makes the current go dO~1. 

12 



III. PARTIALLY COHERENT TUNNELING 

III-I. Hodel 

Up to now we have supposed that the phase relations between the different 

wave functions remain the same forever. In practice however there is a chance 

that an electron is scattered during the tunneling process bye. g. a polar 

optical phonon. Then the electron changes to another state with a different 

energy. If this involves a change in k the phase of the wave function after 
z 

scattering is no longer correlated with that before and resonant tunneling is 

no longer possible. 

A simple way to model this, which also has been used by Jonson and Grincwaig 

[5] and Lippens and Vanbesien [6], is to assume that the wave function in the 

well is a damped one, analogous to a microwave or optical resonator with 

losses: 

V> - b·exp(ik - a)z + b' ·exp(-ik + a)z 
z z 

(III -1) 

Van Hall has shown that this is correct only if one introduces a complex 

potential in the Schrodinger equation [7]. This is a procedure that is also 

often used in nuclear physics to represent scattering. 

The interpretation of this is that, the farther a coherent tunneling electron 

travels the greater the probability that it becomes non-coherent. The matrix 

B from eqn. (11-14) now becomes 

B -

with 'f' - k d , f3 - ad . 
333 

(III-2) 

(III-3) 

In the previously derived formulas we now have to replace 'f' by 'f' + if3, so 

that 

I
tt 

A C 
to - -d-- - exp(irp-f3)-.1-_---;(,;;2..,..:....."..~ ...... -exp irp-2f3)r'r 

11 A C 

r + exp(2irp-2f3) (t't -r r')r 
A A A A A C 

r - --~--,---~=-~--~~~~~~-o 1 exp(2irp-2f3)r'r 
A C 

13 

(III-4a) 

(III-4b) 



From this follows, with definition ~ - exp(-2p) 

~T T 
T 

A C 

D 
1 + 

2 
2~cos4> ~ R R -

A C 

(III-Sa) 

2 
2-yv'R)Ccos4> R +~R 

R 
A C A C 

D 
1 + 2R R :1-yv'R)Ccos4> ~ A C A C 

(Ill-sb) 

We see that, when ~ ~ 0 (completely incoherent), T ~ 0, R ~ R. We see 
D D A 

furthermore that R + T ,. 1. 
D D 

This is no error, because R + T represent 
D D 

only the coherent tunneling electrons. The rest has not disappeared but 

tunnels incoherent. With Bilttiker [8 J we assume that these electrons tunnel 

to the left and to I:he right in the same ratio as the transmission 

coefficients of the lef,t and right barrier. We thus arrive at the following 

picture for the tunnel currents: 

Fig. 3.1. 

l-----? 
Ri-(--

D 

A 

! 
1 - T R 

D D 

I 
c 

I-----~) T 
D 

T A _---..:/ ,, ____ ~ -,;;-T..,.,c;o-
T +T- T +T 

A CAe 

The total tunnel current to the right is proportional to 

T 

T - T + (1 - T -- R ) -T;;;-,+c'""T" 
t.ot. 0 D D 

A C 

For the factor 1 - T - It we find with (III-5) 
D D 

1 - T 
D 

R 
D 

(l--y)T (l+~R ) 
A C 

1 + /R R - 2~v'RR cos4> 
A CAe 

whence eqn. (III-6) can be written as 

(1-1) (i.ryR ) ) 
C T 

~(T +T ) D 
A C 

(l-~) (l+~R ) 
__ ---,;;-_-'c'--'T 

~T D 
c 

For small ~ this approaches T T / (T +T ) independent of 4>. 
A c' A C 

14 
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III-2. Relation with scattering 

We can relate the damping factor of the Schrodinger wave to the scattering 

frequency. For the amplitude of the wave traveling to the right we can .write 

dt 
·CIZ 

For the left hand side of this expression we find from (III -1) 

The first factor of the right hand side gives the decrease of the 

non-scattered electrons with time and this we can write as 

where T is a time constant which is related to the momentum relaxation time. 

The last factor is the inverse of the group velocity of the Schrodinger-wave 
dz 

in the well ~ - v - hk~m3 

d m 
So Q ... and p - 3 3 

2"T·fik 
3 

hrp 
4r(W +V -V ) 

1 1 3 

(III-9) 

Another approach follows if we assume that the scattering is not as in bulk 

material caused by phonons, but mainly by variations in the width of the 

barriers and the well, so-called surface roughness scattering. If we assume 

that every time when the wave function passes a step in one of the interfaces 

a scattering with complete loss of phase information occurs and the average 

distance of the steps is L, the scattering time becomes r - L/v where v 
• xy xy 

is the velocity parallel to the interface. The average energy coupled with v 

is kT (2 degrees of freedom) 

Substituting this we get for p: 

hrp j 2kT 
4L (W +V -V ) m 

IS 1 1 3 1 

p -

so that v 
xy 

vf2kT/m on the average. 
1 

(III-lO) 

In Sec. V-4 a more more elaborate calculation is presented where account is 

taken of the transverse velocity distribution of the electrons. 

In Fig. 3.2 the total barrier transmission and the electron density to the 

left of the barrier are given for a situation that corresponds to a bias 

voltage close to zero. One curve is for fully coherent tunneling, the other 

for a scattering length of 40 nanometers, which has been found to give 
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reasonable agreement wi.th experiments. see Sec. VII. Also shown are the 

density of electrons·" at each k value and the differential contributions to 
z 

the tunnel current density and the charge in the well. 

In Fig. 3.3 the same is done for a bias corresponding to the peak current 

where the barriers are more tilted. A second resonance has appeared here. 

In both cases the highest k value corresponds to an energy of W+IOkT. 
z F 
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Fig. 3.2. Tot:al t:ransmission as a function of k . Low bias . 
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IV. CHARGE IN THE WELL 

IV-I. Coherent electrons 

For a calculation of the voltage drop over the barriers it is necessary to 

know how much charge is in the well. At resonance the wave function in the 

well peaks strongly and the charge density can be considerable. 

Referring to Fig. 2.6 we can write the wave function in the well as 

'" - b ·exp(ik -<»z ,. a ·exp(-ik +o)z 
2 3 2 3 

(IV·l) 

where a and b can be rl!lated to the amplitude a
1 

of the incoming wave. 
2 2 

If a - 0, we have: 
4 

So 

b 
2 

exp (-irp+P) . C t a 
11 D 1 

where p - ad, rp - kd, 7 - exp(-2p). 
3 3 3 

(IV·2) 

(IV-3a) 

(IV-3b) 

Here we have assumed partial coherence as in the previous Chapter. Full 

coherence is obtained by putting a - O. 

The sheet density per electron is equal to JI~12dZ. If we integrate over the 

width of the well we obt .• in 

d 

f~"'12dZ - d (Ib 12 l-exp(-2p) 
3 2 2P 

+ la 12 exp(2p)-1 + 
2 2P 

o 
+ • l-exp(-2irp) ) 

a b 2' 2 2 1rp 
(IV-4) 

With (IV-3), using (II-20a), this can be simplified to 

m k T [ (1-7) (1+7R ) 
N

cah d 3 1 D I I" c - -_.- a 
sb 3mkT 1 2P7 

1 3 c 

2>'R ) + __ C_s inrpcos (rp+O ) 
rp c (IV-S) 

with Dc - arg(rc) - arg(C21 ) - arg(C11). This expression we write as 

Ncoh _ d FCOhla 12 
sh 3 Q 1 

(IV-6) 
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At resonance the charge density in the well is large because then T is 
D 

large. In this case sirup so 0 and the third term therefore unimportant. 

Outside resonance this term is relatively more important, but then T is 
D 

small. In first approximation this term can therefore be left out. 

IV-2. Non-coherent electrons 

For these electrons we assume that the wave function is composed of two 

waves, one traveling to the right and one traveling to the left. We place the 

starting point of these waves at the left and right barrier, respectively. 

For the first we can write, with reference to Fig. 2.6: 

'" - b .exp(ik -a)z 
2 3 

(IV-7) 

The amplitude b can be found by equating the current due to this wave to the 
2 

incoherent current calculated before. On the right of the second barrier we 

have a current 

k 
J _ -' Ib 12 

r m 4 
(IV-Sa) , 

Equating this to the incoherent current on the right gives 

Ib 12 
2 

m k (l--y) (l+-yR ) 
3 , c 1 12 

m k· -y(T +T ) a, 
1 3 A C 

(IV-Sb) 

Here a is the amplitude of the wave originally coming in from the left. , 
We now assume that this wave by mUltiple reflections builds up the same 

pattern as the "coherent" wave treated above so the wave function has the form 

'" - b ·exp(ik -<»z + b ·exp(ik -a)d ·r ·exp(ik -a)(d -z) 
12 3 2 33e 33 

(IV-9) 

To calculate the sheet electron density contributed by this wavefunction we 

can now follow the same procedure as before: 

d 

I~'" 12dz - d Ib 12 ( l-exp(-2p) 
, 3 2 2fJ 

+ 1 1
2 (--4fJ) exp(2fJ)-1 

rc exp 2fJ + 

o 
+ r'exp(-2i~-2fJ) exp(2i~)-1 

c 2i~ 
+ r exp(2i~-2fJ) l-exp(-2i~) ) 

c 2i~ 

with the result: 
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Nine _ d Ib 12( 
.hl 3 2 

arg(r ) 
C 

+ --C-sirupcos(rp+8 ) 2VR ) 

'" C 

(IV-IO) 

arg(C
21

) - arg(C
ll

) as before. 

In the same way we havE, in the well a wavefunction starting from the second 

barrier and traveling to the left 

'" - b ·exp(ik -a)(d -z) + b ·exp(ik -a)d ·r ·exp(ik -a)z 
23 33 3 33A 3 

(IV-ll) 

with a current to the l"ft analogous to (IV-8a) 

k k 
J __ i_It 12"flb 12 __ 3_T "fIb 12 (IV-12a) 

1 rnA 3'mA3 
1 

Equating this to the inc:oherent current on the left gives 

Ib 12 
3 

mk 
3 1 

mk 
1 3 

(IV-12b) 

Note that this is the snme as (IV-8b). This reflects the circumstance that an 

electron, which is scattered in the well, has equal chances to go after the 

scattering to the left or to the right. 

Note also that (IV-II) has the same form as 

replaced by rand z by d -z. The sheet electron 
A 3 

wavefunction thus becom"s: 

(IV-9), except that r is 
C 

density contributed by this 

+ __ A-sirupcos(rp+O ) 2VR ) 
'" A 

(IV-13) 

with 8 - arg(r') - arg(A ) - arg(A ). 
A A 11 U 

We now write the sheet density contributed by the incoherent tunneling 

electrons as 

Nine _ d Fincla 12 
sh 3 Q 1 

(IV-14) 

where Fine can be found from (IV-IO) + (IV-l3), using (IV-8b) and (IV-12b). 
Q 
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V. INTEGRAL CURRENT AND CHARGE DENSITY 

V-l. Introduction 

In the above we have calculated the transmission and reflection coefficients 

for individual electrons. This is a function of the state of the electron 

which is characterised by the k -values in the various regions. The latter 
z 

are in turn functions of the position of the energy level E and the 

potentials V through V. To know the current through the barrier structure 
, 5 

we must know how many electrons with a certain energy E arrive at the barrier 

per unit time. 

We assume that to the left of the barrier we have a reservoir of electrons 

that have a wave function!{> a·exp( i(-«>t+k x+k y+k z». The number 
x y- z 

of 

possible values of k we find by imposing cyclic boundary conditions: 

!{>(x,y,z) - !{>(x+L ,y+L ,z+L). 
x y • 

This yields k - ±2~/L , so the distance between k-va1ues is 6k - 2~/L . 
iii i 

V-2. Temperature zero 

At absolute temperature T - 0 all levels with an energy W smaller than the 

Fermi-energy W
F 

are occupied (for electrons in semiconductors we take the 

minimum of the conduction band as the zero level for the energy). Above W 
F 

all levels are empty. So in k-space all levels with k<k are occupied, where 
F 

k-~~ 
F h 'F 

(V-I) 

In a disc at k - k with width 6k, see Fig. 5.1, there are f>N electrons, . , , 
with 

f>N - g 

~(k - k )' 
F , 

6k 6k 6k 6k, - g (V-2) 
x y z 

where g is the spinfactor, nominally equal to 2. 
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k 

Fig. 5.1. Density of states at zero temperature 

So per unit volume we have in 6k : 
1 

6n _ --.lL(k2 _ k2)6k 
8" 2 F 1 1 

The total electron density we find by integrating this from 0 to k : 
F 

The wave function of an electron with k 

'" - a ·exp{i(kx + loy + k z») 
1 x y 1 

z 
k is 

1 

(V -3) 

Then el"'12 gives the exp'ectation value of the charge density. Integrated over 

the whole region the charge is equal to the electron charge, so 

LLL rrn",1 2
dxdYdZ - 1 

000 

from which it follows I a,12 - L t L . (V-4) 
• y z 

The contribution to the current density of one electron is (see I-2b) 
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J 
10 

~.klt/>12 
m 1 

1 

eb 
m 

1 

k 
1 

LLL 
x y z 

(V-S) 

Summed over all electrons in t.k we 
1 

obtain the current density that goes 

from the left contact towards the barrier: 

t.J 
1n 

JL.~. (k2 _ k2)k t.k 
8

2m FIll 
" 1 

(V-6) 

Of this a fraction T ,where T is given by (111-8), tunnels through the 
tot tot 

barriers, so that the current on the right becomes: 

t.J 
out 

JL.~.T (k2 

8
2m totF 

" 1 

(V- 7) 

The sheet charge density in the well per electron becomes, because of 

(IV-6, 14): 

Q _q.dFl a I2 

sh 3 Q 1 
with F 

Q 

So for all electrons in t.k : 
1 

t.Q -oh 
(V-8) 

The total current and charge density are found by integrating these 

expressions over all positive k. 
1 

Only positive k -values must be 
1 

taken 

because only electrons traveling from left to right can tunnel through the 

barriers. The implicit assumption is made here that the number of tunneling 

electrons is so small that they do not disturb the balance between left and 

right traveling electrons. The result is: 

J 
out 

Q -sh 

k 
F 

~'~f T (k
2 

8
2m tot F 

" 1 o 

k 

- k2)k dk 
1 1 1 

F 

~d f F (k
2 

- k
2
)dk 

8w2 3 Q F 1 1 
o 

In a parabolic conduction band the relation between Wand k is: 

W 
tot 

W + W 
xy z 2m 

e 
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With this we can conver: the integrals to integrals over W 
1 

W 

J 
out 

-1L. qm, JF T (W _ W )dW 
4",2 h 3 tot F 1 1 

o 

Q -
sh [

m ] 2 J'~F 
~ -.2 . F (W 
4~2 3 h2 Q F 

- W)dW 
1 1 

o 

V-3. Finite temperature 

2m 
1 

(V-ll) 

(V -12) 

At temperatures greater than 0 K the electrons are spread over the whole of 

k-space. A state with <energy W has an occupation probability according to 

Fermi: 

f(W) -
1 

(V -13) 
1 + 

( 
k z 

Fig. 5.2. Densicy of states at finite temperature 

In a ring at k _ k . k2 + k 2 

z 1 x y 

a number of electrons 

2 
r having width ~k~r. see Fig. 5.2. there is 

1 
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LIN - g 
r 

27fr 
ilk ilk ilk iI\ilr. f(W) , 

x y z 

fl
2
k

2 

1 1 
where W - ""2C"m-- + 2m 

1 1 

+ W (V-14) 
e 

Here W is the minimum energy of the (parabolic, isotropic) conduction band. 
e 

Integrating (V-14) over r, after substitution of (V-13), one obtains: 

with W 
1 2m 

1 

(V-IS) 

In the limit T ~ 0, (V-IS) approaches zero for W > Wand (V-2) for W < W . 
1 F 1 F 

Multiplying this result with (V-S) and with T ,given by (III-B), we find 
tot 

the tunnel current contributed by the electrons in ~k : 
1 

q kT (( )) 1 WF - We - W, 
t;.J - g T ln I + exp kT k ilk 

out 41f 2h tot 1 1 

where for W -W the value at the barrier should be used. 
F C 

(V-lG) 

For the sheet charge density in the well we find in the same way, using eqs 

(IV-6) and (V-4): 

ilQ - g-q_. 
ISh 4f(2 

d m 
3 1 

m kT ( 
1 d F In I 
fl2 3 Q 

F 
- fii{. Q t;.J 

Tout 
tot 1 

(V-l7) 

Note that when (V-IS) is integrated again over k from minus to plus infinity 
1 

we obtain the well-known expression for the total electron density in a 

parabolic spheric band: 

n -
[ 

m kT ] 3/2 
1 ';j (WF 

g 2 1/2 
2"fl 

- We) 
kT 

where';j is an integral of the Fermi-function [9J: 
1/2 

2 JO> 1/2 
';j (x) - y dy 

1/2 Vir l+exp(y-x) 
o 

2S 

(V-lB) 

(V-l9) 



V-4. Subbands in the accumulation region 

Up to now we have assumed that all electrons in the accumulation region are 

free to move in three directions. At high bias this can no longer be true, 

however, since the high electric field at the first barrier creates a 

potential well here very much like in a High Electron Mobility Transistor, 

see Fig. 5.3. The wave function of the electron can resonate here in which 

case the electrons are confined in the z-direction. having a minimum energy 

W , while still being free to move in the x and y directions. Suppose these 
i 

electrons have a wave function 

'" - f(z)expi(k x+k y) 
x y 

Normalization of this wavefunction gives the condition 

J/f(z)/2- 1 

.Y!..E ..... 
We 

Fig. 5.3. Pot€'ntial well at Che firsc barrier 

(V-20) 

(V-21) 

Due to the fact that the wavefunction penetrates a little into the barrier 

its value at the barrier will be different from zero. 

Calculating the tunneling current from this level poses a problem since a 

standing wave in the z-direction cannot carry any current. In reality 

electrons do tunnel how,ever, and the loss of electrons from the subband is 

compensated by scattering of electrons from the higher subbands or 3D levels. 
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Assuming that the tunnel current is relatively small and does not disturb the 

electron distribution significantly we make an approximate calculation by 

deriving an equivalent 3D wavefunction 

f (z) - Aexp(ik z) + Bexp(-ik z) 
eq 1 2 

which has the same values of the function and its derivative at the barrier. 

For k we take the value a plane wave with the same energy as the subband 
1 

would have: 

1 
k --/2mW 

1 h 1 subi 
(V-22) 

This gives: 

A - +(f(O) + _1 f'(O») (V-23a) 
ik , 

B - +(f(O) _1 f' (0») (V-23b) 
ik , 

Using eq. (II-2b) for the wave traveling in the positive z-direction we 

obtain for the equivalent one-electron current: 

I 
10 

qhk 
--:::_'_1 A 12T 

m subi , (V-24) 

where T is the tunnel transmission coefficient for the electrons in 
.ubi 

subband i. 

Note that IAI2 has the dimension of inverse length so we can write (V-23) 

symbolically as 

I ,. 
qhk 

--:::-,1'-1 A 12T 
m subi , 

qhk , 
4m , 

T 

d 
sub! (V - 25) 
sub! 

where d can be considered as an equivalent width of the ith subband . 
• ubi 

This has to be multiplied by the number of electrons available in the 

subband. which is obtained by the same integration over k and k as was done 
x y 

for the 3D electrons. The result is 

N 
• ub' 

- g 
L L 

x y 

2 .. 
rdr 

exp(W ~TWF) 

L L 
- g 

x y 

2" 
(V-26) 

Together with (V-25) this gives for the current density from subband 1: 
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(V - 27) 

where T - T (k ) and k is given by (V-22). Similar formulae hold 
subi tot subi subi 

for the second and higher subbands where each time the appropriate values for 

k and d have to hoe used. 
sub! subi 

What remains is to find a values for d In a rectangular well with width 
suhi 

d it would be equal to d. In this well k - 7r/d so starting from the 
w w subl w 

subband energy we could calculate values for d and k and take these as a 
" sub! 

first rough approximation for the present case. 

A better approximation for the lowest subband is provided by taking the 

formula of Fang and Hm1ard [lOJ. shifted along the z-axis to give a finite 

amplitude at the barrier: 

f(z) a-z (a-z ) 0 (V-28a) 
- 3 1/2exp -~ • z :S 

(2z ) 0 
0 

In Sec. (VI-2.2) the calculation of z will be given. In the barrier an 
0 

evanescent wave is assumed: 

f(z) - f(O)exp( -I< :.). 
2 

Z 2:: 0, I< - !.j2m (V -\I )' 
2 fl 2 bl 1 

(V-28b) 

Matching 

a -

1 
---f'(z) at the barrier gives a value for a: 

m 
2z 

o 
1 + 2z I< m 1m. 

o 2 1 :~ 

From eqs. (V-23) and (V-24) then d can be calculated: 
subl 

1 
d 

subl 

~ ~.~[l + __ 1 __ ( ____ 1 ___ 1 __ )2)exp (_ 
• 2z 3 k2 2zo a 

o 1 

I<m 
2 1 

km 
1 2 

: ) 
o 

(V-29) 

(V-3~) 

Finally we have to calculate the contribution of the 2D electrons to the 

charge in the quantum well. This is simple: from eqs (V-16. 17) we may 

conclude that for a l!;iven k there is a fixed ratio between the tunnel 
z 

current and the charg.. in the well. Since all subband electrons can be 

thought of as being at the 

contribution to the charge as 

m 
o _' __ d 
'waubi - hk subi 

1 

F' (k ) 
Q subi 

T (k ) 
tot subi 

same k we 
z 

J 
subi 

28 
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v-s, Integrals in the neighbourhood of resonances 

The integrals (V-IS) and (V-16) are not analytically solvable and have to be 

determined with numerical methods, Howeverer, around resonance points T 
tot 

and F can vary 
Q 

In strongly and numerical integration becomes inaccurate. 

this case it is better to apply an analytic approximation, For T 
tot 

we have 

with (III-Sa) and (111-8) 

T 
tot 

2 
l+'YT -y R 

A C 

'Y(T +T ) 
A C 

'YT T 
A C 

1 + 'Y2R R - 2~cos~ 
A CAe 

(V - 32) 

where in principle all quantities are functions of k , the z-component of the 
1 

k-vector left of the barriers, 

The resonances are at cos</> - 1 and are sharp. d.w.z. T «1, when both 
A,C 

barriers are high with respect to the electron energy W corresponding to k : 
1 1 

W 
1 2m 

1 

For the evaluation of the integrals we can assume that the variations of 'Y, 

T 
A,C 

~ is 

and R in the resonance region are slow compared to those caused by ~, 
A,C 

given by (II-30c) 

~ - 2k d -" + arg(A jA ) + arg(C IC ) 
3 3 1 11 21 11 

If T and T are small, so is E in (11-16) and the terms with liE dominate, 
A C 

We can then use approximations as in (11-25) and find for the phase angles 

arg(AjA ) !!< arg(z jz·) - - 2'arctan(m kim 1<) 
111 223 232 

(V-33a) 

arg(C IC ) !!< arg(z jz· ) - 2, arctan(m I< 1m k ) 
2111 334 3443 

(V-33b) 

Then the derivative of (II-30c) becomes 

2 , m2( dk3 _ kdl< 

) + d~ - 2d dk 3 2 
3 3 

ckr 
m It 2 

1+ ~ 3 2 I< 
2 

mit 3 2 

2 ,~(~- It dk 

) , 3 
+ m/( 2 m k 

k 2 
1+ 

3 , , 3 
mk 3 

(V-34) 

, 3 
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With k
2 

_ ~[W+V-V) 
3 f12 1 1 3 

and 1<2 
2.4 

we can write this as 

dW 
d4> - W +V -V 'P 

1 1 3 

mk 
2 3 

ml< 
3 2 

1 + 
m k 

2 3 
2 

m If. m k 
__ -..!3.J..,..:.2+- __ 4_3. 

m k 
2 3 

1 + 
m I< 

3 2 

2 ml< 
3 4 

1 + :~ :: : l' 
1 + 4 3 

m I< 
3 • 

rp-kd 
3 3 

The term between large brackets we call 'P'. We can also write it as 

W +V-V W +V-V 
1 1 1 3 1 1 1 3 

mk 
+ ---- mk + V ·-W-V V -W-V 

'P' 
2 3 2 1 1 4 3 4 1 1 

- 'P - ml< m W +V-V ml< m W +V-V 
3 2 1 + 2 1 1 3 3 4 1 + 4 1 1 3 

m V -W-V m V -W-V 
3 2 1 1 3 4 1 1 

mk V -V mk V - V 
2 3 2 3 4 3 4 3 

- 'P ml< to ml< m 
3 2 V -W -V + 2 3 4 

V -W -V + 4 --(W +V -V) -(W +V -V) 
2 1 1 mIl 3 2 1 1 mIl 3 

3 3 

(V-3S) 

(V-36) 

If the barriers are high, I< and I< are large and the second and third term • 
are much smaller than ~. This can change however when in the region of the 

well we use another material with a smaller effective mass than the barrier 

region. If we now subst:itute (V-3S) in (V-IS), together with (V-32), and take 

the slowly varying terms outside the integral we get 

J 
out,res 

gem kT 
1 

W +V -V 
1 1 3 

'P' 
• 

(V-37) 

where all quantities outside the integral have to be evaluated at the 

point k - k etc. 
1 1r 

The same goes also for Rand R in 
A C 

the resonance 

integral. With the substitution u - tan(~/2) we can reduce the integral to 
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t.u 

J 
du -> -2----:--,arctan[ i~~ tan(~/2»)t.~ R--yv'R}C 

(l_R)2+(l+R2)u2 l_R2 A C 
-M 

(V - 38) 

t.u 

In practice it has been found that in the presence of realistic amounts of 

scattering the sharpness of the resonance peaks is greatly reduced 

(cf. Figs. 3.2 and 3.2) and a separate integration of the peaks is not 

necessary. 

V-6. Interface roughness scattering 

In Sec. III-2 we have derived a formula for the incoherent contribution to 

tunneling based on interface roughness scattering. There the approximation 

was made that the lateral velocity v is the same for all electrons. This of 
xy 

course is not true. The electrons have a velocity distribution in x and y as 

well as in z and when k is large there will be fewer electrons with a high 
• 

v than when k is low. This means that electrons with low k are scattered 
xy • 

more than those with high k . 
• 

An electron with a lateral velocity 

Sec. III-3. For 

v 
xy 

has 

• 

a scatter frequency 

k -value k we have v - v IL - hk 1m L, see 
xyI. xyf' 1 a 

a particular 
• 1 

in a range Ar around k 
xy 

r a number of electrons 

t.N - ~f(W)rt.rt.k 
411'2 1 

which gives a relative contribution to the scattering of 

t.v - ~V hr / ~·--f(W)rt.rt.k t.N 
4 

2 m L 1 k' 
,. 1. 

with t.N 
k 

~If(W)rdrt.k 
4,.2 1 

o 

The total scatter rate of the electrons around k is then 
1 

where the last integral is given in (V-14). 

(V-39) 

(V-40) 

Keeping in mind that W - W + 
1 

we can evaluate the first integral as 
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ff(W)r2drLlk ., ~.JdWf(W)~ -
1 h3 1 

W 
1 

m /~m l' . J:U--.-,-----c"",IU;;..=.;-o-~....,.=-
h 3 l+exp{ (U+W -W )/kT) 

1 F 
o 

m~ 
1 (m kT) 3/2'!f () 
2h 3 1 1/2 '1 

with '1 -

W -W 
F 1 

kT 

where '!f is the integral of the Fermi-function encountered before in V-3: 
1/2 

So the average scattering frequency of the electrons around k is 
1 

hmn ( W -W 
LIv ___ -=l_(kT) 3/2'!f F 1 

2L h 2 1/2 kT 
• 

/ "kT '.-.!.. .. '!f ( 
2m L 1/2 

1 • 

W -W )/ ( ( )) 
F 1 WF - WI 
kT ln 1 + exp kT 

For large values of '1 '!f ('1) and In(l+exp('1)) approach 
1/2 

4 3/2 
'!f ('1) '" ,....,-n3 ' resp. In(l+exp('1)) .. '1 and v reduces to 

1/2 ~Yw . av 

A:w-' 
4 F 1 

v.v - 3L --2m 
8 1 

(V-4l) 

(V-42) 

For negative and small positive '1 both functions approach exp('1) and we have 

av 
-.!../"k~ 

L 2m (V-43) v 
8 1 

32 



VI. MODELS FOR THE CONTACT REGIONS 

VI-I. Introduction 

Except the barrier-region a DBRT-diode also contains contact regions. At the 

negative contact electrons are injected, at the other side they are 

collected. At the injecting side the electrons pile up against the barrier. 

- pol. 
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Fi 

n+ GaAs n GaAs 

N 
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E 
F 

E c 
accumulation 

region 

ol----oE 

" / 
AIGaAs 

barrier 
region 

v 

n GaAs + n GaAs 

depletion 
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+ 

+ pol. 

w '-----=.-..=--=-:....:-::...t-- Fe 

Fig. 6.1. Structure and band diagram of a DBRT diode. 
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At the collecting side they are carried away fast by a strong electric field. 

Therefore in the literature these regions are designated as accumulation 

region and depletion region, respectively. 

The band diagram under bias looks as in Fig. 6.1. 

The diode voltage 

determined by the 

is V 
d 

space 

V + 
i 

charge 

V 
1 

in 
c 

(in the figure V <0). V is 
i i 

+ V 
2 

+ V 

the accumulation region, which also 

determines the field sl:rength E just left of the first barrier. This field 
i 

strength gives also t:he voltage across the first barrier. For ease of 

calculation we assume that the charge in the well is concentrated in the 

middle. Then V is completely determined by E . V is determined by the field 
1 i 2 

strength E in the right barrier, which is given by E and the well charge 
c i 

Q. Finally V is determined by E and the space charge in the depletion 
wee 

region. 

The current Id and the well charge Q .. are determined by the supply of 

electrons in the accumulation region, that is, by Wand by V and V . The 
Fi 1 2 

calculation of the I-V characteristic thus becomes complicated because the 

variables are mutually dependent. The simplest way to do it is to assume a 

voltage drop across the accumulation region and from this calculate all other 

quantities, including V and I. 

VI-2. The accumulation region 

In this region a larg" quantity of electrons is injected from the highly 

doped contact region. Of these only a small fraction tunnels through the 

barriers. We can therefore assume that in this region quasi-equilibrium 

reigns, or in other words the Fermi level is constant. 

Due to the combined effects of applied bias and injected electrons a strong 

band curvature may develop and a potential well is formed. At higher bias 

this well becomes narrow enough to cause quantization of the wave function in 

the z-direction. We then have a mixed electron population consisting of 

electrons on the higher energy levels that can move freely in three 

dimensions (3D electr"ns) and electrons that are confined in the well 

(2D electrons). To begin with we consider the situation that only 3D 

electrons are present, which happens at low bias. 
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VI-2.l. 3D electrons 

In this case the electron density is given by 

w -w 
n - N • 'If (~F-;;:--,''-) 

C 1/2 kT 
(VI-la) 

where 'If is an integral of the Fermi-function [9J already encountered in 
1/2 

Sec. V-4 and N is the density of states in the conduction band: , 

[ 
mlkT )3/2 

N - g -'--::-
, 2"h 2 

with g being the spin factor, normally equal to 2. 
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Fig. 6.2. Conduction band profile in the accumulation region 
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· . 

W is the potential energy of an electron at the bottom of the conduction 
c 

band and we can take this equal to -qV, where V is the electric potential. 

The left contact where we assume charge neutrality to exist. serves as the 

zero point for V and W .. 
c 

The function ~ (~) can for large ~ be aproximated by its asymptote 
1/2 

~ 4 3,2 
hi (~) - 3"1f~ 

and for negative and sm.,ll positive ~ by 

~ ( ) _ 1 
10 ~ fJ + exp( -r,.) fJ '" 0.25 

(VI-2) 

(VI-3) 

A good approximation for the whole range is given by a combination of these 

This is the form that is used in the calculations. 
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l'he electron density now is a direct function of the potential, which can be 

substituted in the right hand side of Poisson's equation: 

If we consider the voltage drop across the accumulation region V as a given 
i 

quantity this non-linear equation can be discretized on a grid of 50-200 

points. The resulting system of equations can be solved by successive 

over-relaxation with a relaxation factor of about 1.B. 

As a result one gets electron density and conduction band profiles which for 

a typical case are depicted in Figs. 6.2 and 6.3. 
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Fig. 6.4. Eleccric field and Fermi level at the first barrier 

An interesting outcome of these calculations is that the field strength and 

the Fermi level at the barrier are only weakly dependent on the doping and 

width of the accumulation region, provided that the doping is not too high 

and the width not too small. This is demonstrated by Fig 6.4 where E is 
i 
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plotted against 

space charge in 

W for a number of cases. The reason for this is that the 
fi 

this re.gion is mainly determined by the electrons piling up 

against the barrier. Their density usually is much greater than that of the 

ionized donors and they dig their own well so to speak. 

VI-2.2. 2D and 3D electrons 

In the previous analysis no account is taken of the quantummechanical nature 

of the electrons so it is not consistent with the calculation of the tunnel 

current done in Sec. V-'>. In the triangular well" that is formed at high bias 

the electron wave functj~on will be confined and two-dimensional subbands will 

occur. The density-oE-states function will be different from the 

three-dimensional one that has been assumed here and this will influence the 

potential and electric field profiles in the accumulation region. 

Wmax 

o 

Fig. 6.5. Potential well and triangular approximation. 

A full analysis of this problem would require a self-consistent solution of 

Poisson's and Schrodinger's equations, where in Poi:o:son' 5 equation account 

should be taken of both 20 and 3D electrons. This is quite a task which would 

use considerable computing time. We therefore restrict ourselves here to a 

simplified approach based on Stern's analysis of an infinitely deep 

triangular well [11]. 

In our analysis the curved well is replaced by a triangular one having the 
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same slope at the position of the subband level W, see Fig. 6.5. For this 
1 

well the position of the ith subband is given by [11] 

[ fl2 )l/3[ )213 
W, '" ~ ;,rqE, (i+3/4) 

Here E is the electric field at the position of subband #i. 
1 

(VI-S) 

Since this is 

referenced to the bottom of the triangular well the energy W
Oi 

should be 

added to W to find the position of subband #i in the actual well. It turns 
1 

out however that doing so one gets always too high values compared to an 

exact solution. Better agreement is obtained when only part of W is added. 
01 

Fig. 6.6 shows the results of the procedure above compared to a numerical 

solution of Schrodinger's equation, provided by O. Abu-Zeid [12] , where 

0.6W is added for subband #1 and 0.9W for subband #2. Clearly the price 
01 01 

of introducing fudge factors has to be paid for using this simplified 

analysis. 

DBRT ace.reg. N1 300K Wsub vs E 
1.2' .. xnCI, 1 ... 23, Stern 

0.20 ~----------~ 

-- , 
~---- '3 

-- , 
,. 

o 50 100 150 200 250 

E-field at barrier IkV/cm) 

Fig. 6.6. Approximation of Fig. 6.5 compared with "exact" solution 

Another method is to start from the electric field given by the chord line in 

Fig. 6.5. Then besides (VI-S) we also have 
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W - qE(z )z 
iii 

Equating this to (VI-5) then gives an equation for E(z ) which reads after 
i 

some reduction: 

qE(Zi)Z: - Q 2~: . (1«i + ~)) 2 

Since E(z) is given by the band profile from this expression z and E(z ) 
iii 

can be calculated easIly. The factor Q has been introduced to give better 

agreement with numerically calculated values. A value of O.l(i+l) gives good 

agreement for the firs't two subbands. 

Using either one of the above methods to solve Schrodinger' s equation makes 

an iteration procedure necessary: one has to estimate the energy eigenvalue 

of the subband, find the electric field at this position and recalculate the 

subband energy. 

The next step is to calculate the electron distribution of the subbands. The 

occupation of the subbands and the one-electron wavefunction of the lowest 

subband have already been given in Sec. V-4. For the second subband we also 

take the formula of Fang and Howard [10]: 

'" (z) -o 
a-z (a-z) -';::"3":;",-/-2,exp - -2-z-

(2z 0) 0 

(VI-Ga) 

[ 
3 ) 1/2 [ 

"',(z) - 3 2 (a-z) 1 
2z (c -c +1) 

1 1 1 

l+c ) 
- 6z

,
' (a-z) exp(- (VI-6b) 

with c - z /z . 
1 1 0 

These functions are normalized so that their square integrates to one over z. 

Multiplying the square by (V-26) gives the electron density for the first two 

subbands as a function of position. More than two wavefunctions are not taken 

into account here. 1be parameters z and z have been calculated by 
o 1 

minimizing the free enElrgy of the electrons [13]. resulting in: 

(VI-7a) 

• where N - N +':':N. representing the sheet densities contributed by the 
depl 32 sh 

ionized impurities (acceptors counted positive and donors negative) and the 

20 electrons. respectively. Note that in [13] simplifying assumptions were 

made, in particular that all electrons are in 20 states. which is true only 

at low temperatures. To account for the free energy term resulting from the 
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interaction between the 2D and 3D electrons, as a first approximation we add 

the sheet density of the latter to that of the ionized impurities. Also, the 

region over which we integrate the densities to arrive at the sheet density 

is taken between the barrier and the point of zero electric field (i.e. the 

conduction band maximum), which corresponds to the edge of the depletion 

layer in the cases treated in [13]. Consequently we use: 

z 

- N ) + f~ax (z)dz 
o 3D 

o 
N - z (N 

depl max A 
(VI-7b) 

For zl we take a value equal to zo. Since the contribution of the second 

subband to the total carrier density is small, this value is not very 

important. 

To the 2D electron density calculated this way has to be added the 3D density 

which is calculated as before for the part of the injection region that lies 

to the left of the conduction band maximum W , see Fig. 6.5. To the right max 
of this maximum we have to consider that 3D electrons cannot exist below a 

certain energy level. The simplest approach is to assume that this level is 

the conduction band maximum itself. Instead of (VI-I) which is obtained by 

integrating from the' conduction band minimum upwards, we now have the 

integral 

n (z) 
3D 

mkTJ'" [ 1 In 1 
h

2 

k 
max 

(VI-B) 

where the integrand has been obtained by integrating the product of 

the occupation number and the Fermi function over the two transversal 

coordinates. Furthermore 

W and k 

12m (W -W)' 1 max c 

• max 

Changl·ng to W - h2k2/2m, as the . t t· . bl thO . t 1 b .z! ln egra lon varla e lS ln egra can e 

written as 

'" 
n (z) - ~N·r ln[l + exp~W...:F=---"""",W;,,-_W_)d(WfkBT)1/2 

3D y", J kB T 

where U 
o 

W -W 
max c 

kT 
B 

U ' /2 
o 

and N is given by (VI-lb). 
c 
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Unfortunately this intE!gral cannot be calculated analytically. However, in 

most cases the conduction band maximum will be at least a few k T above the 
B 

Fermi level (cf. Fig. 6.2) in which case it is permitted to replace the Fermi 

function by the Boltzmann approximation, i. e. to replace the logarithm in 

(VI-9) by the exponential in its argument. The result is 

(VI-lO) 

Together with the 20 densities given by (VI-6) and (VI-7) , multiplied by 

(V-l9), this gives the charge density to be used in Poisson's equation. The 

latter is solved as before by successive over-relaxation. 

Since the potential calculated from Poisson' equation influences the position 

of the suhbands another iteration loop is necessary to solve for the 

potential and the el,ectron densities self-consistently. The resulting 

densities for a specific bias are shown in Fig. 6.7 and the corresponding 

electric field and potential profiles in Fig. 6.8. 
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Fig. 6.7. Density profiles with 2D and 3D electrons. 
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VI-3. The depletion region 

In this region we have similarly to the accumulationregion a heavy injection 

of electrons from the c:ontact. To these are added the electrons that tunnel 

through the barriers. ~~e latter usually arrive with high kinetic energies so 

that we have a mix of t,oil'O completely different electron populations. A proper 

analysis of this region could only be done by a Monte Carlo simulation. 

An energy relaxation approach has been tried where besides continuity of 

electron density and momentum also a continuity equation for the average 

electron energy is sobred and th mobility and diffusivity are taken to be 

functions of this avera/;e energy. It has been assumed here that the electrons 

diffusing back from the contact do not reach the barrier so that the boundary 

condition is completely determined by the electrons tunneling through the 

barrier. Otherwise the boundary conditions would be undefined. The result is 

shown in Figs. 6.9 and 6.10. 
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Fig. 6.9. Eleccron densiCy in Che depleCion region 

Fortunately it turns out: that the density of the tunneling electrons is very 

small compared with the doping, so that their influence on the space charge 
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is small. The latter is mainly determined by the doping and the electrons 

inject:ed from the contact and diffusing backwards against the field. The 

consequence of this is, perhaps somewhat surprisingly, that we can treat this 

region the same way as the accumulation region, i.e. as a quasiwequilihrium 

region. Due to the width of the depletion region we don't have to take 

account of 2D electrons in this case. 
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Fig. 6.10. Electric field in the depletion region 

The method of solution becomes slightly more complicated now because not the 

voltage over the region is given but the electric field E at the entrance, 
c 

i. e. at the second barrier. The other boundary condition is the electric 

field at the contact which we assume to be zero. This necessitates an 

iterative procedure, where in every step first the potential distribution is 

calculated with S.O.R. and then the barrier electric field. This field is 

then increased or decreased with the proper amount to satisfy the boundary 

conditions. The result for the same case as Fig. 6.10 is shown in Fig. 6.11. 

Evidently there is very little difference between the two solutions. 
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VII. RESULTS OF THE D.C. MODEL 

VII-I. Introduction 

In the following a brief summary will be given of efforts to apply the model 

described above to various device structures. Five structures have been 

measured. one of which was kindly provided by Dr. M. Henini of Nottingham 

University (device # 1) and three by Dr. R.D. Schnell of Siemens Res. Labs. 

Munich (# 2, 3 and 4). The last structure (# 5) was made at Eindhiven 

University of Technology, the MBE layer growth being done in the facility of 

the Solid State Physics group and the device technology in the group of 

structure # 1 2 3 4 5 

fabrication Nottingham U. Siemens Munich EUT 

high-doped region 
2xlO '8 -3 

lxlO '8 lxlO '8 lxlO'8 lxlO'8 
donor concentration 

cm 

low-doped region 
2xlO '6 -3 lxlO'7 lxlO17 lxlO17 2xlO'6 

donor concentration 
cm 

high-doped region 500 nm 500 500 500 500 
width 

low-doped region 
50 nm 100 100 100 50 

width 

undoped spacer width 2.5 nm 15 15 15 2.5 

barrier width 5 nm 3 3 3 2.5 

x-Al in barrier 0.4 0.6 0.6 0.6 1.0 

well width 5 nm 4 4 4 5 

x-In in well 0 0 0.08 0 0 

pre -well width 0 0 0 0 0 

x-In in pre-well 0 0 0 0.15 0 

Table 1. Technological parameters of the devices studied. 
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Electronic Devices. TI1e relevant data of these structures are given in 

Table 1. All devices were processed in the form of round mesas, with cross 

sections between 20 and 100 pm. Measurements have been made in both bias 

polarities, and the results have been compared with those of the model. 

VII-2. Three-dimensional model for the accumulation region 

The I-V characteristic: of the whole structure can now be calculated as 

follows: a voltage drop over the accumulation region is assumed. From this 

the Fermi level and "lectric field at the first barrier are calculated 

according to Sec. VI-2. These are used as boundary conditions for the barrier 

region, whose analysis yields the diode current, the charge in the well and 

the voltage across the barriers, as well as the electric field at the right 

barrier. The latter is used as a boundary condition for the depletion region. 

In this section the el •• ctrons in the accumulation region will be assumed to 

move freely in three dimensions so that a 3D density of states can be used. 

In the next section the effects of subbands in this region will be analyzed. 

Four different devices have been simulated. Their parameters are summarized 

in Table 1. All were based on the A1GaAs/GaAs system, but device # 3 has an 

InGaAs well and device # 4 has an InGaAs pre-well directly in front of the 

first barrier. Devices 1, 2 and 3 are symmetric and although there are slight 

asymmetries in their I-V characteristics. only one direction was modeled. 

Device # 4 is highly .asymmetric in structure as well in the measured I-V 

curve so both directions were modeled. Device # 5 has barriers of pure AlAs 

but is otherwise comparable to device # 1. 

The barrier height asa function of Al mole fraction is given in Fig. 7.1. 

This corresponds to taking the conduction band discontinuity at 65% of the 

band gap difference. 

The results are given in Figs. 7.2 ... 5 for the structures of Table 1 and 

compared with the me,asured characteristics of devices with the same 

composition. 
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The scattering time (see Sec. 1II-2) that has to be used to get reasonable 

agreement with experiments is about 30 fs at room temperature, which is 

almost an order of magnitude shorter than the momentum relaxation time in 

bulk material. This indicates that additional scattering processes play an 

important role in these devices. The most likely one is interface roughness 

scattering. The average step distance L also defined in Sec. 111-2 has to be 
s 

taken around 10 nm, which seems a reasonable value. In the present 

calculations these parameters have been adjusted to give fitting values for 

the Nottingham device (Fig. 7.2) and kept at the same value for all the other 

devices. 
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The agreement between model and experiments is quite reasonable for the 

Nottingham device (Fig. 7.2a,b) and two of the Siemens devices 

(Figs. 7.3 and 7.4). Note however that for device # 1 the calculated peak is 

distinctly wider than the measured one. This indicates that the electrons in 

the emitter region are not distributed freely over all energy levels but 

confined to one level. Another point is that to arrive at this agreement some 

of the paramters, particularly the barrier heights, had to be changed 

significantly from the values given in Table 1. The values used in the 

simulation are given in Table 2. Here F means "forward" bias, that is 

positive on the mesa top (injection from the substrate) and R means the 

opposite polarity. Also the order of the regions in the table is from emitter 

towards collector. 

Note that for the Nottingham device # 1 the asymmetry in the characteristic 

is accounted for by asymmetric widths of the low-doped regions. 

structure # 1 2 3 4 

low-doped region 2xlO17 
2xlO

16 -3 lxlO17 lxlO17 
donor concentration cm 3xlO

17 

high-doped region 30 nm 30 30 500 
width 

low-doped region F 25, 45 nm 100 100 100 
width R 45, 25 nm 

undoped spacer width 2.5 nm 15 15 15 

barrier width 5.06 nm 3 3.11 3 

barrier height (eV) 0.4 0.6 0.66 0.6 

well depth 0.715 

well width 5.06 nm 4 3.96 4 

pre-well width 0 0 0 0 

x-In in pre-well 0 0 0 0.15 

Table 2. Parameter values used in the simulation with a 

3D model for the emitter region 
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For the device with pre-well (Fig. 7. Sa. b) the agreement is less 

satisfactory. The posi1:ions of the peak and valley currents are predicted 

with reasonable accuracy but the peak-to-valley ratio 'shows a trend opposite 

to the measured one. This can probably be ascribed to the circumstance that 

in this case most of the electrons in the pre-well are in 2-dimensional 

subbands, which has not been accounted for in the model. 

VII-3. Two-dimensional .. ubbands in the accumulation region 

In this section we examine the consequences of the existence of subbands in 

the accumulation region. Especially at high bias a deep well is formed here 
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Fig. 7.6. I-V chan.cteristic of DBRI diode #1 (Nottingham). 

taking into account the 2D subbands in the emitter. 
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tunneling from subbands (upper-first. lower-2nd); 

tunneling from 3D states. 
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and the Schrodinger~waves will be confined in the z-direction. In Sec. V-4 

tunneling from subbands has been discussed and in Sec. VI-2 an approximate 

method to calculate the positions and the electron density profiles of the 

subbands has been described. Here the resulting I-V characteristics are 

presented,. concentrating mainly on the Nottingham device. 
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Fig. 7.7. I-V characteristic of DBRT diode #1 (Nottingham), 

taking into account the 2D subbands in the emitter. 

Forward bias (injection from substrate side). 

In Fig. 7.6 the I-V characteristic of device #1 is shown, with bias in 

"reverse" direction, i.e. electrons injected from the epilayer side. 

Evidently the width of the peak is now in much better agreement with the 

measured curve, cf. Fig. 7.2b. Another pleasant feature of this model is that 

no parameter matching was necessary: nearly all parameters could be kept at 

the values given by the crystal grower (see Table I) except the thickness of 

the low-doped layer which was changed slightly to 55 nm, a change well within 

the experimental uncertainty. The characteristic length of the interface 

roughness scattering was taken at 7 nm. 

55 



Also shown are the contributions from the subbands and the 3D states. Clearly 

the peak current comes mostly from the lowest subband which explains the 

sharpness of the peak. 

The characteristic in the "forward" direction can also be simulated, however, 

to account for the larl~er voltage drop in this direction either the width of 

the low-doped region at the collector side has to be increased to about 

100 nm (a factor of 2) or the doping densities of both the low-doped and 

high-doped regions have to be decreased considerably, which both have the 

effect of widening the depletion layer. In Fig 7.7 the result is shown for 

doping densities of 5xl016 and Ixl015 -3 
cm . Evidently the forward 

characteristic can be reproduced too, but at the cost of drastic changes in 

some of the technological parameters. 

VII-4. Influence of thE! effective ma.s 

It has been found that the differences in effective mass between the barriers 

and the well have a large effect. It is a special problem to determine which 

mass should be used for the barriers since here the electrons are in the 

forbidden gap. We have used the conduction band effective mass of Al Ga As, 
:II: I-x 

shown in Fig. 7.1, on the assumption that due to the large bandgap of AIGaAs 

the electrons in the harriers are always much closer to the conduction band 

than to the valence band. Note that in devices 2 ... 5 the Al mole fraction in 

the barriers is so high that the X and L valleys are lower than the r valley. 

This means that coupling to the satellite valleys should be taken into 

account in principle. In the calculations it always has been assumed that the 

electrons stay in the r-valley during tunneling. In view of the good 

agreement between calculations and experiments intervalley coupling does not 

seem to have a great influence on the tunneling process. 

In Fig. 7.8 is shown what happens when one takes the effective mass in the 

AIGaAs equal to that of GaAs. Clearly this parameter has a strong influence. 
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VIII. NOISE MODEL 

The negative-resistance characteristics of Double Barrier Resonant Tunneling 

diodes can lead to microwave applications like oscillators [ 2]. 

self-oscillating mixers, frequency multipliers etc. For these applications it 

is important to know their noise properties. The noise figures of the 

AlGaAs/GaAs DBRT's made at Nottingham University have been measured 

accurately in a reflection amplifier configuration over the whole bias range 

of interest, at frequencies from 1-1. 6 GHz. 

In this section a model is presented that explains the measured features. The 

model is based on the d..c. model discussed above assuming that shot noise in 

the diode current is th,e main source of noise. 

Electrons are emitted from the reservoir formed by the injection region and 

tunnel through the barrier structure. Both processes have a stochastic 

character so this is a case of partition noise as treated by Van der Ziel 

[14]. The actual noise can in this case deviate from full shot noise. 

If all electron states In the accumulation region are occupied the occupation 

number cannot fluctuate and the noise is reduced. In the general case we have 

in a volume element ~k 1n k-space an average number of electrons 

Ii - f(E(k» 'lm, 
k 

where f(E) is the Fermi distribution function 

(VIII -1) 

(VIII-2) 

and lm - V·"k "k "k/(2ft) 
2 

, V being the volume of the accumulation region. 
x y 

The variance is 

2 
(n -n) - f(l-f)"n 

k k 
(VIII- 3) 

The tunneling current contributed by the electrons in "k is given by 

k 
~._z.T f."n 

where T 
D 

of this, 

m V D ' 
(VIII-4) 

is the transmi:;sion coefficient of the double barrier. The variance 

translated to an equivalent variance in Ii, is equal to T (l-T )f"n. 
D D 

Together with (VIII-3) >Ie get for the total variance 

- 2 
(n -n) - (l-T f)T f"n 

k k D D 
(VIII-5) 
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At very low temperatures the Fermi function approaches 1 and the right hand 

side of (4) reduces to (l-T)Tfin, recovering a result that has previously been 

found by Lesovik [15], Yurke and Kochanski [16], Buttiker [17] and Landauer 

and Hartin [18]. At room temperature the electrons are spread out over 

k-space and f is very low, so that we have full shot noise. 

Changing to the frequency domain the noise current contributed by the 

volume-element fik can be written as 

fiS , 
k qh z --.-. (l-T f)T f . fin 

m V D D 
(VIII-6) 

This has to be integrated over k-space in the same way as it is done for the 

current to yield the total noise. The term T f·fin has already been 
D 

encountered in the calculation of the total current, Sec. V - 2, and its 

integral over the lateral coordinates 

eq. (V -14). The other term has the form 

the form 

yields a logarithmic term like in 

T2~'fin and leads to an integral of 
D 

_ m1 kT . { ___ -.;,l.--=-_ 
h2 1 (W - WF) +exp kT 

Using (V-14) we can now write the integral of (VIII-6) as 

with 

fiS, - qfiI(l 

W -W 
F 1 
kT U -

T 
_ T + D ) 

D (l+exp(-U»)·ln(l+exp(U») (VIII-7) 

This has to be integrated over W the same way as the current density. 
1 

The factor between large brackets is always between zero and one so the noise 

always is lower than full shot noise (fiS - qfiI). , 

A second effect that causes the noise to deviate from full shot noise is the 

space charge in the quantum well which introduces a feedback as follows: 

an extra current through the first barrier gives an extra charge in the 

well, which increases the voltage over the second barrier, which in its 

turn changes the resonant level in the well, which changes the current. 

Schematically this is depicted in Fig. 8.1. 
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Fig. B.1. Feedback effect on noise by quantum well charge. 

The sign of the current change depends on the way the current changes with a 

change of the resonant level and this is dependent on the d.c. bias point of 

the diode. In a first 8lpproximation we can say that in a positive-resistance 

region it is negativE~, so that the noise is reduced, whereas in the 

negative-resistance region we have a positive feedback leading to increased 

noise. 

A primary current fluctuation oi produces a change in the well charge 00 
prim ~ 

which changes the voltage drop over the second part of the barrier region 

which in its turn produces a change in the barrier current. 

With the help of Fig. 8.1 we can express this mathematically as follows, 

where upper case indicates the static (d.c.) values of the various variables, 

lower case their a.c. components. 

o is the charge in the well, Land L are the widths of first and second 
"'w 1 2 

part of the barrier re'gion, respectively, and V and V the voltage drops 
1 2 

over these parts. E V /L is the electric field in part 1 and C the 
111 Z 

capacitance of part 2. 

dQ 
00 - dI" (Oi. + Oi ) 

)<l prim :!Sec 
(VIII-8a) 
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dV 
ov L oe 2 (VIII-Bb) + ~o'l" 2 2 1 

w 

oe ov jL (VIII-Bc) 
1 1 1 

Si 
81 81 (VIII-Bd) - --ov + ifiTov2 .oe 8V 1 

1 2 

Furthermore, looking for current fluctuations, we must keep the total voltage 

constant, which implies 

ov - - OV 
1 2 

(VIII-9) 

From these equations the total current fluctuation can be calculated as: 

Si 
Si 

tote.! 
Si + Si 

prim ssc 

prim 

T L 
1 + 

w 1 

R C L + L 

(VIII-10) 

12 2 1 2 

w 
R 

12 
8 Ij8V

1 
- 8Ij8V

2 
and C - dQjdV . 

2 2 
where we have defined T 

All three can be calculated from the d.c. model described in the previous 

chapters. The current noise, including feedback, can now be written as 

1 
2 

S S 
I Iprim T L 

1 + w 1 

R G L + L 

(VIII -11) 

12 2 1 2 

where S is given by the integral of eq. (VIII -7) above. The noise 
Iprim 

measure M is defined as the ratio between the effective noise temperature and 

a standard temperature and can be written as 

T 
orr 

M--
T
---

o 

S Re(Z ) 
I d 

4kT 
o 

(VIII-12) 

where Re(Z) is the real part of the device impedance and T a standard 
d 0 

temperature, in our case taken equal to 290 K. It follows that for a device 

in thermal equilibrium M must be equal to 1. 

Fig. B.2 shows the noise measure as deduced from the noise figure 

measurements [20]. Since the measurement temperature is close to the standard 

temperature the noise measure at zero bias is close to 1, in agreement with 

the definition of M. 

In this figure are included for reference the full shot noise values 

calculated from the measured d.c. current. Evidently we do not have full shot 

noise but lower values in the positive-resistance regions and higher values 
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in the negative-resist,mce regions. This is the effect of the feedback from 

the well charge as discussed above. Note that the reference M goes to zero at 

zero bias. This is bec~Luse using the bias current in the standard shot noise 

formula we have ignored the fact that the current is composed of two opposing 

currents which cancel exactly at zero bias t 

contributions add up. 

-- Measured ----- Ide eq. 
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Fig. 8.2. Experimental noise measure 

1.50 

their noise 

Fig. 8.3 gives the results of the model. Here too the full shot noise 

reference is included, but now using the d. c. current calculated from the 

model. Clearly the model reproduces qualitatively all the salient features of 

the measurements, in particular the reduction of noise in the positive 
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resistance regions and the increase in the negative resistance regions. Even 

the dips in the noise measure found at the beginning and the end of the first 

positive resistance region are reproduced. That no complete quantitative 

agreement is found can be ascribed first to the fact that the d.c. model does 

not exactly reproduce the measured characteristic, and second to the 

circumstance that there may also be a feedback from the charge in the 

accumulation region which has not been accounted for in the model. 

-- Model ----- Ide Eq. 

100.-----------r------------------, 

10 

~ 
" '" " Q) 

:; 
CD 

'" '0 
z 

O~~----~~~~~~~~~~ 

0.00 0.50 1.00 1.50 

Voltage (V) 

Fig. 8.3. Calculated noise measure 
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IX. CONCLUSIONS 

A model has been pr'esented for DBRT diodes which includes incoherent 

tunneling and the effe<:ts of the contact regions. It has been found to yield 

good agreement with experiments for a variety of structures. The exception is 

a structure with an InGaAs pre-well where probably the influence of the 

subbands in the pre-wel.l is strong. The model lends itself well to study the 

influence of technolog:lcal parameters on the D. C. characteristics of Double 

Barrier Resonant Tunneling diodes. 

Based on the D.C. model a noise model has been presented that seems to 

explain the noise beha~'iour of DBRT diodes at the lower microwave frequencies 

reasonably well. It le,.ds to the conclusion that shot noise is the dominant 

noise source in these devices. In the negative~resistance region the noise is 

enhanced due to feedbac:k by the charge in the quantum well. 
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